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new concepts. Moreover, statistical convergence and o8 —statistical convergence of double
sequences are compared under some certain assumptions. Finally, as an application, we
prove Korovkin type approximation theorem for a function of two variables by using the
notion of a3 —statistical convergence.

1. Introduction

The idea of statistical convergence for sequences of real and complex numbers was introduced by Fast [1] and Steinhaus [2] independently in
the same year 1951 as follows. Let K C N, the set of natural numbers and K, = {k < n: k € K}. Then the natural density of K is defined by
8 (K) = lim,n~! |K,| if the limit exists, where |K| denotes the cardinality of K,. A sequence x = (x;) is said to be statistically convergent to
L if for every € > 0, the set K¢ := {k € N : |x; — L| > €} has natural density zero, i.e., for each € > 0,

1
lim—[{k<n:|x—L|>¢€} =0,
non

which is denoted by st — limx = L. Over the years, generalizations and applications of this notion have been investigated by various
researchers [3]-[14].
Aktuglu [14] introduced o ff —statistical convergence as follows. Let o (n) and 3 (n) be two sequences of positive numbers satisfying the
following conditions:

Py : a and B are both non — decreasing,

Py:B(n) > a(n),

Py:B(n)—o(n) = ccasn — oo.
Let A denote the set of pairs (a, ) satisfying Py, P, and P;.
For each pair (o, ) € A, 0 < y<1and K C N, we define

s . |KnpP|
FEN = B alm + 1)

where P P is the closed interval [a(n), B (n)] and |S| represents the cardinality of S.
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Definition 1.1. [14] A sequence x = (xi) is said to be o —statistically convergent of order y to L, if for every € >0

ab
6a~ﬁ<{k:|xk—L|>e}.y>=nmH"“’" he-tze}|
> Ef, n=e o (B(n) —a(n)+1)7

which is denoted by st;ﬁ —limx = L. For y =1, we say that x is af —statistically convergent to L, and this is denoted by stqp —limx = L.

Definition 1.2. [15] A sequence x = (xy) is said to be [NY, o], —summable to a number L, 0 < q < oo, if
1
lim x,—L|7=0,
B a7 L,

which is denoted by x; — LINY, ] . Similarly, for y = 1 the sequence x = (xi) is said to be [N, ap],—summable to L.

By the convergence of a double sequence we mean the convergence in the Pringsheim sense, that is, a double sequence x = (x jk) is said to
be convergent to L in the Pringsheim sense, if for every € > 0 there exists N € N such that ‘x ik — L‘ < € whenever j,k > N. In this case we
write P —limx = L [16].

A double sequence x = (x jk) is bounded if there exists positive number M such that ’x jk! < M for all j,k € N. We denote the set of all
bounded double sequence by /2.

Let K C N x Nand K (m,n) = {(j,k) : j <m,k <n}. The double natural density of K is defined by

8 (K) = P—lim K (m,n)],

if the limit exists.
A double sequence x = (x ;) is said to be statistically convergent to a number L, if for every £ > O the set { (j,k), j<mandk <n:|xj—L| > €}
has double natural density zero, i.e. for every € > 0,

.1 ) )
P—gfgm—n|{(1,k), j<mandk<n:|xy—L|>¢e}| =0,

which is denoted by st — lir]l(1x ik = L [17]. We denote the set of all statistically convergent double sequences by st,. Note that if x = (x jk) is
J»

P—convergent then it is statisically convergent, but not conversely. Also a statistically convergent double sequence need not be bounded. For
this, consider a sequence x = (xj) defined by

o= Jk, if jand k are square,
k= 1, otherwise.

Then, st; —limx = 1. But x is neither P—convergent nor bounded.

Our purpose is to extend the concepts of aff —statistical convergence and strong o —summability from ordinary (i.e. single) sequences
to double sequences. This paper organized as follows: In section 2, we introduce the concepts of o —statistical convergence and strong
a3 —summability of double sequences, and also establish the some relations these new concepts. Moreover, statistical convergence and
o3 —statistical convergence of double sequences are compared under some certain assumptions. In section 3, we prove Korovkin type
approximation theorem through a8 —statistical convergence for functions of two variables.

2. Main results

We now begin defining the our new concepts of off —statistical convergence and strong o8 —summability for double sequences. Throughout
the paper, let (o, 81) € A and (05, 32) € A.
Definition 2.1. A double sequence x = (x jk) is said to be o3 —statistically convergent to a number L, if for every € > 0

1

. . .~ poup b _
lim ‘Pa],ﬁalmﬁz H(j,k),jepm and k € PZP2 |, L|28Hf0,
m n

which is denoted by sty (ouf3) — limx j = L, where PEP and B P are the closed intervals [ot) (m), By (m)] and [0 (n) , By (n)], respectively.

This definition also includes the following special cases:

i) If we take o (m) =1, B; (m) = mforallm € Nand o (n) = 1, B, (n) = n for all n € N, then o8 —statistical convergence of double
sequence is reduced to statistical convergence of double sequences introduced in [17].

ii) Let A = (A,) and u = u (n) be two non-decreasing sequences of positive numbers tending to oo such that

Am-‘,—l <Am+1, A =1,
and

M1 SUp+ 1, pp=1.
Then in the case of & (m) =m—A,+1, By (m) =m for all m € N and o (n) =n—u, + 1, B (n) = n for all n € N, aff —statistical
convergence of double sequence is reduced to (A, i) —statistical convergence of double sequence introduced in [18].

iii) Recall that a double lacunary sequence 6, = {(kr, ;) }, which means there exist two increasing of integers such that

k():(), hy =k, —k,_1 — o as r — oo,
and
lo=0, hs=1I;—1l,_] — o0 as s§—oo.

If we take o (m) = kyy—1 + 1, By (m) =k, forall m € Nand o (n) = I,—1 + 1, B2 (n) = I, for all n € N, then o —statistical convergence
of double sequence is reduced to lacunary statistical convergence of double sequence introduced in [19].
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Definition 2.2. A double sequence x = (xjk) is said to be strongly aff —summable or briefly [N, o] —summable to a number L, if

Y Y ha-Ll=

(Z
P jeP P kepieh

m
m,n—oo ‘Pal ﬁl

and we denote it by xj; — L[Ny, aB].

We shall denote the set of all o —statistically convergent double sequences by st; (a3), and the set of all [NV,, af] —summable double
sequences by [N, o f3].

Then, we get the following results.

Theorem 2.3. If a double sequence x = (xji) is [N>, o] —summable to L, then it is o —statistically convergent to L, that is, [N, 8] C
sth (af) and also the inclusion is strict.

Proof. Letxjx — L[N, 8] and given € > 0. Then, we have

N S — — 1
Pal.ﬁl Paz‘[}, Za’ P a 5 ‘)C]]( L| P [31) Pﬂfz«ﬁz‘ Za’ P a 5 |Xjk L| + po /31| PO‘Z'I}Z‘ Za’ 5 a 5 |Xjk L|
" ! JEPR T ke JEPL T keP ™2 JEPR T keR* 2
[xjx—L|>¢€ [xjp—L|<e
01, Q,
Z W‘{]k ]GPIBIaHdkEPZﬁ2 |xka|>€}‘

which means that s, (of8) —limxj = L.
To show that the inclusion is strict, we consider the following example: Let o (m)
and the sequence x = (x ;) be defined by

IN
IN
=
5
&
=3
o
&

(n) <1< By(n)forallmneN,

N { jeo << [VBrim—artm+1] andi << [VB (-],
Jk

0, otherwise.

Then, we have

pA By |1 {(Jvk)a jEPrgl’ﬁl al’ldkeP,ixz?Bz : ‘Xjka‘ > 8}’

0, [‘2‘

[V/Bim)—a(m)+1) [ /Bl e () +1]
Bl (m)+ 1) (Bl -+ 1)

—0 as m,n— oo,

That is, st (@) —limxj = 0. But

L \x]k 0|

1
1.y ‘
Fn jepih keP,‘“2 £

P2 B )

 [VBm=am+1| ([Bim—am+1]+1) [ VB =) +1) ([ VBt —aa(n)+1]+1)
- R RO D

which means xj; # 0[Ny, a]. O

—

FSI

Theorem 2.4. If a double sequence x = (xj.) bounded and oy —statistically convergent to L, then x j. — L[Ny, o).

Proof. Assume that x = (x ]k) is bounded and a3 —statistically convergent to L. Since x = (x ]k) is bounded, there exists M > 0 such that
!xjk 7L| < M for j,k € N. Then we can see that

| 1 1
; : > xjk—L X Yjk =L+ amomm] L Xjx—L
pPi ‘ p ﬁz) p By keP“ZBZ ‘ J | pe ﬁ]) P 32| jeph kEPa2 B | J | poih HP’?Q ﬁz‘ jepmh kEPaz B | J |
lejx—L|>e [xjx—Ll<e
S P T ey R R

Taking limit as m,n — oo on the both sides of last inequality and also using the hypothesis, we obtain that

lim ——————— ‘x ke L|
m,n 051 ﬁl az ﬁz‘ 161% B1 k€1§az B !

which completes the proof.

Theorem 2.5. Iflirrllﬂinf g‘l E:Z; > 1 and lirr;linf gi((z)) > 1, then sty —limx j; = L implies sty (aff) —limxj; = L.
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Proof. Suppose that limmf ﬁ‘E ; > 1 and hmmf ﬁz(( ; > 1. Then, there exists 6 > 0 such that g‘i )) >1+46 and ﬁzE:)) > 1+ 8, hence we

obtain that %}ng)“ > lf 5 and %2)()“ B 5 Now let st; — limx j; = L. Then, for a given € > 0, we may write that

|{ J.k ]<B1 )andk<ﬁ2 |xjk—L|>£}‘

> gt [0 7€ PSP ana ke PPy 1| > e

 (Bulm)—aa (m)+ ) (Balon) (1) [ {4 BT and keI 1| e ||
= By () B () (B lm)—ca (m)+ 1) (B (m)—0a(n) 1)

5 2 H(j,k), jEP,ffl'B] and kEP:”Z'ﬁZ:\x_,-ka\ZgH
2 (IT‘S) (B (m)—au (m)+1) (B2 (n)— 0 (n)+1)

Since sty —limx j; = L, the left hand side of the last inequality tends to zero as m,n — oo, which yields that

) H(Lk),jeP,f‘,"ﬁl andkeP,f‘z’ﬁZ:|xjk—L|2.gH
B Bl — () + D) (B ()~ @ () 1)

This completes the proof of the theorem. O

=0.

Lo a(mon(n) i — L impli i =
Theorem 2.6. Ifm};IEw B (Z)B (Z) =0, o (m) > 1 and 0y (n) > 1 for all m,n € N, then sty () —limx j = L implies sty —limx j = L.

im  Galman(n) : :
Proof. Suppose that ml},ﬂm BB — O % (m) > 1 and o (n) > 1 for all m,n € N. Then, for a given € > 0, we can write

wy [{GK), < Br (m) and k < B (n) : [jx — L[ > e}

SR < (n) and k< o )< s~ L) > e}

g |{ G005 T € PP and ke PP Ly — 1] > e}

oy (m)oy(n) 1 . . ai,B B .
< BB P,Z"’“\R?zﬂz]‘{(Jvk)’fepm' tandke PP - 1] > e ).

Taking limit as 1,7 — eo on the both sides of last inequality, since s> (a¢8) —limx;; = L, we obtain that

! . .
W’{(J’k)ngﬁl( )andk<ﬁ2 |xjk7L’>€}‘

which completes the proof. O

3. Application to Korovkin type approximation theorem

Let C[a, b] be the linear space of all real valued continuous functions f on [a,b]. It is well known that C [a, b] is a Banach space with the norm

[fllo=sup [f()|,  feCla,b].

x€la,b]

Suppose that T be a linear operator from Ca, b] into C[a, b]. We write T;, (f,x) for T,, (f (¢) ,x) and we say that T is a positive linear operator
if T(f,x) > 0forall f(x) > 0. The classical Korovkin theorem states as follows [20]:
Suppose that (7,,) be a sequence of positive linear operators from C [a, b] into C [a, b]. Then

lim|| 7, (£.0) ~ ()]l =0, forall feClap],

if and only if
h}lnHTVl(flv ) fl( )Hoc for i:071725

where fo (x) = 1, fi (x) =x and f5 (x) = x2.

Recently, Korovkin type approximation theorem have been studied for functions of one or two variables by using different summability
methods, see for instance [21]-[33] and etc.

By C(K), we denote the space of all continuous real valued functions on any compact subset of the real two-dimensional space. This space
is equipped with the supremum norm

Ifleg = swp [fen)l,  FeC(K).

(xy)eK

Before proceeding further, we recall here the classical Korovkin type approximation theorem for a function of two variables in Pringsheim
sense given in [21].



202 Journal of Mathematical Sciences and Modelling

Theorem 3.1. [21] Let ( ) be a double sequence of positive linear operators from C (K) into C (K). Then for all f € C (K),
P—tim||Tjef = fl| ok,
if and only if
P—lim||Tj.f; ff,-HC(K) =0, (i=0,1,2,3)

where fo (x,y) =1, f1 (x,y) =x, f2(x,y) =y and f3 (x,y) = x* +y*.
Now, we give the main result of this section.

Theorem 3.2. Let (Tj.) be a double sequence of positive linear operators from C (K) into C (K). Then for all f € C (K),

stz((xﬁ)—limHTjkf—fHC(K) =0 3.1
if and only if
sty (aﬁ)_hmH kfl ﬁ”c 0, (120717273) (3.2)

where fo (x,y) =1, fi (x,y) =x. f2(x,y) =y and f3 (x,y) = x>+

Proof. Since each f; € C(K) for (i =0, 1,2,3), condition (3.2) follows immediately from (3.1). Suppose now that the condition (3.2) holds
and f € C(K). By the continuity of f on compact set K, we can write | f (x,y)| <M where M := || f||¢(x)- Also, since f is continuous on K,
for every € > 0, there exists a number d > 0 such that |f (u,v) — f (x,y)| < € for all (u,v) € K satisfying |u —x| < § and |v—y| < 8. Hence,
we get

2M
) =@yl < e+ 5 { =07+ -y (3:3)
Since Ty is linear and positive, from (3.3), we obtain that
|Tjx (f3x,3) = f (x,3)]

= ‘T]k (f(u,v) —f(x,y) ;x7Y) _f(xvy) (Tjk (fO;x»y) _fO (xvy))’

< T (IF (,v) = f (2, 9)[52,9) + M | Ty (forx.9) = fo (x.3))|
‘ k<€+ Fia { u— x)2+(V—Y)2} XY>‘+M’ i (forx,y) — fo (x,y)]
(s+M+2M (A2+B2) )\ i (foix,y) = fo (x,)]
ATy (fix,y) = fi (5,9)] + B T (fr3%,9) — f2 (x,)]

52 { k f’%x y) f3(x7y)‘+£a

where A := max |x| and B := max |y|. Taking supremum over (x,y) € K, we get
1Tif = Flleg) < R{ITifo = follewo + 1Tift = filleg + 12 = Foll ey + TS = Fllege } + &

4M 4 4M p 2M}_

whereR:max{s—O—M—O—%’(Az—FBz), 524, 52 B, 5

Now, for a given r > 0, choose & > 0 such that &’ < r. Define the following sets

D={(jk), je PP andke PP L | Tyf = fll o = 7}

Di={(j.k), je PP and ke B (T~ fill o) = 5 )
3
fori=0,1,2,3. Then, D C ‘U()Di and so we also get
i—

W{]k JEP l'Bl andePaz’ﬁz H kf*fHC(K)Zr}

< ] {0, e piPrandk e PEP | Tacso — follge = 5§

+

W {(jvk)v jePYP andk e PP | Tiefi *lec(K) > 78,}

+

W{(j,kxjel)ﬂ“ﬁ'andkePf‘ZﬁZ:H el Pllow) = 5 |

+

m {(j,k), jGPg"ﬁ‘ andkEPr:XZﬁZ : ||T]kf3_ﬁ||C(K) > r;g’}.
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Hence, using condition (3.2), we obtain
sty (aB) —lim || Ty f = fl ) = -

This completes the proof of theorem. O

Remark 3.3. We now construct an example of sequence of positive linear operators of two variables satisfying the conditions of Theorem 3.2,
but does not satisfy the conditions of the Korovkin theorem given in Theorem 3.1. For this, we consider the following Bernstein operators
given by

m n k H _ .o .
B (f5x,) = Z Z f (%7 i)cfnxk(l _x)m kCﬁy’(l _y)n ’
—0,=0
where (x,y) € K =1[0,1] x [0,1]; f € C(K). Also, observe that
Biun (fo;%y) =1,
an (fl;xLy) =X,
an (f2§x7}’) =»

2

n

where fo (x,y) =1, fi (x,y) =x, f>(x,y) =y and f3(x,y) = x> +y*. Then, by Theorem 3.1, we know that, for any f € C (K),
P—1im [Bunf — fl (i) = 0.

Now, we define the sequence of linear operators as Ty, : C(K) — C(K) with Ty, (f3x,) = (1 +Xpn) Bun (f3x,), where x = (Xyp) is defined
in Theorem 2.3. Note that the sequence x = (X is Qff —statistically convergent to zero, but not P— convergent. Then the double sequence
Tonn satisfies condition (3.2) for i = 0,1,2,3, hence, by Theorem 3.2, we get

sty (af) —im || T f — fllcx) = O-
On the other hand, we have Ty (f30,0) = (1+Xmn) f (0,0) since By (£;0,0) = £ (0,0), and hence we obtain
o (F:2.9) = (F2.)leqg) 2 [Ton (£:0,0) = (£:0.0)| = xmn (£:0,0)].

One can see that (T,un) does not satisfy the Korovkin theorem for positive linear operators of two variables in the Pringsheim’s sense, since
P —limx,,,, does not exists. That is, Theorem 3.1 does not work for our operators Ty,,. Hence, our Theorem 3.2 is stronger than Theorem 3.1.
This proves our claim.
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