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Abstract
In the present paper, we introduce a class By(a, 3) of functions, analytic in |z| < 1, such
that f(0) =0, f/(0) =1 and
1+e?

a<Re<f’(z)+ 5

Zf”(2)> <p (lz[ <),

where § € (—m,7],0 < a < 1and § > 1. Integral representation, differential subordination
results and coefficient estimates are considered. Also Fekete-Szegé coefficient functional
associated with the k—th root transform [f(z*)]'/* for functions in the class Bgy(av, ) is
investigated.
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1. Introduction

Let A be the class of functions of the form
f(2) :z+Zanz” (1.1)
n=2

in the open unit disk A = {z € C: |z| < 1}. The most familiar subclass of A consists of
univalent functions and it is denoted by 8. For a univalent function f of the form (1.1),
the k—th root transform is defined by

F(2) = M = 243 b2 (2 € A, (1.2

n=1

Let P denote the class of functions ¢ of the form

q(z) =1+ i mz", (z€A) (1.3)
n=1

*Corresponding Author.
Email addresses: mahzoon hesam@yahoo.com (H. Mahzoon), jsokol@ur.edu.pl (J. Sokét)
Received: 04.04.2019; Accepted: 16.09.2019


https://orcid.org/0000-0002-3167-4134
https://orcid.org/0000-0003-1204-2286

A new subclass of analytic functions 1347

such that Re{q(z)} > 0, for z € A. Functions in P are sometimes called Carathéodory
functions. We also denote by B the class of analytic functions of the form

w(z) = Z 2", (z€A) (1.4)
n=0

such that |w(z)] < 1 for z € A. If f and g are two functions in A, we say that f is
subordinate to g, written f(z) < g(z), if there exists a w € B such that f(z) = g(w(z))
for all z € A. Furthermore, if the function g belongs to 8, then we have the following
equivalence:

f(2) < g(2) & (f(0) = g(0) and f(A) C g(A)).
For functions f given by (1.1) and g € A given by

g(z) =2+ Z bz (2 € A), (1.5)
n=2
their Hadamard product (or convolution), denoted by f * g, is defined by

(fxg)(z):=2z+ Z apbpz" =: (gx f)(z2) (2 € A).

n=2
We now recall that the function class R is given by
R={feA: Re(f'(z)+2f"(z) >0, ze€A}.

This class was investigated by Chichra [2] and also by Singh and Singh [14]. Another
function class Ry, 0 < o < 1, given by

Ro={feA: Re(f(z)+2f"(2))>a, z€eA},

was considered by Silverman [12]. Recently, Silverman and Silvia [13] considered the
following classes of functions:

Ly = {f €A: Re (f’(z) + ! geing,,(z)> >0, z¢€ A}
and .
Lo(b) := {feﬂ: f’(z)—i—HTezf"(z)—b < b, zeA},

for some and b > 1/2 and —7 < § < 7 . Clearly, if b — oo, then £4(b) — £y.

In [8] Kuroki and Owa introduced the class 8(«, ), (o < 1 < ), of all functions f € A
satisfying the following two—sided inequality
2f'(2)

f(z)
In [4], Kargar et al. introduced the class V(«, 3) as follows:

2\ 2
V(a, B) := {fEA:@<Re{<f(Z)) f’(z)}<ﬂ,z€A},

for some 0 < o < 1 and § > 1. Also, they (see [5]) introduced the class M(J) including
all functions f € A such that

o—m 2f'(2) )
2sin5<Re{ f(2) }<1+2sin5 (z€4),
where /2 < 6 < 7.

In this work, motivated by the above definitions, we define a new subclass of analytic
functions related to functions of positive real part.

a<Re( )<5 (z € A).

1+
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Definition 1.1. Assume that § € (—m, 7], 0 < a < 1and > 1. A function f € A is said
to be in the class By(a, B) if it satisfies the following two-sided inequality

2

a < Re <f/(z) + zf”(z)) < B, (z€A). (1.6)

We put Bg(a, ) = B(a, ). We remark that the class By(0,8 — o) = R, Bo(a, f —
o0) = Ry. Also By(0, 5 — o0) = Ly where 0 € (—m, 7.

In order to prove our results, we need the following lemmas.

Lemma 1.2 ([11]). Let q(z) = > 021 Cp2™ be analytic and univalent in A, and suppose
that ¢ maps A onto a convexr domain. If p(z) = Y 02 An2™ is analytic in A and satisfies
the following subordination

p(2) <q(2) (2 €A),
then
|An| < |Cy] n>1.

The next lemma is due to Hallenbeck and Ruscheweyh.
Lemma 1.3 ([3]). Let h be a convex univalent function with h(0) = a and let v € C with

Re{v} > 0. If the function p(z) given by p(2) = a + ppz™ + pur12™ T + -+ is analytic in
A and

p(2) + in'(z) Zh(z) (z€A), (1.7)
then
p(z) < q(z) < h(z) (z€A), (1.8)
where
o) = 2 [ hee e, (19)

The result is best possible, in the sense that if p satisfies (1.7) and p < qi1, then q < qi.
Finally, we need the following Lemma 1.4 due to Keogh and Merkes (see [7]).
Lemma 1.4. Let the function g given by
g(2) =1+crz+c2® +---,
be in the class P. Then, for any complexr number p
lco — pcd| < 2max{1,|2p — 1|}
The result is sharp for the function g given by

14z
11—z

_l—i-z2
1= 22

9(2) or  g(2)

In this paper some properties of the function class By(a, ) including, integral rep-
resentation, differential subordination results and coefficient estimates are investigated.
Furthermore, Fekete-Szego coefficient functional associated with the k—th root transform

[f(2%)]*/* is considered.
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2. Main results

We begin this section with the following lemma that will be useful. Indeed, it presents
a necessary and sufficient condition for functions to be in the class By(a, ).

Lemma 2.1. Assume that f € A,0<a <1, 5>1and 0 € (—m,7n]. Then f € By(a, ),
if and only if

! 1 + 629 1!
F(2)+ T2 ") < Pag(e) (2 € A), (2.1)
where
cl—a
08—« 1 —eX™h=ay
P, =1 1 _ . 2.2
ale) =1+ zog( ~ (22)

Proof. Note that the function P, g defined by (2.2) is convex univalent function in A and
maps A onto a convex domain

Qap={w e C:a<Re{w} <}, (2.3)

conformally (see [8]). By (1.6), {f'(z) + [(1 + €)/2]2f"(2)} lies in the strip Q4 s and
it is known that P, g(A) = Q4 3. Because P, g is univalent then by the subordination
principle, we get (2.1). O

It is easy to see the function P, g has the form

Pop(z) =14 > Bp2", (2.4)
n=1
where
B, = 5_0‘2(1—62”“2_3) (n=1,2,...). (2.5)
nm
Lemma 2.2. Let P, g be defined as (2.2). Then the function
1
Az) = / Pas(zt)dt  (Re{} >0,z € A), (2.6)
0
is convex in A.
Proof. Define
1 1 0 vy
= ——dt = " 2.
onte) = [ Tt = (27)
The function v, (2) is convex in A when Re(y) > 0 (see [9]). From (2.7) we obtain
1 1
Pa(z) n(2) = Paple) ¢ [+t

1
_ / Pas(=tY7)dt =: A(2).
0

On the other hand, since P, and 1), are convex univalent functions, by the Polya—
Schoenberg conjecture (this conjecture states that the class of convex univalent functions
is preserved under the convolution) that is proved by Ruscheweyh and Sheil-Small (see
[10]), the function A(z) is convex univalent in the open unit disk A. This completes the
proof. O

In the sequel, applying the Lemma 2.1, we obtain an integral representation for functions
which belong to the class B(a, ).
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Theorem 2.3. Let 0 € (—m,7), 0 < a <1 and f>1. Then f € By(a,f) if, and only if
there exists w € B such that

16 = [ 2 ([ e Pustw©)ie) dn (e dqa=2/04 ), (28)
where P, g(z) defined by (2.2).

Proof. Let f € Bg(a, ). By definition of subordination and by the Lemma 2.1, if f €
By(a, ), then there exists a function w € B such that

/ 1+e? I o
f(z)+ 2f7(2) = FPap(w(z)) (z€A). (2.9)
From the following equality
1+ei9 1_€i9 1+€i9
P+ a0 = T P+ TG )Y ed), (@a0)
we get that (2.9) is equivalent to
L) PO+ P = g Paslw(z) (e A) .11
T z 2f () = g Pas(w(z z : .
Assuming
2
:: (- 2.12
V= oW (—m <0 <m), (2.12)

the above relation (2.11) implies that
(v = D27 (2) + 277 = (2)) =927 Pag(w(2)).

Therefore, we find that

(7L (=1(2)| =72 Pap(w(2),
which readily yields

A1) =7 [ €7 Pasul@))de. (213)
Integrating once more the equality (2.13), we get (2.8) and concluding the proof. O

Let ¢t € [0,1] and ¢ € [0,27). By using Theorem 2.3, the function

_ [T e e¢(€ +1)
f(Z7 ¢7t) = /0 nify (/0 57 IPa,B (Hft) df) dt (Z S A), (214)

belongs to the class By(a, ).
Theorem 2.4. Let € (—m,7), 0 < a <1 andp > 1. If f € By(a, ), then

f(z) < /01 Pa,g(ztl/v)dt < Pop(z) (zeA,vy=2/(1+ ew)), (2.15)

where P, g defined by (2.2). The result is sharp.

Proof. Since f € By(a, 3), from Lemma 2.1 it follows that (2.1) holds true. If we take
p(z) = f'(2), then
1+ e

1 / !
p(2) + o (2) = f(z) + —5

where v is as defined in (2.12). Therefore, applying the Lemma 1.3 and since P, is a
convex univalent function in the open unit disk A, we get

p() < L [T Pap(€)dE < Pasl) (2 € ). (2.16)

2f"(2) < Pap(z) (2 €A),
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Now by letting & = zt'/7 in the above integral (2.16) the differential chain (2.16) implies

that (2.15) holds true for all z € A. O
Theorem 2.5. Let 0 € (—m,7m), 0 <a<1andp >1. If f € By(e,3), then
/) = /1 /1 P g(zrt'/M)drdt (2 € A) (2.17)
> o Jo a,B ) .

where P, g defined by (2.2).

Proof. Let that p(z) = f(z)/z. Then by using of (2.15) and applying Lemma 2.2, and
with a simple computation we have

p(z) + 20 (2) = f'(2) < /01 Pa,g(ztlm)dt (z € A).

If we apply Lemma 1.3 once more with v = 1, we conclude that
1 z
p) <~ / MNEVE < A(2) (2 € A), (2.18)
0

where A defined in (2.6). Now, it is sufficient that we put £ = rz in the integral in (2.18).
In this case, if we take into account (2.6), then the first differential subordination in (2.18)
implies that (2.17) holds true and concluding the proof. O

Remark 2.6. Since the result of Lemma 1.3 is best possible, it follows that the differential
subordinations in (2.15) and (2.17) are also best possible.

3. On coefficients

First, we start this section by estimating the coefficients of members of the family
30(0‘»5)-

Theorem 3.1. Let 0 € (—m,7|, 0 < a <1 and B > 1. Also, let f(z) = 2+ Y 00 o anz"
belongs to the class Byo(a, B). Then
2v2(8 — 1-—
lan| < V25— a) sin ™Y 59 (3.1)
nmy/n2+1+ (n2 —1)cosf -«

Proof. Let f be of the form (1.1) belongs to the class By(c, 3). Then by Lemma 2.1, we
have

1+ et

f(z) + 5 2f"(2) < Pap(z) (2 €A) (3.2)

or equivalently
o0 o0
1+anz”-< l—l—Zan".
n=1 n=1
From Lemma 1.2, the last differential subordination implies that

|pn| < ‘Bl| n > 1.

On the other hand, by equating the coefficients of 2" on both sides of (3.2), the following
relation between the coefficients holds true:

g {2 +(n—1)(1+ ew)} an = Pn—1. (3.3)

Thus, from (3.3), we obtain

|an| <

Bl _ \@’Bl‘
22+ (n—1)(14€?)] nynZ+1+ (n2—1)cosf’

where

|31’: 2(/8705) Sinﬁ(lia).
T 08—«

This completes the proof. ]
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With suitable choices of «, 8 and 6, we get the following interesting results.

Corollary 3.2. If f € A of the form (1.1) satisfying the following two—sided inequality
1 3
5 < Re (f'(z) + 2f"(2)) < 3 (z € A),

then
| | < —2 (n > 2)
a .
M= n2 -

In particular, lag| < 1/2m.
Corollary 3.3. If f € A of the form (1.1) satisfying the following two—sided inequality
0<Re(f'(z)+2f"(2) <2 (z€A),
then
4
In particular, |ag| < 1/m.
Recently, many researchers (see e.g. [1], [6]) have considered the Fekete-Szego functional

associated with the k—th root transform for several subclasses of analytic functions. In
the next result, we consider this problem for functions in the class By(a, 3).

Theorem 3.4. Let 0 € (—m, 7|, 0 < a<1and B >1. Also let f € Byg(c,5) and F be the
k—th root transform of f defined by (1.2). Then, for any complex number u, the following
sharp estimates hold true.

2(8 — a) (1l —a)
b — ub? <

‘ 2+l — 4 %—H‘ - 3k7r\/5+4cosﬁsm 08—«
2mi(1 —oz)}

xmax{l, 14w 3(2+ €) (8 — )i (1—w)|},
b —«

— — (2 k—1 .
SRR T e
Proof. Since f € By(a, ), from definition of subordination, there exists a function w € B
such that

(3.4)

where

w—exp{

’ 14 " — N i0 n
P&+ 52" =143 5 24+ (0= 1DA+ )] an2" = Pag(w().  (35)
n=2
Define . ()
+ w(z 9
_ -1 e .
p(z) 1 —w(z) + p1z + p2z” + (3.6)
Since w € B, it follows that p € P. From (3.6) and (2.4) we have
1 1 1 1
Pog(w(z)) =1+ 5Bz + <4B2P% + 551 <p2 - 2??)) L (3.7)
Equating the coefficients of z and 22 on both sides of (3.5), we get
, 1
(3 + 610) as = = Bip1, (3.8)
2
and . . )
it — (B2 4 = — Zp?
(6+3¢) as = (4ng1 +5B (p2 2])1)) . (3.9)

On the other hand, a simple computation shows that

1 1 1k—-1
F(z) = [f(z"*)F = 2 + Eazz'“rl - (kag -5 a%) A (3.10)
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From equations (1.2) and (3.10), we have
1 1k—1,

1
bk+1 = %GQ and b2k+1 == %ag — 57&2. (311)
Substituting from (3.8) and (3.9) into (3.11), we obtain
b — _ DBip
ML 2k (3 + e?)’
and -
1 1 1 1 (k—1)B2p
= (St L (5 L)) - 0B
2k+1 (6 + 3¢9) <4 2p1 + 51 (P2 — 5Pt )2 (3+€i9)2
so that
. - B, 1 By . (6+3¢?)B1Y ,
- = — ——|1-== 2 1) . (312
2k+1— MOk 11 6k (2 + ¢) P2 5 B + (2u+ ) o (3+ei9)2 pi| - ( )
From (2.5), we have
B, - f-a, (1 B ezm};i) , (3.13)
™
and
b= P (1 ), 1
2

Putting (3.13) and (3.14) into (3.12) and letting
0
1 By (6+3¢) By
= |1-Z24r@u+k-1)~—A_L ],

the inequality (3.4) now follows by an application of Lemma 1.4. It is easy to check that
the result is sharp for the k—th root transforms of the functions f(z,¢,1) and f(z,¢,0)
defined by (2.14). O

The problem of finding sharp upper bounds for the coefficient functional |az — pua3| for
different subclasses of the normalized analytic function class A is known as the Fekete—
Szegd problem. If we take kK = 1 in Theorem 3.4, we have.

Corollary 3.5. Let 0 € (—m, 7], 0 < a <1 and > 1. Suppose also that f € By(a, ).
Then, for any complex number u,

X max {1,

The result is sharp.

2(8 — «) . m(1—a)
‘ag—uag < sin
375 +4cosb B -«

1+exp{w} B 3(2+ei9)(ﬁ—a)i (1 —exp{%i(l_a)}ﬂ}'

2 a m(3 + €i)? B—a

(3.15)

Corollary 3.6. Let 0 < a < 1 and 8 > 1. Suppose also that f € B(«, ). Then, for any
complex number u,

X max {17

The result is sharp.

‘ag — ua%’ < 2(69; a) sin W(Bl__(j) (3.16)

2 T B—a

1+exp{%} 9B —a)i (1 _exp{%i(l—a)})‘}.
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Corollary 3.7. If f € A of the form (1.1) satisfying the following two—sided inequality
1 3

S <Re(f(2)+2f"() < (z€A),

then

2 9
|WW@SM4,W}um@
9 7

Corollary 3.8. If f € A of the form (1.1) satisfying the following two—sided inequality
0<Re(f'(z)+2f"(2) <2 (z€A),
then

4 9|l
2
— < — — .
lag — pas] 9 max{ ) } (ueC)
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