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Abstract

In this work, the values of certain lacunar power series with rational coefficients for U,,-number
arguments were determined to be either in a particular algebraic number field or in the set of
transcendental numbers under specific circumstances in the complex numbers field. The result was also
applied on some of the lacunary power series with coefficients in an algebraic number field. Roth's
theorem which is the essential result in Diophantine approximation to algebraic numbers was used to

reach the present results.

Keywords: Algebraic number field, power series, transcendental number, U,,,-number.

1. Introduction

A classification of complex transcendental numbers in
terms of polynomial approximation was introduced in
1932 by Mahler [1]. Pursuant to Mahler's classification,
the set of complex numbers are separated into four
disjoint subsets such as A4, S, T and U numbers. Depend
on approximation by algebraic numbers, another
classification was suggested in 1939 by Koksma.
Therefore, the set of complex numbers are separated
into four subsets such as A*, S*, T* and U* numbers [2].
Wirsing [3] concluded that Mahler’s and Koksma’s
classifications are equivalent, in other words, the classes
A,S,T and U are identical to the classes A*,S*,T* and
U~, respectively. The class A corresponds to the set of
algebraic numbers. The class U are divided into the

subclasses U, , where m is a positive integer and m > 1.
Furthermore, U, N U,, = @ ifm = n,andU =U;r_; U,,.
The theory of transcendental numbers has been studied
from many different point of view such as exponents of
diophantine approximation [4, 5], and the transcendence
of value of some series or functions [6, 7, 8]. Notably, it
was proved by Maillet [9] that the value of a rational
function with rational coefficients for Liouville number
arguments is a Liouville number. Inspired by this result,
Mahler [10] asks the question of "Which analytic
functions f(z) have the property that if X is any
Liouville number, then so is f(X)? In particular, are
there entire transcendental functions with this
property?". That question has interested a lot of
mathematicians [11, 12, 13, 14].

In this manuscript some particular lacunary power series
with rational coefficients for some transcendental
number arguments were taken into account. First of all,
some properties related with the coefficients of this
series were given and it was shown that the convergence
radius is infinite. Afterwards, using the Roth's theorem
[15] it was proved in the field of complex numbers that
the values of series for U,,-number arguments are
associated with either a particular algebraic number
field or the set of transcendental numbers. At last, these
results were applied to some series with coefficients
which are from a certain particular algebraic number
field. Consequently, the results in [11] were generalized
for the power series for Liouville number arguments to
lacunary power series for U,,-number arguments.

The manuscript is organized in the three parts. In
Section 2, some notations and some basic results are
given. In Section 3, the main results of this manuscript
are presented. In Section 3.1, some particular lacunary
power series whose coefficients are rational numbers
are focused on. It is proved that the values of these
series for U,,-number arguments are either an element
of a particular algebraic number field or a
transcendental number. In Section 3.2, the values of
some lacunary power series whose coefficients are in a
particular algebraic number field are investigated.

2. Materials and Methods

The height H (G) for a polynomial G in Z[x] is the
maximum of the absolute values of the coefficients of
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G. The height H (o) and the degree deg () of the
algebraic number « are defined to be the height and the
degree of the minimal polynomial of «, respectively.

Let & be a complex number. & is termed as a Liouville
number if for each positive integer n, there exists the

rational numbers Z—n (b,, > 1) such that the inequality
n

a
o<[e-5
n

< b"

holds true. The set of Liouville numbers coincides with
the set of U, numbers.

Roth [15] found an important result regarding with the
approximation of irrational algebraic numbers. Suppose
let a be an irrational algebraic number and & be an
arbitrarily small positive real number. Then there exist
only finitely many integer solutions a and b such that
the inequality

|a— %l < b=
holds.

Lemma 2.1. ([16]) Let K be an algebraic number field
of degree g. Suppose let ay, ..,a, (k= 1) be
algebraic numbers in K, and let G(y, x;, ... ,x;,) be a
polynomial with integral coefficients so that the degree
of G in y is at least 1, and n be an algebraic number. If
G(n, a;, ...,a,) =0, then the degree of n is < dg,
and

H (n) < 3249 +(l+ .+ lg)g HgH(al)llg . H (ak)lkg
where H (n) is the height of n, H («;) is the height of
a;(i=1,..,k),alsoH, [; (i=1,..,k)and d
are the height of G, degree of G in x; and degree of G
in y, respectively.

Lemma 2.2. ([17]) If n is an algebraic number, then
Inl <H@m) +1,
where H(n) is the height of n.
3. Results and Discussion
In this section we assumed that the obtained results hold
true for all sufficiently large n unless otherwise

specified.

3.1. Lacunary Power Series with Rational

Coefficients

In this subsection, we deal with the lacunary power
series

9&®) = X —o X (3.1)

b .
where ¢, = dk—" (dk,, and by, are integers; d,, > 1 for
kn

sufficiently large n) is a non-zero rational number and
{k. o= is an increasing sequence of natural numbers.

Lemma 3.1. Assume the notations given above. If

logdyy,
log dg,

o: = liminf,_, >1 (3.2)

then we have
lim,,_,o logdy, = +c0 and lim,_q dy, = +. (3.3)

Proof: As a consequence of (3.2), we get that there is a
sufficiently small €, (> 0) such that oy =0 —€; > 1.

Now, one arrive at
logdy,,, > o1logdy,, (3.4)
since dy,, > 1. From (3.4) we get (3.3).

Lemma 3.2. Assume the notations given above. Let
Dy, =[dk, di,, - di,| and & >0 be a
sufficiently small number such that 6, = 0 — ¢; > 1.

Then we have

g1

L)
d, <D, < Cod,)M ",

(3.5)

where C, > 0 is a suitable number.
Proof: From (3.4) we get (3.5).

Lemma 3.3. Assume the notations given above. If

o log|by, |
: = liminf, n 1
0 n-oo logdkn < ’

(3.6)

then the convergence radius of the series g(x) in (3.1) is

infinite.

Proof: Using (3.6) we arrive at
b, < iy (37)

where €, > 0 is a sufficiently small number such that

0+e,<1. From (33), (34) and (3.7), the

convergence radius of the series g(x) is infinite.

Theorem 3.1 Let g(x) be the lacunary power series in
(3.1) satisfying the conditions (3.2), (3.6) and

log dy,

lim,,_, 0 <1.

(3.8)

n

366



Volume 15, Issue 4, 2019 p 365-370

') Celal Bayar University Journal of Science
Doi: 10.18466/chayarfbe.622670

F.Caligkan

Let $ = Q(¢) be an algebraic number field such that
[9: Q] =m and ay, be algebraic number of degree m
over $. Then let { be a U,,-number for which the
following properties hold: ¢ has an approximation with
algebraic numbers a, so that the following inequalities
are true

1

13— @l < s (3.9)
lim,_, w(k,) = o and
A < H(ay,)™ < d2, (3.10)

where s; and s, are real numbers such that 1 < s; <
S,. If olc—1)(A-0)> Zm(a +(c-1D@A+6+
sp)), then g(Q is either in $ or in the set of
transcendental numbers.

Proof: Let us consider the polynomial
In(X) = Xp_ock,x ™ (n=1,2,..).

Therefore we get g,( ay, ) € K and then

deg (gn( ., )) <m

Taking
G(z,x) = Dy, z— Xy-0Dy, Ckvxk”,
we arrive at

H(G)= Ofgjgn{Dkn'DknkkuH = Dy, B

n’

Where
By, 1= maxg, Sn{l, |bk,,| } .
In view of (3.3) and (3.7), we obtain
By, < der®. (3.11)

Thus we have
H(G) = Dy, dp 2.

Since
G (gn( akn ) 4 akn) = O’

if we consider Lemma 2.1, then from (3.5), (3.8) and
(3.10) we get

H (gn(“kn )) <

<d

32m+ mky H(G)mH ( akn)mkn

(ael
o—¢
kn

+0+€x+s, +1)
(3.12)

In view of (3.8)-(3.11), one can find

n

|gn(o - gn( akn)l

I(—aMIEJ%Jk(K%+D“*

= d_{slw(kn) 9 €2—€3}
2 kn

IA

IA

)

(3.13)

where e; > 0 is a suitable constant. Now, using (3.12)
and (3.13) we can infer

1

|gn(<) - gn(akn)l slzw(kn) 0—€ez—¢€3
(gn(ak ))(a_sl 1+9+62+52+1)
(3.14)
By use of (3.4), (3.7) and (3.8) we have
n
19 = gD = ) e, | 1610+
v=1
2 |(|kn+1
- 1-0-¢€
dkn+1 ’
< W' (3.15)

where €, > 0 is a suitable constant. Hence from (3.12)
and (3.15) we find

1

19 ~ 9,(O)] < S
(gn(“k ))(‘7 £1— 1+9+€z+sz+1)

(3.16)

Since lim,,_,, w(k,) = o and s; > 0, the inequality
siw(ky) — (0 + €, +€3)
> (0—e)(1—0— €, —€4)

hold. From (3.14) and (3.16) we get

1

((TU_ €1)(1-6-€2—¢€4)
H(gn(akn ))(70 1 1+9+62+SZ+1)m

(3.17)

9@ — gn(ar,)| <

For the appropriate numbers €,, €, and €,, a suitable
positive number e exists such that

(0—€)(1—0— € —¢€4)
(—af;gil+0+ez+sz+1) m
olc—1)(1-6)
(U+(U—1)(1+9+52))m_

Hence it can be found a positive number € satisfies the
inequality
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olc—1)(1-6)

(c+@—-DA+6+s))m exzzte

Since
o(c—1)A-0)> 2m(c+ (- 1A +60+53).

Using (3.17), we get
9@ = gn(a,,)| <

1

(3.18)

2+¢e
H (9.( ax,

where € > 0 is a suitable number. If the sequence
(gn( akn)) is constant, then g(Q) is in $. Otherwise,

pursuant to Roth's theorem [15], g () is a transcendental
number.

3.2. Lacunary Power Series with Algebraic
Coefficients

In this subsection we concentrate our study on lacunary
power series with algebraic coefficients. We extend the
results in the Section 3.1 considering lacunary power
series with algebraic coefficients. Suppose that § is an
algebraic number field of degree q and

gx) = TP gt xkn (3.19)

=0 dkn

is a lacunary power series with non-zero algebraic
coefficients, where 7, isin § , d, is a rational integer
such that d,,, > 1 for sufficiently large n and {k,,}7, is
an increasing sequence of natural numbers.

Lemma 3.4. Assume the notations given above. If

logdy,yq

et > 1 (3.20)

o: = liminf,,_

then we have
lim,,_,q, logdy, = +o and lim,_,q dy, = +.(3.21)

Proof: The proof of Lemma 3.4 can be obtained as in
the proof of Lemma 3.1.

Lemma 3.5. Assume the notations given above. Let
Dy, =|dk,, di,, -, dx, |. Then we have

g1

G
dy, < Dy, < Cod, 7,

(3.22)

where C, > 0 is a suitable number and €; >0 is a
sufficiently small number such thato; =0 — ¢; > 1.
Proof: Using (3.20) we have (3.22).

Lemma 3.6. Assume the notations given above. If

log H(tg,

6: = liminf, .o, “o ) <1,
kn

(3.23)

then the convergence radius of the series g(x) in (3.19)
is infinite.

Proof: From (3.23) we get

H(ti,) < dg', (3.24)
where €, > 0 is a sufficiently small number such that
0 + €, < 1. Using Lemma 2.2, we have

O+e;,

|k, | < 2dy, (3.25)

In view of (3.21) and (3.25), the convergence radius of
g(x) is infinite.

Theorem 4.1. Let g(x) be the lacunary power series in
(3.19) satisfying the conditions (3.20), (3.23) and

log dg,
kn

lim,, =400, (3.26)
Let £ = Q(&) be an algebraic number field such that
[£:Q] =m and let a,, be algebraic number of degree
m over L. Then let { be a U,,-number for which the
following properties hold true: ¢ has an approximation
with algebraic numbers «,  so that the following

inequalities are true

1

| — a,| < T Can e’ (3.27)
lim,_,., w(k,) = oo and
A < H(ay, )" < d? (3.28)

for sufficiently large n, where s; and s, are two real
numbers such that 1 <s; <s,. If a(c —1)(1 —0) >
2t(c(1+6)+ (1 +5s)(o — 1)), then g(Q) is either in
M or a transcendental number, where $ € M, L S M
and [M : Q] =t.

Proof. Let us start by considering the polynomials

n  Tkn kp

”zodknx n=12.).

gn(x) =

Since ¥, = gn(ax,) is an algebraic number in M we
have
deg(yp) <t (n=1,2..).

By using of Lemma 2.1 with the polynomial

368



Celal Bayar University Journal of Science
Volume 15, Issue 4, 2019 p 365-370
Doi: 10.18466/chayarfbe.622670

J

F.Caligkan

n
Dy, Ky
G(y, Xo ) e xnlxn+1) =Dkny_ d—xv Xn+1
v=0
from (3.22), (3.24), (3.26) and (3.28) one arrive at
(CT+e3)(140+ex) 45,41 ) t
H (ya) < d,gnl ' ) . (3.29)
where €3 > 0 is a sufficiently small number and
G (]/n'Tko PR Tkn'Tkn+1) =0.
In view of (3.20), (3.25), (3.26) and (3.29) we get
2 |(|kn+1
19D = gn(Dl = —=%— )1
kny1
d 1-6-€;,
+ (ﬂ) |(|kn+2—kn+1 + .
dkn+2
4 |(|kn+1
1-6-€;,
kny1
2
S e eG-0- )
kn
1
2

<

01(1-0—€2—€4) ’

(o}
—1+€3)(1+6+62)+52+1> t

H (Vn)<(al_1
(3.30)

where €, > 0 is a sufficiently small number. As a
consequence of (3.21), (3.25)-(3.29) it follows that

190(D) =1l < 13 = ai,| D e ey 131+ Do~
v=0

1
2
- d$1W(kn)—(3+9+ €2)
kn
1
2
S s1w(kn)—(B+6+ €3)

g1

H ()/n)<("1'1

+E3)(1+9+62)+52+1> t

(3.31)
From (3.27), (3.30) and (3.31) we get
1

|gn( () - an < g1(1-0—€2—€4)
M )((%+63)(1+9+62)+52+1)t
Yn
(3.32)
Since

o(c—1)(1-0)>2t(c(1+0)+ (1 +52)(0 — 1)),
there is a suitable number € > 0 such that

01(1—6— €;—€,)

((alai1+e3)(1+9+ez)+sz+1) t
o(c—1)(1-0)

A+ +A+s)e—-D)t
>2+¢ (3:33)

for the suitable numbers €, €,,e; and e,. Now, it can
be shown that

9 ~Yal < frme (3.34)

where € is a suitable positive number. If the sequence v,
is constant, then g(Q) is in M. Otherwise, as stated in
Roth's theorem [15], g(0) is a transcendental number.
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