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Abstract

The spectral problem
" +qlx)y=\y, O0<z<l,
y(0) =0, §/(0) = Aay(1) + by (1)),

is considered, where ) is a spectral parameter, ¢(z) € L1(0, 1) is a complex-valued function,
a and b are arbitrary complex numbers which satisfy the condition |a| + [b| # 0. We study
the spectral properties (existence of eigenvalues, asymptotic formulae for eigenvalues and
eigenfunctions, minimality and basicity of the system of eigenfunctions in L,(0, 1)) of the
above-mentioned Sturm-Liouville problem.
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1. Introduction

In this study, we shall consider the Sturm-Liouville problem

-y +qlx)y=Xy, O0<uz<l, (1.1)
y(0) =0, (1.2)
y'(0) = May(1) + by'(1)), (1.3)

where A is a spectral parameter, ¢(x) € L1(0,1) is a complex-valued function, a and b are
arbitrary complex numbers which satisfy the condition |a| + |b| # 0.

Researching various properties (existence of eigenvalues, asymptotic formulae for eigen-
values and eigenfunctions, minimality and basicity) of Sturm-Liouville operators is of great
importance in the spectral theory of differential operators. Especially, the uniform con-
vergence of Fourier series expansions of this operators can be also investigated with the
help of the conclusions obtained by examining these properties in the next studies. So
that, this investigation underlies an important class of the mathematical physics prob-
lems in applications. Therefore, firstly it is intended to investigate properties like the
existence of eigenvalues, the asymptotic formulae of eigenvalues and eigenfunctions, and
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the basis properties of the system of eigenfunctions of the problem (1.1)-(1.3) in L,(0,1)
(1 < p < o0) in this article.

Sturm-Liouville problems with the boundary conditions depending on the spectral pa-
rameter were studied in order to investigate their various properties in many articles (see
[1,2,6-8,10-17,19-23,25]). The problems on the basis property of system of root functions
corresponding to Sturm- Liouville problems for some differential operators which contain
different forms (linearly, rationally, quadratically etc.) of spectral parameter in one of the
boundary conditions were considered in [1,2,8,10,12,15,16,22].

The basis property of the system of eigenfunctions corresponding to the spectral problem

Yy ' +dy=0, 0<z<1,

y(0) =0, ¥/(0) — ary(1) =0 (a > 0) (1.4)

in the space Ly(0,1) was proved in [22]. Then the basis property for the system of eigen-
functions of the boundary value problem

—y" +qlx)y =Ny, 0 <z <1,
y(0) =0, y'(0) —aly(1) =0 (a#0)

in Ly, (0,1) was studied in [12]. It was also verified that the system of root functions of
the problem (1.5) with one function deleted, is a basis in the space L,(0, 1); this basis is
unconditional for p = 2. Moreover, the conditions of the uniform convergence of spectral
expansions of continuous functions in the system of eigenfunctions of the problems (1.4)
and (1.5) were established, respectively in [12,21].

Note that the problem (1.5) is a special case of the problem (1.1)-(1.3) under the
condition b = 0 while the problem (1.4) is a special case of the problem (1.5) under the
conditions ¢(x) =0 and a > 0.

(1.5)

2. Existence of eigenvalues and asymptotic formulae for eigenvalues and
eigenfunctions of the problem (1.1)-(1.3)

In this section, we prove existence of eigenvalues of the problem (1.1)-(1.3) and then we
give asymptotic formulae for eigenvalues and eigenfunctions of the same problem.
Let 1(z, A) denote the solution of the equation (1.1) which satisfies the initial conditions

¥ (0,\) = 0,9 (0,\) = 1. (2.1)
The eigenvalues of the problem (1.1)-(1.3) are the zeros of the entire function
F(\) =1—Xap(1,\) + b/ (1,)))
or the roots of the equation
1— Aa(1,N) + by’ (1,0)) = 0. (2.2)

This function does not vanish because F'(0) = 1.
Let E be the set of the roots of the equation
9y (1,)

a (w(l,)\) J”\a,\) +b (w’(l,/\) +>\81/}/8(/1\’A)) =0,

where a and b are fixed numbers. E is a countable set. Henceforth, we assume that
F(\) #0forall A € E.

Theorem 2.1. All eigenvalues of the boundary value problem (1.1)-(1.8) are simple and
they form an infinite sequence A, (n = 0,1,2,...) which has no finite limit point. Moreover,
the asymptotic formulae

My = Kn—;) wr+0(1), (2.3)
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Yo (2) =¥ (2, \n) = Sln<nn_7r2)7m +0 (n—2) (2.4)

are valid, where 1, (x) is the eigenfunction corresponding to X\, for sufficiently large num-
bers of n.

Proof. Let A\ = s% and s = o + it. Then,

2= [a@wm A sins (@ - ) dr (25)
0

1/}('%)‘) =

and there exists sop > 0 such that for |s| > sg the estimate
W (x,\) = +0 (elfl7]s]72) (2.6)

is valid [18, Chapter I, Lemma 1.2.1 and Lemma 1.2.2], where the function O (e't‘”:]s]_z)

is an entire function of s for any fixed x in [0,1]. Moreover, (2.6) holds uniformly in z for
0 <z < 1. Therefore, by differentiating (2.5) with respect to x, we have

sin sx

S

xT

W (2, \) = cos sz + / ¢ (7)) (7, \) cos s (z — 7) dr. (2.7)
0
From here and (2.6), we obtain
Y (x,\) = cos sz + O (e‘tlx\s\_l) . (2.8)
Thus, according to (2.6) and (2.8), the equation (2.2) takes the form
s*coss + O (e't‘ \s\) =0. (2.9)

The inequality
1
‘32 coss‘ > Ze‘tl\tﬁ

is valid for sufficiently large |t|. From here, we obtain that the limit of modulus of the
first summand of the equation (2.9) is +o00 as |t| — co. So, there exists M > 0 such that
|t| < M for any solution s of equation (2.9). Then, the equation (2.9) is equivalent to the
equation
s%coss+ O (|s]) = 0. (2.10)

It is taken into account that s = 0 is not a root of equation (2.10) since A = 0 is not an
eigenvalue of the boundary value problem (1.1)-(1.3). It is obvious that the roots of the
equation (2.10) are simple. Otherwise, A is a multiple root of the equation (2.2) and this
is contrary to F'(\) # 0 (A € E).

We choose a positive number H such that all the roots of the equation (2.10) lie in
the domain {z € C: [Imz| < H} and the condition sinh H > 1 holds. We now find the
number of the roots of equation (2.10) inside

D,1={2€C:|Imz| < H,|Rez| <nn},

for sufficiently large n.
It is well known that the inequalities

|cos z| > |cos x|, |cos z| > |sinh y| (2.11)

are valid, where z = = + iy € C. From (2.11), if 2 = 2 FiH, —nw < z < nm, then
|cosz| > sinh H > 1 and if z = Fnw + iy, —H < y < H, then |cosz| > |cosnnm| = 1. By
virtue of Rouche’s theorem [4, Chapter IV, Theorem 6.2], for sufficiently large n, there are
as many zeros of equation (2.10) inside the domain D, ; as of the equation s?coss = 0,
i.e., 2n + 2.
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Since A = 52, we only need to consider the roots of the equation (2.10) which satisfy the
condition s € D = {z € C: —F <argz < T} for the eigenvalues of the boundary value
problem (1.1)-(1.3). It is obvious that the number of the roots of the equation (2.10) are
n + 1 inside the domain

Dy = {;:E(C:—;r <argz < g,Rezgmr}.

By using Rouche’s theorem again, it is easy to see that there is only one root of equation
(2.10) at the neighborhood O (n~!) of the number (n — %) 7 (n € N) for sufficiently large
n.

We number the roots (which satisfy the condition s € D) of the equation (2.10) in
ascending order of Re s,(n =0,1,...). By virtue of these discussions, we obtain

1 ~1
Sn—<n—2>7r—|—0(n ). (2.12)
The formulae (2.3) and (2.4) are established by the equalities A\, = s2, (2.6), and (2.12).
The proof of theorem 2.1 is completed. O

3. The basis property of the system of eigenfunctions of the problem
(1.1)-(1.3) in L,(0,1)
In this section, we give the minimality of the system of eigenfunctions of the problem
(1.1)-(1.3) with one function deleted and prove the basicity in L, (0,1) of this system.
Let g(x) = qg(1—2) (0<z<1)and ¥, (1) = 0. The function & (z) = ¥, (1 —x) +
bk (z) is a solution of the equation (1.1) for A = A;. By (1.3) and (2.1), we have
&k (1) =&, (1) = 0. Consequently, & (x) =0, 0 < x < 1. In other words,

Y (1 —x) = =bAgtb () ,0 <z < 1.

From the last equality, we obtain (b)\k)2 = 1. Hence, since b?> # /\% (n=0,1,...), then

Un (1) # 0.

Firstly, let us give some lemmas to be used in the proof of our theorems.

Lemma 3.1. The equalities

W) _ ¢ (2 (3.1)
o/ (L) _ (;nl;” +0(n?) (3.2)

hold for sufficiently large n.
Proof. By using (2.5) and (2.7), we obtain the equalities

1
1 1
6¢(,A):cosssms2/q (r,\)sins (1 —7)dr+
0

0s s

1
+i/(1—T)Q(TW(T7)‘)COSS(1—T)dT
0
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, 1
ov (LY a(i’)\) = —sins—k/q(T)awéz7 a) coss(1—7)dr

(I—=7)q(T)Y (r,\)sins (1 —7)dr.

1
0
Using the equalities (2.4) and (2.12), it is not hard to see the estimates
/1
0

({W = sln q(T)W sins, (1 —7)dr+0O (n_2> ) (3.3)
A (81 An) +/ 99 (1, An) cos sy (1—71)dr+0O (n_l) . (3.4)

Let M, = ‘L@ An) |
B2 =Sl T

By virtue of (3.3), the inequality

n2

Mn <Cl<\Mr+1>

holds, where C] is a constant which is independent of n. From last inequality and (2.12),

the estimate o
2
M, < o) (3.5)

is valid for sufficiently large n, where Cs is a constant which is independent of n. Thus,
estimate (3.1) is obtained by (3.3) and (3.5). By using (3.4) and (3.5), we obtain

o' (1, \, n _
W) _ a0 (n).

From here, estimate (3.2) is obtained directly. The proof of the lemma 3.1 is completed. [

Henceforth, we will assume that the relation ¢ (z) = ¢(1 — ) (0 <z <1) is valid in
lemma and theorems established for the investigation of spectral properties of the problem
(1.1)-(1.3) in this study.

Lemma 3.2. The following equalities are satisfied:

<¢n (), m (1 —x)) = ¥ (jn)l__qﬁm(l), (n#m;n,m=0,1,2,...) (3.6)
(q,z)n U (1 —a ) _9ul 1 A 9L An) (n=0,1,2,..) (3.7)
(¥n (@), ¥m (2)) = ﬁ’g?@m ﬁiﬂng ) mEminm=0,1,2.)  (38)

(0 @) @) = o, () 22020y ) 20 g1 ) ()

Proof. 1t is easily seen that from equation (1.1), the equality
— {¢ ) Ym (1 =) + o (2) Y, (1= 2)} = (A — An) ¥ (2) Y (1 — )

holds for 0 < a < 1. Integrating with respect to « from 0 to 1, we obtain

O =) (0 (2) B (L= 2)) = (0 () i (L= @) 50 (@) ¥ (1 — )L
The equality (3.6) is obtained by the last equation and the initial conditions (2.1).
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Similarly, we obtain the equality
d
@Y=z + 0 ()Y (L= 2,0} = (A= An) dn (@) (1 -2, A)
for A # A,,. From here and (2.1), the equality
__ (1) — 9 (1, A
(vn (@) =0 = L =22

is valid. Taking the limit as A — A, in the last equality, we obtain (3.7). Equalities (3.8)
and (3.9) are verified similarly. O

Firstly, let us verify that the system v, (z) (n = 0,1,...;n # r) is minimal in the space
L5 (0,1) by the following theorem. It suffices to prove the existence of the system ¢, (x)
(n =0,1,...;n # r) which is biorthogonally conjugate to the system ¢, (z) (n =0, 1,...;n # r)
in the space L (0,1) (see [24, Chapter I, §6, Theorem 6.1]).

Theorem 3.3. If b # /\% (n=0,1,...), then the system 1, (z) (n = 0,1,...;n # r), where
r is an arbitrary fived no%—negatz’ve integer, is minimal in Lo (0, 1).

Proof. Since A, is a simple root of the equation (2.2) for every n, we have

a(n (1) + AW) b (v + Aawg”) 40

or

1 o (1, \n) oY (1, \n)
)\n—l—)\n<a o +0b B3 )#0-
The functions ¢, () (n = 0,1,...;n # r) are defined by the following:
. wn (1 B w) + a)\nwn (.Z') _ Qz)r (1 B l‘) + a)\rwr ('75)
R e

/ —1
where a,, = — (ﬁ + An (a awg;‘”) + b2 g)i)‘”)» . Because of the assumption (b2 #+ )\%)
of the theorem, v, (1) # 0 for all n.
Assume that n # m,r; m # r. The equality

(3.10)

(i ) —a (¥ (@) Pm (1=2) ) +bXm (Yn (@), Pm (@) (¢n(@)9r(1=2))+Ar ($n(2)Pr (@)
ns Pm) = On Ym(1) ¥r(1)
B e v Pk s o v vy M V1T VAN s S e S VY
o Pm(1) ¥r(1)

holds by (3.6) and (3.8).
Assume that n # r. The equality

[ (n(2),9n (1—2) ) +bAn (1 (2) 1on (z) P (), (1—2) ) +bAp (Y (2), 00 (z)
(Ynyon) = an _< uznu) : ) ulm : )}
-781&(81,;,1)%)\” (w,n(l)awg?n)7wn(1)a¢/(81ixn)) X
= 0n $n(1) T

= ap (—aX, 2500 4, 2062 — L) g

is valid by (3.6)-(3.9). O
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Theorem 3.4. If b* # /\% (n=0,1,...), then the system 1, (z) (n =0,1,...;n # r), where
r s an arbitrary fixed non-negative integer, is a basis in the space Ly (0,1) and this basis
is unconditional in the space Lo (0,1).

Proof. We need the asymptotic formulae of ¢, (x) (n =0, 1,...;n # r) to prove the basic-
ity of the system v, () (n =0,1,...;n # r) in the space Ly, (0,1).
Using (2.3), (3.1), and (3.2), the estimate
2(-1)"" —2
n = — +0 (n )
holds for sufficiently large n. From here and (2.4), it is not hard to see the asymptotic
formulae

1
©n () = 2nmsin (n - 2) x4+ O (1). (3.11)
The systems y,, (z) (n =0,1,...) and u, (z) (n = 0,1, ...) are defined by the following:
Yn (2) = 8,V 20, (), (3.12)
1
W (2) = ——on (2). 3.13
un () A (z) (3.13)

We can easily verify that
(Yns Um) = Onm, (M,m=0,1,..;n,m#r),

where 6y, is the Kronecker symbol. Hence, the system u, (z)(n=0,1,..;n#7r) is
biorthogonally conjugate to the system y,, (z) (n =0,1,...;n # r).
By virtue of (2.4) and (3.11), the estimates

yn (z) = V2sin <n — ;) x40 (n7t), (3.14)

Uy, () = V2sin <n - ;) mx + O (nil) (3.15)

holds for sufficiently large n.
We denote the system e, (z) (n = 1,2,...) by the following:

en () = V/2sin (n - ;) X

Note that the system e, (x)(n =1,2,...) is a basis of the space L, (0,1) and this is
orthonormal for p = 2 [3, Chapter VIII, §20, Theorem 2].

Let us compare the system y,, (z) (n = 0,1, ...;n # r) with the system e,, () (n = 1,2, ...).
By 3.14, the following inequality is valid for sufficiently large n:

Yn () — V/2sin (n - ;) T

where Cj3 is independent of n. From this inequality, we obtain that the series

C
<=2
n

D lyn-1(@) —en @7+ D llyn (2) — en (@)
n=1

n=r+1

is convergent (for r = 0, the first sum is absent). Thus, the system y,, (z) (n =0,1,..;n # 1)
is quadratically close to the system e, (z) (n =1,2,...).

Since the system y,, () (n = 0,1, ...;n # r) is minimal in the space Ls (0, 1), it is a Riesz
basis in this space [5, Chapter VI, §2.4, Theorem 2.3].

The first part of Theorem 3.4 is proven.
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Note that the system e, (z)(n=1,2,...) is a basis in L, (0,1), then there exists a
constant M, > 0 ensuring the inequality

N

Z(faen) en

n=1

P
for any function f € Ly (0,1), where |||, means the norm in L, (0,1) [9, Chapter I, §4,

Theorem 6.

Let 1 < p < 2 and p be fixed. Since the system y, (z) (n = 0,1,...;n # r) is complete in
L5 (0,1), then this system is complete in L, (0,1) as well. Consequently [9, Chapter VIII,
§4, Theorem 6], in order to prove the basicity of this system in Ly, (0, 1), it is enough to
prove the existence of a constant M > 0 ensuring the inequality

N

Z (fsun) yn

n=0,n#r

< M|f],, N=12,.. (3.17)

p
for any function f € L, (0,1).
Note that there exists M; > 0 such that the inequality

1(f. o) woll, < Ml £,

holds for every f € L, (0,1). So, the inequality (3.17) is equivalent to the inequality

N

Z (fsun) yn

n=1,n#r

<M|fll,, N=1,2,.. (3.18)

p

En(f) =

where M is positive constant. According to (3.14), (3.15), and (3.18), the inequality

En(f) <Eni(f)+En2(f)+En3(f)+ Ena(f) (3.19)
is valid, where N = 1,2, ... and

N
Evi(f)=| X (frea)en|| En2(N)=| ¥ (fren)O(n")
n=1,n#r p n=1,n#r »
N N
Exs(H)=| X (L, on))es|, Eva(f)=| X (f,O(n1)O0(n)
n=1,n#r P n=1,n#r »

By virtue of (3.16), the inequality

Ena (f) < const.||f],, (3.20)
holds. From the Riesz theorem [26, Chapter XII, §2, Theorem 2.8] it follows that

Ena(f) < const. JXV: |(f,en)|n ! <
n=1

v Ly 1 (3.21)
< const. ( SIS, en)|q> (Z_: n_p> < const.||f],,

n=1

where % + % = 1. Further,

(3.22)
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Moreover,
N
Ena(f) < const.||f|, Z n %< const. || f[[,- (3.23)
n=1

The inequality (3.18) is a consequence of the inequalities (3.19)-(3.23). Thus, the basicity
of the system y, (z) (n = 0,1,...;n # r) in the space L, (0,1) for 1 < p < 2 is proven.

Let 2 < p < oo and %—i—% = 1. It is evident that the system u, (z) (n = 0,1,...;n # r) is
a basis in the space L, (0,1). Consequently, this system is complete in the space L, (0, 1).
Note that 1 < p < 2. By means of absolute analogous discussions used above, the
basicity in Lg (0,1) of the system w,, (x) (n = 0,1,...;n # r) is proven. Hence, the basicity
in L, (0,1) (2<p < oo) of the system y, (z) (n=0,1,...;n # r) follows. The proof of
Theorem 3.4 is completed. ]
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