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Abstract

Let E be an elliptic curve defined over K given by a Weierstrass equation and let P =
(z,y) € E(K) be a point. Then for each n > 1 we can write the z- and y-coordinates of
the point [n]P as

G,(P) H,(P

F3(P)" F}(P)
where F,, G, and H, € K|z,y| are division polynomials of E. In this work we give
explicit formulas for sequences

(Fn(P))n>0, (Gn(P))nz0, and (Hp(P))n>0

associated to an elliptic curve E defined over Q with non-cyclic torsion subgroup. As
applications we give similar formulas for elliptic divisibility sequences associated to elliptic
curves with non-cyclic torsion subgroup and determine square terms in these sequences.
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1. Introduction

Let E be an elliptic curve defined over a field K given by a Weierstrass equation
E:y* + a1zy + agy = 2° + aga® + aqw + ag. (1.1)

Let E(K) be the group of K-rational points on F, and let O denote the point at infinity,
the identity for the group E(K). For background on elliptic curves we refer the reader
[24] and [26]. The n-division polynomial F,, € K|z, y] for the elliptic curve E evaluated
at a point P = (z, y) € E(K) is defined using the initial values

zt + box® + 3byx® + 3bgx + by,
= Fy(P)(22° 4 byx® + 5bya* + 10bgz® + 10bga?
+ (bobg — babg)x + (bsbg — b2)),

Fo(P)=0

Fi(P)=1

F>(P) =2y + a1z + as,
F3(P) =3

Fy(P)

Email address: betulgezer@Quludag.edu.tr
Received: 26.09.2018; Accepted: 09.11.2019


https://orcid.org/0000-0001-9133-1734

Sequences associated to elliptic curves with non-cyclic torsion subgroup 1459

where
by = a% + 4as, by =2a4 + ajaz, bg = ag + 4ag,

and

bg = a%aﬁ + dasag — ajazay + agag — ai,
and by the formulas

Foni1(P) = Fpyo(P)F,(P)? — F_1(P)F, 1 (P)3, forn>2,
Fon(P) = (Fues(P)2F(P)Fyys(P) (1.2)

— Fy_9(P)E,(P)Fny1(P)®)(Fy(P))™t, for n > 3.

The n-division polynomial F,, € K[z, y| has divisor
div(F,) = Y (T)—n*0),
T € E[n]

where E[n] is the n-torsion subgroup of E(K), so it vanishes exactly at n-torsion points
and has a pole at O. These polynomials arise in expressing the coordinates of [n|P in
terms of a point P € E(K) (with char(K) # 2), that is the point [n]P can be given by

Gn(P) Hn(P)
P
e = (Eipe reey)
for division polynomials F},, Gy, and H,, € K|z, y], where G,,(P) and F,,(P)? are relatively

prime. Furthermore, the polynomials G,(P) and H,(P) are given by the recurrence
relations

(1.3)

Go(P) =1, G1(P) = z, (1.4)
Hy(P) =1, Hi(P) =y,
and
Go(P) = 2Fy(P)? = Fo1 (P)Fu 1 (P), (1.5)
Hy,(P) = (Fy1(P)?Foya(P) = Froa(P)Fpy1(P)? (1.6)

— By(P)Fy(P)(a1Gn(P) + asFy(P))) (2F2(P))
for all n > 2. The division polynomials F;, satisfy the more general recurrence relation
Fonin(P)F,,_(P) = F,p 1 (P)F,,_(P)F,(P)*~Fus1(P)F,_(P)F,(P)*  (17)

for all m > n > 1. We also note that the recurrences (1.2) can be obtained from this
formula.

Division polynomials appear in the theory of elliptic functions, the theory of elliptic
curves, and the theory of elliptic divisibility sequences. Ward studied arithmetic prop-
erties of these polynomials in a series of papers [30,31]. Ayad [1] studied periodicity
properties of the sequence (F,(P))n>0 of values of the division polynomials of an elliptic
curve E evaluated at a point P. Silverman [23] used a lift to characteristic zero and the
Lefschetz principle to prove that the sequence (F,(P))n>0 of values of division polyno-
mials is purely periodic, which is a generalization a result of Ward for elliptic divisibility
sequences. Silverman [23] also considered p-adic properties of the sequence (F,(P))n>0,
and proved the existence and algebraicity of the p-adic limit of certain subsequences of the
sequence ([, (P))n>0. Cheon and Hahn [5] considered valuations of the division polynomi-
als. Stange [27] gave a complete description of formulas for explicit valuations of division
polynomials at primes of good or bad reduction.

In [11], the author and Bizim considered periodicity properties and p-adic properties
of the sequences (G (P))n>0 and (Hy(P))n>0 of values of the division polynomials of an
elliptic curve E defined over a field K evaluated at a point P. The authors showed that
the sequences (G (P))n>0 and (Hy(P))n>0 are periodic when K is a finite field. Then

n m
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they proved that certain subsequences of these sequences converge when K is a local
field similar to that of the sequence (Fy,(P))n>0. In [8, Theorem 3.2, the author gave
closed formulas in terms of the coefficients of the Weierstrass normal forms for sequences
(Fn(P))n>0 associated to elliptic curves with cyclic torsion subgroups and determined
square and cube terms in these sequences. Stange [27, Section 12.2], demonstrated a
method to obtain similar formulas by using other methods. In [9], the author showed that
the coefficients of an elliptic curve E can be given in terms of the sequences (G (P))n>0
and (Hy,(P))n>0, and gave similar formulas for sequences (G, (P))n>0 and (Hyp(P))n>0
associated to an elliptic curve E with cyclic torsion subgroup.

Although the sequences associated to elliptic curves with cyclic torsion subgroup have
been dealt with by authors, the non-cyclic case was not considered. The present paper
is motivated by the desire to contribute to the completeness of the literature by study-
ing the non-cyclic cases. Here, we consider the sequences (F),(P))n>0, (Gn(P))n>0, and
(Hp(P))n>0 of values of the division polynomials of an elliptic curve with non-cyclic tor-
sion subgroup and give explicit formulas for these sequences. As applications, we obtain
formulas for elliptic divisibility sequences associated to elliptic curves with non-cyclic tor-
sion subgroup and we determine square terms in these sequences.

2. The sequences (F,(P))n>0y (Gn(P))n>0, and (H,(P)),>o associated to
elliptic curves with non-cyclic torsion subgroup

The Mordell-Weil theorem states that if K is a number field, then the group E(K) is
finitely generated. In particular, it is very important to characterize the torsion subgroups
of E(K). A complete list of possible torsion subgroups for rational elliptic curves is given
by the following theorem due to Mazur.

Theorem 2.1 ([15]). Let E be an elliptic curve defined over Q. Then the torsion subgroup
Eiors(Q) of E is either isomorphic to Z/NZ for N =1,2,---,10,12 or to Z/2Z X Z/2NZ
for N =1,2,3,4. Further, each of these groups does occur as an Eiors(Q).

The elliptic curves with the specified torsion subgroup lie in a one parameter family, see
[13] for explicit parameterizations. In [8, Theorem 3.2], the author considers elliptic curves
having cyclic torsion subgroups and gives explicit formulas for the sequences (Fy,(P))n>0
associated to these curves. Then in [9, Section 4, and Appendix A], the author obtains
similar formulas for the sequences (G, (P))n>0 and (Hy, (P))n>0 associated to elliptic curves
having cyclic torsion subgroups. In this paper we consider sequences associated to elliptic
curves having non-cyclic torsion subgroup. We will obtain many results for these sequences
similar to those for sequences associated to elliptic curves with cyclic torsion subgroups.

The following theorem gives parameterizations of elliptic curves with non-cyclic torsion
subgroups, see [13] and see also [12].

Theorem 2.2. Let E be an elliptic curve defined over Q, and let the torsion subgroup
Ei0rs(Q) of E be isomorphic to Z/27 x Z/2NZ. Then E can be given in the following
normal form

En v+ (1 —c)zy — by = 2 — ba?
with following relations:
1. If N =2, thenb= (v?—1)/16, v #0, £1/4, ¢ = 0.
2. If N =3, thenb=c+c? c= (10— 2a)/(a®? = 9), f(c+1)3(9c+ 1) # 0.
8. If N =4, thenb= (2d—1)(d—1), c = (2d — 1)(d — 1)/d, d = a(8a + 2)/(8a> — 1),
d(d—1)(2d — 1)(8d* — 8d + 1) # 0.
In particular if N = 1, then

Ey:y? =x(z+k)(z+1),
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k,l#0 and k # 1.

Theorem 2.2 tells that every elliptic curve having a non-cyclic torsion subgroup isomor-
phic to Z/27 x 7Z/2NZ for N = 1,2,3,4 is birationally equivalent to one of the normal
forms given above. We also note that in all cases the point P = (0,0) is a torsion point of
maximal order.

In this work we will assume that the coefficients of Fn are integers for N = 1,2,3,4.
Then k,l € Z for the case N = 1, and we transform Fy into a birationally equivalent
curve E\ having an equation with integral coefficients, for the cases N = 2,3,4. The
equations of the birationally equivalent curves for N = 2, 3,4 are given, respectively, as
follows:

B}y + 162y — 4*(160° 1)y = 2°—16(160>—1)2?,
By y? + (o + 20— 19)Bry+8'y = 2 +5%,
E) :y? + (640 — 240% — 8a — 1)dxy — (200 + 1)(304y = 23— (2a + 1)¢26,
where
B=0a?-9,~v=2a%—14a® + 22a — 10, (2.1)
and
§=8a%—1,¢=aBa+2),0=8a"+4a+1. (2.2)
From now on, for simplicity of notation, we write Ea, E3, E4 for E), E5, E), respectively.
We first consider the sequence (F,(P))n>0 of values of the division polynomials of an
elliptic curve with non-cyclic torsion subgroup. In the following theorem, we give closed

formulas in terms of the coefficients of the normal form Epn associated to the sequence
(En(P))n>0, i.e., general term of the sequence (F,(P))n>0.

Theorem 2.3. Let En be a normal form of an elliptic curve with non-cyclic torsion
subgroup and let (F,(P))n>0 be the sequence of values of the n-division polynomials of En
at P = (0, 0). Let 3, ¢, 6, and 0 be as in (2.1) and (2.2). Then the general term of the
sequence (F,(P))n>0 can be given by the following formulas:

1. If N =1, then

F o= 0, if n is even 23)
" s(kl){(nz_l)/4}, if m is odd, .
where
[+l ifn=1(4)
T -1, ifn=3(4).
2. If N =2, then
0, ifn=0 (4)
Fy :{ 52{(5”2—p)/2}(16112—1){(3"2—@/8}, otherwise, (2.4)
where
_J +1l, ifn=1,5,6(8)
ST -1, ifn=2,3, (8),
and
PRl =201 T4 ifn=2).
3. If N =3, then
0, if n =0 (6)
Fn = { E(20é _ 10){(5712_}7)/12} (OZ _ 1){(2n2_q)/3}ﬁ{(5n2,7‘)/4}; othe’r’wz'SQ (25)
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where

and

KA 0, ifn=3(6) 5 ifn=1,3,56)
b= 8, an52,4(6) q = ’ - r = 7 - ’ 9y
{9, ifn=3 ) { {8 nZ2ie

4. If N =4, then

o 0, ifn=0@) .
"= (20 4 1)1TRTP/16) ({0520 16k 5 {Gn2 =) [ {298} ptherpise,  2O)
where
[ +1, ifn=1,4,5,9,10, 13, 14 (16)
¢ _{ ~1, ifn=2,3,6,7, 11,12, 15 (16),
and
7. ifn=1,7(8) 15, ifn=1,7(8)
)12, ifn=2,6(8) ) 12, ifn=2,6(8)
P=Y 15, ifn=3,50®) 97V 7, ifn=35(@)
16, ifn=4 (8), 16, ifn=4 (8),

4, ifn=2,4,6(8), 4, ifn=2,6(8)

r:{5, ifn=1,3,57(8) {3; ifn=1,3,517(8)
0, ifn=4(8).

Proof. Before starting the proof, we note that if we take n = 2, and then m = n in
equation (1.7) we have
FpyoFy o= Fy1F, 1Fy — F3F? (2.7)
since F} = 1.
We give the proof only for the case N = 3, the other cases can be proved similarly. We
argue by induction on n. First suppose that n + 1 =1 (6) and the equation (2.5) is true
for n + 1. Then n = 6k for some integer k and we have to prove that

2 2 2 . .
. { (20 — 10) 15K H10b+L () _ 1) 2R3 16K42 g5K2 £30k+4 if 1 s even
n+2 —

—(2a — 10)15k2+10k+1(a . 1)24k2+16k+2/845k2+30k+47 i ks odd. (2.8)

On the other hand by assumption we have

Fy = (2a — 10) (o — 1)*8%, F3 = (2a — 10)*(ar — 1)°51°,

and
Fn = 07
P (20 — 10)15k2+5k(a - 1)24k2+8k545k2+15k, if k is even
e —(2a — 10)15k2+5k(a - 1)24k2+8kﬁ45k2+15k, if k is odd,
I ) —Qa- 10)15k275k(a — 1)24k278kﬁ45k2_15k, if k is even
S (2a0 — 10)15k2_5k(a - 1)24]62_8]6,6’45”“2_15”“7 if k is odd,
and

I — (20 — 10)15k2_10k+1(a — 1)24k2_16k+2645k2*30k+4, if k is even

_9 =

n (2a — 10)15k2—10k+1<a . 1)24k2—16k+2ﬁ45k2,30k+4’ if k is odd.
Substituting these expressions into (2.7), we obtain the equation (2.8). Thus we have

proved the theorem is true for n + 2 which completes the proof for n = 0 (6). The other
cases of the theorem can be proved by induction in the same way. O
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We can use Thorem 2.3 to deduce general terms of elliptic divisibility sequences asso-
ciated to elliptic curves with non-cyclic torsion group. An elliptic divisibility sequence (or
EDS) (hn)n>0 is a divisibility sequence satisfying a non-linear recurrence relation of the
form

hm+nhm—n = hm-l—lhm—lhgl - hn—l—lhn—lh?n (29)
for all m > n > 1. An elliptic divisibility sequence is called proper if hg = 0, hy = 1,
hohs # 0, and the discriminant of an EDS (hy,)n>0 is the quantity

A(hy,) = hah3® — h3hd% + 33030 — 20h4h3RT 4+ 3K3H35
+ 16hSh3 + 8h3h3h3 + hj,

(see [23] or [25], see also [30]). A proper EDS is said to be non-singular if A(h,) # 0.
The arithmetic properties of EDSs were first studied by Ward in 1948 [30, 31]. See also
[6,22,29] for more details on EDSs.

Ward defined the division polynomials over the field C and showed that non-singular
elliptic divisibility sequences can be given in terms of elliptic functions by using the com-
plex analytic theory of elliptic functions. More precisely, Ward [30, Theorem 12.1] proved
that if (h,)n>0 is a non-singular elliptic divisibility sequence, then there exist a lattice
L C C and a complex number z € C such that

o(nz, L)
o(z, L)

where F,(z, L) and o(z, L) are the n-division polynomial and the Weierstrass o-function
associated to the lattice L, respectively. Moreover Ward proved that the modular invari-
ants go(L) and g3(L) associated to the lattice L and the Weierstrass values p(z) and p'(z)
associated to the point z on the elliptic curve C/L can be given by the terms hg, hz, and
hy of the sequence (hy,), see [30, equations 13.6, 13.7, 13.5, and 13.1].

Silverman [23, Proposition 18] reformulated Ward’s result to the case of rational num-
bers and proved that if (h,),>0 is a non-singular EDS, then there exists an elliptic curve
E given by a minimal Weierstrass equation over Q and a point P € E(Q) such that

hp = F,(P) forall n > 1. (2.11)

hp = Fy(z,L) = for all n > 1, (2.10)

Therefore EDSs can be defined via recurrence relation (2.9) or as division polynomials. It
follows that Theorem 2.3 applies to the non-singular elliptic divisibility sequences (hy)n>0
associated to elliptic curves with non-cyclic torsion group. Thus we can obtain general
term formulas for non-singular elliptic divisibility sequences associated to elliptic curves
with non-cyclic torsion group similar to formulas in Theorem 2.3.

Now we consider the sequence (G, (P))n>0 of values of the division polynomials of an
elliptic curve with non-cyclic torsion subgroup. In the following theorem we give general
terms of the sequences (Gp(P))n>0 associated to Ej, Eo, E3, and E4 respectively. The
proof uses Theorem 2.3.

Theorem 2.4. Let Enx be a normal form of an elliptic curve with non-cyclic torsion
subgroup and let (G (P))n>0 be the sequence of values of the n-division polynomials of Ex
at P =(0,0). Let 8, ¢, 0, and 0 be as in (2.1) and (2.2). Then the general term of the
sequence (Gpn(P))n>0 can be given by the following formulas:

1. If N =1, then

0, if n is odd
Gn = 2.12
{ (k:l){"2/2}, if n is even. (2.12)
2. If N =2, then
0, if n is odd,
Gn = 2.13
{ 25”2(161)2—1){3"2/4}, if n is even. (2.13)
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3. If N =3, then

G - 0, ifn=1,5(6) 514
") e(2a — 10) W P/6) (o _ 1) U030 40/ ppheruise, (2.14)
where
[ 41, ifn=0(6)
Tl =1, otherwise,
and

[\)

{3: gz;g’é)gﬁ) ' :{ 2, otherwise, T:{ 1, ifn=3(6).

4. If N =4, then

o 0, ifn=1,7(8)
n - (2a + 1){(7712*?)/8]({(15n2+Q)/8}5{(5n2+r)/2}9{(3n2+7“)/4}’ otherwise, (2‘15)
where
0, ifn=0(8) 0, ifn=0(8)
)4, ifn=2,6(08) )4, ifn=26(8)
P=Y7 ifn=3508) 7)1, ifn=3,5(8)
8, ifn=4(8), 8, ifn=4(8),
and

L_ 0 ifn=0,246()
11, ifn=3,5(8).

Proof. We give the proof only for the case N = 3, the other cases can be proved similarly.
Let n =1 (6) and write n = 6k + 1, K > 0. Then by (1.5)

G6k+1 = _F6k+2F6k for all k > 0,

since x = 0. Hence Gggr1 = 0, since Fg, = 0 for all & > 0.
Now let n =2 (6). Then by (1.5)

G6k+2 = _F6k+1F6k+3 for all k > 0, (2.16)
since x = 0. On the other hand we have
I (2a — 10)15k2+5k(a — 1)24k2+8k545k2+15k, if k is even
Skt = { —(2a — 10)15k2+5k(a - 1)24k2+8kﬁ45k2+15k, if k is odd,
and

7 ) 2a- 10)15k2+5k+3(a — 1)24k2+24k+6645k2+45k+10, if k is even
6k+3 = — (20— 10)15k2+5k+3(a _ 1)24k2+24k+6545k2+45k+107 if k is odd,
by (2.5). Now substituting these expressions into (2.16) we derive that

k2 20k 4 k2 ok k2 k41
Glra = (200 — 10)108°+20k+3 (1) 383246 450160k 410

for all £ > 0. On the other hand by the formula (2.14) we have

30k2420k+3 48k2432k+6 290k24+60k-+10
Gorva = — (200 — 10)°0F F208F5 (q — 1)K 32H0 gR0RTHOORHID,

which completes the proof for n = 2 (6). The remaining cases can be proved in a similar
manner. O
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Finally we consider the sequence (H,(P)),>0 of values of the division polynomials of
an elliptic curve with non-cyclic torsion subgroup. In the following theorem we give the
general terms of the sequence (Hy(P))n>0 associated to elliptic curves Es, E3, and Ey4
respectively. We note that the sequence (Hy,(P))n>0 associated to elliptic curve E; is not
defined since F» = 0; see relation (1.6). The proof of the theorem is similar to the proof
of Theorem 2.4.

Theorem 2.5. Let En be a normal form of an elliptic curve with non-cyclic torsion
subgroup and let (Hy(P))n>0 be the sequence of values of the n-division polynomials of
En at P =(0,0). Let 8, ¢, 9, and 6 be as in (2.1) and (2.2). Then the general term of
the sequence (Hyp(P))n>0 can be given by the following formulas:

1. If N =2, then

" :{ 0 ifn=1,2(4) (2.17)

e2{(15n%40)/2} (162 - 1) 1O =P)/BE  pinerwise,

where
[ +1, ifn=0(8)
STl -1 ifn=3,4,7(),

and
[0, ifn=0(4)
p_{l, ifn=3(4).

2. If N =3, then

o 0, ifn=1,4(6) ) 15
"7 e2a — 10)16W /A — 1)27 gL /A}  pherwise, (2.18)
where
L[+, ifn=0,2,3, 11 (12)
| -1, ifn=5,6,8,9(12),
and
[0, ifn=0,2(6)
P =11, ifn=3,5(6).
3. If N =4, then
o 0, ifn=1,6(8)
n = e(2a + 1){(21n2—p)/lﬁ}c{(45n2+q)/16}5{(15n2+r)/4}9{(9712-1-5)/8}’ otherwise,
(2.19)
where
(41, ifn=0,4, 5,10, 13 (16)
T -1, ifn=2,3,7,8, 11, 12, 15 (16),
and
. 0, in=0(8
0, ifn=0(8) 4 i;n_2E8§
4, ifn=2(8) T
g 11, ifn=3(8)
p=4 13 #n=35(8) g=9 44 ifn=4(8)
16, ifn=4(8) 5, ifn=>5(8)
5 #n=T70), 3, ifn=7(8),
0, in=0,4(8)
L0 ifn=0,240) ] 4 ifn=2(
V1 ifn=357@®), T -1, ifn=3,7(8)
7, ifn=5(8).
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3. Squares in sequences associated to elliptic curves with non-cyclic tor-
sion subgroups

The problem of determining square terms in linear recurrence sequences is of great
interest in the literature [3,4,19-21]. The authors have also considered the square terms
in elliptic divisibility sequences [8, 10], see also [16, 18]. In [8, Section 5], the author
determined square and cube terms in the sequence (F,,(P))n>0 associated to a normal
form of an elliptic curve with cyclic torsion subgroup. In [9, Section 5, and Appendix B,
the author considered similar problems for the sequences (G, (P))n>0, and (Hp(P))n>0
associated to an elliptic curve with cyclic torsion subgroup. In this paper we determine
square terms in sequences associated to elliptic curves having non-cyclic torsion subgroup.

Throughout this paper, 0 = 412 where 7 is a non-zero integer. In the following theorems
we will answer the following three questions:

(1) Which terms of the sequence (Fy,(P))n>0 (resp. (Gn(P))n>0, (Hn(P))n>0) must be
[ independent of parameters k, [, v, and « determining the coefficients of the curve En?

(2) Which terms of the sequence (F,,(P))n>0 (resp. (Gn(P))n>0, (Hn(P))n>0) can be
[J with admissible choice of parameters k, [, v, and «?

(3) Which terms of the sequence (Fy,(P))n>0 (resp. (Gn(P))n>0, (Hn(P))n>0) cannot
be [ independent of parameters k, [, v, and a7

We first answer these questions for the sequence (F,,(P))n>0, in the following theorem.
The proof of the theorem uses solutions of some Diophantine equations.

Theorem 3.1. Let En be a normal form of an elliptic curve with non-cyclic torsion
subgroup, let (F,(P))n>0 be the sequence of values of the n-division polynomials of En at
P =(0,0), and let F,(P) # 0.
1. Let N =1. Then F,, =0 for all odd n, and all non-zero k, I.
2. Let N = 2.
e [fn=1,7(8), then F,, =0 for all v,
e otherwise F,, # O for all v.
3. Let N = 3.
e Ifn=1,5,7,11 (12), then F,, =0 for all « # -3, 1, 3, 5,
e ifn=2 3,9, 10 (12), then F,, = O if and only if 2(a — 5) =,
e otherwise F,, # O for all .
4. Let N = 4.
e [fn=1, 15 (16), then F,, = O for all non-zero «,
e otherwise F,, # U for all «.

Proof. We shall prove the theorem only for the case N = 4 as the proofs of the other
cases can easily be obtained. We note that F,, = 0 for n = 0, 8 (16), by (2.6). It can easily
be seen that if n = 1, 15 (16), then F,, = O for all non-zero «, by using (2.6).

If n=2,6, 10, 14 (16), then F,, = O if and only if

2020+ 1) (4o + 1) (8% + 4a + 1) = O (3.1)

by (2.6). It can easily be seen that the irreducible factors in equation (3.1) are pairwise
relatively prime*. Thus the last equation leads to

20(2a + 1) = [, (3.2)

*Note that 2a cannot have a common prime factor p with any of 2o+ 1, 4a + 1, 8o 4 4a + 1, since
20 = 0 (p) implies that 2a + 1, 4a + 1 and 8a” + 4a + 1 are = 1 (p). Next, 2a +1 cannot have a
common prime factor p with neither 4a +1 nor 8a® 44« +1, since p should be odd, so a = —1/2 (p)
and, consequently 4a+1 = —1 (p) and 8a® +4a+1 =1 (p). Finally 4o +1 and 8o 4+ 4a + 1 cannot
have a common prime factor p, because p should be odd, thus a = —1/4 (p) and so 8a* + 4a + 1

=1/2 (p).



Sequences associated to elliptic curves with non-cyclic torsion subgroup 1467

and using the fact that "if zy = O, then (z+y)? — (z —%)? = O" to obtain trivial equations
(da+ 1) +n? =1, (3.3)

where 7 is a non-zero integer. It is clear that the solutions of these equations do not
provide any acceptable .
If n =3, 13 (16), then F,, = O if and only if
(2a+1)(8a* +4a+1) =0
by (2.6). This equation leads to equations
(40)® + 4(4a)® + 6(4a) +4 =n?
or
(—4a)® — 4(—4a)? + 6(—4a) — 4 =12,
where 7 is a non-zero integer. The first equation gives an elliptic curve with rank 1.
Applying the Elliptic Logarithm Method' we see that the integer solutions of this equation
are (4o, m) = (—2,0), (=1, £1), (0, £2), (6, £20), and these points do not provide any
acceptable a. The second equation gives an elliptic curve with rank zero! and the integer
point on this curve does not provide any acceptable «.
If n =4, 12 (16), then F,, = O if and only if
8a? —1=0
by (2.6), and this equation leads to
(4a)? — 20> =2
or
(4a)? +21° = 2.
The first equation is a Pell equation and the solutions of this equation are (4o, n) = (2,1),
(10,7), (58,41), ... and these solutions do not give desired « since 4o = 2 (4). The

solutions of the latter equation do not provide any acceptable a.
If n =5, 11 (16), then F,, = O if and only if
20(4a 4+ 1) (802 + 4o +1) =0
by (2.6), or equivalently
2a(802 + 4o+ 1) = 0.
This equation leads to equations
(4a)® + 2(4a)? + 2(4a) = n?
or
(—4a)? — 2(—4a)? 4 2(—4a) = n?,
where 7 is a non-zero integer. These equations give elliptic curves with rank 1 and applying
the Elliptic Logarithm Method we see that the integer points on these curves do not provide

any acceptable a.
Finally if n =7, 9 (16), then F,, = O if and only if

202a+ 1)(4a + 1) = 0.
This equation leads to equations
(4a) + 3(40)? + 2(4a) = >

TThis has been developed in [28] and, independently, in [7] and now is implemented in MAGMA
[14]; see also [2].

¥The only solutions are those given by coordinates of the torsion points. These, in turn, can
be computed by the Lutz-Nagell Theorem (see, for example, Corollary 7.2, Chapter VIIL.7 of
[24]); automatically, they can be calculated using e.g. the PARI-GP calculator [17] or the online
MAGMA calculator [14].
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or
(—4a)? = 3(~4a)? + 2(~4a) = 12,

where 7 is a non-zero integer. These equations give elliptic curves with rank 0 and the

integer points on these curves do not provide any acceptable a. ]

The following theorem gives the squares in the sequences (G,,(P))n>0 associated to Ej,
FEs, Es, and FEy4 respectively. The proof is similar to proof of Theorem 3.1.

Theorem 3.2. Let Enx be a normal form of an elliptic curve with non-cyclic torsion
group and let (Gn(P))n>0 be the sequence of values of the n-division polynomials of En
at P = (0, 0), and let G,,(P) # 0.
1. Let N =1. Then G, =U for all even n, and all non-zero k, 1.
2. Let N = 2.
e Ifn=0 (4), then G, =0 for all v,
e otherwise G, # O for all v.
3. Let N = 3.
e Ifn=0 (6), then G, =0 for alla # =3, 1, 3, 5,
e ifn=2,4(6), then G, =0 if and only if 2(a — 5) =[O,
e otherwise G, # [ for all «.
4. Let N =4.
e Ifn=0 (8), then G, =0 for all non-zero «,
e otherwise G,, # O for all .

The following theorem gives the squares in the sequences (H,(P)),>0 associated to Es,
FE5 and Ej respectively.

Theorem 3.3. Let En be a normal form of an elliptic curve with non-cyclic torsion
group and let (H,(P))n>0 be the sequence of values of the n-division polynomials of En
at P = (0, 0), and let Hy(P) # 0.
1. Let N = 2.

e Ifn=0, 3,4 (8), then H, =0 for all v,

e otherwise H,, # O for all v.
2. Let N = 3.

e Ifn=0, 8 (12), then H, =0 for all « # =3, 1, 3, 5,

e ifn=3,4,5,9, 11 (12), then H,, = O if and only if 2(a — 5) = [,

e otherwise H, # O for all a.
3. Let N = 4.

e Ifn=0, 4,8, 12 (16), then H,, = O for all non-zero «,

e if n =3 (16), then H, = O if and only if 2a + 1 =0,

e ifn=>5, 7 (16), then H, = O if and only if 8a® +4a + 1 =0,

e otherwise H,, # O for all a.

Proof. We shall prove the theorem only for the case N = 4 as the proofs of the other
cases are entirely similar. We note that H,, = 0 for n = 1, 6, 9 (16) and if n = 0, 4, 8,
12 (16), then H,, = O for all non-zero «, by (2.19).

If n =2, 10 (16), then H,, = O if and only if

2020 + 1) (4 +1)(8a2 — 1)(8a® + 4a + 1) = O, (3.4)
if n = 11 (16), then H,, = O if and only if
2a(4da+1) =0, (3.5)

and if n = 13, 15 (16), then H,, = O if and only if
2020 + 1) (4o + 1) (80 + 4o + 1) = 0. (3.6)
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We see that the factors appearing in the left hand side of these equations are relatively
prime, and so every factor is [J. Thus the equations (3.4), (3.5), and (3.6) lead to

(da+ 1) +n? =1, (3.7)

where 7 is a non-zero integer. It is clear that the solutions of these equations do not
provide any acceptable .
If n = 3 (16), then H,, = O if and only if 2a + 1 = [, by (2.19).
Finally if n = 5, 7 (16), then H,, = O if and only if 8a? 4+ 4a + 1 = 0. Hence H,, = O
if and only if
(da+1)? —2n> = -1 (3.8)
or
(4a +1)2 4 2% = —1,
where 7 is a non-zero integer. The last equation is impossible. The first equation leads to
Pell equation and the least solution of this equation is (4o + 1, ) = (1, 1) leading to (a,
n) = (0, 1). Thus the equation has infinitely many solutions and half of these solutions
are congruent to 1 modulo 4, but not all. It is clear that the solutions that are congruent
to 1 modulo 4 gives acceptable a. O
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