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Abstract

In this review article, we study the recent investigations on the forms of solutions of systems difference equations
and difference equations in terms of well-known integer sequences such as Fibonacci numbers, Padovan
numbers. We focus on the papers given some interesting relationships both between the exact solutions of
difference equations and the integer sequences and between the equilibrium points of difference equations and
golden ratio.
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1. Introduction

Difference equations and systems of difference equations are great importance in the field of mathematics as well as in other
sciences. The applications of the theory of difference equations appear as discrete mathematical models of many phenomena
such as in biology, economics, ecology, control theory, physics, engineering, population dynamics and so forth. Recently, there
has been a growing interest in the study of finding closed-form solutions of difference equations and systems of difference
equations. Some of the forms of solutions of these equations are representable via well-known integer sequences such as
Fibonacci numbers, Lucas numbers, Pell numbers and Padovan numbers.

Now, we give information about integer sequences that establish a large part of our study.

e The Fibonacci sequence is defined by
Fo=F_1+F_ n>2 (1.1)
with initial conditions Fy = 0, F; = 1. Also, it is obtained to extend the Fibonacci sequence backward as
Fo,=(—1)""F,
The characteristic equation of (1.1) is x> —x — 1 = 0 such that the roots

_1+V5 1-V5

o 7 (golden ratio) and § = 5
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Also, there exists the following limit

.
lim 2L — @,

n—eo  fr,
where F,, is nth Fibonacci number.

e The Padovan sequence is defined by
P,=P,2+P, 3, neN (1.2)

with initial conditions P, =0, P_1 =0, Py = 1.

The characteristic equation of (1.2) is x> —x— 1 = 0 such that the roots

412
N 6r
P12 V3 (r 2
= —_ _— li —_——
1 2r "2 \6 r
P12 V3 (r 2
= — +i1— [ =-— -
12r 2 \6 r
where r = /108 4 12+/69 and the unique real root is p named as plastic number. Also, there exists the following limit
lim Py o
n—e P, =P

where P, is nth Padovan number.

e Horadam sequence, a generalization of Fibonacci sequence, (W, (a,b; p,q))a>0 or simply (W,),>0 is defined by
Wn:an—1+an—27 W():Cl,Wl :b7 nZZ, (13)

where a, b, p and g are arbitrary real numbers.

The characteristic equation of (1.3) is x> — px — ¢ = 0 such that the roots

4o PTVP 4 and 1 — P—VP*+4q
2 2 '

Also, there exists the following limit

Wn+l

n

lim

n—oo

= A’
where W, is nth Horadam number.
e The generalized Padovan sequence, an extension of the padovan sequence, is defined by
Sp = pSn—2+qSu—3, n€N (1.4)

with initial conditions S_» =0, S_; =0, So = 1, where p and ¢ are arbitrary real numbers.

The characteristic equation of (1.4) is x> — px — ¢ = 0 such that the roots

0 R2+12p
- 6R
R+ 12 3/R 2
o — _KH12p V3R 2
12R 2 \6 R

B _R2+12p_i§ R 2p
Vo= 12R 2
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where R = {/1085] +124/—12p3 +81¢2. Also, there exists the following limit

. Sn+1
lim
n—eo S,

= ¢,
where S, is nth generalized Padovan number.
Generalized Tribonacci sequence is defined by

Vi=rVy_1+sV,o+tV,_3, n>3

with initial conditions Vo = a,V| = b,V, = c and r,s,t are real numbers.

\/5)1/3

The characteristic equation is x> — rx> — sx —t = 0, whose roots are
o = Ot(r,s,t)zg—l—A—l—B
B = ﬁ(r,s,¢)=§+wA+sz
r 2
Yy = y(r,s,t):g—i—wA—s—a)B
where
3 1/3 3
roors t roors t
A = (=+—=+= A B=|—=+—+=
(27+6+2+\F) : (27+6+2
3 22 3 2
r’t r'sT orst st
A = A )= — — —— - —,
s =218t 6 '3
—1+4+iv3
0 = %[:exp(%ri/b‘).

Whenr=1,s=1,t=1anda=0,b=1,c=1in(1.5), Tribonacci sequence is defined by

Tn+3 = Tn+2 + TnJrl + T,

Numbers — 283/292

(1.5)

(1.6)

with initial conditions Tp =0, Ty = 1, T, = 1. Also, it can be extended the Tribonacci sequence backward (negative

subscripts) as
Ty =T n3—T-pt2 —T-py1.
The characteristic equation of (1.6) is
P©-xX—x—1=0
such that the roots

14+v/19+3v33+ V19333
3
1+ 0v19+3v33+ 0?v19—3/33

B = 3
14+ @*V19+3V33+ 0v/19-3/33
v= 3
where « is called Tribonacci constant and
—1+iV3
o= "1FV3 o nis3)

2
is a primitive cube root of unity.

Furthermore, there exist the following limit

T
lim 2 — o
n—eo T,

s

where r € Z and T, is the nth Tribonacci number.
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e Lucas sequence is defined by

Ly=Ly1+Ly—2, Lo=2,L =1

Pell sequence is defined by

P,=2P, |+PB,_2, Ph=0,P =1.

Pell-Lucas sequence is defined by

P=2P1+F2 R=2 P=2

e Jacobsthal sequence is defined by

Jo =Jn—1 +2Jn72; JO :07 Ji = 1.

Jacobsthal-Lucas sequence is defined by
Jn=Ju1 +2Jn72a Jo= 27 Ji=1
e Perrin sequence is defined by

Po=P,2+P 3 P=3P=0P=2

2. Literature review

In [1], Tollu et al. considered the following difference equations

1 1
Xppl = —, =— n=0,1,.., 2.1
n+1 1 T, Yn+1 1 +yn7 s Ly ( )
such that their solutions are associated with Fibonacci numbers, where initial conditions are xg € R — {—Fl’g—f‘} | and
n m=

m

yo € R— {—%} | and F,, is the mth Fibonacci number.
m=

They investigated the some relationships both between Fibonacci numbers and solutions of equations (2.1) and between the
golden ratio and equilibrium points of equations (2.1). Then, they proved that: the solutions of equations (2.1) are given by

B4 Foxo o FatF o

b y b
Fopi+Fxo’ ™" F_(uny+Fonyo

Xn

where F, is the nth Fibonacci number, and the nontrival solutions of equations (2.1) converge to —f3 and f3, so that 8 is
conjugate to the golden ratio.

Next, Rabago [2] presented a theoretical explanation in deriving the closed-form solution of Eq. (2.1) which Tollu et al.
studied in [1] and provided another approach in proving Sroysang’s conjecture (2013).

Then, in [3], Yazlik et al. studied the following rational difference equation systems

11 £l
g =y = =0, 2.2)
YnXn—1 XnYn—1

such that their solutions associated with Padovan numbers. In their study, they obtained that the forms of solutions of system
(2.2) are as follows

{ P i30F X 1+bt g 4 is odd

T Py 1x_1yoFPax—_1+6 2"

n = By 1%0Fh P e
- +1Y—1+P—1
if nis even
By 1xoFPny_1+P—2°
Poy_ 1x0Fbr1y—1+6-1 : :
if nis odd
Yn = { :Flp;n—ly—li()PIPnY—li;n—Z’
nX—1Y0 1 X111 : 3
Poo1x_1yoFPax—1+F 2 if nis even
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where P, is the nth Padovan number. Also, they demonstrated that every solutions of the systems (2.2) converge to point (p, p)
and (—p, —p), where p is the plastic number.
Tollu et al. [4] considered the following four Riccati difference equations

14+x, 11—y, 1 1
Xnpl = = Yntl = ——, Unp1 = —— 7, Vatl = —, (2.3)
Xn Yn u, +1 vp—1

in which the initial conditions are real numbers. They derived the formulae for the solutions of equations (2.3) are given by

B+ F
‘xn - -, =~
Fuxo+ Fu—1
= F_(n1)yo +Fop
" any0+F—(n—l),
Fu+ Fy—1ug
Un == -, = _
Fur1+ Fuug
F_, —I—F,(n,l)\/o
vy, = ———————2

F(uiy+Fopvo’

where F,, is nth Fibonacci number, F_, is nth negative Fibonacci number. In addition to, they stated the asymptotic behaviors of
the solutions of these equations and introduced that every solutions of these equations converge to their positive or negative
equilibrium points.
Also, they in [5] studied the systems of difference equations
1+ pn 1+r,

Xn+1 = s Yn+l =
qdn n

, n € Ny,

where each of the sequences p,, q,, r, and s, is some of the sequences x, or y, by their own. They solved fourteen systems
out of sixteen possible systems. In particularly, the representation formulae of solutions of twelve systems were stated via
Fibonacci numbers. Also, for ten systems, they expressed that the solutions of these systems tend to the unique point (o, o)
where « is the golden ratio.

In [6], Halim concerned with the following systems of rational difference equations

1
Xn+1 = H? Yn+1 = ma l’l:(),l,..., (24)
n n
and
1 1
Xn+1 = ﬁ, Von+1 = ﬁ, n :()7 1,..., (25)
n n

initial conditions are arbitrary nonzero real numbers. He determined the form of solutions of system (2.4) as given below

X = Pnitbnoye  _ FntFaci1%o
2n—1 Font+Fop—1y0 ° " Fyp1+Fanxo’
_ By 1+Fan-2x _ FntFon—1y0

Vo1 = "B Fxg Y2 T By P’

1 L)
ool
where « is the golden ratio. Furthermore, he established the solutions of system (2.5) are periodic with period six and are
unstable.

In [7], Bacani and Rabago studied the behavior of solutions of the following nonlinear difference equations

e . . . (=15 —1+V5) _ (1
and proved that the equilibrium point E of system (2.4) is globally asymptotically stable, where E = (%, %) = (

and y, 1 = (2.6)

q
X, = 5
Tt —p+;

where p, g € R* and v € N. They proved that the solutions of equations (2.6) in case v = 1 are as follows
qW + x0gWn -1

Wit +xoW, ’
gW_n +y0gW_, 1)

W_ (1) +y0W-p

Xn ==

Yn =
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where W, is the nth Horadam number.
In [8], Halim and Bayram investigated the solutions, stability character, and asymptotic behavior of the difference equation

Xn+1 = 5 I’ZGNO,

%
B+ ¥xn—i

where the initial conditions x_g,x_jy1,...,X0 are nonzero real numbers, such that its solutions are associated to Horadam
numbers, which are generalized Fibonacci numbers. Firstly, they had the difference equation

Xor1 = 2.7)

D+ Xn—k ’
by putting g = % and p = % Then, they proved that the forms of the solutions of difference equation (2.7) are as follows

Wn+l +W”xi—(k+l)

x(k+])n+i: q, i:1,2,...,k+l,

W2 + Wa 1% (k41)
where W, is the nth Horadam number. Also, they obtained that the equilibrium point E of difference equation (2.7) is globally

_ /2
asymptotically stable, where £ = w.
Then, in [9] Halim considered the system of difference equations

1

1 1. ) :0713~-~a 2.8
L+ yn—2 " (2.8)

Xn4+1 = y Yn+l =

1 +Xp—2

where Ny = NU {0} and the initial conditions x_5, x_1, xo, y—2, y—1, and yp are real numbers. He presented the relationship
between Fibonacci numbers and the solutions of system (2.8), i.e., the form of the solutions of system (2.8) are given by

_ B +Fnyioa s
Xonti = Byt Fogiivis® 1,2,3,

_ B +Fonxi3 -
B e e N 0 )

Yont+i = £2n+2i£2n+m—3’

_ BnpotFuiixice
Xon+i §2n+3+£2n+2xi—6’ i=4,5,6,
Vonii = RtV 45 6

Fon3+Foni2yi-6”’

where F, is the nth Fibonacci number. Otherwise, he showed that the equilibrium point E of system (2.8) is globally
asymptotically stable, where E = (_1%5, _1%6 )

El-Dessoky in [10] dealt with the following difference equation

O XpXp—|

——, n=0,1,.., 29
+ﬁxn+’yxn7k 8 ( )

Xpg1 = axy

where the parameters o, 3, v and a and the initial conditions x_,, x_;4+1, ,x—1 and xo where r = max {l,k} are positive real
numbers. He introduced the explicit formula of solutions of some special cases of Eq. (2.9) via Fibonacci numbers and also,
discussed the global behavior of solutions of Eq. (2.9).

In [11], Halim and Rabago studied the systems of difference equaions

1

1
. - nmkeN,,
Tity, o T g, 0 " 0

Xn+1 =
where the initial conditions x_z, X1, -..s X0, Y—k» Y—k+1» ---» Y0 are nonzero real numbers.
Initially, they examined the form and behavior of solutions of system of difference equations

1 1
1+yn7k7 Yn+1 = 1+x,,,k'

Therefore, they determined that the exact solutions of system (2.10) are as follows

Xyl = (2.10)

Fan i 1+Fonyi—(k+1) .
X Bl S s i=1,2,..,k+1
20+ 01+ = Foyipt Fogr 19 ee1) 12,k + 1,

Fonp1+FonXi— (k41 .
y2(k+1)n+i—m, i=1,2,..,k+1,

Fonio+Foni 1% (0k42) .
X2 (k+1)n+i = ForistFoniobi (is)’ i=k+2,...,2k+2,

Fappo4+Foni1yi—(2k+2) .
— e, i=k+2,...,2k+2
Foni3tFon2yio(okt2)’ F 252kt 2,

Y2kt 1)nt+i =
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and the equilibrium point of system (2.10) is globally asymptotically stable. In addition, the authors gave some results for other
systems.
Then, in [12], the authors studied the rational difference equation

oX,_
Xpp1 = @it h o, @.11)
VXnXpn—1

where No = NU{0}, @, 8, ¥y € R" and the initial conditions nonzero real numbers and also investigated the two-dimensional
case of the this equation given by

Ox,—1+ oy,—1+
g = Lo HB it P

, neN. 2.12)
YVnXn—1 YXnYn—1

Firstly, they reduced the difference equation (2.11) to the difference equation

PO ol b | (2.13)

XnXn—1

by using changes variables p = % and g = % Then, they presented that the closed-form solution of difference equation (2.13)
is given by

_ SnJrlel +Snx0x71 +an71
b S+ Sum1Xox_1 +qSu—2’

where S, is the nth generalized Padovan number and the equilibrium point of Eq (2.13) is globally asymptotically stable.
Later, they reduced the system of difference equation (2.12) to the system

DXn—1+¢ PYn—1+4
Xn+1 = s Yntl = (2.14)
YnXn—1 XnYn—1
by using changes variables p = % and g = % Then, they presented that the closed-form solutions of system (2.14) are given by
Spe1Y—1+SnX0y—1+4Sn—1 e s
X, = { gn)‘—ﬁs_ﬁglxoyfliqgnfz , ifnis even,
n+1X—1 nY0X—1T¢on—1 : :
Snx_1+Sp—1Y0X-1+4Sp—2" if nis Odd’
Spe1X—1+8nY0X—1+GSn—1 e s
Vo = { gnxfl'*‘sigl}'ox—li‘%n—Z , ifniseven,
n+1Y—1 nX0Y—11T49n—1 : :
Spy—1+Sp—1X0y-1+4Sp—2" if  is odd,

and the equilibrium point of the system (2.14) is global attractor.
Then, in [13], Stevic et al. the following nonlinear second-order difference equation

b c
Xpt1 =a+ —+

n XnXn—1

, n€ Ny, (2.15)

in which parameters a, b, ¢ and the initial values x_; and x( are complex numbers such that ¢ # 0. Next, they used the following
change of variables

and obtained the following third-order linear difference equation with constant coefficients
Ynt1 = @¥n +bYn—1 + Cyn-2.
After, they introduced that the representation formula of every solution of Eq. (2.15) is

(81— asn) X1 + SpXoX_1 +CSp—1
(Sn — aSp—1)X_1 + Sp—1X0X_1 + CSp—2

Xpn =

where s, is the nth generalized Padovan number. Note that, Eq. (2.11) is a special case of Eq. (2.15) such that a = 0.
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Alotaibi et al. in [14] considered the following systems of difference equations

_ YnYn—2 o XnXn—2
Xntl = > Ynt+l =

—  n=0,1,..., (2.16)
Xp—1+Yn—2 Y1 Ex2

where the initial conditions x_j, x_1, X0, y—2, Y—1, Yo are arbitrary positive real numbers. They analyzed the solutions of the
systems (2.16) such that their solutions are associated with Fibonacci numbers.
In [15], El-Dessoky et al. examined the following difference equation

Bynyn—3

0 R——— T (2.17)
Ayn74 +BYn73

Ynt1 = Oyn +
where «, 3, A, and B are real numbers and the initial values y_4, y_3, y_»,y_jand yg are positive real numbers. They presented
the solutions of Eq. (2.17) in terms of Fibonacci numbers according to some special cases of the parameters «, 3, A, and B.

Then, in [16], Matsunaga and Suzuki studied the following system of rational difference equations

ay, +b _ax,,er

_, =—-y: ,n=0,1,.., 2.18
cyn+d Yn+1 ox, +d n ( )

Xn+1 =

where the parameters a, b, ¢, d and the initial values xg, yo are real numbers. They obtained that the explicit solutions of system
(2.18) are as follows

Xy | = (ayo +b) Gan—1 + (bc — ad) yoGan—2 - (axo 4+ b) Gy + (bc — ad) x0G2p—1
" Gy + (cyo —a) Gan—1 Co Gony1+ (cxo — a) Gy, ’
N (axp+b) Gop—1 + (be — ad) x9Gap—2 - (ayo +b) Gay + (bc — ad) yoGan—1

Gon+ (exp — a) Gap—y Gant1+ (cyo—a) Goy

where G, is a generalized Fibonacci sequence defined by
Gpio = (a+d)Gyy1 + (bc —ad) Gy,

with Gop = 0 and G| = 1. Moreover, they presented that every solution of system (2.18) converges to its equilibrium points.
In [17], Ocalan and Duman considered the following nonlinear recursive difference equation

Xop1 =L n=0,1,..., (2.19)
Xn

with any nonzero initial values x_; and xo. Then, they extended their all results to solutions of the following nonlinear recursive
equations

Xn—1 P
Xpyl = , p>0andn=0,1,..., (2.20)

n

with any nonzero initial values x_; and x¢. Later, they obtained that the exact solution of Eq. (2.19) is

Jn—1

X*l . o

7 ifn=1,3,5,...,
Xp = O'n

fr?—l ifn=2,4,6,...,

R

where f, is the nth Fibonacci number. Under the special case of initial values, they determined that there exist non-oscillatory
positive solutions of Eq. (2.19), which converge monotonically to the equilibrium point 1.
Furthermore, they given that the exact solution of Eq. (2.20) is

St

;}l(nﬁ lfn:1,3,5,...,
Xy, = 0

x(];n(l’) .

T o) lf}’l:2,4,6,...,

X

where f, (p) and g, (p) are the nth Fibonacci-type number. And also, under the special case of initial values, they demonstrated
that there exist non-oscillatory positive solutions of Eq. (2.20), which converge monotonically to the equilibrium point 1 and
the Eq. (2.20) has unbounded solutions.
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Next, Akrour et al. [18] studied the following system of difference equations

aynXn—1+bxp_1 +c _ @XnYn—1 +by,—1+c¢

Xp4+1 = s Yn+l =
YnXn—1 XnYn—1

n=0,1,..,

where the parameters a, b, ¢ are arbitrary real numbers with ¢ # 0 and the initial values x_1, xp, y_1 and yq are arbitrary nonzero
real numbers. They examined that the explicit solutions of system (2.10) are given by

choni1 + (Jong3 — aJong2) X—1 + Jon2X—1)0

ol chon+ (Jons2 — aons1) X—1 +Jong1X-1¥0
S coni2 + (Janya — aJany3) y—1 +J2n3%0y -1 ’
chans1 + (Janys —adopi2) Y1 +Joni2Xoy—1
S cloni1 + (Jany3 — alani2) Y1 +Jon2X0y -1 ’
chan+ (Jont2 — alons1) y—1 +J2ns1X0y-1
cIoni2+ (Janya — aJany3) X1 +J2p 3% 1Y0
Yon+4-2

chanst + (Jong3 —adopi2) X1 + Jong2x_1y0

where J, is defined by the recurrent relation
Jnyz =alp2+ by +cJy, nEN,

such that Jo =0,J; =1, J, = a.
Then, Okumusg and Soykan in [19] considered the following four difference equations

1
=— n=0,1,..,
At X (X1 —1)—1 &
! 0,1 (2.21)
X, =—, n=0,1,.., .
ntl Xn (Xp—1+1)+1
= ! =0,1
Xn+1—Xn(x”71_l)+l, n=0u,1,...,
—1
Xn+1 = m, n=0,1,...,

and determined the solutions of these difference equations are associated to Tribonacci numbers. For example, the solutions of
Eq.(2.21) are

_ Ti1x—ixo+ (Thr1 —Th)x0+ T,
Tnxflxo + (Tnfl +Tn)x0 +Tn+l ’

where the initial conditions x_1, xo € R — F>, with F, is the forbidden set of Eq.(2.21) given by

n

F=U;__{(x=1,x0) : Tox—1x0 + (Ti—1 + 1) X0 + T 41 = 0},

and for the others see [19].
Also, in [21], they examined the following systems of difference equations
+1 B +1
W )+ T T S G E )+
and proved the exact solutions of these systems of difference equations via Tribonacci numbers. E.g. the form of solutions
{%n,yn},—_, of one of these systems is given by

Don—sx_1y0+ (Ton — Ton—1) yo + Ton—1

Xn+1 = n:O,l,...,

el T i o+ (Ton—2+Ton-1)yo+Ton’
vy = Dop—1y-1X%0 + (T2nt1 — Tan) X0 + Ton ’
Dopy—1%0 + (Ton—1 + Tan) X0 + Tany1
N Top—2y—1%0 + (Ton — Ton—1) X0 + Tan—1 ’
Top—1y-1%0 + (Ton—2 + Ton—1) X0 + Ton
v = Top—1%-1Y0 + (Tont1 — Ton) Yo + Ton

Tonx—1y0 + (Tan—1 4+ Ton) yo + Tont1’
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where the initial conditions x_1, y_1, xo, Yo € R — F, with F] is the forbidden set of system given by

Fi=U,__{(x=1,y-1,%0,50) :Ay=00rB,=00rC,=00r D, =0}

where
A, Don—1x-1y0 + (Tan—2 + Ton—1) yo + Tons
By, = Tyy—1x0+ (Ton—1+ Ton) X0+ Tonti,
Co = Dp_1y—1x0+ (Ton—2+ Ton—1) X0+ Ton,
Dn - T2nx71y0+(T2n71 +T2n)y0+T2n+l-

Next, they in [22] studied the following difference equation

Y

I S— T 222
Xn (Xn,1 + a) +ﬁ ( )

Xn+1 =

where the parameters o, § and y are nonnegative real numbers with ¥ # 0 and the initial values x_; and xq are arbitrary nonzero
real numbers. They examined that the exact solutions of Eq.(2.22) is given by

o tVi1x_1X0 + (Vay1 — Vi) X0 + Vi
" tVx1x0 + (Vasa — Vi1 )Xo + Vit

where V), is defined by the recurrent relation

Vn+3 - VV,H,2+SVH+1 +tVns ne N’

suchthat Vy =0,V =1, V, =r.

Besides these studies, for related studies on solving difference equations and systems of difference equations and investigat-

ing the asymptotic behavior of their solutions, see [20, 23-38].
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