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Abstract
In this review article, we study the recent investigations on the forms of solutions of systems difference equations
and difference equations in terms of well-known integer sequences such as Fibonacci numbers, Padovan
numbers. We focus on the papers given some interesting relationships both between the exact solutions of
difference equations and the integer sequences and between the equilibrium points of difference equations and
golden ratio.
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1. Introduction
Difference equations and systems of difference equations are great importance in the field of mathematics as well as in other
sciences. The applications of the theory of difference equations appear as discrete mathematical models of many phenomena
such as in biology, economics, ecology, control theory, physics, engineering, population dynamics and so forth. Recently, there
has been a growing interest in the study of finding closed-form solutions of difference equations and systems of difference
equations. Some of the forms of solutions of these equations are representable via well-known integer sequences such as
Fibonacci numbers, Lucas numbers, Pell numbers and Padovan numbers.

Now, we give information about integer sequences that establish a large part of our study.

• The Fibonacci sequence is defined by

Fn = Fn−1 +Fn−2, n≥ 2 (1.1)

with initial conditions F0 = 0, F1 = 1. Also, it is obtained to extend the Fibonacci sequence backward as

F−n = (−1)n+1 Fn.

The characteristic equation of (1.1) is x2− x−1 = 0 such that the roots

α =
1+
√

5
2

(golden ratio) and β =
1−
√

5
2

.
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Also, there exists the following limit

lim
n→∞

Fn+1

Fn
= α ,

where Fn is nth Fibonacci number.

• The Padovan sequence is defined by

Pn = Pn−2 +Pn−3, n ∈ N (1.2)

with initial conditions P−2 = 0, P−1 = 0, P0 = 1.

The characteristic equation of (1.2) is x3− x−1 = 0 such that the roots

p =
r2 +12

6r

q = − r2 +12
12r

− i

√
3

2

(
r
6
− 2

r

)
t = − r2 +12

12r
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− 2

r

)

where r = 3
√

108+12
√

69 and the unique real root is p named as plastic number. Also, there exists the following limit

lim
n→∞

Pn+1

Pn
= p,

where Pn is nth Padovan number.

• Horadam sequence, a generalization of Fibonacci sequence, (Wn(a,b; p,q))n≥0 or simply (Wn)n≥0 is defined by

Wn = pWn−1 +qWn−2, W0 = a,W1 = b, n≥ 2, (1.3)

where a, b, p and q are arbitrary real numbers.

The characteristic equation of (1.3) is x2− px−q = 0 such that the roots

λ =
p+
√

p2 +4q
2

and µ =
p−
√

p2 +4q
2

.

Also, there exists the following limit

lim
n→∞

Wn+1

Wn
= λ ,

where Wn is nth Horadam number.

• The generalized Padovan sequence, an extension of the padovan sequence, is defined by

Sn = pSn−2 +qSn−3, n ∈ N (1.4)

with initial conditions S−2 = 0, S−1 = 0, S0 = 1, where p and q are arbitrary real numbers.

The characteristic equation of (1.4) is x3− px−q = 0 such that the roots

φ =
R2 +12p
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where R = 3
√

108q+12
√
−12p3 +81q2. Also, there exists the following limit

lim
n→∞

Sn+1

Sn
= φ ,

where Sn is nth generalized Padovan number.

• Generalized Tribonacci sequence is defined by

Vn = rVn−1 + sVn−2 + tVn−3, n≥ 3 (1.5)

with initial conditions V0 = a,V1 = b,V2 = c and r,s, t are real numbers.

The characteristic equation is x3− rx2− sx− t = 0, whose roots are

α = α(r,s, t) =
r
3
+A+B

β = β (r,s, t) =
r
3
+ωA+ω

2B

γ = γ(r,s, t) =
r
3
+ω

2A+ωB

where
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r3t
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27
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4
,

ω =
−1+ i

√
3

2
= exp(2πi/3).

• When r = 1, s = 1, t = 1 and a = 0, b = 1, c = 1 in (1.5), Tribonacci sequence is defined by

Tn+3 = Tn+2 +Tn+1 +Tn, (1.6)

with initial conditions T0 = 0, T1 = 1, T2 = 1. Also, it can be extended the Tribonacci sequence backward (negative
subscripts) as

T−n = T−n+3−T−n+2−T−n+1.

The characteristic equation of (1.6) is

x3− x2− x−1 = 0

such that the roots

α =
1+ 3
√
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√
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√
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where α is called Tribonacci constant and

ω =
−1+ i

√
3

2
= exp(2πi/3)

is a primitive cube root of unity.

Furthermore, there exist the following limit

lim
n→∞

Tn+r

Tn
= α

r,

where r ∈ Z and Tn is the nth Tribonacci number.
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• Lucas sequence is defined by

Ln = Ln−1 +Ln−2, L0 = 2, L1 = 1.

• Pell sequence is defined by

Pn = 2Pn−1 +Pn−2, P0 = 0, P1 = 1.

• Pell-Lucas sequence is defined by

Pn = 2Pn−1 +Pn−2, P0 = 2, P1 = 2.

• Jacobsthal sequence is defined by

Jn = Jn−1 +2Jn−2, J0 = 0, J1 = 1.

• Jacobsthal-Lucas sequence is defined by

Jn = Jn−1 +2Jn−2, J0 = 2, J1 = 1.

• Perrin sequence is defined by

Pn = Pn−2 +Pn−3, P0 = 3, P1 = 0, P2 = 2.

2. Literature review
In [1], Tollu et al. considered the following difference equations

xn+1 =
1

1+ xn
, yn+1 =

1
−1+ yn

, n = 0,1, ..., (2.1)

such that their solutions are associated with Fibonacci numbers, where initial conditions are x0 ∈ R−
{
−Fm+1

Fm

}∞

m=1
and

y0 ∈ R−
{
−Fm+1

Fm

}∞

m=1
and Fm is the mth Fibonacci number.

They investigated the some relationships both between Fibonacci numbers and solutions of equations (2.1) and between the
golden ratio and equilibrium points of equations (2.1). Then, they proved that: the solutions of equations (2.1) are given by

xn =
Fn +Fn−1x0

Fn+1 +Fnx0
, yn =

F−n +F−(n−1)y0

F−(n+1)+F−ny0
,

where Fn is the nth Fibonacci number, and the nontrival solutions of equations (2.1) converge to −β and β , so that β is
conjugate to the golden ratio.

Next, Rabago [2] presented a theoretical explanation in deriving the closed-form solution of Eq. (2.1) which Tollu et al.
studied in [1] and provided another approach in proving Sroysang’s conjecture (2013).

Then, in [3], Yazlik et al. studied the following rational difference equation systems

xn+1 =
xn−1±1
ynxn−1

, yn+1 =
yn−1±1
xnyn−1

, n = 0,1, ..., (2.2)

such that their solutions associated with Padovan numbers. In their study, they obtained that the forms of solutions of system
(2.2) are as follows

xn =

{
∓Pnx−1y0∓Pn+1x−1+Pn−1

Pn−1x−1y0∓Pnx−1+Pn−2
, if n is odd

∓Pny−1x0∓Pn+1y−1+Pn−1
Pn−1y−1x0∓Pny−1+Pn−2

, if n is even

yn =

{
∓Pny−1x0∓Pn+1y−1+Pn−1

Pn−1y−1x0∓Pny−1+Pn−2
, if n is odd

∓Pnx−1y0∓Pn+1x−1+Pn−1
Pn−1x−1y0∓Pnx−1+Pn−2

, if n is even
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where Pn is the nth Padovan number. Also, they demonstrated that every solutions of the systems (2.2) converge to point (p, p)
and (−p,−p), where p is the plastic number.

Tollu et al. [4] considered the following four Riccati difference equations

xn+1 =
1+ xn

xn
, yn+1 =

1− yn

yn
, un+1 =

1
un +1

, vn+1 =
1

vn−1
, (2.3)

in which the initial conditions are real numbers. They derived the formulae for the solutions of equations (2.3) are given by

xn =
Fn+1x0 +Fn

Fnx0 +Fn−1
,

yn =
F−(n+1)y0 +F−n

F−ny0 +F−(n−1)
,

un =
Fn +Fn−1u0

Fn+1 +Fnu0
,

vn =
F−n +F−(n−1)v0

F−(n+1)+F−nv0
,

where Fn is nth Fibonacci number, F−n is nth negative Fibonacci number. In addition to, they stated the asymptotic behaviors of
the solutions of these equations and introduced that every solutions of these equations converge to their positive or negative
equilibrium points.

Also, they in [5] studied the systems of difference equations

xn+1 =
1+ pn

qn
, yn+1 =

1+ rn

sn
, n ∈ N0,

where each of the sequences pn, qn, rn and sn is some of the sequences xn or yn by their own. They solved fourteen systems
out of sixteen possible systems. In particularly, the representation formulae of solutions of twelve systems were stated via
Fibonacci numbers. Also, for ten systems, they expressed that the solutions of these systems tend to the unique point (α,α)
where α is the golden ratio.

In [6], Halim concerned with the following systems of rational difference equations

xn+1 =
1

1+ yn
, yn+1 =

1
1+ xn

, n = 0,1, ..., (2.4)

and

xn+1 =
1

1− yn
, yn+1 =

1
1− xn

, n = 0,1, ..., (2.5)

initial conditions are arbitrary nonzero real numbers. He determined the form of solutions of system (2.4) as given below

x2n−1 =
F2n−1+F2n−2y0

F2n+F2n−1y0
, x2n =

F2n+F2n−1x0
F2n+1+F2nx0

,

y2n−1 =
F2n−1+F2n−2x0

F2n+F2n−1x0
, y2n =

F2n+F2n−1y0
F2n+1+F2ny0

,

and proved that the equilibrium point E of system (2.4) is globally asymptotically stable, where E =
(
−1+

√
5

2 , −1+
√

5
2

)
=
( 1

α
, 1

α

)
,

where α is the golden ratio. Furthermore, he established the solutions of system (2.5) are periodic with period six and are
unstable.

In [7], Bacani and Rabago studied the behavior of solutions of the following nonlinear difference equations

xn+1 =
q

p+ xv
n

and yn+1 =
q

−p+ yv
n

, (2.6)

where p, q ∈ R+ and v ∈ N. They proved that the solutions of equations (2.6) in case v = 1 are as follows

xn =
qWn + x0qWn−1

Wn+1 + x0Wn
,

yn =
qW−n + y0qW−(n−1)

W−(n+1)+ y0W−n
,
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where Wn is the nth Horadam number.
In [8], Halim and Bayram investigated the solutions, stability character, and asymptotic behavior of the difference equation

xn+1 =
α

β + γxn−k
, n ∈ N0,

where the initial conditions x−k,x−k+1, ...,x0 are nonzero real numbers, such that its solutions are associated to Horadam
numbers, which are generalized Fibonacci numbers. Firstly, they had the difference equation

xn+1 =
q

p+ xn−k
, (2.7)

by putting q = α

γ
and p = β

γ
. Then, they proved that the forms of the solutions of difference equation (2.7) are as follows

x(k+1)n+i =
Wn+1 +Wnxi−(k+1)

Wn+2 +Wn+1xi−(k+1)
q, i = 1,2, ...,k+1,

where Wn is the nth Horadam number. Also, they obtained that the equilibrium point E of difference equation (2.7) is globally

asymptotically stable, where E =
−p+
√

p2+4q
2 .

Then, in [9] Halim considered the system of difference equations

xn+1 =
1

1+ yn−2
, yn+1 =

1
1+ xn−2

, n = 0,1, ..., (2.8)

where N0 = N∪{0} and the initial conditions x−2, x−1, x0, y−2, y−1, and y0 are real numbers. He presented the relationship
between Fibonacci numbers and the solutions of system (2.8), i.e., the form of the solutions of system (2.8) are given by

x6n+i =
F2n+1+F2nyi−3

F2n+2+F2n+1yi−3
, i = 1,2,3,

y6n+i =
F2n+1+F2nxi−3

F2n+2+F2n+1xi−3
, i = 1,2,3,

x6n+i =
F2n+2+F2n+1xi−6
F2n+3+F2n+2xi−6

, i = 4,5,6,

y6n+i =
F2n+2+F2n+1yi−6
F2n+3+F2n+2yi−6

, i = 4,5,6,

where Fn is the nth Fibonacci number. Otherwise, he showed that the equilibrium point E of system (2.8) is globally
asymptotically stable, where E =

(
−1+

√
5

2 , −1+
√

5
2

)
.

El-Dessoky in [10] dealt with the following difference equation

xn+1 = axn +
αxnxn−l

βxn + γxn−k
, n = 0,1, ..., (2.9)

where the parameters α , β , γ and a and the initial conditions x−t , x−t+1, ,x−1 and x0 where t = max{l,k} are positive real
numbers. He introduced the explicit formula of solutions of some special cases of Eq. (2.9) via Fibonacci numbers and also,
discussed the global behavior of solutions of Eq. (2.9).

In [11], Halim and Rabago studied the systems of difference equaions

xn+1 =
1

±1± yn−k
, yn+1 =

1
±1± xn−k

, n, k ∈ N0,

where the initial conditions x−k, x−k+1, ..., x0, y−k, y−k+1, ..., y0 are nonzero real numbers.
Initially, they examined the form and behavior of solutions of system of difference equations

xn+1 =
1

1+ yn−k
, yn+1 =

1
1+ xn−k

. (2.10)

Therefore, they determined that the exact solutions of system (2.10) are as follows

x2(k+1)n+i =
F2n+1+F2nyi−(k+1)

F2n+2+F2n+1yi−(k+1)
, i = 1,2, ...,k+1,

y2(k+1)n+i =
F2n+1+F2nxi−(k+1)

F2n+2+F2n+1xi−(k+1)
, i = 1,2, ...,k+1,

x2(k+1)n+i =
F2n+2+F2n+1xi−(2k+2)
F2n+3+F2n+2xi−(2k+2)

, i = k+2, ...,2k+2,

y2(k+1)n+i =
F2n+2+F2n+1yi−(2k+2)
F2n+3+F2n+2yi−(2k+2)

, i = k+2, ...,2k+2,
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and the equilibrium point of system (2.10) is globally asymptotically stable. In addition, the authors gave some results for other
systems.

Then, in [12], the authors studied the rational difference equation

xn+1 =
αxn−1 +β

γxnxn−1
, n ∈ N0, (2.11)

where N0 = N∪{0}, α , β , γ ∈ R+ and the initial conditions nonzero real numbers and also investigated the two-dimensional
case of the this equation given by

xn+1 =
αxn−1 +β

γynxn−1
, yn+1 =

αyn−1 +β

γxnyn−1
, n ∈ N0. (2.12)

Firstly, they reduced the difference equation (2.11) to the difference equation

xn+1 =
pxn−1 +q

xnxn−1
(2.13)

by using changes variables p = α

γ
and q = β

γ
. Then, they presented that the closed-form solution of difference equation (2.13)

is given by

xn =
Sn+1x−1 +Snx0x−1 +qSn−1

Snx−1 +Sn−1x0x−1 +qSn−2
,

where Sn is the nth generalized Padovan number and the equilibrium point of Eq (2.13) is globally asymptotically stable.
Later, they reduced the system of difference equation (2.12) to the system

xn+1 =
pxn−1 +q

ynxn−1
, yn+1 =

pyn−1 +q
xnyn−1

(2.14)

by using changes variables p = α

γ
and q = β

γ
. Then, they presented that the closed-form solutions of system (2.14) are given by

xn =

{ Sn+1y−1+Snx0y−1+qSn−1
Sny−1+Sn−1x0y−1+qSn−2

, if n is even,
Sn+1x−1+Sny0x−1+qSn−1
Snx−1+Sn−1y0x−1+qSn−2

, if n is odd,

yn =

{ Sn+1x−1+Sny0x−1+qSn−1
Snx−1+Sn−1y0x−1+qSn−2

, if n is even,
Sn+1y−1+Snx0y−1+qSn−1
Sny−1+Sn−1x0y−1+qSn−2

, if n is odd,

and the equilibrium point of the system (2.14) is global attractor.
Then, in [13], Stevic et al. the following nonlinear second-order difference equation

xn+1 = a+
b
xn

+
c

xnxn−1
, n ∈ N0, (2.15)

in which parameters a, b, c and the initial values x−1 and x0 are complex numbers such that c 6= 0. Next, they used the following
change of variables

xn =
yn

yn−1
,

and obtained the following third-order linear difference equation with constant coefficients

yn+1 = ayn +byn−1 + cyn−2.

After, they introduced that the representation formula of every solution of Eq. (2.15) is

xn =
(sn+1−asn)x−1 + snx0x−1 + csn−1

(sn−asn−1)x−1 + sn−1x0x−1 + csn−2
,

where sn is the nth generalized Padovan number. Note that, Eq. (2.11) is a special case of Eq. (2.15) such that a = 0.
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Alotaibi et al. in [14] considered the following systems of difference equations

xn+1 =
ynyn−2

xn−1 + yn−2
, yn+1 =

xnxn−2

±yn−1± xn−2
, n = 0,1, ..., (2.16)

where the initial conditions x−2, x−1, x0, y−2, y−1, y0 are arbitrary positive real numbers. They analyzed the solutions of the
systems (2.16) such that their solutions are associated with Fibonacci numbers.

In [15], El-Dessoky et al. examined the following difference equation

yn+1 = αyn +
βynyn−3

Ayn−4 +Byn−3
, n = 0,1, ..., (2.17)

where α , β , A, and B are real numbers and the initial values y−4, y−3, y−2,y−1and y0 are positive real numbers. They presented
the solutions of Eq. (2.17) in terms of Fibonacci numbers according to some special cases of the parameters α , β , A, and B.

Then, in [16], Matsunaga and Suzuki studied the following system of rational difference equations

xn+1 =
ayn +b
cyn +d

, yn+1 =
axn +b
cxn +d

, n = 0,1, ..., (2.18)

where the parameters a, b, c, d and the initial values x0, y0 are real numbers. They obtained that the explicit solutions of system
(2.18) are as follows

x2n−1 =
(ay0 +b)G2n−1 +(bc−ad)y0G2n−2

G2n +(cy0−a)G2n−1
, x2n =

(ax0 +b)G2n +(bc−ad)x0G2n−1

G2n+1 +(cx0−a)G2n
,

y2n−1 =
(ax0 +b)G2n−1 +(bc−ad)x0G2n−2

G2n +(cx0−a)G2n−1
, y2n =

(ay0 +b)G2n +(bc−ad)y0G2n−1

G2n+1 +(cy0−a)G2n
,

where Gn is a generalized Fibonacci sequence defined by

Gn+2 = (a+d)Gn+1 +(bc−ad)Gn,

with G0 = 0 and G1 = 1. Moreover, they presented that every solution of system (2.18) converges to its equilibrium points.
In [17], Öcalan and Duman considered the following nonlinear recursive difference equation

xn+1 =
xn−1

xn
, n = 0,1, ..., (2.19)

with any nonzero initial values x−1 and x0. Then, they extended their all results to solutions of the following nonlinear recursive
equations

xn+1 =

(
xn−1

xn

)p

, p > 0 and n = 0,1, ..., (2.20)

with any nonzero initial values x−1 and x0. Later, they obtained that the exact solution of Eq. (2.19) is

xn =


x

fn−1
−1

x fn
0

if n = 1,3,5, ...,

x fn
0

x
fn−1
−1

if n = 2,4,6, ...,

where fn is the nth Fibonacci number. Under the special case of initial values, they determined that there exist non-oscillatory
positive solutions of Eq. (2.19), which converge monotonically to the equilibrium point 1.

Furthermore, they given that the exact solution of Eq. (2.20) is

xn =


x

gn−1(p)
−1

x fn(p)
0

if n = 1,3,5, ...,

x fn(p)
0

x
fn−1(p)
−1

if n = 2,4,6, ...,

where fn (p) and gn (p) are the nth Fibonacci-type number. And also, under the special case of initial values, they demonstrated
that there exist non-oscillatory positive solutions of Eq. (2.20), which converge monotonically to the equilibrium point 1 and
the Eq. (2.20) has unbounded solutions.
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Next, Akrour et al. [18] studied the following system of difference equations

xn+1 =
aynxn−1 +bxn−1 + c

ynxn−1
, yn+1 =

axnyn−1 +byn−1 + c
xnyn−1

, n = 0,1, ...,

where the parameters a, b, c are arbitrary real numbers with c 6= 0 and the initial values x−1, x0, y−1 and y0 are arbitrary nonzero
real numbers. They examined that the explicit solutions of system (2.10) are given by

x2n+1 =
cJ2n+1 +(J2n+3−aJ2n+2)x−1 + J2n+2x−1y0

cJ2n +(J2n+2−aJ2n+1)x−1 + J2n+1x−1y0
,

x2n+2 =
cJ2n+2 +(J2n+4−aJ2n+3)y−1 + J2n+3x0y−1

cJ2n+1 +(J2n+3−aJ2n+2)y−1 + J2n+2x0y−1
,

y2n+1 =
cJ2n+1 +(J2n+3−aJ2n+2)y−1 + J2n+2x0y−1

cJ2n +(J2n+2−aJ2n+1)y−1 + J2n+1x0y−1
,

y2n+2 =
cJ2n+2 +(J2n+4−aJ2n+3)x−1 + J2n+3x−1y0

cJ2n+1 +(J2n+3−aJ2n+2)x−1 + J2n+2x−1y0
,

where Jn is defined by the recurrent relation

Jn+3 = aJn+2 +bJn+1 + cJn, n ∈ N,

such that J0 = 0, J1 = 1, J2 = a.
Then, Okumuş and Soykan in [19] considered the following four difference equations

xn+1 =
1

xn (xn−1−1)−1
, n = 0,1, ...,

xn+1 =
1

xn (xn−1 +1)+1
, n = 0,1, ..., (2.21)

xn+1 =
−1

xn (xn−1−1)+1
, n = 0,1, ...,

xn+1 =
−1

xn (xn−1 +1)−1
, n = 0,1, ...,

and determined the solutions of these difference equations are associated to Tribonacci numbers. For example, the solutions of
Eq.(2.21) are

xn =
Tn−1x−1x0 +(Tn+1−Tn)x0 +Tn

Tnx−1x0 +(Tn−1 +Tn)x0 +Tn+1
,

where the initial conditions x−1, x0 ∈ R−F2, with F2 is the forbidden set of Eq.(2.21) given by

F2 = ∪∞
n=−1 {(x−1,x0) : Tnx−1x0 +(Tn−1 +Tn)x0 +Tn+1 = 0} ,

and for the others see [19].
Also, in [21], they examined the following systems of difference equations

xn+1 =
±1

yn (xn−1±1)+1
, yn+1 =

±1
xn (yn−1±1)+1

, n = 0,1, ...,

and proved the exact solutions of these systems of difference equations via Tribonacci numbers. E.g. the form of solutions
{xn,yn}∞

n=−1 of one of these systems is given by

x2n−1 =
T2n−2x−1y0 +(T2n−T2n−1)y0 +T2n−1

T2n−1x−1y0 +(T2n−2 +T2n−1)y0 +T2n
,

x2n =
T2n−1y−1x0 +(T2n+1−T2n)x0 +T2n

T2ny−1x0 +(T2n−1 +T2n)x0 +T2n+1
,

y2n−1 =
T2n−2y−1x0 +(T2n−T2n−1)x0 +T2n−1

T2n−1y−1x0 +(T2n−2 +T2n−1)x0 +T2n
,

y2n =
T2n−1x−1y0 +(T2n+1−T2n)y0 +T2n

T2nx−1y0 +(T2n−1 +T2n)y0 +T2n+1
,
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where the initial conditions x−1, y−1, x0, y0 ∈ R−F1, with F1 is the forbidden set of system given by

F1 = ∪∞
n=−1 {(x−1,y−1,x0,y0) : An = 0 or Bn = 0 or Cn = 0 or Dn = 0}

where

An = T2n−1x−1y0 +(T2n−2 +T2n−1)y0 +T2n,
Bn = T2ny−1x0 +(T2n−1 +T2n)x0 +T2n+1,
Cn = T2n−1y−1x0 +(T2n−2 +T2n−1)x0 +T2n,
Dn = T2nx−1y0 +(T2n−1 +T2n)y0 +T2n+1.

Next, they in [22] studied the following difference equation

xn+1 =
γ

xn (xn−1 +α)+β
, n = 0,1, ..., (2.22)

where the parameters α , β and γ are nonnegative real numbers with γ 6= 0 and the initial values x−1 and x0 are arbitrary nonzero
real numbers. They examined that the exact solutions of Eq.(2.22) is given by

xn =
tVn−1x−1x0 +(Vn+1− rVn)x0 +Vn

tVnx−1x0 +(Vn+2− rVn+1)x0 +Vn+1
,

where Vn is defined by the recurrent relation

Vn+3 = rVn+2 + sVn+1 + tVn, n ∈ N,

such that V0 = 0, V1 = 1, V2 = r.
Besides these studies, for related studies on solving difference equations and systems of difference equations and investigat-

ing the asymptotic behavior of their solutions, see [20, 23-38].
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