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1. Introduction

In this work, we investigate the nonlinear viscoelastic wave equation

t

Uy — Au+ /9 (t —7) Au (r) dr + |ug PP 20y = [u|f@ 2y, (2,8) € Qx (0,T), (1)
0

with the inital-boundary conditions
u(x,0) =ug (z), u(x,0) =us (z), =€, (2)

and
u(z,t) =0, x€df, (3)
here €2 is a regular and bounded domain in R™ (n > 1) with smooth boundary 0f2.

The variable exponents p (.) and ¢ (.) are given as measurable functions on (2 satisfying

2<p <px)<pt<q <qx)<q" <q (4)
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where
p~ = essinfp(z), p" =esssupp(z),
e z€Q
¢~ = essinfq(z), ¢ =esssupq(x),
zeN ISY)
and
q = o0, ifn=1,2,
20, ifn > 3.

We make some assumptions on g :
(A1) Let g € C! and

o0

1—/g(T)dT=l>0.

0
(A2) g(1) =0, ¢ () <0and

i g (1-¢ -2
d .0 1.
0/9(7‘)7’<q_(1_§)_2+4q(11_£) <E<

Remark 1 There are some functions g (1) satisfying (A1) and (A2). An example is

alr) = e (T+1)
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When p (x) and ¢ (x) are constants, (1) become the following the viscoelastic wave equation

t
wy — A+ /g (t —7) A (1) dr + |weP? up = |u]7 2 . (5)
0
In [11], the author proved nonexistence of global solutions, for the equation (5). In [12], the same
author extended this result in the case of positive initial energy. Later, some authors studied
nonexistence of solutions of the equation (5) (see [17, 18]).

Without the viscoelastic term (g = 0) the problem (1) reduces to the following form
gy — Au+ |ug P72y = [u]1® 2. (6)

Messaoudi et al. [13] studied the local existence and nonexistence of the solutions of the equation
(6). For more results concerning nonexistence of global solutions, see [2, 7, 8, 10]. For more
results about the variable exponent spaces we refer the readers to [1, 14].

Motivated by the above results, in this work, we prove the blow up of solutions (1) under
some conditions.

The outline of this work is as follows: In section 2, we state some results about the variable
exponent Lebesgue spaces LP(*) (Q) and Sobolev spaces W'P(®) (Q). In section 3, the blow up

results will be proved.
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2. Preliminaries

In this part, we state some results about the variable exponent Lebesgue spaces Lr() Q)
and Sobolev spaces WP (Q) (see [5, 6, 9, 15]).
Let p : © — [1,00] be a measurable function, here €2 is a domain of R". We define the

Lebesgue space with a variable exponent p (.) by
p@) (Q) = { u: Q — R, measurable and /]up(x) dr < oo p,
Q

endowed with the Luxemburg norm

p(z) d

lull ) = inf )\>O:/‘K r<1Y,
Q

LP®) (Q) is a Banach space.

The Sobolev space with a variable exponent is defined by
Wwie@ () = {u € LP@ (Q) : Vu exists and |Vu| € LP(®) (Q)} .
Variable exponent Sobolev space is a Banach space with the following the norm

[elly pay = Nellpgay + VUllpe) -
The space Wol’p(m) (Q) is defined as the closure of C§° (Q2) in WP(*) (Q) with respect to the norm
l[wlly pz - For u € Wol’p(x) (Q), we can define an equivalent norm

Let the variable exponent p (.) satisfy the log-Ho6lder continuity condition:

A
lp(z) —p(y)l < og L for all 7,y € Q with |z —y[ <, (7)
lz—yl

where A >0and 0 < § < 1.

Lemma 2 [5] (Poincare inequality) Let 2 be a bounded domain of R™ and p(.) satisfies log-

Holder condition, then
[ull,y < cllVaull,y, for allue Wol’p(') (Q),

where ¢ =c(p~,p™,|Q]) > 0.

Lemma 3 [5] Let p(.) € C (Q) and q : Q — [1,00) be a measurable function and satisfy
essinf(p* (z) — q(x)) > 0.
zeQ
Then the Sobolev embedding Wol’p(') (Q) — L) (Q) is continuous and compact. Where

np(z)
P (z) = ess%uzo(n*p(ﬂc))’
- T€
o, ifp” >n.

ifp~ <n
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The local existence of solutions for the problem (1) that can be established by combining

arguments of [3, 7, 13].

Theorem 4 (Local existence and uniqueness). Assume that (A1), (A2), (4) and (7) holds, and
that (ug,u1) € Hg () x L2 (Q). Then problem (1) has a unugue local solution

we C([0,T); H (), u e C([0,T);L*(Q) N LY (2 x (0,T)).
3. Blow up

In this part, we prove that the blow up of the solution for problem (1). Firstly, we give

following lemmas:

Lemma 5 [13] If q: Q — [1,00) is a measurable function and

2§q*§q(w)§q+<%; n>3 (8)
holds. Then, we have following inequalities:
i) .
pay () < e (IVul® + oy () (9)
i)
- < e (IVul + JlullZ” ) (10)
i) S
pay (@) < ¢ (IH ()] + el + py() () (11)
iv)
lualy- < e (1 @)1+ lfuel® + ull?” ) (12)
v)
ellull L < pygy (@) (13)
for any uw € HE () and 2 < s < q~. Where Py (W) = [ ]u|q(') dx, and ¢ > 1 a positive constant
and N
t
H (1) =~ lull* - 5 (1 - [s dr) IVull? = 5 (g0 Vu) () + [ =l do.
0 Q

Lemma 6 Suppose that (A1), (A2), (4) and (7) hold. Then

() =5l + 5 (1 - s dT) IVul? + 5 (g0 V) (0= [ St @dr (14
0 Q

1§ a monincreasing function and

1
B(0) = = [l ds - 5g(0) [ 1900 dedr
Q Q

+
N =
o\“

g t—7) / [Vu (1) — Vu (t)]? dedr.
Q
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Proof. Multiplying u; on two sides of the problem (1), and integrating by part, we get

L I 2_/1 (@)
a !2 ol + 3 19l? = [ 5l o
Q
t
—//g(t—T) Vu (1) Vug (t) dedr
0 Q

— / \ut]p(x) dz. (15)
Q

Now, we estimate last term in the left hand side of (15), we obtain

0// (t — 7) Vu (7) Ve (¢) dadr

_ /g (t—r) /Vut (8) [V (7) = Vi (£) + Vu (8)] dadr
Q

0

_ /tg t—7) /Vut ®) Vu(T)—Vu(t)]d:ch—i—/tg(t—T)/Vut(t)Vu(t)d:):dT
0 0 Q

¢ [ wa) - vutor dgc] N

+ 5 /g (t—1)

- %g (T)/yvu ()2 dadr. (16)
Q

D\
z
~
g8
.
\]

1d
+§£ /g /‘VU | dxdrt

Finally, inserting (16) into (15), we get
¥ { Jull® + 5 (1 [o) ch) IVl + 5 g0 ) () = [ o fult® da:]
0 Q
= - 1 T u 2 TaT 1 | ! — T u\T)— u 2 XTaT
- Q/p(m) >Q/rv<t>\dd+2o/g<t >Q/[v<> Vu (1) ded

0, (17)

IN

where

(g0 Vu) (t)

/g(t—T)/[Vu (1) — Vu (¢)]* dadr.
0 Q
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Now, we state and prove our blow up result.
Theorem 7 Under the assumptions of Theorem 4, and
E(0) <0.
Then the solution of the problem (1) blow up in finite time.

Proof. Let
H(t)=—-E(t).
We see from (17) that H (¢t) > 0. Also, by the definition H (¢), we have

t

1, .5 1 , 1 .
0 = —zlul=5 (1= [a@)ar | Ve =S @o vy @)+ [ s e
0 Q
1
< ul?® dg
- /q(ﬂ?) “
Q
1
< qipq(.) (u) . (18)
Now, we define ¥ (¢) as follows
U (t)=H"7(t)+ 5/ uude, (19)
Q

for € small to be chosen later and

0<U§min{ 9 P g }

(pt—1)q=" 2¢

The time derivative of (19) and using Eq. (1), we have

V() = 1-0)H° (t)H'(t)—i—e/Q(u?—i—uutt) dx

= (L—o)H 7 () H' (t) +elluel* — | Vul®
t

te / g(t—7) / Vau (t) Vu (r) dedr
Q

0
+€/ |u|?®) da — 5/ wug P2 da
Q Q
= (L—o)H (&) H' (t) +&lue]® =& |Vl
+€/ u|?) da — 5/ wuy P2 da
Q Q

t

2
-l—E/g(T)dTHVuH —l—EO/g(t—T)Q/Vu(t) [Vu(r) — Vu ()] dedr.  (21)

0
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By using Cauchy-Schwarz and Young’s inequalities, we have

t
/g(t_T)/VU (t) [Vu (1) — Vu (t)] dedr
0 Q
< /g(t—T) [Vu (@) [Vu () = Vu ()| dr
0

t
1
< A(goVu)( )\/ ) dr |Vul*, A > 0.
0

Substituting (22) into (21), we have

V() = (L—o)H 7 (&) H () +ellul* —< || Vul?

¢
—1-8/ |u)2C) dx—e/ uy |ut|p(')2dx+6/g(7') dr || Vul?
Q Q
0

t

5
~eM(gova) (6 - 51 [ dr|ul?
0
By using the definition of the H (¢), we have

e (1-OH() = qg%wg@(l / gde) IVu?

eq” (1-¢)
=

(goVu)(t) —eq” / ! u|?®) da,
Q

where 0 < £ < 1.
Subtracting and adding (23) on the right hand side of (21), we get

V) 2 Q- HT O @) e (-9 @)+ (T ) ul?

+€ {‘](125) (1 — /tg(q-) dr) -1+ <1 — 41)\> /tg(T) dr] ||VUH2
0 0

c (q_ 1-¢) — /\> (goVu)(t)+ 5{/9 \u\Q(') dx — s/ﬂuut \ut]p(')_z dx.

2

Then, for £ small enough, we get
W (t) = B [H @)+ [l + IVul® + (g0 Vu) (1) + py() ()]

(= o) H (1) H (1) — g/ e [P0 2 da
Q

where
B = min{q (1-9¢), q_(12_§)—)\, (]_(12_®+1, e,
q(12§)<1/tg(7')d7')1+<1>/tg }
0 0

(24)

(25)
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and
= / |u]q(') dx
Q

By using the following Young’s inequality

5ka 5flyl
XY <

ST + .
where X,Y >0, 6 > 0, k,l € R" such that % + % = 1. As a result, applying the previous we
obtain

/ ulw PO N dr < / 1 NS +/p(x) — 15’% e [P da
Q p(x) p(z)
Q
1
<

p

— / 57 [ufP®) d 4+ P ! / 5RO |y [P@) d, (26)
Q Q

where § is constant depending on the time ¢ and specified later. Inserting estimate (26) into
(25), we get

V(1) > e [H )+ Jul® + [ Vul? + (g0 Vu) (1) + py( ()]
(1= o) H (1) H' (1

5/5p |u|P@) do — L

__px)
Let us choose ¢, so that § r@-1 = ks H 7 (t), where k1 > 0 is specified later, we obtain

+ 1 __p(=)
/ 5RO |y P®) (27)
Q

V() = e [H )+l + [ Vul® + (g0 Vu) (6) + pyg (w)]
+(-0)H <>H’<>

+ _
—5/kzl P(@) go(@=1) (¢) |P®) dz — 2 !

/ KH ™ (t) |ug|P™ da

Q
=6 [H (8) + el + IVul® + (g0 Vu) (£) + pyq) ()]
+(1—0o)H™ 7 (t)H' (t)

e A (z) pt -1 — (@)
= Hop )(t)ﬂ/myp dq:—s( o7 )kH (t)Q/yutV’ dx

B [H (2) + a2 + [ Vul* + (g0 Vu) (5) + pyg) (u)]
-1 kP
+l1-0)—¢(L k| Ho () H' (t) — em——H " =D ) [ [ur® da
-0+ (572) f

A\

Vv

pt P
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By using (13) and (18), we get

IN

go(pt-1) (t) / |ulP@) dg gort-1) (t) / lulP” dz + / |u]p+ dx
Q O QO

IN

HOP ) (1) ¢ /]u|q_dx + /|uq_d:c

= =D @ lull + Jul ]

o(pt-1) p” pt
< c(qlpq@ <u>) ' [(pq<.) @) + () <u))q]
- & [(pqo @) 5 () T“’W‘l)] 2

where Q_ ={z € Q:|u| <1} and Qy ={z € Q:|u| > 1}.
We then use Lemma 5 and (20), for
s=p 4+oq (pt—1)<q
and
s=p +oq (pT—1)<q,
to deduce, from (28),

Q

Thus, inserting estimate (29) into (25), we have

1-p—
V() > 6<ﬁ—kp_ ) [H(2) + ol + V0l + (9.0 V) (2) + pygy (w)

+ [(1 o) —¢ <p+ . ) k} H () H (). (30)

p

Let us choose k large enough so that v = 3 — klpip - c1 > 0, and picking € small enough such

that (1—o0) —¢ <p+_1> k >0 and

pt

W (t) > ¥ (0)=H'"7(0)+ e/ upurdz > 0, Vt > 0. (31)
Q

Consequently, (30) yields

v ()

v

e [H (1) + llwal]” + [ Vul® + (g0 V) (6) + pygy (w)]

> ey [H () + lluell® + [ Vul® + (g0 V) (¢) + ], (32)
due to (13). Therefore we get
U (t) > W (0) >0, forallt>0.
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On the other hand, exploiting Hélder’s inequality, we get

=0 1 1
Jwwda] <l
Q

T 1
< O (Il= Jul 77 ) .
Young inequality gives

1

1-o e 6
s 7 < 0 (). 33)
Q

for %—&—% = 1. We take 6 = 2(1—0), to obtain £ = ;2 < ¢~ by (20). Therefore, (33)

becomes

1
1
/ uurdx
Q

where ﬁ < ¢~ . By using (12), we get

2
< C (Jlul® + llully- )

1

1—0o 2 q
Jwda] <0 (Jl+ all + H ).
Q

Thus,
1 1— o
Vi-s (t) = |H ”(t)+s/uutdx
Q
1%
< 27% (H(t)+611° /uutdzn )
Q
< C (P + llu &+ H (1))
< C(H@®+ ludl®+ [Vul® + (g0 Vu) (t) + ull) (34)
where

(a+b)P < 2P71 (aP 4 bP)
is used. Consequently a combining of (32) and (34), for some £ > 0, we have
V(1) > EUTS (1). (35)
Integration of (35) over (0,¢) yield

Uite () > _ .
()_qfﬁ(o)_@

Therefore ¥ (¢) blow up in a finite time

g
A

Then, the proof is complete. m
4. Conclusion

In this work, we obtained the blow up for a nonlinear viscoelastic wave equations with variable

exponents in a bounded domain. This improves and extends many results in the literature.
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