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1. Introduction and Preliminaries

Several authors [1-7] working in the field of general topology have shown more interest in studying the
concepts of generalizations of continuous maps. A weak form of continuous maps called g-continuous
maps were introduced by Balachandran et al. [8]. As generalizations of closed sets, usp-closed sets were
introduced and studied by the same author [9]. In this paper, we first introduce psp-continuous maps
and study their relations with various generalized continuous maps. We also discuss some properties
of usp-continuous maps. We introduce usp-irresolute maps in topological spaces and discuss some of
their properties. Various properties and characterizations of such maps are discussed by using usp-
closure and psp-interior under certain conditions. Throughout this paper, (X, 7), (Y,0), and (Z,n)
(or X, Y, and Z) represent topological spaces on which no separation axioms are assumed unless
otherwise mentioned. For a subset A of a space (X, 7), cl(A), int(A), and A® denote the closure of
A, the interior of A, and complement of A, respectively.

We recall the following definitions which are useful in the sequel.

Definition 1.1. A subset A of a space (X, 7) is called:
1. a-open set [10] if A C int(cl(int(A))).
2. semi-open set [11] if A C cl(int(A)).
3. pre-open set [5] if A Cint(cl(A)).

4. [B-open set [1] (= semi-pre-open set [12]) if A C cl(int(cl(A))).
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The complements of the above mentioned open sets are called their respective closed sets.
The a-closure [10](resp. semi-closure [13], pre-closure [14], semi-pre-closure [12]) of a subset A of X,
denoted by acl(A) (resp. scl(A), pcl(A), spcl(A)) is defined to be the intersection of all a-closed (resp.
semi-closed, pre-closed, semi-pre-closed) sets of (X, 7) containing A.

Definition 1.2. A subset A of a space (X, 7) is called:

1.

10.

11.

12.

13.

14.

a generalized closed (briefy g-closed) set [15] if ¢l(A) C U whenever A C U and U is open in
(X, 7). The complement of g-closed set is called g-open set.

a generalized semi-closed (briefly gs-closed) set [16] if scl(A) C U whenever A C U and U is
open in (X, 7). The complement of gs-closed set is called gs-open set.

an a-generalized closed (briefly aig-closed) set [17] if acl(A) C U whenever A C U and U is open
in (X, 7). The complement of ag-closed set is called ag-open set.

a generalized a-closed (briefly ga-closed) set [18] if acl(A) C U whenever A C U and U is a-open
in (X, 7). The complement of ga-closed set is called ga-open set.

a g -closed set [19] if cI(A) C U whenever A C U and U is ag-open in (X, 7). The complement
of g#-closed set is called g#-open set.

a generalized semi-preclosed (briefly gsp-closed) set [20] if spcl(A) C U whenever A C U and U
is open in (X, 7). The complement of gsp-closed set is called gsp-open set.

a g-closed set [7] (= w-closed set [6]) if cl(A) C U whenever A C U and U is semi-open in (X, 7).
The complement of g-closed set is called g-open set.

a *g-closed set [21] if cl(A) C U whenever A C U and U is g-open in (X, 7). The complement
of *g-closed set is called *g-open set.

a #g-semi-closed (briefly #gs-closed) set [22] if scl(A) C U whenever A C U and U is xg-open
in (X, 7). The complement of #gs-closed set is called #gs-open set.

a ga-closed set [18,23] if acl(A) C int(U) whenever A C U and U is a-open in (X, 7). The
complement of ga*-closed set is called ga*-open set.

a p-closed set [24] if cl(A) C U whenever A C U and U is ga*-open in (X, 7). The complement
of p-closed set is called u-open set.

a pp-closed set [25] if pcl(A) C U whenever A C U and U is ga*-open in (X, 7). The complement
of up-closed set is called up-open set.

a ps-closed set [26] if scl(A) C U whenever A C U and U is ga™*-open in (X, 7). The complement
of ps-closed set is called ps-open set.

a usp-closed set [9] if spcl(A) C U whenever A C U and U is ga*-open in (X, 7). The complement
of pusp-closed set is called pusp-open set.

Remark 1.3. The collection of all g-closed (resp. gs-closed, ag-closed, ga-closed, g#-closed, gsp-
closed, g-closed, *g-closed, #gs-closed, ga*-closed, p-closed, up-closed, ps-closed, pusp-closed) sets is
denoted by ge(r) (resp. gsc(r), age(t), gac(t), g7 c(t), gspe(t), Ge(r), *ge(t), #gsc(t), gae(T),
pe(7), ppe(r), psc(t),puspe(T)).

We denote the power set of X by P(X).

Definition 1.4. A map f: (X,7) — (Y,0) is called:

1.

2.

3.

a-continuous [27] if f71(V) is a a-closed set of (X, 7) for every closed set V of (Y, o).
semi-continuous [11] if f~1(V) is a semi-closed set of (X, 7) for every closed set V of (Y, o).

pre-continuous [5] if f~1(V) is a pre-closed set of (X,7) for every closed set V of (Y, o).
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4. B-continuous [1] if f71(V) is a B-closed set of (X, 7) for every closed set V of (Y,0).

V)
5. g-continuous [8] if f=(V) is a g-closed set of (X, 7) for every closed set V of (Y,o).

6. gs-continuous [2] if f~1(V) is a gs-closed set of (X, 7) for every closed set V of (Y,o).

7. ag-continuous [28] if f~1(V) is a ag-closed set of (X,7) for every closed set V of (Y, o).
8. ga-continuous [28] if f~1(V) is a ga-closed set of (X,7) for every closed set V of (Y, o).
9. g#-continuous [19] if f~1(V) is a g#-closed set of (X, 7) for every closed set V of (Y, ).
10. gsp-continuous [20] if f=1(V) is a gsp-closed set of (X, 7) for every closed set V of (Y, o).
11. g-continuous [7] if f~1(V) is a g-closed set of (X, 7) for every closed set V of (Y, o).

12. *g-continuous [21] if f=1(V) is a *g-closed set of (X, T) for every closed set V of (Y, o).

13. #g-semi-continuous [22] if f~1(V) is a #g-semi-closed set of (X, 7) for every closed set V of
(Y, 0).

14. p-continuous [24] if f=1(V) is a u-closed set of (X, 7) for every closed set V of (Y, ).
15. pp-continuous [25] if f~1(V) is a up-closed set of (X, 7) for every closed set V of (Y, o).
16. ps-continuous [26] if f71(V) is a us-closed set of (X, 7) for every closed set V of (Y, o).
Definition 1.5. [9] For a space (X, 7), the following hold:

1. T),sp-space if every usp-closed set is closed.

2. pTsp-space if every usp-closed set is p-closed.

3. pTsp-space if every usp-closed set is pre-closed.

4. spT,s-space if every psp-closed set is semi-preclosed.

5. o, sp-space if every pusp-closed set is a-closed.

6. gaT,,-space if every usp-closed set is ga-closed.

Result 1.6. 1. Every closed set (resp. pre-closed set, a-closed set, semi-closed set, S-closed set)
is usp-closed but not conversely [9].

2. Every p-closed set (resp. pp-closed set, us-closed set) is pusp-closed but not conversely [9].
3. Every ga-closed set (resp. g7-closed set, g-closed set) is usp-closed but not conversely [9].

4. Every open set is psp-open set but not conversely.

2. usp-Continuous Maps and Irresolute Maps

We introduce the following definition.

Definition 2.1. A map f : (X,7) — (Y,0) is called pusp-continuous if f~1(V) is a usp-closed set of
(X, 1) for every closed set V of (Y, 0).

Proposition 2.2. Every continuous (resp. prec-continuous, a-continuous, semi-continuous, 5-continuous)
is psp-continuous but not conversely.

PrOOF. The proof follows from Result 1.6 (1).

Example 2.3. Let X =Y = {a,b,c}, 7 = {¢,{a},{a,c}, X}, and 0 = {¢,{b}, X}. Then, puspc(r) =
{6, 16} {ch {a, ¢}, {b,c}, X} and pe(r) = ac(r) = se(r) = spe(r) = {6, {b}, {c}, {b,c}, X}. De-
fine f : (X,7) — (Y,0) be the identity map. Then, f is usp-continuous but not continuous (resp.
prec-continuous, a-continuous, semi-continuous, semi-precontinuous), since f~!({a,c}) = {a, c} is not
closed (resp. preclosed, a-closed, semi-closed, semi-preclosed).
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Proposition 2.4. Every p-continuous (resp. pp-continuous, ps-continuous) is usp-continuous but
not conversely.

PRrROOF. The proof follows from Result 1.6 (2).

Example 2.5. Let X =Y = {a,b,c}, 7 = {¢,{a},{b},{a,b}, X}, and 0 = {¢,{a,c}, X}. Then,
pspe(T) = {¢7 {a}7 {b}7 {C}, {a7 C}, {b7 C},X} and MC(T) = MPC(T) = {¢7 {C}, {a7 C}, {b7 C},X}. Define
f:+ (X,7) = (Y,0) be the identity map. Then, f is psp-continuous but not p-continuous (resp.
pp-continuous), since f~1({b}) = {b} is not u-closed (resp. up-closed).

Example 2.6. Let X =Y = {a,b,c}, 7 = {¢,{a},{b,c}, X}, and 0 = {¢,{b}, X}. Then, puspc(r) =
P(X) and psc(r) = {¢,{a},{b,c}, X}. Define f: (X,7) — (Y,0) be the identity map. Then, f is
psp-continuous but not ps-continuous, since f~1({a,c}) = {a,c} is not ps-closed.

Proposition 2.7. Every ga-continuous (resp. g#-continuous, g-continuous) is psp-continuous but
not conversely.

PRrOOF. The proof follows from Result 1.6 (3).

Example 2.8. Let X,Y,7,0, and f be as in the Example 2.5. Then, gac(t) = g7 c(1) = ge(r) =
{¢,{c},{a,c},{b,c},X}. Then, f is psp-continuous but not ga-continuous (resp. g7 -continuous,
g-continuous), since f~1({b}) = {b} is not ga-closed (resp. g”-closed, j-closed).

Theorem 2.9. usp-continuity is independent of g-continuity, ag-continuity, gs-continuity, gsp-continuity,
*g-continuity, and #gs-continuity.

PrOOF. It follows from the following Example.

Example 2.10.

1. Let X =Y = {a,b,c}, 7 = {¢,{a},{a,b}, X}, and 0 = {¢,{c},Y}. Then, uspe(r) =
{6, {0}, {c} T, b}, {b. ¢}, X}, ge(r) =*ge(r) = {6, {c}, {a, c}, {b,c}, X}, and age(r) = gsc(r) =
gspe(T) = F#gsc(r) = {o,{b},{c},{a,c},{b,c}, X}. Define f: (X,7) — (Y,0) be the identity
map. Then, f is pusp-continuous but not g-continuous (resp. ag-continuous, gs-continuous, gsp-
continuous, *g-continuous, and #gs-continuous), since f~'({a,b}) = {a, b} is not g-closed (resp.
ag-closed, gs-closed, gsp-closed, *g-closed, and #gs-closed).

2. Let X and 7 be defined as an Example 2.10 (1). Let Y = {a,b,c} and o = {¢, {b},{a,b},Y }.
Define f : (X,7) — (Y, 0) be the identity map. Then, f is g-continuous (resp. ag-continuous, gs-
continuous, gsp-continuous, *g-continuous and #gs-continuous) but not psp-continuous, since
f~*({a,c}) = {a,c} is not psp-closed.

Remark 2.11. The composition of two psp-continuous maps need not be psp-continuous and this is
shown from the following example.

Example 2.12. Let X and 7 be as in Example 2.3. Let Y = Z = {a,b,c}, 0 = {¢,{a}, Y},
and n = {¢,{a,b},Z}. Define f : (X,7) — (Y,0) by f(a) = b, f(b) = a, and f(c) = ¢. Define
g: (Y,o) = (Z,n) by gla) = b, g(b) = ¢, and g(c) = a. Clearly, f and g are psp-continuous
but their go f : (X,7) — (Z,n) is not psp-continuous, because V = {c} is closed in (Z,n) but
(goft{ch) = g *({e})) = f~L1({b}) = {a}, which is not psp-closed in (X, 7).

Theorem 2.13. If f : (X,7) — (Y, 0) is usp-continuous and g : (Y,0) — (Z,n) is continuous, then
gof:(X,7)— (Z,n) is usp-continuous.

PRrROOF. Clearly follows from definitions.

Proposition 2.14. A map f: (X,7) — (Y,0) is pusp-continuous if and only if f~1(U) is pusp-open in
(X, ) for every open set U in (Y, o).
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PrROOF. Let f: (X,7) = (Y, 0) be psp-continuous and U be an open set in (Y, o). Then, U€ is closed
in (Y,0) and since f is pusp-continuous, f~1(U¢) is usp-closed in (X,7). But f~4(U°) = f~1((U))°
and so f~1(U) is psp-open in (X, 7).

Conversely, assume that f~1(U) is usp-open in (X, 7) for each open set U in (Y, o). Let F be a closed
set in (Y,0). Then, F¢ is open in (Y,0) and by assumption, f~'(F¢) is psp-open in (X, 7). Since
FHFS) = f7Y(F))¢ , we have f~1(F) is closed in (X, 7) and so f is usp-continuous.

We introduce the following definition

Definition 2.15. A map f : (X,7) — (Y,0) is called psp-irresolute if f=1(V) is a psp-closed set of
(X, 1) for every psp-closed set V of (Y,0).

Theorem 2.16. Every usp-irresolute map is psp-continuous but not conversely.

PRrROOF. Let f: (X,7) — (Y,0) be a usp-irresolute map. Let V' be a closed set of (Y, o). Then, by
the Result 1.6 (1), V is usp-closed. Since f is psp-irresolute, then f~1(V) is a psp-closed set of (X, 7).
Therefore, f is psp-continuous.

Example 2.17. Let X,Y, 7,0, and f be as in the Example 2.12. {b} is usp-closed set of (Y, o) but
F71({b}) = {a} is not a psp-closed set of (X, 7). Thus, f is not psp-irresolute map. However, f is
psp-continuous map.

Theorem 2.18. Let f: (X,7) — (Y,0) and g : (Y,0) — (Z,n) be any two maps. Then,
1. go fis psp-continuous if ¢ is continuous and f is psp-continuous.
2. go f is usp-irresolute if both f and g are psp-irresolute.
3. go fis usp-continuous if g is psp-continuous and f is psp-irresolute.

PROOF. Omitted.

Theorem 2.19. Let f: (X,7) — (Y,0) be an psp-continuous map. If (X, 7), the domain of f is an

T,sp-space, then f is continuous.

PROOF. Let V be a closed set of (Y,o). Then, f~1(V) is a usp-closed set of (X, ), since f is usp-
continuous. Since (X,7) is an T)sp-space, then f~1(V) is a closed set of (X,7). Therefore, f is
continuous.

Theorem 2.20. Let f: (X,7) — (Y,0) be a usp-continuous map. If (X, 7), the domain of f is an
aT),sp-space, then f is a-continuous.

PROOF. Let V be a closed set of (Y,0). Then, f~1(V) is a usp-closed set of (X,7), since f is usp-
continuous. Since (X, 7) is an aT),,-space, then f~1(V) is a a-closed set of (X, 7). Therefore, f is
a-continuous.

Theorem 2.21. Let f: (X,7) — (Y,0) be a usp-continuous map. If (X,7), the domain of f is an
p1,sp-space, then f is pre-continuous.

PROOF. Let V be a closed set of (Y,0). Then, f~1(V) is a usp-closed set of (X, ), since f is usp-
continuous. Since (X,7) is an pT),sp-space, then f~1(V) is a pre-closed set of (X, 7). Therefore, f is
pre-continuous.

Theorem 2.22. Let f : (X,7) — (Y,0) be a usp-continuous map. If (X, 7), the domain of f is an
pTysp-space, then f is p-continuous.

PROOF. Let V be a closed set of (Y,0). Then, f~1(V) is a usp-closed set of (X,7), since f is usp-
continuous. Since (X, 7) is an pT),sp-space, then f~1(V) is a p-closed set of (X, 7). Therefore, f is
p-continuous.

Theorem 2.23. Let f: (X,7) — (Y,0) be a usp-continuous map. If (X,7), the domain of f is an
upTsp-space, then f is pp-continuous.
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PROOF. Let V be a closed set of (Y,0). Then, f~1(V) is a usp-closed set of (X, ), since f is usp-
continuous. Since (X, 7) is an pupT)sp-space, then f~1(V) is a pp-closed set of (X, 7). Therefore, f is
pp-continuous.

Theorem 2.24. Let f: (X,7) — (Y,0) be a usp-continuous map. If (X,7), the domain of f is an

spysp-space, then f is S-continuous.

PROOF. Let V be a closed set of (Y,0). Then f~1(V) is a usp-closed set of (X, 7), since f is usp-
continuous. Since (X, 7) is an spT,-space, then f (V) is a B-closed set of (X, 7). Therefore, f is
[-continuous.

Theorem 2.25. Let f: (X,7) — (Y,0) be a usp-continuous map. If (X, 7), the domain of f is an
gaT),sp-space, then f is ga-continuous.

PROOF. Let V be a closed set of (Y,o). Then, f~1(V) is a usp-closed set of (X, ), since f is usp-
continuous. Since (X, 7) is an gaT)s,-space, then f~1(V) is a ga-closed set of (X, 7). Therefore, f is
ga-continuous.

3. Characterization of psp-Continuous Maps

In this section we introduce psp-interior and psp-closure of a set and obtain the characterization
theorem for psp-continuous maps under certain conditions.

Definition 3.1. For any A C X, usp-int(A) is defined as the union of all usp-open sets contained in
A, ie., psp-int(A) = U{G : G C A and G is usp-open}.

Lemma 3.2. For any A C X, int(A) C usp-int(A) C A.

PrOOF. The proof follows from Result 1.6 (4).
The following two Propositions are easy consequences from definitions.

Proposition 3.3. For any A C X, the following holds.
1. psp-int(A) is the largest psp-open set contained in A.
2. A is psp-open if and only if usp-int(A) = A.

Proposition 3.4. For any subsets A and B of (X, 1), the following holds.

—_

. psp-int(AN B) = psp-int(A) N psp-int(B).

\V)

. psp-int(AU B) D usp-int(A) U psp-int(B).

3. If A C B, then usp-int(A) C psp-int(B).

W

. psp-int(X) = X and psp-int(¢) = ¢.

Definition 3.5. For every set A C X, we define the pusp-closure of A to be the intersection of all
usp-closed sets containing A, i.e., usp-cl(A) = {F : AC F € uspc(r)}.

Lemma 3.6. For any A C X, A C usp-cl(A) C cl(A).

PrOOF. The proof follows from Result 1.6 (1).

Remark 3.7. Both containment relations in Lemma 3.6 may be proper as seen from the following
example.

Example 3.8. Let X = {a,b,c}, 7 = {0, {a},{a, b}, X}. Here uspce(r) = {¢,{b},{c},{a,b},{b,c}, X}.
Let A = {a}. Then, usp-cl({a}) = {a,b} and so A C usp-cl(A) C cl(A).

The following two Propositions are easy consequences from definitions.

Proposition 3.9. For any A C X, the following holds.

1. psp-cl(A) is the smallest psp-closed set containing A.
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2. Ais psp-closed if and only if usp-cl(A) = A.
Proposition 3.10. For any two subsets A and B of (X, 7), the following holds.
1. If A C B, then usp-cl(A) C psp-cl(B).
2. pusp-cl(AN B) C usp-cl(A) N psp-cl(B).
Proposition 3.11. Let A be a subset of a space X, then the following are true.
1. (usp-int(A))° = psp-cl(A°).
2. psp-int(A) = (usp-cl(A°))°.
3. usp-cl(A) = (usp-int(A°))°.
PRrOOF. 1. Clearly follows from definitions.
2. Follows by taking complements in (1).
3. Follows by replacing A by A° in (1).

Definition 3.12. Let (X, 7) be a topological space. Let z be a point of X and G be a subset of X.
Then, G is called an psp-neighbourhood of z (briefly, usp-nbhd of x) in X if there exists an pusp-open
set U of X such that z € U C G.

Proposition 3.13. Let A be a subset of (X, 7). Then, z € usp-cl(A) if and only if for any psp-nbhd
Gy of zin (X, 1), ANG, # ¢.

PROOF. Necessity. Assume z € usp-cl(A). Suppose that there is an psp-nbhd G of the point z in
(X, 7) such that GN A = ¢. Since G is pusp-nbhd of z in (X, 7), by Definition 3.12, there exists an
usp-open set U, such that z € U, C G. Therefore, we have U, N A = ¢ and so A C (U,)°. Since
(Uy)© is an psp-closed set containing A, we have by Definition 3.5, usp-cl(A) C (U,)¢ and therefore
x ¢ psp-cl(A), which is a contradiction. Sufficiency. Assume for each psp-nbhd G, of z in (X,7),
ANG, # ¢. Suppose that x ¢ psp-cl(A). Then, by Definition 3.5, there exists an psp-closed set F
of (X, 7) such that A C F and = ¢ F. Thus, z € F° and F€ is usp-open in (X, 7) and hence F° is a
usp-nbhd of z in (X, 7). But AN F° = ¢, which is a contradiction.
In the next theorem we explore certain characterizations of usp-continuous functions.

Theorem 3.14. Let f: (X,7) — (Y,0) be a map from a topological space (X, 7) into a topological
space (Y,0). Then the following statements are equivalent.

1. The function f is psp-continuous.
2. The inverse of each open set is usp-open.

3. For each point z in (X, 7) and each open set V in (Y,o) with f(x) € V, there is an psp-open
set U in (X, 7) such that z € U, f(U) C V.

4. The inverse of each closed set is usp-closed.
5. For each z in (X, 7), the inverse of every neighbourhood of f(z) is an usp-nbhd of z.

6. For each z in (X, 7) and each neighbourhood N of f(x), there is an usp-nbhd G of = such that
J(G)C N.

7. For each subset A of (X, 7), f(usp-cl(A)) C cl(f(A)).

8. For each subset B of (Y, o), usp-cl(f 1 (B)) C f~(cl(B)).
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PRrROOF. (1) < (2). This follows from Proposition 2.14.

(1) < (3). Suppose that (3) holds and let V be an open set in (Y,o) and let = € f~1(V).
Then, f(z) € V and thus there exists an pusp-open set U, such that z € U, and f(U,) C V. Now,
v eU, C f7HV)and f~1(V) = Upep—1)Up. By assumption, f~1(V) is psp-open in (X, 7) and
therefore f is psp-continuous.

Conversely, Suppose that (1) holds and let f(x) € V. Then, z € f~1(V) € usp(r), since f is
psp-continuous. Let U = f~*(V). Then, € U and f(U) C V.

(2) < (4). This result follows from the fact if A is a subset of (Y, o), then f~1(A¢) = (f~1(A))°.

(2) & (5). For z in (X,7), let N be a neighbourhood of f(z). Then, there exists an open
set U in (Y,0) such that f(z) € U C N. Consequently, f~1(U) is an psp-open set in (X, 7) and
r€ f~YU) C f~YN). Thus, f~1(N) is an pusp-nbhd of z.

(5) < (6). Let € X and let N be a neighbourhood of f(x). Then, by assumption, G = f~1(N)
is an psp-nbhd of z and f(G) = f(f~1(N)) C N.

(6) < (3). For z in (X,7), let V be an open set containing f(z). Then, V is a neighborhood of
f(x). So by assumption, there exists an psp-nbhd G of x such that f(G) C V. Hence, there exists an
usp-open set U in (X, 7) such that x € U C G and so f(U) C f(G) C V.

(7)< (4). Suppose that (4) holds and let A be a subset of (X,7). Since A C f~1(A), we
have A C f~1(cl(f(A))). Since cl(f(A)) is a closed set in (Y,o), by assumption f~!(cl(f(A))) is
an psp-closed set containing A. Consequently, usp-cl(A) C f=1(cl(f(A))). Thus, f(usp-cl(A)) C
F( A (A))) € d(f(A)).

Conversely, suppose that (7) holds for any subset A of (X, 7). Let F be a closed subset of (Y, o).
Then, by assumption, f(usp-cl(f~1(F))) C c(f(f~'(F))) C c(F) = F, ie., psp-cl(f~Y(F)) C
fY(F) and so f~1(F) is psp-closed.

(7) < (8). Suppose that (7) holds and B be any subset of (Y, o). Then, replacing A by f~1(B) in
(7), we obtain f(usp-cl(f~(B))) C cl(f(f~1(B))) € cl(B), i.e., psp-cl(f~H(B))  f~'el(B).

Conversely, suppose that (8) holds. Let B = f(A) where A is a subset of (X, 7). Then, we have,
psp-cl(A) C psp-cl(f~'(B)) C f(cl(f(A)) and 5o f(usp-cl(A) C (f(A)).

This completes the proof of the theorem.
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