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ABSTRACT. Let G be a finite simple and undirected graph without isolated
vertices. A subset D of V' is a pitchfork dominating set if every vertex v € D
dominates at least 7 and at most k vertices of V — D, where j and k are
non-negative integers .The domination number of G, denoted by v, ((G) is a
minimum cardinality over all pitchfork dominating sets in G. A subset D~1 of
V — D is an inverse pitchfork dominating set if D~ is a pitchfork dominating
set. The inverse domination number of G, denoted by 'y;fl (G) is a minimum
cardinality over all inverse pitchfork dominating sets in G. In this paper,
the pitchfork domination and the inverse pitchfork domination are determined
when j = 1 and k = 2 for some graphs that obtained from graph operations
corona and join.

1. INTRODUCTION

Let G = (V, E) be a graph without isolated vertices with vertex set V of order
n and edge set E of size m. The complement G of a simple graph G with vertex
set V(Q) is the graph in which two vertices are adjacent if and only if they are not
adjacent in G. The join G + G5 between two graphs G; and G> is a graph contains
all edges and vertices of both graphs and every vertex of Gy joined by edges with
all vertices of G3. The corona G; ® G5 between two graphs GGy and G» is a graph
has one copy of G and |V (G1)| copies of Gy such that the i** vertex of G joined
by edges with all vertices of the i*" copy of G5. For graph theoretic terminology we
refer to [0] and [10]. For a detailed survey of domination one can see [7] and [§]. A
set D C V is a dominating set if every vertex in V' — D is adjacent to a vertex in
D. If no proper subset of D is a dominating set then D is said to be minimal . The
domination number v(G) is the minimum cardinality of a dominating set D of G.
There are many papers deals with different types of domination, such as 3], 4, 5] [@].
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Here, a new model of domination in graphs called the pitchfork domination and it’s
inverse, which were studied in [I} 2], are applied on some graphs formed by using
two types of operations.

Theorem 1.1. [2] The cycle graph C,, with n > 3 has an inverse pitchfork domi-
nation such that: V;fl (Cn) = mr(Cn) =51

Proposition 1.2. [I] Let G = K,, the complete graph with n > 3 , then v, (K,) =
n—2.

Proposition 1.3. [2] The complete graph K,, has an inverse pitchfork domination
if and only if n = 3,4 and W;fl(Kn) =n-2.

Theorem 1.4. [I] Let G be the complete bipartite graph, then:

m, fn=2Am<3 or n=1Am>2
Yot (Kn,m) =1 m—1, ifn=2m>3
n+m-—4, ifn,m>2.

Theorem 1.5. [2] The complete bipartite graph K, . has an inverse pitchfork
domination if and only if Ky m = K1 2, K2 2, Ko 3, K2 4, K3 3, K3 4 or K4 4 such
that:

1 _ 2 fO’f' KLQ
Yo (Kn,m) = { n+m—4ifn,m=2 34

Proposition 1.6. [I] For any graph G having a pitchfork domination set, if G has
a support vertex, that is adjacent to more than two pendents then all it’s pendents
belong to the pitchfork dominating set.

Note 1.7. [2] If v,5(G) > § then G has no inverse pitchfork domination.
Proposition 1.8. [2] Let G be a graph which has a support vertex adjacent to more
than two pendent vertices, then G has no inverse pitchfork domination.

2. THE MAIN RESULTS

The pitchfork domination and the inverse pitchfork domination are studied here
for some graphs constructed by corona or join operations.

Theorem 2.1. If G is a graph of order n, then:

1- (G © Ka) = fo@@Kz) = 'Ypf(GQEZ) = ’fo(EQEZ)
2- 1f(G +52> = 'Ypf(€+ 52> = s (G + K2) = 7,0 (G + K2)
- Ypr(G O K1) =7 (GO K1) =n.

n
n

Proof. Let D C V. 1 and 2: Since every v € (G is adjacent to two vertices of K5 or
K, then v € D. Therefore, every v € D dominates exactly two vertices. Thus, D
is vpr—set and D = V(G) with order n . Others cases are proved by the same way.
3: Since every support vertex or it’s leaf belongs to D, then D = V(G) is a
Ypf—set. (|

Theorem 2.2. If G is a graph of order n, then:
1- ’yp_fl(GQ Ky) = 'yp_fl(GQ Ks) =n.

2- ’y;fl(GQFz) = vzjfl(é@?z) = 2n.

3- ’yp_fl(GQFl) = 'yp_fl(§®?1) =n.
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Proof. Let D C V. 1- There are n cycles of order three and 7, !(C3) = 1 according
to Theorem [Tl The result is obtained.

2- Every vertex of G or G is a support vertex and is adjacent to two (non-adjacent
vertices of K. So that, D contains all vertices of G or G according to Theorem
part 1. Therefore, D! = V — D which has all vertices of the copies of K. Hence,
’yp_fl = 2n.

3- Similar to proof in Theorem [2.1] case 3. O

Theorem 2.3. G + Ky, G+ Ky, G+ K5 and G + K , have an inverse pitchfork
domination if and only if n < 2 such that:

vpf(G—i-Kz)—v f(G+K2)—n
2- fo (G+K2) = vpf (G-‘r Kg) = 2.

Proof. 1-Tf n = 1 then G+ K3 = G+ Ko = C3 which has v, !(C3) = 1 by Theorem
If n = 2 then D = V(G) by Theorem So, D7! = V(K3) which is a
Vps —S€t of order 2.

2- Since every v € G or G is adjacent to two vertices of Ko and v € D from Theorem
then we have D~! = V(K3). Hence, D~! dominates all vertices of the graph
and it is an inverse pitchfork dominating set. Every w € D~! dominates exactly
two vertices of G or G. Therefore, D™! is a ’yp_flfset of order 2. Now, If n > 3 then

the graph has no inverse pitchfork domination by Note since yp5 > "TH O

Theorem 2.4. For K,,Lwith m > 3 and G of order n, we have:
1- 1 (G © Kin) = 7pp (G © Kpy) = n(m — 1).
2- Y (GO Kp) = 7pf(G O Kyp) =nm.

Proof. 1- v, (Ky,) = m — 2 by Proposition then there are two vertices in every
copy of K,,, which are not in D. But all the vertices from every copy of K,, which
are adjacent to one vertex of G. Then we must add to D one vertex from every
copy of K,,. Hence, D is a pitchfork dominating set that contains m — 1 vertices
from every copy of K,,. Since, every vertex of D dominates exactly two vertices,
therefore D is a v, y—set with order n(m — 1).

2- Since every vertex of G becomes a support vertex and it is adjacent to m > 3
leaves of K ,,, then by Proposition D consists of only the end vertices which
are all vertices of n copies of K,,. Hence, 7,¢(G ® K,,) = nm. O

Theorem 2.5.E0r K,, with m > 3 and G of order n, then:
1. GOK,, and GO K, has an inverse pitchfork domination if and only if m = 3, 4
such that v, "GO K,) = ypf(GQK )=n(m—1).

2. GOK,, and G ® K,, has no inverse pitchfork domination.

Proof. 1- Km+1 has an inverse pitchfork domination if and only if m +1 =
where 7, ¢ ' (K1) = m—1 according to Propomtlon Therefore, 7, HGoOK,
Ypp (G © Kpp) = n(m — 1).

2- Since D contains all vertices of the copies of K,, by Theorem . And for all
v € G or G, then v is a support vertex that joins with more than two pendents.
Then v ¢ D*1 and there is no Y, fl—set according to Proposition ([l

3,4
n) =

Theorem 2.6. For any graph G of order n and complete graph K,, with m > 3,
we have:
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1o ypp(G + Km)f ’Ypf(é‘F Km) = [V(G)| + s (Km) =n+m —2.
2. G+ Ky, and G + Ky, has an inverse pitchfork domination if and only if n =1
and m = 3 such that ’y;fl(G +Kp) = 'ygfl(G +Kp) =2.

Proof. 1- Since vp5(K,,) = m — 2 by Proposition and since every vertex in
G is adjacent with all vertices of K,,, then all vertices of G must belong to the
dominating set D. Hence v,;(G + Kp,) =n+m — 2.

2- It is clear from PropositionI.3} O

Observation 2.7. Let G be a disconnected graph with Hy, Ho, - - - , H,, components,
then:

1- ypy (G) = Z?:l Vs (Hi)-

2- 'Yp_fl (G) = Z?:l "Yp_fl (H;).

Theorem 2.8. For a connected graph G1 of order n > 2 and a null graph Gy of
order m > 2, we have:

n+m—3< (G +G2) <n+m-—2

Proof. Let v1,v9 € V—D where v; € G and v9 € G3. Then any vertex of G; which
is adjacent to v; will dominates v; and vo. Any vertex of G; which is not adjacent
to v1; will dominates only vy. While all vertices of G5 unless vy will dominates only
v1. Therefore, V' — D can not take another vertex of G5. But V — D can contain
another vertex from G say u (by condition: G is not a complete graph and there is
no vertex in G adjacent with both v; and u). Hence 7,7 (G1+G2) = n+m—3 when
the condition hold. But if the condition doesn’t hold, then v, (G1+G2) = n+m—2.
Therefore, in general n +m — 3 < v,7(G1 + G2) <n+m —2. O

Theorem 2.9. For any two connected graphs G1 of order n > 2 with v,¢(G1) and
G2 of order m > 2 with vp5(G2), then:

1. v (G1+ G2) = Yps(G1) + vpr(G2) and vpr(G1 + G2) =n+m — 2.

2. G1+ G2 has an inverse pitchfork domination if and only if n = m = 2 such that
'V;fl(Gl + Gz) =n+m— 2.

Proof. 1- Let V — D consists of two vertices one vertex from G; (say v1) and one
from G5 (say v2). Since G is a connected graph then for any vertex u; € Gy which
is adjacent to vy, then u; dominates v; and vo. Also, since G is a connected graph
then for any vertex us € Go which is adjacent to vs, it will dominate v; and wvs.
The other vertices of G; dominate only vo and the other vertices of G5 dominate
only v1. Therefor, all vertices except v, and vy belong to D which is a 7, s —set.

2- The proof is clear when n = m = 2. If n +m > 5 then there is no inverse
pitchfork domination according to Note since v,5(G1 + Ga) > 5. O

Theorem 2.10. Let G; and G2 be two null graphs of order n and m respectively,
then:

1- Ypp(G1 + G2) = Ypp (Kn,m)-

2- G1 + G2 has an inverse pitchfork domination if and only if n =1 and m = 2 or
n, m=2,3, 4 such that ”yp_fl(Gl +Go) = *yp_fl(Kn,m).

Proof. Since the bipartite graph formed by joining any two null graphs, then the
pitchfork domination and it’s inverse given according to Theorem [I.4] and Theorem
1.0l (]
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Theorem 2.11. For any two graphs Gy and G2, of order n and m respectively
(n,m > 2), then:

n+m—4<v(G+G2) <n+m-—2

Proof. To prove the lower bound, suppose that G; and G2 are two null graphs
having as few edges as possible. Then v,r(G1 + G2) = Vpf(Kpn,m) =n+m —4 by
Theorem [T.4) and Theorem Also, to prove the upper bound, suppose that G4
and Go are two complete graphs. Then ,;(G1 + G2) = Vpr(Kp+m) =n+m — 2
by Proposition [T.2] O

3. CONCLUSION

The pitchfork domination and the inverse pitchfork domination are determined
when j = 1 and k£ = 2 for some graphs that obtained from two types of operations:
corona operation and join operation.
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