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Abstract

In this paper, we investigate eigenvalues and eigenvectors of the g-frame operator of
{A;P € B(K,H;) : j € J}, where {A; € B(H,H;) : j € I} is a g-frame for an N-
dimensional Hilbert space H and P is a rank k orthogonal projection of H onto K, a
closed subspace of H.
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1. Introduction

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [2] in 1952. They
used frames as a tool in the study of nonharmonic Fourier analysis. In 2006, g-frame as a
generalization of frame was introduced and investigated by Sun [5]. For more references
on g-frames, we can refer to [3,6,7]. The authors of [1] discussed eigenvectors of a frame
operator in a finite dimensional Hilbert space. In this paper, we study eigenvalues and
eigenvectors of a g-frame operator in a finite dimensional Hilbert space.

Throughout this paper, H is an N-dimensional Hilbert space and {H,}cy is a finite se-
quence of Hilbert spaces, where J is a finite subset of N. We denote the space of all
bounded linear operators from H into H; by B(H, H;).

Definition 1.1 ([5]). A sequence of operators A = {A; € B(H,Hj;) : j € I} is called a
g-frame for H with respect to {Hj};ey, if there exist two constants 0 < A < B < oo, such
that

AlFIP <IN AP < BIIFIP,  f e H, (1.1)
Jel
A and B are called the lower and upper g-frame bounds, respectively.
We call A = {A; € B(H,Hj) : j € ]} a tight g-frame if A = B and a Parseval g-frame if
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A = B = 1. If the right hand inequality of (1.1) holds for all f € H then we say that A is
a g-Bessel sequence. Let us consider the space

F={{e: 5 My 5 e, TIAIE < +oo)

JjeJ

with the inner product given by ({f;}jer,{9j}jer) = 2jer(fi, ;). It is easy to show
that H is a Hilbert space with respect to the pointwise operations. It is proved in [4], if
A={A; € B(H,Hj):j€l}is a g-Bessel sequence for H then the operator

Ty:H— H, Ta({fitjen) =Y Ai(f)), (1.2)
jel
is well defined and bounded and its adjoint is
Ti:H — H, Tif ={\if}jen

Also, a sequence A = {Aj € B(H,H;) : j € I} is a g-frame for H if and only if the operator
Ty defined by (1.2) is bounded and onto. We call the operators Ty and T}, the synthesis
and analysis operators of A, respectively. If A = {A; € B(H, H;) : j € J} is a g-frame for
H, then

SAZH—>H, SAf:ZA;AJf,
JjeJ
is a bounded invertible positive operator [5]. Sy is called the g-frame operator of A and
F="SPINA f =D NS, fed.
J€J Jjel
Here we state the following lemma and omit its proof.
Lemma 1.2. If {A; € B(H,H;) : j € J} is a g-frame for H and P is an orthogonal

projection of H onto K, a closed subspace of H, then {A;P € B(K,H;) :j € J} is a
g-frame for K.

2. Main results

In this section, we give some classifications of eigenvalues and eigenvectors of the g-
frame operator of {A;P € B(H, H,) : j € J} where {A; € B(H,H;) : j € J} is a g-frame
for H and P is an orthogonal projection on H.
Proposition 2.1. Let {Aj € B(H,H;): j € J} be a g-frame for H. Lete; € H, |le1]|| =1
and let P be the orthogonal projection of H onto span{ei}. Then the following statements

are equivalent:
(1) e1 is an eigenvector for Sy with the eigenvalue Ai.

(2) > el HA]'61H2 =\ and ZjEJ<A]’€1,A]’f> =0 forall fe(I—P)H.
Proof. Assume that (1) holds; we have

S lAjerl? = (3 AjAjer,en) = (Saer,en) = i

e e
If f € (I — P)H, then
> (Ajer, Ajf) = (Sper, f) = Aifer, f) = 0.

Jjel
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Conversely, let (2) hold; choose {e;}¥, so that {e;}Y, is an orthonormal basis for H.
Then

N
Sper = Z SA€1761 € = ZZ<A elaA e'L
=1

i=1j€]
N
=> (HAjelHZ)el +> (Z <Aj617Ajei>)ez‘ = Arer.
j€T =2 jel
Therefore e; is an eigenvector for Sy with the eigenvalue A;. g

Proposition 2.2. Let {A; € B(H,H;) : j € I} be a g-frame for H. Let {e;}}¥; be
an orthonormal basis for H and e; be an eigenvector of Sx with the eigenvalue \;, for
1=1,2,....N. Then

N
STINAP =D Nllf. e’ feH
=1

jel
and
N S
Z<A]f7AJg>:ZA’L<JC7€Z><97€Z>7 fageH'
j€el i=1

Proof. We have
YA 117 = (Saf. f)

j€J

N N
(Yt eded Y (feiles )

J=1
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Ailf,ei)(fsej)(eis ej)

il (e,
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Il
—

for all f € H. On the other hand
JjeJ
N

(f.ee),> (g, €j>6j>

J=1
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)‘l<f7 €i><g, €i>a

for all f,ge H. O

Theorem 2.3. Let {A; € B(H,H;) : j € J} be a g-frame for H. Fix 1 <k < N and
let P be a rank k orthogonal projection of H onto a subspace K. Let Si be the g-frame
operator of {A;P € B(K, H;):j €I} and choose orthonormal family {f;}%_, in K. Then
the following statements are equivalent:
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(1) {f:Ye, is a family of eigenvectors of Sy with eigenvalues {p; }¥_,.
(2) We have

i) Y ONNFlP =i, 1<i <K,
Jjel
(i1) > (Nifi, Ajfiy =0, 1<i#l<k.
7€l
Proof. Let (1) hold. Then
STUA IR = ST APAIP = (Sifir i) = wil lfil P =
7€l JjeJ
for i =1,2,..., k. Similarly,
SN fi, Njfr)y = (Sufis i) = palfi, fi) =0, 1<i#1<k.
jel

Now, assume that (2) is true. Then choose {f;}~, ; so that {f;}X; is an orthonormal
basis for H. Then

N N
Sufi = (51 il = Y- ( X PAAGPS £ )V
I=1 =1 ‘jel
k
=Y (N fi, A fi) /i
I=1jel
k
= (Z <AjfiaAjfi>)fz’ +> (Z <AjfiaAjfl>)fl
J€l I=1 jel
1#1
k
— (SIAAIE) 4> (Z (Af A D) £
jel =1 eJ
1#1
= i fis
so, f; is an eigenvector of S7 with eigenvalue p; for i = 1,2, ..., k. g

Theorem 2.4. Let {A; € B(H,H;) : j € I} be a g-frame for H. Let {e;}Y | be an
orthonormal basis for H and e; be an eigenvector of Sp with the eigenvalue \;, for i =
2,...N. Fiz1 <k < N and let P be a rank k orthogonal projection of H onto K
subspace of H and let Sy be the g-frame operator of {A;P € B(K,H;) : j € J} and choose
orthonormal family {fl} ", in K . Then the following statements are equivalent:

(1) {f:Yr_, is a family of eigenvectors of S1 with eigenvalues {p; }¥_,.
(2) We have

N
) ZAn\(fi,enHQ =i, 1<i<k,

Z (firen)(Frem) =0, 1<i#j<k.

Proof. 1t is clear by Proposition 2.2 and Theorem 2.3. O
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Proposition 2.5. Let {A; € B(H,H;) : j € J} be a g-frame for H. Let {e;}Y, be
an orthonormal basis for H and e; be an eigenvector of Sy with eigenvalue \; for i =
1,2,....N. Let {Uj}g?:l be a partition of {1,2,...,N} and for every 1 < j < k let f; =
Yico; wi€i with || f;|] = Yieo, la;|> = 1. Let P be the orthogonal projection of H onto
K = span{fj}le and let Sy be the g-frame operator for {A;P € B(K,H;): j € J}. Then
{fj}?zl is an orthonormal basis for K and f; is an eigenvector of S1 with eigenvalue
1i = Yico, Nilai|? for i =1,2,...k.

Proof. We have

STNARLIP =D (Anfis Anfi)

nelJ nel
=> <An(z ajej), An () azel)>
nel jEoT; l€o;

=33 ajai(Anej, Aner)

nelJ jEUi lEO’i

= Z Z |aj]2<An€j, An€j> + Z Z ajail<An€j>Anel>

nel jeo; nel jleo;
o
=Y laj|*(Saejie;) + Y ajai(Saej, )
JjEOo; Jl€0;
o

= > Ajlagl? +0 =,

NS

for 1 <i < k. On the other hand

S fis ufi) = X (8n( X amen). a3 aier))

nel nej meo; teoy
= E E amait<SA€m7 et>
meo; t€oy
= E E )\mamait<ema €t> =0,
meo; teoy

for 1 <1 # [ < k. Therefore {f; };‘?:1 is an orthonormal basis for K and by Theorem 2.3,

[ is an eigenvector of S1 with eigenvalue pj = > e, Nila;|? for 5 =1,2, ..., k. O

Proposition 2.6. Let {A; € B(H, H;) : j € I} be a g-frame for H with dim H = 2N. Let
{e;}2Y, be an orthonormal basis for H and e; be an eigenvector of Sy with eigenvalue \;,
fO’/“i = 1,2, ,2N and )\QN < )\QN_l <. < )\1. Let )\QN_Z'+1 < j22 < )‘z fO’/“i = 1,2, ,2N
Then there exists a subspace K C H with dim K = N such that if P is the orthogonal
projection of H onto K, then {AjP € B(K,H;) : j € I} is a g-frame for K with the
g-frame operator Sy having eigenvalues i, po, ..., LN -

Proof. For 1 < i < N choose 0 < g; < 1 so that )\ieg + Aonv—it1(1 — 512) = u; and let
fi = eiei + /1 —e2ean—it1. So, {fi}@'JL is an orthonormal sequence in H. Let K =
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span{fi}¥ . We have

2N

Z)‘anZa €n>|2 = <SAfi7 fz>

n=1

= <SA (Eiei +/1- 5?62N7i+1)75i9i +4/1— 522€2N7i+1>
= <€z‘>\i€i + /1 —efdan—iy1ean—it1,€iei + /1 — 51262N—i+1>
= \ig] + Aon—it1(l =€) =i, 1<i<N.

For i # j,

2N

> _Anlfisen)(fisen) = (Safi, £)

n=1

- <SA (aiei + ﬂezjv—z‘ﬂ)ﬁjej + \/1_723?62N_j+1>

= <5i)\i€i + /1 —e2Xon—iv1€aN—it1, €565 + /1 — 5?€2N7j+1> = 0.
So by Theorem 2.4, f; is an eigenvector for S; with eigenvalue p; for ¢ =1,2,..., N. O

We close the paper by giving examples in which the conditions of Proposition 2.1 and
Theorem 2.3 are satisfied.

Example 2.7. Let H = C? and we define
A :C—C, A(z,y,2) =2z —y,
Ay :C3 —C, Ay(z,y,2) =z + 2y,
A3 :C> —C, As(z,y,z) = V62

Then {A; € B(C3,C) : j = 1,2,3} is a g-frame for C3 with the g-frame bounds 5,6.
Therefore, the g-frame operator of {A; € B(C3,C):j =1,2,3} is

Spy:C*— C3, Sa(z,y,2) = (5z,5y,62).

Then 5 is an eigenvalue of Sy with eigenvectors (1,0,0), (0,1,0) and 6 is an eigenvalue of
Sy with eigenvector (0,0, 1). Let {e; 3’21 be the standard orthonormal basis for C3. Let us
consider the orthogonal projection P on C3,

P :C? — span{(0,0,1)} = span{es}.
Then
3
> |Aj(es)]? =0+ 0+ [V6il]* =6,
j=1
and
3
Z<A]’(63),Aj(f)> = (Sp(e3), f) = (6es,creq + coen) =0, f e (I —P)C3.
j=1
Now, by the above assumption we define the orthogonal projection P on C? as follows:
For any (x,y,2) € C?, we have
(AlP)(I‘,@/, Z) =2z — Y,

(A2P)(x’y> Z) =z + 2y,
(AsP)(x,y,z) = 0.
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Thus the g-frame operator of {A;P € B(C3,C): j =1,2,3} is

Sl K — K
Si(z,y,2) = PSpP(z,y,2) = (bzx, 5y, 0).

Thus (1,0,0) and (0,1, 0) are the eigenvectors of S; with the eigenvalue 5. We have

> |Aj(er)]* =5,
j=1
and
D IAj(e)* =5
j=1
Also,

<Aj(€1)7Aj(62)> = <SA(61)7€2> - <(5,0,0), (07 170)> =0.

3
=1

J

Example 2.8. Let H = C" and we define
AjI(CN—)C, Aj(ﬂ?l,xg,...,.’EN):.Tj, 1§]§N—1
Ay :CYN —C, An(z1, 29, ...;xN) = 22 N.

Then {A; € B(CN,C) : j = 1,..., N} is a g-frame for CIV with the g-frame bounds 1, 4.
Therefore, the g-frame operator is

Sp:CN — VN
SA($1,1‘2, ...,.%‘N_l,l‘N) = (.7,'1,.7)2, ...,.Z‘N_1,41’N).

The eigenvalues of Sy are 1 and 4 and the eigenvectors of 1 are (1,0,0, ...,0), (0, 1,0, ...,0),
.,(0,0,...,1,0) and the eigenvector of 4 is (0,0,...,0,1). Let {e;}}¥, is the standard
orthonormal basis for CV and consider the orthogonal projection P on CV as follows:

P:CN — span{(0,0,...,0,1)}.
Then

N
o IAj(en)? =4,
j=1

and

N N—-1
D (Nj(en), Aj(f)) = (Salen), ) = (den, D ciei) =0, f e (I—P)CV.
= i=1

Now, we consider the orthogonal projection P on CV,
P:CN — K = span{(1,0,0,...,0),(0,1,0,...,0), ..., (0,0, ...,1,0)}
P(x1,x9,....xNn_1,2N) = (21,22, ..., ZN—1,0)
Then the g-frame operator of {A;P € B(CY,C):j=1,...,N} is
S1: K — K

Sl($17x27 "‘7xN—17:1:N) == (.’17175132, ey TN -1, 0)
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The eigenvalues of S; are 0 and 1 and the eigenvector of 0 is (0,0,...,0,1) and the eigen-
vectors of 1 are (1,0,0,...,0),(0,1,0,...,0), ..., (0,0, ...,1,0). We have

N
SIAj(e))P =1, 1<i<N-1,
=1

and
N
> (Ajler), Aj(ei)) = (Saler), ei) = (e, e) =0, 1<i#I<N-—1.
j=1
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