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Bu makalede, modifiye edilmis Coloumb Potansiyele sahip Sturm Liouville probleminin uyumlu mertebeli
versiyonu elde edilmistir. Calisilan sistem sinir kosullartyla Sturm Liouville operatériiniin uyumlu tiirevli daha
genel bir formati ispatlanmistir. Ayrica, goziinline alinan bu problem igin Ozdegerlerin reeligi ve
dzfonksiyonlarin a- ortoganalligini ispatlamustir. Ilaveten modifiye edilmis Coloumb Potansiyele sahip Sturm
Liouville problemin ¢oziimiiniin goriintisii bulunmustur. Sonuglar grafiklerle karsilastirmali  olarak
gosterilmistir.
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Conformable Sturm-Liouville Problem with Modified Coulomb
Potential

ABSTRACT

In this paper, Conformable derivative order version of the Sturm-Liouville problem having modified Coulomb
potential is obtained. The studied system proves the shape of the conformable derivative general statement of the
Sturm-Liouville operator with boundary conditions. Furthermore, real of eigenvalues and ea-orthogonal of
eigenfunctions have been proved for the problem considered. Additionally, the representation of the solution of

the Sturm-Liouville problem having modified Coulomb potential is found. The results are shown comparatively
by figures.
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I. INTRODUCTION

The idea of the fractional computation isas old as usual calculus. This concept was made when
n
L’Hospital in 1695 asked specifically what does the means of Zx—iwheren = % From that time on, intensive

research of fractional calculus in the last and current centuries has performed many types of research[1-4]. Some
researchers like Fourier, Liouville, Weyl, Riemann, Abel, Leibniz, Griinwald, and Letnikov attempted to put a
definition of the fractional derivative. Some of them used an integral form for the fractional derivative. From
these outcomes, the most well-known notions of the fractional derivative are Riemann-Liouville definition also
Caputo definition[5-8].

I. Riemann-Liouville definition. Assume that 0 < a < 1. Then the derivative of the functionf with
order « is defined by

" 1 f(® (1)
Dg(f)(t) = Tn—a)den U IO ]

I1. Caputo definition. The derivative of the functionf with order afora € [n — 1,n) is defined as follows

D () =

AR )
T(n—a) [ = xa d"]‘

n
Where DF is an operator of the left fractional derivative and :t—n is an operator of the derivative with integer

order, the acquired fractional derivatives in this measurement appeared difficult also do not satisfy some of the
main properties the same as normal derivatives for example chain rule, the product rule, and so on. The concept
Riemann—Liouville derivative does not fulfillDZ (1) = 0, (°DZ(1) = 0 for the Caputo definition), where a does
not belong to a natural number. However, some properties of these fragmentary administrators carry on well at
times[9-10]. In recent times, Khalil et al. give a new-well definition of local derivative named conformable
derivative which is applied a limit form same ordinary derivative form and satisfies all previous properties.
Additionally, they define a conformable integral with order ae(0,1]. They also really evaluated and showed
conformable Rolle’s theorem and mean value theorem through definition that founded by them [11]-[14].

Il. BASIC DEFINITION AND THEOREM

Definition 2.1. [11]Assume that f: [0, o) — R be a function, then the definition of the left conformable
derivative of the functionf with order a, where 0 < a < 1 is defined as follows

(TE)(E) = i f( tet-—a)™) - f(t) 3)

&

for every t > a. write T,, where a = 0. If (TZf)(t) exists on (a, b), then we have
(TEN)(@ = lim (TE)(O). (4)
In [15] let us f be a differentiable function on the interval(a, b) and a € (0, 1], so that

(T2 (O =t — )™ f' (0. ()
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Definition 2.2. [11]The right conformable derivative of f:[0,00) » R with order a,a € (0,1] is
defined as follows

f(t +e(b -0 — f(t)

ETH® = - ®)
for every t < b. We write ,T, whereb = 0. If (2T f)(t) exists on (a, b), then we have
STH(B) = lim (4T)(@). (7)

In [15] if f is differentiable function on the interval(a, b), then we can define the right conformable
derivative of 0 < a < 1 as

@TH® == —O7*f' (). ®)
If the conformable derivative of the functionfexists, then the given functionf is said to be a-
differentiable [16].

Definition 2.3.[16]Suppose that a € (n,n + 1] for n e N, and f be n-differentiable function at a pointt
for t > 0, the conformable derivative with order a of f is defined by

FUA-D (¢ 4 glal-a) _ plal-1(p)
. :

(Taf)(®) = lim )

Where [a] be the smallest integer number that greater or equal to a.Besides, for a € (n,n + 1], n is a positive
integer we can say that

(Tef) (@) = t (O fle (), 9)

From the above definition, we can say f is (n + 1)-differentiable function at non-negative number t.

Definition 2.4.[15]Assume that f: (0, ) — R be a given function and a € (0,1]. so that, the definition
of left conformable integral of f with order ais given by

12N© = [ F@de0)
(10)

:f (x — @) f(x)dx.

We are writing I, and d,x where a = 0.

Definition 2.5.[15] The right conformable integral with order « of the function f where f: (0, ) - R
and a € (0,1] is defined by
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b
I = f £ (o (b,x)
(11)

b
= f (b —x)*71 f(x)dx.

If b = 0, then we write ,/ anddx.

Definition 2.6. [15] Let f be a given function and 8 =a —n where 0 < a < 1, then the left
conformable integral definition that starting from a > 0 of f is

UENH® =I5 (- a)f 7 f) == U (t —0)"(x = )P f(0)dx|. (12)

Perceive that if @ = n + 1, then we obtain § = 1. Therefore, by way of Cauchy formula, the iterative integral of
f over n + 1 times on the interval(a, t] is provided

Iz H©®) = T (O = — [ f (t—x)"f (X)dX] (13)

Theorem 2.7.[15] Assume that @ € (0,1] andf: (0,) — R be given continuous function, for every
t>a

Telaf(t) = f(O. (14)
And

eTIf () = f(1). (15)

If f™(t) is continuous, then for & € (n,n + 1] both equations (15) and (16) hold.

Lemma 2.8. [15]Assume 0 < ¢ < 1 andf: [a, b) — R be a differentiable function, then for all t > 0

RTZf@) = f©) - f(@). (16)
And
el ST(H(®) = f(©) — f(b). 17)

Theorem 2.9. [15](Conformable integration by parts).Assume that f and g be two given differentiable
functions such that f, g: [a, b] — R, then

702



I | BSEU Fen Bilimleri Dergisi BSEU Journal of Science

I. 7(2), 698-713, 2020 DOI: 10.35193/bseufbd.668272
Ei-LEciK SEYH EDEBALI
UNIVERSITES] e-1SSN: 2458-7575 (http://dergipark.gov.tr/bseufbd)
b b
ff(x) Te (9)(x)dy (x, @) =fg|3—f g T () (x)de (x, @). (18)

Theorem 2.10.[17]Letp be a point in real number, then for p > 1 the set L? ([a, b], R), (a = 0) be a
Banach space along with the norm such that defined for f € L? ([a, b], R) as

b 1/p
Wmmwm=<LV@WQQ . (19)

Furthermore, spacel? ([a,b],R) is a Hilbert space along with inner product provided for all(f,g) €
Ly ([a, b], R) x Ly ([a, b], R)

b
Uﬂ%@mm=ff®MO%& (20)

I1l. MAIN RESULTS

For a < x < b, we are looking at the conformable extension thorough account of the Sturm-Liouville
eigenvalue problem having modified Coulomb potential

aTa 2 A 2 (21)
—TiTiy +a x—a+q(x) y=ay.
where% € C?9%[0,m]. We analyze (22) with boundary conditions
y(0) +cy'(0) =0, ¢*+c,*>0, (22)

ny(m +ny' (M) =0, r2+n2>0.

If TZTSy is continuous on [a. b] then we conclude that y is 2a-continuously differentiable. Also, y €
C?%[a, b] wherey € C1[a, b] and be 2a- continuously differentiable on [a, b].

Suppose that L be a linear operator described on certain elements such that

A
L(y,a) = =TgTgy + a® <x_“ + q(x)) Y (23)

then we can write (22) as

L(y,a) = a?1y. (24)
In this process, we generalize the easy outcome of a well-known Lagrange identity.

Theorem 3.1. Let y,,y, be 2a-continuously differentiable functions on the interval [0, 1], so that the
following equation maintain true
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f s LG @) = y1L (Y2 @)da () = 02 TEY1 — TEY)IE. (25)
0

This theorem is said to be the conformable Lagrange identity.

Proof. From (22), we see that

A
V2L (y1, @) = y1L(yo, @) = =y, TiTy, + a? <x_a + q(x)) Y1Y2

A
+yi TETEy, — a? (x_“ - q(x)) 1Ys (26)
=TTy =y T Ti v

by using conformable integration with order « of (27) and using conformable integration by parts from Theorem
3.1, we obtain

f s L @) = y1L(y2, @))de ()
0

U

s
- f VATST ey, dy(x) — f Vo TETEy, dy (x)
0 0

Vs
(27)
=117 Y210 — f Teyi Ty, dg(x)
0

s
=y Taylo + f Ty Ty, de(x)
0
= Tsy: — ¥ Tey)ls-

Proposition 3.2. Assume that y, and y, be two given function in 1[0, A] such that satisfy the boundary
conditions (23), then the following holds true

2Tadyr —y1Tay2)1o = 0. (28)
Proof: In (29) we have

2Ty = nTey2)ls = (M) (Tgy1) (1) — y1 (m) (T4 y2) ()

—(20) (T y1)(0) + y1 (0)(T5'y2)(0)).

(29)

Since ¢;2 + ¢,2 > 0, and 7,2 + 1,2 > 0, in the beginning, we assume that ¢; # 0 andr; # 0, without loss of
simplification and the proof of other cases going to be gotten similarly. Now in (23), we get
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Cy
y(0) = - C—y’(O).
1
§ (30)
ﬂm=—§ym)

By the above definitions (T¢y;)(x) = (x —a)* %y’ (x) and (T¢y,)(x) = (x —a)*~*y’,(x) because y;,y, €
C'[a, b]. Now by applying that and (29) in equation (28), we get

2 () (T y1) (1) = y1 () (Te'y2) ()

= __y (@) (T y1) () + y’ (m)(T&y,) (1)
(31)
_:—z(ylz(ﬂ')(ﬂ' - a)l—ay’l(n-) — y’l(n’)(n— _ a)l—ayrz(n,))
1

= 0.
Similarly

¥2(0)(T&y1)(0) + y1(0)(T¢y,)(0) = 0. (32)

Therefore the proof has been demonstrated.

Definition 3.3. [8] Let f and g be two given function then we say fand g are a-orthogonal in relation
to the weight function U(t) = 0, where

fuaﬁwﬂm@m=a (33)
0

Theorem 3.4.Both eigenfunctions y, and y, of the Sturm-Liouville eigenvalue problem (22) — (23)
corresponding to different eigenvalues A, and 2, respectively are a-orthogonal where (y;,y,) € L% ([0, ], R) X
L% ([0, 7], R).

Proof. in (25) we see that
L(y;,a) = ‘752/11)’1 (34)
Ly, @) = a?A,y, (35)

multiplying (35) by y,also, multiplying (36) by y, and subtracting both equations, then we receive that

A = /12)0-’23/13’2 = y,L(y1, @) — y1L(y,, @). (36)
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By using the conformable integration with order a and the conformable Lagrange identity theorem, we see that

(A, — 1)a? f

0

V1Y2 do(x) = J- 2 L(yy, @) — y1L(yp, @))d g (x)

(37)
= [.Teyr — i Tey2115

=0,

it is according to Proposition 3.2. In (38) we getf:yly2 d,(x) = 0 because the eigenvalues A, and A, are
distinct and a? = 0, this fulfills the proof.

Theorem 3.5. Eigenvalues of the conformable Sturm-Liouville eigenvalue problem (21) — (23) are
real.

Proof. Assume that y be a solution of the conformable Sturm-Liouville eigenvalue problem (21) —
(23). By applying the complex conjugate of (21) — (23), then we obtain that

LG\ a) = ~TETSy + a? (ia n q(x)) 7
x (38)

= a?lj.
Cl}_/(O) + 62}7’(0) = 0, C12 + C22 > 0.

B (39)
ny(@ +nry' (m) =0, r?+nr2>0.

By using comparable measures to the proof of Theorem 3.4 for y, =y ,y, = ¥, 1; = 2and 1, = A, we get

@(1-1) [ el du) = [ GL0,0) ~ 316, 0)da(2)

_ _— (40)
= [yTey — yTgy.llo

=0

So, f:ly(x)l2 d,(x) # Obecause |y(x)|? is positive, since a?> 0, Then 1 —1 =0 = 1 = 1. Hence, the
eigenvalues must be real.

Definition 3.6.[7] We assume that y, (t), y,(t),, y,(t) are (n — 1) times a-differentiable functions
and 0 < a < 1. So that, we are denoting the conformable Wronskian of that functions by W, (y;, .., y,) and
defined as

Y1 Y2 In
TQ 7O Ta
WG, Yz o) = | %2 ¥z e (41)
(-Urdy, DTy, . O-UTgy,
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Theorem 3.7. Suppose that y € C2#[0, ], then the representation of the solution of the Sturm-Liouville
eigenvalue problem having modified Coulomb potential

—T,Tpy + a? (:;a + q(x)) y =a’ly, (42)
With both initial conditions y(0,4) = 1 and T2y (0,1) = h is
h a [(*[A .
y(x) = cos(ﬁx“) + msm(ﬁx“) + \/_IJ; <t_"‘ + q(t)) y(t) sin (\/I(x“ — t“)) d.t. (43)
Proof. To get a solution of (43) we need to find y, and y,.
T, T,y + a’Ay =0 (44)

x% x% x% x%
we look for y = e"«, then T,2y =re”@ and T,T,y =r?e"«. So, in (45) we get (2 + a’e’a = 0 =.
Hence, we obtain that r; = a+/Ai and r, = —a~/2i. So,

V=10 cos(\ﬂx“) +c, sin(ﬁx“). (45)

Suppose that y; = cos(VAx%) and y, = sin(vAx®), then we have

Yp = UY1 T UV, (46)
TaYp = Ty + i Teyy + Towyz + Uz 1oy, (47)
Touyy; + Tauzy, =0 (48)
ToTeyp = Toui Toyr + Ui ToTayr + Touo Ty, + U T T o, (49)

By taking (47) and (50) in (43), we get

A
—Tous Toy1 — Wi TaTays — TatTaY, — UpToTay, + @ (x_“ + Q(x)) y = a?dury; + a?Au,y,
2 2 o
Taur Tayr + Taua Toy, + us(ToToys + a?Ayy) + up(To Ty, + a®dy,) = a o +q(x) |y

A
Tou Teyr + Toup Ty, = a? <x_"‘ + Q(x)) y (50)

So, by (49) and (51) we receive that
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Touy cos(VAx®) + Tu, sin(vax®) = 0 (51)
A
—a\/ITaul sin(ﬁx“) + o:\/ITO(u1 cos(ﬁx“) = ¢? (x_“ + q(x)) y (52)

By applying Definition 3.6 to find a-Wronskian of y, and y, as

Woe 1, ¥2) = Y1Tay2 — Y2Ta1

= avA (cos(VAx®))? + ax/i(sin(x/ﬁx"‘))2 (53)
= aVi
0 sin(vVAx®)

a? ,;ia +q(x) )y cos(vVax®) A (54)
T,u, = ( a>ﬁ = - % (x_“ + q(x)) y sin(VAx%).

cos(VAx®) 0

sin(VAIx) @ (&+a@)y| 4 /4 (55)
Tou, = i T( +q(x))ycos(\/_x ).
U = j_ x( + q(t)) y(t) sin(VAt?) dgt. (56)
u, = \/_f (t“ + q(t))y(t) cos(\/_t“) d,t. (57)

By taking the value of u; and u, in (47) we obtain
Yp = MJ < + q(t)) y(t) sm(\/_t“)d t
N CZSln(‘/_xa)f < + q(t)) y(t) COS(\/_ta) d t
(58)

= —fx (ti“ + q(t)) y(t)[sin(ﬁx“) cos(ﬁt“) - cos(ﬁx“) sin(ﬁt“)]dat

— _fx (;ia + q(t)>y(t) sin (\/I(x“ - ta)) dgt
0
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Thus, from (46) and (59) we have
y(x) =¢ cos(ﬁx“) +c, sin(ﬁx“) + \%J—X <t£“ + q(t)) y(t) sin (\/I(x“ — t“)) dgt. (59)
0

By applying the boundary conditions, we get that 1 = c,cos0 + c,sin0 = ¢; = 1 and h = —a/Ac;sin0 +
avAc,cos0 = ¢, = aLﬁ then in (60), we get

h XA
y(x) = cos(ﬁx“) + msin(ﬁx"‘) + %fo (t_“ + q(t))y(t) sin (\/I(x"‘ — t“)) dgt. (60)

Application 3.8. In [18] for 0 < @ < 1 by using the Frobenius method we obtained the solution of
modified power series within a regular singular point x = 0 of

1
—T, T,y + a? pride 0, (61)
as
y(x) = Z Co xm+Da (62)
s nl(n+1)! '
n=

Equation (61) is the first solution of conformable Sturm-Liouville eigenvalue problem having modified
Coulomb potential in the homogeneous case for A

307 —
///
7
— a=02
25 /'/ a=0.4
// - e
P y — a=0.6
2.0t / =08
/s
0.0 0.5 1.0 1.5 2.0 25

Figure. 1. The solution of the equation (62) when in(63)c, = 1.
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Gt / — Co=1
cp=2
= cp=3
/,///-/. — cy=4
i o
J/',./"
3 ///
s
5 =
1 ///
/"/
0.0 0‘5 1‘0 1 ‘5 20

Figure 2. The solution of the equation (62) when in (63)a = 0.5.

Furthermore, the first solution to
2 1 2 63
T,Tyy — a x_ay = a‘ly, ( )

where0 < a <1is

Y0 = g (x“ NESETN @i+ ., (BA+D 2422+ (201+1) )

2 223 © "22334"F 2233445 (64)

— a=0.2
a=0.4
a=0.6
— a=0.8

0.0 01 0.2 03 04 05

Figure 3. The solution of the equation (64) when in(65)A = 1,¢, = 1.
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— a=02

a=0.4
— a=06
— a=0328

\\ “
1 .\. L I 1
0.2 04 “\ 0.6 0.8 1.0
\\
<2l \

Figure 4. The solution of the equation (64) when in (65)c, = 1,4 = —1.

100+
— A=1

A=2
— A=3
— A=4
60+

40+

20}

0.0 0.2 04 0.6 0.8 1.0 1.2 14

Figure 6. The solution of the equation (64) when in (65)a = 0.5,¢, = 1.

IV. CONCLUSION

The conformable extension through the study of the Sturm-Liouville eigenvalue problem having modified
Coulomb potential is recognized. We proved the conformable Lagrange identity theorem by using conformable
integration by parts. Defined orthogonality of two functions and using this definition can show that the
eigenfunctions of the Sturm-Liouville eigenvalue problem corresponding to different eigenvalues are a-
orthogonal. By applying the complex conjugate of the problem (21) — (23) we showed that the eigenvalues of
this problem are real. Furthermore, by applying the definition of the conformable Wronskian function discovered
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the representation of the solution to the Sturm-Liouville eigenvalue problem having modified Coulomb potential.
We have known that the outcomes of the solution of conformable Sturm-Liouville eigenvalue problem having
modified Coulomb potential in the homogeneous case are different with distinct order of derivative, see Fig. 1.
Also, the series solutions are increasing on different positive scalar multiplication with order a = 0.5 and they
are different, can see Fig. 2. The solution of a non- homogeneous case approach to negative infinite number for
negative eigenvalues 4, see Fig. 4. and Fig. 6.
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