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Abstract 0

In today's developing financial markets, various complex
techniques are used in the creation of portfolios that will
provide the best return to the investors. In this study, a
portfolio selection model that includes investment data
and expert opinions is proposed. This model consists of
two stages. In the first stage, the weight of the criteria in
the portfolio selection problem was determined by the
Constrained Fuzzy Analytic Hierarchy Process method
proposed by Enea and Piazza. In the second stage, the
model proposed by Lai and Hwang was used to solve the
problem of fuzzy linear programming to be formed by
using the determined criteria weights. These two methods
in the literature use triangular fuzzy numbers (TFNS) in
the solutions process of the problem. The methods used in
this study were developed for trapezoidal fuzzy numbers
(TrENs) and an alternative method for portfolio selection
problems was proposed.

Keywords: Fuzzy Analytic Hierarchy Process (FAHP),
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‘Oz

Giliniimiiziin gelismekte olan finansal piyasalarinda,
yatirimcilara en 1iyi getiriyi saglayacak portfoylerin
olusturulmasinda cesitli karmasik teknikler
kullanilmaktadir. Bu ¢aligmada, yatirima iligkin verilerin
ve uzman gorislerinin de dikkate alindigi bir portfoy
secim modeli Onerilmistir. Model iki asamadan
olusmaktadir. Ilk asamada portfoy se¢im problemindeki
kriterlerin agirligi, Enea ve Piazza tarafindan Onerilen
Kisith Bulanik Analitik Hiyerarsi Siireci yontemiyle
belirlenmistir. ikinci asamada, Lai ve Hwang tarafindan
onerilen model, Dbelirlenen kriterlerin  agirliklar
kullanilarak olusturulan bulanik dogrusal programlama
problemini ¢ézmek i¢in kullanildi. Literatiirdeki bu iki
yontemde, problemin ¢6ziim siirecinde iiggen bulanik
sayilar kullanilmaktadir. Bu ¢alismada, kullanilan bu iki
yontem yamuk bulanik sayilar igin gelistirilmis ve portfoy
secim problemleri i¢in alternatif bir yontem onerilmistir.
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Portfolio Optimization with Linear Programming Based on Trapezoidal Fuzzy Numbers

GENISLETILMIS OZET

Calismanin Amaci: Gelisen teknoloji ile birlikte yatirimeilar bilgisayar yazilimlarindan faydalanarak
yatirimlarini yonlendirmeye baglamislardir. Bu yazilimlarin yatirrmeinin goriislerini dikkate almamasi, ortak yatirim
kiimesine sahip biitiin yatirimcilar i¢in ayni risk seviyesinde ayni1 beklenen getiriye ulagmalarina neden olmaktadir. Bu
yiizden bu yazilimlar bir takim bilgisayar uygulamalarinin 6tesine gecememistir. Bu soruna ¢dziim iiretmek amaciyla,
bu ¢alismada yatirima iligkin verilerin ve uzman goriislerinin de dikkate alindig1 bir portféy se¢im modeli 6nerilmistir.
Onerilen model, literatiirde iiggen bulanik sayilar1 kullanan iki yontemin, yamuk bulanik sayilar igin gelistirilerek
birlestirilmesi ile olusturulmustur. Onerilen modelde yamuk bulanik sayilarin kullanilma nedeni, yamuk bulanik
sayilarin optimal ¢oziim agisindan {iggen bulanik sayilara kiyasla daha esnek ve basarili sonuglar vermesidir. Onerilen
model ile bulanik dogrusal programlama probleminin, bulanik kisitlarin ve uzman goriislerinin kullanilabildigi alternatif
bir portfdy secim yontemi sunulmustur. Onerilen ydntemin, finansal piyasalardaki belirsizlikler karsisinda yatirim
yapmay1 planlayan tasarruf sahiplerine etkin yatirim yapma konusunda yardimeci olacag: diistiniilmektedir.

Arastirma Sorulari: Portfoy secim siirecinde finansal oranlar ile uzman goriiglerinin birlikte kullanilmasinin
etkisi nedir? Kisith Bulanik Analitik Hiyerarsi Siireci yonteminden elde edilen agirliklarin kesin sayiya
dontstiiriilmeden kullanilmas1 miimkiin mii? Portféy se¢im modeline yamuk bulanik sayilarin kullaniminin katkisi
nedir?

Literatiir Arastirmasi: Bu calisma kapsaminda portfoy se¢imi probleminin ¢6ziimiinde Enea ve Piazza
tarafindan 6nerilen Kisithh Bulanik AHP yontemi kullanilmustir. Ulusal ve uluslararasi literatiir incelendiginde, bu
yontemin kullanildigi birgok ¢alisma goriilmektedir. Enea ve Piazza, birden fazla proje segenegi iginden en iyisinin
secilmesi i¢in Bulanik AHP yontemini kullanmislardir. Calismada, Bulanik AHP’de Genigletilmis Analiz Yo6nteminin
eksikliklerinden bahsedilmis ve bu eksikligi giderecek bir yaklagim onerilmistir. Bu yaklagimda, bulanik sayilarin aralik
degerlerinin azaltilmasiyla belirsizligin azaltilacagi belirtilmistir (Enea ve Piazza, 2004). Tiryaki ve Ahlatgioglu
Bulanitk AHP yontemi ile portfdy se¢imi problemlerini birlestiren yeni bir yontem Onermislerdir. Bu yontem ile bir
yatirrmcinin  portfoyline hangi hisse senedinden ne kadar alinmasi gerektiginin belirlenmesini kolaylagtirmay1
amaglamaktadirlar. Bunu yapmak i¢in dnce Enea ve Piazza tarafindan verilen bulanik AHP yontemini ele almislardir.
Bu yontemdeki bazi hatalar revize edilerek, Revize Edilmis Kisitli Bulanik AHP y6ntemini 6nermislerdir (Tiryaki ve
Ahlatcioglu, 2009). Ahari ve digerleri, Tahran borsasinda baz ilag sirketlerinin hisse senetleri arasinda sinirl bir fon
tahsis etmeyi planlamiglardir. Calismalarinda Enea ve Piazza ile Van Laarhoven ve Pedrycz tarafindan sunulan iki
Bulantk AHP yontemi kullanmiglardir (Ahari vd., 2011). Bu c¢alismanin daha sonraki asamasinda amag
fonksiyonundaki karar degiskenlerinin bulanik say1 oldugu bir dogrusal programlama problemi olusturulmustur. Bu
dogrusal programlama probleminin ¢dziimiinde Lai ve Hwang tarafindan onerilen yontemden yararlanilmistir. Lai ve
Hwang 1992 yilinda yapmis olduklart ¢alismada dogrusal programlama probleminde amag¢ fonksiyonundaki karar
degiskenlerinin katsayilarinin belirsiz oldugu durumu ele almislardir ve bu durumdaki problemlerin ¢oziilebilmesi igin
yeni bir yontem onermislerdir (Lai ve Hwang, 1992).

Yontem: Bu calismada 6nerilen algoritma iki asamadan olusmaktadir. ilk asamada, portfdy segim siirecinde
kullanilacak kriterlerin agirliklariin hesaplanmasinda Kisith Bulantk AHP yontemi ele alinmistir. Literatiirde liggen
bulamk sayilar kullanan ydntem, bu calismada yamuk bulanmik sayilar igin gelistirilmistir. Tkinci asamada ise, ilk
asamada gelistirilen yontemden elde edilen bulanik agirliklarin, amag¢ fonksiyonundaki fiyat degiskeni olarak
kullanildigi, bir bulanik dogrusal programlama problemi olusturulmustur. Bu problemin ¢6ziimii i¢in amag
fonksiyonundaki fiyat degiskenlerinin ticgen bulanik say1 olarak kullanildigr Lai ve Hwang tarafindan onerilmis olan
yontem ele alinmigtir. Bu yontemin iiggen bulanik say1 odakli teorik altyapisini, yamuk bulanik say1 kullanimina uygun
hale getirebilecek matematiksel modellemeler yapilmis ve sonug olarak birinci ve ikinci asamada yamuk bulanik sayilar
i¢in gelistirilen yontemlerin bir arada kullanildigi bir portfoy se¢im algoritmasi onerilmistir.

Sonu¢ ve Degerlendirme: Son olarak calismada, Onerilen modelin etkinligini irdelemek iizere literatiirde
bulunan 6rnek bir portfdy se¢im problemi ele alinmistir. Problem 6nerilen yonteme gore uyarlanmis ve ¢oziilmiistiir.
Problemin 6nerilen yontem ile ¢oziilmesi sonucunda; yatimcinin fonunun Anadolu Cam, Trakya Cam, Mardin Cimento,
Eregli Demir Celik ve Izmir Demir Celik hisse senetlerine sirasi ile %0, %0, %22, %0 ve %78 oranlarinda tahsis
edilebilecegi belirlenmisgtir.
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INTRODUCTION

In today's developing and liberalized financial markets, many different and complex techniques are
used in the creation of portfolios that will provide the best return according to the risk levels that investors
can take. The classical mean-variance model, which is considered as the basis of modern portfolio theory,
was developed by Markowitz (Markowitz, 1952). According to Markowitz, it is not possible to reduce the
risk by merely diversifying. The relationship between the returns is taken into account when making
portfolio diversification with the Markowitz model. Fuzzy Logic approach, which is started by Zadeh and
has many applications, is one of the techniques widely used in optimal portfolio selection. There are many
studies in the literature that use the portfolio selection process and the fuzzy logic approach. Sadjadi et al.
address fuzzy linear programming method, which determines the amount of investment in different time
periods. They expressed the rate of return and borrowing rates as triangular fuzzy numbers (TFNs). Using
fuzzy set theory, they developed a model for the cash amount and profits of investors (Sadjadi et al., 2011).
Lukovac et al. proposed a new model for developing a human resources portfolio based on a neuro-fuzzy
approach. The purpose of their model is to enable insight into the existing potential and plan assets to
improve and promote the employees’ potential in a company (Lukovac et al., 2017). In their study, Devran
and Deniz compared differences between Markowitz's Modern Portfolio Theory and Traditional Portfolio
Theory (Deniz and Okuyan, 2018). Deniz et al. researched diversification benefit of gold, platinum and silver
for stock portfolio in Istanbul Stock Exchange (BIST) between April 1999- April 2018 periods (Deniz et al.,
2018). Jafarzadeh et al. proposed a new method in their paper. This method combines Quality Function
Development (QFD), fuzzy logic, and Data Envelopment Analysis (DEA) to accounts for prioritisation,
uncertainty and interdependency (Jafarzadeh et al., 2018). Wang et al. introduced the Sharpe ratio in fuzzy
environments and proposed a fuzzy Value-at-Risk ratio in their study. They built a multi-objective model
based on these to ratios, to evaluate their joint impact on portfolio selection. Finally, they justified the
superiority of algorithm by comparing with existing solvers on benchmark problems and exemplified the
model effectiveness by using three case studies on portfolio selection (Wang et al., 2018). In their work, Kim
and Kim developed a new model for the optimal Liquefied Natural Gas (LNG) import portfolio. Their model
consists of a two-step portfolio model combining the mean-variance (MV) portfolio and the linear
programming (LP) model (Kim and Kim, 2018). The purpose of Topaloglu's study is revealing the
relationship between financial risks and firm value. He used panel data analysis method in his study
(Topaloglu, 2018). Liagkouras proposed a new algorithm for the solution of portfolio optimization problem.
He tested the performance of the proposed algorithm to the optimal allocation of limited resources to a
number of competing investment opportunities for optimizing the objectives (Liagkouras, 2019). In their
work, Bolos et al. developed a modern and innovative management tool based on the artificial intelligence
technique and the use of systems with fuzzy logic for companies to substantiate investment decisions in
assets purchased from the market (Bolos et al., 2019).

Another technique used effectively in portfolio selection is the Analytic Hierarchy Process (AHP).
This method was developed by Saaty to solve many complex problems. All the criteria that affect the stock
prices affect the selection of investors in the optimal portfolio selection. Therefore, it is a complex and multi-
criteria decision problem for investors to choose the appropriate stocks and decide on which ratios they will
form the portfolio. In the AHP, many criteria affecting stock prices are handled in a hierarchy, making the
complex structure more regular. In this method, the relative importance of the criteria is determined by the
decision makers. Decision makers use linguistic expressions when comparing. The linguistic variables under
the uncertain evaluations in their verbal judgments can be expressed in more rational terms with fuzzy
numbers. Fuzzy AHP method has been developed by using fuzzy numbers in comparisons due to this feature
of fuzzy numbers. Tanaka and Asai used objective function coefficients and right-hand side coefficients of
constraints as fuzzy functions in their studies (Tanaka and Asai, 1984). Nakamura solved the multi-objective
linear programming models, which are represented by triangular membership functions, by transforming
them into fuzzy linear programming models with partial membership functions (Nakamura, 1984).
Chang defined a new approach for handling fuzzy AHP, with the use of TFNs for pairwise comparison scale
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of fuzzy AHP (Chang, 1996). Tiryaki and Ahlatcioglu proposed a new method for group decision making in
fuzzy environment. In their paper, they used TFNs for the rating of each stock and the weight of each
criterion. They aimed to provide investors with information about ranking and weighting (Tiryaki and
Ahlatcioglu, 2005). Chen and Cheng proposed a fuzzy multi criteria decision making methodology in
ranking portfolios of information sourcing projects under uncertainty conditions (Chen and Cheng, 2009).
Yucel and Guneri expressed the linguistic values as TrFNs to assess the weights of the factors. They
obtained the weights by calculated the distances of each factor between Fuzzy Positive Ideal Rating and
Fuzzy Negative Ideal Rating (Yucel and Guneri, 2011). In their study, Xiao and Fu proposed a grey-
correlation multi-attribute decision-making method based on intuitionistic TrFNs to solve the problem that
the attribute weight depends on the various statuses and the attribute values offer multi-attribute decision
making in the form of intuitionistic TrFNs (Xiao and Fu, 2015). In their article, Solimanpur et al. presented a
new model for optimal portfolio selection using the genetic algorithm and AHP (Solimanpur et al., 2015).
Piasecki and Siwek focused on describing the imprecision risk for the portfolio rather than describing its
uncertainty. They used the present values of portfolio assets as TrFNs in their study (Piasecki and Siwek,
2018). In their paper, Chatterje et al. used fuzzy AHP for project prioritization in portfolio management
(Chatterje et al., 2018).

With the developing technology, investors started to direct their investments by using computer
software programs. However, since these programs do not consider the investor's opinions, they provide the
same expected return on the same risk level for all investors. With this drawback, investment related existing
software packages can be considered somewhat inefficient. In this study, a model including expert opinions
has been proposed. The model consists of two stages. In the first stage, the Constrained Fuzzy AHP method
proposed by Enea and Piazza was developed for TrFNs and the weights of the criteria were determined. In
the second stage, linear programming problem has been established in which the weight of the criteria
obtained as TrFNs is used as price variables in the objective function. The model proposed by Lai and
Hwang has been developed for TrFNs in order to solve the linear programming problem created by using
TrENSs. In this way, as an alternative to the methods in which the expert opinions are used as triangular fuzzy
numbers in the literature, a new method using trapezoidal fuzzy numbers is proposed. In order to examine
the effectiveness of the model, a sample portfolio selection problem in the literature is discussed. The results
obtained from the existing methods and the results obtained from the proposed model were compared.

1. CONSTRAINED FUZZY AHP

The Constrained Fuzzy AHP method focuses on the constraints within the fuzzy AHP in order to take
for all available information into consideration. This method is also used to calculate the weights of
alternatives in the portfolio selection process. The weights of the alternatives are calculated with the
Constrained Fuzzy AHP method using TFNs . The formulas used in the calculations are given in Equation
(1-3). Let S; = (S}, Smir Swi) be the fuzzy score for the it" criterion of triangular fuzzy pairwise comparison
matrix, where the indices [,m and u denote its lower, medium and upper respectively. According to the
Constrained Fuzzy AHP method proposed by Enea and Piazza, the center value of the fuzzy score related to
ith criterion (S,,,;) calculated by Equation (1) (Enea and Piazza, 2004).

1 14
no N\ [al/n n
Smi = Hmu ZI Hmk] (l,],k =1, ,n) (1)
j=1 k=1l j=1

S;; can be evaluated using the crisp mathematical programming model:

(/o Ni| Jaf/n \®
Sli=min|l Baii j/kzli gakj

(2)

Gjk=1.,n)

n
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subject to,
. 1 .
Qg (S [lkj,ukj], vj> k; Ajr = aj, Vi< k; ajj = 1

and similarly, S,;; can be evaluated using the crisp mathematical programming model:

1
n n n n t/n
Sui = max 1_[(11']' Z nakj (lp]pk = 1! ...,Tl)
l j=1 J k=1]\j=1

subject to,

3)

. 1 .
akj € [lkj,ukj], VJ > k; ajk = a, V] < k; a” =1
j
Tiryaki and Ahlatcioglu used the Fuzzy Analytic Hierarchy Process in the problem of portfolio
selection. They are intended to decide the content of the portfolio that will be created. To do this, they
handled the fuzzy AHP method given by Enea and Piazza. And they proposed Revised Constrained Fuzzy

AHP method by revising some mistakes in this method

(Tiryaki and Ahlatcioglu, 2009). Ahari et al. planned to allocate a limited funds among the stocks of
some pharmaceutical companies in the Tehran stock market, in their study. They used two fuzzy AHP
method which proposed by Enea - Piazza and Van Laarhoven — Pedrycz (Ghazanfar Ahari et al., 2011). In
his study, Yaghoobi apply the fuzzy analytic hierarchy process (AHP) to the issue of ordering key success
factors (KSFs) for software development projects. To do this, Yaghoobi first simplified the constrained fuzzy
AHP method, and then from systematic literature reviews, a preliminary list of potential KSFs that influences
software development projects was identified and compiled (Yaghoobi, 2018).

2. THE CASE THAT THE PRICE VARIABLES IN THE OBJECTIVE FUNCTION ARE
FUZZY

An efficient method to handle the uncertain parameters of a LP is to express the uncertain parameters
by fuzzy numbers which are more realistic and create a conceptual and theoretical framework for dealing
with imprecision and vagueness.

In their study Lai and Hwang discussed the situation where the coefficients of the price variables in
the objective function of the linear programming problem are uncertain (Lai and Hwang, 1992). In their
work, they aim to maximize the highest possible value of the uncertain profit, minimize the risk of lower
profits, and maximize the possibility of higher profits. If the ¢_i parameter corresponding to the prices in the
objective function is a fuzzy number, the linear programming problem is modeled as given in Equation (4).

n

maxz Eixl-
XEX (4)

i=1
(x €X ={x|Ax < band x > 0}

Here, the objective function coefficients are TFNs, expressed as
& = (¢, ¢, ¢?) and have a triangular probability distribution as given in Figure 1.
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Figure 1. The triangular possibility distribution of ¢;

¢/ is the most possible value (possibility = 1 if normalized), cip (the most pessimistic value), and ¢
(the most optimistic value) are the least possible values.

max " (™), (¢P)x, (%)) )

((c™)Tx, (cP) x, (c®)Tx) is the vector of three objective functions, (¢c™)Tx, (c?)Tx,and (c®)Tx. In
order to keep the triangular shape of the possibility distribution, it is necessary to make a little change.
Instead of maximizing these three objectives simultaneously, we are going to maximize (¢™)Tx, minimize
[(c™ — cP)Tx] and maximize [(c® — ¢™)Tx], where the last two objective functions are actually relative
measures from (c™)Tx, the first objective function (see Figure 2). The three new objectives also guarantee
the previous argument of pushing the triangular possibility distribution in direction of the right-hand side.

minZ; = (c™ — cP)Tx
max Z, = c™x, (6)
max Z; = (c®* — c™)Tx,x € X.

The crisp multi objective linear programming Equation (6) is equivalent to maximizing the most
possible value of the imprecise profit. At the same time, we have minimized the inferior side of the
possibility distribution. This means minimizing (I) which, in our opinion, is equivalent to “the risk of

obtaining lower profit”. And, we have also maximized the region (II) of the possibility distribution, which is
equivalent to “the possibility of obtaining higher profit”.

(cP)Tx (c™)Tx (c)Tx

Figure 2. The strategy to solve maxé” x

Firstly, the Positive Ideal Solution (PIS) and the Negative Ideal Solution (NIS) of the four objective
functions are obtained by Equation (7-9) (Hwang and Yoon, 1981).
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ZPIS = min(c™ — ¢P)Tx ZNIS = max(c™ — cP)Tx
1 xex( ) 1 xEX( ) 7
ZP1S = maxc™ x ZNIS = minc™T x

2 xeX 2 xeEX (8)
ZPIS = max(c® — c™)Tx ZNIS = min(c® — ¢c™)Tx

3 xEX( ) 3 xEX( ) (9)

The linear membership function of these objective functions can now be computed (Equation 10-12)

as:
( 1z, <zP1s
" -z PIS NIS
Uz, = 1 W 1" <72, <7 (10)
0 ZzZ,>2zNs
1 Z,<Z8S
Z, — 73"
Hz, :<m 738 <7, < 7§ (11)
L 0 Z,>ZNS
1 Zy<Z8S
Zy —z§" PIS NIS
Uz, = K m 7370 <73 <73 (12)
0 Zy>ZzyS

This normalization has also been applied by Seo and Sakawa’s study (Seo and Sakawa, 1988). Finally,
we solve Zimmerman'’s following equivalent single-objective linear programming model:

max a
pz, = a,(i=123) (13)
x € X.

Liu and Gao point out limitations of the existing method to solve fully fuzzy linear programming
(FFLP) problem and proposed a modified method to overcome these limitations (Liu and Gao, 2016). The
aim of Ebrahimnejad's article is to introduce a formulation of FLP problems involving interval-valued TrFNs
for the decision variables and the right-hand-side of the constraints. He proposed a new method for solving
this kind of FLP problems based on comparison of interval-valued fuzzy numbers by the help of signed
distance ranking (Ebrahimnejad, 2018). Taleshian and Fathali investigated the p-median problem with fuzzy
variables and weights of vertices. They showed that the fuzzy objective function also can be replaced by
crisp functions in their study (Taleshian and Fathali, 2016). In their study, Dong and Wan developed a new
method for the fuzzy linear program in which all the objective coefficients, technological coefficients and
resources are TrFNs (Dong and Wan, 2018). Arik and Toksari investigated a multi-objective parallel
machine scheduling problem under fully fuzzy environment with fuzzy job deterioration effect, fuzzy
learning effect and fuzzy processing times (Arik and Toksari, 2018). In their work, Yu et al. studied on the
dual-channel (the traditional channel and the E-commerce channel) supply chain network design (SCND) for
Fresh Agri-Product (FAP) under information uncertainty (Yu et al., 2018).

3. AN ALGORITHM BASED ON FUZZY NUMBERS FOR PORTFOLIO SELECTION

Step 1: n being the number of criteria and p being the number of decision makers involved,
comparison values (b; ;) relative to each criterion are determined by the decision makers as in Table 1.

Table 1. General form of the comparison matrix of each criterion

] o C, C
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(1 11 1) b121 b1n1
C, : : :
(1111) bizp binp
b211 (1 11 1) b2n1
CZ : : :
ba1p (1111) banp
(1111
1111
bnll bn21 (1 11 1)
(o : : :
ban anP (1 11 1)

A TrFN consist of four parameters indicated as b1, b, b3and b* and is expressed as follows:

bijp = (bup blzm bgp bfm (14)
bijp:The importance value of mt" criteria corresponding to nt"criteria, according to pt*decision
maker.
i,j :Number of criteria (i = 1, ...,n,j =1, ...,n)
p :Number of decision maker (p =1, ..., P)
Step 2: New TrFNs are obtained with pairwise comparisons of n criteria shown in

Table 1. For the comparison of C; and C; criteria, b;j, = (bj;, b, b, bi,), where
1
a;j = (biljl * biljz ek biljp)p
(15)
= (bijy * bifz *- Up) and
Ajj = [ailj af; aj; a?j] (16)

The new TrFNs, which express the decision maker’s opinions, are obtained by repeating the same
process n times for each paired comparison, using geometric mean. The obtained new TrFNs are given Table
2.

Table 2. The comparison matrix of each criterion, which consists of the new trapezoid numbers obtained

C, C, . C,
Cy 1111) a, ar Ain
C, ayq (1111) Aon

: 1111 :
Cn an1 An2 (1 11 1)

Step 3: The weights of the alternatives or criteria are calculated with the proposed method using
TrENs. The formulas used in the calculations are given in Equations (17-20). Let S; = (Sy;, Sm,i» Sm,i» Sui)
be the fuzzy score for the it" criterion of trapezoidal fuzzy pairwise comparison matrix, where the indices
[,m;,m, and u denote its lower, mediuml1,medium2 and upper respectively. S;; and S,,; can be evaluated
using the crisp mathematical programming model,

1 1
n n n n n
Sli =min Haij Z Hakj (l,},k = 1, ...,Tl) (17)
l j=1 J k=1l j=1

|
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1
n 7l

[ D0,
Sui=max| naij I/ZI 1_[“"1' I (i,jk=1,..,n)
- &U4
1

(18)
Ain € [lLin, uinl, Vn > i;a,; = a—.,Vn <i; app, =1
mn
Sm,i and Sy, ; are calculated by Equation (19-20).
— 1_ — 1_
n n n n n
Smyi = nmlij z Hmlkj @Gjk=1..,n) (19)
j=1 k=1 j=1
: ' : 1-
n n n n n
Smyi = anij z Hmij @Gik=1..,n) (20)
j=1 k=1 j=1

The weights obtained from Step 3 of the algorithm are shown in Table 3.

Table 3. Fuzzy weight of criteria/alternatives

Criteria Weights
Cl (SllrSmllrszlisul)
Cn (Stir Sinyir Syt Sui)

Step 4: By using the obtained weights, the linear programming problem given by Equation (21) is
modeled.

L T
max z wid; + Z By
=1 t=1

A < pg,(x), 1 =1,...,L (for all objective function)
Yt < tg,(x), t =1,.., T (for all fuzzy constraints)

L T
ZWl +Zﬁt = 1
=1 t=1

gr(x) < by, k =1, ..., K(for deterministic constraints)
ALY €101], w;,B: =20, x,, =20,(m=1,..., M)

In Equation (21), w; and f; are the weights coefficients that present the fuzzy goals and fuzzy
constraints obtained from TrFNs. A; and y; represents the fuzzy goals and the fuzzy constraint parameters.

(21)

Step 5: The four critical parameters of the trapezoid fuzzy weights obtained are pushed to the right as
shown in Figure 3, so that the fuzzy goal is maximized.

u
A

0 ]
S)™x (Sm) % (Sm,) x Su)7x

Figure 3. The strategy to solve maxSTx

The new four objective functions for solving the model are created as in Equation (22):
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minZz, = (Sm1 - Sl)Tx,
max Z, = S, X,
(22)

max Z3 = Sy X,

maxZ, = (Su - sz)Tx,x € X.

Step 6: In order to solve the equation (22), Zimmerman's fuzzy programming method was used in the
normalization process. Firstly, the Positive Ideal Solution (PIS) and the Negative Ideal Solution (NIS) of the
four objective functions are obtained by Equation (23-26).

ZE'5 = min(Sm, — 1) Z31S = max(Sm, —51) (23)
27 = ey Smx 22 = i S x 29
708 = max ST x ZNIS = min S, X (25)
25 = mar(S, =)' 7 = ip(Su = S x @

Step 7: Then the linear membership function of these objective functions is calculated:

H

A
( 1 zy < z1S
| NIS
1 T T
_ PIS NIS
| Hz, = J NS _PIS 21 SZ1S1Z) 27)
. Z Z
1
! z 0 z >z
0 - —
Zji:’l..\ Zj}:\”.ﬁ
7
A
1 7y < 2515
1
NIS
I Z,—Z
2~ 2
| _ PIS NIS
' Mz, =\ 7pls N5 22 SZ2S1Z (28)
1 Zy Zy
1
NIS
! 7, 0 Zy > Zp
0 L >
ZNIS Z;IS

Step 8: Finally, the results of the distribution of the portfolio are obtained by solving the linear
programming model given by Equation (29).

maxa
pz, > a,(i=123) (29)
x € X.

4. APPLICATION

In this section, a portfolio selection problem which is present in the literature is discussed. In addition,
a solution was obtained by the method based on the TrFNs proposed in this study. In the study, 5 companies
were determined using past price movements obtained from BIST; Anadolu Cam, Trakya Cam, Mardin
Cimento, Eregli Demir Celik and Izmir Demir Celik. In order to determine the distribution of the portfolio on
these five companies, seven criteria were determined as Price/Earnings (P/E), Net Profit/Stockholder’s
Equity (NP/SE), Net Debt/Market Value (ND/MV), Current Ratio (CR), Market Value/Book Value

Mehmet Akif Ersoy Universitesi Tktisadi ve Idari Bilimler Fakiiltesi Dergisi 643
Yil: 2019, Cilt: 6, Sayr: 3, ss: 634-650



Serkan AKBAS ve Tiirkan ERBAY DALKILIC

(MV/BV), Net Profit/Sales Revenue (NP/SR) and Net Profit/Total Assets (NP/TA). The hierarchical
structure of the problem is given in Figure 4 (Ahlatcioglu, 2005).

Portfolio

Anadolu Mardin Izmir Demir
Cam Cimento Demir Celik Celik

Figure 4. Hierarchy of the problem

Price/Earnings, Net Profit/Stockholder’s Equity, Net Debt/Market Value, Current Ratio, Market
Value/Book Value, Net Profit/Sales Revenue and Net Profit/Total Assets criteria are represented by
C;,C5,C5,C4,Cs ,Cq and C, respectively. The Current Ratio criterion is usually around 2. In this study, the
Current Ratio is defined to be a fuzzy constraint with the value of between 1.4 and 2.5. The ratios of Anadolu
Cam, Trakya Cam, Mardin Cimento, Eregli Demir Celik and Izmir Demir Celik are given in Table 4.

Table 4. Stocks and financial ratio

Anadolu Cam 10.7 11.5 10.0 1.3 12.6 7.6 2.04
Trakya Cam 8.9 12.5 0.2 1.2 18.3 8.6 2.17
Mardin Cimento 7.1 23.4 -26.2 1.9 34.9 20.7 5.83
Eregli Demir Celik 3.6 18.1 -9.0 0.7 18.0 12.7 1.86
Izmir Demir Celik 4.1 30.8 2.8 1.3 9.8 19.9 1.55

In the study of the literature, the importance degrees of the criteria were determined as TFNs by four
decision makers and is given in Table 5 (Ahlatcioglu, 2005).

Table 5. Importance degrees or criteria determined by the four decision makers

DM;| (579) (7910) | (579 | (579 (7910) | (579) | (357)
M, | (7910) 579 | (79 | (7910 (7910) | (579) | (357)
M; | (91010) | (7910) | (579) | (91010) | (7910) | (579) | (579
M, (579 (91010) | 6579 | (7910) | (91010) | 579) | (357)

In this study, these importance degrees are converted to TrFNs as shown in Figure 5.

644 Mehmet Akif Ersoy Universitesi Tktisadi ve Idari Bilimler Fakiiltesi Dergisi
Yil: 2019, Cilt: 6, Say1: 3, ss: 634-650



Portfolio Optimization with Linear Programming Based on Trapezoidal Fuzzy Numbers

1
1
)I/
1
1
1
1
1
1

S Smu Sma2i Sui
Figure 5. Transform from TFNs to TrFNs

The importance degrees which are TFNs have been converted into TrFNs by keeping the upper and
lower bounds of the fuzzy numbers constant and spreading the center to a certain range. The geometric
averages of the decision-makers' views, which are converted into TrFNSs, are taken. The importance degrees
of the criteria obtained are given in Table 6.

Table 6. The importance degrees of criteria given by decision makers transformed into TrFNs

Criteria Importance Degree
C, (6.30 7.69 8.49 9.49)
C, (6.85 8.22 8.95 9.74)
Cs (5.00 6.50 7.50 9.00)
C,4 (6.85 8.22 8.95 9.74)
Cs (7.45 8.79 9.43 10.00)
Ce (5.00 6.50 7.50 9.00)
C, (3.41 4.93 5.94 7.45)

The seven criteria for the problem are compared with each other according to the purpose of "portfolio
selection™. The importance degrees of the criteria given in Table 6 were compared with each other in pairs
and thus the comparison results are obtained. The same procedure was repeated for each criterion to obtain a
fuzzy binary comparison matrix, which was given in Table 7.

Table 7. Fuzzy pairwise comparison matrix for criteria with respect to goal ""portfolio selection"

Cy G Cs Ca Cs Ce Cy

¢ @ 1 1 1) |(0.650.86 1.031.39) | (0.70 1.03 1.31 1.90) | (0.65 0.86 1.03 1.39) | (0.63 0.82 0.97 1.27) | (0.70 1.03 1.31 1.90) | (0.85 1.29 1.72 2.78)

C,| (072097 1.16154) | (1 1 1 1) |(0.76 1.10 1.38 1.95) | (0.70 1.03 1.31 1.90) | (0.69 0.87 1.02 1.31) | (0.76 1.10 1.38 1.95) | (0.92 1.38 1.82 2.86)

C3|(0530.76 0.971.43) | (0510720911.31) | (1 1 1 1) |(0.510.730.911.31) | (0.50 0.69 0.85 1.21) | (0.56 0.87 1.15 1.80) | (0.67 1.09 1.52 2.64)

C, | (072097 1.16 1.54) | (0.70 0.92 1.09 1.43) | (0.76 1.10 1.371.96) | (1 1 1 1) |[(0.690.87 1.021.31) | (0.76 1.10 1.38 1.95) | (0.92 1.38 1.82 2.86)

Cs | (0.791.03 1.22 1.59) | (0.76 0.98 1.15 1.45) | (0.83 1.18 1.452.00) | (0.76 0.98 1.14145) | (1 1 1 1) |(0.831.17 1.452.00) | (1.00 1.48 1.91 2.93)

C | (053 0.76 0.97 1.43) | (0.51 0.72 0.91 1.32) | (0.56 0.87 1.151.79) | (0.51 0.72 0.9 1.32) [ (0.500.69 0.85120) | (1 1 1 1) |(0.67 1.09 1.52 2.64)

C; | (0.36 0.58 0.78 1.18) | (0.35 0.55 0.72 1.09) | (0.38 0.66 0.92 1.49) | (0.35 0.55 0.72 1.09) | (0.34 0.52 0.68 1.00) | (0.38 0.66 0.921.49) | (1 1 1 1)

The fuzzy weight of each criterion is calculated by the proposed algorithm and given in Table 8.

Table 8. Fuzzy weight of criteria

Criteria Weights
C, (0.09 0.14 0.16 0.21)
C, (0.10 0.15 0.17 0.23)
C; (0.09 0.12 0.14 0.21)
C, (0.11 0.15 0.17 0.23)
Cs (0.11 0.16 0.18 0.23)
Cs (0.09 0.12 0.14 0.21)
C; (0.05 0.09 0.11 0.17)

The linear programming model was created by using the obtained fuzzy weights.

ZP/E(min) = 10.7.X1 + 8.9x2 + 7.1X3 + 3.6X4, + 4-.1.X5, (30)
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ZNp/sE(max) = 11.5x1 + 12.5x; + 23.4x5 + 18.1x, + 30.8x5,
Znp/mv(min) = 10.0xq + 0.2x; — 26.2x3 — 9.0x4 + 2.8x5,
Zmy/Bv(max) = 1.3%1 + 1.2x5 + 1.9x3 + 0.7x4 + 1.3x5
ZNp/sR(max) = 12.6x1 + 18.3x; + 34.9x3 + 18.0x4 + 9.8x;
ZNp/TA(max) = 7-6x1 + 8.6x5 + 20.7x3 + 12.7x4 + 19.9x5
2.04x, + 2.17x, + 5.83x3 + 1.86x, + 1.55x5 = 2
X1+ Xy +x3+Xx4+x5=1,
X1,X2,X3,X4,X5 =0

Price/Earnings, Net Profit/Stockholder’s Equity, Net Debt/Market Value, Market Value/Book Value,
Net Profit/Sales Revenue and Net Profit/Total Assets Ratio goals are represent by Zp g, Zyp/sgs Znp/mv
Zuv/svs Znpssr and Zypra respectively. The percentage of investments to be made to the i th stock is
expressed as x;.

The maximum and minimum values for each objective function were determined under the constraints
of the model by using WinQSB software. Solutions for each of 6 objective functions are given in Table 9.

Table 9. The maximum and minimum values of the objective functions

p=0|p=1|@p=0—-(u=1)
Zp/E(min) 07 | 3.6 7.1
ZNP/SE(max) 30.8 115 19.3
ZND /My (min) 0 1 -26.2 36.2
Zyv/Bv(max) | 1.9 0.7 1.2
Znp/sr(max) | 34.9 9.8 25.1
ZnpjTA(max) | 20.7 7.6 13.1

A fuzzy multi objective linear programming model (P,) is generated using fuzzy weights obtained
from the Constrained Fuzzy AHP method using TrFNs.

max (0.09 0.14 0.16 0.22)4, + (0.10 0.15 0.17 0.23)1,
i +(0.09 0.12 0.14 0.21)1; +
(0.11 0.15 0.17 0.23)4, + (0.11 0.16 0.18 0.23)A5 +
(0.09 0.12 0.14 0.21)A4 + (0.05 0.09 0.11 0.17)2,

1 < 10.7-(10.72, +8.9x,+7.1x3 +3.6X4 +4.1x5)
1= 7.1

1 < (11521 +12.5x,+23.4x3+18.124+30.8%5)~115
2= 19.3

1 < 10-(10.0%; +0.2%,~26.2x3=9.0x4+2.8x)
3= 36.2

1 < (1.3%1+1.2x5,+1.9x3+0.7x,+1.3x5)—0.7
4= 1.2 /

(12.621+18.3x,+34.9x3+18.0x4+9.8%5)—9.8

25.1 ’
(7.6x1+8.6X,+20.7x3+12.7x4+19.9x5)—7.6

13.1 ’
2.5—(2.04x,+2.17x,+5.83x3+1.86x4+1.55x5)

0.5 ’
(2.04x,+2.17x,+5.83x3+1.86x,+1.55x5)—1.4

0.6 ’
X1 +x2 +X3 +X4 +x5 = 1, xl,xz,xg,x4,x5 = O.

7

7

7

As <

dg <

A, <

A, <
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The proposed algorithm is used to solve the P; problem, where the price variables in the objective
function are TrFNs. The new objective functions such as Equality (31) are created,

min 0.051; + 0.051, + 0.032; + 0.041, + 0.0515 + 0.03A¢ + 0.041, (Z,)
max 0.141; + 0.151, + 0.1215 + 0.151, + 0.16A5 + 0.121, + 0.094, (Z,)
max 0.161; + 0.172, + 0.1425 + 0.174, + 0.1815 + 0.144¢ + 0.114, (Z3)
max 0.051; + 0.061, + 0.0715 + 0.064, + 0.0515 + 0.071¢ + 0.061, (Z,)

PIS and NIS of each objective function given by the Equation (31) are obtained and the results are
given in Table 10.

(31)

Table 10. Positive and Negative Ideal Solutions of the four objective functions

Positive Ideal Negative Ideal
Solution Solution
Zy 0 0.197
Z, 0.605 0
Zs 0.699 0
Z, 0.286 0

The linear membership functions for each objective function are obtained as shown in Equation (32-
35).

( 1 72,<0
0.197 — Z,

0 Z,>0.197
(1 Z;<0.605
Zy

0.605

Hz, =1 0<Z,<0.605 (33)

0 Z,>0
1 Z3 <0.699

0 < Z; <0.699 (34)
0 Z3>0
(1 Z,<0.286

Zs
0.286

=1
Kz = 10699

0<Z7,<0.286 (35)

0 Z,>0
The P, model is created by using the membership values obtained.

Mz, =9

max o
2 0.197a + 0.054; + 0.054, + 0.03153 + 0.044, + 0.0545 + 0.031¢4 + 0.044, < 0.197 (Z;)
—0.605a + 0.144; + 0.151, + 0.1245 + 0.154, + 0.16A5 + 0.1215 + 0.094, = 0 (Z;)
—0.699a + 0.164; + 0.171, + 0.1445 + 0.174, + 0.1845 + 0.1415 + 0.114, = 0 (Z3)
—0.286a + 0.054; + 0.061, + 0.0743 + 0.064, + 0.0545 + 0.0715 + 0.064, = 0 (Z,)
7121 + (10.7x; + 8.9x, + 7.1x3 + 3.6x, + 4.1x5) < 10.7
—19.34, + (11.5x; + 12.5x, + 23.4x5 + 18.1x, + 30.8x5) > 11.5
36.245 + (10.0x; + 0.2x, — 26.2x3 — 9.0x, + 2.8x5) < 10
—1.24, + (1.3x1 + 1.2x, + 1.9x3 + 0.7x4 + 1.3x5) = 0.7
—25.145 + (12.6x4 + 18.3x, + 34.9x5 + 18.0x4 + 9.8x5) = 9.8
—13.14¢ + (7.6x;1 + 8.6x, + 20.7x3 + 12.7x4, + 19.9x5) = 7.6
0.51; + (2.04x; + 2.17x, + 5.83x3 + 1.86x, + 1.55x5) < 2.5
—0.61; + (2.04x; + 2.17x, + 5.83x5 + 1.86x, + 1.55x5) = 1.4
X1+ Xy +X3+x4+x5=1
X1,X2,X3,X4,X5 =0
The results obtained by solving the P, model using the WinQSB program are given in Table 11.
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Table 11. The ratios to be invested in the stocks by solving the P3 problem

Anadolu Trakya Mardin Eregli Izmir
Cam Cam Cimento Demir Celik Demir Celik
Percentage 0 0 0.222 0 0.778
of stocks
CONCLUSION

In the case of uncertainty, unplanned investments can cause unexpected losses to the investor. In
addition, many portfolio selection methods do not consider expert opinions. Because these methods use only
financial data without considering the investor's views, they provide the same expected return for all
investors at the same risk level. To handle this problem, adding both financial ratios and experience based
expert opinions in to the model has made the proposed method more effective. In the proposed model, the
weights of criteria were determined by using the decision makers' opinions. When the studies in the literature
were examined, it was seen that TFNs have been widely used in the calculation of the weights of criteria.
Instead of using TFNs, this study focused on TrFNs to characterize fuzzy measures of linguistic values. The
reason for using the TrFNs was that it was more representative to linguistic estimations in portfolio selection.
In terms of optimal solution, it was observed that TrFNs gave more flexible results than TFNs. As a result of
the study, it has been determined that investors' funds should be allocated to the stocks Anadolu Cam,
Trakya Cam, Mardin Cimento, Eregli Demir Celik and Izmir Demir Celik by 0%, 0%, 22.2%, 0% and
77.8%, respectively (Table 11), using the recommended model for optimal portfolio distribution.

The proposed method can be applied to larger-scale portfolio selection problems in which more
criteria and expert opinions are used, and the optimal allocation of stocks can be done out of a variety of
sectors.
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