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1. INTRODUCTION

The concept of controllability plays a major role in both finite and infinte dimensional spaces for systems repre-
sented by ordinary differential equations and partial differential equations. One of the basic qualitative behaviours of
a dynamical system is the controllability. The problem of controllability is to show the existence of control function,
which steers the solution of the system from its initial state to final state, where the initial and final states may vary over
the entire space. Conceived by Kalman, the controllability concept has been studied extensively in the fields of finite
and infinite-dimensional systems. If a system cannot be controlled completely then different types of controllability
can be defined such as approximate, null, local null and local approximate null controllability. For more details the
reader may refer to [3,12,13,17, 18] and references therein.

Balachandran et al. [7] discussed the controllability of neutral functional integrodifferential systems in Banach
spaces by using semigroup theory and the Nussbaum fixed point theorem. Recently, Balachandran et al. [5, 6], derived
sufficient conditions for controllability of stochastic integrodifferential systems in finite dimensional spaces.

Recently, Park et al. [16] investigated the controllability of impulsive neutral integrodifferential systems with infinite
delay in Banach spaces using Schauder-fixed point theorem. Very recently, [4,10] established the existence, uniqueness
and asymptotic behaviours of mild solutions to a class of impulsive neutral stochastic integrodifferential equations
driven by a fractional Brownian motion with delays. Moreover, several upcoming researchers have keen interest to
study the solvation of control problems in the field of stochastic systems. Through the survey of literature it reeveals
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that a very little work has been done for the fractional Brownian motion in stochastic control problems. Chen [9]
concerned the approximate controllability for semilinear stochastic equations with fractional Brownian motion. Several
researchers reported the use of fractional Brownian motion in stochastic integrodifferential equations (see refer to
[1,2,14,15,17] and references therein). Moreover, the controllability of neutral impulsive stochastic integrodifferential
systems with infinite delay is an untreated topic in the literature so far. Thus, we will make the first attempt to study
such problem in this paper.

The goal of present research work is to focus the study of the controllability of neutral impulsive stochastic inte-
grodifferential equations of the form:

d[x(t)—g(r,x,, f m(r,s,xo)] - [Ax(t)—g(r,xz, f a(t, s, x)ds
0 0

15
dr + f(t, x,, f ar(t, s, x;)ds)dt
0

+  Bu(t)dt + f y(t—5) [x(s) — g(s, x;, f a(s,r, x,.)dr)} ds} dt
0 0
+ ot x,,f as(t, s, xo)ds)dw(t), te€l=10,T], t # t, (1.1)
0
Ax|Hk = x(t,:r) = x(t,) = L(x(%)), k=1,..,m, meN, (1.2)
x(H) = @) € LIQ, By), forae.te (—00,0]. (1.3)

Here, A is the infinitesimal generator of a strongly continuous semigroup (7'(¢)),>0 of bounded linear operators in
a Hilbert space X; and the control function u(-) takes values in L2([0,T1], U), the Hilbert space of admissible control
functions for a separable Hilbert space U; and B is a bounded linear operator from U into X. The history x; : (—00,0] —
X, x,(0) = x(t + 0), belongs to an abstract phase space %, defined axiomatically, and f,g : [0,T] X %, x X — X,
ap,az,a3  Ix B, - X,0 : [0,T] X B, x X — ..Cg(Y, X), are appropriate functions, where Lg(Y, X) denotes the
space of all Q-Hilbert-Schmit operators from Y into X and & = {(s,1) € I X I : s < t}. Moreover, the fixed moments of
time # satisfy 0 <#; <t < ... <t, <T, x(f;) and x(t,:’) represent the left and right limits of x(#) at time #; respectively.
Ax(t;) denotes the jump in the state x at time #;, with / : X — X determining the size of the jump.

2. PRELIMINARIES

Let X, Y be real separable Hilbert spaces and £(Y, X) be the space of bounded linear operators mapping Y into
X. Let (Q, J,P) be a complete probability space with an increasing right continuous family {J,},., of complete sub
o algebra of J. Let {w(¢) : t > 0} denote a Y-valued Wiener process defined on the probability space (Q, J,P) with
covariance operator Q, that is

E <w(®),x>y<w(s),y> = (As)<Qx,y>y, forall x,yeY,

whare Q is a positive, self-adjoint, trace class operator on Y. We assume that there exists a complete orthonormal
system {e;};»; in Y, a bounded sequence of non-negative real numbers A; such that Qe; = Aije;, i = 1,2,..., and a
sequence {f;};»; of independent Brownian motions such that

ey = ) Ve )i, e€Y,
n=1

and J, = 3, where 3} is the sigma algebra generated by {w(s) : 0 < s < t}. Let .[Zg = L>(Yy, X) denote the space of
all Hilbert-Schmidt operators from Y into X. It turns out to be a separable Hilbert space equipped with the norm

2 _ 1 1
G = w(@enHee?)
forany ¢ € Lg. Clearly for any bounded operators £ € £L(Y, X) this norm reduces to
I, = Q).
2

We assume that the phase space %, is a linear space of functions mapping (—oo, 0] into X, endowed with a norm |||z, -
First, we present the abstract phase space %,. Assume that & : (—o0, 0] — [0, +00) is a continuous function with

l= f h(s)ds < +oo.
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We define the abstract phase space %), by %), = {{ 1 (=00,0] - Xforany 7 > 0, (E ||§||2)1/2 is bounded and measurable
function [, 0] and L 000 h(t) sup,,<o(E I (s)I1P)!/2dt < +oo}. If this space with the norm
I<lls, = fQ h(r) sup (E [|1*)"*dt,
—00 1<s<0

then it is clear that (%}, ||/l ,) is a Banach space.
We now consider the space #4; [Z and I stand for delay and impulse, respectively] given by B, = {x i (=00, T] -

X 1 xlly € €Ik, X) and x(r), x(t;) exist with x(£) — x(£;),k = 1,2,...,m xo — ¢ € %), and supy,r E(|x()|]%) < oo},
where x|1; is the restriction of x to the interval [y = (#, fx+1], k = 1,2, ..., m. Then the function ||-||g, to be a semi-norm
in By, it is defined by

2\\1/2
Iz, = Ixollz, + sup E(x@IP)'.
0<t<T

The following lemma is a common property of phase spaces.
Lemma 2.1. Suppose x € By, then forallt € [0,T], x, € B), and
1 1
IE(X@OIP)? < L sup EIx()IP)? + IIxollg, »

0<s<t
where I = [ h(s)ds < .

2.1. Partial integrodifferential equations in Banach spaces. In the present section, we recall some defintions and
properties needed in the sequel. In what follows, X will denote a Banach space, A and y(¢) are closed linear operators
on X. Y represents the Banach space Z(A), the domain of operator A, equipped with the graph norm

Iy := Ayl + |y| for y €Y.

The notation €’([0, +o0); Y) stands for the space of all continuous functions from [0, +c0) into Y. We consider the
following Cauchy problem

V(1) = Av(t) + f y(t = s)v(s)ds for t >0,
0
v(0) = vy € X.

2.1

Definition 2.2 ( [11]). A resolvent operator for equation (2.1) is a bounded linear operator valued function R(r) € L(X)
for t > 0, satisfying the following properties:

(i) R(0) = I and ||R(?)|| < Me" for some constants M and S.

(ii) For each x € X, R(?)x is strongly continuous for ¢ > 0.

(iii) For x € Y, R(")x € €' ([0, +o0); X) N €([0, +0); Y) and

R/(t)x = AR(t)x + f y(t — $)R(s)xds = R(H)Ax + f R(t — s)B(s)xds fort > 0.
0 0

For additional details on resolvent operators, we refer the reader to [11]. In what follows we suppose the following
assumptions:

(H1) A is the infintesimal generator of a Cyp-semigroup (R(?));>0 on X.

(H2) For all # > 0, y(¢) is a continuous linear operator from (Y, |-|y) into (X, |-|x). Moreover, there exists an integrable
function € : [0, +o00) — R* such that for any y € Y, y — y(¢)y belongs to WLL([0, +00); X) and

'dity(t)(t)y' < F@®lyly foryeY andr>0.
X

Theorem 2.3. Assume that hypotheses (H1) and (H2) hold. Then equation (2.1) admits a resolvent operator (R(t))s>0.

Theorem 2.4. Assume that hypotheses (H1) and (H2) hold. Let R(t) be a compact operator for t > 0. Then, the
corresponding resolvent operator R(t) of equation (2.1) is continuous for t > 0 in the operator norm, for all ty > 0, it
holds that limy,_ ||R(ty + h) — R(t)|| = 0.
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In the sequel, we recall some results on existence of solutions for the following integrodifferential equation

V() = Av(r) + f y(t — s)v(s)ds + q(t) fort >0,
0
v(0) = vg € X.

2.2)

where ¢q : [0, +co[— X is a continuous function.

Definition 2.5. A continuous function v : [0, +00) — X is said to be a strict solution of equation (2.2) if
(i) v € €'([0, +00); X) N € ([0, +00); Y),
(ii) v satisfies equation (2.2) for ¢ > 0.

Remark 2.6. From this definition we deduce that v(f) € Z(A), and the function y(¢ — s)v(s) is integrable, for all r > 0
and s € [0, +0).

Theorem 2.7. Assume that (H1)-(H2) hold. If v is a strict solution of equation (2.2), then the following variation of
constants formula holds

vt) = R(I)V0+fR(t—s)q(s)ds for t>0.
0

Definition 2.8. An X-valued process {x(¢) : t € (—oo, T']} is a mild solution of (1.1)-(1.3) if
1. x(¢) is measurable for each ¢ > 0, x(¢) = ¢(¢) on (o0, 0],

Ax|_ = L(x(t), k=1,2,..m

-ty

the restriction of x(-) to [0, T] = {t1, t, ...t,,} is continuous.
2. For every 0 < s < t, the process x satisfies the following integral equation

x(t) R(@®) [¢(0) — g(0, ,0)] + g(t, x;, f a(t, s, xs)ds) + f R(t — s)Bu(s)ds
0 0

+ f R(t — $)f(s, x4, fs a(s,r, x)dr)ds + f R(t — s)o (s, x4, fs az(s, r, x,)dr)dw(s)
0 0 0 0
¥ Z R(t — t)I(x(£;)), P—a.s. (2.3)
O<t<t

3. CONTROLLABILITY RESULT

Definition 3.1. System (1.1)-(1.3) is said to be controllable on the interval (—co, T] if for every initial stochastic process
¢ defined on (—co, T, there exists a stochastic control u € £2([0, TT; U) such that the mild solution x(-) of (1.1)-(1.3)
satisfies x(T') = x;.

In order to establish the controllability of (1.1)-(1.3), we impose the following hypotheses:

(H3) There exist constants M > 1 such that ||[R(?)||* < M.

(H4) The mapping g : I X 2 X %), — X satisfies the following conditions
(i) The function a; : Z x %, — X satisfies the following condition. There exists a constant k; > 0, for
X1, X2 € 9B, such that

2
2
< kil —xllyg, . @ s)e P,

3
E Hf lai(t, s, x1) — ai(t, 5, x2)1ds
0

i3
f ay(t, s,0)ds
0

and

2
ky = sup
(t,5)cD
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(HS)

(He)

(H7)

(H8)

(ii) g is a continuous function and there exists constants k; > 0 such that for x;,x, € %, y;,y2, € X and
satisfies for all r € [0, T']

Ellg(t. xi,y) — gt x2. P < kol lIlx1 — xall3, + Ellyr =yl |-
limE [lg(t, x1,y1) - gt 12, 3)I* = 0.
and
ky = sup [lg(,0,0).
1C[0,T]

The mapping f : I X %), x X — X satisfies the following Lipschitz conditions

(i) There exist positive constants k3, ks fort € [0,T], x1, %2 € By, ¥1,y2 € X such that
Elf(tx1,y0) - ft .0 < ks [l = xl, +Ely - ylP],

and
ks = sup [If(,0,0)P.
1€[0,T]
(ii) The function a; : Z X %, — X satisfies the following condition. There exists a constant k4 > 0, for
X1, X2 € 9B, such that
2
< kil —xlly, . @s)e 2,

E Hf [ax(t, s, x1) — ax(t, s, x2)]ds
0

!
f ax(t, s,0)ds
0

The mapping o : I X B, x X — L(Y, X) satisfies the following Lipschitz conditions

and
2
ky = sup

(t,5)CD

(i) There exist positive constants ks, ks for ¢ € [0, T1, x1, X, € By, y1,y> € X such that

Ello(t, x1,3) = ot x0, 0P < ks [l = xall, + Ellys =yl
and
ks = sup [If(2,0,0)I.
1€[0,T]
(ii) The function a3 : Z X %, — X satisfies the following condition. There exists a constant kg > 0, for

X1, X2 € BB, such that
2

2
< kellxi —xllyg, ., (t,s) €,

E Hf laz(t, s, x1) — a3(t, s, x2)]ds
0

!
f as(t, s,0)ds
0

The impulses functions I for k = 1,2, ..., m, satisfies the following condition. There exists positive constants
Mk, Mk such that

1(x) = LOOIP < Millx = yIP? and |I(x)I < My forall x,y € B,

and
2
ks = sup

(t,9)cD

The linear operator W from U into X defined by
T
Wu = f R(T — s)Bu(s)ds
0

has an inverse operator W~! that takes values in L2([0,T1, U) ker W, where kerW = {x e L2([0,T],U) : Wx = 0} .
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(H9) There exists a constant A > 0 such that

1 = 107 (1 + 4MM1,MWT2) [k2(1 +2k1) + MT?k3(1 + ky) + Mcpks(1 + k) + mM Z Mk] <1
k=1

The main result of this paper is given in the next theorem.

Theorem 3.2. Suppose that (H1)-(H9) hold. Then, the system (1.1)-(1.3) is controllable on (—oo, T provide that
6% (1 +7MM,MyT?) [8[k2(1 +2k1)] + 8MT?[k3(1 + 2k4)] + 8Mc,[ks(1 + 2k6)]] < 1 (3.1

Proof. Using (H8) for an arbitrary function x(-), define the control

T
ulr) = W"[M = R(T) [¢(0) - (0, x0,0)] — &(T, szj; a|(T, 5, x,)ds))

+

T S t S
f R(T = 5)f (s, x5, f ax(s,r, x,)dr)ds + f R(t = $)o (s, x, f az(s, r, x,)dr)dw(s)
0 0 0 0

+

DR - tk>1k<x(t,:)>]<r>.

O<p<t

Now, put the control u(-) into the stochastic control system (2.4) and obtain a nonlinear operator I on % given by

(1), fort e (—o0,0],

R(?) [¢(0) — g(0, 0, 0)] + g(t, x;, f a(t, s, x,)ds) + f R(t — s)Bu,(s)ds
T'(x)() = : 0 0

+ f R(t — 5)f(s, x5, fv a(s, r, x,)dr)ds + f R(t — s)o (s, x;, fs as(s, r, x,)dr)dw(s)
0 0 0 0
+ Do<p<t RE = t) L (x(8)), if t€[0,T]

Then it is clear that to prove the existence of mild solutions to equations (1.1)-(1.3) is equivalent to find a fixed point
for the operator. Clearly, I'x(T) = x;, which means that the control u steers the system grom the initial state ¢ to x; in
time 7', provided we can obtain a fixed point of the operator I' which implies that the system in contrillable.

Lety : (o0, T] — X be the function defined by

o) = o), if te (—00,0],
~ |R®)@(0), if t€0,T).

then, yo = ¢. For each function z € £y, set

x® =z +y@.

It is obvious that x satisfies the stochastic control system (2.4) if and only if z satisfies zop = 0 and

a) = gtz +yn fo a1(t,5,2, + y)ds) — R)g(0,,0) + fo R( - 9)Beny(5)ds
-l R - (24 v [ axtsrz 4 yanas
+ fo "R = 505, 1. fo " a5 7 x)drdw(s)
+ ) RU=t)RI) ~ Y], if 1€[0,T],

o<t <t
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where
T
Uy(t) = Wl[xn — R(T) [¢(0) — g(0,z0 + y0,0)] — &(T, z7 + yr, f ar(T, 5,25 + y5)ds)
0
T S ! X3
- f R(T = $)£(s.25 + ya, f ax(s,7, 2 + y)dr)ds - f R(t - $)0 (s, f a3(s. 7. 3)dP)dw(s)
0 0 0 0
- DL R(T - )(e) +y(rk)]}(r).
O<t,<T
Set
Bl = (2€Bai:2 =0},
for any z € %09 ;» we have
iz, = lizollg, + sup (El(IP)? = sup (Ellz®)I)?.
1€[0,T] t€[0,T]
Then, (L%’%,, ||-||930@1) is a Banach space. Define the operator © : %’%1 — %(gj, by
0 if ¢ € (=0, 0],
! !
gtz +yr,f ai(t, s,z + ys)ds) — R(1)g(0,¢,0) + f R(t = $)B_yy(s5)ds
! 0 S 0
©2)(1) = |+ f R(t — $)£(5. 25 + yar f ax(s,7, 2, + y,)dr)ds
0 0
! S
+f R(t — s)o (s, xs,f as(s, r, x,)dr)dw(s)
0 0
+ Do<n<r R = t)L[z(t) — y(&)), if 1€[0,T].
Set

B = {z € %’O@I : ||z||2@0 < k}, for some k >0,
21

then % C %’0@ ; is a bounded closed convex set, and for z € %y, we have

Iz + i, < 2(ldls, , + I, )
< 4(12 sup E [lz(9)I + [z0l%, + I* sup E [ly(s)]* + ||yo||2%)
0<s<t 0<s<t
< 48 (k+ ME [[pO)|?) + 411y,
= 7.
Next,
2 — N - -
E|u| < 7MW[||x1||2 + ME|p(O)|* + 2M[ky |Iy|%,, + ko] + 2[ka(1 + 2ky)r* + 2koky + ko]
+ 2MT?[ks(1 + 2kg)r* + 2kzkq + k3] + 2Mc[ks(1 + 2ke)r" + 2kske + ks]
+ omM Y M| =6
k=1
and
E |y —u| < 4MW[/<2(1 +2k1) + MT?k3(1 + 2ks) + Mcpks(1 + 2ke)
+ mM Y M[E iz - vill, - (3.2)

k=1
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It is clear that the operator I has a fixed point if and only if ® has one, so it turns to prove that ® has a fixed point. Since
all functions involved in the operator are continuous therefore ® is continuous. The proof will be given in following

steps.

Step 1: We claim that there exists a positive number &, such that ®(x) € %, whenever x € %;. If it is not true, then
for each positive number k, there is a function z5(-) € %y, but ©(z*) ¢ %, that is E “@(zk)(t)”2 > k for some ¢ € [0, T].

However, on the other hand, we have

k

where

<

<

IN

IA

2
E e o)
6[2M(k2 Y1125, + k2) + 2[ka (1 + 2ki)r* + 2koky + ko] + 2M T2 [k3(1 + 2ka)r* + 2kaky + k3]
m —
2Mc,lks(1 + 2ke)r* + 2kske + Ks] + mM Z M + MMbTZQ]
k=1

6 (1 + 7MM,,MWT2) 2M(ky |15, + Ka) + 20ka(1 + 2k )r* + 2koky + ko] + 2MT?[k3(1 + 2ks)r”

Dksky + k3] + 2Mcp[ks(1 + 2ke)r" + 2kske + ks] + mMZ My + MMszg]
k=1

TMMMy T (|lx1|* + ME [lp(0)|?)

G +6(1+7MM,MyT?) [2[k2(1 + 2k)]r + 2MT2[ks(1 + 2kq)r] + 2Mc,[ks(1 + 2k6)r*],

G

6(1 +7MM,MyT?) [2M(ky |y, + Kk2) + 212Kk + ko] + 2M T2 [2ksky + K]

+

2Mc,[2kske + ks] + mMZ My + TMM, My T? (|lx)| + ME ||<p(0)||2>]
k=1

is independent of k. Dividing both sides by k and taking the limit as k — oo, we get

6/ (1 + TMM,MyT?) [8[/@(1 + 2k)] + 8MT?[k(1 + 2ky)] + 8Mc,[ks(1 + 2k6)]] > 1.

This contradicts (3.1). Hence for some positive &,

Step 2: O is a contraction. Let 7 € [0, T] and 7', 7> € A

< 5E
+5E

! !
+ SE|g(t, 7/ + yi, f a(t, s, 2y + y)ds) = g1,z + yi, f ai(t, s,z +y)ds)
0
13 A S
+5E fR(t— DIVCR +yx,f a(s, 1,z +y,)dr) = f(s,2 +ys,f ax(s, r,z; + ypdn)ds
0 0 0

s S S
+5E f R(t — $)[o(s, 2} + v, f as(s,r, 20 + y)dr) — o(s, 22 + ys, f as(s,r, 2% + y,)dr)ldw(s)
0 0 0

O)HB) < P

o1 W have

Eloz () - 020

2

f R(t = $)Blug 1, (8) — up2,y(s))ds
0

2

DR =10l (1) + (1) = @) + ¥

o<t <t

2

0
2

2
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On the other hand from (H1)-(H9) combined with (3.2), we obtain

IA

E|l®z'() - @zz(t)”z 5 (1 + 4MM,,MWT2) [k2(1 +2ky) + MT?k3(1 + ky) + Mcpks(1 + ko)

2

+ omd Y ME [ -2,

k=1

10 (1 + 4MM,,MWT2) [k2(1 +2ky) + MT?ks(1 + ky) + Mcpks(1 + ke)

IA

+ kaZ; Mk] x {12 sup E ') = 2| + [leb - 2, }

< A sup E“Z](S) —zz(s)”2 since (Z(]) = ZS =0).
0<s<T
Taking supremum over ¢,
lez' -6z, < alE'-2],,,
where
A= 107 (1 +4MM,MyT?) [k2(1 +2k1) + MT?ks(1 + ky) + Mepks(1 + ko) + mM ) Mk].
k=1

By condition (H9), we have 1 < 1, hence ® is a contraction mapping on %% ; and therefore has a unique fixed point,
which is a mild solution of equation (1.1)-(1.3) on (—oo, T']. Clearly, (®x)(T) = x; which implies that the system
(1.1)-(1.3) is controllable on (—co, T']. This complete the proof. |

Remark 3.3. When the impulses disappear, that is My = ]\7;< =0,k =1,2,...,mthen the system (1.1)-(1.3) reduces to
the following neutral stochastic integrodifferential equation:

d [x(t) —g(t, x;, f ai(t, s, x‘y))] [Ax(t) —g(t, x;, f ai(t, s, xo))ds|det + f(t, x, f ax(t, s, xs)ds)dt
0 0 0

+  Bu(t)dt + f y(t — s)|x(s) — g(s, xs,f a(s,r, x,)dr)] ds} dt
0 0
+ ot x,,f as(t, s, xo)ds)dw(t), telI=1[0,T], t +# 1, 3.3)
0
x() = @) € LQ, By), forae.te (—00,0]. (3.4)

where the operator A, g, f, 0, a;, a» and a3 are defined as same as before. Here € = {x : (o0, T] — X : x(¢) is continuous},
Banach space of all stochastic processes x(¢) from (—oo, T'] into 2, equipped with the supremum norm

gl = sup Ellp(s)l*, for ¢ € F.

5€(=c0,T]
By using the same technique in Theorem 3.2, we can easily deduce the following corollary.

Corollary 3.4. Suppose that (H1)-(H9) hold. Then, the system (3.3)-(3.4) is controllable on (—oo, T provide that the
condition (3.1) is satisfied.
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