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Abstract

This paper deals with nonlinear fractional differential equation with boundary value problem con-
ditions. We investigate the existence of solutions in Banach spaces with Hilfer derivative. To obtain
such result we apply Monch’s fixed point theorem and the technique of measures of noncompactness.
At the end an example is given.
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1 Introduction

In recent years, several papers have been devoted to the study of the existence of solutions for fractional
differential equations, among others we refer the readers to the following references: Agarwal et al.
[5, 4], Abbas et al. [3, 2], Sandeep et al. [32], Furati et al.[20] , Benchohra et al. [17, 18], Gu et al. [21].
Moreover, it has been proved that differential models involving derivatives of fractional order arise
in many engineering and scientific disciplines as the mathematical modeling of systems and processes
in many fields, for instance, about physics, control theory, rheology, chemistry, and so on (see the
monograph of Kilbas and al. [25], Hilfer and al. [22, 23|, and Samko and al. [30]).

In this paper we focus on the existence of solutions of the following boundary value problem for a
nonlinear fractional differential equation,

D:iﬂy(t) = f(t7y(t))>t €J:= [Oa T] (1'1)

with the fractional boundary conditions

I7y(0) = yo, 3772y (0) = y1,

=y
Iy(n) = XTI y(T)),y = a+ 8 —af. (1.2)

where Dg‘f is the Hilfer fractional derivative, 0 < a < 1,0 < 8 <1,0< A< 1,0<n < T and let
E be a Banach space space with norm ||.||, f: J x E x E x E x E — E is given continuous function
and satisfying some assumptions that will be specified later. We will use the technique of measures
of noncompactness. which is often used in several branches of nonlinear analysis. Especially , that
technique turns out to be a very useful tool in existence for several types of integral equations; details
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are found in Akhmerov et al. [7], Alvarez [8], Banas et al. [10, 11, 12, 13, 14, 15, 16|, Benchohra et
al. [17, 18], Monch [27], Szufla [31].

The main idea used here is that on the Banach space F, we can not use Ascoli-Arzela theorem to prove
the compactness of the operator, so we use the technique of measure of nocompactness to conclude.

Recently, considerable attention has been given to the existence of solutions of initial and boundary
value problems for fractional differential equations with Hilfer fractional derivative [2, 3, 19], and other
problems with Hilfer-Hadamard fractional derivative; see [1, 2, 33, 34]. Many existence results were
established by the use of technics of nonlinear analysis such as Banach fixed point theorem, Schaefer’s
fixed point theorem, Leraya-Schauder nonlinear alternative, etc ..., and the technique of measures of
noncompactness, see [4, 5, 6, 18, 15, 16].

In 2008, Benchohra et al. [17], considered the existence of solutions of an initial value problem for a
nonlinear fractional differential equation

{ "y(t) = f(t,y), foreacht € J=1[0,T],1 <r <2
y(0) y'(0)

oo (1.3)

where D" is the Caputo fractional derivative, f : J x ¥ — FE is a given function, and E is a Banach
space. They obtained results for solutions by using Ménch’s fixed point theorem and the technique of
measures of noncompactness.

In 2018, S. Abbas et al. [2], studied the existence of solutions for the following coupled system of
Hilfer fractional differential equations

{ DEVPu(t) = fi(t,ult), v(t)), teJ=1[0,T] )
DS y(t) = folt, ult), v(t)),

with the following initial conditions

Iy "u(0) = ¢n
{ 170(0) = 6, (15)

where T' > 0, a; € (0,1), 5; € [0,1], vi =i + Bi —aifi, i € E, fi : I X EXE — E ;i=1,2, are
given functions, E is a real (or complex) Banach space with a norm ||. |, Ié% is the left- sided mixed
Riemann-Liouville integral of order 1 — ~;, and Dg #Pi ig the generalized Riemann-Liouville derivative
(Hilfer) operator of order «; and type (;: @ = 1,2. They obtained results for solutions by using the
technique of measure of noncompactness and the fixed point theory.

In 2018, D.Vivek et al. [34], studied the existence, uniqueness and stability analysis of Hilfer-Hadamard
type fractional neutral pantograph equations with boundary conditions of the form

qun f@ﬂ)xum DYPa(M\), teJ=1[0,T). (16
I1+ a:(l)—a,[1+ Tx(T) = b, vy=a+ B —ap.

where D‘f‘f is the Hilfer-Hadamard fractional derivative, 0 < a < 1,0<8<1,0< A< 1. Let E be
a Banach space, f : J X E x E x E — FE is a given continuous function. They obtained results for

solutions by using Schaefer’s fixed point theorem.

The principal goal of this paper is to prove the existence of solutions for the problem (1.1)-(1.2) using
Monch’s fixed point theorem and its related Kuratowski measure of noncompactness.
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2 Preliminaires
In what follows we introduce definitions, notations, and preliminary facts which are used in the sequel.

For more details, we refer to [4, 5, 7, 9, 11, 19, 20, 21, 22, 23, 24, 25, 26, 31, 32].
Denote by C(J, E) the Banach space of continuous functions y : J — E, with the usual supremum
norm

1Ylloo = sup{lly(®)ll, € J}-

Let L'(J, E) be the Banach space of measurable functions y : J — E which are Bochner integrable,
equipped with the norm

il = /J y(t)dt.

ACY(J, E) denotes the space of functions y : J — E, whose first derivative is absolutely continuous.

Definition 2.1. [20] Let J = [0,7] be a finite interval and 7 as a real such that 0 <~y < 1. We
introduce the weighted space C1—+(J, E) of continuous functions f on (0,77 as

C1—~(J,E)={f:(0,T] = E: (t—a)" 7 f(t) € C(J,E)}.
In the space C1—(J, E), we define the norm

Iflle, = 11t = @) f(B)llc, Co(J, E) = C(J, E).

Definition 2.2. [20] Let 0 < o < 1,0 < § < 1, the weighted space C’f‘;’i((], E) is defined by

PP (L E)={f:(0,T) > R: Dy’ f € C1_y(J,E)},y =a+B—af

and

C’ll_,y(J,E) ={f:(0,T|=R: fleCi_y(J,E)},y=a+8—af

with the norm

Ifller = lflle+ 1 ey, (2.1)

One have, see [20], Dgff = Iéi(l*a)D&f and CIL,Y(J, E) C C’f;%(l], Ey%y=a+p—-ab,0<a<
1,0 < g < 1. Moreover, C1_,(J, E) is complete metric space of all continuous functions mapping J
into £ with the metric d defined by

d(y1,v2) = 1 = eller_, m) = max|(t — a) 7y () — y2(2)]]
for details see [20].
Notation 2.3. For a given set V of functions v : J — FE, let us denote by
V(t)={v(t):veV}teld,

and
V(J)={v(t):veV,te J}

Now let us recall some fundamental facts of the notion of Kuratowski measure of noncompactness.

Definion 2.4. ([7, 11]). Let E be a Banach space and Qg the bounded subsets of E. The
Kuratowski measure of noncompactness is the map p : Qp — [0, 0o] defined by

uw(B) = inf{fe > 0 : B C U ,B;and diam(B;) < €};here B € Qp.

o7
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This measure of noncompactness satisfies some important properties [7, 11]:
(B)=0¢« B is compact (B is relatively compact).

= pu(B).

c) AC B = pu(A) < u(B).

r\/\@/\/\/—\
= =% E
E

(A+ B) < p(A) + u(B)
e) u(cB) = |c|u(B);c € R.
f) p(convB) = pu(B).

Now, we give some results and properties of fractional calculus. Definition 2.5. [26] Let (0,7] and
f :(0,00) — R is a real valued continuous function. The Riemann-Liouville fractional integral of a
function f of order o € RT is denoted as I f and defined by

I8 f(t) = r(la)/o (t = 5)° 1 f(s)ds, t > 0, (2.2)

where I'(«) is the Euler’s Gamma function.

Definion 2.6. [25] Let (0,7] and f : (0,00) — R is a real valued continuous function. The
Riemann-Liouville fractional derivative of a function f of order o € R = [0, +00) is denoted as Dg. f
and defined by

D5 0) = For—ay g J, (6= 2" Fe)as. (2.3)

where n = [a] + 1, and [a] means the integral part of «, provided the right hand side is pointwise
defined on (0, 00).

Definion 2.7. [25] The Caputo fractional derivative of function f with order a > 0,n —1 < a <
n,n € N is defined by

L | /O (= 501 ) (5)ds, > 0, (2.4)

“Dgf(t) = Tn—a)

In [22], R. Hilfer studied applications of a generalized fractional operator having the Riemann-Liouville
and Caputo derivatives as specific cases (see also [23, 24]).

Definion 2.8. [22] The Hilfer fractional derivative Dg‘f of order o (n —1 < a < n) and type S
(0 < B <1) is defined by
n—ao n 7(1=8)(n—a
Do = 100 prp (A (2.5)

where [§, and Dg, are Riemann-Liouville fractional integral and derivative defined by 2.2 and 2.3,
respectlvely

Remark 2.9. (See [19]) Hilfer fractional derivative interpolates between the R-L (2.3, if § = 0)
and Caputo (2.4, if 5 = 1) fractional derivatives since

pr-e=p2, =0, I'°D=CDpg B=1,
Dy’ =
1-ep =C pa, g =1,

Lemma 2.10. Let 0 < a<1,0<3<1,y=a+ 8 —af, and f € L'(J, E).
The operator DS‘;’B can be written as

o —a) d —
D310 = (10 G187 )

= 120D (), te .

o8
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Moreover, the parameter ~y satisfies
Lemma 2.11. Let 0 < a < 1,0< < 1l,y=a+8—af, If Dgilfa)f exists and in L!(J, E), then

DI £(8) = 120 DI £(4), for ace. t € J.

Furthermore, if f € C1—(J, E) and Ié;ﬁ(l_a)f S C’ll_v(J, E), then

DPIS f(t) = f(t), for ae. t € J.

Lemma 2.12. Let 0 < a<1,0< 8 <1,y=a+B—ap,and f € L'(J, E). If Dg+f exists and
in LY(J, E), then

1§ DYl f(t) = 1), DY, f(t)
1—v (O+) t'yfl

= f(1) - Do

ot S Il e
INGD

Lemma 2.13. [25] For ¢t > a, we have

o (t — a)ﬁ_l(t) _ &(t _ a)6+a_1

I3 —a)
(2.6)
«a —a -1 — F(/B) —a B—a—1

Lemma 2.14. Let o > 0,0 < g < 1, so the homogeneous differential equation with Hilfer
fractional order
DYPh(t) =0 (2.7)

has a solution

h(t) = Cot’y_l + Clt7+25—2 + C2t7+2(25)—3 4+ Cnt7+n(25)_(”+1)'

Definion 2.15. A map f:J x E — FE is said to be Caratheodory if
(i) t — f(t,u) is measurable for each u € F;
(ii) w — F(t,u) is continuous for almost all ¢ € J.

The following theorems will play a major role in our analysis.

Theorem 2.16. ([5, 32]). Let D be a bounded, closed and convex subset of a Banach space such
that 0 € D, and let N be a continuous mapping of D into itself. If the implication
V=ctonuN(V)or V=NV)UuO= puV)=0
holds for every subset V of D, then IV has a fixed point.

Lemma 2.17. ([32]). Let D be a bounded, closed and convex subset of the Banach space C(J, E),
G a continuous function on J x J and f a function from J x E — E which satisfies the Caratheodory
conditions, and suppose there exists p € L!(J,RT) such that, for each ¢t € J and each bounded set
B C FE, we have

hli)m p(f(Jen x B)) < p(t)u(B); here Jyp = [t — h,t] N J.

If V is an equicontinuous subset of D, then

v ({ [ Gnstsuenasive v}) < [ 169 Ipe)(v ()i
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3 Main results
First of all, we define what we mean by a solution of the BVP (1.1)-(1.2).

Definition 3.1. A function y € C;1_(J, E) is said to be a solution of the problem (1.1)- (1.2) if y
satisfies the equation D:fy(t) = f(t,y(t)) on J , and the conditions I'=7y(0) = yo, I>~7720¢/(0) = y1,
and I'y(n) = A(I'"75(T)).

Lemma 3.2. Let f: J x Ex E x E x E — E be a function such that f € Ci_(J, E) for any
y € Ci—(J, E). A function y € Cffv(J, E) is a solution of the integral equation

_ ] Yo y—1 Y1 +26-2
t) = If(t,y(t)) + AR R S—] +¢(8,7,m, A
y(t) f(ty(t) T T 125 =1) C(By7:m: A)
AT20-1 _ p26-1 (3.1)
= 1)+ S AT (D) = 1T )| 72008
if and only if y is a solution of the Hilfer fractional BVP
Dfy(t) = f(t.y(®).t € T = [0,T], (3:2)
with the fractional boundary conditions
IY=7(0) = 7 37728/ (0) = ,
y(0) = %o y(0) =un (33)

I'Yy(n) = XTI Y(T)),y = a+ B — ap.

Proof. Assume y satisfies (3.1). Then Lemma 2.18 implies that

1 t
y(t) _ Cot'y—l + clt’7+25—2 + C2t’Y+2(25)_3 + @ / (t — s)a_lf(s, y(S))dS
0

for some constants cg, c1,co € R.
From (3.3), by Lemma 2.16 (2.6) , we have

° Ilny(O) = 1o implies that ¢y = %

o I377729y/(0) = y; implies that ¢; = NCRe

G195

o ' 7y(1) = AI'™7y(T)) implies that

(') () = (1 g5 0+ S 52 ) ey (1770 420070) () 4 17 £, y()

=0 + Félﬁ)nwfl + F(ngfﬁ(%g)l)_ 2) 452 1 (o=, )
1—- 1=y Y0 41 1—- Y1 282 1—- 2(28)-3
(I'y) (T) = (I VF(V)LLW WT) + (I 71“(7—1—2ﬁ—1)t7+ WT') + c2 (I Tt )(T)
+IML(T,y(T))
B Yl 28-1 Py +2(268) —2) up-—2 | ja—nyt1
=wtsepnl terapon Lt THAT (D)
A(ITy) (T) = dyo + r)(\gg) %71 1 ¢ AF(yrz;;(%l))_ 2) 82 |\t F(T y(T))
that is,
26-1 _ 261
2 = G mA) [ (A = 1)+ S + AT (T) = 1 )
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With
T(48 — 1)
(v +48 = 2)(n*F72 — XT*572)

C(B,v,mA) = T

The following hypotheses will be used in the sequel.
(H1) f: J x B — E satisfies the Caratheodory conditions;
(H2) There exists p € L'(J,RT) N C(J,RT), such that,

1t 9)]l < POyl for t € J and each y €
(H3) For each t € J and each bounded set B C E, we have

Jim u(f(Jin x B)) < Y p(t)u(B); here Jyp = [t — h,t] N J.
Theorem 3.3. Assume that conditions (H1)-(H3) hold. Let
p* = supp(t).
teJ

If
T B M)
MNa+1) T(a—v+2)

then the BVP (1.1)-(1.2) has at least one solution.

p [ATe=7H et 72C0)=2) < (3.4)

Proof. We transform the problem (1.1)-(1.2) into a fixed point problem, then we consider the
operator N : C1_(J, E) — Ci—~(J, E) defined by

N)O) = 1 (60 + ot + pr g+ 6B )
28—1 _ , 28-1
poA— 1)+ 2L F(%)n Y1+ MOT(T,y(T)) — I“‘”“f(n,y(n))] {1 H2E0-3

Clearly, the fixed points of the operator N are solutions of the problem (1.1)-(1.2). Let

28—1 28—1_,28—1
R>&%+£ﬁmn+K%%mMNMﬂM—H+MpmgMﬂ)

- * a—y+1 a8 7A T48—2 — —
1 (Rt — SR (AT )

(3.5)

and consider

D={yeCi(JE):lyll <R}

The subset D is closed, bounded and convex. We shall show that the assumptions of Theorem 2.4 are
satisfied. The proof will be given in three steps.

1-First we show that N is continuous:

Let y, be a sequence such that y, — y in Ci_(J, E). Then for each t € J ,

1—y

t 48-2
I N O-NGO < Fs [ =97 17l = T, p(e)) s + LT
I'(a) Jo

MNa—vy+1)

T n
[IAI /0 (T =) f (s, yn(s)) = f(s,9(s))llds + /0 (n = 8)* 7N f(5,9n(s)) = f(s,(s))llds

a—y+1 43—2
< <Ft(@1 . n K(?E;i?’;\ﬂtg) (|A[To 7+ +na—7+1)) 17 (5.0m(5)) — F(5.9())]

(B
“\I(a+1) IMNa—~+2)

(MT”“4+W”“OHH&%@D—H&M®M
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Since f is of Caratheodory type, then by the Lebesgue dominated convergence theorem we have
IN(yn) = N(y)lloo — 0 as n — oo.
2-Second we show that N maps D into itself:

Take y € D, by (H2), we have, for each ¢t € J and assume that Ny(t) # 0.

1—
1IN ) (1)) < L

/t(t _ s)o‘_lﬂf(s,y(s))Hds + HyOH + - [yl £28-1
0

Fe) T(y)  T(y+26-1)
1087 [l = 1+ PP o
# B2 N iy [ g stssatonlas + [0 =916 w(o) s
LTt T
#1670 [ty ~ 10+ I ] oo
! F(aT—Miy_il)K(ﬁ’%"M {Ml/OT(T— s)a”p(s)!y\ldw/ol(l - s)“”p(s)”ynds]
: RFT(:)7 /Ot(t — )% p(s)ds + !?g)' T ﬂy;/ﬂ — 1)T2ﬂ71
1080 ol 11+ P2y | o
+Féﬁﬁ::ﬂ“@%”“”bﬂﬂfﬂuwf‘%@M&+AQn—@WWMQ@]
= % [ DR e
+1¢(8,7,m, )| [HyoHP\ — 1|+ |A|T2/B;(125)”25_1 Hyl\l] 482

mwﬁ,%n, )l [W /OT(T — )" ds + /On(n - s)a”ds}

ReT ol ol s

Fla+1) I(y) Tly+28-1)

A[T28-1 _ 281 -
#1611+ P 2 | 7292

|)\|Rp*Ta—’y+4,3—1 Rp*,r]a—'y+lT4/B—2:|
INa—v+2) MNa—~v+2)

+|C(B,%n,>\)|[
<R.

3-Finally we show that N (D) is bounded and equicontinuous:

By Step 2, it is obvious that N(D) C C1—,(J, E) is bounded. For the equicontinuity of N(D), let
ti,to €J ,t1 <ty andy € D, so té_vNy(tg) — t%_vNy(tl) # 0. Then
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1

1—v 1—v 28-1 28—1

ty, "Ny(te) —t; 'Ny(t <yt — it + |<(B A
|| 2 y( 2) 1 y( 1)” — F( 2ﬁ 1)Hyl 2 Y1 1 || ’C( » Y5 T )‘

|)\|T2571 _ 772571
[l =11+ B,
(2292 _ 200)-2))

1+ I (T, (1)) - I‘”‘”“f(n,y(n))] H

té; b —8)* (s, y(s s—t}—i7 . — )L f(s,y(s))ds
£ [t ot - g [T -9 e

1 26-1  ,28-1
< m”yln(tz —t7 )+ 1C(B, 7, m, A)]

N|T26-1 _ 26—
[uyow—1|+' | "

T
(8,7, m, )] g o " o
# P2 [ = ol ptenlas + [ -9 el

2(28)—-2 2(28)—2

+

1
o] (5772 = 6209

t1

1 o o B a_
+ T(a) [té 7/O (t2 — 5)* Y f(5,y(s)) |l ds — ] 7/0 (t1 — )Y f(s,9(s)) | ds
+t§7/ (ty — s) Y| £ (s, y(s))||ds]

t1

1] _ _
<teyeg e ) HKB N
|>\|T25—1 _ 772,8—1 1
A—1 -
=11+ Bl + =

T n
[W /0 (T = 5)*"p(s)llylids + /0 (77—8)0‘_7]9(5)Hy||ds” (1229)-2) _ 2(26)-2),
t1 t
t i 67 [ -9 las 47 [M 6 -9 s ulas
1 &
#5705 ool

t1

y _ _
= F(,},_ﬂzlg_l)(tgﬂ L8N + 168,y )]
o AT et R
[HyoH!A 1]+ T5) ||y1H+F(a_7+1)
B n
[|)\|/0 (T — s)a—ﬁp(s)ds—l—/o (U—S)Q_Vp(s)dsn (t§(25)72) _t?(25)—2))
R 1 [" a-1 1y [ a1
T |2 /0 (t2 = 5)* p(s)ds — 1y /O (b — 5)° " p(s)ds
t2
#157 [o) ptegas]
t1
llyll 28-1 28—1
< — 27 _
F(7+26—1)(t2 h)
IA[T2P 1 — Pt
-1
10087 M ol - 11+ P
ftp” [ / ! - / ! - ” 2(28)-2) _ ,2(28)-2)
e |IA T —s)*Vds + —5)* Vds|| (t —t
MNa—~v+1) A 0 ( ) 0 (n ) (t5 1 )
t

R * _ 1 _ t1 B to
+ o2 [t% V/ (tz — 5)* tds — t; 7/ (t1 — 5)* s + L, 7/ (ta — s)alds}
I(a) 0 0

t1
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lyall 28-1 28—-1
(T —t
_F(7+26—1)(2 v
‘)\‘wal . 772371
-1
+ ¢85 v, m M| {llwoll|A = 1] + T'(25)
2(28)-2) _ ,2(28)-2) Rp*  a—y41 a—nt1
(t5 121 )+ Ta+1) (ts 121 )-

As t1 — to, the right hand side of the above inequality tends to zero.
Hence N(D) C D.

Rp*(‘)\‘Taf’y+l + nawarl)
INa—v+2)

lyall +

Now we show that the implication holds:
Let V' C D such that V = conv(N (V) U {0}).

We have V(t) C conv(N(V)U{0}) forallt € J. NV (t) C ND(t), t € J is bounded and equicontinuous
in F, the function t — v(t) = u(V(¢)) is continuous on J .
By assumption (H2), and the properties of the measure p we have for each ¢t € J.

t770(t) < p(t TN (V)() U{0}) < (T (NV)(2))

<p [t” [I“f (ty(t) + %ﬂ*l + %ﬂ”“ +C(Bovsm )

NT28-1 _ 7726—1
I'(26)
=

— t — )27 f(s,y(s))ds
<o | €= 9 s aes +

(yo(/\ S+ g1+ AT, y(T)) — 19 y(n») W@BWH

IC(B,7,m, A)|
MNa—v+1)

(IAI /OT(T —8)* "V f(s,y(s))ds + /On(n — S)Q_Vf(s,y(s))ds> 752(2,8)—2}
<

1€(8,7,m, M)
MNa—vy+1)

=7 rt
[ /0 (t =) u(f (5,y(5)))ds +

1— t
o T v es + 52T

T
(W [ = nomvispas+ [ "= 9w ) 22|
<

0
1C(B,v,m, M)
MNa—~v+1)

[lt“l(oj /Ot(t — 8)* Ip(s)v(s)ds +

(W /OT(T —5)* p(s)v(s)ds + /On(n — S)O‘_Vp(s)v(s)ds> t2(2ﬁ)—2]
<

1- t
o [ - o tptoas + K822

* t ! a—1 |C(677vna )‘)| g a— K a— 2(28)—2

o=t {C(8,7,m, M)
< p* sV Ty a—y+1 a—vy+1\ 12(28)-2
<10l |y + R (AT )

This means that

* Tai’wrl C 6777 777)\ _ _ _
ol <9Il [ gy + 2 (et gy 7209
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* a—y+1 s 1y 7)‘ — - — 3 3
By p 71:(0[]_1) + |§§§jvn+2))‘ [ ATt 4 o] T72(20) 2} < 11it follows that ||v|| = 0, that is v(t) = 0

for each ¢t € J , and then V (¢) is relatively compact in E. In view of the Ascoli-Arzela theorem, V is
relatively compact in D. Applying now Theorem 2.16, we conclude that N has a fixed point which is
a solution of the problem (1.1)-(1.2).

4 Example

We consider the problem for Hilfer fractional differential equations of the form:

Dy (t) = f(t,y(t), (t,y) € (0, 1], R),

(4.1)
IY7y(0) = yo, IP7728/(0) = gy, I y(n) = A y(T))
Here
1 1 3
o = 57 /B - §a Y= 17
1 1
A= — = - T=1.
27 77 4?
With
1 ct?
f(ta yt)) = Z + ﬁw(t)‘: te [07 1]
and
e3
C = 1*()\/%

Clearly, the function f is continuous. For each y € E and t € [0, 1], we have

2
17yl < sl

Hence, the hypothesis (H2) is satisfied with p* = ce™3. We shall show that condition 3.4 holds with
T = 1. Indeed,

Tt C(B v ms M)
* RIS A Tozf'erl + a—vy+1 T2(2[3’)72 <1
fasD " azy+2) M (i

Simple computations show that all conditions of Theorem 3.1 are satisfied. It follows that the problem
4.1 has a solution defined on [0,T].
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