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Abstract

In the present paper we introduce new “truncated" hypersingular integral operators
D2 f, (e > 0) generated by the modified Poisson semigroup and obtain an explicit inversion
formula for the Flett potentials in framework of L,-spaces.
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1. Introduction

The importance of the potential operators, in particular Riesz and Bessel potentials,
lies in the fact that they improve the “smoothness” of a function and in this context they
are useful tools in certain function spaces, such as Lipschitz, Sobolev and Hardy spaces.

The Riesz potentials I* f of a function f are interpreted as the negative fractional powers

of the minus Laplacian (—A) = — i %, and have the following integral representation
k=1 """k
(see, [19, p.117],[16, p.483],[14, p.215])
1
I°f) (z) = / y|* " f(r —y)dy, 0 < a <n, 1.1
1N @ = —5 [ @ =) (1)

where 7, (o) = 722°T (a/2) /T ((n — a) /2) .

The Bessel potentials J*f of a function f are interpreted as the negative fractional
powers of “the strictly positive” operator (E — A), E is the identity operator, and they
have the integral representation (see, [19, p.130],[16, p.540])

« = 71 T — «
(TP @) = 5y fo, G ) (2 =9y, o> 0 (12)
with the kernel

Ga (v) :/OOO e*ﬁf%g%*ldg B (@) = 2"73T (00)2).
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The Riesz and Bessel potentials have the following “one dimensional" integral representa-
tion via the Poisson integral:

(1°f) () = F(la) [ e, (1.3)
() () = F(“;) [Ty P @ (1.4)

where J, is the Bessel function of the first kind of order v and P, f is the Poisson integral
(P @) = [ p@.0)f (@ =y)dy, >0,z e R" (15
with the Poisson kernel p (y, t)

cnt I (% (n+ 1))

y Cpn =
GER

p(y,t) = (1.6)

)%(n+l) 73(n+1)

As seen from (1.3) and (1.4), the Riesz potentials are better suited to the Poisson
kernel than Bessel potentials. However, there are another fractional integral operators
whose behaviours are midway between that of the Bessel and Riesz potentials. These
potentials, that we called the Flett potentials, are introduced by T.M. Flett in the paper
[7] (see also [16, p.541]).

The Flett potentials F*f of a function f are defined in terms of Fourier transform as

(Ff (@) =1+ |z)) " f(z), z€R”, a>0, (1.7)

with Fourier multipliers (1 + |z|)”® , whereas the Fourier multipliers of Riesz and Bessel
potentials are |z|™* and (1 + xQ)a/ 2 respectively. These potentials are interpreted as

the negative fractional powers of the operator (E + A), where A = (—A)% and A is the
Laplacian. They have the following integral representation

@) @) = 6@ < (@) = [ ba)f@—y)dy. (18)
where the kernel ¢, (y) has the representation
1 aen [ s%e—slyl
ba (y) = M (@) Yl /0 md& (a>0) (1.9)

with A, (@) = #D/2T (o) /T (n+1) /2).

One of the important problems for the potential operators is to obtain an explicit
inversion formula for them. The hypersingular integral technique, that powerful tool for
inversion of the Bessel and Riesz potentials, was introduced and studied by Stein [18],
Lizorkin [8], Wheeden [21], Samko [15, 16], Nogin[9, 10], Rubin [11-14], Balakrishnan [6]
and many other mathematicians.

We should also mention the papers [1-5, 17], where the explicit inversion formulae for
the ordinary and generalized Riesz, Bessel, parabolic and Flett potentials are obtained by
making use of the relevant wavelet-type transform.

In this paper, inspired by the techniques in the papers [11-13] we introduce the “trun-
cated” hypersingular integral operators D¢ f, (¢ > 0) generated by modified Poisson semi-
group (see below (2.12)), and obtain an explicit inversion formula for the Flett potentials.
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2. Preliminaries and auxiliary lemmas

L, (R™) is the space of the Lebesgue measurable functions on R™ with the finite norm

£, = ([ 1f @Fdr)" 1< <00 i Il = esssuplf @)

Here, z = (z1,22,...,2y) € R® and dx = dridxy...dx, . The Fourier and inverse
Fourier transforms of f € L; (R") are defined by

F@)= [ emtf @t oot =mti 4ot 5 £ (1) = (207" F (1),

Denote by 8§ = §(R"™) the space of Scwarz test functions. Namely,

o8
§=4qf € C*[R") :sup |z* 5= f(x)] <oo, forall o, €Z
reR™ 837’3
where © = (z1,22,...,2,), @ = (a1,02,...,0y), % =2z{", 252, ..., 25" and %f(x):

851 aBn
57 g (@172, ).
1 n

The notion Cy = Cy(R™) will denote the class of continuous functions on R”, vanishing
at infinity.

With the aid of the formula (1.9) it is not difficult to show that the kernel ¢, has the
following properties (see [7] and [16, p.542]):

(i) If 0 < a < n, then

Ga () ~ cp (@) 2| as |z| — 0,
and

1
T o as |z| — 0,

)~ o M

where

F(%(a+1))F(%(n—o¢)) 1 _F(%(n—i—l))
2T () 3 () R TCT

(ii) ¢a € L1 (R™) and ||¢al|; = 1, for all a > 0.
(iii) The Fourier transform of ¢, for a > 0 is

en (@) =

[ o) e Yy = (Lt fa) "

(iv)
b () ~ ac, |z as |z| — occ.
From (1.8) and (ii) it follows that

1Ffll, < lIfll, » foralla>0and 1 <p < co. (2.1)
Also, using (1.9) and the definition of Poisson integral, we can write equivalently
1 o0
N @) = gy |, T BN @ FeL, (<p<o).  (22)
0

where P, f is defined as in (1.5).
The Poisson integral P;f has the following properties, that will be used later.

Lemma 2.1. ( see e.g.[14, p.217])

Let f € L, (R"), 1 < p < oo, P.f be the Poisson integral and p (y,t) be defined as in
(1.6). Then
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(1)
Lpwdy=1 ., (05w =c" w0 (2.3)

(ii)
1PN, < WA, (2.4)

(i) )

sup |(Pef) (@) <ct 7| fll, - 1<p<oo,c=c(n,p); (2.5)

(iv)
Sup [(Pf) (z)| < (Mf) (2), (2.6)

where, (M f) is the Hardy-Littlewood mazimal function;

(v)
Po[Paf ()] (x) = (Pagsf) (), a >0, >0 (2.7)

(vi)
lim (P f) (z) = f(2), (2.8)

where the limit is understood by L,-norm, pointwise a.e. or uniformly.

2.1. The truncated hypersingular integral operators associated to the
modified Poisson integral

The finite difference with order I € N and step 7 € R! of the function g (), (te ]Rl) is
defined by

!
ALfgl(t) =3 (i) (~1)F g (t+ kr). (2.9)
k=0
In the special case, for ¢t = 0,
l
ALlg) (0)= 3 (,i) (1) g (k). (2.10)
k=0

Definition 2.2. Let f € L, (R"), 1 < p < oo and the Poisson integral P; f be as in (1.5).
The modified Poisson integral is defined as

(Bef) (z) = e (Pf) (x), 0 <t < o0 (2.11)
It is clear that the semigroup property

(Ba (Bsf)) (2) = Barsf) ()

holds and owing to Lemma 2.1-(vi) it is assumed that

(cB4f) (@) o= £ (2) = Bof.

Using this modified Poisson semigroup 3;f and the finite difference with order [ € N,
we introduce the following truncated integral operators (cf. [14, p.261]).

Definition 2.3. Let f € L,(R"), 1 < p < oo, a« > 0and !l > o (I € N). Then the
construction

«a _ 1 o l P diT
(D)) = o5 [ ALIBN @) 0) 1

oo [ ! ;
-~/ [Z (,i) (1) e (P ) <x>] >0, (212
¢ Llk=0

—~
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will be called a truncated hypersingular integrals or briefly, a truncated integrals with
parameters ¢ > 0. Here the normalized coefficient x; («) is defined as

xi (@) = /Ooo (1 - e‘t)l 1t (2.13)

By Minkowski integral inequality, it is easy to see that D2 f € L, (R") for all € > 0.
The main result of the paper is as follows.

Theorem 2.4. Let ¢ € L, (R"), (1 < p < 00) and F*p be the Flett potentials of function
@ of order o > 0. Further, let the integral operators DY, (¢ > 0) be defined as in (2.12).
Then

lim (DIFp) (2) = ¢ (2),

e—0t

where the limit is understood in Ly-norm or pointwise a.e..

3. Proof of the main result

Now we state three lemmas, which play an important role in the proof of Theorem2.4.

Lemma 3.1. Let f € L, (R"), (1 <p<oo) and P f be the modified Poisson integral
defined as in (2.11). Suppose that the Riemann-Liouville fractional integral of a function
h(t),(0 <t < oo) is defined as

©  h(r > h(r
Zh(t) = r (1a) /t (r —(t))l_adr T (1a) /o E«l—tt) ar, &> 0. (3:-1)
Then
B [Ff] (x) = I [(B.f) (#)] (2) . (32)

forallt >0 and a.e.x € R™. Where F* f is the Flett potential operator defined as in (1.8).

Proof. First, let us emphasize that the Fourier transforms of the right and left sides of
(3.2) are equal for all f € 8§ (Schwartz space). Indeed, if f € 8§ then

(P [T 1] (2))(€) = e TV 1+ €)™ F (€), (3.3)
and on the other hand,
(19 [(B.F) ()] () () = F(la) [T @) @) a1

1 Ooe—(r t) po— ) r
- /0 L (P f) (2)1(€) d
1

(07

_ / 67(r+t),r,a7167(r+t)\£|f(g)dT
0

' ()
_ Feye—taHey L [T e, a1
(3 F(a)/g e~r(LHlED a1 g,

e MIHED (1 4 g7 F(). (3.4)

Thus, from (3.3) and (3.4) it is easily seen that the equality in (3.2) is true for all Schwartz
functions f. On the other hand, since the operators A and B defined as

(Af) () =B [F*f] (x) and (Bf) (x) = IZ[(B.f) ()] (t)

are strong type of (p, p) and the Schwarz space 8 is dense in L, (R™), the proof is complete.
O
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Lemma 3.2. Let ¢ € L,(R"), (1<p<o0), 0 < o < 00 and the truncated integrals
operators DY be defined as in (2.12). If F%p are the Flett potentials of ¢ € L, (R"), and

Pip, (0 <t < 0) is the Poisson integral of @, then the equality
(D27°9) () = [ K ()€1 (Puyip) (@)

is valid for all € > 0 and pointwise a.e..

0 (

Here, the auxilary kernel function Kg

1 1 & (1 N
KD (n) = FiT o (04)5,;) <k> (D (=K, 1> a

n) is defined as follows:

with
o (n_k)aa Zf77>k
“7"{’”‘{ 0, ifn<hk

Proof. By using (3.2), we have

@e7) (@) = s [ [Z @ (0" BT )| 5
€ k=0
0o l T
(32) xzta)/ [Z (é)( )T I [(P.0) ()] ( )] ia
€ k=0
Further,
l
5 (;) (1) 12 [(B) ()] kr)
k=0
W5~ () o [ ke () () ar
k ') Jk
k=0 i
_ /fm (r) (Prp) () dr,
where
1 ! { k a—1
mmzra)kzo(k)( D (r = k)
with

Now, by taking into account (3.8) in (3.7) we get

(D2T) (x) = (a / A ([T @ar)ar
tha) /°° (Brep) (@ )(/E TiahT (r) dT) dr

(changing of variables r = en, 0 < n < o0)

- [T @ ([ e enr) an

W b x : —1)* R € e qr
2 e b @0 (X () 0 [ - ket o)

(3.5)

(3.7)

(3.8)

(3.9)

(3.10)
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Let’s evaluate the integrals
[e.e]
i = / 7179 (en — k:T)i_l dr, k=0,1,...,1
0
those appear in (3.10).
For k=0:

. /OO _l—a( )afld a—1

20 g T n agn
fork=1,2,....1:

fe% 77179 (en — kT)O‘_l dr, if n>k
0, ifn<k
By change of variables 7 = £ 0 <t < +—1, we get, for k=0,1,...,1,

1 [} .
. = (n—Fk)", ifn>k 1 o
_ ) = k) 11

By using this equality in (3.10), we obtain the desired equality
(DEF%) (x) = /0 KD (n) ™" (Poyep) () dln,
where the kernel function K (n) is defined as in (3.6). O

Remark 3.3. The function K (n) has the following properties (see [16, p.125], [14,
p.158]):
(@) KO ()€ L1 (0,00) and [ K (n)dy =1 (3.12)
0

o1, as n—07F
O, as n— oo

o KD ={ (3.13)

Lemma 3.4. [20, p.60] Let {1}, be a family of linear operators, mapping Ly, (R"),
1 < p < o0 into the space of measurable functions on R™. Define T* f by setting

(T"f) (z) = Sup [(Tf) (z)], z € R"

and denote by meas(E) the Lebesgue measure of the set E C R™. Suppose that there exist
a constant ¢ > 0 and real number ¢ > 1 such that

meas{z : |[(T*f) (x)] >t} < <C||tf||p>q

for allt >0 and f € L.
If there exists a dense subset D of L, such that liH(l] (Tzg) (z) exists and is finite a.e.
E—

whenever g € D, then for each f € Ly, lir% (T.f) (x) exists and is finite a.e..
e—

Proof of Theorem 2.4
By taking into account (3.12), we have

(0570 @) = o @] £ [ KD 0] (Pay) (0) )]
< [T KD ] (Pae) @] dy

b [T RO @] o) @)~ o @)
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Thus,
D250 =, < [ (1= )KL )] Pl dn+

+ [ IR o 1Pese = ol
= Li(e)+ Iz (e). (3.14)

By making use of Lemma 2.1, Remark 3.3 and the Lebesgue dominated convergence theo-
rem we can see that

lim/; (¢) =0 and c}lg%lg () =0.

e—0
For the convenience of the reader we give here the proof of liH(l) I(e) = 0. By Lemma
e—

2.1-(ii), || Pey Ip<|| ¢ || and therefore,

L= ) | KL D) || Pene 1< EL () 11l 0 Il -
Since, the right hand side of the last inequality is integrable and lim (1 — e™¢"7) = 0, the

e—0t
Lebesgue dominated convergence theorem yields that

o
lim Ii(e) = lim [ (1—¢) | KL ) || Py llp dn
e—0t e—0t Jo
o
= [ dim @) [ KO0 | Poyio ly dy = 0.
0 e—0t

Similarly, since || Py — ¢ [[p < 2 || ¢ || and ;l_}n’é | Pene — ¢ |l[p= 0 by Lemma 2.1-
(vi ), we have by the Lebesgue theorem that Eliréh I)(¢) = 0. As a result, we have
lim D257 — ], = 0

Also, it is not difficult to see that the convergence is uniform for ¢ € Co N L, if we take
p = oo in (3.14). Namely, let now ¢ € Cp. Denote || ¢ ||co= xseué)n | ¢(z) | . Then, we have

from (3.14) that
[DEFe =l < /0 (L—=eN) | KL () (|| Pep lloo dy

+ [TIEO@) I P = 0 e dn = Fi€) + (o).

Since Uim || Pepp = floo = 0, || Penp lloo < | ¢ lloo and [| Penp = ¢ [loo <2 ¢ [loo, the

Lebesgue dominated convergence theorem yields that lim I~1(£) =0 and lim INQ(s) =0,
e—0t e—0t

: agqa,, —
and therefore, ;l_I)I(l)H'DaSt =9l =0

Finally, since we have the following inequality

sup [(D2T°p) @) < sup(Peg) @) [ [ ()|

e>0
(2.6)
< (M) (x),
and since the Hardy-Littlewood maximal operator M is weak (p,p) , it follows that the
maximal operator
(D) (x) = sup (D) (x)
e>0

is weak (p,p).

Also, because of the fact that (D2¢) (z) = ¢ () pointwise (in fact uniformly) as ¢ — 0
for all ¢ € CoN Ly, and the set Cy N L, is dense in Ly, (R™), (1 < p < 00), we get that all
the conditions of Lemma 3.4 are fulfilled and therefore the proof is complete.
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