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Abstract

We know that W —curve is a curve which has constant Frenet curvatures. In this study, firstly, we
have investigated the principal normal and binormal spherical images of a timelike W —curve on
pseudohyperbolic space H'Hg in Minkowski space-time Ef. Besides, the binormal spherical image of
the timelike W —curve is a spacelike curve which lies on pseudohyperbolic space ]ng. Hence, we have

obtained the Frenet-Serret invariants of the mentioned image curve in terms of the invariants of the
timelike W-curve in the same space. Finally, we have given some characterizations of the spherical

image in the case of being helix for the timelike W —curve in Minkowski space-time Ef.
Keywords: Spherical Images, Timelike W-Curve, General Helix, CCR-Curves

Ozet

W —egrisinin sabit Frenet egriliklerine sahip bir egri oldugunu biliyoruz. Bu ¢alismada, 6ncelikle, Ef
Minkowski uzay-zamaninda, H'Hg pseudohiperbolik uzay iizerinde bir timelike W —egrisinin asli

normal ve binormal kiiresel gostergelerini arastirdik. Yanisira, ]1']](3) pseudohiperbolik uzay lizerinde
yatan timelike W —egrisinin binormal kiiresel gostergesi spacelike bir egridir. Bu nedenle, ayni
uzayda, s6z konusu goriinti egrisinin Frenet-Serret degismezlerini timelike W —egrisinin
degismezleri cinsinden elde ettik. Son olarak, Ef Minkowski uzay-zamanindaki timelike W —egrisi
icin helis olmas1 durumunda kiiresel gostergenin bazi karakterizasyonlarini verdik.

Anahtar Kelimeler: Kiiresel Gostergeler, Timelike W —Egrileri, Genel Helis, CCR-Egriler
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1. Introduction

Lorentzian geometry helps to bridge the gap
between modern differential geometry and the
mathematical physics of general relativity by
giving an invariant treatment of Lorentzian
geometry. Nearly a century ago, Einstein’s
formulation of general relativity expressed in
terms of Lorentzian geometry was attractive for
geometricians who could penetrate suprisingly
into cosmology (redshift, expanding universe,
big bang)[1].

Despite its long history, the theory of curve is still
one of the most interesting topics in differential
geometry and it is still being studied by many
mathematicians until now. A tetrad of mutually
orthogonal unit vectors (called tangent, normal,
binormal, trinormal) was defined and
constructed at each point of a differentiable
curve. The rates of change of these vectors along
the curve define the curvatures of the curve in
the four dimensional space. Spherical images of
a regular curve in the Euclidean space are
obtained by means of Frenet-Serret frame vector
fields, so the mentioned topic is a well-known
concept in differential geometry of the curves
[2]. Also, these kind of curves were studied in
four dimensional Euclidean and Lorentzian
space [3,4,5,6,7].

W-curve is another curve among the prominent
curves which have the constant Frenet
curvature. All W —curves in Minkowski 3-space
are completely classified by Walrave in [3].
Besides, in Minkowski space-time, the spacelike,
timelike, null W-curves are studied [8,9].

In this study, we have investigated the principal
normal and binormal spherical images of a
timelike W —curve on pseudohyperbolic space
H3 in Minkowski space-time Ef. The binormal
spherical image of the timelike W-curve is a
spacelike curve which lies on pseudohyperbolic
space ]I-Hg. Hence, we have obtained the Frenet-
Serret invariants of the mentioned image curve
in terms of the invariants of the timelike
W —curve. Finally, we have given some
characterizations of the spherical image in the
case of being helix for the timelike W —curve in
Minkowski space-time Ey.
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2. Material and Method

Minkowski spacetime Ey is a real vector space R*
furnished with the standard indefinite flat metric
g defined by

g = —dx; +dx; +dx; +dxy

where (x4, x5, X3, X,) is a rectangular coordinate
system in Ef [1]. Since g is an indefinite metric,
recall that a vector v € E{ can have one of the
three causal characters; it can be spacelike if
g, v) >0 or v =0, timelike if g(v,v) < 0 and
null (lightlike) if g(v, v) = 0, v # 0. Similarly, an
arbitrary curve a = a(s) in Ef can be locally
spacelike, timelike or null (lightlike), if all of its
velocity vectors a'(s) are spacelike, timelike or
null (lightlike), recpectively. Also, the norm of
the vector v is given by

vl = Vg, v)l.

The vector v is a unit vector if g(v,v) = F1.
Vectors v,w in Ef are said to be orthogonal if
g(w,w) =0 [10]. Let u and v be two spacelike
vectors in Ef, then there is a unique real number
0 <6 <, called the angle between u and v,
such that g(u, v) = ||lul|l|v]lcosé [11].

The pseudohyperbolic space with the center
m = (my, My, My, my) € Ef and radiusr € R* in
the spacetime Ey is the hyperquadric

H3 = {a = (a1, az,a3,a,) € E}
lgla—ma—m)=—-r?}

with dimension 3 and index 0 [1].

Let @ = ¢(s) be a curve in Ef. If the tangent
vector field of this curve forms a constant angle
with a constant vector field U, then this curve is
called a general helix. Recall that, if a regular
curve has constant Frenet-Serret curvatures
ratios in Ef, then it is called a ccr-curve
[12,13,14]. Also, if these curvatures are non-zero
constants, the curve is said to be W —curve (or
helix) [15,16,17].

Denote by {T(s), N(s), B;(s), B,(s)} the moving
Frenet-Serret frame along the curve ¢(s) in Ef.
Then T, N,B;, B, are, respectively, the tangent,
the principal normal, the binormal (the first
binormal) and the trinormal (the second
binormal) vector fields. A spacelike or timelike
curve ¢@(s) is said to be parametrized by arc-
length function s, if g(¢'(s), ¢’ (s)) = +1.
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Let ¢(s) be a timelike curve in E;, parametrized
by arc-length function s. Then the following
Frenet-Serret equations are given in [3]:

T 0k 0 017[T
Nl _ |k o 7 of|N
B _[0 - 0 oll|Bi/ M
B, 0 0 —-o ol]B,

where T,N,B{,B, are mutually orthogonal
vectors satisfying equations

g(T,T)=-1,
g(N,N) = g(By,B1) = g(B2,B;) = 1,

and where ¥, T, 0 are the first, second, and third
curvatures of the curve @, respectively.

In the same space, the authors expressed a
characterization of spacelike curves lying on H3
by the following theorem:

Theorem 2.1. Let ¢(s) be an unit speed
spacelike curve in Ef, with the spacelike vectors
N,B; and the curvatures ¥ # 0,7 # 0, o # 0 for
each s €l c R. Then, the curve ¢ lies on
pseudohyperbolic space if and only if

1ldp
(Pf " (?E))]’
where

2
1 d (1dp ,  (ldp\?
{5(/}”%(?5))} >+ (220)

andp = % [15].

d

odp d 1
ds

tds ds|o

(2)

Definition 2.2. Let a = (ay,a, a3 a,),b =
(by, by, b3, by) and ¢ = (¢4, ¢, €3, ¢4) be vectors in
E}. The vector product is defined by

—€1 € €3 €4

axXbxc=- G G2 Gs s
- by by, by byl

€1 G C3 C4

where ey, e,,e3,e, are mutually orthogonal
vectors (coordinate direction vectors) satisfying
equations

e; X ey, Xeg =ey, e, X ez Xe,=e,
e3 X ey Xe =ey,

[5]-

64)(31 Xez = —es3,
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Theorem 2.3. Let ¢(s) be an arbitrary spacelike
curve in E;. The Frenet-Serret apparatus of the
curve @ can be written as follows:

¢
T=0oT
_ lele” —g(e) 0)e
e l2e"” —gle, @)l
By =uN XT X B,,
_ TXNx@"
~HITXN X

(3)

B,

and

M2 Cey
[llel* e - g(e’ 0|
ll'l* '
_lImx v x o™l
Hel2e" —gle, )l

_ __ 90" By)
ITxnxe "Il

(4)

where p is taken -1 or 1 to make 1 the
determinant of {T', N, B;, B, } matrix [5].

3. Results

3.1. The principal normal spherical image of
a timelike W —curve in E}

In this section, we give the definition of the
principal normal spherical image for the timelike
W —curves in Minkowsk space-time E}.

Definition 3.1. Let f = f(s) be a unit speed
timelike W —curve in Minkowski space-time Ey.
If we translate the principal normal vector to the
center O of the pseudohyperbolic space H3, we
obtain a curve § = §(ss). This curve is called the
principal normal spherical indicatrix or image of
the curve B in Ej.

Theorem 3.2. Let § = f(s) be a unit speed
timelike W —curve and 6 =48(ss) be its
principal normal spherical image. Then,

i) § = 8(sg) is a spacelike curve if the first and
second curvatures of [(s) satisfy the following

0<k<rT.

ii)Frenet-Serret apparatus of the curve
6,{Ts, Ns, B15,B2s5, K5, Ts5, 05} can be formed by
the apparatus of the curve £.

T<Kk<O0,
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Proof. Let § = $(s) be a unit speed timelike W-
curve and & = 6(sg) be its principal normal
spherical indicatrix. [t can be written as

§ = N(s). (5)

Differentiating the equation (5) with
respect to s, then we obtain

=6 = kT + tB;. (6)

Ss
ds
Here, we shall denote differentiation according
to s by a dash, and differentiation according to sg
by a dot. Thus, we obtain the unit tangent vector
of the principal normal spherical image curve &
as

T. = kT + B,
N 7
and
’ d
18 = 52 = VT = w2, (8)

The causal character of the principal normal
spherical image curve § is determined by the
following inner product:

g(8',8") =1 — . 9

From the expression (9), we will take the
spherical image curve as spacelike one by
assuming the conditions

T<k<0, 0<k<rT. (10)
Considering the previous method and using the
property of the curve to be W —curve, we form
the following differentiations with respect to s:

8" = (k?> —1%)N + 10B,,

8" =k(k? — )T + 1(k* — 72

— O'Z)Bl, (11)
§M) = ((k? — 12)2 4+ 1202)N
+10(k? — 12 — 6%)B,.
By the expressions (2), we arrive at
”6’”26’/ — g(é‘l'dll)dl
= —(? — 122N (12)

+10(1? — Kk?)B,.

Then, we can write the principal normal vector
of the spherical image curve §

K2 _ 2
Ns = N
8 \/(ra)z + (12 — k2)2
(13)
10

By,
WO

and the first curvature of the spherical image
curve § is obtained by

(@)% + (12 — Kk?)?

- (14)

Ks
Now, calculate the vector product

U =Ts x Ns x 8", that is, we have the vector U
as

—T0

J(@o)2+(r2-K2)2 N

—KT0?
U= o (15)
VJ(To)2+(12-K2)2 2
Hence, we obtain the trinormal (second

binormal) vector field of the principal normal
spherical image curve § as follows:

10 N
( J(TJ)Z + (72 — k2)2 w

+ K B
\/(‘m)z + (12 — k?)? 2/

Bys

(16)

Taking the norm of both sides of the expressions
(15) and (12) then the second curvature of the
principal normal spherical image curve § is

—kt0?

(@2~ k2)(@0)? + (7~ k)2

75 = (17)

To obtain the binormal vector field of the
principal normal spherical image curve §,we

express V = Ng X Ts X B,s as follows:
T K

T— B,. (18)
ViZ -2 12— K2

V=-—

From the expression (18), then we get the
binormal vector of the principal normal
spherical image curve §
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(- 09

Using the equation (16), the third curvature is
given by

Ko
Os =
o o + (@ =

(20)

Corollary 3.3. Frenet-Serret apparatus of the
principal normal spherical image curve § is an
orthonormal frame of Minkowski space-time E.

Proof. It can be straightforwardly seen by using
the equations (7), (13), (16), (19).

Corollary 3.4. Let 8 = f(s) be a unit speed
timelike W —curve and 6 =6(ss) be its
principal normal spherical image. Then, the
curve § is also a helix.

Proof. Let f = B(s) be a unit speed timelike
W —curve. We know that the curvature
functions are constants. Therefore, we know that
the curvature functions of the principal normal
spherical image 6 (ss) are constants by means of
the equations (14), (17) and (20). Hence, the
curve &(ss) becomes W —curve which is the
special case of helix.

Theorem 3.5. Let f = f(s) be a unit speed
timelike W —curve and § = §(ss) be its principal
normal spherical image. If § is a general helix,
then its fixed direction @ is composed

1

(—Exllcsz

+(x15 + xz)N

Loy —lecs+x3)T

1 1
—=x;k%5% — - x,K%s
2T T

+ B, (21)

X1

1
+ -x3kK
73

1 1
—x1k%083 + —x,k%052
6T 2t

1 X0
——X3K0O ———S + X4
T T

+ B,

where x; is a non-zero constant and x,, X3, x,are
constants.

Proof. Let f = (s) be a unit speed timelike
W —curve and § = §(ss) be its principal normal
spherical image. If § is a general helix, then for a
spacelike vector ®, we may express
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9(Ts, @) = cos 0, (22)

where 0 is a constant angle. The equation (22) is
also congruent to

(K’T + 1B,
g(——=
1/1-2 — KZ

The constant vector ® according to {T, N, By, B}

,LD) = cosé. (23)

is formed as

® =& T+ &N+ 3B + 4B, (24)

Differentiating the expression (24) with respect
to s, then we have the following system of
ordinary differential equations

g +erk=0
{81}{4-8%—831':0
ET—g0+65=0

&4+ e0=0

(25)

We know that —&;k + €37 = x; # 0 isanon-zero
constant. Since the curve S =pf(s) is a
W —curve, its curvature functions are constants.
Then the solution of the system (25) can be
obtained as

1
g = —Exlksz — X,KS + X3,
& = X1S + Xy,
£r = — Sy k252 — Ly k2
3 = X K757 — —XpK”s
x 26
+ -xzx+ 2, (26)
T
1 1
2 2 .2
&4 = —X1K°0S> + ——XK“0S
6T 2t
1 X10

——X3K0S ———S + X,.
773 T

3.2. The binormal spherical image of a
timelike W —curve in E}

In this section, we give the definition of the
binormal spherical image for timelike
W —curves in Minkowski space-time Ej.

Definition 3.6. Let f = f(s) be a unit speed
timelike W —curve in Minkowski space-time Ej.
If we translate the binormal vector to the center
0 of the pseudohyperbolic space H3, we obtain a
curve ¢ = @(s,). This curve is called the
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binormal spherical indicatrix or image of the
curve B in Ef.

Theorem 3.7. Let f = f(s) be a unit speed
timelike W —curve and ¢ = go(s(p) be its
binormal spherical image. Then,

i)p = (p(sq,) is a spacelike curve.

ii) Frenet-Serret apparatus of the curve
©,{Ty, Ny, B1g, B2, K, T¢p) 0} can be formed by
the apparatus of the curve £.

iii) <p=<p(s(p) is also a helix lying on the
pseudohyperbolic sphere H3 in Ef.

Proof. Let f = B(s) be a unit speed timelike
W —curve and ¢ = (p(sq)) be its binormal
spherical image. It can be written as

® = By (s). (27)
Differentiating the equation (27) with respect to
s, then we obtain

7 .

s
@' = gad—;p = —TN + 0B,. (28)

Here, we shall denote differentiation according
to s by a dash, and differentiation according to s,
by a dot. Thus, we obtain the unit tangent vector
of the binormal spherical image curve ¢ as

_—tN+ 0B, 29)
N
and
, ds, 5 5
o'l =—=2 =2+ o2, (30)

ds

The causal character of the binormal spherical
image curve ¢ is determined by the following
inner product:

9(¢,9") =1*+ 02 (31)
According to the expression (31), the binormal
spherical image is a spacelike curve.

Considering the previous method and using the
property of the curve to be W —curve, the
following differentiations with respect to s are
formed:
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"

@" = —tkT — (12 + 0?)B,,
2 2
" = T(T +g )N —o0(t?2 + 0%)B,,
- (32)
9 = 1(k(e? + 0%) — KT
+((t? + 6%)? — 12Kk?)B,.
By the expressions (2), then we get
"2, " _ 1o I — _(+2
lle'l*e" — g(o', 9")g" = —(2* + (33)

0?)tkT — (2 + 02)?B;.

Then, we can get the principal normal vector of
the binormal spherical image curve ¢

N = KT
¢ JI@ + 02?2 = (@2
2 + g2

o

T

(34)

1

and the first curvature of the binormal spherical
image curve ¢ is as:

V@ + 022 = (@?

72+ 02

(35)

¢

The vector product X =T, X N, X @' is given
by

X
_ 1

_ ((TZ + O'Z)T)
VG + 097 = (@212 + 02) '

+(kt)B;

(36)

Using the expression (36), then the trinormal
(second binormal) vector field of the binormal
spherical image curve ¢ is obtained as

By
u

K210+ |(7? + 02)? — (1K)?|

(s, ) @7

Taking the norm of both sides of the equations
(33) and (36), then we find the second curvature
of the binormal spherical image curve ¢

K%to
Ty = .
¢ (2 + 02)\/(1'2 +02)? — (k1)?

(38)
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The binormal vector field of the the binormal
spherical image curve ¢ is expressed as

(ver.)
+1B, )"

Finally, using the equation (39), then the third
curvature of the the binormal spherical image
curve @ is obtained by

u
N

B, - (39

¢

a, = 0. (40)

Corollary 3.8. Frenet-Serret apparatus of the
binormal spherical image ¢ is an orthonormal
frame of Minkowski space-time E.

Proof. It can be straightforwardly seen by using
the equations (29), (34), (37), (39).

Corollary 3.9. Let 8 = B(s) be a unit speed
timelike W —curve and ¢ = ¢(s,) be its

binormal spherical image. Then, the curve ¢ is
also a helix.

Proof. Let § = B(s) be a unit speed timelike
W —curve. We know that the curvature
functions are constants. We know that the
curvature functions of the binormal spherical
image (p(s(p) are constants. Hence, the curve
(p(s(p) becomes W —curve which is the special
case of helix.

Theorem 3.10. Let f = B(s) be a unit speed
timelike W —curve and ¢ = (p(sq,) be its

binormal spherical image. If ¢ is a general helix,
then its fixed direction @ is composed

X,0°Ks?

® = ix oKs3 +
67t 2T

— —X3KO
T

1
+;x11m + x4>T

1 1 (41)
+(—— 2.2 _ 2
( ZTxlcr s szcr s
1 X1
+—x30——>N
T T
+(x15 + x3)B;
1 2
+<—§xlas —xzas+x3>32,

where x, is a non-zero constant and x,, x3, x, are
constants.
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Proof. Let B =pf(s) be a unit speed
timelike W —curve and ¢ = (p(s(p) be its
binormal spherical indicatrix. If ¢ is a general
helix, then for a constant spacelike vector ®, we
may express
g(T,p,tD) = cos 6, (42)

where 0 is a constant angle. The equation (28) is
also congruent to

(—TN + 0B, (43)

V12 4 02

The constant vector @ according to {T, N, By, B}

,CD) = cos#f.

is formed as

® =& T+ &N+ 3B + 4B, (44)
Differentiating the expression (43) with respect
to s, then we have the following system of
ordinary differential equations

g +erk=0
gKk+e—e1=0
ET— 0 +e5=0

g, +e30=0

(45)

We know that —¢,7 + €,0 = x; # 0 isanon-zero
constant. Since the curve S =f(s) is a
W —curve, its curvature functions are constants.
Then the solution of the system (44) can be
obtained as

1

X,0°Ks?
— — —x3K0
T

2T

1
+ ;xlxa + Xy,

g = axlazks3 +

1

2.2 2
& = —-—X10°S° ——X,0°S + —Xx30
2 271 772 73 (46)
X1
__l
T
&3 = X1S + Xy,
1 2
s4=—5x105 — X0S + x3.

4. Discussion and Conclusion

In the present work, we extend spherical image
concept to timelike W —curve in Minkowski
space-time. We investigate principal normal and
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binormal spherical images of a timelike
W —curve and observe that principal normal
spherical curves are spacelike curves under
certain conditions, and also binormal spherical
images occur entirely as spacelike curves.
Thereafter, we determine relations between
Frenet-Serret invariants of the base curve and its
spherical images.
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