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Abstract

M.A. Akyol and B. Sahin [Conformal anti-invariant Riemannian maps to Kaehler mani-
folds, U.P.B. Sci. Bull., Series A, Vol. 80, Iss. 4, 2018] defined and studied the notion
of conformal anti-invariant Riemannian maps to Kaehler manifolds. In this paper, as a
generalization of totally real submanifolds and anti-invariant Riemannian maps, we extend
this notion to almost contact metric manifolds. In this manner, we introduce conformal
anti-invariant Riemannian maps from Riemannian manifolds to cosymplectic manifolds.
In order to guarantee the existence of this notion, we give a non-trivial example, investigate
the geometry of foliations which are arisen from the definition of a conformal Riemannian
map and obtain decomposition theorems by using the existence of conformal Riemannian
maps. Moreover, we investigate the harmonicity of such maps and find necessary and
sufficient conditions for conformal anti-invariant Riemannian maps to be totally geodesic.
Finally, we study weakly umbilical conformal Riemannian maps and obtain a classification
theorem for conformal anti-invariant Riemannian maps.
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1. Introduction

In 1992, A.E. Fischer introduced Riemannian maps between Riemannian manifolds in [8]
as a generalization of the notions of isometric immersions and Riemannian submersions.
Let ¢ : (N1,9n,) — (N2,gn,) be a smooth map between Riemannian manifolds such
that 0 < ranky < min{ni,ny}, where dimN; = n; and dimNs = ns. Then we denote
the kernel space of 1y, by keriy, and consider the orthogonal complementary space H =
(kery,)* to kert, in TNy. Then the tangent bundle of N7 has the following decomposition
TNy = kery, @ H. We denote the range of 1, by rangey, and consider the orthogonal
complementary space (rangei,)™ to rangei, in the tangent bundle TNy of Ns. Since
rankiy < min{ni,na}, we always have (rangey,)*. Thus the tangent bundle TNy of Ny
has the following decomposition 1~ (T Ny) = rangey, @ (rangey,). Now, a smooth
map ¢ : (N7, gn,) — (N3?, gn,) is called Riemannian map at ¢; € N; if the horizontal
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restriction wfql : (kerpug, )t — (rangei).y, ) is a linear isometry between the inner product
spaces

((ker¢*Q1 )La 9N, (q1) |(ker'¢z*q1 )+
and
(Tan9€¢*q1 1IN (QQ) ’(rangew*ql))a q2 = 'L/}<QI)-

Therefore, A. E. Fischer stated in [8] that a Riemannian map is a map which is as isometric
as it can be. In another words, ¥, satisfies the equation

IN, (Ve X1, 0 X2) = gn, (X1, X2) (1.1)

for X1, Xo vector fields tangent to H. It follows that isometric immersions and Riemannian
submersions are particular Riemannian maps with kery, = {0} and (rangey,)* = {0}. It
is known that a Riemannian map is a subimmersion [5] and this fact implies that the rank of
the linear map 1. : Ty N1 — Ty 4) N2 is constant for ¢ in each connected component of Ny,
[1] and [8]. It is also important to note that Riemannian maps satisfy the eikonal equation
which is a bridge between geometric optics and physical optics. Different properties of
Riemannian maps have been studied widely by many authors, see: [4,9,12,14,16]. Recent
developments in the theory of Riemannian map can be found in the book [17]. Recently,
conformal Riemannian maps as a generalization of Riemannian maps have been defined in
[15] (see also [18]) and the harmonicity of such maps have been also obtained. One can see
that conformal Riemannian maps with keriy, = {0} (respectively, (rangey,)* = {0}) are
conformal holomorphic submanifolds (respectively, conformal submersions). For conformal
anti invariant Riemannian submersions see also ([2,13]). The second author of the paper
and B. Sahin have been defined the notion of conformal anti invariant Riemannian maps
and conformal slant Riemannian maps in [3] and [4], respectively. In this paper, we are
going to introduce and study the notion of conformal anti-invariant Riemannian maps from
Riemannian manifolds to almost contact metric manifolds as a generalization of totally
real submanifolds and anti-invariant Riemannian maps.

The paper is organized as follows. Section 2 includes preliminaries. Section 3 contains
the definition of conformal Riemannian map, a proper example, the geometry of foliations
determined by vertical and horizontal distributions and the geometry of leaves of these
distributions.

2. Preliminaries

Let N be an almost contact metric manifold with structure tensors (¢, £, n,gn) where
¢ is a tensor field of type (1,1), £ is a vector field, n is a 1-form and gy is the Riemannian
metric on N. Then these tensors satisfy [7]

0§ =0, nop=0, n¢) =1 (2.1)

O’ =—I+n®¢& gn(eX1,9X2) = gn(X1, X2) — n(X1)n(X2), (2.2)
where I denotes the identity endomorphism of TN and X1, X5 are any vector fields on N.
The fundamental 2—form ® is defined ®(X1, X2) = gn (X1, 9 X2).
An almost contact metric structure (¢, &, n, gn) is said to be cosymplectic, if Vi = 0 and
V& = 0 are closed ([7,10]), and the structure equation of a cosymplectic manifold is given
by

(Vx,0)X2 =0, X1,X3 € x(N), (2.3)

where V denotes the Riemannian connection of the metric gy on N. Moreover, for a
cosymplectic manifold, we know that [6]

Vi, & =0. (2.4)

We also recall the notion of harmonic maps between Riemannian manifolds. Let
(N1,9n,) and (Na,gn,) be Riemannian manifolds and ¢ : (N1,9n,) — (N2, gn,) is a
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differentiable map. Then the differential v, of ¢ can be viewed a section of the bun-
dle Hom(T Ny, ~'TN3) — Ny, where 1)~'T Ny is the pullback bundle which has fibres
(¢_1TN2)q:Tw(q)N2, q € N1. Hom(T N1, 'TNs) has a connection V induced from the

Levi-Civita connection V" and the pullback connection. The second fundamental form
of v is given by

(V) (X1, X2) = Vi, 1. Xz = (V) Xo) (25)
for X1, Xs € T'(Ny), where V¥ is the pullback connection. It is known that the second

fundamental form is symmetric. Recall that v is said to be harmonic if trace(Vi,) = 0.
On the other hand, the tension field of 1 is the section 7 (1) of I'(1)"1TNy) defined by

ni

() = divip = Y (Vi) (e, €2), (2.6)
i=1

where {eq,...,e,, } is the orthonormal frame on Nj. Then it follows that v is harmonic if
and only if 7(¢) = 0 [5].
We denote by V2 both the Levi-Civita connection of (N2, gn,) and its pullback along 1.
Then according to [11], for any vector field X7 on N; and any section U; of (range,)*,
where (rangei, )t is the subbundle of ¢y ~1T'Ny with fiber (1, (T, N1))*— orthogonal com-
plement of (¢ (T;N1)) for gn, over g, we have V%‘Ul which is the orthogonal projection
of V%, Uy on (¢, (TyN1))* such that V¥Lgn, = 0. We now define Ay, as

V4, Ui = —Au X1 + Vi Uy (2.7)

where Ay, 1, X is tangential component (a vector field along 1) of V% Ui It is easy to see
that Ay, 1, X7 is bilinear in Uy and 9, and Ay, 1. X7 at ¢ depends only on Uyy and ., X14.
By direct computations, we obtain gn, (A, VX1,V X2) = gn, (U1, (Vi) (X1, X2)) for
X1, X2 € T((ker) and Uy € T'((range,)®). Since (Vi),) is symmetric, it follows that
Ay, is a symmetric linear transformation of range..

3. Conformal anti-invariant Riemannian maps

We first recall that, in [15], B. Sahin shows that the second fundamental form
(V) (X1, X2), VX1, Xy € T((kery,)t), of a conformal Riemannian map is in the fol-
lowing form

(Vb)) (X1, Xo) 9 = X (InA)10x Xo + Xo(InX\)1h X,
— gn, (X1, Xo)vu(gradln N). (3.1)
Thus if we denote the (rangei,)*—component of (V,)(X1, X2) by
(Ve ) (X1, X2) 9% we can write (V. ) (X1, X2) as
(Vih)(X1, Xa) = (V) (X1, Xa) ™9 4 (Vi) (X7, Xp)"omoev=)” (3.2)
for X1, Xo € T'((keri,)*t). Hence we have
(V,)(X1, X2) = X1 (InA\) e Xo+ Xo(InX) 0 X1 —gn, (X1, X2)i(gradln X)
+ (Vh) (X1, Xy)(ramoev)” (3.3)

We now present the following definition for conformal anti-invariant Riemannian maps as
a generalization of totally real submanifolds and anti-invariant Riemannian maps.

Definition 3.1. Let ¥ be a conformal Riemannian map from a Riemannian manifold
(N1,9n,) to an almost contact metric manifold (Na,¢,&,7n,gn,). Then we say that 1 is
a conformal anti-invariant Riemannian map at ¢ € Ny if p(rangei.), C (rangep.)*t. If
1 is a conformal anti-invariant Riemannian map for ¢ € Ny, then v is called a conformal
anti-invariant Riemannian map.
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Now, we are going to give some examples of conformal anti-invariant Riemannian maps.

Example 3.2. Every anti-invariant submanifold [19] of an almost contact metric manifold
is a conformal anti-invariant Riemannian map with A = 1 and kery, = {0}.

Example 3.3. Every anti-invariant Riemannian map [16] from a Riemannian manifold
to an almost contact metric manifold is a conformal anti-invariant Riemannian map with

A=1

We say that a conformal anti-invariant Riemannian map is proper if A # 1. We now
present an example of a proper conformal anti-invariant Riemannian map.
Note that given an Euclidean space No = R® with coordinates (vi,...,v5) on No = R,
we can naturally choose an almost contact structure (o, &, ) on R® as follows:
0 0 0 0 0
— d’U 5 = =, )=, —_ ) = —
n > 5 31}5 S0(87.11 8’02 1.4 8’03 81}4,

0 0 0 0
@(8722) = 7871;1’@(8704) = o @(&) =0.

Example 3.4. Consider the following map defined by
¥ :R® — Ny =R?, P(uq,...,us) = (e"t sinug, 0, " cosuz, 0,0).

We have

0 0 0
ke?”’(/J* == Spcm{U1 = 871[,37 U2 = 87’11,47 U3 = 87115

and

0
(kerp,)t = span{X; = " sinug—— + €“! cos up —

8U1 8U2 ’
X5 = e"™ cos UQi —e"'sinug—}.
8U1 8U2
By direct computations, we have rangei, = span{i,X; = "1 8871’ P Xog = 2™ 8%3} and
(rangey.)*

gN2(7[)*X1a¢*X1) = 62U‘lgNl (XlaX1)7 9N, (¢*X2,¢*X2) = 62ulgN1 (XZvXQ)a

which show that ¢ is a conformal Riemannian map with A = e“1. Moreover, it is easy to see
that o, X = e?® % and o, Xo = 62“18%4. As a result, 1 is a conformal anti-invariant
Riemannian map.

= span{%, 8%4, £= 8%5}. It is also easy to check that

Remark 3.5. In this paper, we suppose that the Reeb vector field £ € (rangel/)*)L.

Let 9 be a conformal anti-invariant Riemannian map from a Riemannian manifold
(N1, gn,) to an almost contact metric manifold (N2, gn,, @, 7n,&). First of all, from Def-
inition 3.1, we have ¢(rangei,) N (range,)™ # {0}. We denote the complementary
orthogonal distribution to ¢(rangei.) in ((rangey,)*) by u. Then we have

)= = p(range.) @ p. (3.4)
)J_

(range,

It is easy to see that u is an invariant distribution of (rangei, )=, under the endomorphism

¢. Thus, for U € I'((rangey,)*), we have
oU = DU + EU (3.5)

where DU € T'(rangeys) and EU € T'((range,)*).

We now investigate the geometry of the leaves of (rangei.) and (rangey.,)*.
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Theorem 3.6. Let 1) be a conformal anti-invariant Riemannian map from a Riemannian
manifold (N1, gn,) to a cosymplectic manifold (N2, gn,,©,n,§). Then (range,) defines a
totally geodesic foliation on No if and only if

g (Vi) (X1, X3)m990), o X) = g,y (V' 99 X, V) (3.6)
for any U € T((rangey,)*) and X1, X2, X3 € T'((kery,)*), such that 1, X3 = DU.

Proof. For U € T'((rangey,)*) and X1, Xo € T'((kery,)t), using (2.2), (2.3) and (2.4)
we have

98, (Vi 0 X2, U) = gn, (Vi 010 Xa, 0U).
Thus (3.5) we obtain
gNQ (ngl"(/’*XQy U) = _gNQ (v?Xl w*X37 QOT/J*XQ) + gNQ (vgfl SOw*X27 8U)7

where ¢, X3 = DU for X3 € T'((keri,)*t). Since the map is a conformal anti-invariant
Riemannian map, using (2.5), (2.7) and (3.2) we obtain

9N, (Vi 0 X, U) = — g, (Vi) (X1, X3) 9% 4 (Vb ) (X1, X5)(rangews)*
+ 1 (VX, X3), ¢t X5)
+ 9Nz (= Ay, x, X1 + Vﬁfs&%){z, ev).
Hence, we arrive at
Ny (V12 X2, U) = =g, (Vi) (X1, X3) TV 0, X)
+ g, (V5 90 X, ED).

From above equation, (rangei,) defines a totally geodesic foliation on Nj if and only if
(3.6) is satisfied. O

Theorem 3.7. Let 1 be a conformal anti-invariant Riemannian map from a Riemannian
manifold (N1, gn,) to a cosymplectic manifold (N2, gn,, ¢,n,&). Then two of the assertions
imply the other one:

(a) (rangey,)*: defines a totally geodesic foliation on Na.
(b) ¢ is a horizontally homothetic conformal Riemannian map.

(€) gny (DUL, Agr s X1 + ¥ (VY X2)) = — g, (EUs, (Vi) (X1, Xo)renoevs
+ VSZ){Jl-gUl) - gNQ(U27 [Ula ’(;Z}*Xl])
—n(U2)n(V3, x,U1)
for any Uy, Us € T'((range,)t) and X1, Xo € T'((kery,)t), such that 1, Xs = DU].

Proof. For Uy, Us € TI'((rangey,)*) and X; € T'((kery.)b), since Ny is a cosymplectic
manifold, using (2.2) and (2.3) we have

9Ny (Vi Uz, 0. X1) = —gn, (Us, [Ur, 0. X1]) — n(U2)n(V3, x,Ut)
— g, (0Us, V3, U ).
Then using (3.5), (2.5) and (2.7) we obtain
9N, (Vi Uz, e X1) = —gn, (Uz, [Un, .. X1]) — n(U2)n(V3, x, Ur)
— gy (DU, (V1) (X1, X2) + 1 (VY X))
— N, (DU2, —Agr, ¥ X1
+ VY EUL) — gy (EU2, (V) (X1, Xa) + 14 (VY X2))
— 9Ny (EVn, —Agy, 0. X1 + Vi EUY)

)L
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where ¢, Xy = DUy € T'(rangeiy) for Xo € T'((keriy,)t). Since 9 is a conformal anti-
invariant Riemannian map, using (3.2), we arrive at

9Ny (Vi Uz, ¥, X1) = =g, (Ua, [Ur, 9. X1]) = n(U2)n(V3,, x, Ur)
= g (DU, (V02 (X1, X2) T794)) = gy, (DU, - (V] X))
+ gy (DUs, Agty, 1. X1) — gy (EU3, (Vi) (X7, Xo) renseve)”)
— g, (EUR, Vi EUY).
Then from (3.3), we get
9N (Vi Uz, 9 X1) = =g, (Us, [Ur, 9 X0]) = 0(U2)n(V3, x, U)
— g, (DU, 0w (VR X2)) + g, (DU2, Agys, 10 X1)
— 9N, (EUs, (Vh,) (X1, X3) "9 ) — g, (€U, Vi EUY)
— g, (DU, X1 (In A)ehe X + Xo(In A)eby X3
— gn, (X1, X2)Yw(gradln X))
or
9Ny (Vi Us, 10 X1) = =g, (Us, [Ur, ¥ X1]) = n(U2)n(V3, x, Ur)
— gy (DU, 4 (VR X3)) + g, (DU2, Agy, 1. X1)
— g, (EUs, (Vh,) (X1, Xo)ram9ev)™) — gy, (EU, Vi-EUY)
— gny (X1, gradIn A)gn, (DU, 1. X2)
— gn, (Xa, gradln N gn, (DU, 1. X71)
+ gn, (X1, X2)gn, (DU2, i (gradln X)).

From above equation, we can conclude that the two assertions in Theorem 3.7 imply the
third. O

In the sequel we are going to investigate the harmonicity of conformal anti-invariant
Riemannian map.

Theorem 3.8. Let i be a conformal anti-invariant Riemannian map from a Riemannian
manifold (N1, gn, ) to a cosymplectic manifold (N2, gn,, @, n,§). Then v is harmonic if the
following conditions are satisfied;

(a) the fibres are minimal,

(b) traceDVz(p.)chdJ*(.) + w*(VNl( ) = 0,

(c) tracepA gy, ()be() — EVE) o) =
Proof. For V € I'(keri,), using (2.5), we have
(V) (V,V) = = (VP'V). (3.7)

For Y € T'((kery,)t), using (2.2), (2.3), (2.4) and (2.5), we have

(VU)*)(Y, Y) = V%/LZJ*Y - 7/1*(V¥1 Y) = —WV%WMY — s (Vgly).
From (2.7), (3.2) and (3.5) we obtain

(V¢*)(K Y)(rangeux) + (v¢*)(K Y)(Tangeqb*
SO‘Acpzb*Yw*Y - w* (V¥1Y) — DVﬁﬂow*Y — SvgJ‘(pw*Y (38)

-

Then taking the (range,)—components and ((range,))—components of above expres-
sion (3.8), we arrive at

(Vo) (Y, Y)0990) — DV 0, Y — 4, (V1Y) (3.9)
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and
(Vi) (Y, V) ram9e0) ™ — _e7Ution. Y 4 oAy, v Y. (3.10)
Then proof follows from (3.7), (3.9) and (3.10). O

Now, we give necessary and sufficient conditions for a conformal anti-invariant Rie-
mannian map to be total geodesic.

Theorem 3.9. Let 1 be a conformal anti-invariant Riemannian map from a Riemannian
manifold (N1, gn,) to a cosymplectic manifold (N2, gn,, ¢, n,&). Then 1 is totally geodesic
if and only if

(@) gvy (DY o0 Xa, 10, X5)) = —N2gn, (VY X, X5)
(b) PApyp. x, X1 = EVY o0 X
for any X1, Xo = X3+ X4, X5 € T(TNy), where X4 € T((kerp,)t), X3 € T'(keriy).
Proof. For X1, Xs € T(TN;) and X4 € T'((keri.)b), X3 € T'(kert,), using (2.3), (2.4),
(2.5) and (2.7) we have (Vi,)(X1, X2) = —o(— Ay, x, X1 +v§@f¢w*x4> —wiv%XQ).
Then from (3.5) we get (Vi,)(X1, X2) = @Apyp, x, 9 X1 — DV o0 Xy — EVi b, Xy —
w*(V])\g X5). Since ® is conformal anti-invariant Riemannian map, using (3.2), we get
(V) (X1, X) 1P90) 4 (V) (X, X Pm0ete)” =
P A x 0 X1 = DV o Xa — VT o Xy — (VR Xa).
Then taking the (rangei,) and (rangei,)* components we arrive at
(V) (X1, Xo)(rangeds) — —DV%W#*)Q — (VY X2)
and
1
(V) (X1, Xo)(rangeda)t — _gvﬁﬂw*)@l + @Ay, x, Ve X1
Thus (Vi)(X1,X2) = 0 if and only if (Vi) (X1, Xo)reee)  — (0 and
(Vw*)(Xl,Xg)(m"fmf’*)l = 0. Hence we have gy, (DVﬁfgow*X%w*XQ) =
NN, (VY X2, X5) and @Ay, x, X1 — EVyio Xy = 0, which complete the
proof. O

Also, we have the following result for totally geodesic conformal anti-invariant Riemann-
ian maps.

Theorem 3.10. Let @ be a conformal anti-invariant Riemannian map from a Riemannian
manifold (N1, gn,) to a cosymplectic manifold (N2, gn,, ¢, n,&). Then 1 is totally geodesic
if and only if

(a) The horizontal distribution (ker.)* defines a totally geodesic foliation on Nj.
(b) All the fibres 1~ (q2) are totally geodesic for g € No.

(c) gna (Vo) (X1, X3) om0 o, Xo) = g, (V' 0 X2, EU)
for any X1, Xa, X3 € T((kerp,) L), and U € T'(rangep,)*.

Proof. For X1, Xy € T'((kery,)t), and V € T'(keri,), using (2.5), we have
v, (V) (X1, V), 1. X2) = —A2gn, (VRIV, Xo).
VM is a Levi-Civita connection, we obtain

g, (Vha) (X1, V), 0. X2) = Mg, (VY X2, V).
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Hence (V,)(X1,V) = 0 for X; € ['((kery,)t) and V € T'(kery,) if and only if (a). For
Y € T'((ker,)t) and Uy, Uy € T'(keri,), we have

9Nz (V) (U1, U2), h,Y ) = gNl(le Uz, Y).

Thus (V) (U1, Us) = 0 for Uy, Us € T'(kert,) if and only if (b).
For X1,Xs € I'((keryy)*t) and U € T'(rangey,)*, since Ny is a cosymplectic manifold,
using (2.2), (2.3), (2.5) and (3.5) we have

gns (V) (X1, X2),U) = —gn, (Vi e X3, 00, X2) + g, (Vi 010 X2, EU),

where 1, X3 = DU for X3 € I'((keri,)*t). Since v is a conformal anti-Riemannian map,
using (2.5), (2.7) and (3.2) we obtain

v, (V2) (X1, X2), U) = =g, (Viha) (X7, X5) M990 oup, X)
+ 9m, (Vi X, EV).
Thus, (V. )(X1, X2) = 0 for X1, X2 € T'((kery,)t) if and only if (c). O

Now, we investigate the umbilical case in [11] for the conformal anti-invariant Riemann-
ian maps.

Let 1) be a map from a Riemannian manifold (Ny,gn,) to a Riemannian manifold
(N2, gn,). Then v is called a weakly gnyi—umbilical if there exist
a) a field X3 along 1, nowhere, 0, with values in range,,
b) a field X4 on Nj such that for every Xi, Xo on I'(T'N;) we have

(V) (X1, X2) = gn, (X1, Xo) [ X4 + X3]. (3.11)
1) is called strong gy1—umbilical if X, = 0.

Using the above definition, we can give the following theorem.

Theorem 3.11. Let ¢ be a weakly gn, —umbilical conformal anti-Riemannian map from
a Riemannian manifold (N1,gn,) to a cosymplectic manifold (N2, gn,,p,n,&) such that
dim(H) > 2. Then 1) is totally geodesic map.

Proof. We suppose that 1 is a weakly gy, —umbilical conformal anti-Riemannian map
such that dim(H) > 2. Then from (3.3) and (3.11) we have

X1(InA) . Xo + Xo(In\) Y X1 — gn, (X1, X2)¥u(gradIn N) = gn, (X1, Xo) X4 (3.12)
and )
(Vihe) (X1, Xo)rangevs)™ — g (X1, X2) X3, (3.13)

for X1,Xs € T'((kery.)®). Since dim(H) > 2, we can choose X; and X» such that
gn, (X1, X9) = 0. Then we get

X1 (ln)\)w*XQ + XQ(ZTL)\)'Lﬁ*Xl =0.

Since X1 and Xs are orthogonal and v is a conformal anti-Riemannian map, we have
N, (Ve X1, X2) = Ngn, (X1, X2) = 0. 1, X1 and 1, X5 are also orthogonal. Then we get

X1 (ln)\)w*XQ = O,XQ(Z’I”L)\)T/J*Xl =0.

Thus ¥ is a horizontally homothetic Riemannian map. Since % is horizontally homothetic
Riemannian map, from (3.12), we get X4 = 0. Thus (V) (X1, X2) = gn, (X1, X2) X3
for X1,Xo € T(T'Ny). In particular, for Uy,Us € T'(keriy), we get —i.(Vy,Uz) =
gn, (U1,U2) X3. The right side of this equation belongs to T'((rangei,)*) while the left
side of this equation belongs to I'(rangey). Hence 1, (Vy,Uz) = 0 and X3 = 0 which
proves our assertion. O

From Theorem 3.10 and Theorem 3.11, we have:
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Corollary 3.12. Let ¢ be a strong gn, —umbilical conformal anti-invariant Riemannian
map from a Riemannian manifold (N1,gn,) to a cosymplectic manifold (N2, gn,, ¢, 1,&)
such that dim(H) > 2. Then we have the following:

(a) The horizontal distribution (ker.)® defines a totally geodesic foliation on Nj.
(b) All the fibres v~ (q2) are totally geodesic for g € No.
(c) (rangei,)* defines a totally geodesic foliation on Na.

Acknowledgment. The authors are grateful to the referees for their constructive sug-
gestions and comments.
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