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ABSTRACT. Our results concern growth estimates for vector-valued functions of L-index in joint variables which
are analytic in the unit ball. There are deduced analogs of known growth estimates obtained early for functions ana-
lytic in the unit ball. Our estimates contain logarithm of sup-norm instead of logarithm modulus of the function. They
describe the behavior of logarithm of norm of analytic vector-valued function on a skeleton in a bidisc by behavior of
the function L. These estimates are sharp in a general case. The presented results are based on bidisc exhaustion of a
unit ball.
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1. INTRODUCTION

In this paper, we consider vector-valued functions of bounded L-index in joint variables
which are analytic in the unit ball. This paper is a continuation of investigations initiated in
[1, 2, 3]. There was proposed the definition of L-index boundedness in joint variables and
obtained some criteria of L-index boundedness in joint variables for vector-valued analytic
functions in the unit ball.

Here, we pose the following goal: to obtain growth estimates of analytic functions having bounded
L-index in joint variables. It is important because functions of bounded index has many appli-
cations in analytic theory of linear differential equations. Moreover, vector-valued entire func-
tions of bounded index in joint variables have applications to some system of partial differen-
tial equations [19]. Therefore, combination of sufficient conditions of L-index boundedness for
analytic solutions of the system with growth estimates of functions from this class will give a
priori estimates of growth for all analytical solutions of the system.

Other applications of concept of bounded index in analytic theory of differential equations
were considered for various function classes: entire functions of bounded L-index in direction
[12], entire functions of bounded L-index in joint variables [15], analytic functions in the unit
ball having bounded L-index in joint variables [4], entire bivariate vector-valued function of
bounded index [19].
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2. NOTATIONS, DEFINITIONS AND AUXILIARY PROPOSITIONS

We need some standard notations (for example see [5, 4, 6]). Let R = [0; +00), 0 = (0,0) €
R2,1 = (1,1) € R, R = (r1,m2) € R, |[(2,w)| = /]2]*> +|w[?>. For A = (a1,a2) € R?,
B = (b1,bs) € R?, we will use formal notations without violation of the existence of these
expressions: AB = (a1by, agby), A/B = (a1/b1,a2/by), AP = (a¥*,a%?), and the notation A < B
means that a; < b, j € {1,2}; the relation A < B is defined in the similar way. For K =
(k1,k2) € Zi, let us denote K! = k;! - ky!. Addition, multiplication by scalar and conjugation
in C? is defined componentwise. For z € C?, w € C? we define (z,w) = z;W; + 20Ws, where
w1, Ws is the complex conjugate of wq, ws.

The bidisc {(z,w) € C? : |z — 20| < r1,|w — wo| < 72} is denoted by D?((z0,wo), R), its
skeleton {(z,w) € C? : |z — 29| = 71, |w — wo| = 72} is denoted by T?((zq,wo), R), the closed
polydisc {(z,w) € C? : |z — 20| < 71, |w — wo| < ra} is denoted by D?[(z0, wo), B, D* = D?(0;1),
D = {z € C : |z| < 1}. The open ball {(z,w) € C? : /]2 — 202+ |w —wo[? < r} is de-
noted by B?((zo,wo),r), the sphere {(z,w) € C? : \/|]z — 2|2 + |w —wo|> = r} is denoted
by S?((20,wo),7), and the closed ball {z € C? : /|z — 20| + Jwo — wo|? < 7} is denoted by
B2[(z0,wo),7], B2 =B%*0,1), D=B'={z€C:|z| < 1}.

Let F(z,w) = (fi(z,w), f2(z,w)) be an analytic vector-function in B2. Then at a point (a,b) €
B?, the function F(z,w) has a bivariate Taylor expansion:

F(z,w) = Z Z Cri(z —a)*(w—b)™,

k=0m=0
_ 1 (T AGw) 9T (zw) _ 1 p(km)
where Cim = '( 570 7w ) Lmaem = T T (0,0).

Let L(z,w) = (l1(2,w), l2(z,w)), where [;(z,w) : B> — R?2 is a positive continuous function
such that

(2.1) V(z,w) €B?: j(z,w) > b

N

j € {1,2}, where 3 > 1/2 is a some constant.
The norm for the vector-function F : B> — C2 is defined as the sup-norm:

1Pzl = mas {15 (,0)1)-
We write " " "
FUOI(z,w) = x JF(Z’.w) = (al Jf.l(z’,w), o sz(z’,w)) )
0z 0w’ 0240wl 024 QwI
An analytic vector-function F : B? — C? is said to be of bounded L-index (in joint variables),
if there exists ng € Z4 such that

V(z,w) € B® V(i,j) € Z2 :

(4,4) (k,m)
0y FEDI L r )
Emli¥ (2, w)l5 (2, w)

il (2, w)l3 (2, w)
The least such integer n is called the L-index in joint variables of the vector-function F' and
is denoted by N(F, L, B?). The concept of boundedness of L-index in joint variables were con-
sidered for other classes of analytic functions. They are differed domains of analyticity: the
unit ball [5, 4, 11, 13], the polydisc [8, 10], the Cartesian product of the unit disc and complex
plane [9], n-dimensional complex space [7, 11, 14]. Vector-valued functions of one and several
complex variables having bounded index were considered in [18, 20, 17, 23, 21, 19].

:k7m€Z+,k+m§n0}.
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The function class Q(B?) is defined as following: VR € R?, |R| < ,j € {1,2} :

0< Al,j(R) < /\27]‘(R) < 00,

where
2.3) M(R) = inf inf{w : (2,w) € D*[(20,w0), R/L(20 wo)]}
)J (ZO,WO)GBZ lj (207(*)0) ’ ’ ) ) )
Zj(z’w) 2
(2.4) Ao j(R)= sup supq———-—:(z,w) € D*[(z0,wo), R/L(z0,wo)] ¢ -
(20,w0)EB? 1j(z0,wo)

We need some propositions from [1, 2].
For an analytic vector-function F : B> — C?, we put

M (R, (z0,wo), F) = max {||F(z,w)| : (z,w) € T?((z0,w0),R)},
where (29, wp) € B?, R € R%. Then
M(R, (z0,wp), F) = maX{HF(z,w)H D (z,w) € D2((20,w0),R)} ,

because the maximum modulus of the analytic vector-function in a closed bidisc is attained on
its skeleton.

To prove an growth estimates, we need the following theorem. The theorem gives sufficient
conditions by the estimate of maximum modulus on the skeleton of bidisc.

Theorem 2.1 ([2]). Let L € Q(B?). If analytic vector-function F : B*> — C? has bounded L-index in
joint variables, then for all R',R" € R%, R < R", |R"| < (3 there exists p; = p1(R',R") > 1 such
that for every (29, wo) € B? inequality

R// R/
25) M (L(ZWO) , (zo,wo>,F> <M (L(ZWO) 7 <zo,wo>,F)

holds.

3. GROWTH ESTIMATES OF ANALYTIC VECTOR-VALUED FUNCTIONS IN THE UNIT BALL
Weput [0, 27’(]2 = [0, 27’(’] X [0, 27T] For R = (7'1, 7‘2) € Ri, 6= (91,02) € [0, 27’(’]2, A= (al, ag) €
C?, we will write

Re'® = (r1e',r0e'),  arg A= (arga;,arga).

Denote by K (B?) the class of positive continuous vector-valued functions L = (I1,1») , where
every l; : B> — R, obeys inequality (2.1) and there exists ¢ > 1 such that for all R € R% with
|R| < land j € {1,2},

lj (R€i®2 )

max - =< e
01,0:€(0,27)2 [;(Re™®1) —

V2’ V2

V)

In the case L(z, w) = (I1(|2], [w]), Ia(|2], |w])) , we have that L € K (B?). Put 8 = (ﬁ %).
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Theorem 3.2. Let L € Q(B?) N\ K(B2), B8 > ¢v/2. If an analytic vector-function F : B2 — C? has
bounded L-index in joint variables, then

Inmax{|F(z,w)|: (z,w) € T*(0,R)} =

™1 i . )
=0 ( min {@g[l(l)glﬂ]2 ( /0 l1 (tezgl , 7"2@292 )dt + /O Iy (7'1’ )dt)
" 10 10 " 0
: w1 (1vp)
(3.6) 961[%1;1#]2 (/ I3 (te’ roe™?)dt + /0 lz(rl,t)dt) } ),

with |R| — 1 —0, R® = (9, 19) is a fixed radius.

Proof. Let R >0, |R| > 1,0 € [0,27]?, and a point (z*,w*) € T? (0 R+ e 10)) be such that

|1F(z",w")|| = max{F(z,w)| : (z,w) € T*(0, R + L(Rﬁel@)>}

We put 20 = mrgiireey o = Frp/Lie®) - 1hUS
o 2*r, L2 B/ (eV201(Re©®)) | B
o= [ | - PR
T1+C\/§l1(Rei@) T1+C\/§ll(Rei@) ¢ 1( ¢ )
. w*ry | |wrB/(ev2la(Re®)) | p
Wo—wi=\——5 — ~“WwI= B T V2ly(Rei®)’
T2+C\/§l2(Rei9) T2+C\/§lg(Rei9) ¢ 2( ¢ )

L(z0,wp) = (R—l—ﬁ/Lz 67,@)’ R+5/L(2Rei9)> =
L (<R+ﬂ/L(Re’@>>me@ (R-S-ﬂ/L(Rei@))rzeiargw*) .
R+ B/L(Re'©) ’ R+ B/L(Re™©)

_ L(Tleiargz*’rzeiargw*).

Since L € K (B?), we have

—

cL(zo,wp) = cL(r1e'®8% " rpet 8 W7) > L(riett rpet??) > EL(zo,wo).

We will consider two skeletons T2 ((zo7 wo), m) and T2 <( 20, 0), m ) . By Theorem
2.1, there exist p; = p;1 (£,¢8) > 1 such that (2.5) is true for R’ = ¢, R =

max {||F(z,w)|| (zw) € T2 (0, R+ L(rlewl — )}
<{IFGl: G e ™ (v, )b <
< (1Pl s ) €72 ( (e, wo) L(ﬁw)}
<n{IFGwl s ) e T ((w Ty )}
67) <n{IFGol: G e T (0r+ pat ) |

IN
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The function In™ max{||F'(z,w)|| : (z,w) € T2(0, R)} is convex relative Inr;, Inry . Therefore,

In" max{||F(z,w)| : (z,w) € T*(0, R)}—

(38)  —In*max{|F(z,w)] : (,w) € TX(0, R+ (10 — r1)er)} = / Mdt’
In" max{||F(z,w)| : (z,w) € T*(0, R)}—
(3.9) Int . 2 0 _/TZ As(r1,t)
. —In™ max{||F'(z,w)] : (z,w) € T°(0, R+ (ry —r2)ea)} = . fdt

for each 0 < r? < rj, j{1,2} , where functions A (¢, 72), A2(r1,t) are positive non-decreasing ¢.
Then from (3.7), we obtain

Inp; > lnmax{HF(z,w)H :(z,w) € T? (O,R—I— L(Rﬂei@))}_

_1nmax{||F(z,w)|| (zw) € T? (°’R+ L(Ree@))} -

e+ (% — ey
- 1nmax{|F(z,w)| : (z,w) € T2 <0,R+ L(ﬁk@)) } -

e 2 — e,
—lnmaX{HF(z,w)H ((z,w) € T2 <O,R—|— W)} —

L(Re™®)

/r1+5/(C\/§l1(Rei®)) 1

s
7141 (t,’l‘g 4+ — ) dt+
141/11 (Rei®) t cV/2l5(Rei®)
r2+6/(cx/§l2(Rei’@)) 1
+\/

)
—A |+ ————— ) dt >
2+1/12(Re®) ¢ < ' ev/2ly (Rei®t)

B _1q 5 _1

V2c 1 V2e
Ssim(1+—2 4 S U 1 [ E R,
= “( +r1z1(Reze)+1> ! (“’“JFZQ(R@@)) + “( +r212(Re’@)+1> X

1
(3.10) X Az (7’1 + ll(Rei@)7T2> .

Then, we have r;1;(Re’®) — +oo with |R| — 1 — 0. We obtain, for j € {1,2} and r; > r:

B _1q B _1 B _1q
(14 —Y% ~ Ve > V2
lej(Rei@) + 1 ’I"jlj(R@i@) + 1~ 27‘jlj(R6i@)-

Thus, (3.10) implies that

. 21 .
Ay <r1,r2 + Blg(Reze)) < ) rlll(Re’@),

21Inpy

B
Ao (7“1.,7“2 <
cV/2l1(Ret®) C\% -1

TQZQ(RGILG).
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Let R° = (r7,73), where 7{ it is chosen higher. From inequalities (3.8) and (3.9) , it follows that
Inmax {||F(z,w)| : (z,w) € T*(0,R)} =

n Al(t7 TQ)

0 t

= Inmax {||F(z,w)| : (z,w) € T>(0, R+ (r] —r1)e; + (r) —r2)es) } +

T1 T2 0
Jr/ Al(tt’TQ)dtJr/ AZ(Tlat)dt:

= Inmax {||F(z,w)| : (z,w) € T*(0, R+ (r} —r1)e1)} +/ dt =

i g
2 0 2Inp,
= Inmax {[|F(z,w)]|| : (z,w) € T*(0,R")} + 3 1><
Vze

X (/ ll(tewl,rgew?)dt—i—/ lg(r?ewl7tew2)dt> <
0 0

2Inp, " i0y . _if 00y 0
<(14+0(1)) 5 ; l1(te™*, ree?)dt + ; lo(rie’ te*”?)dt | .

V2
Function In max{||F(z,w)| : (z,w) € T?(0, R)} is independent of © . We obtain

o max{[|F(z, )| : () € T2(0, R)} =
T1 . . T2 .
=O( min (/ I (te'r  roe®®2)dt + / lg(r?elgl,tel%)do ,
ec0,27]2 \ /o 0
with |[R| — 1 — 0. Theorem is proved. O
Corollary 3.1. If L € Q(B?) (" K(B?), minge(o,2n)2 [;(Re’®) is non-decreasing in each variable ry,

k€ {1,2}, j € {1,2}, k # j, an analytic vector-function F : B> — C? has bounded L-index in joint
variables, then

Inmax{||F(z,w)| : (z,w) € T}0,R)} =0 | min Z/ )dt |

©€[0,27]?

as |R| — 1 — 0, with RV = (t,1r5), R?) = (ry,1).

We denote a* = max{a, 0}, u;(t) = u;(t, R,0) = I; (£e©), witha € R, t € Ry, j € {1,2},
7 =maxi<j<p7; # 0and L|R| < 1.

Theorem 3.3. Let L(Re'®) be a positive continuously differentiable function in each variable 1y, k €
{1,2}, |R| < 1,0 € (0,272 . If the function L obeys inequality (2.1) and an analytic vector-function
F : B* — C? has bounded L-index in joint variables, then for each © € [0, 2x]? and for all R € R?,
|R| < 1and (s,p) € 72,

| FP)(Re™®)|
1 . —— <N; <
nmax{s!puf(Rez@)zg(Rez@) R
[FE=P)(0)]|
<1 B il <N
<t { Gy 0PV

*

[ (s s (Zre®) s (Ze) o+

(3.11) + max {s( ()" | p(ue(n)” }) dr.

s+p<N ll( Re‘@) lg( Rele)
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Proof. Let R € R?\ {0}, © € [0,27]*>. We puta; = =%, j € {1,2} and A = (a1, az). Consider the
function

[FCP (Ae'®)|
slplis (Aei®)I5 (Ae®)

(3.12) g(t):max{ :s—i—pSN},

where At = (ait, ast), Ate’® = (a1t ayti?2).
Since the function

|F P (a1e™, aze’®)|

sIplls (aqe'%1, aze2)h (ag €01, agei??)

is continuously differentiable function of real variable ¢ € [0; +00), outside the zero set of func-
tion ||[F(5P)(a1e'%1, aze’®?)||, then g(t) is also a continuously differentiable function on [0, |%|)
except for a countable set of points.

Hence, in view of <|g(r)| < |¢/(r)| , which holds everywhere except r = t, where g(t) = 0 we
obtain that:

d ||F(s7p)(alei017a2€i02)” B
@t \ S5 (an e a2 (e, e ) =
1 d o -
— i _ i i - F(s,p) a 6201’01 6192 + F(s7p) a 6191 a 6192 %
s!p!l‘f(ale“’l,age")?)lg’(alewl,agemz)dt” (a1 2¢"2)[[ + || (a1e™, aze"?)||
d 1 1

X — , , , < . , , X
dt s!plls (a1ei, azei®2)18 (a1ei1, agei®2) — slpll§(aiei?r, agei®2)ib (a1, ageif?)
< (IFCH9 (16 ase®)ar e | + [ PP (16, ase®)ase® ) -

_ |F P (are aze™®)| suy (t) pus(t) 1\
sIplls (arei, age®®2)iB (a1t aqsei®2) \ 11 (Ate®)  Io(Ate®) ) —

[P0 (016, aei®)]

= (s DIt (aqeif | agei®2)Ib (ay et | ageifz)
| EGPHD) (@167 aqei??)||

sl(p 4 D)5 (a1, agei®2) 5T (ag i1, ageif2)

o1y o IFCOP@ET e (), )
' sIplls (arei®, azei®2)1b (arei? agzei?2) \ 11 (Atet®) Io(Atei®) ) -

a1(s+ 1)l (alew1 , agew"’)—i—

asz(p + 1)12(a16i01 , agei92)+
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For absolutely continuous functions hq, hy and h(x) := max{h;(z,w) : 1 < j < 2}, one has
h'(z) < max{h}(z,w) : 1 < j < 2}, ¥ € [a,b]. The function g is absolutely continuous. There-
fore, (3.13) implies that

d | FP) (a1e% ) age®?))|| '
g'(t) < max { dt (s!p!lf(aleiel,agew?)lg(alewl,agei"?)) stps N} =
{al(s + l)ll(AeiQ)“F(‘g+1’p) (AelQ)H
SE U (AP (Ac®)
L 020+ V(A9 [FEr D (4c0)|
S(p+ 1) (Ac©) BT (Ae®)
|FP) (Ae)| (S(—ui(f))Jr n p(—ué(t))+>} <
siplis (Aet®)IE(Ae®) \ 11 (Ae®) I2(Aei®) -
< g(t)( max {a1(s + 1)1 (Ae’®) + az(p + 1)la(Ae™®) }+
s+p<N
su )" plzup()” -
11(Aei®) I2(Aei®) N
= g9(@)(B(t) + (1)),

< max

—|—max{

with

B(t) = Sinax {ai(s + 1)l1(Ae™®) + ax(p + I)ZQ(AGZ@)}

)= g {2CO" | P

s+p<N | 11(Aet®) l2(Ae®)

Then, 4 Ing(t) < B(t) +~(t) and

¢
(314) o(t) < 9@ exp [ (8(r) + 5(r))ar,
0
because g(0) # 0. But, one has r*A = R. It follows from (3.14) and (3.12) that
|F P (Re')| [FEP(0)]]
1 - - : <N <1 —_—— <N
fhmax { Sl (Re©) I (Re®) * ° TP =y SInmax S gy PPN

*

—|—/0 Jmax, {ai(s+ 1)l1(Are’ Y+ an(p+ 1)ly(Are®® )} dr+

o[ ) )
0

s+p<N | 11 (ATei®) lo(ATe™®)

Inequality (3.14) is true. O

Proposition 3.1. Let L(Re'®) be a positive continuously differentiable function in each variable ry.,k €
{1,2}, |R| < 1, © € (0,272 If the function L obeys inequality (2.1) and an analytic vector-function
F : B> — C? has bounded L-index N = N (F,L,B?) in joint variables and there exists C > 0 such
that the function L satisfies the inequality

— (s (t I\ +
(3.15) Sup max max  max ( SUJQ( ’fR’ Q)@)t) <C
|R|<1t€[0,rs] ec0,2m]2 1<5<2 r—ilj (rf'*Rel )



Growth estimates for analytic vector-valued functions in the unit ball having bounded L-index in joint variables 17

and
In max{||F(z,w)| : (z,w) € T?(0, R)}
maxege[o,2n]? fol <R7 L(Ta Rei®)>d7

(3.16) H|R|_>1_0 < (O + 1)N + 1.

Proof. If the function L satisfies inequality (2.1), then

1
3.17) max / (R,L(TRe*®))dr — +o00,as|R| — 1 —0.
©€l0,27]2 Jq

We put B(t) = 25:1 a;l;j(Ate'®). If in addition (3.15) holds, then for some s*, p*, s* + p* < N
ands,p,s+p <N,

s*(=ui Nt | pr(up ()t

20 _ gty + gee L (@) L (e 0)
B(t) Z?Zlajlj(AteiG) — 7 a1l3(Ate®) asl2(Atei®) =

<(s"+p")C < NC
and
B(t)  ai(3+ 1)1 (Ate’®) + aa(p* + 1)la( Ate'®) _1 a15l; (Ate'®)
B(t) Y51 ali(Ate®) a1l (Ate'©)
aspla(Ate'®)
asla (Ate'®)

<1+5+p<1+N.

But, | F(Ate™®)|| < g(t) < g(0) exp [y (B() +~(7))dr and 7* A = R. Putt = r*. In view of (3.17),
we have

In max{||F(z,w)| : (z,w) € T*(0,R)} = In n[%)azx ||F(Rei@)|| <
Oc 7r

s

<1 1) <1 <
< max o07) ng(0) + max [ (3()+(r)dr <

<lng(0)+ (NC+ N +1) max / ﬁ
0¢€[0,27]?

=Ing(0)+ (NC+ N +1) max / Zaj (Are'®

0¢€(0,27]?

,
=Ing(0)+ (NC+ N +1) 21;(—=Re™®)dr =
ng(0) + ( + N+ H})a;; / Z T =

=1Ing(0)+ (NC+ N +1) max /erlj(TReiG)dT

Then, (3.16) is true. The Proposition 3.1 is proved. O

Proposition 3.2. Let L(Re'®) be a positive continuously differentiable function in each variable .k €
{1,2}, |R| < 1, © € (0,272 If the function L obeys inequality (2.1) and an analytic vector-function
F :B? — C? has bounded L-index N = N (F, L) in joint variables and

(3.18) (= (ui(t, R,©))i|,_,.) T/ (r; 3 (Re®)) — 0
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forall © € (0,272, j € {1,2}, with |R| — 1 — 0, then

In max{||F(z,w)]| : (z,w) € T?(0, R)}
maXec(o,2r)2 fol (R,L(, Re®))dr

If L(z,w) = L(r1, r2) = L(R), then (3.18) can be rewritten in another form.

<N+1

(3.19) limy g|—1-0

Corollary 3.2. Let L(R) be a positive continuously differentiable function in each variable ry, k €
{1,2}, |R| < 1. If the function L obeys inequality (2.1) and an analytic vector-function F : B? — C?
has bounded L-index N = N (F,L) in joint variables and for each j € {1, 2}
(mYLR)
7l (R)
with |R| — 1 — 0, then
In max{||F(z,w)]| : (z,w) € T*(0,R)}

[y (R,L(TR))dr

lim |10 < N+1,

where V1;(R) = (alér(f)’ 8l82r(§))'

The main result in this section is following:

Theorem 3.4. Let L(R) = (I1(R),l2(R)), I;(R) be a positive continuously differentiable non-decreasing

function in each variable vy, k € {1,2},|R| < 1. If the function L obeys inequality (1) and an analytic

vector-function F : B® — C? has bounded L-index N = N (F, L) in joint variables, then

In max{||F(z,w)| : (z,w) € T?(0, R)}
Jo (R L(TR))dr

Proof. Note that L(Re®) = L(R) in this theorem. Since [;(R) is a positive continuously dif-
ferentiable non-decreasing function and u;(t) = u;(t,R) = I; (&), one has (u;(t, R)); < 0.
Therefore, we obtain 7*(—(u;(t, R));| )T/ (rjlﬁ(R)) = 0. Thus, condition (3.18) is satisfied.
Thus, the theorem is a direct consequence of the Proposition 3.2. O

M|R|*>170 <N +1.
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