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ABSTRACT. A characterization of the generalized Lipschitz and Besov spaces in terms of decay of Fourier trans-
forms is given. In particular, necessary and sufficient conditions of Titchmarsh type are obtained. The method is based
on two-sided estimate for the rate of approximation of a f-admissible family of multipliers operators in terms of decay
properties of Fourier transforms.
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1. INTRODUCTION

The study of decay of Fourier transform / Fourier coefficients is one of the classical
topics in Fourier analysis. Classical inequalities as Hardy-Littlewood and Haurdorsff-Young
(see [29]) give us the basic decay of Fourier transforms. Titchmarsh showed ([29]) that the decay
of Fourier transform can be improved for univariate functions satisfying a Lipschitz condition
defined by smoothness. His result reads as follows.

Theorem 1.1. ([29, Theorem 85)) Let f € L2 and [ its Fourier transform. The following conditions
are equivalent

/Oo |f(x+h) — f(z —h)|?’de = O(h**) ash— 0t (0<a<l1)

—0o0

and
/ [f(2))?dz = O(h>*) ash — O*.
1/h<]z|

Extensions of the Titchmarsh theorem were obtained by several authors ([19, 20, 21, 33])
and can be extended to higher dimensional Euclidean spaces ([7, 34]) replacing the majorant
function ¢(h) = h® in the Lipschitz condition by a regularly varying one ([4, 16]). The problem
concerning about Fourier series on T can be found in [24, 25] while for Fourier transforms in
[31]. The problem in L?(R?) for Fourier series can be seen in [13, 18] and for Fourier transforms
we suggest [6, 8, 13] and references quoted there.

In this paper, we provide a further extension of Theorem 1.1 for functions in L?(R%) and
an abstract Lipschitz condition, see Theorem 1.3 below. In particular, for p = 2, d = 1 and
p(t) =1ttt € (0,00),0 < a < 1, our achievement recovers Theorem 1.1, due Lemma 2.2. In
order to present this generalized version of the result, we need to establish a two-sided estimate
for the rate of approximation of an admissible family of multipliers operators in terms of decay
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properties of Fourier transforms. This extends the known results proved in [13] for d > 2 and
for the combination of multivariate averages.

For d > 1 the Fourier transform f of a function f, in the Schwartz class S (R%), is given by

f©= | f@)ede, =R
Rd
We write LP(R?) := (LP(R?), || - ||,,) for the usual Banach spaces of p-integrable functions (1 <
p < 00).
We deal with a family of multipliers operators ([23]) {7} };~0 on LP(R%) with its multiplier
family {n; }+~o generated by dilations of a measurable function 5 : (0,00) — R, i.e,,

~

Ti(f)(€) = m(I€D f(€),
where 7, (|¢]) := n(t|¢]), for all ¢ € R? and ¢ > 0. If there exists v > 0 such that

(1.1) [min(1,s)]?" < |1 —n:(s)|, forallt >0,

then we say that {7}, is a y-admissible family of multipliers operators on LP(R?). A well-known
admissible family of multipliers operators , on L” (R?) for d > 2, includes the classical spherical
mean operator and its combinations (see [2, 9, 13] and references quoted there).

We will employ generalized Lipschitz (and Besov) classes defined in terms of the rate of ap-
proximation of an admissible family of multipliers operators. The main point of the definition
resides on the majorant function (defined ahead) and not on the fractional choice of orders of
admissibility for the families of multipliers operators above. Indeed, no new Lipschitz/Besov
classes are given just by considering fractional orders admissible family of multipliers opera-
tors, due condition (1.1) and Marchaud-type inequalities (see [10, 22, 30] and references quoted
there).

In order to state the main theorems of the paper, we need to introduce some more definition.
A majorant function in this paper is always a nondecreasing measurable function ¢ : (0, 00) —
R, such that

Jim o(t) = 0,
and
" o(u)
(1.2) / ——du S (t) forallt>0.
0 u

We denote by M the collection of all majorant functions. For 5 > 0, we define the following

subset of M
o0
_ _ o(u) o(t)

The family Qg can be defined in terms of the almost monotonicity property.
A function ¢ : (0,00) — Ry is S-almost decreasing ([4, p. 72]) if it satisfies the condition:

p(ug) _ p(u1)

B B
2 Uy

for any uy < us.
u

For 5 > 0, we write

i3 7= {@ € M : there exists 0 < ¢ < 3 such that ¢ is (3 — ¢)-almost decreasing} .

A(t) < B(t) stands for B(t) < A(t) and A(t) < B(t), where A(t) < B(t) means that A(¢t) < ¢ B(t), for some
constant ¢ > 0 not depending upon ¢.
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Simple calculations and Bari-Stechkin Lemma ([1], see also [26, p.754]) are enough to prove
that the classes ; and Q4 coincide:

(1.3) Qp = Qj, foreach > 0.
Obviously,
U Qo =9, forany g > 0.
0<a<p
In fact, for any 0 < a < 8 we have 0, C Qg. In order to verify equality above, is enough to

prove that for a given ¢ € Qg there exists 0 < o < 8 such that ¢ € Q,. If ¢ € Qg, then (1.3)
implies that ¢ is (8 — ¢)-almost decreasing, for some 0 < ¢ < S. It means that for any ¢ < s, it

holds
o(s) ~ _o(t)
gB—€/2 ~ tB—ege/2”
Integrating both sides of inequality above, we obtain

[7 2 EO [T oty gy 2

sh—e/2+1 77~ th—e th—e/2"

Thus, ¢ € Qg_c/2.

An interesting subclass of 23 is given via the following definition. A function f : (0,00) —
R is regularly varying ([16]) with index a € R if for any A > 0, it holds f(\z)/f(x) — A* as
x — o0o. We write RV, for the set of all regularly varying functions with index a. It is not hard
to see that if ¢ € RV, then it can be represented as ¢(z) = x%¢(z), x € (0,00), where < is a
regularly varying function with index zero (i.e., a slowly varying function). More than that the
Representation Theorem ([4, p. 17]) gives a characterization for all regularly varying functions.

We observe that RV, C Qg, forall 0 < o < §3. This fact follows from basic theory of regularly
varying functions, the needed details can be found in [4, p. 68-72]. Due to this, the following
functions belong to {1,

t*In(1+1¢), (tIn(1+1¢)*, t*In(ln(e+t)), t*exp Lnl(rfjt)]

and
t* exp|(log t)** (log, t)** ... (log,, t)*"],

where o; € (0,1),7 =1,2,...,n, forall 0 < a < B. The usual majorant function employed in
the Titchmarsh theorem ¢(t) = ¢%, belongs to (2 if and only if 0 < o < §5.

Definition 1.2. For ¢ € (5, we define the generalized Lipschitz class in LP(R?) by
(14)  Lip(p,B.¢) = {f € L"(RY) : |Ti(f) = fllp = O(p(t) as t » 07}, 1<p<eo,
where {T}}, is a S-admissible family of multipliers operators.

Necessary and sufficient conditions of Titchmarsh type for the generalized Lipschitz class
read as follow.

Theorem 1.3. Let {T}};~0 be a B-admissible family of multipliers operators on LP(R?) and ¢ € Qap.
(A)Let 1 <p<2andp<q<p.If feLip(p,fB,¢), then

1/q
(1.5) ( /KI&K% [|f|d<”/“/q>f<f)|]qdf> =0 (p(t™), ast—oco.
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(B)Let 2 < p < oo, | - |[M0-1/p= 1O F(.) € Ll and p' < q < p. If

1/q
</t<§<2t |:|€|d(1—1/p—1/q)|f<§)|:|q d€> =0 (@(t_l)) \ as t — 00,

then f € Lip (p, B, ¢).

In order to define the generalized Besov spaces, we need to restrict our majorant classes as
follows. For 0 < ¢, < oo, we write

Definition 1.4. For 0 < ¢ < oo and ¢ € Qf;, we define the generalized Besov space B ,(R?) by

(1.6) BY,(RY) = {f e LP(RY) : |flpg, = /01 (”Tt(‘(’;)(t; fp)qit < oo}.

Forg=ocand ¢ € Q,,

B ) = { £ € /Y |1l o= sup { DT <o},

1

As usual, if ¢ < oo, we endow By, with the norm || -||g¢ = (|| g+ |ngq> /q, otherwise
|- llBg.. == Illlp +||Bg.. - Inparticular, for ¢ = oo, these spaces are the generalized Lipschitz
ones. The Besov spaces here seem to depend upon a majorant function and an admissible
family of multipliers operators, but, as usual, that is not true. As a matter of fact, this is a topic
of investigation [14].

The following gives us necessary and sufficient conditions in terms of decay properties of
Fourier transforms for functions in the generalized Besov spaces.

Theorem 1.5. Let {T}};~¢ be a B-admissible family of multipliers operators on LP(R?) and ¢ € Q3 5
(A)Let1 <p<2andp < q<p.If f € Bf (R?), then

= jglea-vr v fe”  dt
1.7 dé— .
a7 /o /tS£§2t( e(€171) Speee
(B)Let 2 < p < oo, | - |[10=1/p=VD f(.) € Ll and p' < q < p. If

= jgraa-trmif |\t
18 d - )
(19 | Aggm( B () e

then f € BY (R?).
For the particular choice ¢(t) = t*, 0 < a < £ for some ¢ € N, and the ¢-th family of
_—d
combinations of multivariate averages on R?, for d > 2, spaces Bf (R?) N GM, became the

ones characterized in [13, Section 7] (@ Z is defined ahead).

The paper is organized as follows. In Section 2, we present a two-sided estimate for the
rate of approximation of an S-admissible family of multipliers operators in terms of decay
properties of Fourier transforms. This estimate plays a crucial role in the proof of Theorem 1.3,
presented in this section. The inverse Fourier-Hankel transform of certain radial functions is
applied in order to show the necessity of the condition concerning the majorant functions in
order to prove Theorem 1.3. Section 3 is regarded to the proof of Theorem 1.5. Finally, in Section
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4, we present the concept of general monotonicity of functions (GM class) and we outline
how to make assumptions in Theorems 1.3 and 1.5 less restrictive. As a corollary, we prove a

——d
pointwise inequality for Fourier transforms of functions in GM ,, that is, a Riemann-Lebesgue
type inequality.

2. PROOF OF THEOREM 1.3

The rate of approximation of an admissible family of multipliers operators can be estimated
in terms of decay properties of Fourier transforms as follows. For d > 2, the following result
can be seen as a corollary of [13, Theorem 2.1, p. 1289] and the ideas of the proof are included
below for completeness.

Proposition 2.1. Let {T;}i~o be a v-admissible family of multipliers operators on LP(R?) and f €
LP(RY).
(A)Let1 <p<2.Ifp<q<p,then|-|{0=1/p=1/D f(.) € L and

R 1/q
([, [minte.igoigieo-im=roifey]"ag) < i) - sl

(B)Let 2 < p < oc. If | - [40=Y/»=Y/ D) f(.) € L4 and p' < q < p, then

N q 1/q
0 - 71y 5 ( [, [mincr,deplei—o-mifig))" ae)

The proof of proposition above is a simple adaptation of the proof of [13, Theorem 2.1, p.
1289], since the main arguments completely fit here. An application of Pitt’s inequality (see
[3]) combined to the admissibility condition on the family of multipliers operators finishes the
proof.

For d > 2, Theorem 2.1 in [13] is easily recovered from Proposition 2.1 for v = ¢ a natural
number and the combinations of multivariate averages family as the admissible one. The latter
has a generalized version as follows. All the facts mentioned below can be found in [15]. Let
r > 0, a real number. For each t > 0, we write

oo

ey V@ = o SO e, sermh, eemt
r/ k=1

where {V;}, is the usual family of spherical mean operator on L?(R?), and for r and s real
numbers,

Y\ I(r+1) A AN
(s>_F(s+1)F(rs+l)’ fors¢7Z._, (0>—r and <S)—O7 forseZ._.

The operator defined by (2.1) is bounded on L?(R?) and for r = ¢ a natural number the family
{V;+}+ becomes the combination of multivariate averages {V;.}; given in [9]. If m,.; stands for
the multiplier of V,., for each ¢ > 0, then

22" HD((m +1)/2)
(*N)T(m/2)T'(1/2)

In this case, {V;.; } is a r-admissible family of multipliers operators, since

L—mi([§]) =1 —m"(t¢]) :=

1
/ (sin(t¢]s/2))? (1—$2)@D/24s ¢ R
0

min(1,8)%" < 1 —m,4(s) =1 —m,(ts), s>0.

Proof of Theorem 1.3 makes use of the next lemma.
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Lemma 2.2. Let o € M, f € LP(R?) and 1 < p, q < oo. The following two conditions are equivalent:

1/q
(22) (/ [f|d“—1/p—1/q>|f<£>]qd5> Selt), t>0
1/t<|€]<2/t
and
. 1/q
(23) (/ [lgla=2/m=1/2) fie) | df) Selt), t>0.
1/t<I]

Proof. 1t is easy to see that (2.3) implies (2.2). Assuming that (2.2) holds, we write the integral
in the left-hand side of inequality (2.3) in terms of the radial part (see [32]) of the integrating
function, as follows

1) ::/ pda(i=1/p=1/q) (/ f(m)wdw) r@=Vdr, t>0,
1/t Sd—1

where S9! is the (d — 1)-dimensional unit sphere in R centered at origin endowed with 041
the induced Lebesgue measure (if d = 1 we skip this step). It is easily seen that

o 2r
I(t) §/ rda(1=1/p—1/q) {/ </ |f(pw)qdw> dp] r(dfl)ﬁ.
1/t r gd—1 r

If r < p < 2r, then r2a(1=1/p=1/0) < pda(1=1/p=1/9) and due to inequality (2.2) we arrive at

1) < /oo JCG) /Ot @l

1/15 T U

In order to finish the proof, it is enough to observe that

[ gy < e ana [y, 50
0 u o U

are equivalent (see [26]) and the later is the condition (1.2) for ¢ € M. a

Proof. of Theorem 1.3. The proof of part (A) is a trivial application of Proposition 2.1, part (A).
In order to prove part (B), we apply Proposition 2.1, part (B), and we obtain

IT:0) = 115 [ [min(r, e 1e% 79 g ] a

Denoting by 1/(f) the right-hand side of inequality above, we have

ITe(F) = FII7 < 27 (F),

where

18(F) = d1-1/p=1/0)| F(e)|]* ¢ + 248
= e fe] ae+ o |

£l<1/t

61208 [jeaa-1r=1/0) fie) ] e,
Due to Lemma 2.2, the proof will be completed if the following holds

(2.4) 247 /5 » [|£|25|5|d“—”p—”q>|f(£>|}qdf=0<so(t>>q7 as t — 0.
<
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We first consider the case d > 2 and we employ an adaption of the Titchmarsh proof in [29,
Theorem 84]. For ¢t > 0, denote

-~ q
gany= [ [lesigraeiofe) a
l§l<1/t
The following inequality holds

G L T
|T|<1/t

where
h(T) == / [|Tw|d<1—1/P—1/q>|f(m)|]qdad,l(w), —1/t <7< 1/t.
Sd—l
By writing

2.5) / (7298 ()| |94y o= 187 (h, 1) + I8 (b, 1),
|T|<1/t

where

0
ety [ e [ el fr|(-n) @) o) dr

-1/t Sd—=1

and

1/t
+ _ _ -~ _ q
7 (b, 1) ;:/0 7298 /S (Il 10227319 Flro) |90 doa(w)dr, >0,

it is sufficient to show that both I/~ (h,t) and I/ (h,t) are O (t7297 (ip(t))?) as t — 0.
We define

+oo
o4 (t) = / h(r)r14=Ydr t >0,
1/t

and observe that
(2.6) lim t*%¢, (t71) = 0.
t—0+

In fact, we have

hmﬂ%mlmth%mV—m(ﬂﬂva

t—0+ t—0+ t—00 126

Equality (1.3) implies that there exists 0 < ¢ < 2§ such that ¢ is (28 — €)-almost decreasing.
This leads us to

. gp(til) qi . ‘P(til) ‘1 < q 13 1
i (%) = (52) e < 0 fm g =0

and (2.6) holds.
Note that ¢/, (1) = —h(r~1)7~94=1D/2, 0 < 7 < 1/t,and

1/t ,
I§+(h,t):/0 —72 g, (r~N)dr, t>0,
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thus integration by parts and (2.6) imply
1/t

1/t
() = (2, ()] +2qﬁ/0 P45 (r~V)dr

1/t
— M) 208 [ e (Y
0

IA

1/t
2qﬂ/ T2qg71¢+(’r71)d’7’, t>0.
0

Since ¢ ((-)~') is a nondecreasing function on (0, c0), it follows

1/t
2.7) 177 (hyt) < 2486 (1) A P21 g ()29 50,

Handling I/ (h,t) as above, by defining

o_(t) = /Ut h(T)(—T)Q(d_l)dT, t >0,

— 00

we get

0
28) I (ht) <t 286 _(t) + 2486 (1) / (=725 1dr — 22086 (1), ¢ 0.

q
1/t

Combining inequalities (2.5), (2.7) and (2.8) with our assumptions (i.e. ¢, (t) = O (¢(t))?
and ¢_(t) = O (p(t))?, ast — 07), we reach to

R 1/q
IT(f) = Fllp ( /}R ) [min(l,t|£|>2’3|f|d<1—1/P—1/q>|f<£>|]qd&) =0 (p(t), ast—0%.

Thus, f € Lip (p, B, ).
For d = 1, the same proof presented above can be rewritten with minor adjustments as

follows. For ¢ > 0, denote
gey= [ [P i) as = (o + 17 1,
|§l<1/t
where
O ~
7= [ el fe) ae
—1/t
and
1/t N
= [ @R fie g oo
0

it is sufficient to show that both I? (f,t) and Ig+ (f,t)are O (t7295 (p(t))") ast — OF.
It is not hard to see that if

ot) = [ s fs)eds, >0,
|s|<1/t
then

0 1/t
B — 208 o (g~ 1 e - 298 o/ (g~ 1
17 (f.t) —/ 570 (s7)ds, and I} (f,t) —/0 s°Pg' (s Nds, t>0,
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Also, we observe that the same reasoning applied in order to prove equality (2.6) fits here and
we have

(2.9) lim t2Pg(t~1) = 0.

t—0+

Thus integration by parts and (2.9) imply
1/t
U = g0 s [ S (s s
0

1/t
< 2qﬁ/ s281g(s™Vds, t>0.
0

Since g((-)~!) is a nondecreasing function on (0, ), it follows

1/t
(2.10) Iéﬁ(f7 t) < Qqﬁg(t)/ §21P1ds = g(t)t=2P > 0.
0
Handling I/ (f,t) similarly as above, we reach to
0
(2.11) 19 (f,1) <t72%g(t) + 2Bg(t) / (—8)*¥"tds = 2672 g(t), >0,
—1/t

Combining inequalities (2.10) and (2.11) with our assumption (g(t) = O (¢(t))? as t — 07),
we obtain

. q 1/q
0 = 11y 5 ( [ [min(r.dh -7 ag) =0 ote), as ¢ 0%
R
and therefore f € Lip (p, 5, ¢). O
Corollary 2.3. If p € Qqg, then f € Lip (2, 3, ¢) if and only if

1/2
</t<|5|<2t f<£)|2d£> =0 (p(t™)), ast— oo

Remark 2.4. We have defined the class {23 by the collection of all ¢ € M satisfying the follow-
ing

(2.12) / T el g, < 2

Inequality (2.12) is necessary in order to have Theorem 1.3, part (B), true. Let ¢ € M a function
that does not fulfill (2.12), then Theorem 1.3, part (A), still holds true. However, the same does
not hold for part (B).

We consider the case d > 2, similarly we can deal withd = 1. Let2 < p < ocoand f : R? — R
in LP(RY) given in terms of the inverse Fourier-Hankel transform of [¢|~(2#+1/¥) ¢ € R\ {0},
that is,

_ _9d % Jaje-1(xs) 44
10 = G |, T
where o, is the volume of the unit sphere in R? and j,, ( - ) denotes the normalize Bessel function
(see [11]).
If (t) := t?#, then » € M but ¢ does not meet condition (2.12). Also, it is clear that

’

~ , +oo 1
/1/t<5 |f (&) de = 2/1/t de — O([p(1))")
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or, equivalently,

1/p’
(/ ﬁ&nﬂ%) — 0(p(1).
1/t<[E]<2/t

It means that for ¢ = p/, the function f fits into assumptions of Theorem 1.3, part (B). Also, we
have

e [y ae= e [ gt = oo, forallt >0
1/t<|€| 1/t<|€|

and therefore, f ¢ Lip(p, 3, ¢).

3. PROOF OF THEOREM 1.5

In this section, we only work with d > 2. For d = 1, the result was proved in [13] for the
usual fractional moduli of smoothness ([5, 22]). If one wants to consider the admissible family
of multipliers operators instead the fractional moduli of smoothness, for this case, with small
adjustments the same proof presented in [13, p. 1310] fits here.

Proof. of Theorem 1.5.We rewrite the integral in the left-hand side of inequality (1.7), as I1 + I,

where
12 1= o \*  ae
e ﬂ%@< E(ERD T

oo |§|d1 1/p— 1/q)|f
I2 . / / 1
172 Ji<|e|<2t (3
<o

Since ¢ is non-decreasing, for any ¢ < |¢| < 2t it holds p(t71/2)

1/2 1 ~ q ds
(1-1/p—1/q) hated
I 5/0 [p(t-1/2)] </tS£§2t [|‘£|d 1-1/p-1/q |f(§)|} d§> S

The change of variables t = 5/2 leads us to

Pl S 19\ dt
I, < - - d(1-1/p—1/q) de | =
b /0 [p(s=1)] </s/2<§<s [\§| |f(£)‘] 5) t

IOk TO1

and

(1€]71) and we have

For I, the change of variables t = s~!/2 implies

1 d(1-1/p—1/q)| T 4
|¢| 401 /p=1 D £ (€)) ds
dé—.
/0 /1/23<§<1/s ( e(1€171) : s
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We note that if 0 < s < 1and 1/2s < [£] < 1/s, then ¢(s) < (|¢|7!) and s/|¢| < 1. Combining
these inequalities to Propositon 2.1, part (A), we have

1 jglea-ea |1\ ds
/0 /1/2s<|g|<1/s o(1€71) 65
1 jgrea-tr v f e ds
I 5
0 J1/2s<|€|<1/s o(s) 5

/1 ITs(f) — £llg ds _ /1 IT(f) — f\lp ds < 1
o e s Joo [e(s)) N
Thus the first part of the theorem is proved.
To prove the second part, with an application of Proposition 2.1, part (B), we arrive at

Iy

A

IN

(3.1) Ws/ It(g)dg:/OOIt,o(r)r(d_l)dr forall ¢ >0,
R4 0
where
1) = WWQ“ Ur-1/o|fle)e, £ RY

and I; o denotes its radial part. Integrating both sides of inequality (3.1) and defining

1 1 dt 1 1/t dt
Ji + Jo ::/ (/ Ii(ryr= ”d) ; +/ / I3(r)r*Vdr | =
0 0 0 1
1 o] dt
s [ (/ I ”d) -
0 1/t

we just need to conclude that J; < o0, =1,2,3.
In order to estimate J;, we apply the (23 — ¢)-almost decreasingness property to ¢, to obtain

1 42 1
/ 297 / dq(1-1/p=1/q)+29p / |f(rw)|9dw | r@Ddr dt
0 t Sd—1 t
rda(1=1/p—1 Y d—1 dt
teq q(1-1/p=1/q) | f (rw)|9dw rd=Dqr =
gd—1 4

1
”(.)d(l—l/p—l/Q)f(.)Hg/ tldt < 0.
0

Moving on to the estimate for J, + J3, we first write J, explicitly as follows

1 49 1/t N
Jy = / 2% / pda(1=1/p=1/a)+2qp (/ |f(rw)|qdw> r@=1qp @
o le@®]e | )1 gd-1 s

Since ¢ is (23 — €)-almost decreasing, we have

o) - ()
r—2B+e ~ 42p8—€’

and

J1

A

IN

forl1 <r <1/,

which leads us to
t?ﬁ 7,.72[‘3+6t6

- <l . fori<r<l1jt
FOR () /
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Consequently,

1 1/t £
gy < / sea // pda(1=1/p=1/q)+qe / de r@=1 qp @
S 5o Tl DI ;

Now, the change of variables ¢t = s~! in the right-hand side of inequality above gives us

/OO gae /S rda(1=1/p=1/q)+qe / 1 ra)l?. dw | r@Vdp ds

1 1 ga-1 [p(r=1)]e s
00 s 2r N

/ P / rqefl / udq(lfl/pfl/q) / |f(’U,UJ)| dw u(dfl)du dr @
1 1 . si-1 [p(u1))e s

For J3, the change of variable ¢! = s implies

P = dq(l—l/p—l/fn( Y q ) (d—1) ﬂ
/0 POk [/m T /Sdi1 |f(rw)|?dw | r dr ;

1 > da(1=1/p—1/q) ( )[4 ) L(d-1) ,ﬂ} ds
[ wem L) J e ) rbar <

Ja

A

A

J3

Observing that, for all 1 < s < r < oo, the mequahty o(r~') < ¢(s7') holds, we obtain
Iy < /OO /Oo,rdq(lfl/pfl/q) / \f rw) Hd=1)
1 s Sd—1
o) o) [ ror iy }
< / / 1 / Wda(=1/p-1/0) / REACED) R Dt e
~ 1 s L/ Sd—1 [ ( )] ] s

Finally, taking in account the estimates for J; and J3, Hardy’s inequalities [23, p. 272] imply

oo [ por N 1
Tot s < / / da(1=1/p=1/q) / o)l o =gy, | 4
S 5o Tolw DI |

> glia=r=1/0fe)]\ " dr
d —
/0 /7’§|§|§2r < e(¢l1) P

and f € BY q(Rd). The theorem is proved. d

We close this section with a direct consequence of Theorem 1.5.

Corollary 3.1. If p € Qf;, then f € By ,(R?) if and only if

. oI\ el
| /tgagzt(soﬂf—l)) <

——d
4. GMp CLASS: RIEMANN-LEBESGUE TYPE INEQUALITY AND FINAL REMARKS

From now on, we will work with G -classes (general monotone classes) of functions. This
concept was firstly introduced in [27], where also the main properties were established.

A locally bounded variation function ¢ : (0,00) — R, vanishing at infinity and such that
for some ¢ > 0 (only depending on g) satisfies

@1) / |dg(s)|g/ 193)] 45 < o0, forallt >0,
t c

S
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is called general monotone (see [17, 25, 28]) and we write ¢ € GM. In addition, if g satisfies the
following condition

1 [e'e)
/ 4 g(s)|ds + / D12 4g(6)] < oo,
0 1

for d > 1 an integer number, then we write g € GM¢? (see [12, 13] and references quoted there
for details).
In this section, we write f, for the radial part of a given f from R¢. We consider the following
collection of functions defined in terms of the inverse Fourier-Hankel transform:
(4.2)
———d _ o
GM, = {f € LP(RY) : fisradial, fo(t) = éd )1d / sV (8)jaja—1(ts)ds, Fy € GMd} .
)" Jo
Ford > 2and 1 < p < 2d/(d + 1), the collection above contains all radial positive-definite
functions f(z) = fo(|z|), z € R?, such that its Fourier transforms Fj lies in GM?. For d = 1, the
same conclusion holds if p = 1 (see [13, p. 1293] and [17] for more examples).

——~d
Conditions in Theorem 2.1 can be considerably relaxed if we consider the class GM,, as
showed in [13, Theorem 4.1]. Following the path designed by the authors in [13], conditions of
Theorem 2.1 are extended as follows.

Proposition 4.1. Let {T}};~o be a B-admissible family of multipliers operators on LP(RY) and f €
_—d

GM,.

(A) Let 1 < p < q < oo. If f is nonnegative, then

g 1/q
43) ([, [mincr.eigpiaroimfie) as) = <10 - Al

(B)Let1 < q < p < oo with2d/(d+ 1) < p. If | - |?0=1/r=1/D f(.) € LY, then

N q 1/q
(4.4) IT(F) = Fllp S ( / [min(, ey g1/ F) dg) .

Due to [13, Theorem 4.1, p. 1293] is not hard to see that the basics facts (besides several
calculations) needed in order to repeat that proof in here are the following: [min(1,#(-))]*? Fy(-)
must be in GM?, h := f — Ti(f) must be radial and its radial part given by ho(s) = [1 —
ne(s)]Fo(s), s € (0,00). It is clear that all these facts hold true under assumptions made in
Proposition 4.1, that is why the details of the proof were omitted.

Proposition 4.2. Let {T;};~¢ be a B-admissible family of multipliers operators on LP(R?), 1 < p <
—d ~
q < oo,and ¢ € Qop. If f € Lip (p, B,) N GM , and [ is nonnegative, then

1/q
(4.5) (/t<§<2t [|§d(1—1/p—1/q)f(€)}qd§> -0 (@(t_l)) .

Additionally, if 2d/(d+ 1) < q, f € GM., | - [40=1/p=1/2) f GLP(Rd) and

then f € Lip (q, B, ).
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The proof of (4.5) is a direct application of Theorem 4.1, part (A). While (4.6) follows from
the proof of Theorem 1.3, but instead of applying Proposition 2.1, we need to apply Proposition
4.1, part (B). For p = g, the proposition above becomes the following.

Corollary 4.3. Let 2d/(d+1) < pand f € @Z such that f is non-negative and | - |?0=2/P)f(.) €
LP(R%). Then f € Lip (p, B, ¢) if and only if

1/p
</t<|§|<2t [\§|d(1—2/p)f(§)r df) =0 (p(t™)).

Another consequence of Proposition 4.1 is a pointwise estimate for the Fourier transforms

—d
of functions in G M, satisfying the Lipschitz condition. The Riemann-Lebesgue type inequality
is the content of the next result.

—d ~
Corollary 44. Let 1 < p < g < coand ¢ € Qop. If f € GM, N Lip (p, B, ) is such that f is
nonnegative, then

F©) =0 (Je o™ aslel - o

_—d ~
Proof. Observe that for f € GM pr if its Fourier transform f is written as Fy, then it satisfies
inequality (4.1) and it holds

Fy(t) 5/ FOT(S)CZS, forallt > 0.
t/c

An application of Holder inequality leads us to

oo 1/q
Fo(t) < ¢4/ < / sqddl[Fo(s)}qu> , forallt > 0.
t/c

Finally, Proposition (4.2) implies

o 1/q
(/t sqd_d_l[Fo(s)]qu> =0 (p(t™"), ast— oo,

C
and the proof follows. O
_——d
A version of Theorem 1.5 for GM » class also has a more relaxed condition version.

Proposition 4.5. Let {T;};~0 be a B-admissible family of multipliers operators on LP(RY), ¢ € 92 P
_—d

and f € GM,,

(A)Letl <p<g<oo.lff e Bﬁq(Rd) is such that fis nonnegative, then

[ Getm) e

(B)Let1 < q < p < oo with 2d/(d+ 1) < p. If | - |"0=V/»=V/D f(.) € L9, and

/Ootd(q—l) [Fo(t)] qﬁ<oo
0 e(t=1)) t 7

then f € BY ,(R?).
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The proof is a simple adaptation of the proofs of Theorem 1.5 above and Theorem 7.3 in [13,
p- 1310]. For p = ¢, we obtain the following.

Corollary 4.6. Let 2d/(d+1) <p, f € 67]\\42 such that f is nonnegative and |-|*0=2/P) () € LP(RY).
Then, f € Bf ,(RY) if and only if

[ () <
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