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Abstract

In this paper, we show that the following systems of nonlinear difference equations

TnYn +a YnZn + Q ZnTn + a
Tptl = ———— Yntl = ——, 2p41 = — for n € Ny
Tn + Yn Yn + 2n Zn+ Tn
where a € [0,00) and the initial values xg, yo, 2o are real numbers, can be solved in explicit form.
Also, we investigate the asymptotic behavior of the solutions by using these formulae and give some
numerical examples which verify our theoretical result.
Keywords: Asymptotic behavior; explicit solution; nonlinear difference equation; system.
MSC 2010: 39A10.

1 Introduction

Recently, studying nonlinear difference equations and their systems have taken much attention see
[1-22] and the references therein. That is because nonlinear difference equations and their systems
have appeared in many scientific areas such as biology, physics, economics, etc.
Li and Zhu [10] studied the globally asymptotic stability of the nonlinear difference equation
TnTn—1+a
T =—————forneN 1
n+1 T +1‘n71 05 ( )
where a € [0,00) and the initial values are positive real numbers.
Abu-Saris et al. [1] investigated the globally asymptotically stability of the nonlinear difference
equation
LTy +Q
x =————forneN 2
n+1 To + Lok 0, ( )
where k is a nonnegative integer, a € [0,00) and the initial values are positive real numbers.
Motivated by all above mentioned study, in this paper, we show that the following systems of
nonlinear difference equations
TpYn +a YnZn + Q ZnTn + a
o = =" " forneN 3
n+1 Tn + Yn y Yn+1 Yn + 2n s “n+1 2+ T 05 ( )
where a € [0,00) and the initial values xg, yo, 2o are real numbers, can be solved in explicit form.
Also, we investigate the asymptotic behavior of the solutions by using these formulae and give some
numerical examples which verify our theoretical result.
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2 Solvability and the general solution of the system

In this section, we show that system (3) can be solved for both the case a = 0 and the case a > 0. We
also obtain its general solution in explicit form.

2.1 Casea=0

In this case, system (3) is in the form of

TnlYn Ynzn ZnTn

n
Tppl = ———, = ——— Znt1 = for n € Np. 4
n+1 T+ Un Yn+1 Un + 2n n+1 o + T 0 ( )
The changes of variables
1 1 1
Tn = y Yn = y An = ) (5)
Up, Unp, Wn,

where x,ynz, # 0 for every n € Ny, reduce system (3) to the linear system of difference equations
Uptl = Up + Un, Untl = Up + Wp, Wpi1 = Wy + uy, for n € No. (6)
By summing the equations of (6), we have
Unt1 + Unt1 + Wnt1 = 2 (up, + vy + wy) for n € Ny, (7)

whose solution is
Up + Uy + wp, = 2" Ky for n € Ng, (8)

where Ko = ug + v + wp, from (6) and (8) we can write
Up + Wpt1 = 2" K. (9)

From (6) and (9), one can obtain the equations

Un+2 — Upt1 + Uy = 2nK07 (10)
and
Vpi1 = Up — Un_1 + 2" K. (11)
A particular solution of (11) is
2"Ky
. 12
. (12)
From (11) and (12), we have
2n+1KO 2" K, 2n—1KO (13)
Upt1 — = vy — — | vpo1 — :
n+1 3 n 3 n—1 3
Let oK.
Tp = Up — 0 for n € Np. (14)

Then, from (13) and (14), we obtain the equation
Tnil = Tp — 1 for n € Ny, (15)

whose solution is given by
Tén+i = Ti for i€ {0, 1,2,3,4, 5} (16)

which is periodic with period 6. Therefore, (14) and (16) imply that

Ky ug — 2v9 + wo
e T

11
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2K, 2K, 2ug — vy —
Tl—Ul_TO—UO‘f‘wO_ 302— o ;O w07 (18)
-2
o =11 —To = _W’ (19)
-2
r3s="T2—"T1=—To= o ST 1;0 ki wO, (20)
QUn — vn —
ri=ry =y = —r = L, (21)
-2
7’527“4—7“3:—(7“1—7“0)=w7 (22)
and so 6n 6n 6n
2°" — 1 2 2 2°" — 1
U6n:26n +T0—U0< ) < i )+wo< >, (23)
3 3
K, 26n+1 2) 26n+1 +1 26n+1 +1
Vg1 = 20711 30 + 71 =g < 3 > +vo < 3 > wo ( 3 ) ; (24)
K, 26n+2 -1 26n+2 -1 26n+2 +92
vonta = 27 4 ra = wo <3> I < 3 ) o ( 3 ) > &)
K, 26n+3 1 26n+3 —9 26n+3 1
Vet = 207320 g = g G vo + wo ha ; (26)
3 3 3 3
K 26n+4 2 26n+4 -1 26n+4 -1
wonea =2 g (B (B e () e
K, 26n+5 +1 26n+5 +1 26n+5 —9
Vongs = 200 b =g () w0 (o ) wo () - (28)
3 3 3 3
By using the formulae (23)-(28) in the second equation of (6), one can find the formulae
26m — 1 20m — 1 26m 42
wﬁn:u0< 3 )-I-Uo( 3 >+w0< 3 >, (29)
26n+1 41 26n+1 —_9 26n+1 41
Wen4+1 = U ( 3 ) V0 ( 3 ) +wo ( 3 ) ; (30)
26n+2 492 26n+2 -1 26n+2 -1
w6n+2—u0< 3 >+7J0< 3 >+w0< 3 ), (31)
26n+3 41 26n+3 41 26n+3 -9
w6n+3—u0< 3 > +vo< 3 ) +wo( 3 )a (32)
26n+4 -1 26n+4 19 26n+4 -1
Wen+4 = UQ < 3 ) + Vg < 3 -+ wo ( 3 > (33)
and
26n+5 ) 26n+5 +1 26n+5 +1
Wen+5 = U 3> + v ( ) +wo < > (34)

Similarly, by using the formulae (29)-(34) in the third equation of (6), one can obtain the formulae

(242 N 20m — 1 N 26n — 1 (35)
Ugn, = UQ 3 V0 3 Wo 3 )
26n+1 +1 26n+1 +1 26n+1 )
Uen+1 = U0 <3) + o (3> + wo <3> ) (36)
26n+2 -1 26n+2 +9 26n+2 -1
Upn+2 = UD <3> + o <3> + wo <3> ) (37)

12



Ikonion Journal of Mathematics 2020, 2(1)

and

Now, by using the

3

26n+4 -1 26n+4 -1 26n+4 +92
e (E) o (Z) g (£1022)

26n+5 +1 26n+5 —9 26n+5 +1
Ubn+5 = U0 <3> + o (3> + wo <3) .

26n+3 —9 26n+3 +1 26n+3 +1
s (02 g (2L (£

formulae in (23)-(40) into (5), we get the general solution of (4) as follows:

3T0Y020
6 = Y070 (27 + 2) + woz0 (267 — 1) + aoyo (267 — 1)
3z0Y020
Ton+1 = yozo (2671 + 1) + 220 (26n+1 + 1) + moyg (267F1 — 2)°
3zoYozo
Ton 2 = 020 (25792 — 1) + mozg (25772 + 2) + moyo (26772 — 1)
3zoYozo
Ton3 = 20 (26713 — 2) + woz (26913 + 1) + 2oy (26773 + 1)
3z0Y020
Tontd =% (26n+4 — 1) + gz (2674 — 1) + xoyo (2674 + 2)”
3zoYozo
Ton+5 = Yo<o (26n+5 + 1) + 20 (26n+5 - 2) + Z0oYo (26n+5 + 1)7
Yon — 3z0Yozo
Yoz0 (257 — 1) + w02 (267 + 2) + 2oyo (26" — 1)’
3z0Yoz0
YOm0z (27T — 2) + wozg (271 1 1) + woyo (2071 4 1)
320Y020
Jont+2 = Yozo (26712 — 1) + 2020 (26712 — 1) + 2oy (26712 4 2)°
3z0Y0z0
Yont+3 = Yo<o (26n+3 + 1) + Zozo (26n+3 — 2) + ZoYo (26n+3 + 1) ’
3z0Yoz0
Yontd = 20 (24 1 2) + oz (26774 — 1) + oy (26714 — 1)
320Y020
Yom 5 ™ oz (25775 1 1) + wozo (2775 + 1) + woyo (20770 — 2)’
- 320Y020
Yozo (26" — 1) + 2020 (26" — 1) + zoyo (267 + 2)’
3zoYozo
Z6n+1 = Yoz (2671 1) 4 zg2g (2671 — 2) + 29y (2601 4- 1)’
3z0Yozo
o2 T Yoz0 (2572 1 2) + 2020 (257F2 — 1) + woyo (2772 — 1)’
3z0Y020
ot T Y020 (2573 1 1) + 2020 (2773 + 1) + Toyo (2773 — 2)’
3x0Yoz0
ot = 020 (2578 1) + mozg (25774 1 2) + moyo (2674 — 1)
3z0Yozo
Z6n+5 —

Yozo (2605 — 2) 4 2020 (2675 4 1) + zoyo (260+5 + 1)

13
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2.2 Casea>0

In this case, system (3) can be written in the forms of

and

where

and

Tns1 + \[_ TnYn +a+ fxn + fyn

) 59
Tn + Yn ( )
+a+ +
Yni1 + \/& _ Ynzn T a \[yn \/azn7 (60)
Yn + 2n
Znﬂ_i_f_znxn—l—a—i-fzn—l—fxn (61)
Zn + Tn,
TnYn +a — fxn fyn
T = 62
e L (62)
N U (63)
Yn + 2n
i1 — /@ = ZnTy + a — \/azp, — \ffL’n (64)
Zn + Tp,
From (59)-(61) and (62)-(64), we get the system
X;L_l B Xty Y+ Y+ Zt Z:z_—&-l B VA, 6 (65)
D X, Yo Yn_+1 Y Zn Zy T Zn Xy
fEnﬁL\/a:X{@F’ yn+\/a:Yn+a Zn+\/a=Z,_;, (66)
—Va=X,, yn—Va=Y, , zn—Va=27. (67)

for (zn, + yn) (Yn + 2n) (zn + ) # 0 and (x, £ v/a) (yn £ Va) (2, £ /a) # 0 for n € Ny. System (65)
can easily be solved. By iterating (65) for n > 0, we get

X+

X+ Y+ Y+ YbJr Zar Z+

X, Yy Yy Yy Zy Zy

2:Xg<y0+> Zg Y'Yy

X \W') ZyYy Yy

 Zy X

Zy Xy

ZiN' X§ zd 25 (XN Y (68)
Zy) Xy Zy Z(; Xy ) Yy

XN (SN (28N v (YN (ZE N (XN ZzE (N xS (%
Xo) \Yy ) \zy) Yy \Yy ) \Z) \Xyg) "zy \zy) \Xg/) \Yy

From (68), we conclude that the solution of system (65) is in the form of

X

X,
Y+

n

Yo

Zy

Zn

GG ()
() (5) )
-(E) GG

<

o

14
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From (69)-(71), we obtain

Yo (YN (Z5\"

()" (5)" (4

£ (5 (5 ()
Zzy \%z) \x3) \vy

an by, Cn n+tcCn an+bn bpn+cn
(X(T> " <Yo+> - <Z§> T <W> <Yo+> (ZJ) (75)
XO }/0 ZO XO }/0 ZO

for n € Ng, which implies that
Ap+1 = Ap + Cpy Cpil = Cp + bn) bn+1 = bn + ay. (76)

By taking a, = up, ¢, = vp, by = wy, and ag = 1,bg = c¢o = 0, the solution of (76) can be obtained
from the solution of (6) as follows:

26n 49 26n+1 +1 26n+2 -1
aen = 3 y A6n+1 = f’ A6n+2 = f’ (77)
B 26n+3 —9 B 26n+4 -1 B 26n+5 +1 (78)
U6nt3 = ——3—» A6ntd =~ Q65 = 5
26n -1 26n+1 +1 26n+2 +92
b6n = T; b6n+1 = ?) 6n+2 — #7 (79)
26n+3 41 26n+4 -1 26n+5 -9
ben+3 = 5 Don+a = 5 bents T (80)
26n -1 26n+1 9 26n+2 1
Cén 50 Contl 5 Cont2 5 (81)
26n+3 +1 26n+4 +9 26n+5 41
Con+3 = y Con+4 = y Cén+5 (82)
3 3 3
Consequently, from (69)-(71) and (77)-(82), we have the following formulae:
() 0 T D) ) o) T ()
Ten = \/a ¢ 26m 12 ¢ 26n_1 . 26n_1 ! 26m 1o ! 261 _1 26 _1 (83)
()5 06 (2 - (0) 00) " (@)
4 26n+1+1 i 26n+1+1 4 26n+172 _ 26n+1+1 _ 26n+1+1 B 26n+1 2
o BT I @) T o) )T ()
6n+l = Va N 26n+1 11 N 26n+1 1] N 26n+1_o NG ~ 26ntiig 26t g
(X0) 7 (%) T (4) T -(xy) () T (4) 7
n 26n+2_q n 26n+2.9 n 26n+2_, B 26n+2_q _ 26n+2, 9 B 26n+2_,4
. _\f(Xo) W) T (%) T+ (X)) (o) P (4) P (85)
6n+2 = Va 26n+2_1 26n+2 o 26n+2_1 26n+2_1 26n+24 9 26n+2_1
(X0) * (%) * (&) T (X)) T () T (4) °
n 26n+372 " 26n+3+1 + 26n+3+1 _ 26n+3 Py B 26n+3+1 B 26n+3+1
o T T ) ) T )T )T
6n+3 — 26n+3_o 26n+311 2611311 26713 —26nt34 — 26n¥347
(Xg) = (%) * (&) T (X)) T () T (4) °

15
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26n+4d_ g 26nt+4_ 4 26n+d o 26n+4d_ g 26n+4d g 26n+d o
(X)) * (%) T (&) T +(Xg) () T (%) F
Ten+4 = Va 26nt4_1 26n+4_, 26n+4 15 26nt4_1 26n+4_1 26n+4 ) (87)
(X0) * (%) F (&) T (X)) T 0) 7 (%) ?
(Xg,) 26n-|?:5+1 (}/04») 26n-}?—)5 2 (ZJ) 26n§5+1 + (Xi) 26n-;5+1 (YVOi) 2671-;5 Py (Zi) 26n-§3—’5+1
Lon+5 = \/6 2611541 26n+5_4 261151 26151 26n+5_5 26n+5 11 ) (88)
+ 3 + 3 + 3 — 3 — 3 —
(Xg) (Yo" (Zy) - (X9) (Yo) (2y)
4 6n_q n 26n 4 9 n 26n_y B 26n_y B 26n 4 o B 26n_y
- \/a(Xo) ) P (Zy) T+ (Xe) T (o) P (%) ¢ (89)
" 26’;—1 " 3+2 n 267;—1 B _ 267;—1 _ 267;+2 _ 267;—1’
(X0) ° (%) 7 (%) (Xo) = (%) * (%)
26n+172 26n+1+1 26n+1+1 26n+172 26n+1+1 26n+1+1
o DT O @) T ) T ) )
6n+1 6n+1 6n+1 6n+1_ 6n+1 6n+1 Y
()0 @) %) T )T (%)
26n+2_q 26n+2_4 26n+2, 9 26n+2_q 26n+2_4 26n+2, 9
_ &) ) T (E) T+ (X)) T (%) T (%) P
Va 91
Yen+2 = Va (X+) Qanzz_l (Y+) 26n~g2_1 (Z+) 26n<}3—2+2 (X_) 26n+32_1 (Y_) 26nJg2_1 (Z_) 26n;2+2 ) ( )
0 0 0 - 0 0
(Xa,_) 26ﬂ,§3+1 (}/OJ’_) 2671,-‘?-)3 Py (Z(—)‘r) 26n—4?:3+1 + (XO_) 2677,—4:;3+1 (YE)_) 2677,-;3 2 (Z_) 26n-;3+1
y6n+3 = \/& n 26n+3 41 n 26n+3 _o 26n+341 26n+3 41 26n+3_9o 26n+341 7 (92)
(Xg) & (%) F (&) T (X)) T (%) T (4) ¢
26ntd, o 26ntd 26ntd 26nt4 o 26ntd 4 26ntd
R ) ) o) T o) )
26n+44 o 26n+4_1 26n+4_1 26n+44 o 26n+4_1 26n+4_17
(X0) = (%) (4) T (X)) T (%) T (4) °
26n+5+1 26n+5+1 26n+5 2 26n+5+1 26n+5+1 26n+5 2
W) M) T (%) T () T ) T (4) ¢ (04
Yén+5 = V@ N 26n+5 41 N 26n+5 411 N 26n+5 _5 265 — _26nTb41 ~ _26nih 3 )
(X0) 7 (%) T (Z) T -(x) T () T (4) 7
26n 1 267 3 267 4 267 1 267 1 267 19
= AT T @ o) ) T )
()00 (2 - o) 00) T ()
() ) () T o) T )T ()
Z6n+1 — va 26141 26n+1_o 26n+141 26n+1 ] 26n+1_g 261410 (96)
(Xo) = (%) T () T (X)) T (%) T (4) °
. 26n+2+2 4 26n+2 1 n 267L+2 1 B 26n+2+2 B 26n+2 1 _ 26'n+2 1
_ &) T 08 T (4) T+ (Xg) T (%) T (%) P
Z6n+2 = \/a 261121 o 26n+2_1 26n+2_1 2611215 26n+2_1 26n+2_1 (97)
(Xg) = (%) 7 (&) F —-(Xo) T (%) 7 (4) 7
26n+3 4 26n+3 26n+3_o 26n+3 44 26n+3 44 26n+3_o
DT T @) )T o) )
6n+3 = Va n 26n+3 11 i 26n+341 n 26n+3_o _ 26n+341 _ 26n+341 _ 26n+3_o 7
(Xg) ° %) (4) T -(x) T %) T (4) ?
O 0 T ) o) 00 T )
Z6n+4 = V Q@ 26n+4_1 2601445 26n+d_q 26n+4_1 26nt4 5 26n+4_1
(X0) 7 (%) T (Z) T -(Xy) () T (4) 7
26n+5_o 26n+5 4 26n+54 26n+5_o 26n+544 26n+5 4
XH 3 (Y, Z+ + (X)) (Y zy
Zen+5 = Va : )26n+5_2 ( . 26n+5 11 ( ! )26n+5+1 L 26115 _3 : 2604511 . 26n+5 11 (100)
(X0) = (%) T (%) -(X) 7 0%) 7 (%) 7
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2.3 Behavior of the solutions of the system

In this section, we investigate the asymptotic behavior of the solutions of system (3) and give some
numerical examples which verify our theoretical result. The main result of this subsection is the
following theorem:

Theorem 1 The following statements are true
(i) If a = 0, then (zy, Yn, 2n) — (0,0,0) as n — oo.
(it) If a > 0, then (|zn|, |yn|, |2n]) — (Va, Va,/a) as n — oo.

Proof.
(i) From the formulae (41)-(58) the desired result immediately follows.

(ii) We prove (ii) for only zg,, since the proof is similar for the other subsequences of x,, y, and
zn. Note that the formula (83) can be written as follows:

2

Ten =Va | 1+ s - " ,n € Np. (101)
(:zso+\/5)T (yo+\/&> 3 <z0+\/&>T 1
zo—/a yo—va z0—v/a
Hence, we consider the function
T+ \/a
o) = S

= e
which supplies the property
If (z)] < 1,if z <0,
|f (z)| > 1,if x > 0.

That is, it is arise two specific cases from the formula (101) and the property (102):
(a) If 29 < 0, yo < 0 and zp < 0, then (zy, yn, 2n) — (—va, —/a, —y/a) as n — oco.

(b) If o > 0, yo > 0 and zp > 0, then (x4, yn, 2n) — (Va,Va,/a) as n — oo.
As to the other cases, we consider the sequence

(102)

26n+2 26n 1

n>0

If s, — 0 as n — oo, then (zy, yn, 2n) — (—va, —/a, —/a) as n — oo. If s, — 00 as n — oo, then
(Tns Yn, 2n) — (Va,/a,+/a) asn — co. o

Now, we give some numerical examples to support our theoretical results related to system (3)
with some restrictions on the parameter a.

Example 2 We visualize the solutions of system (4) in figures (1)-(3) for a = 0 and for the sets of
initial values: {xg =5.2,y9 = 0.7, 20 = 3.1}, {xo = —5.2,yo = —0.7, 20 = —3.1}, {zo = 5.2, yo = —0.7,
z0 = 3.1}, respectively.

s

w

[x(n), ¥(n), 2(m) ]
[x(n), p(n). 2(n)]

Figure 1 Figure 2 Figure 3

17
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Example 3 We visualize the solutions of system (3) in figures (4)-(6) for a = 3.14 and for the sets of
initial values: {xo=0.9,y0 = 0.7, 20 = 2.5}, {xo = —0.9,y0 = —0.7, 20 = —2.5}, {29 = 0.9, yo = 0.7,
20 = —2.5}, respectively.

{
(n)]

{
-
[x(n). y(n). 2(n
e

[x(m), ¥(n), 2(n) ]

'
IS

Figure 4 Figure 5 Figure 6

Example 4 We visualize the solutions of system (3) in figures (7)-(9) for a = 100 and for the
sets of initial values: {xg=2.9,y0 = 5.1,20 = 7.8}, {zo = —2.9,y0 = —5.1,29 = —7.8}, {9 = —2.9,
Yo = —5b.1, z0 = 7.8}, respectively.

()]
(m)]

(
[x(n), n), 2(n

o
[x(n), y(m). 2(n)]
' |

Figure 7 Figure 8 Figure 9

Example 5 We visualize the solutions of system (8) in figures (10)-(12) for a = 2018 and for the
sets of initial values: {xo = 1.5,y0 = 3.6,20 = 2.4}, { ©9 = —1.5,y0 = —3.6, 29 = —2.4}, {xg = —1.5,
Yo = 3.6, z0 = —2.4}, respectively.

3000

2(n)]

2000

[x(n), p(n),

1000

[a(n), ¥r). 2(n)]

-1000

=
S
&
3
s

-2000

Figure 10 Figure 11 Figure 12
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