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Abstract

In this paper, connections between various subclasses of harmonic univalent functions by using a
convolution operator involving the Pascal distribution series are investigated. Furthermore, an example
is provided, illustrating graphically with the help of Maple, to illuminate the convolution operator.
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1. Introduction

Let H denote the family of continuous complex valued harmonic functions of the form f = h + g defined in the
open unit disk { ={z : |z| < 1} , where

h(z) =z + i anz"™ and g(z) = i bpz" (1.1)
n=1

n=2

are analytic in 4.

A necessary and sufficient condition for f to be locally univalent and sense-preserving in {l is that |A'(z)| > |¢'(2)]
in 4 (see [2],[3]).

Denote by SH the subclass of H consisting of functions f = h + g which are harmonic, univalent and sense-
preserving in il and normalized by f(0) = f. (0) — 1 = 0. One can easily show that the sense-preserving property
implies that |b;| < 1. The subclass SH" of SH consist of all functions in SH which have the additional property
b1 = 0. Note that SH reduces to the class S of normalized analytic univalent functions in 4, if the co-analytic part of
f isidentically zero.

Define 7' (i = 1,2) be the subclass of SH consisting of the functions f = h + g such that h(z) and g(z) are of the
form

h(z)=2z— lan|z" and g(z) = (—1)" > [ba| 2" (1.2)
n=2 n=1

Let HUC'(k, o) be a subclass of the functions f = h + § in SH which satisfy the condition

Re {1 + (1 + kem) th”(z)}j/—(Q,)zg’(,Z'),—(&—;'?g”(z) } >, (1.3)
zh'(z) — zg'(z

forsome k (k> 0),a (0 < a < 1)and z €il Define HUC(k,a) := HUC(k, a)N H.A mapping in HUC(k, «) or
HUC/(k, @) is called harmonic k-uniformly convex in il. These classes were studied in [5]. For ¢ = 0, k = 1 and
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a = 0, the class HUC(k, ) reduces to the class UC of analytic uniformly convex functions defined by [4].
Let HS* (k, ) be a subclass of the functions f = h + g in SH which satisfy the condition

2f'(z) } 2f'(2)
Re —ap, >k
{Z’f(Z) SIS
forsome k (k> 0),a (0 < o < 1) and =z €4l. Also define HS (k,a) := HS*(k, )N H_. These mappings are called
harmonic k— starlike in 4. For @ = 0 these classes were studied in [7]. For ¢ = 0, kK = 1 and o = 0, the class
HS*(k, o) reduces to the class US* of analytic uniformly starlike functions defined by [6].
The elementary distributions such as the Poisson, the Pascal, the Logarithmic, the Binomial have been partially

studied in the Geometric Function Theory from a theoretical point of view (see [8],[9], [10],[11], [12], [13]).
Let us consider a non-negative discrete random variable X with a Pascal probability generating function

_1‘

—1 .
P(X =n)= (”jil >p”(1—p)’, ne{0,1,2,3,..}

where p, r are called the parameters.
Now we introduce a power series whose coefficients are probabilities of the Pascal distribution, that is

.- -2 :
P;(z):z—&-Z(n_'—r )p"‘l(l—pyz”. (r>1,0<p<1,zedl) (1.4)

Note that, by using ratio test we conclude that the radius of convergence of the above power series is infinity. Now,
forr,s > 1and 0 < p,q < 1, we introduce the operator

B30 = B () #h () + B =9 () = H(2)+ G )

where

H(z) = z+z(”” )”1(1p)ranz" (1.5)

r—1

Glz) = b1z+z <”+8_2> L1 = g)*byan

and "x" denotes the convolution (or Hadamard product) of power series.

Example 1.1. Consider the harmonic polynomial f(z) = z + 222 + 1z*. If we taker = 7, s = 7,p = 0.1 and ¢ = 0.3
then from (1.5), we have
Bya(fi)(z) = 2z +0.052° 4 0.03z",

Images of concentric circles inside 4 under the functions f; and P}/ (f1) are shown in Figure 1 and Figure 2.

In this paper, we deal mainly with connections between the classes harmonic starlike, harmonic convex, harmonic
k-uniformly convex and harmonic k-starlike by using above convolution operator involving the Pascal distribution
series.

2. Preliminary Lemmas

To prove our theorems we will use the following lemmas.
Lemma 2.1. [2]If f = h + g € KH" where h and g are given by (1.1) with by = 0, then

n+1 n—1
71< b) bTL< .
anl < 0=, Il < 25

Lemma 2.2. [5] Let f = h+gbegivenby (1.1). Ifk > 0,0 < o < 1 and

oo

S n(n(k+1) = (k+a) |an|—|—z n(k+1)+ (k+a)|b,] <1—a, 2.1)

n=2

then f is harmonic, sense-preserving, univalent in and f € HUC(k, o).
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Figure 1. Image of fi(4l) Figure 2. Image of P,’5(f1)(4h)

Lemma 2.3. [1] Let f = h+g € T" be given by (1.2) . Then f € HUC (k, «) if and only if the coefficient condition (2.1) is
satisfied. Also, if f € HUC(k, o), then

l—« 11—«

wErD-—Gray "2 M G ey "2

lan| <
n

Lemma 2.4. [1] Let f = h+ g be given by (1.1) . Ifk > 0,0 < a < 1 and

NE

(n(k+1) = (k+0a)) lan| + Y (n(k+1) + (k+0a)) bu] <1 - o, (2.2)

3
I|

then f is harmonic, sense-preserving, univalent in U and f € HS*(k, «).

Lemma 2.5. [1] Let f = h+g € T? be given by (1.2). Then f € HS (k,a) if and only if the coefficient condition (2.2) is
satisfied. Also, if f € HS" (k, ), then

11—« 11—«

lan| <
n

Lemma 2.6. [2]If f = h +g € SH*° where h and g are given by (1.1) with b; = 0, then

2n—-1)(n—-1)

; |bn|§T7n22.

lan| < 2n+1)(n+1)
"= 6

3. Main Results

From now, throughout the main results, we will consider 0 < o <1,k >0,r,s > 1,and 0 < p,q < 1.

Theorem 3.1. If the inequality

(k+1)r(r+1)(r+2)p3 N (4k +5—a)r(r+1)p? N (2k + 4 — 2a) rp
1-p)° (1-p)° I=p
+(k—|—1)s(s+1)(s+2)q3 n (6k—|—5+a)s(;9—|—1) q° n (6k + 4+ 2a) sq
(1-¢q)° (1-9q) I—q
< 2(1—a)(1-=p) (3.1)

is hold, then P>s (KH") ¢ HUC(k, ).

Proof. Suppose f = h+g € KH° where h and g are given by (1.1) with b; = 0. We need to show that P)>s(f) =
H + G € HUC(k,a) where H and G are given by (1.5) with b; = 0. By Lemma 2.2, we need to establish that
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Q1 <1 - a, where

Q1 = Y n(nk+1)—(k+a) (”jif) (L—p)" p" ' an|

n=2

> n+s—2

+) n(nk+1)+ (k+a 1—¢)° ¢" ' b,l.
S+ eran (")) a0t

Using Lemma 2.2, we obtain

DN | =

@

IN

{Zn<n+1)(n(k+1)_(k+a)) (”ij) (1—p) p""

n=2

+3 n(n—1)(n(k+ 1)+ (k+a) (”‘;5‘2> (1—q)sq"_1}

=

_ ;{(k—kl)i(n—1)(n—2)(n—3)<n:i12> (1= p) !
+(6k+7a)2(n1)(n2)<n:i12) (1—p) pn—t
+(6k+10—4a)§:2(n_ 1) (n :if) (1—p) po—t
w2003 ("1 %) 0y
+(k‘—|—1)nij:2(n—1)(n—2)(n—3)<n:—j12> (1= o) g

n=2

+(6k+4+20) Y (n—1) <n1512) (1Q)Sq”1}

- ;{(k—kl)r(r—kl) (r+2)p° (1—P)T§::4 (njij) -
s a0 ()

n=3

n+r— 2);0”_2
r

+(2k+4—2a)rp(1—p)" > (

n=2
oo
. n+r—2\ ,_
-a-r > (T )
n=2
n+32>qn4

+(k+1)s(s+1)(s+2>q3(1Q)SZ< §+2

n=4
n+s— 2) 8

+<6k+5+a>s<s+1>q2<1—q>52( s+1

n=3

S

6k + 4+ 20)s5g (1 — q)si <n+s—2>qn—2}

n=2
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oo

1 % n+r+2\ .
— 2{(k+1)r(r+1)(r+2 (1—p n}_:o( o )p
+(4k+5—a)r(r+1)p? TZ(”?:;T1> n

> n+ry\ ,
+(2k+4—-20)rp(1—1p Z . )P

+2(1 - a)(1 - p)" Z (T” " 1>p” —2(1—a)(1—p)

r—1
n=0

s(s s 301 _ 4)8 (s "
+(k+1)s(s+1)(s+2)¢° (1 q);)( 519 >
+<6k+5+a>s(s+1)q2<1—q)sz(njj#)qn

n=0

+(6k+4+2a)sq(1—q)sz (njs)q"}
n=0
3

_ 1{(k—|—1)7‘(7‘+1)(r—|—2)p (dk+5—a)r(r+1)p?  (2k+4—2a)rp
2

(1-p)° (1-p) 1=p
+(k:+1)s(s+1)3(s+2)q3+(6k+5+a)s(.29+1)q2 N (6k + 4 + 2a) sq
(1-q) (1-q) 1—q

+2(1—a)—21—a)(1—p)"}.

The last expression is bounded above by (1 — «) by the given condition (3.1). Thus the proof of Theorem 3.1 is
complete. 0

Theorem 3.2. If the inequality

(k+Dr(r+1)p? @Bk+4—a)rp (k+1)s(s+1)¢> (Bk+2+a)sq
(1-p)° I=p (1-¢)° I=q

<21-a)(1-p) (2

is hold, then P»s (KH) C HS*(k, ).

Proof. Suppose that f = h + g € KH” where h and g are given by (1.1) with b; = 0. It suffices to show that
Pro(f) = H+ G € HS*(k, o) where H and G are given by (1.5) with b; = 0 in 4. Using Lemma 2.4, we need to
show that Q2 < 1 — a, where

@ = St -Gra) ("I T 0-p

r—1
=2

3

s—1

+s-2 5 n—
+3 (alk+ 1)+ k+a))(” i )(l—q)q bl
Using Lemma 2.2, we obtain

1 [ n+r—2 r o1l

— 1_ n

2{;2 (n+1)(n(k+1)— (k+a))< o >( p) p

+Z n—1)(n(k+1)+ (k+a)) (TH:I2> (1—q)sq"_1}
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= ;{(k+1>2(n—1><n—2>(”jf;2)<1—p>rp”-1

n=2

+(3k+4—a)§:(n—1) (”+T_2> (1—p) p" "

= r—1
> /n+r—2
+2(1 — ) (1—p) pnt
z( T
s+ == (T as e

+(3k+2+a)2(n—1) <n+s_2) (1—Q)Sq"1}

s—1

= ;{(k—kl)r(r—i—l)f(l—p)rz <n+r_2)p"‘3

— r+1

Bk (1-p) Y (”” ) Q)pH

r

o~ n—:r—2
+2(1 —a) (1 —p) n-l
(M)
+(k+1)s(s+l)q2(l—q)5§:(n+52>q”3
— s+1

+(Bk+2+a)sq(1—q)° > (”“2) q“}

S
n=2

2 r+1

- ;{(k+1)r<r+1>p2<1—p>rz(””“)pn

n=0

+(3k+4—a)rp(1—p)ri<n+r)p”

r
n=0

) (1-p) Y (“*r‘l)p"—zu—a)u—pr

r—1
n=0

st a-o > (T

n=0

+(2k+2+a)sq(1@Si(”:s)q"}

n=0

L 21— a) ~ 21— a) (1)

(k+1Ds(s+1)¢®> (Bk+2+a)sq
(1-q)° 1—¢ '

_ 1{(k+1)7"(7"+1)p2 (3k+4—a)rp
2

The last expression is bounded above by (1 — «) by the condition (3.2). Thus the proof of Theorem 3.2 is complete.
a

Theorem 3.3. If the inequality
2k+1+ )

1—p) +(1—-q)F>1
A-p)"+Q-0) 21+ —7—

|b1] (3.3)

is hold, then P»s (HUC (k,a)) € HUC(k, ).
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Proof. Suppose f =h+g € HUC(k,«) where h and g are given by (1.2) with i = 1. We need to establish that the
operator

Pra(f)(z) = z—i(“*r‘{‘))p"l(l—p)’“anz”

— r—1
= — n+s—2 n— s —n
—|b1|z—z( i )q L1= )" bz
n=2
isin HUC(k, «) if and only if Q3 < 1 — «, where
> n+r—2 —
@ = Sontorn-kra) (T A= e
n=2

n+s—2

+(2k+1+a)b1+in(n(k+1)+(k+a))< s_1

n=2

) (1—q)" " " |bal.

Using Lemma 2.4, we have

Qs

IN
_
|
L
——
(]2
R
3
<+
I =
—_
[\)
N———
—
|
=
i)
7

- <1a>{<1p>rfj(”jﬁll)p”<1p>f

n=0

+<1q)sz<”“1)q"<1q>3}+<2k+1+a>b1|

s—1
= 1-a){2-1-p)"-1-¢°}+2k+14+a)|bs|<1—a.

n=0

Then inequality (3.3) completes the proof. O

Theorem 3.4. If the inequality

2k +D)r(r+1)(r+2)p*>  (13k+15—2a)r (r + 1) p? n (15k +24 — 9a) rp

(1-p)° (1-p)? 1=p
+2(k +1)s(s+ 1)3(5 +2)¢3 N (11k + 9 + 2a) 32(5 +1) ¢? N (9% + 6 + 3c) sq
(1-q) (1-q) 1—yq
< 6(1-a)(l-p) (34)

is hold, then P>s (SH*) ¢ HS*(k, ).

Proof. Suppose f = h+g € SH*" where h and g are given by (1.1) with b; = 0. We need to prove that P)3(f) =
H + G € HS*(k,). In view of Lemma 2.4, we need to prove that Q, < 1 — a, where

Qi = = (n(k+1)—(k+a) (n:SQ) (1=p)"p""" lan|

+Z(n(k+1)+(k+a))<

n=2

—2
1—¢q)° ¢ byl.
a1 )( 0)"q" " |bal



8 E. Yasar

Referring Lemma 2.6, we observe

Qu < (13{Z(2n+1)<n+1>(n(k+1)—<k+a>)( L )(1_p)r n-1

n=2

+Z(2n—l)(n—1)(n(k+1)+(k+a)) (”:S_2> (1—¢q)°q" "

_ { k+1§:n—1 (n—3)(an12)(1_p)Tpn—1

N n+r—2
13k+15—2 —1)(n-2) 1—p) pn!
+( + aZn (n < re1 )( p) p

o0

+(15k +24-92) Y (n — 1) <” e : 2) (L—p)"p""!

r
n=2

= (n+r—2 o
soa-a ) (" a
n=2

+2(k+l)Z(n—1)(n—2)(n_3)<njf;2> (1 g g

n=2

> n+s—2
+(11k + 9+ 2 —1)(n-2) 1—¢q)° g™t
o203 (- nm-2 (") a- 0

n=2

> n+s—2 X
+(9% +6+3 —1) 1—¢q)°¢" !
+ —|—az::n ( .1 )( q)°q }

ram (nAr+2\
> P
r+2

n=0

— é{2(kj+1)r(r+1) (r+2)p°(1—p)

+(13k+152a)r(r+1)1’2(1p)ri(

n+r+1> n
n=0

r+1

o0

+(15k + 24 — 9a)rp (1 — p Z("”) n

+6<1—a>2(””‘1) A=) p" — 61— a)(1—p)"

r—1
n=0

F2(k+1)s(s+1) (s +2)¢> (1 - )Soo nts+2y .
(k 4+ 1)s (s +1) (s + 2)g q;)(sﬂ)
= (nts+1

+(11k+9+2a)s (s +1) ¢* (1 — ¢)° n
! 1 ;( s+1 )

(9 + 6+ 3a)sq (1 — ¢)° 002 (” + 5) q"}

S

_ 1{2(k+1)r(r+1)(r+2)p L (3K +15-20)r(r +1)p?
6

(1—p)® (1-p)°
| 15k +12:) 9P 4 61— a)—6(1—a) (1 - p)"
20k +1)s(s+1)(s+2)¢> (11k+9+2a)s(s+1)¢>
+ 3 + 2
(I-1q) (1-19)

(9k+6+3a)sq}
R LR R s )
1—-¢
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The last expression bounded above by (1 — «) by the given condition (3.4). O

The proof of the following theorem is similar to those of the previous theorems so we state only the result.

Theorem 3.5. If the inequality (1 — p)" + (1 — q)* > 1+ |by| is hold, then P)>; (?S*(k, a)) C HS*(k, ).
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