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In this paper we discuss and investigate trigonometric approximation in weighted grand
variable exponent Lebesgue spaces. We also prove the direct and inverse theorems in these
spaces.
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1. Introduction
In 1992, T. Iwaniec and C. Sbordone [22] introduced the grand Lebesgue spaces Lp) (Ω),

1 < p < ∞, on bounded sets Ω ⊂ Rd, with applications to differential equations. A
generalized version Lp),θ (Ω) appeared in L. Greco, T. Iwaniec and C. Sbordone [18].
During last years these spaces were intensively studied for various applications (see, e.g.,
[1, 16–18, 20, 22, 23]). The variable exponent Lebesgue spaces (or generalized Lebesgue
spaces) Lp(.) appeared in literature for the first time in 1931 with an article written by
Orlicz [25]. Kováčik and Rákosník [24] introduced the variable exponent Lebesgue space
Lp(.)(Rd) and Sobolev space Wk,p(.)(Rd) in higher dimensional Euclidean spaces. There are
several applications of these spaces, such as, elastic mechanics, electrorheological fluids,
image restoration and nonlinear degenerated partial differential equations (see [10,11,14]).
The spaces Lp(.)(Rd) and Lp(Rd) have many common properties, such as Banach space,
reflexivity, separability, uniform convexity, Hölder inequalities and embeddings. A crucial
difference between Lp(.)(Rd) and Lp(Rd) is that the variable exponent Lebesgue space is
not invariant under translation in general, see [13, Lemma 2.3] and [24, Example 2.9]. For
more information see [10,14]. The grand variable exponent Lebesgue space Lp(.),θ (Ω) was
introduced and studied by Kokilasvili and Meski [23]. In their studies they established
the boundedness of maximal and Calderon operators in these spaces. The space Lp(.),θ (Ω)
is not reflexive, separable, rearrangement invariant and translation invariant. There are
several published papers about direct and inverse theorems of approximation theory in
some function spaces weighted, variable or non-weighted, see, [2–8,12,19,21].
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In this study we obtain some inequalities involving trigonometric polynomial approx-
imation in a certain subspace of the weighted variable exponent grand Lebesgue space
L

p(.),θ
w . Also we give some basic properties of these spaces. Finally, we prove some direct

and inverse theorems of approximation in L
p(.),θ
w .

2. Notations and preliminaries
In this section, we give some essential definitions, theorems and remarks for weighted

grand variable exponent Lebesgue spaces.

Definition 2.1. Let T := [0, 2π] and let p (.) : T −→ [1, ∞) be a measurable 2π-periodic
function such that

1 ≤ p− = ess inf
x∈T

p(x) ≤ ess sup
x∈T

p(x):=p+ < ∞.

Assume that p (.) satisfies the local log-continuity condition, i.e., there exists a constant
C > 0 such that the inequality

|p(x) − p(y)| ≤ C

− log |x − y|
holds for all x, y ∈ T with |x − y| ≤ 1

2 (briefly p (.) ∈ P (T)). We also define a subclass

P0 (T) =
{
p (.) ∈ P (T) : 1 < p−} .

Definition 2.2. Let p (.) ∈ P (T). Variable exponent Lebesgue space Lp(.) := Lp(.)(T) is
defined as the set of all measurable, 2π-periodic functions f on T such that ϱp(.)(λf) < ∞
for some λ > 0, equipped with the Luxemburg norm

∥f∥p(.) = inf
{

λ > 0 : ϱp(.)

(
f

λ

)
≤ 1

}
,

where ϱp(.)(f) =
∫
T

|f(x)|p(x) dx. The space Lp(.) is a Banach space with the norm ∥.∥p(.).

Moreover, the norm ∥.∥p(.) coincides with the usual Lebesgue norm ∥.∥p whenever p(.) = p

is a constant function. If p+ < ∞, then f ∈ Lp(.) if and only if ϱp(.)(f) < ∞.

Definition 2.3. A Lebesgue measurable and locally integrable function w : T −→ (0, ∞)
is called a weight function. Suppose that p (.) ∈ P (T). The weighted modular is defined
by

ϱp(.),w(f) =
∫
T

|f(x)|p(x) w(x)dx.

The weighted variable exponent Lebesgue space L
p(.)
w := L

p(.)
w (T) consists of all measurable

functions f on T for which ∥f∥p(.),w =
∥∥∥∥fw

1
p(.)

∥∥∥∥
p(.)

< ∞. Also, L
p(.)
w is a uniformly convex

Banach space, thus reflexive.

Remark 2.4. Let w be a weight on T and p (.) ∈ P (T) .
(i) Relations between the modular ϱp(.),w(.) and ∥.∥p(.),w are as follows:

min
{

ϱp(.),w(f)
1

p− , ϱp(.),w(f)
1

p+

}
≤ ∥f∥p(.),w ≤ max

{
ϱp(.),w(f)

1
p− , ϱp(.),w(f)

1
p+

}
,

min
{

∥f∥p+

p(.),w , ∥f∥p−

p(.),w

}
≤ ϱp(.),w(f) ≤ max

{
∥f∥p+

p(.),w , ∥f∥p−

p(.),w

}
.

(ii) If 0 < C ≤ w, then we have L
p(.)
w ↪→ Lp(.), since one gets easily that

C

∫
T

|f(x)|p(x) dx ≤
∫
T

|f(x)|p(x) w(x)dx
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and C ∥f∥p(.) ≤ ∥f∥p(.),w (see [9]). Moreover, due to |T| < ∞ and 1 ≤ p(.) we have
L

p(.)
w (T) ↪→ Lp(.)(T) ↪→ L1(T).

Definition 2.5. Let θ > 0 and p (.) ∈ P (T). The grand variable exponent Lebesgue
space, Lp(.),θ, is the class of all measurable functions f for which

∥f∥p(.),θ := sup
0<ε<p−−1

ε
θ

p−−ε ∥f∥p(.)−ε < ∞.

When p(.) = p is a constant function, these spaces coincide with the grand Lebesgue
spaces Lp),θ (T).

Definition 2.6. Let w be a weight on T and p (.) ∈ P (T) . The weighted grand variable
exponent Lebesgue spaces L

p(.),θ
w := L

p(.),θ
w (T) is the class of all measurable functions f

for which
∥f∥p(.),w,θ := sup

0<ε<p−−1
ε

θ
p−−ε ∥f∥p(.)−ε,w < ∞.

Remark 2.7. Let w be a weight on T and p (.) ∈ P (T) .
(i) It is easy to see that the following continuous embeddings hold

Lp(.) ↪→ Lp(.),θ ↪→ Lp(.)−ε ↪→ L1, 0 < ε < p− − 1

due to |T| < ∞ (see [12,23]).
(ii) For f ∈ L

p(.),θ
w (T) the norm equality ∥f∥p(.),w,θ =

∥∥∥∥fw
1

p(.)

∥∥∥∥
p(.),θ

is not valid in

L
p(.),θ
w (T) (see [17]).

Example 2.8. Let α > 0, θ = 1, p(.) = p =constant and choose a weight w(x) = xα. If
we take f(x) = xβ for β > −α − 1, then we have f ∈ L

p)
w (0, 1). But,

(
fw

1
p

)p−ε
is not

integrable in (0, 1) for any 0 < ε < p − 1 and so fw
1
p /∈ Lp) (0, 1) (see [16]).

Proposition 2.9 (Nesting Property). If 0 < C ≤ w, p (.) ∈ P (T) and θ1 < θ2, then we
have the following continuous embeddings

Lp(.)
w ↪→ Lp(.),θ1

w ↪→ Lp(.),θ2
w ↪→ Lp(.)−ε

w ↪→ Lp(.)−ε ↪→ L1, 0 < ε < p− − 1

due to |T| < ∞ (see [12, 23]).

Remark 2.10. Let w be a weight on T and p (.) ∈ P (T) . There are several differences
between L

p(.)
w and L

p(.),θ
w . For instance, the set of the bounded functions is not dense

in L
p(.),θ
w , and the closure of L∞ (T) in the norm of L

p(.),θ
w can be characterized by the

functions f such that

lim
ε→0

sup ε
θ

p−−ε ∥f∥p(.)−ε,w = 0

(see [1]). Moreover, the closure of simple functions is not dense in L
p(.),θ
w . Also, the space

L
p(.),θ
w is not reflexive, not separable and not rearrangement invariant. Since the closure of

L
p(.)
w in L

p(.),θ
w does not coincide with the latter space, that is, L

p(.)
w is not dense in L

p(.),θ
w ,

then we redefine this set in the following theorem as a subspace of L
p(.),θ
w (see [12,23]).

Theorem 2.11. Let w be a weight on T and p (.) ∈ P (T). The following statements hold:
(i) The space L

p(.),θ
w is complete.

(ii) The closure of L
p(.)
w in L

p(.),θ
w consists of functions f , which belong to L

p(.),θ
w , for

which limε→0 ε
θ

p−−ε ∥f∥p(.)−ε,w = 0.
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Proof. (i) Let (fn)n∈N be a Cauchy sequence in L
p(.),θ
w . Then for all η > 0 there exists

N (η) > 0 such that, whenever n, m > N (η) we have

ε
θ

p−−ε ∥fn − fm∥p(.)−ε,w <
η

3
(2.1)

for any ε ∈ (0, p− − 1). Therefore (fn)n∈N is a Cauchy sequence in L
p(.)−ε
w for arbitrary

ε ∈ (0, p− − 1). Then there is an f in L
p(.)−ε
w such that

∥f − fn∥p(.)−ε,w → 0 (2.2)

for every ε ∈ (0, p− − 1) (note that the function f is unique for all ε ∈ (0, p− − 1) , see
[23]). For n > N (η), there is an ε0(n) ∈ (0, p− − 1) such that

∥f − fn∥p(.),w,θ ≤ ε0(n)
θ

p−−ε ∥f − fn∥p(.)−ε0(n),w + η

3
(2.3)

by using the definition of the supremum. Moreover, there exists N1 ∈ N such that for
m > N1 we have

ε
θ

p−−ε0(n) ∥f − fm∥p(.)−ε0(n),w ≤ η

3
(2.4)

due to (2.2). If we combine (2.3), (2.4) and (2.1), then we get

∥f − fn∥p(.),w,θ ≤ ε0(n)
θ

p−−ε ∥f − fn∥p(.)−ε0(n),w + η

3

≤ ε0(n)
θ

p−−ε ∥fn − fm∥p(.)−ε0(n),w + ε0(n)
θ

p−−ε ∥f − fm∥p(.)−ε0(n),w + η

3
≤ η

3
+ η

3
+ η

3
= η

for n > N (η) and m > N1. This completes the proof of (i).

(ii) Denote by
[
L

p(.)
w

]
p(.),w,θ

the closure of L
p(.)
w in L

p(.),θ
w . For f ∈

[
L

p(.)
w

]
p(.),w,θ

we can

obtain that there is a sequence (fn)n∈N in L
p(.)
w such that ∥f − fn∥p(.),w,θ → 0 by the

definition of the closure set. Then, for fixed δ > 0, there exists N = N (δ) > 0 such that,
whenever n > N (δ) we obtain

∥f − fn∥p(.),w,θ <
δ

2
. (2.5)

It is well-known that the continuous embedding L
q(.)
w (T) ↪→ L

p(.)
w (T) holds if and only if

q(.) ≥ p(.) because of |T| < ∞ [24]. Hence we get

ε
θ

p−−ε ∥fn∥p(.)−ε,w ≤ (1 + |T|)ε
θ

p−−ε ∥fn∥p(.),w → 0 (2.6)

as ε → 0. If we take ε0 > 0 such that 0 < ε < ε0, then we can write

ε
θ

p−−ε ∥fn∥p(.)−ε,w <
δ

2
. (2.7)

Finally, if we collect (2.5) and (2.7), then we have

ε
θ

p−−ε ∥f∥p(.)−ε,w ≤ ε
θ

p−−ε ∥f − fn∥p(.)−ε,w + ε
θ

p−−ε ∥fn∥p(.)−ε,w

≤ ∥f − fn∥p(.),w,θ + δ

2
≤ δ

as ε → 0. �
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Definition 2.12. We denote the closure of L
p(.)
w by L

p(.),θ
0,w . For f ∈ L

p(.),θ
0,w (T) we have

lim
ε→0

ε
θ

p−−ε ∥f∥p(.)−ε,w = 0

by the last theorem (see [12]).

Proposition 2.13. Let w be a weight on T and p (.) ∈ P (T). Then,
(
L

p(.),θ
w (T) , ∥.∥p(.),w,θ

)
is a Banach function space (see [1]).

We denote the Hardy-Littlewood maximal operator Mf of f by

Mf(x) = sup
I

1
|I|

∫
I

|f(t)| dt, t ∈ T,

where the supremum is taken over all intervals I whose length is less than 2π.
The boundedness of the Hardy-Littlewood maximal operator M on the space L

p(.),θ
W ,

θ > 0, p(.) ∈ P0 (T), was proved in the following theorem for power weights of the form
W (x) = |x − x0|γ , where x0 ∈ T, −1 < γ < p(x0) − 1.

Theorem 2.14. ([17]) Let p(.) ∈ P0 (T), x0 ∈ (−π, π), θ > 0, and −1 < γ < p(x0) − 1.
Then the operator M is bounded in L

p(.),θ
W , i.e. for all f ∈ L

p(.),θ
W there exists a C > 0 such

that the inequality
∥Mf∥p(.),W,θ ≤ C ∥f∥p(.),W,θ

holds with W (x) = |x − x0|γ .

In what follows, all weights W considered will be power weight of the form W (x) =
|x − x0|γ satisfying the hypothesis of the last theorem.

Since W (x) = |x − x0|γ satisfies the Ap(.) condition of Muckenhoupt weights, then we
have the continuous embedding L

p(.),θ
W ↪→ L1(T) [8]. This means that we can consider the

corresponding Fourier series of f ∈ L
p(.),θ
W given by

f(x) ∼ a0 (f)
2

+
∞∑

k=1
(ak (f) cos kx + bk (f) sin kx) , (2.8)

where a0(f) = π−1 ∫
T f (t) dt and

ak(f) = π−1
∫
T

f (t) cos ktdt, bk (f) = π−1
∫
T

f (t) sin ktdt, k = 1, 2, ... .

The n-th partial sums of the series (2.8) is defined by

Sn(x, f) :=
n∑

k=0
Ak(f)(x) = a0 (f)

2
+

n∑
k=1

(ak (f) cos kx + bk (f) sin kx) .

Definition 2.15. Let W (x) = |x − x0|γ , θ > 0, p(.) ∈ P0 (T), r = 1, 2, ... and f ∈ L
p(.),θ
0,W .

Then the r-th modulus of smoothness Ωr (f, .)p(.),W,θ : [0, ∞) → [0, ∞) is defined as

Ωr (f, δ)p(.),W,θ = sup
0<h≤δ

∥ρr
hf∥p(.),W,θ , r ∈ N,

where

ρr
hf(x) := 1

h

h∫
0

△r
t f(x)dt,

△r
t f(x) :=

r∑
s=0

(−1)r+s+1br,sf(x + st), t > 0,

and br,s are binomial coefficients.
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Remark 2.16. Using Theorem 2.14 we get

sup
0<h≤δ

∥ρr
hf∥p(.),W,θ ≤ C ∥f∥p(.),W,θ < ∞.

This shows that the function Ωr (f, δ)p(.),W,θ is well defined.

Remark 2.17. The modulus of smoothness Ωr (f, δ)p(.),W,θ has the following properties:
(i) Ωr (f, δ)p(.),W,θ is a non-negative, non-decreasing function of δ > 0.
(ii) Ωr (f1 + f2, .)p(.),W,θ ≤ Ωr (f1, .)p(.),W,θ + Ωr (f2, .)p(.),W,θ .

(iii) limδ→0 Ωr (f, δ)p(.),W,θ = 0.

Definition 2.18. The best approximation error En (f)p(.),W,θ of f ∈ L
p(.),θ
0,W is defined by

En (f)p(.),W,θ := inf
{

∥f − Tn∥p(.),W,θ : Tn ∈ Πn

}
where Πn is the set of trigonometric polynomials of degree at most n.

Definition 2.19. The Sobolev space Wr
p(.),W,θ is the class of functions f ∈ L

p(.),θ
W such

that f (r) ∈ L
p(.),θ
W and

∥f∥r
p(.),W,θ = ∥f∥p(.),W,θ +

∥∥∥f (r)
∥∥∥

p(.),W,θ
< ∞,

for r = 1, 2, ... . Also the space Wr
p(.),W,θ is a Banach space with respect to ∥.∥r

p(.),W,θ . We
define

Wr
0,p(.),W,θ =

{
f : f ∈ L

p(.),θ
0,W ∩ Wr

p(.),W,θ

}
.

3. Main results
The main results of this paper are the following theorems.

Theorem 3.1. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T) and r, n ∈ N. If f ∈ Wr
0,p(.),W,θ,

then
En (f)p(.),W,θ ≤ c

nr
En

(
f (r)

)
p(.),W,θ

with a constant c > 0 independent of n.

Corollary 3.2. Under the conditions of Theorem 3.1,

En (f)p(.),W,θ ≤ c

nr

∥∥∥f (r)
∥∥∥

p(.),W,θ

with a constant c > 0 independent of n = 0, 1, 2, 3, ... .

Theorem 3.3. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T) and r, n ∈ N. If f ∈ L
p(.),θ
0,W ,

then
En (f)p(.),W,θ ≤ cΩr

(
f,

1
n

)
p(.),W,θ

with a constant c > 0 independent of n.

Theorem 3.4. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T) and r, n ∈ N. If f ∈ L
p(.),θ
0,W ,

then

Ωr

(
f,

1
n

)
p(.),W,θ

≤ c

nr

n∑
k=0

(k + 1)r−1 Ek (f)p(.),W,θ

with a constant c > 0 independent of n.

To prove main results we need some lemmas and propositions given below.
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Lemma 3.5. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T) and r ∈ N. If f ∈ Wr
0,p(.),W,θ,

then
Ωr (f, δ)p(.),W,θ ≤ cδr

∥∥∥f (r)
∥∥∥

p(.),W,θ

with a constant c > 0 independent of n.

Proof. Since

△r
t f(.) =

t∫
0

t∫
0

...

t∫
0

f (r) (. + t1 + ... + tr) dt1...dtr,

applying (r times) the generalized Minkowski’s inequality we get∥∥∥∥∥∥1
h

h∫
0

△r
t fdt

∥∥∥∥∥∥
p(.),W,θ

≤ c1(p)
h

h∫
0

∥△r
t f∥p(.),W,θ dt

≤ hr c1(p)
hr+1

h∫
0

∥∥∥∥∥∥
t∫

0

...

t∫
0

f (r) (. + t1 + ... + tr) dt1...dtr

∥∥∥∥∥∥
p(.),W,θ

dt

= hr c1(p)
h

h∫
0

∥∥∥∥∥∥1
h

t∫
0

∣∣∣∣∣∣ 1
hr−1

t∫
0

...

t∫
0

f (r) (. + t1 + ... + tr) dt1...dtr−1

∣∣∣∣∣∣ dtr

∥∥∥∥∥∥
p(.),W,θ

dt

≤ hr c2(p)
h

h∫
0

∥∥∥∥∥∥ 1
hr−1

t∫
0

...

t∫
0

f (r) (. + t1 + ... + tr−1) dt1...dtr−1

∥∥∥∥∥∥
p(.),W,θ

dt

≤ ... ≤ hr c3(p, r)
h

h∫
0

∥∥∥∥∥∥
1

h

h∫
0

f (r) (. + t1) dt1


∥∥∥∥∥∥

p(.),W,θ

dt

≤ c4(p, r)hr
∥∥∥f (r)

∥∥∥
p(.),W,θ

1
h

h∫
0

dt = c4(p, r)hr
∥∥∥f (r)

∥∥∥
p(.),W,θ

,

and taking supremum on 0 < h ≤ δ, we obtain the required inequality

Ωr (f, δ)p(.),W,θ ≤ cδr
∥∥∥f (r)

∥∥∥
p(.),W,θ

.

�

Definition 3.6. Let W (x) = |x − x0|γ , θ > 0, p(.) ∈ P0 (T), r ∈ N and f ∈ L
p(.),θ
0,W . We

define Peetre’s K-functional as

Kr (f, δ)p(.),W,θ := inf
{

∥f − g∥p(.),W,θ + δr
∥∥∥g(r)

∥∥∥
p(.),W,θ

: g ∈ Wr
0,p(.),W,θ, δ > 0

}
.

Theorem 3.7. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T), r ∈ N. If f ∈ L
p(.),θ
0,W , then

there are some constants c6, c7 > 0 independent of δ such that

c6Ωr (f, δ)p(.),W,θ ≤ Kr (f, δ)p(.),W,θ ≤ c7Ωr (f, δ)p(.),W,θ .

Proof. Let f ∈ L
p(.),θ
0,W and g ∈ Wr

0,p(.),W,θ. By Lemma 3.5 and Remark 2.17,

Ωr (f, δ)p(.),W,θ ≤ Ωr (f − g, δ)p(.),W,θ + Ωr (g, δ)p(.),W,θ

≤ c

(
∥f − g∥p(.),W,θ + δr

∥∥∥g(r)
∥∥∥

p(.),W,θ

)
,
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and taking infimum with respect to g ∈ Wr
0,p(.),W,θ in the last inequality we have

Ωr (f, δ)p(.),W,θ ≤ cKr (f, δ)p(.),W,θ .

In order to prove the reverse of the last inequality we define the function

fr,δ(x) = 2
δ

δ∫
δ
2

( 1
hr

r−1∑
s=0

(−1)r+s+1
(

r

s

) h∫
0

...

h∫
0

f(x + r − s

r
[t1 + ... + tr])dt1...dtr)dh (3.1)

for δ > 0 and r ≥ 1. Then, differentiating r − 1 times and setting t := r−s
r tr we see that

h∫
0

...

h∫
0

f

(
x + r − s

r
[t1 + ... + tr]

)
dt1...dtr


(r−1)

=


h∫

0

(
r

r − s

)r−1 r−1∑
m=0

(
r − 1

m

)
(−1)r+m f(x + r − s

r
tr + m

r − s

r
h)dtr


=

h∫
0

(
r

r − s

)r−1
△r−1

r−s
r

h
f (x + t) dt,

and then by (3.1)

f
(r−1)
r,δ (x) := 2

δ

δ∫
δ
2

1
hr


r−1∑
s=0

x+ r−s
r

h∫
x

(−1)r+s+1
(

r

s

)
△r−1

r−s
r

h
f(t)dt

 dh. (3.2)

Now we prove f
(r)
r,δ ∈ L

p(.),θ
0,W . Differentiating the relation (3.2) we obtain

f
(r)
r,δ (x) := 2

δ

δ∫
δ
2

1
hr

{
r−1∑
s=0

(−1)r+s+1
(

r

s

)(
r

r − s

)r

△r
r−s

r
h
f(x)

}
dh

and denoting t := r−s
r h we have

∣∣∣f (r)
r,δ (x)

∣∣∣ ≤ 2r+1

δr

r−1∑
s=0

(
r

s

)(
r

r − s

)r

∣∣∣∣∣∣∣∣
1
δ

δ∫
δ
2

△r
r−s

r
h
f(x)dh

∣∣∣∣∣∣∣∣
= 2r+1

δr

r−1∑
s=0

(
r

s

)(
r

r − s

)r

∣∣∣∣∣∣∣∣
1

r−s
r δ

r−s
r

δ∫
r−s

r ( δ
2 )

△r
t f(x)dt

∣∣∣∣∣∣∣∣
≤ 2r+1

δr

r−1∑
s=0

(
r

s

)(
r

r − s

)r


∣∣∣∣∣∣∣∣

1
r−s

r δ

r−s
r

δ∫
0

△r
t f(x)dt

∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣

1
r−s

r δ

r−s
r ( δ

2 )∫
0

△r
t f(x)dt

∣∣∣∣∣∣∣∣
 ,

which implies the inequality∥∥∥f (r)
r,δ

∥∥∥
p(.),W,θ

≤ 2c(r)δ−rΩr (f, δ)p(.),W,θ ≤ c5(p, r) ∥f∥p(.),W,θ . (3.3)

Since f ∈ L
p(.),θ
0,W , then f

(r)
r,δ ∈ L

p(.),θ
0,W .
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Let f ∈ L
p(.),θ
0,W . For δ > 0 and r = 1, 2, ..., we have

|fr,δ(x) − f(x)| =

∣∣∣∣∣∣∣∣
2
δ

δ∫
δ
2

 1
hr

h∫
0

...

h∫
0

△r
t1+...+tr

r

f(x)dt1...dtr

 dh

∣∣∣∣∣∣∣∣
and by the generalized Minkowski’s inequality

∥fr,δ − f∥p(.),W,θ ≤ c6(p, r)2
δ

δ∫
δ
2

 1
hr−1

h∫
0

...

h∫
0

∥∥∥∥∥∥1
h

h∫
0

△r
t1+...+tr

r

fdt1

∥∥∥∥∥∥
p(.),W,θ

dt2...dtr

 dh

= c6(p, r)2
δ

δ∫
δ
2

 1
hr−1

h∫
0

...

h∫
0

∥∥∥∥∥∥1
h

h+t2+...+tr∫
t2+...+tr

△r
t
r
fdt

∥∥∥∥∥∥
p(.),W,θ

dt2...dtr

 dh. (3.4)

Since∥∥∥∥∥∥1
h

h+t2+...+tr∫
t2+...+tr

△r
t
r
fdt

∥∥∥∥∥∥
p(.),W,θ

=

∥∥∥∥∥∥1
h

 h+t2+...+tr∫
0

△r
t
r
fdt −

t2+...+tr∫
0

△r
t
r
fdt

∥∥∥∥∥∥
p(.),W,θ

≤

∥∥∥∥∥∥∥
1

(h + t2 + ... + tr) /r

(h+t2+...+tr)/r∫
0

△r
t
r
fdt

∥∥∥∥∥∥∥
p(.),W,θ

+

∥∥∥∥∥∥∥
1

(t2 + ... + tr) /r

(t2+...+tr)/r∫
0

△r
t
r
fdt

∥∥∥∥∥∥∥
p(.),W,θ

= sup
(h+t2+...+tr)/r≤δ

∥∥∥∥∥∥∥
1

(h + t2 + ... + tr) /r

(h+t2+...+tr)/r∫
0

△r
t
r
fdt

∥∥∥∥∥∥∥
p(.),W,θ

+ sup
(t2+...+tr)/r≤δ

∥∥∥∥∥∥∥
1

(t2 + ... + tr) /r

(t2+...+tr)/r∫
0

△r
t
r
fdt

∥∥∥∥∥∥∥
p(.),W,θ

= Ωr (f, δ)p(.),W,θ + Ωr (f, δ)p(.),W,θ = 2Ωr (f, δ)p(.),W,θ , (3.5)
then combining (3.4) and (3.5) we have

∥fr,δ − f∥p(.),W,θ ≤ c(p, r)2
δ

δ∫
δ
2

 1
hr−1

h∫
0

...

h∫
0

Ωr (f, δ)p(.),W,θ dt2...dtr

 dh

≤ c(p, r)Ωr (f, δ)p(.),W,θ

2
δ

δ∫
δ
2

dh = c(p, r)Ωr (f, δ)p(.),W,θ (3.6)

Finally, if we use (3.3) and (3.6), then we get

Kr (f, δ)p(.),W,θ ≤ ∥fr,δ − f∥p(.),W,θ + δr
∥∥∥f (r)

r,δ

∥∥∥
p(.),W,θ

≤ c7Ωr (f, δ)p(.),W,θ .

This completes the proof. �

The following lemma is a Bernstein inequality for L
p(.),θ
W .
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Lemma 3.8. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T), r ∈ N. If Tn is a trigonometric
polynomial of degree at most n, then∥∥T ′

n

∥∥
p(.),W,θ ≤ cn ∥Tn∥p(.),W,θ .

Proof. It is well-known that
sup

n
|σn (x, f)| ≤ cMf(x)

with a constant c > 0 independent of f and x ∈ T, where σn (x, f) is the Cesàro means
for a function f ∈ L

p(.),θ
W [27]. Using Theorem 2.14 we have∥∥∥∥sup

n
|σn (., f)|

∥∥∥∥
p(.),W,θ

≤ c ∥f∥p(.),W,θ . (3.7)

Since
Tn(x) = 1

π

∫
T

Tn(t)Dn(t − x)dt, with Dn(t) = 1
2

+
n∑

j=1
cos jt,

it is well-known that
T ′

n(x) = 2nσn−1 (x, Tn)
and, hence, ∥∥T ′

n

∥∥
p(.),W,θ ≤ 2n ∥σn−1 (., |Tn|)∥p(.),W,θ ≤ 2cn ∥Tn∥p(.),W,θ .

This completes the proof. �
Lemma 3.8 can be generalized for r-th derivative of Tn. For this we need a Minkowski’s

inequality for integrals. The following results were proved, when W ≡ 1, by Danelia and
Kokilashvili [12, Proposition 2.4]. The same proof also suits our case below.

Lemma 3.9. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T), and f ∈ L
p(.),θ
0,W . If f(x, y) a

measurable function on T × T, then, the following integral inequality holds∥∥∥∥∫
T

f(., y)dy

∥∥∥∥
p(.),W,θ

≤ C

∫
T

∥f(., y)∥p(.),W,θ dy.

As a corollary of the last two lemmas we get:
Corollary 3.10. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T) and r ∈ N. If Tn is a
trigonometric polynomial of degree at most n, then∥∥∥T (r)

n

∥∥∥
p(.),W,θ

≤ cnr ∥Tn∥p(.),W,θ .

4. Proof of main results
Let n ∈ N and

Dnf(x) := 1
π

∫
T

f(x − t)J2,⌊ n
2 ⌋+1(t)dt (4.1)

be the Jackson operator (polynomial), where ⌊n
2 ⌋ denotes the integer part of a real number

n
2 , and J2,n is the Jackson kernel

J2,n(x) := 1
κ2,n

(sin(nx/2)
sin(x/2)

)4
, κ2,n := 1

π

∫ π

−π

(sin(nt/2)
sin(t/2)

)4
dt.

It is known that ([15, p.147])
3

2
√

2
n3 ≤ κ2,n ≤ 5

2
√

2
n3.

Jackson kernel J2,n satisfies the relations
1
π

∫
T J2,n(u)du = 1,

1
π

∫ π
0 uJ2,n(u)du≤ 1

2n ,

}
(4.2)
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Lemma 4.1. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T), and f ∈ L
p(.),θ
0,W . If f ∈

W1
0,p(.),W,θ, then

En (f)p(.),W,θ ≤ ∥f − Dnf∥p(.),W,θ ≤ c

n

∥∥f ′∥∥
p(.),W,θ (4.3)

holds for n ∈ N.

Proof of Lemma 4.1. From (4.1), Theorem 2.14, and (4.2), we have

∥f − Dnf∥p(.),W,θ =
∥∥∥∥ 1

π

∫
T
(f(x) − f(x − t))(1/t)tJ2,⌊ n

2 ⌋+1(t)dt

∥∥∥∥
p(.),W,θ

=
∥∥∥∥ 1

π

∫
T

tJ2,⌊ n
2 ⌋+1(t)1

t

∫ x

x−t
f ′(τ)dτdt

∥∥∥∥
p(.),W,θ

≤ 1
π

∫
T

tJ2,⌊ n
2 ⌋+1(t)

∥∥∥∥1
t

∫ x

x−t
f ′(τ)dτ

∥∥∥∥
p(.),W,θ

dt

≤
∥∥Mf ′∥∥

p(.),W,θ

1
π

∫ π

0
tJ2,⌊ n

2 ⌋+1(t)dt

≤ C

2
(
⌊n

2 ⌋ + 1
) ∥∥f ′∥∥

p(.),W,θ ≤ c

n

∥∥f ′∥∥
p(.),W,θ .

Hence (4.3) holds. �

Proof of Theorem 3.1. Let f ∈ W1
0,p(.),W,θ, n ∈ N, Θn ∈ Tn, En (f ′)p(.),W,θ = ∥f ′ − Θn∥p(.),W,θ

and β/2 be the constant term of Θn, namely,

β = 1
π

∫
T

Θn (t) dt = 1
π

∫
T

(
Θn (t) − f ′ (t)

)
dt.

Then

|β/2| ≤ 1
2π

∥∥f ′ − Θn

∥∥
L1

≤ c

2π

∥∥f ′ − Θn

∥∥
p(.),W,θ = c

2π
En
(
f ′)

p(.),W,θ .

On the other hand∥∥f ′ − (Θn − β/2)
∥∥

p(.),W,θ ≤ En
(
f ′)

p(.),W,θ + ∥β/2∥p(.),W,θ

≤ En
(
f ′)

p(.),W,θ + c

2π
∥W∥L1

En
(
f ′)

p(.),W,θ

=
(

1 + c

2π
∥W∥L1

)
En
(
f ′)

p(.),W,θ .

Set un ∈ Tn so that u′
n = Θn − β/2. Then

En (f)p(.),W,θ = En (f − un)p(.),W,θ

≤ c

n

∥∥f ′ − (Θn − β/2)
∥∥

p(.),W,θ

≤
(

c + C

2π
∥W∥L1

) 1
n

En
(
f ′)

p(.),W,θ

for all f ∈ W1
0,p(.),W,θ. If f ∈ Wr

0,p(.),W,θ for some r, the last inequality gives

En (f)p(.),W,θ ≤ C

(
1 + c

2π
∥W∥L1

)r 1
nr

En

(
f (r)

)
p(.),W,θ

= c

nr
En

(
f (r)

)
p(.),W,θ

.

�
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Proof of Theorem 3.3. Let f ∈ L
p(.),θ
0,W . Using Theorem 3.1 and Corollary 3.2 we have

En (f)p(.),W,θ ≤ En (f − g)p(.),W,θ + En (g)p(.),W,θ

≤ c

{
∥f − g∥p(.),W,θ + δr

∥∥∥g(r)
∥∥∥

p(.),W,θ

}
.

for g ∈ Wr
0,p(.),W,θ and δ = 1

n . Using Theorem 3.7 and taking infimum on g ∈ Wr
0,p(.),W,θ,

we obtain

En (f)p(.),W,θ ≤ cΩr

(
f,

1
n

)
p(.),W,θ

, n ∈ N.

�

Proof of Theorem 3.4. Let Tn be a best approximation trigonmetric polynomial for
f ∈ L

p(.),θ
0,W . For any n ∈ N we choose n ∈ N such that 2m ≤ n < 2m+1. If we use the

subadditivity property of Ωr (f, δ)p(.),W,θ , then we have

Ωr (f, δ)p(.),W,θ ≤ Ωr (f − T2m+1 , δ)p(.),W,θ + Ωr (T2m+1 , δ)p(.),W,θ . (4.4)

On the other hand, it is well-known that

2(i+1)rE2i(f)p(.),W,θ ≤ 22r
2i∑

j=2i−1+1
jr−1Ej(f)p(.),W,θ (4.5)

by Theorem 3.1 in [26]. If we take δ = 1
n , then we get

Ωr (f − T2m+1 , δ)p(.),W,θ ≤ c ∥f − T2m+1∥p(.),W,θ

= cE2m+1(f)p(.),W,θ

≤ c

nr
22(m+1)rE2m(f)p(.),W,θ

≤ cδr22r
2m∑

k=2m−1+1
kr−1Ek(f)p(.),W,θ. (4.6)

Using Lemma 3.5, Lemma 3.8 and (4.5) one can find that

Ωr (T2m+1 , δ)p(.),W,θ

≤ cδr
∥∥∥T (r)

2m+1

∥∥∥
p(.),W,θ

≤ cδr


∥∥∥∥∥T (r)

1 +
m∑

i=0

(
T

(r)
2i+1 − T

(r)
2i

)∥∥∥∥∥
p(.),W,θ


≤ cδr

{
∥T1∥p(.),W,θ +

m∑
i=0

2(i+1)r
∥∥∥T (r)

2i+1 − T
(r)
2i

∥∥∥
p(.),W,θ

}

≤ cδr

{
E0(f)p(.),W,θ +

m∑
i=0

2(i+1)rE2i(f)p(.),W,θ

}

= cδr

E0(f)p(.),W,θ + 2rE1(f)p(.),W,θ + 22r
m∑

i=1

2i∑
k=2i−1+1

kr−1Ek(f)p(.),W,θ


≤ cδr

{
E0(f)p(.),W,θ +

2m∑
k=1

kr−1Ek(f)p(.),W,θ

}
. (4.7)
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If we combine (4.4), (4.6) and (4.7), then we find

Ωr

(
f,

1
n

)
p(.),W,θ

≤ c

nr

n∑
k=0

(k + 1)r−1 Ek (f)p(.),W,θ , n ∈ N.

�
The notation O indicates that A = O (B) if and only if there exists a positive constant

c, independent of essential parameters, such that A ≤ cB.

Corollary 4.2. If En (f)p(.),W,θ = O (n−α), α > 0, then under the conditions of Theorem
3.4 we have

Ωr (f, δ)p(.),W,θ =


O (δα) , r > α,

O
(
δα log

(
1
δ

))
, r = α,

O (δr) , r < α.

Definition 4.3. Let W (x) = |x − x0|γ , θ > 0, p(.) ∈ P0 (T), f ∈ L
p(.),θ
0,W , α > 0 and

r := [α] + 1 ( [α] is the integer part of α ). We define the generalized Lipschitz class as

Lipα,r
p(.),W,θ =

{
f ∈ L

p(.),θ
W : Ωr (f, δ)p(.),W,θ = O (δα)

}
.

Corollary 4.4. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T), f ∈ L
p(.),θ
0,W and α > 0. Then

the following statements are equivalent:
(i) f ∈ Lipα,r

p(.),W,θ

(ii) En (f)p(.),W,θ = O (n−α), n ∈ N.

Theorem 4.5. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T), f ∈ L
p(.),θ
0,W and r ∈ N. If

∞∑
k=1

kr−1Ek (f)p(.),W,θ < ∞,

then, f ∈ Wr
p(.),0,W,θ and

En

(
f (r)

)
p(.),W,θ

≤ c

nrEn (f)p(.),W,θ +
∞∑

k=n+1
kr−1Ek (f)p(.),W,θ


with a positive constant c independent of f and n.

Proof of Theorem 4.5. For the polynomial Tn of the best approximation to f we have
by Lemma 3.8 that∥∥∥T (r)

2i+1 − T
(r)
2i

∥∥∥
p(.),W,θ

≤ C (r) 2(i+1)r ∥T2i+1 − T2i∥p(.),W,θ

≤ 2C (r) 2(i+1)rE2i (f)p(.),W,θ .

Hence
∞∑

i=1
∥T2i+1 − T2i∥r

p(.),W,θ =
∞∑

i=1

∥∥∥T (r)
2i+1 − T

(r)
2i

∥∥∥
p(.),W,θ

+
∞∑

i=1
∥T2i+1 − T2i∥p(.),W,θ

≤ c
∞∑

m=2
mr−1Em (f)p(.),W,θ < ∞.

Therefore
∥T2i+1 − T2i∥r

p(.),W,θ → 0 as i → ∞.

This means that {T2i} is a Cauchy sequence in L
p(.),θ
W . Since T2i → f in L

p(.),θ
W and Wr

p(.),W,θ

is a Banach space we obtain f ∈ Wr
p(.),W,θ.



212 İ. Aydın, R. Akgün

On the other hand since∥∥∥f (r) − T (r)
n

∥∥∥
p(.),W,θ

≤
∥∥∥T (r)

2m+2 − T (r)
n

∥∥∥
p(.),W,θ

+
∞∑

k=m+2

∥∥∥T (r)
2k+1 − T

(r)
2k

∥∥∥
p(.),W,θ

for 2m ≤ n < 2m+1, we have∥∥∥T (r)
2m+2 − T (r)

n

∥∥∥
p(.),W,θ

≤ c2(m+2)rEn (f)p(.),W,θ ≤ c (n + 1)r En (f)p(.),W,θ .

Also we find
∞∑

k=m+2

∥∥∥T (r)
2k+1 − T

(r)
2k

∥∥∥
p(.),W,θ

≤ c
∞∑

k=m+2
2(k+1)rE2k (f)p(.),W,θ

≤ c
∞∑

k=m+2

2k∑
µ=2k−1+1

µr−1Eµ (f)p(.),W,θ

= c
∞∑

ν=2m+1+1
νr−1Eν (f)p(.),W,θ

≤ c
∞∑

ν=n+1
νr−1Eν (f)p(.),W,θ .

This completes the proof. �

A polynomial T ∈ Πn is said to be a near best approximant of f ∈ L
p(.),θ
0,W for W (x) =

|x − x0|γ , θ > 0, p(.) ∈ P0 (T), if
∥f − T∥p(.),W,θ ≤ cEn (f)p(.),W,θ , n = 1, 2, . . . .

Theorem 4.6. Let W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T), r, n ∈ N. If Tn ∈ Πn is a near
best approximant of f ∈ Wr

p(.),W,θ, then there exists a constant c > 0 dependent only on
r, W and p(.), such that ∥∥∥f (r) − T (r)

n

∥∥∥
p(.),W,θ

≤ cEn

(
f (r)

)
p(.),W,θ

.

Corollary 4.7. Suppose that W (x) = |x − x0|γ, θ > 0, p(.) ∈ P0 (T), r,n ∈ N, f ∈
Wα

p(.),W,θ, and
∞∑

ν=1
να−1Eν (f)p(.),W,θ < ∞

for some α > 0. Hence there exists a constant c > 0 dependent only on α, r, W and p(.)
such that

Ωr(f (α),
π

n
)p(.),W,θ ≤ c

{
1
nr

n∑
ν=0

(ν + 1)α+r−1Eν(f)p(.),W,θ +
∞∑

ν=n+1
να−1Eν)f)p(.),W,θ

}
.

Proof of Theorem 4.6. We set Wn(f) := Wn(x, f) := 1
n+1

2n∑
ν=n

Sν(x, f), n = 0, 1, 2, ... .
Since

Wn(., f (α)) = W (α)
n (., f),

then we have ∥∥∥f (α)(.) − T (α)
n (., f)

∥∥∥
p(.),W,θ

≤
∥∥∥f (α)(.) − Wn(., f (α))

∥∥∥
p(.),W,θ

+
∥∥∥T (α)

n (., Wn(f)) − T (α)
n (., f)

∥∥∥
p(.),W,θ

+
∥∥∥W (α)

n (., f) − T (α)
n (., Wn(f))

∥∥∥
p(.),W,θ

= I1 + I2 + I3.
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We denote by T ∗
n(x, f) the best approximating polynomial of degree at most n to f in

L
p(.),θ
W . In this case, from the boundedness of Wn in L

p(.),θ
W , we have

I1 ≤
∥∥∥f (α)(.) − T ∗

n(., f (α))
∥∥∥

p(.),W,θ
+
∥∥∥T ∗

n(., f (α)) − Wn(., f (α))
∥∥∥

p(.),W,θ

≤ c (p, W, θ) En

(
f (α)

)
p(.),W,θ

+
∥∥∥Wn(., T ∗

n(f (α)) − f (α))
∥∥∥

p(.),W,θ

≤ c (p, W, θ) En

(
f (α)

)
p(.),W,θ

.

From Lemma 3.8 we get

I2 ≤ c (p, W, θ) nα ∥Tn(., Wn(f)) − Tn(., f)∥p(.),W,θ

and

I3 ≤ c (p, W, θ) (2n)α ∥Wn(., f) − Tn(., Wn(f))∥p(.),W,θ

≤ c (p, W, θ) (2n)α En (Wn(f))p(.),W,θ .

Now we have

∥Tn(., Wn(f)) − Tn(., f)∥p(.),W,θ ≤ ∥Tn(., Wn(f)) − Wn(., f)∥p(.),W,θ

+ ∥Wn(., f) − f(.)∥p(.),W,θ + ∥f(.) − Tn(., f)∥p(.),W,θ

≤ c (p, W, θ) En (Wn(f))p(.),W,θ + c (p, W, θ) En (f)p(.),W,θ

+c (p, W, θ) En (f)p(.),W,θ .

Since
En (Wn(f))p(.),W,θ ≤ c (p, W, θ) En (f)p(.),W,θ ,

then we get ∥∥∥f (α)(.) − T (α)
n (., f)

∥∥∥
p(.),W,θ

≤ c (p, W, θ) En(f (α))p(.),W,θ

+c (p, W, θ) nαEn (Wn(f))p(.),W,θ

+c (p, W, θ) nαEn (f)p(.),W,θ + c (p, W, θ) (2n)α En (Wn(f))p(.),W,θ

≤ c (p, W, θ) En

(
f (α)

)
p(.),W,θ

+ c (p, W, θ) nαEn (f)p(.),W,θ .

Since, according to Theorem 3.1,

En (f)p(.),W,θ ≤ c (p, W, θ)
(n + 1)α En

(
f (α)

)
p(.),W,θ

, (4.8)

we obtain ∥∥∥f (α)(.) − T (α)
n (., f)

∥∥∥
p(.),W,θ

≤ c (p, W, θ) En

(
f (α)

)
p(.),W,θ

and the proof is completed. �
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