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Abstract

In this paper, we study the dynamical behavior of the positive solutions of the difference equation
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where Ny = NU {0}, the initial conditions and the parameters A, B are non-negative real numbers, the parameters C, D are positive real
numbers, ¢; for i € {1,2,...k} are fixed positive integers and 1 < k.
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1. Introduction

Recently, difference equations have gained a great importance. Many phenomena are modelled with the help of difference equations. Most
of the recent applications of these equations have appeared in many scientific areas such as biology, ecology, physics, economics, etc.
Particularly, rational difference equations are important in practical classes of difference equations. So, it is very worthy to examine the
behaviour of solutions of rational difference equations and to discuss the stability character of their equilibrium points. In recent years, many
researchers have investigated global behaviour of solutions of non-linear difference equations, see the references [1] - [26].

In [1] Hamza et al. investigated the global behaviour and boundedness of the rational second-order difference equation

a+ bxy,

—— neN 1.1
A+BE n €Ny (L.1)

Xn+1 =
with positive coefficients and non-negative initial conditions. Abo-Zeid [21] discussed the global stability and periodic nature of the positive
solutions of the difference equation

A+ Bxy k-1

= ,n€Ny (1.2)
C+DIT %2

Xn+1

where A, B are non-negative real numbers, C,D > 0 and [, k are non-negative integers such that / < k. Belhannache et al. [11] investigated
the global asymptotic behaviour of the difference equation

A+ Bx,_op—1
C+DITE 0,

n—2i

neNy 1.3)

with non-negative initial conditions, the parameters A, B are non-negative real numbers, C, D are positive real numbers and k, [ are fixed
non-negative integers such that / < k and m; for i € {1,2,...k} are fixed positive integers.
Motivated by all above mentioned works, in this paper we study the dynamical behavior of the positive solutions of the difference equation

A+ By,
C—I—Dl_[f-‘:lyq'

n—i

Ynt1 = ,neNy (1.4
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where the initial conditions and the parameters A, B are non-negative real numbers, the parameters C, D are positive real numbers, g; for
i €{1,2,...k} are fixed positive integers and 1 < k.
Note that Eq.(1.4) can be written as

o
gt = ix”,,‘,neNo (15)
1+H1 1*n—i

1y ﬁ

1y
by the change of variables y, = (%) X, with @ = % (g) =z B andy= Z gi. So, we will consider Eq.(1.5) instead of Eq.(1.4) for

the remaining part of the paper.

2. Preliminaries

Now we present some definitions and results which will be useful in our investigation, for more details we refer to [6, 19, 22, 24].

Definition 2.1. Let I be an interval of real numbers and let f : I't1 — I be a continuously differentiable function. Consider the difference
equation

Xn+1 :f(x}'hxnflv"'7xn7k)7 ne NO (21)

with x_y,...,xg € I . Let X be an equilibrium point of Eq.(2.1).
The linearized equation of Eq.(2.1) about the equilibrium point X is

Yntl = C1¥n+C2Vn—14--+ k1) Vn—k» 1 € No 22
where

~ e =) - 59
Cc] = axn Xy X),C = a_xn71 Xyoeiy X ""7C(k+1) = ax”_k Xy X)o

The characteristic equation of Eq.(2.2) is
Ak Cllk — Czl(kil) — = A — Clk+1) = 0. (2.3)
Definition 2.2. Let X be an equilibrium point of Eq.(2.1).

(i) The;quilibrium point X is called locally stable if for every € > 0 there exists 6 > 0 such that for all xy,x_1,...,x_; € I with Z?:fk | —x| <
, we have

|xy —X| < € for alln > —k.

Otherwise, the equilibrium point X is called unstable.
(i) The equilibrium point X is called locally asymptotically stable if it is locally stable, and if there exists Y > 0 such that for all
XQsX_ 1,y X_g € I With Zigk |x; —X| < 8, we have

lim x, =X.
n—r+oo

(iii) The equilibrium point X is called globally asymptotically stable relative to I*t1 if it is locally asymptotically stable, and if for every
X0,X_1,,X_ €1, we have

lim x, =X.
n——+oo

Theorem 2.3. Let X be an equilibrium point of Eq.(2.1). Then, the following statements are true

(i) If all roots of Eq.(2.3) lie inside the open unit disk |A| < 1, then X is locally asymptotically stable.
(ii) If at least one root of Eq.(2.3) has absolute value greater than one, then X is unstable.

3. Main Results

3.1. Case x >0

Lemma 3.1. The following statements are true

1. Assume that 1 < . Then, Eq.(1.5) has a unique equilibrium point in ( v B;,+°°) .

2. Assume that 3 < 1. Then, the following statements are true

+l

i) Ifa< 7/( 71 ) , then Eq.(1.5) has a unique equilibrium point in <07 =1

<[

i) Ify (—?) 7 < «, then Eq.(1.5) has a unique equilibrium point in ( Y %, +oo) .
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Proof. A point X is an equilibrium point of Eq.(1.5) if and only if X is a zero of the function

f) ="+ (1-B)x—a.

If we consider the above function, we get

1) = (r+ 1 +1- B,
1. If 1 < B, then f is increasing on (,V/ %74—00) . But,

k4 ﬁfl
f( }/Jrl) <0 and xllef() oo,

Then f(x) has a unique zero in ( Y %, +oo

2. Assume that < 1. Then, f is increasing on (0, +o0) and

ER

pant
(i Ifa< y( = 1) " then f { {/ %) > 0. Therefore, f(x) has a unique zero in (0, 7 ; lf)

(i) Ify (—f) 7 < o, then f ((/ %) < 0. Therefore, f(x) has a unique zero in ( / ;

<[

B oo)
Tt )
O
y+1
Theorem 3.2. Iff <landa <y (1 ﬁ) , then the equilibrium point X of Eq.(1.5) is locally asymptotically stable.
Proof. Let X the equilibrium point of Eq.(1.5). The linearized equation associated with Eq.(1.5) about X is
B QX7 ax"
Zmﬂ*ﬁzn‘f’l_i_ ’y” 1+ +1+ YZ”]‘ 0, n € Np. 3.1)
The characteristic equaion associated with this equation is
X7
AR+ B Ak a1 X! lk 1 AUX" 0. 30
1+xY 1+xY tot T (3.2)
74l
Assume that B < 1. If o < }/(%) " ,thenX € (O, J %) . If we consider the functions
x7 X7
M) = A and (1) = — P qk O e @
1(4) mdhQ)=—FV it Tt
We get
B X’ aix’
hh(A)| < |- ,AeC:|A|=1.
Jhaf ”“ | e | T T Al=
But
B qx’ ax? | _ B+t
_ = <1=1h
' s B = R ] ()1
By Rouché’s Theorem all roots of Eq.(3.2) lie in the open unit disk, i.e. |[A| < 1, and the result follows from Theorem 2.3. O
Lemma 3.3. Let {x,},__, be a solution of Eq.(1.5). Then,
n—1 .
xn < Y, af'+B"xp, VneN. (3.3)

i=0
Proof. We prove the theorem by induction for n. For n = 1, (3.3) holds. Now, suppose that n > 1 and our assumption holds for n. That is;

n—1
xn < Y B+ B"xo. (3.4)
i=0
Then,
o+ px
Xnt+1 = 7Bn, < a+ﬂxn-
1+H1 1Xn—i

Using (3.4) we obtain
n—1 . n .

Xpr1 < 0+ P Zocﬁ’+ﬁ"x0 = Zaﬁ’+[3”“xo
i=0 i=0

hence (3.3) holds and the proof is completed by induction. O
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Corollary 3.4. Assume that B < 1. Then, every solution of Eq.(1.5) is bounded and persists.
Lemma 3.5. Suppose that B < 1 and let {x,};__, be a solution of Eq.(1.5). If A = _lg_n sup(x,) and A = _l)l_rgl inf(x,), then A and A
n o n 00

satisfy the following inequalities

o+pBA o+ BA
<A<KAL . 35
1+AY =7 =7 = 1447 (3.5
Proof. Let B < 1. From Corollary 3.4, the solution {x,}__, is bounded. Then, for every £ € (0,4), there exists ng € No such that
A—€e<x, <A+e foreveryn> ny,
S0,
o+pB(A—e¢) o+ B(A+e)
— < < —"n 2 > k.
T+ (Atey ~ ST a—gr oreveynznot
Therefore,
o+BA o+ BA
<A<AL .
I+AY =7 =7 7 14+AY
O

=t
Theorem 3.6. Assume that < 1. If o0 < Y(%) 7| then the positive equilibrium point X € (0, v %) is globally asymptotically

stable.

Proof. Let {x,},__;be a solution of Eq.(1.5). From 8 < 1, the solution {x,},,__, is bounded. Let A = nl_lg sup(x,) and A = nl_l)lg inf(x,).

Using Lemma 3.5 we have

o+ A o+ BA
<AL .
TTAr SASAS Ty

This implies that

(1—B)AY—aA? ' < (1-B)AT—aA? L.
Now, consider the function

h(x) = (1—B)x¥ —ax? 1.

Hence

W (x) =272 (y(1 = B)x— a(y— 1)),

pad
v

and the A(x) is increasing on (;‘/‘((lyjﬁlg ,oo) LAsoa <y (%) , We getx € (%ﬁfé; v/ %) . In view of inequalities (3.5), we have a

contradiction. Therefore, A = A = X and so X is a global attractor. By combining this result with the local asymptotic stability of X we get the
7t

global asymptotic stability of X when o < y (%) i O

3.2. Case x =0

When o = 0, Eq.(1.5) becomes
Bx

n
Xppl = — e N, 3.6)
! LTI X,

Clearly, X = 0 is always an equilibrium point for Eq.(3.6) and if 8 > 1, then Eq.(3.6) has also the positive equilibrium point x = ¢/ — 1.
We summarize the main results for this particular equation.

Lemma 3.7. Assume that B < 1. Then, every solution of Eq.(3.6) is bounded.

Proof. {x}__, be a solution of the Eq.(3.6). It is clear that

Xn < B"xp, VneN. 3.7

If B < 1, then

xp < xg9, VneN. 3.8)
O

Theorem 3.8. The zero equilibrium point of Eq.(3.6) is globally asymptotically stable if B < 1 and it is unstable if § > 1.
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Proof. The linearised equation associated with Eq.(3.6) about the equilibrium point X = 0 is
Znt1 = Pn, n € No.

Its characteristic equation is

A—B =0,

then A = . Therefore, the equilibrium point X = 0 is locally asymptotically stable if § < 1 and it is unstable if § > 1.
On the other hand (3.7) implies that

lim x, =0,
n—i—+too
then X = 0 is globally asymptotically stable. O

3.3. Numerical Examples

In this section, we give some numerical examples to support our theoretical results related to Eq.(1.5) with some restrictions on the
parameters.

Example 3.9. When k =2, Eq.(1.5) becomes

705;&32 , n€No. 3.9)
1 +xn—lxn—Z

Xn+1 =

We visualize the solutions of Eq.(3.9) in figures 3.1-3.6 for the initial conditions x_» = 2.4, x_1 = 0.4, xo = 1.3.

=)
(=
[

X = X
I3 3 =
1
1 1
05
o_sll 05
0 20 40 60 80 100 0 100 200 300 0 20 40 60 80 100
n n n
Figure3.1: « =0.4,3=0.5,q1 =2,9, =3. Figure 3.2: 0 = 0.7, =0.5,q1 =2, ¢ = 3. Figure3.3:  =0.12,3=0.8,¢q1 =3,q2 = 1.
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Figure3.4: 0 =05, =0.8,¢91 =3, 2= 1. Figure3.5: ¢ =0, =0.99,q; =2, ¢» =3. Figure3.6: « =0, =2,91 =2, q» = 3.
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