
 

                Celal Bayar University Journal of Science  
                 Volume 16, Issue 3, 2020, p 351-354 

                 Doi: 10.18466/cbayarfbe.685759                                                                                                H. Bayram 

 

351 

Celal Bayar University Journal of Science 

  

 Coefficient Estimates for Certain Subclasses of Analytic Functions 

Defined by New Differential Operator 
 

Sibel Yalçın1, Hasan Bayram2*  

 
1,2 Department of Mathematics, Faculty of Arts and Science, Bursa Uludag University, Bursa, Turkey  

*hbayram@uludag.edu.tr 

*Orcid No: 0000-0001-8106-6834 

 

Received: 6 January 2020 

Accepted: 14 Saptember 2020 

DOI: 10.18466/cbayarfbe.685759  

 

Abstract 

The study of operators plays an essential role in Mathematics, especially in Geometric Function Theory in 

Complex Analysis and its related fields. Many derivative and integral operators can be written in terms of 

convolution of certain analytic functions. The class of analytic functions, which has an essential place in 

the theory of geometric functions, has been studied by many researchers before. This topic still maintains 

its popularity today. In this paper, we investigate certain subclasses of analytic functions defined by 

generalized differential operators involving binomial series. Also, we obtain coefficient estimates 

involving of the nonhomogeneous Cauchy-Euler differential equation of order 𝑟. 
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1. Introduction 

Let 𝐴 denote the class of all analytic functions in the 

open unit disc 

𝔻 = {𝑧 ∈ ℂ ∶ |𝑧| < 1} 

and having the form for 𝑧 ∈ 𝔻, 

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑛𝑧𝑛

∞

𝑛=2

.                          (𝟏) 

A function 𝑓 ∈ 𝐴 is said to belong to the class 𝑆∗(𝛼) of 

starlike functions of order 𝛼 if and only if 

Re (1 +
𝑧𝑓′(𝑧)

𝑓(𝑧)
) > 𝛼                             (𝟐) 

for 𝑧 ∈ 𝔻 and 0 ≤ 𝛼 < 1. 

Also, a function 𝑓 ∈ 𝐴 is said to belong to the class 

𝐾(𝛼) of convex functions of order 𝛼 if and only if 

Re (1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) > 𝛼                             (𝟑) 

for 𝑧 ∈ 𝔻 and 0 ≤ 𝛼 < 1. 

The classes 𝑆∗(𝛼) and 𝐾(𝛼) considered by Silverman 

[9]. We consider that 𝑆∗(0) and 𝐾(0) are respectively, 

the classes of starlike functions and convex functions. 

Let the functions 𝑓, 𝑔 ∈ 𝐴 be analytic in 𝔻. Then 𝑓 is 

said to be subordinate 𝑔 if there exists a Schwarz 

function  𝑤(𝑧) on 𝔻 with 𝑤(0) = 0, |𝑤(𝑧)| < 1, such 

that 𝑓(𝑧) = 𝑔(𝑤(𝑧)) for 𝑧 ∈ 𝔻. We denote this 

subordination by 𝑓(𝑧) ≺ 𝑔(𝑧) for 𝑧 ∈ 𝔻. In particular, 

if the function 𝑔 is univalent in 𝔻, then we get 

𝑓(𝑧) ≺ 𝑔(𝑧) ⇔ 𝑓(0) = 𝑔(0) and 𝑓(𝔻) ⊂ 𝑔(𝔻). 

Making use of the binomial series for 𝑘 ∈ ℕ ≔
{1,2,3, ⋯ }, 𝑚 ∈ ℕ0 = ℕ ∪ {0} 

(1 − 𝜆)𝑘 = ∑ (
𝑘

𝑚
) (−1)𝑚𝜆𝑚

𝑘

𝑚=0

 

and for 𝑓 ∈ 𝐴, 𝜆 ∈ ℝ, 𝜇 ≥ 0 with 𝜆 + 𝜇 > 0 and 𝛿 ∈
ℕ0, Wanas [11] introduced the differential operator 

𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧) which is defined as follows: 

𝑊𝜆,𝜇
𝑘,0𝑓(𝑧) = 𝑓(𝑧) 

𝑊𝜆,𝜇
𝑘,1𝑓(𝑧) 

=
[1 − (1 − 𝜆)𝑘]𝑓(𝑧) + [1 − (1 − 𝜇)𝑘]𝑧𝑓′(𝑧)

2 − (1 − 𝜆)𝑘 − (1 − 𝜇)𝑘
 

⋮ 

𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧) = 𝑊𝜆,𝜇

𝑘,1 (𝑊𝜆,𝜇
𝑘,𝛿−1𝑓(𝑧)).         (𝟒) 

If 𝑓 is given by (𝟏), then from (𝟒) we see that 

𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧) 

= 𝑧 + ∑ [ ∑ (
𝑘

𝑚
) (−1)𝑚+1 (

𝜆𝑚 + 𝑛𝜇𝑚

𝜆𝑚 + 𝜇𝑚
)

𝑘

𝑚=1

]

𝛿

𝑎𝑛𝑧𝑛 .

∞

𝑛=2

(𝟓) 

If we choose the parameters 𝜆, 𝜇, 𝑘 and 𝛿 special, we 

obtain operators which studied by various authors; 
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(i) 𝑊𝜆,𝜇
𝑘,1 = 𝐼𝜆,𝜇

𝛿  ([10]), 

(ii) 𝑊𝜆,1
1,𝛿 = 𝐼𝜆

𝛿  ;  𝛼 > −1 ([3,4]), 

(iii) 𝑊1−𝜇,𝜇
1,𝛿 = 𝐷𝜇

𝛿  ;  𝜇 ≥ 0 ([2]), 

(iv) 𝑊0,1
1,𝛿 = 𝑆𝛿  ([8]). 

In references ([12-20]) can be found similar studies on 

analytical functions in recent years. 

Herefrom we introduce the following subclasses of 

analytic functions with using 𝑊𝜆,𝜇
𝑘,𝛿

. 

1.1 Definition 

Let 𝑝: 𝔻 → ℂ be a convex function such that 𝑝(0) = 1 

and 𝑅𝑒{𝑝(𝑧)} > 0, 𝑧 ∈ 𝔻. We denote by 𝑆𝑔
∗,𝛿(𝜆, 𝜇, 𝑘; 𝛼) 

the subclass of 𝐴 given by 

𝑆𝑔
∗,𝛿(𝜆, 𝜇, 𝑘; 𝛼) = 

{𝑓: 𝑓 ∈ 𝐴 𝑎𝑛𝑑 
1

1 − 𝛼
(

𝑧 (𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧))

′

𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧)

− 𝛼) ∈ 𝑔(𝔻) } 

(𝟔) 

where 𝑧 ∈ 𝔻, 𝜆 ∈ ℝ, 𝜇 ≥ 0 with 𝜆 + 𝜇 > 0 and 𝛿 ∈ ℕ0, 

𝑘 ∈ ℕ, and 𝛼 ∈ [0,1). 

1.2 Definition 

A function 𝑓 ∈ 𝐴 in the class 𝐶𝑔
𝛿(𝜆, 𝜇, 𝑘, 𝑡; 𝑟) if it 

satisfies the following non-homogeneous Cauchy-Euler 

differential equation of order 𝑡; 

𝑧𝑡
𝑑𝑡𝑤

𝑑𝑧𝑡
+ (

𝑡

1
) (𝑟 + 𝑡 − 1)𝑧𝑡−1

𝑑𝑡−1𝑤

𝑑𝑧𝑡−1
+ ⋯

+ (
𝑡

𝑡
) 𝑤 ∏(𝑟 + 𝑖)

𝑡−1

𝑖=0

= 𝑔(𝑧) ∏(𝑟 + 𝑖 + 1)

𝑡−1

𝑖=0

,              (𝟕) 

where 𝑤 = 𝑓(𝑧), 𝑓 ∈ 𝐴, 𝑔(𝑧) ∈ 𝑆𝑔
∗,𝛿(𝜆, 𝜇, 𝑘; 𝛼), 𝑟 ∈

ℝ\(−∞, −1] and 𝑡 ∈ ℕ2 = ℕ − {1} = {2,3, ⋯ }. 

Clearly, by suitably specializing parameters for 

𝑔(𝑧) =
1 + 𝐴𝑧

1 + 𝐵𝑧
    (−1 ≤ 𝐵 ≤ 𝐴 ≤ 1, 𝑧 ∈ 𝔻) 

and 

𝑔(𝑧) =
1 + (1 − 2𝛼)𝑧

1 − 𝑧
    (0 ≤ 𝛼 < 1, 𝑧 ∈ 𝔻), 

𝑆𝑔
∗,𝛿(𝜆, 𝜇, 𝑘; 𝛼) reduces to the various subclasses of 

analytic functions (see [9]). Motivated from the recent 

work of Al-Hawary [1] (see also, for example [5,6,7]) 

the main object of our investigation is to obtain some 

coefficient bounds for functions in the subclasses 

𝑆𝑔
∗,𝛿(𝜆, 𝜇, 𝑘; 𝛼) and 𝐶𝑔

𝛿(𝜆, 𝜇, 𝑘, 𝑡; 𝑟) of analytic functions 

of order 𝛼 by using the subordination principle between 

analytic functions. 

To prove our main results, we recall 1.3 Lemma. 

1.3 Lemma 

Let 

𝑔(𝑧) = ∑ 𝑏𝑛𝑧𝑛

∞

𝑛=1

. 

This function where 𝑧 ∈ 𝔻 be convex in 𝔻. 

Let 

𝑓(𝑧) = ∑ 𝑎𝑛𝑧𝑛

∞

𝑛=1

. 

This function where 𝑧 ∈ 𝔻 be analytic in 𝔻. If 𝑓(𝑧) ≺
𝑔(𝑧) where 𝑧 ∈ 𝔻 then 

|𝑎𝑛| ≤ |𝑏𝑛| 

for 𝑛 ∈ ℕ. 

2. Coefficient Bounds for the Classes 𝑺𝒈
∗,𝜹(𝝀, 𝝁, 𝒌; 𝜶) 

and 𝑪𝒈
𝜹 (𝝀, 𝝁, 𝒌, 𝒕; 𝒓) 

We start by acquiring coefficient bounds for functions 

in the class 𝑆𝑔
∗,𝛿(𝜆, 𝜇, 𝑘; 𝛼). 

2.1. Theorem 

Let the function 𝑓 ∈ 𝐴 be given by (𝟏). If 𝑓 ∈

𝑆𝑔
∗,𝛿(𝜆, 𝜇, 𝑘; 𝛼), then 

 

|𝑎𝑛| ≤
∏ ( 𝑗 + (1 − 𝛼)|𝑔′(0)|)𝑛−2

𝑗=0

(𝑛 − 1)! |∑ ( 𝑘
𝑚

)(−1)𝑚+1 (
𝜆𝑚 + 𝑛𝜇𝑚

𝜆𝑚 + 𝜇𝑚 )𝑘
𝑚=1 |

𝛿
 (𝟖) 

 

for 𝑛 ∈ ℕ2. 

Proof.  

By the equation (𝟓), the function 𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧) has the 

Taylor-Maclaurin series expansion 

𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧) = 𝑧 + ∑ 𝐴𝑛𝑧𝑛

∞

𝑛=2

 

for 𝑧 ∈ 𝔻 where 

𝐴𝑛 = [ ∑ (
𝑘

𝑚
) (−1)𝑚+1 (

𝜆𝑚 + 𝑛𝜇𝑚

𝜆𝑚 + 𝜇𝑚
)

𝑘

𝑚=1

]

𝛿

      (𝟗) 

for 𝑛 ∈ ℕ2. 

We see that 𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧) is analytic in 𝔻 with 

 

𝑊𝜆,𝜇
𝑘,𝛿𝑓(0) = (𝑊𝜆,𝜇

𝑘,𝛿𝑓)
′
(0) − 1 = 0. 

 

Now, from Definition 1.1 we have 

 

1

1 − 𝛼
(

𝑧 (𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧))

′

𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧)

− 𝛼) ∈ 𝑔(𝔻). 

 

Let us define the function 𝑝(𝑧) by 
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𝑝(𝑧) =
1

1 − 𝛼
(

𝑧 (𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧))

′

𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧)

− 𝛼).       (𝟏𝟎) 

 

We deduce that 𝑝(0) = 𝑔(0) = 1 and 𝑝(𝑧) ∈ 𝑔(𝔻) 

(𝑧 ∈ 𝔻). Therefore, we have 𝑝(𝑧) ≺ 𝑔(𝑧), (𝑧 ∈ 𝔻). 

Thus according to Lemma 1.3, we obtain 

 

|
𝑝(𝑛)(0)

𝑛!
| ≤ |𝑔′(0)|     𝑛 ∈ ℕ             (𝟏𝟏) 

 

where 𝑝(𝑧) = 1 + 𝑝1(𝑧) + 𝑝2(𝑧) + ⋯ is analytic in 𝔻. 

From (𝟏𝟎), we easily get 

 

𝑧 (𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧))

′

− 𝛼𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧)

= (1 − 𝛼)𝑝(𝑧)𝑊𝜆,𝜇
𝑘,𝛿𝑓(𝑧)           (𝟏𝟐) 

for 𝑧 ∈ 𝔻. 

Since 𝐴1 = 1, from (𝟏𝟐), it follows that 
(𝑛 − 𝛼)𝐴𝑛 = (1 − 𝛼)(𝑝𝑛−1 + 𝑝𝑛−2𝐴2 + ⋯ + 𝑝1𝐴𝑛−1). 
Especially, for 𝑛 = 2,3,4, ⋯, we have 

 
|𝐴2| ≤ (1 − 𝛼)|𝑔′(0)|, 

 

|𝐴3| ≤
(1 − 𝛼)|𝑔′(0)|(1 + (1 − 𝛼)|𝑔′(0)|)

2!
 

and 
|𝐴4| ≤ 

 
(1 − 𝛼)|𝑔′(0)|(1 + (1 − 𝛼)|𝑔′(0)|)(2 + (1 − 𝛼)|𝑔′(0)|)

3!
 

respectively. 

Thus, by appealing to the principle of mathematical 

induction, we obtain 

 

|𝐴𝑛| ≤
∏ ( 𝑗 + (1 − 𝛼)|𝑔′(0)|)𝑛−2

𝑗=0

(𝑛 − 1)!
       (𝟏𝟑) 

for 𝑛 ∈ ℕ2. 

We now immediately find from (𝟗) that 

 

|𝑎𝑛| ≤
∏ ( 𝑗 + (1 − 𝛼)|𝑔′(0)|)𝑛−2

𝑗=0

(𝑛 − 1)! |∑ ( 𝑘
𝑚

)(−1)𝑚+1 (
𝜆𝑚 + 𝑛𝜇𝑚

𝜆𝑚 + 𝜇𝑚 )𝑘
𝑚=1 |

𝛿
. 

 

This completes the proof. 

Next, we give coefficient bounds for functions In the 

𝐶𝑔
𝛿(𝜆, 𝜇, 𝑘, 𝑡; 𝑟). 

 

2.2. Theorem 

Let the function 𝑓 ∈ 𝐴 be given by (𝟏). If 𝑓 ∈

𝐶𝑔
𝛿(𝜆, 𝜇, 𝑘, 𝑡; 𝑟), then 

 
|𝑎𝑛| ≤ 

∏ (𝑗 + (1 − 𝛼)|𝑔′(0)|)𝑛−2
𝑗=0 ∏ (𝑟 + 𝑖 + 1)𝑡−1

𝑖=0

(𝑛 − 1)! |∑ ( 𝑘
𝑚

)(−1)𝑚+1 (
𝜆𝑚 + 𝑛𝜇𝑚

𝜆𝑚 + 𝜇𝑚 )𝑘
𝑚=1 |

𝛿

∏ (𝑟 + 𝑖 + 𝑛)𝑡−1
𝑖=0

(𝟏𝟒) 

 

for 𝑡, 𝑛 ∈ ℕ2 where 𝑟 ∈ ℝ\(−∞, −1]. 
Proof.  

Let the function 𝑓 ∈ 𝐴 be given by (𝟏) and 

 

𝑔(𝑧) = ∑ 𝑏𝑛𝑧𝑛

∞

𝑛=1

∈ 𝑆𝑔
∗,𝛿(𝜆, 𝜇, 𝑘; 𝛼). 

 

Then from (𝟕), we get 

 

𝑎𝑛 =
∏ (𝑟 + 𝑖 + 1)𝑡−1

𝑖=0

∏ (𝑟 + 𝑖 + 𝑛)𝑡−1
𝑖=0

𝑏𝑛 

 

for 𝑛 ∈ ℕ2, 𝑟 ∈ ℝ\(−∞, −1]. Hence from Theorem 2.1 

we obtain inequality (𝟏𝟒). This completes the proof. 
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