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Abstract

In this article, we give some results on the existence and uniqueness of solutions concerned a class of elliptic
problems involving p(x)−Laplacian with Steklov boundary condition. We give also some su�cient conditions
to assure the existence of a positive solution.

Keywords: Uniqueness of solution, p(x)â��Laplacian operator, Boundary value problem.
2010 MSC: 35J30 35J60 35J92.

1. Introduction

In this work, we are concerned with the following elliptic problem

∆p(x)u = |u|p(x)−2u in Ω,

|∇u|p(x)−2∂u

∂ν
= f(x, u) on ∂Ω,

(1)

where Ω ⊂ RN is a bounded domain with smooth boundary, p ∈ C+(Ω) where C+(Ω) :=
{
p ∈ C(Ω) :

p− := inf
x∈Ω

p(x) > 1
}
, ∆p(x)u := div(|∇u|p(x)−2∇u) denotes the p(x)-Laplace operator, ν is the outward

normal vector on ∂Ω and f : ∂Ω× R→ R is a continuous function.
For the function f, we assume the following conditions:
(H0) f ∈ C(Ω× R), and satis�es

|f(x, u)| ≤ C(|u|r(x) + 1)
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for all x ∈ ∂Ω, where
1 ≤ r(x) < p(x).

(H1) f(x, u) = o(|u|p(x)−1),
(H2) f ∈ C(Ω× R), is nonincreasing with respect to the second variable, for all x ∈ Ω.

(H3) lim sup
|t|→+∞

p(x)F (x, t)

| t |p(x)
< λ1, uniformly for a.e x ∈ Ω, with

λ1 = inf
u∈W 1,p(x)(Ω),u 6=0

∫
Ω

1
p(x) |∇u|

p(x) dx+
∫

Ω
1

p(x) |u|
p(x) dx∫

Ω
1

p(x) |u|(x) dx
> 0.

The study of di�erential equations and variational problems involving p(x)− growth conditions has at-
tracted a special interest. This attention re�ects directly into a various range of applications. There are
applications concerning elastic materials, image restoration (see [10, 23]), thermorheological and electrorhe-
ological �uids (see [1, 21]) and also mathematical biology [15].

Problems like (1.1) have been extensively considered in the literature in the recent years. In [11], the
authors have studied the case f(x, u) = λ|u|p(x)−2u.

When p(.) = p, the case f(x, t) = λm(x)|u|p−2u was considered by [7, 9, 22].
The existence and multiplicity for (1.1) have been studied by many authors we just quote [3, 4, 5, 6, 7,

8, 9, 11, 16, 17, 20]. However, very little is dealt with the uniqueness for (1.1).
When f(x, u) is independent of the second variable u, the uniqueness for (1.1) holds easily, accurately

for the case p is constant. When f(x, u) depends on the second variable and it is nonincreasing in u, the
uniqueness for (1.1) can be reached (see [2] for example).

Our purpose is to give results on the existence of solutions under the typical growth condition in
which we will deal with the existence of constant sign solutions, in fact, since the non-homogeneity of the
p(x)−Laplacian. A distinguish feature is that we consider the variable exponent problem when the nonlinear
term f neither satisfy sub p−growth condition, nor satisfy sup p+growth condition, for instance, when the
nonlinearity satis�es the following typical growth condition

0 < lim inf
|u|→∞

F (x, u)

|u|α(x)
≤ lim sup
|u|→∞

F (x, u)

|u|α(x)
<∞, uniformely in Ω,

with p− ≤ α(x) ≤ p+

On the other side, we prove the uniqueness for (1.1) which seems rarely studied for those problems.
So, we state our main results as form as three theorems.

Theorem 1.1. Assume that p ∈ (1, N), (H0) and (H1) hold. If f satis�es
(H ′0) There exists u ≥ 0, u∗ ∈W 1,p(x)(Ω) such that φ(u∗) < 0, where

φ(u∗) =

∫
Ω

1

p(x)
|∇u∗|p(x) dx+

∫
Ω

1

p(x)
|u∗|p(x) dx−

∫
Ω
F (x, u∗)dx.

Then (1.1) has a nontrivial solution.

Theorem 1.2. Suppose that the following assumption hold:
(H ′2) f(x, 0) ≥ 0 with f(x, 0) 6≡ 0 for all x ∈ Ω.
Under the condition (H2), the problem (1.1) has a unique solution which is nontrivial.

Theorem 1.3. Under the assumptions (H0) and (H3), the problem (1.1) has a nontrivial solution in
W 1,p(x)(Ω). Further, if f veri�es(

f(x, t)− f(x, s)
)(
t− s

)
≤ 0, ∀ s, t ∈ R, (2)

then such solution is unique.

The rest of this paper is organized as follows. In Section 2, we recall some preliminaries on variable
exponent spaces. In Section 3, by the Galerkin method and other approaches, we shall establish the results
of existence and uniqueness of a solution for problem (1.1).
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2. Preliminaries

For the integrity of the paper, we recall some basic facts which will be used later. For more detail we
refer to [13, 14, 19]. For p ∈ C+(Ω), we designate the variable exponent Lebesgue space by

Lp(x)(Ω) =
{
u : Ω→ R is measurable and

∫
Ω
|u(x)|p(x)dx < +∞

}
equipped with the so called Luxemburg norm

|u|p(x) = inf
{
λ > 0 :

∫
Ω

∣∣u(x)

λ

∣∣p(x)
dx ≤ 1

}
.

Proposition 2.1. If f : Ω×R→ R is a carathéodory function and satis�es |f(x, t)| ≤ a(x)+b|t|
p1(x)
p2(x) for any

(x, t) ∈ Ω×R, where pi ∈ C+(Ω, i = 1, 2, a ∈ Lp2(x)(Ω), a(x) ≥ 0 and b ≥ 0 is a constant, then the Nemytsky
operator from Lp1(x)(Ω) to Lp2(x)(Ω) de�ned by Nf (u)(x) = f(x, u(x)) is a continuous and bounded operator.

As in the constant exponent case, the generalized Lebesgue-Sobolev space W 1,p(x)(Ω) is de�ned as

W 1,p(x)(Ω) =
{
u ∈ Lp(x)(Ω) : |∇u| ∈ Lp(x)(Ω)

}
,

with the norm
‖u‖ = |u|p(x) + |∇u|p(x).

With such norms, Lp(x)(Ω) and W 1,p(x)(Ω) are separable, re�exive and uniformly convex Banach spaces.

Proposition 2.2. Let ρ(u) =
∫

Ω

(
|∇u|p(x) + |u|p(x)

)
dx. For u, un ∈W 1,p(x)(Ω), n = 1, 2, ..., we have

1. ρ
(
u
/
|u|p(x)

)
= 1.

2. ‖u‖ < 1(= 1, > 1) ⇐⇒ ρ(u) < 1(= 1 > 1).

3. ‖u‖ < 1 =⇒ ‖u‖p+ ≤ ρ(u) ≤ ‖u‖p−.
4. ‖u‖ > 1 =⇒ ‖u‖p− ≤ ρ(u) ≤ ‖u‖p+.
5. Then the following statements are equivalent each other:

(a) lim
n→∞

‖un − u‖ = 0.

(b) lim
n→∞

ρ(un − u) = 0.

(c) un → u in measure in Ω and lim
n→∞

ρ(un) = Φ(u).

Let a : ∂Ω→ R be a measurable. De�ne the weighted variable exponent Lebesgue space by

L
p(x)
a(x)(∂Ω) =

{
u : ∂Ω→ R is measurable and

∫
∂Ω
|a(x)||u(x)|p(x)dσ < +∞

}
with the norm

|u|p(x),a(x) = inf
{
τ > 0 :

∫
∂Ω
|a(x)|

∣∣u(x)

τ

∣∣p(x)
dσ ≤ 1

}
.

Then, Lp(x)
a(x)(∂Ω) is a Banach space.

In particular, when a(x) ≡ 1 on ∂Ω, Lp(x)
a(x)(∂Ω) = Lp(x)(∂Ω) and |u|p(x),a(x) = |u|p(x),∂Ω.

De�ne

p∂(x) =
(N − 1)p(x)

Np(x)

and

p∂r(x)(x) :=
r(x)− 1

r(x)
p∂(x),

where x ∈ ∂Ω, r ∈ C(∂Ω) with r−(∂Ω) > 1.
Recall the following embedding theorem.
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Theorem 2.1 ([11, Theorem 2.1]). Assume that the boundary of Ω possesses the cone property and p ∈ C(Ω)

with p− > 1. Suppose that a ∈ Lr(x)(∂Ω), r ∈ C(∂Ω) with r(x) > p∂(x)
p∂(x)−1

for all x ∈ ∂Ω. If q ∈ C(∂Ω) and

1 ≤ q(x) < p∂r(x)(x), ∀x ∈ ∂Ω.

Then, there exists a compact embedding W 1,p(x)(∂Ω) ↪→ L
q(x)
a(x)(∂Ω). In particular, there is a compact embed-

ding W 1,p(x)(Ω) ↪→ Lq0(x)(∂Ω) where 1 ≤ q0(x) < p∂(x),∀x ∈ ∂Ω.

Let us recall the following interesting results:

Proposition 2.3. Let X a Banach space. If J ∈ C1(X,R) is bounded from below and satis�es (PS) condition,
then c = infX J is a critical value of J.

Lemma 2.1. ([18])) Let F : RN → RN be a continuous function with 〈F (x), x〉 ≥ 0, for all x verifying
|x| = ρ > 0, where 〈., .〉 is the usual inner product of RN . Then there exists γ ∈ Bρ(0) such that F (γ) = 0.

Proof of Theorem 1.1: De�ne

f+(x, u) =

{
f(x, u) if u ≥ 0,

−f(x,−u) if u ≤ 0,

F+(x, u) =
∫ u

0 f
+(x, t) dt,

φ+(u) =
∫

Ω
1

p(x) |∇u|
p(x) dx+

∫
Ω

1
p(x) |u|

p(x) dx−
∫
∂Ω F

+(x, u) dx, ∀u ∈W 1,p(x)(Ω).

In view of the assumption (H1), we have that

φ+(u) ≥
∫

Ω

1

p(x)
|∇u|p(x) dx+

∫
Ω

1

p(x)
|u|p(x) dx− ε

∫
∂Ω
|u|p(x) dx− C1|∂Ω|,

then φ+ is coercive and even, so its minimizer can be achieved at certain point v ≥ 0.
From (H ′0), we get that φ+(u∗) < 0, thereby, φ+(v) < 0 and then v > 0.

On other hand, denote

f̃+(x, u) =


f+(x, v) if u > v,

f(x, u) if 0 ≤ u ≤ v,
f(x, v) if u < 0.

In virtue of (H0) and (H1) we have that

|F̃+(x, u)| ≤ ε|u|p(x) + C(ε)|u|p∂(x),

where F̃+(x, u) =
∫ u

0 f̃
+(x, t) dt.

Let set

φ̃+(u) =

∫
Ω

1

p(x)
|∇u|p(x) dx+

∫
Ω

1

p(x)
|u|p(x) dx−

∫
∂Ω
F̃+(x, u) dx, ∀u ∈W 1,p(x)(Ω).

Accordingly , for ‖u‖ > 1, it is easy to see that

φ̃+(u) ≥ 1

2p+
‖u‖p− − C(ε)

∫
∂Ω
|u|p∂(x) dx. (3)

There exists Ωl such that

p+
l < p∂− = pl∂

− = min{ess inf
Ω

(p1∂), ess inf
Ω

(p2∂), ..., ess inf
Ω

(pk∂)},



A. , Adv. Theory Nonlinear Anal. Appl. 5 (2021), 158�166. 162

where Ω =
⋃k
l=1 Ωl.

Thus, for ‖u‖ < 1, we obtain

φ̃+(u) ≥ 1

2p+
‖u‖p− − C4‖u‖p∂

−
, ∀u ∈W 1,p(x)(Ω).

Since p+ < p∂−, the function t 7→ ( 1
2p+
− C4tp∂

−−p+) is strictly positive in a neighborhood of zero.
Thereby, we may �nd positive constants α > 0 and β > 0 such that

φ̃+(u) ≥ β, ∀u ∈W 1,p(x)(Ω), for ‖u‖ = α.

Now, we are ready to claim that φ̃+ veri�es (PS), the Palais Smale condition. In fact, let (un) be a
sequence in W 1,p(x)(Ω), ‖.‖) such that φ̃+(un) is bounded and (φ̃+)′(un)→ 0 in (W 1,p(x)(Ω))∗.

Because the operator u→
∫
∂Ω F̃

+(x, u) dσx is weakly continuous and its derivative is compact, then we
only prove that (un) is bounded in W 1,p(x)(Ω). Otherwise, we may �nd a subsequence still denoted by (un)
such that ‖un‖ → ∞ when n → ∞. From the coercivity, φ̃+(un) → ∞, which is a contradiction with the
fact that φ̃+(un) is bounded. By regarding Proposition 2.3, it follows that φ̃+ has a critical point ω which
is nontrivial (because φ̃+(ω) > 0 = φ̃+(0)). What means that ω is a nontrivial solution for the following
problem

∆p(x)u = |u|p(x)−2u in Ω,

|∇u|p(x)−2∂u

∂ν
= f̃+(x, u) on ∂Ω.

(4)

Next, we check that 0 ≤ ω ≤ v. Because v (resp.ω) is a critical point of φ+ (resp. φ̃+), thus

0 =
(
φ̃+′(ω)− φ+′(v)

)
(ω − v)+

=

∫
Ω

(
|∇ω|p(x)−2∇ω − |∇v|p(x)−2∇v

)
∇(ω − v)+ +

∫
Ω

(
|ω|p(x)−2ω − |v|p(x)−2v

)
(ω − v)+

−
∫
∂Ω

(f̃+(x, ω)− f+(x, v))(ω − v)+ dx

=

∫
Ω

(
|∇ω|p(x)−2∇ω − |∇v|p(x)−2∇v

)
∇(ω − v)+ +

∫
Ω

(
|ω|p(x)−2ω − |v|p(x)−2v

)
(ω − v)+

−
∫
∂Ω

(f+(x, v)− f+(x, v))(ω − v)+ dx (” = 0” from the de�nition of f̃+)

=

∫
Ω

(
|∇ω|p(x)−2∇ω − |∇v|p(x)−2∇v

)
∇(ω − v)+ +

∫
Ω

(
|ω|p(x)−2ω − |v|p(x)−2v

)
(ω − v)+,

where (ω − v)+ = max{(ω − v), 0}.
We conclude that ω ≤ v a.e in Ω.

Meanwhile, we have

0 = φ̃+′(ω).ω−

=

∫
Ω
|∇ω|p(x)−2∇ω.∇ω− dx+

∫
Ω
|ω|p(x)−2ωω− dx−

∫
∂Ω
f(x, ω)ω− dσ,

=

∫
Ω
|∇ω|p(x)−2∇ω∇ω− dx+

∫
Ω
|ω|p(x)−2ωω− dx. (5)

Hence ω− = 0 a.e in Ω, so ω ≥ 0.
Then ω is a solution of (1.1) and the proof is achieved.
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Proof of Theorem 1.2. :
a) Existence: By (H2) there exists a constant m such that

f(x, 0) ≤ m, ∀x ∈ ∂Ω.

Then

∆p(x)u = |u|p(x)−2u in Ω,

|∇u|p(x)−2∂u

∂ν
= m on ∂Ω,

(6)

has unique L∞ solution u1 which is nonegative (see [12]and [20]).
Denote

f̃(x, u) =


f(x, 0) if u < 0,

f(x, u) if 0 ≤ u ≤ u1,
f(x, u1) if u > u1

Hence, −∞ < f̃(x, u) ≤ m, ∀x ∈ ∂Ω and u ∈ R. Thus,

|F̃ (x, u)| ≤ K|u|, for x ∈ ∂Ω,

where F̃ (x, u) =
∫ u

0 f̃(x, s) ds.
Let us consider

ψ(u) =

∫
Ω

1

p(x)

(
|∇u|p(x) + |u|p(x)

)
dx−

∫
∂Ω
F̃ (x, u) dx,

for u ∈W 1,p(x)(Ω).
A standard argument shows that ψ ∈ C1(W 1,p(x)(Ω),R), since p− > 1 and f̃ is bounded.
When ‖u‖ > 1 we have

ψ(u) ≥ 1

p+
‖u‖p− −K1‖u‖,

with K1 is a positive constant. Then ψ is coercive, and since it is sequentially weakly lower continuous, we
conclude that ψ has a global minimizer ũ ∈W 1,p(x)(Ω) s.t ψ′(ũ) = 0. Thereby, ũ veri�es∫

Ω

(
|∇ũ|p(x)−2∇ũ.∇v + |ũ|p(x)−2ũv

)
dx−

∫
∂Ω
f̃(x, ũ)v dx,

for all v ∈W 1,p(x)(Ω).
Taking ũ− as test function and keeping in mind that f̃(x, u) = f(x, 0), for u < 0, then we have∫

Ω

(
|∇ũ−|p(x) + |ũ−|p(x)

)
dx−

∫
∂Ω
f̃(x, ũ−)ũ− dx = 0

As we have f̃(x, ũ−)ũ− ≤ 0, so we get∫
Ω

(
|∇ũ−|p(x) + |ũ−|p(x)

)
dx ≤ 0,

which implies that ũ− = 0 and then ũ ≥ 0.
Meanwhile, f̃(x, ũ) ≤ m, according to comparison principle see shao gao deng..., we have ũ ≤ u1.

Accordingly,
f̃(x, ũ) = f(x, ũ)

and then ũ is a solution of (1.1), which is nontrivial because f(x, 0) 6≡ 0.
b) Uniqueness:
Let recall the following formulas:
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∀x, y ∈ RN
| x− y |γ≤ 2γ(| x |γ−2 x− | y |γ−2 y).(x− y) if γ ≥ 2,

| x− y |2≤ 1

γ − 1
(| x | + | y |)2−γ(| x |γ−2 x− | y |γ−2 y).(x− y) if 1 < γ < 2,

where x.y is the inner product in RN .
Let u and v two solutions of (1.1), viewing the last inequalities, we have

0 ≤
∫

[u>v]

∣∣∣∇u|p(x)−2∇u− |∇v|p(x)−2∇v
)(
∇u−∇v

)
dx+∫

[u>v]

∣∣∣u|p(x)−2u− |v|p(x)−2v
)(
u− v

)
dx

≤
∫

Ω

∣∣∣∇u|p(x)−2∇u− |∇v|p(x)−2∇v
)
∇(u− v)+ dx+∫

Ω

∣∣∣u|p(x)−2u− |v|p(x)−2v
)(
u− v

)+
dx

=

∫
∂Ω

(
f(x, u)− f(x, v)

)
(u− v)+ dx ≤ 0. (7)

Thus, ∇u(x) = ∇v(x) and u(x) = v(x) for a.e [u > v] = Ω1.
Let x ∈ Ω \Ω1, then (u− v)+(x) = 0 and ∇(u− v)+(x) = 0 for a.e Ω \Ω1 thereby, (u− v)+(x) = 0 and

∇(u− v)+(x) = 0 for a.e Ω, so (u− v)+ = 0 for a.e x ∈ Ω, that means u ≤ v for a.e x ∈ Ω.
Similarly, we prove v ≤ u a.e x ∈ Ω, hence, u = v.

Remark 2.1. If we suppose that f(x, u)u ≥ 0, so the problem has no solution which is 6= 0.

Proof of Theorem 1.3: Since W 1,p(x)(Ω) is a re�exive and separable Banach space, there exist {ek} ⊂
W 1,p(x)(Ω) and {e∗k} ⊂ (W 1,p(x)(Ω))∗ such that

Y = span{ek : k = 1, 2...}, Y ∗ = span{e∗k : k = 1, 2...},

and
〈ei, ej〉 = δi,j .

De�ne Vn = span{e1, ..., en}. It is known that Vn and RN are isomorphic and for η ∈ RN , we have an

unique v ∈ Vn by the identi�cation η 7→φ
N∑
i=1

ηiei = v.

De�ne the function A = (A1, ..., AN ) : RN → R by

Ai(u) =

∫
Ω
|∇u|p(x)−2∇u∇ei dx+

∫
Ω
|u|p(x)−2uei −

∫
∂Ω

(f(x, u)ei dσ, u ∈ Vi.

Our method consists in considering a class of auxiliary problems,∫
Ω
|∇un|p(x)−2∇un∇ei dx+

∫
Ω
|un|p(x)−2∇un∇ei dx =

∫
∂Ω
f(x, un)ei dσ, (8)

Now, by applying the Lemma 2.1, let check the existence of solution un for the problem (2.6).
For ‖ u ‖> 1, by (H3), it yields
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〈A(u), u〉 =

∫
Ω

1

p(x)
|∇u|p(x) dx+

∫
Ω

1

p(x)
|u|p(x) dx−

∫
∂Ω
F (x, u) dσ

≥
∫

Ω

1

p(x)
|∇u|p(x) dx+

∫
Ω

1

p(x)
|u|p(x) dx− (λ1 − ε)

∫
Ω

| u |p(x)

p(x)
dx

≥
∫

Ω

1

p(x)
|∇u|p(x) +

∫
Ω

1

p(x)
|u|p(x) dx

−(λ1 − ε)
λ1

∫
Ω

1

p(x)
|∇u|p(x) dx+

∫
Ω

1

p(x)
|u|p(x) dx

≥ 1

2p+
(1− (λ1 − ε)

λ1
‖ u ‖p− −c.

This shows that there is R > 1 such that 〈Anu, u〉 ≥ 0 if ‖u‖ = R, and then (2.6) has a solution un ∈ Vn
such that

‖un‖ ≤ R, ∀n ∈ N.

From this point, passing to a subsequence if necessary, then

un ⇀ u in W 1,p(x)(Ω),

un → u a.e. inΩ.

By using the fact of the continuity of the Nemytskii operator from Lr(x)(Ω)→ Lr
′(x)(Ω), it follows that∫

∂Ω
f(x, un)ei dσ →

∫
∂Ω
f(x, un)ei dσ.

Since W 1,p(x)(Ω) ↪→ Lr(x)(Ω) compactly, tending n→∞, so we infer that∫
Ω
|∇u|p(x)−2∇u∇ei dx+

∫
Ω
|u|p(x)−2∇u∇ei dx =

∫
∂Ω
f(x, u)ei dσ.

Thus, u is a solution of problem (1.1).
Now let u and v be two solutions of problem (1.1), we have

0 ≤
∫

Ω

(
|∇u|p(x)−2∇u− |∇v|p(x)−2∇v

)
∇(u− v) dx+∫

Ω

(
|u|p(x)−2u− |v|p(x)−2v

)(
u− v

)
dx

=

∫
∂Ω

[
f(x, u)− f(x, v)

]
(u− v) dx

≤ 0,

which implies that (u− v) = 0, and the proof will be completed.

Remark 2.2. Under the hypothesis (H3). If we suppose that there exists a0 > 0 and δ > 0 such that

F (x, t) ≥ a0|t|q0 , ∀x ∈ Ω, |t| < δ,

where q0 ∈ C(Ω) with q0 < p− .
Then we get that the Energy functional associated to (1.1) φ is coercive and has a global minimizer u1

which is non trivial. Indeed, �x v0 ∈ X \ {0} and t > 0 is small enough, so from (H3) we have that
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φ(tv0) ≤ C2

(∫
Ω

tp(x)

p(x)
|v0|p(x)dx+

∫
Ω

tp(x)

p(x)
|v0|p(x)dx

)
−
∫

Ω
F (x, tv0)dx

≤ C3t
p− − C4t

q0 < 0, (9)

because q0 < p−. By using the Mountain Pass Theorem and the fact that φ is coercive, we construct a
continuous curve

γ : [0, 1]→ X, γ(0) = 0, γ(1) = u1.

From this point of view, we can show the existence of an other critical point u2 ∈ X of φ such that u2 6= u1

and u2 is nontrivial.
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