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Abstract

In this article, we give some results on the existence and uniqueness of solutions concerned a class of elliptic
problems involving p(z)—Laplacian with Steklov boundary condition. We give also some sufficient conditions
to assure the existence of a positive solution.
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1. Introduction

In this work, we are concerned with the following elliptic problem

Apyu = [ul D% in Q, "
]Vu\p(z)QgZ = f(x,u) on 09,
where Q C RY is a bounded domain with smooth boundary, p € C;(Q) where C;(Q) := {p € C(Q) :
p~ = inf p(z) > 1}, Appyu = div(|VulP®)=2Vu) denotes the p(z)-Laplace operator, v is the outward
TS

normal vector on 9 and f: 02 x R — R is a continuous function.
For the function f, we assume the following conditions:
(Hp) f € C(Q2 x R), and satisfies
[f(,u)| < C(luf"™ + 1)
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for all x € 0N), where
1 <r(x) < p(x).
(Hy) f(z,u) = o(jufP®),

(Hy) f € C(Q x R), is nonincreasing with respect to the second variable, for all x € Q.

F(x,t
(H3) lim sup ZM < A1, uniformly for a.e x € 2, with
totoo | [P
L) dg [ L ufp@ da
A = inf Jo 3t Jo 7t > 0.

weW12() (Q) u0 Jo piy [ul®) dz

The study of differential equations and variational problems involving p(z)— growth conditions has at-
tracted a special interest. This attention reflects directly into a various range of applications. There are
applications concerning elastic materials, image restoration (see [L0], 23]), thermorheological and electrorhe-
ological fluids (see [I, 21]) and also mathematical biology [15].

Problems like (1.1) have been extensively considered in the literature in the recent years. In [I1], the
authors have studied the case f(z,u) = \|u[P®) =24y,

When p(.) = p, the case f(x,t) = Am(z)|u[P~?u was considered by [7, @] 22].

The existence and multiplicity for (1.1) have been studied by many authors we just quote [3], 4, [5] 6], [7,
8, @, [111, [16), 17, 20]. However, very little is dealt with the uniqueness for (1.1).

When f(z,u) is independent of the second variable u, the uniqueness for (1.1) holds easily, accurately
for the case p is constant. When f(z,u) depends on the second variable and it is nonincreasing in w, the
uniqueness for (1.1) can be reached (see [2] for example).

Our purpose is to give results on the existence of solutions under the typical growth condition in
which we will deal with the existence of constant sign solutions, in fact, since the non-homogeneity of the
p(x)—Laplacian. A distinguish feature is that we consider the variable exponent problem when the nonlinear
term f neither satisfy sub p~growth condition, nor satisfy sup pTgrowth condition, for instance, when the
nonlinearity satisfies the following typical growth condition

F F
0 < lim inf (z,u) < lim sup (@, u)
|u|—o0 |u’0‘(x) u|—o00 ‘u|°‘(x)

< oo, uniformely in §,

with p~ < a(z) < p*
On the other side, we prove the uniqueness for (1.1) which seems rarely studied for those problems.
So, we state our main results as form as three theorems.

Theorem 1.1. Assume that p € (1,N), (Ho) and (Hy) hold. If f satisfies
(H}) There exists u >0, u* € WHPE)(Q) such that ¢(u*) < 0, where

1 1
o(u” :/Vu*p(z)dx—i—/u*p(‘r)dx—/Fa:,u* dzx.
W= Jar ap("! o)
Then (1.1) has a nontrivial solution.

Theorem 1.2. Suppose that the following assumption hold:
(Hb) f(x,0) >0 with f(x,0) 2 0 for all z € Q.
Under the condition (Hz), the problem (1.1) has a unique solution which is nontrivial.

Theorem 1.3. Under the assumptions (Hp) and (Hs), the problem (1.1) has a nontrivial solution in
WLP@)(Q). Further, if f verifies

(f(m,t)—f(a:,s))(t—s) <0, Vs,teR, (2)
then such solution is unique.

The rest of this paper is organized as follows. In Section 2, we recall some preliminaries on variable
exponent spaces. In Section 3, by the Galerkin method and other approaches, we shall establish the results
of existence and uniqueness of a solution for problem (1.1).
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2. Preliminaries

For the integrity of the paper, we recall some basic facts which will be used later. For more detail we
refer to [13 14, [19]. For p € C(Q), we designate the variable exponent Lebesgue space by

LPE(Q) = {u :  — R is measurable and / lu(z)[P® de < +oo}
Q

equipped with the so called Luxemburg norm

]u]px)—mf{)\>0 /| ‘p ) dz <1}

— r1(z)
Proposition 2.1. If f : QxR — R is a carathéodory function and satisfies | f(x,t)| < a(z) —i—b\t]p;(w) for any
(z,t) € AxR, where p; € C(Q,i=1,2, a € LP2®)(Q), a(z) > 0 and b > 0 is a constant, then the Nemytsky
operator from LP*(®)(Q) to LP>(*)(Q) deﬁned by N¢(u)(x) = f(x,u(x)) is a continuous and bounded operator.

As in the constant exponent case, the generalized Lebesgue-Sobolev space Wl’p(””)(Q) is defined as
Whr@(Q) = {u e LPD(Q) : |Vu| € LPD(Q)},
with the norm
[ull = |ulp) + [VUlp)

With such norms, L’p(x)(Q) and W1P(®)(Q) are separable, reflexive and uniformly convex Banach spaces.

Proposition 2.2. Let p(u) = [, (|Vu|p + ]u|p(””)) dx. For u,u, € W'"P@)(Q) n =1,2,..., we have

p(U/!U\p(z)) =1

|lu| <1(=1,>1) <= p(u) <1l(=1>1).
+ —
lull <1 = llulP” < plu) < lull® -
[ul| > 1= [[ul|” < p(u) < [Jul/”".
Then the following statements are equivalent each other:
(a) Tim [lu, — ] =0.
(b) lim p(u, —u) =0.

(c) u, — u in measure in ) and hﬁm plup) = ®(u).

ANl .

Let a : 002 = R be a measurable. Define the weighted variable exponent Lebesgue space by
LZEB(@Q) = {u : 09 — R is measurable and / la(z)||u(z)|P®do < +oo}
o0

with the norm

U] p(2),a(x) = Inf {T >0: /BQ ]a(az)Hu(x) ‘p(m)da < 1}.

Then, Ligg (0Q) is a Banach space.

In particular, when a(x) = 1 on 09, @

a(x) (aQ) = Lp(x)(ag) and ’u|p(r),a(z) = ‘u|p(z),8§2-

Define (N — 1)pla)
o _ — 1)p(T
P(@) Np(z)
and .
P?(x) (z) = %pa@%

where x € 0Q, r € C(09) with r~(0Q2) > 1
Recall the following embedding theorem.
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Theorem 2.1 ([I1, Theorem 2.1]). Assume that the boundary of Q) possesses the cone property and p € C(Q)
with p~ > 1. Suppose that a € L™ (9Q),r € C(9Q) with r(z) > for all x € 99Q. If ¢ € C(09) and

P2 (x)
p9(x)-1
1<q(z) < pf(x) (x), Vax € oN.

Then, there exists a compact embedding WP(*) (9Q) — Lq( )(89) In particular, there is a compact embed-
ding WhP)(Q) — L) (9Q) where 1 < qo(x) < p (z),V:E € 0.

Let us recall the following interesting results:

Proposition 2.3. Let X a Banach space. If J € C*(X,R) is bounded from below and satisfies (PS) condition,
then ¢ = infx J is a critical value of J.

Lemma 2.1. ([18])) Let F : RN — RY be a continuous function with (F(z),z) > 0, for all x verifying
|z| = p > 0, where (.,.) is the usual inner product of RYN. Then there exists v € B,(0) such that F(v) = 0.

Proof of Theorem 1.1: Define

) = flzyu) if uw>0,
e, u) = { —fla,—w) if u<,

F*dfu fO f*a:t)dt
In view of the assumptlon (Hy), we have that

¢+(u)>/\vu|7’<x daz+/ ! |u[P(®) dl‘—e/ luP®) dz — €109,
o p(z) p(x) 00

then ¢t is coercive and even, so its minimizer can be achieved at certain point v > 0.
From (H{), we get that ¢ (u*) < 0, thereby, ¢ (v) < 0 and then v > 0.
On other hand, denote
N fH(z,v) if u>w,
fH(z,u) = flz,u) if 0<u<w,

f(z,v) if uw<O.
In virtue of (Hy) and (H;) we have that

|F* (2, u)] < elulP@ 4 C(e)ul?” @),

where F'*(z,u) = =/ frz,t)d
Let set

~ 1 1 ~
¢ (u :/Vup(x)dx+/up(x)dac—/ Ft(z,u)dz, Yue WP@(Q).
W= Jop@ o () " . )

Accordingly , for [ju|| > 1, it is easy to see that

~ 1 3
¢ (u) > THUIIP —C(e) /aQUIp ) da. (3)
There exists €; such that

pf < pd~ =p 0~ = min{essinf(p;0), essinf(pad), ..., essinf(p0)},
Q Q Q
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where Q = Ule Q.
Thus, for |Ju|| < 1, we obtain

- 1 _ _
¢ (u) > 2]'ﬁIIUHp — Cyl[ulP?”, Yu e WHE(Q),

Since p™ < pd~, the function t — (2;_% — C’4tp87_p+) is strictly positive in a neighborhood of zero.
Thereby, we may find positive constants o > 0 and § > 0 such that

6" (u) > B, Yue WD(Q), for |u] = a.

Now, we are ready to claim that gt verifies (PS), the Palais Smale condition. In fact, let (uy) be a
sequence in WP (Q), ||.|) such that ¢ (u,) is bounded and (¢T) (up) — 0 in (WHPE) (Q))*,

Because the operator u — |, 90 ﬁ+(a?, u) do,, is weakly continuous and its derivative is compact, then we
only prove that (u,) is bounded in W12(#)(Q). Otherwise, we may find a subsequence still denoted by (uy,)
such that [|u,|| — oo when n — oo. From the coercivity, ¢+ (u,) — oo, which is a contradiction with the
fact that q}“(un) is bounded. By regarding Proposition it follows that &“ has a critical point w which
is nontrivial (because ¢ (w) > 0 = ¢*(0)). What means that w is a nontrivial solution for the following
problem

A

o) U = [uP®) =2y in Q,

~ 4
_2% = fH(x,u) on ON. @

Next, we check that 0 < w < v. Because v (resp.w) is a critical point of ¢T (resp. $+), thus

p(

|Vul[P@)

o' (@) = 67 (0)) (w — o)t
VwlP@2v, — |VolP@—2yy | V(w — o)t p(z)=2,, _ [, |P(x)—2 —_ ot
(] Wl w — |Vl v) (w—w) —&-/g}(\w[ w— |v] v)(w v)

O =

/N

S~

Q(F(x,w) — (@, 0)(w — v) T da

(|vw|p(m)—2vw . ‘VU’p(m)_2V’U>V(w . v)+ + / <|w’P(w)—2w . |U|p(m)—2v) (w— v)—i—
Q

I |
S— 5

(fH(z,v) — fT(@,0)(w—v)tde (=07 from the definition of f*)

|
S—

o0
= / <|Vw|p($)_2Vw - \Vv]p(x)_QV'L))V(w —0)t + / <|w]p(x)_2w - |U|p($)_2v) (w—2)",
Q Q
where (w —v)T = max{(w — v),0}.

We conclude that w < v a.e in Q.
Meanwhile, we have

0 = ¢t (w)w™
= /]Vw|p(x)2Vw.Vw dx—l—/ |w|P@) =20~ dx—/ f(z,w)w™ do,
Q Q onN
= /]Vw|p(x)_2VwVw_ da:—l—/ |lwP®) 20w da. (5)
Q Q

Hence w™ =0 a.e in Q, so w > 0.
Then w is a solution of (1.1) and the proof is achieved. O
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Proof of Theorem 1.2. :
a) Existence: By (Hz) there exists a constant m such that

f(z,0) <m, Vx € 00.

Then

has unique L solution u; which is nonegative (see [12]and [20]).
Denote
f(2,0) if u<0,
f(x7u): f(a:,u) if 0<wu<uy,
flzyur) if u>w

Hence, —co < f(z,u) < m, Yz € 9 and u € R. Thus,

|F(x,u)| < Klu|, for x € 04,

where F(z,u) = N flx,s)ds.
Let us consider .
P(u :/ VulP@ 4 |uP®)) dz — F(x,u)dz,
(= | 5 (9@ +up®) de = | Fla,w
for u € WHr@)(Q). N
A standard argument shows that ¢ € C1(WHP@®)(Q), R), since p~ > 1 and f is bounded.
When ||u|| > 1 we have

1 -
P(u) > Fllﬂllp — Kilul,

with K is a positive constant. Then v is coercive, and since it is sequentially weakly lower continuous, we
conclude that 9 has a global minimizer 7 € W'P(®)(Q) s.t /() = 0. Thereby, @ verifies

/ (]Vﬂ|p(r)72Vﬂ.Vv + ]ﬂ|p(m)72ﬂv) dx — f(z,u)vde,

Q B19)

for all v € WP (). N

Taking u~ as test function and keeping in mind that f(x,u) = f(z,0), for v < 0, then we have

/ (1va P + i) do - / Fla, i )i dz = 0
Q onN

As we have f(z,u")u~ <0, so we get
/ (Wa—‘p(w) + |a—|p(w)) da <0,
Q

which implies that v~ = 0 and then u > 0.
Meanwhile, f(x,u) < m, according to comparison principle see shao gao deng..., we have u < w;.
Accordingly,

f(z,u) = f(z,u)
and then u is a solution of (1.1), which is nontrivial because f(z,0) # 0.
b) Uniqueness:
Let recall the following formulas:
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Va,y € RY
lz—y "< 27(|2 | 2a— |y 2 y).(x—y) if v>2

1 . . . .
\x—ylzﬁﬁ(\ﬂﬂyw W a |y 2y —y) if 1<y<2,

where z.y is the inner product in RY.
Let u and v two solutions of (1.1), viewing the last inequalities, we have

0 < /
[u>v]
/[u>v]

< /‘Vu]p(x)_2Vu—]Vv\p(x)_QVv>V(u—v)+dx+
Q

/Q ‘u|p($)_2u - |U\p(x)_2v> (u - v>+ dx
= /ag (f(x,u)—f(:c,v))(u—v)erxSO. (7)

Thus, Vu(z) = Vu(x) and u(z) = v(z) for a.e [u > v] = Q.

Let z € Q\ Qy, then (u—v)*(z) =0 and V(u —v)"(x) = 0 for a.e Q\ Q; thereby, (u—v)*(z) =0 and
V(u—v)T(z) =0 for a.e Q, s0 (u—v)" =0 for a.e x € Q, that means u < v for a.e z €.

Similarly, we prove v < u a.e x € £, hence, u = v.

Vul[P® 2y — \Vv\p(x)_2Vv) (Vu — Vv) dx +

ul[P@ =2y — ]v]p(x)_20> (u - v) dx

Remark 2.1. If we suppose that f(x,u)u > 0, so the problem has no solution which is # 0.

Proof of Theorem 1.3: Since Wl’p(x)(Q) is a reflexive and separable Banach space, there exist {ex} C
W@ (Q) and {ef} ¢ (WP (Q))* such that

Y = span{er: k=1,2...}, Y* = spanief : k=1,2...},

and
(e, €) = 0ij-

Define V,, = span{ei, ...,e,}. It is known that V,, and RY are isomorphic and for n € RY, we have an

N

unique v € V,, by the identification 7 —? Z 1i€; = 0.
i=1

Define the function A = (Ay,..., Ay) : RV = R by

Ai(u):/ ]Vu|p(z)_2VuVeid:U+/ |u|p(x)_2uei/ (f(x,u)e;do, weV;.
Q Q onN

Our method consists in considering a class of auxiliary problems,

/|Vun|p(‘”)2VunVeidx+/ |t [P 2V 0, Ve; dz = f(z,up)e; do, (8)
Q Q o0

Now, by applying the Lemma 2.1, let check the existence of solution u,, for the problem (2.6).
For || w |[> 1, by (Hg), it yields
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u),u) = ulP®) dx Lup(m) T — T, u) do
) = [ eyt [ s [ P

> /Qp&)wuyp(w) dm+/ Sl d:n—()\l—e)/Q‘Z(‘xp(;)dx
T s [

_(MAZ 2 /Q p(lx)yvuw@ dx + /Q p(1x)|u|1’<z> d

o P

This shows that there is R > 1 such that (A,u,u) > 0 if ||u]| = R, and then (2.6) has a solution u, € V,
such that
Jun|| < R, ¥n € N.

From this point, passing to a subsequence if necessary, then
Uy — u in WHPE)(Q),

Up — U a.e. infd.

By using the fact of the continuity of the Nemytskii operator from L") (Q) — L™ @) (Q), it follows that

f(z,up)e; do — f(z,up)e; do.
o0 o0

Since WP (Q) < L7®)(Q) compactly, tending n — oo, so we infer that

/|Vu|p(“")_2VuVeidx—|—/ [uP@) =2V uVe; da = f(z,u)e; do.
Q Q o0

Thus, u is a solution of problem (1.1).
Now let u and v be two solutions of problem (1.1), we have

0 < / <|Vu|p($)_2Vu - ’VU|p(x)_2V’U>V(u —v)dx +
Q

/Q (|u\p(1)72u - |v|p(x)72v) (u — v) dx

= / [f(a:,u) —f(ac,v)} (u—wv)dz
o0
< 0,

which implies that (u — v) = 0, and the proof will be completed.

Remark 2.2. Under the hypothesis (Hs). If we suppose that there exists ag > 0 and § > 0 such that

F(a,t) > aglt|, ¥z € Q, [t] <6,

where qo € C(Q) with qo < p — .
Then we get that the Energy functional associated to (1.1) ¢ is coercive and has a global minimizer uy
which is non trivial. Indeed, fir vo € X \ {0} and t > 0 is small enough, so from (Hs) we have that
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o) < G [ UAEY / P | Plastu
vy) < vo [P\ dx + vo[P"¥dx | — x, tvg)dx
0 2\ Jop@)"° ap(@)’ 0 ’
< Cst? — Oyt <0, (9)

because qy < p~. By using the Mountain Pass Theorem and the fact that ¢ is coercive, we construct a
CONLINUOUS CUTve

v: [0,1] = X, v(0)=0, v(1) = uy.

From this point of view, we can show the existence of an other critical point ug € X of ¢ such that ug # up
and ug 1s nontrivial.
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