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Full Order Symbolic Small Signal Analysis of Peak-Current-Controlled SEPIC by 
PWM-Switch Model 

Ekrem Çengelci1 

Abstract 

Full order small signal analysis of peak-current controlled non-isolated Single Ended Primary Inductor 
Converter (SEPIC) is presented by utilizing pwm-switch model in Continuous Conduction Mode (CCM). 
The analysis provides control to output voltage transfer function together with its zeros and poles in 
symbolic form taking into account parasitic resistances of all four reactive components in the SEPIC 
topology. The resultant transfer function is with 4th order numerator and 5th order denominator, which 
necessitates approximation in deriving formulas of zeros and poles in symbolic form. Symbolically derived 
transfer function of the SEPIC is validated on two different numerical examples, one with operating in step 
down mode and another operating in step up mode, by frequency domain PSpice simulations on average 
circuit models and by time domain LTspice simulations on switching models. The mathematical analysis, 
PSpice and LTspice simulations, and measurement results of control to output voltage transfer function of 
SEPIC agree very well proving that the symbolic control to output voltage transfer function of SEPIC 
together with its zeros and poles are successfully derived. 

Keywords: SEPIC, peak current-mode control, pwm-switch, small signal analysis, continuous conduction 
mode. 

1. INTRODUCTION 

The SEPIC topology first introduced in [1] as 
shown in Fig. 1 is used in wide range of 
applications, such as wind, solar, and fuel cell 
power conversions, lighting, aerospace and 
battery. It is one of the dual inductor dc-dc 
converter topologies that can step up and step 
down the input voltage. Major advantages of 
SEPIC are the output voltage polarity being same 
as that of the input, non-pulsating input current 
thanks to presence of inductor 𝐿1 at its input, 
driving the switch 𝑆1 being easier since it is a low-
side switch. 

Current-mode control [2] is a control method of 
switching dc/dc converters with several 
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advantages [3] such as eliminating phase-lag from 
control voltage to the switch/inductor current, 
inherent pulse-by-pulse current limiting protecting 
the converter against overloads, ease of paralleling 
converter outputs, ease of applying output current 
feed-forward minimizing output voltage 
deviations under load transients, inherent 
sensitivity to static and dynamic variations of input 
voltage. 

A major disadvantage of dc/dc converters with dual 
inductors, like SEPIC, is the complexity of their 
small signal transfer functions due to presence of 
four reactive components in the topology (inductors 
𝐿1, 𝐿2 and capacitors 𝐶1, 𝐶𝑜𝑢𝑡 in Fig. 1). The 
pwm-switch model presented in [4] is convenient in 
analyzing small signal behavior of switching dc/dc 
converters in voltage mode control in CCM while 
[5,6] present pwm-switch model with peak current-
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mode control in CCM, both of which facilitate fully 
circuit oriented small signal analysis of switching 
dc/dc converters as opposed the state space 
averaging technique involving matrix operations 
[7]. The model in [5,6] is capable of predicting the 
subharmonic instability of the current loop causing 
180˚ phase reversal at half the switching 
frequency.[8] performs small signal analysis of 
SEPIC with peak current-mode control in CCM 
using the pwm-switch model only on a numerical 
example without providing equations of the control 
to output voltage transfer function and its zeros and 
poles in symbolic form. 

[9] provides small signal control to output voltage 
transfer function of SEPIC in symbolic form by 
state space averaging technique including the para- 

 

Figure 1. Circuit diagram of non-isolated SEPIC. 

sitic resistances of the reactive elements in the 
topology. However, it neither provides fully 
expanded control to output voltage transfer 
function, nor symbolic equations of zeros and poles 
of the transfer function. 

Control to output voltage transfer function of 
SEPIC in symbolic form is not reported in the 
literature with constant switching frequency peak 
current-mode control based on the pwm-switch 
model including the parasitic resistances of all four 
reactive elements in the topology and will be 
presented in this paper. Equations for zeros and 
poles of the transfer function will be derived in 
symbolic form with full complexity including the 
parasitic resistances of the reactive components in 
SEPIC topology. Symbolic equations provided in 
the paper enable researchers and engineers to 
understand effect of each parasitic resistance on the 
transfer function of the converter. The resultant 
transfer function and the equations of zeros and 
poles are too complex for hand manipulations. 
However, present mathematics software packages, 
such as Mathcad, Mathematica, Maple, have 
symbolic arithmetic capabilities that facilitate 
manipulation of symbolic equations with thousands 
of parameters with no difficulty. Therefore, once 
the symbolic transfer function provided in the paper 

is transferred into a mathematics software, it can be 
manipulated in its symbolic form by either using it 
with full complexity or reducing it to a simpler form 
setting desired parameters to zero by the choice of 
designer. 

Since the derived transfer function is with 4th order 
numerator and 5th order denominator, equations of 
the zeros and poles in symbolic form are be derived 
with approximation assuming locations of zeros 
and poles are well separated. 

2. PWM SWITCH MODEL WITH PEAK 
CURRENT-MODE CONTROL IN CCM 

Pwm-switch models presented in [4], [11]-[14] 
enable circuit-oriented small signal analysis of 
switching dc/dc converters. It represents the switch 
pair in a dc/dc converter with three terminals, which 
are active terminal “a”, passive terminal “p” and 
common terminal “c”. The pwm-switch model has 
dc, large signal and small signal models. Fig. 2 
shows significant control signal waveforms, the dc 
and small signal ac circuit diagrams of the pwm-
switch model with peak current-mode control in 
CCM. In Fig. 2b, upper case voltages and currents 
represent dc operating point quantities of the 
converter while lower case ones with tilde accent 
marks represent small signal ac quantities of the 
converter. The dc model is utilized to solve for dc 
operating point quantities while the ac model 
facilitates to determine the desired small signal 
transfer function of the dc/dc converter to be 
analyzed, such as control to output voltage or input 
to output voltage transfer functions, input or output 
impedances. 

Equations of the pwm-switch model parameters in 
Fig. 2 are shown in (1a) to (1f). 

𝑘𝑜 =
ଵ

ோ௜
        (1a) 

𝑔𝑜 =
்௦

௅
∙ ቀ𝐷ᇱ ௌ௘

ௌ௡
+ 0.5 − 𝐷ቁ      (1b) 

𝑔𝑓 = 𝐷 ∙ 𝑔𝑜 −
஽∙஽ᇲ∙்௦

ଶ∙௅
       (1c) 

𝑔𝑖 = −
ூ௔

௏௔௣
        (1d) 

𝑔𝑟 =
ூ௖

௏௔௣
        (1e) 

𝐶𝑠 =
ସ

௅∙ቀ
మഏ

೅ೞ
ቁ

మ       (1f) 

where, 
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𝑅𝑖 is a scaling constant that transforms the “c” 
terminal current to voltage signal (Ω) 

𝐷 is the duty cycle in steady state and 𝐷ᇱ = 1 − 𝐷, 

𝑇𝑠 is the switching period (s), 

𝐿 =
௅ଵ∙௅ଶ

௅ଵା௅ଶ
 (H)       (2a) 

𝑆𝑛 =
௏௔௖

௅
∙ 𝑅𝑖 (V/s)       (2b) 

𝑆𝑓 =
௏௖௣

௅
∙ 𝑅𝑖 (V/s)       (2c) 

𝑆𝑒 is slope of the external compensation signal 
(V/s). 

Note that 𝑆𝑛 is slope of the current coming out of 
terminal “c” as reflected to the control voltage by 
the scaling constant 𝑅𝑖. The capacitor 𝐶𝑠 in Fig. 2c 
is to model the subharmonic instability of the 
current loop [5,6]. 

The steady state value of control voltage 𝑉𝑐 (Fig. 
2a) can be solved from (3) given below (see [5,6] 

Vc
Se

Sn Sf

Ic .RiIc .Ri

0

D .TsD .Ts

Ts =1 / fs

Vc
Se

Sn Sf

Ic .Ri

0

D .Ts

Ts =1 / fs  

(a) 
 

 

(b) 

 

 

(c) 

Figure 2. Pwm-switch model with peak current-mode control 
in CCM (a) Significant control signal waveforms (b) dc 
equivalent circuit (c) ac equivalent circuit. 

for details). 

𝐼௖ =
௏೎

ோ೔
−

௏೎೛

௏ೌ ೛
∙ ೞ்∙ௌ೐

ோ೔
− 𝑉௖௣ ∙ ൬1 −

௏೎೛

௏ೌ ೛
൰ ∙ ೞ்

ଶ∙௅
      (3) 

3. CONTROL TO OUTPUT VOLTAGE 
TRANSFER FUNCTION OF SEPIC WITH 
PEAK CURRENT-MODE CONTROL IN 

CCM 

Switches 𝑆1 and 𝐷1 in Fig. 1 are not connected at 
a common terminal. To carry out the small signal 
analysis of SEPIC by the pwm-switch model, we 
need to represent the switch pair 𝑆1 and 𝐷1 with 
three terminals by connecting one of their 
terminals together. This can be achieved by either 
moving 𝐷1 from top to bottom (Fig. 3a) or 𝐶1 
from top to bottom (Fig. 3b). Both works and for 
the purpose of the analysis of SEPIC in this paper 
Fig. 3a is chosen for no specific reason. 

To solve for the pwm-switch model parameters in 
(1a) to (1f), we need to obtain dc equivalent circuit 
of SEPIC by substituting the dc pwm-switch 
model in Fig. 2b into the switch pair shown within 
dotted box in Fig. 3a. After shorting capacitors 𝐶1 
and 𝐶𝑜𝑢𝑡 and opening inductors 𝐿1 and 𝐿2, the 
circuit parameters 𝐷, 𝐼𝑎, 𝐼𝑐, 𝑉𝑎𝑝 and 𝑉𝑎𝑐 in (1b-
1e) and (2b, 2c) are solved using the resultant dc 
equivalent circuit, which is shown in Fig. 4. 

If 𝐷, 𝐼𝑎, 𝐼𝑐, 𝑉𝑎𝑝 and 𝑉𝑎𝑐 are solved from Fig. 4 
and substituted into (1b-1e) and (2b, 2c), equations 
in (4a-4k) can be obtained. 
௏௢

௏௜
=

஽

ଵି஽
        (4a) 

𝐷 =
௏௢

௏௜ା ೚
        (4b) 

𝑉𝑎𝑝 =
௏௢

஽
        (4c) 

𝐼𝑐 =
௏௢

ோ∙(ଵି஽)
        (4d) 

𝑉𝑎𝑐 = 𝑉𝑖        (4e) 

𝐼𝑎 =
௏௢

ோ
∙

஽

(ଵି஽)
        (4f) 

𝑉𝑐𝑝 = 𝑉𝑜        (4g) 

𝑔𝑖 = −
஽మ

ோ∙(ଵି஽)
        (4h) 

𝑔𝑟 =
஽

ோ∙(ଵି஽)
         (4i) 

𝑆𝑛 = 𝑉𝑖 ∙
ோ௜

ಽభ∙ಽమ

ಽభశಽమ

         (4j) 

𝑆𝑓 = 𝑉𝑜 ∙
ோ௜

ಽభ∙ಽమ

ಽభశಽమ

       (4k) 
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Using (3) and (4a-4k) the control voltage 𝑉𝑐 can 
be solved for SEPIC as given in (5). 

𝑉𝑐 =
ோ௜∙௏௢∙(ଵି஽)

ଶ∙௅∙௙௦
+

ோ௜∙ூ௢

(ଵି஽)
+

஽∙ௌ௘

௙௦
       (5) 

Now that we have solved for the pwm-switch 
model parameters for SEPIC as shown in (4a-4k) 
and (5), next step is to obtain its ac pwm-switch 
model to derive the transfer function of 𝑣෤௢/𝑣෤௖ by 
substituting the ac pwm-switch model in Fig. 2c 
into the switch pair shown within dotted box in 
Fig. 3a and shorting the dc input voltage source, 
which results in an equivalent circuit shown in Fig. 
5. 

Equations in (6a-6g) can be written by applying 
Kirchhoff’s current and voltage laws to the ac 
equivalent circuit in Fig. 5. 

𝚤�̃� = 𝐷 ∙ 𝚤�̃� + 𝑣෤𝑎𝑝 ∙ 𝑔𝑖 + 𝑔𝑟 ∙ 𝑣෤𝑐𝑝     (6a) 

 𝚤̃𝑐 = 𝑣෤𝑎𝑝 ∙ 𝑔𝑓 + 𝑘𝑜 ∙ 𝑣෤𝑐 − 𝑣෤𝑐𝑝 ∙ (𝑔𝑜 + 𝑠 ∙ 𝐶𝑠)    (6b) 

𝑣෤𝑐𝑝 = ቎

(𝚤̃𝐿1 + 𝚤�̃�) ∙ (𝑠 ∙ 𝐿2 + 𝑟𝐿2) +

(𝚤�̃�1 + 𝚤̃𝑐 + 𝚤�̃�1) ∙
ோ∙ቀ௥஼

భ

ೞ∙಴೚ೠ೟
ቁ

ோାቀ௥஼௢
భ

ೞ∙಴೚ೠ೟
ቁ

቏    (6c) 

𝚤�̃�1 =
(௩෤௔௣ି ෤௢)

ቀ௥஼ଵା
భ

ೞ∙಴భ
ቁ
       (6d) 

 
(a) 

 

 

(b) 

Figure 3. Possible representations of the SEPIC in Fig. 1 by 
pwm-switch model. 

 
Figure 4. Dc pwm-switch equivalent circuit of the SEPIC in 
Fig. 3a. 

𝑣෤𝑎𝑝 = 𝑣෤𝑐𝑝 + 𝚤̃𝐿1 ∙ (𝑠 ∙ 𝐿1 + 𝑟𝐿1)     (6e) 

𝚤�̃�1 = − ቆ𝚤�̃� +
௩෤௔௣ି ෤௢

௥஼ଵା
భ

ೞ∙಴భ

ቇ       (6f) 

𝑣෤𝑜 = ቆ𝚤�̃�1 + 𝚤�̃� +
௩෤௔௣ି௩෤௢

௥஼ଵ
భ

ೞ∙಴భ

ቇ ∙
ோ∙ቀ௥஼௢௨௧

భ

ೞ∙಴೚ೠ೟
ቁ

ோାቀ௥஼௢௨௧ା
భ

ೞ∙಴೚ೠ೟
ቁ
   (6g) 

If the equations in (6a-6g) are simultaneously 
solved, 𝑣෤௢/𝑣෤௖ can be derived and organized as 
shown in (7). 

௩෤௢

௩෤௖
= −𝑅 ∙ 𝑘𝑜 ∙

ே଴ାேଵ∙௦ାேଶ∙௦మାேଷ∙௦యାேସ∙௦ర

஽଴ା஽ଵ∙௦ା஽ଶ∙௦మା஽ଷ∙௦యା஽ସ∙௦రା஽ହ∙௦ఱ     (7) 

The numerator coefficients 𝑁0 to 𝑁4 and 
denominator coefficients 𝐷0 to 𝐷5 in (7) are given 
in Table 4 in Appendix. The pwm-switch model 
parameters 𝑘𝑜, 𝑔𝑜, 𝑔𝑓, 𝑔𝑖, 𝑔𝑟, 𝐶𝑠 in Table 4 are 
given in (1) and (4). The denominator of (7) is 5th 
order because there are five reactive components 
of 𝐶1, 𝐶𝑜𝑢𝑡, 𝐿1, 𝐿2, and 𝐶𝑠 in the ac equivalent 
circuit of SEPIC in Fig. 5. 

Reorganizing the numerator of (7) yields (8) as 
follows: 

 

Figure 5. Ac small signal pwm-switch model of the SEPIC. 

௩෤௢

௩෤௖
= −𝑅 ∙ 𝑘𝑜 ∙

ቀଵା
ೞ

ഘ೥భ
ቁ∙൫ெ଴ାெଵ∙௦ାெଶ∙௦మାெଷ∙௦య൯

஽଴ା஽ଵ∙௦ା஽ଶ∙௦మା஽ଷ∙௦యା஽ସ∙௦రା஽ହ∙௦ఱ      (8) 

where, 

𝜔𝑧1 =
ଵ

஼௢௨௧∙௥஼௢௨௧
       (9a) 

𝑀0 = 1 − 𝐷 + 𝑔𝑖 ∙ 𝑟𝐿1      (9b) 
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𝑀1 = 𝑔𝑖 ∙ (𝐿1 + 𝐶1 ∙ 𝑟𝐶1 ∙ 𝑟𝐿1) +  

           𝐶1 ∙ ൤
(𝑟𝐶1 + 𝑟𝐿2) ∙ (1 − 𝐷) +
𝑟𝐿1 ∙ (1 − 𝐷 − 𝑔𝑟 ∙ 𝑟𝐿2)

൨     (9c) 

𝑀2 = 𝐶1 ∙ ൤
𝐿2 ∙ (1 − 𝐷 − 𝑔𝑟 ∙ 𝑟𝐿1) +

𝐿1 ∙ (1 − 𝐷 + 𝑔𝑖 ∙ 𝑟𝐶1 − 𝑔𝑟 ∙ 𝑟𝐿2)
൨   (9d) 

𝑀3 = −𝐶1 ∙ 𝑔𝑟 ∙ 𝐿1 ∙ 𝐿2     (9e) 

The 3rd order polynomial in the numerator of (8) 
can be assumed to have a real and a complex pole 
pair as shown in (10). 

൮

𝑀0 +
𝑀1 ∙ 𝑠 +

𝑀2 ∙ 𝑠ଶ +
𝑀3 ∙ 𝑠ଷ

൲ = ቀ1 +
௦

ఠ௭ଶ
ቁ ∙

⎝

⎛

1 +
௦

ఠ௢,௭∙ொ௭
+

௦మ

(ఠ௢,௭)మ ⎠

⎞    (10) 

Exact numeric solutions exist for 𝜔𝑧2, 𝜔𝑜, 𝑧, and 
𝑄𝑧 in (10) but exact symbolic solutions don’t. 
However, approximate symbolic solutions for 
𝜔𝑧2, 𝜔𝑜, 𝑧, and 𝑄𝑧 can only be found by assuming 
that 𝜔𝑧2 and 𝜔𝑜, 𝑧 are well-separated [10]. 

If 𝜔𝑧2 ≫ 𝜔𝑜, 𝑧, then approximate solution of 
𝜔𝑧2, 𝜔𝑜, 𝑧 and 𝑄𝑧 are, 

𝜔𝑧2 ≅
ெଶ

ெଷ
= −

௅ଶ∙(ଵି஽ି௚௥∙௥௅ଵ)ା
௅ଵ∙(ଵି஽ା௚ ∙௥஼ଵି௚௥∙௥௅ଶ)

௚௥∙௅ଵ∙௅ଶ
   (11a) 

𝜔𝑜, 𝑧 ≅ ට
ெ଴

ெଶ
= ඨ

ଵି஽ା௚௜∙௥௅

஼ଵ∙൤
௅ଶ∙(ଵି஽ି௚௥∙௥௅ଵ)ା

௅ଵ∙(ଵି஽ା௚௜∙௥஼ଵି௚௥∙௥௅ଶ)
൨
  (11b) 

𝑄𝑧 ≅
√ெ଴∙ெଶ

ெଵ
=

ඩቀ
ଵି஽ା
௚௜∙௥௅ଵቁ∙஼ଵ∙቎

௅ଶ∙(ଵି஽ି௚௥∙௥௅ଵ)ା
௅ଵ∙(ଵି஽ା

௚௜∙௥஼ଵି௚௥∙௥௅ଶ)
቏

௚௜∙(௅ଵା஼ଵ∙௥஼ଵ∙௥௅ଵ)ା

஼ଵ∙൤
(௥஼ଵା௥௅ଶ)∙(ଵି஽)ା
௥௅ଵ∙(ଵି஽ି௚௥∙௥௅ଶ)

൨

  (11c) 

If 𝜔𝑧2 ≪ 𝜔𝑜, 𝑧, then approximate solution of 
𝜔𝑧2, 𝜔𝑜, 𝑧 and 𝑄𝑧 are, 

𝜔𝑧2 ≅
ெ଴

ெଵ
=

ଵି஽ା௚௜∙௥௅  

௚௜∙(௅ଵା஼ଵ∙௥஼ଵ∙௥௅ଵ)ା

஼ଵ∙൤
(௥஼ଵା௥௅ଶ)∙(ଵି஽)ା
௥௅ଵ∙(ଵି஽ି௚௥∙௥௅ଶ)

൨

  (12a) 

𝜔𝑜, 𝑧 ≅ ට
ெଵ

ெଷ
=

ඩ

௚௜∙(௅ଵା஼ଵ∙௥஼ଵ∙௥௅ଵ)ା

஼ଵ∙൤
(௥஼ଵା௥௅ଶ)∙(ଵି஽)ା
௥௅ଵ∙(ଵି஽ି௚௥∙௥௅ଶ)

൨

ି஼ଵ∙௚௥∙௅ଵ∙௅ଶ
  (12b) 

𝑄𝑧 ≅
√ெଵ∙ெଷ

ெଶ
=

ඪ
ିቌ

௚௜∙(௅ଵା஼ଵ∙௥஼ଵ∙௥௅ଵ)ା

஼ଵ∙൤
(௥஼ଵା௥௅ଶ)∙(ଵି஽)ା
௥௅ଵ∙(ଵି஽ି௚௥∙௥௅ଶ)

൨
ቍ∙

(஼ଵ∙௚௥∙௅ଵ∙௅ଶ)

஼ଵ∙൤
௅ଶ∙(ଵି஽ି௚௥∙௥௅ଵ)ା

௅ଵ∙(ଵି஽ା௚ ∙௥஼ଵି௚௥∙௥௅ଶ)
൨
 (12c) 

The denominator of (7) is 5th order yielding five 
poles. Subharmonic instability of the current loop 
is included in the pwm-switch model through 𝐶𝑠, 

whose equation is given in (1f). It can be deducted 
from (1f) that 𝐶𝑠 and the inductors 𝐿1 and 𝐿2 place 
a double-pole at half the switching frequency. The 
remaining 3 poles of (7) are a low frequency real 
pole (𝜔𝑝) and a complex pole pair (with resonant 
frequency 𝜔𝑜, 𝑝1 and quality factor 𝑄𝑝1) as 
shown in (13). 

௩෤௢

௩෤௖
= 𝐾 ∙

ቀଵା
ೞ

ഘ೥భ
ቁ∙ቀଵା

ೞ

ഘ೥మ
ቁ∙൬ଵା

ೞ

ഘ೚,೥∙ೂ೥
ା

ೞమ

(ഘ೚,೥)మ൰

ቀଵା
ೞ

ഘ೛
ቁ∙൬ଵା

ೞ

ഘ೚,೛భ∙ೂ೛భ
ା

ೞమ

(ഘ೚,೛భ)మ൰∙

൬ଵା
ೞ

ഘ೚,೛మ∙ೂ೛మ
ା

ೞమ

(ഘ೚,೛మ)మ൰

    (13) 

Exact solutions to poles of the 5th order 
denominator of (13) can be found numerically but 
exact symbolic solutions do not exist. 
Approximate symbolic solutions for 𝜔𝑝, 𝜔𝑜, 𝑝1, 
𝑄𝑝1, 𝜔𝑜, 𝑝2, 𝑄𝑝2 can only be found by assuming 
𝜔𝑝, 𝜔𝑜, 𝑝1 and, 𝜔𝑜, 𝑝2 are well-separated [10]. 

If 𝜔𝑜, 𝑝2 ≫ 𝜔𝑜, 𝑝1 ≫ 𝜔𝑝, then approximate 
solutions of 𝜔𝑝, 𝜔𝑜, 𝑝1 and 𝑄𝑝1, 𝜔𝑜, 𝑝2 and 𝑄𝑝2 
are, 

𝜔𝑝 ≅
஽଴

஽ଵ
      (14a) 

𝜔𝑜, 𝑝1 ≅ ට
஽ଵ

஽ଷ
      (14b) 

𝑄𝑝1 =
√஽ଵ∙஽ଷ

஽ଶ
      (14c) 

𝜔𝑜, 𝑝2 ≅ ට
஽ଷ

஽ହ
      (14d) 

𝑄𝑝2 =
√஽ଷ∙஽ହ

஽ସ
     (14e) 

If 𝜔𝑜, 𝑝2 ≫ 𝜔𝑝 ≫ 𝜔𝑜, 𝑝1 then approximate 
solutions of 𝜔𝑝, 𝜔𝑜, 𝑝1 and 𝑄𝑝1, 𝜔𝑜, 𝑝2 and 𝑄𝑝2 
are, 

𝜔𝑜, 𝑝1 ≅ ට
஽଴

஽ଶ
      (15a) 

𝑄𝑝1 =
√஽଴∙஽ଶ

஽ଵ
      (15b) 

𝜔𝑝 ≅
஽ଶ

஽ଷ
      (15c) 

𝜔𝑜, 𝑝2 ≅ ට
஽ଷ

஽ହ
      (15d) 

𝑄𝑝2 =
√஽ଷ∙஽ହ

஽ସ
     (15e) 

The terms from 𝐷0 to 𝐷5 in (14a-14e) and (15a-
15e) are given in Table 4 in Appendix. Although 
the high frequency resonant pole of 𝜔𝑜, 𝑝2 is 
expressed in terms of 𝐷0 to 𝐷5 in (14a-14e) and 
(15a-15e) yielding lengthy expression, 𝜔𝑜, 𝑝2 is 
set to half the angular switching frequency by 
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definition of the PWM-switch model. Therefore, it 
can be simplified with loss of negligible accuracy 
as, 

𝜔𝑜, 𝑝2 ≅ ට
஽ଷ

஽ହ
≅

ఠ௦

ଶ
= 𝜋 ∙ 𝑓𝑠      (16) 

where 𝑓𝑠 is the switching frequency of the 
converter. 

The dc gain 𝐾 in (13) can be found by setting       
𝑠 = 0 in (7) as follows: 

𝐾 = −𝑘𝑜 ∙ 𝑅 ∙
ே଴

஽଴
      (17) 

The equations of poles in (14a-14e) and (15a-15e) 
are too complex to manipulate manually in 
symbolic form due to lengthy expressions with the 
denominator coefficients 𝐷0 to 𝐷5 in Table 4. 
However, present mathematics software packages 
have capabilities of performing symbolic 
arithmetic operations. Once the coefficients of (7) 
in Table 4 are entered into a mathematics software 
with symbolic arithmetic capabilities, equations of 
poles in (14a-14e) and (15a-15e) can be 
manipulated easily and effectively keeping them in 
full complexity or simplifying them to certain 
degrees by setting some parameters to zero. This 
facilitates to analyze the effect of converter 
parameters on the transfer function in symbolic 
manner at any complexity level desired. 

4. SIMULATION RESULTS 

In this section, two different SEPIC’s are 
analyzed, one of which operate in step down mode 
in Example I and the other in step up mode in 
Example II. In both examples, control to output 
voltage transfer functions of the converters are 
numerically computed using (7) and determined 
by frequency domain PSpice simulations on 
average circuit models and by time domain 
LTspice simulations on switching models. Results 
of the mathematical model by (7), and LTspice and 
PSpice simulations are plotted on the same graph 
for comparison. Since PSpice and mathematical 
models are both based on pwm-switch model with 
circuit averaging theory, both are supposed to 
yield the same transfer function at all frequencies 
even well above the switching frequency. 
Therefore, the fact that PSpice simulations of the 
transfer functions produce the same results as of 
the mathematical model prove that the symbolic 
mathematical model parameters in (7) in Table 4 

are correctly derived. The transfer function 
obtained through switching LTspice time domain 
simulations are not based on circuit averaging. 
Therefore, the fact that LTspice simulations match 
the circuit-averaging-based symbolic mathemati-
cal model and PSpice simulations proves validity 
of the circuit averaging based mathematical model 
by a switching simulation model. 

4.1. Example I: A SEPIC operating in step 
down mode 

Consider a SEPIC operating in step down mode 
with the parameters below. 

𝑉𝑖 = 12𝑉  𝑉𝑜 = 5𝑉  𝐼𝑜 = 5𝐴  

𝑅 = 1𝛺  𝑓𝑠 = 300𝑘𝐻𝑧  𝜔𝑠 = 1885𝑘𝑟𝑎𝑑/𝑠  

𝑅𝑖 = 40𝑚𝛺  𝑟𝐶𝑜𝑢𝑡 = 3.5𝑚𝛺  𝐶𝑜𝑢𝑡 = 330𝜇𝐹  

𝐶1 = 82𝜇𝐹  𝑟𝐶1 = 20𝑚𝛺  𝑆𝑒 = 40𝑘𝑉/𝑠  

𝐿1 = 18𝜇𝐻  𝐿2 = 8.2𝜇𝐻  𝑟𝐿1 = 𝑟𝐿2 = 8𝑚𝛺  

The parameters above are chosen such that the 
ripple voltages across capacitors 𝐶𝑜𝑢𝑡 and 𝐶1 are 
low and ratios of peak-to-peak ripple to average 
currents of inductors 𝐿1 and 𝐿2 are about 30%. 
Some external slope compensation is assumed 
(𝑆𝑒) although it is not mandatory for stability of 
the current loop because the duty cycle is lower 
than 50%. 

Fig. 6 shows the LTspice circuit schematic of the 
SEPIC with the parameters above with peak-
current-mode control. The LTspice simulation 
model is open loop with the dc voltage source Vc 
controlling the duty cycle hence output voltage of 
the converter. Control voltage 𝑉𝑐 is calculated as 
0.364V using (5) and determined by LTspice 
simulation as 0.368V (dc voltage source “Vc” in 
Fig. 6 is varied until output voltage is set to 5V). 

Fig. 7 shows the time domain LTspice simulation 
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Figure 6. LTspice model of the SEPIC operating in step 
down mode. 

 

Figure 7. LTspice time domain simulation waveforms of the 
SEPIC in Fig. 6. 

 

Figure 8. PSpice circuit model of example SEPIC in step-
down mode for frequency domain simulation. 

waveforms of the SEPIC. From top to bottom, 
waveforms in Fig. 7 are output voltage, voltage 
across capacitor C1, current through inductor L2 

and load current, current through inductor L1, 
external slope signal, positive input of the 
comparator, and logic gate drive signal of the 

Table 1. Zeros And Poles of The Transfer Function in (19). 

Parameter 
Exact 

Solutions 
Approximate 

Solutions 
Unit 

𝜔𝑧1 865.8 
(𝑘𝑟𝑎𝑑 𝑠⁄ ) 𝜔𝑧2  −300.05 −298.58 

𝜔𝑜, 𝑧 21.583 21.636 
𝑄𝑧 14.69 258.7  
𝜔𝑝 4.522 4.422 

(𝑘𝑟𝑎𝑑 𝑠⁄ ) 
𝜔𝑜, 𝑝1 21.596 21.716 

𝑄𝑝1 14.55 3.2  
𝜔𝑜, 𝑝2 943.25 948.55 (𝑘𝑟𝑎𝑑 𝑠⁄ ) 

𝑄𝑝2 0.593 0.594  

MOSFET. 

From (1a-1f), (2a-2c), (4a-4k) and (17), the 
following parameters can be calculated. 

𝐷 = 0.294  𝑔𝑜 = 0.318𝑚ℎ𝑜  𝐿 = 5.634𝜇𝐻  

𝐾 = 11.76  𝑔𝑖 = −0.123𝑚ℎ𝑜  𝑆𝑓 = 35.5𝑘𝑉/𝑠  

𝐶𝑠 = 200𝑛𝐹  𝑔𝑟 = 0.417𝑚ℎ𝑜  𝑆𝑛 = 85.2𝑘𝑉/𝑠  

𝑘𝑜 = 25𝑚ℎ𝑜  𝑔𝑓 = 0.032𝑚ℎ𝑜   

With the parameters of this example SEPIC, the 
transfer function of 𝑣෤௢/𝑣෤௖ in (7) calculates out as 
shown in (18). 

௩෤௢

௩෤௖
= 25 ∙

൬଴.଻଴ହା଺.଼଼ଷ∙ଵ଴షళ∙௦ାଵ.ହ଴଺∙ଵ଴షవ∙௦మ

ିଷ.ଷ଴ସ∙ଵ଴షభ ∙௦యିହ.଼ଶହ∙ଵ଴షమభ∙௦ర ൰

൭
ଵ.ସଽଽାଷ.ଷ଼ଽ∙ଵ଴షర∙௦ାସ.଼଻ଵ∙ଵ଴షవ∙௦మ

ା଻.ଵ଼଺∙ଵ଴షభయ∙௦యାଵ.ଶ଻ହ∙ଵ଴షభఴ∙௦రା
଻.ଽ଼଺∙ଵ଴షమ ∙௦ఱ

൱

    (18) 

Solving the roots of the numerator and 
denominator of (18) yields (19) as follows: 

௩෤௢

௩෤௖
= 11.76 ∙

ቀଵା
ೞ
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ቀଵା
ೞ
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ቁ∙ቀଵା

ೞ

షయబ .బఱ∙భబయቁ

ቀଵା
ೞ

ర.ఱమమ∙భబయቁ∙ቀଵା
ೞ

ళరమ.యషమభ.ఱఴ∙భబయ∙ೕ
ቁ∙

ቀଵା
ೞ

ళరమ.యశమభ.ఱఴ∙భబయ∙ೕ
ቁ∙

ቀଵା
ೞ

ళవఱ.భ∙భబయషఱబళ.రఴ∙భబయ∙ೕ
ቁ∙

ቀଵା
ೞ

ళవఱ.భ∙భబయశఱబళ.రఴ∙భబయ∙ೕ
ቁ

    (19) 

Angular frequencies of real zeros and poles, 
resonant angular frequencies and their quality 
factors of the complex zeros and poles are 
calculated from (19) and summarized in column 
“Exact Solutions” in Table 1. 

Note that poles and zeros in ‘Exact Solutions” 
column in Table 1 are well separated so that the 
approximate equations derived in (11a-11c), (12a-
12c), (14a-14e) and (15a-15e) are expected to 
yield values close to those of exact solutions. In 
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“Approximate Solutions” column of Table 1, (11a-
11c) and (14a-14e) are used instead of (12a-12c) 
and (15a-15e) since 𝜔𝑧2 ≫ 𝜔𝑜, 𝑧 and 𝜔𝑜, 𝑝2 ≫
𝜔𝑜, 𝑝1 ≫ 𝜔𝑝. It is It is observed in Table 1 that 
approximate equations in (11a-11c) and (14a-14e) 
calculate the parameters with negligible errors 
except 𝑄𝑧 and 𝑄𝑝1 thanks to zeros and poles of 
the converter in this example being well-separated. 

It is noticed from Table 1 that the zero 𝜔𝑧2 is on 
the Right Half Plane (RHP). 

For the SEPIC example operating in step down 
mode, frequency domain simulation of the transfer 
function 𝑣෤௢/𝑣෤௖ can be performed by PSpice using 
CMLSCCM model in its library, which is a large 
signal peak current-mode pwm-switch model in 

CCM. The PSpice circuit model of the example 
SEPIC is shown in Fig. 8 for frequency domain 
analysis. 

A flaw has been discovered in the netlist of PSpice 
model, CMLSCCM. The capacitor 𝐶𝑠 has been 
connected across the nodes “c” and “p” in its 
netlist resulting in miscalculation of the phase at 
frequencies nearly half the switching frequency 
and above. The correct modeling requires 
connecting the capacitor 𝐶𝑠 across the nodes “ca” 
and “p” instead. In the PSpice simulations 
presented in this paper, CMLSCCM model has 
been corrected accordingly. Frequency domain 
analysis of the example SEPIC is carried out 
through PSpice using the circuit model in Fig. 8 
and through LTspice using the circuit model in 
Fig. 6. Fig. 9 compares Bode plots obtained 
through LTspice and PSpice simulations as well as 
the transfer function in (18). Gain and Phase plots 
of PSpice simulation and the transfer function in 
(18), labelled as “Analysis”, match perfectly in 
Fig. 9 even well above the switching frequency 
expectedly because both CMLSCCM PSpice 
model and the transfer function in (18) are based 
on average peak current-mode pwm-switch model 
in CCM. This proves that the symbolic transfer 
function in (7) and its coefficients in Table 4 are 
derived successfully. 

The LTspice Bode plots in Fig. 9 are very well in 
agreement with those of the PSpice simulation and 
transfer function in (18) but deviate starting at 
nearly half the switching frequency and above due 
to the effect of switching with the LTspice circuit 
model. 

As observed in “Exact Solutions” column in Table 
1, the angular resonant frequencies of the double 
zeros and double poles (𝜔𝑜, 𝑧 and 𝜔𝑜, 𝑝1) and 
their quality factors (𝑄𝑧 and 𝑄𝑝1) are nearly equal. 
Therefore, they cancel each other in the Bode plots 
in Fig. 9 yielding smooth gain and phase plots 
around the angular frequency of 𝜔𝑜, 𝑧. The 
parameters in the “Approximate Solutions”  

 
Figure 9. Comparison of Bode plots of 𝑣෤௢/𝑣෤௖ as simulated by 
LTspice and PSpice and as calculated by the transfer 
function in (18). 

 

Figure 10. Deviation with gain and phase plots of 𝑣෤௢/𝑣෤௖ 
around 𝜔𝑜, 𝑧 because approximated values of 𝑄𝑧 and 𝑄𝑝1 
differ from their exact values. 

column match very well with those in the ‘Exact 
Solutions” column in Table 1 except 𝑄𝑧 and 𝑄𝑝1, 
which causes a mismatch with the Bode Plots of 
exact and approximate solutions around the 
angular frequency of 𝜔𝑜, 𝑧 as shown in Fig. 10. 

4.1. Example II: A SEPIC operating in step up 
mode 

Consider a SEPIC operating in step up mode with 
the following parameters: 

𝑉𝑖 = 12𝑉  𝑉𝑜 = 24𝑉  𝑆𝑒 = 150𝑘𝑉/𝑠  

𝑅 = 8𝛺  𝑓𝑠 = 400𝑘𝐻𝑧  𝜔𝑠 = 2.512𝑀𝑟𝑎𝑑/𝑠  

𝑅𝑖 = 50𝑚𝛺  𝐼𝑜 = 3𝐴  𝐶𝑜𝑢𝑡 = 𝐶1 = 100𝜇𝐹  

𝐿1 = 15𝜇𝐻  𝑟𝐿1 = 12𝑚𝛺  𝑟𝐶𝑜𝑢𝑡 = 𝑟𝐶1 = 20𝑚𝛺  

𝐿2 = 10𝜇𝐻  𝑟𝐿2 = 10𝑚𝛺   
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Parameters of LTspice circuit schematic in Fig. 6 
have been updated with the parameters of the 
SEPIC operating in step up mode. Control voltage 
𝑉𝑐 is calculated as 0.783V using (5) and 
determined by LTspice simulation as 0.79V. 

Fig. 11 shows the time domain LTspice simulation 
waveforms of the SEPIC operating in the step up 
mode. Type and order of waveforms displayed in 
Fig. 11 are same as those in Fig. 7. 

Using (1a-1f), (2a-2c), (4a-4k) and (17), the 
following parameters can be calculated. 

 

Fig. 11 LTspice time domain simulation waveforms of the 
SEPIC operating in step up mode. 

𝐷 = 0.667  𝑔𝑜 = 0.139𝑚ℎ𝑜  𝑔𝑟 = 0.25𝑚ℎ𝑜  

𝐾 = 27.73  𝑔𝑖 = −0.167𝑚ℎ𝑜  𝑆𝑛 = 100𝑘𝑉/𝑠  

𝐿 = 6𝜇𝐻  𝑔𝑓 = 0.046𝑚ℎ𝑜  𝐶𝑠 = 105.5𝑛𝐹  

𝑘𝑜 = 20𝑚ℎ𝑜  𝑆𝑓 = 200𝑘𝑉/𝑠   

With the parameters of the SEPIC operating in step 
up mode, the transfer function 𝑣෤௢/𝑣෤௖ in (7) 
calculates out as shown in (20). 

௩෤௢

௩෤௖
= 160 ∙

൬଴.ଷଷଵିସ.ସସଷ∙ଵ଴షళ∙௦ା଼.ଵଽସ∙ଵ଴షభ ∙௦మ

ିଶ.ଵ଴଻∙ଵ଴షభఱ∙௦యି଻.ହ∙ଵ଴షమ ∙௦ర ൰

൭
ଵ.ଽଵଶା଼.଴ଽହ∙ଵ଴షర∙௦ା଻.ସଷଷ∙ଵ଴షవ∙௦మ

ାଶ.଴ଵଵ∙ଵ଴షభమ∙௦యାଵ.଺଺଻∙ଵ଴షభఴ∙௦రା
ଵ.ଶ଺ଵ∙ଵ଴షమర∙௦ఱ

൱

    (20) 

Solving the roots of the numerator and 
denominator of (20) yields (21) as follows: 

௩෤௢

௩෤௖
= 27.73 ∙

ቀଵା
ೞ

ఱబబ∙భబయቁ∙ቀଵା
ೞ

మరర.భషమబ.బల∙భబయ∙ೕ
ቁ∙

ቀଵା
ೞ

మరర.భశమబ.బల∙భబయ∙ೕ
ቁ∙ቀଵା

ೞ

షమభవ.ఱఴ∙భబయቁ

ቀଵା
ೞ

మయఴభ
ቁ∙ቀଵା

ೞ

రవఱ.లషమబ.బభ∙భబయ∙ೕ
ቁ∙

ቀଵା
ೞ

రవఱ.లశమబ.బభ∙భబయ∙ೕ
ቁ∙

ቀଵା
ೞ

లఱవ.భమ∙భబయషభ.బళఱ∙భబల∙ೕ
ቁ∙

ቀଵା
ೞ

లఱవ.భమ∙భబయశభ.బళఱ∙భబల∙ೕ
ቁ

    (21) 

Angular frequencies of real zeros and poles, and 
resonant angular frequencies and their quality 
factors of the complex zeros and poles are 
calculated from (21) and summarized in column 
“Exact Solutions” in Table 2. 

Like in the case of the previous SEPIC example 
operating in step down mode, poles and zeros in 
‘Exact Solutions” column in Table 2 are well 
separated with the SEPIC example operating in 
step up mode so that the parameter values in the 
“Approximate Solutions” column calculated using 
(11a-11c) and (14a-14e) are very close to those of 

Table 2. Zeros And Poles of The Transfer Function In (21). 

Parameter 
Exact 

Solutions 
Approximate 

Solutions 
Unit 

𝜔𝑧1 500 
(𝑘𝑟𝑎𝑑 𝑠⁄ ) 𝜔𝑧2  −219.58 −219.09 

𝜔𝑜, 𝑧 20.06 20.08 
𝑄𝑧 41.09 14.9  
𝜔𝑝 2.381 2.362 

(𝑘𝑟𝑎𝑑 𝑠⁄ ) 
𝜔𝑜, 𝑝1 20.012 20.06 

𝑄𝑝1 20.19 5.43  
𝜔𝑜, 𝑝2 1.261 1.263 (𝑀𝑟𝑎𝑑 𝑠⁄ ) 

𝑄𝑝2 0.956 0.955  

 

 

Figure 12. Comparison of Bode plots of 𝑣෤௢/𝑣෤௖ as simulated 
by LTspice and PSpice and as calculated by the transfer 
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function in (20). The frequency range on the bottom graph is 
narrower to show details of the gain and phase plots with 
sharp changes around 𝜔𝑜, 𝑧 ≅ 𝜔𝑜, 𝑝1 ≅ 20𝑘𝑟𝑎𝑑/𝑠. 

the parameters in “Exact Solutions” column except 
𝑄𝑧 and 𝑄𝑝1. (see “Exact Solutions” column in 
Table 2). 

Similar to the SEPIC operating in step down mode, 
𝜔𝑧2 in Table 2 is on the RHP, too. 

The LTspice simulation model in Fig. 6 and the 
PSpice simulation model in Fig. 8 are updated with 
the parameters of the SEPIC example operating in 
step up mode and frequency domain simulations 
are carried out with both simulators. Fig. 12 
compares the LTspice and PSpice simulation 
results with the transfer function in (20), labelled 
as “Analysis”. Similar to the plots in Fig. 9, the 
PSpice simulations and the transfer function in 
(20) match perfectly at all frequencies even well 
above switching frequency as expected. LTspice 
simulation results in Fig. 12 agree very well with 
the PSpice simulations and the transfer function in 
(20) up to nearly half the switching frequency and 

 

Figure 13. Bode plots of 𝑣෤௢/𝑣෤௖ with exact and approximate 
solutions in Table 2.  The mismatch in Bode plots around 
𝜔𝑜, 𝑧 ≅ 𝜔𝑜, 𝑝1 ≅ 20𝑘𝑟𝑎𝑑/𝑠 is due to difference between 
exact and approximate values of 𝑄𝑧 and 𝑄𝑝1 in Table 2. 

deviate above that due to the switching effect with 
the LTspice simulation model. There is sudden 
phase change around the frequency of 𝜔𝑜, 𝑧 ≅
𝜔𝑜, 𝑝1 this is because 𝑄𝑧 and 𝑄𝑝1 differ in value 
(see “Exact Solutions” column in Table 2). 

Because of the fact that exact and approximate 
values do not match in Table 2 for 𝑄𝑧 and 𝑄𝑝1, 
the Bode plots generated using the values in exact 
and approximate values differ in the vicinity of 
𝜔𝑜, 𝑧 ≅ 𝜔𝑜, 𝑝1. This mismatch is shown in Fig. 
13. 

As seen in both examples of SEPIC operating in 
step up and step down modes, the LTspice and 
PSpice simulations and the symbolic transfer 
function in (7) agree very well validating the 

mathematical analysis of SEPIC with current- 
mode control in CCM presented in this paper. 

5. EXPERIMENTAL RESULTS 

LT3759 controller by Analog Devices Inc. has 
been used for experimental verification. A demo 
board of LT3759 (part number: DC1787A) has 
been modified as shown in Table 3. Transfer 
function 𝑣෤௢/𝑣෤௖ has been measured using frequency 
response analyzer PSM1735 by Newtons4th Ltd. 
See Fig. 14 for the picture of the experimental set 
up. 

The output voltage, output current and switching 
frequency of the converter are set to 12V, 1A and 
300kHz, respectively. Experimental tests are 
carried out with the converter operating in step up 
mode with 𝑉𝑖 = 9𝑉 and in step down mode with 
𝑉𝑖 = 18𝑉. 

As seen in Fig. 15, the calculated transfer function 
in (7) and measured transfer function match well. 

 

 

Table 3 Components Used On the Demo Board Of LT3759 

Reference 
Designator 

Component Value 
Manufacturer and 

Part Number 

𝐶1, 𝐶𝑜𝑢𝑡 
𝐶 = 100𝜇𝐹, 
𝑒𝑠𝑟 = 0.25𝛺 

Panasonic Corp., 
EEU-EB1V221B 

𝐿1, 𝐿2 

𝐿 = 33𝜇𝐻 + 
47𝜇𝐻 

𝐷𝐶𝑅 = 67𝑚𝛺 + 
68𝑚𝛺 

Viking Tech Corp. 
PCS127-T330 and 

PCS127-T470 
connected in series 

𝐷1 3A Schottky Diode 
Diodes Inc. 
PDS360-13 

𝑆1 
60V, 7mΩ,  

N-Ch. MOSFET 
Renesas Elec. Corp., 
RJK0652DPB-00-J5 

𝑅𝑖 5mΩ, 1/2W, 1% 
Vishay Inc., 

WSL20105L000FEA 
 

 

Figure 14. Picture of the experimental set up.  
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(a) Step down mode, (𝑉𝑖 = 18𝑉). 

 

(b) Step up mode, (𝑉𝑖 = 9𝑉) 

Figure 15. Comparison of calculated and measured Bode 
Plots of transfer function 𝑣෤௢/𝑣෤௖ in step up and step down 
modes. 

6. CONCLUSIONS 

Full order small signal analysis of peak-current 
controlled non-isolated SEPIC is presented in 
CCM using the pwm-switch model. Control to 
output voltage transfer function together with its 
zeros and poles are provided in symbolic form 
including parasitic resistances of all four reactive 
components in the SEPIC. Approximated 
symbolic transfer functions for zeros and poles of 
the transfer function are derived with the 
assumption that zeros and poles are well-
separated. Control to output voltage transfer 
function presented in the paper is validated on two 
numerical examples operating in step down and 
step up modes by both frequency domain 
simulations and switching time domain 
simulations. It has been shown that the 
mathematical transfer function derived matches 
very well with the PSpice frequency domain 
simulations and LTspice switching time domain 
simulations, as well as the measurement results. 
LT3759 controller by Analog Devices Inc. has 
been used for experimental verification. 
Measurements have been carried out with the 
converter operating in both buck and boost modes. 
Like the simulations results, measurement results 
also validate the mathematical analysis of the 
SEPIC transfer function provided in the paper. 

Since the symbolic equations provided in the paper 
are derived including the parasitic resistances of 
all four reactive components in SEPIC, they enable 
researchers and engineers to understand effect of 
all these parasitic resistances on the transfer 
function of the converter. On the other hand, they 
make the resultant transfer function and the 
equations of zeros and poles too complex for hand 
manipulations. Present mathematics software 
packages have symbolic arithmetic capabilities 
that facilitate manipulation of symbolic equations 
with thousands of parameters with no difficulty. 
Therefore, once the symbolic transfer function 
provided in the paper is transferred into a 
mathematics software, it can be manipulated in its 
symbolic form by either using it with full 
complexity or reducing it to a simpler form setting 
desired parameters to zero by the choice of 
designer. 

7. APPENDIX 

Table 4 Coefficients of The Transfer Function in (7). 

𝑁0 = 1 − 𝐷 + 𝑔𝑖 ∙ 𝑟𝐿1  

𝑁1 = 𝑔𝑖 ∙ (𝐿1 + 𝐶1 ∙ 𝑟𝐶1 ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1) +  
           (1 − 𝐷) ∙ ൫𝐶𝑜𝑢𝑡 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐶1 ∙ (𝑟𝐶1 + 𝑟𝐿1)൯ +  
           𝐶1 ∙ (1 − 𝐷 − 𝑔𝑟 ∙ 𝑟𝐿1) ∙ 𝑟𝐿2  
𝑁2 = 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝐿1 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐶1 ∙ [𝐿2 − 𝑔𝑟 ∙ 𝐿2 ∙ 𝑟𝐿1 + 𝐿1 ∙
            (1 − 𝐷 + 𝑔𝑖 ∙ 𝑟𝐶1 − 𝑔𝑟 ∙ 𝑟𝐿2) + 𝐶𝑜𝑢𝑡 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ (𝑟𝐶1 + 𝑟𝐿1 +
            𝑔𝑖 ∙ 𝑟𝐶1 ∙ 𝑟𝐿1 + 𝑟𝐿2 − 𝑔𝑟 ∙ 𝑟𝐿1 ∙ 𝑟𝐿2) − 𝐷 ∙ (𝐿2 + 𝐶𝑜𝑢𝑡 ∙
            𝑟𝐶𝑜𝑢𝑡 ∙ (𝑟𝐶1 + 𝑟𝐿1 + 𝑟𝐿2))]  
𝑁3 = 𝐶1 ∙ [𝐶𝑜𝑢𝑡 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ ((1 − 𝐷) ∙ (𝐿1 + 𝐿2) + 𝑔𝑖 ∙ 𝐿1 ∙ 𝑟𝐶1) −
            𝑔𝑟 ∙ (𝐶𝑜𝑢𝑡 ∙ 𝐿2 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 + 𝐿1 ∙ (𝐿2 + 𝐶𝑜𝑢𝑡 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙
            𝑟𝐿2))]  

𝑁4 = −𝐶1 ∙ 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑟 ∙ 𝐿1 ∙ 𝐿2 ∙ 𝑟𝐶𝑜𝑢𝑡  

𝐷0 = −1 − [𝑔𝑜 ∙ (1 − 𝐷) + 𝑔𝑟] ∙ (𝑅 + 𝑟𝐿2) − 𝑔𝑖 ∙ (𝑅 + 𝑟𝐿1 + 𝑔𝑜 ∙
            𝑅 ∙ 𝑟𝐿1 + 𝑟𝐿2 + 𝑔𝑜 ∙ 𝑟𝐿1 ∙ 𝑟𝐿2) −  

            𝑔𝑓 ∙ ቈ
𝐷 ∙ 𝑟𝐿1 − 𝑅 ∙ ൫(1 − 𝐷) − 𝑔𝑟 ∙ 𝑟𝐿1൯ −

(1 − 𝐷 − 𝑔𝑟 ∙ 𝑟𝐿1) ∙ 𝑟𝐿2
቉  

𝐷1 = −(𝑔𝑖 ∙ 𝐿1) + 𝑔𝑓 ∙ 𝐿2 − 𝑔𝑖 ∙ 𝐿2 − 𝑔𝑜 ∙ 𝐿2 − 𝑔𝑟 ∙ 𝐿2 −
           (𝐶𝑜𝑢𝑡 + 𝐶𝑠) ∙ 𝑅 − 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝐿1 ∙ 𝑅 − 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝐿1 ∙ 𝑅 − 𝐶1 ∙
           𝑟𝐶1 + 𝐶1 ∙ 𝑔𝑓 ∙ 𝑅 ∙ 𝑟𝐶1 − 𝐶1 ∙ 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶1 − 𝐶1 ∙ 𝑔𝑜 ∙ 𝑅 ∙
           𝑟𝐶1 − 𝐶1 ∙ 𝑔𝑟 ∙ 𝑅 ∙ 𝑟𝐶1 − 𝐶𝑜𝑢𝑡 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑓 ∙ 𝑅 ∙
           𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑜 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙
           𝑔𝑟 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 − 𝐶1 ∙ 𝑟𝐿1 − 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝐿2 ∙ 𝑟𝐿1 − 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝐿2 ∙
           𝑟𝐿1 + 𝐶1 ∙ 𝑔𝑓 ∙ 𝑅 ∙ 𝑟𝐿1 − 𝐶1 ∙ 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐿1 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑅 ∙
           𝑟𝐿1 − 𝐶𝑠 ∙ 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐿1 − 𝐶1 ∙ 𝑔𝑜 ∙ 𝑅 ∙ 𝑟𝐿1 − 𝐶1 ∙ 𝑔𝑟 ∙ 𝑅 ∙ 𝑟𝐿1 −
           𝐶1 ∙ 𝑔𝑖 ∙ 𝑟𝐶1 ∙ 𝑟𝐿1 − 𝐶1 ∙ 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐿1 − 𝐶1 ∙ 𝑔𝑓 ∙ 𝑔𝑟 ∙
           𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐿1 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝑅 ∙
           𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 − 𝑟𝐿2 ∙ [𝐶𝑠 +
           𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝐿1 + 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝐿1 + 𝐶𝑠 ∙ 𝑔𝑖 ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ (𝑅 +
           𝑟𝐶𝑜𝑢𝑡) ∙ (𝑔𝑖 + 𝑔𝑜 + 𝑔𝑟 + 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝑟𝐿1 + 𝑔𝑓 ∙ (−1 + 𝑔𝑟 ∙
           𝑟𝐿1)) + 𝐶1 ∙ (1 + (𝑔𝑖 + 𝑔𝑜 + 𝑔𝑟) ∙ (𝑅 + 𝑟𝐶1) + 𝑔𝑜 ∙ (1 + 𝑔𝑖 ∙
           (𝑅 + 𝑟𝐶1)) ∙ 𝑟𝐿1 + 𝑔𝑓 ∙ (𝑅 + 𝑟𝐶1) ∙ (−1 + 𝑔𝑟 ∙ 𝑟𝐿1))] + 𝐷 ∙
           [𝐶𝑠 ∙ (𝑅 + 𝑟𝐿2) + 𝑔𝑜 ∙ (𝐿2 + 𝐶𝑜𝑢𝑡 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐶1 ∙ 𝑅 ∙
           (𝑟𝐶1 + 𝑟𝐿1) + 𝐶1 ∙ (𝑅 + 𝑟𝐶1) ∙ 𝑟𝐿2 + 𝐶𝑜𝑢𝑡 ∙ (𝑅 + 𝑟𝐶𝑜𝑢𝑡) ∙
           𝑟𝐿2) − 𝑔𝑓 ∙ (𝐿1 + 𝐿2 + 𝐶1 ∙ (𝑟𝐶1 ∙ (𝑟𝐿1 + 𝑟𝐿2) + 𝑅 ∙ (𝑟𝐶1 +
           𝑟𝐿1 + 𝑟𝐿2)) + 𝐶𝑜𝑢𝑡 ∙ (𝑟𝐶𝑜𝑢𝑡 ∙ (𝑟𝐿1 + 𝑟𝐿2) + 𝑅 ∙ (𝑟𝐶𝑜𝑢𝑡 +
           𝑟𝐿1 + 𝑟𝐿2)))]  
𝐷2 = −(𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝐿1 ∙ 𝐿2) − 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝐿1 ∙ 𝐿2 − 𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙ 𝑔𝑓 ∙ 𝐿1 ∙
           𝑅 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝐿1 ∙ 𝑅 + 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑓 ∙ 𝐿2 ∙ 𝑅 − 𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙ 𝑔𝑓 ∙ 𝐿2 ∙
           𝑅 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝐿2 ∙ 𝑅 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑜 ∙ 𝐿2 ∙ 𝑅 + 𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙ 𝑔𝑜 ∙ 𝐿2 ∙
           𝑅 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑟 ∙ 𝐿2 ∙ 𝑅 − 𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙ 𝑔𝑓 ∙ 𝐿1 ∙ 𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙
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           𝑔𝑖 ∙ 𝐿1 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑓 ∙ 𝐿2 ∙ 𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙ 𝑔𝑓 ∙ 𝐿2 ∙
           𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝐿2 ∙ 𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑜 ∙ 𝐿2 ∙ 𝑟𝐶𝑜𝑢𝑡 +
           𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙ 𝑔𝑜 ∙ 𝐿2 ∙ 𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑟 ∙ 𝐿2 ∙ 𝑟𝐶𝑜𝑢𝑡 −
           𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝐿1 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝐿1 ∙ 𝑅 ∙
           𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝐿2 ∙ 𝑅 ∙ 𝑟𝐿1 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑓 ∙ 𝑔𝑟 ∙
           𝐿2 ∙ 𝑅 ∙ 𝑟𝐿1 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝐿2 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 − 𝐶𝑜𝑢𝑡 ∙
           𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝐿2 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝐿1 ∙ 𝑅 ∙ 𝑟𝐿2 −
           𝐶𝑜𝑢𝑡 ∙ 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝐿1 ∙ 𝑅 ∙ 𝑟𝐿2 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝐿1 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙
           𝑟𝐿2 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝐿1 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿2 − 𝐶𝑠 ∙ [𝐿2 ∙ (1 − 𝐷 +
           𝑔𝑖 ∙ 𝑟𝐿1) + 𝑔𝑖 ∙ 𝑅 ∙ (𝐿1 + 𝐶𝑜𝑢𝑡 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1) + 𝑔𝑖 ∙ (𝐿1 +
           𝐶𝑜𝑢𝑡 ∙ (𝑅 + 𝑟𝐶𝑜𝑢𝑡) ∙ 𝑟𝐿1) ∙ 𝑟𝐿2 − 𝐶𝑜𝑢𝑡 ∙ (−1 + 𝐷) ∙ (𝑅 ∙
           𝑟𝐶𝑜𝑢𝑡 + (𝑅 + 𝑟𝐶𝑜𝑢𝑡) ∙ 𝑟𝐿2)] − 𝐶1 ∙ [𝐿2 − 𝑔𝑓 ∙ 𝐿2 ∙ 𝑅 + 𝐷 ∙
           𝑔𝑓 ∙ 𝐿2 ∙ 𝑅 + 𝑔𝑖 ∙ 𝐿2 ∙ 𝑅 + 𝑔𝑜 ∙ 𝐿2 ∙ 𝑅 − 𝐷 ∙ 𝑔𝑜 ∙ 𝐿2 ∙ 𝑅 + 𝑔𝑟 ∙
           𝐿2 ∙ 𝑅 − 𝑔𝑓 ∙ 𝐿2 ∙ 𝑟𝐶1 + 𝐷 ∙ 𝑔𝑓 ∙ 𝐿2 ∙ 𝑟𝐶1 + 𝑔𝑖 ∙ 𝐿2 ∙ 𝑟𝐶1 + 𝑔𝑜 ∙
           𝐿2 ∙ 𝑟𝐶1 − 𝐷 ∙ 𝑔𝑜 ∙ 𝐿2 ∙ 𝑟𝐶1 + 𝑔𝑟 ∙ 𝐿2 ∙ 𝑟𝐶1 + 𝐶𝑜𝑢𝑡 ∙ 𝑅 ∙ 𝑟𝐶1 +
           𝐶𝑠 ∙ 𝑅 ∙ 𝑟𝐶1 − 𝐶𝑠 ∙ 𝐷 ∙ 𝑅 ∙ 𝑟𝐶1 + 𝐶𝑜𝑢𝑡 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙
           𝑔𝑓 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙ 𝑔𝑓 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐶𝑜𝑢𝑡 ∙
           𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑜 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 − 𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙
           𝑔𝑜 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑟 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝑔𝑜 ∙ 𝐿2 ∙
           𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ 𝑅 ∙ 𝑟𝐿1 + 𝐶𝑠 ∙ 𝑅 ∙ 𝑟𝐿1 − 𝐶𝑠 ∙ 𝐷 ∙ 𝑅 ∙ 𝑟𝐿1 + 𝑔𝑖 ∙
           𝑔𝑜 ∙ 𝐿2 ∙ 𝑅 ∙ 𝑟𝐿1 + 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝐿2 ∙ 𝑅 ∙ 𝑟𝐿1 + 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝐿2 ∙ 𝑟𝐶1 ∙
           𝑟𝐿1 + 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝐿2 ∙ 𝑟𝐶1 ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙ 𝑔𝑓 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐿1 +
           𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐿1 + 𝐶𝑠 ∙ 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙
           𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 − 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑓 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙ 𝑔𝑓 ∙ 𝑅 ∙
           𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑜 ∙ 𝑅 ∙
           𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 − 𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙ 𝑔𝑜 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑟 ∙ 𝑅 ∙
           𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ 𝐷 ∙ 𝑔𝑓 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙
           𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 +
           𝐶𝑜𝑢𝑡 ∙ 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 + ((𝐶𝑠 ∙ (1 − 𝐷) ∙ (𝑅 +
           𝑟𝐶1)) + 𝐶𝑠 ∙ (1 + 𝑔𝑖 ∙ (𝑅 + 𝑟𝐶1)) ∙ 𝑟𝐿1 + 𝐶𝑜𝑢𝑡 ∙ (𝑟𝐶𝑜𝑢𝑡 +
           ((−1 + 𝐷) ∙ 𝑔𝑓 + 𝑔𝑖 + 𝑔𝑜 − 𝐷 ∙ 𝑔𝑜 + 𝑔𝑟) ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 +
           (𝑔𝑜 + 𝑔𝑖 ∙ 𝑔𝑜 ∙ 𝑟𝐶1 + 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝑟𝐶1) ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿1 + 𝑅 ∙ (1 +
           (𝑔𝑖 + 𝑔𝑜 − 𝐷 ∙ 𝑔𝑜 + 𝑔𝑟) ∙ (𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡) + 𝑔𝑜 ∙ (1 + 𝑔𝑖 ∙
           (𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡)) ∙ 𝑟𝐿1 + 𝑔𝑓 ∙ (𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡) ∙ (−1 + 𝐷 + 𝑔𝑟 ∙
           𝑟𝐿1)))) ∙ 𝑟𝐿2 + 𝐿1 ∙ [1 + 𝑔𝑜 ∙ 𝑅 − 𝐷 ∙ 𝑔𝑜 ∙ 𝑅 + 𝑔𝑟 ∙ 𝑅 + 𝑔𝑜 ∙
           𝑟𝐿2 + 𝑔𝑖 ∙ (𝑅 + 𝑟𝐶1 + 𝑔𝑜 ∙ 𝑅 ∙ 𝑟𝐶1 + 𝑔𝑜 ∙ (𝑅 + 𝑟𝐶1) ∙ 𝑟𝐿2) +
           𝑔𝑓 ∙ (𝑟𝐶1 ∙ (𝐷 + 𝑔𝑟 ∙ 𝑟𝐿2) + 𝑅 ∙ (−1 + 𝐷 + 𝑔𝑟 ∙ (𝑟𝐶1 +
           𝑟𝐿2)))]]  
𝐷3 = −൫𝐶𝑜𝑢𝑡 ∙ (𝑔𝑖 ∙ 𝑔𝑜 + 𝑔𝑓 ∙ 𝑔𝑟) ∙ 𝐿1 ∙ 𝐿2 ∙ (𝑅 + 𝑟𝐶𝑜𝑢𝑡)൯ − 𝐶1 ∙

           [𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝐿1 ∙ 𝐿2 ∙ (𝑅 + 𝑟𝐶1) + 𝑔𝑜 ∙ (𝐶𝑜𝑢𝑡 ∙ 𝐿2 ∙ (−((−1 +
           𝐷) ∙ (𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝑅 ∙ (𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡))) + (𝑟𝐶𝑜𝑢𝑡 + 𝑔𝑖 ∙ 𝑟𝐶1 ∙
           𝑟𝐶𝑜𝑢𝑡 + 𝑅 ∙ (1 + 𝑔𝑖 ∙ (𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡))) ∙ 𝑟𝐿1) + 𝐿1 ∙ (𝐿2 ∙ (1 +
           𝑔𝑖 ∙ (𝑅 + 𝑟𝐶1)) + 𝐶𝑜𝑢𝑡 ∙ 𝑅 ∙ (1 − 𝐷 + 𝑔𝑖 ∙ 𝑟𝐶1) ∙ 𝑟𝐶𝑜𝑢𝑡 +
           𝐶𝑜𝑢𝑡 ∙ (𝑅 + 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡 + 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝑔𝑖 ∙ 𝑟𝐶1 ∙
           𝑟𝐶𝑜𝑢𝑡) ∙ 𝑟𝐿2)) + 𝐶𝑜𝑢𝑡 ∙ (𝐿2 ∙ (𝑟𝐶𝑜𝑢𝑡 + 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ (𝑔𝑖 +
           𝑔𝑟 + 𝑔𝑓 ∙ (−1 + 𝐷 + 𝑔𝑟 ∙ 𝑟𝐿1)) + 𝑅 ∙ (1 + (𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡) ∙
           (𝑔𝑖 + 𝑔𝑟 + 𝑔𝑓 ∙ (−1 + 𝐷 + 𝑔𝑟 ∙ 𝑟𝐿1)))) + 𝐿1 ∙ (𝑟𝐶𝑜𝑢𝑡 + 𝑟𝐶1 ∙
           𝑟𝐶𝑜𝑢𝑡 ∙ (𝐷 ∙ 𝑔𝑓 + 𝑔𝑖 + 𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝑟𝐿2) + 𝑅 ∙ (1 + (−𝑔𝑓 + 𝑔𝑟 +
           𝑔𝑓 ∙ 𝑔𝑟 ∙ 𝑟𝐶1) ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐷 ∙ 𝑔𝑓 ∙ (𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡) + 𝑔𝑖 ∙ (𝑟𝐶1 +
           𝑟𝐶𝑜𝑢𝑡) + 𝑔𝑓 ∙ 𝑔𝑟 ∙ (𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡) ∙ 𝑟𝐿2)))] − 𝐶𝑠 ∙ [(𝐶𝑜𝑢𝑡 ∙
           (1 − 𝐷) ∙ 𝐿2 ∙ (𝑅 + 𝑟𝐶𝑜𝑢𝑡)) + 𝐶1 ∙ ((𝐶𝑜𝑢𝑡 ∙ (1 − 𝐷) ∙ 𝑅 ∙
           𝑟𝐶𝑜𝑢𝑡 ∙ (𝑟𝐶1 + 𝑟𝐿1)) + 𝐿2 ∙ (((1 − 𝐷) ∙ (𝑅 + 𝑟𝐶1)) + 𝑟𝐿1) +
           𝐶𝑜𝑢𝑡 ∙ (((1 − 𝐷) ∙ (𝑅 ∙ 𝑟𝐶1 + (𝑅 + 𝑟𝐶1) ∙ 𝑟𝐶𝑜𝑢𝑡)) + (𝑅 +
           𝑟𝐶𝑜𝑢𝑡) ∙ 𝑟𝐿1) ∙ 𝑟𝐿2 + 𝐿1 ∙ (𝑅 − 𝐷 ∙ 𝑅 + 𝑟𝐿2)) + 𝑔𝑖 ∙ [𝐿1 ∙
           (𝐿2 + 𝐶1 ∙ 𝑅 ∙ 𝑟𝐶1 + 𝐶𝑜𝑢𝑡 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐶1 ∙ (𝑅 + 𝑟𝐶1) ∙
           𝑟𝐿2 + 𝐶𝑜𝑢𝑡 ∙ (𝑅 + 𝑟𝐶𝑜𝑢𝑡) ∙ 𝑟𝐿2) + 𝑟𝐿1 ∙ (𝐶𝑜𝑢𝑡 ∙ 𝐿2 ∙ (𝑅 +
           𝑟𝐶𝑜𝑢𝑡) + 𝐶1 ∙ (𝐿2 ∙ (𝑅 + 𝑟𝐶1) + 𝐶𝑜𝑢𝑡 ∙ (𝑅 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 +
           𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 ∙ 𝑟𝐿2 + 𝑅 ∙ (𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡) ∙ 𝑟𝐿2)))]]  
𝐷4 = −(𝐶𝑜𝑢𝑡 ∙ 𝐶𝑠 ∙ 𝑔𝑖 ∙ 𝐿1 ∙ 𝐿2 ∙ (𝑅 + 𝑟𝐶𝑜𝑢𝑡)) − 𝐶1 ∙ [𝐶𝑜𝑢𝑡 ∙ 𝐿1 ∙
           𝐿2 ∙ (𝑔𝑜 ∙ (𝑅 + 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡 + 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝑔𝑖 ∙
           𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡) + 𝑔𝑓 ∙ 𝑔𝑟 ∙ (𝑅 ∙ 𝑟𝐶1 + (𝑅 + 𝑟𝐶1) ∙ 𝑟𝐶𝑜𝑢𝑡)) + 𝐶𝑠 ∙
           [𝐶𝑜𝑢𝑡 ∙ 𝐿2 ∙ (−((−1 + 𝐷) ∙ (𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝑅 ∙ (𝑟𝐶1 +
           𝑟𝐶𝑜𝑢𝑡))) + (𝑟𝐶𝑜𝑢𝑡 + 𝑔𝑖 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝑅 ∙ (1 + 𝑔𝑖 ∙ (𝑟𝐶1 +
           𝑟𝐶𝑜𝑢𝑡))) ∙ 𝑟𝐿1) + 𝐿1 ∙ [𝐿2 ∙ (1 + 𝑔𝑖 ∙ (𝑅 + 𝑟𝐶1)) + 𝐶𝑜𝑢𝑡 ∙ 𝑅 ∙
           (1 − 𝐷 + 𝑔𝑖 ∙ 𝑟𝐶1) ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝐶𝑜𝑢𝑡 ∙ (𝑅 + 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶1 +
           𝑟𝐶𝑜𝑢𝑡 + 𝑔𝑖 ∙ 𝑅 ∙ 𝑟𝐶𝑜𝑢𝑡 + 𝑔𝑖 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡) ∙ 𝑟𝐿2]]]  

𝐷5 = −𝐶1 ∙ 𝐶𝑜𝑢𝑡 ∙ 𝐶𝑠 ∙ 𝐿1 ∙ 𝐿2 ∙ ቈ
𝑟𝐶𝑜𝑢𝑡 + 𝑔𝑖 ∙ 𝑟𝐶1 ∙ 𝑟𝐶𝑜𝑢𝑡 +

𝑅 ∙ ൫1 + 𝑔𝑖 ∙ (𝑟𝐶1 + 𝑟𝐶𝑜𝑢𝑡)൯
቉  
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