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Abstract

Two classes of nonterminating well-poised series are examined by means of the modified
Abel lemma on summation by parts, that leads to several summation and transformation
formulae.
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1. Introduction and motivation

As a classical analytic instrument, the Abel lemma on summation by parts has been
fundamental in convergence test of infinite series (cf. [3, §80], [19, §43] and [22, §7.36] for
example). However, it has not been utilized, until recently, to evaluate finite sums and
infinite series. For this purpose, it has been necessary for the author [6,9] to reformulate
it in a more symmetrical form.

For an arbitrary complex sequence {73}, define the backward and forward difference
operators V and A, respectively, by

VTk:Tk—Tk,1 and ATk:Tk_Tk+l, (1.1)

where A is adopted for convenience in the present paper, which differs from the usual
operator A only in the minus sign. Then Abel’s lemma on summation by parts for
unilateral and bilateral series may be reformulated respectively as

400 +o00

Z BkVAk:[AB]+ —A_1Bg+ Z AL ABy, (12)
k=0 k=0

+o0 +o0

> ByVA,=[AB]; — [AB]_+ >  A,AB. (1.3)
k=—o00 k=—o00

Both formulae just displayed hold for terminating series and nonterminating series, pro-
vided, in the latter case, that one of both series in each equation converges and there exist
the limits [AB]4 := liIil ApBrii.

n—xroo

The above modified Abel formulae on summation by parts have been shown powerful in
dealing with summation and transformation formulae for both unilateral series (cf.[7,12,13,
23,24]) and bilateral series (cf. [8,10,11]). The aim of the present paper is to examine two
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classes of well-poised series ¢ Hg(—1) and 7H7(1), as well as their unilateral counterparts.
Several transformation formulae will be derived and some important identities will be
reviewed.

Let Z and N be the sets of integers and natural numbers with No = NU {0}. Then for
n € Z and an indeterminate x, the shifted factorial is defined by the quotient

(@)n = T(z +n)/T(2),

where the I'-function is given by the Euler integral

o0

I(z) = / u*leTUdu  with R(x) > 0.
0

Throughout the paper, we shall adopt the following notations (cf. Bailey [1]) for the

generalized hypergeometric series, which has wide applications in mathematics, physics,

and computer science (see [20] and [17, §5.5]):

[a1,a2, - ,ap | ] > (al)k(GZ)k e (ap)k 7
F Y2, yUp 2| = —,
P21 by,ba,- -+ by kz:;) (b1)k(b2)k -+~ (bg)r K!
(ay,a9, - ,ap | ] — (a)r(a2)k - (ap)k 4
H M ) ) p Z — Z R
p=p _b17b27"' 7bp i k:z—:oo (bl)k(bQ)k (bp)k
JH 21,22,--' aZp L o5 (aok(a2)i - (ap)i i
[ 01,02, 50y 1] = (b1)k(D2)k -+ (bp)k

There exist numerous closed formulae for hypergeometric series in the literature (see e.g.
[4,5,7,14,24]). These series are said to be well-poised (when ¢ = p — 1 for the unilateral
series ,Fy) if their numerator parameters can be paired off with denominator parameters
so that each pair has the same sum. The well-poised series is one of the important classes
of hypergeometric series. They have been carefully examined by Whipple [25] almost a
century ago. Some extensions with integer parameters can be found in a recent paper [21]
by Srivastava et al.

There are several useful properties of the I'-function. Some of them are recorded below,
that will be utilized freely in the paper without explanation:

e Recurrence relation
Iz +n) = (z),I'(x) for n € Ny.
e Asymptotic relation (cf. Rainville [20, §11])
MNz+4+n) =~ (n—1)In" as n— +oo. (1.4)

Using the above relation is sometimes easier than using the Stirling asymptotic

formula.
e BEuler’s reflection formula (cf. Rainville [20, §17])

™

Mz)Il'(l-—=z) = prp—

e Gauss’ multiplication formula (cf. Rainville [20, §20])

n—1

[(na) = (27) 70" 2 [[ Do+ %) (1.5)

k=0
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In addition, we shall make use of the following multi—-parameter notations in order to
reduce lengthy and complicated expressions:

_CM,/B,"‘ a’y_ — (Oé)n(ﬂ)n(’)/)n
[A,B,-- ’C-n (A)n(B)n'”(C%,
r _aaﬁv"' 77_ — F(Q)F(ﬁ)r(v
| AB,--- ,C] L(A)I(B)---T(C)’
sin (o, B, ,y] _ sin(ra)sin(nf) - --sin(7y)
"laB,. | T sin(rA) sin(wB) - - - sin(rC)
2. Well-poised ;H;(1) series
For the two sequences defined by
A, — 1+0b, 1+c¢, 1+d, 1+2a—b—c—d
F=114a-b, 1+a—-c, l14+a—-d, l—a+b+c+d L
B, = a, 67 Y, 2+2a—a—ﬁ—7
Fmll4+a-a, 14+a—0, 14a—7v, a+B+y—a—-1 |

it is almost trivial to factorize their differences

VA, — b, c, d, 2a —b—c—d
Foll4a—-b, 14+a—c, 14+a—d, l—a+b+c+d],

(a+2k)(a—b—c)(a—b—d)(a—c—d)

% bed(2a — b —c — d) !
o «, /87 v, 2—’—2@—@—5—’}/
ABk_{2—i—a—oz, 2+a—08, 2+a—7, a+B+7v—a L
(14+a+2k)1+a—a-p)(l+a—a—-—7)(1+a—-pL—7)
lt+a-a)l+a-B)(l+a—y)(1+a—a—B—7) '

and determine the boundary condition

_(a—=b)la—c)la—d)(b+c+d—a)
A-1Bo = bed(2a — b — ¢ — d) '

When 14+3a = b+c+d+a+ [+, we can also evaluate, by making use of the asymptotic
relation (1.4), the following limits

L s 1+0b, 1+ec, 1+d, 14+2a-b—c—d
[AB]+_klin§oA’fB’“+1_klinéoLJra—b, lta—c, l+a-—d, 1—a+b+c+dL

% «, 57 ) 2+2a—a—ﬁ—'y
l+a—a, 1+a-3, 1+a—vy, a+B+y—-a—1

_F{l—i—a—b, l1+a—c¢, 14+a-—d, 1—a+b+c+d]

k+1

1+, 1+e¢, 1+d, 1+2a—b—c—d
cr|tte—o l+a—p, 1+a—v, a+B+y—a—1
a, 57 v 2+2G—Oé—ﬁ—’y
I‘(1+a—b)F(1+a—C)F(1+a—d)P 1+a—a,1+a—ﬂ,1+a—'y]
20 —b—c—d l—i—b,l—i—c,l—i—d,a,ﬁ,’y
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and
[AB]_ = i 140, 1+4e¢, 1+4d, 1+42a—b—c—d
__kirfw l1+a-b, 1+a—¢, 1+a—d, 1—a+b+c+d &
% «, ﬁ? Y 2—'_2@_0[_5_7
l+a-a, 1+a-p, 1+a-vy, a+f+y—a—-1]
— b—a, ¢c—a, d—a, a—b—c—d
I R —b, —c, -d, bt+c+d—2a] ,

o —a, ﬁ_aa v —a, 2-'-&-0(-6—’)/
1—0[, 1_ﬁ7 1_’77 Oé—{—B—F’Y—l—Qa —k—1
T —b, —c, —d, b4+c+d—2a
" |b—a, ¢c—a, d—a, a—-b—c—d
l—a, 1-8, 1—v, a+8+~v—-1-2a
a—a, f—a, y—a, 24a—-—a—-pF—7y
_; —b,—C,—d,l—Ck,l—ﬁ,l—’)/
_b+C+d—QCL b—a,c—a,d—a,a—a,ﬁ—a,’y—a )

xr{

They will be employed, in this section, to investigate two well-poised series: first the
unilateral series 77 (1) and then the bilateral one 7 H7(1).

2.1. Unilateral series

For the seven complex parameters {a,b,c,d,«, 3,7} satisfying the linear condition
14+3a=b+c+d+ a+ [+, define the well-poised series by

W(CL7 ba ¢, d7 «, /87 ’Y)

— 7H+ 1+%7 b> ¢, d7 «, ﬁa v ’1:|
' 7 ¢l+a—-bl+a—-cl+a—dl+a—al+a—pFl+a—y
which is absolutely convergent because the sum of the parameters in denominator exceeds
that in numerator by “3”.

According to the modified Abel lemma on summation by parts, we can express the
W -series as follows:

bed(2a — b — ¢ — d)
ala—b—c)la—b—d)(a—c—d)

oo
> BiVA,
k=0

W(a’; b’ C? d7a7 /8’7) =

_ de(Qa—b—C—d) o
Cala—b—c)la—b—d)(a—c—d) {[AB]+ —A_1By+ ’;)AkABk},

Observing that

iAkABk :W(a+1,b+1gc+ 1,d+1,0(,,8,’}/)

k=0
(I+a)lt+a-a-B)(1l+a-—a—-y)(1+a—F~-7)
(l+a—-a)l+a-B)(1+a—y)(1+a—-a—pF~—7)
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we derive the following recurrence relation

W(a;b,c,d, e, B,7) = W(a+1;b+1,c+ 1,d+ 1,,5,7)
(1+a)cd(l+a—a—-pF)(l+a—a—7y)1+a—pF—7)
alb+c—a)b+d—a)(c+d—a)l+a—a)l+a—PF)(1+a—7)

(a—=b)(a—c)la—d)(b+c+d—a) bed
alb+c—a)b+d—a)(c+d—a) ala—b—c)la—b—d)(a—c—d)
l1+a-bl4+a—-c¢cl+a—-d1l+a—a,l+a—pF,14a—7
1+b,1+¢c14+da,p,y

+

x I’

Keep in mind that this recursion does not alter the convergence condition because the
linear restriction 1 +3a = b+ c+ d+ a + [ + v remains invariant. Iterating this relation
m-times, we get the transformation formula below that expresses the W-series in terms of
another well-poised sum.

Proposition 2.1 (meNp: 1+3a=b+c+d+a+S+7).

W(a;b,c7d,a,/37’y) :W(a+m;b+mﬁc+m?d+m7a7ﬂ7’7)

o 1+a,bc,dil14+a—a—F,1+a—a—vy,14+a—F—7
a,b+c—abt+d—a,c+d—a,l+a—-a,l+a-p1+a—~]

(a—b)(a—c)a—d)(b+c+d—a) = b+c+d—a+2k
alb+c—a)b+d—a)(c+d—a) kz:%] b+c+d—a
x[ be,d,1+a—a—-0,1+a—a—y,1+a—F—7 }
I4+b+c—a,1+b+d—a,1+ctd—a,1+a—a, 1+a—p, 1+a—7 ],
(a —b)(a—c)(a—d)
alb+c—a)b+d—a)(c+d—a)
XF{a—b,a—c,a—d,l—l—a—a,l—i—a—ﬂ,l%—a—'y}

bvcad704767'7

~ 1{1+aaﬁ,1+aa%1+a,@7]
k

x l4+b+c—al+b+d—al+ct+d—a

k=0
By means of the Weierstrass M-test on uniformly convergent series (cf. Stromberg [22,

§3.106]), it is not difficult to determine the following limit:

. . _ + a, /87 Y
nlgnOOW(a—l-m,b—i—m,c—i—m,d—i—m,a,ﬁ,’y)—3H3 1—{—a—b,1—|—a—c,1+a—d‘1l

Therefore, we have established the reciprocal relation involving two nonterminating well—
poised series and two partial 3H§r -series.
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Theorem 2.2 (1+3a=b+c+d+a+F+7).
Wi(a;b,c,d, e, ,7) x a(b+c—a)(b+d—a)(c+d—a)
=W(b+c+d—ajbc,d)l1+a—a—-p,1+a—a—v,1+a—p5—7)
x(a—=b)(a—c)la—d)(b+c+d—a)

L HF (1+a—a—8,1+a—a—v,14+a—5—7 1

BBl 14b+c—al+b+d—a,l+ct+d—a

o F'1+a—b,1+a—c,1+a—d,1+a—a,1—I—a—ﬁ,l—i-a—fy

L b’C7d7a’6?7
+— «, /87 ’Y

+ﬂ%_1+a—@1+a—q1+a—dH

« T [1+b+c—a,1+b+d—a,1+c+d—a,1+a—a,1+a—fF,1+a—7

be,d,1+a—a—-0,1+a—a—y,14+a—5—7 '

This theorem has the following three remarkable implications.
e For ¢ — a, we derive an expression for the nonterminating 7 Fgs-series
F, G,1+ %7 b7 d7 «, /37 Y ’1
[ 5;1+a-bl+a—-dl+a—-al+a—-pB1+a—vy
B 1 r 1,1—|—a—a—5,1+a—a—7,1+a—6—7’1
T btd—a*? 14b1+b+d—a,1+d
“ T l1+a-b1l4+a—-d,1+a—a,14+a—8,14+a—7
1+a,14+b,14+d,a,8,7
1 o B, v
+ b+d—a3F2[ 1+a—b,1+a—d‘1]
r 1+b+d—a,1+a—a,1+a—-8,1+a—~
l+a,l1+a-—a—-B,1+a—a—-vy,1+a—-B—7]’
where the parameters satisfy the condition 14+2a =b+d+a+ 5+ .
e Letting further @« — —n with n € Ny in the above transformation, the first term

on the right is annihilated, while the second one can be evaluated by the Pfaff-
Saalschiitz theorem (cf. Bailey [1, §2.2])

2 -n, B, v ‘1 [1+a—-b—7,14+a—-d—v
2 14a—-bl+a—dl |~ l+a—bl+a—d .

Consequently, we recover the identity discovered by Dougall [16, :]

7F6 Q,1+%, b7 d7 /87 Y, -n ‘1
5;l+a—-bl+ta—-dl+a-B1l+a—vyl+a+n

_[1+al+a-b—-d,l1+a—-b—vy,14+a—d—v

|lt+ta-blt+a-dl+a—vy,1+a-b—d—v] "~

where the series is 2-balanced because 1 +2a+n=b+d+ 5+ 7.

e When the series terminates above by ¢ — —m with m € Ng, we get the following

reciprocal formula (1+3a+m=b+d+a+ [+ 7):

a—"b)(a+m)la—d)(b+d—a—m)

alb—a—m)(b+d—a)(d—a—m)

xWh+d—a—m;bd,—m,l1+a—a—F,1+a—a—vy1+a—L—"7).

W<a'7 b7 d7 —m,a,ﬁ,’y) = (

Dougall’s formula just displayed for terminating - Fg-series can also be obtained
by letting d — a in the above transformation, because in this case, there remains
the only surviving end term for the W-sum on the right.
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2.2. Bilateral series

Under the same parameter restriction 1 +3a = b+ c+ d+ a + 8 + 7, define the
corresponding bilateral series
W(a’; b7 C? d’ a? /37 ’7)

= 1+%7 ba c, dv a, B? Y ‘1
T Sl4+a-bl+ta—-clt+a—-dl+a-al+a—-Bl+a—yI"]"

In the view of the modified Abel lemma on summation by parts, this W-series can be
manipulated as follows:

bed(2a — b —c —d) >

a(a—b—c)la—b—d)(a—c—d) ~

W(a; b, c,d, o, B,7) =

_ bed(2a — b — ¢ — d) B o0
_a<a—b—c)(a—b—dxa—c—d){[AB]* [AB]-+ 3 AkABk}.

Analogously, taking into account

Z AkABk :W(a—i-l,b—i-l,c—i-1,d—|—1,a,ﬁ,’y)

k=—o00
J(ta(ta—a-B+a—a—9)(1+a-F—7)
l+a—a)l+a-pB)(1+a—y)(1+a—a—-pF—7)

and the difference

6(0’; b? C? d’ a? 57 ’Y)
AB]L — [AB]- =
B — [AB] bed(b+ ¢+ d — 2a)’
where O-function is given by the difference of two I'-function quotients
1-b1l—-c¢c1—-d,1—a,1—-8,1—7
b—a,c—a,d—a,a—a,B—a,y—a

X{]_Sinﬂ'|: b7 c7 d7 a? 67 ’7 :|}

a—ba—ca—d,a—a,a—F,a—"

O(asb,c,d,a, B,7) =r[

we derive the following recurrence relation
W(a;b,c,d, e, B,7) =W(a+1;0+1,c+1,d+ 1,0, 3,7)
(14+a)bcdl+a—a—-p)(1+a—a—7y)(1+a—-p5—7)
ab+c—a)b+d—a)(c+d—a)l+a—a)l+a—pB)(1+a—~)
O(a;b,c,d, o, B,7)
alb+c—a)b+d—a)(c+d—a)

Iterating this relation m-times, we deduce the transformation formula.

Lemma 2.3 (meNp: 1+3a=b+c+d+a+5+7).
W(a;b,c,d, o, B,7) = W(a+m;b+m,c+m,d+m,a,B,7)

1+a,b,c,d)l1+a—a—-p,1+a—a—vy,1+a—F—7
ab+c—ab+d—a,c+d—al+a—-a,l+a—-p,1+a—7v]

L O(@b,c.da,f,7) mz_:l[1—{—a—a—ﬁ,l—i—a—a—%l—{—a—,@—’y] .
k

a(bte—a)(b+d—a)(ctd—a) [=5 l+b+c—a,l1+b+d—-a,1+c+d—a

For this transformation formula, we examine now its limiting case as @« — —oo. In
order to avoid confusion, perform the replacement o — o — n with n € N. Under the
substitution ¢ = 1+3a—b—d—a—f—~+n and the condition 1+R(2a—b—d—5—~) > 0,
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we have to make, as n — oo, term by term estimations. For the two W-series, it is routine
to have

W(a;b,c,d,a,ﬁ,’y):>5[—[5 |:1+25 b7 d7 B? Y ‘1:|7

slta-bl+a—-dl+a—-pB1+a—vy
W(a +m;b+m,c+m,d+m,a,B,7)

“m o b+m, d+m, B, Y
“Em,lJra—b,1+a—d,1+a—,8+m,1+a—7+m

ﬁ

)

1+
:>5H5[

where both series have the same convergent condition 1+ %(2a —b—d - —~) > 0. By
making use of (1.4), we can reduce the quotient of shifted factorials to

1+a,b,c,d,1+a—a—-p,1+a—a—y,1+a—5—7
ab+c—abt+d—-a,c+d—-al+a-a,l+a-p,1+a—7]

1—|—a,b,d,1—i—a—5—’y :|

= {a,b—f—d—a,l—l—a—ﬁ,l%—a—y "

Because the sum over 0 < k < m is bounded, the ultimate term will vanish:

O(a;b,c,d, o, B,7) mz_:l [l—i-a—a—ﬁ,l—i—a—a—’y,l—i-a—ﬁ—fy}
a(b+e—a)(b+d—a)(ctd—a) i l+b+c—a,l+b+d—-al+ct+d—a |,

1 l—a+nb+d+a+B+vy—3a—n
:>O(n2) XF[a—a—n,l+2a—b—d—a—ﬁ—’y+n

~ O(n—2§R(1+2a—b—d—B—7)) — 0(1) for 1+ %(2& —b—d— B _ 7) > 0.
Therefore, we have derived the following transformation formula.

Proposition 2.4 (m € Np: 1+R2a—-b—d— 5 —7) > 0).

-1+Ea b7 dv )
5H5 2 B Y ‘1
5;l+a—-bl+a—-dl+a—-pB1+a—7y
H 1+a+m7 b+m d+m7 /87 Y ‘1
T atm | 4g—bl+a—dl+a—B+ml+a—vy+m
% 1—|—a,b,d,1+a—6—’y
la,b+d—a,1+a—-p,1+a—7]

This transformation implies the following important formula for the well-poised 5Hs-
series discovered by Dougall [16, :]

1+ 3, b, c, d, e ‘ 1}

5H5{ 5, l1+a—-0b, 1+a—¢, 1+a—d, 14+a—ce

o 1+a—b, 1+a—c, 14+a—d, 14+a—e, 1—b, 1—¢, 1—d, 1—e, 14+2a—b—c—d—e
o 1+a,1—a,14a—b—c,14+a—b—d,14+a—b—e,14+a—c—d,14+a—c—e,l+a—d—e ’

In fact, by letting m — oo in Proposition 2.4, we have the limiting form

1+2, b, d, B, ¥
5H5[ 5.1+a— b1+afd1+afﬁ,1+af’y’1
T ab+d—a l+a—-6,14+a—7v H B, ‘1
1+a,bdl+a—pB—n~ 22011 4a-b14+a—d

b, B, b, d
_F{b—a,d—a,l—l—a—ﬁ,l—}—a—v] 21 [1—{—@—,8,1—{—@—7‘1} }
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Evaluating the both 9 Ha-series by another formula of Dougall [16]

a,b _ l1—a,1-b,c,djc+d—a—-b—1
QHZ{ d }_F[ c—a,d—a,c—b,d—b ’

where R(c+ d — a — b) > 1, and then simplifying the result, we reconfirm the identity for
5 Hs-series. ]

Furthermore, by following exactly the same procedure for the bilateral well-poised 5H5-
series as that shown by the author [10, §3], we can evaluate the limit

lim W(a +m;b+m,c+m,d+m,a,,7)
m—0o0

- a, B, ‘
343 1+a—b1+a—cl—|—a—d
b, c, d
_3H3{1+a—a,1+a—5,1+a—7’1]
< T b,e,d,1—a,1—5,1—7~
b—a,c—a,d—a,l14+a—a,1+a—pF,14+a—7

This leads us to the transformation

«, 5
aW(CL;b,C,d,OZ,ﬁ,’}’)_g}Hg)[ 7b1+§701+a7d‘ :|

T b+c—a,b+d—a,c+d—a,1+a—a,1+a—pF,14+a—7
be,d,1+a—a—-p,1+a—a—vy,1+a—F—7

b, c, d
_3H3[1—|—a—a,1—|—a—ﬁ,l—|—a—7‘1]
«T b+c—a,b+d—a,c+d—a,1—a,1—p5,1—x
b—a,c—a,d—a,l+a—a—0,1+a—a—~vy,14+a—F—7~

@(CL; b,c,d, o, B, ’7)
(b+c—a)(b+d—a)(ct+d—a) 3

+[1+a—a-p,14+a—a—>y,1+a—L—7 1
31 14+b+c—a,1+b+d—a,l1+c+d—a '

By making the replacement k — —k, we have the reciprocal relation
-y (I+a—a-PB(l+ta—a—y)rl+ta—B—7k
(b+c—a)p+1(b+d—a)pr1(c+d—a)gr
_Z 1+a—b—c) (I+a—-b—d)i(l+a—c—d)y
= (et B-aknlet+y—a)kn(B+y—a)ky

Therefore, the difference between the penultimate equation and its reformulated one under
the parameter exchanges {b = a,c¢ = (,d = 7} results, after some simplifications, the
three term relation among the three bilateral series with the parameter excess “2”.

Corollary 2.5 (1+3a=b+c+d+a+5+7).

14+a—a—-p,1+a—a—vy,14+a—p—7 1}

O(a:b,c,d,, B,7) x 5Hs | 1+b+c—a,1+b+d—a,14+c+d—a

.| @ B, ’
343 1+a—b1+a—cl—|—a—d
xOb+c+d—ab,c,d,1+a—a—-p,1+a—a—vy,14+a—p—7)
[ b, c, d
_3H3_1—|—a—a,1—|—a—ﬁ,1+a—*y‘1]
xO(1+a—a—pF—7vy;b—a,c—a,d—a,1+a—a—pF,1+a—a—v,1+a——7).
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3. Well-poised ¢Hg(—1) series
For the two sequences { Ay, By} defined by
1+, 1+c, 1+3a—b—4c] (—1)ka
l+a—-bl+a—cl—2a+b+4c],
d, 20 —b—2c, 1+2a—2c—d,1 —2a+b+4c

l14a—-dl—a+b+2c, 2c+d-—a, 3a —b—4c k:;

|

-]

it is routine to compute their differences

b, c, 3a—b—4c } (—1)k
l+a-bl+a—-cl—-2a+b+4c],
X(a+2k)(2a—b—2c+k)(b+20—a—|—k)

be(3a — b — 4e) ’

d, 26 —b—2c¢, 1+2a—2c—d,1 —2a+b+4c
24a—-d2—-a+b+2¢,1+2c+d—a,1+3a—-b—4c|,
(1+a+2k)(a—2¢)(1—a+b+2c—d)(3a—b—4c—d)

(I1+a—d)(1—a+b+2c)(a—2c—d)(3a—b—4c) ;

and determine the boundary value

VA= |

aB = |

a—>b)(a—c)(2a —b—4c)
be(3a — b — 4c) ’
Under the condition R(a — 2¢) < 0, we can also show, by making use of (1.4), the two
limiting relations

A By =

[AB); =l AnBaiy = lip O(72) = 0,
_ . T 3R(a—2¢)\ _
[AB]_ = im Ap By = lim O(n ) =0.

They will be utilized in this section to establish summation and transformation formulae
for the alternating well-poised series ¢ Hg (—1) and ¢Hg(—1).

3.1. Unilateral series

For the four complex parameters {a,b,c,d} subject to the condition R(a — 2¢) < 0,
define the well-poised series by

1+4, b ¢ d 14+2a—b—2¢,1+2a—2c—d ‘_1]

. — +
Qa;b,c,d) == ¢H{ S 1l+a—-bl+a—cl+a—db—a+2c,d—a+2c

By applying the modified Abel lemma on summation by parts, we can reformulate the
Q-series as follows:

be(3a — b — 4c) -
(@sbrerd) = o ) 205+ 20— a) 2 DFV A
be(3a — b — 4c)

= AB|; — A_1B ARAB;y, ¢
a(2a—b—2c)(b+20—a){[ L+ ! 0+];) b k}

Taking into account that

> ARABE =Q(1+a;1+b,1+ ¢, d)
k=0

X(1+a)(a—2c)(l—a+b+2c—d)(3a—b—4c—d)
(I+a—-d)(1—a+b+2c)(a—2c—d)(3a—0b—4c)
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we derive the recurrence relation
(a—0b)(a—c)(2a—b—4c)
a(2a —b—2c)(a—b—2c)
(14+a)bc(2c —a)(1+b+2c—a—d)(b+4c—3a+d)
a(l+a—d)(b+2c—a)(l—a+b+2c)(b+2c—2a)(d+2c—a)

Q(a;b,c,d) = +Q(14+a;14+b,1+¢,d)

Iterating this relation m-times yields further the transformation formula.
Lemma 3.1 (m € Ny: R(a — 2¢) < 0).
Qa;b,c,d) = Qa+m;b+m,c+m,d)

l4+a, b ¢ 2c—a, 1+b+2c—a—d b+dc— 3a+d ]
) ) )
m

2

a,l4+a—d,b+2c—2a,d+ 2c— b+220 “,Hbgzc ¢

(a—b)(a—c)(2a—b—4c)"Lz_:lb+4c—2a+3k
a(a —b—2c)(2a — b — 2c) b+ 4c — 2a

k=0
14642 d b+dc—3a+d
b, ¢, 2c—q,itrieas +b‘32“+ .
l+a—d,1+b+2c—2a,d+2c— 1+g2c o, HbiResa |

Its limiting relation as m — oo result in the expression.

Proposition 3.2 (®(a — 2¢) < 0).

Q(a;b,c,d) = 2o Hy

d,1+2a—2c—d ‘
l14a—-b,14+a—cl2

a,l14+a—d,b+2c—2a,d+ 2c—a, b+22c a 1+b+QC a
1+a, b ¢ 2c_a1+b+2cadb+4c 3024

x I'

(a—b)(a—c)(?a—b—élc)Zb+4c—2a+3k
ala—b—2c)(2a—b—2c) /= b+4dc—2a

[ b c, % —a, 1+b+22c—a—d’ b+4c;3a+d‘|
X
k

ZEbA2C-a 1 4 4 2¢ — 20,1420 d 4 2c—a, 1 +a—d

The last infinite series is “almost quadratic” and convergent, because the sum of its
parameters in denominator exceeds that in numerator by “2”.

When b = a and ¢ = a, the o H, -series on the right can be evaluated respectively by
the two formulae for the o F} (4 )-series due to Gauss and Bailey (cf. Bailey [1, §2.4])

p [d1+20—2c—d 1] _ tl+a—c
201 l+a—cl2] " |l14+a—c—g, 834
e [d1-d 1] _ [ H5hEE
Pl M ra—blo| — l4a—b+d 24a—b—d
2 ) 2

We recover hence the next two identities found by Whipple [25, Equations 14.1 and
15.73], where the first one can also be found in Bailey [1, Page 97].

‘ _fa1+4% b, d,  1-b 1-d
Q(a,b,a,d)6F5{ 2 l14a—b, 1+a—d, a+b, a+d _}

2 2 2
+b+d 1+a+b—d 1+a—bt+d 24+a—b—d
1+ a,a, & 2 a2 ) a2 ) a2

a—+ d, 14+a— d, 0L42rb7 1+a+b7 1+afb7 2+a—b ‘|
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a _ — _
Q(G;Q,C,d):6F5|:a’1+g’ 671“‘(1 20, d 1+ 2a—2¢ ‘_1:|

5, 2¢,1+a—c, 1+a—-d,2c+d—a
%,c—l—%,l—l—a—c,l—l—a—dﬂc—a—l—d
1+a,1i2d,l%d+c,1+afcf%,207a+%

3.2. Bilateral series
Denote further the corresponding bilateral series by

1+%, b, ¢, d, 1+2a—b—2¢,1+2a—2c—d ‘_1]

wla; b, ¢, d) ::6H6[g,l+a—b,1+a—c,1+a—d,b—a+20,d—a+20

Then by carrying out the same procedure for the bilateral ; H7-series, we find the following
elegant transformation without remainder terms
w(a;b,c,d) =w(a+m;b+m,c+m,d)

l+a, b, ¢ 2c—a, 1+b+2c—a—d btdc— 3a+d ]
b )
m

2
a,14+a—d,b+2c—2a,d+2c—a, b”‘: a 1“’”0 a

Its limiting form as m — oo reads as

w(a;b,e,d) = lim w(a+m;b+m,c—|—m,d)

a,l1+a—d,b+2c—2a,d+ 2c — b+220a 1+b+2c— a]
xT

2
1—|—(1, b, c, 2C—CL 1+b+2c a— d b+4c— 3a+d

This should lead us to the following summation formula discovered by M. Jackson [18,
1952] (see also Chu et al. [14] by the Cauchy residue method)

1+abd15a+b+d+2c { ) |:Cl—b—C,(Z—C—d:|}
14 sinm
c,c—a

r [1+a—b, 1+a—d,1-b,1—d,b—a+2c,d—a+2c,b—2a+2c, d—2a+2c]

w(a;b,c,d) =T

1a+bd+clab+d+c
1+a,1—-a,c,c—a,2c—a,1+a—b—d,b+d—3a+4c
who derived it by applying Dixon’s summation theorem [15] and its bilateral extension for
well-poised 3F5 and 3Hs-series to the transformation due to Bailey [2]

6H6 1+%) b7 C, d7 €, f ‘_1
s5;1+ta—-bl+a—cl+a—-dl+a—-el+a—f

_r l1+a-b1l4+a—-c1—-d,1—e1—f
1+a,1—a,1+a—b—c,d—a,e—a,f—a

U 142a—d—e— f,d—a,e—a,f—a
l+a—-d—-el4+a—d—f,l4+a—e—f

] b,ec,1+2a—d—e— f )
343 1+a—d1+a—el+a—f
4T 1-b1—c¢,242a—d—e—fid+e+f—1—-2a
242a—-b—d—e—f,24+2a—c—d—e—f
< o F l1+a—-d—-el+a—-d—f,l4+a—e—f ‘
37219424 —b—d—e—f,242a—c—d—e—f

Problem. Even though there is no doubt about the existence for the limit of w(a+m;b+
m,c+m,d) as m — 00, it remains, however, an intriguing question to determine this limit
directly, but without appealing to M. Jackson’s evaluation formula.
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