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ABSTRACT

In the present study, we find the parametric equations of non-null W-curves through the semi skew-
symmetric matrix in three dimensional Lorentz-Minkowski space. Our technic provides more
simple but efficient method for find the parametric equations of these curves in comparison to
previous studies in mentioned space. Finally, we give some pictures of W-curves in polynomial

form.
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1. Introduction and Preliminaries

The curve ~ is called a W-curve or curve with constant curvature if it has constant Frenet curvatures.
According to relativity theory, the free particles move on these curves in space. One can consider these
curves as an integral curve of the helicoidal vector field in Lie algebra or as a solution of the system of linear
homogeneous ordinary differential equations of first order with constant (Frenet curvatures) coefficients. These
curves widely investigated in Euclidean space ([1], [2]) and in Lorentz-Minkowski space ([5], [6]). The generic
parametric equations of unit speed W-curves in R?"*! Euclidean space and R}"*' Lorentz-Minkowski space

are given by
n
a(s) = ased + Zri (cos (p1i5) €2i—1 + sin (p3s) €2))
i=1

and
~(s) = (a1 sinh A\1s + by cosh A1 s, ay cosh A1 s + by sinh Ay s,

a9 8N A9 S + by cOS Ao S, g COS Ags — bo Sin Ao, ...,
Gy SIN Ay 8 + by, COS A\, Gy COS A S — by, SIN A, 8, €S)

where {e_g, O e?i} is orthonormal base of R?**! such that
n
a® + Z (rips)* =1
i=1

and
242 | 12\2 2 2 1 12) )2 _
—aiA DI+ 2+ ) (af +07) AP = F1
i=2
respectively. If a =0 then « lies on hypersphere, otherwise « fully lies in R*"*!. If ¢ =0, ~ lies on Si"

pseudosphere or on H2" pseudohyperbolic space otherwise v fully lies in R7"**([5], Theorem 3.4). In ([1],
Proof of Theorem 1, pp. 460-463), W —curves are characterized by chord property with the following condition,

(v(#) =(s), T(t) = T(s)) = 0 ©
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where T = +/(s) is unit tangent vector field of the curve. Oztiirk and Yayl ([5], Definition 3.1) called these
curves as C—curve and investigated the relations between W —curves and this curve in Lorentz-Minkowski
space. In [2], these curves characterized by algebraic methods with respect to study of [1]. Walrave [6] classified
all of W —curves by using some analysis technics in three dimensional Minkowski space. Besides in [5], curves
which are satisfy the condition (C) are investigated and given some characterizations about the Frenet vectors
of the curve.

The metric tensor (inner product) of Lorentz-Minkowski space is given by

n
(u,v) = —uqv1 + Zuivi
i=2

where u = (u1,ug, ...,un) and v = (v, v, ...,v,). In Lorentz-Minkowski space, vectors have different causal
characters such as if (v,v) > 0orv =0, (v,v) < 0and (v,v) = 0 (v # 0) then v is called by spacelike, timelike and
lightlike (or null) vector respectively. Norm of any vector is given by ||v|| = 1/|(v, v})| [4]. For any regular curve
v: I =Ry if (v,9) >0, (v/,9) <0 or (v/,4) = 0 then the curve is called by spacelike, timelike or lightlike
(null) curve respectively [3]. If (7/(s),7'(s)) = F1 for all s € I then ~ is called by unit speed curve. Frenet-Serret
formulae for non-null v curve with (v”,~”) # 0 in R? are given by

T 0 KM 0 T
N | = —ke 0 —71ep N
B’ 0 -—-mp 0 B

Uy

17|
(N,N)=mn and (B, B) = —en. In [5] unit tangent vector field of all W—curves (C—curves) characterized in
R} by the following theorem.

where {T, N, B} is the Frenet frame of the curve, that is N =

and B =T x N such that (T,T) =,

Theorem 1.1. [5] Let v : I — RY be a unit speed non-null W —curve. Unit tangent vector field of -y is given by
T(s) = Av(s)+b
where A is n x n constant semi skew-symmetric matrix, and b € R} is constant column vector.

In this study, we consider the W —curves as an integral curve of its unit tangent vector field via Theorem
1.1 and we calculate the parametric equations of these curves by solve some differential equations which are
correspond to special cases of the generic semi skew-symmetric matrix in R$.

2. Matrix Methods and Elementary Approaches

In [6], Walrave used MacLaurin expansions and analytic approach for find the W —curves in 3—dimensional
Minkowski space. Instead of using approach of Walrave, we prefer the use algebraic method. Here, our technic
is more elementary and quite remarkable because of using only one matrix for finding all W —curves in R}.
Through the Theorem 1.1 we make some manipulations on the elements of generic semi skew-symmetric
matrix. First of all we give the generic form of the semi skew-symmetric matrix in R? by

0 A A
A=[x 0 =) 2.1)
Ao A3 0

where 1 < i <3, \; € R. Here we examine the some special cases of (2.1) through the elements of A. Let we
consider only one J; is zero in the following three case.

Case 1. Let Ay = 0 and A2, A3 are non-zero arbitrary constants in (2.1). In this case, semi skew-symmetric matrix
and Darboux rotation vector is given by

0 0 A
Air=|10 0 =Xs
A A3 0
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and W = (A3, —\g2,0) respectively. Through the Theorem 1.1 we consider the (t) = (v1(t), y2 (), 73 (t)) is unit
speed curve and translation vector b = (c1, ¢2,0) . Therefore we write

’}/1 (f) 0 0 )\2 C1 71 (t)
PYé (t) _ 0 0 7/\3 C2 Y2 (t) (2 2)
@) ] A Az 0 0] ) '

0 0 0 0 0 1

Thus solution of (2.2) is given by

A A A2¢1 4 DX
(t) = —22E Vg 22O /3R ( _ +> -
V-3 N Y] X2

AsCs /a3 Asca . /xzoaa ( A2Aser + )\302>
Yot) = —————=eV2 Ny = VTN g+ T |ttt
O=="Tg—x N ESY Y ‘

— _ _ Azc1 + Azca
T(t) = cgeV M e VN - S5 5

where 1 <i < 6,¢; € Rand \3 — \2 > 0.

Case 2. Let Ay = 0 and A1, A3 are non-zero arbitrary constants in (2.1). In this case, semi skew-symmetric matrix
and Darboux rotation vector is given by

0 M 0
Ay=[X 0 —=X3
0 X3 O
and @ = (3,0, \;) respectively. Hence we have
71(t) 0 A 0 e\ /Mm@
’Yé (t) 0 )\3 0 Co ’Yg(t)
0 0 0 0 0 1

Solution of (2.3) is given by

A A A2¢; — A
n(t) = B VR LA /N <<:1 _ W) f 4o
VAT -3 V-3 TN

22, vV} A1C1 — N3¢
Ya(t) = cae VAN 4 cgem VAITARE 1/\; _ )\3*2
1= A3
Ascs - Ascs  _ T A Agc1 — Ae
73(t) = NsvEy /\Qev’\g At N STl AT Y P ;217 )\23 2 ) ¢+ o
VAT — A3 VAT — A3 1= 43
where 1 <i <6,¢; € Rand \? — \2 > 0.

Case 3. Let A3 = 0 and A1, A2 are non-zero arbitrary constants in (2.1). In this case, semi skew-symmetric matrix
and Darboux rotation vector is given by

0 M A
As=|M 0 0
A2 0 O
and & = (0, =)z, \; ) respectively. Hence we have
B _[A 0 0 a 2 (t) 24
A0 " 0 0 el |wo 24
0 0o 0 0 O 1

www.iejgeo.com


http://www.iej.geo.com

Matrix Methods On W-Curves

Solution of (2.4) is given by

(1) = c3eVNFNE e VITHARE %
1 2

’)’2(t) = 7)\103 eV SRR L. 7)\104 eV A+AZt + (Cl - )\%Cl u )\1)\2C2> t+c
NYESY NYESY AT+ A
() = Aacs VNIAZE Aacy Yseses n A + A3co ‘o
VAR VoEe R A VA
where1l <i<6,¢ €R.
Now we examine the special conditions of above cases.

Case 4. Let Ay =0 and Ay = A, A\3 = |\| are non-zero arbitrary constants in (2.1). In this case, semi skew-
symmetric matrix and Darboux rotation vector is given by

0 O A
Ay=1(0 0 —|)
A A0
and @ = (|\|, -, 0) respectively. Hence we have
"}/i(t) 0 0 A C1 ’yl(t)
'Yé(t) _ |10 0 - Al ez Y2(t) 2.5
200 Il B PRl l Pty 29
0 0 0 0 0 1
Solution of (2.5) is given by
2
1(t) = n (c1 4+ sgn(N)ea) t2 + (Aes + 1)t + ¢y
)\2
Ya(t) = —E(sgn()\)cl +e)t? + (e2 — [N e3)t +cs
1
v3(t) = 3 (Ae1 + [Me2)t? +c3
wherec; e R>?,2<4i<5 ¢; € Rand
1 , A>0
sgn(A) - = { 1. A<0

Case 5. By similar procedures above we take A, = 0 and A; = A, A3 = || and we get
1
m(t) = 6/\ (Ac1 — [\ e2) 83 + (Aes + cr)t + cq
1
’}/Q(t) = 5 ()\Cl — |>\| Cg)tQ +c3

1
’}/3(t) = 6 |A| ()\Cl — ‘)\| 02) t3 + (|>\‘ C3 + Cg)t + Cs
wherec; e R*%and 2 <i <5, ¢; € R.

Case 6. If we take A3 = 0and A\; = A, A2 = |A| we get

VoA & + sgn(A)ca
2\

A — A
Ya(t) = sgn() (cgeﬁp“t - 646"@"\“) AT sImA)ee S‘(;n( )CZt +cs

V2|t

7 (t) = cze + cae

S

A — A
73(t) = sg\% ) (Cseﬁwt - 0467‘@”) += San( LZ

wherec; e R*%and 2 <i <6, ¢; € R.
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So far we considered only one ); is zero at previous cases. Now we take two of ); is zero in the following
cases.

Case7. Let A2 = A3 = 0and A\; = A # 0in (2.1). In this case, semi skew-symmetric matrix and Darboux rotation
vector is given by

0 A 0

As=|(Xx 0 0

0 00

and W = (0,0, \) respectively. Obviously we have
() 0 A 0 0\ /M)
wi | _(x 0 0 o) [0
73(t) 0 0 0 c] |7
0 00 00 1

The generic solution of above differential equation is given by

~v1(t) = a; cosh At + ag sinh At
Y2 (t) = ay sinh A\t + ay cosh At
v3(t) = ct

(2.6)

where a1, az € R. Let we give the type of the curves which are correspond to special case of (2.6).
Theorem 2.1. Unit speed curve y(s) = (y1(s),v2 (s) , 73 (s)) in the form of (2.6) is given by one of the following cases.
1) If a = 0and a; = a # 0 then
A ., A ¢
~v(s) = | acosh —s,asinh —s, —s
u u u

is a spacelike hyperbolic helix with timelike normal where v = v/c2 + a?)2.
2) If a1 = 0and ap = a # 0 then one of the following cases occur.

i) If > — a®)\? > 0 then

A A
~v(s) = (a sinh —s, a cosh —s, Cs)
u u U

is a spacelike hyperbolix helix with spacelike normal where u = v/¢? — a2)2.
ii) If ¢ — a®?)\? < 0 then

~v(s) = <asinh/\s,acosh>\s, Cs)
u uu

is a timelike hyperbolic helix where u = va?A% — c2.

Proof. 1) Suppose that a; = 0 and a; = a # 0. Due to (2.6) we write v(t) = (a cosh At, asinh X¢, ct) . Thus
(Y (), (t) = +a*X* >0
and
("(1),7"(1)) = —a®X* <0

So 7 is spacelike curve with timelike normal. If we consider ||7/(t)|| = V¢ + a?A? = u then we get unit speed
curve

~v(s) = <acosh>\s,asinh>\s7 Cs)
u uu

. . . ar? cA .
Besides the curvature and torsion of this curve k = —- and 7 = — are constant respectively. Inner product of
u

unit tangent vector field 7" of v and v = (0,0,1)

(1.7) = =
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is constant so v’ = (0,0, 1) is the directrix of the rotation axis of this curve.

2) Suppose that a; =0 and as = a # 0. According to (2.6) we write (t) = (asinh At,acosh ¢, ct) and
(7 (0),7(1) = ¢ — a2,

i) Let (v/(¢),7'(t)) = ¢* — a®A? > 0. Therefore (v"(t),7”(t)) = a®\* > 0 and v is spacelike curve with spacelike
normal. If we consider ||7/(t)|| = V¢ — a?A? = u then we get unit speed curve

A A
~v(s) = <a sinh —s, a cosh —s, Cs)
u u U

. : a)? A - ,
By straightforward calculations we get x = —- and 7 = — are constant and |7| > . Similar to above we find

u u
the directrix of the rotation axis of the curve as 7 = (0,0,1).
ii) Let (v/(t),7/(t)) = ¢ — a®A? < 0. If we consider ||7/(t)|| = vVa®\? — ¢ = u then we get the equation of the
unit speed timelike curve as

A A
~(s) = (a sinh —s, a cosh —s, Cs)
u u ' u

N2 A . . . . .
and k = a—z and 7 = —0—2 are constant such that |7| < x. Obviously & = (0,0, 1) is the directrix of the rotation
u

axis of the curve. O

Case 8. Let A\; = A3 = 0and Xy = X # 0in (2.1). In this case, semi skew-symmetric matrix and Darboux rotation
vector is given by

0 0 X

As=10 0 O

A0 O

and W = (0, — A, 0) respectively. Hence we have
71(t) 0 0 A 0\ /m()
V@) _ [0 0 0 c] ()
Y5(t) A0 0 0 |ns(t)
0 0 0 0 O 1

Thus solution of the above differential equation is given by

11 () = sgn(N)erelMt — sgn(N)cge =Mt 4 g
Y (t) =cs+d

v3(t) = crelPlt 4 cpe= A

where 1 <17 <3,¢;,d € R.

Case9. Let A1 = A2 = 0and A3 = X # 0in (2.1). In this case, semi skew-symmetric matrix and Darboux rotation
vector is given by

0 0 O
A7=(0 0 =X
0 x 0

and W = (),0,0) respectively. By similar previous calculations we get the generic solution of ~(t) =
(71(2),72 (t) , 73 (t)) as

Y1(t) =ct
~Y2(t) = acos At (2.7)
~v3(t) = asin At

where a € R. Thus (7/(t),7/(t)) = a*\? — ¢%. Depends on to sign we have the following theorem.

Theorem 2.2. Unit speed curve v(s) = (71(s), 72 (8) ,7vs (s)) in the form of (2.7) is given by one of the following cases.
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1) If a?\? — ¢? > 0 then
(c A A )
v(s) = | —s,acos —s,asin —s
u u u
is a spacelike circular helix where u = Va?\? — ¢2.
2) Ifa®)? — ¢? < 0 then
(c A A )
v(s) = | —s,acos —s,asin —s
u u u
is timelike circular helix where u = /¢ — a? 2.
Proof. 1) By straightforward calculations, the parametric equation, curvature and the torsion of this curve is

2
A A A A

givenby v(s) = (Cs, acos —S$, asin s> JK=a <> and 7 = c— respectively. Besides |7| < x and 7 = (1,0,0)
u u u U u

is the directrix of the rotation axis of the curve.
2) Similary the parametric equation, curvature and the torsion of this curve is given by ~(s) =

2
A A A A
(Cs,acos —s,asin 5,) ,Kk=a <> and 7 = c— respectively where a > 0. Besides x < |7 and 7 = (1,0,0)
u u u u u

is the directrix of the rotation axis of the curve. O
Example 2.1. Let we give the curve vy : I — R by

_ 1 3 123 1 2
7(8)—<6A|A8, DT

Obviously this curve is a unit speed spacelike W —curve. It can be easily seen that

(y(@)=~(s),T({t)=T(s)) =0
where T is the unit tangent vector field of the curve. For A = 1, this curve is illustared by Figure 1 (a).

Example 2.2. Let we give the curve v : I — R} by
~v(s) = <é/\253 + s, %)\52, %)\ [Al 53>

This curve is a unit speed timelike W —curve. It can be easily seen that

(y(@t)=~(s),T(t)=T(s))=0

where T is the unit tangent vector field of the curve. For A = 1, this curve is illustared by Figure 1 (b).

(a) Spacelike W-Curve (b) Timelike W-Curve

Figure 1. Semicubic W-Curves
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3. Conclusions

This study provides algebraic method for classify the W —curves by using only one semi skew-symmetric
matrix in three dimensional Lorentz-Minkowski space. Obviously this approach more elementary and more
useful in comparison to previous studies. One can obtain these curves in high dimensions or in different spaces
(whose have different metric tensor) by using the same approach.
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