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ABSTRACT. Let G = (V,E) be a graph with the vertex set V = V(G) and the edge set E = E(G). Let k be a
positive integer and y,x(G) (y;,(G)) be k-rainbow domination (independent k-rainbow domination) number of a
graph G. In this paper, we study the k-rainbow domination and independent k-rainbow domination numbers of
graphs. We obtain bounds for y,.(G - e) (y;,(G —e)) in terms of y,4(G) (y;,,(G)). Finally, the relation between weak
3-domination and 3-rainbow domination number of graphs will be investigated.

2010 AMS Classification: 05C69

Keywords: Rainbow domination, Independent rainbow domination, Graphs.

1. INTRODUCTION

Let G = (V,E) be a simple finite graph with the vertex set V = V(G) and the edge set E = E(G). For the
terminologies and notations which are not defined here explicitly, we may use [9] as a reference. The order of G is the
number of vertices of G. For any vertex v € V, the open neighborhood of v is N(v) = {u € V|uv € E} and its closed
neighborhood is N[v] = N(v) U {v}. For a set S C V, the open neighborhood of S is N(S) = ,es N(v) and its closed
neighborhood is N[S]= N(S)U S.

A set § C V is a dominating set if every vertex in V \ § is adjacent to at least one vertex in S. The domination
number y(G) is the minimum cardinality of a dominating set in G. A dominating set with cardinality y(G) is called a
y(G)-set.

In 2008, Bresar et al. [2] introduced the k-rainbow domination as a generalization of domination in graphs.

Definition 1.1. ( [2]) Let k be a positive integer, [k] = {1,2, ..., k} and P([k]) be the power set of [k]. For any graph G,
a function f : V(G) — P([k]) is a k-rainbow dominating function (or k-rD function for short) if for every vertex v € V
with f(v) = @, f(N(V)) = Uyeny f() = [k]. The weight w(f) of a k-rD function f is defined as w(f) = X ev(g) lf (V).
The minimum weight of a k-rDF of G is called the k-rainbow domination number of G and is denoted by y,+(G).

A k-rDF f is an independent k-rainbow dominating function (Ik-rD function) if no two vertices assigned nonempty
sets are adjacent. The weight of an Ik-rD function f is w(f) = X,ey(G) |f (V). The independent k-rainbow domination
number vy;, (G) is the minimum weight of an Ik-rDF of G.
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Chang et al. [4] were quick on the uptake and showed that, for positive integer k, the k-rainbow domination problem
is NP-complete even when restricted to chordal graphs and bipartite graphs. The same paper shows that there is a linear-
time algorithm to determine the parameter for trees. The paper also shows that the problem remains NP-complete for
planar graphs.

Notice that the above discussion shows that y,(G) is a non-decreasing function in k. Moreover, Chang et al. [4]
showed that for all graphs G on n vertices and all positive integer k, min{k, n} < y4(G) < n.

Many other papers establish bounds on this parameter and investigate the 2-rainbow domination number versus the
total domination number and the (weak) Roman domination number. Also, the edge or vertex critical graphs with
respect to the rainbow domination have been investigated in literature. For reading the results for special families
of graphs such as paths, cycles and the generalized Petersen graphs the reader can consult [1, 2,4, 10]. The rainbow
domination numbers are studied for digraphs and also Cartesian product of some digraphs [5]. Also outer independent
rainbow dominating functions of graphs has been studied [6].

Pai and Chiu [8] developed an exact algorithm and a heuristic for 3-rainbow domination. Recently, Chang et al.
showed that the k-rainbow domination number is equal to the so-called weak k-domination number for strongly chordal
graphs (see [2,3]).

A linear algorithm for determining a 2-rD function of minimum weight of an arbitrary tree was presented in [2]. The
algorithm was based on the related concept of so-called weak 2-domination. Intuitively, we could call it a monochro-
matic version of 2-rainbow domination.

Let G = (V,E) be a graph and f : V(G) — {0, 1,2} be a function that assigns to each vertex a number chosen from
{0, 1, 2}. For notational convenience, we define

=) faw

ueN|[v]

for each v € V. We call v € V a bad vertex with respect to f if f(v) = 0 and f[v] < 1; otherwise, we say that v is a
good vertex with respect to f. Note that if v is a good vertex with respect to f and f(v) = 0, then f[v] > 2. If every
vertex of T is a good vertex with respect to f, then f is called a weak {2}-dominating function (W2D function) of G.
The weight w(f) of f is defined as w(f) = X ey f(v). The minimum weight of a W2D function in G is called the weak
{2}-domination number of G, denoted by y,,2(G).

2. k-RAINBOW AND INDEPENDENT k-RAINBOW DOMINATION OF SOME SPECIAL GRAPHS

The rainbow domination numbers of some families of graphs has been already known. In this section, we study
the (independent) rainbow domination numbers of some other families of graphs, for example Harary graphs, complete
and complete r(> 2)-partite graphs, paths and cycles.

The domination parameters of Harary graphs have been studied in [7]. Here we study the 2-rainbow domination
number of Harary graphs. Given the positive integers k < n, place n vertices around a circle, equally spaced. If k is
even, form Hj, by making each vertex adjacent to the nearest k/2 vertices in each direction around the circle. If k is
odd and n is even, form Hj, by making each vertex adjacent to the nearest (k — 1)/2 vertices in each direction and to
the diametrically opposite vertex. In each case, Hy, is k-regular. When k and n are both odd, index the vertices by the
integers modulo n. Construct Hy,, from Hj_; , by adding the edgesi & i+ (n—1)/2for0<i<(n—-1)/2.

Lemma 2.1. Let Hy, (2 < k < n) be a Harary graph.
(1) If k is an even integer andn = gk +2) +r, 0 < r < k + 1, then

2q ifr=0,
Yr2o(Hkn) =42g + 1 ifr=1,
20+ 1) if2<r<k+1.
(i) If k is an odd integer and n = q(k + 1) +r, 0 < r < k, then
2q ifr=0,

7r2(Hk,n)= 2q+1 lfr: 1,
2Ag+1) if2<r<k+l.
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Proof. (i) Let k be even. First we show that for any k + 2 consecutive vertices

Vips Vigs -« 5 Vigyers Viggas - = 0 Vieers Vigsz

there exist at least two vertices v;, and v;, with f(v;) U f(v;,) = {1,2} or there exists one vertex v;, with f(v;) = {1,2}.
Suppose to the contrary that there exists only one vertex like v;, with value {1} or {2}, then we cannot assign any value
tO Vi, w1 OF Vi » @ CONtradiction.

Now we give a 2-rainbow dominating function of Hy, as follows:
Letn = gk +2) and V(Hy ) = {Vi, ..., Vikj2)425 - - - > Via3s - - -5 Vgke2)). We define f 2 V(Hy,,) — P({1,2}) by

1} if0<m<2g—1iseven,
2} if0<m<2g—1isodd,
@  otherwise.

Letn =gk +2)+1and V(Hip) = (Vi, ..o, Vi2)42s -« o> Via3s - - o Va(k+2)s Vaks2)+1). We define f 1 V(Hy,) — P({1,2})
by

{
S Om2+n+1) = 1

{1} if0 <m < 2qiseven,
{2} if0<m<2g-1isodd,
@  otherwise.

f(Vm(§+1)+1) =

Letn=qg(k+2)+r,where2 <r<k+1and

V(Hipn) = {Vis oo V20420 - - o0 Vi35 - - o5 Vaa2)s Vgt D)1 « - - > Valka2)r)-
We define [ : V(Hy,) — P({1,2}) by f(veee)+1+1r2) = 12},

{1} if0 <m < 2qiseven,

{2} if0<m<2g-1isodd,

and f(v;) = @ for otherwise. Therefore we have the desired formula.

(i1) Let k£ be odd. We can use a method similar to that of (i) to establish the result. O

FOm@/2)+0+1) = {

The k-rainbow domination numbers of the paths, cycles and generalized Petersen graphs have already been consid-
ered elsewhere. In this section, we study the independent 3-rainbow domination number of paths and the independent
2, 3-rainbow domination numbers of cycles and provide a construction for the I3-rD function with the desired weight
in each case.

The independent 2-rainbow domination number of trees has been studied in [1] and in particular, it has been shown
that, for any path P,, y;,(P,) = 5] + 1.

Proposition 2.2.

71 ifn=00r1 (mod 4),

)’i,_;(Pn) = {[-%" lfn =2o0r3 (n’lOd 4)

Proof. Letvy,---,v, be the vertices of P,. First of all, without loss of generality, by |f(v;)| = 0, |[f(v)| = 1, |[f(v;)| = 2
and |f(v)l = 3 we mean that f(v;) = @, f(v;) = {1}, f(v;) = {2,3} and f(v) = {1, 2, 3}, respectively. It is well known
that if for a vertex v;, f(v;) = @, then for the independent 3-rainbow domination one of the following must be held:

@ [fi-)l =3 or |[f(vis)l = 3, (i) [f(vi-)l = L and | f(vi1)| = 2, or (iid) | f(vi-1)l = 2 and | f(vir )] = 1.

We now prove the result by induction on n. It is clear for n € {1,2,3}. For n € {4,5,6,7} it is easy to see that
Vin(Ps) =4 = {%] by assigning |f(vi)| = 1, |f(v3)l =3 and |f(v;)| = O fori = 2,4; y;,(P5) =4 = (%] by assigning
fDl =1 =[fs)l, [f(v3)] = 2 and |f(v))| = O for i = 2,4; ¥, ,(Ps) = 6 = [242] by assigning |f(v)| = 1, |f(v3)| = 2,
If(vs)l = 3 and |f(v)| = 0 for i = 2,4,6; ;,(P7) = 6 = [22] by assigning |f(v)| = 1, [f(v3)| = 2, [f(vs)] = 1,
[f(v7)l =2 and |f(v;)| = O for i = 2,4, 6. Hence the basis of induction holds. Let n = 4¢, t > 2 and the result holds for
n = 4t — 4 by assigning |f(v;)] = 1 fori = 1 (mod 4), [f(v;)| = 2 fori = 3 (mod 4) and i # 4t — 5, [f(v4-s)| = 3 and
|f(vi)l = O for otherwise. Hence y;,(P4—4) = [W]. For n = 4¢, t > 2, by using induction, we assign the vertex vy
with k < 4t — 6 same as induction, and for the vertices v4,_s — v4;, we consider | f(vg_s)| = 2, f(var3)| = 1, f(var—a)| =3
and f(v—a)| = fa—2)| = f(va)l = 0. Therefore ¥;,(Ps;) = ¥i,(Par-g) + 3 = [2H2H] 4 3 = 2] o panely
For n = 1, 2,3 (mod 4), the proofs are similar. O
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We have the exact formulas for y;,(P,) and y;,(P,). In what follows, we give the exact formula for y;, (P,) for
k > 4. We have y; (Py) = 1, v;,(P2) = v;,(P3) = k. So, we may assume that n > 4.

Proposition 2.3. Forn,k > 4,

kt+1 if n=4tor4t+1,
Yin (Pn) = .
k(t+1) otherwise.
Proof. Let f : V(P,) — P({1,2,--- ,k}) be ay;, (P,)-function. Let P, be a path with vertices vy, --- ,v,. We consider
four cases.

Case 1. n = 4t. It is easy to see that w(f(P4)) = k + 1. Consider the subpaths P; : v4;_3Va;_oVai_1va;, for 1 <i <t
It is straightforward to see that w(f|p,) > k, for all 1 < i < t. Therefore, y;, (P,) = w(f) > kt. Suppose now that
w(f) = kt. Therefore, w(f|p,) = k for all 1 < i < t. Now if three vertices of a subpath P; have the weight @ under f,
then w(flp,,) > k or w(flp,,,) > k. This is a contradiction. So, exactly two vertices of P; have the weight @ under f.
We now show that [f(vy;)] = 0 for 1 < i < t— 1 where t > 2. It is clear that |f(v4)] = 0. Suppose that |f(v4;)| = 0 for
1 <i<t=2.If |[f(vair )| = O, then | f(v4i+2)| = k and | f(vags1))l = 1, a contradiction. Thus | f(vai+1)l = [j], |f(vair2)l = 0,
[f(vais3)l = [k]\ [j] and |f(vai+1))] = 0. Now we clime that |f(U?=’4r_3{v,~})| > k + 1. Because if |f(v4-3)| = O, then
[f(var—2)l = k and |f(va-1) U f(va)l = 1, and if |f(va3)l > 1, then |f(var—2) U f(va—1) U f(va)l > k. Therefore
Vi (Pn) = w(f) = kt + 1 for n = 41.

On the other hand, we give an Ik-rD function g with w(g) =k + 1. Let g : V(P,) — P({1,2,--- ,k}) be defined by

%] V=420, 4i (1 <0 L0),
{1} v=v43(1 i<y,
{2,---,k} v=4i-1(0<i<),
{1,--- ,k} v=4r—-1.

Then, g is an Ik-rDF of P, with weight k¢ + 1. So, y;,(P,) < kt + 1. This shows that y; (P,) = kt + 1.
Case 2. n = 4t + 1. Similar to the Case 1, we can show that w(f) > kt + 1. Now the function g’ : V(P,) —
P{1,2,--- ,k}) defined by

g =

{1} v=wv3 (1 <i<0),
g =1 @ V=4 0,v4 (1 2i<0),
(2,--- k) v=wv (1Zi<),
is an Ik-rDF of P, with weight k¢ + 1. This shows that y; (P,) = kt + 1.

Case3. n =4t+2. Letn = 6. By assigning [1] to vy, [k]\ [1] to v3, [K] to v5s and @ to the vertices v, v4, V6. Then we
have y;,(Ps) = 2k. Suppose now that n = 4z + 2, where t > 2. We have Py = P, — {441, Vars2}. Using Case 1, it has
been seen w(flp,) > kt provided that f(v4.;) = [k — 1]. In this case, we should assign f(va.1) = [k] and f(va2) = @
in P,. Thus y; (P,) > k(t + 1).

Now the function  : V(P,) — P({1,2,--- ,k}) defined by

{1} v=wg3 (1 <i<),
h) @ v=vgo(1<i<t+1D)andv=vy (1 <i<),
V)=
2, .k} v=v (1 i<y,
{1,2,...,k} V = V4141,
is an Ik-rDF of P, with weight k(¢ + 1). This shows that y; (P,) = k(t + 1).
Case 4. n = 4t + 3. We have w(f|p,)) > k,forall 1 <i <t. So by Case 3, y;,(Pn) = w(f) > k(t + 1).
We now define the function ' : V(P,) —» P({L,2,--- ,k}) by
{1} V= Vg3,
Kwv)y=3 o v = vy, for even positive integer m,
{2,---k} v=4i-1(0<i<t+1).
It is easy to see that &’ is an Ik-rDF of P, with weight k(f + 1). So, y;,(P,) = k(¢ + 1). This completes the proof. m|
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The 2-rainbow domination of a cycle has been studied in [3].
Proposition 2.4. ( [3], Proposition 3.2) Forn > 3, y2(C,) = 5]+ 31— L3l

The independent k-rainbow domination of a cycle is studied here and we known that y,2(G) < ¥;,(G). For the cycle
C3 it is easy to see y;,(C3) = 2. For y;,(C,) we have the following.

2 if n =4k,

Proposition 2.5. Forn >4, y;,(C,) = .
- [31+1  otherwise.

Proof. For any cycle C,, Proposition 2.4 implies that y;,(C,) > 5] +[§1— L5]. Let n = 0 (mod 4). By assigning {1}
t0 V4i11, {2} to v4i43 for 0 <7 < 7 — 1 and @ to the other vertices, we deduce that y;,(C,) = 5 for n = 0 (mod 4).

Let n = 2 (mod 4). By assigning {1,2} to v, {1} to vy for 1 <i < %, value {2} to v4;43 for 0 <i < %, and @ to
the other vertices, we have y;,(C,) = [’%'I + 1 forn = 2 (mod 4).

Let n be odd and let f be an I2-rD function of C,, of minimum weight. There is a vertex x € V(C,) with f(x) = {1,2}.

Then we get w(f) > 2 +¥;,(Py3) =2+ 22|+ 1=2+22 + 1 =2 4 1 =27+ 1. O

The independent 3-rainbow domination number of cycle Cz is 3. In the follows, we establish the independent
3-rainbow domination number of any cycle of order n > 4.

3MM7+1 if n=4k+3,

Proposition 2.6. Forn >4, y;.(C,) =
P Vi () {3(%] otherwise.

Proof. Let n = 0 (mod 4). It is clear that y; ,(C,) < 37". Let f be an I3-rD function with minimum weight. There
is a vertex v; with f(v;) = 0. Let P,y = C, — {v;}. Then v;,(C,) > ¥i,(Py-1) = {W] = 37” by Proposition 2.2.
Therefore, y;,,(C,) = 2 for n = 0 (mod 4).

Letn =1 (mod 4). Then y;,(C,) < 3[71. Let f be an I3-rD function with minimum weight on C,,. There is a vertex
v; with f(v;) =3, f(vi-1) = f(vi1 = @. Let P,_3 = C, —{vi_1, Vi, Vis1 }. Then we get w(f) > 3+7v;,(Py-3) = 3+|'3"4—_6'| =
{%] = 3[71, by proposition 2.2. Therefore, the result holds. The other two parts can be proved similarly. O

We have already obtained the exact values for y;,(C,), ¥i,,(C,) and y;, (P,). In what follows, we give the exact value
for v;,(C,) for k > 4. It is easy to see that y;, (C3) = k = y;,(Cs) and y; ,(Cs) = 2k = ¥;,(C¢). In general, we have the
following.

Proposition 2.7. Forn > 7 and k > 4,

kt if n=4t,
Yi (Cp) = Sk(t+ 1) ifn=4t+2orn=4t+1,
kt+1)+1 ifn=4r+3.

Proof. Let n = 4¢. Since at least 2¢ vertices should be assigned by @ and any such vertices must be adjacent to vertices
with weight at least [k], any Ik-rD function f with f(v4;—3) = {1}, f(vai-1) ={2,...,k}, and f(v4i—z) = f(v4;) = @ for
1 <i<tisavy;, (Cy)-function. Therefore y;, (Cy) = kt.

Let n = 4t + 2. By deleting three vertices v, v,_1, v, from C, we will have a path P4._;. By Proposition 2.3,
Vi (Pas—1) = kt. Two vertices v, and v,_, of these three vertices should be assigned by @ and the vertex v,_; by [k].
Therefore, y;, (Pas2) = k(t + 1).

Letn > 7 be an odd integer. Then for any Ik-rD function f, there are two consecutive vertices which will be assigned
@ under f. If these two vertices are v; and v, 1, then without lose of generality we should assign f(vi_1) = f(viz2) = [k]
and f(vi-p) = f(viy3) = @. Thus these six vertices have weight 2k.

Now let n = 4t + 1. By deleting these consecutive six vertices from C,, we obtain a path P4_»),3. By Proposition
2.3, ¥i, (Pag-2)13) = k(t — 1). Therefore y;, (Cary1) = k(t + 1).

Let n = 4t + 3. By deleting these consecutive six vertices from C,,, we obtain a path Py;_1y+;. By Proposition 2.3,
')/i,<k(P4(t—l)+l) = k(t — 1) + 1. Therefore yirk(C4f+3) =k(t+1)+1. O
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3. k-RAaINBow AND INDEPENDENT k-RAINBOW DOMINATION OF G — ¢ FOR ANY GRAPH G

We shall study the effect of removing an edge on the k-Rainbow domination and independent k-Rainbow domina-
tion numbers of a graph G.

Proposition 3.1. Let G be a graph. Then
Yk(G) < ¥r(G =€) < yu(G) + 1.
This bounds are sharp.

Proof. Lete = xybe anedge of G. Let G’ = G —eand f : V(G') = P({1,2,...,k}) be a k-rD function with minimum
weight of G'. It is easy to see that f is a k-rD function of G, as well. Therefore, y+(G) < 3y [f W) = yu(G).

Suppose now that g : V(G) — P({1,2,...,k}) is a k-rD function of G of the minimum weight. If g(x) = g(y) = @
or g(x),g(y) # @, then g is a k-rD function of G’, as well. So, y(G") < X ,evc) 18V = y(G). Without loss of
generality, we suppose that g(x) = @ and g(y) # @. Then, h : V(G’) — P({1,2, ..., k}) defined by

h(v)z{{n if v=ux,

g(v)  otherwise

is a k-rD function of G. Therefore,

Y@< Y = Y 80N+ 1 =ya(G) + 1.

veV(G") veV(G)

To see the sharpness of lower bound, let G = K,,. Then y,x(G) = y,4(G — e). For sharpness of the upper bound, let
G =8, be a star graph. Then y,+(G —e) =k + 1 = y4(G) + 1 for n > k + 1. This completes the proof. O

We establish here the independent k-rainbow domination numbers of subgraph G — e of G.
Proposition 3.2. Let G be a graph and e be an edge of the G. Then,
Vi (G—-e) <y, (G)+k~-1.

Proof. Lete = xy and f : V(G) — P({1,2,...,k}) be a y;, (G)-function. We may assume that f(y) = @. If f(x) = @,
then f is an Ik-rD function of G — e. So, ¥; (G =€) < X,y |f(W| = ¥, (G). We now let f(x) # @. We distinguish
two cases depending on f(x).

Case 1. There exists a vertex z € Ng(v) — {x} with nonempty weight. We define f’ : V(G — ¢) —» P({1,2,...,k}) by

2k =g,
f(v)_{f(v) it vz

It is easy to see that f” is an I2-rD function of G — e. Therefore,

VG- < D AW D IO +k=1=7,G) +k-1.

veV(G-e) veV(G)
Case 2. If f assigns @ to all vertices in Ng(y) — {x}, then ' : V(G — ¢) = P({1,2, ..., k}) defined by
, {1} if v=y,
Fw) = Y
fv)y ifve#y

would be an Ik-rD function of G — e. Thus,

VG- < D W= D IO+ 1=%,0G) + 1.

veV(G—e) veV(G)

This ends the proof. O
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4. 3-RamBow AND WEAK {3}-DomINATION NUMBERS

A linear algorithm for determining a 2-rD function of minimum weight of an arbitrary tree has been presented
in [2]. The algorithm was based on the related concept of the so-called weak 2-domination. Intuitively, we could call
it a monochromatic version of the 2-rainbow domination. Let G = (V, E) be a graph and f be a function from V(G)
to {0, 1,2, 3}. In this section, we want to establish related concept of the so-called weak 3-domination and 3-rainbow
domination.

For v € V, we define

=3 fw
ueN|[v]
for notational convenience. We call a vertex v € V a bad vertex with respect to f if f(v) = 0 and |f[v]| < 2; otherwise,
we say that v is a good vertex with respect to f. Note that if v is a good vertex with respect to f and f(v) = 0, then
|fIv]l = 3. If every vertex of G is a good vertex with respect to f, then f is called a weak {3}-dominating function
(W3D function) of G. The weight w(f) of f is defined as w(f) = X,y f(v). The minimum weight of a W3D function
of G is called the weak {3}-domination number of G, which we denote it by ¥,,3(G).
The main reason for introducing this concept is the following.

Theorem 4.1. ( [2]) For every tree T, y,2(T) = y,0(T).
Here we show that the corresponding result of Theorem 4.1 holds for y,3(7T) and y,3(T).
Theorem 4.2. For any tree T, v,3(T) = y,3(T).

Proof. Let T = (V,E) and g be a 3-rD function of T of minimum weight. We define f, : V — {0, 1,2,3} by f,(v) =

lgv)|, for all v € V. Then f, is a W3D function of T' of weight w(f,) = w(g) = ¥,3(T), and s0 ,,;3(G) < w(f,) = y,3(T).
It now suffices to show that y,3(T) < y,3(T). Let f be a y,,3(T)-function. Let g : V — P({1, 2, 3}) be defined as

follows. If f(v) = 0,let gr(v) = @. If f(v) = 3, let gp(v) = {1,2,3}. If f(v) = 1 (f(v) = 2), let g7(v) be chosen so that

() gr(v) = {1} {2} or {3} (g (v) = {1,2},{1,3} or {2,3}), and

(ii) the number of vertices v for which g/(v) # @ or ,enpy &r@) = {1, 2, 3} is maximum.

We show that then for every vertex v € V(G), we have g;(v) # @ or U,enpy &) = {1, 2,3} (and therefore g/ is a 3-rD
function of T'). Suppose to the contrary that, there exists a vertex v not having this property with respect to g. Taking
into account this fact and since v is a good vertex with respect to f, we infer that f(v) = 0, no neighbor of v has weight
3 under f and therefore all neighbors of v have weights at most 2 under f. We now have three possible cases.

Case 1. There exist three vertices x,y and z in N(v) with f(x) = f(y) = f(z) = 1. In the worst case, we may assume
that g¢(x) = g7(y) = g¢(z) = {1} (note that a similar argument will be held in the cases g¢(x) = gr(y) = g¢(z) = {2}
or {3}). Let T, and T, be the components of 7 — v containing x and y, respectively. Let g} be obtained from gy by
exchanging the roles of 1 and 2 on V(7T,), and exchanging 1 and 3 on V(T}). Since g}(x) = {2},g}(y) = {3} and
g}.(z) = {1}, we have U eny g},(u) = {1,2,3}. This is contrary to our choice of g.

Case 2. There exist two vertices x and y in N(v) with f(x) = 1 and f(y) = 2. Then, g¢(x) = {a} and g;(y) = {b, c},
in which 1 <a,b,c <3anda =b. Letd € {1,2,3}\ {b,c}. Let g}’ be obtained from g, by exchanging the roles of d
and a on V(T,). We now have g}f(x) = {d} and g}f(y) = {b, c}, and thus ey g}f(u) = {1, 2, 3}. This is contrary to our
choice of g;.

Case 3. There exist two vertices x and y in N(v) with f(x) = f(y) = 2. Similar to the Case 2, we derive a
contradiction.

The function g, would be a 3-rD function of T with weight y,,3(G). So, y,3(T) < v,3(G). O

If U is a unicycle graph, then by deleting an edge from the cycle it will be changed to a tree. Thus we have the
following proposition.

Proposition 4.3. For a unicycle graph U, v,3(U) < y,3(U).

Proof. By Theorem 4.2 and Proposition 3.1 the result follows. O
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