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ABSTRACT

Let (M, g) be a Riemannian manifold and TM be its tangent bundle. In the present paper, we
study infinitesimal projective transformations on TM with respect to the Levi-Civita connection of
a class of (pseudo-)Riemannian metrics g̃ which is a generalization of the three classical lifts of the
metric g. We characterized this type of transformations and then we prove that if (TM, g̃) admits a
non-affine infinitesimal projective transformation, then M and TM are locally flat.
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1. Introduction

Let M be an n-dimensional (n > 1) C∞ connected manifold and TM be its tangent bundle. In this paper, we
denote the set of all tensor fields of type (r, s) on M and TM by =rs(M) and =rs(TM), respectively. Also, we use
∼ for any geometric object on TM , for example, Ṽ is a vector field on TM , but V is a vector field on M .

Let∇ be an affine connection on a manifoldM . A transformation f onM is called a projective transformation
if it preserves the geodesics as set points. An affine transformation may be characterized as a projective
transformation which preserves the geodesics with the affine parameter.

A vector field V on M with the local one parameter group {ft} is called an infinitesimal projective (affine)
transformation if every ft be a projective (affine) transformation. It is well known that a vector field V on M is
an infinitesimal projective transformation if there exists an one form Ω on M such that

(LV∇)(X,Y ) = Ω(X)Y + Ω(Y )X,

for any X,Y ∈ =1
0(M), where LV is the Lie derivation with respect to V . The one form Ω is called the associated

one form of V . Also, the vector field V is an infinitesimal affine transformation, if Ω = 0[16].
Let g = (gji) be a Riemannian metric on M . It is well-known that we can define from g several (pseudo-

)Riemannian metrics on TM , where they are called the lift metrics of g, as follow: 1) complete lift metric or
lift metric II is denoted by gC , 2) diagonal lift metric or Sasaki metric or lift metric I+III is denoted by gS ,
3) lift metric I+II and 4) lift metric II+III, where I:= gjidx

jdxi, II:= 2gjidx
jδyi and III:= gjiδy

jδyi are bilinear
differential forms defined globally on TM . It should be noted that in literature I:= gjidx

jdxi is called the vertical
lift of g and denoted by gV . For more details on lift metrics, one can refer to[17].

The problems of existing infinitesimal projective transformations on M and TM , have been studied by many
authors, e.g. [3, 5, 6, 7, 8] and [10, 11, 12, 13, 14, 15]. These studies show that the existence of infinitesimal
projective transformations on M or TM might lead to some global results. For example in [10], it is proved that
if M , which is a complete Riemannian manifold with the parallel Ricci tensor, admits a non-affine infinitesimal
projective transformation, then M is a space of positive constant curvature. Also it is proved in [11] that if a
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simply contact Riemannian manifold M admits a non-affine infinitesimal projective transformation, then M is
isometric to a unit sphere.

In [6], [7] and [12], the following theorem is proved.
Theorem A: Let (M, g) be a complete Riemannian manifold and TM its tangent bundle. If TM , with 1)

complete lift metric or 2) Sasaki metric or 3) lift metric II+III, admits a non-affine infinitesimal projective
transformation, then M and TM are locally flat.

Abbassi and Sarih in [1] defined the g-natural metrics on TM , and in [2] studied a subclass of this metrics,
that is displayed as

g̃ = αgS + βgC + γgV ,

where α, β and γ are real constants with α > 0 and α(α+ γ)− β2 > 0. As we said that gS , gC and gV are the
diagonal lift, the complete lift and the vertical lift of the Riemannian metric g, respectively. It is obvious that g̃
is a Riemannian metric on TM .

In [4], fiber-preserving projective vector fields with respect to the Levi-Civita connection from this subclass
of g-natural metric are considered. It is proved that the Theorem A is true about of this class of metrics.

In this paper, we study the infinitesimal projective transformations on TM with respect to the Levi-Civita
connection of the pseudo-Riemannian metric g̃ = αgS + βgC + γgV , where α, β and γ are real constants and
α(α+ γ)− β2 6= 0. In this case, one can see that g̃ is a generalization of the above metrics.

In fact, we have the following Theorems:

Theorem 1.1. Let (M, g) be an n-dimensional Riemannian manifold and TM be its tangent bundle with (pseudo-
)Riemannian metric g̃ = αgS + βgC + γgV ,where α, β and γ are real constants with α 6= 0 and λ := α(α+ γ)− β2 6= 0.
Then Ṽ is an infinitesimal projective transformation with the associated one form Ω̃ on TM if and only if there exist
ϕ,ψ ∈ C∞(M), B = (Bh), D = (Dh) ∈ =1

0(M) and A = (Ahi ), C = (Chi ) ∈ =1
1(M), satisfying

1. (Ṽ h, Ṽ h̄) = (Bh + yaAha , D
h + yaCha + yhyaΦa),

2. (Ω̃i, Ω̃ī) = (∂iψ, ∂iϕ) = (Ψi, Φi),

3. ∇jΨi = 0,∇iΦj = 0,

4. ∇iAhj = Φjδ
h
i − α2

2λD
aRhaij ,

5. RhbjaA
a
i = 0, RajibA

h
a = 0,

6. Ba∇aRhbji = Rabji∇aBh −Rhbja∇iBa −RhajiCab −RhbaiCaj ,

7. ∇iChj = Ψiδ
h
j +BaRhiaj + αβ

2λD
aRhaji,

8. Rakji(β∇aBh − βCha + α∇aDh) = 0,

9. LBΓhji = ∇j∇iBh +BaRhaji = Ψjδ
h
i + Ψiδ

h
j −

αβ
2λD

a(Rhaji +Rhaij),

10. ∇j∇iDh = −β
2

λ D
aRhjai + α(α+γ)

2λ DaRhjia,

11. βDa∇jRhbai = −β(Rhbaj∇iDa +Rhbai∇jDa)− βRajib∇aDh

− βRhbai(2
β2

α ∇jB
a − 2β

2

α C
a
j −∇jDa),

where (Ṽ h, Ṽ h̄) := Ṽ aEa + Ṽ āEā = Ṽ , and (Ω̃i, Ω̃ī) := Ω̃adx
a + Ω̃āδy

a = Ω̃.

Theorem 1.2. Let (M, g) be an n-dimensional Riemannian manifold and TM be its tangent bundle with the (pseudo-
)Riemannian metric g̃ = βgC + γgV , where β and γ are real constants with β 6= 0. Then Ṽ is an infinitesimal projective
transformation with the associated one form Ω̃ on TM if and only if there exist ϕ,ψ ∈ C∞(M), B = (Bh), D = (Dh) ∈
=1

0(M) and A = (Ahi ), C = (Chi ) ∈ =1
1(M), satisfying

1. (Ṽ h, Ṽ h̄) = (Bh + yaAha , D
h + yaCha + yhyaΦa),

2. (Ω̃i, Ω̃ī) = (∂iψ, ∂iϕ) = (Ψi, Φi),

3. ∇jΨi = 0,∇iΦj = 0,
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4. ∇iAhj = Φjδ
h
i ,

5. AaiRhbja = 0, RabjiA
h
a = 0,

6. ∇iChj = Ψjδ
h
i +BaRhiaj ,

7. LBΓhji = ∇j∇iBh +BaRhaji = Ψjδ
h
i + Ψiδ

h
j ,

8. LDΓhji = ∇j∇iDh +DaRhaji = 0,

9. Ba∇aRhbji = −Rhaji∇bBa −Rhbja∇iBa −RhbaiCaj +RabjiC
h
a ,

where (Ṽ h, Ṽ h̄) := Ṽ aEa + Ṽ āEā = Ṽ , and (Ω̃i, Ω̃ī) := Ω̃adx
a + Ω̃āδy

a = Ω̃.

Theorem 1.3. Let (M, g) be a complete Riemannian manifold and TM be its tangent bundle with the (pseudo-
)Riemannian metric g̃ = αgS + βgC + γgV , where α, β and γ are real constants with α(α+ γ)− β2 6= 0. If (TM, g̃)
admits a non-affine infinitesimal projective transformation, then M and TM are locally flat.

Thus the Theorem A is true about of the (pseudo-)Riemannian metric g̃ = αgS + βgC + γgV , where α(α+
γ)− β2 6= 0. It would be mentioned that the equation RabjiA

h
a = 0 is eliminated in [6], [7] and [12].

2. Preliminaries

In this section, we give the basic definitions and results on M and TM that are needed later. The details of
them can be founded in [17, 18]. In here, indices a, b, c, i, j, k, . . . have range in {1, 2, . . . , n}.

Let M be an n-dimensional C∞ connected manifold. The coordinate systems on M are denoted by (U, xi),
where U is the coordinate neighborhood and xi the coordinate functions. Let TxM denotes the tangent space
of M at x and TM :=

⋃
x∈M TxM is the tangent bundle of M . The elements of TM are denoted by (x, y) where

y ∈ TxM and the natural projection π : TM →M is given by π(x, y) := x.
Let (M, g) be a Riemannian manifold, ∇ be the Levi-Civita (Riemannian) connection of g and Γhji be the

coefficients of ∇, i.e. ∇∂j∂i = Γhji∂h, with respect to the frame field {∂h := ∂
∂xh }.

Using the Levi-Civita Connection ∇, we define the local frame field {Ei, Eī} on each induced coordinate
neighborhood π−1(U) of TM , as follow:

Ei := ∂i − ybΓhbi∂h̄, Eī := ∂ī,

where ∂ī := ∂
∂yi . This frame field is called the adapted frame of TM . The dual frame of {Ei, Eī} is {dxh, δyh},

where δyh := dyh + ybΓhabdx
a. By the straightforward calculation, we have the following lemmas.

Lemma 2.1. The Lie brackets of the adapted frame of TM satisfy the following identities:

1. [Ej , Ei] = ybRaijbEā,
2. [Ej , Eī] = ΓajiEā,
3. [Ej̄ , Ej̄ ] = 0,

where R = (Raijb) is the curvature tensor of ∇.

Lemma 2.2. Let Ṽ = (Ṽ h, Ṽ h̄) = Ṽ hEh + Ṽ h̄Eh̄ be a vector field on TM . Then

1. [Ṽ , Ei] = −(EiṼ
a)Ea + (Ṽ cybRaicb − Ṽ b̄Γabi − EiṼ ā)Eā,

2. [Ṽ , Eī] = −(EīṼ
a)Ea + (Ṽ bΓabi − EīṼ ā)Eā.

From the Riemannian metric g = (gji) on a manifold M , one can see that

I: gjidxjdxi,
II: 2gjidx

jδyi,
III: gjiδyjδyi,

are quadratic differential forms which globally defined on TM and also

II: 2gjidx
jδyi,
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I+II: gjidxjdxi + 2gjidx
jδyi,

I+III: gjidxjdxi + gjiδy
jδyi,

II+III: 2gjidx
jδyi + gjiδy

jδyi

are Riemannian or pseudo-Riemannian metrics on TM . It would be mentioned that the metric II is called the
complete lift metric and denoted by gC , the metric I+III is called the Sasakian metric and denoted by gS , and
quadratic form I is called the vertical lift and denoted by gV . For more details, one can refer to [16].

Abbassi and Sarih in [2] studied a subclass of Riemannian g-natural metrics on TM that is denoted by
g̃ = αgS + βgC + γgV , where α, β and γ are constants with α > 0 and α(α+ γ)− β2 > 0.

Here, we consider pseudo-Riemannian metric g̃ = αgS + βgC + γgV on TM , where α, β and γ are constants
with α(α+ γ)− β2 6= 0. In this case, one can see that g̃ is a generalization of the above metrics, for example, if
put α = β = 1 and γ = −1, then g̃ = gS + gC − gV is the lift metric II+III.

The coefficients of Levi-Civita connection ∇̃ of the metric g̃ = αgS + βgC + γgV , with respect to the adapted
frame {Ei, Eī} are computed in [2]. In fact, we have the following Lemma.

Lemma 2.3. Let ∇̃ be the Levi-Civita connection of the metric g̃ = αgS + βgC + γgV on TM , where α, β and γ are
constants with λ := α(α+ γ)− β2 6= 0. Then we have

∇̃Ej
Ei =

{
Γhji + αβ

2λ y
k(Rhkji +Rhkij)

}
Eh + yk

(
β2

λ R
h
jki −

α(α+γ)
2λ Rhjik

)
Eh̄,

∇̃Ej
Eī = α2

2λy
kRhkijEh + (Γhji −

αβ
2λ y

kRhkij)Eh̄,

∇̃Ej̄
Ei = α2

2λy
kRhkjiEh −

αβ
2λ y

kRhkjiEh̄,

∇̃Ej̄
Eī = 0.

where Γhji denotes the coefficients of Riemannian connection ∇ with respect to g.

3. Proof of Theorems

In this section, we prove Theorems 1.1 and 1.3 because Theorem1.2 can be proved in a similar way.

Proof of Theorem1.1

Because the sufficient conditions are easy to proof, we only prove the necessary conditions. Let Ṽ =

Ṽ hEh + Ṽ h̄Eh̄ be an infinitesimal projective transformation and Ω̃ = Ω̃hdx
h + Ω̃h̄δy

h its the associated one form
on TM , thus for any X̃, Ỹ ∈ =1

0(TM) we have

(LṼ ∇̃)(X̃, Ỹ ) = Ω̃(X̃)Ỹ + Ω̃(Ỹ )X̃. (3.1)

From (LṼ ∇̃)(Ej̄ , Eī) = Ω̃(Ej̄)Eī + Ω̃(Eī)Ej̄ and Lemma 2.3 we have

∂j̄∂īṼ
h − α2

2λ
yk(Rhika∂j̄ Ṽ

a +Rhjka∂īṼ
a) = 0, (3.2)

and
∂j̄∂īṼ

h̄ +
αβ

2λ
yk(Rhika∂j̄ Ṽ

a +Rhjka∂īṼ
a) = Ω̃j̄δ

h
i + Ω̃īδ

h
j (3.3)

One can see that (3.2) is rewritten as follows:

∂j̄∂īṼ
h =

α2

2λ

{
∂j̄(y

bRhibaṼ
a) + ∂ī(y

bRhjbaṼ
a)
}
. (3.4)

By differentiaiting from (3.4) with respect to yk, we have

∂k̄∂j̄∂īṼ
h =

α2

2λ

{
∂k̄∂j̄(y

bRhibaṼ
a) + ∂k̄∂ī(y

bRhjbaṼ
a)
}

=
α2

2λ

{
∂j̄∂ī(y

bRhibaṼ
a) + ∂j̄∂k̄(ybRhjbaṼ

a)
}

=
α2

2λ

{
∂ī∂k̄(ybRhibaṼ

a) + ∂ī∂j̄(y
bRhjbaṼ

a)
}
.

(3.5)
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From (3.5), we obtain that

∂k̄∂j̄(∂īṼ
h − α2

λ
ybRhibaṼ

a) = 0. (3.6)

Thus we can put

Phji := ∂j̄(∂īṼ
h − a2

λ
ybRhibaṼ

a), (3.7)

and

Ahi + ybPhbi = ∂īṼ
h − α2

λ
ybRhibaṼ

a, (3.8)

where Phji and Ahi are functions on M . By a straightforward calculation, we see that A = (Ahi ) ∈ =1
1(M) and

P = (Phji) ∈ =1
2(M).

By using (3.2), we have

Phji + Phij = 2∂j̄∂īṼ
h − α2

λ
yb(Rhiba∂j̄ Ṽ

a +Rhjba∂īṼ
a) = 0. (3.9)

This means that Phji is antisymmetric with respect to i, j and thus we have

2Phji = Phji − Phij =
α2

λ
{∂ī(ybRhjbaṼ a)− ∂j̄(ybRhibaṼ a)}. (3.10)

Therefore

2yjPhji =
α2

λ

{
yj∂ī(y

bRhjbaṼ
a)− yj∂j̄(ybRhibaṼ a)

}
= −2α2

λ
yjRhijaṼ

a − α2

λ
yjybRhiba∂j̄ Ṽ

a. (3.11)

By substituting (3.11) into (3.8), we obtain

∂īṼ
h = Ahi −

α2

2λ
yjybRhiba∂j̄ Ṽ

a, (3.12)

so we have
yi∂īṼ

h = yiAhi . (3.13)

Substituting (3.13) into (3.12), we obtain

∂īṼ
h = Ahi −

α2

2λ
ybycRhibaA

a
c , (3.14)

from which

∂j̄∂īṼ
h = −α

2

2λ
yb(RhibaA

a
j +RhijaA

a
b ). (3.15)

On the other hand, by substituting (3.14) into (3.2), we have

∂j̄∂īṼ
h =

α2

2λ
yb(RhibaA

a
j +RhjbaA

a
i )− α4

4λ
ybycyd(RhibaR

a
jceA

e
d +RhjbaR

a
iceA

e
d). (3.16)

Comparing (3.15) and (3.16), we obtain

α(2RhjbaA
a
i +RhjiaA

a
b +RhibaA

a
j ) = 0, (3.17)

therefore
α(RhjbaA

a
i +RhibaA

a
j ) = 0. (3.18)

By use of (3.18) and the first Bianchi identity, we have

α(RhbjaA
a
i ) = 0, (3.19)

thus
RhbjaA

a
i = 0, (3.20)
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by virtue of α 6= 0.
Substituting (3.20) into (3.14), we obtain

Ṽ h = Bh +Ahay
a, (3.21)

where Bh are certain functions on M . One can see that B = (Bh) ∈ =1
0(M).

Substituting (3.21) into (3.3), we have
∂j̄∂īṼ

h̄ = Ω̃j̄δ
h
i + Ω̃īδ

h
j . (3.22)

Contracting i and h in (3.22)
Ω̃j̄ = ∂j̄ϕ̃, (3.23)

where
ϕ̃ :=

1

n+ 1
∂āṼ

ā. (3.24)

Substituting (3.23) into (3.22), we get
∂j̄∂īṼ

h̄ = ∂j̄ϕ̃δ
h
i + ∂īϕ̃δ

h
j (3.25)

By a similar way, one can see that there exist Φ = (Φi) ∈ =0
1(M), D = (Dh) ∈ =1

0(M) and C = (Chi ) ∈ =1
1(M),

satisfying
Ω̃ī = Φi, (3.26)

and
Ṽ h̄ = Φay

ayh + Cha y
a +Dh. (3.27)

From (LṼ ∇̃)(Ej̄ , Ei) = Ω̃j̄Ei + Ω̃iEj̄ and by use of (3.21), (3.26) and (3.27), we obtain

Φjδ
h
i = (∇iAhj +

α2

2λ
DaRhaji) +

yb

2λ

{
α2(Ba∇aRhbji −Rabji∇aBh

+Rhbja∇iBa +RhajiC
a
b +RhbaiC

a
j ) + αβRabjiA

h
a

}
+
ybyc

2λ
α2
(
Aac∇aRhbji −Rabji∇aAhc +Rhbja∇iAac + 2ΦcR

h
bji

)
. (3.28)

Contracting i and h in (3.28), we have

Φi =
1

n
∇aAai . (3.29)

From (3.28) we get

∇iAhj = Φjδ
h
i −

α2

2λ
DaRhaji, (3.30)

α(Ba∇aRhbji −Rabji∇aBh +Rhbja∇iBa +RhajiC
a
b +RhbaiC

a
j ) + βRabjiA

h
a = 0, (3.31)

and

Aat∇aRhbji +Aac∇aRhbji = Rabji∇aAhc +Racji∇aAhb −Rhbja∇iAac −Rhcja∇iAab − 2ΦcR
h
bji − 2ΦbR

h
cji. (3.32)

From (3.29) and (3.30) we have

Φi = ∇iAaa −
α2

2λ
RaiD

a =
1

n
∇aAai . (3.33)

From (LṼ ∇̃)(Ej̄ , Ei) = Ω̃j̄Ei + Ω̃iEj̄ and using (3.20), (3.21) and (3.27) we obtain

Ω̃iδ
h
j = (∇iChj −BsRhisj −

αβ

2λ
RhajiD

a)− yb

2λ

{
αβ(Ba∇aRhbji +Rhbja∇iBa

+RhajiC
a
b +RhbaiC

a
j −RabjiCha ) + α2Rabji∇aDh + 2λ(∇iΦjδhb +∇iΦbδhj )

}
+
ybyc

2λ

{
α2(RabjiB

dRhadc −Rabji∇aChc )− αβ(Aac∇aRhbji +Rhbja∇iAac

+RhbjiΦc −RabjiΦaδhc )
}
− ybycydα

2

2λ
Rabji∇aΦcδhd . (3.34)
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Contracting h and j in (3.34), we obtain

nΩ̃i = (∇iCaa +
αβ

2λ
RaiD

a) +
yb

2λ

{
αβ(Ba∇aRhbi +Rba∇iBa +RaiC

a
b )

+ α2Rabei∇aDe + 2λ(n+ 1)∇iΦb
}

+
ybyc

2λ

{
α2(RabeiB

dReadc −Rabei∇aCec )

+ αβ(Aac∇aRbi +Rba∇iAac +RbiΦc)
}
, (3.35)

where Rji is the Ricci tensor of M which is defined by Rji := Rssji.
Substituting (3.35) into (3.34) and comparing the both side, we get

∇iChj = Ψiδ
h
j +BaRhiaj +

αβ

2λ
RhajiD

a, (3.36)

where Ψi := 1
n (∇iCaa + αβ

2λRaiD
a), and

2λ(n∇iΦjδhk −∇iΦkδhj ) = n
{
− αβ(Ba∇aRhbji +Rhbja∇iBa +RhhjiC

a
b +RhbaiC

a
j −RabjiCha )− α2Rabji∇aDh

}
− δhj

{
αβ(Ba∇aRbi +Rba∇iBa +RaiC

a
b ) + α2Rcaki∇cDa

}
. (3.37)

One can see that the last part of right hand side in (3.35) vanishes.
Contracting h and k in (3.37), we obtain

− 2λ(n− 1)∇iΦj = αβ(Ba∇aRji +Rja∇iBa +RiaC
a
j ) + α2Rcaji∇cDa. (3.38)

Using (3.38), we can rewritten (3.35) and (3.37) as follows:

Ω̃i = Ψi + 2yk∇iΦk, (3.39)

and

2λ(∇iΦbδhj −∇iΦjδhb ) = αβ(Ba∇aRhbji +Rhbja∇iBa +RhajiC
a
b +RhbaiC

h
j −RabjiCha ) + α2Rabji∇aDh. (3.40)

From (LṼ ∇̃)(Ej , Ei) = Ω̃jEi + Ω̃iEj and using (3.20), (3.21), (3.27) and (3.39), we obtain

Ψjδ
h
i + Ψiδ

h
j + 2yb(∇jΦbδhi +∇iΦbδhj ) = ∇j∇iBh +BaRhaji

+
αβ

2λ
Da(Rhaji +Rhaij) +

yb

2λ

{
2λ∇j∇iAhb + αβ

(
Ba(∇aRhbji

+∇aRhbij)− (Rabji +Rabij)∇aBh + (Rhbai +Rhbia)∇jBa

+ (Rhbaj +Rhbja)∇iBa + (Rhaji +Rhaij)C
a
b

)
− 2β2RajbiA

h
a

+ α(α+ γ)RajibA
h
a + α2(Rhbai∇jDa +Rhbaj∇iDa)

}
+
ybyc

2λ

{
αβ
(
Aac (∇aRhbji +∇aRhbij)− (Rabji +Rabij)∇aAhc

+ (Rhbai +Rhbia)∇jAac + (Rhbaj +Rhbja)∇iAac + Φb(R
h
cji +Rhcij)

)
− α2(RhbaiB

dRajdc +RhbajB
dRaidc −Rhbai∇jCac +Rhbaj∇iCac )

}
(3.41)
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and

0 = ∇j∇iDh +
β2

λ
RhjaiD

a − α(α+ γ)

2λ
RhjiaD

a +
yb

2λ

{
2λ
(
∇j∇iChb

−∇j(BcRhicb)
)

+ 2β2(Ba∇aRhjbi +Rhabi∇jBa +Rhjba∇iBa

+RhjaiC
a
b −RajbiCha )− α(α+ γ)(Ba∇aRhjib +Rhaib∇jBa

+Rhjab∇iBa +RhjiaC
a
b −RajibCha )− αβ

(
Rhbai∇iDa +Rhbaj∇iDa

+ (Rabji +Rabij)∇aDh
)}

+
ybyc

2λ

{
(2λ∇j∇iΦb + α(α+ γ)RajibΦa

− 2β2RajbiΦa)δhc + 2β2(Aac∇aRhjbi +Rhabi∇jAac +Rhjba∇iAac )

− α(α+ γ)(Aac∇aRhjib +Rhaib∇jAac +Rhjab∇iAac )

+ αβ
(
(Rabji +Rabij)B

dRhadc +RhbaiB
dRajdc +RhbajB

dRaidc

− (Rabji +Rabij)∇aChc −Rhbai∇jCac −Rhbaj∇iCac
)}

− ybycydαβ
2λ

(Rabji +Rabij)∇aΦcδhd . (3.42)

Comparing both side of (3.41), we obtain

LBΓhji = ∇j∇iBh +BaRhaji = Ψjδ
h
i + Ψiδ

h
j −

αβ

2λ
Da(Rhaji +Rhaij), (3.43)

and

2λ∇j∇iAhb = −αβ{Ba(∇aRhbji +∇aRhbij) + (Rabji +Rabij)∇aBh

− (Rhbai +Rhbia)∇jBa − (Rhbaj +Rhbja)∇iBb − (Rhaji +Rhaij)C
a
b }

+ 2β2RajbiA
h
a − α(α+ γ)RajibA

h
a − α2(Rhbai∇jDa +Rhbaj∇iDa)

+ 4λ(∇jΦbδhi + 2∇iΦbδhj ). (3.44)

Substituting (3.30) into (3.44), we have

λ(4∇jΦbδhi + 2∇iΦbδhj ) = αβ
{
Ba(∇aRhbji +∇aRhbij)− (Rabji

+Rabij)∇aBh + (Rhbai +Rhbia)∇jBa + (Rhbaj +Rhbja)∇iBa

+ (Rhaji +Rhaij)C
a
b

}
− 2β2RajbiA

h
a + α(α+ γ)RajibA

h
a

+ α2(2Rhbai∇jDa +Rhbaj∇iDa −Da∇jRhabi). (3.45)

Contracting i and h in (3.45) and using (3.38), we get

− 2λ(n+ 2)∇jΦb = αβ(Ba∇aRbj +Rba∇jBa +RajC
a
b )− α2Rabcj∇aDc. (3.46)

From (3.38) and (3.46), we obtain
∇jΦk = 0. (3.47)

From (3.39) and (3.47), we get
Ω̃i = Ψi. (3.48)

Substituting (3.31) and (3.47) into (3.45)

α2∇j(RhabiDa) = αRhbai(α∇jDa − βCaj + β∇jBa) + αRhbaj(α∇iDa − βCai + β∇iBa) + λRajibA
h
a . (3.49)

From (3.49), we get
RajibA

h
a = 0. (3.50)

Using from (3.31), (3.40), (3.47) and (3.50) we have

Rabji(β∇aBh − βCha + α∇aDh) = 0. (3.51)
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Contracting i and h in (3.41) and using (3.21), (3.27) and (3.47), we obtain

(n+ 1)Ψj = ∇j∇aBa −
αβ

2λ
RajD

a − yb

2λ

{
αβ(Ba∇aRbj +Rba∇jBa +RajC

a
b ) + α2Rcbaj∇cDa

}
− ybyc

2λ
αβ
{
Aac∇aRbj + 2RbjΦc −

α2

2λ
(RbaR

a
dcjD

d +RdbajR
a
ecdD

e)
}

(3.52)

Comparing (3.52) with (3.35), we get

Ψi =
1

n+ 1
(∇i∇aBa −

αβ

2λ
RaiD

a) =
1

n
(∇iCaa +

αβ

2λ
RaiD

a). (3.53)

If we define ψ := 1
2n+1 (∇aBa + Caa ), from (3.53), one can see that

∂iψ = Ψi. (3.54)

From (3.42), we have

∇j∇iDh = −β
2

λ
RhjaiD

a +
α(α+ γ)

2λ
RhjiaD

a, (3.55)

and

2λ
(
∇j∇iChb −∇j(BcRhicb)

)
= −2β2(Ba∇aRhjbi +Rhabi∇jBa +Rhjba∇iBa

+RhjaiC
a
b −RajbiCha ) + α(α+ γ)(Ba∇aRhjib +Rhaib∇jBa

+Rhjab∇iBa +RhjiaC
a
b −RajibCha ) + αβ

(
Rhbai∇iDa

+Rhbaj∇iDa + (Rabji +Rabij)∇aDh
)
. (3.56)

If β 6= 0, we put ϕ = Aaa − α
β ( n

2n+1∇aB
a − n+1

2n+1C
a
a ) and one can see that

∂iϕ = Φi. (3.57)

If β = 0, from (3.55), we have

∇j∇aDa = −α(α+ γ)

2λ
RjaD

a. (3.58)

Thus, we put ϕ := Aaa + α
α+γ∇aD

a and from (3.33) and (3.58), one can see that

∂iϕ = Φi. (3.59)

Substituting (3.31), (3.36) and (3.51) into (3.56), we get

2λ∇jΨiδhb = α(α+ γ)(Ba∇aRhjib +Rhaib∇jBa +Rhjab∇iBa +RhjiaC
a
b

−RajibCha )− 2β2(Rhabi∇jBa −RhabiCaj ) + αβ{∇j(RhbaiDa)

+Rhbaj∇iDa +Rhbai∇jDa −Raijb∇aDh}. (3.60)

Contracting i and h, and j and h, separatly in (3.60), we have

2λ∇jΨb = α(α+ γ)(−Ba∇aRjb −Rab∇jBa +Rcjab∇cBa

−RjaCab −RcjabCac )− αβ(Rcajb +Rcabj)∇cDa, (3.61)

and

2λ∇bΨi = −α(α+ γ)(−Ba∇aRib −Rab∇iBa +Rciab∇cBa

−RiaCab −RciabCac ) + αβ(Rcaib +Rcabi)∇cDa. (3.62)

From (3.61) and (3.62), we get
∇jΨi +∇iΨj = 0. (3.63)

On the other hand, from (3.61) and (3.63), we have

4λ∇jΨi = −α(α+ γ)
(
Rai(∇jBa − Caj )−Rja(∇iBa − Cai )−Rbjia(∇bBa − Cab )

)
. (3.64)
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Contracting h and j in (3.31),

Rba∇iBa = −Ba∇aRbi −RaiCab −Rcbai(∇cBa − Cac ). (3.65)

Substituting (3.65) into (3.64) and using the first Binachi identity, we get

∇jΨi = 0. (3.66)

Substituting (3.66) into (3.60) and by use of (3.31), (3.36) and (3.51) we obtain

βDa∇jRhbai = −β(Rhbaj∇iDa +Rhbai∇jDa)− βRajib∇aDh − βRhbai(2
β2

α
∇jBa − 2

β2

α
Caj −∇jDa). (3.67)

This completes the proof.

Proof of Theorem 1.3

Let Ṽ be a non-affine infinitesimal projective transformation on TM . We put Xh := AhaΦ
a, then from (3.30)

and (3.47) we have
LXgji = ∇jXi +∇iXj = 2(ΦaΦ

a)gji,

where Xi := gihX
h.

Similarly, we define Y h := (∇aBh − Cha )Ψa. Then, by using (3.36), (3.43) and (3.66), we get

LY gji = (∇j∇aBi −∇jCai)Ψa + (∇i∇aBj −∇iCaj)Ψa = 2(ΨaΨ
a)gji

Therefore X and Y are infinitesimal homothetic transformations.
To complete the proof of theorem, we need the following Lemma, which is proved in [9].

Lemma 3.1. If a complete Riemannian manifoldM admits a non-isometric infinitesimal homothetic transformation, then
M is locally flat.

If M is not locally flat, by use of Lemma 3.1, X and Y are infinitesimal isometric transformations and thus
Φi = Ψi = 0. Therefore Ṽ is an infinitesimal affine transformation, which is a contradiction. Thus M is locally
flat. It is easy to see that TM is also locally flat.
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