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ABSTRACT

Let (M,g) be a Riemannian manifold and TM be its tangent bundle. In the present paper, we
study infinitesimal projective transformations on 7'M/ with respect to the Levi-Civita connection of
a class of (pseudo-)Riemannian metrics § which is a generalization of the three classical lifts of the
metric g. We characterized this type of transformations and then we prove that if (7'M, §) admits a
non-affine infinitesimal projective transformation, then M and T'M are locally flat.
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1. Introduction

Let M be an n-dimensional (n > 1) C* connected manifold and T'M be its tangent bundle. In this paper, we
denote the set of all tensor fields of type (r, s) on M and TM by 3% (M) and Q7 (TM), respectively. Also, we use
~ for any geometric object on 7'M, for example, V is a vector field on TM, but V is a vector field on M.

Let V be an affine connection on a manifold M. A transformation f on M is called a projective transformation
if it preserves the geodesics as set points. An affine transformation may be characterized as a projective
transformation which preserves the geodesics with the affine parameter.

A vector field V on M with the local one parameter group {f;} is called an infinitesimal projective (affine)
transformation if every f; be a projective (affine) transformation. It is well known that a vector field V on M is
an infinitesimal projective transformation if there exists an one form Q on M such that

(LyV)(X,Y) = QX)Y + QY)X,

forany X,Y € S§(M), where Ly is the Lie derivation with respect to V. The one form 2 is called the associated
one form of V. Also, the vector field V is an infinitesimal affine transformation, if 2 = 0[16].

Let g = (g;:) be a Riemannian metric on M. It is well-known that we can define from g several (pseudo-
)Riemannian metrics on T'M, where they are called the lift metrics of g, as follow: 1) complete lift metric or
lift metric II is denoted by ¢, 2) diagonal lift metric or Sasaki metric or lift metric I+III is denoted by g¢°,
3) lift metric I+II and 4) lift metric II+II, where LI:= g;;dz?dz?, II:= 2g;;d2’ 6y and II:= g;;0y?dy’ are bilinear
differential forms defined globally on T'M. It should be noted that in literature I:= g;;dz?dz* is called the vertical
lift of g and denoted by ¢g"'. For more details on lift metrics, one can refer to[17].

The problems of existing infinitesimal projective transformations on M and 7'M, have been studied by many
authors, e.g. [3, 5, 6, 7, 8] and [10, 11, 12, 13, 14, 15]. These studies show that the existence of infinitesimal
projective transformations on M or 7'M might lead to some global results. For example in [10], it is proved that
if M, which is a complete Riemannian manifold with the parallel Ricci tensor, admits a non-affine infinitesimal
projective transformation, then M is a space of positive constant curvature. Also it is proved in [11] that if a
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simply contact Riemannian manifold M admits a non-affine infinitesimal projective transformation, then M is
isometric to a unit sphere.

In [6], [7] and [12], the following theorem is proved.

Theorem A: Let (M, g) be a complete Riemannian manifold and T'M its tangent bundle. If TM, with 1)
complete lift metric or 2) Sasaki metric or 3) lift metric II+Ill, admits a non-affine infinitesimal projective
transformation, then A/ and T'M are locally flat.

Abbassi and Sarih in [1] defined the g-natural metrics on TM, and in [2] studied a subclass of this metrics,
that is displayed as

g=ag”+Bg" +74",
where o, 3 and v are real constants with a > 0 and a(a + ) — 32 > 0. As we said that ¢°, ¢ and ¢ are the
diagonal lift, the complete lift and the vertical lift of the Riemannian metric g, respectively. It is obvious that g
is a Riemannian metric on T'M.

In [4], fiber-preserving projective vector fields with respect to the Levi-Civita connection from this subclass
of g-natural metric are considered. It is proved that the Theorem A is true about of this class of metrics.

In this paper, we study the infinitesimal projective transformations on 7'M with respect to the Levi-Civita
connection of the pseudo-Riemannian metric §j = ag® + 89° +vg", where «, 3 and v are real constants and
a(a+7) — 8% # 0. In this case, one can see that g is a generalization of the above metrics.

In fact, we have the following Theorems:

Theorem 1.1. Let (M, g) be an n-dimensional Riemannian manifold and TM be its tangent bundle with (pseudo-
)Riemannian metric § = ag® + Bg° + vg", where o, 3 and  are real constants with o # 0and X := a(a + ) — B2 # 0.
Then V is an infinitesimal projective transformation with the associated one form Q on TM if and only if there exist
¢, € C®(M), B=(B"), D= (D") € S§(M) and A = (Al), C = (CI) € $H(M), satisfying

L (VM Vh) = (B" +y* AL, D" + y*Cll + y"y* Do),
3. VW, = 0,V:d; =0,

4. VAl = @;0! — & DR

aij’

5. Ry, A¢ =0, Ry, Al =0,

bja

6. BV Rl = R¢

byi 8iVaB" — R ViB* — R}.Cp — Ry, C8

a aji bai~'j

— a aB pa
7. ViCll = ;8" + B°R.,; + X D*R};

iaj aji’
8. Ry, (BV.B" — BCI + aV,D") =0,

9. LpTh; = V,;V;B" + B*Rl,, = ;6! + ;6" — 38 D2(Rh, + Rl,.),

aji aji atj

_ B pa (a+7) pa
10. V,;V,D" = ~& DRl .+ D pagh,
11. BD*V,R},, = —B(R}:,,V;D* + R}V ;D) — BR%,V D"

— BR, (22 ;B —22Cg — D7),

where (VP V) .= VE, + ViE, =V, and (Q;,Q;) := Qudz® + Qa6y® = Q.

Theorem 1.2. Let (M, g) be an n-dimensional Riemannian manifold and T M be its tangent bundle with the (pseudo-
)Riemannian metric G = Bg© + gV, where 3 and ~ are real constants with B # 0. Then V is an infinitesimal projective
transformation with the associated one form 2 on T M if and only if there exist ¢, € C*(M), B = (B"),D = (D") €
S§(M) and A = (Al), C = (CF) € 31(M), satisfying

1. (
2. (02,0

;) = (0, 0ip) = (Wi, Di),

h7‘77z) _ (Bh + y“AZ,Dh + yac(}; + yhya@a)7
3. VW, = 0,V:d; =0,

v
Q
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4. VAl = &0l
5. ASRh. =0, Ra. AM=0

bja bji*ta

6. V;Ch = w;6! + B*RY.

iaj?

LpT% = V,;V,B" + B*Rl;, = 0;8" + w00,

aji

LpTh, =V;V;D" + DR}, =0,

aji

© o N

B*VoR},; = —R,VyB* — R, VB — R, CY + RY.Ch,

aji bjt
where (V' V1) := VeE, + VAE; =V, and (Q;, %) := Qudz® + Qa6y® = Q

Theorem 1.3. Let (M,g) be a complete Riemannian manifold and TM be its tangent bundle with the (pseudo-
)Riemannian metric § = ag® + Bg° +~vg", where «, B and ~ are real constants with a(a +v) — 8% # 0. If (TM, g)
admits a non-affine infinitesimal projective transformation, then M and T M are locally flat.

Thus the Theorem A is true about of the (pseudo-)Riemannian metric § = ag® + Bg° + vg", where a(a +
v) — 8?2 # 0. It would be mentioned that the equation Ry Al = 0 is eliminated in [6], [7] and [12].

2. Preliminaries

In this section, we give the basic definitions and results on M and T'M that are needed later. The details of
them can be founded in [17, 18]. In here, indices a, b, ¢, 4, j, k, ... have range in {1,2,...,n}.

Let M be an n-dimensional C*> connected manifold. The coordinate systems on M are denoted by (U, z?),
where U is the coordinate neighborhood and z* the coordinate functions. Let T, M denotes the tangent space
of M atx and TM := |J,.,, T M is the tangent bundle of M. The elements of TM are denoted by (z,y) where
y € T, M and the natural projection 7 : TM — M is given by 7(z,y) := «.

Let (M, g) be a Riemannian manifold, V be the Levi-Civita (Riemannian) connection of g and I‘?i be the
coefficients of V, i.e. Vy,0; = 8h, with respect to the frame field {0, := Bxh }.

Using the Levi-Civita Connectlon V, we define the local frame field {E;, E;} on each induced coordinate
neighborhood 7= *(U) of T M, as follow:

E;:=0; —y'Thoy, E;

=0

(2

where 9; := z2-. This frame field is called the adapted frame of TM. The dual frame of {E;, E;} is {dz", 63"},
where dy" := dy" + y’T'", dz®. By the straightforward calculation, we have the following lemmas.

Lemma 2.1. The Lie brackets of the adapted frame of T M satisfy the following identities:

ngEa?

E| =
z]
Bj] =

1. [E;

2. [E; F

3. [E; O
where R (R;p) is the curvature tensor of V.

Lemma 2.2. Let V = (V" V) = V'E), + VP E;, be a vector field on T M. Then

ich ‘N/Brgi - Eif/a)E
2. V2B = —(EV)B, + (VTS — E,7)E,,

1. [V,Ej] = —(E;V*)E, + (V4"R%

From the Riemannian metric g = (g;;) on a manifold M, one can see that

L gjidzida?,
IT: 2g;,dz? 6y,
I0L: g0y 0y,

are quadratic differential forms which globally defined on 7'M and also

IT: 2g;,dz? 6y,
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I+IL: gj;dxdda’ + 2g;;da? 5y,
+1IL: gjidad da’ + g;:007 6y,
4L 2g;:d2? 8y + g;i0y7 6y

are Riemannian or pseudo-Riemannian metrics on T'M. It would be mentioned that the metric II is called the
complete lift metric and denoted by ¢©, the metric I+III is called the Sasakian metric and denoted by ¢°, and
quadratic form I is called the vertical lift and denoted by ¢". For more details, one can refer to [16].

Abbassi and Sarih in [2] studied a subclass of Riemannian g-natural metrics on TM that is denoted by
g = ag® + Bg® +~vg", where a, 3 and v are constants with o > 0 and a(a +v) — 5% > 0.

Here, we consider pseudo-Riemannian metric § = ag® + 89° +vg" on TM, where «, 3 and ~ are constants
with a(a + ) — 82 # 0. In this case, one can see that j is a generalization of the above metrics, for example, if
puta=pB=1andy=—1,then § = g% + ¢g° — ¢g" is the lift metric II+IIL

The coefficients of Levi-Civita connection V of the metric § = ag® + 8¢ + vg", with respect to the adapted
frame {E;, E;} are computed in [2]. In fact, we have the following Lemma.

Lemma 2.3. Let V be the Levi-Civita connection of the metric § = ag® + Bg° +vg¥ on TM, where «, 3 and ~y are
constants with \ := a(a + ) — 82 # 0. Then we have

VE E - {F gfyk(Rij kzj }Eh +y ( R;Lkz - 0‘(04""}’) thzk:>E}_L’

YE E; = zxykRZuEh + (Fh - ykR}kLw)Eh’
VEjEz = QAykRZ]th - gfykRZﬂEh’

@EEE; =0.

where T"; denotes the coefficients of Riemannian connection ¥ with respect to g.

3. Proof of Theorems
In this section, we prove Theorems 1.1 and 1.3 because Theorem1.2 can be proved in a similar way.

Proof of Theorem1.1

Because the sufficient conditions are easy to proof, we only prove the necessary conditions. Let V=
V" Ey, + V" Ej, be an infinitesimal projective transformation and 2 = 2, da” + 2;6y" its the associated one form
on TM, thus for any X, Y € S} (T'M) we have

(Lo V)X, T) = Q)Y + A7), 3.1)

From (L V)(E;, E;) = Q(E;)E; + Q(F; )E; and Lemma 2.3 we have

70

2

050,V — Lyt (Rl 05V + Ry, 0,7) = 0, (3.2)
and i 5 .
0,0,V" + ;‘A E(RI, 05V + Rl 07%) = 2567 + 0;0" (3.3)
One can see that (3.2) is rewritten as follows:
{8 zba a &( R]bava)}- (34)

By differentiaiting from (3.4) with respect to y*, we have

812(935?‘7’1 = 2)\{31@ "R V) + 050 (y° ]bava)}
5{& YR V) + 00, (5" Rl V) ) (3.5)
= {&ak: szbava) + 5285(31 jbava)}
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From (3.5), we obtain that
a?

81585(&1 % h - TbelbaVa) = 0. (36)
Thus we can put

h ._ o (7h
Pl = 8;(0,V" -

J

(L
)\ sza Va)v (37)
and

A? + ybplﬁ = &zvh O;\ sza

where Pﬁ and Al are functions on M. By a straightforward calculation, we see that 4 = (A?) € S}(M) and
P = (P}) € S3(M).
By using (3.2), we have

Ve, (3.8)

2
~ o ~
Pl + P! =20;0,V" — Y Y’ (R, 0,V + R, 0;V) = 0. (3.9)

This means that PJ; is antisymmetric with respect to i, j and thus we have

2
a a (l
Therefore
2 Pl = {170, ijbam 05 Rl V)
2 -
= ‘;‘ YRV — A o iyP Rh DV (3.11)
By substituting (3.11) into (3.8), we obtain
~ 2 ~
ai‘/h = Ah 2)\1,/ bezbaa Va7 (312)
so we have o .
YoV =y AL (3.13)
Substituting (3.13) into (3.12), we obtain
oV = A} — Ay’i«fR,ba 2 (3.14)
from which .2
OV = =1y (Ripa AT + RijoAp)- (3.15)

On the other hand, by substituting (3.14) into (3.2), we have
h _ 0[2 a Oé b,c,d a a e
a &V 2)\ (sza 7 + ija z) - 4Ay vy (szaR]ce + RgbacheA ) (316)

Comparing (3.15) and (3.16), we obtain

(2ija i + R;LzaAa + sza ?) = 03 (317)
therefore
Q(ija i T sza _(71) =0. (318)

By use of (3.18) and the first Bianchi identity, we have
a(Ry;,AL) =0, (3.19)

thus
Ry, AY =0, (3.20)
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by virtue of a # 0.
Substituting (3.20) into (3.14), we obtain
Vi = B" 4+ Aly®, (3.21)

where B" are certain functions on M. One can see that B = (B") € S§(M).
Substituting (3.21) into (3.3), we have

8;0:Vh = Q560 + (5. (3.22)
Contracting i and h in (3.22)
25 = 050, (3.23)
where )
b= 185V . (3.24)
Substituting (3.23) into (3.22), we get i
050,V = 0;08] + ;00" (3.25)

By a similar way, one can see that there exist & = (&;) € (M), D = (D") € S{(M) and C = (CP) € S} (M),
satisfying

Q; = &, (3.26)

3

and -
Vh =@,y + Chy® + D", (3.27)

From (L, V)(E E) = Q;Ei + QiEj and by use of (3.21), (3.26) and (3.27), we obtain

h h a ph a h
;6 = (Vi A + ﬁD Rgj;) + 2/\ o*(B*V Rbﬂ - Ry;;VuB
+ R}, ViB®* + Rl .Ci + R, CF) + af Ry, AL
b,c
vy a a
o) o? (ASVRy;; — Ry VoAl + Ry Vi AS + 20 Ry (3.28)
Contracting ¢ and h in (3.28), we have
1
o, = -V, AL (3.29)
n
From (3.28) we get
VAl =0;6] — —D“RZM, (3.30)
a(B*VoRyj; — Ry Vo B" + R ViB® + Ry, Cf + R,y CF) + BRy; Ay = 0, (3.31)
and
APV Ry + AV G Ry = R NG AL + RGN GAY — R Vi AY — RE VALY — 20 Ry — 20, RY (3.32)
From (3.29) and (3.30) we have
a? 1
&, =V,; A% — —R,;D* = -V, A{. .
Vi Ag 2)\R nV g (3.33)
From (L‘—/@)(Ej, E) = QjEi + QiEE and using (3.20), (3.21) and (3.27) we obtain
0.0 = (v,Ch — BR, — PR pey - yi{ B(B*V,RL; + R}, ViB®
1Yy 2 isj 2\ aj’L «Q atlpji bja vVt
+ RZﬂC’b + R, C8 — Ry CEY + 02 RV o DM + 2XM(V,0;6) + Vi ®y67) }
y y 2 d a h h a
+ K ( bsz Radc - bj’tv O ) - a/B(Achiji + ijaviAc
+ Rl};ji bjiPa 5 } ylycy* R&-N@Jﬁ- (3.34)
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Contracting h and j in (3.34), we obtain

of

Q. — (.00
n); (VlC'a+2)\

RayiD%) + —{ B(B*V 4Rl + Ry ViB® + R, CY)

y y© e
2)\ 2( bezBd adc bezv C )

+ aB(ALV o Ry; + Roa ViAL + Ryi®e) }, (3.35)

+ 0&® R, VoD +2\(n 4+ 1)V;®, } +

where Rj; is the Ricci tensor of M which is defined by R;; := R,
Substituting (3.35) into (3.34) and comparing the both side, we get

a 1 6 a
ViCl = ;6" + B*R,; + aRf;ﬂD (3.36)

where #; := 1(v,C% + %8 R,;D*), and

2\(nV®;6) — Vi®p6") = n{ — aB(B*Vo Ry + Ry, ViB* + R,.Ch + R, C8 — Ry.CE) — o Ry Vo D"}
— 67 {aB(B*VaRyi + ReaViB* + RaiCy) + o° RS, VD }. (3.37)

One can see that the last part of right hand side in (3.35) vanishes.
Contracting h and k in (3.37), we obtain

—2\(n — 1)Vi®; = aB(B*V,Rj; + Rju.ViB®* + R;uC%) + a?RS;,V . D (3.38)

aji

Using (3.38), we can rewritten (3.35) and (3.37) as follows:
Qi =0, + 2y°V, Py, (3.39)
and

2AN(V®y0) — ViD;0)') = aB(B*V Ry, + Ry, ViB® + R},Co + Ry, ,CF — RiCl) 4+ o Ry, VD" (3.40)

bj(l b]z

From (L V)(E;, E;) = Q;E; + €, E; and using (3.20), (3.21), (3.27) and (3.39), we obtain

W68+ Wi0) + 20 (V;@u0) + Vi®y0)) = V;V;B" + B°R};

aji
aﬁ h h yb h a h
+ 35 D*(RY;; + Rl)) ﬁs{zAvjvab +aB(B“(VaRy;

+ V Rbij) — (Ry;; + Ryij)Va B" + (Ry,; + Ry,)V; B
+ (Rp; + Rijo) ViB® + (Ryj; + R )Cy) — 267 R, Al
+ ala+ )R, Al + 0* (R, V;D* + Ry, VD) }
+ %{QB(AZ(VGR?J@‘ + vaRl}yLij) — (Ry;; + Rgij)vaAh
(R{:m + Ry ) VAL + (Rpy; + Ryjo ) ViAL + (R, + REj))
o?(Ry, B R, jde T Rbaj B'RY. — Ry, V08 + Rbajv Ca)} (341)
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and

0=v,vi0" + L po - Ot b D“+—{2A(vvcb

P Co2\ g
— V;(B°Rl)) +28%(B*V Rl + R,V ;B + RY, VB
+R;L(ucb - ]blc(lzz) 70‘(054»7)(3 V.R 7b+Ra1bv'Ba

+R!,ViB" + R, Cp — R,C) — aB(Ry,; ViD® + Ry, V:D®

+ (R + Rt )VaD") } + yz‘;/ (2AV, Vi@, + ala +7)R%®,
— 2B°R,®,)00 + 2B%(ALV R, + Rl VAL + R, VAL

— ala+7)(AIVL R, + BRIy VAY + R}, Vi AS)
+ aﬁ(( l?ji + sz])BdRadc + RZde ?dc + Rba] Bddec
(joz sz)v Ch V Ca Rbajvicg)}

ybycyd ap (B + Ry Vo ®.0k.

baz

Comparing both side of (3.41), we obtain

= U;0) + W;0) — —BD“(Rh + R

aji azj)

LT, =V;V;B" + B°Rl,

aji
and

2\V;V; Ay = —aB{B*(VaRy;; + VaRy,) + (R + R ) Vo B"
(Rbaz + sza)vaa (Rbaj + ija)v'Bb (RZjZ + RZZ])C;)I}
+28° R}y, Al — oo+ v) RSy Al — o (R, V;D* + Ry, VD)

+AN(V;D46] + 2V, 8,67,
Substituting (3.30) into (3.44), we have

AAV; D01 + 2V,046) ) = af{ B*(Va Ry + VaRiy;) — (Ri,
bz])v Bh (Rl};ai +Rl})lia)lea (Rbaj +Rl})lja)viBa
(R(}zljz + RZ’L]) } 52 bz a + a( + ’Y) ;ibAZ
+ *(2R}, VD + RbajV D* — DV, Rl,.).

Contracting ¢ and % in (3.45) and using (3.38), we get

—2X(n +2)V;9, = aB(B*V,Ry; + Ry VjB* + Ry;Cy) — Rme De.
From (3.38) and (3.46), we obtain

VP, = 0.
From (3.39) and (3.47), we get
Q=

Substituting (3.31) and (3.47) into (3.45)

o’V (Rl D) = aRp, (aV;D* — BCY + BV;BY) + aRy,;(aV;D* — BC + BV B*) + ARS;, Al

From (3.49), we get
R?ibAZ - 0

Using from (3.31), (3.40), (3.47) and (3.50) we have

8i(BVaB" — BCh + aV,D") =0.

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)
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Contracting i and h in (3.41) and using (3.21), (3.27) and (3.47), we obtain

"
(n+1)¥; =V,;VB* — TfR D= )\{aﬁ(BaVaij + Ry VB + Ra;Cy) + o*R;,;V D}
2
y y aB{ ALV Ry; + 2Ry P — 3 )\(RbaquDd + Ry, Re..D%)) (3.52)
Comparing (3.52) with (3.35), we get
1 a Oéﬁ ay __ a % a
V= 1 (ViVaB' — 50 RuD") = (vc + 5y Rai D). (3.53)
If we define ¢ := m(v B®* + C?%), from (3.53), one can see that
onh = ;. (3.54)
From (3.42), we have
V,V,D" = —TR?MD“ %R;’WD“ (3.55)
and

2\ (V;ViC} — V;(B°R}.,)) = —2B*(B*V. R}y, V,B*
+ R;Lazcb - jblcl}ll) + Oé(Oé + 7)(Bav R]’Lb + RZibvaa
+Rl,V:B" + Rl CF — RY,CM) + aB (R}, VD"

+ Ry, ViD* + (Ry;; + Rit;)VaD"). (3.56)

+ Rabzv B + R;'lba

If p#0,weput o = A7 — 5(547VaB” — 2L Ca) and one can see that

2n+1 2n+1
Oyp = &;. (3.57)

If 3 =0, from (3.55), we have
V;V.D* = fa(o;ijq/)RjaD“. (3.58)

Thus, we put ¢ := A% + a5 VaD? and from (3.33) and (3.58), one can see that
Oip = D;. (3.59)
Substituting (3.31), (3.36) and (3.51) into (3.56), we get
2\V, W0y = (o +7)(B*VoRYy, + Rl VB + R), VB + R, Cy
— R}3,Cl) = 282 (Ryy;V;B® — Ri,Cf) + aB{V; (R, D*)
+ Rp,;ViD® + R}, V;D* — R}, Vo D"} (3.60)
Contracting ¢ and b, and j and h, separatly in (3.60), we have
2\V; ¥, = a(a +79)(=B*VaoRjpy — RV B* + R,V .B"
— R;aCy — Rj,,C2) — aB(Rgj, + Rgy;) Ve D, (3.61)
and

22V, = —a(a+v)(—B*V4Riy — Ry ViB* + RS, V.B*
- Riacll)l zabca) + aﬂ( aib T Rabz)vCD . (362)
From (3.61) and (3.62), we get
V¥ + V¥; = 0. (3.63)
On the other hand, from (3.61) and (3.63), we have

ANV, ¥; = —a(a +7) (Rai(V;B* — Cf) — Rjo(ViB* = Cf') — R}, (Vs B* — Cy)). (3.64)
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Contracting h and j in (3.31),

Ry, ViB* = —B*V Ry — Ry Cyp — Ry, (V.B* — C3). (3.65)
Substituting (3.65) into (3.64) and using the first Binachi identity, we get
V¥, = 0. (3.66)
Substituting (3.66) into (3.60) and by use of (3.31), (3.36) and (3.51) we obtain
2 2
BD*V Ry, = —B(Ri;ViD* + Ry, V ;D) — BRY, VD" — ﬁR{;ai(z;vaa - 2%0; —V;D). (3.67)

This completes the proof.

Proof of Theorem 1.3

Let V be a non-affine infinitesimal projective transformation on 7M. We put X" := A"®*, then from (3.30)
and (3.47) we have
Lxgji =V;Xi+ ViX; = 2(2,9)g;i,
where X; := ¢;, X".
Similarly, we define Y" := (V,B" — C")¥?. Then, by using (3.36), (3.43) and (3.66), we get

Lygji = (V;VoBi = V;Coi) ¥ + (ViVoBj — ViCoj W = 2V, ¥")gji

Therefore X and Y are infinitesimal homothetic transformations.
To complete the proof of theorem, we need the following Lemma, which is proved in [9].

Lemma 3.1. If a complete Riemannian manifold M admits a non-isometric infinitesimal homothetic transformation, then
M is locally flat.

If M is not locally flat, by use of Lemma 3.1, X and Y are infinitesimal isometric transformations and thus
@; = W; = 0. Therefore V is an infinitesimal affine transformation, which is a contradiction. Thus M is locally
flat. It is easy to see that 7'M is also locally flat.
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