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Abstract

In this work, we aim to develop classical Euler-Bernoulli elastic curves in a non-Euclidean space. So, we study the curvature energy action
under some boundary conditions in the Galilean 3−space G3. Then, we derive the Euler-Lagrange equation for bending energy functional
acting on suitable curves in G3. We solve this differential equation by using some solving methods in applied mathematics. Finally, we give
an example for elastic curves in Galilean 3−space G3.
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1. Introduction

The differential geometry of curves plays important role in many area. Especially, the curvature theory of curves and surfaces are useful
tool in many different branch of science such as engineering, chemistry, biology, etc. Curves are also encountered in the solution of some
important physics problems. Also, the curvature theory of curves is often used to describe complicated systems that arising in kinematic and
mechanic problems.
In 1870, Cayley-Klein stated that there are nine different geometries in the plane. These geometries are determined by parabolic, elliptic,
and hyperbolic measures of angles and lengths. The Galilean geometry is the simplest of all Cayley-Klein geometries. For example, some
problems can not be solved in Euclidean geometry, but they can be solved easily in Galilean geometry. Also, another importance of Galilean
geometry is that it is associated with the Galilean principle of relativity, [1].
One of the most familiar topics in the calculus of variation is the problem of elastic curves ( or known elastica) which are defined as curves
satisfying a variational condition appropriate for interpolation problems. In a more geometric manner, elastic curve is a variational problem
minimizing the bending energy functional given by

∫
γ κ(s)2ds with fixed length and boundary conditions, [2]. This type of curve, motivated

by the physical statement of a thin, inextensible elastic rod, is characterized by basic techniques of differential geometry and variational
calculations and has a great area in geometry, physics, analysis, engineering and chemistry, today. With this work, we study the elastic curves
which are critical points of the bending energy functional under some boundary conditions in a Galilean 3−space G3. Then, we get the
Euler-Lagrange equation for bending energy functional acting on suitable curves. Then we get solution of the differential equation and give
an application for elastic curves in Galilean 3−space.

2. Preliminaries

In this section, we recall some general facts about the structure of the Galilean 3−space G3 and notations needed throughout the paper, and
repeat some of the definitions in G3.
In Galilean 3−space, the Galilean scalar product of two vectors u = (u1 ,u2 ,u3) and v = (v1 ,v2 ,v3) is defined by

< u,v >G3
=

{
u1 v1 , if u1 6= 0 or v1 6= 0
u2 v2 +u3 v3 , if u1 and v1 are zero.

If < u,v >G3
= 0, then u and v are perpendicular.

The Galilean cross product of the vectors u and v is given by

(u× v)G3
=

∣∣∣∣∣∣
0 e2 e3

u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣ ,
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where e1 , e2 and e3 are Euclidean standard basis. The Galilean norm of the vector u = (u1 ,u2 ,u3) is defined by

‖u‖
G3

=

{
|u1 |, u1 6= 0,√

u2
2
+u2

3
, u1 = 0.

If the first component of a vector is zero, then the vector is called as isotropic, otherwise it is called non- isotropic [3, 4]. All unit non-isotropic
vectors are of the form (1,u2 ,u3 ). Let γ : I ⊂ R→G3 be a unit speed curve and parametrized by the arc-length parameter s. So, the curve γ is
given by in the coordinate form

γ(s) = (s,γ2(s),γ3(s)).

The curvature κ(s) and the torsion τ(s) are defined by

κ(s) = ‖γ ′′(s)‖
G3

=
√

γ ′′
2
(s)2 + γ ′′

3
(s)2,

τ(s) =
det(γ ′(s), γ ′′(s), γ ′′(s))

κ2(s)

(2.1)

and the moving trihedron is given by

T (s) = γ ′(s),

N(s) =
γ ′′(s)
κ(s)

,

B(s) = 1
κ(s) (0,−γ ′′

3
(s),γ ′′

2
(s)).

The vector fields T , N and B are known the tangent vector field, the principal normal and the binormal vector field, respectively. Therefore,
the Frenet-Serret formulas can be given in matrix form as T ′

N′

B′

=

 0 κ 0
0 0 τ

0 −τ 0

 T
N
B

 ,
[4, 5].

3. Elastic Curves in Galilean 3−space

In this section, we get the Euler-Lagrange equation for bending energy functional acting on suitable curves in Galilean 3−space G3.
We consider the set of regular space curves in Galilean 3−space G3 given by

Ω = {γ
∣∣γ(ai) = γi, γ

′(ai) = γ
′
i , γi, γ

′
i ∈ G3, i = 1,2,3}

and the subspace of Ω as

Ωu = {γ ∈Ω

∣∣∣∥∥γ
′∥∥

G3
= 1}.

For the bending energy functional

F λ : Ω → G3

γ → F λ =
1
2
∫
γ

(
‖γ ′′‖2

G3
+Λ(s)(‖γ ′‖

G3
−1)

)
ds,

we will obtain critical values of the functional F λ by using the techniques of differential geometry and calculus of variations. Here, Λ is a
Lagrange multiplier and F λ on Ωu has a minimum value with respect to Lagrange multiplier principle.
Now, we suppose that γ is a critical point of the functional F λ . If γ is a critical point of the functional F λ , we have

∂F λ (W ) =
∂

∂ε
F λ (γ + εW )

∣∣∣∣
ε=0

= 0.

If we use standard calculation involving some integrations by parts, we get the first variation formula of the functional F λ as follows

`∫
0

< E(γ),W >G3
ds+

(
< γ
′′,W ′ >G3

−< γ
′′′−Λγ

′,W >G3

)∣∣∣`
0
= 0,

where

E(γ) = γ
′′′′− d

ds
(Λγ

′). (3.1)

So, for some function Λ(t), the elastic curve in G3 must satisfy the equation

E(γ) = γ
′′′′− d

ds
(Λγ

′)≡ 0. (3.2)
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By using Frenet equations in G3, we obtain

γ
′′′ = κ

′N +κτB

and

γ
′′′′ = (κ ′′−κτ

2)N +(2κ
′
τ +κτ

′)B. (3.3)

Substituting Eq. (3.3) into (3.2), we get

−Λ
′T +(κ ′′−κτ

2−Λκ)N +(2κ
′
τ +κτ

′)B = 0. (3.4)

From (3.4), we have Λ′ = 0, and so, we can choose

Λ =
λ

2
= const.. (3.5)

Substituting Eq. (3.5) into Eq. (3.4), the Euler-Lagrange equations are derived as follows

κ
′′−κτ

2− λ

2
κ = 0 (3.6)

and

2κ
′
τ +κτ

′ = 0. (3.7)

We obtain from Eq. (3.7)

κ
2
τ = c, c = const.. (3.8)

If we combine the Eqs. (3.6) and (3.8), we have the Euler-Lagrange equation as follow

κ
′′− c2

κ3 −
λ

2
κ = 0. (3.9)

Theorem 3.1. The characterization for an elastic curve γ in Galilean 3−space G3 is given by the Euler-Lagrange equation (3.9).

Multiplying 2κ ′ Eq. (3.9) and then integrating once, we find

(κ ′)2 +
c2

κ2 −
λ

2
κ

2 = A (3.10)

where A is a integration constant. One can see that κ = const. is a solution of (3.10). Now, we assume that κ has a non-constant value. For
solving Eq. (3.10), we suppose that κ2 = u. Then, Eq. (3.10) reduces to

(u′)2−2λu2−4Au+4c2 = 0. (3.11)

For solving Eq. (3.11), we suppose that u′ = p. Then, Eq. (3.11) reduces to

p2−2λu2−4Au+4c2 = 0. (3.12)

The first derivative of Eq. (3.12) is found as

p
(

p′−2λu−2A
)
= 0. (3.13)

If p = 0 in the Eq. (3.13) we get κ = const.. From Eq. (3.9), we have the solution for λ < 0

κ
4 =−2

c2

λ
.

If p 6= 0, then we find the solution of the differential equation

p′−2λu−2A = 0.

The last equation can be written as follows

d2u
2λu+2A

= ds2.

Then we have the solution in the following(
u

2λ
+

A
2λ 2

)
ln(2λu+2A)− u

2λ 2 =
s2

2
+ c1s+ c2,

or(
κ2

2λ
+

A
2λ 2

)
ln(2λκ

2 +2A)− κ2

2λ 2 =
s2

2
+ c1s+ c2.

Example 3.2. Let γ (s) =
(

s, s−sinscoss
4 , sins2−s2

4

)
be a curve in G3. From (2.1) the curvature and the torsion of γ is found as κ (s) = sins

and τ = 1, [7]. Then γ is found an elastic curve with λ =−4 and c = sin2 s.
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