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Abstract

Wolfe and Mond-Weir type symmetric dual models for multiobjective variational problems
with support functions are formulated. For these pairs of problems, weak, strong and
converse d uality t heorems a re v alidated u nder convexity-concavity a nd p seudo-
convexity, p seudo-concavity a ssumptions o n certain c ombination o f f unctionals. S elf
duality theorems for both pairs are established. The problems with natural boundary
values are formulated. It is also pointed out that our duality results can be regarded as
dynamic g eneralizations o f n onlinear p rogramming p roblems h aving n ondifferentiable
terms as support functions.

Keywords: Multiobjective, variational problems, support functions, symmetric duality, self duality,
convexity-concavity, pseudoconvexity-pseudoconcavity.

Destek fonksiyonlari iceren varyasyonel problemler icin simetrik dualite
Ozet

Destek fonksiyonlu ¢ok amach varyasyonel problemler icin Wolfe ve Mond-Weir t ipi
simetrik dual modeller formtle edilmistir. Bu gesit problemler igin; zayif, glcli ve karsit
dualite teoremleri fonksiyonellerin belirli kombinasyonlar Gzerine konvekslik-konkavlik ve
pseudo-konvekslik, pseudo-konkavlik varsayimlar altinda gecerli kiinmistir. ki cift igin
de 6z dualite teoremleri kurulmustur. Dogal sinir degerli problemler formile edilmistir.
Ayrica dualite sonuglarimizin, destek fonksiyolarn gibi diferansiyellenemeyen ifadelere
sahip olan nonlineer programlama problemlerinin dinamik genellestirmeleri olarak kabul
edilebilecegine dikkat gekilmektedir.

Anahtar Sozcukler: Cok amacli, varyasyonel problemler, destek fonksiyonlar, simetrik dualite, 6z
dualite, konvekslik-konkavlik, pseudokonvekslik- pseudokonkavlik.

1. Introduction

Following Dorn [ 1], symmetric duality results in mathematical programming have been
derived by a number of authors, notably, Dantzig et al. [2], Mond [3], Bazaraa and
Goode [4]. In these researches, the authors have studied symmetric duality under the
hypothesis of convexity-concavity of the kernel function involved. Mond and Cottle [5]
presented self duality for the problems of [2] by assuming skew symmetric of the kernel
function. Later Mond-Weir [6] formulated a different pair of symmetric dual nonlinear
program with a view to generalize convexity-concavity of the kernel function to
pseudoconvexity-pseudoconcavity.
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Symmetric duality for variational problems was first introduced by Mond and Hanson [7]
under the convexity-concavity conditionso f a scalar  functions like

t//(t,x(t),)'((t), y(t),y(t)) with x(t)e R" and y(t)e R™. Bector, Chandra and Husain [8]

presented a different pair of symmetric dual variational problems in order to relax the
requirement of convexity-concavity to that of pseudoconvexity-pseudoconcavity. In [9]
Chandra and Husain gave a fractional analogue.

Bector a nd Husain [ 10] p robably w ere th e first t o s tudy d uality f or multiobjective
variational p roblems un der convexity a ssumptions. S ubsequently, G ulati, H usain a nd
Ahmed [11] presented two distinct pairs of symmetric dual multiobjective variational
problems and established various duality results under appropriate invexity
requirements. In this reference, self duality theorem is also given under skew symmetric
of the integrand of the objective functional.

The purpose of this research is to present Wolfe and Mond-Weir type symmetric dual
pairs o f m ultiobjective v ariational p roblems containing s upport f unctions i n o rder to
extend the results of Gulati, Husain and Ahmed [11] to nondifferentiable cases and hence
study sy mmetric a nd self d uality f or t hese pairs of n ondifferentiable m ultiobjective
variational problems. The problems, treated in this research are quite hard to solve. So
to e xpect a ny i mmediate a pplication o f th ese p roblems w ould b e f ar f rom r eality.
Unfortunately, there has not always been sufficient flow between the researchers in the
multiple criteria decision making and the researchers applying it to their problems. Of
course, one can find optimal control applications in galore which reflect the utility of our
models. Further, the problems with natural boundary values are formulated and it is also
pointed o utth ato urr esultsc anb e c onsidered a sd ynamic g eneralizations o f
corresponding (static) symmetric duality results of multiobjective nonlinear programming
problems i nvolving s upport f unctions. The re duced n ondiferentiable m ultiobjective
nonlinear problems are not explicitly mentioned in the literature. The duality results for
them are immediate.

2. Notations And Preliminaries

The following notation will be used for vectors inR".

X<Y, & X <V, i=12,...,n
X<V, = X< Vi i=12,...,n
X<y, = X <V, i=12,...,n, butx=y

x £y, is the negation of X<y

Let | =[a,b] be the real interval, and¢' (t,X(t),X(t), y(t),)'/(t)), i=12,...,p be a scalar
function and twice differentiable function where x:1 — R"and y: | — R" with derivatives
Xandy. In orderto consider each ¢' (t,x(t),)'((t),y(t),y(t)) denote the first partial
derivatives of ¢ with re spectt o t,x(t),X(t),y(t),y(t)respectively, b y4,é\. 4.4, 4;,
that is,
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ji-| 00 00 o ji—| 20 20 o' |
“lox ox, ox | ook o%, X,
¢i{a¢‘ o4 aﬂ ; {awi of o4 |
y 8y1’ay2)"'layn ) y ayl '6y2'...’ayn_
Thet wicep artial derivatives of¢', i=12,...,p withr espectto t,x(t),
X(t),y(t)and y(t), respectively are the matrices
i 82 i , 62 i i 82 i
¢xx= 8¢ ! ¢x>'(= ¢J ' ¢xy=[ ¢ ]
XkXS nxn anXS nxn anyS nxn
: 82 i : 82 i : 82 i
¢xy: a¢ ! ¢>’<y: ¢ j ! ¢xy:[ ¢j
X Ys nxn anyS nxn anys nxn
i aZ i i 82 i i 82 i
g - 22| ¢yy:l.} , ¢W=[.¢.J
aykys nxn 8ykys nxn aykys nxn
Noting that
d i i i ies i i
a¢y:¢yt+¢yyy+¢yyy+¢yxx+¢yxx
and hence
o d d o d d dd ; i
—, =—4q,, , —¢, =—a¢. +.., —— =4
oy dt”’ dt¢yy oy dt "’ dt(ijy P dy dt¢y Py
o d d o d d o d
0, =—0Q,,, —_— ., = — '>'<+ _ @y, = Py
ox dt % dt Py oxdt™ dt P 0y oX dt =9,

In order to establish our main results, the following concepts are needed.

Definition 1. (Support f unction): Let Kbe a compactsetinR", then thes upport
function of Kis defined by

s(x(t)|K)= max{x(t)Tv(t):v(t)e K,te I}

A support function, being convex everywhere finite, has a subdifferential in the sense of
convex analysis i.e., there exist z(t)e R" , te |, such that

s(y()]C)-s(x®)[C)=(y®) - x)" z(t)
From [12], subdifferential of S(x(t)|K)is given by
8s(x(t)|K):{z(t) e K, telsuch that‘x(t)T z(t)= s(x(t)|K)}.

For any set I' = R", the normal cone to T at a point X(t) eI is defined by
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N (x@®) = {y(®) e R"

y(®)(2(t)-x(t))<0,vz(t)eT}
It can be verified that for a compact convex set K, y(t) € N, (x(t))if and only if

s(y(t)|K):x(t)T y@t) , tel

Definition 2. (Skew Symmetric function): The function h:IxR"xR"xR"xR" >R is
said to be skew symmetric if for all Xxand Yy in the domain of hif

h(t,x (1), x(1), y(1), y (1) ==h(t y (1), (1), x(t). X(t)). t e
where Xand Y ( piecewise smooth are on | ) are of the same dimension.

Now consider the following multiobjective variational problem (VPo):

(VPo) MinimizejF(t,x,x)dt
|

Subject to
x(a)=a, x(b)=p
g(t,x,x)<0,tel,
where F:IxR"xR" > R"and g:IxR"xR" > R".

Definition 3. (Efficient Solution): A feasible solution Xis efficient for (VPo) if there
exists no other feasible X for (VP) such that for someie P ={12,..., p},

[Fi(txX)dt<[F'(t,x,X)dt forallieP.
| |

and
[Fi(txX)dt < [FI(tX,X)dt forall jeP, j=i.
I I

3. Wolfe Type Symmetric Duality

We present the following pair of Wolfe type symmetric dual multiobjective variational
problems containing support functions:

(SWP): Minimize: j(Hl, H?,..H") dt

Subject to:
x(a)=0=x(h) (1)
y(a)=0=y(b) ()
Zpl‘/v (fy(tx.%y,y)-2' (t)-Df (. x,%,y,¥)) <0, tel (3)
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Z'(t)eC', i=1..,p, tel (4)
x(t)>0, tel (5)
AeN ={2eR’|A>0,2e=1e=(L1...1) eR?| (6)
where,
1. H'=f'(t, %%y, ¥)+s(x®)|C')

M-

-y (1)

Al ( f,(t.x, %y, y)+2'(t)-Df, (t,x, %y, y))— y(t)T z(t)

i=1
2. f':IxR"xR" > R,(i=12,..., p), is continuously differentiable function.

(SWD): Maximize: I(Gl,GZ,...,Gp)dt

Subject to:
u(a)=0=u(b) (7)
v(a)=0=v(b) (8)
p A'(f)(tu,u,v,v)+e' (t)-Df) (tu,u,v,v)) >0, tel (9)
i=1
o' (t)eK',i=1..,p , tel (10)
v(t)>0, tel (11)

e (12)

where,

G = f‘(t,u,u,v,v)+5(v(t)| Ki)

P ) . )
—u(t) YA (tu,u,vv)+ e (1) - Dfy (tu,u,v,v)) - x(t) o(t)

i=1
We present various duality results under convexity-concavity assumption.
Theorem 1 (Weak Duality): Let (X(t), y(t),z(t),.... ,(t), 1)be feasible for the (SWP) and
(u(t),v(t),a)l(t),...,a)p(t),/I) be feasible for the dual (SWD). Assume that for each i,
Ifi(t,.,.,y,y)dtis convex in (X,)'()for fixed (y,)'I)and ‘[fi(t,x,)'(,.,.)dtis concave in
|

(y,y)for fixed (x,X). Then,

det,é/_[Gdt
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where,

and

Proof: Using the convexity of j fi(t,.,., y,y)dt in (X, X) for fixed (y, y), we have
|

[T (txxv,v)d & [ (tuuvv)dt

> Ij[(x(t)—u(t))T £ (600w, 0)=(x(1)-u (1) £ (Luu ) |dt
:-!'[(x(t)—u(t))T {1 (Lu,avv)- £ (Guavv)}fd

H(x(t)-u () £ (Luuvv)

This on using (1) and (7) gives,
[fi(txxvv)d & (tuuvv)d
| |

t=b

> H(x(t)—u(t))T{fU‘ (t,0,v, )= £ (L0, v, )} |d (13)

Also by concavity ofJ- f'(t,x %,.,.)dt, we have
|

—I f‘(t,x,x,v,v)dt—J'f‘(t,x,x, y,y)dt

>~ [ Oy ) 1 xxy.9) O -y O) §(Lxxyy)]d

:_ﬂ(v(t)_ y(©) {1 (Lx %y 9)- 5 (Lxxy9)} d

Hv()-y(©) £ (txxy.y)

which by using (2) and (8) we have,

—jf‘(t,x,x,v,v)dt—j f1(t,x Xy, y)dt
| |

t=
t=b

z—j[(v(t)— y(t))T { fo (%Y, y)—f, (txX%Y, y)}}d ‘ (14)

Adding (13) and (14) we have,
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.I[fi(t,x,x, y,y)d —t!f‘(t,u,u,v,v)d Zt![(x(t)—u(t))T{fu‘ (t,,U,v,V) - DF! (t,u,u,v,v)}
~(v(O)-y(O) {1} (tx %y, 9)- D (L x kv, 9)} Jd

=.I[[(x(t))T (£ (t,u,0,v,9) = DF] (t,u,u,v,v)} —(u(t))" { £ (t,u,u,v,v)~DE! (t,u,u,v,v)}
~(v(®) {1 (L X%y, 9)=DF (6% v )by (0) {1 (6% % v, 9) = DF (X%, v, )} |d 8

Multiplying this by A' and summing over i , i=12,..,p , we get,

AN

ﬂjf(txxyydt Zﬂff (t,u,u,v,v)dt
|

> ﬂ(x(t)f izzpl:}t'{fu (t,u,u,v,v)— Df, (t,u,u,v,v)} - (u(t t)) Zp:/l { £, (t,u,u,v,v)- DI} (t,u,0,v,v)}

=1

(v(t))T iz_plli‘{fy‘ (t.X,%,y,y)—Df; (t, X, %, Y, ¥) } (y(t )T Zpl:ﬂ, { t,X, %, y,y)-Df (t, %%, y)}}dt
:'.[ (x(t))T Z::z‘{fu‘ (t,u,u,v,v)+e, (t) - Df (t,u,u,v,v)}
~(u(t)y gm{fg (t,U,U,v,V) + @, (t) - Df. (t,u,u,v,v)}—gi‘x(t)a)i (H)+YAu(t)e (t)

p

~(v(O) XA (bxxy.9)-2,(0)-DF (tx %y, 9)}

=1

H(y(t) 2/1{ XX Y)Y ()—ny‘(t,x,x,y,y)}—zp:/iiv(t)zi(t)+zp:/1‘y(t)zi(t)}d.'

i=1 i=1

Using (3), (5), (9) and (11), we have,

Z/l.[[ (tx.xy,y)-(y( )z/l{ (t,X%Y,¥)-2 ()—ny‘(t,x,x,y,y)}

=1

>4 (x(0)a (1) A () (1)

Zpl:i! (t,u,u,v,v)—(u( )szl:/l{ (t.u,u,v,V) + e, (t) - DF; (t,u,u,v,v)}
u(t)e, (t)-y(t)z (t)]dt.

Inv iewo f S(X(t)|Ci)ZX(t)T a)i(t),izl ..... p andS(V(t)|Ki)z(v(t))T Zi(t),izl,...,p,

+

IIV

_l_

this yields,
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Zp:i,'l[[f‘(t,x,x, Y, y)+s(x(t)|Ci)

i=1

<y () 34 (x5 ,9)-2 (0D (L xx v 1)} ~(y(1) 2 ()]d

i=1

; '![ (t,u,t,v,v) s(v(t)| K, (t))
—(u( )T Zp: { (t,u,u,v,v)+a, (t)-Df, (t,u,u,v,\'/)}+u(t)a)i (t)}d .

i=1

That is,

jH'dtzZp: A[Gldt.

I: | i=1

This yields,

IHdt/{JGdt.

Theorem 2: (Strong Duality): Let (x(t),y(t),zl(t), 2 Z,(1), )be an efficient solution of
(SWP) and A = A be fixed in (SWD). Furthermore, assume that
(C1):

{(¢(t))T (A1, (t X% y,y)-DA"f, (t X%y, ¥))- D[(gb(t))T (-DA" f, (t,x, %, y, y))}
+D*| (#(1))' (~Fys (61 %0, y))}}(yﬁ(t)) —0,tel=¢(t)=0tel

C2):  f,(txxyy)-z'(t)-Dfj(t,x,%y,y), i=1. .p., tel are linearly independent.

Then (x(t),y(t),a)l(t) ..... a)p(t),ﬂ,) is feasible for (SWD) and the objective functional values

are equal. If, in addition, the hypotheses of Theorem 1 hold, then there exists
o, (1), @, (t),...,, (t) such t hat (u(t),v(t), A, @;(t),. . @, (1)) =(X(t), y(t), 2, &, (t).. . @, (t))is an
efficient solution of the dual (SWD).

Proof: Since (X(t), y(), 2, (1), .., Z, (1), ) is e fficient f or th e p roblem (S WP), i t is w eak

minimum [13]. Hence there existsteR" ,neR" ,yeR,0(t):1 > R" and a(t)eR"such
that the following Fritz-John optimality conditions [14], are satisfied

ilr'( (t.x %y, §)+ @ (t)-DE (t % ,¥))
(9(t )Tz_l:(/f o (62X %y, y)-DATf; (txxyy))

+D[(¢9(t )—("e) y( )

p

+

—

'Mﬁ

(13 (6% %2 9) =Dl (130 y. )= (6 Xy, y’ﬂ
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+D* [(e(t)—(rTe)y(t))T $ A (4 (t %y, y))} _o,tel, (15)

i=1

iZ::(ri ~(e)2)(; (tx %y, ¥) =2 (t)=Df (t.x %y, )
+(¢9(t ( ) ) Z/i ( (t.x,%,y,y)-Df,, (t, X, %Y, y))
—D[(e(t )—(z"e) y( )Zpl: '(-Df txxyy}

+D2[(9(t)—(fTe)y(t))TZi:,1 (—f) (X%, Y) }:0, tel, (16)
(0(t)-("e)y())( ) (t.x. % y,¥)-2 (1) - Dfy (t,x, %y, ¥)) -7 =0, tel, (17)
X' (t)z' (t)=s(x(t)|C') , tel (18)

0(t) (1, (tx %y, ¥) -2 (t)=Df, (tx.%Y.¥)) =0, tel, (19)
y(t)-(0(t)—("e)a ) e Ng (2 (1)) . tel, (20)

X" (t) a(t)=0 ,tel (21)

n'A=0 (22)

(z.0(t),a(t).,n)>0 tel, (23)

(z.0(t),a(t),n) =0, tel. (24)

Since 4 >0, (22) impliesyp=0. Consequently, (17) reduces to
(0(t)=("e) y(0))(f, (t.x %y, ¥) 7 (1) DF{ (t. X, %, y,y)) =0 , tel, (25)

Post multiplying (16) by(@(t)—(rTe)y(t)) , we get,

{zp;(fi ~("e) ') (f) (tx. % y,¥) -2 (1) - D (t,x, %y, Y))

i=1
p

Ho@)~(c"e)y(t) DA (1) (tx %y, y)~DF (tx.xy.))

i=1

—D[(@(t)—(rTe) y(t))T izi‘/u (-Df,, (t.x, %y, y))j =0
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+D2(9(t)—(rTe)y(t))TZp:/1i (=1, (tx.%,y, y))}(e(t)—(rTe)y(t)>:0, tel,  (26)

i=1

Premultiplying (25) by (ri —(rTe)ii)and summing overi, we have

_pl(f‘—(TTe)ﬂ‘)(ﬁ(t)—(f‘f)y(t))(fy‘(txvx,v,v)—zi(t)—DfJ(t,x,x‘,y1Y))=0 27)
tel
Using (27) in (26) we have,

{(e(t)—(rTe) y(t))T Zp:(}f fo (LXXY,Y)-DATf, (t.x,%,Y,Y))

i=1

+D((6’(t)—(rTe) y(t))T iZ::(—D/lT £, (6% %Y, y))j
+D*(0(t)~(<"e) y (1)) 2(% fu (LX%Y, y))}(e(t)-(fe)y(t)) =0, tel

This in view of hypothesis (C;) we have,
$(t)=(0(1)—(<"e) y(1))=0, tel. (28)

Hence from (15) we have,
P . . .
> (f(tx Xy, y)+e' (t)-Df (L X%y, Y))-a(t)=0 , tel. (29)
i=1

Let 7=0. From (29) we have a(t)=0 , 0(t)=0 Jtel.

Therefore, (r,@(t),a(t),n) =0 , tel, but this contradicts (24). Hence 7 >0.

From (16) we have,

Zpl:(r‘ —(rTe)ﬂ,,)(fy‘ (tx%y,y)-2'(t)-Df; (t.x,%,y,y))=0 , tel.

From hypothesis (C,), (fyi(t,x,>'(,y,y)—zi(t)—nyi (t, %, X, y,y))is linearly independent,
hence,

7 :(TTe)/ii i=12.,p . (30)

From (29), we have

(%) A'(£, (t.x %y, §)+ @ (t)=DE (tx, % ,¥))~a (1) =0 , te

i=1

yielding,

10
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32 (£ (%% Y, ¥)+ @' (6)-DF, (tx %y, ¥))-a(t)=0 , tel (31)
=
This, in view of (23) implies
Z/I'( (tx,%y,y)+o' (t)-Df; (t,x,%y,y)) 20 , tel (32)
Again (31) together with (21) gives
Z}L'( (tx%y,y)+ao (t)-Df; (t,x,x,y,¥))=0 , tel (33)
(28) along with (19) yields,

Zp:i( (t, X%y, y)-2 ()—nyi(t,x,x,y,y)):o,tel (34)

i=1

Now from (20), with 7' >0, we have,

y()eN (' (1) , i=L..p , tel (35)
This implies,

yT(t)z‘(t)zs(y(t)|K‘) L tel (36)
Also from (28) we have,

y(t)= (i(te))>o tel (37)

The relations (33), (37) and @' €K'yield that (Y(t),y(t),al(t),...,@(t)j)is feasible for
(SWD).

Consider,

or

H'=G', i=12..p, tel,
implying IHidt:IGidt, i=12,..p

| |
or

11
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[ Hdt = [Gdt
| |

This by Theorem 1 establishes the efficiency of (Y(t),V(t),a_)l(t),...,a_)p(t),/T)for the dual
problem (SWD).

Now we state the converse duality theorem whose proof follows by s ymmetry of the
formulations of the pair of problems.

THEOREM 3: (Converse duality): Let (X(t), y@), o, (1),..., o, (t),/l) be an efficient solution
for (SWP) and A = A be fixed in (SWD). Furthermore, assume that

(A1):

{(w(t))T (27 £, (6%, Y, ¥)~ DA £ (6, X, %, V) - D[(z//(t))T (~DA" fy (%%, Y, y))]

WLDZ[(W(t))T (-4 f (L X%, y))}}(y/(t))zo,t el=y(t)=0tel
(AL): fo(tx Xy, y)+a (t)-Df; (t,x,X,y,y), i=1. .pare linearly independent.

Then (X(t),y(t),zl(t),...,zp(t),),) is feasible for (SWD) and the objective functional values

are equal.I f,i na ddition, t he h ypothesisof T heorem 1 h old,t hent here e xist
7,(t), 2,(t),.., Z, () such t hat  (u(t),V(t), A,2,(t).. . 2,(t)) =(X(¥), y(©), 4, 7,(t).. . Z,(t))isa n
efficient solution of dual (SWD).

4. Mond-Weir Type Duality

In this section, we present the following pair of Mond-Weir dual problems, (SM-WP) and
(SM-WD):

(SM-WP): Maximize: j(cbl,qbz,...,cb")dt

Subject to:

<
—~
QD
~
Il
o
I
<
—~
oy
~
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(SM-WD): Minimize: J.(l//l,t//z,...,t//p)dt

Subject to:
u(@)=0=u(b)
v(a)=0=v(b)

p

> A (tu,u,vv)+e' (t)-Df (tu,u,v,v)) >0, tel

i=1

p

[y (t)gﬂi(fu‘ (t,u,0,,V) + o' (t) - DF! (t,u,U,v,v))d &0

where,
1. d)i:fi(t,x,X,y,y)+s(x(t)|Ci)—y(t)Tz(t) i=1..p
2. z//‘:f‘(t,u,u,v,\'/)—s(v(t)‘K‘)+u(t)T w(t) ,i=1..,p

The duality theorems for these problems will be merely stated below for completeness as
their proofs follow on the lines of [15]:

Theorem 4 (Weak Duality): Let (x(t), y(t), z,(t),..., Zp(t),l) be feasible for the (SM-WP) and

(u(t),v(t),a)l(t) ..... a)p(t),ﬂ,) be feasible for the d ual (SM-WD). Assume that, for each i,

P .
Z}t'j(f'(t,.,., Y, y)dt+(.)z')dtis pseudoconvex in  (Xx,X)for fixed (y,y)and
i=1
p _I ) _
Z/I'I( fi(t, X,)'(,.,.)—(.)Z')dtis pseudoconcave in (Y, y)for fixed (X, X) . Then,
i=1 |
jgﬁ(t,x,x, Y, y,/l)dtg/.fy/(t,x,x, y,y,A)dt
| |

Theorem 5 (Strong Duality): Let (X(t),y(t),zl(t),...,zp(t),/”t) be an efficient solution for
(SM-WP) and A = 1 be fixed in (SM-WD). Furthermore, assume that
(H1):

j{(¢5(t))T (A1, (tx.%y,y)-DA"f, (t,x,%,y,Y))

-D| (4(1)) (-D2"fy, (6 %y, ) |

13



I. Husain, R.G. Mattoo / Istanbul Universitesi Isletme Fakiiltesi Dergisi 39, 1, (2010) 1-20 © 2010

+D*| (#(1))' (~fys (6%, y))}}((ﬁ(t))d “0,tel = g(t)=0,tel

(H>2): fyi (t,x %Y, y)—zi(t)— nyi (t,x,%y,y), i=1. .pare linearly independent.

Then (X(t), y(t),a)l(t),...,a)p(t),l) is feasible for (SM-WD) and the objective functional values

aree qual. I f,i na ddition, t he h ypotheses of T heorem 5 h old, t hent here e xist
@, (1), 0, (1), .., @, (t) such t hat (u(t),v(t), 1, (t),. . @, (1)) =(x(1), Y1), L, @,(t).. . @, (t))isan
efficient solution of dual (SM-WD).

Theorem 6 (Converse duality): Let (x(t),y(t),a)l(t),...,a)p(t),/l) be an efficient solution
for (SM-WP) and A = A be fixed in (SM-WD). Furthermore, assume that

(A1):

{f (v (1) (A7 (b X% Y,9) = DA £, (L Xy, )

-D[(W(t))T (DA f (X%, Y, y))}
+02[ (i (1) (—fXX)J}(t//(t))d S0, tel =y (t)=0,tel

(A2): f! (t, X%y, y)+ z' (t)- Df (t,x,%y,y), i=1. .p, tel are linearly independent.

Then (X(t), y(t), z,(t),..., Zp(t),/”t)is feasible for (SM-WD) and the objective functional values

aree qual. I f,i na ddition, t he h ypotheses of T heorem 5 h old, t hen t here e xist
7,(t),2,(t), ...z, () such t hat  (u(t),v(t), 4, 2,(t).. . 2,(t)) = (X(1), y(t). 4, 7,(t).. . ,(t))is a n
efficient solution of dual (SM-WD).

5. Self Duality

A problem is said to be self-dual if it is formally identical with its dual, in general, the
problems (S P) and (S WD) are not formally identical if the k ernel f unction d oes n ot

possess any special characteristics. Hence, skew symmetry of each f' is assumed in

order to validate the following self-duality theorems for the two pairs of problems treated
in the preceding sections.

Theorem 7. (Self Duality): Let f',i=12,...,p, be skew symmetric and C' =K' and
o' (t)=2'(t) . Then the problem (SP) is self dual. If the problems (SWP) and (SWD) are

dual problems and (Y(t),V(t),zl(t),...,zp(t),/T) is a joint optimal solution of (SWP) and
(SWD), then so is(¥(t),X(t),z'(t),... 2" (t), Z), i.e.
Minimum (SWP) = j(fl(t,x,x, Y, ¥), PR XX Y, ) TP (XX, y,y))d t=0.

|

Proof: By skew symmetric of f', we have

14
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£ (6X(0 X(0).¥(0),5(0) =1 (LY () 9 (1) x(0). X(1)
£ (6X(0) X(0,Y(0),5(0) =1 (£ V() 9(2) x(1). X(1)
£ (6 X(0X(0), (), ¥(0) == (6 (), (1), x(0), X(1)
£ (£X(0)X(), (1), (1) == £ (£ (1), Y (). x(0). X(1)
Recasting th e d ual p roblem (S WD) as a m inimization p

relations, we have,

(SWD,): Minimize —J’(Gl,GZ,...,G")dt
|

Subject to:
x(a)=0=x(b) , y(a)=0=y(b)

A [—fX‘ (ty, ¥, x,%)+a' (t)-Df; (t,y,Y, x,X)]éo tel,

i=1
P _ _
= A'[fy' (tx, X% y,y)-' (t)-Df (t,x X, Y, y)]éo tel

v(t)>0,tel
o'(t)eK' \i=1.,p, tel
AeA’
~G'=—f'(t X%y, ¥)-s(Y(t)|K )-x(t) o (t)
—x(t)iZ::/li (£ (%%, Y, §)=o, ()= DE (t %, % ¥, V)
= £ (ty, 3. x50 =s(y (D[K ) - x(t) o (t)

—x(t)Z:/li (£ (%%, v, ¥)=a, (t) = DF (t%, % ¥, V)
= Hi(t, Y, y,x,)'(,a)l,...,a)p,/i)

Hence we have,

Subject to:
x(2)=0=x(b) . y(a)=0=y(b)

p

Z/li[fyi (%, %% ¥)-1z (t)-Dfy (t, %%, Y, y)];o tel,

i=1
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y(t)>0, tel
Zi(t)eCi, tel
A>0, A'e=1 where eT:(l, ..... ,1),

which is j ust t he p rimal p roblem ( SWP). T herefore (Y(t),y(t),fl(t),...,fp(t),z) isan
efficient solution of dual problem implies that (V(t),Y(t),fl (t),...,fp (t),z) is an efficient
solution of the primal. Similarly(?(t),V(t),fl(t),...,fp (t),/T) is an efficient solution of (SP)
implies (V(t),Y(t)Il (t),...,?p(t),z)is an efficient solution of the dual problem (SWD). In
view of (18), (33), (34) and (36), we get,

Minimum (SWP) = [{f*(t.X (1), X (1), ¥(1),¥(t)).. (X (t).X(t),¥(t),¥(1))}d t

Corresponding, to the sqution(

<|
—_~

~—
N—

|
~

(o d
N—"

N
LN

(t),...7° (t),Z) , we have,

Minimum (SWP) = [{f*(t,¥(t),¥(t),X(t).X(1)),. P{ty(t),V(t).x(t).X(t))}d t

By the skew-symmetry of each f'

| =I—jf1{(t,7,x*,7,?),. FP(LXX,7,7)}d &0

The following self duality theorem for the pair of Mond-Weir type self duality theorem will
be merely stated for completeness and its proof runs parallel to that of Theorem 4.

Theorem 8. (Self Duality) Let f',i=12,..., p, be skew s ymmetric and C'=K' and
o' (t)=2'(t) . Then the problem (SM-WP) is self dual. If the problems (SM-WP) and

(SM-WD) are dual problems and (Y(t),V(t), Zl(t),...,zp(t),Z) is a joint optimal solution
of (SM-WP) and (SM-WD), then so is(y(t),X(t),z'(t),... 2" (t), 1), i.e.
Minimum (SM-WP) =j f(t,x,%y,y)dt=0.

|
6. Natural Boundary Values

The pairs of Wolfe type and Mond-Weir type symmetric multiobjective variational
problem can be formulated with natural boundary values rather than fixed end points.
The problems w ith na tural boundary c onditions are needed t o establish well d efined
relationship between the pairs of continuous programming problems and nonlinear
programming problems.

Following is th e p air o f W olfe t ype s ymmetric d ual p roblems w ith natural boundary
values.

16
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Primal (SWPo0): Maximize I(Hl,Hz,...,H p)dt
|

Subject to:

2» (£ (t,x,%, v, ¥)—2 ()= DF, (t,x %, ¥, ¥)]<0,

f,(tx%Y,Y)

=0, fo (t,x XY, y)L:b =0

Dual (SWD,). Maximize j(Gl,Gz,...,Gp)dt

Subject to:
p i . .
YA (tu,u,vv)+ e (t)-Df, (tu,uv,v) >0, tel,
i=1

v(t)>0,tel
o'(t)eK' , tel
>0, ATe=1, € =(L...,1)
fo (%X, Y, )‘/)L:a =0, fl(t,x XV, y)|t:b =0

The duality results for each of the above pairs of dual problems can be proved easily on
the lines of the proofs of the Theorems 1-8, with slight modifications in the arguments, as
in Mond and Hanson [7].

Following is the pair of Mond-Weir type symmetric dual problems with natural boundary
values.

Primal (SM-WP,): Maximize f((bl,cbz,...,cbp)dt
|

Subject to:

é‘,/ii (f)(t.x%y,y)-2'(t)-Dfy (t,x, XY, y)) <0,tel

IyT (t)i:/li(fyi (t.x.%y,y)-2'(t)-Df; (t,x,%,y,y))d £0
Z'(t)eC', i=1..,p, tel

x(t)>0, tel

17
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A>0
AT (L X%, Y, y)| =0, A" f, (t,x, %y, y)|t:b =0

t=a

Dual (SM-WDy): Minimize: J.(l//l,t//z,...,l//p)dt
|

Subject to:

2 (£ (60,0,v,v)+ ' (1) - DF, (t,0,0,1,¥))>0 , te

i=1

Y ()24 (1) (t0,0,v,9)+ ' (t)- DF (L, ,0,v,1))<0, te |

=
o'(t)eK' i=1..,p
v(t)>0, tel
AeA
ATE (Luu v =0, 2Tf (tudvv)| | =0

t= t=b
7. Nondifferentiable Multiobjective Nonlinear Programming

If the time dependency of Wolfe type symmetric pair of dual problems, (SWPo) and
(SWDo) i sre moved a ndb—a=1, w e o btain f ollowing p airo f W olfe ty pe s tatic
nondifferentiable m ultiobjective d ual pr oblems w ith s upport f unctions w hich a re n ot
explicitly reported in literature.

~

(Primal SWP-2): Minimize H' = H',H?2,...,H"

Subject to:
P ) )
YA [ f,(x,y)- z']éo,
i=1

Z'eK',i=1..p
AeA”

where,
A _ P _
H':f'(x,y)+s(x|C')—yTZ/1'(fy'(x,y)—z')—yTz, i=1..p
i=1

(Dual SWD-2): Maximize: G' =(é1,(§2,...,G")

Subject to:

18
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Zﬂi[fui(u,v)+a)i]20,

p
i=1
® eC', i=1..,p
AeA’
Where
~. ) ) P _
G'=f'(U,V)+S(V|K')—uTz/1'(fu'(u,v)+a)')—XTa)
i=1

As in the case of pair of Wolfe type dual problems, the pair of Mond-Weir type dual
problems (SM-WPo) and (SM-WDo) reduce to the following static counterparts in
nonlinear programming.

~ A~

Primal (SM-WP-2): Maximize ®' :((i)l,q>2,...,c1>")

Subject to:

where
@' = f(x,y)+s(x|C')-y'z

Dual (SM-WD-2): Maximize: ' =y',p°,...,p7"

Subject to:

izpl:/l‘[fui(u,v)+a)i};0,

yTiZ;:ii(fu‘(u,v)+a)‘)§0

oK' i=1..,p

where,

19
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p'=1'(x y)+s(y|Ki)—xTw
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