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A Fixed-Point Problem with Mixed-Type Contractive
Condition
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ABSTRACT. We consider a fixed-point problem for mappings involving a mixed-type contractive condition in the
setting of metric spaces. Precisely, we establish the existence and uniqueness of fixed point using the recent notions of
F-contraction and (H, ¢)-contraction.
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1. INTRODUCTION

Let (X, d) be a complete metric space and let T : X — X be a mapping. In this paper, we
study the following fixed-point problem:

) {Find z€ XsuchthatTz = z,
" T+ F(H(d(Tx,Ty), o(Tx), o(Ty))) < F(H(d(z,y),0(z),0(y))), T>0,

forall z,y € X such that H(d(Tz,Ty), p(Tx), o(Ty)) > 0.

This problem is determined by using three functions, namely F : Rt — R, H : [0, +oc[>*—
[0, +00[and ¢ : X — [0, +oo[, with suitable properties (properly stated in Section 2).

Existence results of solutions for different fixed-point problems were proved by many
authors. Here, we mention Banach [1] (the pioneering paper on contractions), Wardowski [12]
(F'-contractions, where F' belongs to an appropriate family of functions, namely F in the se-
quel), Reem-Reich-Zaslavski [6] (contractive nonself-mappings), Reich-Zaslavski [7] (Matkowski
contractions), Reich-Zaslavski [8] (Rakotch contractions), Jleli-Samet-Vetro [2] (( H, ¢)-contractions,
where H belongs to an appropriate family of functions, namely 7 in the sequel). Also, we re-
call the comprehensive book of Rus-Petrusel-Petrusel [9], and some results establishing the
existence and uniqueness of fixed points that are zeros of a given function (see Samet-Vetro-
Vetro [10] and Vetro-Vetro [11]). Finally, we quote the important results of Anthony To-Ming
Lau and coworkers, who in a series of remarkable papers discussed the fixed-point property of
mappings (see, for example, [3, 4, 5] and the references therein).

In this paper, we establish two existence and uniqueness results using a new type of
contractive condition working on the classical metric space. In particular, we show that under
appropriate assumptions these fixed points are zeros of given functions. Also, we give an
example to support the new contractive condition. Precisely, the main result of our paper is the
following existence and uniqueness theorem for problem (P ):
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Theorem 1.1. If ¢ : X — [0,+00[ is a lower semicontinuous function, then problem (P;) admits a
unique solution z such that o(z) = 0.

2. PRELIMINARIES

Let (X, d) be a metric space and let T : X — X be a mapping. We introduce the notation and
notions needed in the sequel of this paper. For convenience of the reader, we start with basic
facts concerning F'-contractions and (H, ¢)-contractions.

Definition 2.1. Let F be the family of all functions F' : RT™ — R satisfying the following conditions:

(F1) F is nondecreasing,

(Fy) forevery sequence {c, } of positive numbers lim,,_, 1 oo o, = 0 if and only iflim,,_, 4 o F(a,,) =
00,

(F3) there exists k €0, 1] such that lim,_,q+ of F(a) = 0.

Now, the mapping 7' is said to be an F-contraction if there exists 7 > 0 and F' € F such that
(2.1) T+ F(d(Tz,Ty)) < F(d(z,y)) forallz,y € X, d(Tz,Ty) # 0.
From (2.1), since 7 > 0, we infer that
F(d(Tz,Ty)) < F(d(z,y)) forallz,ye X, Tx # Ty.
Using the property () of the function F', we deduce that
d(Tz,Ty) < d(z,y) forallz,ye X, Tx # Ty.
So, each F-contraction is a continuous mapping. Using this notion, Wardowski (see [12]) es-

tablished the following significant result.

Theorem 2.2. Let (X, d) be a complete metric space and let T : X — X be an F-contraction. Then T
has a unique fixed point z € X and for every xo € X the sequence {T"x} is convergent to z.

The functions from R* to R defined by
(i) F(t) =Intforallt € RT,
(i) F(t) =t+1Intforallt € Rt
are classical examples of functions belonging to F.
In [2], Jleli et al. introduced a family H of functions H : [0, +oc[>*— [0, +oo] satisfying the
following conditions:
(H1) max{a,b} < H(a,b,c) forall a,b,c € [0,+00],
(Hz) H(0,0,0) =0,
(H3) H is continuous.
Some examples of functions belonging to # are given as follows:
(i) H(a,b,c) =a+b+cforalla,b,c € [0,+0o0],
(ii) H(a,b,c) = max{a,b} + cforall a,b,c € [0, +o0],
(iii) H(a,b,c) =a+b+ab+cforalla,b,c € [0, +o0].
Using a function H € H, the authors of [2] introduced the following notion of (H, ¢)-
contraction.

Definition 2.2. Let (X, d) be a metric space, ¢ : X — [0, +o0[ be a given function and H € H. Then,
T : X — X is called a (H, )-contraction with respect to the metric d if and only if

H(d(Tz,Ty), p(Tx), p(Ty)) < kH(d(z,y), p(z), p(y)) foralz,y € X,
for some constant k €10, 1[.
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Now, we set
Zy, :={xe X :p(x)=0},
Fri={zxe X :Tx=uxa}.
Furthermore, we say that 7" is a ¢-Picard operator if and only if the following condition
holds:
FrnZ,={z}and T"x — z,as n — +oo, foreach z € X.
Consequently, we recall the following theorem of [2].

Theorem 2.3. Let (X, d) be a complete metric space, ¢ : X — [0, +o00[ be a given function and H € H.
Suppose that the following conditions hold:
(A1) @ is lower semi-continuous,
(A2) T : X — X isa (H, ¢)-contraction with respect to the metric d.
Then
(1) FT - Zcp/
(if) T is a p-Picard operator,
(iii) for all x € X and for all n € N, we have

n

d(T"x, z) < . k

kH(d(Tx, z), p(Tx), p(z)),
where {2z} = Fr N Z, = Fr.
3. MAIN RESULTS

LetX #0,T: X — X,z € X and x,, = Tx,,_1 for all n € N. Then, we call {z,,} a sequence
of Picard starting at x¢. In this section, we state and prove our results (Theorems 1.1 and 3.5),
using a new mixed-type contraction. Precisely, we establish the existence and uniqueness of
fixed point that are zeros of a given function.

Definition 3.3. Let (X, d) be a metric space and let T : X — X be a mapping. The mapping T is
called an F-H-contraction if there exist a function F' € F, a function H € H, a real number 7 > 0 and
a function ¢ : X — [0, 400 such that

(32 7+ F(H(d(Tz,Ty), p(Tx),p(Ty))) < F(H(d(z,y), o(x), ¢ (y)))

forall x,y € X with H(d(Tx,Ty), o(Tz),o(Ty)) > 0.

We remark that every F-contraction is an F-H-contraction if we choose H € H defined by
H(a,b,c) =a+b+cforalla,b,c € [0,+00, and ¢ : X — [0, +oo[ defined by ¢(z) = 0 for all
x € X. The following is an example of an F'-H-contraction that is not an F-contraction, so that
the new definition is a proper extension of the previous one.

Example 3.1. Let X = [0,1] endowed with the usual metric d(z,y) = |z — y| for all z,y € X.
Consider the mapping T : X — X defined by

if x €10,1],
Tx =

=W N8

if ©=1.

Clearly, T is not an F-contraction since it is not continuous. Now, T is an F-H-contraction with respect
to the functions F € F defined by F(t) = Int forall t > 0, H € H defined by H(a,b,c) =a+b+c¢
forall a,b,c € [0,+oc0[, and ¢ : X — [0, +o0] defined by p(x) = z forall x € X.



48 Calogero Vetro

Indeed, forall z,y € X with0 <z <y <lor0=x <y <1, we have
F(H(d(Tz,Ty) + ¢(Tz) + ¢(Ty))) = Iny,
F(H(d(z,y) + () + ¢(y))) = In2y,
and for all x € [0,1] and y = 1, we have
F(H(d(Tz,Ty) + ¢(Tx) + ¢(Ty))) = In
F(H(d(z,z) + ¢(x) + ¢(z))) = In2.

)

N w

Consequently, for every 0 < 7 < In %, we infer that
T+ F(H(d(Tz, Ty) + ¢(Tz) + ¢(Ty))) < F(H(d(z,y) + »(z) + ¢(y)))
forall x,y € X with H(d(Tx,Ty) + o(Tx) + (Ty)) > 0O, that is, T is an F-H-contraction.
We establish the following auxiliary lemma.

Lemma 3.1. Let (X, d) be a metric space and let T : X — X be an F-H-contraction with respect to
the functions F € F, H € H, ¢ : X — [0, +o0[ and the real number 7 > 0. If {x,,} is a sequence of
Picard starting at xy € X, then

(3.3) HETOOH(d(xn—lv Tp), 0(Tn-1),0(zn)) =0,
and hence
(3.4) nkrfoo d(xp—1,2,) =0 and nEToo o(x,) =0.

Proof. Let zo be an arbitrary point in X and let {z,, } be a sequence of Picard starting at zy € X.
Firstly, we assume that there exists k¥ € N such that z;,_1 = x, then z,, = xj, foralln > k.
We claim that H(d(xg—1,x), p(zk—1),¢(xr)) = 0.

Assume the contrary, that is, suppose H (d(xx—1, k), ¢(zx—1), p(zr)) > 0. We remark that

H(d(xp, zev1), o(@r), o(Tre1)) = H(d(zr—1, 21), o(r-1), (7)) > 0.
Using (3.2) with = z;_; and y = x, we get
T+ F(H(d(Tzp-1,Tay)), p(Top-1), o(Tar))) = 7+ F(H(O, p(xk-1), p(Tr-1)))
< F(H(0,9(z5-1), p(25-1))),

which is a contradiction, since 7 > 0. So, H(d(xn—1,%n), ¢(¥n—1),¢(x,)) = 0 for all n € N with
n > k. This ensures that (3.3) holds and, by the property (H;) of the function H, (3.4) holds too.

Then, it is not restrictive to suppose that z,,_1 # z,, for all n € N. By the property (H;) of the
function H, we obtain that

H(d(xp—1,%0), 0(xn-1),0(xn)) > d(xp_1,2,) >0 foralln € N.
Using (3.2), with = z,,_; and y = z,,, we deduce that

T+ F(H(d(T-Tn—la Txn)7 (p(Twn—l)a (p(Txn))) < F(H(d(xn—la -Tn)a @(l’n—l)7 @(xn)))
for all n € N. The above inequality shows that

F(H(d(zn, Tnt1), 9(@n), p(Tn+1))) < F(H(d(@n-1,2n), p(Tn-1), 9(2n)))
for all n € N. Then, the property (F}) of the function F implies that the sequence

{H(d(zn—1,2n), p(Tn-1), (zn))}
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is a decreasing sequence of positive real numbers. So, there exists some [ > 0 such that
im H( (1,70, 9l ), o) =1
If | = 0, then the property (H;) of the function H gives us
lim d(zp-1,2,) =0 and lim ¢(x,-1) =0.

n—-+oo n—-+o0o

Now, suppose | > 0. Using (3.2), with = z,,_; and y = z,,, we get

F(H(d(wp, Tni1), p(Tn), o(Tn+1))) < FH(d(Tn-1,70), o(Tn-1), p(Tn))) — T
< F(H(d(zo, x1), p(x0), p(21))) — nT

for all n € N. From the previous inequality, passing to the limit as n — 400, we obtain

lim F(H(d(xn,xn+1),Lp(xn),go(xnﬂ))) = =00

n——+oo

and, using the property (F3) of the function F', we get
lim H(d(zn, Znt1), (@n), ¢(2n41)) = 0,

n—+oo

which leads to contradiction and hence [ = 0. So, (3.3) and (3.4) hold. ]
Remark 3.1. Note that in the proof of Lemma 3.1, we use only the conditions (Fy) and (F5).

Now, we are ready to give the proof of Theorem 1.1. For reader convenience, we restate
Theorem 1.1 in a classical fixed-point form.

Theorem 3.4. Let (X, d) be a complete metric space and let T : X — X be an F-H-contraction with
respect to the functions F' € F, H € H, the real number T > 0 and a lower semicontinuous function
v : X — [0, 4+o00] such that (3.2) holds, that is,

T+ F(H(d(Tz, Ty), o(Tx),¢(Ty))) < F(H(d(z,y), o(2), £(y)))
forall z,y € X with H(d(Tx,Ty), p(Tz), p(Ty)) > 0. Then, T has a unique fixed point z such that
w(z) =0.

Proof. We start with the proof of fixed-point uniqueness. Arguing by contradiction, we suppose
that there exist z,w € X such that z = Tz, w = Tw and z # w (that is, T" admits two distinct
fixed points). The hypothesis z # w ensures, by the property (H;) of the function H, that

H(d(Tz,Tw),p(Tz), o(Tw)) > d(Tz,Tw) = d(z,w) > 0.
Now, using (3.2), with = z and y = w, we get that
T+ F(H(d(Tz,Tw), o(Tz), p(Tw))) = 7+ F(H(d(z,w), ¢(2), p(w)))
< F(H(d(z,w), 0(2), p(w)))-

Clearly, this is a contradiction, and hence we have, w = z. So, we obtain the claim.

The next step is to establish the existence of a fixed point. We consider a point 2y € X. Let
{z,,} be a sequence of Picard starting at zy. We stress that if z;,_1 = x; for some k € N, then
z = xp_1 = o = Tap_1 = Tz, thatis, z is a fixed point of T such that ¢(z) = 0. In fact, by
Lemma 3.1, H(d(zk—1, k), p(xr—-1), ¢(xx)) = 0 and by the property (H;) of the function H, we
have ¢(z) = 0. So, we can suppose that x,,_1 # z,, for every n € N.

Now, we prove that {z,,} is a Cauchy sequence. By Lemma 3.1, we say that

0<hpo1=H(d(xp—1,2n),0(Xn-1),p(x,)) >0 asn— +oo.
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The property (F3) of the function F' ensures that there exists k €]0, 1[ such that kX F(h,,) — 0
as n — +o0. Using (3.2), with = z,,_; and y = z,,, we get
F(H(d(%n, Tng1), ©(@n), (Tni1))) < FH(d(2p—1,70), 0(Tn-1),0(zn))) =T
< F(H(d(zo,21), p(20), p(21))) — n7
for all n € N, that is,
F(h,) < F(hp-1)—7<--- < F(hg) —nr foralln e N.

From
0= lim h*F(h,) < lim hE(F(hy) —n1) <0,

n—-+00 n—+o00
we deduce that

lim hEn =0.
n—-+oo

This ensures that the series 3" h,, is convergent. By the property (H;) of the function H also
the series Z;ﬁ d(zy, xny1) is convergent, and hence {z,,} is a Cauchy sequence. Now, since
(X, d) is complete, there exists some z € X such that

lim =z, = z.
n—-+o0o

By (3.4), taking into account that ¢ is a lower semicontinuous function, we get
< < Tim _
0= ¢(2) < liminfp(z,) =0,
that is, ¢(z) = 0. We assert that z is a fixed point of T'. Clearly, z is a fixed point of T" if there
exists a subsequence {z,, } of {z,} such that z,,, = z or Tz,,, = Tz, for all k € N. Otherwise,

we can assume that x,, # z and T'z,, # T’z for all n € N. So, using (3.2) withz = z, and y = z,
we deduce that

7+ F(H(d(Txn, T2), o(Tn), p(T2))) < F(H(d(2n, 2), p(xn), $(2)))-
Since 7 > 0, this inequality leads to
H(d(Txp, T2),p(Txy), p(T2)) < H(d(xn, 2), p(xn), ¢(2)) foralln €N,

and so
d(z,Tz) < d(z,2p41) + d(Txy, Tz)
< d(z,xn41) + H(d(Tzn, T2), o(Txn), p(T2))
< d(za xn-‘-l) + H(d(xnv Z)a (P(-Tn), CP(Z))
foralln € N.
Finally, letting n — 400 in the above calculations and taking into account that A is continu-
ous in (0,0,0), we deduce that d(z,Tz) < H(0,0,0) = 0, thatis, z = Tz. O

Imposing that F' is a continuous function and relaxing the hypothesis (F3), we establish the
following result.

Theorem 3.5. Let (X, d) be a complete metric space and let T : X — X be a mapping. Assume that
there exists a continuous function F' that satisfies the conditions (Fy) and (F»), a function H € H, a
real number T > 0 and a lower semicontinuous function ¢ : X — [0, +oo[ such that (3.2) holds, that
is,

T+ F(H(d(Tz,Ty), p(Tz),¢(Ty))) < F(H(d(z,y), p(z),¢(y)))
forall z,y € X with H(d(Tx,Ty), p(Tx), p(Ty)) > 0. Then T, has a unique fixed point z such that
o(z) = 0.
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Proof. Following the similar arguments as in the proof of Theorem 3.4, we obtain easily the
uniqueness of the fixed point. In order to establish the existence of a fixed point, we consider
a point 2y € X. Let {z,,} be a sequence of Picard starting at x,. Clearly if x4_1 = x; for some
ke N, then z = x,_1 =, = Twp_1 = Tz, thatis, z is a fixed point of T such that ¢(z) = 0 (see
the proof of Theorem 3.4), and so, we have already done.

So, we can suppose that z,,_1 # =z, for every n € N. We claim that {z,} is a Cauchy
sequence. We assume for way of contradiction that {x,, } is not a Cauchy sequence. Then, there
exist a positive real number ¢ and two sequences {my,} and {n;} such that

ng > myg > kand d(zp,, Tn,) > € > d(Tm,,, Tn,—1) forall k € N.
By Lemma 3.1 and Remark 3.1, we say that d(z,_1,2,) — 0, ¢(z,) — 0asn — +oo. This
implies

Jm ATy Tny,) = G Jm ATy —15 Tpy—1) = €.

Now, the hypothesis that d(z,, , z», ) > € ensures that
H(d(@m,, s Tny,)s @(Xm,, )y ©(Tn,,)) >0 forall k € N.

So, taking into account that H is a continuous function, we have

lim H(d(xmk—lv xnk—l)a @(xmk—1)7 Qp(xnk—l))

k——+4oc0

= & lim H(d(xmk ) xnk)v (P(xmk)a So(xnk))
— 400
= H(e,0,0) > 0.
Using again (3.2), with ¢ = z,,, 1 and y = z,,, —1, we deduce that

T+F(H(d(xmkvxnk)vW(xmk)v<p(xnk)))
< F(H(d(xmk—lvxnk—l)v‘p(l'mk—l)a@(znk—l)))

for all £ € N. Letting £ — +o0 in the previous inequality, since the function F' is continuous,
we get

T+ F(H(e,0,0))) < F(H(e,0,0))),
which leads to contradiction. It follows that {x,, } is a Cauchy sequence.
Now, since (X, d) is complete, there exists some z € X such that

lim z, = z.
n—-4oo

By (3.4), taking into account that ¢ is a lower semicontinuous function, we get
< < limi _
0= ¢(2) < liminfp(z,) =0,

that is, ¢(z) = 0. We assert that z is a fixed point of 7. Clearly, z is a fixed point of T" if there
exists a subsequence {z,, } of {z,} such that z,,, = z or Tz,,, = Tz, for all k € N. Otherwise,
we can assume that z,, # z and T'z,, # Tz for all n € N. Then, the property (H;) of the function
H ensures that H(d(Tx,,Tz), o(Txy), o(Tz)) > 0 for all n € N. So, using (3.2), with 2 = =z,
and y = z, we deduce that

T+ F(H(d(Tx,,T2),0(Txy,), o(T2))) < F(H(d(zy, 2), p(zn), p(2))) for all n € N.

Since T > 0, we conclude that

H(d(Txy,T2),o(Txy,), o(Tz)) < H(d(xy, 2), p(zn), p(2)) foralln € N,
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and so

d(z,Tz) (z,Zp41) + d(Tay, T2)

<d
< d(z,2n41) + H(d(Tan, Tz), o(Tan), o(T2))
< d(za ‘rn+1) + H(d(‘rnv Z)a (P(-Tn), QO(Z))

for all n € N. Finally, letting n — +o00 and taking into account that H is continuous in (0, 0, 0),
we deduce that d(z,Tz) < H(0,0,0) =0, thatis, z = Tz. O
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