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Abstract 

In this study, the determination of the equivalent stresses required for the elastic analysis of a 

hollow cylinder made of functional graded material (FGM) subjected to internal and external 

pressures was determined quickly and accurately, and its evaluation was discussed. The 

Poisson’s ratio is thought to be constant. The functional grading for the modulus of elasticity 

varies radially along the thickness of the cylinder and depending on a simple power law 

function. Radial, tangential (hoop) and equivalent stresses with radial displacements in the 

cylinder are determined rapidly by modeling both analytically and by the finite element 

method (FEM) numerically. Outcomes of both methods were compared and found to be in 

harmony. At the same time, differently from previous studies in my paper, the influence of 

the inhomogeneity constant of the material on equivalent stresses was investigated and the 

results are presented in graphical form. 
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1. INTRODUCTION 

 

Structures like thick-walled shells, ship and submarine bodies, pressure vessels, portable pressure tubes, 

pressurized fluid passing pipes, autoclaves, booster systems, steam and central heating boilers are 

commonly used structural elements in engineering applications. Cylindrical pressured vessels have been 

the subject of many researchers in the past. The design of such structures is essential in order to fulfill their 

duties without being damaged. The stress distribution of the isotropic hollow circular cylinder exposed to 

inner and outer pressure is readily available in the literature from the formulas presented by Timoshenko 

and Goodier [1]. However, developing engineering applications have revealed the need for new materials 

and this has attracted the attention of many researchers. Especially in applications requiring high thermal 

resistance, high strength and thermal shock resistance, FGMs, which have all these properties together, 

have been observed to give better results compared to homogeneous materials. For designing of a FGM 

cylinder, a number of mathematical formulas were needed to be developed. And in the literature, there are 

many studies on elastic analysis of such FGM cylinders. Tütüncü and Temel [2] found radial deformations, 

radial and hoop stresses in FGM spheres, cylinders and disks exposed to uniform inner pressure for various 

material models using complementary functions method and plane elasticity equations. Boğa [3] presented 

the radial, tangential (hoop) stresses and radial displacements analytically and numerically (using ANSYS 

software) for four different types of FGM in the hollow a FGM cylinder subjected to internal pressure effect 

in his study. Li and Peng [4] analyzed FGM hollow disk and cylinder exposed to uniform internal pressure. 

Boğa [5] studied an elastic behavior of discs nonhomogeneous materials numerically via the Transfer 

Matrix Method (TMM). He presented analytical formulas in a compact form and including the different 
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boundary conditions. Chen and Lin [6] investigated stress distributions analysis for spherical and cylinder 

pressure vessel made of FGMs with exponential function. Kurşun et al. [7] have analytically defined the 

thermal stress distribution of long hollow cylinders made of FGM under various loads and examined the 

effects of gradient parameters on stress distributions of FGM cylinders. Hassan and Keleş [8] modeled 

FGM solid cylinder subjected to external pressure by using dummy thermal loads in ANSYS. They obtained 

radial displacements with radial and tangential stresses from FEM and compared them with analytical 

results. Nejat et al. [9, 10] obtained closed-form solutions of radial and hoop stresses and radial deformation 

for spherical components made of FGMs for dissimilar values of material inhomogeneity constant. They 

compared the analytical results with the results of the FEM. Rahimi and Nejad [11], in their study, obtained 

the thermal stresses in the rotating cylinder made of FGM under inner and outer pressure. Jabbari et al. [12] 

came to a solution for thermal and mechanical loads in cylinder made of FGM using the Bessel function. 

Nie et al. [13] studied analytically to obtain the circumferential and the radial stresses of a cylinder or a 

sphere. They used rule of mixtures and Mori-Tanaka rule for material properties in FGMs. Ghannad and 

Gharooni [14] used based on third-order shear deformation theory to estimate the effects of strains and 

shear stresses for obtaining analytical results of axisymmetric cylinders for fixed boundary conditions. 

Afshar et al. [15] studied viscoelastic FG cylinder by using FEM to find the radial stress, radial deformation 

and tangential stress for various materials inhomogeneity constant. Najibi and Shojaeefard [16] in their 

study developed a new two dimensional-FGM material grading based on Mori-Tanaka rule and third-order 

transition function for a cylinder. They used FEM for stress analysis. Ansari and Kumar [17] investigated 

the bending analysis of functionally graded carbon nanotube (CNT) reinforced doubly curved singly ruled 

truncated rhombic cone. Anish et al. [18] investigated the failure mode prediction of sandwich plates 

subjected to uniform transverse load and bisinusoidal load using Tsai Wu's, Maximum stress, Hoffman's, 

Tsai Hill and Maximum strain failure criteria. Ansari and Kumar [19] studied the flexural analysis of 

functionally graded carbon nanotube (CNT)-reinforced doubly curved singly ruled composite truncated 

cone. Ansari et al. [20] presented a new mathematical model for doubly curved singly ruled functionally 

graded material moderately thick and deep cone. Demirbas and Apalak [21] investigated the thermo-elastic 

response based on the theory of elasticity in two-dimensional FGM circular plates. Demirbas and Apalak 

[22] carried out thermal residual stress analysis of functionally graded circular plates (FGCP) with 

temperature-dependent material properties. Apalak and Demirbas [23] investigated the thermal residual 

stress and deformations in functionally graded clamped circular plates. 

 

In this study, hollow FGM cylinders exposed to internal and external pressure are discussed. The FGM 

cylinder properties are considered to vary with the simple power law function, unlike many other studies 

in the literature. The Poisson’s ratio is considered to be constant. Radial displacements, radial and tangential 

(hoop) stresses were solved analytically as well as finite element method ANSYS APDL package program 

for numerically five different FGM types and the results were compared. The results between FEM and 

analytical solutions were well fit. In order to achieve optimum design with the results of the stress, 

equivalent stresses were calculated. Unlike many studies in the literature, an equation has been found for 

the inhomogeneity coefficient of the power function in this paper. And the effect of inhomogeneity constant 

on equivalent stresses was investigated. The results are presented in graphical form.  

 

2. THEORETICAL FORMULATION OF THE PROBLEM 

 

Think through a FGM cylinder element with inner and outer surfaces exposed to pressures pa and pb 

respectively, and its inner radius a, outer radius b, as shown in Figure 1. It is assumed that the cylinder has 

an axisymmetric plane strain condition. The problem will be formulated in polar coordinates (r, θ). And it 

was assumed that the material composition only changed according to the thickness. 
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Figure 1. A section of FGM hollow cylinder exposed to pressures 

 

In the radial direction (r), while the elasticity modulus (E(r)) varies depending on a simple power function 

in Equation (1), 

 

𝐸(𝑟) = 𝐸𝑎 (
𝑟

𝑎
)

𝛽
   or   𝐸(𝑟) = 𝑎−𝛽𝐸𝑎𝑟𝛽                             (1) 

 

𝐸𝐴 =
𝐸𝑎

𝑎𝛽 ,      𝐸(𝑟) = 𝐸𝐴𝑟𝛽                                                      (2) 

 

𝛽 =
ln(

𝐸𝑎
𝐸𝑏

)

ln(
𝑎

𝑏
)

   .                                         (3) 

 

Ea and Eb are the elasticity modulus of the materials in the inner and outer parts of the FGM cylinder 

respectively, while the β is inhomogeneity constant which varies depending on the materials. The β value 

will be zero when the cylinder material is homogeneous. Radial (𝜀𝑟) and tangential (𝜀𝜃) infinitesimal strains 

in polar coordinates (r, θ) for formulation 

 

𝜀𝑟 =
𝑑𝑢

𝑑𝑟
= 𝑢𝑟

′                            (4) 

 

𝜀𝜃 =
𝑢

𝑟
                           (5) 

 

and equilibrium equation in polar coordinates is as in Equation (6) 

 
𝑑𝜎𝑟

𝑑𝑟
+

𝜎𝑟−𝜎𝜃

𝑟
= 0  ,                                                      (6) 

 

where 𝜎𝑟 is the radial stress and 𝜎𝜃 is the tangential stress. In the axisymmetric case, the stress-strain 

expressions are as follows for isotropic and radially functional graded material. 

 

𝜎𝑟(𝑟) = 𝐶11𝜀𝑟(𝑟) + 𝐶12𝜀𝜃(𝑟)                       (7) 

 

𝜎𝜃(𝑟) = 𝐶12𝜀𝑟(𝑟) + 𝐶11𝜀𝜃(𝑟).                                             (8) 

 
Instead of C11 and C12 can be written the following equations for the cylinder 

 

𝐶11 =
𝐸(𝑟)(1−𝜈)

(1+𝜈)(1−2𝜈)
                                                                              (9) 

 

𝐶12 =
𝐸(𝑟)𝜈

(1+𝜈)(1−2𝜈)
 .                     (10) 
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If Equations (7-10) are written in the equilibrium equation in Equation (6), the second order differential 

equation in Equation (11) is obtained 

 
(−1+𝛽𝜆)𝑢𝑟

𝑟2 +
(1+𝛽)𝑢𝑟

′

𝑟
+ 𝑢𝑟

′′ = 0                                        (11) 

 

where 𝑢𝑟 is the radial displacement. The boundary conditions of the cylinder for this loading condition 

are 

 

𝜎𝑟(𝑎) = −𝑝𝑎  ;   𝜎𝑟(𝑏) = −𝑝𝑏 .                               (12) 

 

After solving Equation (11) for boundary conditions in Equation (12), analytical expressions of 𝑢𝑟, 𝜎𝑟 and 

𝜎𝜃 are obtained as follows; 

 

  𝑢𝑟(𝑟) = {
2𝑎

1
2

(−𝛽+𝜉+2)
𝑝𝑎𝑟

1
2

(−𝛽−𝜉)
(2𝜈2+𝜈−1)(𝑏𝜉(−𝛽+2𝜆+𝜉)+𝑟𝜉(𝛽−2𝜆+𝜉))

(𝑎𝜉−𝑏𝜉)𝐸𝐴(𝜈−1)((𝛽−2𝜆)2−𝜉2)
} +  

  

{
2𝑏

1
2
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1
2
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(𝑎𝜉−𝑏𝜉)𝐸𝐴(𝜈−1)(𝜉2−(𝛽−2𝜆)2)
}                          (13) 
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𝜎𝜃(𝑟) = {−
𝑎

1
2

(−𝛽+𝜉+2)
𝑝𝑎𝑟

1
2

(𝛽−𝜉−2)
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𝜉 = √4 + 𝛽2 − 4𝛽𝜆                  (16) 

 

𝜆 =
𝜈

1−𝜈
 .                                                                                                                                        (17) 

 

Consider a cylinder with a = 40 mm for inner radius and b = 60 mm for outer radius, pa = 0.5 GPa internal 

pressure and pb = 1 GPa external pressure. The properties of materials used for the FGM cylinder are shown 

in Table 1. 
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Table 1. Material properties of some metals and ceramics 

Metal     E (GPa) ρ (kg/m3)   𝝂 

High Carbon Steel (HCS)  207.5 7850 0.295 

Nickel Alloy (NA)  205 8890 0.310 

Magnesium Alloy (MA)  44.5 1845 0.281 

Zinc Alloy (ZA)  81.5 5975 0.3262 

Copper Alloy (CA) 130 8935 0.330 

Ceramic  

Magnesium Oxide (MgO) 317 3580 0.17 

Boron Carbide (B4C)  460 2520 0.17 

Zirkonium Diboride (ZrB2)  340 6100 0.11 

Silicon Carbide (SiC) 480 3210 0.16 

Aluminium Nitride (AlN) 318 3260 0.25 

 

Five different types of FGM and their inhomogeneity constants (β) are given in Table 2. In this paper, the 

inner and outer surfaces is assumed to be metal and ceramic respectively for the material of hollow cylinder. 

Accordingly, it can be seen 𝛽𝑉 > 𝛽𝐼𝑉 > 𝛽𝐼𝐼𝐼 > 𝛽𝐼𝐼 > 𝛽𝐼 from Table 2. 

 

Table 2. Different β coefficients for different metal-ceramic pairs 

 Metal  

(inner surface)     

Ceramic  

(outer surface) 

β 

FGM I HCS MgO 1.045146489 

FGM II NA B4C 1.969362296 

FGM III CA AlN 2.206150207 

FGM IV ZA SiC 4.373207579 

FGM V MA ZrB2 5.015120629 

 

Figure 2 shows a graph of the distribution of elasticity modulus along the thickness of the hollow cylinder 

for five different types of FGM according to the simple power rule. 
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Figure 2. Distribution of elasticity modulus for different FGM models 

 

The stress results found are useful for preventing failure in designing FGM hollow cylinders. The criteria 

for failure chosen are Von Misses failure criteria. The description of the criteria is that when the equivalent 

stress exceeds the yield stress, the material will fail. The equivalent stress is given by:  

 

𝜎𝑒𝑞 = √𝜎𝑟
2 + 𝜎𝜃

2 − 𝜎𝑟𝜎𝜃 .                   (18) 

 

3. NUMERICAL ANALYSIS 

 

In this study, the ANSYS APDL package program, which is commonly used to solve engineering problems 

with the FEM. ANSYS allows the results to be quickly obtained on the computer before it goes into series 

production. Due to the symmetry for the finite element model, only one quarter of the cylinder geometry is 

modelled with 40 mm inner radius and 60 mm with outer radius. It is meshed with high density elements to 

obtain the stresses with high accuracy (Figure 3). 

 

 
Figure 3. Creating part geometry and meshing 

 

In the finite element cylinder model, other input data given are pa = 0.5 GPa internal pressure, pb = 1 GPa 

external pressure and 𝜈 = 0.3 Poisson’s ratio. The elasticity modulus of the FGM cylinder is modelled in 

0

1E+11

2E+11

3E+11

4E+11

5E+11

6E+11

40 42 44 46 48 50 52 54 56 58 60

E
(r

)

r (mm)

FGM-I

FGM-II

FGM-III

FGM-IV

FGM-V



207 Cem BOGA/ GU J Sci, 33(1): 201-212 (2020) 

ANSYS APDL using MACRO because it changes in radial direction depending on the simple power rule 

function. The radial direction variation of the elasticity modulus is shown in Figure 4. 

 

 
Figure 4. Graph of the variation of the elasticity modulus in the radial direction 

 

4. RESULTS AND DISCUSSION 

 

In this paper, analytical and FEM results were compared before the parametric study. Analytical and FEM 

radial and tangential stress results were similar for five different FGM types. It can be seen in Figure 5 

radial stress values obtaining from ANSYS. Comparison of analytical and FEM radial stress values along 

the thickness of FGM I is shown in Figure 6. This shows that the analysis was carried out successfully. 

 

 
Figure 5. Radial stress values obtaining from ANSYS 
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Figure 6. Comparison of analytical and FEM radial stress values along thickness for FGM I 

 

After verification, for five different values β, radial stress along the radial direction can be seen in Figure 

7. A hollow circular cylinder having uniform thickness (20 mm) is considered in this study. As expected, 

in consequence of such a pressure application the value of radial stress is 0.5 GPa at internal side and 1 

GPa at external side. Radial stress values increases along the thickness of the hollow cylinder from internal 

side towards external side in Figure 7 for the reason that the elasticity modulus is an increasing function of 

the radius. In addition, we can observe that the radial stress values decreases as the inhomogeneity constants 

(β) value increases. This is the result of being FGMs of the cylinder. Physically, this means that choosing 

the interior of the cylinder from high modulus elasticity increases the inhomogeneity coefficient and 

reduces the radial stresses. According to the results obtained in this paper, the material homogeneity 

constants have a significant effect on the mechanical behavior of the hollow cylinder made of FGM. The 

inhomogeneity coefficient should be increased for less radial stress value. 

 

 
Figure 7. Variation of radial stress values along the thickness 

 

Figures 8 and 9 show plots of the hoop stress and radial displacement along the radial direction for five 

different values of β, respectively. The hoop stress increases along the thickness of the hollow cylinder 

from internal side towards external side in Figure 8. We can say that the hoop stress value in the radial 
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direction for FGM I changes very little and is almost constant. We can say that the hoop stresses for the 

hollow FGM cylinder has the same stress value at center of thickness and after the center point the hoop 

stresses decrease by decreasing the inhomogeneity constants (β) at outer surface. We can say that the hoop 

stress values decrease with the increase of β values before the center of thickness, and after the center of 

cylinder thickness the hoop stress values increase with the increase of β values. Thus it can be concluded 

that hoop stresses are the same value in the center of the cylinder thickness for different β values. 

 

 
Figure 8. Distribution of hoop (tangential) stress along the thickness 

 

Figure 9 explains the radial displacement along the thickness of hollow FGM cylinder for different β. We 

can note that the ur values decreases throughout the thickness of the FGM hollow cylinder from internal 

side towards external side. As shown in Figure 9 the highest radial displacement values occur at the highest 

β value. Also, the radial displacements on the inner surface are larger than those on the outer surface because 

the inner surface is metal and the outer surface is ceramic. 

 

 
Figure 9. Distribution of radial displacement along the thickness 
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Figure 10. Distribution of equivalent stress along the thickness for different inhomogeneity constants  

 

Figure 10 shows the equivalent stress values for different inhomogeneity constants along the thickness of 

FGM hollow cylinder. Figure 10 shows that the minimum equivalent stress values are occurred on the inner 

surface (metal surface). It can be observed that the equivalent stress values are increased as it moves towards 

the outer radius. This can be explained physically in the sense that the outer surface of the hollow cylinder 

is inclined to carry stress due to its high stiffness. Here again, it can be said that the equivalent stresses have 

the same value in the center of thickness. After the center point, the equivalent stresses increases with the 

increase of β, and the situation before the center point is the opposite. So the equivalent stresses decrease 

while the β values increase. 

 

5. CONCLUSIONS 

 

In this paper, the elastic analysis of a hollow cylinder made of FGM, which is dependent on the simple 

power law function of the material properties exposed to the internal and external pressure, was made by 

assuming the plane strain. And the conclusions are as follows: 

• For five different types of FGM with different material inhomogeneity coefficients (β), closed form 

analytical expressions are provided which are very convenient for the easy determination of radial 

displacement, radial stress and tangential stress values.  

• Also, in this study, numerical results were obtained with ANSYS, which is one of the finite element 

package programs. Analytical results were found to be appropriate with FEM results.  

• By looking at the equivalent stress values, the type of FGM with the coefficient β which is the most 

suitable for a hollow cylinder with such loading conditions can be determined.  

• The obtained results, helps to prevent failure in the design of FGM hollow cylinder.  

• The present results might be useful for mechanical engineers and material engineers in designing 

FGM hollow cylinders. 
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