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Highlights

* This paper focuses on the special curves.

* This study is a polynomial approach to rectifying curves.

« This study is important because it is an application of differential equations and curves.
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The aim of the paper is to find polynomial parametric equations of rectifying Salkowski curves
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curves are obtained as serial solutions of differential equations with third-order polynomial
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1. INTRODUCTION

Curves are one of the important fields of study in differential geometry. Because there are many
applications in the real world, curves such as helices, slant helices, Bertrand, isophote curves, etc. are the
most important for curves theory. One of these types of curves is rectifying curves. Rectifying curves are
introduced by B. Y. Chen in [1]. The position vectors of these curves always lie in their rectifying planes.
More clearly, the position vector of a rectifying curve « is shown as

a(s) = A(S)T(s) + u(s)B(s),

for some arbitrary differentiable functions A and x . One of the most interesting characteristic features

of rectifying curves is that its harmonic curvature function is a non-constant linear function according to
the arclength parameter S . In addition, B. Y. Chen obtained some different results about rectifying curves
in [2]. Rectifying curves in Minkowski 3-space have a similar geometric properties as in Euclidean 3-

space. For instance, the ratio of torsion to curvature of any regular rectifying curve in Ef is hon-constant
linear function with respect to parameter S [3].

Salkowski curves are generally known as curves with constant curvature, but non-constant torsion. These
curves are studied by many authors such as in [4], [5] etc. Yilmaz et.al. studied rectifying salkowski/anti
salkowski curves in Galilean 3-space [6].

Let 711 = R— E*be a unit speed curve with Frenet frame apparatus {T,N, B, «,7}. The ratio of the
torsion to the curvature of the curve ¥ is defined as the harmonic curvature function of . This curvature

is indicated by the notation H - and is defined by Ozdamar and Hacisalihoglu [7].
K

*Corresponding authour, e-mail: beyhanyilmaz@ksu.edu.tr


http://dergipark.gov.tr/gujs
https://orcid.org/0000-0002-5091-3487
https://orcid.org/0000-0001-8407-133X
https://orcid.org/0000-0003-4398-3855

212 Beyhan YILMAZ, Ismail GOK, Yusuf YAYLI / GU J Sci, 34 (1): 211-219 (2021)

In this study, we define the curves in Minkowski 3-space with constant curvature function and linear
harmonic curvature function. These types of curves are studied in Euclidean 3-space by Oh and Seo [8]. If
the harmonic curvature function of the curve is linear, we know that this curve is called rectifying curve.
Also, if the curvature of the curve is positive constant, we know that this curve is called Salkowski curve.
So, we called these curves as rectifying Salkowski curves. The purpose of this study is to find a clear
formula of the rectifying Salkowski curves with the help of the serial solutions of differential equations
with third-order polynomial coefficients.

2. PRELIMINARIES

Let Ef be Minkowski 3-space with the following metric

<,>L =R®*xR®* >R

(U, V) = (U,V)| = UV, +U,V, + UV,

where u = (u,,u,,u;) and v=(Vv,V,,V,) are the usual coordinate system in E’. An arbitrary vector
ueE’ is named spacelike if (u,u) >0 or u=0, timelike if (u,u) <0 and null (lightlike) if

(u,u),_ =0 but u=0.The norm of a vector u is given by |uf| = KU’UM .

Let {T(s),N(s),B(s)} be the Frenet frame in Minkowski 3-space along the unit speed curve y . Here
7'(s)
7" ()|

is a binormal vector field along the curve y [9].

T(s)=y'(s) is a tangent vector, N(S) = is a principal normal vector and B(S) =T (s)x N(s)

If the Frenet vectors of y in Minkowski 3-space satisfy following equalities,
(T T (), =&, (NE).N(S)), =&,(B().BE)), =&,
(T(8).N(S)), =(T (), B(5)), =(N(5),B(5)), =0,

then Frenet formulas are given as follows

T'(s) 0 x(s) 0 T(s)
N'(s) |=| —g&,k(s) 0  —g,&7(s) || N(s) |,
B'(s) 0 7(s) 0 B(s)

where x(S) and z(S) are curvature and torsion of 7, respectively [10].

3. POLYNOMIAL PARAMETRIC EQUATIONS OF RECTIFYING SALKOWSKI CURVES

In this section, curves with constant curvature and non-zero linear harmonic curvature are investigated in
Minkowski 3-space. In other words, the polynomial equation of rectifying curves is obtained with the
condition that the curvature function is constant. To obtain this equation, the serial approach for
polynomial coefficients differential equation of principal normal vector of the curve y is used.

Let x(S) = |T’(s)| >0 be a constant and H(S) be a non-zero linear, that is, H = Losorr=xs.If
K

the new parameterization t of the curve y is denoted by
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t(S):IKdG:KS,
0

we can reconstruct the Serret-Frenet formulas with the new parameter as follows

ar _dTas_
dt dsdt
N N
aN = dN ds =—5&,1 —&,8, t B,
dt ds dt K
dB_dBds_t
dt dsdt « (1)
If we take the derivative of the principal vector N of the curve y, we get
d’N dT 1 t dB
e =—&6, ’m - &6, —B—-g,6,——,
2
=-g&,N—¢,¢, 1 B-e¢,6, t—z N
K K
and then
d°N dN 1dB 2t t* dN
e = glgza €283 ;E_gz‘% >N —&,6,— ot
d t 2t t* dN
=—§¢&, &,63— N —¢e,6,— N —¢g,6,— T

So, if necessary arrangements are made in above equalities, third-order differential equation of
N = N(t) is obtained as

3

t* |dN 3t
F'ﬁ‘(&‘lgz +E,83 ?]E'i‘ E,83 F N =0. (2)

Since t=0 is an ordinary point for this linear differential equation, there exists a serial solution in a
neighborhood of t =0, that is, the principal normal vector of y can be given with coefficient vectors

a, as follows

N =iant”.

n=0

In the Equation (2), if we consider this serial approach, we have

S n-3 t2 S n-1 3t S n

> n(n-D)(n-2)at"> +(g¢, +&,6,—)D nat" " +ee— > at" =0
n=3 K na K h-o

and

3¢

& & n
Zra,t"=0. (3
K

& N~
23 (n-Da,,t"+>
n=1

K

> (n+3)(n+2)(n+Da, "+ ge,(n+Da,t"+ >
n=0 n=2

n=0
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Using the values N=0 and n=1, the equation can be edited as

(6,6,8 +64,) + (3‘922‘“73 8, +26,6,8, +24a,)t+ 3 (N+3)(n+2)(n+1)a, )"
n=2

+Z (e6,(n+D)a, + 3 (n-Da,, + 38283

n=2

nl)t =

Then, coefficients a, and a, are obtained

& a, &,83
12 8k’

Moreover, if Equation (3) for n =2 and Equation (4) are considered together, we find

a, :—%a1 and a, = 2. (4)

1 &4
a; =(—- a,. 5
°" 120 15k 152 ©)

For n =3 in the Equation (3), we have

S¢ 2‘93

120a, +4¢.¢6,a, + —~a, =0,

or using Equation (4), we obtain that

82832 - L )a, + 51832 a,.
24x° 360 240k (6)

aez(_

Similarly, if we continue this process, then we determine the coefficients of the principal normal.

N(t)=a, +at+at’+(-22a)t+ (- 224, - gzg; 2t
6 12 8x
&,E 1  ce¢ 58, @
(__ 152! Py e ~a, [t°+..
120 15k 360 24« 240K

Regulating the Equation (7) according to its coefficients, we can easily see that

N (t) = ao[ 8283t4 ©159 t6+( L &% ]t8+..}

240k° 384x° 13440x°
+a | t-a% t3+( L _ gzg’;jt5+(—&+28—l‘€ijt7+...
6 120 15« 5040 315«
+a, 12 -5 t4+( L 82832]t6+(— G 581832jt8+... .
12 360 24k 20160 2016«

To find the tangent vector T , we need to integrate the above equation. So, it gives us the tangent vector
as follows
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40k 1680k 3456x7 120960x"
+a, E—8182t4+ L —82832 o4 2% 51832 t®+...
2 24 720 90« 40320 ' 1260x

+a L _&s t° +[ 1 _ &5 jt7 +(— £, _Shs jtg +..0
13 60 2520 168x* 181440 18144k*
+b

where a,,a,,a, and b are constant vectors.

T(t):a{t—gzg3 {54 % t7+( L “2%s ]t%..}

Since »'(t) =T, to find the equation of the curve y, we integrate the above equation according to the
parameter t. Consequently, the polynomial equation of the curve » with constant curvature function and
linear harmonic curvature function is obtained by

7(t)=ao[ﬁ— 2% o, 4% t8+( L £2%s )t%..}

2 240x° 13440x° 34560x2 1209600x”
+a, L_&s t5+[ 1 _ 52532jt7+(_ % &% 2jtg+...
3 120 5040 630« 362880 11340«

+a ﬁ—ﬁt6+£ 1 &5 )t8+£— G% 4% jt1°+...
2112 360 20160 1344x° 1814400 36288«”

+ht+c

for a,,a,,a,,b and C are constant vectors in Ef

3.1. Construction of Rectifying Salkowski Curves with Initial Conditions

In this subsection, the unknown constant vectors a,,a,,a,,b and c are analyzed with the help of some

initial conditions. The curve ¥ (t) is exactly determined with the help of them. We would like to

emphasize clearly that rectifying Salkowski curves can be constructed depending on different initial
conditions. Depending on the following condition, the serial parametric representation of a rectifying
Salkowski curves are obtained in Corollary 1. Moreover, an example of the curve created with the same
initial conditions is also given.

Assume that (0)=c=(0,0,0) and T(0)=b=(0,1,0), thatis, c=0 and b= j. If we suppose
a, =1=(10,0)without loss of generality, we can give an initial condition as N(0) =a,. Using the
Equation (1) and N'(0) =4, , we find the following equation

N'(t) = —g,6,T (1) — 5,2, % B(1).
For t =0,
N'(0)=-¢ge&,T(0)=a =—g¢,]
the coefficient a, is as follows

a=-68&] (8)
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If we calculate the second order derivative of N(t) for t =0, we can easily see that

N"(0) = 2a,.

9)
On the other hand, we can easily see from Equation (1)
" 1 t?
N"(t) = —&.&,N (1) —&,6, — B(t) —£,6, — N(1).
K K
For t =0,
14 1
N"(0) = —£,&,N(0) —&,6, —B(0).
K
Using the equality B(0) =T (0)xN(0) = jxi=k , we get
y . 1
N"(0) = —¢g,&,i —&,6,—K.
K (10)

If the Equations (9) and (10) are considered with together, we can easily obtain that
1 1

a, =-(-¢,,0,—¢,6, ).
2 K

Thus, coefficient vectors a,,8,,a,,b and ¢ are as follows

&,

12‘92 ,0,22%3) = (0,1,0), ¢ = (0,0,0).

2K

So, the equation of the curve y obtained by the above initial conditions is expressed in the following
corollary.

a,=(0,0),a =(0,-¢s¢,,0),a, = (-

Corollary 1. Let y:lcR— Ef be a unit speed curve with constant curvature function x>0 and
linear harmonic curvature function H . Then the reparametrization of the curve y is

& E ESE.
0~ 10-52 L0-a L0 2210 |
where
f(t)=ﬁ— %28 6, s t8+( L &% jt1°+...
! 2 240x% 13440x3 34560x% 1209600 ’

3
fz(t):t——glg2 t5+[ ! _ 82832jt7+£— b 4% th9+...,
3 120 5040 630« 362880 11340«

4
() = LSCTNT _{ 1 &8 : )tg _{_ &8, &% : )tlo .
12 360 20160 1344« 1814400 36288«

Example 1. Let y:l cR— Ef be a unit speed timelike curve in Minkowski 3-space. Furthermore, the
initial conditions be T(0) =b=(0,1,0) = j and ¢=(0,0,0). If we assume that ¢, =—1,¢, =1, ¢, =1
and N(0)=a, =(1,0,0) =1, similar operations in the preceding section gives
usN'(0)=a, =—¢,T(0) and a, =(0,1,0) = j. Finally, using

1

N"(0) = 28, = —£,6,N (0) - £,&, ~ B(0) and B(0) =T (0)x N(0) = k , we obtain &, = (%,0,-2—).
K K
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Thus, all coefficient vectors are obtained as follows
a,=(10,0),a =(0,1,0),a, = (%’O'_Zi)’b =(0,1,0),c=(0,0,0).
K

So, the curve y is obtained as

(t)—(ﬁ— ¢ __¢ +( 1 1 jt1°+
4 2 240x* 13440x° | 34560x° 1209600x°

fote 1 1 8 1 1 10
+—+ + - > U+ - > U+
24 720 \ 40320 2688« 3628800 72576k

2t 1 1 . 1 1 o
—+ + - > U+ - > U+t
3 120 \5040 630« 362880 11340«

t* t° 1 1 o 1 1 10
- - +| - + 5 U+ - + 5 [T+

24k 720K 40320k 2688« 3628800k 72576k
Since the curve y(t) has a constant curvature, we can get xk =1. Thus, the figure of y is drawn by
using Mathematica programme (Figure 1)

|60

Figure 1. Timelike Rectifying Salkowski Curve y(t)

In the following example, the rectifying Salkowski curve is constructed in terms of some different initial
conditions.

Example 2. Let y:l cR— Ef be a unit speed spacelike curve in Minkowski 3-space. Assume that

g=le=1g=-1 and T(0)=b=(0,0)=i, N(0)=a,=(0,01)=k and c=(0,0,0). So,
1 .

N'(0) = a, = (-¢&¢,,0,0),N"(0) = 2a, = —£,&,N(0) —¢,6,—B(0) and B(0)= jare obtained. If
K

5383
2K

&E ..
necessary arrangements are made, then we have a, = (o, ,—%). Thus, all the coefficient vectors

are given as follows
a,=(0,0,1),a =(-10,0),a, = (O,ZL,—%), b=(1,0,0),c=(0,0,0).
K

So, the curve y is found as
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2t 1 1 )., 1 1 o
yO=(C5+>5- |t + + - |0+t
3 120 (5040 630« 362880 11340k

t* t° ( 1 1 js ( 1 1 jm
- + + L + R L
24k 720k 40320k 2688k 3628800k 72576k

t? t? ( 1 1 j 10
—+ > = >+ >+ > |t +
2 240k 13440« 34560x° 1209600k

t* t° 1 1 6 1 1 10
-——+ - + > U+ + > +
24 720 \ 40320 2688« 3628800 72576k

Since the curve ¥(t) has a constant curvature, we can get & =1. Thus, the figure of » is drawn by using
Mathematica programme (Figure 2)

Figure 2. Spacelike Rectifying Salkowski Curve y(t)
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