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Abstract

In this article, some coupled fixed point theorems for F -contraction mappings in complete metric spaces
are proved. In addition, some results related to these theorems are given.
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F -Biiziilme Déniisiimleri icin Baz ikili Sabit Nokta Teoremleri

Oz

Bu ¢aligmada, tam metrik uzaylarda F-biiziilme doniisiimleri i¢in baz ikili sabit nokta teoremleri ispatlanmigtur.

Ayrica, bu teoremlerle ilgili bazi sonuglar verilmistir.

Anahtar Kelimeler: Metrik uzaylar, Sabit nokta teorisi, F-biiziilme, Tamlik.

1. Introduction

The concept of coupled fixed point was
introduced by Guo and Lakshmikantham
(1987). And, Bhaskar and Lakshmikantham
(2006) introduced coupled fixed point for
partially ordered metric spaces. A lot of
authors such as Mutlu et.al. (2017 and 2018);
Sabetghadam et.al. (2009); Samet (2010);
Van Luong and Thuan (2011), gave different
generalization of these theorems.

Wardowski  (2012) was introduced the
concept of F -contraction and he gave a
different  generalization of Banach
contraction principle. Afterwards, various

*Corresponding Author:kubra.ozkan@hotmail.com

researchers examined some fixed point
theorems for such type contraction mappings
and they got some interesting and useful
results (see; Abbas et.al., 2013; Altun et.al.,
2015; Batra and Vashistha, 2014; Cosentino
and Vetro, 2014; Piri and Kumam 2014).

In this manuscript, we examine some coupled
fixed point theorems for F -contraction
mappings in complete metric spaces. In
addition to this, we give some results related
to these theorems.
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2. Preliminaries
Definition 2.1. (Wardowski 2012)

Let a mapping F:R* —>R satisfies the
following conditions:

(F1) F isstrictly increasing,

(F2) For each sequence {a,},y of positive
numbers

limg, =0 limF(a,) =—x,

n—oo

(F3) There exists ke(0,1) such that
lim a*F(a) =0.

a—0"

F is called as the family of all functions F
which satisfy the conditions (F1)—(F3).

Definition 2.2. (Wardowski 2012)

Let (X,d) be metric space. T: X — X is

called an F -contraction if there exist F € F
and z e R* such that

d(Ta, Tb) > 0 = z + F(d(Ta, Th)) < F(d(a, b))
(1)

foreach a,be X .
Example 2.3. (Wardowski 2012)

Let F:R* — R be denoted by F(a)=Ina.
It is obvious that, for any k < (0,1) , the
function F satisfies the conditions
(F1)—(F3). All self-mappings T on X,

which satisfies (1) is an F -contraction such
that

d(Ta,Th) <e~d(a,b)

forall a,b e X suchthat Ta=Tb.

It is clear that the inequality
d(Ta,Th)<e"d(a,b)

also holds for a,be X such that Ta=Tb.
Then T is a Banach contraction mapping.

Example 2.4. (Wardowski 2012)

Let F:R" - R bedenoted by F(a)=Ina+a
ae(0,) . It is clear that, for any k (0,1),

the function F satisfies the conditions
(F1)—(F3). All self-mappings T on X ,
which satisfies (1) is an -contraction such that

d(Ta, Th) < ed(TaT)-d(@b) < or
d@b) )

forall a,be X, Ta=Thb.

3. Main Results
Theorem 3.1.

Let (X,d) be a complete metric space and

S:XxX — X be a self-mapping on X . If
there exist F e F and 7 e(0,o0) such that

the following condition holds
d(S(a,b),S(u,v)) >0
= r+F(d(S(a,b),S(u,v))) < F(ad(a,u) + £d(b,v))

)

for all a,b,u,ve X, S(a,b)=S(u,v), where
a+ [ <1,then S has a unique coupled fixed
point.

Proof:

We take a,by € X and set

2, =S(ay,0),0, =S(y, &),
a,,=9S(,,b,),b,.,=Sb,a,).

n+1
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If &, =a,,, b =b , for some nyeN,

Mo+lr Ny

then

an0 = anOJrl = S(a‘n0 ! bno)’ bn0 = bn0+1 = S(bnO ' ano)'

Thus, (&, ) is a coupled fixed point for S.
We examine the case of either
a, #a,, =5(a,,b,) or b,#b,,=S(b,a,) for
all neN. Then,

d (S (an—l’ bn—l)’ S(an ! bn )) = d (an ! an+1) >0 or
d (S (bn—l’ an—l)’ S (bn A )) =d (bn ' bn+1) >0

for all neN. Using (2), we have

t+F (d (an+lv an+2)) =7+F (d (S (an ’ bn )v S(am—lv bn+l)))
< F(Otd (anv an+1) + ﬂd(bnv bn+1))-

®3)
And, from (2), we also get

+F (d (bn+11 bn+2)) =7+F (d (S (bn ’ an)v S (bn+ll an+1)))
< F(C{d(bn, bn+1) + ﬂd (anl an+1))-

(4)

Since F is strictly increasing, using (3) and
(4), we obtain that

A(@y,1,8,,,) <ad(ay,a,.0) + Ad(b;,b,.)
and
d(by,1,0,,,) <ad(by,by,) + 4d (@, ,,)-
Therefore, by letting
A, =d(@,,8,,5) +d(By1,05,2),

we have

dn < (a + ﬂ)(d (a‘n ’ an+1) + d (bn ' bn+1))
=(a+p)d,,

forall neN. Since o+ <1, weget d, <d
for all ne N. Consequently,

r+F(d,)<F(d, ;) forall neN. We get

F(d,)<F(d,)-7<<F(d))-nz  (5)

forall ne N. If we take limitas N —00 in (5),
we obtain

lim F(d, ) = —oo.

From property (F2), we have that limd, =0.

n—o0

Using property (F3), we can say that there
exists k e (0,00) such that limd“F(d )=0.

Using the inequation (5), we get

diF(d,) —dXF(dy) <dX(F(dy) —nz) —dF(dy)
=-nrd; <O0.

(6)

If we take limit as N—00 in (6), we get

limnd¥ =0. Then there exists Ny €N such

Nn—o0

that nd‘<1 for all N>N,. Hence we get

d, gi for all N2N,. We consider m,ne N
n

such that M>N>N,, we get

|k

d(am!an)"'d(bm*bn) < d(amvam—l)+d(bm!bm—l)+"'
+d (an—l! an) + d(bn—lv bn)
=dp g +dpo+-+d,

m-1 0
=3>d, dei <
i=1

i=n

0

1
i=1 .
Ik

=1
Since the series ZT are convergent, {an}
i=1l -y
I

and {bn} are Cauchy sequences in X . From
completeness of (X,d), we can say that there
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exist a,be X such that lima, =a and

n—oo

limb, =b. From property of metric, we obtain

n—oo

d(S(ab),a)<d(S(a,b).a, 1) + (3, ,a)

=d(S(ab),a)-d(a;,a) <d(S(ab), S(a,.h,). 7)
In addition to this, from (2), we get

F(d(S(a,b),S(a,,b,))) <z+F(d(S(a,b),S(a,.b,)))
< F(ad(a,a,)+ £d(b,b,)).

From property of (F1), we have

d(S(a,b),S(a,,b,)) <ed(a,a,)+ Ad(b,b,).
(8)

From (7) and (8), we obtain

d(S(a,b),a)-d(a,.,.a)<ad(a,a, )+ Bd(b,b,)
Letting N —> 0, we get

d(S(a,b),a) >0=S(a,b)=a.

Similarly, we have also S(b,a)=b. Then
(a,b) is a coupled fixed of S . On the other
hand, we assume that (a',b?) is another
that

coupled fixed point of S such

(a,b) = (a',b") . From (2), we get

F(d(a,a)) = F(d(S(a,b),5(a’,b?))
<F(ad(a,a’)+ Bd(b,bY)) -z
)

and

F(d(b,b") = F(d(S(b,a),S(b",a"))
<F(ad(b,b)+ Ad(a,a’) -
(10)

From property of (F1), (9) and (10), we get

d(a,a’) <ad(a,a’)+ £d(b,bY

and
d(b,b") <ad(b,b’)+ Bd(a,a’).
Then we have
d(a,a’)+d(b,b") < (a+ B)(d(a,a’)+d(b,b’)).
Since o+ g <1, we get
d(a,a)+d(b,b") =0.

This implies that (a,b) =(a',b"), whichis a
contradiction. Then S has a unique fixed
point (a,b).

If constants in Theorem 3.1. are taken equal,
it is obtained the following corollary.

Corollary 3.2.

Let (X,d) be a complete metric space and
S:XxX — X be a self-mapping on X . If

there exist F e F and z e (0,00) such that
the following condition holds
d(S(a,b), S(u,v)) > 0= z+F(d(S(a,b),S(u,v)))
< F(%(d(a,u)+d(b,v)))
(11)
for all a,b,u,ve X, S(a,b)=S(u,v), where

a <1, then S has a unique coupled fixed
point.

Example 3.3.

Let X=R and d(ab)=|a-b| for all
a,b e X . We can easily say that (R,d) isa

complete metric space. We consider
F:(0,0) >R such that F(a)=Ina for
a>0. And, we define the mapping

S:RxR—R with S(a,b):a?)—tb for 0.
e
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Then for all a,b,u,ve X, S(a,b)=S(u,v)

and a:g,we get

a+b _u+v
3e’ 3e’
u

st
Se+in| [T+
€

a
3 3’
= r+|n[%|a—u|+|b—v|)—lne

- F(%(d(a,u) +d(b,v))).

7+ F(d(S(a,b),S(u,v))) _r+ln£

Then the expression (11) is satisfied. From
Corollary 3.2., S has a unique coupled fixed
point. This point is (0,0) e RxR.

Theorem 3.4.

Let (X,d) be a complete metric space and

S:XxX — X be a self-mapping on X . If
there exist F e F and 7 (0,o0) such that

the following condition holds

d(S(a,b),S(u,v)) > 0=z + F(d(S(a,b), S (u,)))
< F(ad(S(a,b),a) + Ad(S(u,v),u))
(12)

for all a,b,u,ve X, S(a,b)=S(u,v), where
a+ [ <1,then S has a unique coupled fixed
point.

Proof:

We take sequences {8, } and {b,} which have

same properties in the proof of Theorem 3.1.

such as a,,=5(a,,b,) and b, =5(b,.a,).

From (12), we get

r+F(d(a,,a,4)) =7+F(d(S(a,.,b,4).S(a,,b,)))
< F(ad(S(ay_1,04-1), X,1) + #d(S(a,,by). &)
=F (Otd (an ) an—l) + ,Bd (an+1' a, ))

From property (F1),

d(a,,a,,)<ead(a,,,a,)+pd(@,,a,,)

:>d(a an+1)<1 ﬂd(a n-1? n)

a
where 0< 13 <1. Then we get

d (an’ n+1) <d (an—l' an)

for all ne N. We denote 6,=d(a,,a,,;). So,

t+F(0,)<F(5,,) for all neN. The
following holds
F(0,)<F(0,,)-7<<F(5)-nr  (13)

for all neN. If we take limitas N —0 in
(13), we get lim F(5,) = —oo. From property

(F2), we have that limg, =0. Using (F3),

n—o0

we can say that there exist k e (0,o0) such
that limsF(5,) =0. From (13), we get
5y F(8,) =8, F(8,) <6, (F () —ne) = 5, F(&,)
=-nzs¥ <0.
(14)

Taking limit as N—% in (14), we get
limns =0. There exist N, €N such that

n—o0

ndy <1 for NN, Then we get

(15)

=]
>
X\H| =

We consider m,n e N such that m>n2n,
From (15), we get
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d(anvam) < d(an'an+1)+”.+d(am—l'am)
=0, +0,,+ "+,

n+1

=1

o,

ot

I=n

IA
s
A—Ma-l -

o0

Then Zil

n=l =)
|k

is convergent. Thus {an} is a

Cauchy sequence in X . In a similar way, we
can show that {b,} is a Cauchy sequence in

X . From completeness of (X,d), there exist
a,be X suchthat lima, =a and limb, =b.

n—o0 n—oo

d(S(a,b),a)<d(S(a,b) a,,) +d(a,,,,a)
= d(S(a, b)! S(an’ bn)) + d(an+1' a‘)

=d(S(a,b),a)-d(a,,a)<d(S(ah),5@,.h,)).
(16)
On the other hand, from (12), we get

F(d(S(a,b),S(a,,b,))) <z+F(d(S(a,b),S(a,,b,)))
< F(ad(S(a,b),a) + pd(S(a,,b,),a,)).

From property of (F1), we get

d(S(a,b),S(a,,b,)) <ad(S(a,b),a)+ £d(S(a,.b,).b,).

(17)
From (16) and (17), we obtain
d(S(a,b),a)-d(a,,1,8) <ad(S(a,b),a) + pd(S(a,.b,).a,)

=ad(S(a,b),a) + Ad(a,.q,a,)
<ad(S(a,b),a)+ B(d(a,,;,a) +d(a a,))

d(S(a,b),a) sT—ﬂd(aM,aH B_4(a.,a).
—

l-«
Letting N — 0, we get

d(S(a,b),a) >0=S(a,b) =a.

Similarly, we have also S(b,a)=b. Then
(a,b) is a coupled fixed of S . On the other
hand, we assume that (a',b?) is another

coupled fixed point of S such that

(a,b) = (a',b") . From (12), we get

F(d(a,a"))=F(d(S(a,b),S(a',b"))

<F(ad(S(a,b),a)+ pd(S(a',b"),a")) .
From property (F1), we get d(a,a’)=0.
Similarly, we can show that d(b,b") =0
These imply that (a,b)=(a',b"), which is a
contradiction. Then S has a unique fixed
point (a,b).

Corollary 3.5.

Let (X,d) be a complete metric space and

S:XxX — X be a self-mapping on X . If
there exist F e F and 7 e (0,00) such that

the following condition holds

d(S(a,b),S(u,v)) >0= 7+ F(d(S(a,b),S(u,v)))
< F(%(d(S(a, b),a) +d(S(u,v),u)))

for all a,b,u,ve X, S(a,b)=S(u,v), where

a <1, then S has a unique coupled fixed
point.

Example 3.6.

Let X =[0,). We define

d :[0,00) x[0,00) = R" with d (a, b) = max{a, b} .
([0,0),d) is a complete metric space. We

consider the mapping

S :[0,%0) %[0, ) — [0, ) such that
s(a,b)zﬁ. And, we choose F(a)=In(a),

ae(0,0). Then it is clear that for all
a,b,u,ve[0,0),S(a,b) =S(u,v), 7=In2

and o :% , the condition
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In2+F(d(S(a.b), S(u,v))
gH%m@mmxm+M%wme

is satisfied. From the Corollary 3.5., S has a
unique coupled fixed point.

Theorem 3.7.

Let (X,d) be a complete metric space and

S:XxX — X be a self-mapping on X . If
there exist F e F and 7 <(0,o0) such that
the following condition holds

d(S(a,b),S(u,v)) >0= 7+ F(d(S(a,b),S(u,v)))
< F(ad(S(a,b),u) + £d(S(u,v),a))

(18)

for all a,b,u,ve X, S(a,b)=S(u,v), where
a+ f<1,then S has a unique coupled fixed
point.

Proof:

We take a,,0, € X and set
a, =S(ay,b,), ¥, =S5, 8),- -,
a‘+1=8(an’bn) bn+1 S(b n) .

From (18), we get

F(d(a, a,.1)) = F(d(S(a,1,b,4),5(a,,0,)))
<F(ad(S(a,;.b,;).a,)+pd(S(a,.b,).a,4)) -7
<F(ad(a,.a,)+ pd(a,,;,,,))
=F(pd(a,1,a,,))
<F(pd(a,.,a,) + pd(a, a,,))

From property (F1), we get

B
d 1 d n-17~n
(@, an+)< 5 (@42,

1
Since o+ B <1, we get n<1. Then we get

d (an ! an+l) < d (an—l’ an)

for all neN. If we denote J,=d(a,,a,,,),
then the proof similar to proof of Theorem

3.4. Thus, {an} isa Cauchy sequencein X . In

a similar way, we can show that {b,} is a
Cauchy sequence in X . From completeness
of (X,d), there exist a,be X such that
lima, =a and limb, =b. As similar to proof

n—o0 nN—oo

of Theorem 3.4., we get

F(d(S(ab).S(a,,b,))) <z +F(d(S(a,b),S(a,.b,))
<F(ad(S(a,b),a,)+ pd(S(a,,b,),a)).
From property (F1), we get
+ [ a
d(S(a,b), a)< d(a a)+——d(a,,a).
1- l-a

n+1?

Letting N —0, we get
d(S(a,b),a) >0=S(a,b) =a.

Similarly, we have also S(b,a) =b. Then
(a,b) is a coupled fixed of S . Now we

show that the coupled fixed point is unique.
We assume that (a',b") is another coupled

fixed point of S such that (a,b) = (a',b") .

From (18), we get

F(d(a,a"))=F(d(S(a,b),S(a',b"))
<F(ad(S(a,b),a")+pd(S(a',b"),a)) .

From property (F1), we get

, o
d(a,a)<1_a_ﬂd(8(a,b),a)

B
l1-a-

—+

ﬁd(S(a',b'),a')

We get d(a,a") =0. Similarly, we can show
that d(b,b)=0 These imply that
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(a,b)=(a',b"), which is a contradiction.
Then S has a unique fixed point (a,b).

Corollary 3.8.

Let (X,d) be a complete metric space and

S:XxX — X be a self-mapping on X . If
there exist F € F and 7 e (0,) such that
the following condition holds

d(S(a,b),S(u,v)) >0= 7+ F(d(S(a,b), S(u,v)))
< F(%(d(S(a, b), u) +d(S(u,v), a)))

for all a,b,u,ve X, S(a,b)=S(u,v), where

a <1, then S has a unique coupled fixed
point.

Example 3.9.
If we take as 7=In3 and a:% in Example
3.6., it is obvious that the condition

In3+ F(d(S(a,b),S(u,v)))

< F(%(d(S(a, b),u) +d(S(u,v),a)))

is also satisfied for all a,b,u,vel[0,x),
S(a,b) = S(u,v) . From the Corollary 3.8., S

has a unique coupled fixed point.
4. References

Abbas, M., Ali B. and Romaguera, S. 2013.
“Fixed and periodic points of generalized
contractions in metric spaces”, Fixed Point
Theory Appl., 2013, Art. No. 243.

Altun, 1., Minak, G. and Dag, H. 2015.
“Multivalued F-contractions on complete
metric spaces”, J. Nonlinear Convex Anal.
16(4), 659-666.

Batra, R. and Vashistha S. 2014. “Fixed points
of an F-contraction on metric spaces with a

graph”, International Journal of Computer
Mathematics, 91:12, 2483-2490.

Bhaskar, T.G. and Lakshmikantham, V. 2006.
“Fixed point theorems in partially ordered
metric spaces and applications”, Nonlinear
Anal. 65, 1379-1393.

Cosentino, M. and Vetro, P. 2014. “Fixed
point results for F-contractive mappings of
Hardy-Rogers-type”, Filomat, 28(4), 715-
722.

Guo, D. and Lakshmikantham. V. 1987.
“Coupled fixed points of nonlinear operators
with applications”, Nonlinear Anal., 11, 623-
632.

Mutlu, A., Ozkan, K. and Giirdal, U. 2017.
“Coupled Fixed Point Theorems on Bipolar
Metric Spaces”, European Journal of Pure
and Applied Mathematics, 10(4), 655-667.

Mutlu, A., Ozkan, K. and Giirdal, U. 2018.
“Coupled fixed point theorem in partially
ordered modular metric spaces and its an
application”, J. Comput. Anal. Appl., 25(2), 1-
10.

Piri, H. and Kumam, P. 2014. “Some fixed
point theorems concerning F -contraction in
complete metric spaces”, Fixed Point Theory
Appl., 2014, Article ID 210 (2014).

Sabetghadam, F., Masiha, H.P. and
Sanatpour, A.H. 2009. “Some coupled fixed
point theorems in cone metric spaces”, Fixed
Point Theory Appl., 2009(1), 125426.

Samet, B. 2010. “Coupled fixed point
theorems for a generalized Meir—Keeler
contraction in partially ordered metric
spaces”, Nonlinear  Analysis:  Theory,
Methods & Applications, 72(12), 4508-4517.

104



Some Coupled Fixed Point Theorems for F -Contraction Mappings

Van Luong, N. and Thuan, N.X. 2011.
“Coupled fixed points in partially ordered
metric spaces and application”, Nonlinear
Analysis: Theory, Methods & Applications,
74(3), 983-992.

Wardowski, D. 2012. “Fixed point theory of a
new type of contractive mappings in complete
metric spaces”, Fixed Point Theory Appl.,
2012, Article ID 94.

105



