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Abstract

In this work, the exponential stability of zero solution of some neutral integro-differential equations of the first
order (NIDE) with discrete and distributed time-varying delays is discussed. A new result that has sufficient
conditions on the exponential stability of zero solution is proved by aid a new Lyapunov-Krasovskii functional,
the Leibniz-Newton formula and a matrix inequality. The result of this paper extends and improves some former
results on the topic in the literature.

Keywords: Neutral differential equation, first order, exponential stability, time-varying delay, the direct
method of Lyapunov

Baz1 Neutral integro- Diferansiyel Denklemler icin Yeni Ustel Kararhhk Kriterleri
Ozet

Bu caligmada, birinci basamaktan ayrik ve degisken gecikmeli neutral integro- diferansiyel denklemlerin
(NIDE) sifir ¢6ziimiiniin istel kararliligi incelenmektedir. Uygun bir Lyapunov-Krasovski fonksiyeli, Leibniz-
Newton formiilii ve matris esitsizligi yardimiyla ele alinan denklemin sifir ¢dziimiiniin iistel kararlilig1 i¢in yeter
sartlar iceren yeni bir sonug¢ ispatlanmaktadir. Bu calisma literatiirdeki konuyla ilgili onceki sonuclari
genisletmekte ve gelistirmektedir.

Anahtar Kelimeler: Neutral diferansiyel denklem, birinci mertebe, istel kararlilik, degisken gecikme,
Lyapunov ‘un dogrudan metodu

1. Introduction

It is known that neutral differential equations are
retarded systems that often appear in many
various scientific areas such as physics, biology,
chemistry, biophysics, mechanics,
aerodynamics, economy, atomic energy,
control theory, information theory, population
dynamics, electrodynamics of complex media
and so on. Therefore, qualitative behaviors of
solutions NIDEs, stability, boundedness,
convergence, instability, integrability, globally
existence of solutions, etc., have been

*Corresponding Author:melekgozen2013@gmail.com

extensively investigated in the literature by this
time. For a comprehensive treatment of these
qualitative properties of solutions of NIDEs and
some applications, we refer the readers to the
papers or books of Hale et al (1993), Boyd et al
(1994), Agarwal and Grace (2000), El-
Morshedy and Gopalsamy (2000), Fridman
(2001), Fridman (2002), Gu et al (2003), Park
(2004), Kwon and Park (2006), Sun and Wang
(2006), Kwon and Park (2008), Park and Kwon
(2008), Deng et al (2009), Liao et al (2009), Li
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(2009), Nam and Phat (2009), Rojsiraphisal and
Niamsup (2010), Chen et al (2011), Chen and
Huabin (2012), Tun¢ and Altun (2012), Tung
(2013), Pinjai and Mukdasai (2013), Li and Fu
(2013), Keadnarmol et al (2014), Chatbupapan
et al (2016), Gozen and Tung (2017a and b),
Tun¢ and Mohammed (2017), G6zen and Tung
(2018), Tung and Tung (2018), Hristova and
Tung (2019), Slyn’ko and Tung (2019) and the
references can be found in these sources.

In a particular case, we should mention the
following related paper on the qualitative
behaviors of the solutions of NIDEs .
Chatbupapan et al (2006) considered a scalar
NIDE with mixed interval time varying delays:

%[x(t) 4+ px(t— ()] = —ax(t) + b tanh x(t — o (t))

+C .[ x(s)ds, t>0. (1.1)

t-p(t)

Chatbupapan et al. (2006) discussed the delay-
dependent exponential stability of solutions of
NIDE (1.1). Based on a class of Lyapunov-
Krasovskii functionals, a model transformation,
the decomposition technique of constant
coefficients, the Leibniz-Newton formula and
linear matrix inequality (LMI), sufficient
conditions are established to guarantee the
exponentially stability of the zero of NIDE (1.1)
by Chatbupapan et al. (2006) In addition, in this
paper a few numerical examples are given to
illustrate the effectiveness and applicability of
the established conditions.

Motivated by the results of Chatbupapan et
al. (2006) and the above mentioned works, we

consider the following scalar NIDE with
variable delays of the form
d
d—[X(t) + px(t—z(t))]

t

=—h(x) + b(t) tanh x(t — o (t))

t
+ j C(t,s)x(s)ds, (1.2)
t—p(t)

where teR", R"=[0,),b(t) is positive

continuous function, C(t,s) is a continuous

function for 0<s<t<ow such that
IC(t,s)|<L p is a real constant with |p|<L1,
(t), o(t) and p(t) are
differentiable functions such that

continuously

0<r, <z(t)<7,, 7(t)<7, <o,

0<o,<ot)<o,, ot)<o, <ox,

0<p, <p(t) < p,,

where 7,,7,,0,,0,,p,,p,,74 and o, are
given positive real constants.
Let
hx) , X=#0,
h(x) =1 x

h'(0), x=0,

such that
h'(x) >1, x=0.

For each solution x(t) of (1.2), we assume the
initial condition

X (t) = 4(t), te[-w,0],
where ¢ € C([-w,0], R) and
w=max{r,,0,, p,}.
In this paper, we prove an exponential stability
theorem, which included sufficient conditions,
such that the zero solution of NIDE (1.2) is
exponential stability. To prove that theorem we
benefit from the Lyapunov second method. For
this define a new Lyapunov functional such that
it is positive definite and its derivative along the
solutions of NIDE (1.2) is negative definite. By
this work, our aim is extend and improve some
related results in the literature.

Definition 1.1 (Kwon and Park (2006). The
zero solution of equation (1.2) is exponentially

i . ... real constants «,
stable, if there exist positive @.p

such that, for each ¢(t)eC([-w,0],R), the
solution x(t,¢) of equation NIDE (1.2) satisfies

Ix(t.0)] < Algle . 120
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Lemma 1.1 (Gu et al. (2003), (Jensen’s
inequality)). For any symmetric positive
definite matrix Q, positive real number h and
vector function x(t) :[-h,0] — R" the following
integral is well defined

—h j' X" (s +1)Qx(s +1t)ds

< —[ ]l X(s+ t)ds] Q( T X(s+ t)ds}

Lemma 1.2 (Gu et al. (2003)). For any constant
symmetric positive definite matrix

QeR™", h(t) a discrete time-varying delay
with  O0<h <h(t)<h,, the vector function

w:[-h,,0]—>R" such that the integrations

concerned are well defined, we have
—h,
—[h, —h] [w' (s)Qw(s)ds
—h,
—h, —h,
<— J. w' (s)dsQ Iw(s)ds
—h(t) —h(t)
—h(t) —h(t)

—~ I w' (s)dsQ j w(s)ds.

—h, —h,

where h,h, e R.

We now investigate the exponential
stability of zero solution of NIDE (1.2). It is
clear that

0=x(t)—x(t—7z(t)— j X(s)ds

t—z(t)

(1.3)

and

0=x(t)—x(t—yz(t))- j)’((s)ds, (1.4)
where ¥ is a given positive rte_;i(tc)onstant. Then,
we have

0=rx(t)—nrx@t-z(t)-r, j' x(s)ds (1.5)
and o

0=r,x(t) —rx({t—yz(t))-r, j[)’((s)ds, (1.6)

t—yz(t)

where 1, r,eR will be chosen later. By

equalities (1.3)-(1.6), NIDE (1.2) can be written
as the following form

%[ PX(t) + px(t —z(t)) + x(t — yz(t))

+ f[)‘((s)ds—pl j)‘((s)ds]

t—yr(t) t—7(t)

=— (a, - —n)h(x() - (a, + R)h(x(t - (1))
—(a,+1) I(h(X(S)))'dS —Lh(x(t—yz(1)))

t—7(t)
—r, .t[(h(x(s)))’ds +b(t) tanh x(t — o (t))

t—yr(t)

t
+ _[C(t,s)x(s)ds.
t-p(t)
Let
D(t) = pyx(t) + px(t — (1)) + X(t— (1))
t t
+ I)‘((s)ds—pl J' x(s)ds].
t—yr(t) t—z(t)
Hence, it follows from (1.7) that

(1.7)

D(t) =~ (8 — 1, —)h(x(1)) - (a, +K)h(x(t — (1))
—(a, +1) [(h(x(s)))'ds]

t—z(t)

— Rh(x(t—yz(t)))
1, [(h(x(s)))ds +b(t) tanh x(t — o (1))

t—yr(t)

t
+ _[C(t,s)x(s)ds.
t-p(t)
2. Material and Method
We first present some notations, which are
needed later.
Let

(1.8)

ZZ[Q(i,j)]ZSXZS, (i, j:]-: 2,---,25), (2-1)

where Q is a symmetric matrix, that is,

Q Q

() ~ e

and

121



New Exponential Stability Criteria for Certain Neutral Integro-Differential Equations

Q(l,l) =2k, —2q,,
Quy=0p—0,+ k (1, + 1, —a)h(x(t)),
Q(1,3) =0.P, — 05— kl(rl + az)h(x(t —7(t))),
Q(1,4) =—,p,—q, - kl(rl + az)’
Q(1,5) =0, —0s — k1r2hl(x(t —yz(1))),
Q(1,6) =0, -G — ker’
Q(1,7) = Q(1,8) = Q(1,9) = Q(1,10) =0,
Q(1,11) = klb(t)1 Q(l,lZ) = Q(l,lS) = Q(1,14) =0,
Q(l,lS) = Q(l,lG) = Q(1,17) = Q(1,18) =0,
Q(l,lg) = Q(1,20) = Q(l,Zl) =0,
Q(1,22) = Q(1,23) = Q(1,24) =0, Q(1,25) = kl’
Qz = 20,0, + Ky + Ky + K, + K + K73,

+K 775 + Ky +Koo?

+ WSle + W67/2T12 +W, (7, — Tl)z

+ W872 (7, - Tl)z

+ Wy (o, _0-1)2 +ko + sz2 + W90-12’
Qa3 =0 P, + 03Py Q4 =—0, P + 0, Py
Qs =0y +05P1, Q) =0, + 06 Py,
Qi = = Qg =0,

(2,10) 29(2,11) = Q(z,lz) =0, Q(2,13) = _q7a1hl(x(t))’
(214) — Q(2,15) = Q(2,16) =0,

@

217) — Q(2,18) = Q(2,19) =0,

O O O

(2,20) — Q(2,21) = Q(z,zz) =0,

@,

22 = Q2n =z =0,

Q35 =20;p, - kseizmz +Ky7y,

Qi =—0sP + 04 Py Qz5) =03 + 05 Py,
Q(s,e) =03 + 05 P, Q(3,7) = Q(3,8) = Q(3,9) =0,
Q(3,10) = Q(s,n) = Q(3,12) =0,

Q(3,13) = _Q7a2hl (X(t—z(1))),

Q(3,14) = Q(3,15) = Q(3,16) =0,

Q(3,17) = Q(3,18) = Q(3,19) =0,

Q(3,20) = Q(s,zl) = Q(3,22) =0,

Q29 = Qo =25 =0 Qa gy = =204 Py,
Q(4,5) =0, =05 P1» Q(4,6) =0, — s P1»
Qi = =g =0,

Q) = Cuaay = azy =0 Qazy =%,

(4,14) — Q(4,15) = Q(4,16) =0,
417) — Q(4,18) = Q(4,19) =0,

O O O

(4,20) — Q(4,21) = Q(4,22) =0,

@,

(4,23) — Q(4,24) = Q(4,25) =0,

_ —2ayt
Q(5,5) =205 — ke +kgyy, Qe =05 + 0,
67 = e =9 =0,

O O

(510) — Q(5,11) = Q(5,12) =0,

)

(513) — Q(5,14) = Q(5,15) = Q(5,16) =0,
(517) — Q(5,18) = Q(5,19) =0,

(5,20) — Q(5,21) = Q(5,22) =0,

(5,23) — Q(5,24) = Q(5,25) =0, Q(e,e) = 2%’
61 =Qeg =69 =0,

(6,10) — Q(6,11) = Q(6,12) =0,

(6,13) — Q(6,14) = Q(6,15) = Q(e,le) =0,

(6,17) — Q(6,18) = Q(6,19) =0,

(6,20) — Q(G,Zl) = Q(6,22) =0,

O 0 0 0 0 Q0 LQ 00

(6,23) — Q(6,24) = Q(e,zs) =0,
-2ar
an = —(k, +w;)e™", Qqe =Qqg = 0,

Q O

(710) — Q(7,11) = Q(7,12) =0,
(713) — Q(7,14) = Q(7,15) = Q(7,16) =0,
(717) — Q(7,18) = Q(7,19) =0,

O O O

(7,20) — Q(7,21) = Q(7,22) =0,
= 0, Q(8,8) = _k6872a12 )

@,

(7,23) — Q(7,24) = Q(7,25)

(8,9) — Q(8,10) = Q(s,n) =0,
(812) — Q(8,13) = Q(8,14) =0,

O O O

(8,15) — Q(8,16) = Q(8,17) =0,

@

(818) — Q(8,19) = Q(S,ZO) =0,

Q(8,21) = Q(s,zz) = Q(8,23) = Q(8,24) = Q(8,25) =0,
Qg =—(k, + w,)e >,

Q(9,10) = Q(9,11) = Q(9,12) =0,

Q(9,13) = Q(9,14) = Q(9,15) =0,

Q(9,16) = Q(9,17) = Q(9,18) =0,

Q(9,19) = Q(9,20) = Q(9,21) =0,

Q(9,22) = Q(9,23) = Q(9,24) = Q(9,25) =0,

Q(10,10) = _k7e720m2 ,

Q(10,11) = Q(10,12) = Q(10,13) =0,
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= Q(lO,lS) (10 16) — =0,
=Q

(10,14)
(10,17) (10,18) — (10 19) — =0,
(10,20) — Q(10,21) (10 2) = =0,
(10,23) — Q(10 24) = (10 25) = =0,

—-2a0
iy = —ke€ 7 + ko g —kjp, Q (1112) =0,
(1113) — Q7b(t)1 Q(1114) = Q(1115) = Q(11,16) =0,

1117) = Q(ll,ls) (11 19) — =0,
(11,20) — Q(11,21) (11 2) — =0,
(11,23) — Q(n 24y — (11 25) — =0,
(12,12) k eizaaz

(12,13) — Q(1.2,14) = Q(12,15) = Q(lz,le) =0,
1217) — Q(12,18) = Q(12,19) =0,

(12,20) — Q(12,21) = Q(12,22) = Q(12,23) =0,
(12,24) — Q(12,25) =0, Q(13,13) :_ZQW
(1314) — Q(13,15) = Q(13,16) =0,

= Q(13,18) = Q(13,19) =0,

=Q

(1317)
(13,20) (13,21) — Q(13,22) =0,
(13,23) — Q(13,24) =0, Q(13,25) =0,

_ -2ar. _ .
(14,14) — (Ws - Wl)e r Q(14,15) - Q(14,16) =0,

(15,21) — Q

-2ar
1616) = Ws€ 7,

—

(16,22) — Q(16,23) = Q(16,24) = Q(16,25) =0,
20yt

aran = ~We€ T,

= Q(17,19) = Q(17,20) = Q(17,21) =0,

=Q

(17,18)
(17,22) (7,23) — Q(17,24) = Q(17,25) =0,
as1s) — —W/€ e

=0
(18,23) — Q
919) — —W;€

=Q

(18,19) (18,20) — Q(18,21) = Q(18,22) =0,

(18,24) — Q(18,25) =0,

Zarz

© 0 00 P OO0 0000000000 0000000000000 00000

(19,20) (19,21) — Q(19,22) =0,

14,17) — Q(14,18) = Q(14,19) = Q(14,20) = Q(14,21) =0,
(14,22) — Q(14 23) — Q(14 24y — Q(14,25) =0,

(15,15) (W Wz)e e Q(15,16) =0,

(1517) — Q(15,18) = Q(15,19) = Q(15,.20) =0,

(15,22) — Q(15,23) = Q(15,24) = Q(15,25) =0,

(16,17) — Q(16,18) = Q(16,19) = Q(16,20) = Q(16,21) =0,

Q(19,23) = Q(19 24y — Q(19 25) — 0,

Q(20 20) — —Ws€ e Q(20,21) = Q(20,22) =0,
Q(20,23) = Q(20,24) = Q(20,25) =0,

Qoo = _Wseizam’ Q2 =0,

Q(21,23) :Q(21,24) :Q(21,25) =0,

Qo = _Wgeizwl’

Q(22,23) = Q(22,24) = Q(22,25) =0,

Q(23,23) = _Wloeizwzv Q(23,24) :Q(zs,zs) =0,
Q2400 = _Wloefzwz’ Q2.5 =0,

Q55 55 =—we P, 01,05,04, 71,75, Tyy Py P2 &

and y are positive some real constants.

We now state the exponentially stability
result.
Theorem. If there exist positive real constants

w, ki, w,, (i=1,2,...,10), such that the following
matrix inequality
= [Q(i,j)]25><25 <0 (2.2)

holds, then zero solution of NIDE (1.2)
exponentially stable with a decay rate a.

Proof. We define Lyapunov-KrasovskKii
functional candidate for NIDE (1.8) of the form

V(t’ Xt) :Zvi (tnXt):
where 7
V,(t,x) =k, D*(t),

t t
V, (t,x,) =k, j 2t V% (s)ds + k, j e2Vx2(s)ds

t-7, t—z(t)

t
+k, jeza‘s‘”xz(s)ds

t—yr,

t
+k, J'ez”(s‘”xz(s)ds

t—yr(t)

t
+W, Ieza(s“)xz (s)ds

t-r,
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t 2oty 2 Calculating  the time  derivatives  of
W, Ie X" (s)ds V(t)=V(t,x) along solutions of NIDE (1.8),
o we obtain
t-7;
+W, Iez“(s‘”xz(s)ds - 5.
. Ve x) =D Vit %)  (2.3) It
B i-1
e can be easily shown from V,(t,x,) and NIDE
+W, J'ez”’(s‘”xz(s)ds, (1.2) that
t—yr,

0t V,(t, x,) = 2k, D(t) D(t)
Va(t,x) =kz, [ [€270x* (0)deds

s =2k, D(t)[-(a, -, —,)h(x(t))

vhon, | [e o ox o)dads - (@, + (X~ 2(0)

—yry t+S

0 —(a, +1) [(h(x(s)))ds
+W571J. Ieza(g_t)xz(e)d&js tor(t)

S ths —r,h(x(t - yz(t)))

0 t
+Weyz, [ [e2 0% (0)deds

—yry t+s - r2 j(h(X(S)))’dS
t—yr(t)
+W, (7, — rl)f _t[ez“”“)x2 (0)deds +b(t) tanh x(t — & (t))
-7, t+8 t
+ W, (z, - z_l)]'rl Jt'ezlz(e—t)xz (©)dads, + t_!(g' (t,s)x(s)ds]
—yry t+S

V, (t,x,) = ks jeza(s_t) tanh? x(s)ds +20,D(t)[-D(t) + p,x(t)

t—o(t)

+ P, X(t— (1)) + x(t - yz(1))

0 t
+k902J. J'eZa(G—t) tanh® x(@)d&ds n j‘ x(s)ds— p, j.)'((s)ds]

t—yz(t) t—z(t)

-0, t+s

0 t
+Woo; | [€2 tanh® x(0)d s +20,X()[-D(t) + p,x(t)
-0y t+s
+ Wy, (o, —0y) + p2X(t —7(t)) + X(t = yz (1))
—o, t t t
x [ [e2 9 tanh? x(0)dads, + ] x(s)ds—p, [X(s)ds]
—0, t+S t—yz(t) t—z(t)
0 t
Vs(t,x) =wp, [ [e*“Ix*(9)deus. +20,X(t — (1)) [-D(1) + pyx(t)
—p,y t+s
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+ P X(t— (1)) + x(t - yz(t))

+ j X(s)ds—p, j.X(s)ds]

t—yz(t) t—z(t)

t

+20, [X(E)d-D()+ px(t)

t-z(t)
+ P, X(t —z(t)) + x(t - yz(t))

t t
+ j x(s)ds— p, j %(s)ds]
t—yz(t) t—z(t)

+205X(t — y7(1))[-D(t) + px(t) + p,x(t —7(t))

t

+X(t—yr(t))+ j x(s)ds— p, _t[x(s)ds]

t—yr(t) t=z(t)

+20, jX(S)dS[—D(t) + Py (1) + pox(t - 2(1))

t—yz(t)
t

j X(s)ds— p, _t[x(s)ds]

t—yr(t) t=z(t)

+20, D) [-D(t) —ah(x(t)) —ah(x(t — z(t))

-a, j (h(x(s)))'ds+b(t) tanh x(t — o (t))

t—z(t)

+X(t—yz(t))+

+ j C(t,s)x(s)ds]+ 2ak,D*(t) — 2aV, (t).

t=p(t)

Hence, in view of the assumptions of the given
theorem and the condition h'(x)>1, x#0, we

can derive that
vl(t' Xt) < Zle(t)[_(a1 - rl - I’z)h(X(t))
—(a, +R)h (Xt —z()x(t —z(t))

—(a, +1) jX(s)ds

t—7(t)

—Lh (X(t = yz(O)x(t - yz())

t
-, I)‘((s)ds
t—yz(t)

+b(t) tanh x(t — o (1))

+ Jt'C(t,s)x(s)ds]

t—p(t)
+20,D()[-D(t) + pyx(t)

+ P X(t—7 (1) + x(t - yz(t))

+ _t[ x(s)ds— p, j‘X(s)ds]

t77() t-(t)
+20,X(1)[-D(t) + px(t)
+ P, X(t—z(t)) + x(t - yz(1))

+ _t[ X(s)ds—p, j.X(s)ds]

t—yz(t) t—z(t)

+20,X(t —7(1))[-D(t) + px(t) + px(t - 7(t))

t

+x(t-yr®)+ [ X(s)ds—p, j)‘((s)ds]

t—yr(t) t=z(t)

+2q, jX(S)dS[—D(t) + pX(t) + pox(t -7 ()
t—z(t)

+X(t—yr(t))+ j X(s)ds— p, j)‘((s)ds]

t—yr(t) t=z(t)

+205X(t - y7(1))[-D(t) + px(t) + p,x(t - 7(t))

t

+X(t—yr(t))+ j X(s)ds— p, j)‘((s)ds]

t—yr(t) t=z(t)

+20s ij(S)dS[—D(t) + PyX(t) + pox(t - 7(t))
t—yz(t)

+x(t-yr®)+ [ X(s)ds—p, j)‘((s)ds]

t—yr(t) t=z(t)

+20, D) [-D(t) —ah(x(t)) —ah(x(t — z(t))

-a, j. (h(x(s)))'ds+b(t) tanh x(t — o (t))

t—z(t)

+ jC(t,s)x(s)ds]+2ak1D2(t)—2aV1(t)

t—p(t)
and
V, (t, %) = (K, + K, + K, + kg +W, +W,)x?(t)
- (kz + Ws)e_zmz x? (t- 72)
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—k, (L—7(t))e > x> (t — z(t)) 7

(K, +W,)e X2 (t— yz,) +W, (7, — z-1):[2)(2 (t)ds
—ks (L—y7(0))e > X (t— y2(1))
+ (W —w)e X (t-7,) —w, (7, —1,) fez“‘xz (t+s)ds
+ (W, —w,)e X3 (t — y7,) — 2aV, (t) -7
< (K, + K, +K, +Ke +w, +w,)x3(t) s
—(k, + Ws)eizmz X2 (t—1,) - kseizmz X (t—z(t)) +Wy(y7, —771) J.Xz (t)ds
+ Ko X2 (t—7(t) — (K, +W,)e 2 x?(t - yz,) T
— ke P72 (t — yr(t)) + Ko yry X2 (t— yz(t)) iy

—~ W, (y7, —7,) jezsaxz(t +8)ds — 2aV,(t)

—rr2

+(W; — Wl)e_zm1 X (t— 7;)

+H(W, —W,)e X (t - y7,) — 20V, (t). . 2

Obviously, for any scalars se[t-7,,t] and < Ks(72)"X*(t) —kee ™" ( IX(S)dSJ
t-7,

Se [t —7/1'2,t],We can get g 207 < g2a(s-t) <1

and e <e**V <1, respectively. In view of ¢ 2
Lemma 1.1 and Lemma 1.2, the given +k7(772)2X2(t)—k7eZ“”{ J.x(s)ds]

assumptions, from V,(t,x) and NIDE (1.2), it -1t
follows that ,
0 0 t
V, (t, %) = K7, j X2 (t)ds — k7, j e2*x%(t +s)ds + W, (7,)2 X2 (t) — wee 2 j x(s)ds
72 —7; t-z b
0
+koyr, [X(t)ds t 2
e +W6(7/r1)2x2(t)—w6e2“7’1[ Ix(s)ds]
0 t—yry
—k,yt, Iezs’*xz(t+s)ds
-5 +W, (7, - 71)2 X’ O —w;(y7, _771)2 X’ ®
0 2 2
2 t-7y t—z(t)
Wz, [ X (t)ds —W7e‘2“’2£ [ x(s)ds] —W7e2‘”2[ [ x(s)ds}
_Tl t—z(t) tr,
. 2
— Wz, [€¥*x?(t +s)ds t-rm
’ 1_[1 — W,e jx(s)ds
t—yr(t)
0
+ W7, Ixz(t)ds ) 2
K& —wgezy‘”{ J'x(s)dsJ —2aV,(t).
t—yr,

Similarly, by using Lemma 1.1, Lemma 1.2, the
inequality tanh® x(t) < x*(t), V,(t,x)and
NIDE (1.2), we have

0
— Wy, Iezs"xz(t+s)ds

—ra

V, (t, x.) = k, tanh? x(t)
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- k8 (1_ é_(t))e%a(r(t) tanh ? X(t - O-(t)) < WpZXZ (t) —Wp e*ZO!Dz .t[ X2 (S)dS
- 2 2

0 t—p,
+kq0, jtaﬂhz x(t)ds 2aVq (1)
0 t 2
—kq0, _[92“5 tanh? x(t + s)ds < wp,x*(t) - Wezap{ IX(S)dS]
ks t—p,
0
+W,0, Itanh 2 x(t)ds Tl

-0y
t

<wplx?(t) - We‘zap{ J' x(s)ds} — 20V, (t)

0
—W,0, .[ezas tanh? x(t + s)ds =b(t)

-0y

<wplix*(t) - we‘z“pZ[ .t[C(t, s)x(s)dsj

t—p(t)

-W, (0, —0o;) jZleZ“S tanh? x(t +s)ds —2aV, (t) — 20V (t).
: On gathering the above discussion in (2.3), we
<kgtanh®x(t) —k,e>*2 tanh? x(t — o (t)) arrive at
V(t,x)+2aV (t, x,)
<2k, DM)[-(a, -1, —)h(x(1))
]2 — (@, +n)h (x(t —7(t))x(t —z(t))

—(a, +1) j‘X(s)ds

t—7(t)

—kgo, tanh® x(t — o (t))

t
+ koo, X2 (1) — kgez"“’?( Itanh x(s)ds

t-o,

N W9612X2 () - WgeZaal[ jtanh X(S)dsj —Lh (X(t—yz(t))x(t —yz(t)) - rzt_;[()t'()(s)ds
Wy, (0, —0,)2 X3 (1) +Db(t) tanh x(t — o (1)) + j C(t,s)x(s)ds]
t—p(t)

B Wloe_zaaz{ Ttanh x(s)ds] | +2g,D(t)[-D(t) + px(t) + p,x(t —z(t))

N Fxt-pr®)+ [ X)ds—p, [x(s)ds]
Vi (t, ) =wp, [[x*(t) - 2*x*(t+s)]ds—2aV,(t) tre(t) t=r(®)
—-[z + ZQ2X(t) [-D(t) + plx(t) + p2X(t —(t))
= Wp5x*(t) —wp, J'ezasxz(t +5s)ds +X(t—yz(t)) + _[ x(s)ds— p, I)’((s)ds]

-p, t—yz(t) t—z(t)

+20,X(t = 7(1))[-D(t) + p,x(t) + p,x(t —z(t))

+X(t—yz(t))+ j)‘((s)ds -p, j)‘((s)ds]

t—yz(t) t—z(t)

—2aV,(t)
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+2q, j.)'((S)dS[—D(t) + PX(1) + poX(t—7(1))

t—z(t)
Xt —yr(t)) + j x(s)ds— p, j %(s)ds]

t—yr(t) t-z(t)

+205x(t - y7(1))[-D(t) + pyx(t) + p,x(t —z(t))

t

j x(s)ds— p, j)’((s)ds]

t—yr(t) t-z(t)

+X(t—yz(t)) +

+20, jX(S)dS[—D(t) + pix(t) + px(t—7())

t—yr(t)
t

+X(t— (L) + j x(s)ds— p, j %(s)ds]

t—yr(t) t-z(t)

+20; DO [-D(1) —ah(x (1)) —a,h(x(t - (1))

—a, j (h(x(s)))'ds + b(t) tanh x(t — o (t))

t—z(t)

t
+ j C(t,s)x(s)ds] + 2ak,D? (t) — 2aV, (t)
t—p(t)
+ (K, + Ky + K, +Ke +w, +w,)x3(t)
—(k, + Ws)e_zmz x* (t-7,)

— kge‘z"”z NG (t—z(t)) + ks, NG (t—z(t))
—(k, +w, )e_zom2 x? (t—yr,)

—Ks€ 27 X2 (t— yr(t)) + Keyry X2 (t—p2(t))
+ (W3 - Wl)e%m1 x? (t - z'1)

+ (W, —W,)e 2" X2 (t - yz;) — 20V, (1)

+ kg (7,)° X2 (t) —ke 2 L j'x(s)dsJ

t-7,

1k, (77,)? X2 () — k,e 27" ( jx(s)ds}

t—yr,

+ W, ()2 X2 (t) —wye 2 ( j x(s)ds}

t-7;

+ W, (r7,)? X2 () —w,e 2™ ( j. x(s)dsj

t—yry

+W, (7, _Tl)zxz ®) —W; (yr, _7/71)2)(2 ®

t—7; 2 t—z(t) 2
— W, e 2 L jx(s)ds] - [ _[x(s)ds}

t—z(t) t-7,

t—yry 2

— e e J. x(s)ds
t—yz(t)

tye(t) 2

— W,e e J'x(s)ds —20V,(t)
t—yr,

+k, tanh? x(t) —kye >’z tanh® x(t — o (t))
— kg0, tanh? x(t — o (t))

2
t
+ koo, X2 (1) — kgez‘"’{ Itanh x(s)ds}

t-o,

2
t
+Wyo, X2 (t) - wgez‘”’l[ Itanh x(s)ds}

t-oy

+ Wy, (o, — 0-1)2 x? (t)

2
t-ry
- wloe‘za"{ _[ tanh x(s)ds}

t—o(t)

+ky X2 (t) —k,, tanh® x(t)

2
t—o(t)
- mez”“’{ J'tanh x(s)dsj —2aV,(t)

t-o,

t-p(t)

+Wp2 X% (t) — we > ( j'C(t, s)x(s)ds]
—2aV ().

Then, it be followed that

V(t,x)+2aV (t, %) <&T(OZE(),
where

E (1) =[D@) X)Xt —7(1)), [x(s)ds,x(t-yz(t)),
t—z(t)

j x(s)ds, x(t — 7,), jx(s)ds, X(t - y7,),

t—yr(t) t-7,

j'x(s)ds, tanh x(t — o (t)),

t—yr,y
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jtanh x(s)ds, D(t), x(t —z,),

t-o,

X(t—yz,), .t[ x(s)ds, _t[x(s)ds,

t-r, t—yry

t-7; t—z(t) t-yn

J'x(s)ds, I x(s)ds, jx(s)ds,

t—z(t) t-7, t—yz(t)

t—yr(t) t
J' x(s)ds, Itanh x(s)ds,

t—yr, t-o;

t-o(t) t
j tanh x(s)ds, _[C(t,s)x(s)ds]

t-o, t—p(t)

and X is defined by (2.1). If the condition (2.2)
holds, then

V(t,x)+2aV (t,x)<0,vteR". (2.4)
From (2.4), it is easy to see that

It )< Aldle t <R

This means that equation (1.2) is exponentially
stable. The proof of the theorem is complete.

Remark

It is clear that the derivative given by (2.3) is a
quadratic form with respect to the variables in
(2.4). Then, this derivative can be arranged as a
quadratic form. In that case, we can obtain the
matrix (2.2).

3.Conclusion

The exponential stability of zero solution of a
neutral integro-differential equation of first
order (NIDE) with discrete and distributed
time-varying delays was investigated. A
theorem was proved on the exponential
stability of the zero solution of the considered

. Lyapunov-
NIDE by means of a new defined

Krasovskii functional. Our result improves and
includes some results that can be found in the
literature.
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