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The fundamental properties of split quasi-octonion algebra, Oq, and definitions of fundamental
operations such as scalar and vector parts, conjugate, norm, and polar form are presented. We
explain the Cayley-Dickson construction of split quasi-octonion algebra, in particular we provide
table of the octonion multiplication.
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OZET

Split kuaz-oktonyonlarin temel cebirsel ézellikleri ve bazi temel operasyonlar tanimlari, rnegin,
skalar ve vektor pargalari, eslenik, norm ve polar formu sunulmustur. Split kuazi-oktonyonlar cebirin
tizerinde Cayley-Dickson yapisini agikladik, ve oktoniyon ¢arpim tablosunu temin ettik.

Anahtar sozciikler: Alternativite, Cayley-Dickson yapisi, Split kuazi-octonion, Trigonometrik form

Introduction

The Octonion, or the Cayley algebra O is an
8-dimensional non-associative algebra, which is
defined by J.T. Graves and A. Cayley independently
separated. Since octonions share with complex
numbers and quaternions have many attractive
mathematical properties, one might except that
they would be equally useful. As a vector space, the
octonions are

o-|

In our previous work, we investigated basic
algebraic properties of real, split, complex, semi, and
quasi octonions algebra. In following studies, here we
study fundamental properties of split quasi-octonions,
which is called split 1/ -octonions in [9]. We review
the generalized octonions algebra, and show that if put

7
(on) + Z ai€iio,A1,...A7 €R

i=1

a=—1,8=7 =0 is obtained split quasi-octonions
algebra. Like real octonions, split semi-octonions form
a non-associative algebra, but unlike real octonions,
they are not division algebra. By Cayley-Dickson
construction, e4 and H generates O’ as an algebra.
We express any split quasi-octonions in trigonometric
form similar to octonions and quaternions. In addition,
we prove De Moivre’s theorem and Euler’s formula for
these octonions.

1. Generalized Octonions Algebra

In this section, we give a brief summary of the
generalized octonions. For detailed information about
these octonions, we refer the reader to [1].

Definition 2.1. A generalized octonion x is
defined as

T= Qoo+ Q101 T Q202 T Q303+ Qua T+ G505 T a6 T ara7,
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where @ — a7 arereal numbersand e;, (0 <7 < 7)
are octonionic units satisfying the equalities that are
given in the following table;

e e, e, e, e e, e,
e | —a e, |—ae e —aey e, aes
&l & _B 1861 ) ¢ _864 _Bes
e, | ey _Bel —a'B e, —aes 365 _(2'364
€] & % & | =7 | yer | yes | Yes
e| e | -e, | A€ |—ye,| —ay |—Yes| aye,
e| e | Bei |—fes—ve:| ves |—fBy|—Bre
e,|—aes| Bes |afes —Yesl—aye Bre.|—aBy
Special Cases:

1. If@ = B =7 = 1,isconsidered, then O (@, 8,7)
is the algebra of real octonions O[5].

2. If @ = 8 =1,y =—1, is considered, then is the
algebra of split octonions (Psoudo-octonions) O'
[4].

3.f a=f8=1,7=0, is considered, then
O(a,B,7) is the algebra of semi-octonions O
[3].

4. If a=pB=—1,7=0, is considered, then
O(a,B,y) is the algebra of split semi-octonions
O's[5].

5. f a=1,=y=0, is considered, then
O(a,B,7) is the algebra of quasi-octonions O,
[6].

6. If a=—1,8=7=0, is considered, then
O(a,B,7) is the algebra of split quasi-octonions
0',.

7. Ifa = 8 =y = 0,is considered, then O (@, 8,7)

is the algebra of para-octonions O, [7].

The generalized octonions algebra, O((Z,B,)’),
is a non-commutative, non-associative, alternative,
flexible and power-associative.

2. Split Quasi-Octonions Algebra

Definition 3.1. A split quasi-octonion I is
expressed as a set of eight real numbers

7
-737) = Toeot zxiei,

i=1

z = (20,21, ...,
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where 2y — 7 are real numbers. The multiplication
rules among the basis elements of octonions

e:(0 <7< 7) can be expressed in the form:

el =1, ee=0, 2<k<T,

€162 = €3 = €261, €264 = €6 = €462 €163 = € =—¢e3e,
€1€4 = €5 =7 €4€, €265 = €71 =7 €52 ge; =g, =—e5€
€166 =7 €71 =7 €6€1, eye4= €7 =—C4€3 €365 = €5 =—€5€;3

The above multiplication rules are given in the
following Table;

81 6‘2 6‘3 64 6‘5 66 87
e, 1 e, e, e, e, e, -e
e, e, 0 0 €, e, 0 0
e, -e, 0 0 e, e, 0 0
e, e; [ e, 0 0 0 0
e, -e, -e, -e, 0 0 0 0
e e, 0 0 0 0 0 0
e, e 0 0 0 0 0 0

By using the Cayley-Dikson construction, a split
quasi-octonion x can also be written as

X = (aoeg +ae+ase+ UACE) +

(ai+ase,+ases +aces)es = g+ ¢l

where [* =0 and ¢,q" are split semi-quaternions
[2], i.e.

g=aoctae +
q,q'€H§s={ -

aseslel=1,e3= 5=O,aiER}

This construction lets us view the split quasi-
octonion as a two dimensional vector space over
split semi-quaternions  quaternions. Therefore,

O'q = H?SCDH&Z

A split quasi-octonion X can be decomposed in
terms of its scalar (S ) and vector (V[) parts as
1
S, = Qo, V.=

+ ases + arer.

5

a.e;taze;tases+asestase

For two split semi-octonions x = Zalel and
i=0
w= zb161 the summation and substraction

processes are given as £ £ w = Z a;+b)e
i=0

The product of two split semi-octonions
=S8, +V,w=.S5,+V,is expressed as

r r I I r I
=288~ V. V.)+S.V.+ S, V. + V.xV.
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This product can be described by a matrix-vector It satisfies the following property

product as
N,=N.,N,=N,N,

a a0 0 00 0 0 b The modulus |z | of a split quasi-octonion x, like
a a0 0 00 O O b1 the modulus of a split quaternion, or split octonion,
a, —as; a, a 0 0 O 0 b, can be real or imaginary and can be equal to 0 for
as —a, a o 0 0 0 O b3 x ?é 0
Trw =
a —a; 0 0 @ a 0 0 b A split quasi-octonion x is called quasi-spacelike,
0 0

bs  quasi-timelike or quasi-lightlike(null), if N, <0,
Qs QA7 —As —A5 Ay A3 o a, bs N,>0or N,=0, respectively.

ar @ —Gs —Qs @3 Gy —a1 —G b If N.=1, then x is called a unit split quasi-

octonion. We will use O',, to denote the set of unit

Split semi-octonions multiplication is not split quasi-octonions.

associative, since
3) The inverse of T with N, = 0, is

41 -
(@162)6426364267- L _Nzx'

e1(eses) = e1es =—e-,

But it has the property of alternativity, that is, any 4)The traceof element z isdefinedas ¢ (z) =z +z

two elements in it generate an associative subalgebra For every re 0, we have
. . 0 1
isomorphic to R, (', ¢, Hs, H (z+2)e=2"+zz=2"+N..1, then,
eo and €:(2<i<T) generate a subalgebra 2°>—¢(z)z+N,=0, therefore, the split quasi-
isomorphic to ¢* (dual numbers), octonions algebra is quadratic.
€0 and €, generate a subalgebra isomorphic to €' The split quasi-octonions algebra is not division
(double (or split complex) numbers), algebra, because for every nonzero x € O', the

Subalgebra with bases e, e1,e:,¢;(2<14,7<7) relation N, = 0, implies z = 0.
is isomorphic to split semi-quaternions algebera Hs
(12D

Subalgebra with bases eq,e1,¢e;,ex(2 <4,7,k<7)
is isomorphic to quasi-quaternions algebra H".

Example 4.1. Consider the split quasi-octonions
r=2+(1,-1,2,—20,1,1)
T, =—1+(2, —1,1,—2 0,1,1) and

r= g+ (- 192,-2,2,1,1);
3. Some Properties of Split Quasi-Octonions

1. The vector parts of x1,Z are
1) The conjugate of split quasi-octonion
7

r V.=(1,-1,2,-20,1,1),V.=(2,—1,1,—2,0,1,1),
= 7 2. The conjugates of x1,T are
_ r
.’Z‘:aoeo_zaiei:Sz_Vz- _ _
= 7 =2—-(1,-1,2-2,0,1,1), 2. =—1—(2,— 1,1—2,0,1,1).
Conjugate of product of two split quasi-octonions

and its own are described as 3. The norms are given by

@: @i’i’:x N11:3,N12 :_S,Nm:()'
4. The inverses are

7 r — 7 - 1 - _2_ 1
bYSIZx;x ande:xQx. T = f $1:§_§(17_1,2,_2,0,1,1),

It is clear the scalar and vector parts of & is denoted

2) The norm of x is Ty = %(2 —1,1,—2,0,1,1), and 25 not

OJ|H

o ) ‘ . invertible.
N.=zzx=zx=|z[=al—al.
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5. One can realize the following operations

otz =0+ (2,—2,3,—4,0,2,2)
x1—2,=2+1(0,0,1,0,0,0)

vz, =—1+(1,-1,—-1,—-1,0,2,—2)
s =—1+(1,1,—1,1,1,2,-)

Nl‘lzz = Nlemz = N&:zzl = O

Theorem 4.1. The set Oy of unit split semi-
octonions is a subgroup of the group Oj, where

Og: OS_[O_O].
Proof: Let z,y € O's,. We have N, =1 ie

2y € O's and thus the first subgroup requirement is
satisfied. Also, by the property

N.T,:N;:Nz’l: 1,

the second subgroup requirement z ' € O's, .

4. Trigonometric Form and De Moivre’s
Theorem

Trigonometric(polar) form of the nonzero split
7

quasi-octonion T = Z a;e; is as follows:
i=0
i)  Every quasi-spacelike octonion x can be

written in the form z = /| N, |(sinh A + wcosh A)
where

sinh A =

\/72
A A
the unit octonion vector 10 is given by

r—
w_

coshA =

|@1‘
VIN.|

1
(’Uh,'UJQ, ...,’U)7) = 7/7(0/1,612, ...,a7) .
r ol
Since w* = 1; we have a natural generalization of
Euler’s formula for unit split quasi-octonion

(wA)*
5!
T g5
Ao
(1%!) N

(@A)
4!
%)s .

(@A)?
3!

)+ (N +

T2
e = 1+wh+ (“g,‘)
y A A

1+ 4+ +..
= cosh A+ wsinh A

+ + + +...

Example 5.1. The trigonometric forms of the split
quasi-octonions *

7 =1+(2,—1,0,1,1,1,— 1is

= \/§[sinh ln\/g + ulglcosh h’l\/g]a

T

1 The inverse hyperbolic sine and cosine are defined sinh 'z = Ln(z+ /2" +1)
and cosh 'z =Ln(z+ V2’ —1),(z>1)

121

z=1+(/2,-1,0,1,—1,2,1) is
2, = sinh In (1 ++/2) + s cosh In (1 ++/2)

where
b= 5(2-1,01,1,1,-1)
By =—=(/2,-1,0,1,— 1,2,1) and Ns, = Noy =—1.

72

ii) Every quasi-timelike octonion x can be written
in the form

z=+/N.(cosh @+ t,sin 0)

where
| a |

~ N

the unit octonion vector % (N 1= 1) is given by

coshf = \/_ ,sinh § =

r_
u_

( _ 1
ul,u2,...,u7) = \/? (a,l,az,...,a,7).
1

Example 5.2. The polar forms of the split quasi-
octonions

1 1

T = /2 5,1,
T = %[cosh In(1+y2) + t:sinh In (1 +/§)],
2, =y/3+(=/2,0,/2,-1,1,—1,1) is
2, = coshIn (V2 ++/3) + ti2sinh In(y/2++/3),

where

+ (= 1,1,2)1, -

P b

2) is

1
2

(=v2,0,/2,- 1)

iii) Every null octonion x can be written in the form

hm=2(-2,1,-1,1,2,1,—2), %

r=1+¢&
where € is a null vector (Nz =—1).

Example 5.3. The polar form of the split quasi-

octonions x=1+(1,0,—1,1,1,—1,—2) s
r=1+¢

where £ = (1,0,—1,1,1,—1,—2).

Theorem 5.1. (De Moivres formula)Let
T = \Nz|(sinh/1+1€)coshn/1) be a quasi-

spacelike octonion. We have

2" = (V| N.|)" (sinh A + wcosh nA) for 7 odd
and

"= (V| N.|)"(coshnd + &Sinhn/i) for n even.
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Proof: The proof is easily followed by induction on Example 6.1. Let z=+/3+(/2,1,2—1,1,—1,1).
" Find 2%
Example 5.4. Let =1+ (—y/2,—1,0,1,2,2,— 1).

2 - Solution: First we write x in polar form:
Find ™ and &

z=coshIn(y2 ++3) + w,sinh In (V2 +4/3),

Then,

Solution: First write x in trigonometry form:
z=sinhIn(1++2) + wcosh In(1++/2)

2% = cosh 26[1n (v2 + 1) ]+ wsinh 26[In (2 + 1)].
7 = sinh 43[In (2 + 1)+ dcosh 43[In (y2 +1)]. ~ Conclusion

In this paper, we defined and gave some of algebraic
Theorem  5.2. gﬁDe Moivres  formula) Let  properties of split quasi-octonions and investigated
z=1+N,(coshp+vsinhg) be a quasi-timelike the De Moivre’s formulas for these octonions. We gave

1n(ﬁ+\/§)+&o : hln(ﬁh/g)
1 ,sin 1 ,

1" = cosh

octonion. Then for any integer some examples for more clarification.
2" = (Y N,)"(coshng + {L sinhng) We hope that this work will contribute to the study

of physics and other sciences.
Proof: The proof is easily followed by induction on n.
Futher Work
Theorem 5.3. (De Moivre’s formula)lf
We will give a complete investigation to real matrix
representations of split quasi-octonions, and consider

7
I
T = Zaiei =1+ & be a null octonion. Then for
=0
a relation between the powers of these matrices.
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