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Abstract

In this article, the relationships between the S-spectra, the S-spectral radius, the e-S-
essential pseudospectra, and the e-S-essential pseudospectral radius of the diagonal block
operator matrices in the direct sum of Banach spaces and their block coordinate operators
are studied. Then, the results are supported by applications.
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1. Introduction

Recently, there have been a lot of interest in the characterizing of the essential spectra,
as there are plenty of practical applications that help scientists to deal with information
overload.

The theory of the essential spectra of linear operators in Banach spaces, which has nu-
merous applications in many parts of mathematics and physics including function theory,
matrix theory, differential and integral equations, complex analysis and control theory is
one of the modern parts of the spectral analysis.

The original definition of the essential spectrum has given by Weyl [16] around 1909.
He defined the essential spectrum for a self-adjoint operator 7" on a Hilbert space as the
set of all points of the spectrum of T that are not isolated eigenvalues of finite algebraic
multiplicity. He proved that the addition of a compact operator to T does not affect the
essential spectrum. Whether T is bounded or is not on a Banach space X, there are many
ways to define the essential spectrum. Most of them are enlargement of the continuous
spectrum. In the literature, we can find several definitions of the essential spectrum, which
coincide the self-adjoint operators on Hilbert spaces (see, e.g [3,13]).

Also, the concept of essential spectra was introduced and studied by many mathe-
maticians. We can refer to the contributions of Weyl and his collaborators (see, e.g.
[4,8,11,15,16]. Moreover, further important characterizations concerning essential spectra
and their applications to transport operators are in [1,4].
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It is very important to determine the spectra of linear bounded operators in mathemat-
ical physics in particular in quantum mechanics which is both relativistic and nonrelativis-
tic. However, it is necessary to express the importance of non-selfadjoint operators and
their spectra. The growing interest in non-Hermitian quantum mechanics, nonselfadjoint
differential operators and in generally nonnormal phenomena has increased the impor-
tance of nonselfadjoint operators and pseudospectral theory. Our aim in this article is to
show that there are ways to determine spectrum of some linear operators. Thus, we fill an
important gap in the computational spectral theory. The arithmetic operations are not
certain, when we compute the spectrum using a computer. So we can get the real solution
of a lightly perturbed problem. The problem above does not occur, when we consider the
pseudospectrum in bounded case.

In the mathematical literature, it is known that the spectral theory of linear operators in
direct sum of Banach spaces should be examined in order to solve many physical problems
in life sciences. These and other similar reasons led to the emergence of the topic examined
in the current paper.

There are numerous physical problems arising in the modelling of proceses the physics of
rigid bodies, multiparticle quantum mechanics and quantum field theory. These problems
support to study the theory of linear operators in the direct sum of Banach spaces (see
[6,9,14,17] and references in them).

In this article, one of the basic questions consists in characterizing the S-spectra and
the e-S-essential pseudospectra of all the diagonal block operator matrices in the direct
sum of Banach spaces. Namely, we show some relationships between the S-spectra, the
S-spectral radius, the e-S-essential pseudospectra, and the e-S-essential pseudospectral
radius of the diagonal block operator matrices in the direct sum of Banach spaces and
their block coordinate operators (see, Theorem 3.1, 3.2 and 3.3). Finally, we give some
remarkable examples as applications of our results.

2. Auxiliary definitions and results

In this section, we will give auxiliary definitions and results that we will need later.

Definition 2.1. [10] The infinite direct sum of Banach spaces B,, n > 1 in the sense of
l,, 1 < p < oo and the infinite direct sum of linear densely defined closed operators A,, in
B,, n > 1 are defined as

00 00 1/p
B = (@ %n> =Sz =(xn):2p € By,n>1, 2|, = (Z \anpn> < 00
n=1

P n=1
and

A=A, A:DA)CB B,
n=1

D(A) ={z = (zn) € B:a, € D(A,), n>1, Az = (Apzy,) € B},
respectively.

Throughout the current paper, the norms || - ||, in B and || = ||, in By, n > 1 will
be denoted by || - || and || = ||n, m > 1, respectively. Also, the classes of linear bounded
operators, compact operator, and linear closed densely defined operators from any Banach
space X; to another Banach space Xg are denoted by £ (X1, X2), C' (X1, Xs), and € (X1, X2),
respectively. If X; = Xo = X, they are denoted by £(X) = £(X,X), C (X) = C (X, X),
and € (X) = € (X, X). The identity operator in a Banach space X is denoted by I.

With the use of the techniques of the Banach spaces [,, 1 < p < oo and the operator
theory we can obtain the following proposition (see [7]).
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o0
Theorem 2.2. Let A, € £(B,), n > 1 and A = @ A, : B — B. In order to
n=1
A € £(%B) the necessary and sufficient condition is sup || A, | < co. Moreover, in the case
n>1
of A€ £(B), the norm of A is of the form |A|| = sup || A
n>1
By the definition of compactness of an operator in [2], we have that if A € C'(8), then

A, € C(B,) forn > 1.
Now, let us give the following theorem about the compactness of the operator A.

Theorem 2.3. Let A, € C (B,,) for eachn>1 and A = % Ap B —->B. AcC(B) if

n=1

and only if

lim [|A,| =0.

n—oo
Definition 2.4. [2] The spectrum and resolvent sets of an operator 7' € € (X) in any
Banach space X are defined as

o(T) ={X € C: AI — T does not have an inverse in £ (X)}

and
p(T) = C\ o(T),

respectively.
Now, let us give some definitions from [5].

Definition 2.5. Let X; and X3 be two Banach spaces, T € € (X1,X3) and S € £ (X, Xs2)
such that T'# S and S # 0. The S-resolvent set of the operator T' is defined as

ps(T) = {A€C:(AS = T)™" € £(X, 1)}
The S-resolvent operator of the operator T is defined as
Rs(\,T)=(\S—T)"".
The S-spectrum set of the operator 1" is denoted by
o5(T) = C\ ps(T).
In the case of T' € £ (X1, X2), the S—spectral radius of the operator T is defined as
rs(T) = sup{|A|: A € o5(T)}.

Definition 2.6. Let X be a Banach space, T € €(X) and S € £(X) such that T # S and
S # 0. We define the following set:
(i) The S-point spectrum of T is denoted by

0p,s(T") = {\ € C such that AS — T is not one-to-one} .
(ii) The S-continuous spectrum of 7" is denoted by
oe5(T) =
{/\ € C: A\S — T is one-to-one, (AS —T) (D(T)) = X, and (AS —T)"" is unbounded} .

(iii) The S-residual spectrum of T' is denoted by

or5(T) = {)\ € C: A\S — T is one-to-one, (A\S —T)(D(T)) # I)C} .
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Definition 2.7. Let X be a Banach space, T € €(X) and S € £(X) such that T' # S, S # 0
and € > 0. The e-S-essential pseudospectrum set of the operator T is defined as

1
05.(T) =0s(T)U {)\ € ps(T) : [|Rs(N\, T)]| > 6} .
In the case of T' € £ (X), the non-negative number

rs.e(T) =sup{|A| : A € 05(T)}

is called the e-S-essential pseudospectral radius of the operator 7.

3. S-spectra and e-S-essential pseudospectra of the diagonal block oper-
ator matrices

In this section, we will investigate the S-spectra, the S-spectral radius, the e-S-essential
pseudospectra, and the e-S-essential pseudospectral radius of the diagonal block operator
matrices in the infinite direct sum of Banach spaces.

Let us present our main results.

Theorem 3.1. Let B,, be a Banach space, A, € €(B,) and S, € £(B,) for n >
1. Moreover, let B = @ B, be the direct sum of B,, n > 1, A = @ A, € €(B),
n=1

n=1

[e¢]
sup ||Snl] < 0o and S := @ Sp. Then, the parts of S-spectrum, the S-spectrum, and the
n>1 n=1

S-resolvent sets of the operator A are of the forms

op,5(A) = | ops,(An),
n=1

UC,S(A) = {(G Up,Sn(An)> N (G UT,Sn(An)> N (G Oc,Sp, (An)>}
n=1 n=1

n=1

re

UT,S(A) = (U Up,Sn(An)> N <U Ur,Sn(An)> ’
n=1 n=1

C

i

P5a(An) U || R, (A, An)l| = OO} :

o) = U o () 2. () s supls, 0. 40 = 0.
n=1 n=1 nz

ps(A) = {)\ € ﬂ ps, (An) : 81;11) IRs, (A, Ap)|| < oo},
n=1 nz
respectively.
In the case of Ay, € £(B,), n>1and A € £(B), the S-spectral radius of the operator
A is of the form

TS(A) = suprs, (An) .

n>1
In the special case, if the number of the operators S, and A, 1 <n <m, m € N is
finite, the following equalities hold

Q
2N
=

Il
Cs

Q
R

o
2

3
Il
—

>
N
=

Il
DL
>
5

N
2

3
Il
_
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In the case of Ap, € £(B,), 1 <n <m and A € £(B), the S—spectral radius of the

operator A is of the form

rs(A) = ez s, (A,).
Proof. Note that the validity of the first relation is clear. Also, it is easy to prove the
fifth equality using Theorem 2.2.

Now, let us prove the second relation on the S—continuous spectrum. By the definition
of the S—continuous spectrum, AS — A is one-to-one operator, Im(AS — A) # B and
Im(AS — A) is dense in B. Because for any n > 1 the operator AS,, — A,, is one-to-one
operator in B, there is m € N such that Im(\S,, — An) # By, and for any n > 1
the linear manifold Im(AS, — A;,) is dense in B,, or for each n > 1, A € pg(A,) but
sup || Rs,, (A, Ay )|| = co. Consequently, we have
n>1

A€ {(ﬁ 0.5, (An) U ps,. (An)]> N (D Oe.s, (An)>}
n=1

n=1
U {A € () ps.(An) : sup || s, (A, An) = OO} :
n=1 n=

Conversely, assume that the above relation is satisfied for the point A € C. Conse-
quently, for any n > 1, it is either

)\ € UC7Sn (An) U psn (An)

or
n=1 nz

and there is m € N such that A € o.g,, (An). Namely, for any n > 1, AS,, — A,, is one-
to-one operator, Im(AS,, — Ay,) = B,, and Im(AS,, — A,,) # B,,. Hence, we have that the
operator AS — A is one-to-one operator, Im(AS — A) = B and Im(A\S—A) # B. Therefore,
we get A € o.5(A).

On the other hand, the simple calculations show that

<ﬁ [Uc,Sn (An) U ps, (An)]> N (Ej O¢,Sp (An)>

n=1
00 c %) 00
= <U UP,Sn(An)> n (U UT,Sn(An)> N <U O¢,Sy, (An)> .
n=1 n=1 n=1
By using the same technique, we can prove the validity of the third relation of the
theorem.
Now, let us prove that

C

rs(A) =suprg, (4n).
n>1

We have already proved that the S-spectrum of the operator A is of the form

o0

Us(A) = O'Sn(An) U {)\ € ﬁ psn(An) : ZL;[; HRSH()HAn)” = OO} .

n=1 n=1

Since g, (Ap) C 0s(A), n > 1, we have
rs, (An) < rg(A).

Consequently,

suprs, (An) < rg(4).
n>1
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On the contrary, in the case of suprg, (A,) < rs(A), we must obtain at least one
n>1

element A\, € og(A) such that

suprs, (An) < [A| <rg(4).
n>1

Thus, there is an integer n, > 1 such that

A € OS,, (An*).

Hence, we have

However, this is a contradiction. Thus, we have that

rs(A) = suprs, (4y).
n>1

The similar results can be proved when the number of the operators .S, and A,
1 <n <m, m € N is finite. O

In the case of S,, = I,,, n > 1, the similar results have been obtained in [12].

Theorem 3.2. Let B, be a Banach space, A, € €(B,) and S, € £(B,) for n >
1. Moreover, let B = @ B, be the direct sum of B,, n > 1, A = @ A, € €(B),
n=1

n=1

o0
sup||Sp|| < 0o and S := @ Sy,. Then, for each € > 0 the e-S-essential pseudospectrum set
n>1 n=1

of the operator A is of the form

O‘S,E(A) = U GSn,e(An)-
n=1

In the case of A, € £(By), n > 1 and A € £(B), the e-S-essential pseudospectral
radius of the operator A is of the form

rs.e(A) = suprg,  (Ap) .
>1

n
Proof. By Theorem 2.2 it is known that
I(AS = A)7 | = sup | (AS, — A) 71|
n>1

Let A € 0g((A). Then, for any € > 0 we have
1

sup | (ASn — Aa) 7' > =
n>1 €

Thus, there exists ng € N such that

_ 1
| Ay = Ano) ™ > .

This means that
A€ USno,e(Ano)'

Consequently,
[e.e]
05,6(A) C | 05,.6(4n).
n=1

Conversely, if A € 0, (An,) for any ng € N, then for € > 0 we have
1

p .

1 (ASny = Ang) ™ | >
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From the last relation we get
1

sup || (ASn — An) 1| > =.
n>1 €

Then, by Theorem 2.2 it is established that

U 95..(4n) C 05,6(A).
Finally, for € > 0 we obtain " o

05.e(A) = U1 05,,¢(An).

Now, let us prove rg¢(A) = suprg, . (A,) . We have already proved that the e-S-essential
n>1

pseudospectrum of the operator A is of the form

0s,e(A) = U 05,.c(An).
n=1

Since g, (An) C 05¢(A), n > 1, we have
rSn,e(An) < TS,E(A)'

Consequently,
suprs, e (An) < rge(A).
n>1
On the contrary, in the case of suprg, ¢ (An) < 75(A), we must obtain at least one
n>1

element A\, € og¢(A) such that

suprs, c (An) < M| < 7g(A).
n>1

In this case, there is an integer n, > 1 such that
Ak € 08, r€ (An*) .

Hence, we have
LA (An*) < ’)\*‘
However, this is a contradiction. Thus, we have that

r5.e(A) = suprs, e (An) -
n>1
g

In Theorems 3.1 and 3.2, even if the location of A and S blocks changes as desired, the
results do not change. Thus, we can give the following theorem.

Theorem 3.3. Let f : N — N be one-to-one and onto function. Also, let B, be a Banach

space, A, € €(B,,) and S, € £(B,) for n > 1. Moreover, let B = @ B,, be the direct
n=1

sum of Bp, n>1, A= @ Ay € UB), sup||Symll < oo and S := @ Sy). Then, for
n=1 n>1 n=1

each € > 0 the e-S-essential pseudospectrum set is of the form

os,c(A) = U 05, .c(An).
n=1
In the case of Ay, € £(B,), n > 1 and A € £(B), the e-S-essential pseudospectral

radius of the operator A is of the form

rs(A) = suprg,  (Ap) .
n>1
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4. Applications

In this section, we will provide some examples as applications of our theorems.

(o]
Example 4.1. Let ©8,, = C, n > 1 one-dimensional Euclidian space, 8 = (EB (C) ,
n=1

p
1<p<oo,

Sn=5,1:C—=C, s,#0, n>1, (sy) €p(C), 1 <p < o0,
Ap=a,l :C—C, a, #0, n>1, (an) € ,(C), 1 <p < oo,

and S = éSmA: éAn.Inthiscase,S, A€ £(B). For A € C, A#Z—"ananl
n=1 n=1 n

we have
1

Sy, — G,

(NS, —A,) ' =

and

I(ASn — 4) 7" || =

Consequently, for any n > 1 we obtain

05, (An) = {an} and rg, (Ap) =

Hence, by Theorem 3.1 we have

an,

Sn

os(A) = Ej {an} and rg(A) = sup

n=1 \Sn n>1

On the other hand, for any n > 1 and € > 0

1
75,.c(An) = 05, (4) U { N € ps, (40) s | s, (L A > ¢ |

an 1 1
N {Sn} N {)\ < PSn(An) ' ‘)‘Sn _an‘ ~ 5}
:{Aec:’Aa" <6}
Sn, |Sn|

and

TS,e(An) = SUP{|)\| A€ C and ‘)\ _

Sn

)
< — 0.
|51
)
< PR
£
)
< — .
|51 ]

oo
Example 4.2. Let B,, = C?, n > 1 two-dimensional Euclidian space, B = (@ C2> ,
n=1 D

Hence, by Theorem 3.2 for € > 0 we have

\_ O

00
‘ Sn

os(A) = | {)\ eC:

n=1

and

rs.e(A) = supsup {])\| :AeCand ‘)\ _On

n>1 Sn

1 <p<ooand

0 ap

S, : C? — C?, Sn:<
o, O

), an €C, ap, #0, n > 1, sup|ay,| < oo,
n>1

A€ @ A= (), e b 20 nz 1 sl <o
n n>1
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oo o0
Then, S = @ S, and A = @ A, are the infinite diagonal block operator matrices. For

n=1 n=1
A€ Cand n > 1 we have

_ 0 )‘an_ﬁn
T ]

Thus, for \ # & and n > 1 we get

n

1
0 A
(>\Sn - An)il = 1 an — P e L <C2>
—_— 0
Aoy — Bn
and
1
AS, — An) M| = :
I ™= =g
Consequently, for any n > 1 we obtain
Bn } Bn
Ap)=4— d Ap) = |—|.
75, (An) = { 2} and 1, (4,) = |22

Hence, by Theorem 3.1 we have

Qp

os(A) = Ej {B"} and rg(A) = sup

ne1 L On n>1

On the other hand, for any n > 1 and € > 0

1
750cA) = o5,(An) U{X € ps,(4n): [ Rs, O\ A > £ ]

o

Bn < € }
n |04n|

{)\ e C: ’)\ - =
TSn.e(An) = sup {IAI : A e C and ‘,\ _ %

(67

and

i)
< .
|ovn|

Hence, by Theorem 3.2 for ¢ > 0 we have

00 » .
O'S,e(A):U{AECZ’)\—g <‘a‘}
n=1 n n

and
rs.e(A) = supsup {|)\| : A e Cand ’)\ _bn
n>1

(679

il
< .
||

o0
Example 4.3. Let B, = C2, n > 1 two-dimensional Euclidian space, B = (@ C2> ,
n=1 P
1 <p < ooand
Qp

n

-1
Sn:C2—>(C275n:( 0),anGC,an#O,nzl,sg€|an|<oo,
n=z

An:C2—>C2, An = (gn 8)’ /BHEC, Bn?é()? n =1, Sup|ﬂn’<00.
n n>1
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oo o0
Then, S = @ S, and A = @ A, are the infinite diagonal block operator matrices. For

n=1 n=1
A€ Cand n > 1 we have
[ Aap —Bn —A
e ]
Thus, for)\;éﬁn A#0and n > 1 we get
0 1
-1 _ Aoy, — B, 2
(AS, — A,) ! = B Oénl fu | e (c?)
A A
and
1 1/ 4 1 12\ /2
by (= v - 4y (= 4y
O <|A|2 e =5+ 2 (P * P ar) )
Consequently, for any n > 1 we obtain
os, (Ap) = {O, ﬁn} and rg, (Ay) = P .
(679 O,

Hence, by Theorem 3.1 we have

Bn

Qn

os(A) ={0} U U {in} and rg(A) = sup

n=1

On the other hand, for any n > 1 and € > 0
05,,e(An)

1
— 5, (4) U {A € ps, (40) ¢ IR, (0 A > ¢ |

1/2
~f Bn N 1(4 1)”2 1
= {02t buiaens,an: D 2, B T2\ T e — Bl 2

e (1 1 1/ 4 1 2\ 2
© m?*an—ﬂn|2+2(w*+rmn—ﬁn|4> ” e

and

TSn75(An)

1 1 1/ 4 1 2\ 2
= \M:NeCand [+ (= + 1]

Hence, by Theorem 3.2 for € > 0 we have

@)

1/2

o 1 1 1/ 4 1 1/2 1
JS,E(A) —nul{)\E(c (‘)\’2 +72‘)\Oén—,3n’2 +§ (W‘+\)\o¢n—ﬂn!4) > > 6}

and

rs.e(A)
1/2

1 1 1/ 4 1 1/2 1
= R A+t — =
ii%’"‘“p{" € Can <|A|2+2\Aan—ﬁn|2+2(w“rmn—ﬁn@ ) >e}
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