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Abstract

In this paper, the effect of internal heat generation has been studied in a functionally graded (FG) thick hollow
cylinder in context with thermosensitive thermoelastic properties. Initially, the cylinder is kept at reference
temperature and the radial boundary surface under consideration dissipates heat by convection according to
Newton’s law of cooling, heat flux is applied at the lower surface, while the upper surface is insulated. The heat
conduction equation due to internal heat generation is solved by integral transform technique and Kirchhoff’s
variable transformation is used to deal with the nonlinearity of the heat conduction equation. A mathematical model
has been constructed for a nonhomogeneous material in which the material properties are assumed to be dependent
on both temperature and spatial variable z. A ceramic-metal-based FG material is considered in which alumina is
selected as ceramic and nickel as metal. The results obtained are illustrated graphically.

Keywords:Thick hollow cylinder; Functionally graded material; Heat conduction; Thermal stresses; Thermosensitive;
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1. Introduction

Materials with changing composition, microstructure,
or porosity across the volume of the material are referred
to as the functionally graded materials (FGMs). FGMs are
designed with changing properties over the volume of the
bulk material, with the aim of performing a set of specified
functions. The concept of FGM is to make a composite
material by varying the microstructure from one material
to another material with a specific gradient. This enables
the material to have the best of both materials. Thermally
sensitive materials are capable to alter the state or release
significant amounts of energy during melting process,
solidification or sublimation. These materials absorb
energy during the heating process when the phase change
takes place and in case of cooling process energy can be
transferred to the environment while returning to the initial
phase. Therefore, the study of thermosensitivity is
extremely important for the determination of the
temperature distribution and thermal stresses of cylindrical
structures made of FGMs.

Tang, Hata, Noda et al. [1-4,7] obtained the solution of
thermal-stress distribution in a nonhomogeneous medium
and discussed thermoelastic problems in materials with
temperature dependent properties in various solids.
Popovych et al. [5,6] constructed solutions of heat-
conduction problems for thermosensitive bodies with
convective heat transfer using analytical-numerical
methods. Miyamoto et al. and Mahamood et al. [8,16]
briefly explained the design, processing and applications
of FGMs. Awaji et al. [9] presented a numerical technique
for analyzing one-dimensional transient temperature and
stress distributions in a stress-relief-type plate of
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functionally graded ceramic-metal based FGMs. Kawasaki
and Watanabe [10] evaluated Thermal fracture behavior of
metal/ceramic FGMs by a well controlled burner heating
method using a H2/02 combustion flame. Al-Hajri and
Kalla [11] developed a new integral transform involving a
combination of Bessel’s function as a kernel to solve some
mixed boundary value problems in infinite and semi-
infinite cylinders with radiation type boundary conditions.
Kushnir, Guo [12,13,15] studied the thermal stresses of a
thin functionally graded material (FGM) cylindrical shell
subjected to a thermal shock. Kedar and Deshmukh [14]
studied the temperature distribution of a thick circular
plate. Sharma et al. [17] studied finite element analysis of
thermoelastic stresses, displacements and strains in a thin
circular functionally graded material (FGM) disk subjected
to thermal loads. Moosaie, Nikolarakis, Eraslan, Raocha
[18,19,20,22] studied thermoelastic problems on circular
bodies. Manthena et al. [21,23,24,28,30,31] developed
mathematical models of thermoelasticity for rectangular
plates and hollow circular cylinders. Bhad, Surana,
Tripathi, K&bler [25,26,27,29] studied thermal stresses in
elliptical and cylindrical bodies.

In ample of cases, it was observed that, the heat
production in solids have lead to various technical
problems during mechanical applications in which heat is
generated and rapidly transferred from their surface.
Temperature dependent FGMs are ideal for reducing the
mismatch in the thermo-mechanical properties in metal—
ceramic bonding that help to prevent debonding. FGMs
have wide applications where extraordinary mechanical,
thermal, and chemical properties are required which must
be able to sustain severe working environments. These
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potential future application areas include applications,
where the structural and the engineering uses require a
combination of incompatible functions, such as hardness
and toughness. Most of the authors mentioned above, have
studied heat conduction and its associated thermal stresses
for a medium with temperature dependent and independent
material properties. However, it is observed that thermal
effects due to internal heat generation with instantaneous
point heat source have not been analyzed till date.

In this paper, we have extended our own work
Manthena and Kedar [31] by considering internal heat
generation in the heat conduction equation and studied a
transient thermoelastic problem of a thick hollow cylinder,

occupying the space defined as 2='= b, 0<z<h

subjected to instantaneous point heat source. All the
material properties except Poisson’s ratio are assumed to
be dependent on both temperature and spatial variablez.
The heat conduction equation is solved by introducing
Kirchhoff’s variable transformation and transient state
solution is obtained in the form of Bessel’s and
trigonometric functions.

2. Statement of the Problem

The temperature and spatial variable dependent
transient heat conduction equation with internal heat
generation of a FG thick hollow cylinder is

190 0 oT
Fa(rk(z T)— J E(k(Z’T)Ej

1)
+9(r,z,t)=C(z T)ﬂ
L 1 i at
The initial and boundary conditions are
T =T07 a.t t = 0
oT
k(z,T)a——gl(r -To)=fi(z,t), atr=a
r
k(zT)aT+g (T-Ty)=f(z,t), atr=b
or 22 0)=T1 ?
k(z,T) ZT fo(r,t), atz=0
ﬂzov at z :h
01

where k(z,T) and C(z,T) are the thermal conductivity
and specific heat capacity, which are dependent on
temperature and spatial variablez, g(r, z, t) is the internal
heat generation, Ty is the temperature of the surrounding
medium, and &, &, are the heat transfer coefficients.

The strain displacement relations and equilibrium
conditions are given by Hata [2]
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Figure 1. Geometrical representation of the problem.

The stress-strain relations with temperature dependent
material properties are

o =2G(2, T) ey +A(2, T)e
-BAUz T)+2u(z, T))a, (2. T)T
oo =2G(2, T)egeg+A(z, T)e
Bz T)+2u(z, T))a; (2. T)T (5)
7 =2G(2,T)e,; +A(2, T)e
-BMz, T)+2u(z, T))a, (z,T)T
or; =2G(z,T) e,
where g, ,&49 ,&,, are  the  strain  components
(e=¢&+6€pp +€), G(z,T) is the shear modulus,
Az, T) and u(z,T) are Lame’s constants, a. (z,T) is

the coefficient of thermal expansion. For the sake of
brevity, the shear modulus G(z, T), coefficient of thermal

expansion «_(z,T) and Lame’s constant A(z, T) and
u(z, T) are assumed as

G(z,T) =Gy 2’ exp(@T),

ar (2, T)=ag 28 exp(yT), ©
Mz, T)=202” exp(@T),

u(z, T) = g zﬂexp(wT), w<0, y>0

where Gy, apand 4y, 1, are the reference values of shear
modulus, coefficient of thermal expansion and Lame’s
constant respectively, £ is the inhomogeneity parameter.

Using Egs. (3), (5), (6) in Eqg. (4), the displacement
equations of equilibrium are obtained as
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where
v2 =(8%/or?) +@/r)(0lar) + (6%162%)(8)

The solution of Eq. (5) without body forces can be
expressed by the Goodier's thermoelastic displacement
potential ¢ and the Boussinesq harmonic functions ¢ and

v as

r or r
9
o9 Op _Oy ©)
W=—"—+—"—+2——-3-4)y

o7 0z 0z

in which the three functions ¢, @, w must satisfy the
conditions

Vip=Kr, V2p=0andv?y =0 (10)

where K(z, T) =[(1+v)/Q-Vv)]ar (2, T)
coefficientand =T -T,.
If we take

~[(p+zp)dz=M (12)

in the above Eq. (9), Michell’s function M may be used
instead of Boussinesq harmonic functions ¢ and w .

Hence Eq (9) reduces to

is the restraint

_op M
or ar oz’
o o°M 42
w= ¢ - +2(1- VIVEM - ==
0z

in which Michell’s function M must satisfy the condition

vaviMm =0 (13)
Now by using Eq. (12) in Eqg. (5), the results for
stresses are obtained as
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The boundary conditions on the traction free surface stress
functions are

o =0, atr=a and r=>b

o, =0,az=0 and z=h (15)

3. Solution of the Problem
Following Noda [3], the thermal conductivity k(z,T)

and specific heat capacity C(z,T)are taken as

k(z,T)=2”k(T), C(z,T) =2”C(T) (16)

Using Eq.(16) and intruding the Kirchhoff’s variable
following Popovych et al. [6, 12, 15, 22]

o) =] k@T)dT (17)
To
and taking into account that the material with simple

thermal nonlinearity ((C(T)/k(T))~1) is considered, we
obtain Eq. (1) with variable ® as

e 100,
or? ror

The initial and boundary conditions (2) become

2
a_®+ o(rzt) = @ (18)
az
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=0, att=0
00
—-0="fi(zt), atr=a
o & 1(z.1)
@h?z@: fi(z,t), atr=>b
or (19)
00
— = f,(r,1), atz=0
57 2(r,t)
a—®=O, at z =h
oz
For the sake of brevity, we take
9(r,z,t)=Qu 6(r —1p) 6(2 - 29) 5(1),
f1(2, 1)=Q; 8(z - zg)sinh(y 1), (20)

fo(r, t)=Q5 5(r —rg)sinh(a t).

Here g(r,z,t) represents an instantaneous point heat
source at the point (r =ry,z =z,) of strength Q,, f,(z,t)
and f,(r,t) represent exponentially varying point heat at
the points (r=a,z=1p), (r=b, z=1p) and
(r=ry,z=0) of strengths Q, and Q, respectively.

Using the transform given by Al-Hajri and Kalla [11]
to solve the Eq. (18) over the variable 1, we obtain

. — %0
A15(z—zo)smh(a)lt)—qn®+—2
_ o (21)
_ 00
+ ) =—
g(an.z:t) PR
where
A =beM(dpb)Qr—a e1M (4,2) Qs 22)
g(an.2,t) =Qo oM (dnrp) 6(z — 2g) S(1).
The initial and boundary conditions (19) become
0=0, att=0
00
—=f 1), atz=0
0z Z(qn ) (23)
a—®=O, atz=h
oz
where

f2(an. 1) = Q2 fo M (ano) sinh(wy 1).
Here M (q,r) is the kernel of the transformation given by

M (an)=[B(qna,—£1) + B(qnbvgz)]JO(an)
_[A(qnal_gl) + A(qnb'gz)]YO (an)

in which
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A(Gnr em) =emdo(@nr) +dndo (Anr) ;
nl=12;r=a,b
B(dnr em) =&mYo(@nl) +0dnYo (Anr)

Here J, and Y, are Bessel’s function of first and
second kind, respectively, g, are the positive roots of the
transcendental equation

B(dna,—&1)xA(dnb, £3)
— A(gpa,—&1)xB(qnb, &7) =0.

Applying finite Fourier Cosine transform on Eq. (21)
over the variable z , we obtain

aa_? + Ag® = Agsinh(wy t) + A(t) 24)
The initial condition is

®=0, att=0 (25)

where

Ay, = A(V2/m)cos(mzzg/h)O*(zq)

+Q2 1o M (o), Ag = (a5 +a),
Ay =—Qq oM (Anfo) (WV2/ ) cos(mz 2o / )0 * (o).
Here 8*(z,) is the Heaviside Theta function

0; z5<0
1; 2520

9*(Zo)={

Applying Laplace transform and its inverse on EqQ. (24) by
using the initial condition given in Eqg. (25), we obtain

O(t) = (Ey + Ay) exp(~Agt) + E; exp(-y 1)

(26)
+ Ez exp(a t)
where
A A A
B1= zza}lz’EFz BT T
A3 — 0 —chg 0 +2hg

Applying inverse Fourier Cosine transform on Eqg. (26), we
get

A(z,t)= 1Ol , 5 {& ) xcosmz z/h)}
m=1

. @7)

where

&1(1) = (BEp + Ag)exp(=Agt) + Ep exp(-ay t)
+ Ezexp(aq t).

Applying inverse transform given by Al-Hajri and Kalla
[11] on the above Eqg. (27), we obtain
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@(r,z,t)=n§1{([§1(t)]m:o/h)

.S {& () xcosmzz/h)} (28)
m=1

x[£230(dn 1) —&3Yo (a4 NI}
where

g2 = (L/[M(an)D[B(ana,—¢1) + B(anb, £2)] ,
&3 = (L/[M(an)DI[A(Gra,~¢1) + A(dnb, £2)],

b _ [M(ap);
irM(an)M(qmr)dr—{o; men

m=n

Applying variable inverse transformation from © to T
[see Appendix A], the temperature distribution in Eq. (28)
becomes

T(rhzt)=Ty+ 5 [Lexp(@Ty)]
n=1
x[Lu(2)[{([51(1)]m=0 /M)
+ § {& (t)xcos(mzz/h)}
m=1

x[£230(An 1) —&5Y0(An NI}

(29)

where
U(z) =[fm (2)(kmg —Keg ) +Keq 1. fo(z) =1-27.

Using the solution of heat conduction Eg. (1) given by
Eg. (29), the solution for the Goodier’s thermoelastic
displacement potential ¢ from Eq. (10) is obtained as

4= (lao@+)Ie-g @2’ exp(eT) )

To+ 3 [Uexp(@Ty)]x[L/u(2)]
n=1

5 @ (30)
A\ L2 {EWIn-o/N) + > {a(0)xcosmre/h}}
x[£230(an 1) - &3Yo (A NI}
where
0:(2) = 92(2) — gz(z)zw

~939,(2)+9; (2) u(z)

We assume the Michell’s function M so as to satisfy
Eqg. (13) as

M=% ;l{cos(ﬁZ)]eXp(l//lt)[CnJo(Qnr)

n=1m=

+DnrYo(An)1}

(1)

where C, and D, are constants.
Using the values of ¢ and M
displacement components are obtained as

in Eg. (12), the
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u= % °z°1{¢,r ~[-Qsin(Q2)]exp(y 1)

n=1m=
X[~CyUnJ1(GnF) — Dy Yy (AnT) (32)
+DyYo(aaN1}
w=3 3 {4, +[@2-20)[cosQ2)]
n=1m=1
x exp(y1t) x[-Ca3 o (GnF)
(33)

+ DpYo (@nN)(@/ 1) = gun)]]
+[A- 20)[(-Q?) cos@2)]exp(y1 t)
x[CJdo(dnr) + DnrYo (an )11}

where a comma denotes differentiation with respect to the
following variable.

Using Egs. (32) and (33) in Eq. (14), the components
of stresses in the homogeneous (by taking f=@ =y =0)
as well as nonhomogeneous case (by taking =@ # y #0
) can be obtained. Also by using, the traction free
conditions given by Eq. (15) the constants C,,and D, are
determined (using Mathematica software).

4. Numerical Results and Discussion

Following [9], we consider a model of a ceramic-
metal-based FGM, in which alumina is selected as the
ceramic and nickel as the metal.

Table 1. Thermo-mechanical properties of alumina and
nickel at room temperature.

Property Alumina Nickel
(Ceramic) (Metal)
Thermal conductivity
K [W/emK] 0.282 0.901
Specific heat capacity
C [IgK] 0.78 0.44
Shear modulus G 6 6
[N/sz] 12.4x10 7.6x10
Thermal expansion
coefficient 5.4 14.0
a [x107° /K]
Poisson’s ratio v 0.23 0.31
Mathematica software is wused for numerical
computations and the following nondimensional
parameters are used:
T *= l _r , ==
To a
T:K_;c @W) = (u,w) , 0:1+v0501
a KO TO a 1-v
— — — — Or,099:0 77,0
(O'rr!o'eenazz:arz) _ ( m:960:°z rz)
GoaoTo

with  parameters a=1cm, b= 2cm, h=1cm,and

surrounding temperature T, =320°K.
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The above figures 2-11 on the left are plotted for
homogeneous hollow cylinder (i.e. taking f,@, y =0, so

that the material properties become independent of
temperature and spatial variable), whereas the figures on
the right are plotted for nonhomogeneous hollow cylinder
(i.e. taking p,@, y #0, so that the material properties

become dependent of temperature and spatial variable).
Figure 2 shows the variation of dimensionless

temperature along axial direction for different values of

n=12,152. In both the homogeneous and

nonhomogeneous cases, it is seen that there is some
temperature at the lower surface of the cylinder due to the
application of varying point heat. The absolute value of
temperature is slowly decreasing towards the upper surface
of the cylinder. The magnitude of temperature is low for
the nonhomogeneous case as compared to that of
homogeneous case.

Figure 3 shows the variation of dimensionless radial
stress along axial direction for different values of
n=12,1.8. In the homogeneous case, the radial stress is

compressive  throughout the cylinder. In the
nonhomogeneous case, the radial stress is compressive
throughout the cylinder. Its magnitude is decreasing near
the lower surface till £ =0.1, while suddenly increasing in

the region 0.1< ¢ <0.25.

Figure 4 shows the variation of dimensionless
tangential stress along axial direction for different values
of 7=1.2, 1.8. In the homogeneous case, the radial stress

is compressive throughout the cylinder. Its magnitude is
decreasing till £ =0.7 and increasing towards the upper

surface. In the nonhomogeneous case, the tangential stress
is tensile throughout the cylinder except in the region
0.7 < ¢ <1, where it is compressive.

Figure 5 shows the variation of dimensionless axial
stress along axial direction for different values of 7. In

both the homogeneous and nonhomogeneous cases, the
nature of the graph is sinusoidal. In the homogeneous case,
the axial stress is compressive throughout the cylinder. Its
magnitude is decreeing till the central region and
increasing towards the upper surface. In the
nonhomogeneous case, the axial stress is compressive in

the region 0< (¢ <0.65, while tensile in the region
0.65<¢ <1

Figure 6 shows the variation of dimensionless shear
stress along axial direction for different values of 7 . In

the homogeneous case, the shear stress is compressive near
the lower surface, whereas tensile in the region remaining
region of the cylinder. In the nonhomogeneous case, the
shear stress is tensile throughout the cylinder, except near
the upper surface where it is compressive. Its magnitude is
more or less steady till £ = 0.6, while sudden increase near

the upper surface is seen and peak value is attained at
£ =0.85.

Figure 7 shows the variation of dimensionless
temperature along axial direction for different values
dimensionless time . In both the homogeneous and
nonhomogeneous cases, it is seen that the absolute value of
temperature is slowly decreasing from the lower towards
the upper surface of the cylinder. Also with increase in
time, the magnitude of temperature is increasing.

Figures 8 and 9 respectively shows the variation of
dimensionless radial stress and tangential stress along axial
direction for different values dimensionless time 7 . As the
time increases, it is seen that the stresses are decreasing.
Figures 10 and 11 respectively shows the variation of
dimensionless axial stress and shear stress along axial
direction for different values dimensionless time 7. The
axial stress is compressive throughout the cylinder in both
homogeneous and nonhomogeneous cases and its
magnitude is decreasing with increase in time. In the
homogenous case, the shear stress is compressive in the
region0< ¢ <0.7, while tensile towards the upper surface.

Whereas in the nonhomogeneous case it is tensile from the
lower surface towards the middle portion, while
compressive towards the upper surface.

5. Validation of the Results
In this paper, a mathematical model has been prepared
by taking temperature and spatial variable dependent
material properties and temperature distribution and its
corresponding thermal stress distributions are obtained.
Following Manthena and Kedar [31], let us consider
the following initial and boundary conditions:

Dimensionless Temperature

Dimensionle:

ss Temperature

1.4 n 16 18 2.0

1.0 12 1.4 n 16 1.8

Figure 12. Variation of dimensionless temperature along radial direction.
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Figure 13. Variation of dimensionless temperature along axial direction.

T =Ty, att=0
oT
k(Z,T)E—gl(T -To)=f(z,t), atr=a
k@)t 6, (T —To) = fy(z), atr=b
AP 0)=MnlzY), (34)
oT
k(ZxT)a——€3(T —T0)= fz(r,t), atz=0
z
k(z,T)Z—TZ+g4(r—T0)=0, atz=h
where
f1(z, t)=Qq 6(z — zg)sinh(wy 1),
fo(r, t)=Q5 S(r —rg)sinh(a t).
The solution of heat conduction Eq. (1) with

g(r,z,t) =0, subjected to conditions (34) on applying the
transform given by Al-Hajri and Kalla [11] and Laplace
transform, is

0 o0
T(r,zyt)ETO+ DD
n=1m=

x[1/u(z)]x &1 (t)

x[£230(amz) —&3Yo(am2)]

x[£430(dn 1) —&5Yo(dn NI}

where

u(2) =[fm(2)(kmg —keg ) +Keg 1.
fn(2)=1- Zﬁ,

&1(t) =[Erexp(—Agt) + E; exp(-awt) + Ez exp(et)],
&2 = (U/[N(am)DID(0,~¢3) + D(amh, £4)],
&3 = (U/[N(am)DIC(0,~¢3) + C(amh, £4)],
&4 = UM (@n)D[B(dna,—&1) + B(apb, £2)1,
&5 = (/[M (an)DIA(Ana,—&1) + Adnb, £2)].

1{[1/ exp(@To)]

(35)

The following Figures (12) and (13) represent the
temperature distribution obtained in Eq.(35) in both
homogeneous (Left) and nonhomogenous (Right) cases.

Hence, as a limiting case if we consider conditions (34)
and the heat conduction Eq.(1) without internal heat
generation, the temperature distribution and its graph
obtained so well agrees with our paper [31].

6. Conclusions

In this study, the temperature distribution of a thick
hollow cylinder with instantaneous point heat source has
been determined with temperature and spatial variable
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dependent material properties. The thermoelastic behavior
of an FGM model has been discussed. Numerical
computations are carried out for ceramic-metal-based
FGM, in which alumina is selected as ceramic and nickel
as metal. Notable effects on the behavior of unsteady state
temperature distribution is seen in the results due to
thermally sensitive thermoelastic properties. During the
investigation, it is seen that the magnitude of temperature
distribution and all stresses is low for the nonhomogeneous
case (FGM model) as compared to that of homogeneous
case. Since the heating at inner curved surface
exponentially varies with time, the temperature distribution
increases as time increases, but the nature of temperature
distribution remains nearly same and the same is
happening with other thermoelastic quantities. Due to
internal heat generation, it is observed that high
compressive radial stress is developed in the lower part of
the cylinder. Axial stress is tensile towards the outer
surface. The proposed mathematical model may be useful
in the chemical and physical characterization of materials,
the kinetics of reactions, the thermodynamic properties and
phase equilibria of systems, the development of new
processing methods, and ultimately, the use of materials in
advanced technology applications at high temperatures.

Appendix A
The volume fraction distribution of metal obeying
simple power law with exponent £ is given as Awaji et al.

[11]

f,(2)=1-2z” for p>0 (A1)

where f,(z) is the local volume fraction of metal in a
functionally graded material and £ is a parameter that

describes the volume fraction of metal.

The thermal conductivity of the functionally graded
material is expressed using the thermal conductivities of
metals k., and of ceramics k., with the volume fractions

of metals f,(z), and ceramics, 1—- f, (z) as follows:

k(z, T) =Ky (T) fry (2) + ke (T)A - £, (2)

Inverse Transformation: We substitute equation (A2) in
Eq.(18) to obtain the inverse transformation of Eq.(18) as

(A2)

®(T)=LTO (ke (T) fn (2) + ko (T)(A- £ (2)) A T (A3)

Vol. 21 (No. 4) / 210



o(M)="f,(2)
T
xf Kn(MAT +@— f,(2)) [ ko(T)AT (Ad)
To To
Following Noda [3], we assume the thermal

conductivity of the hollow cylinder as k(T) =k, exp(@ T)
Hence, Eq. (A4) becomes

O=1/a)[[exp(a@T) -exp(@Ty)] u(z)]
where
u(z) :[fm(z)(kmo - kco )+kco]

(A5)

Using Eq.(A5) in Eq.(28), we obtain

T(r,z,t) =iloge[F (r,z,t) +exp(@Ty)]
w

F(r,z,t) ﬂ (A6)

1
=—Ilog.| ex Ty)l 1
- 9{ p(@ 0)(+exp(wTo)

where

F(rz)=Y Lu@HEO]/h)

n=1

+ i {& (t) xcos(mz z/h)}

m=1

x[£230(an 1) = &3Y0 (@n NI}

(A7)

We use the following logarithmic expansion
log [(F (r,z,t)/exp(@Ty))+1] =
[F(r,z,t)/exp(@ Ty)]
+(1/2) [(F(r,z,t))/ exp(@ T,)]?
+(1/3) [(F (r,z,1))/ exp(@ Ty)]?
+(1/4) [(F (r,z,t))  exp(@T)]* +.....

(A8)

We observe that [F(r,z,t)]"given in EQq.(A7)
converges to zero as M tends to infinity. In addition, the
truncation error in Eq.(A8) is observed as 4.037 x10 >,

Hence, for the sake of brevity, neglecting the terms
with order more than one, we obtain:

logo[(F (r,z,t)/exp(@ Tp)) +1]
= [F(r,z,t)/exp(@Ty)]

Hence Eq. (A6) becomes
T(r,z,t)=Ty +El L/ u(@) (1 (0)]m=0/N)

+ E {& (t)xcosmrz/h)}
m=1

x[£230(dn 1) —&3Yo(dn N1}
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