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Abstract

This paper deals with the numerical solutions of one dimensional time dependent cou-
pled Burgers’ equation with suitable initial and boundary conditions by using Chebyshev
wavelets in collaboration with a collocation method. The proposed method converts cou-
pled Burgers’ equations into system of algebraic equations by aid of the Chebyshev wavelets
and their integrals which can be solved easily with a solver. Benchmarking of the proposed
method with exact solution and other known methods already exist in the literature is
made by three test problems. The feasibility of the proposed method is demonstrated by
test problems and indicates that the proposed method gives accurate results in short cpu
times. Computer simulations show that the proposed method is computationally cheap,
fast and quite good even in the case of less number of collocation points.

Mathematics Subject Classification (2010). 35Q35, 656M70

Keywords. Chebyshev wavelet method, Chebyshev collocation, coupled Burgers’
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1. Introduction

We consider the Coupled Burgers’ problem

Ut — Uz + NuUy + a(u.v), =0, xe€[0,1], tel0,T] (1.1)
Vt — Vg + V0, + B(uv), =0, xe€[0,1], tel0,T] (1.2)

with the initial conditions

U(IL’,O) = 1/]1(37)7 v(x,O) = 1/}2(‘%)7 T € [a’7 b]

and the boundary conditions

u(()?t) = fl(t)v u(Lt) = fQ(t)a le [O,T]
U(O,t) = gl(t)v ’U(l,t) = gQ(t)a le [O,T]
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where 7, ¢ are real constants and «, [ are arbitrary constants depend on system parame-
ters such as Peclet number, Stokes velocity of particles due to gravity and the Brownian
diffusivity [30]. w(z,t) and v(z,t) are the velocity components to be determined; v, f;
and g; (i = 1,2) are the known functions; wu, is the nonlinear convection term, wu; is
unsteady term and u,, is diffusion term.

Coupled Burgers’ equation was first derived by Esipov [12] which is a simple model
of sedimentation or evolution of scaled volume concentrations of two kinds of particles in
fluid suspensions or colloids, under the effect of gravity [30]. This equation has been solved
by various approaches such as; Khater et al. [21] used the Chebyshev spectral collocation
method to solve the equation and M. Dehghan et al. [11] applied Adomian—Pade technique
for solving the coupled Burgers equations and more recently Kutluay and Ucar [23] solved
coupled Burgers’ equation by using the Galerkin quadratic B-spline method. In order to
solve Egs. (1.1), (1.2) Mittal and Arora [28] used a cubic B-spline collocation scheme.
Rashid and Ismail [34] have used Fourier Pseudospectral method to solve the equation
numerically. Srivastava et al. [42] obtained numerical solutions of the Egs.(1.1), (1.2) by
implicit finite-difference method. Zhang et al. [37] applied local discontinuous Galerkin
method to solve coupled Burgers’ equations. Siraj-ul-Islam et al. [17] solved coupled
Burgers’ equation by mesh free interpolation method. Kelleci and Yildirim [20] have
solved the equation by combining homotopy perturbation and Pade techniques and Inan et
al. [16] have applied Bécklund transformation to the Egs.(1.1), (1.2). In the studies [22,29],
coupled Burgers’ equations are solved by Haar wavelet method. Rashid et al. have solved
the coupled viscous Burgers’ equation by Chebyshev—Legendre Pseudo-Spectral method
in [33].

Kaya [19] obtained the exact solution of the equation by Adomian Decomposition
method and Soliman [41] used a modified extended tanh-function method to obtain its
exact solution. Abdou and Soliman [2] used Variational iteration method to solve the
coupled viscous Burgers’ equation.

The wavelet methods were first applied for solving differential equations at the beginning
of 1990s. Until now a vast number of papers devoted to this topic. In most cases the
wavelet coefficients were calculated by the Galerkin or collocation method. But there is
a drawback in these methods since we have to evaluate integrals of some combinations of
the wavelet functions (connection coefficients). This is a very sophisticated problem, since
for most wavelet families we do not have an explicit form for these integrals [25]. Due
to these facts, researchers have focused on more simple wavelets such as Haar wavelets,
Legendre wavelets and Chebyshev wavelets for obtaining numerical solutions of differential
and integral equations. There are a lot of studies on application of Haar wavelets in
solving differential and integral equations numerically [6,7,9,18,22,24,26,27,29,31,32,40].
Nowadays, Legendre and Chebyshev wavelets are studied by many researchers [3,4,8,13,
14,35, 36,38, 39,44-47]. In this paper we propose a Chebyhev wavelet method for solving
coupled Burgers’ equations numerically.

The outline of this paper is as follows. In Section 2, preliminaries about Chebyshev
wavelets are given. In section 3, we show how to use Chebyshev wavelet method for solving
coupled Burgers’ equation. In Section 4, proposed method tested by three examples,
obtained numerical results tabulated and numerical solutions depicted graphically. Finally
we conclude the paper in Section 5.

2. Preliminaries and notations

In this section, we give some necessary definitions and mathematical preliminaries of
Chebyshev wavelets.
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2.1. Chebyshev wavelets

Wavelets constitute a family of functions which are generated from dilation and translation
of a single function which is called as mother wavelet ¢ (x). If the dilation parameter a and
the translation parameter b vary continuously we have the following family of continuous
wavelets [10]:

Gasle) =lal 20 (222,

a
where a,b € R and a # 0. Chebyshev wavelets ¢y, = ¥(k,n,m,x) defined as follows:

Q;Z)nm(x) =

o(k—1)/2 & —1
{gm 77 T —2n41), g <o < gty (2.1)

, else

where

B V2, m=0
™2 m=1,2, ..
and m =0,1,...,M — 1. Here n = 1,2,...,2¥71, k can take any positive integer, m is the
degree of Chebyshev polynomials of first kind and z is the normalized time. T,,(z) are

Chebyshev polynomials of the first kind of degree m and satisfy the following recursive
formula:

To(x) =111 (z) =z, Tmi1(x) =22T(x) — T—1(z).

which are orthogonal with respect to the weight function w(z) = 1/v/1 — 2. We should re-
mind that Chebyshev wavelets are orthogonal with respect to the weight function wy,(z) =
w(2kz —2n +1).

2.2. Function approximation

Any function u(z) € L2[0,1) can be expanded into Chebyshev wavelets as follows:

n=1m=0
Here wavelet coefficients are ¢,y = (u(), ¥nm(x)) , where (.,.) represents the inner prod-
uct with respect to wy,(z).
In practice, one needs the truncated version of the Eq. (2.2), namely:

2k—1 p—1

u(x) = Z Z CamWnm () = CTW(z), (2.3)

n=1 m=0

where C' and W(z) are 2°~1M x 1 matrices given as

C = [€105 C115 -5 CL(M—1)5 C205 C215 +++» CO(M—1)5 ++>
Cok—10, Cok—11; -+ CQkfl(M—1)]Ta
U(z) = [W10(2), Y11(2), s Y(T)1(00-1), Y20(), Y21 (D), ooy Y(T)2 (a1 1) s
Yor-10(T), Yor-11(2), --',w(x)zk—l(Mfl)]-T

Convergence analysis of Chebyshev wavelets is given in [3,45].
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2.3. Integrals of Chebyshev wavelets [8]

We denote the first integral of the Eq. (2.1) as ppm(z) = [§ ¢¥nm(s)ds and the second
integral of the Eq. (2.1) as ¢um(z) = [y pum(s)ds. The first integral p,n,(x) is given for
m =0, m=1and m > 1 as follows:

-1
0 0< < Sy
2~ (k=1)/2-1 n—1 n
Pro(r) = o [T1 () + To (1)), ok—1 ST < oh—1
o~ (k—1)/2 n
- To (1), giT o<l
0 0<x< oh 1
_ 9—(k—1)/2-3 _
pni(2) = %T [T> () = To (t)], ok—1 — &< ok—1
0, S Sw<l
2022 [T () = ()™ Tya ()= (-)™] 01
= - <
Pam () = § Mm% m+1 m—1 © Rl ST g
9—(k=1)/2-2 n
FYmTa o1 <zx<l1

where t = 282 — 2n 4+ 1. The second integral g, (x) is given for m = 0, m = 1, m = 2
and m > 2 as follows:

—1
0 0< < Sy
9—3(k—1)/2—4 _ n
qn()(l') = VOT [T2 (t) + 4T1(t) + 3710 (t)] © k1 <z < ok—1
2—(k—1)/2 1
Wl (L ), o <o<
ﬁ 2k 2k—1 2k—1
—1
0 0<z< oh 1
27 3(k=D/2=4 1y (1) 3Ty (t) 4Tp (1) n—1_
an(r) =\ N7 6 2 3 | 21 =TS g
9—3(k—1)/2—1 n
z < 1
N3 m k=1 =7 <
0 0<a< ZT_—}
o 3k=DR2=3 T () -1 To(t)—1 270 (t) 2To (¢ n—1 n
gn2(z) = ¢ 72 NG : (2)4 - (32 - 3( ) - (;)J,( ) » o 9k—1 sz< ok—1

o—(k=1)/2 , 1 n n
Ry (27 B 2'9*1)’ g1 sT<l
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-1

ST
[ Tt () — (=)™ T (8) — (=)™ 7

2(m+1)(m+2) 2(m + L)m
oy T ()= (=D
D 2m(m — 1) no1 n
' Tona (t) = (=1)™ 2 ) ST <0< gy
T m—Dm=2

Gnm (z) = (1+T3(1)) {(_1)m—1 B (l)m,+1:|

Ym

m—1 m+1

1— (—1)m+2 1-(-n™ 1— (—1)m
2m+ 1) (m+2)  2(m+ )m

9—3(k—1)/2-3 1— (=)™ 492 [( )™ ™t }

T T m = Dm =2 m+1

_+2k(x n ){1—(—1)m+11—( 11 1}

gkl m+1 m

oh 1Sar;<1

where t = 282 — 2n + 1. We will use these integrals in solution procedure later.

3. Method of solution for coupled Burgers’ equation

Consider the equations (1.1), (1.2) with the initial conditions

u(z,0) = 11 (x), v(z,0) = o(x), x€]0,1]

and the boundary conditions

Let us divide the interval [0,7] into N equal parts of length At = T'/N and denote
ts = (s — 1)At, s = 1,2,..., N. In order to use the Chebyshev integrals given in the
previous section we expand the highest derivatives that appeared in the Eqgs. (1.1) and
(1.2) into Chebyshev wavelets. Therefore assume that 4" (z,t) and 0" (z, t) can be expanded
in terms of Chebyshev wavelets as

2k—1 -1

t) = Z Z CnmWnm () (3.1)
n=1 m=0
k=1 pr—1

=> Y dumthnm(x) (3.2)

n=1 m=0

where . and ’ means differentiation with respect to ¢ and x, respectively, the row vectors
Cnm and dp,, are constants in the sub-interval t € [ts,ts11]. We discretize u(z,t) below,
same procedure can be applied to v(zx,t).
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Integrating equation (3.1) with respect to ¢ from ¢4 to ¢ and twice with respect to x from

0 to z, we have following equations:

2k=1 pr—1
u’(z,t) =(t —ts) Z chmwnm u’(z,ts),
n=1 m=0
2k=1 pr—1
o (x,t) =(t — tg) Z Z CrnmPram () + ' (2,ts) — u'(0,ts) +u'(0,1),
n=1 m=0
2k=1 pr—1
u(z,t) =(t — ts) Z Z ComTnm () + u(x, ts) — u(0,ts)
n=1 m=0
z [u'(0,t) — u'(0,t5)] + u(0,1),
2k—=1 pr—1
Z Z Crmnm (z) +0(0,t) + 21/ (0, 1).
n=1 m=0

By using boundary conditions, we obtain

U(O,t) = fl(t)a U(Oats) :fl(t8)> ’I'L(O,ts) = {(ts)
u(lat) = f2(t)7 U(l,ts) :f2(t5)7 ﬂ(l,ts) = é(ts)

At z =1 in the formulae (3.5) and (3.6) and by using conditions, we have

M-
u’(O,t) (0 t t—t Z Z Cannm +f2( )
n=1 m=0
— fa(ts) + fi(ts) = fr(t)

2k=1 pr—1

, Z Z Cannm fl( )+f£(t)

n=1 m=0

(3.3)

(3.4)

Substituting (3.7) and (3.8) into (3.4)-(3.6) and discretizing the results by assuming x — x;

and t — t;41 we obtain

M-
U,/(:Bl7t5+1) ( s+1 — Z nmwnm -’El Jr U (xlvts)v
n=1 m=
M-
u’(azl, ts+1) :(ts+l - ts) Cnmpnm(xl) +u ($l, )
=0

L M—
s+1 Z Z annm +f2( s+1)
n=1 m=0
— fa(ts) + fi(ts) — fi(tss1),

(3.10)
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2k=1 pr—1

U(l'l,ts+1) :(ts—‘rl - ts) Z Z Cannm(xl> + u(xluts)

n=1 m=0

+ fi(tss1) — fl(ts)

LM~
+ 2 _(ts—i—l _t Z annm ]
y [fa(tsy1) — fats )+f( ) = filtst)] (3.11)
T M—1

.I'l, s+1 Z Z Cannm Xy +f1( s—l—l)

LM~
Z Z cannm fl( s—l—l) + f2( s+1)] . (3.12)

Similarly we obtain

L p—
U//<1'l7ts+1) :(ts—i—l - t Z nmwnm .Z'l + v (.%'l,ts), (313)
n=1 m=0
2k—1 M—1
U/<xl7ts+1) :(ts—i—l - ts) dnmpnm(xl) +v (Q?[, )
n=1 m=0
2k=1 pp—
- (ts—l—l - t Z annm
n=1 m=0
+ 92(ts41) — g2(ts) + 91(ts) — g1(tss1), (3.14)
-1

U<xl7t5+1) :(ts—i—l - t Z Z annm .%'[ + 'U(l'l, ) + 91(t5+1) - gl(ts)

L p—
+ Xy _(ts—i—l - t Z annm
+ 2 [92(ts11) — g2(ts )+9 ( s) = gits+1)], (3.15)
2k—1 A1
(L’l7 5+1 Z Z dnm‘]nm Xy +91( 5+1)
n=1 m=0
M-
Z Z annm gll(ts+1)+g/2(t8+1) . (316)
n=1 m=

for v(z,t). Based on the Egs. (3.9)-(3.12) and (3.13)-(3.16) we will use following equations.

’ll(l‘l, terl) = ’LL”(.%[, t8+1) - "7“(3317 ts)u,(xlv tS) -« [U(Zﬁl, ts)'U(ZCl, ts)]:(;
O(xp, tsr1) = 0" (21, tsr1) — ol t)v' (2, ts) — B lu(ay, to)v(a, ts)], (3.17)
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Now by substituting (3.9)-(3.12) and (3.13)-(3.16) into (3.17) we obtain

2F—1 p—1
Z Z Cnm [Qnm(xl) - $IQnm(1) - Atwnm(xl)] = u”(xly ts) - 77“(3% ts)u/(xh ts)
n=1 m=0
—alu(x, ts)v(z, ts)], — f{(ts—i—l)
+ @y [filtst1) — faltstr)]
2k—1 p—1
Z dnm [Qnm($l) - xl(Jnm(l) - Atwnm(ﬂjl)] = U//(CCZ, ts) - 7’]2)(1’[, ts)v/(fEZ, ts)
n=1 m=0

—afu(zy, ts)v(z, ts)]m - gi (tst+1)
+ 21 [91(ts+1) — g (tst1)] (3.18)

where At = ts41 — ts. From the system (3.18) the wavelet coefficients ¢y, and dyy, can
be successively calculated. This computation starts with the following initial values.

u(z1,0) = P1(zr), v(@,0) = a(z),
u'(1,0) =y (1), o' (21,0) = (),
u(21,0) = ¢ (1), " (21,0) = ¢ (21).

We collocate = at 2; = (I — 0.5)/m/, | = 1,2, ...,m’ collocation points where m’ = 2¥~1 1.

4. Numerical results and discussion

To show the performance of suggested method as compared with the exact solution we
are going to use the norms Ls and L, defined by

)

iy e
1= K3

exact num
U, — U; ’ .

m/ exact num|2
_ i |us —u""|
Lo =

Lo = max
(2

We have executed our computations on Intel Core i5-2410M 2.3Ghz and 4GB (667Mhz)
of RAM with the codes implemented in free software package GNU Octave and Python
programming language. Graphical outputs were generated by Matplotlib package [15].

4.1. Problem 1.

We firstly consider the coupled Burgers’ equation (1.1), (1.2) for a = 8 = g and np=¢§ =
—2, [1]. So we have

5
Up — Upy — 2Uly + i(uv)x =0,

5
Vp — Ugg — 20Uy + i(uv)x = 0.
The exact solution of the coupled system for x € [0,1], is
u(z,t) =v(x,t) = A {1 — tanh (g)\ (40(x — 0.5) — 3/\t)>} ,

boundary conditions and initial conditions are determined from the exact solution and X is
an arbitrary constant. This problem has large gradients moving rightward with constant
velocity. In Table 1, we show the obtained results for various values of A. It can be seen
from the Table 1 that by increasing the number of collocation points one can achieve more
accurate results. On the other hand as time grows errors get larger. Measured cpu times
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are also given in Table 1 which are quite small. In Fig. 1, we plot the numerical solution
for A = 0.05, 0.1 0.4, 0.8 and At = 0.005 at t = 3 and ¢ = 5. We see that for greater
values of A, large gradient regions occur in the solution. The present method is capable
of analyzing the large gradient regions that occur in the solution which is an indicator
of the efficiency of a numerical method according to the Vasilyev and Paolucci [43] and

Basdevant et al. [5].

(OO Numerical
= Exact

Sea
Secese

~ 1.0

U(x,t

0.8 1.0

Figure 1. Numerical solution of problem 1 for A = 0.05, 0.10.4, 0.8 and At = 0.01

at t =1 with m’ = 128.

Table 1. Errors for various values of parameters of problem 1.

k=5 M=4,m' =64

k=6 M=4,m =128 k=7, M=4, m' =256

t=3 t=5 t=3 t=5 t=3 t=5
=01 Lo 8.5052e-6  1.2956e-5  8.4321e-6  1.2802e-5 8.4272e-6  1.2792e-5
Lo 2.7482e-6  4.2070e-6  2.7140e-6  4.1204e-6  2.7133e-6  4.1136e-6
N =08 Lo 1.0348e-2  1.3720e-2  1.1782e-3 1.3820e-3  7.6982e-4  7.0642e-4
Lo 7.7311e-2  1.1248e-1  9.5027e-3  1.2746e-2  7.0736e-3  7.0315e-3

Cpu time 0.458 0.796 0.963 1.505 2.633 4.081

4.2. Problem 2.

We consider the coupled Burgers’ equation (1.1), (1.2) for n = £ = —2 so that equations

(1.1), (1.2) take the following form:

Up — Ugy — 22Uty + a(u.v)y =0,

Vg — Ugg — 200, + B(u.v)y = 0.
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The exact solution of this equation is given in [41]

u(z,t) = ap (1 — tanh(A(20(x — 0.5) — 2At)))
o(@,t) = ao <(25 - 1) — tanh(A(20(z — 0.5) — 2At))>

20 —1
where

2 20 — 1
and x € [0,1]. The initial and boundary conditions are taken from the exact solution.
In Table 2, we tabulated and compared the obtained results from the present method
with Chebyshev spectral collocation method [21], cubic B-spline collocation method [28§],
Galerkin quadratic B-spline finite element method [23] and Fourier pseudospectral method
[34]. We take k = 4, M = 2 and At = 0.01. It can be seen from the Table 2, the Ly
error norm obtained by the present method is smaller than those obtained by the existing
methods and even for the small number of collocation points one can achieve the accuracy
of the existing methods in the literature. In Table 3, we compare the L, error norms
fora =01, =03, k=4, M = 2 and At = 0.001 with the ones obtained by Haar
wavelet method [22]. The superiority of the present method over Haar wavelet method in

the sense of accuracy is clearly seen from Table 3. The numerical solutions at ¢t = 1, are
shown in Fig. 2 for k =4, M = 2 and At = 0.01.

1 (408 —1
ao = 0.05, A = ~ag (0‘5)
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Table 3. Comparison of error norms for a« = 0.1, 8 = 0.3 and At = 0.001 at
various time levels for Problem 2.

Loo(u) Loo(v) Cpu times
t Present Haar Present Haar for the
m' = 16 N =64 m' =16 N =64 present method
0.5 4.1638e-5 5.675e-5 2.1915e-5 3.679¢-5 0.2089
2 1.6239¢-4  2.085e-4 7.9455e-5 1.359e-4 0.8045
3 2.3962e-4  3.006e-4 1.1427e-4  2.049e-4 1.2080
0.065
— Numerical
0.060} ® ® Exact H
0.055} g
% 0.050} 1
>
0.045} g
0.040} g
0.035 ‘ ‘ ‘ ‘
0.0 0.2 0.4 0.6 0.8 1.0
X
0.040
— Numerical
0.035} ® @ Exact H
0.030F
% 0.025}
>
0.020}
0.015}
0.010
0.0

Figure 2. Numerical solutions of problem 2 for a = 0.1, 5 = 0.3, At =0.01 at t = 1.

4.3. Problem 3.

Lastly we consider the coupled Burgers’ equation (1.1), (1.2) fora = = landn =§ = -2
so that equations (1.1), (1.2) take the following form:

Up — Ugy — 20ty + (u.v), =0,

Ut — Vg — 2005 + (w.v)y = 0.

The exact solution is u(x,t) = v(x,t) = e 'sin(2n(z — 0.5)), = € [0,1]. The initial and
boundary conditions are taken from the exact solution. Comparison of the error norms at
each time for k = 6, M = 2 and At = 0.001 is given in Table 4. The obtained results by the
present method are in good agreement with Haar wavelet method [29] and are better than
Finite element method [23]. The physical behavior of numerical solutions for « = =1
andn=¢=—2betweent =0and ¢t =2and fora =3, 8=2and n=1, £ = —2 between
t =0 and t = 1.5 are depicted with contour forms in Fig. 3 and Fig. (4) respectively.
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Figure 3. Numerical solution u(z,t) of problem 3 for At = 0.025, m' = 64,
a=0F=1landn=¢=-2.
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Figure 4. Numerical solution v(z,t) of problem 3 for At = 0.025, m' = 64,
a=3,=2andn=1, £ =-2.

Table 4. Comparisons of error norms for At = 0.001 at different times for problem 3.

Kutluay [23] Mittal [29] Present method Cpu Time
(100 partitions) (64 partitions) (64 partitions) of Present
Lo Lo Lo Lo Lo Lo Method
t=0.01 1.876e-4 1.986e-5 4.9971e-6  5.0040e-6 0.048
t=0.1 1.396e-4 3.984e-4 1.943e-4 1.382e-5 5.0122e-5 4.9327e-5 0.119
t=05 2473e-4 2.869e-4 2.232e-4  2.119e-5 2.1336e-4  1.4195e-4 0.385
t=1 3.530e-4 1.786e-4 2.676e-4 1.552e-5 2.5548e-4  9.8263e-5 0.712
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5. Conclusion

In this paper Chebyshev wavelet method is used to get numerical solutions of one di-
mensional coupled Burgers’ equation. In the solution procedure, the highest derivatives
that appeared in the equations are expanded into Chebyshev wavelets and with aid of
the integrals of Chebyshev wavelets the considered partial differential equations are con-
verted to algebraic system of equations. The proposed method is tested by three examples
and obtained results are compared with the exact solution and with those existed in the
literature such as Finite element method, Haar wavelet method and Spectral methods.
The comparisons show that the present method is quite satisfactory and competitive with
other methods. We can give the highlights of the present method as follows:

1]

e The present method can handle boundary conditions easily.

e Computer simulations show that the proposed method is computationally cheap,
fast and gives accurate results even in the case of a small number of collocation
points.

e The computer implementation of the proposed method is simple and straightfor-
ward.

e The present method can also be used for similar partial differential equations from
different branches of science and engineering with suitable modifications.
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Abstract

Let X be a Tychonoff space, Y an equiconnected space and C(X,Y) be the set of all
continuous functions from X to Y. In this paper, we provide a criterion for the coincidence
of set open and uniform topologies on C(X,Y) when these topologies are defined by a
family « consisting of Y-compact subsets of X. For a subspace Z of a topological space
X, we also study the continuity and the openness of the restriction map nz : C(X,Y) —
C(Z,Y) when both C(X,Y) and C(Z,Y) are endowed with the set open topology.
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Keywords. function space, set open topology, topology of uniform convergence on a
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1. Introduction

Let X,Y be topological spaces and C'(X,Y") be the set of all continuous functions from
X to Y. The set C(X,Y) has a number of classical topologies; among them the topology
of uniform convergence and the set open topology. Since their introduction by Arens and
Dugundji [1], set open topologies have been studied and the comparison between them
and the topology of uniform convergence have been considered by many authors (see, for
example, [4,7,9,10]).

In [4], Bouchair and Kelaiaia have established a criterion for the coincidence of the set
open topology and the topology of uniform convergence on C(X,Y’) defined on a family
a of compact subsets of X. They also have studied the comparison between some set
open topologies on C(X,Y") for various families . In this paper we continue the study
of the comparison between these topologies in the case when « is a family consisting of
Y -compact sets and give a criterion for their coincidence.

One of the most useful tools normally used for studying function spaces is the concept
of restriction map. If Z is a subspace of a topological space X, then the restriction map
7z : C(X,Y) = C(Z,Y) is defined by 7z (f) = fz for any f € C(X,Y’). The properties of
the restriction map 7z : C(X,R) — C(Z,R), when both C'(X,R) and C(Z,R) are endowed
with the topology of the pointwise convergence, have been studied by Arhangel’skii in
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kelaiaiasmail@yahoo.fr (S. Kelaiaia)
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[2,3]. In the present paper, we give a criteria for the continuity and for the openness of
the restriction map in the case when Y is an equiconnected topological space and C'(X,Y")
and C(Z,Y) are equipped with the set open topology.

Our paper is organized as follows. In Section 3, we prove that the set open and uniform
topologies on C'(X,Y') coincide if and only if « is a functional refinement family. Section 4
is devoted to compare the spaces C(X,Y") and C3(X,Y) for two given families o and /5 of
Y -compact subsets of X. In Section 5, we consider, for a subspace Z of a topological space
X, the restriction map 7z : Co(X,Y) — Cg(Z,Y) and we give necessary and sufficient
condition for the continuity and for the openness of the restriction map in the framework
of set open topology. We prove that, if « is a functional refinement family consisting
of closed Y-compact subsets of X and g is a family of closed Y-compact subsets of Z,
then 7y is continuous if and only if the quadruplet (8, a, X,Y") satisfies the property (P).
We also show that, if @ and S are two admissible families of compact subsets of X and
Z respectively, then 7z : Co(X,Y) — Cp(Z,Y) is open onto its image if and only if 3
approximates 7

2. Definitions and preliminaries

Throughout this paper, X is a Tychonoff space, Y is an equiconnected topological space,
C(X,Y) is the set of all continuous functions from X to Y, and « is always a nonempty
family of subsets of X. The set open topology on C(X,Y’) has a subbase consisting of all
sets of the form [A, V] ={f e C(X): f(A) CV}, where A € a and V is an open subset
of Y, and the function space C(X,Y’) endowed with this topology is denoted by Cy, (X,Y).
If V' is not arbitrary but is restricted to some collection B of open subsets of Y, then we
denote by C?(X,Y) the corresponding function space.

For a metric space (Y, p), the topology of uniform convergence on members of o has as
base at each point f € C(X,Y’) the family of all sets of the form

<f,Ae>={geC(X,Y): iggp(f(x),g(x)) < €},

where A € o and € > 0. The space C(X,Y) having the topology of uniform convergence
on « is denoted by Cp . (X,Y).

The symbols () and N will stand for the empty set and the positive integers, respectively.
We denote by R the real numbers with the usual topology. The complement and the closure
of a subset A in X is denoted by A¢ and A, respectively. If A C X, the restriction of a
function f € C(X,Y) to the set A is denoted by fj4. Let Z be a subspace of X, then o)z
denotes the family {ANZ: A € a}.

Let 8 be a nonempty family of subsets of X. We say that « refines 3 if every member
of « is contained in some member of 5. We say that S approximates a provided that for
every A € « and every open neighborhood U of A in X, there exist By, ..., B, € § such
that AC BiUBsU...UB, CU. A family « is said to be admissible if for every A € «

and every finite sequence Uy, ..., U, of open subsets of X such that A C ,Gle‘a there exists
i

a finite sequence Aj,..., A, of members of « which refines Uy, ...,U, and whose union
contains A. For example, the family of all compact sets as well as the family of all finite
sets in a topological space is an admissible family.

A topological space Y is said to be equiconnected [6] if there exists a continuous map
U:Y xY x[0,1] — Y such that ¥(x,y,0) =z, ¥(z,y,1) =y, and ¥(z,z,t) = z for all
z,y € Y and t € [0,1]. The map ¥ is called an equiconnecting function. A subset V of an
equiconnected space Y is called a W-convex subset of Y if ¥(V,V,[0,1]) C V. It is a known
fact that any topological vector space or any convex subset of any topological vector space
is an equiconnected space, and any equiconnected space is a pathwise connected space.
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For topological space X and Y, we write X =Y (X <Y') to mean that X and Y have
the same underlying set and the topology on Y is the same to ( finer than or equal to )
the topology on X.

Definition 2.1. ([10]). Let A C X and let Y be an arbitrary topological space. For a
fixed natural number n, we will say that A is Y™-compact if, for any continuous function
feC(X,Y™), the set f(A) is compact in Y.

We would like to mention that there are Y-compact sets which are not closed. Indeed,
it is proved in [10, Example 1] that if X is the set of all ordinals that are less than or equal
to wi and Y = R, then the subset of all countable ordinals from X is R-compact but it is
not closed in X. It was proved also that there are closed sets that are not Y-compact, see
[10, Example 4]. So in our comparison of topologies on C(X,Y’) we consider the family
« in the class of closed and Y-compact sets. Notice that, in the case when A = X and

Y =R, the R-compactness of the set A coincides with the pseudocompactness of the space
X.

Definition 2.2. ([11]). A space Y is called cub—space (or quadra- space) if for any
x € Y XY there are a continuous map f from Y x Y to Y and a point y € Y such that

) ==

For example, any Tychonoff space with Gs-diagonal containing a nontrivial path or a
zero-dimensional space with Gs-diagonal containing a nontrivial convergent sequence is a
cub-space. Also a pathwise connected metric space is a cub—space.

Proposition 2.3. Let X be a topological space, and (Y, p) be a pathwise connected metric
space. If A is an Y -compact subset of X and n is a natural number, then A is also an
Y™ -compact subset of X.

Proof. For the proof see Proposition 2.2 in [11]. O

The following lemma will be useful in the sequel which is a particular case of the
Proposition 2.4 in [11].

Lemma 2.4. Let X be a topological space and (Y,p) be a pathwise connected metric
space. Then the intersection of an Y -compact subset of X and the inverse image, by any
continuous function from X to Y, of any closed subset of Y is Y -compact.

Proof. Let A C X be an Y-compact set, F' a closed subset of Y, and g € C(X,Y).
We will show that AN g~ '(F) is Y-compact. Take an arbitrary element f of C(X,Y)
and prove that f(A N g '(F)) is compact in Y2. Define the function h : X — Y? by
h(z) = (f(x),g(z)), for every x € X. It is clear that the function h is continuous. By
Proposition 2.3, the set h(A) is compact in Y'2. Consider the set T =Y x F. We claim
that h(ANg=Y(F)) = h(A)NT. Indeed, if 2 € h(ANg~1(F)), then z € h(A). On the other
hand, there exists a point # € AN g~1(F) such that z = h(z) = (f(z), g(x)). Therefore
z € T. Conversely, let y € h(A)NT. Then, y = h(z) = (f(z),g(z)) for some z € A. Since
y € T, we have x € g~!(F). Therefore, v € AN g ' (F) and y € h(AN g~ '(F)). Thus,
h(AN g1 (F)) = h(A) N T which is compact as the intersection of the compact set h(A)
with the closed set T'. To finish the proof of the lemma it suffices to see that f(ANg~1(F))
is the projection of the set h(AN g~ *(F)) on T. O

We give the following definition.

Definition 2.5. A family « of subsets of X is called a functional refinement if for every
A € a, every finite sequence Uy, ..., U, of open subsets of Y, and every f € C(X,Y) such

that A C ALnJlf_l(Ui), there exists a finite sequence Aj,..., A, of members of o which
1=

refines f~1(U1), ..., f 1 (U,) and whose union contains A.
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It is clear that every admissible family is a functional refinement family.

Proposition 2.6. Let X be a topological space, and (Y, p) be a metric space. Then, the

family of all Y -compact subsets of X is a functional refinement family.

Proof. Let A C X be an Y-compact set, {Uy,...,U,} a finite sequence of open subsets

of Y, and f € C(X,Y) such that A C 'Glf_l(Ui). For every y € f(A), there exist
1=

iy € {1,...,n} and £, > 0 such that B(y,e,) C U;,, where B(y,¢,) is the open ball with

center y and radius €,. Then the family {B(y,ey):y € f(A)} is an open covering of
m

f(A). From this covering, let us choose a finite subcover {B (yj,ayj)} ) and for each
]:

j = 1,...,m, let us choose some i,; such that B(y;,e,,) C Uiyj. By Lemma 2.4, the set
Aj=f1 (B(yj,z-:yj)) N A is Y-compact, for each j. Therefore, the family Ay, ..., 4, of

Y-compact subsets of X covers A and refines f~1(Uy), ..., f~1(U,) . Hence, the family of
all Y-compact subsets of X is a functional refinement. O

3. Coincidence of set open and uniform topologies

In this section, we study necessary and sufficient condition for the coincidence of the
set open topology and the uniform topology on C(X,Y) in the case when the family «
consists of closed Y-compact sets. We first give subbase for the space C,(X,Y') that help
us to study the comparison of these topologies.

Theorem 3.1. Let o be a functional refinement family consisting of Y -compact subsets
of X and B be an arbitrary base for Y. Then, the family

{[A,V]: A€ a,V € B}
is a subbase for the space Co(X,Y).

Proof. Let f € C(X,Y) and take a subbasic open neighborhood [K, U] of f in Cy(X,Y),
where K € o and U open in Y . The open set U will be written as the union of some
subfamily {V;: i € I} of B which covers f(K). Since f(K) is compact, there exists

n
n € N* such that f(K) C ‘le/;. Since « is a functional refinement, there exists a sequence
1=

K, ...., K, of members of o which refines {f‘l(Vi) : i =1,...,n} and whose union contains

K. For each j € {1,...,m}, let us choose i; € {1,...,n} such that K; C f~1(V;,). It is easy

to see that f € .F'Wll {Kj,ViJ} C [K,U]. O
J:

The following result was obtained in [11, Theorem 3.3].

Theorem 3.2. For every Hausdorff space X and any uniform cub-space (Y,U) the topology
on C(X,Y) induced by the uniformity Ula of uniform convergence on the saturation family

a coincides with the set open topology on C(X,Y), where Y has the topology induced by
U.

Because every equiconnected metric space is a cub-space, the following result follows
immediately from the above theorem.

Theorem 3.3. Let X be a topological space, and (Y, p) be an equiconnected metric space. If
a is a functional refinement family consisting of Y -compact subsets of X, then Cyo(X,Y) =
Cou(X,Y).

Corollary 3.4. Let X be a topological space, and (Y, p) be an equiconnected metric space.
If a is a family consisting of Y -compact subsets of X which contains all Y -compact subsets
of its elements, then Co(X,Y) = Cou(X,Y).
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We will now give a necessary and sufficient condition for which C2(X,Y) = Cp . (X,Y).
To this end, we will introduce, for a family « of subsets of X, the following family

ar = {A'/A" is Y-compact subset of X and 3JA € a: A’ C A}.
Proposition 2.6 leads us to the following corollary.

Corollary 3.5. If « is a family of Y -compact subsets of X, then the family aq is always
a functional refinement family.

We give a definition.

Definition 3.6. Let X and Y be two topological spaces. Let a and § be two families
of subsets of X. We will say that the quadruplet («, 3, X,Y) satisfies the property (P)
provided that for every A € «, every open subset U in Y, and every f € C(X,Y) such

that A C f~1(U) , there exist By, ..., B, € 8 with A C QlBi C f7YU).

From the above definition, we observe that if a family 3 approximates « then (o, 5, X, Y)
satisfies the property (P).

Lemma 3.7. Let o be a family of Y-compact subsets of X. Then « is a functional
refinement if and only if the quadruplet (o, a, X,Y) satisfies the property (P).

Proof. Suppose that « is a functional refinement family. We will show that (a1, a, X,Y)
satisfies the property (P). Let A" € o, U be an open subset of Y and f € C(X,Y’) such
that A’ C f~1(U). Let A € a, with A’ C A. If A C =1 (U) the proof is finished. If
A ¢ f71(U); then the family {f~1(f(A")), f~1(U)} is an open cover of A. Since « is a
functional refinement family, there exists a finite sequence Ay, ..., A,, of elements of o which
refines {f~1(f(A4")¢), f~1(U)} and whose union contains A. Put J = {i: 4; C f~1(U)}.
It is clear that A’ C ‘Uin c fYU).
1€

Conversely, suppose that (aq, o, X, Y') satisfies the property (P). Let A € o, {U1, ..., Uy, }

a finite family of open subsets of Y and let f € C(X,Y) such that A C .Linjlffl(Ui).

From Proposition 2.6, there exists a finite sequence Ay, ..., Ay, of Y—Compact;ubsets of
X which refines {f~1(U1), ..., f~1(Uy,)} and whose union contains A. We set A;» =A;N

A for each 1 < j < m. Then the subfamily {A},..., A} of a1 covers A and refines
f~YU),..., f1(Uy). For each j = 1,...,m, let us choose some i; such that A;- C fHU,).

By our hypothesis there is, for every j = 1,...,m, a finite family A; = {A{, ...,A{nj} of
m; .
members of a, such that A; C kL_legc C f—l(Uij). Put A = igﬂi. This is a finite family of

elements of a which covers A and refines f~1(U1), ..., f~1(U,). Therefore « is a functional
refinement family. O

Corollary 3.8. For any family o of Y-compact subsets of X, we have Co(X,Y) <
Cal (X7Y) = Ca1,U(X7Y) = Ca,u(X; Y)-

Let @ = {A: A € a}. We have the following result.

Proposition 3.9. Let X be a topological space, and (Y,p) be a metric space. For any
family o of Y-compact subsets of X, we have Cpo(X,Y) = Cqu(X,Y).

Proof. Let us prove that Cg ,(X,Y) = Cou(X,Y). Let Ac o,e >0and f € C(X,Y). As
A C A, we have <f,Z,5> C (f,A,e), then Co(X,Y) < Cz,(X,Y). Let <f,Z,6> be an
open subbasic set of Cg,(X,Y"). Let us show that (f, A,5) C <f, Z,5> .Let g€ (f, A %)

and z be an arbitrary point of the set A. Since g and f are continuous, then for every
e > 0, there exists a point y. € A such that p(f(z), f(ye)) < § and 6 (9(z),9(y:)) < §
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(this is possible, since f~H(B(f(x),5)) Ng *(B(g(z),§) is a neighborhood of the point

zand 2 € A). Hence p(f(x),9(x)) < p(f(x), (W) +p(f(y),9(¥) +p(9(2),9(v)) < &
therefore Cq (X,Y) < Cou(X,Y). O

Theorem 3.10. Let X be a topological space, and (Y, p) be an equiconnected metric space
with a bounded metric p and having a base B consisting of V—conver sets. Let o be a
family of closed Y -compact subsets of X. Then C2(X,Y) = Cou(X,Y) if and only if
is a functional refinement family.

Proof. If o is a functional refinement family, then by Theorems 3.1 and 3.3 we have
C2(X,Y) = Co(X,Y) = Cou(X,Y). Conversely, suppose that C2(X,Y) = Cpu(X,Y)
and let us show that « is a functional refinement family. From Lemma 3.7 it suffices to
prove that (a1, a, X,Y) satisfies the property (P). Let A’ € a3, f € C(X,Y) and let U
be an open subset in Y such that A" C f~1(U). Since f(A') is compact, there exists a
continuous function g : Y — [0, 1] such that g(f(A’)) = {1} and g(U®) = {0}. Take a
nontrivial path p in Y with p(0) # p(1), and put h = pogo f . Since the topologies of the
spaces Cq, o(X,Y) and Cq 4 (X,Y") coincide, the set (h, A’,€), where € is strictly inferior
to the distance between p(0) and p(1) in Y, is an open neighborhood of h in C, ,,(X,Y).
Moreover, since C2(X,Y) = Cp(X,Y) there exist A1, ..., A, € a and V4, ..., V;, € B such
that
he ALV C (hAe).

Equiconnectedness of Y leads us, by [12, Corollary 1], to the fact that A" C 'GlAi' We
1=

set I = {i:A; C f~Y(U)}. By the same argument as in [4, Theorem 3], it follows that
A C U A;. This means that (a1, a, X,Y) satisfies the property (P), and so the family «

is a functlonal refinement. OJ

Corollary 3.11. Let X be a topological space, and (Y, p) be an equiconnected metric space
with a bounded metric p and having a base B consisting of V——convexr sets. Let o be a
family of closed Y -compact subsets of X. Then C2(X,Y) = Cqa, (X,Y) if and only if a is
a functional refinement family.

4. Comparison of C,(X,Y) and Cs(X,Y)

In this section, we are going to compare the topologies of Cy(X,Y) and C3(X,Y’) when
«a and B are two families of Y-compact subsets of X.

Theorem 4.1. Let o and § be two families of subsets of X. If («, 8, X,Y) satisfies the
property (P), then Co(X,Y) < Cp(X,Y).

Proof. The proof is the same of [4, Theorem 5]. O

Theorem 4.2. Let « and 8 be two families of closed Y -compact subsets of X, and Y
be an equiconnected topological space having a base B consisting of W-convex sets. If
Co(X,Y) < CE(X,Y), then the quadruplet (o, B, X,Y) satisfies the property (P).

Proof. Let A € o, V an open subset in Y and f € C(X,Y) such that A C f~1(V).
Since f(A) is compact in Y, there exists a continuous function ¢g : Y — [0, 1] such that
g(f(A)) ={0} and g(V¢) = {1}; Let p: [0,1] = Y be a path in Y with p(0) # p(1), and
let h =pogo f. Let W € B which contains the point p(0) and does not contain p(1).
Then [A, W] is an open neighborhood of h in C2(X,Y"). Since the topology of CE(X, Y)
is finer than the topology of C(X,Y") , there exist By, ..., B, € 8 and Vi,...,V,, € B such
that

he 61 (B;,Vi] C [A, W].
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We have then A C CJIBZ-. Put I = {i: B; C f~1(V)}. As in the proof of Theorem 3.10,
1=

we obtain that A C 'UjBi and hence (a, 8, X,Y’) satisfies the property (P). O
(S

Corollary 4.3. Let a and 3 be two families consisting of closed Y -compact subsets of X,
and Y be an equiconnected topological space having a base B consisting of ¥-convex sets. If
B is a functional refinement family, then Co(X,Y) < C(X,Y) if and only if (o, B, X,Y)
satisfies the property (P).

5. Restriction map

In this section, we use the results obtained above to study and generalize some results
due to Arhangel’skii about the properties of the so-called restriction map on function
spaces. Let Z be a subspace of a topological space X. The restriction map 7z : C(X,Y) —
C(Z,Y) is defined by mz(f) = fiz for any f € C(X,Y). We begin by examining the
continuity of mz. The following result is stated in [3].

Proposition 5.1. [3, Proposition 1] Let X,Y be topological spaces, and Z be a subspace
of X. Let a be a network in X and B be a network in Z. If B C «, then the restriction
map 7z : Co(X,Y) = C3(Z,Y) is continuous.

Proposition 5.1 can be strengthened as follows.

Proposition 5.2. Let X,Y be topological spaces, and Z be a subspace of X. Let o be
a family of subsets of X and [ be a family of subsets of Z. If (B,a,X,Y) satisfies the
property (P), then w7 : Co(X,Y) — Cg(Z,Y) is continuous.

Proof. Let f € C(X,Y) and [B, V] be an open neighborhood of f|z in Cs(Z,Y), where
B Band V openin Y. Then B C f~Y(V). Since (3, o, X,Y) satisfies the property (P),
there exist Aj,..., A, € a such that B C 'QlAi C f~YV). Thus '61 [A;, V] is an open

neighborhood of f in Cy(X,Y). It is easy to see that 7rz(61 [A;,Vi]) C [B,V]. Therefore
Tz is continuous. - ]
Proposition 5.3. Let X,Y be topological spaces, and Z be a subspace of X. Let o be
a family of subsets of X and [ be a family of subsets of Z. If Z is dense in X and
(B,a, X,Y) satisfies the property (P), then mwz : Co(X,Y) = mz(Co(X,Y)) is a bijective
continuous map, i.e. a condensation.

Proof. Let f and g be distinct elements in C'(X,Y). The continuity of the functions f
and g and the fact that Z = X imply that f|; # gz. Hence mz(f) # 7z(g). This means
that w7 is one-to-one. By Proposition 5.2, 7z is continuous. ]

Corollary 5.4. Let X,Y be topological spaces, and Z be a subspace of X. Let o be a
family of subsets of X and B be a family of subsets of Z. If a approximates (3, then
7z : Co(X,Y) = C3(Z,Y) is continuous.

Let BC Z C X and V CY. Recall that [B,V] ={f € C(X,Y) : f(B) C V}; let us
denote by [B,V]z ={f € C(Z,Y) : f(B) C V}. For the converse of Theorem 5.2, we
have the following.

Proposition 5.5. Let X be topological space, Y an equiconnected topological space having
a base B consisting of W-convex sets, and Z be a subspace of X. Let a be a functional
refinement family consisting of closed Y -compact subsets of X and 3 be a family of closed
Y -compact subsets of Z. If mz : Co(X,Y) — Cg(Z,Y) is continuous, then (5,0, X,Y)
satisfies the property (P).
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Proof. By Corollary 4.3, it suffices to show that C3(X,Y) < Co(X,Y). Let f € C3(X,Y)
and [B, V] be an open neighborhood of it in Cg(X,Y’), where B € $ and V open in Y.
Then 77(f) = fiz € [B,V]z. The continuity of 77 leads to the existence of A, ..., A, €
and open subsets Vi, ..., V,, of Y such that

fe N4 vilc(BVl.
Hence C3(X,Y) < Co(X,Y), and so (5, a, X,Y") satisfies the property (P). O

Now, to find out when 7wz is open we first recall the following result obtained by
Arhangel’skii [2, Proposition 3| for the topology of poinwise convergence in the case Y = R.

Theorem 5.6. If Z is a closed subset od X, then mz maps the space Cp(X) openly onto
the subspace mz(Cp(X)) of Cp(2).

In order to study the openness of the restriction map when C(X,Y) and C(Z,Y) are
equipped with set open topologies, we will need the following lemmas.

Lemma 5.7. Let X be a topological space, and 'Y be an equiconnected space. Let K be
compact subset of X, I be closed subset of X, and let f: X — Y be a continuous function
such that f(K N F) CV, where V is an open VU-convexr subset of Y. Then there exists a
continuous function f1: X —Y such that f1(K) CV and fip = f|F-

Proof. We observe that V is pathwise connected. Let p : [0,1] — V be a path in
V. Put K; = Kn f~Y(V°) which is compact. Let ¢ : X — [0,1] be a continuous
function such that g(F) = {1} and g(K;) = {0}. Define the function f; : X — Y by
fi(z) = ¥(pog(z), f(2),9(z)) for each z € X. It is clear that f; is continuous, and one
can easily verify that fir = fjp and fi1(K) C V. O

Lemma 5.8. Let X be a topological space, Y an equiconnected space with equiconnecting
function VU, Z a subspace of X, o a family of compact subsets of X with ANZ = ANZ
for each A € a and let g € C(Z,Y) be a function continuously extendable over X. Let
Ay, .., Ay € a, and V4, ..., Vy, are V-convex open subsets of Y such that g(A; N Z) C V;
for each i = 1,...,n. Then there exists a continuous extension g’ : X —'Y of g such that
g (A;) CV; for eachi=1,....,n.

Proof. We proceed by recurrence. Let g € C(Z,Y), A € a and V be an open ¥-convex
subset of Y with g(ANZ) C V. By applying Lemma 5.7 with F' = Z and K = A, we
obtain a continuous extension ¢’ of g over X with ¢’(4) C V.

Suppose that the property is true up to n. We show that it remains true for n + 1; let
Ay, .y Api1 € a, and Vi, ..., V41 are U-convex open subsets of Y such that g(4;NZ) C V;
foreach i = 1,...,n+1, and let us show the existence of a continuous extension ¢’ € C(X,Y)
of g such that ¢'(A4;) C V; for each i = 1, ..., n. By our assumption, we have g((4;NA,+1)N
Z) CV; N Vpyy, for each i = 1,...,n. Then the family {A; N 4,41, ..., Ay N Ay} verifies
(A;NAps1)NZ = (A; N Apy1) N Z for each @ = 1,...,n. Therefore, by the recurrence
hypothesis, we find a function g; € C(X,Y) extending g and such that gy (4; N Apy1) C
ViN Vi, for each ¢ = 1,...,n. We set X1 = X U (Uj=;(A4; N A,41)). Clearly we have
A;N Xy =A4,NnX; and gll(Ai NX1) CV; for each i = 1,...,n. Applying Lemma 5.7 once
again for F' = X; and K = A, 1, we get an extension g, € C(X,Y) of g’llyl such that
99(Ans1) C Viyq. We observe that gy(A; N A,pq) C Vi, for each i. Again we put Xp =
X1UA,+1. Then, we have, for each i = 1,...,n, A;N Xs = A; N X5 and g/2(AZ- NXy) CV,.
By the recurrence hypothesis, there exists gé € C(X,Y) which extending gély2 such that
g;)(Ai) C V;, for each i = 1,...,n, and we have gé(AnH) = g’Q(AnH) C Vpy1- Whence
g = gé is our required function. O
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Lemma 5.9. Let X be a topological space, Z a subspace of X, o and 8 are two families
of compact subsets of X and Z, respectively. If B approximates oz then ANZ =ANZ
for each A € a.

Proof. Suppose that there exists A € a such that AN (Z\ Z) #0. Let z € AN (Z\ Z).
Then there is no member of § for which x belongs. Therefore AN Z does not contained in
any finite union of members of 3; this contradicts the fact that 8 approximates a7 O

Theorem 5.10. Let X be a topological space, Z a subspace of X, and Y is an equicon-
nected space with a base B consisting of V-convex sets. Let o be an admissible family of
compact subsets of X and B be a family of compact subsets of Z. If B approximates a7,

then my is an open map from Co (X,Y) onto the subspace 77(Cq (X,Y)) of C3(Z,Y).

Proof. Let NI, [A;, Vi], where Aj,..., A, € a and V1, ..., V,, € B, be a basic open subset
of Co (X,Y) and f € 7z (NI [Ai, Vi]). Let f/ € C(X,Y) be an extension of f over X
such that " € N, [A;, Vi] . Since 8 approximates a7, there exists, for each i =1,...,n, a
finite subfamily 3; of 8 such that

AnZc|J{B:Bep}c (V).
Then

fe (ﬂ N [B,m) 7z (C(X,Y)) =W.
i=1 BEB;

We have W C 7z (NI, [Ai, Vi]) . Indeed, let g € W. Because g(J{B : B € #;}) C V;, then

g(A; N Z) C V; for every i = 1,...,n. Also, from Lemma 5.9, we have ANZ = ANZ

for each A € . Then, by Lemma 5.8, there exists a function ¢’ € C'(X,Y’) which agrees

with g on Z and belongs to N}, [4;, Vi] . We have then g € w7z (N}, [4;, V;]) . Therefore

W C mz (N [Ai, Vi]), which means that 7z : Cy (X,Y) — 12(Cq (X,Y)) is open. O

Lemma 5.11. Let X be a topological space, Z a subspace of X, and o, 3 are two fam-
ilies of compact subsets of X and Z, respectively. Let'Y be an equiconnected T1-space,
with equiconnecting function V. If w7 is an open map from Cy (X,Y) onto the subspace
72(Co (X,Y)) of C5(Z,Y), then ANZ = ANZ for each A € a.

Proof. Suppose that there exists A € a such that AN(Z\Z) # 0. Let x € AN(Z\Z). Let
p:[0,1] = Y be a path in Y with p(0) # p(1) and put V =Y \ {p(0)}. Let f € nz([4,V]),
then we have f = f"Z for some f' € [A,V]. Since mz : Cp, (X,Y) = 72(Cy (X,Y)) is open,
there exist By, ..., B, € f and V4, ..., V,, open subsets in Y such that

f e (1B Vi) Nz (C(X.Y)) € 7z (A V).
=1

Since z € AN(Z\ Z), we have z ¢ U, B;. Complete regularity of X gives us a continuous
function h : X — [0,1] such that h(z) = 0 and h(U}_;B;) = {1}. Consider the function
hi : X — Y defined by hi(z) = ¥(po h(z2), f'(2),h(z)) for each z € X. Tt is clear

that hy is continuous, h1 (Ui B;) € V and hi(x) = p(0) ¢ V. So hy|; € (F] [B;,Vi])) N
i=1

7z (C(X,Y)) and hy does not belong to [A, V]. Assume that h,|; admits another extension

hy € C(X,Y). By continuity we have hyz = hyz. Thus hi(z) = ha(z) ¢ V, and so

ha ¢ [A,V]. This leads that no continuous extension of hyj; over X belongs to [A, V],

which contradicts the fact that (( [B;, Vi]) N7z (C(X,Y)) C 7z ([A, V]). Hence, we have
i=1
ANZ=ANZ for every A € a. O
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Theorem 5.12. Let X be a topological space, Z a subspace of X, andY is an equiconnected
Ty -space with a base B consisting of W-convex sets.Let o be a family of compact subsets
of X and (B an admissible family of compact subsets of Z. If wz is an open map from
Ca (X,Y) onto the subspace mz(Co (X,Y)) of Cg(Z,Y), then [ approximates o7

Proof. Notice first that, from Lemma 5.11, we have ANZ = AN Z for every A € a.
Furthermore, C3 (Z,Y) = Cg (Z,Y) because [ is a functional refinement family. Let
A € o, G an open subset of Z with ANZ = AN Z C G. let Gy be an open subset in X
with G1 N Z = G. Now the subset Go = G; U (X\Z) , which is open in X, contains A
and verifies GoNZ =G NZ =G. Let f: X — [0,1] be a continuous function such that
f(A) = {1} and f(X\G2) = {0}. Let V =Y \ {p(0)}, where p is a path in Y, and put
g=po f. Then g~ (V) C Gy. Thus g|_Zl(V) C G. Consider in C, (X,Y) the subbasic
open subset [A,V]. We have then g € [A,V]. Thus 77 (g9) = gz belongs to 7z ([4,V])
which is open in 7z (C (X,Y)), by our assumption. Therefore, there exist By, ..., B, €
and open sets Vi, ..., V,, € B such that

91z € (M= [Bi, Vi) Nz (C(X,Y)) C 7z ([A,V])

By the same reasoning as in the proof of Lemma 5.11, we obtain that ANZ = AN Z C
U, B;. To continue our proof we will introduce the following notation. By B! we denote
a subset B C X , and by B its complementary in X, i.e., B®. Let J = {1,...,n} and
define the following set

A:{(él,ég,..., ) € {0,131\ {(0 (ﬂB5)m(AmZ)7é¢}.

i€J

We have then
AmZ:AmZgU{ﬂB}ﬂ&wﬁmeA}
i=1

Fixing an element (d1,...,,) in A and let us show that (5,_; Vi € V. Assume the
contrary. Let yo € Ns—1 Vi \ V. Let o € (ﬂz’ej B?i) N(ANZ), then zg ¢ (Us,—o Bi)
and g(wg) € (s,=1 Vi- By continuity of g and the fact that z¢ ¢ (Us,=0B;), we can take an
open neighborhood U of xq such that g(U) C Ns,—; Vi and U N (Us,—¢ Bi) = (. Consider a
continuous function ¢ : X — [0, 1] such that ¢(z¢) = 0 and ¢(U¢) = {1},and 0 < p(z) <1
for all z € X. Then the function h : X — Y defined by h(z) = ¥(yo, g9(x), p(z)), for all
z € X, is continuous and h; does not belong to 7z ([A, V]) because h(zo) = yo. But h|; €
(N, [B;, Vi]) N7z (C(X,Y)). In fact, if z € B;NU then h(z) = ¥(yo,g(z), p(z)) € Vi,
because V; is W-convex subset, for each 1 < i < n. If x € B; \ U, then h(x) = g(z) € V; for
each ¢ with 1 < ¢ < n. This gives us a contradiction, so we have (5, _, V; € V. Moreover,

since ;g Bi C Ns,=1 Biand A C U {mz‘ej Bz‘-S /(6;) € A} we obtain that

AmZgU{ﬂl?/ eA}CfZ(y

Moreover, the admissibility of 5 gives us, by [4, Lemma 1] , that for each (9;) € A, there
exist (s, finite subfamily of 8 such that

N B.cU{B:BeBs} ).
si=1

Hence
AnZ=Anzc U (U Bcrfvca
(6;)en BEB(%)
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Thus, we have [ approximates 7. O

Corollary 5.13. Let X be a topological space, Z a subspace of X, and Y is an equicon-
nected T1-space with a base B consisting of V-convex sets.Let o be an admissible family
of compact subsets of X and 8 an admissible family of compact subsets of Z. Then 7wz is
an open map from Cqo (X,Y') onto the subspace m7(Co (X,Y)) of C3(Z,Y) if and only if
B approximates .
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As a generalization of conformal holomorphic submersions and conformal anti-invariant
submersions, we introduce a new conformal submersion from almost Hermitian manifolds
onto Riemannian manifolds, namely conformal slant submersions. We give examples and
find necessary and sufficient conditions for such maps to be harmonic morphism. We also
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1. Introduction

A submanifold of a complex manifold is a complex (invariant) submanifold if the tan-
gent space of the submanifold at each point is invariant with respect to the almost complex
structure of the Kéahler manifold. Besides complex submanifolds of a complex manifold,
there is another important class of submanifolds called totally real submanifolds. A totally
real submanifold of a complex manifold is a submanifold of such that the almost complex
structure of ambient manifold carries the tangent space of the submanifold at each point
into its normal space. Many authors have studied totally real submanifolds in various
ambient manifolds and many interesting results were obtained, see ([45], page: 199) for a
survey on all these results. As a generalization of holomorphic and totally real submani-
folds, slant submanifolds were introduced by Chen in [13]. We recall that the submanifold
M is called slant [14] if for any p € M and any X € T),M, the angle between JX and T, M
is a constant 6(X) € [0, 7], i.e, it does not depend on the choice of p € M and X € T, M.
It follows that invariant and totally real immersions are slant immersions with slant angle
# = 0 and 6 = 7 respectively.

On the other hand, Riemannian submersions between Riemannian manifolds were stud-
ied by O’Neill [37] and Gray [25]. Since then Riemannian submersions have been an ef-
fective tool to obtain new manifolds and compare certain manifolds within differential
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geometry, see [8], [12] and [21]. It is also known that Riemannian submersions have many
applications in different areas such as Kaluza-Klein theory [22], [10], statistical machine
learning processes [46], medical imaging [36], statistical analysis on manifolds [9] and the
theory of robotics [3]. As analogue of holomorphic submanifolds, holomorphic submersions
were introduced by Watson [44] in seventies by using the notion of almost complex map.
This notion has been extended to other manifolds, see [21] for holomorphic submersions
and their extensions to other manifolds. Although holomorphic submersions have been
studied widely, however this research area is still an active research area, see a recent
paper [43]. The main property of such maps is that the horizontal distribution and the
vertical distribution of holomorphic submersions are invariant with respect to the almost
complex map of the total manifold. Thus holomorphic submersions include only those
submersions whose vertical distribution is invariant under the almost complex structure
of the total manifold. Therefore, the second author of the present paper considered a
new submersion defined on an almost Hermitian manifold such that the vertical distri-
bution is anti-invariant with respect to almost complex structure [41]. He showed that
such submersions have rich geometric properties and they are useful for investigating the
geometry of the total space. This new class of submersions called anti-invariant submer-
sions can be seen as an analogue of totally real submanifolds in the submersion theory.
As a generalization of anti-invariant submersions, slant submersions were defined in [42]
and it is shown that such maps are useful for obtaining new conditions for harmonicity,
see also [4,5,7,18-20,24,28-32,34,35,38] and [40] for new submersions in other total spaces.

As a generalization of Riemannian submersions, horizontally conformal submersions
are defined as follows [6]: Suppose that (M, gp) and (B, gp) are Riemannian manifolds
and ' : M — B is a smooth submersion, then F' is called a horizontally conformal
submersion, if there is a positive function A\ such that

Mgy (X,Y) = gp(F.X,FY)

for every X,Y € T'((kerF)*). It is obvious that every Riemannian submersion is a par-
ticular horizontally conformal submersion with A = 1. One can see that Riemannian
submersions are very special maps comparing with conformal submersions. We note that
horizontally conformal submersions are special horizontally conformal maps which were
introduced independently by Fuglede [23] and Ishihara [33]. We also note that a hori-
zontally conformal submersion F' : M — B is said to be horizontally homothetic if the
gradient of its dilation A is vertical, i.e.,

H(gradX) =0 (1.1)

at p € M, where XK is the projection on the horizontal space (kerF,)*. Although confor-
mal maps do not preserve distance between points contrary to isometries, they preserve
angles between vector fields. This property enables one to transfer certain properties of a
manifold to another manifold by deforming such properties.

As a generalization of holomorphic submersions, conformal holomorphic submersions
were studied by Gudmundsson and Wood [27]. They obtained necessary and sufficient
conditions for conformal holomorphic submersions to be a harmonic morphism, see also
[15-17] for the harmonicity of conformal holomorphic submersions.

Recently, we introduced conformal anti-invariant submersions [2] from almost Hermitian
manifolds onto Riemannian manifolds, as a generalization of anti-invariant submersions,
and investigated the geometry of such submersions. (see also: [1]) We showed that the
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geometry of such submersions are different from their counterparts anti-invariant sub-
mersions and semi-invariant submersions. In this paper, we study conformal slant sub-
mersions as a generalization of both conformal holomorphic submersions and conformal
anti-invariant submersions and investigate the geometry of the total space and the base
space for the existence of such submersions.

The paper is organized as follows. In the second section, we present the basic informa-
tion needed for this paper. In section 3, we give definition of conformal slant submersions
from almost Hermitian manifolds onto Riemannian manifolds, provide examples and give
a sufficient condition for conformal slant submersions to be harmonic. We also investigate
the geometry of leaves of (kerF,)* and (kerF,). Moreover we obtain a decomposition
theorem on the total space of a conformal slant submersion. Finally, we give necessary
and sufficient conditions for a conformal slant submersion to be totally geodesic.

2. Preliminaries

In this section, we define almost Hermitian manifolds, recall the notion of (horizontally)
conformal submersions between Riemannian manifolds and give a brief review of basic facts
of (horizontally) conformal submersions.

Let (M, gar) be an almost Hermitian manifold. This means [45] that M admits a tensor
field J of type (1,1) on M such that, VX,Y € T'(T' M), we have

JP=—I, gu(X,Y)=gu(JX,JY). (2.1)
An almost Hermitian manifold M is called Kahler manifold if
(VxJ)Y =0, VX, Y e (TM), (2.2)

where V is the Levi-Civita connection on M. Conformal submersions belong to a wide
class of conformal maps that we are going to recall their definition, but we will not study
such maps in this paper.

Definition 2.1. ([6]). Let ¢ : (M™, g) — (N, h) be a smooth map between Riemann-
ian manifolds, and let x € M. Then ¢ is called horizontally weakly conformal or semi
conformal at x if either

(i) dpz =0, or
(ii) dy, maps the horizontal space H, = (ker(dy,))* conformally onto Ty, N, ie.,
dpg is surjective and there exists a number A(x) # 0 such that
h(dpz X, dpaY) = Az)g(X,Y) (X, Y € Hy). (2.3)

We shall call a point x of type (i) in Definition 2.1 critical point. Also we shall call a
point of type (ii) a regular point. At a critical point, dy, has rank 0; at a regular point,
dp, has rank n and ¢ is submersion. The number A(x) is called the square dilation (of ¢
at x); it is necessarily non-negative; its square root A(z) = y/A(z) is called the dilation (of
¢ at ). The map ¢ is called horizontally weakly conformal or semi conformal (on M) if
it is horizontally weakly conformal at every point of M. It is clear that if ¢ has no critical
points, then we call it a (horizontally) conformal submersion.

Next, we recall the following definition from [26]. Let 7 : M — N be a submersion. A
vector field F on M is said to be projectable if there exists a vector field E on N, such that
dr(E,) = Eﬂ(x) for all z € M. In this case E and E are called 7— related. A horizontal

vector field Y on (M, g) is called basic, if it is projectable. It is well known fact, that if Z
is a vector field on N, then there exists a unique basic vector field Z on M, such that Z
and Z are m— related. The vector field Z is called the horizontal lift of Z.
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The fundamental tensors of a submersion were introduced in [37]. They play a similar
role to that of the second fundamental form of an immersion. More precisely, O’Neill’s
tensors T and A defined for vector fields E, F on M by

ApF = VWVygHF +HVygVF, TplF = HVygVE + VVypHF (2.4)

where V and H are the vertical and horizontal projections (see [21]). On the other hand,
from (2.4), we have

Vv W =Ty W + Vy W (2.5)
Vy X =HVy X +Ty X (2.6)
VxY =HVxY + AxY (2.7)

for X,Y e I'((kerF,)*) and V,W € I'(kerF,), where VW = VVyW. If X is basic, then
HVyX = AxV. It is easily seen that for x € M, X € H, and V, the linear operators Ty,
Ax T, M — T, M are skew-symmetric. We see that the restriction of T' to the vertical
distribution 7" |y« is exactly the second fundamental form of the fibres of 7. Since Ty is
skew-symmetric we get: 7 has totally geodesic fibres if and only if 7= 0. For the special
case when 7 is horizontally conformal we have the following:

Proposition 2.2. ([26]). Let w : (M™,g9) — (N™, h) be a horizontally conformal sub-
mersion with dilation A and X,Y be horizontal vectors, then

AxY = %{V[X, Y] - AZg(X,Y)gmdv(%)}. (2.8)

We now recall the notion of harmonic maps between Riemannian manifolds. Let
(M,gpn) and (N, gn) be Riemannian manifolds and suppose that ¢ : M — N is a
smooth map between them. Then the differential ¢, of ¢ can be viewed a section of the
bundle Hom(T M, p *TN) — M, where o 'TN is the pullback bundle which has fibres
(¢™'TN), = TN, p € M. Hom(TM,p 'TN) has a connection V induced from the

Levi-Civita connection VM and the pullback connection. Then the second fundamental
form of ¢ is given by

(V) (X,Y) = VE@u(Y) — 2 (VYY) (2.9)
for X,Y € I'(T'M), where V¥ is the pullback connection. It is known that the second
fundamental form is symmetric. A smooth map ¢ : (M,gy) — (N, gn) is said to be

harmonic if trace(Ve,) = 0. On the other hand, the tension field of ¢ is the section ()
of T'(p~'TN) defined by
m
T((p) = divpy = Z(VQO*)(QM ei)a (210)
i=1
where {ey, ..., e} is an orthonormal frame on M. Then it follows that ¢ is harmonic if
and only if 7(¢) = 0, for details, see [6]. Now, we recall the following lemma from [6].

Lemma 2.3. Suppose that ¢ : M — N is a horizontally conformal submersion. Then,
for any horizontal vector fields X,Y and vertical fields V,W we have
(i) Vde(X,Y) = X(In\)de(Y) + Y (In\)de(X) — g(X,Y)dp(gradin);
(i) Vdp(V,W) = ~dp(ALW);
(it}) Vdp(X,V) = —dp(VEV) = do((A%)5 V).
Here (A%)% is the adjoint of A% characterized by
(AMYE,F) = (B, AXF) (E,F € T(TM)).

Let gp be a Riemannian metric tensor on the manifold B = By x By and assume that
the canonical foliations Dp, and Dp, intersect perpendicularly everywhere. Then gp is
the metric tensor of a usual product of Riemannian manifolds if and only if Dp, and Dp,
are totally geodesic foliations [39].
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3. Conformal Slant submersions

In this section, we define conformal slant submersions from an almost Hermitian mani-
fold onto a Riemannian manifold, investigate the effect of the existence of conformal slant
submersions on the source manifold and the target manifold. But we first present the
following notion.

Definition 3.1. Let F be a horizontally conformal submersion from an almost Hermitian
manifold (Mji,g1,J1) onto a Riemannian manifold (Ma, g2). If for any non-zero vector
X € I'(kerFyp);p € My, the angle 6(X) between JX and the space (kerF,) is a constant,
i.e. it is independent of the choice of the point p € M; and choice of the tangent vector X
in (kerFip,), then we say that F' is a conformal slant submersion. In this case, the angle 0
is called the slant angle of the conformal slant submersion.

We note that it is known that the distribution kerF) is integrable. In fact, its leaves
are F~1(q), ¢ € My, i.e., fibers. Thus it follows from above definition that the fibres of a
conformal slant submersion are slant submanifolds of M, for slant submanifolds, see [13].
We now give some examples of conformal slant submersions.

Example 3.2. Every Hermitian submersion from an almost Hermitian manifold onto an
almost Hermitian manifold is a conformal slant submersion with A =1 and 6 = 0.

Example 3.3. Every conformal anti-invariant submersion from an almost Hermitian man-
ifold to a Riemannian manifold is a conformal slant submersion with A =1 and 6 = 7.

Example 3.4. Every slant submersion from an almost Hermitian manifold onto Riemann-
ian manifold is a conformal slant submersion with A = 1.

A conformal slant submersion is said to be proper if it is neither Hermitian nor conformal
anti- invariant submersion. We now present two examples of a proper conformal slant
submersion. We denote by J, the compatible almost complex structure on R* defined by

Jo(a,b,c,d) = (cosa)(—c¢, —d,a,b) + (sina)(—b,a,d, —c), 0<a< T

2
Example 3.5. Consider the following submersion given by
F: R — R?
(z1, 2,23, 24) (e sin 9, €™ cos x3),

where 2o € R — {kT,kr}, k € Z. Then it follows that
kerF, = span{Vy = Oxs, Vo = x4}
and

(kerF*)J‘ = span{ Xy = €** sin x90x1 + €** cos x20x2,

Xo = €™ cosx90x1 — €t sin x9022}.

Then by direct computations for any 0 < 6 < 7, F' is a slant submersion with slant angle
f. On the other hand,

F.X1 = (6")%0y1, F.Xo = (e")0ya.
Hence, we have
g2(F.X1, F.X1) = (6")201(X1, X1), ga(FiXo, FuXa) = (€")%g1 (X, X2),

where g1 and g denote the standard metrics (inner products) of R* and R?. Thus F is a
conformal slant submersion with A = e*!.
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Example 3.6. Let I’ be a submersion defined by
F: R — R?
(1,29, %3, 24) (cosh 1 sin x3, sinh 1 cos x3),
where z3 € R —{k%,kr}, k € Z. Then it follows that
kerFy, = span{Vy = Oxa, Vo = Ox4}
and
(k:erF*)J‘ = span{X; = sinh x; sin 230x; + cosh 1 cos x30x2,
X9 = cosh x; cos x30x) — sinh x; sin x30x2}.

Then by direct computations for any 0 < 6 < 7, F is a slant submersion with slant angle
f. On the other hand,

F.Xq = (sinh2 z1 sin? 23 + cosh? z1 cos? x3)0y1
and
F. X5 = (sinh2 x1 sin? 23 + cosh? z1 cos? x3)0Y2.
Hence, we have
gg(F*Xl, F*Xl) = (sinh2 T sin? xr3 + cosh? T cos? .’Eg)gl (Xl, Xl)
and
92(FiXo, Fi X3) = (sinh2 21 sin? x5 + cosh? z; cos? x3)g1(X2, X2),
where g1 and go denote the standard metrics (inner products) of R* and R%. Thus F is a

conformal slant submersion with A2 = sinh? z; sin? 23 + cosh? 21 cos? 3.

Let F' be a conformal slant submersion from an almost Hermitian manifold (M, g1, J)
onto a Riemannian manifold (Ma, g2). Then for U € I'(kerF,), we write

JU = ¢U + wU (3.1)

where ¢U and wU are vertical and horizontal parts of JU. Also for X € I'((kerF,)*), we
have

JX = BX + CX, (3.2)

where BX and CX are vertical and horizontal components. Using (2.5), (2.6), (3.1) and
(3.2) we obtain

(Vyw)V =CTyV — TyoV (3.3)
(Vyod)V = BTyV — TywV, (3.4)
where V is the Levi-Civita connection on M7 and

(Vyw)V = HVywV —wVyV

(Vuo)V = VyoV — ¢V V

for U,V € TI'(kerFy). Let F be a proper conformal slant submersion from an almost
Hermitian manifold (M, g1, J) onto a Riemannian manifold (Ma, g2), then we say that
w is parallel with respect to the Levi-Civita connection V on (kerF}) if its covariant
derivative with respect to V vanishes, i.e., we have

(Vyw)V = VywV — ¢V V

for U,V € I'(kerF). The proof of the following result is exactly same with slant immer-
sions (see [11] and [13]), therefore we omit its proof.
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Theorem 3.7. Let F' be a conformal slant submersion from an almost Hermitian manifold
(My,¢1,J1) onto a Riemannian manifold (Ma, g2). Then F is a proper conformal slant
submersion if and only if there exists a constant A\ € [—1,0] such that

®*U = U
for U € T'(kerF,). If F is a proper conformal slant submersion, then A\ = — cos? .
By using above theorem, it is easy to see the following lemma.

Lemma 3.8. Let I’ be a proper conformal slant submersion from an almost Hermitian
manifold (M, g1,J1) onto a Riemannian manifold (Ma, g2) with slant angle 6. Then, for
any U,V € T'(kerFy), we have

91(¢U, ¢V) = cos® g1 (U, V), (3.5)
and

g1(wU,wV) = sin? 8¢, (U, V). (3.6)

We now denote complementary distribution of w(kerF,) in (kerF,)* by u. The proof
of the following result is exactly same with slant submersion (see [42]), therefore we omit
its proof.

Proposition 3.9. Let F' be a proper conformal slant submersion from an almost Hermitian
manifold (M, g1,J1) onto a Riemannian manifold (Ms,gs). Then p is invariant with
respect to Ji.

Corollary 3.10. Let F' be a proper conformal slant submersion from an almost Hermitian
manifold (M{", g1, J1) onto a Riemannian manifold (M3, g2). Let

{e1, ..., m—n}

be a local orthonormal basis of (kerFy), then {cscOwey, ..., csc Owen,_n} is a local orthonor-
mal basis of w(kerFy).

Proof. It will be enough to show that g; (csc we;, csc fwe;) = d;;, forany 4,5 € {1, ..., ™3
By using (3.6), we have
g1(cscbwe;, cschwe;) = csc? 0sin? 0gy (€i,€5) = 0ij,
which proves the assertion. O
We note that above Proposition 3.9 tells that the distributions p and (kerFy)®w(kerFy)

are even dimensional. In fact it implies that the distribution (kerFy) is even dimensional.
More precisely, we have the following result whose proof is similar to the above corollary.

Lemma 3.11. Let F be a proper conformal slant submersion from an almost Hermit-

ian manifold (M{", g1,J1) onto a Riemannian manifold (M3, g2). If e1,ea,...,€m—n are
2

orthogonal unit vector fields in (kerF\), then
{e1,secOpeq, eq, seclpey, ...,em—n,secOpem—n}
2 2
is a local orthonormal basis of (kerFy).

Let F be a proper conformal slant submersion from an almost Hermitian manifold
(M#", g1, J1) onto a Riemannian manifold (M#,gs). As in the case of slant immersions,
we call such an orthonormal frame

{e1,secOpey, e, seclpes, ..., e, secOpe,, csc Owey, csc Qwes, ..., csc bwey,

an adapted slant frame for conformal slant submersions. In the sequel, we show that the
conformal slant submersion puts some restrictions on the dimensions of the distributions
and the base manifold.
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Proposition 3.12. Let F' be a proper conformal slant submersion from an almost Hermit-
ian manifold (M, g1, J1) onto a Riemannian manifold (M3, g2). Then dim(u) = 2n—m.
If w =0, then n = 3.
Proof. First note that dim(kerF,) = m — n. Thus using Corollary 3.10, we have
dim((kerFy) ® w(kerFy)) = 2(m — n). Since M; is m— dimensional, we get

dim(p) = 2n — m. Second assertion is clear. O

We now check the harmonicity of conformal slant submersions. But we first give a
preparatory lemma.

Lemma 3.13. Let F be a proper conformal slant submersion from a Kédhler manifold onto
a Riemannian manifold. If w is parallel with respect to V on (kerFy), then we have

Ty ¢U = — cos® 0Ty U (3.7)
for U € I'(kerFy).

Proof. If w is parallel, then from (3.3) we have CTyV = Ty¢V for U,V € T'(kerFy).
Interchanging the role of U and V, we get CTyU = Ty ¢U. Thus we have

CTyV — CTYU = Ty¢V — Ty oU.

Since T is symmetric, we derive

Ty ¢V = Ty oU. (3.8)
Then substituting V by ¢U we get Ty¢?*U = Tyu@U. Finally using Theorem 3.7 we obtain
(3.7). O

Theorem 3.14. Let F : (Mf(m+r), g1,J1) — (M go) be a conformal slant sub-
mersion, where (M, g1,J1) is a Kdhler manifold and (Ma, g2) is a Riemannian manifold.
Then the tension field T of F is

T(F) = —%F* (Teiei + sec? 0T¢ei¢>e,~) + (; — (m+ 2r)> FE.(gradin)). (3.9)
Proof. Let {ey,...,em,seclpeq, ...,sec Open, cscOwer, ..., cSCOwenm, [1, ooy fry J1L, vy J1for }
be orthonormal basis of I'(T'M;) such that {ey, ..., em,sec ey, ..., sec 0pen, } be orthonor-
mal basis of I'(kerF}),
{esc wey, ..., csc Bwe,, } be orthonormal basis of T'(w(kerFy)) and {1, ..., fry J1fa1y ey J1pir }
be orthonormal basis of I'(x). Then the trace of second fundamental form (restriction to
kerF, x kerF) is given by

trace*r*VE, = D (VE)(ei, ;) + (VF.)(secOge;, sec Oe;)
i=1
= Z(VF*)(ei, e;) +sec® O(VE,) (de;, pe;).
i=1
Then using (2.9) we obtain
1 1
tracefer v E, = ——F, (T.,e;) — —F (sec2 0T 4c, €5)
m m
1
= ——F(T..e; + sec? 0Ty, pe;). (3.10)
m
In a similar way, we have
m 2r
trace P VE, = Z(VF*)(CSC Owe;, csc Bwe;) + Z(VF*)(Miaﬂi)
i=1 =1
2r

= csc?f i(VF*)(wei,wei) + Z(VF*)(M, 1)

i=1 i=1
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Using Lemma 2.3 we arrive at

trace*rF) VE, = csc?0 Z{wei(lnA)F*wei + we;(In\) Frwe;
i=1
—  g1(we;, we;)Fi(gradin))}
2r
+ Y {m(lnN) Fapi + pi(Ind) Fapi — g1 (i, i) Fe(gradinA) }
i=1

= csc’f Z 291 (Hgradin, we;) Frwe;
=1
—  csc? 0gi(wey, wey ) Fy (gradin))
2r
+ Z 291 (Hgradin, ;) Fipi — 2rFy(gradin)).
1=1

Since F' is a conformal slant submersion, we derive

m
2
trace(kerF*)LVF* = csc?h Z ﬁgg(F* (gradin)), Fiwe;) Frwe;
=1

2r2

+ z:l ﬁgg(F*(gradln)\), Fopi)Fopi — (m + 2r)Fy(gradinX)
2
= FF* (gradlnX) — (m + 2r)F,(gradinX)
2
= ()\2 —(m+ 2r)) F.(gradin)). (3.11)
Then proof follows from (3.10) and (3.11). O

We note that for any C? real valued function f defined on an open subset of a Riemann-
ian manifold M, the equation A f = 0 is called Laplace’s equation and solutions are called
harmonic functions on U. Let F': M — N be a smooth map between Riemannian man-
ifolds. Then F' is called harmonic morphism if, for every harmonic function f: V — R
defined an open subset V of N with F'~!(V') non-empty, the composition fo F is harmonic
on F~Y(V). It is known that a smooth map F : M — N between Riemannian mani-
folds is a harmonic morphism if and only if F' is both harmonic and horizontally weakly
conformal [23] and [33]. Thus from Theorem 3.14 we deduce the following result.

Theorem 3.15. Let F : (Mf(m+r),gl,<]1) — (M3 g3) be a conformal slant sub-
mersion such that W # A2 where (M, g1,J1) is a Kihler manifold and (Ma, g2) is a
Riemannian manifold. Then any two conditions below imply the third:
(i) F is a harmonic morphism
(ii) w s parallel with respect to V on (kerFy)
(iii) F' is a horizontally homotetic map.

We also have the following result.

Corollary 3.16. Let F' be a conformal slant submersion from a Kdhler manifold

(Mf(m+T)791, J1) to a Riemannian manifold (My"2", go). If ﬁ = A\? then F is har-

monic morphism if and only if w is parallel with respect to V on (kerFy).

Remark 3.17. By arguing as in [6, Proposition 3.5.1, Theorem 4.5.4], one can see that
Theorem 3.15 and Corollary 3.16 are also valid for a horizontally weakly conformal map.
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We note that if W = \? is satisfied, then F is certainly horizontally homothetic.

We now study the integrability of the distribution (kerF,)' and then we investigate the
geometry of leaves of (kerF,)* and (kerF). We note that it is known that the distribution
kerF is integrable.

Theorem 3.18. Let F' be a proper conformal slant submersion from a Kdihler mani-
fold (M, g1, J1) onto a Riemannian manifold (Ma, g2). Then the following assertions are
equivalent to each other;

(i) (kerF,)* is integrable,
o 1
(ii) F{gz(V{;F*GX — VEFE.CY, FwV) — g2(VEF.X — VEF,Y, FweV)}
=q(AxBY — AyBX
—CY(In\)X 4+ CX(InN)Y
—2g1(CX,Y)In \,wV)
for X,Y € T((kerF,)*), V € I'(kerF,).
Proof. For X,Y € T'((kerF,)*) and V € I'(kerF.), using (2.1), (2.2) and (3.1) we have
g (X, Y], V)=—q(VxY, JoV )+ g1 (Vx JY,wV)+q1 (Vy X, JoV)— 1 (Vy I X, wV).
Then by using (3.2), we get
n([X,Y],V) = =g1(VxY,6*V) = g1 (VxY,wpV) + g1 (VxBY,wV)
+91(VxCY,wV)
+91(Vy X, 6°V) + g1(Vy X, wgV) — g1(Vy BX,wV)
— g1 (VyeX,wV).
Since F' is a conformal submersion, using (2.7), Theorem 3.7 and Lemma 2.3 we arrive at
g1([X,Y],V) = cos? 0g1 ([X, Y], V) + g1 (AxBY — AyBX,wV)

—i—%gg((VF*)(X, Y), FuwgV)

1
—ﬁgg(vggF*Y, F.woV) — gi(gradinX, X)g1(CY,wV) — gi(gradinX, CY ) g1 (X, wV)
1 1
+91(X, €Y)g1(gradinA, wV') + FQQ(VQF*GY, FwV) = 330:(VE)(Y, X), FwgV)

1
—l—ﬁgg(V{;F*X, F.woV) + g1(gradin\, Y ) g1 (CX,wV) + g1(gradin), CX)g; (Y, wV)

1
—q1(Y,€X)q1 (gra’dln}‘: wV) — pQQ(V}F/F*GX, FuwV).
Since VF, is symmetric, we have

sin?0g1 ([X,Y],V) = g1(AxBY — AyBX — CY(In\)X + CX(In\)Y
201(CX,Y)In \,wV)

1
+ 32{02(VVEX - VRRY, FweV)
— p(VEReX —VEF.CY, FwV)}
which proves assertion. 0

From Theorem 3.18, we deduce the following which shows that a conformal slant sub-
mersion with integrable (kerF,)* turns out to be a horizontally homothetic submersion.



38 M.A. Akyol, B. Sahin

Theorem 3.19. Let F' be a proper conformal slant submersion from a Kdhler manifold
(My,¢1,J1) onto a Riemannian manifold (Ma, g2). Then any two conditions below imply
the three;

(i) (kerF,)* is integrable
(ii) F' 1is horizontally homotetic.

N
(iii) p{gQ(viF*eX ~ VEFE.CY, FwV) — 2(VEF.X — VEF.Y, FaweV)}
=0aq1 (Ax'BY — Ay'BX, WV)
for X,Y € T((kerF,)*), V € I'(kerF,).
Proof. For X,Y € I'((kerF,)*), V € T'(kerF,), from Theorem 3.18, we have
sin?0g1 ([X,Y],V) = g1(AxBY — AyBX — CY(In\)X + CX(In \)Y
— 2¢1(CX,Y)In A\, wV)
1
+ p{92(v$ﬂX — VEFEY, FowoV)
— @(VEF.CX — VEF.eY, FuwV)}.

Now, if we have (i) and (iii), then we arrive at
—g1(Hgradln X, CY)g1(X,wV) + g1 (Hgradln X, €X) g (Y,wV)
—291(CX,Y)g1(Hgradln A\, wV') = 0. (3.12)
Now, taking Y = JV in (3.12) for V € I'(kerFy), we get
g1(Hgradln A, CX)g1 (wV,wV) = 0.

Hence A is a constant on I'(x). On the other hand, taking Y = €X in (3.12) for X € I'(p),
we derive

—g1(Hgradln X, €2X)g1 (X, wV) + g1 (Hgradn X, CX) g1 (CX,wV)
—2g1(CX,CX) g1 (Hgradln \,wV) =0,

hence, we arrive at
91(CX, CX)g1(Hgradln \,wV) = 0.

From above equation, A is a constant on I'(w(kerFy)). Similarly, one can obtain the other
assertions. n

Theorem 3.20. Let F be a proper conformal slant submersion from a Kdihler manifold
(M1, g1,.J1) onto a Riemannian manifold (Ms, g2). Then the distribution (kerF,)* defines
a totally geodesic foliation on My if and only if

%{gﬂvimx FowoV)—go(VE F.RY, FowV)} = g1 (AxBY,wV)
+ g1(gradin), X)g1 (Y, weV)
+ g1(gradin),Y)g1 (X, weV)
— (X, Y)g1(gradin,weV)
— g1(gradinX, X)g1 (CY,wV)
— g1(gradinX, CY ) g1 (X,wV)
+ g1(X, CY)g1(gradin,wV)
for X, Y € I'((kerF)*), V € T'(kerF,).

Proof. For X,Y € I'((kerF,)*) and V € T'(kerF,), using (2.1), (2.2), (3.1) and (3.2) we
have

g (VxY, V) = —g1(VxY,$*V) — g1 (VxY,wpV) + g1 (VxBY,wV) + g1 (VxCY,wV).
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Since F' is a conformal submersion, using (2.7), Theorem 3.7 and Lemma 2.3 we arrive at
01 (VxY, V) = cos? 09, (VxY, V) + g1 (AxBY, V) + g1 (gradin), X)gy (Y, woV)
+ g1(gradin\,Y)g1(X,wpV) — g1(X,Y)g1(gradin, weV)
- %92(V§<F*Y, FweV)
— g1(gradinX, X)g1(CY,wV) — gi(gradinX, CY ) g1 (X,wV)
+ g1(X, CY) g1 (gradin\, wV) + %gg(vﬁgmex F.wV).
Hence we have
sin? 01 (VxY, V) = g1 (AxBY,wV) + g1 (gradin), X)g1(Y,wpV)
+ g1(gradin\,Y)g1(X,woV)
— (X, Y)gi(gradind, wV) — gi(gradin), X)gi(CY,wV)
— g1(gradinX, CY)g1(X,wV) + ¢g1(X, CY ) g1 (gradinX,wV)
- %{gg(vﬁmc FowdV) — go(VEFL.CY, FowV)}
which proves assertion. ]
In a similar way we have the following.

Theorem 3.21. Let F be a proper conformal slant submersion from a Kdihler manifold
(M, ¢q1,J1) onto a Riemannian manifold (Mas, g2). Then the distribution (kerF) defines
a totally geodesic foliation on My if and only if
1
12 (0(VE)(U,woV), F.Z) = go(Vigy Fuwl, FeJCZ)} = g1(Awy ¢U
+ g1(wU,wV)gradln \, JCZ)
+ a0 (TU‘BZ, wV)
for U,V € I'(kerF,) and Z € T'((kerF,)*%).
From Theorem 3.21, we deduce that:

Theorem 3.22. Let F' be a proper conformal slant submersion from a Kdhler manifold
(My,¢1,J1) onto a Riemannian manifold (Maz, g2). Then any two conditions below imply
the three:

(i) kerFy defines a totally geodesic foliation on Mj.
(ii) A is a constant on I'(u).

(iil) % {g2(VE)(U,wdV), F.Z)—go(VE, FuwlU, F,JCZ)} = g1 (Auv $U, JCZ)+g1(TyBZ, V)
for U,V € T'(kerF,) and Z € T'((kerF,)*).
Proof. For U,V € I'(kerF,) and Z € T'((kerF,)*), from Theorem 3.21, we have
sin?0g, (Vo V, Z) = g1 (TywV, BZ) — g1 (Auy oU, JCZ)

— g1 (wV,wl)g1(HgradinX, JCZ)
+ %{gz((VF*)(U, weV), F.Z) — g2(Viy FuwU, F.JCZ)}.

Now, if we have (i) and (iii), then we get
g1 (wV,wU)g1(HgradinX, JCZ) = 0.

From above equation, A is a constant on I'(x). Similarly, one can obtain the other asser-
tions. O

From Theorem 3.20 and Theorem 3.21 we have the following result.
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Corollary 3.23. Let F be a proper conformal slant submersion from a Kdhler manifold
(M, ¢1,J1) onto a Riemannian manifold (Ma, g2). Then My is a locally product Riemann-
ian manifold if and only if

%{Wﬁémx FawgV) — g2( VX F.CY, FuwV)} = g1 (AxBY, wV)
+ g1(gradinX, X)g1(Y,wepV)
+ g1(gradin\,Y ) g1 (X, woV)
— g1(X,Y)g1(gradin\,weV)
— g1(gradinX, X)g1 (CY,wV)
— g1(gradinX, CY ) g1 (X, wV)
+ g1(X, CY) g1 (gradin,wV)

and

1

2192 (VE)U.woV), F.Z) = ga(Viy Fwl, FICZ)} = gi(AwyoU

g1 (wU,wV)gradln A\, JCZ)
gl(TUBZ,OJV)

for X,Y,Z € T((kerF)*) and U,V € T'(kerF,).

Finally we obtain necessary and sufficient condition for a conformal slant submersion
to be totally geodesic. We recall that a differentiable map F' between two Riemannian
manifolds is called totally geodesic if

(VF)(X,Y)=0 VX,Y € I(TM).

A geometric interpretation of a totally geodesic map is that it maps every geodesic in the
total manifold into a geodesic in the base manifold in proportion to arc lengths.

Theorem 3.24. Let F' be a proper conformal slant submersion from a Kdahler manifold
(M, g1,J1) onto a Riemannian manifold (Ms, g2). Then F is a totally geodesic map if
and only if

(i) 3e{g2(VE)(U,woV), F Z)=ga(VEy FuwU, F.JCZ)} = gi(Awv oU, JCZ)+g1(TywV, BZ),
(ii) 32{92((VE)(U,wBX), KY)+g:((VE)(U, €X), F.CY)} = g1(Ty¢BX,Y )~ 01 (Ty€X, BY ),
(iii) F' is a horizontally homothetic map
for U,V € T'(kerF,) and X,Y, Z € T((kerF,)").

Proof. (i) For U,V € I'(kerF,) and Z € T'((kerF,)*), using (2.1), (2.2), (3.1), (3.2 and
Lemma 2.3 we have

FR((VE)U V), E2) = u(Vud?V, 2) + g1 (VowsV, 2)

- 91(VywV,BZ) — g1(VywV,CZ)

= 1(Vud*V. Z) + g1 (VywoV, Z)
- gl(VUwV, ‘BZ) + gl(vwaU, JGZ).
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Using (2.5), Theorem 3.7 and Lemma 2.3 we arrive at

1
Fgg((VF*)(U, V), F.Z) = — cos? 091(VuV,Z) — g1 (TywV,BZ) + g1 (Awv oU, JCZ)

1
— ﬁgg((VF*)(U,wgf)V),F*Z) — gi(gradln A\, wV)g; (wU, JCZ)

— q1(gradln \,wU) g1 (wV, JCZ) 4+ g1 (wV,wU)g1(gradinA, JCZ)
+ %gz(vaF*wU, F,JCZ).
Hence we have
sin? H%QQ((VF*)(U, V), F.Z) = g1(Auv U, JCZ) — g1(wV,wU)gi(gradin), JCZ)
—q(TywV,BZ)
+ %{92((VF*)(U, woV), F.Z) + g2(VEy FuwU, F.JCZ)}.

(ii) For X,Y € T'((kerF,)*) and U € I'(kerF,), in a similar way

%92((VF*)(U, X),F.Y) =g (VuoBX,Y) + g1 (VywBX,Y)

A
— gl(VUGX, BY) — gl(VUGX, GY)
Using also (2.5), Theorem 3.7 and Lemma 2.3 we arrive at

1 1
ﬁgg((VF*)(U,X), EY)=g(Ty¢BX,Y) + pgg(F*(VUwBX), E.Y)

1
—g1(TyCX,BY) —

1292(FL(VyeX), F.eY)

1
= 0(Ty¢BX,Y) + 1592(~(VE)(U,wBX) + ViwBX, F.Y)

1
— q1(TyCX, BY) — 15.05(—(VF.) (U, €X) + vEeX, F.eY)
= g1 (TU¢BX, Y) — g1 (TUGX, 'BY)

1
+32102((VE)(U, €X), F.CY) - g(VE) (U, wBX), F.Y).

(iii) For X,Y € I'(n), from Lemma 2.3, we have
(VFE)(X,Y) = X(In\E.Y + Y(In\)F. X — g1(X,Y) Fi(gradin)).
From above equation, taking Y = JX for X € I'(u) we obtain
(VF)(X,JX) = X(In\)FoJX + JX(In\)Fu X — g1(X, JX)Fi(gradin))
= X(In\)F.JX + JX (In\)F, X.
If (VF)(X,JX) =0, we obtain
X(In\)F,JX + JX (In\)F,.X = 0. (3.13)
Taking inner product in (3.13) with Fi.JX we have
g1(gradin, X)go(FyJ X, FiJX) + g1(gradin, X)g2(Fv X, F,JX) = 0.

From above equation, it follows that A is a constant on I'(x). In a similar way, for U,V €
I'(kerF), using Lemma 2.3 we have

(VE,) (wU,wV) = wU(In\) FowV + wV (InA) FuwU — g1 (wU, wV) Fy(gradinX).
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From above equation, taking V' = U we obtain

(VF)(wU,wU) = wU(In\) FywU + wU (In\) FuwU — g1 (wU, wU) Fy(gradin))
= 2wU (In\) FywU — g1 (wU,wU)Fy(gradin)). (3.14)

Taking inner product in (3.14) with F.wU and since F' is a conformal submersion, we
derive

2g1(gradinX, wU)ge(FuwU, FuwU) — g1 (wU, wU)ga(Fy(gradin)), FowU) = 0.

From above equation, it follows that A is a constant on I'(w(kerF)). Thus A is a constant
on I'((kerF.)*). On the other hand, if F is a horizontally homothetic map, it is obvious
that (VFy)(X,Y) = 0. Thus proof is complete. O
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Abstract

The link between ordered sets and hyperstructures is one of the classical areas of research
in the hyperstructure theory. In this paper we focus on EL-hyperstructures, i.e. a class
of hyperstructures constructed from quasi-ordered semigroups. In our paper we link this
concept to the concept of a composition hyperring, a recent hyperstructure generalization
of the classical notion of a composition ring.
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1. Introduction

Since the times of elementary algebra, the scope of this mathematical discipline has
widened considerably. Already in 1930s, a step from the study of single-valued structures
to the study of multi-valued structures was made. This new creation, the hyperstructure
theory, has since then grown to a fully established branch of algebra with numerous far-
reaching applications in geometry, graph-theory, coding theory, medicine, number theory,
physics, chemistry, etc. For basic introduction to the theory and applications see [9, 11].

Two important multi-valued analogues of classical topics of algebra intersect in this
paper: the study of ordered sets and their connection to hyperstructures and the study of
ring-like hyperstructures.

The ordered sets have been in the focus of attention of the hyperstructure theory since
works of Nieminen, Corsini, Rosenberg, Krasner, Mittas, Davvaz, Leoreanu or Chvalina
of 1960s to 1990s. Notice that one of the first chapters of [9], a canonical book of the
hyperstructure theory, is dedicated to ordered sets. Selected reading on some aspects of
the topic includes also works such as [3,4,8,16]. Furthermore, Heidari and Davvaz [16] have
recently introduced the notion of partially ordered semihypergroups, i.e. have transferred
the concept of partially ordered semigroups to hyperstructures.

Krasner [20] introduced the notion of the hyperfield and then hyperring in order to ap-
proximate a local field of positive characteristic by a system of local fields of characteristic
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zero. The additive part of this hyperring was a special hypergroup while the multiplica-
tive part was a semigroup. Constructions of these structures can be found in [19,22, 28].
While studying polynomials over Krasner’s hyperrings, Mittas [27] introduced superrings,
in which both parts, additive and multiplicative, were hyperstructures. G. Massouros,
approching the theory of languages and automata from the point of view of hypercom-
positional algebra, was led to the introduction of the concepts of hyperringoid and join
hyperring [23,24]. Also, Vougiouklis [33] generalizing Mitas’ superring introduced hyper-
rings in the general sense. Some recent papers on the topic include [2,7,13,26] and a
book [11].

Motivated by the study of properties of the hyperring of polynomials [18], Cristea and
Janc¢ié¢-Rasovié¢ in [10] introduced the concept of composition hyperring as a multi-valued
generalisation of an older concept of the composition ring introduced in [1]. Notice that
as regards single-valued rings, composition leads to interesting applications in rings of
polynomials, power series or in the field of rational functions. In [12], the concept of
composition is used to construct composition (m,n, k)-hyperrings.

In this paper we study composition, suggested by Cristea and Jancié¢-Rasovié, in FL—
hyperstructures, i.e. in a class of hyperstructures constructed from quasi-ordered semi-
groups. The authors of [10] define the composition hyperoperation in hyperrings in the
general case of [32], i.e. in multivalued systems (R, +,-), where (R, +) is a hypergroup,
(R,-) is a semihypergroup and the multiplication is distributive with respect to the addi-
tion. In our paper we partly broaden this environment by suggesting implications also for
cases of (R, +) being a semihypergroup (making use of results achieved in [30]).

2. FEL-hyperstructures: construction and use

There exist numerous constructions of hyperstructures from given single-valued alge-
braic structures. The concept of EL-hyperstructures was coined by Chvalina in [4] and
explored in e.g. [15,29,31]. The construction is based on validity of a rather simple and
straightforward Lemma 2.1. However, when looking for examples of £ L-hyperstructures,
the simplicity and straightforwardness disappear. Naturally, there are obvious intuitive
face-value examples such as (N, +, <) or (P(S5),N, C). EL-hyperstructures have also been
used in papers such as [5, 6, 14] or Sections 8.3 and 8.4 of book [11] in the context of
quasi-ordered semigroups such that the nature of their elements and the operation and
ordering follow from the application task. In this respect also notice [21], where E L-hyper-
structures have been used to construct a class of H,—matrices. Finally, there is another
layer of possible uses: Suppose that we have a set of elements, properties of which can be
described by means of numerical values (such as length, cardinality, number of elements of
a sequence, etc.). Since number domains with a suitably chosen operation and the natural
ordering with respect to size often form quasi-ordered semigroups, Lemma 2.1 presents a
natural way of constructing (associative and commutative) hyperstructures out of them.
In this paper we intentionally demonstrate our results using the simplest possible exam-
ples. For a deeper insight and less obvious and straightforward uses of the construction
see the above mentioned references.

Further on we work with principal ends (hence EL which stands for “Ends lemma"),
i.e. for an arbitrary a € (S, <) we set [a)< = {z € S;a < z}.

Lemma 2.1. ([4], Theorem 1.3 & Theorem 1.4, pp. 146-147). Let (S,-, <) be a partially
ordered semigroup. The binary hyperoperation x : S x S — P*(S) defined by

axb=1[a-b)< (2.1)

is associative. The semihypergroup (S, *) is commutative if and only if the semigroup (.S, -)
1s commutative. Furthermore, the following conditions are equivalent:
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19 For any pair (a,b) € S? there exists a pair (c,c’) € S? such that b-c < a and
d-b<a.
20: The associated semihypergroup (S, *) is a hypergroup.

Remark 2.2. If (S, -, <) is a partially ordered group, then if we take c = b~!.a and ¢/ =
a-b~!, then condition 1Y is valid. Therefore, if (S, -, <) is a partially ordered group, then
its associated hyperstructure is a hypergroup. In fact, it is a transposition hypergroup, i.e.
our reasoning results in transposition hyperrings, which can suggest another line of further
research. For the use of transposition axiom in hypercompositional structures see [25].
Cases of (S,-) not being a group yet resulting in a hypergroup (5, *) are discussed in
[31]. It can also be easily verified that we can assume quasi-ordered structures instead
of partially ordered ones in Lemma 2.1 (however, beware that in this case commutativity
of the hyperoperation does not imply commutativity of the single-valued operation). For
details see e.g. [29].

3. Basic notions and concepts, notation

Throughout the paper we work with the following definitions and concepts. By a hy-
perring in the general sense and by a semihyperring in the general sense we mean systems
(R, +,-) discussed e.g. in [33].

Definition 3.1. ([33], p. 21, included as plain text) (R, +,-) is a hyperring in the general
sense if (R, +) is a hypergroup, (+) is associative hyperoperation and the distributive law
z(y+z) Cay+xz, (r+y)z C xz+yz is satisfied for every z,y,z of R. [...] (R,+,-) will
be called semihyperring if (+), (-) are associative hyperoperations, where (-) is distributive
with respect to (4). The rest of definitions are analogous. If the equality in the distributive
law is valid, then the hyperring is called strong or good.

By a hyperring and by a semihyperring we mean a good hyperring, or a good semihyper-
ring in the sense of Definition 3.1, respectively. Notice that this means that our concept
of hyperring is the same as the concept used in [10,18,32] yet it permits a generalisation
in the sense of inclusions.

Composition hyperrings were introduced in [10] as a special class of hyperrings with one
additional property.

Definition 3.2. ([10], Def. 3.1) A composition hyperring is an algebraic structure (R, +, -, o),
where (R, +, -) is a commutative hyperring and the hyperoperation o satisfies the following
properties, for any x,y,z € R:

(1) (x+y)oz=z0z+4+yoz

(2) (#-y)oz=(r0z2) (yoz)

(3) wo(yoz)=(zoy)oz
The binary hyperoperation o having the previous properties is called the composition
hyperoperation of the hyperring (R, +,-).

To be consistent with the background and reasoning of [1,10] we further on deal with
commutative hyperoperations and composition property only. Notice that in the construc-
tion using Lemma 2.1 commutativity of the single-valued operation implies commutativity
of the hyperoperation and antisymmetry of < turns this implication into equivalence. If
x oy is a one-element set for all z,y € R, we will speak about an operation rather than a
hyperoperation even though it will have to be at certain point applied in an element-wise
manner on sets (see below in e.g. (5.7) Theorem 5.10). Throughout the paper we will be in-
terested in the composition (hyper)operation in various types of hyperstructures (R, +, )
— not only in hyperrings but also in hyperrings in the general sense, semihyperrings or
semihyperrings in the general sense.
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Since we construct hyperoperations from single-valued operations on the same set, we
have to alter the standard notation of hyperoperations in ring-like hyperstructures. Thus
in our context the symbols 4+ and - will be reserved for single-valued operations and the
hyperoperations will be denoted by & and e. The hyperoperations will be constructed
from single-valued quasi-ordered semigroups using Lemma 2.1, i.e. for all z,y € R, where
(R,+,<) and (R, -, <) are quasi-ordered semigroups, we define

a®db=[a+b<={re€Ra+b<uz} (3.1)
and

aeb=[a-b)<={y e Rya-b<vy} (3.2)
and get hyperstructures (R, ®, ) which we then study. Since (R, ®) and (R,e) are EL—

hyperstructures, it is possible to apply results achieved in [29-31] and immediately state
further properties of both (R, @), (R,e) and (R, ®,e).

4. FL-hyperstructures with two hyperoperations

First we show the variety of ' L-hyperstructures with two hyperoperations which can
be obtained using hyperoperations (3.1) and (3.2). Thus the following lemma, included in
[30] as Theorems 5.2, 5.4 and 5.5., bounds the area of our future considerations.

Lemma 4.1. Let (R,+,<) and (R,-,<) be quasi-ordered semigroups and &, e hyperop-
erations defined by (3.1) and (3.2) respectively. Furthermore, let - distribute over + from
both left and right.

(1) (R,®,e) is a semihyperring in the general sense.

(2) If (R,+) is a group or if (R,®) is a hypergroup, then (R,®,e) is a hyperring in
the general sense.

(3) If (R,") is a group, then (R,®, o) is a semihyperring.

(4) If (R, +) is a group with neutral element 0 and (R\{0}, ) is a group, then (R, ®, o)
is a hyperring.

Proof. The proof is included in [30] and is based on use of [30], Lemma 4.1, Lemma 4.4,
which discuss distributivity, and Remark 4.8, which discusses the role of the absorbing
element of the single-valued ring-like structures. Since Lemma 4.1 is important in the
context of this paper and not including at least a sketch of its proof would not be correct,
we include the main idea of the proof here.

First we show that, for all a,b,c¢ € R, where (R,+,<) and (R, -, <) are quasi-ordered
semigroups, there is

a-(b+c)=a-b+a-c = ae(bdc)laebdaec (4.1)
(a+b)-c=a-c+b-c = (adb)ecCaecPhbec

This is done in the usual way of rewriting both sides of the inclusions using (3.1) and (3.2)
and then proving that an arbitrary element from one side of the inclusion is included in
the other one.

If we now suppose that (R, -, <) is a quasi-ordered group, then with the help of inverse
elements we are able to prove the opposite inclusions, i.e.

a-(b+c)=a-b+a-c = ae(bdc)DaebPaec (4.2)
(a+b)-c=a-c+b-c = (adb)ecDaechbec
for all a,b,c € R.
To complete the proof we need to discuss the role of the potentially existing absorbing

elements. Suppose a = 0 (or ¢ = 0 in the second inclusion) in (4.1). We get [0)< C

U [+ y)< for a =0 or {0} C [0)< for ¢ = 0. Since the relation < is reflexive, this
x’ye[o)g
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obviously holds and does not cause any problems. If we suppose a = 0 (or ¢ = 0) in (4.2),

we get that
U k+y<c U [0-h)<=[0)<
z,y€[0)< helbte)<

However z,y € [0)< means that 0 <z, 0<y,ie. 0=04+0<z+y, ie.

U [z+v)<=10)<,

z,y€(0)<

i.e. we get equality [0)< = [0)<. If in the second inclusion ¢ = 0, then we get the same
equality [0)< = [0)<.

Thus we have shown the respective parts on distributivity. The rest follows from
Lemma 2.1 and definitions of the respective ring-like hyperstructures. 0

Remark 4.2. Notice that [31] discusses conditions under which Lemma 2.1 applied on
a quasi-ordered semigroup which is not a group constructs a hypergroup. In this respect
Lemma 4.1, item 2, could be made stronger — see Example 4.3. The same holds for
analogous situations, e.g. below in Theorem 6.2.

Example 4.3. Regard an arbitrary set S and its power set P(.S). The operations N, U of
set intersection and set union are associative, thus (P(S),N) and (P(S), U) are semigroups.
The relation C on P(S) is obviously reflexive and transitive and for arbitrary A, B,C €
P(S) such that A C B thereis ANC C BNC and AUC C BUC. Thus if we define
hyperoperations @, e for arbitrary A, B € P(S) by

A®B=[AUB)< ={X eP(S);AuBC X} (4.3)
and

AeB=[ANB)<={Y €P(S);ANB CY}, (4.4)
we get semihypergroups (P(5), @) and (P(S), ). Moreover, as set intersection is distribu-
tive with respect to set union, (P(S ) ,®) is a semihyperring in the general sense.

5. The composition hyperoperation in various FL-ring-like hyperstruc-
tures

In this section we study the potential and limitations of hyperstructures suggested in
Section 4 with respect to the composition hyperoperation (or operation). Since the hy-
perstructures are constructed from single-valued structures, we concentrate on properties
of the hyperstructures which follow from properties of the single-valued structures.

In the text below notice the precise meaning of symbols ® and e. When applied on
single elements, they are used in the meanings (3.1) and (3.2) respectively. However, for
all sets A, B C R there is

A®B= Ua+b U{xeRa+b<x} (5.1)
a€A acA
beB beB
and
AeB=Jla-b)<=J{ye Ra-b<y} (5.2)
i i

First of all we discuss a rather trivial case of constant composition.

Definition 5.1. If there is zoy = ros for an arbitrary quadruple of elements z,y,7,s € R,
we call the composition operation (hyperoperation) o, defined in Definition 3.2, constant
composition operation (hyperoperation).

The following theorem holds for all types of hyperstructures discussed in Lemma 4.1.
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Theorem 5.2. Let (R, @, ) be a semihyperring in the general sense constructed in Lemma 4.1
from idempotent quasi-ordered semigroups (R,+,<) and (R,-,<). Consider r € R arbi-
trary. Then o defined by

aob=1r)< (5.3)

for all a,b € R, is a constant composition hyperoperation on (R,®,e). It is a constant
operation if < is antisymmetric and r is the greatest element of (R, <).

Proof. Inthe @, @ notation, the left-hand side of Definition 3.2, property 1, reads (z@y)oz.
This is
[z +y)<oz= U [r)<=[r)<

number of elements
of [x4+y) < —times

The right-hand side reads (x o z) @ (y o z), which is

M<+<= U la+b<=Jla+b)<
a,be[r)<

r<a
r<b
Since r < a, r < b implies r+r < a+b and the relation < is reflexive, there is [r)< +[r)< =
[r +7)<. For idempotent + there is r +r =r, i.e. [r)< + [r)< = [r)<.
The same reasoning can be applied on property 2 of Definition 3.2. Property 3 holds
obviously. Finally, if r is the greatest element of (R, <), then [r)< = {r}, thus we can
speak about an operation instead of a hyperoperation. ]

Example 5.3. If we continue with Example 4.3, where the semihyperring in the general
sense of the power set P(.5) is discussed, and define

AoB=[R)c ={T € P(S);RC T}

for an arbitrary pair of A, B € P(S), we get a constant composition hyperoperation on
P(S). If R = S, then o becomes a constant composition operation.

Theorem 5.2 obviously does not hold when operations + or - are non-idempotent. Not
even one of the inclusions holds because neither r € [r + 7)< nor r 4+ r € [r)< in a general
case. Yet for all types of hyperstructures discussed in Lemma 4.1 we might prove the
following.

Theorem 5.4. Let (R, @, ) be a semihyperring in the general sense constructed in Lemma 4.1
from partially ordered semigroups (R, +,<) and (R, -, <). If they exist, denote es the neu-
tral element of (R,+) and ey, the neutral element of (R, ).

(1) If simultaneously e, < e, + e, and es < ey - €, then opine defined by
@ Omine b = [min{es, ep})< (5.4)

for all a,b € R, is a constant composition hyperoperation on (R, ®,e).
(2) If simultaneously e, + e, < e, and es - €5 < e, then omaxe defined by

@ Omaxe b = [max{es, ep})< (5.5)
for all a,b € R, is a constant composition hyperoperation on (R, ®,e).

Before proving the theorem, agree that, if the elements ey, e, are incomparable, then
since the minimum does not exist, we set a omine b = 0. Moreover, if only e, exists, then
we set min{es, e,} = e, (and the same for e,). And make the similar agreement for the
maxima.

Proof. We will prove the theorem for o, only. The proof for onaxe is analogous.
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In the @, e notation the left-hand-side of Definition 3.2, property 1, reads (z @ y) o z.
This is

[‘T + y)ﬁ Omine & = U [min{es, ep})g
number of elements
of [z+y)§7times

= [min{es, ep})ﬁ

while the right-hand side, which reads (x 0 2) @ (y o 2), is

min{es, ep})< + [minfes, )<= (J  [a+b)<

min{es,ep}<a
min{es,ep}<b

Now the following cases are possible:

es < ep: : This means that min{es,e,} = es; the left-hand side is [es)< while the
right-hand side is | [a +b)< = [es + €s)< = [es)<, i.e. the same.

es<a
es<b

ep < es: : This means that min{es, e, } = e,; the left-hand side is [e)) < while the right
hand sideis |J [a+b)< = [ep+ep)<. Suppose now an arbitrary « € [ep,)<, i.e. such
o5

x € R that e, < x. Since we assume that e, < ey, there is also e, +¢, < r+e; = z,
ie. x € [ep + €p)<. If on the other hand we suppose an arbitrary = € [e, + €,)<,
ie. e, + e, < x, then on condition assumed in the theorem, ie. e, < e, + ¢p,
there is from transitivity that e, < z, which means that = € [e;)<. Altogether

[ep)< = [ep +ep)<.
If neither e, nor e, exists or if e5 and e, are incomparable, we end up with () = (. If only
es exists, we get the same as when e, < e,. If only e, exists, we get the same as when

ep < €.
The proof of Definition 3.2 property 2, is completely analogous. The proof of property 3
is obvious. ([l

Example 5.5. Since (Z,+, <), where < is the natural ordering of integers, is a partially
ordered group, (Z, -, <) a partially ordered semigroup and es = 0, e, = 1, the hyperoper-
ation o defined for all a,b € Z by aob = [0)< is an example of a constant composition
hyperoperation on the hyperring in the general sense (Z,®,e), where & and e are de-
fined by (3.1) and (3.2) respectively, in a context when the single-valued operations +, -
are non-idempotent. The conditions of Theorem 5.4 obviously hold since 1 <1+ 1 and
0<0-0.

The constant compositions are rather trivial and degenerated cases yet even there the
limits of applying the composition property in the context of the “Ends lemma’", i.e. on
hyperoperations based on the sets of the [a)< type, can be seen. It is rather difficult
to achieve equality in properties 1 and 2 since the addition (or multiplication) on the
left-hand side is applied on elements while on the right-hand side it is (in a general case)
applied on sets — and this is done in a context where neither a € [a+ a)< nor a+a € [a)<
holds generally.

Let us therefore adjust the composition hyperoperation defined in Definition 3.2 to suit
FE L-hyperstructures better. In order to keep notation uniform with Definition 3.2 we use
symbols +, - for the hyperoperations even though below we are going to use Definition 5.6
only in context of hyperoperations @, e.

In the following definition we speak of “semihyperrings in the general sense'. This is
because they are the weakest of hyperstructures discussed in Lemma 4.1. Thus we make
sure that the future considerations are valid for all types of relevant hyperstructures.
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Definition 5.6. A binary operation (hyperoperation) on a semihyperring in the general
sense (R, +,-), where + and - are hyperoperations on R, is called a left weak composition
operation (hyperoperation) and denoted oy, if, for all z,y,z € R,

(1) (@4 y) o 2 € (zomw 2) + (y o 2)

(2) (l‘ : y) Oy 2 € (1’ Olw Z) ' (y Olw Z)

(3) T Oy (y Olw Z) = (l‘ Olw y) Olw Z-
or the right weak composition operation (hyperoperation) and denoted o, if, for all
x,Y,2 € R:

(1) (zopw 2) + (Y orw 2) € (T +Y) orw 2

(2) (T opw 2) (Yorw2) C(z-y) opw 2

(3) L Opry (y Orw Z) = (35 Orw y) Orw 2.
The hyperstructure (R, +,-,oy) (regardless of type) is called a weak composition hy-
perstructure (i.e. weak composition semihyperring / weak composition hyperring / etc.)
regardless of whether oy = oy, or oy = o, or whether oyy is single— or multi—valued.

Chvalina has in [3,4] and subsequent papers introduced and studied the concept of quasi-
order hypergroups, which has been studied by a number of authors since. In the following
theorem we not only give necessary conditions for the existence of a left (right) weak
composition hyperoperation but also establish a link between quasi-order hypergroups
and E L-hyperstructures by defining the composition hyperoperation by aob = [a)<U[b)<
for all a,b € R, i.e. by a condition used when testing whether a hypergroupoid (H, o) is
a quasi-order hypergroup. (For details see e.g.[9], chapter 3, §1). Notice that thanks to
reflexivity of relation < the set [a)< U [b)< has for a # b always at least two elements.

Theorem 5.7. Let (R, @, ) be a semihyperring in the general sense constructed in Lemma 4.1
from quasi-ordered semigroups (R,+,<) and (R,-,<). If, for all ™ € R, there isr+r <r
and r-r < r, then there exists a left weak composition hyperoperation oy, on (R, ®,e).

Proof. Define a o, b = [a)< U [b)< for all a,b € R. In this context the left-hand side of
property 1 of Definition 5.6 is

e+ y)<owz= |J [0)<Ul)<=[z+y)<Ul)<
zt+y<a

while the right-hand side is
(z om 2) & (y o1 2) = ([2)< U [2)

ae[z>L<Ju[z><

bely)<Ulz)<

ie. (zopwz2)®Wowz) ={de Ria+b<d;(x<aorz<a)and (y <borz <b)}.

Suppose an arbitrary ¢ € [x 4+ y)< oy, 2. There are two options: ¢ € [z +y)< or ¢ € [2)<.

If ¢ € [x + y)<, then obviously ¢ € (x oy, 2) & (y o 2) because a € [z)<, b € [y)<, ie.

z < a,y <bimplies z +y < a+ b which thanks to transitivity of < means that x +y < c¢

which is what we suppose. If ¢ € [z)<, i.e. z < ¢, then if we suppose that z + z < z, we

get from transitivity of < that z + z < ¢. Yet this is on the right-hand side the case of
ac€lz)<,belz)<,ie. z+2<a+b.

The proof of property 2 is analogous, the proof of property 3 is obvious. g

<
a

)& ([y)<Ulz)<)
+b)<,

—

Corollary 5.8. If (R,+,<) and (R,-, <) are idempotent quasi-ordered semigroups, then
there always exists a left weak composition hyperoperation oy, on (R,®,e). The same
holds if r +r <r for allr € R and (R,-,<) is an idempotent quasi-ordered semigroup or
ifr-r <r forallr € R and (R,+, <) is an idempotent quasi-ordered semigroup.

Proof. Conditions » + 1 < r, r - r < r included in Theorem 5.7 in this case turn into
r < r. However, since the relation < is reflexive, they hold trivially. O
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Remark 5.9. If both (R, +, <) and (R, -, <) are quasi-ordered groups, then simultaneous
validity of r +7 < r and r-r < r for all r € R is equivalent to the fact that » < e; and
r < ep, where e; and e, are neutral elements of (R, +) and (R, -) respectively. Thus e; and
ep are the greatest elements of (R, <), which means that for groups (R, +, <) and (R, -, <)
validity of the conditions in Theorem 3 implies that es = e).

Theorem 5.10. There exists a right weak composition operation o, on all types of hy-
perstructures (R, @, ®) discussed in Lemma 4.1 which are constructed from a quasi-ordered
semigroup (R, +,<) and a commutative idempotent quasi-ordered semigroup (R,-,<).

Proof. For arbitrary A, B C R denote
Aoy B={a-bja€ Abe B}, (5.6)

where - is the single-valued product of (R, -, <). One-element sets A, B will be represented
by the elements themselves, i.e. {a} o, {b} = a - b, which will allow us to write

aompb=a-b (5.7)

for all a,b € R.

Now in property 1 of Definition 5.6 we get on the left-hand side, which reads (z oy,
2) @ (y orw %), the set [z - 2+ y - 2)< which thanks to distributivity of the single-valued
structure (R, 4+, ) is [(x + y) - z)<. On the right-hand side, which reads (z & y) oy 2, We

get [+ y)< opy 2, which equals  |J {s-z}. Yet since the relation < is reflexive, there is
z4+y<s

r+y<z+yand [(z+y)-2)<C U {s-z}
z4+y<s
In property 2 of Definition 5.6 we get that (thanks to commutativity and idempotency)

(Torwz) @ (yorwz)=(x-2)e(y-2)=[r -2y 2)<
=lzy-z-2)<c=lry 2)<

On the left-hand side we get that [z - y)< oy 2= | {r-z}. Thus thanks to reflexivity
zy<r
of the relation < property 2 holds.
In property 3 of Definition 5.6 there is & 0y (Y 0pyw 2) = T 0y (Y- 2) = x -y - 2z and

($Orwy)orwzz(lj'y)orwzzx'y'z- U
Example 5.11. If we continue with Example 4.3 and define
Aoy, B=[A)cU[B)c ={ReP(S);AC Ror BC R}

for all A, B € P(S5), then since both set intersection and set union are idempotent, the
above defines a left weak composition hyperoperation on (P(S), @, e), i.e. (P(S),D,e,0p,)
is a weak composition semihyperring in the general sense.

Example 5.12. If we continue with Example 4.3 and define A o,.,, B = AN B for all
A,B € P(S), then since the set intersection is both commutative and idempotent (and
distributive with respect to set union), this defines a weak composition operation on
(P(S),D,e), i.e. that (P(S),d,e,N) is a weak composition semihyperring in the general
sense.

Examples 5.13 and 5.14 are partly motivated by the classical interval binary hyperop-
eration on a linearly ordered group discussed e.g. in [17] and defined by

a*b = [min{a,b})< N (max{a, b}]<
= {z € G;min{a, b} <z < max{a,b}}

for all a,b € G.
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Example 5.13. Regard the ordered semiring of natural numbers, i.e. a distributive

structure (N, +, ), where (N, +) and (N, -) are semigroups and < is the usual ordering of

natural numbers with the smallest element 1. Obviously (N, +, <) and (N, -, <) are quasi-

ordered semigroups, which enables us to construct semihypergroups (N, @) and (N, @) using

(3.1) and (3.2) respectively. Thus we get a semihyperring in the general sense (N, @, o).
For arbitrary a,b € N define

a oy b = [max{a, b})<. (5.8)

Obviously, the maximum always exists and a o,, b is never empty or a one-element set. In
the proof of Theorem 6.2 we will show that (5.8) is a weak composition hyperoperation on
(N, @, ), or rather on every set where there hold implications used in Theorem 6.2, such
that it is different from the hyperoperation considered in the proof of Theorem 5.10.

Example 5.14. One can easily show that when changing in (5.8) max{a, b} to min{a, b},
we get another weak composition hyperoperation on (N, @, e).

6. Existence theorems

Using Lemma 4.1, results of section 5 might be summed up as follows. Notice that
definitions of composition hyperstructures are analogies of Definition 3.2, only the carrier
hyperstructure is different.

Theorem 6.1. Let (R, +,<) and (R, -, <) be quasi-ordered semigroups and (R, ®), (R,e)
their associated EL-hyperstructures constructed using (3.1) and (3.2) respectively. Fur-
thermore, let - distribute over + from both left and right.

(1) If operations + and - are idempotent, then there exists a composition hyperoperation
o on (R, ®,e) such that (R,®, e,0) is a composition semihyperring in the general
sense.

(2) The same holds if (R,+) or (R,-) are monoids with neutral elements e, e, respec-
tively, and either e, < e, +ep, €5 < s €5 or ey +ep < €y, €50 e < €.

(3) If (R,+) is a group or (R,®) is a hypergroup, then in 1 and 2 (R,®,e,0) is a
composition hyperring in the general sense.

(4) If (R,-) is a group, then in 1 and 2 (R,®,e,0) is a composition semihyperring.

(5) If (R,+) is a group with neutral element 0 and (R \ {0},-) is a group, then in 1
and 2 (R,®, e,0) is a composition hyperring.

Proof. Follows immediately from Lemma 4.1, Theorem 5.2 and Theorem 5.4. O

Analogous theorems can be formulated for weak composition hyperstructures using
Theorem 5.7, Corollary 5.8 or Theorem 5.10. Or — which is more important — imme-
diately after finding suitable (weak) composition operations (hyperoperations) in some
special contexts. An example of this is the following case of linearly ordered commutative
semigroups used in Example 5.13 or Example 5.14.

Theorem 6.2. Let (R, @) and (R,e) be two semihypergroups constructed from linearly
ordered commutative semigroups (R,+,<) and (R,-,<) by (3.1) and (3.2) respectively.
Furthermore, let - distribute over + from both left and right. If implications a +a < b =
a<banda-a <b= a<bhold for all a,b € R, then there exists a weak composition
hyperoperation oy, on R such that (R, ®, e, o.,) becomes a weak composition semihyperring
in the general sense.

Proof. The fact that (R,®,e) is a semihyperring follows from Lemma 4.1. The weak
composition hyperoperation in question will be (5.8).

Suppose arbitrary x,y,z € R. First we discuss the meaning of property 1 of Defi-
nition 5.6 based on definitions of @ and o,,. In our notation the left-hand side reads
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(x opw 2) B (y 0y 2). This is
max{z, z})< ® (max{y,z})< = |J [a+0b)<

aG[max{z,z})S
be[max{y,z})g

= U la+b)s,

max{z,z}<a
max{y,z}<b

which results in the following four cases based on the relations between z, y and z. Notice
that reasoning in cases C) and D) is analogous to reasoning in case B).

A) x < z,y < z: In this case max{z,z} = z, max{y, 2z} = z and moreover z + y <

z + z. Thus
U la+b)c=Ula+b)<=
max{z,z}<a z<a
max{y,z}<b z<b

={ceRa+b<cz<a,z<b}.
At the same time conditions z < a, z < b result in z 4+ z < a + b and from
transitivity of < we get that z + z < ¢. Finally
(T opw 2) B (Yyorwz) ={c€E Rjz+y<c}=
={ceR;z+2z<c} (6.1)

B) < z,z < y: In this case max{z,z} = z, max{y,z} = y and moreover from
transitivity of < there is x <y. Thus

U l+b)<=Jla+b<=

max{z,z}<a z<a
max{y,z}<b y<b

={ceRja+b<cz<a,y<b}.

At the same time conditions z < a, y < b result in z + y < a + b and from
transitivity of < we get that z + y < c¢. Finally

(2 0mw 2) ® (orw 2) = {c € Rz +y < c}. (6.2)
C) 2z <,y < 2z: This results in (z 0py 2) B (Y ory 2) ={c € Rz + 2 < c}.
D) z < z,z < y: This results in
(xopy2)® (Yorwz)={ceRjx+y<ct={ceRz+2<c}

The right-hand side of property 1 of Definition 5.6 reads (z@y) o, 2. Based on definitions
of ® and o,,, this is

[z 4+ y)< 0py 2 = U [max{r, z})< = U [max{r, z})<.
refz+y)< THy<r

However, in our case this is the same as [maxz{z + y, 2})<, which is
{d € Rymax{z +y, z} <d}. (6.3)

Now we verify the inclusion in property 1 of Definition 5.6. Suppose an arbitrary ¢ €
(x 0pyw 2) ® (y ory 2) and let us find out whether ¢ € (x @ y) o, 2. We have to test each of
the cases A — D.

ad A: The element c is such that z + z < ¢, z + y < ¢ and at the same time z < z,
y < z. Thus
(1) if max{x + y,2} = = + y, then (6.3) turns into {d € R;x +y < d}. Thus
¢ € (x @ y) opy z obviously holds.
(2) if max{z + y,z} = z, then (6.3) turns into {d € R;z < d} and we have to
show that z < ¢. Yet since z 4+ z < ¢, there is — thanks to the assumption of
the theorem — also z < cand ¢ € (x B y) opy 2.
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ad B: The element c is such that z+y < ¢ and at the same time = < z, 2z < y. Thus

(1) if max{zx + y,2} = = + y, then (6.3) turns into {d € R;z +y < d}. Since
x < z, there is * + y < z + y and from transitivity we get that z +y < c.
Thus ¢ € (x DY) oy 2.

(2) if max{z + y,2} = z, then (6.3) turns into {d € R;z < d} and we have to
show that z < ¢. Since z < y, there is z 4+ z < z + y and from transitivity
of <, there is z + 2z < ¢. Yet this means — thanks to the assumption of the
theorem — that z < c and ¢ € (z ® y) oy 2.

ad C: The element c is such that x + 2z < ¢ and at the same time z < x, y < z. Thus

(1) if max{z+vy, 2z} = z+y, then (6.3) turns into {d € R;z+y < d} and we have
to show that x + y < ¢. Suppose on contrary that ¢ < x + y. Since y < z,
there is ¢ < x+ z. Yet since simultaneously x + z < ¢, we get from transitivity
that ¢ < ¢ which is impossible. Thus x + y < c and ¢ € (x B y) oy 2.

(2) if max{z + y,z} = z, then (6.3) turns into {d € R;z < d} and we have to
show that z < ¢. Since z < z, there is z + z < x + z and from transitivity of
<, there is z + z < ¢. Yet this — thanks to the assumption of the theorem —
means that z < cand ¢ € (z D y) opy 2.

ad D: The element c is such that x +y < ¢, 2z + 2 < ¢ and at the same time z < x,
z < y. Thus

(1) if max{z + y,2} = = + y, then (6.3) turns into {d € R;z +y < d} and
we have to show that x + y < ¢. Yet this is one of our assumptions. Thus
¢ € (x ®y) oy 2 holds trivially.

(2) if max{z 4+ y,2} = z, then (6.3) turns into {d € R;z < d} and we have to
show that z < ¢. Yet since z + z < ¢, there is also — thanks to the assumption
of the theorem — that z < c and ¢ € (x B y) oy 2.

Thus we have verified validity of property 1 of Definition 5.6. The proof of property 2
is completely analogous.
Verifying property 3 is rather straightforward. The left-hand side x o,y (y 04y 2) is

x opy [max{y, z})< = U [max{z,r})<
re[max{y,z})<

= U [max{z,r})<

max{y,z}<r

while the right-hand side (z oy Y) Oy 2 is

[max{z,y})< oy z = U [max{s,z})<
s€[max{z,y})<

= U [max{s, z})<.

max{z,y}<s

Yet since the relation < is reflexive, i.e. max{y, z} < max{y, z}, max{z,y} < max{z,y},
both sides equal [max{z,y, z})<.

Thus finally (5.8) is a weak composition hyperoperation on (R, ®,e) with the assumed
properties. ([l

Remark 6.3. Notice that as regards number domains, the implications used in Theo-
rem 6.2 which obviously hold in N or Z, do not hold for other number domains. The
transition to Q or R is not possible as e.g. 0.1-0.1 < 0.02 yet 0.1 £ 0.02. Notice that if
we expanded Example 5.13 to R = R™ or considered this in the theorem, then e.g. in case
C2 of the proof the conditions would not hold for multiplication and = = 0.1, y = 0.02,
z = 0.1. Naturally, we could expand Theorem 6.2 by including analogies of parts 4 and 5
of Theorem 6.1.
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Abstract

In this paper, by using Green’s functions for second order differential equations, we estab-
lish new Lyapunov-type inequalities for third order linear differential equations with two
points boundary conditions. By using such inequalities, we obtain sharp lower bounds for
the eigenvalues of corresponding equations.
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1. Introduction

In [15], Lyapunov obtained the following remarkable result: If ¢ € C ([0,00),R") and
y(t) is a nontrivial solution of

y' +a(t)y=0 (1.1)
with Dirichlet boundary condition
y(a)=y()=0 (1.2)
where a,b € R with a < b, and y (t) # 0 for ¢ € (a,b), then the following inequality
4 b
m S /a q(S) ds (13)

holds. The inequality (1.3) is the best possible in the sense that if the constant 4 in the left
hand side of (1.3) is replaced by any larger constant, then there exists an example of (1.1)
for which (1.3) no longer holds (see [12, p. 345], [14, p. 267]). The inequality (1.3) provides
a lower bound for the distance between two consecutive zeros of y. Furthermore, this result
has found many applications in areas like eigenvalue problems, stability, oscillation theory,
disconjugacy, etc. Since then, there have been several results to generalize the above linear
equation in many directions [1-19]. Before stating many efforts, it is worth to the mention
following work.
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By using Green’s function, Hartman [12] obtained the generalized inequality as follows:
If g € C(]0,00),R) and y(t) is a nontrivial solution on (a, b) for problem (1.1)-(1.2), then

b _ _
1< / —(8 a) (b= ) q" (s)ds (1.4)
a b —a
holds, where ¢* (t) = max {q (t),0}. It is easy to see that the function M (t) = (t — a) (b — t)
. a+b .
takes the maximum value at , i.e.
a+b b—a\?
< == = . .
M(t)_aén?};bM(t) M< 5 ) ( 5 ) (1.5)

Thus, from (1.5), the inequality (1.4) is a natural generalization of the inequality (1.3).
In this paper, we prove new Lyapunov-type inequalities for third order linear differential
equation of the form

y" +qt)y=0, (1.6)

where ¢ € C'(R,R) and y (¢) is a real solution of (1.6) satisfying the following linearly
independent two-point boundary conditions

{ Y1 (y) ==y (@) + 712y’ (a) + y13y (b) + 714y’ (b) =0

Y2 (y) = 21y (@) + 7229 (a) + 723y (b) + Y24y’ (b) =0 (1.7)
Y3(y) =y"(a) +y"(b) =0

or

Y5 (y) := 721y’ (a) + 722" (@) + 723y (b) + 7249" () =0 (1.8)
Yo (y) :==y(a)+y () =0
where a,b € R with a < b, and y (t) # 0 for ¢ € (a,b).

Now, we present Green’s functions to be used in the proofs of our main results. Assume
that y (¢) is a nontrivial solution of (1.1) satisfying the linearly independent two-point
boundary conditions Y; (y) = Y2 (y) = 0. Thus, this condition implies that, of six deter-
minants contained in the matrix

{’m Y12 M3 ’714] (1.9)
Y21 Y22 723 Y24

not all are zero. Therefore, either
Y1 712 Y13 714

0 or 0 1.10
721 Y22 7 Y23 724 7 ( )

or else [13, p. 216]. We know that the solution of (1.1) satisfying Y3 (y) = Y2 (y) = 0 is
given by

y (1) = /abal (t,5) 4" () ds (1.11)

with Green’s function
Ai (s) Bz (t) — A2 (s) Bi (1)

{ Yi(y) ==y’ (a) + 7129 (@) + 713y (b) + 149" (b) = 0

+t—s; a<s<t

Gi(t,s) = (1.12)

A1 (s) Bz (t) ¢ Ay (s) By (t) '
C ;

where

Y11+ M3 # 0, (1.13)

Ai (t) = (b—1) iz + yias (1.14)
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B;(t) = (t —a) (vaa +7i3) — (viz + (b — @) Vi3 + i) (1.15)
fori=1,2, and
y1+73 72+ 73(b—a)+ 4
Y21 + Y23 Y22 + Y23 (b — a) + Y24

(See the proof of the following Lemma 2.1 for the construction of the Green’s function
(1.12)). We also know that non-homogeneous linear boundary value problem y” (t) = g (t)
satisfying Y7 (y) = Y2 (y) = 0 has only the trivial solution under the condition

Vi) Yi(
B o 1.17)

where y1(t) = 1 and ya(t) = t are the solutions of the corresponding homogeneous linear
equation. Thus, we have the following condition

(1.16)

D(Y)=

Y11 + 713 Y116 + Y12 + Y130 + Y14
0 1.18
Y21 + Y23 Y210 + Y22 + Y23b + Y24 7 (1.18)

instead of (1.17). It is clear that D (Y) = C. Here we note that the condition (1.18)
is also valid for the problem (1.6) with the two-point boundary conditions (1.7) or (1.8).
We also know that if the problem (1.1) satisfying Y1 (y) = Y2 (v) = 0 is well posed (if, in
other words, the problem (1.1) satisfying Y1 (y) = Y2 (y) = 0 has only the trivial solution
y (t) = 0), then it has a unique Green’s function.

It is easy to see that under the condition

D(Y) =

Y11 712 713 714
Y21 Y22 723 724
the Green’s function G (¢,s) is symmetric, that is, G (t,s) = Gi(s,t) for t,s € [a,b].
Moreover, we know that this symmetry is a result of self-adjoint of the equation (1.1)
satisfying Y1 (y) = Y2 (y) = 0 [13, p. 215]. Thus, if the condition (1.19) holds, then we
have

: (1.19)

y(t) = / "G5y (5) ds, (1.20)

where

A1 (t) Ba (s) — A (t) Bi (s) a<s<t

G(t,s) = A; (s) Bs (t)gA2 (s) By (t) et (1.21)
e ; t<s<

is a symmetrized Green’s function instead of (1.12). Therefore, in this paper, by using the
symmetrized Green’s function (1.21) for the equation (1.1) satisfying Y; (y) = Ya(y) =0
under the condition (1.19), we prove new Lyapunov-type inequalities for third order linear
differential equation (1.6) with the two-point boundary conditions (1.7) or (1.8). By
using such inequalities, we obtain sharp lower bounds for the eigenvalues of corresponding
equations.

2. Main results

We state some important lemmas which we will be used in the proofs of our main
results. In the following first lemma, we construct Green’s function for the second order
nonhomogeneous differential equation

y'=g(t) (2.1)
with two-point boundary conditions Y; (y) = Y2 (y) = 0.
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Lemma 2.1. Ify(t) is a solution of (2.1) satisfying Y1 (y) = Ya (y) = 0, then the integral
equation (1.11) holds.

Proof. Integrating Eq. (2.1) from a to ¢ to find y, we get

Y () =di + /atg (s)ds (2.2)

and
y(t):d0+d1(t—a)+/at(t—s)g(s)ds, (2.3)

where dy and d; are arbitrary constants. Thus, the general solution of (2.1) is (2.3). Now,
by using the boundary conditions Y; (y) = Y2 (y) = 0, we can find the constants dy and
dy. Thus, we have

P (1 +m3) A2 (s) — (21 +23) A1 (s)
dy = / -

g(s)ds (2.4)

and

b
dy = _/a [(712+(b_a)713+714)[(’YM—a?l)ffw(fz,)_(%ﬁ_wgml(S)HCAl(S)} g (s)ds, (2.5)

where A; (t), i = 1,2, and C are given in (1.14) and (1.16), respectively. Substituting the
constants dy and d; in the general solution (2.3), we get

y(t) = /at [Al (s) Bo (t);’AQ (s) By (t) —i—t—s}g(s)ds—l—
/tb Aj (s) By (t) ;Ag (s) B (t)g (s) ds. (2.6)
This completes the proof. ]

Lemma 2.2. Let (1.19) hold. If y (t) is a solution of (1.6) satisfying the two-point bound-
ary conditions (1.8), then the following inequality

b
pOI< [ GOl o)]ds 27)
holds, where
b
G(t) = ;/ G (u, )] du (2.8)

and G (t, s) is given in (1.21).

Proof. Assume that y (¢) is a solution of (1.6) satisfying Ya (v) = Y5 (v) = Ys (y) = 0. It
is easy to see that, by using Y, (y) = Y5 (y) = 0 and proceeding as in the proof of Lemma
2.1, we have

b
y () = / G (t,s)y" (s)ds, (2.9)
where G (¢, s) is the Green’s function (1.21). Integrating (2.9) from a to t, we get
t b
Y (1) =y (a)+ / ( / G (u,5)y" (5) ds> du. (2.10)

Similarly, integrating (2.9) from ¢ to b, we get

y(t) =y (b)+ /tb (— /abG (u,s)y" (s) ds) du. (2.11)
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Adding (2.10) and (2.11), and by using Ys (y) = 0, we have

y(t):;{/at (/{jG(u,s)y’”(s)ds) du+/tb <—/abG(u,s)y"’(s)ds> du}.

(2.12)
By taking the absolute value of (2.12), we obtain
1 b b
y@l<5 [ ([ 16wy 6)ds | du (2.13)
and hence
1 b b
y@I<5 [ "Gl [ 16 @s)du) ds (214)
where
A B — A B
1 (u) 2(8)0 2 (u) 1(3); s<u<b
G (u,5) = A B B, (2.15)
Therefore, we have the inequality (2.7). This completes the proof. O

By using the inequality (2.7), we have the following result which is an useful tool to
determine a lower bound of distance between a and b points of solution of the equation
(1.6) under the boundary conditions (1.8).

Theorem 2.3. Let (1.19) hold. If y(t) is a nontrivial solution of (1.6) satisfying the
two-point boundary conditions (1.8), then the following Lyapunov-type inequality

b
1< [ G()las)lds (2.16)
holds, where G (t) is given in (2.8).

Proof. Assume that y(t) is a solution of (1.6) satisfying Y1 (v) = Y5 (y) = Y5 (y) = 0 and
y is not identically zero on (a,b). From (1.6) and (2.7), we get

" ] =la @l O] < la @] [ €6 1y" ()] ds. (2.17)
Multiplying both sides of (2.17) by G (t) and integrating from a to b, we get

[e@l@lds< [(c@ly" lds [ 6la)ds (218)
Next, Weaprove that ’ ’

0< / "G5y ()] ds. (2.19)
If (2.19) is n(;lt true, then we have

[ el @las=o (220
From (2.;), we get

)< [ Gl ()]ds =0 (221)

It follows from (2.21) that y(t) = 0 for ¢ € (a,b), which contradicts with (1.8) since
y(t) #0forallt € (a,b). Thus, by using (2.19) in (2.18), we get the inequality (2.16). O
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Now, we give another main result for the equation (1.6) under the boundary conditions
(1.7).
Theorem 2.4. Let (1.19) hold. If y(t) is a nontrivial solution of (1.6) satisfying the
two-point boundary conditions (1.7), then the following Lyapunov-type inequality

1< Gy /ab 1 (s)| ds (2.22)

holds, where Go = %f; |G (to,s)|ds and |y(to)| = max{|y(t)| : a <t < b}.

Proof. Assume that y(t) is a solution of (1.6) satisfying Y1 (v) = Y2 (y) = Y3 (y) = 0 and
y is not identically zero on (a,b). By integrating 3" (¢) from a to t, we get

t
" (a) + / y" (s) ds. (2.23)
Similarly, by integrating y" (¢) from ¢ to b, we have
y' (t) / y" (s)ds. (2.24)
Adding the inequalities (2.23) and (2.24), and by using Y3 (y) = 0, we have
t b
29" (1) = / y" () ds — / y" (s) ds. (2.25)
a t
By taking the absolute value of (2.25), we obtain
1 rb
ly" (t)] < 5/ ly" (s)] ds. (2.26)

Next, pick tg € (a,b) so that |y(to)| = max{|y(t)| : a <t < b}. From (1.20), (2.26), and
(1.6), we get

b
)l < [ 1G]y ()] ds

1 b b

< 5 [ 1G0s)ds [ [y (s)]ds (227)
b
= Go [ la(s)lly(s)]ds
b

< Goly(to)l | la(s)lds. (225)
Dividing both sides by |y(to)|, we get the inequality (2.22). O

Remark 2.5. To the best of our knowledge, the inequality (2.16) (or (2.22)) is new
Lyapunov-type inequality for third order linear differential equation (1.6) under the two-
point boundary conditions (1.8) (or (1.7)).

It is easy to see that since

Gt)== [ |Gut)du< 2 (2.29)

+B5 (t) Ay (u) du + B (t) As (u) du, (2.30)
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~

Ai (t) = (b — 1) [vis| + |vial (2.31)
and

Bi (t) = (|va| + [yasl) (¢ — @) + [yie| + |vis| (b — @) + | il (2.32)
for i = 1,2, we have the following result from Theorem 2.3 and hence the proof is omitted.

Corollary 2.6. Let (1.19) hold. If y(t) is a nontrivial solution of (1.6) satisfying the
two-point boundary conditions (1.8), then the following Lyapunov-type inequality

b C S
1< | ;gf g (s)] ds (2.33)

holds, where C' and 6’(1&) are given in (1.16) and (2.80), respectively.

Remark 2.7. Note that if we take 711 = y13 =723 =1, v21 = —1, and ;2 = 74 = 0 for
i=1,21in (1.8), we have

8</ab (b—s) (b — 4+ 3s)|q (s)| ds (2.34)

from (2.33), and hence

b
(b_ﬁa)Q g/a 1 (5)] ds. (2.35)

Now, we give another result for the equation (1.6) by using the following inequality

A1 () Ba (s) + As (s) By ()
C]

obtained by taking the absolute value of (1.21). Thus, we have the following result from
Theorem 2.4 and hence the proof is omitted.

G (ts)| < (2.36)

Corollary 2.8. Let (1.19) hold. If y(t) is a nontrivial solution of (1.6) satisfying the
two-point boundary conditions (1.7), then the following Lyapunov-type inequality

b A s 3 s A, s 3 S b
1§/a Al()B2()2rCf‘42()Bl()d8/a g ()| ds (2.37)

~

holds, where C, ZZ (t), Bi (t), 1 =1,2, are given in (1.16), (2.31), (2.52), respectively.

Now, we give an application of the obtained Lyapunov-type inequalities for the following
eigenvalue problem

v+ X (t)y =0 (2.38)

under the boundary conditions (1.7). Thus, if there exists a nontrivial solution y (¢) of
linear homogeneous problem (2.38), then we have

2|C]
J2 (A1) B )+ A2 ) B (5) ) ds 1 (5) s

<Al (2.39)

~

where C, A; (1), §Z (t),i=1,2, are given in (1.16), (2.31), (2.32), respectively.
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Abstract

In this work we give sufficient conditions for a ring R to be quasi-Frobenius, such as R being
left artinian and the class of injective cogenerators of R-Mod being closed under projective
covers. We prove that R is a division ring if and only if R is a domain and the class of
left free R-modules is closed under injective hulls. We obtain some characterizations of
artinian principal ideal rings. We characterize the rings for which left cyclic modules
coincide with left cocyclic R-modules. Finally, we obtain characterizations of left artinian
and left coartinian rings.
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1. Introduction

In [1] and [3] the authors obtained characterizations of artinian principal ideal rings
using big lattices of classes of modules closed under certain closure properties. Also,
in [4] the authors deal with rings over which all injective hulls of left simple modules are
noetherian. These rings are called left coartinian rings. In this work we further investigate
these notions, among others.

In the sequel, R denotes an associative ring with identity and R-Mod denotes the
category of left unitary R-modules, to which all “modules" and “R-modules" will belong,
unless otherwise specified. A left uniserial ring will be a ring whose left ideals are linearly
ordered. By “QF" we mean “quasi-Frobenius". Also, “N <. M" will stand for “N is
essential in M".
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2. Artinian principal ideal rings

Recall that an artinian principal ideal ring is a left and right artinian, left and right
principal ideal ring.

Definition 2.1. We will say that pM is a paraprojective module if M embeds in gIN
whenever gM is an epimorphic image of gIN. Dually, we say that gM is a parainjective
module if M is quotient of each module g N in which g M embeds.

Theorem 2.2. The following statements are equivalent for a ring R.

1) R is an artinian principal ideal ring.

2) Ewvery class of R-modules closed under submodules and direct sums is also closed
under quotients.

3) Ewvery class of R-modules closed under quotients and direct products is also closed
under submodules.

4) There exists an epimorphism P — M precisely when there exists a monomorphism
M — P for each R-module M and for each projective R-module P.

5) R is left noetherian, and every cyclic R-module C' is parainjective.

Proof. 1) = 2),3),4)and 5) They follow from [3, Theorem 38].

4) = 1) For each module M there exists an epimorphism RX) — M for some set X.
Hence, by hypothesis there exists a monomorphism M — RX). Therefore, by [6, Corollary
24.15], R is a QF ring. Now, let us take a left ideal I of R. By hypothesis, there exists an
epimorphism R — I. Thus, I = Rx for some x € I. Then, R is a left principal ideal ring.
Therefore, by [5, Sec. 4, Theorem 1], R is an artinian principal ideal ring.

2) = 1) Consider the class of modules

% = {M | there exists a monomorphism M — R™) for someset X}.

It is clear that % is closed under submodules and direct sums. Then, by hypothesis, % is
closed under quotients. Also, R&X) € € for each set X, so € = R-Mod. Then for each
module M, there exists a monomorphism M — RX) for some set X, so, by [6, Corollary
24.15], R is a QF ring. Let I be any two sided ideal of R. It is straightforward to verify
that the ring R/I also satisfies 2). It follows that R/I is QF. By [6, P. 217], R is an
artinian principal ideal ring.

3) = 1) Let E be a minimal injective cogenerator. Consider the class of modules
% = {M | there exists an epimorphism EX — M for some set X}. It is clear that ¥
is closed under quotients and direct products. By hypothesis, ¥ is then closed under
submodules. Of course, EX € € for each set X. But, for each module M, there exists a
monomorphism M — EX for some set X. Then, ¥ = R-Mod. So, for each projective
module P, there exists an epimorphism EX — P, so that P is a direct summand of EX.
Therefore, P is an injective module. Thus, R is a QF ring. Moreover, as the ring R/I
also satisfies 3), R/I is a QF ring for each two sided ideal I of R. Then, by [6, P. 217], R
is an artinian principal ideal ring.

5) = 1) As there exists a monomorphism R — FE(R), by hypothesis there exists an
epimorphism F(R) — R, so R is left self-injective and left noetherian. Therefore, R is a
QF ring. As the ring R/I also satisfies 5), R/I is a QF ring for each two sided ideal I of
R. Then, R is an artinian principal ideal ring. O

Theorem 2.3. Let R be an artinian principal ideal ring. Then the following conditions
are equivalent for an R-module M.

1) M is finitely generated.
2) M s finitely cogenerated.
3) M is artinian.

4) M is noetherian.
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Proof. 4) = 1) and 3) = 2) They are clear.

1) = 4) This is true over every left noetherian ring.

2) = 3) Consider the class of modules ¢ = {M | M is finitely cogenerated}, which is
closed under submodules. By hypothesis and [3, Theorem 38| the class % is closed under
quotients, so M is artinian for each M € €.

4) = 2) By hypothesis R is left semiartinian, so that soc(M) <. M for each non
zero module M. If M is noetherian, then soc(M) is finitely generated, so M is finitely
cogenerated.

3) = 1) For this part, we will use freely [3, Theorem 38]. If M is artinian, then M
is finitely cogenerated. Thus soc(M) <. M and soc(M) is finitely generated. Therefore

E(soc(M)) = E(M) and soc(M) = GTBSi with S; a simple module for each i € {1,...,n}.

Thus, E(M) = E(soc(M)) = (EBS) EBE( ;). We claim that each E(S;) is cyclic.

Indeed, take any simple S. By hypothesm there exists a monomorphism S — R. More-
over, since every artinian principal ideal ring is QF and thus left self-injective, there exists
a monomorphism E(S) — R. Then there exists an epimorphism R — FE(S). Therefore,
E(S) is cyclic, as we claim. Thus E(M) is finitely generated, and as the class of finitely
generated modules is closed under submodules by hypothesis, M is finitely generated. [

Recall that an R-module M is cocyclic if M contains an essential simple submodule.

Theorem 2.4. The classes of non-zero cyclic R-modules and of cocyclic R-modules coin-
cide if and only if R is a left uniserial artinian principal ideal ring.

Proof. =] Let us first prove that R must be left artinian. This is equivalent to every
quotient of rR being finitely cogenerated. By the hypothesis, all we need to prove is that
every cocyclic module is finitely cogenerated. Take then any cocyclic M. There is some
simple S <. M. It follows that soc(M) = S. Thus, M has a finitely generated essential
socle, a condition well-known to be equivalent to M being finitely cogenerated.

We now show that R is left self-injective. Suppose otherwise, that is, that R < E(R).
The hypothesis gives that pR is cocyclic, so there is some simple S <. R. Hence, E(R) =
E(S), which is obviously cocyclic. Using the hypothesis, we get that E(R) is cyclic, so

f
that there is an epimorphism R - E(R). Consider the following commutative diagram,
where 7 and j are inclusion maps.

f R —~R
Frg- 1<R if
R(—> E(R)

Note that if ¢ were surjective, j would also be so. Thus, f~'(R) < R. Now we may
construct another level of the diagram. Let us write f} for appropriate restrictions of f.

R fHR)

fri - ifr
SRR
fri = lf

R E(R)
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As above, the newest inclusion must be proper. Continuing in this manner, we obtain
an infinite descending chain R > f~Y(R) > f~1(f~*(R)) > ..., contradicting that R is
artinian.

Now, R being left artinian and left self-injective is equivalent to R being QF. Take
any two-sided ideal I. It is straightforward to verify (using that cocyclic modules are
precisely those modules having simple essential submodules) that the ring R/I satisfies
the hypothesis, i.e. that an arbitrary R/I-module is cyclic if and only if it is cocyclic. It
follows that for each two-sided ideal I of R, R/I is QF. But, according to [6, P. 217], this
is equivalent to R being an artinian principal ideal ring.

(One can prove directly that R is a left principal ideal ring. Indeed, take some non-
zero left ideal I. By the hypothesis, it suffices to show that I is cocyclic. Note that the
hypothesis gives some simple S <. R. Also, as rR is artinian, there is some simple T" < I.
But then T' < R, so necessarily S = T. And of course, S < I < R implies that S <. I.
This establishes that R is a left principal ideal ring. As we have already shown R to be
QF, [5, Sec. 4, Theorem 1] grants that R is an artinian principal ideal ring.)

As every nonzero quotient of R is cocyclic, then every nonzero quotient of R is uniform.
Therefore by [7, Proposition 2.7] R is left uniserial.

<] Take any non-zero cyclic module, say R/I for some left ideal I < R. The submodule
lattice of R/I is isomorphic to [I, R], which is a chain. As rR is artinian, then there exists
I’ minimal such that I < I’ < R. Linearity ensures that I’ is essential in [I, R]. Therefore,
I'/I is an essential simple submodule of R/I, proving its cocyclicity.

Conversely, let M be a cocyclic module. There is some simple S <, M. Also, since pR
is artinian, there is some simple 7' < R. From the hypothesis on linearity it follows that
R must be local and thus left local, so that S = T'. Now, any artinian principal ideal ring
is in particular QF and then in particular left self-injective, so we may extend S =T — R
to a mapping M — R, which is monic due to the fact that S <, M. The situation is
depicted below.

S C—e> M
/
o~ /
= 7/
/
T /
~
/
/
¥
R
Thus, M is isomorphic to some left ideal of R, which by hypothesis is principal, i.e.,
cyclic. O

Lemma 2.5. If every semisimple R-module M is parainjective and paraprojective, then
R = Ry X Ry, where Ry is a semisimple ring and Rs is a finite direct product of left local
left artinian rings with all simple modules singular.

Proof. By [2, Theorem 4.7] R is a finite direct product of left local, left and right perfect
rings. Thus, R is a left semiartinian ring. Let Rz be a cyclic module. Then soc(Rz) <. Rx
and there exists an epimorphism Rx — soc(Rz) by hypothesis, so soc(Rz) is finitely
generated. Therefore, Rx is a finitely cogenerated module. Then R is a left artinian ring.

Now, if M is a projective semisimple R-module, there exists an epimorphism E(M) —
M by hypothesis. Then M is injective. Analogously, if M is a semisimple injective R-
module, M is projective. Thus, M is projective if and only if M is injective, for each
semisimple R-module M.

Write R = Ry X -+ X Ry, where each R; is a left local, left and right perfect ring.
Let 1 <i < n. Note that R; is left artinian (either because R is left artinian or because
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R; satisfies the hypothesis on R), that soc(R;) <. R; (R; being left semiartinian), that
soc(R;) is a direct sum of copies of S; (where R;-simp = {5;}) and is precisely the S;-socle
of R, and that for each M € R;-Mod, M is projective (respectively, injective) if and only
if it is a projective (respectively, injective) R-module. We claim that S; is projective if
and only if R; is a semisimple ring. Sufficiency is clear, because over any semisimple ring
every module is projective. Conversely, suppose that S; is projective. Then so is soc(R;),
which is thus injective. but this makes soc(R;) an essential direct summand of R;, whence
soc(R;) = R;. This proves the claim.

Set Iss = {i € {1,...,n} | R;is semisimple}, and put Ry = [] R; (which is the

i€lss
projective socle of R), and Ry = I1 R;. Then R = Ry x Ry, Ry is a semisimple
ie{l,..n\Iss

ring and Ry is a finite direct product of left local artinian rings over each of which all
simple modules are singular. O

Observe that the hypothesis of Lema 2.5 holds also for R/I for each two sided ideal I
of R.
Recall that a ring R is called left quasi-duo if each maximal left ideal is two sided.

Remark 2.6. For a ring R the following conditions are equivalent.

(1) R is a left quasi-duo ring.
(2) For each simple R-module S, and for all x € S, (0 : z) is a two-sided ideal of R.

Theorem 2.7. For a left quasi-duo ring R, if every semisimple R-module is parainjective
and paraprojective, then R is a finite direct product of left local left artinian rings and for
each left ideal I of the factor ring R;, I = rad(R;)™ for some m € N.

Proof. Consider the decomposition supplied by [2, Theorem 4.7]. Let R be a factor
ring. Note that R inherits the current hypotheses. Then, there exists an epimorphism
R — soc(R), so Rr = soc(R) = S1 & S2 & --- & Sy, where S; is a simple module Vi €
{1,...,n}. Write x = 21 + x2 + -+ + xp, where each z; € S;\{0}. It is clear that
(0:x) C(0:a;),Yi e {l,....,n}. Let j € {2,...,n}. Since R is left local, there is an
isomorphism f; : S1 — S;. As S; = Rfj(x1), there is r; € R such that z; = r;jfj(x1).
Then, x = z1 + rofo(x1) + - -+ + rpfa(x1). Note that, for 2 < j < n, (0: z1)Rfj(z1) =0
because (0 : z1) is a two sided ideal by hypothesis and Remark 2.6. Thus, (0: z) = (0 : z1).
Then, Rz = Rx;. Therefore, Rz = soc(R) is a simple module.

As established in the proof of Lemma 2.5, R is a left artinian ring, so that rad(R)
is nilpotent. Let us prove by induction on the nilpotency index that for each left ideal
I of R, I = rad(R)™ for some m € N. If n = 1, then rad(R) = 0. Since R is left
artinian, it is semilocal, so in this case it is semisimple and thus a division ring, so that
the only two left ideals are 0 = rad(R) and R = rad(R)". Let us suppose that n > 1 is the
nilpotency index. Asrad(R)" = 0, rad(R)"! # 0 is annhilated by rad(R), so rad(R)" ! is
a semisimple module (again by semilocality). Then, rad(R)"~! C soc(R), but soc(R) is a
simple module, so that rad(R)" ! = soc(R). Let I be a left ideal of R. Note that, R being
left artinian and having a simple socle, soc(R) < I. Then R/soc(R) = R/(rad(R)" 1) is a
ring with the same hypothesis of R whose radical has nilpotency index n — 1. Therefore,
I/soc(R) = rad(R)™/soc(R) and by the Correspondence Theorem I = rad(R)"™, for some
m € N. 0

Theorem 2.8. For a commutative ring R the following statements are equivalent.
(1) Ewvery semisimple R-module is parainjective and paraprojective.
(2) R is a finite direct product of uniserial artinian principal ideal rings.

Proof. 1) = 2) Let R be any of the factor rings in the decomposition supplied by Theorem
2.7. We know that, for each ideal I of R, there exists m € N such that I = rad(R)™. In
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the proof of Theorem 2.7, we showed that if rad(R) = 0, then R must be a division ring,
and thus in particular an uniserial artinian principal ideal ring. Suppose then that there
is x € rad(R) but = ¢ rad(R)%2. Then rad(R)? < Rr < rad(R). Thus, rad(R) = Rx.
Then by an induction argument rad(R)™ = Rz™,¥m € N. Now we prove that R is a
self-injective ring. Consider the following diagram:

|

where f : Rx™ — R is any homomorphism and ¢ : Rz"™ < R is the inclusion. Then
f(Rz™) = Rx™ with m > n. Put f(2") = ra"™. Consider the homomorphism h : R — R
such that h(s) = s(ra™™"),Vs € R. Thus, for t € R, (hi)(tz"™) = h(i(tz"™)) = h(ta") =
tx(ra™" ") = tra™ = f(tz™). Therefore, R is self-injective. As was established in the
proof of Lemma 2.5, R is artinian. Then R is a QF-ring, Thus, by [5, Sec. 4, Theorem 1],
R is an artinian principal ideal ring.

2) = 1) Follows by [3, Theorem 38]. O

3. Coartinian, conoetherian and quasi-Frobenius rings
The ring R is said to be left coartinian if for every S € R-simp, E(S) is noetherian.

Proposition 3.1. Let R be a ring.

1) R is left artinian if and only if every finitely generated R-module is finitely cogen-
erated.

2) R is left coartinian if and only if every finitely cogenerated R-module is finitely
generated.

Proof. 1) Suppose that R is left artinian and take some finitely generated M € R-Mod.
As R is left noetherian, soc(M), being a submodule of M, is also finitely generated. Also,
R being left semiartinian implies that soc(M) <, M. Therefore, M is finitely cogenerated.
Conversely, suppose that every finitely generated module is finitely cogenerated. Any
quotient of g R, being cyclic, is by hypothesis finitely cogenerated. Thus, g R is artinian.
2) Suppose that R is left coartinian and take some finitely cogenerated M € R-Mod.

n

Then, there are some simple Si,...,S, such that @Si = soc(M) <. M. But then

i=1
n

E(M) = E(soc(M)) = @E(SZ) is, by hypothesis, noetherian, so that its submodule M
=1
is finitely generated.
Conversely, suppose that every finitely cogenerated module is finitely generated. For
every S € R-simp, any submodule of E(S), being finitely cogenerated, is by hypothesis
finitely generated. Thus, E(S) is noetherian. O

A ring R is called left conoetherian if for every S € R-simp, E(S) is artinian. Accord-
ingly, let us call R left strongly conoetherian if every indecomposable’ injective R-module
is artinian.

Theorem 3.2. Let R be a ring. The following statements are equivalent.

1) R is left artinian and left coartinian.
2) The classes of finitely generated and of finitely cogenerated R-modules coincide.

TBy “indecomposable" we mean “directly indecomposable".
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3) R is left noetherian and left strongly conoetherian.

Proof. 1) < 2) Direct from Proposition 3.1.

1) = 3) Suppose that 1) holds. Of course, every left artinian ring is left noetherian. Let
E € R-Mod be injective and indecomposable. Since R is artinian, there is some simple
S such that F = E(S). Then, as R is left coartinian, F is noetherian, and in particular
finitely generated. But over a left artinian ring, every finitely generated module is artinian.
Therefore, 3) holds.

3) = 1) Suppose now that 3) holds. Since R is left noetherian, in order to prove that
it is left artinian it suffices to show that it is left semiartinian. Take then some non-zero
M € R-Mod. As is well-known, left noetherian rings are characterized by the fact that
over them, every injective module is a direct sum of indecomposable modules. We can
apply this to E(M) and then use the fact that R is left strongly conoetherian to obtain
some simple S < E(M). Then, by simplicity, S < M.

Let now S € R-simp. Let us write J = rad(R). We have already established that R
is left artinian, so J is nilpotent. Then there is a least n € N such that J"E(S) = 0.
(Of course, n > 0.) Observe that both of J*"1E(S) and /" *E(S)/jn~1E(s) are artinian
and semisimple. Indeed, they are subquotients of F(S), an artinian module, and they are
annihilated by J, i.e. they are B/;-modules (since R is left artinian, it is semilocal). Thus,
JLE(S) and J"?E(S)/jn-15(8) are noetherian, so that the short exact sequence

0— J"IE(S) = J"2E(S) — " 2E(S) /i1 B(s) — 0
shows that J""2E(S) is noetherian. Next, we use
0— JV2E(S) = JV3E(S) — " ES) i 2E(s) — 0

to show that J" 3F(S) is noetherian, and so on. At the n-th step, we obtain that E(S)
is noetherian. O

Theorem 3.3. Let R be a ring. The following conditions are equivalent.
1) R is a domain® and the class of free R-modules is closed under taking injective
hulls.
2) R is a division ring.

Proof. 1) = 2) We claim that every free module is injective. Consider RX) for some set
X. Suppose first that | X| > |R|. By hypothesis, E(RX)) = R(Y) for some set Y, so that
IR < |RM)|. Let us verify that | X| < |Y].

In case both of R and R(Y) are infinite, we have that

max{|R|,|Y[} = |RY)] > |[R™)] = max{| R, |X|} = |X| > |R],

so that it must happen that max{|R|, Y|} = |Y|. Thus, |X| < |Y].
In case both of R&) and RYY) are finite, we have that

[RIM= [ROI < R = RV,

so that necessarily | X| < |Y].

Lastly, in case RXX) is finite and RY) is infinite, we must have that |R| and |X| are
finite, and thus that |V is infinite (seeing as, for any set A, R(4) is finite if and only if R
and A are finite).

Thus, we always have that |R| < | X| < [Y].

Let us write {dy},ecy for the canonical basis of RY) 8. Since RX) —, RY), for each
y € Y there is an r, € R such that 0 # ryé, € RX). By the hypothesis on R, the set

fThat is, every product of non-zero elements of R is non-zero.
1 ifz=y

0 ifzty although any basis will do.

$That is, fory € Y, §, : Y — R is such that 6y:z»—>{
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7,0y Yyey is linearly independent. Thus, the submodule of R™X) spanned by {r,d,},cy is
yOy sy yOy sy
a free module. Therefore,

ROY) >~ p(rydytyey) o~ ({ry0, }yey) < RX),

so that [RY)| < |[RX)|. As we already had the reverse inequality, we obtain that |[R(X)| =
]R(Y) |. This cardinality may or may not be finite, but it is now easy to show that, in any
case, | X| = |Y|. This implies that RX) =2 R®) whence R™X) is injective.

Now, in case |X| < |R|, simply take some set Z such that |Z| > |R| and note that
R™X) embeds as a direct summand in R4, which, by the above argument, is injective.
Therefore, the claim is proved.

Since every projective module is a direct summand of a free module, every projective
module is injective. This condition is well-known to be equivalent to R being QF. Therefore
R is a left artinian domain; thus, there exists a minimal left ideal Rz, which is isomorphic
to R. Therefore R is a division ring.

2) = 1) It is clear. O

Theorem 3.4. Suppose that R is left artinian and that the class of injective cogenerators
of R-Mod is closed under taking projective covers. Then R is a QF ring.

Proof. Take some injective cogenerator of R-Mod, and let P stand for its projective
cover, which exists because R is left perfect. By hypothesis, P is a projective and injective
cogenerator. Let S € R-simp. As S is cogenerated by P, by simplicity S embeds in P,
so that E(S) embeds in P as a direct summand, which makes it projective. Also observe
that, over any artinian ring, any injective indecomposable module E' is the injective hull
of some simple S < E.

Let M € R-Mod be injective. As R is left noetherian, M is a direct sum of injective
indecomposable modules. By the above remark, M is a direct sum of injective hulls
of simple modules, which we know are projective. Therefore, every injective module is
projective. This condition is well-known to be equivalent to R being QF. ([
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Abstract

In this paper, we extend the generalized Caristi’s fixed point theorem proved by Bollen-
bacher and Hicks to p-orbitally complete fuzzy metric spaces by considering the fuzzy
metric spaces in the sense of George and Veeramani. We also give some illustrative exam-
ples that support our results.
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1. Introduction

In 1976, Caristi [8] proved the following fixed point theorem on a complete metric space,
which is one of the most important generalization of famous Banach contraction principle
and is equivalent the Ekeland’s variational principle [13].

Let T is a self-mapping of a complete metric space (X, d) such that there is a lower
semi continuous function ¢ from X into [0, 00) satisfying

d(xz, Tx) < p(z) — o(Tx)

for all x € X, then T has a fixed point.

In this theorem, saying that ¢ is lower semi continuous at z if for any sequence {x,} C
X, we have lim z,, = x implies p(z) < liminf ¢(x,,).

Several authors have obtained various extensions and generalizations of Caristi’s the-
orem by considering Caristi type mappings on many different spaces. For example,
[1-7,9,23-25,27, 28,30, 31,33, 38,40], and others.

In this paper, we extend the results in [7] to fuzzy metric spaces.

Several notions of fuzzy metric spaces have been introduced and discussed in different
directions by many mathematicians, see [10, 14,29, 34, 39]. In particular, Kramosil and
Michalek [34] introduced and studied the notion of fuzzy metric space which is closely
related to a class of probabilistic metric spaces. In [15,17] George and Veeramani modified
the concept of fuzzy metric space of Kramosil and Michalek, and obtained a Hausdorff
and first countable topology on the modified fuzzy metric space. In [16,20], it was proved
that the topology induced by a fuzzy metric space in George and Veeramani’s sense is
metrizable. Grabiec [18] obtained a fuzzy version of the Banach contraction principle
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Received: 21.04.2017; Accepted: 11.09.2017
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in fuzzy metric spaces in Kramosil and Michalek’s sense, and since then many author
[11,12,22,26,32,35,41,42] have proved fixed point theorems in fuzzy metric spaces in the
sense of Kramosil and Michalek and George and Veeramani, using one of the two different
types of completeness in Grabiec’s sense [18] or George and Veeramani’s sense [15].

In [36] Mihet defined a concept weaker than convergence called p-convergence and
proved a fixed point theorem for fuzzy contractive mappings. Then, in [19] Gregori et
al. introduced the concept of p-Cauchy sequence and showed that p-Cauchy sequence and
Cauchy sequence are two different concepts even in principal fuzzy metric spaces and they
also defined the concept p-completeness.

In this paper, we consider (X, M, %) fuzzy metric space in George and Veeramani’s sense
and prove some fixed point theorems for Caristi type mappings orbitally p-complete fuzzy
metric spaces.

2. Preliminaries

In this section, we give some known basic notion of fuzzy metric space in the sense
of George and Veeramani. Throughout this paper, we denote by N the set of positive
integers.

Definition 2.1 ([39]). A binary operation * : [0, 1] x [0,1] — [0, 1] is a continuous ¢-norm
if satisfies the following conditions:
(i) = is associative and commutative,
(ii) * is continuous,
(iii) a* 1 = a for every a € [0,1],
(iv) axb<cxdifa<cand b<d for all a,b,c,d € [0, 1].

Definition 2.2 ([15]). The 3-tuple (X, M, %) is said to be a fuzzy metric space if X is an
arbitrary set,  is a continuous ¢t-norm and M is a fuzzy set on X x X x (0, +00) satisfying
the following conditions, for all z,y,z € X and t,s > 0:
(i) M(z,y,t) >0,

i) M(z.y,t) = 1iff =y,
(ii)) M(z,y,t) = M(y,z,1),

) M(x,y,t)« M(y,z,s) < M(z,z,t+s),
(v) M(z,y,-):(0,400) — (0,1] is continuous.

If (X, M, %) is a fuzzy metric space, we will say that (M, x) is a fuzzy metric on X. If
we replace (iv) by

(vi) M(z,y,t)*« M(y,z,s) < M(x,z, max{t, s}),
then 3-tuple (X, M, %) is called a non-Archimedean fuzzy metric space. Since (vi) implies
(iv) then each non-Archimedean fuzzy metric space is a fuzzy metric space.

Example 2.3. Let (X, d) be a metric space. Denote by a.b the usual multiplication for
all a,b € [0, 1], and let My be the function defined on X x X x (0, +00) by

t
t+d(z,y)
Then (X, My, ) is a fuzzy metric space called standard fuzzy metric space and (Mg, -) is
called the standard fuzzy metric of d (see [15]).

Md('rv Y, t) =

George and Veeramani proved in [15] that ever fuzzy metric (M, ) on X generates a
topology 7ps on X which has as a base the family of sets of the form

{B(z,rt):ze X, 0<r<1,t>0},

where

B(z,r,t)={ye X : M(x,y,t) >1—r}
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for all € (0,1) and ¢ > 0. They proved also that (X, 7as) is a Hausdorff first countable
topological space.

Definition 2.4 ([21]). A fuzzy metric M on X is said to be stationary if M does not
depend on t, i.e. if for each x,y € X, the function M, ,(t) = M(x,y,t) is constant. In
this case we write M (z,y) instead of M (z,y,t).

Theorem 2.5 ([15]). A sequence {z,} in a fuzzy metric space (X, M,*) converges to x
if and only if M (xy,z,t) — 1 as n — +o00.

The following definition was given by Mihet.

Definition 2.6 ([36]). A sequence {z,} in a fuzzy metric space (X, M, x) is called p-
convergent to zg € X (we write x,, — xo) if lim,, M (zy, zo,to) = 1 for some ty > 0.

If {z,} is p-convergent to zp, then

(1) {z,,} in X has at most one limit.

(2) Every subsequence of {x,} is also convergent and has the same limit as the whole
sequence, see [30].

Note that {x,} is convergent to x¢ if and only if {x,} is p-convergent to x( for all ¢ > 0,
see [19].

In [36] the author gave an example that there exist p-convergent but not convergent
sequences.

Definition 2.7 ([18]). A sequence {z,} in a fuzzy metric space (X, M, x) is G-Cauchy
sequence iff lim, oo M(Zp4p, Tn,t) =1 for all t > 0 and p € N. A fuzzy metric space
(X, M, x) is G-complete if every G-Cauchy sequence is convergent in X.

Definition 2.8 ([15]). A sequence {z,} in a fuzzy metric space (X, M,x) is Cauchy
sequence iff for each ¢ € (0,1) and each t > 0, there exists ng € N such that M (xy, 2, t) >
1—e for all n,m > ng. A fuzzy metric space (X, M, x) is complete if every Cauchy sequence
is convergent in X.

In [19] Gregori et al. gave the following definition of Cauchyness and completeness in a
natural way from the p-convergence concept.

Definition 2.9 ([19]). A sequence {z,} in a fuzzy metric space (X, M, x) is called p-
Cauchy if there exists tg > 0 such that for each ¢ € (0,1) there exists ng € N such that
M (xp, xm,to) > 1 — ¢ for all n,m > ng, or equivalently limy, y,—00 M (2r, Tm, to) = 1 for
some tg > 0. A fuzzy metric space (X, M, x) is p-complete if every p-Cauchy sequence in
X is p-convergent to some point of X.

Note that {z,,} is a Cauchy sequence if and only if {x,} is p-Cauchy for all ¢ > 0 and,
obviously, p-convergent sequences are p-Cauchy.

p-completeness and completeness are equivalent concepts in stationary fuzzy metrics,
see [19].

Remark 2.10 ([19]). Let (X, My, %) be a standard fuzzy metric space as in Example 2.3.
Then (X, My, %) is p-complete if and only if the metric space (X, d) is complete.
Definition 2.11 ([12]). Let (X, M, *) be a fuzzy metric space. The fuzzy metric M is
triangular if it satisfies the condition
1 1 1

i<y

Mry) M M(zuh)
for every z,y,z € X and every t > 0.

Note that every standard fuzzy metric (My, ) is triangular.
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Theorem 2.12 ([37]). Let (X, M, %) be a fuzzy metric space. Then M is a continuous
function on X x X x (0,400).

Definition 2.13. Let (X, M, *) be a fuzzy metric space and T': X — X a mapping. The
set Op(x,00) = {x, T, Tz, ...} is called the orbit of . If for an x € X, every p-Cauchy
sequence in Op(x,00) is p-converges to a point in X, then the fuzzy metric space (X, M, *)
is said to be (x,T')-orbitally p-complete.

Definition 2.14. Let (X, M, %) be a fuzzy metric space and T': X — X a mapping. A
real-valued function G : X x (0, +00) — [0, 00) is said to be (z,T)- orbitally p-weak lower
semi-continuous (p-w.l.s.c.) at w iff {x,} is a sequence in Op(z,c0) and

xn —pu implies G(u,tg) < nh_}rglo sup G(xp, to)

for some to > 0. That is, G(.,t) is p-w.ls.c on X in Ciri¢’s sense, see [9].

3. Main results

In this section, we state and prove our main results in orbitally p-complete fuzzy metric
spaces. Now, we give the first main result as follows.

Theorem 3.1. Let (X, M, *) be a fuzzy metric space with M is triangular, T : X — X
and ® : X x (0,+00) — [0,00). Suppose there exist v € X and tg > 0 such that (X, M, )
is (z,T)-orbitally p-complete, and
1
M (y, Ty, to)

for all y € Op(x,00). Then:

(i) T"x —, o' exists,

(ii) m — 1< ®(T"x,ty),

(iii) T2 = 2’ if and only if G(z,ty) = m

(iv) m —1 < ®(x,tp) and m —1 < P(x,tp).

— 1< By, o) — B(Ty, o) (3.1)

— 1 4s (x,T)-orbitally p-w.l.s.c. at 2/,

Proof. (i) Using inequality (3.1) we have

“ 1
- - —1
S ; (M(Tla?,T““lw,to) )

1

n
< [®(T"z, o) — (T2, 10)]
e

(2

= O(x,ty) — (T, tg) < B(z, o)

forn =0,1,2,.... Therefore, {S,} is bounded from above and also non-decreasing and so
convergent.
Let m > n. Since M is triangular, we have
1 = 1
-1< -1 3.2
M(Trx, Tz, ty) - kz:% (M(Tkx,Tk“x,to) ) (32)

Since {S,} is convergent, for every 1 > ¢ > 0, we can choose a sufficiently large N € N
such that

> 1
-1)<e
kz:;l (M(Tk:c, Ttz 1) )
for all n > N. Thus, we get from inequality (3.2) that
1 ! 1

-1 <e

—1<L
M(Tx, T™x,tg) - Z (M(Tka:,Tka,to)

k=n
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and so .
<1 .
M(Tre, T ty) — @ ©
Since 1 — €2 < 1, it follows that
1 1—¢
M(T"z, T™x,ty) > =——>1-
(T"z, T"z, to) l+e 1-¢2 c

for all n,m > N. Hence, {IT"z} is a p-Cauchy sequence in Or(x,00). Since (X, M, *) is
(x,T)- orbitally p-complete, T"z —, 2’ € X exists.

(ii) Let m > n. Using inequalities (3.1) and (3.2) we have
1

1 ja 1
-1 < —1
M(T™z, T™z, to) - kz:;l (M(Tkx,Tk+13:,to) )
m—1
< N [@(TFx, to) — D(TF a, 1))

(iii) Assume that T2’ = 2/ and {z,} is a sequence in Orp(z, 00) with z,, —, /. Then
1 1
. 1=0<l . —
M (', Tx', tg) = Hmsp (M(x’n, Tx! o)

and so G is (z,T)-orbitally p-w.ls.c. at '

G2 tg) = — 1) = limsup G(zn, to),

Now let z,, = T"x and G is (x,T)-orbitally p-w.l.s.c. at 2’. Then from (i) we have

1 .
0< M Todo) 1=G(2',tg) < limsupG(T"x,tg)
1
= 1l -1)=0
lmsuP(M(Tnx,Ton,tO) )
which implies m —1=0. Thus M(2/,Ta', ty) = 1 and so Tz’ = 2'.
(iv) We first of all prove by induction that
1 = 1
— - 1< -1 3.3
M(Trz, x,tg) - g (M(Tk:L‘,Tk“:U,tO) ) (3:3)

foralln=1,2,3, ....
Inequality (3.3) is trivial when n = 1 and so we will assume that inequality (3.3) holds
for n — 1. Since M is triangular, it follows from inequality (3.1) we have

1 1 1
-1 < 1 1
M(Trx,x,to) - M(Trx,Trlx, ) + M(Tr 1z, z,tg)
n—2 1 1
< -1 -1
- kz:% (M(Tkx, Tk+1z 1) )+ M(Trz, Tn 1z, tg)
n—1 1

= —1).
kz:% (M(Tkx,Tka,to) )
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It therefore follows by induction that inequality (3.3) holds.
Using inequalities (3.1) and (3.3) we have

1 ! 1
-1 < —1
M(Trz, z,tg) ,; <M(Tkx,Tk+1x,t0) )
n—1
< > [@(TFx,ty) — (T, )]
k=0

= q)(.’L',t()) - @(T”$7t0) < ®($7t0)
Letting n tend to infinity we have

1

—— — 1 < ®(x,tp).
M (2, x,tp) < 2(w,to)

O

Corollary 3.2. Let (X, M,x*) be a fuzzy metric space with M is triangular and T be a
self-mapping of X. Suppose there exist x € X and ty > 0 such that (X, M,x*) is (x,T)-
orbitally p-complete, and

1 1
<k 1
M(TyaszvtO) - (M(y)Ty)tO) )
for all y € Op(x,00). Then:
i) Trz —> x' exists
(i) P ;

(3.4)

- 1
(11) M(T"w :E’ Jto) —1< kn(l o k) 1(M(x Tx,to) 1)’
(i) Ta' = 2’ if and only if G(z,ty) = m 1 is (z,T)-orbitally p-w.l.s.c. at 2,
1 1 1 1
(IV) M(T”xzto) —1< 1— k( M(z,Tx,to) 1)’ M (x',x,to0) —1< ITk(M(x,Tz,to) o 1)
Proof. Put ®(y,t) = (1 — k)_l(m —1) for y € Op(x,00). Let y = T™z in (3.4).
Then we have,
1 1
—-1<k -1
M (T, T2, tg) - (M(T”:U,T”Hx,to) )
and
1 1
-1)—k -1) <
(M(T"x,T”Hx, to) ) (M(T”x,T"Ha:,to) ) <
G 1~ ( : 1
M(Tmx, Tz, tg) M (T e, T2, b))
and so
! 1<
M(T”x,T”+1$,t0) o
1 1
1—k)™! ~1) - - 1)].
( ) {(M(T”:L‘,T”“:U,to) ) (M(T”“:L“,T"*Qx,to) )}
Thus, we get
1
—— — 1 < P(y,tg) — P(Ty,t
M(y,Ty,to) = (ya 0) ( Y, 0)

so (i), (iii) and (iv) are immediate from Theorem 3.1.
Using inequality (3.4) we have
! 1 L 1)
M(Trx, Tz, b)) — “M(x, Tz, tg)
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and then from Theorem 3.1 (ii) we get

1
——— —1 < ®(T"z,t
M(Trx, 2’ to) s 2T t)

= 1R 1

-1
M(Tmx, T, tg) )

< k(- k)_l(M(x,;x,to) _1)

and this gives (ii). O

In the following theorem, we will show that if (M, %) is non-Archimedean fuzzy metric,
where the continuous ¢t-norm is defined as a * b = min{a, b} for all a,b € [0, 1], then (i)
and (iii) of Theorem 3.1 can be obtained without the triangular property of M.

Theorem 3.3. Let (X, M,x*) be a non-Archimedean fuzzy metric space, where the con-
tinuous t- norm is defined as a x b = min{a, b} for all a,b € [0,1]. Let T : X — X and
®: X x (0,+00) — [0,00). Suppose there exist x € X and to > 0 such that (X, M, x*)
is (x,T)- orbitally p-complete, and satisfying the inequality (3.1) for all y € Op(x,0).
Then:

(i) T"x —p a' exists,

(i) T2' = 2" if and only if G(z,t) = m — 1 s (z,T)-orbitally p-w.l.s.c. at z'.

Proof. (i) Using the same procedure as in the proof of Theorem 3.1, we obtain that
- 1

Sp = — -1

" ;0 (M(T’x,TZ“x,to) )

(2

is convergent. Therefore we have

oo 1 1
-1) < d li —1)=0
g::o(M(T"x,T”“x,to) ) <o andso i (e iy Y

Thus, lim,, oo M (T"z, T" 2, t9) = 1. Hence for 0 < ¢ < 1, there exists ng € N such that
M(T"x, T" 1w ty) > 1 — ¢ for all n > ng. Let ng < n < m. Using (vi) of Definition 2.2,
we have

m—n
M(T"z, Tz, tg) > M (T "z, T" o, to) * - % M(T™ 1, T, to)
= min {M (T"z, T" 'z, to), ..., M(T™ ta, Tz, tg)} > 1 —¢

and so the sequence {T"z} is a p-Cauchy sequence in Or(z,00). Since (X, M, ) is (z,T)-
orbitally p-complete, T"x —, 2’ exists.

Using the same procedure as in the proof of Theorem 3.1 (iii), we obtain (ii). O

Similarly, using the same procedure as in the proof of Corollary 3.2 (i) and (iii), we
obtain the following result.

Corollary 3.4. Let (X, M, x) be a non-Archimedean fuzzy metric space, where the con-
tinuous t- norm is defined as axb = min{a, b} for all a,b € [0,1]. Let T be a self- mapping
of X. Suppose there exists an x € X such that (X, M, ) is (x,T)- orbitally complete, and
satisfying the inequality (3.4), for all y € Op(x,00). Then:

(i) T"x —, o exists,

(ii) T2’ =2’ if and only if G(z,t) = m — 1 is (x,T)-orbitally p-w.l.s.c. at x’'.
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If we replace non-Archimedean fuzzy metric by stationary fuzzy metric in the Theorem
3.3, then using the same procedure as in the proof of Theorem 3.3 and Corollary 3.2 we
obtain the following results.

Theorem 3.5. Let (X, M, x) be a stationary fuzzy metric space, where the continuous t-
norm is defined as axb = min{a, b} for alla,b € [0,1]. LetT : X — X and ® : X — [0, 00).
Suppose there exists an x € X such that (X, M, ) is (z,T)- orbitally p-complete, and

m —1<(y) — o(Ty)
for ally € Or(z,00). Then:
(i) T"x —, o exists,
(ii) Ta' =2’ if and only if G(z) = m — 1 s (z,T)-orbitally p-w.l.s.c. at z'.

Corollary 3.6. Let (X, M, x) be a stationary fuzzy metric space, where the continuous
t-norm is defined as a * b = min{a, b} for all a,b € [0,1]. Let T be a self- mapping of X.
Suppose there exists an x € X such that (X, M,x*) is (x,T)- orbitally p-complete, and
1 1
—— — 1 <k(—F7+—~ -1
M(Ty, T?y) ST (v, Ty) )
for all y € Op(x,00). Then:
(i) T"x —, «' exists,
(i) Ta' = 2’ if and only if G(z) = m — 1 is (x,T)-orbitally p-w.l.s.c. at x'.
Note that Theorem 3.5 and Corollary 3.6 are true for complete fuzzy metric spaces since
p-completeness and completeness are equivalent concepts in stationary fuzzy metrics.

The following theorem is slight generalization of Theorem 3 in [7].

Theorem 3.7 ([7]). Let (X,d) be a metric space, T : X — X and ¢ : X — [0,00).
Suppose there exists an x € X such that

d(y, Ty) < ¢(y) — ¢(Ty) (3.5)
for all y € Op(x,00), and (X,d) is (x,T)- orbitally complete. Then:
(i) limy, oo T"x = 2’ ewists,
(i) d(T"z,2") < p(T"x),
(iii) T2’ = 2’ if and only if F(z) = d(z,Tz) is (x,T)-orbitally w.l.s.c. at a’,
(iv) d(T"z,x) < p(z) and d(z',z) < ().

Proof. We consider the (My,.) standard fuzzy metric induced by d on X as in Exam-
ple 2.3. By Remark 2.10 (X, My, *) is (z,T)- orbitally p-complete since (X, d) orbitally
complete. Also (My, .) is triangular.

Since My(x,y,t) = m, we have d(z,y) = m —tforall x,y € X and t > 0.
Define ®(z,tp) = %ap(ac) for all z € X. Then from inequality (3.5) we have
to
—— — g < to(P(y, ty) — P(Ty, t
Myl Ty do) 105 o(®(y, to) — 2(Ty, to))
and so 1
— 1< B(y,ty) — B(Ty, to).
Moy Tyto) LS (y,t0) — @(T'y, to)

Thus T satisfies inequality (3.1) of Theorem 3.1.

(i) From Theorem 3.1 (i) we have T"x —, &’ exists and so lim, oo 7"z = 2’ (in the
metric space).



Caristi type fized point theorems in fuzzy metric spaces 83

(ii) From Theorem 3.1 (ii) we have
1

— - 1 < ®(T"z,t
M(Trzx, 2’ ty) (T2, to),
and so
1 to+d(T"z,z') —t d(T"z, 2’
L frd@ns) ot @) Ly
foTdIee.a) to to 0
Thus d(T"z,z') < p(T"x).
(iii) From Theorem 3.1 (iii) we have
1 |- d(z,Tx)
Md(ﬂf,TfL',t()) B to .

If G(x,tg) = m —1is (x,T) orbitally p-w.Ls.c. at 2/, then t¢G(x,ty) = d(z, Tx)
is (z,T)- orbitally w.ls.c. at 2’ too. Thus (iii) follows from Theorem 3.1 (iii).

(iv) From Theorem 3.1 (iv) we have

1 d(T"z,z') 1
1< ®(xt dso —— "0 <=
Md(Tnl',{L‘,to) < @(x,to) and so to B tow(x)
Thus d(T"aj,x) S QD(.’E) Slmﬂaﬂy m —1 S @(Qf,to) and so d(l’l,x) S @(x) O

By considering the (My,.) standard fuzzy metric induced by d on X in Corollary 3.2
we obtain the following corollary.

Corollary 3.8 ([7]). Let (X,d) be a metric space and T be a self mapping of X. Suppose
there exists an x € X such that

d(Ty,T?y) < d(y, Ty)
for ally € Op(z,00), and (X,d) is (x,T')- orbitally complete. Then:

(i) limy, oo T"x = 2’ exists,

(i) d(I"z,2") < p(I"2),

(iii) T2 = 2’ if and only if F(z) = d(z,T%2) is (z,T)-orbitally w.l.s.c. at x’,
(iv) d(T"z,z) < p(z) and d(z', z) < p(x).

4. Some examples

We finally give some examples which illustrate our results.

Example 4.1. Let X = [0,00), a * b = min{a,b} for all a,b € [0,1] and let

M(x,y,t):m,

for all x,y € X, t > 0, then (X, %) is triangular. Define T': X — X by

(w2 f0o<z<l,
T(“’)_{ z+1 ifl<z<oo

forall z € X.
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If we take 0 < 29 < 1, then Op(xg,00) = {z0,70/2,20/2%,...,20/2" },...} for n =
1,2,... and so (X, M, ) is (xo,T)- orbitally p-complete. Also define ®(z,t) = z and put
to = 1. Then for all y € Op(zp,c0) we have

1 1
— 1 = ————— —1=|y—Ty
M(y, Ty, to) m
X0 xo Zo
= gt~ gl = gn = 2t0) = Ty to).
Moreover,
1 2/2 if0<z<1,
G(Z,to)—]\/ww_l_|z_TZ|_{1 ifl1<z<oo

is (xg, T)-orbitally p-w.lLs.c. at z = 0.
All the conditions of Theorem 3.1 are therefore satisfied and z = 0 is a fixed point of
T.

Example 4.2. Let X = (0,00), a * b = min{a, b} for all a,b € [0, 1] and let
t
M z, 7t = T .
(@y.t) = P—
for all z,y € X, t > 0. Define T : X — X by
C[z/2 if0<z<],
T(x)_{l if1<z<oo
for all x € X.
If we take 0 < 79 < 1, then Or(z9,00) = {z0,70/2,70/2%,...,20/2" 1,...} for n =
1,2,.... But (X, M, %) is not (xg,T)- orbitally p-complete.
Now we take 1 < 2y < oo. Then Op(xg,00) = {xg,1,1,1,...}. Thus (X, M, x) is
(o, T)- orbitally p-complete.
Define ®(x,t) = x and put tg = 1. Then for y = z¢ # 1 we have

1
—— —1=|y—Ty|l = —1|l=20—1=®(y,tg) — ®(Ty,19).
M(y,Ty,tO) |y y| |$0 | Zo (ya 0) ( Y, 0)
Also inequality (3.1) is satisfied for y = 1. Moreover,
B 1 B [ 22 if0<z<],
G(Z’tO)_M(z,Tz,to)1_|ZTZ’_{ 2—1 ifl1<z<o0

is (xg, T)-orbitally p-w.lLs.c. at z = 1.
All the conditions of Theorem 3.1 are therefore satisfied and z = 1 is a fixed point of
T.

Example 4.3. Let X = [0,00), a * b = min{a,b} for all a,b € [0,1] and let

1 .
_ ) Ty HrFY
M(x,y,t)—{ 1 e if z =y,
for all z,y € X, t > 0. (X, M, ) is non-Archimedean fuzzy metric space. Define T : X —
X by T(x) = z/2 for all z € X.
If we take 29 = 1, then Op(1,00) = {1,1/2,1/2%,...,1/2"7 1 ...} for n = 1,2,...
and so (X, M, x) is (1,T)- orbitally p-complete. Also define ®(x,t) = 2x. Then for all
y € Op(1,00) we have

1 1 2 2
— —l=y=——=—— — — =d(y,tg) — P(Ty.ty).
M{(y, Ty, to) Y= 501 = a1~ gn — PW:t0) — @7y to)
z, fz#Tz . .
Moreover, G(z,ty) = { 0 if - i T, (1,T)-orbitally p-w.l.s.c. at x = 0.
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All the conditions of Theorem 3.3 are therefore satisfied and z = 0 is a fixed point of

T.
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Abstract

The estimation of the modulus of algebraic polynomials on the boundary contour with
weight function, having some singularities, with respect to the their quasinorm, on the
weighted Lebesgue space was studied in this current work.
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1. Introduction

Let C be a complex plane, and C := CU {co}; G C C be the bounded Jordan region,
with 0 € G and the boundary L := 0G be a closed Jordan curve, 2 := C \ G = extL. Let
on denotes the class of arbitrary algebraic polynomials P,(z) of degree at most n € N :=

(1,2,..}.

Let 0 < p < o0. For a rectifiable Jordan curve L, we denote

1/p
I1Plle, = = 1Puley sy = ( JECIEk \dzr) 0<p<os
L
1Palle. = = 1Paller.) = max|Pa(a)], p = oo.
Clearly, ||, is the quasinorm (i.e. a norm for 1 < p < 0o and a p—norm for 0 < p < 1).

Denoted by w = ®(z), the univalent conformal mapping of Q onto A := {w : |w| > 1} with
normalization ®(c0) = oo, lim, @23) >0and ¥ := &' Fort>1 we set

Lt = {Z : |(I)(Z)| = t}, Ll = L, Gt = intLh Qt = GCCtLt.
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Let {zj};”zl be a fixed system of distinct points on curve L which is located in the
positive direction. For some fixed Ry, 1 < Ry < oo, and z € Gp,, consider a so-called
generalized Jacobi weight function h (z) being defined as follows

h(z) == ho(z) [ |2 = 217, (1.1)
j=1

where v; > —1, for all j = 1,2,...,m, and hg is uniformly separated from zero in Gg,, i.e.
there exists a constant ¢ := co(GR,) > 0 such that for all z € Gg,

ho(z) > co > 0.
In many areas, we often need to study the following inequality
1Palle, oty < ctin(Es b2, ) [ Pallg, sy » 0 <P < g < 0, (1.2)

where ¢ = ¢(G, p,q) > 0 is the constant, independent from n, P,, and pu, (L, h,p,q) — oo,
n — oo, depending on the geometrical properties of curve L and weight function A in
the neighborhood of the points {z; };”:1 In particular, it was studied the behavior of the
|P.(2)] on L (¢ = o0), where the boundary curve L and weight function h having some
singularity on the L. First result of the (1.2)-type, in case of h(z) = land L = {2z : |z| = 1}
for 0 < p < 0o was found in [13]. The other results, similar to (1.2), for the sufficiently
smooth curve, were obtained in [25] (h(z) = 1), and in [27] (h(z) # 1). The estimations
of the (1.2)-type for 0 < p < oo and for h(z) = 1 when L is a rectifiable Jordan curve
were investigated in [16], [17], [19, pp.122-133], [23], [26] and for h(z) # 1- in [10, Theorem
6], [1,2,4-8] and others, respectively. More references regarding the inequality of the
(1.2)-type can also be found cited above and in Milovanovic et al. [18, Sect.5.3].

Let a rectifiable Jordan curve L has a natural parametrization z = z(s), 0 < s <[ :=
mesL. It is said that L € C(1,)), 0 < A < 1, if 2(s) is continuously differentiable and
2'(s) € LipA. Let L belongs to C(1,\) everywhere except for a single point 21 € L, i.e.
the derivative 2/(s) satisfies the Lipschitz condition on the [0,1] and z(0) = z(I) = 21, but
2'(0) # Z/(1). Tt is assumed that L has a corner at z; with exterior angle vim, 0 < 1y <2,
and denoted the set of such curves by C(1, A, v1).

In [28], this problem was investigated in case p = 2 for orthonormal on the curve of
L € C(1, A\, v1) polynomials @, (z) with the weight function h defined in (1.1) and can be
shown that the condition of "pay off" singularity curve and weight function at the points
z1 can be given as (1 + 1) v; = 1. In [28], the case, where (1 + 1) 11 # 1 was investigated
by the author. It is shown, that if the singularity of a curve and weight function at the
points z; satisfy the following condition

(T4+m)m <1, (1.3)
then for |@Q,(2)|, the following estimation is true
Qu(2)] < (L) (1™ + |2 — 217 Vi) , 2 € L, (1.4)
where

1 1/1
=-(1 ——(=—-1-
s1=5 (L+m)m, o1= (Vl 71>,
and ¢(L) > 0 is the constant independent on n.

In this work, the estimations of the (1.2)-type, in particular (1.4)-type for more general
curves of the complex plane were studied and the analog of the estimate (1.4) under the
condition (1.3) was obtained.
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2. Definitions and main results

Throughout this paper, ¢, co.c1, c2, ... are positive and g, €1, €2, ... are sufficiently small
positive constants (generally, different in different relations), depending on G in general
and on parameters inessential for the argument. Otherwise, such dependence will be
explicitly stated.

Without loss of generality, the number Ry in the definition of the weight function,

Ry = 2 can be taken. Otherwise, the number n can be chosen as n > [ Rio_J , Where &,

0 < g9 < 1, some fixed small constant.

For any k > 0 and m > k, notation ¢ = k,m means i =k, k+1,...,m.

Before go any further, some definitions and the notations are needed to be given. Let
z = ¥ (w) be the univalent conformal mapping of B := {w : |w| < 1} onto the G normalized
by 1(0) = 0, ¢'(0) > 0.

By [21, pp.286-294], it is said that, a bounded Jordan region G is called a k -quasidisk,
0 < k < 1, if any conformal mapping ¢ can be extended to a K -quasiconformal, K = }LJ_F—Z,
homeomorphism of the plane C on the plane C. In that case, the curve L := 9G is called a
k -quasicircle. The region G (curve L) is called a quasidisk (quasicircle), if it is k-quasidisk
(K -quasicircle) for some 0 < Kk < 1.

We denote the class of k -quasicircle by Q(k), 0 < k < 1, and say that L € @, if
L € Q(k), for some 0 < k < 1.

It is well-known that, the quasicircle may not even be locally rectifiable [14, p.104].

Definition 2.1. We say that L € @, 0 <k < 1,if L is a quasicircle and rectifiable.

Definition 2.2. We say that L € Qn, 0 < a <1, if L is a quasicircle and ® € Lipa,
z €.
We note that the class @), is sufficiently wide. A detailed information on this and the

related topics are contained in [15], [22], [30] (see also the references cited therein). We
consider only some cases:

Remark 2.3. a) If L = 0G is a Dini-smooth curve [22, p.48], then L € Q.

b)If L = OG is a piecewise Dini-smooth curve and largest exterior angle at L has opening
am,0 < a <1, [22, p.52], then L € Q,.

c)If L = 0G is a smooth curve having continuous tangent line, then L € @, for all
O0<a<l.

d) If L is quasismooth (in the sense of Lavrentiev), that is, for every pair z1, zo €
L, s(z1,22) represents the smallest of the lengths of the arcs joining z; to z2 on L, there
exists a constant ¢ > 1 such that s(z1,22) < ¢|z1 — 29|, then ® € Lipa for a =
2(1 — Laresin 1)1 [30].

e) If L is "c-quasiconformal" (see, for example, [15]), then ® € Lip a for a =
m . Also, if L is an asymptotic conformal curve, then ® € Lip o for all 0 <
a<1[15].

Definition 2.4. We say that L € @a, 0<a<l,if L € Q, and L is rectifiable.

In this case the following can be had:

Theorem A. ([20]) Let p > 0. Suppose that L € Qq, for some 0 < a < 1 and h(z) defined
as in (1.1) with v; = 0, for all j = 1,m. Then, for any P, € p,, n € N, there exists
c1 = c1(L,p) > 0 such that

TLO%P, L<q <

1
[Pallg,. < cllPll s 2T ’ (2.1)
N Lo nil Ly (ho,L) n;’ 0<a< %

where § = §(L), ¢ € [1,2], is a certain number.
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Therefore, according to 2.3, a can be calculated in the right parts of estimation (2.1)
for each case, respectively.

Now, we assume that the weight function h» have "singularity" at the points {z};", ,
ie., v # 0 for all 4 = I, m. In this case, the following 'local" (at the points {z;};~, € L)
estimation is holds:

Theorem 2.5. Let p > 0. Suppose that L € Qq, for some % < a <1 and h(z) defined
as in (1.1). Then, for any v; > —1, i = 1,m, and P, € p,, n € N, there exists co =
co(L, p,7i,) > 0 such that

2t
|Pn(zi)] < con v [[Pullg o, - (2.2)
The inequality (2.2) is sharp. For the polynomial P} (z) = 14+z+...+2", h*(z) = ho(z2),

h*(z) =1z—1]", v >0, L:={z: |2|] = 1} and any n € N, there exists c3 = c3(h*,p) > 0
, Cs = ca(h**,p) > 0 such that

v

1
) 1Pl = esn? [Pllgye, s 2> 1

k LH k
b) P3Nl = csn'» HPnHL,,(h**, >, pP>7v+1L

Let’s introduce the special "singular" points on the curve L and then lets give the
following definition. For ¢ > 0 and z € C, let us set B(z,0) := {¢ : [ — 2| < 0}, Q(2,9) :=
QN B(z,0).

Definition 2.6. We say that L € Qn3,,.. 8,0 < 8i <a<1,i=1m,if
i) for every sequence non-crossing in pairs circles {D((;, 0;) }i restriction of the func-
tion ® on €(¢;, ;) belongs to LipF; (P |2(¢;,0;) € Lipp;), and restriction

P ‘Q\ U (¢ 6:) € Lipa,
=1

ii) there exists a sequence non-crossing in pairs circles {D((;, 87)}i~, , such that Vi = 1, m,

0F > 6; and V¢, z € Q((, 9)), z # ¢ # £ is fulfilled estimation
[@(2) = ()] < ki(2,8) |2 — €], (2.3)
where
kilz,8) = cimax (|6 = G171z = 6% ),
and c¢; are independed on z and &.

Definition 2.7. We say that L € @a,gl,,,,,gm,o < B <a<li=1m,if L €
Qapi,..pm:0<Bi <a<1,i=1,mand L = 0G is rectifiable.

It is clear that, from Definition 2.6 (2.7), each region L € @a,gl,,,.,gm,o < B <a<
1,7 = 1,m , may have the "singularity'at the points {¢;}.", € L. If the region L does
not have such "singularity"', i.e. if §; = «, for all ¢ = 1, m, then, it can be written as
GeQnl<a<l

Throughout this work, we will assume that the points {z;};", € L defined in (1.1), and
{¢G}r, € L defined in Definitions 2.6, and 2.7 are coincide. Without loss of generality,
the points {z;}.", ordered in the positive direction on the curve L.

We assume that the curve L has "singularity” on the boundary points {z};",, ie.,
Bi # «, for all i = 1,m, and the weight function h has "singularity" at the same points,
i.e., v; # 0 for some i = 1, m. In [20], the following result was shown:
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Theorem B. Let p > 0. Suppose that L € @a,ﬁl,...,ﬁmv for some % <G <a<l, i=1m
and h(z) defined as in (1.1) and
i+ 1= % (2.4)
for each points {z;};",. Then, for any P, € p,, n € N, there exists c4 = ca(L,p,7vi,a) > 0
such that )
1Palle.. < can® |1Pallg, gy - (2.5)

In comparisons of Theorem B and Theorem 2.5, it is seen that, if interference conditions
(2.4) are satisfied for any "singular" points {z;};~, of the weight function and the curve L,
then the growth rate of the polynomials P,(z) on L does not depend on whether or not
the weight function h(z) and the curve L.

Now, assume that the equality (2.4) does not hold for each singular points {z;};",. Let
us suppose

w142 (2.6)
for each singular point {z;}.", . In the present paper the case is investigated

%~—|—1<&.
@

For simplicity of our next calculations, will be taken as ¢ =1 .
Theorem 2.8. Letp > 0. Suppose that G € @a,lgl, for some % < 61 < a<1; h(z) defined

by (1.1) and

MmH1< % (2.7)

Then, for every z € L and P, € p,, n € N, there ezists ¢c5 = c¢5(L,p,v1,P1,a) > 0, such
that

|Pa(2)] < e5(n® + |z — 21|7 n}/P?) 1 Pall g, n,r) - (2.8)
and
ETER!
Pa(20)| < con ™ |1Pall, oy - (2.9)
where . .
gottm B lim (2.10)

pB Tt T 20T 2

Since a > By, (2.7) will be satisfied when —1 < 1 < 0. So, from (2.8) it can be seen
that, the order of the height of P, in point z; and points z € L, z # 21, where h(z) — o0
and curve L not having singularity, acts itself identically. Thus, the conditions (2.7) can
be called "algebraic pole" conditions of the order A\ =1 — %(1 + 7).

In case, if L and h(z) have of two singular points, it can be written as
|Po(2)| < cr(lz — 21|7' n®2 + |2 — 29|72 0™ (2.11)

+lz = 21| [z = 2| 0 P | Poll g, iy » 2 € L

where s;, 04, 1 = 1,2, defined as in (2.10), for ¢ = 1 and analogously for i = 2, respectively.
Theorem 2.8 is also correct if the curve L has at point z; algebraic pole and at points
{2z}, k > 2, singularity, in which satisfying the interference conditions (2.4).

Corollary 2.9. If L € C(1,\,v1), then L € @a,ﬁl fora =1 (2.8) and 1, = u% [15].
Consequently, if the condition

(m+1ur <1
satisfies on the point z1, then, for p =2, from (2.8) and (2.10), we have

|[Pa(2)] < (en® + c7 |2 — 21| V) [ Pall gy n, ) » (2.12)



92 P. Ozkartepe and F.G. Abdullayev

where

= 1 (1+m) o1 = L (1 -1- ) (2.13)
v . .
S1 5 Y1) Vv1, 01 2\, et

For P, = @, estimation (2.12) coincides from the result by P.K. Suetin in [28, Theorem
2]. Therefore, the Theorem 2.8 generalizes the result in [28, Th2] for 1 < 11 < 2 and
extends this result to the more general curves of the complex plane.

3. Some auxiliary results

For a > 0 and b > 0, we will use the notations “a < b” (order inequality), if a < ¢b
and “a =< b” are equivalent to cia < b < cpa for some constants ¢, ¢1, ¢a (independent of
a and b), respectively.

The following definitions of the K-quasiconformal curves are well-known (see, for ex-
ample, [9], [14, p.97] and [24]).

Definition 3.1. The Jordan arc (or curve) L is called K—quasiconformal (K > 1), if
there is a K —quasiconformal mapping f of the region D O L in such that f(L) is a line
segment (or circle).

Let F'(L) denotes the set of all sense preserving plane homeomorphisms f of the region
D D L such that f(L) is a line segment (or circle) and lets define

Kp :=inf {K(f): f e F(L)},

where K(f) is the maximal dilatation of a such mapping f. L is a quasiconformal curve,
if K, < oo, and L is a K—quasiconformal curve, if Kj < K.

Remark 3.2. It is well-known that if we are not interested in the coefficients of quasicon-
formality of the curve, then the definitions of "quasicircle" and "quasiconformal curve" are
identical whereas, if we are also interested in the coefficients of quasiconformality of the

given curve, then a consideration is taken if the curve L is K —quasiconformal; therefore,
K21
KZ+1°

Following of the Remark 3.2, the both terms will be used for simplicity, depending on
the situation.
For z € C and M C C, we set p(z, M) = dist(z, M) :=inf{|z —(|: (€ M}.
Lemma 3.3. [3] Let L be a K—quasiconformal curve, z1 € L, z3,2z3 € QN {z: |z — z1| =
p(z1, Lyy)}; wj = ®(25), 7 = 1,2,3. Then,
a) The statements |z1 — z2| < |21 — 23| and |w1 — wa| = |w1 — w3 are equivalent. So
statements |z1 — zo| < |21 — 23| and |wy — we| < |wy — w3 also are equivalent.
b) If |z1 — 22| < |21 — 23], then

‘wl_w?)

it is k—quasicircle with xk =

£ |z — 23 wy — w3 |€

)

wy —w2| T [21 — 22| |wp — w2

where e <1, ¢ > 1, 0 < rg < 1 are the constants depending on G and L., :=
{z=v(w) : [w| =ro}.
Lemma 3.4. Let G € Q(k) for some 0 < k < 1. Then,
| (wr) = U (ws)| = wr — wa| T,
for all wy,wy € A,

This fact follows from [21, p.287, Lemma 9.9] and estimation for the N (see, for example,

[11, Th.2.8]):
|\I/,(7')’ - p(¥(r),L)
[Tl =1

Let {z; };”:1 be the fixed system of the points on L and the weight function & (z) defined
as (1.1).

(3.1)
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Lemma 3.5. [8] Let L be a rectifiable Jordan curve and h(z) is defined as in (1.1). Then,
for arbitrary P,(z) € pp, any R > 1 and n € N, we have

1Palle,hrg < B 1), p>0. (3.2)

Remark 3.6. In case of h(z) = 1, the estimation (3.2) has been proved in [12].

4. Proofs of theorems
4.1. Proof of Theorem 2.5

Proof. Suppose that L € @a, for some % <a <1, i=1,m be given and h(z) is defined
as in (1.1). Let w = pgr(z) be the univalent conformal mapping of Ggr, R > 1, onto the
B, normalized by ¢r(0) =0, ¢(0) > 0, and let {&;}, 1 < j < m <mn, be zeros of P,(z)

lying on Gg. Let

j=1 8 j=1 1 ~— ¥R fy)SDR( )
denotes the Blashke function with respect to zeros {{;},1 < j < m < n, of P,(z). Clearly,
|Bm,r(2)| =1, z € Lp, (4.2)
and
|Bm,r(2)| <1, z € Gp. (4.3)
For any p > 0 and z € GRp, let us set:
/2
Py (2) 8
T, (z) = | ———— . 4.4
n ( ) [Bm,R(z)] ( )

The function T}, (2) is analytic in G and continuous on Gg, not having zeros in Gg. We
take an arbitrary continuous branch of the 7}, (z) and we maintain the same designation
for this branch. Then, the Cauchy integral representation for the T}, (z) in Gg gives

1 d
To(2) = 5 /Tn ©) iz 2 €Gn, (4.5)
Lgr

T = 5 [ T (@) =%

27 C—z
Lr

Now, let z € L. Multiplying the numerator and the denominator of the integrand by
h'/2(¢), according to the Holder inequality, from (4.2) and (4.3), we obtain:

and then

) 1/p
1\>»
Pae) < ()" | [ H@ P07 g (4.)
R
1/p
2
d 1Y\»
X /m’CI =: (2> In1 X Jn2,
i TL1C =2 "
j=1
where
1/p

dg|
Jn1 = ||Pn||5p(h7LR), Jn2 = / m‘m
b T c-5P
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Then, from Lemma 3.5, for the each points {zj} _, € L, we have:
[P ()| 2 1Palle, - (n2)'7 (4.7)

To estimate the integral J, 2, we introduce

wj = P(z5), ;= argwy, L= Lﬂﬁj, Lg% = LRﬂﬁj, Jj=1m,

/

where Q7 := U(A;)

N :{t:Rew:R>1, %Twl Se@prgw}’
Al :{t:Rew:R>l’W§9<W}’

and, for j =2, m —1

A;:z{t:Rew:R>1, %%M §9<‘pﬂ'+2%+1}_

Since the points {z]} " | € L are distinct, we get:

m m

|d¢] .- |d¢]
oV =3 [ = o =Y [ = X (48)
':1L4 jl;l1 =5 iﬂLé < N

where

|d¢] :
2 - / |<. 2.;,_71 :17m' (49)

It remains to estimate the integrals Jn72 for each ¢ = 1, m. For the simplicity of our next
calculations, we assume that

m=1, R=1+ = (4.10)
n

Let the numbers 01, 6}, 0 < 61 < 6f < §p < diam G, are chosen from the Definition 2.6.
By denoting
lg1 = LrNQz1,61), gy = Lp\lg, Fri=®(g,), i=1,2,

from (4.9), we get

|d¢] |d¢] |d¢]
M N / \C—Zﬂuw N / ’C—Z1|2+AY1 i / \C—21|2+71. )
Tk,
Then, by applying Lemma 3.3, we have:
2+"/1 - ] U 2+71 -1 '
i i ) 1) = P =)
|d7|
=

(1) — O(w) " (7] - 1
<I>(l}m)l (1) = U(w)| 7 (7] = 1)

< n

() |7 —wil

d
/ % _'zf‘gm < (81) M meslhy < 1. (4.13)
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Then from (4.11)-(4.13), we get:

r1+1

Jhog2na . (4.14)
By combining (4.7)-(4.14), we obtain:

i+l
|Pn(21)] 2 v HPnHLp»

and, according to (4.10), the proof is completed. O

4.2. Proof of Theorem 2.8

Proof. Suppose that L € Qa,ﬁu for some % < p1 < a <1, be given and h(z) defined as
n (1.1). Let the functions By, r(z) and Tr(z) be constructed as in the beginning to the
proof of Theorem 2.5 by (4.1)- (4.4). By taking the arbitrary fixed branch of Tr (z), for
any z € Gg from (4.5), we get:

1

1 1
Ty (2) = Th(z1) = %L T (€) {C_Zg—zl]dg’

p/2 _,
271&/ [Bizi%] hc—z) <c1—zl>]d<'

For arbitrary z € L, z # z1, multiplying both sides of the equality by (z — 21)7 7, we
obtain:

(z—z) 7

(€—2)(¢—2)

since | By, r(¢)| = 1, for ( € Lg. By multiplying the numerator and the denominator of
the integrand via h'/2(¢) and by applying the Holder inequality, we obtain:

e e i

1/2
To(2)~Ta(e1) | 1 p
e |2 ae | [ HOROF 4
1/2
/ 2 201 1dc| _. i(J L X 2)1/2
R g I X Tn2)
where
T / W) PP 1) = I1Pall 1 1y (4.15)

2—201

al
/ P

Then, for z € L, from Lemma 3.5, we have:
T (2) = Th(21)

SR, - ), 2 € L (1),

(2 —21)
From (4.4), we obtain:
/2 p/2
PTL (Z) p Pn (21) P 1/2
S g aty| el - (27 4.16
‘Bm,mz) 5 9‘BM< LU enlplh, - (One) (1.16)
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According to well-known inequalities [29, p.121]
A+ BP < 2°71(JA)P + |B)P), p > 1, (4.17)
|JA+BP < |[AP+|B, 0<p<1, A>0, B>0,
from (4.16), we obtain:
B, R( )
Bin,r(21)

Since |Bp, r(2)| < 1, for z € L and |By, r(¢)| = 1, for ¢ € Lp, then there exists e1,where
0 < e1 < 1, in such that the following is fulfilled:

P (2)] < €1 n (20)] + ez | Pallg, - (Jn2)'?. (4.18)

‘Bm,R(zl)‘ >1—e. (419)
Then, from (4.18) and (4.19), for each z € L\ {21}, we have
|Pa (2)] < c1 | P (21)] + caz | Pall, - (Jn2)'”, p > 0. (4.20)

By the Theorem 2.5, the estimation for | P, (z1)| is known.Therefore, finding of an estima-

tion of J,, 2
2—201

21|
”2/\<—zr C— a1l

is needed for completion. We set:

L}%,l © = LLNQ(z,6), L}%’Q = L N (Qz1,69)\Q(21,61)),
Lps : =Lr\(LraULgy); Fr;:=®(Lg,),
L} : =L'ND(z,6), L} := L' N (D(z1,07)\D(z1,61)),
LY : =L\(LiuLd); F' -=d(L}), i=1,2,3,
then, from (4.15), we get:
3
Jn,2 = Z Jn,2(L}DL7i)7 (421)
i=1
where 5o
|2 — 21|77
ld¢] (4.22)
/ €= 2Pl a7

for | C L. There are two possible cases: the point z may lie on L' or L?. Suppose first, z
€ L'. If z € L}, then w € F}, for i = 1,2,3. Consider the individual cases:
1) Let 2z € L}.
1.1) By applying (4.17), we have:
2—201
21|

Jn,Q(L}%,l) = / ‘C _ Z| |< |2+71 |dq (423)

(1€ = 2l +1¢ = z [
. / [

1
Lga

_ / |d¢| N / d¢| .
F I e A [ TP
LR,l LR,l

1,1 . .

Ly ={CeLh;:lC—al2C -},
1,2 14 . 1y - .
LR,J’ S LR]\LR]’ FR,lj = CD(R,Zj)’Zv J=12

Lets
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Then, from (4.23), we get:

d¢| |d¢]
RNEN ‘+/
72( R,l)— |<_z|2a1+2+’)/1 , ‘C_Zl|201+2+’)/1
2

1,1 1
R,2 R,

/ p(¥(r), L) |dr )
¥ (r)

= W (w) P (| - 1)

p(U(r), L) |dr]
o/ [T (r) — W) P (]~ 1)

R2
= |dT| |dT|
— n ’ ‘201+1+'yl + 201+1+71
11 |T—w A1 12 _ B1
FR,l FR71 |T ’IU|
20141471 4 2014147 ¢ 201 +1+71
= n-n A +n-n A =n A

1.2) For any ¢ € L}m and z € L{ , |¢ — 21| > &1 and by Definition 2.6, we obtain:
=2 = maX{K — a2 - Z1|a7ﬁl} lw — 7|
= [C—al P w =] 28 w7 = - 7).
Then, for this case we get:

‘Z -2 ’27201

T (L :/ d
othy) = [ i
Lg,

[1¢ = 2| + ¢ — =) >
: / €= 22 [¢ — =[PP ]

1

(4.25)

LR2

/ |d¢| N / |d¢|

E I e e [ T et
LR,2 LR,Z

IN

1 |d¢] 1 |d(]|
2471 / 201 + 201+m / 2
0} i ¢ — 2| 63 i, I¢ — 2|

/ p(¥(7), L) |dr|
) = @) (|7 = 1)

p(¥(7), L) |dr|
)

IA

Fio
|dT| |dT|
j n / 2011 + n 1
«
Pl |7 —w| P2 |7 — w|

1 1
< n-n «a +n-nE’1an.
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1.3) For any ¢ € L}%,z and z € L},

2) Let z € L3.

Then, we get:

Jn,Q(L}%,l)

PN

PN

IA

IA
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¢ — 21| = 67 and ¢ — 2| = 0] —

01. Then, we have

natthy) = [ 2T (1.26
2WR3) = :
' ) IC =P I¢ =
LR3
(diamGR)?> 2 mesL
- k 2—20 * 2
(07 —61)" ™" (67)
2.1) According to |( — 21| < |z — 21|, by Definition 2.6, we obtain:
I —2]* = max {|C — 2| |- Zl|a_6l} lw — 7|
= |Jz—2z|*P|w -7 25?7’81 |lw—T| = |w—T7].
’Z 21’2_201 p
= 2FIC—aP !
Rt
/ HC - Z‘ + ’C - 21|]2_201 |dq
PP
R,1
/ s N / |
A S e A S e
L, Lt
|dd]| \dC|
J |C_ 201+2+’y1 K 20’1+2+’Yl
LR
p(¥(7), )|dT| / ( ), L) |d7|
2 2 2 2+
o [2(0) = (W)l T [W(r w) [ (7]~ 1)
R,2
|dT| ]d7'|
n Ty T 20,9 T
o
201 +14y) 2oyt g 2oy tltyy
n-n o -1 +n-n A <n A

=

Therefore, in this case we have

2.2) For any ¢ € L, and z € Lj

Jn,Z(L}m) =n

case from Definition 2.6, we obtain

¢ —=["

and then,

Y

Y

B1

max {|C N N P

Zl|

201 +1

+71

8w — 7| = Jw — 7],

2—201

Tuzllha) /|c

— 2?1 -

’2+’Yl |dc]

P — 7

(4.27)

|¢ — 21| > 01 and analogously to the case 1.2), in this
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2-&-71 _ z‘Q

o(V(r), L) |dr] L
- L/|w () — () E (| - 1) /!@ (w)

/ |d7| 1
n — X ne.
|7 —wle

1
FR,2

5* 2=201 |dC|
4.28
/ 19 ( )

A

2.3) For any ¢ € L 3 and z € Ly, [¢ — 21| > 67 and |[¢ — 2| > 6} — 61. Then, we have:

‘Z — |2—201

T o(Lh :/ d
2(Lg3) g K_Z‘QK_ZHMJ ¢

5* 2— 20’1

| |
= G /|<—42j1 ¢ — 2 29

U(r), L) |dT]| \dT]
= /|\11 U(w)] (7| - 1) ~ /I\If (w)]

/ |dT| 1
n ——— < na.
|7 — w|>

1
FR,B

PN

3) Let 2z € Li.
3.1) Analogously to previous cases, we get:
2—201

Jn Ll - / ‘Z _ Zl’ d
2k = [ o
Ly

2204
(2dzamG) |d¢|
< i | e (4:30)
(67 — 1) 1€ — 21|
R,1
L [ _e¥O.Die
- 24
[U(r) = W(w)|" " (7] = 1)
Fg
|dT| 24
j — 7 j n B1 .
ph, [Tl

3.2) Since, from Definition 2.6,
C=2* = max{|c— 2" 2= 2P} w |
> 67w 7| w -],

then, we have:
2—201

Zl|
n2 R2 / ’dd
IC—Z\K al




100

P. Ozkartepe and F.G. Abdullayev

6* g
< / P (4.31)

7'), L) |dr| \dT]
- /w () (| - 1) /!\P (w)

|d7| 1
< n / ﬁjna.
rh, T
3.3) Also, we get:
21’2—201
/ |<—z\ i ap
£\ —201— |d¢]
< (o) / P (4.32)
. / L) |dr] / N -
AT >r (rl-n =" ] T =¥
|d| 1
< n / ﬁjna.
r, Tl

By combining the estimations of (4.18), (4.20)-(4.32), finally we obtain:

1
1P (2)| < 13| Po (21)] + ci2 [ Pallg, - nor, p> 0.

and, then the proof of (2.8) is completed.
The estimation of (2.9) follows from the Theorem 2.5 for a = f. O
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Abstract

In this note, we prove that a finite group G is p-supersolvable if and only if there exists
a power d of p with p* < d < |P| such that H N OP(G}) is normal in OP(G) for all
non-cyclic normal subgroups H of P with |H| = d, where P is a Sylow p-subgroup of G.
Moreover, we also prove that either 1,(G) < 1 and r,(G) < 2 or else |[PNOP(G)| > d if
there exists a power d of p with 1 < d < [P| such that H N OF(G},) is normal in OF(G)
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Mathematics Subject Classification (2010). 20D10, 20D20, 20D40

Keywords. Finite p-group of maximal class, p-supersolvable group, meta-cyclic p-group

1. Introduction

All groups considered in this note are finite. We use conventional notions and notation,
as in [9].

It is quite interesting to investigate the structure of a group by using some kind of
the embedding properties of subgroups and many interesting results have been given (for
example, see [1,6,8,13]). Recently, Guo and Isaacs [6] proved the following theorem by
using the embedding condition “H N OP(G) < OP(G)”.

Theorem 1.1. ([6, Theorem B]). Let P € Syl,(G), and let d be a power of p such that
1 <d < |P|. Assume that H N OP(G) < OP(G) for all subgroups H < P with |H| = d.
Then either G is p-supersolvable or else |P N OP(G)| > d.

An interesting idea of [6] is that in the hypothesis of the theorem only the normal
subgroups of order d are considered, not necessarily the family of all subgroups of order d.
Recall that a subgroup H of a group G is said to be S-semipermutable in G (see [12]) if
H permutes with all Sylow g-subgroups of G for the primes ¢ not dividing |H|. Ballester-
Bolinches etc in their paper [1] proved an analogous result, but they only assume that
H N OP(G) are S-semipermutable in OP(G) instead of assuming that these subgroups are
normal in OP(G).

Theorem 1.2. ([1, Theorem 2]). Let P € Syl,(G), and let d be a power of p such that
1 <d < |P|. Assume that H N O,(G) is S-semipermutable in G for all subgroups H < P
with |H| = d. Then either G is p-supersolvable or else |P N Oy(G)| > d.
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More recently, Yu in his paper [13] use the subgroup G, of a group G, and consider the
embedding condition OP(Gy) N H < OP(G) to prove the following result, where G, is the
unique smallest normal subgroup of a group G for which the corresponding factor group
is abelian of exponent dividing p — 1.

Theorem 1.3. ([13, Theorem 2]). Let P € Syl,(G), and let d be a power of p such that
1 <d < |P|. Then G is p-supersolvable if and only if |PNOP(Gp)| < d and HNOP(G)) <
OP(QG) for all subgroups H < P with |H| = d.

Remark 2.3 and Example 2.4 in [13] show that it is better to use the embedding condition
OP(Gy) N H <OP(G) to investigate the p-supersolvability of groups. On the other hand, in
all of the above results all normal subgroups of order d in P are considered. So we wonder
whether we may reduce the number of normal subgroups of order d in P?

In fact, we have the following results.

Theorem 1.4. Let P € Syl,(G), and let d be a power of p such that p*> < d < |P|. Then
G is p-supersolvable if and only if |P N OP(Gy)| < d and H N OP(Gy) < OP(G) for all
non-cyclic subgroups H I P with |H| = d.

Theorem 1.5. Let p be a prime dividing the order of a group G of odd order, let d be
a power of p such that 1 < d < |P| and P € Syl,(G) with |P| > d. And suppose that
H N OP(Grz) 2 OP(G) for all non-meta-cyclic normal subgroups H in P with | H |= d.
Then either p-length ,(G) < 1 and p-rank rp(G) < 2 or else [PNOP(G,)| > d, where G,
18 the unique smallest normal subgroup of the group G for which the corresponding factor
group is abelian of exponent diving p* — 1.

We should notice that we assume d > p? in Theorem 1.4. In fact, if p=2and d =2,
then the result is still true. Since [PNOP(Gy)| < 2, it follows from Burnside Theorem|[9, IV,
2.8] that OP(G}) is 2-nilpotent, and thus G, is 2-nilpotent. Hence G is 2-supersolvable.
However, the result is not true if p is odd prime and d = p in Theorem 1.4. In fact, let
D be a non-abelian simple group such that Sylow p-subgroups of D are cyclic of order p,
and let G = D x C with a cyclic group C of order p. Clearly, G, = G and H N OP(G})
is normal in OP(G) for every non-cyclic normal subgroup H of P of order d, where P is a
Sylow p-subgroup. But |P N OP(G)| = p and G is not p-supersolvable.

We also notice that the hypothesis “G is an odd order group” in Theorem 1.5 can not
be removed. In fact, let D be a non-abelian simple group such that Sylow p-subgroups
of D are cyclic of order p"™(d > p™ > 1), and let G = D x C with a cyclic group
C of order p"(n = 1). Clearly, H N OF(G},) is normal in OP(G) for every non-meta-
cyclic normal subgroup H of P of order d, where P is a Sylow p-subgroup of G. But
[P NOP(Gr,)| =p™ < dand G is not p-solvable.

Furthermore, the following example tells us that G may not be p-supersolvable if G
satisfies the hypotheses in Theorem 1.5. Let p be an odd prime with p # 2% — 1 for all
positive integer k. Write P = (a) x (b) ~ C3.. So Aut(Q(P)) ~ GL(2, p) and there exists
a cyclic subgroup T of order p? — 1 in Aut(Q;(P)). Note that p+1 is not a power of 2, then
we can choose an automorphism @ € T with order ¢ such that ¢|p + 1 and ¢ # 2. Now,
considering the surjective homomorphism ¢ : Aut(P) — Aut(Q(P)); we can choose an
automorphism « of P such that ¢(a) = @. Write the semidirect product G = P x {(«), it is
clear that H N OP (G;Q) is normal in OP(QG) for every non-meta-cyclic normal subgroup H
of P of order d = p™ (m < 2n). Now we prove that G is not p-supersolvable. If the action
of @on Q1(P) = (a1) x (b1) ~ C2 is reducible, then it follows from p # q and Maschke’s
Theorem that (a;), (b)) are @-invariant. It follows from g.c.d.(p+1,p—1) =2 that ¢t p—1,
and therefore @ acts trivially on both (a) and (b), that is, @ acts trivially on ;(P), a
contradiction. Hence @ acts irreducibly on Q;(P), implying that « acts irreducibly on
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Q1(P). Then we have Q;(P) ~ C’g is a minimal normal subgroup of G and so 7,(G) = 2.
It follows that G is not p-supersolvable.

2. Preliminary results
In this section we list some basic and known results which will be used in our proofs.

Definition 2.1. ([7, Definition 1.9]). Let p be prime. A group G is said to be a C'S(p, n)-
group if G is a p-group with a characteristic series

1=Gp<Gi1 < <Gy =G
such that |G;/Gi—1| < p" for all i > 1.

It is clear that meta-cyclic p-groups and p-groups of maximal class are both C'S(p, 2)-
groups.

Lemma 2.2. ([3, Lemma 1.4]). Let p be a prime, let P be a p-group and let d be a power
of p such that p?> < d < |P|. Let N < P, where |N| > d, and suppose that every normal
subgroup of P that has order d and is contained in N is cyclic. Then N is cyclic, dihedral,
semidihedral or generalized quaternion.

Lemma 2.3. ([2, Lemma 2.4]). Let P < G, where P is a p-group. Also, let N < G be
a p-subgroup with |[N| < |P| and N £ P. Then N < PN, and every subgroup H with
N < H < NP is non-cyclic.

Lemma 2.4. ([8, Lemma 2.5]). If a group P of order 2™ > 23 has a subgroup M of order
2"~ of mazimal class, then either P is of mazimal class or P/P' ~ C3, and P’ is cyclic.

Lemma 2.5. ([3, Exercise 1(b), p.114]). Let P be dihedral, semidihedral or generalized
quaternion, then P has the only one normal subgroup N of order 2% for every 1 < 2% <
|P|/2 and N is cyclic.

Lemma 2.6. ([4, Corollary 69.5]). Let p be an odd prime and d be a power of p such
that d > p®, and let N be a normal subgroup of a p-group P with |N| > d. If every
normal subgroup of P that has order d and is contained in N is meta-cyclic, then N is a
meta-cyclic group or a 3-group of mazximal group.

Lemma 2.7. Let p be a odd prime, and let P be a meta-cyclic p-group or a 3-group of
mazimal class. If N is normal in P, then Q1 (N) S Cp x Cp or N is a 3-group of mazimal
class.

Proof. If P is meta-cyclic, then (V) < C, x €. Now assume that P is a 3-group of
maximal class. It follows from [3, Exercise 9.1] that N is a 3-group of maximal class or
absolutely regular, where a p-group N is absolutely regular if |G/U;(G)| < pP (see [3, List
of definitions and notations]). If N is absolutely regular, then Q1 (N)| = |N/U1(N)| < 32,
and thus Q(N) < €, x Cp by [3, Lemma 1.4]. O

Lemma 2.8. Let p be a prime and d be a power of p such that p> < d, and let P be a
p-group. Also, let N and P; be normal subgroups of P with N S Cp x C, and N < Pj.
If Py contains a non-meta-cyclic normal subgroup of order d of P , then there exists a
non-meta-cyclic normal subgroup H of order d of P such that N < H < Py.

Proof. Let H; be a non-meta-cyclic normal subgroup of order d of P with H; < P;. If
N £ Hy, then [NN Hy| =1or pby N <C,x Cyp, that is, |[N : NN Hy| = p? or p. First,
we assume that [N : NN Hj| = p. Since N N H; is normal in P, there exists a maximal
subgroup M of Hy such that M IP and NNH; < M, and so H = NM is normal in P and
|H| = d. Noting that H;j is non-meta-cyclic, we have that M is non-cyclic. It follows from
N £ M and N < C7 that Qi(H) > Qi(M) > p*. Thus H is non-meta-cyclic by Lemma
2.7 and H < P;. Now assume that |[N : N N Hy| = p? and take a subgroup M; of Hj
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with |M1| = d/p? and M; < P. Then H = N M is a normal subgroup of P with |H| = d.
Noticing that N ~ C, x Cp and N N M = 1, we see |Q1(H)| > |Q1(N)[|Q1(M)] > p?.
Hence H is non-meta-cyclic by Lemma 2.7, as we wanted. g

Lemma 2.9. ([7, Lemma 2.2]). Let P be a p-group. If P has a meta-cyclic maximal
subgroup and P is not isomorphic to C’S , then P is a C'S(p,2)-group.

Lemma 2.10. ([7, Lemma 3.2]). Let an odd order group A act on a CS(p,2)-group P.
Then P is centralized by OF(A7,).

Lemma 2.11. Let G be a group and let p be a prime of |G|. If G;‘)Q is p-nilpotent, then
G is p-solvable with 1,(G) <1 and rp(G) < 2.

Proof. Since G;Z is p-nilpotent, G is p-solvable of [,,(G) < 1. We see G has a chief series
1:K0<~--<Ho:Op(G;‘;2)<H1<---<Hn:G;2 << G

Noticing that OP(G}2) < Cq(Hiv1/H;) (0 < @ < n — 1), we have Ag(Hit1/Hi) =~
G/Cq(Hiy1/H;) € Dpihy_q, where D, is the formation consisting of all p-groups and
Uy2_, is the formation consisting of all abelian groups with exponent dividing p? — 1.
Since Op(Aq(Hit1/H;)) =1 by [5, A, Lemma 13.6], it follows that Ag(Hit1/H;) € Ypoy,
and so Ag(H;y1/H;) is abelian with exponent dividing p? — 1.

Write |H;41/H;| = p™. By the faithful and irreducible action of the abelian group
Ag(Hiy1/H;) on Hitq/H;, we see that Ag(H;+1/H;) is cyclic and m is the smallest positive
integer such that |Aq(H;+1/H;)| divides p™ — 1 by [9, II, Lemma 3.10], and thus m < 2
since the exponent of Ag(H;41/H;) divides p? — 1. Then r,(G) < 2. O

3. Proof of Theorem 1.4

Lemma 3.1. Let p be a prime, and let P € Syl,(G), where G is a group. If P is a cyclic
group, then either G is p-supersolvable or else PN OP(G;) =P.

Proof. Without loss of generality, we assume P N OP(G)) < P. If PNOP(G}) = 1, then
G, is a p-nilpotent, and thus G is p-supersolvable. So 1 < PﬁOp(G;;) < P, then it follows
from [11, Theorem 2.1] that G is p-supersolvable. O

Proof of Theorem 1.4. Note that G is p-supersolvable if and only if G is p-nilpotent,
and so we only need to prove the sufficient. Now assume that G is a counterexample of
minimal order. Then G is not p-supersolvable. In particular, G} is not p-nilpotent, and
therefore N = PN OP(G}) > 1. For convenience, we write

$H={H < P | H is a non-cyclic subgroup with |H| = d}
and
D={Y <-P|NLY}.
It is easy to see that H N OP(G) QG for all H € . We proceed in a number of steps to
derive a contradiction.

Step 1. P is not cyclic, dihedral, semidihedral or generalized quaternion.

If P is cyclic, then, by Lemma 3.1, G is p-supersolvable, a contradiction. Now assume
that P is dihedral, semidihedral or generalized quaternion. If N is a cyclic subgroup, then
it follows from Burnside’s theorem [9, IV, 2.8] and p = 2 that OP(G}) is 2-nilpotent, and
thus G is 2-nilpotent, a contradiction. Thus, by Lemma 2.5, we may assume that N is a
non-cyclic maximal subgroup of P and |[N| = d. In this case P = Dan(n > 3), Qan(n > 4)
or SDsgn, and thus there exists a non-cyclic maximal subgroup N; of P such that N £ Nj.
For convenience, we write M; = N N Ny and have

MlzNﬁOp(G;)ﬂNlﬁOp(G;)ﬁG.
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Since |P : M;| = 22, Mj is cyclic by Lemma 2.5. It follows that OP (G) is 2-supersolvable
and therefore OP(G}) is 2-nilpotent. Hence G}, is 2-nilpotent, a contradiction.

Step 2. ) # .

Suppose not, that is , all normal subgroups of P with order d are cyclic. Now by Lemma
2.2, P is cyclic, dihedral, semidihedral or generalized quaternion, in contradiction to Step
1.

Step 3. Oy (Gp) =1

Write D = Oy(G}) and G = G/D, and note that OP(G%) = OP(G3) by [13, Lemma
2.9]. It follows from Dedekind’s lemma that O (G,)NDH = D(OP(G;)NH) for H € $. In
addition, both D and OP(Gy)N H are normalized by OP(G), we see that OP(G) normalizes

OP(G5)NDH, or equivalently, OP(G) normalizes OP(G%)NH. Since PDNOP(Gy) = D(PN

U) = DN and |N| < d, we see that [P N OP(G3)| < d. Then G satisfies the hypotheses,
and therefore G is p-supersolvable. It is clear that the subgroups of G corresponding to
the members of § are exactly the subgroups H for H € §). Hence G is p-supersolvable.
Futhermore, we see that G is p-supersolvable, which is a contradiction. So we conclude
that D = 1.

Step 4. N is normal in G. In fact, G is p-solvable and P < G.

Since H NOP(Gy) <OP(G) for H € § and OP(Gj) < OP(G), we see that H NOP(Gy) <
OP(G) for H € $. Then G, satisfies the hypotheses of [8, Theorem 3.2, and thus G}, is p-
supersolvable. Hence G is p-solvable. Noticing that O, (G}) = 1 and G, is p-supersolvable,
we have P <G}, by [9, VI, 6.6]. Then it follows from P € Syl,(G}) and G, <G that P is
normal in G. So N = PN OP(Gy) is normal in G' by OP(Gy) < G.

Step 5. There exists a maximal subgroup Y € Q) with L = N NY is not normal in G
and L is cyclic.

If N < ®(P), then it follows from Tate’s theorem [9, IV, 4.7] that OP(Gy}) is p-nilpotent,
and therefore 5 is p-nilpotent, a contradiction. Thus there exists a maximal subgroup Y
of P with N £Y.

Next we prove that there exists Y € 2) such that L = NNY is not normal in G. If not,
then L = NNY isnormal in G and [N : L| = pforallY € Q). So G, < Cg(N/L). Noticing
that N/L is a normal Sylow p-subgroup of OP(G})/L, we see N/L < Z(OP(G})/L), and
therefore OP(G})/L is p-nilpotent by Burnside’s theorem [9, IV, 2.6]. Hence OP(OP(G})) <
OP(G?), a contradiction.

Finally, we prove that L is cyclic. If L is non-cyclic, then there exists H € §) such that
L<H<Y.So

L=HNL=HNYNN=HNN=HNPNO"(G,) =HNO"G,) <G,

which is a contradiction.

Step 6. Y is a cyclic, dihedral, semidihedral or generalized quaternion group.

Let Y and L be as in Step 5. If there exists a subgroup S in Y such that S € §, then,
since |L| < |[N| < d = |S|, there exists H € $) such that L < H < LS <Y by Lemma 2.3.
In this case, we have

L=HNL=HNYNN=HNN=HNPNO"G:) =HNOPG) 4G,

in contradiction to Step 5. So every normal subgroup of P that has order d and is contained
in Y is cyclic. By Lemma 2.2, the Step 6 is true.

Step 7. The final contradictions.

If Y is a cyclic maximal subgroup of P, then it follows from [2, Lemma 2.1(b)] and Step
1 that OP(Gy) acts trivially on P, and therefore G, is p-nilpotent, a contradiction. Now
assume that Y is a dihedral, semidihedral or generalized quaternion group. If |Y| = d,
then Y € §, and therefore L = NNY = PN OP(G,)NY is normal in G, in contradiction
to Step 5. The remaining case is |Y| > d. In this case, since Y is of maximal class, we see
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that |Y : Y’| = 22. Furthermore, by |Y| > d > |[N| and |N : L| = 2, we see that L <Y’

by Lemma 2.5. It follows from Lemma 2.4 that P’ is cyclic, and therefore L <Y’ < P’ is

normal in G by P <@, in contradiction to Step 5, which is the final contradiction. So the

proof is complete. O
Now we present some application of Theorem 1.4.

Lemma 3.2. Let P € Syl,(G) with |P| > p®. If P has exactly one non-cyclic mazimal
subgroup M and M < Gy, then G is p-supersolvable.

Proof. 1t is easy to see that the hypotheses are inherited by G/O,(G}) and P% . s0 we
can assume that Oy (Gy) = 1. If PS% < @, then P% is p-supersolvable by induction. It
follows from Oy(Gy) = 1 and [9, VI, 6.6] that P is normal in P% and thus P = P%.
And since G, <G and P € Syl,(G*), we see that P I G. Noticing that there exists a
cyclic maximal subgroup in P, we see, by [2, Lemma 2.1], that OP(G}) acts trivially on
P. Thus G is p-nilpotent, and therefore G is p-supersolvable. Now we can assume that
P% = @, and in particular, Gy, = G. Then it follows from [8, Lemma 4.1] that G is
p-supersolvable. O

Lemma 3.3. Let a Sylow p-subgroup P of G be a non-cyclic subgroup with |P| > p3. If
every non-cyclic mazimal subgroup of P is normal in G, then G is p-supersolvable.

Proof. By Lemma 3.2, we can assume that P has two distinct non-cyclic maximal sub-
groups. Then P is normal in G. In addition, G}, is normal in G and P € Syl,(Gy). Thus
P is normal in G. Since |P| > p?, we see, by [2, Theorem A], that OP(Gy) acts trivially
on P. Then Gy is p-nilpotent, and therefore G is p-supersolvable. O

Corollary 3.4. Let P be a non-cyclic Sylow p-subgroup of G with |P| > p®, and suppose
for every non-cyclic mazimal subgroup H of P that H N OP(G}) < OP(G). Then G is
p-supersolvable.

Proof. Assume that G is not p-supersolvable. Applying Theorem 1.4 with d = |P|/p, we
deduce that OP(G}) = G, and thus every non-cyclic maximal subgroup of P is normal in
G- 1t follows from Lemma 3.3 that G is p-supersolvable, a contradiction. O

Corollary 3.5. Let p be an odd prime and P € Syl,(G), where P is non-cyclic. Let d
be a power of p such that p*> < d < |P|, and let $ be the set of all non-cyclic normal
subgroups H of P with |H| = d. Assume that H N OP(G,) QOP(G) for all H € §. If
N¢g(H) is p-supersolvable for all H € §, then G is p-supersolvable.

Proof. If |P N OP(Gy)| < d, then G is p-supersolvable by Theorem 1.4. Now we can
assume that [P N OP(G})| > d. In this case, if there exists H € $ such that H < OP(G}),
then H <OP(G), and thus H < POP(G) = G. Hence G = Ng(H) is p-supersolvable. Now
we may assume that N = P N OP(Gy) is cyclic by Lemma 2.2. Let L be a subgroup of
N with order d/p. Since P is non-cyclic, there exists H € $) such that L < H by Lemma
2.2 and [8, Lemma 2.4, and thus L = N N H. Noticing that L = NN H = HNOP(G}) is
normal in OP(G), we have that L is normal in G. It follows from [11, Theorem 2.1] that
OP(G) is p-supersolvable, and therefore N <OP(Gy). In addition, OP(Gy) is normal in G
and N € Syl,(OP(G})). Then N is normal in G. Hence, by [2, lemma 2.1] , OP(G}) acts
trivially on V. Furthermore, we see that G}, is p-nilpotent and G is p-supersolvable. The
proof of the corollary is complete. O

4. Proof of Theorem 1.5

Lemma 4.1. Let G be a group of odd order and P be a Sylow p-subgroup of G. If P is a
meta-cyclic group or 3-group of mazimal class, then 1,(G) <1 and rp(G) < 2.
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Proof. we proceed by induction on |G/|. It is easy to see that the hypotheses are inherited
by G/Op(G). So we assume that Oy (G) = 1. Then O,(G) # 1 since G is p-solvable. By
Lemma 2.7, we see that Op(G) is a 3-group of maximal class or Q1(O,(G)) S Cp x Cp. If
Op(G) is of maximal class, then Op(G) is a C'S(p, 2)-group. Hence OP(G,) acts trivially
on Op(G) by Lemma 2.10. It follows from Hall-Higman lemma [10, Theorem 3.21] that
OP(Gr2) < Ca(0p(G)) < Op(G), and thus Gy, is p-group. Furthermore, by Lemma 2.11,
I,(G) < 1 and rp(G) < 2. Now we assume that Q(0,(G)) < Cp x Cp. It follows from
Lemma 2.10 that OP(G;) act trivially on ©1(Op(G)), and thus OF(G7,) act trivial on
Op(G) by [9, IV, 5.12]. So [,(G) < 1 and r,(G) < 2 by using the arguments above. O

Proof of Theorem 1.5. Suppose that G is a counterexample of minimal order. Then
[P NOP(Gr)| < dand [,(G) £ 1 or 7p(G) £ 2. By Lemma 2.11, we see that G, is not

p-nilpotent, and N = PN OP(Gy,) > 1. For convenience, we write
$, ={H < P | H is a non-meta-cyclic subgroup with |H| = d}
and
D={Y <-P|NLY}.
It is easy to see H N OP(G;Q) < G for all H € $,. We proceed in a number of steps to
derive a contradiction.

Step 1. Oy (G) = 1.

Write D = Op/(G) and G = G/D. We argue that G satisfies the hypotheses of the the-
orem. The subgroups of G corresponding to the members of ), are exactly the subgroups
H for H € $,, and since OP(G) = OP(G) and OP(G;,) = OP(G},), we must show that
OP(G) normalizes OP(G;“,Q) N H. On the other hand, OP(G;Q) NH= (or(Gr: NH)D/D
by [13, Lemma 2.8]. Then OP(G) normalizes OP(Gy,) N H. Since D and OP(G}.) N H are
normalized by OP(G), this shows that G satisfies the hypotheses, as claimed.

If D > 1, then [,(G) £ 1 or r,(G) £ 2, and thus |P N OP(Gy,)| > d by the minimality
of G. Hence |[PD NOP(G;,)| > d|D|. Since PDNU = D(P NOP(G;,)) = DN, we see
that | N |> d, which is a contradiction with |N| < d. So we conclude that D = 1.

Step 2. d > p>.

If d < p?, then |[N| < p?. Since G is an odd order group, we see that G is p-solvable.
Then it follows from [9, VI, 6.6] that I,(OP(G}2)) < 1. In addition, Oy (Gy.) = 1 since
Op(G) = 1. Thus N <OP(G}.), and therefore N IG. It follows that OF(G7,) acts trivially
on N by Lemma 2.10, and so OP(G;Q) is p-nilpotent by Burnside’s theorem [9, IV, 2.6].
Hence G;2 is p-nilpotent, a contradiction.

Step 3. 9, # 2.

Suppose not, that is, all subgroups of P with order d are meta-cyclic. Now by Lemma
2.6, P is a meta-cyclic group or a 3-group of maximal class. Then it follows form Step 2
and Lemma 4.1 that [,(G) <1 and r,(G) < 2, a contradiction.

Step 4. N is non-meta-cyclic and is normal in G.

Suppose that N is meta-cyclic, that is, N is a cyclic group or a meta-cyclic group
with d(N) = 2, where d(N) is a minimal number of generators of N. If N is cyclic,
and let A be a subgroup of N with order p, then A is normal in P by N < P, and
therefore there exists H € $); such that A < H by Lemma 2.8 and H N N # 1. Hence,
by HONN = HN P NOP(G;,) 4G and [11, Theorem 2.1}, OP(G}2) is p-supersovable.
Furthermore, it follows from O,/ (G) =1 and [9, VI, 6.6] that N is normal in O (G;z). By
Lemma 2.9 and 2.10, we see that OP(G7.) centralizes N, and thus OP(G)») is p-nilpotent
and G;;Q is p-nilpotent, a contradiction. Now we assume that N is a metacyclic subgroup
of P with d(G) = 2. Then Q;(N) ~ C), x Cy, and thus, by Lemma 2.8, there exists H € £,
such that €1 (N) € H and HNN # 1. Hence T = HNN = HNPNOP(G}2) 4G. Noticing
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that Q1 (N) = 0 (T) char T, we have that Q1(N) is normal in G, and therefore OP(G,)
centralizes {11 (N) by Lemma 2.10. Since p is odd, we see that OP(Gz2) centralizes N by
[9, IV, 5.12]. Then OP(G;Q) is p-nilpotent by Burnside’s Theorem [9, IV, 2.6], and thus
G;2 is p-nilpotent, a contradiction.

Hence N is non-meta-cyclic, and thus there exists H € £, such that N C H. We see

N=NNH=0GH)NPNHLG.

Step 5. There exists a mazimal subgroup Y € Q) such that N LY.

If N < ®(P), then it follows from Tate’s theorem [9, IV, 4.7] that OP(G}») is p-nilpotent,
and therefore G;z is p-nilpotent, a contradiction. Thus there exists a maximal subgroup
Y of P with N LY.

Step 6. For anyY € %), L =NNY is not normal in G and L is meta-cyclic.

First, we prove that L = N NY is not normal in G for any Y € 2. If not, then
there exists ¥ € Q) such that L = NNY < G. Since [N : L| = p for all Y € 9,
G2 < Cg(N/L). In addition, N/L is a normal Sylow p-subgroup of OP(G7,)/L, then
N/L < Z(0?(G}2)/L), and therefore OP(G},)/L is p-nilpotent by Burnside’s theorem
[9, 1V, 2.6]. Hence OP(OP(G;)) < OF(Gr,), a contradiction.

Next, we prove that L is meta-cyclic. If L is non-meta-cyclic, then there exists H € $,
such that L < H <Y. So

L=HNL=HNYNN=HNN=HNPNO!(G;.)=HNO"(G) <G,

which is a contradiction.

Step 7. N ~ C), x Cp x Cj.

If not, then, since L is a meta-cyclic maximal subgroup of N, we see that N is a
CS(p,2)-group by Lemma 2.9, and thus N is centralized by OP(GZQ) by Lemma 2.10.
Hence G;g is p-nilpotent, a contradiction.

Step 8. The final contradiction.

It is easy to see that GI*)Q/N is p-nilpotent. If N < ®(G), then G;z is p-nilpotent, a
contradiction. Hence there exists a maximal subgroup M of G such that N £ M. It is
easy to see that N is a minimal normal subgroup of . If not, there is nothing to be
proved. Then G = NM and N N M = 1. It follows that P = N(P N M) by Dedekind’s
lemma. For convenience, write S = PN M. Noticing that there exists a maximal subgroup
Py of P such that S < Py and N £ P;. Write K = NN P; is normal in P and K ~ C, xC),
by Step 7. If there exists H; € £, such that H; < Pj, then, by Lemma 2.8, there exists
H e $, such that K < H < P;,andthus K = NNP NH = HﬁOp(G;;g) <@, which con-
tradicts Step 6. Then it follows from Lemma 2.6 and Lemma 4.1 that P; is a meta-cyclic
group of d(P;) = 2 or a 3-group of maximal class. If P; is meta-cyclic of d(P;) = 2, then
Q(P1) ~ Cp x Cp, and therefore Q;(S5) < Q;(P;) = K < N. In addition, we know that
0(5) < S<Mand NN M = 1. Then ©;(S) =1, and thus S = 1. Hence N = P, which
is a contradiction with |[N| < d < |P|. Now we assume that P; is a 3-group of maximal
class. Since p® = |N| < d < |P|, we see that |Py| > p?. If |P;| > 3%, then K < ®(P;) by
[3, Exercise 9.1.]. It follows from Dedekind’s lemma that P, = (PL N N)S and P, = S,
which is a contradiction with P = NS > P. Now we assume that |P;| = 3% and |P| = 3.
Then it follows from p* = |N| < d < |P| = p* that d = p®. Hence P; € $,. Furthermore,
weseethat K =NNP, =P N OP(G;;Q) < @G, which is a contradiction with Step 6. This
final contradiction completes the proof. O

Now we may present some applications of Theorem 1.5.

Lemma 4.2. Let G be a group of odd order and P € Syl,(G) with |P| > p*. If P
has ezactly one non-meta-cyclic maximal subgroup M and M < G, then 1,(G) < 1 and
rp(G) < 2.
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Proof. We proceed by induction on |G|. It is clear that the hypotheses are inherited by
G/Oy(G) and P%, so we can assume that Oy (G) = 1. If P < G, then [,(P%) = 1
by induction. In addition, Oy (G) = 1, then P is normal in PY. Since P < G and
P e Sylp(PG), we see P = P% < G. Notice that P has a meta-cyclic maximal subgroup
and |P| > p*. Then P is a CS(p,2)-group by Lemma 2.11, and thus P is centralized
by OF(Gy,) by Lemma 2.10. Then it follows from Burnside’s theorem [9, IV, 2.6] that
OF(G?.) is p-nilpotent. Hence G, is p-nilpotent, and therefore [,(G) < 1 and r,(G) < 2
by Lemma 2.11.

Now we can assume that P¢ = G, and in particular, G;Z = G. Applying Theorem 1.5,
we may assume that d = |P|/p and |[PNOP(G,)| > d, and therefore OP(Gr,) = G, Since
M is the unique non-meta-cyclic maximal subgroup of P, we see that M has a meta-cyclic
maximal subgroup by [7, Lemma 2.3]. On the other hand, M is a C'S(p,2)-group since
|M| > p3. Then, by Lemma 2.10, OF(G;.) = G acts trivially on M. Thus P is abelian
and P ~ Cpm x Cp x Cp(m > 3). Let N = Ng(P). We see that N/P acts on the P and
centralizes M. It follows from Fitting’s lemma[10, Lemma 4.28] and P ~ Cpm x Cp, x C),
that the action of N/P on P is trivial, and therefore P < Z(N). So G is p-nilpotent by
Burnside’s theorem [9, IV, 2.6], and thus [,(G) < 1 and r,(G) < 2 by Lemma 2.11. O

Lemma 4.3. Let G be a group of odd order, and let P be a Sylow p-subgroup of G with
|P| > p*. If every non-meta-cyclic mazximal subgroup of P is normal in G, then I,(G) <1
and r,(G) < 2.

Proof. We proceed by induction on |G|. It is easy to see that the hypotheses are inherited
by G/Oy(G). so we can assume that O, (G) = 1. It follows from Lemma 2.6 and 4.1 that
P has a non-meta-cyclic maximal subgroup. By Lemma 4.2, we can assume that P has
two distinct non-meta-cyclic maximal subgroups, and therefore P is normal in G. Since
|P| > pt, OP (G}2) acts trivially on P by [7, Theorem A]. Hence G is p-nilpotent, and
thus [,(G) <1 and r,(G) < 2. O

Corollary 4.4. Let G be an odd order group and P be a Sylow p-subgroup of G with
|P| > p*, and suppose for every non-cyclic mazimal subgroup H of P that HNU < U,
where U = OP(G). Then 1,(G) <1 and r,(G) < 2.

Proof. Applying Theorem 1.5 with d = |P|/p, we deduce that O(G7;) = G, and thus
every non-cyclic maximal subgroup of P is normal in G. It follows from Lemma 4.3 that
[,(G) <1 and r,(G) < 2, a contradiction. O
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Abstract

A sustainable fuzzy economic production quantity (SFEPQ) inventory model is formulated
by introducing the concept of fuzzy differential equation (FDE) due to dynamic behavior of
the production-demand system. Generalized Hukuhara (gH) differentiability proceedure
is applied to solve FDE. Since the demand parameter is taken as trapezoidal type-2 fuzzy
number, to get corresponding defuzzified values, first critical value (CV)-based reduction
method is applied on demand function to transfer into type-1 fuzzy variable which turns
to hexagonal fuzzy number in form. After that a-cut of a hexagonal fuzzy number is used
to find the upper and lower value of demand. To apply the a-cut operation on FDE, we
divided the interval [0,1] into two sub-intervals [0,0.5] and [0.5,1] and gH-differentiation
is applied on this sub-intervals. The objective of this paper is to maximize the profit
and simultaneously minimize the carbon emission cost occurring due to the process of
inventory management. Finally, the non-linear objective functions are solved by using of
multi-objective genetic algorithm and sensitivity analyses on various parameters are also
performed in numerically and graphically.
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Keywords. Sustainable economic production quantity model, type-2 fuzzy demand, a-
cut of hexagonal fuzzy number, fuzzy differential equation, generalized Hukuhara
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1. Introduction

Nowadays, many countries have implemented various carbon emission taxes as a part of
damage to the environment caused by industry on the inventory process. Therefore, it is a
challenge for every manufacturing company or organizations to reduce the carbon emission
cost on waste management, excess energy use and obsolescence management by producing
sustainable products as well as maintain the profit which motivates the researchers to
apply carbon emission factors in their models.
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Due to the complex environment during the business management, some critical pa-
rameters in the inventory problem are always treated as uncertain variables to meet the
practical situations. For instance, if one needs to make a decision on inventory manage-
ment for the next month, the demand and other relevant costs related to inventory are
often required to be estimated by professional judgments or probability statistics because
of no precise prior information. But, representing demand parameter for an inventory
control problem by fuzzy set is considered difficult since it can be determined from many
expert’s opinion in different ways, and sometimes it is tough to determine the exact mem-
bership function. In these cases, each expert’s opinion is a membership function of type-1
fuzzy set and thus, this membership function again becomes fuzzy. The final opinion of
all experts is expressed by a type-2 fuzzy set (T2 FS).

Also, when the behavior of a dynamical system is not certain, i.e. when the production
and demand are fuzzy, the governing differential equation is called fuzzy differential equa-
tion (FDE) of instantaneous state of inventory level and the parameters are characterized
by a fuzzy number. Hence, we take the demand parameter as trapezoidal type-2 fuzzy
number. In case of a T2 FS, complete defuzzification process consists of two parts-type
reduction and defuzzification. Type reduction is a procedure by which a T2 FS is trans-
formed to the corresponding T1 FS, known as type reduced set (TRS). The TRS is then
easily defuzzified to a crisp value. Using CV-base reduction method we defuzzified the
type-2 fuzzy amount.

The major contribution of this research can be stated as follows:

(i) A profit maximization and carbon emission cost minimization multi-objective partially
backlogging fuzzy economic production quantity model is developed where the demand
function is taken as trapezoidal type-2 fuzzy variable.

(ii) Fuzzy differential equation proposed by Kandel and Byatt [13] is considered because
of the dynamic nature of the system.

(iii) Generalized Hukuhara (gH) derivative approach proposed by Stefanini and Bede [33]
is used to solve the fuzzy differential equation.

(iv) Critical value (CV) -based reduction method is used for trapezoidal type-2 fuzzy
variable which become hexagonal fuzzy number in form and a-cut of hexagonal fuzzy
number is used to get the corresponding crisp value of demand.

(v) Multi-objective genetic algorithm is used to get the corresponding lower and upper
bound of profit and carbon emission cost of the non-linear objective function.

2. Literature survey

In the literature, it is found that Stock et al. [34] showed that transport and warehouse
operations generate large amounts of carbon emission. Hovelaque and Bironneau [11]
formulated a carbon constrained integrated economic order quantity (EOQ) model which
maximizes a retailer’s profit and minimizes carbon emission cost. They investigated the
link between inventory policy, total carbon emission and both price and environmental
dependent demands. Kazemi et al. [14] formulated an economic order quantity models
for items with imperfect quality considering the effect of emission. Battini et al. [3]
constructed a new model on sustainable economic order quantity (SEOQ) considering
ordering and holding cost of inventory and obsolescence costs and also considered emissions
of obsolescence cost for transportation problem. Jonas et al. [12] discussed about the
uncertainty present in the greenhouse gas and formulated a fuzzy model in greenhouse gas
inventory. Recently, Aljazzar et al. [1] formulated a strategy to reduce carbon emissions
from supply chains.

One of the first economic production quantity (EPQ) models with fuzzy parameters was
developed by Lee and Yao [17]. In a similar paper, Chang [6] applied the methodology in
Lee and Yao [17] and analyzed a condition that the production quantity is a triangular
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fuzzy number (TFN). He deducted that fuzzy and crisp approaches lead to the same
result in the investigated model. Another identical research was treated by Lin and Yao
[18] who assumed that production quantity is a trapezoidal fuzzy number (TPFN). In
this direction, Shekarian et al. [27], [28],[30],[31] formulated different fuzzy EOQ/EPQ
models considering different holding costs for imperfect quality items with backorders and
rework for a single stage system. Soni et al. [32] formulated a fuzzy inventory model with
demand uncertainty and learning in a continuous process. Sadeghi et al. [25] proposed a
two-tuned metaheuristics approach for a fuzzy random EP(Q problem with shortage and
redundancy allocation. The readers could read the extensive survey paper by Shekarian
et al. [29] on fuzzy inventory models. All the above investigations assumed the fuzzy
parameters/ variables to be of type-1 fuzzy set (T1 FS). T2 FSs are extensions of T1 FSs
was first introduced by Zadeh [38], [39]. The membership grade of a T2 FS is a fuzzy
number with a support bounded by the interval [0, 1]. The logical operations of T2 FS
were explored by Mizumoto and Tanaka [22] and Dubois and Prade [8]. Many authors e.g.,
[19], [26], [35] contributed a large number of theoretical research works on the property
of T2 FS and the applications of T2 FS on operations research e.g., [15], [16], [21]. There
are several method for type reduction. Qin et al. [23] introduced three kinds of reduction
methods called optimistic CV, pessimistic CV and CV reduction methods for T2 FVs
based on critical values (CVs) of regular FVs. a-cut and the extension principle forms
a methodology for extending mathematical concepts from crisp sets to fuzzy sets. These
have been applied to many operations and have also been extended to interval valued fuzzy
sets. Dubois and Prade [8] has defined fuzzy number as a fuzzy subset of the real line. So
far, fuzzy numbers like TFN, TPFN, Hexagonal fuzzy number [24] have been introduced
with its membership functions. These numbers have got many applications in practical
field and many operations were performed using fuzzy numbers.

The presence of fuzzy demand as well as fuzzy production rate leads to FDE of instan-
taneous state of inventory level. Till now, FDE is less used to solve fuzzy inventory models
though the topics on FDE have been rapidly growing in the recent years. The first impetus
on solving FDE was made by Kandel and Byatt [13]. Furthermore, different approaches
have been made by several authors to solve FDE [2], [9]. In the FDE, all derivatives are
deliberated as either Hukuhara or generalized derivatives. The Hukuhara differentiability
[5] has a deficiency that the solution turns fuzzifier as time goes on. Bede [4] exhibited
that a large class of Boundary Value Problems (BVPs) has no solution if the Hukuhara
derivative is applied. To remove this difficulty, the concept of a generalized derivative was
developed and fuzzy differential equations were smeared using this concept. Stefanini and
Bede [33] introduced the concept of generalization of the Hukuhara difference for compact
convex set, introduced generalized Hukuhara differentiability for fuzzy valued function and
they displayed that, this concept of differentiability have relationships with weakly gener-
alized differentiability and strongly generalized differentiability. Villamizar-Roa et al. [36]
studied the existence and uniqueness of solution for fuzzy differential equation problems
in the setting of a generalized Hukuhara derivative. Guchhait et al. [10] formulated a
fuzzy production inventory model using fuzzy differential equation and the corresponding
inventory costs and components are calculated using fuzzy Riemann integration. Trade
credit financing is one of the central features in supply chain management. In real life
situations retailer offers trade credit to his/her customers to boost the demand. This real
phenomenon is depicted in our present model. Also, Majumder et al. [20] formulated a
fuzzy production inventory model with partial trade credit and solve in fuzzy environment
via Generalized Hukuhara derivative approach.

Some papers of the above literature survey and our proposed model are summarized
and presented in Table 1.

The rest of the paper is organized as follows: In Section 3, we define all the preliminary
concepts relating to fuzzy sets. Section 4, discusses various notations and assumptions.
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Authors Crisp Fuzzy EOQ EPQ Carbon FDE T2FS gH-differentiability
emission
Hovelaque and Bironneau [11] v v v
Battini et al. [3] v v v
Jonas et al. [12] v v
Villamizar-Roa et al. [36] v v v
Guchhait et al. [10] v v v
Majumder et al. [20] v v v v
Shekarian et al. [30] v v v
Kazemi et al. [14] v v v
Proposed Model v v v v v v

Table 1. Contribution of Different Authors

section 5 is about mathematical formulation of the model. In section 6, we discuss about
the solution procedure for solving multi-objective non-linear problems. In Section 7 real
life numerical data and solutions are represented. Discussion on the solution are presented
in section 8. Finally brief conclusions and future research work are drawn in section 9.

3. Preliminaries
3.1. Type-1 Fuzzy set (T1FS) [38]:

A fuzzy set A is defined by A = {(z,uz(x)) : @ € A, uz(x) € [0,1]}. In the pair
(x,p 5()) the first element x belong to the classical set A, the second element p ;(z),
belong to the interval [0,1], called Membership function.

3.2. Type-2 Fuzzy Set (T2FS) [38]:

Type-2 fuzzy set A defined on a universe of discourse X, which is denoted as A C X, is
a set of pairs {z, p 5(x)}, where z an element of a fuzzy set is, and its grade of membership
{1 5(z)} in the fuzzy set A is a type-1 fuzzy set defined in the interval J, C [0,1], i.e. A
T2 FS A is defined as

A={((z,u),pi(z,u)): Vo € X, J, C [0,1]}, (3.1)
where 0 < pz(z,u) <1 is the type-2 membership function.

3.3. Regular fuzzy variable (RFV) [8]:

For a possibility space (¢, p, Pos), a regular fuzzy variable ¢ is defined as a measurable
map from ¢ to [0, 1] in the sense that for every ¢t € [0, 1], one has {y € ¢ |£(y) <t} €p. A

7‘1,’[”2 .. "rn > Where TZ- (= [07 1] a,nd /,LZ > O,VZ and

discrete RFV is represented as & ~ (
M1, H2 e Hn

maz;(p;) = 1.

If & = (r1,ro,r3,74) with 0 <7 <71y <r3<rg <1, then ¢ is called a trapezoidal RFV.

Example 3.1. Let us take A{(z,u5(x)) : € X} where X = 3,6,9 and the primary
memberships of the points 3,6,9 are given by J3 = 0.4,0.8,0.9, J¢ = 0.3,0.7,0.8,0.9 and
Jg = 0.2,0.7, 1.0 respectively. Then the secondary grade of the point 3 is

1x(3) = p5(3,1) = (0.5/0.4) + (0.7/0.8) + (0.3/0.9) ~ ( 8:;‘ 0% 09 )

That means, p;(3,0.4) = 0.5, 14(3,0.8) = 0.7, 1 5(3,0.9) = 0.3.

More specifically 1 7(3,0.4) = 0.5 means that the membership grade which is named as
secondary membership grade that the point 3 has the primary membership 0.4 is 0.5.

0.4 08 09 ) , which is a RFV.

So A considers on the value 3 with membership grade < 05 07 03
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3.4. Critical values (CVs) for RFVs [23]

Qin et al. [23] introduced three kinds of critical values (CVs). Let € be a RFV. Then,
I. The optimistic CV of &, denoted by CV*[¢] is given by,

CV*[€] = sup [a A Pos(€ > a)] (3.2)
a€(0,1]
I1. The pessimistic CV of &, denoted by CV,[€] is given by,

CVi[€] = sup [a A Nec(€ > a)] (3.3)
a€l0,1]

III. The CV of €, denoted by CV[€] is given by,

CVI[E] = sup [aACr(€ > a) (3.4)
a€l0,1]

Example 3.2. Let € be a discrete RFV define as € ~ (

0.3 0.5 08 0.9 )
Then we can find out that,

0.1 09 06 0.3

0, if  <0.2
. 0.9, f02<a<05
Pos(€ 2 ) =94 (6" if05<a<08
0.3, if0.8<a< 10

0.9, if <03
. 0.1, if0.3<a<05
Nec€Zza) =93 04 if05<a<08
0.7, if0.8<a<1.0

and
0.9, ifa<0.3
. 0.5, if0.3<a<05
Cr(§ 2 a) = 0.5, if0.5<a <08
0.5, if0.8<a<1.0

Then by the definitions of CVs, from (3.2)-(3.4), we have

CV*[€] = sup [a A Pos(€ > a)]

a€l0,1]
= sup [@AO]V sup [@aA09]V sup [aA0.6]V sup (aAO0.3]
a€[0,0.2] @€(0.2,0.5] a€(0.5,0.8] a€f0.8,1]
=0Vv05Vv0.6Vv0.3
=0.6

CV,i[€] = sup [a A Nec(é > a))

a€l0,1]
= sup [@A09]V sup [aA01]V sup [@aA0.4]V sup [aAO0.7]
a€[0,0.3] a€(0.3,0.5] a€(0.5,0.8] a€(0.8,1]
=0Vv01v04VvO0.7
=0.7

and

CVI[f] = sup [aACr(€ > a)

a€(0,1]
= sup [@A09]V sup [aAO05]V sup [aA05]V sup [aA0.5]
a€[0,0.3] a€(0.3,0.5] a€(0.5,0.8] a€(0.8,1]

=0Vv0.5Vv0.5Vv0.5
=0.5
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3.5. Critical values (CVs) of trapezoidal RFVs [23]
The following theorems introduced the critical values (CVs) of trapezoidal RFVs.

Theorem 3.3. (Qin et al. [23]) Let & = (r1,79,73,74) be a trapezoidal RFV. Then we
have,

(1) The optimistic CV of € is CV*[€] = 0 s

- )= (Tra—rs)
(2) The pessimistic CV of £ is CZ; €] = ﬁ
ro—r . 1
} ) %7 if ro > 5
(3) The CV of € is OV = { 4, o<t <rg
Ty YT3S3

Example 3.4. Let £ = (0.3,0.4,0.8,0.9) be a trapezoidal RFV. Then according to the
theorem 3.3 we have,

V=1, CVl=1,  CVIE=3

3.6. Proposed C'V based defuzification for trapezoidal type-2 fuzzy vari-
able

According to Chen et al. [7] for a trapezoidal type-2 fuzzy variable & = (11,72, 73,74; 01, 0,),
where r; € R,Vi and 6;,0, € [0,1] are the two parameters that characterize the degree of
uncertainty that ¢ takes a value say z and the corresponding secondary possibility distri-
bution function ﬂé(x) is given by,

For any z € [rq,r9],

ﬂé($):<x—r1_0lmm{x—r1 1"2—:17} T —T1 :B—r1+9rmin{m—r1 7“2—1‘})

=" 7“2_7“1’742_7Q1 ’7‘2_7"177‘2_7‘1 7‘2_741,7‘2_7“1

for z € (rg,7r3), fig(a) = 1 and

N r4—T o (ra—x T—T3) T4—T T4—x o (ra—x T—73

ué(x) = ( -0, mm{ , }, , +0, min { , })
T4 — T3 Ty —T3 T4 —T3 T4 —T3 T4 —T3 T4 —T3 T4 —1T3

For any x € [r3,r4).

Theorem 3.5. Let £ = (r1,7m9,73,74;01,0,) be a type -2 trapezoidal fuzzy variable. Then
we have,

L. Using the optimistic CV reduction method, the reduction & of & has the following
possibility distribution,

(1+0r)(z—T1) ; ritry
ro—r1+0,-(z—r1)’ ifx e |, 2

(1=6r)x—r14072 ifz e <7‘1-57“2 , T2

ro—r14+05(ra—x)
JU3 (l’) = 1, fo S (TQ,T‘3) ) (3.5)
(146;) (ra—z) ifx € r34ra
ra—r3+0,(ra—x)’ i T3, =3

(=1+0r)z—0rr3+74 . r3+r4 ]
ra—r3+0r(z—ryg) foe 2 T4
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1. Using the pessimistic CV reduction method, the reduction & of € has the following
possibility distribution,

%, ifr € (7"1;”"2,7“2_

pe,(z) =14 1, ifx € (ra,73) (3.6)
%, ifr e (rg,TBJFZ“‘
e B (Wﬂ—

III. Using the CV reduction method, the reduction & of € has the following possibility
distribution,

(1+67)(z—r1) : T+
ro—r1+20(z—r1)’ me SHIAY 2

ro—r1+20;(ro—x)’ 2 72

pes (z) = ¢ 1, ifw € (re,r3) (3.7)
(“140)a—0pratrs Z-fxe( ra+ry

(1_9l)x+917'2_7’1 'Lfl‘ c (T1+T2

ra—r3+20;(x—r3) ’ T3, 75
(0 ra—z) ratrs . |
ra—r3+20,(ra—zx)’ ifx e 2 T4

From the above theorem we can conclude that when the reduction of trapezoidal type-2
fuzzy variable is made by optimistic CV-reduction method, the possibility distribution
function is constructed by use of 6, and similarly for construction of pessimistic CV-
reduction of trapezoidal type-2 fuzzy variable 6; is use. But in case of CV-reduction of
trapezoidal type-2 fuzzy variable both 6; and 6, are used. Thus, CV-reduction gives more
accurate normal value rather than optimistic or pessimistic CV-reduction. Therefore, we
take CV-reduction method for our future calculation.

3.7. Fuzzy number [37]

A fuzzy number is an extension of a regular number in the sense that it does not refer to
one single value but rather than a connected set of possible values. Thus, a fuzzy number
is a fuzzy set like u : R — I = [0, 1] which satisfies

(1) w is upper semi-continuous.

(2) u(z) = 0 outside the interval [c, d].

(3) There are real numbers a,b such ¢ < a < b < d and
(i) u(z) is monotonic increasing on [c, al,
(ii)u(z) is monotonic decreasing on [b, d],
(iif)u(z) =1,a <z <bh.

3.8. Hexagonal fuzzy number [24)]

A fuzzy number Ay, is called a hexagonal fuzzy number, denoted by A, = (a1, az, as, a4, as, ag)
where a1, as, as, a4, as, ag are real numbers and its membership function pu A, (x) is given
below
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0, if x < ag
%[%], ifag <z<ay
i tala2], faa<z<a

pg, () =9 1, ifaz <z <ay
1 %[ﬁ], ifag <z <as
sla=z], if as <z < ag
0, if x> ag

Remark: In other words, a hexagonal fuzzy number Ay, is an ordered quadruple
(Pi(u),Q1(v), Qa2(v), Pa(u)), for u € [0,0.5) and v € [0.5,1) where,

(1) Pi(u) = %[%] is a bounded continuous non-decreasing function over [0,0.5).
(2) Qi(v) = 5+3 [5:=2] is a bounded continuous non-decreasing function over [0.5,1].
(3) Q2(v) =1— %[ﬁ] is a bounded continuous non-decreasing function over [0.5,1].
(4) Pa(u) = %[%] is a bounded continuous non-decreasing function over [0,0.5).

3.9. a-cut of fuzzy set [37]

The a-level set (or interval of confidence at level a or a-cut) of the fuzzy set A of X
is a crisp set A, that contains all the elements of X that have membership values greater
than or equal to o, i.e. A= {x:pj;(z)>a,z€ X,ac0,1]}.

In case of hexagonal fuzzy number A;, = (a1, az,as,aq,as,ag), the a-cut of Ay, is defined
as

Ag = {.%' €X: MA,L<H:) > [IZ}

B { [Pi(a), Py(a)]  for a € [0,0.5]

| [Qi(e), Q2()] for o € [0.5,1]

3.10. a-cut operations [37]:

If we get crisp interval by a-cut operations interval A, shall be obtained as follows, for
all a € [0,1]
Consider, Q1(z) = «
L HiEg] =a
Hence, Q1(a) = 2a(as — a2) + 2a2 — ag
Similarly, Q2(x) = a, Q2() = 2a5 — ag — 2a(as — aq), Pi(a) = 2a(as — a1) + a1
Py(a) = ag — 2a(ag — as)
Hence,
A - { [2a(az — a1) + a1, a6 — 2a(ag — as)] for a € [0,0.5]
* | [2alas — az) + 2ag — as, 2a5 — ag — 2a(as — aq)] for a € [0.5,1]

3.11. a-cut operation on reduction of a trapezoidal type-2 fuzzy variable

A trapezoidal type-2 fuzzy fuzzy variable is defined as € = (ri,72,73,74; 01, 0,), then we
have already discussed about reduction method of trapezoidal type-2 fuzzy variable by
optimistic C'V, pessimistic CV and C'V reduction.

Now according to the definition of a-cut [37], we have the following a-cuts of the reduc-
tions of &
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1. Using the optimistic C'V reduction method,
(1460-)r1+(ro—r1—0r711)c f0<a<0.5
§in(a) = -

(1+6,)—0rc ’ 3.8
otrilnn bre 05 < o<1 -

(1—-6,)—0, ’
(1+9r)7’47(7"477’3f97‘7'4)a Hfo<a<0.b (3'9)

(ra—0rr3)—(ra—r3—0,73)cx if 0.5 <a<1
Sir(a) =

(1+46,)—0rc ’
II. Using the pessimistic C'V reduction method,

c ( ) B 7"1Jr(rzl:?"élgéerrl)a7 if0<a<05 (3 10)
AT mlendbire g5 <0 <1 '
ra—(ra—r3—Oira) ifo5<a<l1
_ 1+0 , HLUo> o>
SM&O_{T““iﬁ?”“,ﬁ0§a<o5 (3.11)

III. Using the C'V reduction method,
(1+9T)r1+(r2—7"1—29r7”1)04’ if 0 <a< 0.5
Er (o) =

( (1)+9(T)729Ta )
r1—0;r2)+(ro—r1—0;r2)a .
(1-0)+20, , if0h<a<l

(3.12)

(1-01)+20,cx ’ 3.13
Wbarlrips e 0 < o < 0.5 (349)

§s3r(a) =

{ (ra—Ora)+(ra—rs—20ms)a 05 < o < 1

By CV reduction method, membership function of type two fuzzy variable £ = (ri,7m9,73,74;01,0,)
reduces to membership function of type one variable which is just like a hexagonal fuzzy
number. Therefore a-cut of € is
H _ { [Pi(a), Pa(a)]  for a € [0,0.5]

a [Q1(a),Q2(a)] for a € [0.5,1]
where,

_ (A48, r1+(ra—r1—20,11)x _ (146,)ra—(ra—r3+20,14)
Pi(e) = (1+6,)—20, , Pa(a) (1+6,) 20,

_ (7‘1—917‘2)4-(7‘2—7‘1—9”“2)04 _ (T4—91T3)+(T4—T3—291T3)O{
Q]_(Oé) - (1-6;)+20,« ) QQ(Q) - (1-6,)+20,c0

4. Notations and assumptions

To formulate the mathematical model for the proposed inventory system, the following
notations and assumptions are made.

4.1. Notation

Decision Variables:
M : Permissible delay period (time) for the retailer offered by the wholesaler, M > 0.
N : Permissible delay period (time) for the customer offered by the retailer, 0 < N < M.
T : Business period i.e., time period for the cycle of the system, 7" > 0.
Parameters:
C3 = Fixed set-up cost ($ /set up).
Cs = Unit selling price ($ /unit).
C', = Scrap price per unit ($ /unit).
p = Unit production cost ($ /unit).
o = Obsolescence rate of inventory (percent).
b" = Required space for each unit of product (m?/unit).
a’ = The weight of the obsolescence product stored in the warehouse (ton/m?).
Cj, = Backordering cost per unit quantity per unit of time ($ /unit/time).
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Cpme = The emission cost of carbon for manufacturing each unit ($ /m3).

Coc = Average disposal,waste collection and emission cost for inventory obsolescence ($
Jmd).

C}, = Holding cost per unit item per unit time ($ /unit).

Che = Average emission cost of carbon for holding inventory ($ /m3).

ip = Rate of interest per year per unit to be paid for the unsold inventory after the credit
period M, i, > 0 ($ /year/unit).

1. = Rate of interest per year per unit to be earned from the revenue sold till the time
horizon T ($ /year/unit) (i < ip).

4.2. Assumptions

The model is developed with the following assumptions.

(1) Production system involves only one non-deteriorating item.

(2) Shortages are allowed with partial backordering.

(3) D, rate of demand depends on the production price and stock i.e.,

p (a+bg) ifg>0

Where a = (r1,r2,73,74,0;,60,) is a trapezoidal type two fuzzy number and 0 <
e<1l,ry,ro,r3,74>0,0<6;,0. <1andb is any positive real number.

(4) K, rate of production is linearly demand dependent i.e., of the form K = puD and
pw>1

(5) Rate of earning interest by the retailer is lesser than the rate of interest paid to
the wholesaler by the retailer, i.e. i, < .

(6) Credit period offered by the retailer is smaller than that offered by the wholesaler,
ie. N <M.

(7) Customer maintains the trade credit policy offered by the retailer.

5. Mathematical formulation of the model

Let the retailer fails to fulfill the demand initially and hence shortages arise from time
t = 0 to the time t = t; and maximum shortage level Qs occur at ¢ = t;. After that
production process starts to backlog the shortage quantities with partial backordering
process and at time ¢ = to the shortage level reaches to zero. In the mean time inventory
accumulates upto time ¢t = t3 of amount @,,,. At that time production process being stop
and the accumulated inventory declines to meet up the customers demand and reaches to
zero at time 7.
The governing differential equations of the stock level at any instant t for this model is
given by

— 0<t<t
dq_ K—-D t1§t§t2
dt | K—D t3<t<ts

-D ts <t<T

With the boundary conditions, ¢(0) = ¢(t2) = ¢(T) =0
Bede and Gal [4] applied fuzzy number valued function in fuzzy differential equation and
hence, the above equation can be rewritten in fuzzy form

—-a®Op°© 0<t<t
dg _ ) (n—1oacp* t<t<t
dt ) w—1Dopco(a+beq to <t <t3

—p e (@+boq) ts <t<T

For using CV based reduction method for trapezoidal type-2 fuzzy number, we divided the
interval for a € [0, 1] into two sub-intervals like o € [0,0.5] and « € [0.5, 1] as discussed
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in preliminaries. Also Stefanini and Bede [33] shows that any general interval differential
equation can be formulated via generalized Hukuhara (gH) derivative in terms of system
of ordinary differential equations.
Now, the Generalized Hukuhara derivative [33] of a fuzzy valued function f : [a,b] — R

at tg is defined as

Fto) =0,

J(to+ h)Ogm f(to)

h

In parametric form we say that f(t) is gH-(i) differentiable at tq if

[f(t0)]a = [fL.(to, @), Fr(to, )]
Also, f(t) is gH-(ii) differentiable at tg if

[f (t0)la = [fr(to. @), f1,(to, )]

Depending upon the value of
(i) « € [0,0.5]
(i) o € [0.5,1]

« two possibility aries

If o € [0,0.5], then the above equation takes the form

—lar, ar] © p~

[dQL dQR] (u—
dt  dt

Therefore two cases arise
Case 1: gH-(i) differentiable

Case 2: gH-(ii) differentiable

€

1)®lar,ar] ©p~©

(n—1)©p~(laL,ar] +b® [qr, qr])
—p~“(lar,ar] +b® [qr,qr))

0<t<ty
t1 <t <to
ta <t <t
ts<t<T

(5.3)

Case-1: Therefore, solving the above system via gH-(i) differentiable is equivalent to
solve the corresponding simultaneous system (see [33])

dar,
dt

dqr
dt

After solving using the boundary conditions, ¢(0) = q(t2) = ¢(T") = 0, we get

qL(t) =

qr(t) =

where, z = b(p— 1)p™€ and y = bp

€

—aRp~
(= Darp~
(w—1)p~(ar + bqr)
—p~“(ar + bqr)

€

€

—arp
(u—1)arp™©
(u—1)p~“(agr + bqr)
—p~“(ar, + bqr)

—aRpp~‘t
(= Darp=c(t — t2)
aL[e(t—t2) — 1]

_GTR[ey(T—t) —1]

—arp ‘t

(= 1L)arp™(t —t2)
aTR[eac(tftz) . 1]

,aTL[ey(T—t) —1]

—€

0<t<ty
t1 <t <t
to <t <t3
ts<t<T

0<t<ty
th <t <ty
to <t <ts
t3<t<T

0<t<t
t1 <t <ty
to <t <13
t3<t<T

0<t<ty
t <t <ts
to <t <13
ts3<t<T
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(14 0,)r1 + (ro — 1 — 20,71
(1+46,) — 20,
(L+60.)rg — (rg —r3 + 20,14
(1+6,) —20,«
Similarly, to find the lower and upper limit of inventory accumulated upto time ¢ = ¢3 is
given by the condition
(Qm)1, = B[es(s712) — 1] = 8 [eV(T—%5) 1]
(Qm)u = %E[e” olts—t2) _ 1] = _%[ey(Tfts) —1]
Now, the mventory related costs are as follows
Total obsolescence cost of inventory

TOCy = o/ (Cy = CL)| [ au(®)dt + [} ar()dt] = o' (Cy — €0 | {2 (et — 1) — (13 -
)} + P (1= ) (T — 1)}

TOCR = o' (Cs = C[ [ ar(t)dt + [} qr()dt] = o (Cs = CL) [ {1 (et 1) — (13
)} + {5 (L= /T (T — )]

Total cost of emission of inventory obsolescence

TEOL = a'd'Coe| 2 qu(t)dt + [} qu(t)dt] = a'a’Coo|E{L(e"®7) — 1) = (t3 — t5)} +
{11 - eV(Tt)) 4 (T — t3)}]

TEOR = a'a Coc| fj7 an(t)dt + [, an(t)dt] = o'a Coc {3 (1471 = 1) = (ts — t2)} +

E{L(1 = VTt 4 (T — 1)}
Total backordermg cost

TBCy, =G| Bt + [ qu(t)dt] = —G[arp=8 + (1 — Darp™(t — t2)?]

TBCgr = Cb t)dt + f dt} = -3 [aLp et% + (u—Darpc(t1 — tg)g}
Total goodw%ll Ioss for back- order is
TGCr =C,y » g (tydt + fttf’ qL(t)dt} =Y [amo*t% + (u— Darp=“(t1 — t2)2]

~9
2
TGCR = C, S qu(t)de + [ qL(t)dt] ~ G [aLp 42 4 (u— Vagp=<(t, — tz)ﬂ
Total holding cost
THC = [ Char(t)dt + [, Crar(t)dt = Cy, {TL{*< wa=h) — 1) — (t3 — ta)} + %E {5 (1 -
VT13)) 4 (T — t3)}]
THCR = [}? Char(t)dt + [} Char(t)dt = Cy, {%{%(ez(trm) —1) = (ts = t2)} + F{;(1 -
(T=13)y 4 (T — t3)}}
Total emission cost of carbon for holding inventory
TEHL = Chob' | [2 ar()dt+ [} ar()dt] = Cheb’ |4 {2 (e 3=1) — 1) — (t3—ta) }+ R {3 (1
eV T1)) 4 (T — t3)}]
TEHR = Cpob [ I qr(t)dt+ [ qR(t)dt} = Opeb/ [GTR{%(eff(trtz) —1)—(t3—to) }+ {2 (1 -

HT=1)) 4 (T — t3))]
Total set-up cost= Cj
Total revenue earned

ar(a) =

ar(a) =

TRE[ = cg {uaLp “(ta—ty +,uf aL—l-qu)dt} [MaLp_e(tQ_t]_)+Mp_€aL€_It2 ftt; e””tdt}

= cgparp [tz — ty + L(e?(tam12) — 1)]
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TRER = cg [,uaRp_E(tg—tl)—i-u ff;’ p‘e(aR—i-bqR)dt] = cg [,uaRp_E(tg—tl)+up_€aRe_””t2 ff;’ ewtdt]

= cgparp” [t —t1 + %(e”ﬁ(t:”_t?) —1)]
Total Production cost

TPCp = p|parp™(ta—t1)+u fttS p~“(ar+bqr)dt| =p 'uaLp_e(tZ_t1)+Mp_€aLe_It2 fttg oy
’ 2
= puarp”[ts —t1 + L(ert7t2) —1)]

TPCr = pluarp™(ta—t1)+4 J}* p~“(an-+bar)dt| = p|parp™(ta—t:)+up~cape 2 [ eodt]
= pparp [ta —t1 + %(e’”(t?’_t?) —1)]
The emission cost of carbon for manufacturing total units
TEP, = cme [MCLLP “(ta—t1 +,Uf aLerqL)dt] = Crme [,uaLp “(tg—t1)+up Cape 2 ftt; e“dt}
= Cmc,uaLp_f[tQ —t + 5( x(t3—t2) _ 1)]

TEPR = e {MaRp*G(tz—h)JrM ftt23 p*E(CLR‘FbQR)dt} = Cme {MaRp*G(tQ_tl)+MpfeaRefxt2 ﬁtf extdt}
= Ceparp” [te — t1 + %(efﬂ(tsftz) —1)]
Therefore three sub-cases arise depending upon the values of changing time periods.

Sub-case 1.1: 0 <t1 < N< M <ty <tg<T
In this case if the amount is paid within M by the retailer, then there is no interest
payable. Otherwise, the retailer will pay for the rest of the inventory. Hence, the total
amount of interest paid and interest earned by the retailer is calculated.

Hence, total interest paid

TIPL = piy| [ (1+ T = ta)qr(t)dt + [[2(1+ T — ta)qr()dt + [} qu(t)at]
= Pip [%(1 +T —t2) (= Varp™(ts = M)? + (1 + T — t3) {2 (") —1) — (t5 — t2)} +
a2 {1(1 — ev(T=ta)) 4 (T — t3)}]

TIPg = pip[ L+ T = ta)gr(t)dt + [2(1+T — ts)ar(t)dt + [} qr(t)dt]
TIPp = Cyip | 3(1+T —t) (1= Dagp™(ta = M)2+ (14T — t) {1 (e*t5=%) — 1) — (t -
)} + G (5 (1= VT) 4 (T — 1))

And, total interest earned
TIEL = Cyic|[(T = N) [ De(p,q)dt + (1 + T = M) [§ Di(p,q)(M — t)dt + (1 + T —
t2) [12 Dr(p,q)(t2 — t)dt + (1 + T — t3) [}* Dr(p,q)(ts — t)dt + [, Dr(p,q)(T — t)dt}
= CsieaLP_g[(T*N)(N* )+ 5(14+T = M)(M =N)?+ 5(1+T —t2)(ta = M)* +p~{ar -
ap(e! ™) — 1)}]

TIER = Cyie|[(T = N) [ Dr(p,q)dt + (1 + T — M) [ Dr(p,q)(M — t)dt + (1+ T —
t2) [ Dr(p, )tz = )dt + (1+T — t3) [{* Dr(p, a)(ts — 1)t + [} Dr(p,)(T — t)dt]

= Cuicarp™[(T = N)(N—t1)+ (1 +T = M)(M =N+ 1(1+T — o) (ts = M)’ +p~{ar -
ar(e/T=) —1)}]
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Sub-case 1.2: 0 <t1 <ty < N<M<t3<T
In this case the total amount of interest paid and interest earned by the retailer is calcu-
lated.

Hence, total interest paid

TIPL = piy| [{3(1L+T — ta)qr(t)dt + [ qu(t)dt]
= pip[(L+ T = 1) S (1@ — 1) — (13 = M)} + F {31 — e¥T=) 4 (T — 13)})]

TIP, = piy| [13(1+ T — t3)qr(t)dt + [} qr(t)dt]

= pip[(1+ T — t3) {1 (M) — 1) — (85 — M)} + % {3 (1 — eVT=1)) 4 (T — t3)}]
Total interest earned

TIEL = Csie[(T_tZ) J2 Dip, q)dt+(T—N) [N Dr(p, q)dt+(1+T—t3) [ Dr(p, q)(ts—

t)dt + (1+ T = M) [3 Dr(p,g)(M — t)dt + [} Di(p,q)(T - t)dt|

= Cyicarp™|(T — ta)(ta — t1) + (T = N)% (V1) — 1) 4 J(1 4T —t3) (83 — N)? + 3 (1 +

T — M)(M —t3)? + p~“{ar — ap(e"T~*) — 1)}

TIER = Csie[(T_tQ) 2 Dr(p,q)dt+(T—N) ;¥ Dr(p, q)dt-+(1+T —t3) [} Dr(p,q)(ts—
Bt + (1+ T = M) [} Dr(p,q)(M = t)dt + [ Dr(p,q)(T — t)dt]
= Cyicapp™ [(T —to)(ta—t1) + (T — N)2L ("Wt — 1) + L1+ T —t3)(t5 — N)2 + (1 +
T — M)(M —t3)2 + p~“{ap — ar(e"T~4) — 1)}

Sub-case 1.3: 0 <t <to < N<t3<T <M

In this case interest payable by the retailer is zero, i.e., TIPp, = TIPr =0
But, interest earned by the retailer is given by

TIEy = Cyie[(M~t2) {2 Dr(p, @)dt+(M~N) [ Dr(p, g)dt+(1+M~t3) [ Dr(p, ) (ts -
tydt + (1+M —T) [ Dy(p,q)(T — t)dt}

= Cuicarp™[(M = to)(ts — t1) + (M = N)(N —t1) + (14 M — t5)(t3 = N)2 + S (1+ M —
T)(T ~ t)? + {ar, — ap(e? T~ — 1)}]

TIER = Cyic|(M~t2) {2 Dr(p, q)dt+(M~N) ;Y Dr(p, g)dt+(1+M~t3) [%* Dr(p, q)(ts—
Bdt+ (1+ M = T) [ Dr(p,q)(T - t)dt]

= Cyicarnp™[(M —ta)(ta —t1) + (M = N)(N — t1) + (1 + M — t3)(t5 — N)? + (1 + M —
T)(T —t5)* + {ar — ar (T~ —1)}]

Here, a carbon emissions integrated fuzzy EPQ model with type-2 fuzzy variable is
considered, where the objectives are maximizing the profit and minimizing various carbon
emission costs associated with inventory management. By using gH-differentiability, we
get a range for profit and a range of emission rather than an exact value of profit and
emission, which is more realistic in practical value. Hence, the objective functions are
defined as follows:

Max Profit (T'P) = L[TRE + TIE — TPC — THC — TOC — TIP — TBC — TGC — gg)

Min Carbon Emission Cost (I'E) =TEO+TEH +TEP (20)
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On taking a-cut over the total profit and emission per unit time is a interval crisp set and
is defined by 91
TP = [T Py, TPgr| where, (21)
TP, = %[TREL +TIE, —TPC, —THC, —TOCy —TIP;, — TBCL, —TGCp, — Cs)
TPr = %[TRER +TIERr —TPCr—THCRr—-—TOCR —TIPRr —TBCr —TGCr — C 5
And, TE = [TEp, TER] where, )
TE;, =TEO;,+TFEH; +TEP;

TERr =TEOr+TEHR+ TEPR, when 0 < <0.5

Case-2: If a € [0,0.5], then on taking the a-cut of fuzzy differential equation reduces
to interval fuzzy differential equation via gH-(ii) differentiability

—larp,ar] ©p~€ 0<t<t
[dﬂ dqi]_ (n—1)©lag,ap] ©p~* t <t <ts
dt > dt ' ) (p—1)©p<(lar,ar] +b® [qr,qr])) 2 <t<t3
—p~“([az, ar] + b © lqz, qr]) ts<t<T (23)
Thus the above system is equivalent to

—arp™© 0<t<ty

dqr _ } (n—1)arp™* t<t<t

dt ) (w=Dp“(ar+bgr) ta<t<ts

—p~“(ar + bqr) ts <t<T

—aRrp~© 0<t<ty

dgr _ ) (p—1)arp™* t1 <t <t

dt ) (w=Dp~(ap+bgr)  ta<t<ts

—p~“(ar + bqr) t3<t<T

After solving using the boundary conditions, ¢(0) = ¢(t2) = ¢(T") = 0 and ¢(t2) = Qm, we

get
—arpct 0<t<t
W)= o Darp™“(t—ta) i <t<t
qL c1ePt 4 cpe bkt _ oL to <t <3
kjleT?t + kze_TQt + QTL t3<t<T (24)
(t) = (1w —1)arp™“(t —t2) ti<t<ty
4r c1eFt — coe VRt ek to <t <t3
—ki1e" 4 kge 2t + SR g <t < T (25)

Where k= (n— 1)p™¢, 1o = —bp™*©
— ALy bkt _ AL bkt
L= okt ook ((@m 7 )en — e
ar )ebkts ‘LLebktg]

AL bty _ aL
b

b 62bk2(t37t2) [(Qm b
kl _ aR — aLefCQT

Cy =

2 = _SL+OR aRGCQT

2b
(14 60.)r1 + (ro — 1 — 20,71
(14+6,) —20,«
an(a) = (L+0,)rg — (14 — r3 + 20,714
(1+6,) — 20,
Various costs related to the above system are
Total obsolescence cost of inventory

ar(a) =
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TOCL = o' (Cy = C))| 2 qu(t)dt + ;) qu(t)dt]
= (Cs = C))[ [ ]ere®™ + coe ¥t — ]t + [ [kyer2t + kpe 2! 4 9E]dt|
= (G, — C) (MM — ePhiz) — (et — ebRI2) _ 8i (g — g5) + B (enaT — grata)

@(e—rzT - e—rztg) + GTL(T — tg)}

T2
TOCR = o (Cs = C)| [{2 an(t)dt + [} qr(t)dt]

=a(Cs—C )[ 3cpelkt — cze_bkt — “B]dt + f;‘g[—kle”t + koe "2t + aTR]dt}

= a(C,—C )[ (ePkts — ebht2) 4 €2 (obhts _ o=bhta) _ am(4y _ 1)) — %(eTgT —erats)

B2 (el — ) - (T — 1)

T2
Total cost of emission of inventory obsolescence

TEOL = o/ Coc| [ qu(t)dt + [} qu(t)dt]
= o/a’Coc[ftS [c1ePFt 4 coe™ bRt — akldt + ftf[k‘ler?t + koe "2t 4 %]dt]
— a a Coc[ ( bkts bk‘tz) bk( —bktd —bk:tg) ar, (tg _ t2) + k1 (erzT _ eTQts) _ @(e—rzT _

r2
€7rH) (T — )|

TEOR = a'a'Coc| [ ar(t)dt + [} ar(t)dt]
= ala/Coc[fttj [c1ePkt — coe™ bRt — i dt + ftf[—klerzt + koe T2t 4 CLR]dt}
— O[ a COC|: ( bkts __ bk‘tz) + giz(eibktS _ e*bth) (t3 _tQ) (eT‘QT e’r‘gtg) _ ﬁ(ef’l"QT _

T2
e T2 4 9 (T — ty)]

Total backordering cost

TBC, = Cy I 51 qL(t)dt + ftt12 qL(t)dt} = cb[—%aLp €t2 — 7( — 1)aRp E(tQ — t1)2]

TBCgr = Cy fotl qR dt + f dt} = cb[—%aRp 6752 — l(,u — ].)CLLp_€(t2 — t1)2]
Total goodwill loss for back—order is
TGCL =0, | 81 qr(t)dt + fttf qL(t)dt} = co[—Sarp™t? — 3 (pn — Darp“(ta — t1)%]

TGCR = Cg: oLar(t)dt + [ qR(t)dt] = cq[—5arp™ 6 — §(p — Varp™“(t2 — t1)?]
Total holding cost
THCL = [}* Char(t)dt + [;} Crar(t)dt

-, [ (e bktg — ebkt2) _ G (ombhts _ o=bR2) _ OL (4o _ 1)) 4 %(erzT — en2s) — %(efrzT -
e7T318) 4+ U(T — t3)]

THCR = [ Char(t)dt + [; Char(t)dt

-, [l%(ebktg, — ebktz) 4 2 (ombhts _ o=bhla) _ AR (15 o) — (erzT er2ts) — %(e—mT —

2
€_T2t3) + aTR(T — tg)]
Total emission cost of carbon for holding inventory
TEHL = Cyeb'| [ qu(t)dt + [} qu(t)dt]

-, b { (e bkts bktg) bk(efbktg _efbktg) . (tg —t2)+ (erzT erzts) _ @(e—mT_

T2
€72 4 U (T — t3)]
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TEHp = Cyeb'| 12 qr(t)dt + [} qn(t)dt]
— Ol { (ebkts — ebht2) 4 @ (e=bkts _ o—bkta) _ @p (4, _p,) (erQT erats) — k2 (o=raT _

)
e T2 4 9B (T — 1y)]

Total set-up cost= Cj

Total revenue earned

TREL = cs[uarp™(t2 — t1) + p 2 p~“(aL + bar)dt]

= cslparp™(ta — t1) + B {ei (e — M) — cy(e7Ps — 7Pz}

TRER = Cs[uaRp_ﬁ(tg — tl) + ,U«ftt; p_e(aR + bqR)dt]

= csluarp™(ta — t1) + L5 {ci (e?Fts — ebhlz) 4 cy(eVhts — e=bkE2)}]
Total Production cost

TPCy = plparp™©(t2 — t1) + p fttj p~(ar, + bqy)dt]
= plparp¢(ta — t1) + #p {C (e bkts _ ebktg) _ 62<efbkt3 . efbth)}]

TPCr = pluagp™(ta — t1) + pu [;> p~(ar + bqr)dt]

= pluarp=©(ts — t1) + “5={c1 (M5 — €Pkt2) 4 oy (e 0Rts — e Pht2) ]
The emission cost of carbon for manufacturing total units

TEPL = cme[parp™(t2 — t1) + p [ p~(ar + bqr)dt]
= Cme[parp™<(ta — t1) + L5 {c1 (P13 — ePht2) — ¢y (e~Phts — ebht2)})

TEPR = Cmc[/laRp_g( 2 — tl + ,uf _6 CLR + bQR)dt]

— Cmc[/iaRpiﬁ(tQ _ tl) 4 M;c {Cl< bkts __ ebktz) 4 62(6 bkts __ efbktz)}]
Therefore three sub-cases may arise depending upon the values of changing time periods.

Sub-case 2.1: 0 <t1 < N< M <ty <tg<T
In this case if the amount is paid within M by the retailer, then there is no interest
payable. Otherwise, the retailer will pay for the rest of the inventory. In this case the
total amount of interest paid and interest earned by the retailer is calculated.
Hence, total interest paid

TIPL = pipl[y3(1+ T — ta)qr(t)dt + ff;(l + T —t3)qr(t)dt + ftf qr(t)dt]
= pip[3(1+ T = t2)(1 = Darp™(ts = M)? + (1+ T — t3){ ("2 — ehiz) — g2 (cPhta —
e tht2) — AL (tg — to)} + K1 (72T — erata) - K2(emraT _ emrata) 4 GL(T — 1))

TIPg = pip[[12(1+ T — t2)qr(t)dt + [}*(1+ T — t3)qr(t)dt + ftg qr(t)dt]
TIPp = pip| 5 (1+T —t2)(n—1)arp™(ta— M)? + (1+T —t3){ g (™12 —bhtz) 4 2 (e bhts —
eV — OB (15 — o)} — BL(er2T — erats) — K2 (gmral — gmrals) 4 GR(T — t3))]

2
And, total interest earned
TIEL, = Csi[(T — N) [N Dp(p,q)dt + (1 + T — M) [§ Dr(p,q)(M — t)dt + (1 + T —
to) [12 Dr(p,q)(t2 — t)dt + (1+ T — t3) [* Dp(p,q)(ts — t)dt + [, D(p,q)(T — t)dt]

= Cyie|(T = N)arp (N 1) + 3(1+T = M)arp~(M = N)2+ 3(1+ T~ ts)arp~(ts —
M) +p~ 6t3b(1+T tg){ (bkts bk:tz) %(6—bkt3_e—bktz)}_p—eb(l_l_T_tS){i(tSebktg_

t bktg) _ b21]€2( bkts __ bktg)} + T{bkl( roT 67‘2t3) _ %(6*7'27‘ _ 677‘21‘/3) + 2aL(T _ tg)} _
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bkl{%(Te”?T — tge"2) — %(6T2T — erts)} — bk:g{f%(Te_”T — tge "213) —

e72)} — 2a (T — ty)]

% (6—7‘2T o

TIER = Cyi.[(T — N) [N Dr(p,q)dt + (1 + T — M) [ Dr(p,q)(M — t)dt + (1 + T —
t2) [27 Dr(p,a)(ta — t)dt + (1 + T — t3) [2 Dr(p, q)(ts — t)dt + J;; Dr(p, q)(T — t)dt]

= Cyi, [(T —N)agp (N —t1)+ %(1 +T —M)agp= (M — N)?+ %(1 +T —ta)app “(ta —
M) 4p=tgb(1+T —t3){ & (ePhts —ebht2) €2 (= bhts _o=bhta)} py=€p(1 4T —t3){ & (tze?ts —
t26bkt2) . ﬁ(ebktg o ebktg)} + T{%(BMT _ erzts) _ @(e—mT _ e—rzts) + QGR(T _ t3)}} +

T2

bkl{%(Te”T — tze!s) — %(e”T — et} — bkg{—%(Te*’"QT — tze "2l — %(e*”’T —

e"2t)} = 2a; (T — t3)]

Sub-case 2.2: 0 <t1 <ty < N<M<t3g<T
In this case the total amount of interest paid and interest earned by the retailer is calcu-
lated.

Hence, total interest paid

TIPp = pip[[i3(1+ T — t3)ar(t)dt + [ qr(t)dt]
_ pip[(l _|_T_t3){l%(ebkt3 — kM) _ %(efbktg — kM) _ U (3 — M)} + %(erzT_erzts) _

@(e*mT — e T2ts) 4 (T - tg)}

r2

TIPg = pip[[i3(1+T — t3)qr(t)dt + [, qr(t)dt]
= pi, [(1 +T —t3) l%(ebktg — ebkM) 4 %(e—bktg — e bkMY) _ 4R (44 N)Y — %(erzT —er2ta) —

b
k _ _
(e —erats) T(T - ts)}

T2

Total interest earned
TIE; = Csie[(T—t2) ttf Dy (p, q)dt+(1+T—t3) ftt; Dy (p, q)(tg—t)dt—kft:g Dy(p,q)(T—t)dt]

= Cyie {aLp*E(T —to)(ta —t1)) + (L + T — tg)pfebtg{%(ebkt‘?’ — ebktz) %(e*bkt‘* —
e~P2)} —p~ (1+T —t3)[cr0{ g (£33 — tpe™2) — gy (M1 — PMi2) } — Czb{—i(t?’zeibkts B
t2€—bkt2) _ %(e—bk‘tg _ e—bktg)}] + T{_%(e’I’QT _ €T2t3) _ @(e—rgT . e—T2t3) + %(T .

b2 T2
ta)} — ki { =5 (Tt —tgemt) 4y (em2h —er2t)} — ko~ (Te 72T —tge™720) — Gy (e772t —

T2
e r2ta) — 42 (7% — )}

TIER = Ciic[(T—ts) [{? Dr(p, q)dt+(1+T—t3) [* Dr(p, q)(ts—t)dt+ [, Dr(p,q)(T-
£)dt]

= Csie [aRp_e(T —to)(ta — t1) + (1 + T — t3)p btg{SL(ePts — ePFt2) 4 C2(e=0Ms
e—bk‘tz)} —p_e(l —|—T—t3)[clb{ﬁ(t3€bkt3 _t26bkt2) _ ﬁ(ebkti‘ _ ebk’tz)} —{—Cgb{—ﬁ(tge_bkt?’ _
t2€fbkt2) . ﬁ(efbktg _ e*bktg)}] + T{%(e'r’QT . e’r‘gtg) _ %(efTQT . e*Tth) + QaTR(T _

t3)} +ki{—p, (TeT —t3e) + 5 (e2" —e8)} —ko{— (Te™T —tge72'8) — L (e —
2 2
€T — (T2~ )]
Sub-case 2.3: 0 <t;1 <ty < N<t3<T <M

In this case interest payable by the retailer is zero, i.e., TI1P;, = TIPr =0
But, interest earned by the retailer is given by



130 B. K. Debnath, P. Majumder, U. K. Bera

TIE; = Cyic[(M — t2) [{2 Dr(p,g)dt + (M — N) [N Dr(p, q)dt
+(1+ M —ts) [{ Dr(p,q)(ts — t)dt + (1 + M = T) [X Dp(p, g)(T — t)dt]

= Cuiep™|an(M —t2)(ta —t1) +b(M — N){gh (PN — ebhtz) — g2 (e HhN — e=thta)} 4 (1 4
M — t3)t3{g—}€(ebkt3 _ €ka) _ gilzc(efbktg _ efka)} 4 (1 M- t3)[cl{&(t36bkt3 _ Neka) _
#(ebkt?’ o eka)} + Cg{—i(tge_bkt‘“’ o Ne—ka) o #(e_bkt?’ - 6—ka)H + (1 + M —
T)T{bf—;(e’"zT —erts) — %(e‘”T —e28) 4 2ar (T —t3)} — (1+ M —T) [bk‘l{%(Te”T —

tgen213) — (€77 — 29)} by { — L (Te™2T —tge™r21) — & (=27 —e~79)} tap (T2 —13)]|
2 2

TIER = Cyic [(M — t2) [{> Dr(p, q)dt + (M — N) [, Dr(p, q)dt
+(1+ M — 1) [ Dr(p, q)(ts — )dt + (1 + M = T) [} Dr(p, g)(T — t)dt]

= Cyiep™ [aR(M—tg)(tg — 1)+ b(M — N){ gk (PR — ePM2) 4 22 (¢7PRN — o =0ht2)} 4 (1 4
M — t3)t3{%(€bkt3 _ eka) 4 %(e—bkt;g _ e—ka)} 4 (1 M- tB)[Cl{ﬁ(tiiebkt?’ _ Neka) _
b21k2 (ebkts — eDENYY — oo {— b (e Phts — NeDRN) _ 1721]€2 (e~Ukts — e=bEN)] 4 (1 + M —
T)T{ =% (er2T —erats) — M (emroT —e=rots) 4 90 (T —t3)} — (14 M —T)[—bky { £ (TemT —

r2

t3e728) = (€127 — 28 by {— L (T 2T —te7285) — (2T —e25) )+ a (17— 3)]
2 2

T2

In this case also the objective functions are defined as follows:

Max Profit
1
(TP) = T[TRE+TIE —TPC —-THC —-TOC —TIP -TBC —-TGC —Cs]  (26)

Min Emission (TE) = TEO + TEH + TEP (27)
On taking a-cut over the total profit and emission per unit time is a crisp interval and is
defined by
TP = [TPy, TPg] where, (28)
TP, = %[TREL +TIE, —TPC, —THC, —TOCy —TIP;, — TBCL, — TGC}, — Cs)
TPr = %[TRER +TIERr —TPCr—THCRr —TOCR —TIPr — TBCRr —TGCR — Cs]
And, TE = [TEy,, TER| where, (29)
TE; =TEO;, +TEH; +TEP;
TERr=TEOr+TFEHR+TEPg, when 0 < «a <0.5
Again, if € [0.5,1], then the system of interval fuzzy differential equation is given by

—lar,ar] ©p~° 0<t<t

[dﬂ dqi]: (n—1)©®lag,ar] ©p~* t <t <t
dt’ dt (p—1)©p “(lar,ar] +b® [qr,qr]) to <t <t3
—p~“([ar,ar] +b® [qz1, qr]) ts<t<T

(30)
Therefore two cases arise

Case 1: gH-(i) differentiability

Case 2: gH-(ii) differentiability

In case 1: gH-(i) differentiability, the above system reduces to

—aRrp”© 0<t<ty
dgr, _ ) (p—1)arp™ t1 <t <t
dt ) (p—=Dp “(ap+bgr) toa<t<t3

—p~“(ar + bgr) ts <t<T
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—arp” € 0<t<ty
dgr ) (p—1)arp™© t1 <t<t
dt ) (u—1)p “(ar+bgr) t2<t<t3
—p~“(ar, + bqr.) t3<t<T

After solving using the boundary conditions, ¢(0) = ¢(t2) = ¢(T") = 0, we get

—arp~ ¢t 0<t<t

o (b —Darp=<(t — ta) th <t <ty

qr(t) = 8L [eali=t2) _ ] ty <t <ty
_aTR[ey(T—t) —1] t3<t<T (31)

—arp” ¢t 0<t<t

oo ) (= Darp(t—ts)  t <t <t

qr(t) = ag [eo(i—tz) _ 1) ty <t <t
_aTL[ey(T—t) —1] t3<t<T (32)

where, z = b(p — 1)p™€ and y = bp™©

(r1 —0ir2) + (ro —r1 — Oir2)

aL(a) - (1 - 91) + 260, ’
B (7’4 — 917“3) + (7“4 —r3 — 29#3)0(
(ZR(Oé) N (1 — 91) + 20,

In this case all the relevant costs and total interest earned and payable are same as the
previous case 1 when « € [0,0.5] but the values of ar(a) and agr(«) are different from the
previous case 1. In this case

(7“1 — 917"2) + (7“2 —ry — 917”2)04
(1 — 91) + 20, ’
(7“4 — 9[7“3) + (7"4 — 713 — 291r3)a
(1—6;) + 20,
Here the objective function for « € [0.5,1] have the same expression as previous Case

1 where « € [0,0.5] with different values of ar,(a) and ag(«)
In case 2: gH-(ii) differentiability, the above system reduces to

ar(a) =

ar(a) =

—arp”© 0<t<ty
dqr | (p—1)arp™© t1 <t <t
dt | (w=1)p~“(ar+bgr) t2<t<t3
—p~“(ar + bqr) t3 <t<T
—aRrp”© 0<t<t
dgr ) (p—1)arp™© 1 <t <ty
dt ) (p—1)p~(ar +bqr) to <t <t3
—p~“(ar + bgr) 13<t<T

After solving using the boundary conditions, ¢(0) = q(t2) = ¢(T') = 0 and q(t2) = @Qm,
we get

—arp”“t 0<t<ty
() = (n—Dagp™(t—t2)  t <t<t
qr\t) = Clebkt +C2e—bkt _ap by <t <ts

b
ket 4 koe "t + L ta<t<T (33)
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—app €t 0<t<t
(k= 1D)arp™(t —t2) hhst<ty
Gr(t) =4 [ ookt bt an ty <t <ty
—ki1e" 4 kge 2t + SR 4y <t < T (34)

Where k= (u— 1)p™“ 1o = —bp™©

_ AL\ bk AL bk
€1 = Tobkts _ o2bkts [(Qm + ?)6 s — 3 € ]
_ AL bk, AL\ bkts AL bt
C2 = b e’2 o2bk(ts—t2) [(Qm b )e 3 b e 2]
_ ar —ar —coT
kl = 72[)_'_ (&
k‘2 = —LL 2baR€c2T
a (Oz) _ (7“1 — 917"2) + (7”2 —ry — 917'2)04
L (1 — 91) + 20, ’
a (a) _ (7‘4 — 917”3) + (’1“4 —7r3 — 2(9[7“3)04
" (1—0,) + 20,

In this case also all the relevant costs and total interest earned and payable are same as
the previous case 2 when « € [0, 0.5] but the values of ar(«) and ar(«) are different from
the previous case 2. In this case

(7”1 — 9[7“2) + (7'2 —-ry — 9[7“2)01

Z =
a(@) (1-0)+ 20,0 ’
~ (ra = 0Opr3) + (ra — r3 — 20im3)cx
ar(@) = (1—6)) + 26,

Here the objective function for « € [0.5,1] have the same expression as previous Case
2 where « € [0, 0.5] with different values of ar(«) and ar(«)

6. Solution procedure for solving multi-objective non-linear problem

The foregoing discussion provides a methodology for converting interval valued fuzzy
differential equation into system of ordinary differential equation via generalized Hukuhara
derivative approach. The a-cut on the profit function and the emission function leads to a
system of objective functions which have been solved by multi-objective genetic algorithm.
As the developed problem arise so many parameters and handle this problem with classical
methods will be very critical. Hence we applied the meta-heuristic multi-objective genetic
algorithm method.

Multi-objective genetic algorithm

Genetic algorithm (GA) is a heuristic search algorithm used in computing to find true or
approximate solutions in optimization which mimics the process of natural genetics i.e.,
survival of the fittest. It has five phases i.e., initial population, fitness function, selection,
crossover, mutation. Parents are selected according to their fitness values. The better
chromosomes have more chances to be selected. In this method, a few good chromosomes
are used for creating new offspring in every iteration. Then some bad chromosomes are
removed and the new offspring is placed in their places. The rest of population migrates
to the next generation without going through the selection process. A multi-objective
optimization problem involves a number of objective functions which are to be either min-
imized or maximized. As in a single-objective optimization problem, the multi-objective
optimization problem may contain a number of constraints which have feasible solution
(including all optimal solutions) to be satisfy. Since objectives can be either minimized or
maximized, the multi-objective optimization problem in its general form can be written
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as

Minimize/Maximize f(z) = {f1(z), f2(z), f3(z), .......  fe(2)}

x ={x1, 22,23, ..., T}

subject to:

g9(x) = 0

h(z) =0

<z <gt

Where f is a vector comprising of k objective functions and x is a vector comprising of
z solutions. g and h are vectors corresponding to inequality and equality constraints re-
spectively. The lower bound and upper bound of the vector x is 2! and z*. The solutions
of a multi-objective optimization problem are known as pareto optimal solutions.

Start

| Generate Initial Population |

|

| Encode Generated Population |
£ i

| Evwaluate Fitness Functions

Best
Individuals
I'f-f[e_et:i . Wes
Optimization
Criteria?
Stop

| Selection (selact parents) |

l

| Crossover (zelected parents) |

doFHepAMAMoH R

v

| Mutation (mutate offsprings) |

Figure 1. Graphical representation of procedure of GA

7. Real life numerical data and estimation to type-2 fuzzy data

“TATA Motors Limited" a well famous Indian multinational automotive manufactur-
ing company manufactures passengers cars, trucks, vans, buses, sports car, construction
equipment etc. The demands of these items from the suppliers are not fixed in every
month. A group of managements decisions over the demand of these items are fuzzy in
nature and the final decisions by chief production manager over the expert’s decision is
taken as type-2 fuzzy variable, more precisely trapezoidal type-2 fuzzy variable. Also, the
company have to pay carbon emission cost due to the emission creates for obsolescence
products, production units and to hold the manufacturing products. We have collected
the data for January, 2017 and the corresponding input values in reduced and approximate
form are given values.
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Let Cy = 45 $/unit, p = 1.8, p = $30 Cp. = 7$/m?3, b = 0.5m3/unit, o
0.05, C, = 20 $/unit, C3 = 25 $/unit, C,. = 5$/ton, i, = 0.61, i, = 1.75, «
0.3 (when « € [0,0.5]), a = 0.7 (when « € [0.5,1]), b=0.8 € =0.7 Cpe =3 $/unit, Cj =
6 $/m? C,=1.028%/m®> a' =0.8 ton/unit, (r1,re,r3,74,0;6,) = (10,12,14,16,0.5,0.3)

Table-2: Optimization results for different sub cases for type-2 fuzzy demand
by using Multi-objective Genetic algorithm

Different cases sub cases T M N [TPr,, TPgr) [TEL,TER]

a €10,0.5] | Case 1 1.1 1.2567 | 0.8257 | 0.6758 | [213.91, 368.08 106.82,171.12
1.2 1.3459 | 0.9256 | 0.7584 | [433.67,597.31 213.56,297.65

1.3 1.1346 | 1.5682 | 0.8496 | [609.68,779.84 305.57, 387.69

Case 2 2.1 1.1438 | 0.8391 | 0.7143 | [232.58,378.37 118.64,185.97

2.2 1.2337 | 0.9123 | 0.7852 | [445.72,605.38 221.37,307.82

2.3 1.3258 | 1.7235 | 1.1324 | [618.67,796.57 312.67,396.78

a € (0.5,1] | Case 1 1.1 1.3457 | 0.8472 | 0.7523 198.78,275.86 118.23,185.79
1.2 1.5676 | 0.8472 | 0.7523 | [412.37,576.28 227.52,307.64

1.3 1.1256 | 1.4328 | 0.9726 | [582.57,680.19 331.24,415.28

Case 2 2.1 1.058 | 0.7581 | 0.7058 | [223.81,353.57 127.64,196.67

2.2 1.123 | 0.7638 | 0.7253 | [432.35,575.83 231.58,316.97

2.3 1.321 1.873 | 1.0357 | [608.67,721.64] | [327.67,409.61]

Table-3: Effects of unit selling price C;s on profit function via gH-(i)
differentiability of different sub cases of Case 1 for type-2 fuzzy demand

when « € (0,0.5]

Cs($) | Sub-case 1.1 Sub-case 1.2 | Sub-case 1.3

TP, TPr] | [TP.,TPg | [TPL,TPx]
15 | [213.91,368.08] | [433.67,597.31] | [609.68,779.84]
47 [ [237.81,381.15] | [457.28,605.35] | [602.13,797.23]
49 | [251.26,398.57] | [478.63,621.46] | [641.25,809.15]
51 | [273.43,418.93] | [493.54,630.56] | [657.81,822.21]
53 | [287.19,429.35] | [506.23,652.21] | [662.23,832.32]
55 | [203.25,444.61] | [517.41,667.82] | [671.82,843.67]
57 [ [302.61,450.82] | [529.35,679.81] | [682.56,857.67]

Table-4: Effects of unit purchasing cost p on profit function via gH-(ii)
differentiabi- lity of different sub cases of Case 2 for type-2 fuzzy demand

when « € (0,0.5]

p($) | Sub-case 2.1 Sub-case 2.2 | Sub-case 2.3

TP, TPa] | [TP.,TPs] | [TP.,TPs]
30 | [232.58,378.37] | [445.72,605.38] | [618.67,796.57]
32 | [227.64,369.87] | [438.79,501.25] | [611.52,787.23]
34 | [221.23,362.51] | [432.81,583.71] | [603.15,779.14]
36 | [218.21,356.10] | [426.75,575.23] | [596.45,769.23]
38 | [211.37,349.58] | [420.12,562.14] | [589.64,761.42]
10 | [202.51,341.78] | [413.25,557.69] | [581.23,756.21]
42 | [196.25,335.62] | [402.72,551.13] | [571.51,749.17]
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Table-5: Effects of unit obsolescence rate o' on emission function via gH-(i)
differentiability of different sub cases of Case 1 for type-2 fuzzy demand
when a € (0.5,1]

7

o Sub-case 1.1 Sub-case 1.2 Sub-case 1.3
[TEL, TER)| [TEL, TER)| [TEL, TER)|
0.05 | [118.23,185.97] | [227.52,307.64] | [331.24,415.28]
0.10 | [123.19,192.25] | [233.67,315.19] | [338.75,423.18|
0.15 | [129.20,198.75] | [237.15,322.50] | [343.16,429.11]
0.20 | [136.49,207.26] | [242.62,329.23] | [349.21,436.07]
0.25 [142.15,211.27] [249.13,337.19] [356.16,442.18]
0.30 | [149.35,220.05] | [256.27,342.56] | [361.23,451.95]
0.35 | [156.07,227.18] | [261.81,347.25] | [369.09,459.67]

Table-6: Effects of weight of obsolescence product ¢ on emission function via

gH-(ii) differentiability of different sub cases of Case 2 for type-2 fuzzy

go
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Figure 2. Effect of set-up cost on profit function for sub-case 2.3 when a € [0, 0.5]
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a Sub-case 2.1 Sub-case 2.2 Sub-case 2.3
[TEL, TER] [TEL, TER] [TEL, TER]
0.8 | [127.64,196.67] | [231.58,316.97] | [327.67,409.61]
1.0 | [131.25,201.25] | [237.05,321.84] | [334.25,416.87]
1.2 | [136.71,212.08] | [239.17,329.15] | [339.51,421.75]
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1.6 | [146.34,218.31] | [249.71,341.28] | [349.71,437.71]
1.8 | [153.81,225.83] | [255.82,346.17] | [356.82,442.82]
2.0 | [157.35,231.19] | [261.09,351.25] | [360.08,446.72]
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Figure 3. Effect of emission cost of carbon on emission function for sub-case 1.1
when « € [0, 0.5]

8. Discussion

Table 2 describes the optimal results for the profit function and the emission function
in interval form and concluded that when the credit period of retailer is greater than
total cycle time T via gH-(i) differentiability, the profit is maximum, i.e. [609.68, 779.84]
and minimum emission is calculated as [106.82, 171.12] for sub-case 1.1 when « € [0, 0.5].
When the profit and emission is calculated via gH-(ii) differentiability, we also observe that
as the credit period of retailer is greater than total cycle time T, the profit is maximum,
ie. [618.67, 796.57] and minimum emission is calculated as [118.64, 185.97] for sub-case
2.1 when « € [0, 0.5]. As one can easily observed from Table 2 that the same scenario is
depicted for a € [0.5, 1]. In this case sub-case 2.3 gives the maximum profit, i.e. [608.67,
721.64]. We can also conclude that in case of sub-case 1.1, the emission cost is minimum,
i.e. [106.82, 171.12] when a € [0, 0.5]. We observe the effect of unit selling price (Cs)
on profit function and can conclude that with the increase of unit selling price, the profit
function is also increasing as depicted in Table 3. Table 4 analyses the effect of unit
purchasing cost (p) on profit function via gH-(ii) differentiability when a € [0, 0.5] and
observe that with the increase of unit purchasing cost the total profit of each sub-case is
decrease. Table 5 shows that if the unit obsolescence rate o is increase for type 2 fuzzy
demand over time for o € [0.5, 1] corresponding cost of emission is also increase. From
Table 6 it observed that with the increasing values of weight of obsolescence product a’,
total emission cost for each sub-cases are also increased. With the increase of set-up cost,
the profit function is decreasing as depicted in Figure 2 when « € [0, 0.5]. We can observe
from Figure 3 that the total emission cost is increasing as the emission cost of carbon is
increasing.

9. Conclusions and future research work:

The present analyses of the model specifically introduce the concept of type-2 fuzzy
variable can be taken as a key factor for a decision maker (DM) engaged with the demand
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unit. Demand of an item in market is always fluctuating and in this present model this
fluctuation is measured by trapezoidal type-2 fuzzy variable. The present model illustrated
a new direction in the field of inventory modeling applying the adventure of Mathematics.
The DM is able to take more appropriate precise decisions with the help of present analyses.

In this paper, some useful ideas are presented to deal with inventory control problem
with type-2 fuzzy parameters. Along with the main contributions discussed in introduc-
tion some more aspects are as follows.

1. CV based reduction method proposed by Qin et al. [23] is discussed and successfully
applied to the proposed model to find the total profit function and emission function.

2. According to literature survey for the first time in a single mathematical formulation,
we introduced an economic production quantity model with demand depends on the pro-
duction price and stock in fuzzy environment where demand is taken as trapezoidal type-2
fuzzy number. With the use of CV based reduction method and a-cut of hexagonal fuzzy
number the proposed model is solved to find maximum profit and minimum cost of emis-
sion of carbon.

3. Some new real life based important facts are provided and discussed in this paper,
which will help in developing the business management.

As a future work the presented models can be extended to different types of inventory
problems including price discounts, quantity discounts, taking selling price, ordering cost
as triangular fuzzy number, intuitonistic number, triangular type-2 fuzzy number, gamma
type-2 fuzzy number, Gaussian type-2 fuzzy number etc .

As it is assumed that the unit selling price is greater than the unit purchasing price, the
retailer must have sufficient amounts before the end of business period and to pay the dues
to the wholesaler some time before the end of the total cycle and in this situation, he will
have to pay less interest to the wholesaler. Moreover, the retailer can earn more interest
after that time up to the end of the business period. This new approach to calculate
the interest earned by the retailer may also apply in this model and the result can be
compared with the conventional approach also. The concept of immediate part payment
and the delay-payment for the rest can also allowed by the wholesaler for an item over
a finite planning horizon or random planning horizon In addition, against an immediate
part payment (variable) to the wholesaler, there is a provision for (i) borrowing money
from a money lending source and (ii) earning some relaxation on credit period from the
wholesaler. The models can also be developed with respect to the retailer for maximum
profit. We can also extend the current model for partial trade credit i.e. supplier offers
partial trade credit to retailer and retailer offers full trade credit to customers.
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Abstract

In this paper, we define the pullback crossed modules in the category of racks that are
mainly based on a pullback diagram of rack morphisms with extra crossed module data on
some of its arrows. Furthermore, we prove that the conjugation functor, which is defined
between the category of crossed modules of groups and of racks, preserves the pullback
crossed modules.
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1. Introduction

A rack R is a set equipped with a non-associative binary operation satisfying:
(x<y)<z=(r<2)<(y<=2)

for all z,y,z € R, and one additional property of this binary operation. Moreover, a
rack is called “quandle” if it further satisfies © < & = «, for all x € R. These total
quandle axioms are related to the Reidemeister moves of knot diagrams, and this yields a
connection between knot theory and the theory of quandles (hence racks) [9]. Racks have
been variously studied under plenty of names and a variety of terminology in literature.
They are called automorphic sets [1], crystals [8], left distributive left quasigroups [10]
and racks (as a modification of wrack) [4]. The most important example of racks comes
from the conjugation in a group G where g <t h = h™!gh, for all g, h € G. This property
yields a functor Conj: Grp — Rack from the category of groups to the category of racks.
Moreover, there exists an adjunction [7] between these two categories with:

Homg,p (As(X), G) = Hompaek (X, Conj(G)),
where the functor As: Rack — Grp is left adjoint to the functor Conj.

A crossed module of groups [11] § = (9: E — G, ) is defined by a group homomorphism
0: E — G, together with a (right) group action of G on FE satisfying the Peiffer relations,
ie. O(e-g) = g ld(e)gand f-0(e) = e !fe, foralle,f € E and g € G. Crossed
modules of racks [5] generalize the notion of crossed modules of groups satisfying two
parallel Peiffer conditions. An interesting result of this notion is the functors As and Conj
preserving the crossed module structures, see [5]. Therefore, we can also consider them
as the (induced) functors between the category of crossed modules of groups XGrp and
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Received: 20.12.2016; Accepted: 11.10.2017
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the category of crossed modules of racks XRack, denoted by As* and Conj* respectively.
Then, the previous adjunction leads to the following extended adjunction:

HomXGrp (AS*(:X:), 9) = HomXRaCk (xv COHJ*(g)) .

Consequently, one can say that the functor Conj* preserves limits and As* preserves col-
imits.
Crossed modules of groups or racks, which have the same fixed codomain A will be

called crossed4 modules, and lead to full subcategories of the corresponding categories.
We denote these categories by XGrpa and XRackp, respectively.

Pullback crossed modules in the category of groups are introduced in [3] which is derived
originally from [2]. Explicitly, let ¢: S — R be a fixed group homomorphism and 9: P —
R be a crossed module. Let A be the pullback in the category of groups with the diagram:

A" p

A )

S——R

Then, S acts on A C P x S by the rule a® = ((Ba)¢s ,5 1 (0a) s) forall s € Sandae A

that makes 9*: A — S a crossed module and (3, ¢) a crossed module morphism. This
morphism is universal for morphisms from crossedg modules to crossedg modules that
induce ¢ : S — R. Writing A = ¢*P we obtain a functor ¢* : XGrpr — XGrpg which is
called restriction that is left adjoint to the induced functor introduced in [3].

In this paper, we construct the pullback crossed modules in the category of racks that
will generalize the pullback crossed modules of groups. Furthermore, we see that the
functor Conj* preserves the pullback crossed module structure in the sense of the following
commutative diagram:

Conj*

XGrpr ——2 - XRackg
®* o

XGrps Con" XRackg

for any arbitrary but fixed group homomorphism ¢: S — R.

2. Preliminaries

We recall some notions from [5,7] that will be used in the sequel.

2.1. Category of racks

Definition 2.1. A (right) rack R is a set equipped with a (right) binary operation satis-
fying the following conditions:

e for each a,b € R, there is a unique ¢ € R such that:
c<da=1b,
e for all a,b,c € R, we have:

(a<b)<c=(a<c)<(b<c).
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A pointed rack is a rack R with an element 1 € R such that (for all a € R):
lda=1 and a<1l=a.

From now on, all racks will be pointed.

Let R, S be two racks. A rack homomorphism is a map f: R — S such that:

fla<b)=f(a)<af(b) and f(1)=1,

for all a,b € R. Thus we have the category of racks denoted by Rack. Alternatively, for
a point of view on racks where the two right and left rack operations are treated on an
equal basis, see [6].

Examples:

1) Given a group G, there exists a rack structure on G where the binary operation is:

g<ah=h"tgh,

for all g,h € G. This rack is called the conjugation rack of G, from which we get the
functor:

Conj: Grp — Rack.

2) The core rack on a group G is defined by:
g <9h=nhg'h,
for all g, h € G; however this construction is not functorial.
3) Let P, R be two racks, we have a rack structure on P x R defined by:
(p,r)y < (p,r)y=@<p,r<ar),

which is also the product object in the category of racks.

2.2. Rack action

Definition 2.2. Let R be a rack and X be a set. We say that X is an R-set when there
are bijections (-r): X — X for all » € R such that:

(m.r).rlz(x.rl>.(r<7"/)’ (21)
for all z € X and r,7" € R.

Definition 2.3. Let R be a rack and X be an R-set. The hemi-semi-direct product
X X R C X x R is the rack defined by:

(z,r) < (27 = (-0, r <r'),
for all z,2’ € X and r,7’ € R.

Remark that 2’ disappears in the hemi-semi direct operation which is the main technical
difference from the semi-direct product of groups and causes various problems when we
deal with it.

Definition 2.4. Let R, S be two racks. We say that S acts on R by automorphisms when
there is a (right) action of S on R and:

(r<ar)-s=(r-s)<(r'-s) (2.2)

for all s € S and r,7" € R.
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2.3. Crossed modules of racks

Definition 2.5. A crossed module of racks (R, S,0) is a rack homomorphism 0: R — S
together with a (right) rack action of S on R such that following two Peiffer relations hold
(for all 7,7/ € R and s € 5):

X1) 9(r-s)=0(r) <s,
X2) r-o()y=r<ar.
If (R,S,0) and (R, S’,0") are two crossed module of racks, a crossed module morphism:
(ji’jb) 3(}%“9,6) — (lgc‘gljal)
is a tuple which consists of rack homomorphisms f; : R — R/, fo: S — S’ such that:
¢ 0'f1=fo0,
o fi(r-s)=fi(r)- fo(s),
for all r € R, s € S. Thus we get the category of crossed modules of racks, denoted by
XRack.

Examples:

1) Let N C R be a normal subrack of R (i.e. n <r € N foralln € N,r € R). The
inclusion map N — R is a crossed module (inclusion crossed module) where the action is
defined by the main rack operation.

2) Let u: M — N be a crossed module of groups. We obtain a crossed module of racks
by passing to the associated conjugation racks of M and N.

3. Fiber product of racks

Definition 3.1. Let a: P — R and §: S — R be two rack homomorphisms. The fiber
product P xg S is the subrack of the rack P x S defined by:

PxrS={(p,s)|ap) =8(s)}.

From the categorical point of view, the fiber product is the equalizer of the parallel rack
homomorphisms:

Qo]

PxS R.

Bomz

Proposition 3.2. Let (P, R,«) and (S, R, ) be two crossed modules of racks. The map
0: PxpS — R given by:
9(p,s) = alp) = B(s)
yields a crossed module (P x g S, R, 0) with the (right) rack action:
(PxpS)xR — PxpS
((p,s),r) = (ps)-r=(p-rs-7)
Proof. The action of R is well-defined, i.e. it preserves P xp S. This follows directly
from a(p) < r = B(s) < r. Moreover, it satisfies the conditions (2.1) and (2.2) since:

((p,s)-r)-r"=(p-rys-7)-7
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and

(p<p)-r(s<as)-r)

per)<A(p-r),(s-r) (s r))
)

=((p,s)-1) < ((,8) - 7)),
for all (p,s),(p/,s') € P xr S and r,7’ € R.
Also the map 9 : P xg S — R is a rack homomorphism since:
9 ((p,s) < (p’,S')) =d(p<p,s<as)
a(p<ap)

a(p) <a(p)

d(p,s)<o@,s).

Finally (P xgr S, R, 0) is a crossed module of racks since:

X1)
d((p,s)-r)=0(p-r,5-7)

—a(p-r)
=a(p) <r (. X1 condition of &)
=0(p,s) <,

X2)

(p,s)-0(p,s') = (p.s) a(p
=(p-a(p),s a@))
=@ -a@),s B(s)) (al)=p(5)
=(p<p,s<as) (. X2 condition of a, )
(p,s) < (v, s),
for all (p,s),(p/,s') € PxrSand r € R. O

4. Pullback crossed modules in the category of racks
4.1. Idea

Suppose that we have a crossed module of racks (P, R,0) and a rack homomorphism
¢ : S — R. The pullback crossed module of racks:

¢"(P,R,0) = (¢"(P), S, ")
is a crossed module of racks satisfying the following universal property:
For a given crossed module morphism of racks:
(£,6) : (X, S, 1) = (P, R,d)

there exists a unique crossed module morphism:

(f%ids) : (X, 8, 1) = (¢*(P), 5,0")
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which makes the following diagram commutative:
(X, S, 1)

(f:9)

(6*(P), 5,87 (P.R.0)

(¢',¢)

Remark 4.1. In other words, the previous definition can be seen as a pullback of rack
homomorphisms:

X d P (4.1)
7’ £\ %
p ¢*(P) 9
s
S R
p

where the arrows ¢, ¢’ have crossed module structures. It is clear that pullback crossed
modules are not the pullback objects in the category XRack.

4.2. Construction

Let (P, R, Q) be a crossed module and let ¢ : S — R be a rack homomorphism. Define
¢*(P) = PxprS and 0*: ¢*(P) — S by 0* (p,s) = s. Then 0" turns into a crossed module
where the action of S on ¢*(P) is defined by:

¢ (P)
(p,S) -8l = (p'¢(8/)75 < 5/)

¢*(P) xS
((p,s), ")

First of all, the action given above is well-defined, i.e. it preserves the set ¢*(P), which
follows directly from 9(p) <1 ¢(s") = ¢(s) < ¢(s'). Moreover, 9* is a rack homomorphism
since:

—
—

" ((p,s) < (p,s)=0"(p<p,s<s)
=s<5¢
= 0" (p,s) < O (p/’ s/) ’

for all (p,s), (p/,s") € *(P). Furthermore the action conditions are satisfied since:

((p.s)-s)-s"=(p-d(s),s<5) s

(P o(s) - o(s"), (s as) <5

(p-d(s") - (&(5) Q¢ (s")) . (s as") 2 (s" <5"))
((p-o(s")-d(s" <5"), (s a5") < (s <5"))
=(p-o(s),s<s) (s <5

((p,5) ") - (s 05"
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and

1/

(,s) < (B, 8)) - s" = (pa g5 < 8) - s
(bap) o (s") . (s ) 25"

= ((p-o(s") ap' -6 (s") . (s as") a (s <
=(p (") . (sas") (-6 (s") . (5 <
= ((p.s) - ") < ((0),s') - ")

for all (p,s), (p/,s') € ¢*(P) and s" € S.

")
s"))

Finally 0* is a crossed module:

X1)
0" ((p,s)-s)=0"(p-o(s),s<¢)
=s5<s
=0" (p7 )
X2)

= ¢
=(p-0(p),s<s) (o) =0())
<ap,s<s’) (.- X2 condition of 9)

for all (p, s), (1), s') € ¢*(P).

Furthermore, this construction satisfies the universal property. To state it, we need the
crossed module morphism:

(¢, 0) : (¢"(P), S,0") = (P, R,0)

where ¢’ : ¢*(P) — P is given by ¢’ (p, s) = p.

Suppose that (X, .S, 1) is an arbitrary crossed module with a crossed module morphism:

(f,8): (X, 8, 1) = (P, R,0)
We need to prove that there exists a unique crossed module morphism:
(f*ids) : (X, 8,pu) = (¢°(P),S,0%)
such that:
(¢/7 ¢) (f*71d5) = <f7 (b) .

Define f*: X — ¢*(P) by f*(x) = (f (z),p(x)), for all z € X. Then the tuple (f*,idg)
becomes a crossed module morphism, since (for all s € S and = € X):

fr@-s)=(f(z-s),p(x-s))

=(f(x)-d(s),pu(z-s)) (. (f,¢) crossed module morphism)
=(f(x)-¢(s),u(x)<s) (.- X1 condition of u)
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and
O f(x) =0"(f (z),p(z))
= p(x)
=idg pu(z).
Finally the diagram (4.1) commutes, since (for all z € X):
O f (@) =0"(f (z),p(x))
= p(x)
¢'f*(z) = ¢' (f (), p(2))
= f(2)
and also ¢ 0* = 0 ¢’ by the definition of ¢*(P).

Let (f',idg): (X,S,u) — (¢*(P),S,0*) be a crossed module morphism of racks with
the same property as (f*,idg). Define p and s by f’(z) = (p, s). Then we get:

O'f (x)=f(z) e ¢ (p,s)=f(z) &p=f(z)
O f (x) = p(x) & 0" (p,s) = pu(z) & s =p(x)
leading to:
f(@)=(p,s) = (f(x),pn(x) = f(z)
which implies that (f*,idg) is unique and completes the construction.
Definition 4.2. Let us fix a rack R as a codomain for all crossed modules and construct
the related category which is the full subcategory of XRack. These kinds of crossed

modules will be called as crossedg modules and denote the corresponding category by
XRackg.

Corollary 4.3. As a consequence of the pullback crossed module structure in the category
of racks, we have the functor:
¢": XRackg — XRacks.
Example 4.4. Let 9: N — R be an inclusion crossed module and ¢ : S — R be a rack
homomorphism. Then the pullback crossed module is defined by:
¢" (N) ={(n,s)[0(n)=¢(s),neN,seS}
={seS|¢p(s)=n, ne N}

=¢~ (N)
with the following commutative diagram:
o7 (V) —= N
o* 19}
R

where the preimage ¢~! (N) is a normal subrack of S.
It follows that:
Example 4.5. If N = {1} and R is a rack, then:
¢"({1}) ={s eS| (s) =1} = ker¢.

Thus (ker ¢, S, 0*) is a pullback crossed module which implies ker ¢ is a normal subrack.
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Corollary 4.6. The kernel of a rack homomorphism is a particular case of a pullback
crossed module.

Example 4.7. If N = R and ¢ is surjective, then:
¢*(R)=Rx S.

5. Functorial approach

Let R be a rack. The associated group As(R) is the quotient of the free group F(R) by
the normal subgroup generated by the elements y~ 'z~ ly(x <1 y) for all z,y € R, see [7].
This property leads to the functor:

As: Rack — Grp,
which is left adjoint to the functor Conj.

The major property of these functors is; they both preserve the crossed module structure
that is proven in [5]. Consequently:

Corollary 5.1. We have the functors:
As*: XRack — XGrp Conj*: XGrp — XRack,
which are induced by As and Conj, respectively.

Theorem 5.2. There exists an adjunction between the categories of crossed modules of
racks and of crossed modules of groups:

HomXGrp (AS*(:X:), 9) = HomXRaCk (xa Conj*(S)), (51)

which is induced by
Homg,p (As(X), G) = Hompaek (X, Conj(G)). (5.2)
Proof. Let X be arack and G be a group. We know from [7] that; for a given rack homo-

morphism f: X — Conj(G), there exists a unique group homomorphism f;: As(X) — G
such that the following diagram commutes:

X As(X)
! fe
: id
Conj(G) G

where p is the natural map. This diagram leads to (5.1).

One level further, let X be a crossed module of racks and G be a crossed module of
groups. Given a crossed module morphism of racks (f,g): X — Conj*(§), there exists a
unique crossed module morphism of groups (fs, gs): As*(X) — G such that the following
diagram commutes:

X (1,0 As*(X)
(fvg) (fﬁ 1gﬁ)

ey
COHJ (9) (id,id) e

which induces two forms of (4.1) based on rack homomorphisms f, g and proves the ad-

junction (5.2). O

As another main outcome of the paper, we have the following:
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Theorem 5.3. We have the following commutative diagram:

Conj*

XGl"pR XRaCkR
®* o
XGrps o™ XRackg

Proof. It follows at once from the known fact that, Conj preserves limits and As preserves
colimits since the adjunction (5.2), see also Remark 4.1. O
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Abstract

Recently, Wardowski in [Fixed points of a new type of contractive mappings in complete
metric spaces, Fixed Point Theory Appl. 2012] introduced the concept of F-contraction on
complete metric space which is a proper generalization of Banach contraction principle. In
the present paper, we proved a related fixed point theorem with F-contraction mappings
on two complete metric spaces.
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1. Introduction and preliminaries

The Banach contraction mapping principle is one of the pivotal results of analysis. It is
widely considered as the source of metric fixed point theory and its significance lies in its
vast applicability in a number of branches of mathematics. There are a lot of generalization
of Banach contraction mapping principle in the literature. One of a different way of this
generalization is to consider two metric space. In 1981, Fisher defined related fixed points
of mappings on two metric spaces and obtained some related fixed point theorems. Let
(X,d) and (Y, p) be two metric space, T : X — Y and S : Y — X be two mappings. If
there exist € X and y € Y such that Tx = y and Sy = x, then the pair of (7', 5) is said
to be has related fixed points. Thereafter many authors obtained some related fixed point
theorems (see [1,3-5,10]).

In 1994, Namdeo et al. [9] proved the following:

Theorem 1.1. Let (X,d) and (Y,p) be two complete metric spaces, T : X — Y and
S Y — X mappings satisfying the following equations:

d(Sy,STz) < cé(z,y)

p(Tz,TSy) < c(x,y)
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forallz € X andy €Y for which

9(w,y) #0 # h(x,y)

where 0 <c¢ <1

(1.1)

and

flz,y) = max{d(z, Sy)p(y, Tz),d(z, STx)p(y, T'Sy),d(Sy, STx)p(y, Tx)}

9(x,y) = max{d(z,STx), p(y, T'Sy),d(z, Sy)}
hz,y) = max{d(z,STx),p(y, TSy), p(y, Tx)}.

Then, ST has a unique fized point z € X and T'S has a unique fized point w € Y. Further,
Tz=w and Sw = z.

In this paper, by taking into account the recent proof technique, which is first used by
Wardowski [16], we will present a related fixed point result for two single valued mappings
on two complete metric spaces. For the sake of completeness, we consider the following
notion due to [16].

Let F be the set of all functions F : (0,00) — R satisfying the following:

(F1) F is stricly increasing, that is for all «, 5 € (0, 00) such that a < g, F(a) < F(p);

(F2) For each sequence {ay, }nen of positive numbers nlggo ay, = 0 if and only if
lim F(a,) = —o0;

n—oo

(F3) There exists k € (0,1) such that lim ofF(a) = 0.
a—07t

Some examples of the functions belonging to F are Fi(a) = lna, Fh(a) = a + Ina,

F3(a) = —% and Fy(a) =In(a? + a).

Definition 1.2 ([16]). Let (X,d) be a metric space and T : X — X be a mapping.
Then, we say that T is an F-contraction if F' € F and there exists 7 > 0 such that

Ve,ye X [d(Tz,Ty) > 0= 17+ F(d(Tz,Ty)) < F(d(x,y))]. (1.2)
If we take F'(a) = Inav in Definition 1.2, the inequality (1.2) turns to
d(Tz,Ty) < e "d(x,y), for all x,y € X, Tx # Ty. (1.3)

It is clear that for xz,y € X such that Tz = Ty, the inequality d(Tz,Ty) < e "d(x,y)
also holds. Thus T is a Banach contraction with contractive constant L = e~". Therefore,
every Banach contraction is also F-contraction, but the converse may not be true as shown
in the Example 2.5 of [16]. If we choose some different functions from ¥ in (1.2), we can
obtain some new as well as existing contractive conditions. In addition, Wardowski showed
that every F-contraction T is a contractive mapping, i.e.,

d(Tz,Ty) < d(x,y), for all x,y € X, Tx # Ty.

Thus, every F-contraction is a continuous map. We can find some important properties
about F-contractions in [2,6-8,11-15,17]. In the light of these informations, we can see
that the following theorem is a proper generalization of Banach Contraction Principle.

Theorem 1.3 ([16]). Let (X,d) be a complete metric space and T : X — X be an F-
contraction. Then, T has a unique fixed point.
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2. Main result

In this section, we present a new kind of related fixed point theorems using the concept
of F-contraction.

Theorem 2.1. Let (X,d) and (Y, p) be two complete metric spaces, T : X — Y and

S:Y — X be two mappings. Suppose that there exist F € J and 7 > 0 such that
d(Sy,STz) > 0= 7+ F(d(Sy, 5T2)) < F(6(z,y)) (2.1)
p(Tz,TSy) > 0= 7+ F(p(Tz,TSy)) < F(y(,y)) (2.2)

hold for all x € X and y € Y for which

9(@,y) # 0 # h(z,y),
where ¢ and ¥ are as in Theorem 1.1. Then, ST has a unique fixed point z € X and T'S
has a unique fixed point w € Y. Further, Tz = w and Sw = z.
Proof. Let x € X be an arbitrary point. Define sequences {z,} C X and {y,} C Y by
(ST)"x = x,, T(ST)" 'z =y,

and define o, = d(zp, zp+1) and 5y, = p(Yn, Yn+1), n = 1,2,3, ...

If there exist ng € N for which z,,+1 = Tp, O Yny+1 = Yn, then the proof is finished.
Indeed, if Zpg41 = Tngy, then (ST)H iz = (ST)™z and so (ST)(ST)™x = (ST)™x.
Therefore, (ST)™x := z is a fixed point of ST'. Also, if x,,+1 = Tn,, then Tap 41 = T'zp,
and so T(ST)"*lz = T(ST)™x or equivalently we have

TST(ST)"z = T(ST)™x.

Therefore, T'(ST)"x := w is a fixed point 7'S. In this case we have Tz = w and Sw = z.
Similar result can be obtained when y,,+1 = yn, for some ny.

Now suppose that =, # z,+1 and y,, # yn+1 for every n € N. Applying inequality (2.1)
we get

d(zp, nt1) = d(Syn, STxy,) > 0
SO we can write
F(d(Syn, STxy)) < F(¢(xnyn)) — T
from which it follows that
F(an) < F(Bp) —T. (2.3)

Applying inequality (2.2) we get
PWns Ynt1) = p(Tp—1, TSyn) > 0

SO we can write

F(/O(Txn—la Tsyn)) S F(¢($n—1, yn)) -7
from which it follows that

F(Bn) < F(an-1) — . (2.4)
From (2.3) and (2.4) we get
Flan) < F(Bn)—1
< F(Oén_l) — 27
<
< F(ag) —2n1
< F(f) - @n+ )7 (2.5)
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for all n € N. From (2.5) we obtain ILm F(ay) = —oo and with (F2) we get
n—oo
nh_{lgo ay, = 0.
Similarly, we get li_>m F(B)) = —oc from (2.4) and with (F2) we find
n—oo
3, Pn =0

From (F3) there exist k € (0,1) such that
lim of F(a,) =0 and nhﬁ\r{)lo BEF(B,) = 0.

n— o0
By (2.5) the following holds for all n € N
05F(an) < ak[F(an-1)—27]
<
< of[F(ap) — 2n7]
and so

oaF F(an) — of Fag) < —2a8nr <0.
Letting n — oo in (2.9), using (2.6) and (2.8) we obtain

lim afn =0
n—oo

Similarly by (2.5) we get
BaF(Bn) = BaF(B) < —Bu(2n + )7 < 0.
Letting n — oo in (2.11), using (2.7) and (2.8) we obtain

(2n+1)8y = lim nfy = 0.

lim
n—oo

153

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

Now let us observe that from (2.10) there exist n; € N such that nak < 1 for all n > ny
and from (2.12) there exist ny € N such that n3% < 1 for all n > ny. Let ng = max{ny,ns},

then we have for all n > ng

1 1
aﬁﬁ;andﬁﬁéﬁ.

(2.13)

In order to show that {z,} and {y,} are Cauchy sequences consider m,n € N such that

m > n > ng. From (2.13) and triangular inequality, we write
d(xn’ xm) < d($n, xn—i—l) + d(xn—i-ly $n+2) + ..+ d(l‘m—lvxm)
(o.¢]
< Z Q;
i=n
<1

Zi

L1
i=n tF

IN

and
PUnsYm) < pUnsUnt1) + P(Unt15Ynt2) + oo + 0(Ym—1, Ym)
o0
< D B
=n
> 1

< > T

1
i=n Lk

[&.°]
From the convergence of the serie > - we receive that {x,} and {y,} are Cauchy se-

i=11k
quences with limits z € X and w € Y respectively.
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Now, suppose z # STz and w # T'Sw. The following two cases arise:

Case 1. Let z = Sw and w = Tz. Then, w = TSw and z = STz, which is a
contradiction.

Case 2. Let z # Sw or w # Tz. If z # Sw, then there exists a subsequence {z,)}
of {x,} such that d(Sw,x,x)) > 0 for all k € N. Therefore, applying inequality (2.1) we
have

J(@nmy,w) .
where ¢(z,, = ——~—". Since
(. ) 9(Tp k), w)
nh_>1209( n(k )7w) = nh_?gomax{d(xn(kﬁwn(k)+l)ap(vasw)vd(xn(k)7sw)} >0
and
d(xn(k )p(w T:Bn ))7
li_)m f(@nmy,w) = li_>m max ¢ d(Tp ), ST o)) p(w, TSw)
e e d(Sw, ST 3)) p(w, T 1))
d(wn(k W) P(W, Yn(k)+1);
= lim max A(Tp (k) s Tn(k)+1 )p(w TS’w)
d(Sw w k)+1) (W, Yn(ry)
= 0

we get limy, ;00 ¢(Zp(x), w) = 0. Therefore, from (2.14) and (F2) we have
nh_{]go d(Sw, STzy)) = 0

and so Sw = z, which is a contradiction. If w # Tz, then similar contradiction can be
occur.

Therefore, either z = STz or w =T Sw. If z = STz, then z is a fixed point of ST and
Tz is a fixed point of T'S. Similarly, if w = T'Sw, then w is a fixed point of T'S and Sw is
a fixed point of ST

To prove uniqueness, suppose that z and 2’ are two fixed points of ST. Then, since

2 Tz
o2\ Tz) = ;gz’:Tz; =p(Tz,TZ)
and -
¢(2/7T2) = {’m = d(zvz/)a

it follows from inequality (2.1) and (2.2) that
F(d(STz,STZ)) < F(¢(2,Tz)) —
Z RTaT) -
F((z,TZ)) — 27
(d(z,2")) — 2,

which is a contradiction. Therefore, ST (similarly 7'S) has a unique fixed point in X. O

IN
T

We can obtain the following corollaries.
Corollary 2.2. Theorem 1.1 is immediate from Theorem 2.1.
Proof. The proof is clear, by taking F'(«) = In« in Theorem 2.1. O

Corollary 2.3. Let (X,d) be a complete metric space and T : X — X be a mapping.
Suppose that there exist ' € F and 7 > 0 such that

d(Ty, T?*z) > 0 = 7+ F(d(Ty, T?z)) < F(¢(z,y))
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holds for all x,y € X for which max{d(z, T%x),d(y, T?y),d(x, Ty)} > 0, where
_ max{d(z, Ty)d(y, Tx), d(z, T*x)d(y, T?y), d(Ty, T*x)d(y, Tx)}

o) = max{d(a, 1%), d(y, %), d(z, Ty)}
Then, T has a unique fized point.
Proof. Take X =Y, d=pand T = S in Theorem 2.1. O

Corollary 2.4. Let (X,d) be a complete metric space and T : X — X be a mapping.
Suppose that there exist F' € F and 7 > 0 such that

dy,Tz) > 0= 7+ F(d(y,Tz)) < F(¢(x,y))
d(Tx, Ty) > 0= 74 F(d(Tz,Ty)) < F(¢(z,y))
hold for all x,y € X for which
9(@,y) # 0 # h(z,y),

where

and

flzyy) = max{d(z,y)d(y,Tx),d(x, Tx)d(y, Ty),d*(y, Tx)}
g(z,y) = max{d(z,Tz),d(y,Ty),d(z,y)}
hMz,y) = max{d(z,Tx),d(y,Ty),d(y,Tz)}.

Then, T has a unique fixed point.
Proof. Take X =Y, d = p and S = I (the identity mapping) in Theorem 2.1. O

Example 2.5. Let X = @ and Y = I, where @ is the set of rational numbers and I is
the set of irrational numbers. Consider the discrete metric d on X, and a metric defined

by
0 , T=1yY
plx,y) =

1+ |$ - y| y X 7& Yy

on Y. Then, it is clear that (X,d) and (Y, p) are complete metric spaces. Define two
mappings T : X — Y by Tx =+v2and S:Y — X by Sy = 0. Then, for all z € X and
y €Y, we have

d(Sy,STz) =0= p(Tx,TSy).
This shows that the conditions (2.1) and (2.2) are satisfied for all FF € F and 7 > 0.
Therefore, by Theorem 2.1, ST has a unique fixed point z € X and T'S has a unique fixed
point w € Y. Further, Tz = w and Sw = z.
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Abstract

We discuss Ulam-Hyers stability, Ulam-Hyers-Rassias stability and Generalized Ulam-
Hyers-Rassias stability for a class of nonlinear fractional functional differential equations
with delay involving Caputo fractional derivative by using Picard operator. An example
is also given to show the applicability of our results.
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1. Introduction

Fractional differential equations is the area of concentration of recent research and there
has been significant progress in this area. However, the concept of fractional derivative
is as old as differential equations. L’ Hospital in 1695 wrote a letter to Leibniz related
to his generalization of differentiation and raised the question about fractional derivative.
Nowadays the fractional order differential equations has proved to be the most valuable
tools in the modeling of many phenomena in various fields of science and engineering.
Indeed, we can find many applications in electromagnetic, control, electrochemistry etc.
(see[5-8]). For more details on this area, one can see the monograph of Kilbas et al. [14],
I. Podulbny [23], Miller and Ross [17], Li et al. [15,16], Rehman et al. [25] , Chen et al.
[1-4], Saeed [27] and the references therein.

Over last three decades, the stability theory for functional equations developed and it
got popularity so quickly. It started in 1940, when the stability of functional equations were
originally raised by Ulam at Wisconsin University. The problem posed by Ulam was the
following: “Under what conditions does there exist an additive mapping near an approxi-
mately additive mapping”? (for more details see [29]). The first answer to the question of
Ulam [9] was given by Hyers in 1941 in the case of Banach spaces. Thereafter, this type
of stability is called the Ulam-Hyers stability. In 1978, Rassias [24] provided a remarkable
generalization of the Ulam-Hyers stability of mappings by considering variables.
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Subsequently, a large number of mathematicians took these two types of stabilities, the
Ulam-Hyers stability and the Ulam-Hyers-Rassias stability to carry on their researches and
the study of this area has grown to be one of the central and most essential subjects in the
mathematical analysis area. For more details on the recent advances on the Ulam-Hyers
stability and the Ulam-Hyers-Rassias stability of differential equations, one can see the
monographs [10, 11] and the research papers [12,13,18-21, 26, 28, 30, 32-35]. However, to
the best of our knowledge, most of the authors discuss the stability for implicit functions
but in our paper we take neutral functions and as far as we know Ulam’s type stability
results for a class of nonlinear neutral functional differential equations involving Caputo
fractional derivatives have not been investigated yet. Wherefore, motivated by the above
articles, we have discussed Ulam-Hyers stability for initial value problems of fractional
differential equations with delay

¢DJx(t) = f(t,z,¢ Djzy), t €1,
{ :L‘(t) = 11’(75)» te [*7-7 O]
z(0) = o, 2/(0) = z;.

where “D{ and ¢DJ are Caputo derivatives with 7 = [0,1], 1 <y < 2,0 < § < 1, and
xg, x1 are real constants, f :[0,1] x C; x C; — R and ¢ : [—7,0] — R are continuous,
we denote C; the Banach space of all continuous functions ¢ : [—7,1] — R, endowed with
the maximum norm ||¢|| = max{|¢(s)|;—7 < s < 1}. If z : [-7,1] — R, then for any
t € 1, and x; € C; we denote z; by x(0) = z(t + 0), for 6 € [—7,0], 7 > 0.

The paper is arranged as follows: In Section 2 we review some basic definitions and
lemmas used throughout this paper. In the third section we establish Ulam-Hyers stabil-
ity, Ulam-Hyers-Rassias stability, Generalized Ulam-Hyers-Rassias stability for the above
initial value problem and in the last section an example is given to show the applicability
of our results.

2. Preliminaries

This part includes some basic definitions and results used throughout this paper.

Definition 2.1. [14] The Gamma function is defined as,

oo
I'(y) = / e~ dt, > 0.
0
One of the basic property of Gamma function is that it satisfies the following functional
equation: I'(y+ 1) =~T'(v).

Definition 2.2. [14] The fractional integral for a function f with lower limit ¢y and order
~ can be defined as

¢
L'ft) = I‘(lfy) /to i ‘_fis))l_w ds, v>0,t>t.

where I' is the Gamma function, and right hand side is point-wise defined on R™.

Definition 2.3. [14] The left Caputo fractional derivative of order + is given by

1 AN
‘D] f(t) = / ds.
tf( ) F(n_,.y) a (t_s)'y—‘,—l—n §
where n = [y] + 1 ([y] stands for the bracket function of 7). Here we define one of the
important property of Caputo derivative as the composition of the fractional integration
operator I, with the fractional differentiation operator D}. Let v > 0, n = [y] + 1 and

let fr—~(t) =¢ Dy 7 f(t) then if f € C"[a,b] then

n—1 ¢(k) a
71 = 1) - Y i o
k=0 )
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Lemma 2.4. (Gronwall lemma)[22] Let pu,v € C([0,1],RT). Suppose that p is increas-
ing. If z € C([0,1],R") is a solution to the inequality

x(t) < p(t) + /Ot v(s)z(s)ds, te0,1],
then

x(t) < u(t) exp (/Ot V(s)ds>, t €[0,1].

Definition 2.5. [22] Let (X, d) be a metric space. An operator A : X — X is a Picard
operator if there exists u* € X such that

(i) Fa = {u*} where Fq = {u € X : A(u) = pu} is the fixed point set of A.

(ii) The sequence (A™(uo))nen converges to u* for all py € X.

Definition 2.6. [22] Let (X, d, <) be an ordered metric space. An operator A : X — X
is an increasing Picard operator Fy = u*, then for p € X, p < A(p) = p < p* while
p=Alp) = p=pt

3. Stability

In this section, we will discuss Ulam-Hyers stability, Ulam-Hyers-Rassias stability and
Generalized Ulam-Hyers-Rassias stability for a class of fractional neutral differential equa-
tions. Let € be a positive real number, T" : X — X is a continuous operator and
f:]0,1] x Cr x C; — R is a continuous function, we consider the following differen-
tial equation

#(6) = (1), 1 € [0, 3.1)
z(0) = o, 2/(0) = 2.

For equation (3.1), for some € > 0, ¢ € C([—7,1],R"), we focus on the following inequali-
ties:

{ *Dyx(t) = f(t xt, “Dixy), t € [0,1],

’CDgy(t) - f(tvytac Dgyt)’ S €, te [07 1] (32)
°DJy(t) — f(t, u,° Diyr)| < $(t), t € [0,1]. (3.3)
°DJy(t) — f(t, y.° Diyr)| < ed(t), t € [0,1]. (3.4)

Definition 3.1. [31] Equation(3.1) is Ulam-Hyers stable if there exists a positive real
number ¢; such that for each positive ¢ and for every solution y € C'([—7,1],R) of (3.2)
there exists a solution # € C*([—7,1],R) of (3.1) with |y(t) — z(t)| < c1¢, t € [-T,1].

Definition 3.2. [31] Equation(3.1) is Generalized Ulam-Hyers-Rassias stable with respect
to ¢ if there exists c¢14 > 0 such that for each solution y € C'([—7,1],R) to (3.3) there
exists a solution z € C*([—7,1],R) to (3.1) with |y(t) — z(t)| < c149(t), t € [T, 1].

Definition 3.3. [31] Equation(3.1) is Ulam-Hyers-Rassias stable with respect to ¢ if there
exists ¢14 > 0 such that for each solution y € C1([—7,1],R) to (3.4) there exists a solution
z € CY([-7,1],R) to (3.1) with |y(t) — z(t)| < crpep(t), t € [-7,1].

Remark 3.4. A solution of differential equation is stable (asymptotically stable) if it
attracts all other solutions with sufficiently close initial values.

On the other hand, in Hyers-Ulam stability, we compare solution of given differential
equation with the solution of differential inequality. We say solution of differential equation
is stable if it stays close to solution of differential inequality.

Hyers-Ulam stability may not imply the asymptotic stability.
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Remark 3.5. [31] A function y € C*([0,1],R) is a solution of the inequality (3.2) if and
only if there exist h € C*(]0,1],R) such that

(i) [h(B)] <€ te0,1],

(ii) “Dgy(t) = f(t, . Diye) + h(t), t € [0,1].
Also a function y € C1([0,1],R) is a solution of the inequality (3.3) if and only if there
exist b € C1([0,1],R) such that

(i) |h(B)] < o(t), t€0,1],

(it) “Dgy(t) = f(t,ye.° Diye) + h(t), t € [0,1].
Similarly for (3.4) there exist a function g € C1([0, 1],R) such that

(1) lg()] < eg(t), t<0,1],

(it) “Dy(t) = f(t,ye.° Diye) + g(t), t € [0,1].

Remark 3.6. Let 1 <y <2and 0 <d < 1ify e CY([0,1],R) is a solution of inequality
(3.2) then y is a solution of the following inequality

1 t
_ W/O (t =)' f(5,5," Dgys)ds

From Remark(3.5) we have

t7e

§7F(7+1), t€10,1].

“Dyy(t) = f(t, v, Diys) + h(2).
Then

v~y (O = s [ (=57 7,05 Dl )ds
I'(v) Jo R

1ot
+F(’Y)/O (t — )Y h(s)ds.

Therefore

y(t) — y(0) — o/ (0)t — F(lw /0 (= s (s, yert Diya)ds

1 tVe

< _— -
- )y
tVe
L(y+1)
If y € C1([0,1],R) is a solution of inequality (3.4) then y is a solution of the following
inequality

0 =00 O~ 5 [ 97 s Dl
< F(lw/ot(t—s)v—%(s)ds, te0,1].
And for inequality (3.4)
YO =50 = O~ i [ 7 o D
< F(fy) /Ot(t—s)'y_lqﬁ(s)ds, teo,1).

In the following theorems we will prove the Ulam-Hyers stability, Generalized Ulam-
Hyers-Rassias stability and Ulam-Hyers-Rassias stability for equation(3.1) on the interval
I=10,1].

Theorem 3.7. Suppose that
(a) | € OU x B2 R), [*Da(t)] < gy le(0)]:
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(b) there exists QQ > 0 such that for every t € [0,1], u;,v; €R, 1 =1,2
2
|f(tpa,p2) — ft v, )| < QD |ui — vil,
=1

and %)[ —|—F(2 6)]—k:<1 Then

(i) Problem (3.1) has a unique solution in C'([—7,1],R) N C*(]0,1],R).
(ii) Equation (3.1) is Ulam-Hyers stable.

Proof. (i) Under the condition (a), (3.1) is equivalent to the integral equation

2(t) = { To + 21t + r( fo (t — )77 f(s,25,° Dyxs)ds, t€[0,1]
b(t), t € [—7,0].

Let X = {z € C[-7,1];* D}z € C'[—7,1]} with [|z]| = ntlaf\x(tﬂ + ntlaIX\CDga:(t)L here
€ €

C[—7,1] and C'[—7,1] are denoted as continuous and continuously differentiable sets and
T:X — X be given by

xo + 1t + ﬁ Ja(t — )77 f(s, 25,6 Dyxs)ds, t€[0,1]

Talt) = { b(t), te[-r,0].

Here we will show that T is a contraction on X.
|Tx(t) — Ty(t)| =0, z,y€ C([-7,1,R), t € [-7,0]. And for t € [0, 1], by using

fax |zs —ys| = max [a(s+0) —y(s +0)|
= 0) — 0
o< 1851170+ 0yl )
< m<a>it\x() y(5)|,where s+ 60 =35, and —7<6<0
< _
< _max |2(5) —y(3)|
= |z —yll.

Thus

|Tx(t) — Ty(t)]
t
(t —s)7" 1f(s Ts, Doxs)d / (t—s)"" 1f(s Ys, Doys)ds

FQ/ O 1(].%3 ys| + [ DO:US —° Doys’>d8
t

@ max |z, — ys| + max |°Ddx, —° Dgys|> / (t—s)"lds
0<s<t 0

gQ( max |o(5) ~ (5)| +° D§ max |o() - u(5)])

C(y+1)\ -r<s<1
Q c o
< 5535 (Il =wll+ Dille = o)
]
“T(v+1)
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Also
|D°T(t) — DOTy(t)|
1 t s(y—1 [t B .
Sm /O(t—s) 6(1‘(7)/0 (t — 8)7"2f (s, 5,° Dy )ds
y—1 _ .
_w/o (t—s) "2 (s,ys, Dgys)ds>ds
Q C
< T srey Jy ¢ el
Q
= mll:v—yII.
So,
17273l < 5 ogslle = vl + = gy lle — ol
Q 1 1
SO R Vo

Therefore ||Tz(t) — Ty(t)|| < k|lx — y||. Hence by Banach contraction principle T is a
contraction.

(ii) Let y € C*([0,1],R) be the solution of (3.2), let us denote by € C*([0,1],R) the
unique solution of equation(3.1) i.e

(t
z(0) = zo, 2/(0) = 2.

then we have

o) = 20+ SO+ [ 6= 57 s, DY yds

= y(0)+ ¢/ (0)t + F(lw /0 (= $)7 1 f(5, 20, Dizs)ds,

We can see that |y(t) — z(t)| = 0 for t € [—7,0]. For ¢ € [0, 1] we have
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ly(t)

< ]y O 5 [ s D)
< ‘y — ' (0)t — F(lw/Ot(t—s)”‘lf(s,yst‘osys)ds
+F(7)/0 (t — 8)" 71 f(s,ys,° DJys)ds

F(lw /ot(t — )L f (s, 2,¢ Do) ds

tVe 1 t _ c Mo
= T+ Jrr(v)/o(f—s)7 £ (s,5.° Dys)

—f(s,xs,° Dgxs) |ds.

Using (b)

< e | @ /t(t—s)""l(Iys—xsl+\CD8ys—CDSmsl>ds
L(y+1)  T(y) Jo

fe @ ' — )t — Ts|dS
< ey (-0 -

t
+ /(t—s)'yfl\CDgys —cDng|ds>.
0

(3.5)

According to the last inequality for u € C([—7,1],RT). We consider the operator
A:C([-7,1],R") = C([-7,1],RT) defined by

0, le [_7_7 0]7
tVe

Ap(t) = F(~/+1 + F fo( — 8)7 tpgds
+F ) fo (t— 5) 1CDoHst, t €[0,1].

For proving A is a Picard operator, we prove that A is a contraction.

[Ap(t) — Av(t)]
Q t _ ¢ T
= (’7)(/0 (t—s) 1|N5—Vs’d8+/0 (t— )" Dhps — D0V5|d5)
QY (
()
Q
WHM—VH-

—

IN

0
max, lps — vs| + Moz, D4 s —© DOI/S\)

IN
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And
|D° Ap(t) — D° Av(t)|
1 t — Q(7_1> ¢ y— — v S 3
< w0 (g ) € o s = s
¢ s(Qy—1) [t —2lemd. ey
+ /O(t—s) <F(’7)/O (t — ) 2| Dips — D0V5|d8>d5}
Q(y—1) t 5
< oo oL o
< —2 -
= TR-0r()
So
1469 = A0 < [555 + Fam o=
_oQ, 1

T(v) [; + mmﬂ —v||.

for all u,v € C([-7,1],RT). Therefore ||[A(u) — A(v)|| < k|lu — v|| for all u,v €
C([-7,1],R"). Hence A is a contraction with respect to the norm on X. By applying the
Banach contraction principle, we can say that A is a Picard operator and Fy = {u*}, then

* e Q t —1 % Q ¢ —lcpyd, *
u'(t) < T+ 1) +F('y)/0<t_s)7 1USds+F(’Y)/0 (t —s)7 e DYutds.

The solution w*(t) is increasing and *Ddu* > 0, also

u(t) < fe + Q) /Ot(t — 5)7 " u*(s)ds

L(y+1)  TI(y
+7F(7)F(2 =) /0 (t—s) Ly (s)ds

* Ve Q 1 t 7—1u*8 S
W) < F<7+1>+F(7)<1+F(2_5)>/0(t—s) (s)ds.

therefore by using Gronwall lemma, we can say that

" t7e Q 1 t _
u (t) F(’Y"’_l) €xp F(’y) (1“!‘1_‘(2_5)>/(‘)(t—S)’y 1d8, te [0, 1]
€ 1
= Th+0 PTH+1) (1+F(2—5))
. 1 Q 1
w0 < ae whee o= pen et (L g )

So particularly, from (3.5) if u = |y — x|, then u(t) < Au(t) and by applying the abstract
Gronwall lemma we get u(t) < u*(¢). Thus it follows

ly(t) —z(t)] < cre, te[-T,1].
Hence equation (3.1) is Ulam-Hyers stable. O
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Theorem 3.8. If

(a) f € C(I xR*R), he C'([0,1,R) . [A(t)] < (1), h > 0;

(b) there exists Q¢ € L'([0,1],RT) such that for all t € [0,1], p;,v; ER, i =1,2

|t p1, p2) = f(tvr,v2)] < Qp(t Z’Mz — 4.

(¢) the function ¢ € C([0,1],RT) is an increasing function and there exists Ay > 0
such that

1 t
—/ (t — s)Y " p(s)ds < \gd(t); for all t € [0,1].

I'(y) Jo
Then equation (3.1) has a unique solution in C*([—,1],R) N C*([0,1],R) which is gener-
alized Ulam-Hyers-Rassias stable with respect to ¢.

Proof. The proof follows the same steps as in Theorem (3.7). Let
y € CY([-,1],R) N C*([0,1],R) be a solution to (3.3) then by previous theorem x €
CY([-7,1),R) N C*([0,1],R) is a unique solution to the Cauchy problem

°DJa(t) = f(t, x,° Diay), t € [0,1],
{ z(t) = y(t),t € [-7,0],
z(0) = xg, 2'(0) = 21.
So
z(t) = { 2(0) + 2" (0)t + r5y Jo(t = )71 [ (5,25, Djzs)ds, ¢ € [0,1]
y(). t € [—m,0].

Remarks (3.5) and (3.6) imply

()= 4(0) /O - &%Ak—ﬁ%ﬁ@%ﬂﬁwﬂs
1 t _
< Fwyéu—swla@w

< Ao(t), te0,1].

From Theorem (3.7) we can see that |y(t) —z(¢t)| = 0, for t € [—7,0]. For ¢t € [0, 1] we have

ly(t) — x(t)]
< ’y(t) —y(0) —y'(0)t — F;,y)/o (t = s)7 f(s,s,° Diys)ds
+ F(l’y)/o (t —s) 7L f (s, ys:° Dgys)ds - I‘(lfy)/o (t —s) 7L f (s, xs,° Dgxs)ds
< Ad(t) + py [ (0= 7o D) = fs. D) ds
< Ad(t) + i [ (07 Q5 — s
+ F(lv)/o (t —5)771Qs(5)[°Diys —¢ Dyzs|ds.
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From the proof of Theorem (3.7) it follows that
Qs(s) ( L1
L(y+1) I'2-9)

S cupflE), where cip =g oxp r?vff )1> (1 * F(21_ 5)).

() —2(®)] < Asb(t) exp )(t)% te 0,1

Hence equation (3.1) is generalized Ulam-Hyers-Rassias stable. ([l

Theorem 3.9. Suppose that

(a) f € C(I xR*%R), g € CY([0,1],R) , [g(t)] < ed(t), g > 0

(b) there exists Iy > 0 such that for all t € [0,1], p;,v; € R, 1 =1,2
2

=1

. l
with ﬁfv)[% + ﬁ] < 1.

(¢) the function ¢ € C([0,1],RT) is an increasing function there exists Ay > 0 such

that
€

T(v) /0 (t =) p(s)ds < Ago(t); for all t € [0,1].

Then equation (3.1) has a unique solution in C*([—7,1],R) N C*([0,1],R) and is Ulam-
Hyers-Rassias stable with respect to ¢.

Proof. Following the same steps as in Theorems (3.7) and (3.8), we can find both the
results, i.e here we will get

ly(t) — z(t)]
Ly ! -1
< e[t _,_7/ t—3s)7 s — Ts|lds
o0l0)+ 5 [ = =
b [ 87Dy~ D s
L'(y) Jo

< eAgo(t) exp F(’YZ{F D (1 + F(21— 5))(75)7’ te€[0,1]

lf 1
< = .
< cipep(t), where cip = Agexp CE, (1 + r2- 5)>

So equation (3.1) is Ulam-Hyers-Rassias stable. O

4. Examples

In this section, we present an example to explain the applicability of main results.
Example 4.1. Consider the initial value problem

Dza(t) = Ax(t) + Ba(t — 0.1) + CDZa(t — 0.1), € [0, 1]
z(t) = 0.2,t € [-0.1,0], (4.1)
z(0) = 2/(0) = 0.

and the inequalities

Dgy(t) — Ay(t) — By(t —0.1) —CDgy(t —0.0)] < e, tel0,1],  (42)

IDGy(t) — Ay(t) = By(t—0.1) — CDGy(t —0.0)| < (1), t€ 0,1, (13)



Ulam-Hyers-Stability for nonlinear fractional neutral differential equations 167

3 1
[Dgy(t) — Ay(t) — By(t —0.1) = CDgy(t = 0.1)] < ead(t), t€[0,1],  (44)
where A = %, B = %, C = %. For proving that equation (4.1) is Ulam-Hyers stable, we

take the conditions as in Theorem (3.7) i.e a function y € C*([0, 1], R) is a solution of the
inequality (3.6) if and only if there exists h € C*(]0,1],R) such that
{ [h(t)] < e, t€[0,1],

3

D2 y(t) = Ay(t) + By(t — 0.1) + CDZy(t — 0.1) + h(t), ¢ € [0, 1].

Here v = %, 6= %, and Q = % also %[% + ﬁ] ~ 0.6752 < 1. Furthermore all the
assumptions of Theorem (3.7) are satisfied, thus problem (4.1) has a unique solution and

is Ulam-Hyers stable with

(4.5)

y(t) — 2(t)] < cre, te[-01,1]
where ¢; ~ 1.2823 > 0.

Remark 4.2. If we replace equation(4.5) by the inequality
h(t)] < o(t), telo1],

Déy(t) = Ay(t)+By(t—o.1)+CD§y(t—o.1)+B(t), teo,1].

By repeating the same process as in above example one can easily verify the main results
of Theorem (3.8). Similarly replace € by e¢(t) and h(t) by g(t) we can get the results for
Theorem (3.9).

5. Conclusions

We present some new results about stability of a class of fractional neutral differential
equations with Caputo fractional derivative by using Picard operator. We discuss the
Ulam-Hyers stability, Ulam-Hyers-Rassias stability and Generalized Ulam-Hyers-Rassias
stability, which maybe provide a new way for the researchers to discuss such interesting
problems in the mathematical analysis area.

The current concepts have significant applications since it means that if we are studying
Hyers-Ulam-Rassias stable (or Hyers-Ulam stable) system then one does not have to reach
the exact solution. We just need to get a function which satisfies a suitable approximation
inequality. In other words, Hyers-Ulam-Rassias stability (or Hyers-Ulam stability) guaran-
tees that there exists a close exact solution. This is altogether useful in many applications
where finding the exact solution is quite difficult such as optimization, numerical analysis,
biology and economics. It also helps, if the stochastic effects are small, to use deterministic
model to approximate a stochastic one.
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and suggestions which have considerably improved the quality and presentation of this
paper. This research had been supported by National Natural Science Foundation of
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Abstract
In this paper, we study the second-order half-linear delay differential equation of the form
(r(6) (4(6)") + a(t)y™ (r() = . ()

We establish new oscillation criteria for (E), which improve a number of related ones in
the literature. Our approach essentially involves establishing sharper estimates for the
positive solutions of (F) than those presented in known works and a comparison principle
with first-order delay differential inequalities. We illustrate the improvement over the
known results by applying and comparing our method with the other known methods on
the particular example of Euler-type equations.
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1. Introduction

Consider the second-order half-linear delay differential equation of the form

(r(®) ' ()) + gy (7(£) =0, t>1o>0. (E)
Throughout the paper, it is assumed that the following conditions hold:

(i) a > 0 is a quotient of odd positive integers;
(i) T € CY([tp,0)), T'(t) > 0, 7(t) < t and tle T(t) = o0;
oo
(791) q € C([to,00)) is nonnegative and does not vanish identically on any half line of
the form [t., c0);
(iv) r € C([tp,00)) is positive and satisfies

t
R(t,to) :== /t Y% (s)ds — 00 as t— oco.
0
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Under the solution of equation (F) we mean a function y € C([t,, 00), R) with t, = 7(tp),
for some t;, > t(, which has the property r (y/)* € €*([tq, o0), R) and satisfies (E) on [t;, 00).
We consider only those solutions of (E) which exist on some half-line [t;, 00) and satisfy
the condition sup{|z(t)|: t. <t < oo} > 0 for any t. > t.

As is customary, a solution y(t) of (F) is said to be oscillatory if it is neither eventually
positive nor eventually negative. Otherwise, it is said to be nonoscillatory. The equation
itself is termed oscillatory if all its solutions oscillate.

The problem of establishing oscillation criteria for differential equations with deviating
arguments has been a very active research area over the past decades and several references
and reviews of known results can be found in the monographs by Agarwal et al. [1-4],
Dosly and Rehék [6] and Gyéri and Ladas [11].

The oscillation problem for (E) and its particular cases (or its generalizations on
dynamic, neutral, nonlinear equations, etc.) has been studied extensively, see, e.g.,
[5,7,8,12,15-18,20-26] and the references therein.

One of the basic techniques in oscillation theory is to acquire criteria by comparing
the given differential equation with first-order delay differential equations or inequalities,
whose oscillatory behavior is known in advance.

The first results in this direction for second-order delay equations were given by Ko-
platadze [15] in 1986 and Wei [22] in 1988, who proved that the equation

y'(t) +at)y(r(t)) =0 (1.1)
is oscillatory if
t 1
litrg(i;lf ” q(s)7(s)ds > o (1.2)

In 2000, Koplatadze, Kvinikadze and Stavroulakis [14, Theorem 1] presented an improved
oscillation criterion for (1.1), namely,

t
lim inf (7‘(5) +

t—o00 T(t)

7(s)

to

57(5)q<§>d§> ds> . (13)

In 1995, Kusano and Wang [16, Theorem 2] used a variant of the Mahfoud’s comparison
principle [19] with the ordinary second-order differential equation

and proved that (F) is oscillatory if

. o o0 o
Condition (1.4) extends the well-known Hille’s criterion
. o 1
htIggolft/t q(s)ds > 1 (1.5)

for a linear ordinary differential equation

y'(t) +a(t)y(t) = 0.

The most oscillation results for (E) existing in the literature use the Riccati transfor-
mation to reduce the second-order equation to a first-order Riccati inequality.

In 2006, Sun and Meng [20, Theorem 2.1 improved the oscillation result of Dzurina
and Stavroulakis [8] by employing the Riccati transformation

o(0) = 1 (r(0).t0) AL (16)
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which led to the following criterion for (E) to be oscillatory:

00 o Qa a+1 T’(t)
/to (R (7(t), to)q(t) — <a+1) R(T(t),to)rl/a(T(t))>dt:oo. (1.7)

Similar conditions to (1.7) have been obtained in a number of papers, see, for instance,
9, 10,21, 23, 24] and the references cited therein. It is useful to note (see the proof of
Theorem 2.5 below), that we can get Hille-type condition from (1.7).

Despite the fact that the above-mentioned oscillation results were proven by different
techniques, they all have in common that their strength depends on sharpness of the
estimates for nonoscillatory, say positive solutions of (E).

The purpose of this article is to further study the oscillatory behavior of solutions of
(E) and to obtain new criteria which improve the known ones mentioned above. Our
approach is essentially based on establishing sharper estimates for positive solutions of
(E) than those used in the known works [8-10, 14, 16,20-24], using an iterative technique,
and a comparison principle with first-order delay differential inequalities. If, in some
iteration step, the comparison result fails to apply, we are able to improve (in delay case
only) conditions of (1.7)-type.

The effectiveness of our results is illustrated by means of various examples.

2. Main results

As is customary, we state here that all the functional inequalities considered through
the rest of the paper are assumed to hold eventually, that is, they are satisfied for all ¢
large enough.

For a clear and compact presentation of our results, we will adopt the following notation
to be used in the whole paper. Let the number p be defined by

t

p = liminf q(s)R*(7(s),t0)ds,
t=oo Jr()
and A(n) be the smaller positive root of the transcendental equation
A=e 0<n<l/e
Also, let us define the sequence of constants pj as follows: set

pri=p
and, for p; € (0,1/¢], i € N, let
t
pi+1 = liminf [ q(s)R{(7(s),to)ds,

t—o0 T(t)
where

/\(gi) /tt R(s,tg)R*(7(s),t0)q(s)ds.

We start by stating a simple, but useful result for the first-order delay differential
inequality

Ri(t, to) = R(t, to) +

'(t) +q(t)z(r(t)) <0, t=>to, (2.1)
where 7 and ¢ are assumed to satisfy (i7) and (iii), respectively.

Lemma 2.1. Let the number k be defined by

¢
k :=liminf q(s)ds.

t—00 7(t)
Suppose that k > 0 and (2.1) has an eventually positive solution. Then k < 1/e and
t
timinf 2T S 3.

t—00 x(t)
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Proof. The proof is almost the same as that given for the corresponding delay differential
equation (see [13, Lemma 1]), hence we omit it. O

Lemma 2.2. Suppose that p > 0 and (E) has an eventually positive solution. Then
p<1/e and

() (W (7 (0))”
htrgg)lf ) WO > Ap). (2.2)
Proof. Pick t; € [tg,00) so that y(7(t)) > 0 on [¢t;,00). Since y(t) is a positive solution

of (E), we have

(r() (' (1)) = —a(t)y*(r(1)) < 0
on [t1,00), which means that 7(¢) (v/(¢))” is eventually nonincreasing and does not change
its sign.

We claim that 7(t) (v/(t))”* > 0 on [t1,00). Indeed, for the sake of contradiction, assume
that r(t) (y'(¢))* < 0 on [t1,00). Then there exists a t; > t; such that

r(t) (v ()" < r(t) (v (11))" = c <0 on [t],00).

Integrating the above inequality from ¢} to ¢ and taking (iv) into account, we have

t
y(t) < y(t)) + cl/a/ rY%(s)ds — —00 as t — o0,

t

which contradicts the fact that y(t) is a positive solution of (E). Thus, we have

y(t) >0, (1) (Y ()" >0,  (r(t) (y'(1)") <0 on [ts,00).
Since r/®(t)y/(t) is nonincreasing, there exists a finite limit

. 1/a _
Jim % (8)y'(8) = €= 0.

If we assume £ > 0, then 71/%(t)y/(t) > £ > 0 and y(t) > ¢R(t,t;) > 0 on [t;,00). Noting
that p > 0, we have that

/Oo g()R(7(s), to)ds = o

to

Integrating (E) from ¢; to t yields

r(ty) (v (t1))" > £* /t q(s)R*(7(s),t1)ds =+ 00 as t— oo.

t1

This contradiction implies that
: 1/a / _
th_glor (t)y'(t) = 0. (2.3)

On the Other hand, it is Ob\/ious that
,),,1/04 S ! s) > Tl/ t ! t fOI' every s € t1,t].

Therefore,

y(t) = y(tn) + [ Y (s)re (s)y (s)dls

> y(t) + /()Y (DRt 1)
=y(t) — /() () R(tr, to) + '/ (8)y (DR, to).
Combining (2.3) and (2.4), we have

y(t) > rY )y () R(t, to) on [ta,0), (2.5)

(2.4)
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for some ty € [t;,00) large enough. Using (2.5) in (E), it is easy to see that z(t) :=
r(t) (y'(t))” is a positive solution of the first-order delay differential inequality

#'(t) + q(t)R*(7(t), to)z(7(t)) < 0. (2.6)

To complete the proof, it suffices to apply Lemma 2.1 to (2.6). O

Application of Lemma 2.2 allows us to obtain various important oscillation results.

Theorem 2.3 below is a simple generalization of (1.2) for a half-linear differential equa-

tion, while Theorems 2.4 and 2.5 essentially improve the known criteria (1.7) and (1.4),
respectively.

Theorem 2.3. If p > 1/e, then (E) is oscillatory.
Theorem 2.4. Assume that 0 < p < 1/e. If

lim sup /t: (RQ(T(S),tO)Q(S)

t—o0

(2.7)

( « )O‘H 1 7'(s)

— ds = o0
a+1 (A(p) =€) R(7(s), to)r'/*(r(s))

for some € > 0, then (E) is oscillatory.

Proof. Suppose to the contrary that (E) has a nonoscillatory solution y(t) on [tg, 00).
Without loss of generality, we can assume that there exists a t; > to such that y(t) > 0
and y(7(¢)) > 0 on [t1,00). Define w(t) as in (1.6), i.e

 perop) OG0
w(t) = R (r(0).10) "L 2.9
We see that w > 0 for ¢ > ¢;. Differentiating (2.8) and using (F), we get
1y _ O ORTHT(@), ) r() (W' (1) (r(t) (' (1))
YO=TTm ) vy T )
e O (Ofpl(y(()f)(t)w (1)
at'(t) (29)
= R e < 0
o ar(t) (' ()" y'(r()7'(t)
- R O AT,
Lemma 2.2 implies that, for each € > 0, there is t5 € [t1,00) large enough such that
r 1/a
V)= (00) -9 7 05) 00, onltaoo) (2.10)

Combining (2.8)—(2.10), we obtain
at'(t)
R(r(t), to)r/(r (1))~

o A(p) — € e (a+1)/a
0 (mia wremy) O

W'(t) < w(t) — R*(7(t),t0)q(t)

(2.11)

Using the inequality

fe% Aoz—l—l
Ay — Buletd/e < a f‘l)w s AZ0.B>0,u>0
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with

s at’(t) Ap) —
t

. € 1/a
Rty o Bmer) (R%(t), o>r<7<t>>)
in (2.11), we obtain

/ X o a+1 1 T/<t)
w'(t) < —R(7(t), to)q(t) + <a+ 1) Ap) — € R(7(t), to)rt/*(7(t))’

Integrating the above inequality from to to t, we arrive at

ol o \ofl e
/tz (R (7(s),t0)a(s) — <a T 1> Ap) — eR(T(S),to)Tl/a(T(S))> &

< w(ta) —w(t) < w(te),

which contradicts (2.7) as t — oo. The proof is complete. O
Theorem 2.5. Assume that 0 < p < 1/e. If

. . a m 1 a
htrg(l)ng (T(t),to)/t q(s)ds > Ap) (a + 1)atD’

«

(2.12)

then (E) is oscillatory.

Proof. 1t suffices to prove that (2.12) implies (2.7). If we admit that (2.7) fails, then for
all £ > 0 there exists a t1 € [tg, 00) such that for any t > ¢,

[ee) oY 1 (@ atl T/(S) €
/t (R (1(s),t0)q(s) — Ap) — ¢ (a + 1) R(7(s), to)rl/a(T(s))> dos

Since R(7(t),to) is increasing, it is easy to see that
R (7(t), to) X

- 1 a \*t 7'(s) ¢

or
o0 1 a® 1 !
*(7(t),t d €.
m 00 [ (0 55— e () ) <
Hence,
R0, t0) [ als)ds < e+ o«
T
1O Jy RS T X () — e (at 1)t
for all € > 0, which contradicts (2.12). The proof is complete. O

Lemma 2.6. Suppose that p > 0 and (E) has an eventually positive solution. Then, for
any k € N, 0 < pp < 1/e and

() ()"
htrggjlf ) (1) > Apx)- (2.13)

Proof. By Lemma 2.2, it is clear that the statement holds for k = 1, i.e., p; < 1/e and,
for each € > 0, there is to € [t1,00) such that

r(r() (' (r(1)" e on o
r(®) (' (£)* = Ap1) — €, [t2, 00). (2.14)

Now, employing the chain rule

(r(0) (/1)) = a (g (1) (o (1)

!/

in the equality
() = /2@y Rt 10)) = ~R(t,10) (/o9 (1))
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we get
(500) — PO () R(E 1)) =~ Rt 10) (/o9 () () (/1))
which, by virtue of (F), becomes
(s(6) — P00 () R(E, 10)) = Rett0) (179 () a(e)y™ (1), (2.15)
Integrating (2.15) from ¢y to t yields to
1 1/a, t l—a @
o(t) = ¢(t2) + — R(s to) (r'/°y/(s)) " als)y* ((s))ds, (2.16)

where we set ¢(t) = y(t) — r/(t ) "(t)R(t,to). It is clear from (2.5) that ¢(t) is positive
on [te,00). Now, using (2.5) and (2.14) in (2.16), we arrive at

o) > o) + - [ [ Risuto) (e () x
x q(s)r(r(s)) (v (7(5)))" R*(7(s), to)ds

> o) + 2= [ R, t0) (161 () 5
< a(s)r(s) (o ()" R (r(s), to)ds
= o(t) + 2PV [ R, 1) B (r(s), o)™ (s)y/ (9)a(s)ds,

to
Using the nondecreasing character of 7(t) (y/(¢))” in the latter inequality, we obtain

6(8) 2 6t2) + L= 0y (1) [ R 10) B ((5) to)a(s)ds

= o(t2) ~ 2P0y 0) [ R(s, 1) R (s) to)a()ds (217

+ 200 =€ oy 0y [ (s, t0) R (r(5). to)a(s)ds.

(6] to
By virtue of (2.3) and the positivity of ¢, we have
A —€ t
o) > L=y 1) [ Rl )R G tolals)ds on lts,oe), (218)
0

for some t3 € [t2,00) large enough. Hence,

) > @/ 0 (Ritsto) + 2= [ Rt R, tha(s)ds)  219)
y(t) > )y (t)Ri(t, to,€) on [t3,00), (2.20)
where
A(p1) — €

Ra(t.t0,¢) = R(t.to) + [ Ris. ) R (s), o)) s,

Using (2.20) in (E), we see that z(t) := r(t) (v/(t))” is a positive solution of the first-order
delay differential inequality

o' (t) + R (7(t), to, €)q(t)x(7(t)) < 0. (2.21)
Applying Lemma 2.1 to (2.21), it is clear that the conclusion holds for k£ = 2, that is,
p2 < 1/e and, for each € > 0, there is t4 € [t,00) such that

r(r(t) (' (r ()"
r(t) (y'(2)"

> Ap2) —€, on [tyg,00). (2.22)
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Repeating the above process with (2.5) being replaced by (2.20), one can show that
y(t) > /)y (t) Rt to,€)  on [t5,00), (2.23)

for some t5 € [t4,00), where

Mp2) — € tR(s,to)RO‘(T(s),to)q(s)ds.

[0 to

R2(t7 th E) = R(t’ tO) +

Using (2.20) in (F) and applying Lemma 2.1 to a resulting inequality, we see that the
Lemma conclusion holds for £ = 3. By induction, it is not hard to show that the same
conclusion holds for any k € N. The proof is complete. [l

Using Lemma 2.6 instead of Lemma 2.2, we are ready to improve Theorems 2.3—2.5.
Since the proofs are the same, we omit them.

Theorem 2.7. If p;, > 1/e for some k € N, then (E) is oscillatory.
Theorem 2.8. Assume that 0 < p; <1/e, i =1,2,...,k, for some k € N. If

lim sup /t: (RO‘(T(S)JO)CI(S)

t—o00

2.24
B ( o >a+1 1 T/(S) )ds—oo ( )
a+1 (Mpk) =€) R(7(s), to)r'/*(r(s))
for some € > 0, then (E) is oscillatory.
Theorem 2.9. Assume that 0 < p; <1/e, i =1,2,...,k, for some k € N. If
Lo o o0 1 a®
lim inf R* (7(2), t0) /t )ds > 5o o (2.25)

then (E) is oscillatory.
Finally, we give an example to illustrate the efficiency of our results.
Example 2.10. Consider the second-order delay differential equation of the Euler type:

(W0)) + sagry™(mt) =0, t>1, (2.26)

where a is a quotient of odd positives integers, g > 0, m € (0, 1).
Note that the known condition (1.7) (or (1.4)) requires

(e

o «
_ 2.27
qom= > (o + 1)a+ (2.27)
for (2.26) to be oscillatory.
By Theorem 2.3, we have that Eq. (2.26) is oscillatory if

1 1
p=qgom*In— > —. (2.28)

m e

Now consider the case that (2.28) fails, that is, if p < 1/e. By Theorem 2.4 (or Theorem
2.5), we deduce that (2.26) is oscillatory if

1 a®

Alp) (a+ 1)t
Since A(p) € [1,e), our result improves (2.27).

Next, let us illustrate how Theorems 2.7 and 2.8 apply when both condition (2.28) and
(2.29) fail. By Theorem 2.7, equation (2.26) is oscillatory if, for some k € N,

1
PE> < (2.30)

gom® > (2.29)

where
p1L:=p



178 G. E. Chatzarakis, I. Jadlovskd

and, for p; € (0,1/e], i € N,

A pi > 1
pit1 = qgom® <1 + (pl)mo‘q0> In—, ieN.
e m

If, in kth iteration step, condition (2.30) fails, then, by Theorem 2.8 (or Theorem 2.9), we
have that (2.26) is oscillatory if

1 a®

Alpr) (a+ 1)+t

Now, let us consider a particular case of (2.26), namely,

((y’(t))?’)/ + %y?’(O-?t) =0. (2.32)

Note that condition (2.27) is not applicable, since 0.088 % 0.105469. Using the definition
of pi, we get p1 = 0.141631 % 1/e, po = 0.156883 % 1/e. Then condition (2.31) with & = 2
gives 0.106376 > 0.105469. Hence, by Theorem 2.8, (2.32) is oscillatory.

Finally, we consider another particular case of (2.26), namely,

/
((y’(t))1/3) + %yl/S(OAt) = 0. (2.33)
Note that condition (2.27) is not applicable, since 0.294723 % 0.47247. Using the definition
of p, we get p1 = 0.270052 % 1/e, p2 = 0.357776 # 1/e, p3 = 0.386561 > 1/e. Thus,
condition (2.30) is satisfied for k¥ = 3, and by Theorem 2.7, we conclude that (2.33) is
oscillatory.
We remark that none of the oscillation criteria presented in [8-10,14,16,20-24] can be
applied to equation (2.32) or (2.33).

gom® > (2.31)

Remark 2.11. The results presented in this paper strongly depend on the properties of
first-order delay differential equations. An interesting problem for further research is to
establish different iterative techniques for testing oscillations in (F) independently on the
constant 1/e.
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Abstract

Many studies have investigated the lattice of fuzzy substructures of algebraic structures
such as groups and rings. In this study, we prove that the lattice of L-ideals of a ring
is distributive if and only if the lattice of its ideals is distributive, for an infinitely V-
distributive lattice L.
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1. Introduction

The lattice-theoretic aspects of algebraic substructures and L-algebraic substructures
have been a topic of discussion in the literature for quite some time. It follows as a con-
sequence of the subdirect product theorem formulated by Professor Tom Head in [9] that
the properties of the lattice of algebraic substructures and that of corresponding fuzzy al-
gebraic substructures are almost identical. However before the emergence of the subdirect
product theorem, the modularity of the lattice of fuzzy normal subgroups of a group and
the modularity of the lattice of fuzzy ideals of a ring have been established in [1-5,10,17].

The distributivity constitutes a very powerful property of a lattice. On the other hand,
Tarnauceanu [15] worked on finite groups and proved that a group is cyclic iff its lattice
of fuzzy subgroups is distributive. Majumdar and Sultana [13] proved that the lattice of
fuzzy ideals of a ring is distributive. However, Kumar [12] has obtained just the opposite
of this result. Also Zhang and Meng [18] gave a counter example for the result of Ma-
jumdar and Sultana. Recently in [11] the modularity of L-ideals of a ring is established,
where the subdirect product theorem of Tom Head does not apply. Finally, the lattice of
L-fuzzy extended ideals is studied in [7]. We ask: is the lattice of all L-ideals of a ring
distributive whose lattice of all ideals is distributive? This paper will answer the question
for an infinitely V-distributive lattice. In this paper, we propose an analogous connection
between the lattice of L-ideals and the lattice of ideals of a ring. We first describe some
properties of the lattice of L-ideals that are tools to obtain some results. Using these
results, we prove that the lattice of L-ideals is distributive when the lattice of ideals is
distributive for an infinitely V-distributive lattice L.
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2. Preliminaries

In this section, we briefly recall some basic concepts of lattices, L-subsets and rings.
Throughout this paper, L is a completely lattice with the least element 0 and the greatest
element 1. For every family {b; | i € A}, we can popularize some operations such as

\/ b; = sup{b; | i € A}, /\ b; = inf{b; | i € A}.
i€A (ISTAN

A complete lattice L is called infinitely V-distributive lattice if for all « € L and A C L,
an(\V B) =\ (anp)
BeA BeA

For a nonempty set X, an L-subset is any function from X into L, which is introduced
by Goguen [8] as a generalization of the notion of Zadeh’s fuzzy subset [16]. The class of
L-subsets of X will be denoted by F(X, L). In particular, if L = [0, 1], it is appropriate to
replace fuzzy subset with L-subset. In this case the set of all fuzzy subsets of X is denoted
by F(X). Let p and v be L-subsets of X. We say that p is contained in v if p(z) < v(x)
for every x € X, denoted pu < v. Then < is a partial ordering on F(X, L).

For each a € L, we define the level subset

pa ={reX[a<pu(r)}
Let u; (i € A) be an L-subset of X. Define the intersection as follows:

(Mica #i)(@) = Niea pi(2)
for all z € X. The characteristic function of a set A C X is denoted by 14.

Throughout this paper, R stands for a commutative ring with identity. I(R) stands for
all ideals of R, is a complete lattice with respect to set inclusion, called the ideals lattice of
R. Note that I(R) has initial element {0} and final element R, and its binary operations
A,V are defined by INJ =INJand IVJ =1+J, forall I,J € I(R). I(R) may not be
a distributive lattice. For example, let R = Z x Z, Z is the ring of integers, we define the
operations as follows:

(a,0) + (¢;d) = (a+¢,b+d) and (a,b) - (¢,d) = (0,0)
for any (a,b), (c,d) € Z x Z. Then (R, +,-) form a ring with zero (0,0).
{(z,2) |z € Z} N ((Z x{0}) + ({0} x Z)) = {(x,z) | v € Z},

whereas

({(z,2) |z € Z} N (Z x {0})) + ({(z,2) | v € Z} N ({0} x Z)) = {(0,0)}.

The further knowledge about lattices and rings required in this paper can be found in
[6,14].

3. L-ideals

In this section, we investigate the lattice structure of L-ideals of a ring R.
Definition 3.1. [14] Let p be an L-subset in a ring R. Then p is called an L-ideal of R if
w(@ —y) = (@) A p(y) and p(zy) = p(@) vV p(y)

for all x,y € R. The family of all L-ideals is denoted by FI(R,L). In particular, when

L = [0,1], an L-ideal of R is referred to as a fuzzy ideal of R. The family of all fuzzy
ideals is denoted by FI(R).

The following lemma easly obtained from Proposition 2.2.[17].
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Lemma 3.2. Let p € F(R,L). Then p is an L-ideal of R iff po =0 or pe is a classical
ideal of R, for any o € L.

Theorem 3.3. [11] Let p; (i € A) be an L-ideal of a ring R. Then (;ea fi s an L-ideal
of R.

By the Theorem 3.3., we immediately get the next corollary.

Corollary 3.4. FI(R, L) is a complete lattice under the ordering of L-set inclusion such
that Niea tti = Niea i for all p; € FI(R,L) (i € A).

Lemma 3.5. [2] Let A, B be subsets of R. Then

(1) A is an ideal of R if and only if 14 is an L-ideal of R,
(2) If A, B are ideals of R, then 14V 1p = 1445 and 14 N1 = 1anp.
(3) {14 | A is an ideal of R} is a sublattice of FI(R, L)

4. The distributivity of FI(R, L)

In this section we will investigate some conditions related to distributivity of the lattice
of L-ideals of a ring R.

Definition 4.1. Let p and v be L-subsets of a ring R. Define u & v as follows:

(@ v)(z) = pl) Vo)V \/ ply) Aviz

T=y+z
for all x € R.

Lemma 4.2. Let L be an infinitely V-distributive lattice and p,v € FI(L,R). Then
uvv=udv.

Proof. Let z,y € R. Then

p®v(@)Ap@vy)
= [p@) V(@) v\ pla) AvO)A @) Vi) v\ ule) Av(d)]

r=a-+b y=c+d
= [(u(x) v v(@) A (uly) VvV (@) V@) A\ ple) Av(d)]
y=c+d
Vi) ve) A C N wla) Av)VIC N wle)Avd) AN pla) Avb
r=a+b y=c+d r=a+b
= (M(fﬁ) w(y) V (u(z) Av(y)) v (v(z) A ply)) v ( () A V(y))
VOV @) Ape) nv@d) v\ vl@) Aple) Av(d) v\ pla ) A ul(y))
y=c+d y=c+d r=a+b
V(\ ala) Av() A () v ( (@) A w(B) A ple) A v(d))
r=a-+b x=a+b
< u(z+y) Ve +y) V() Avy) v (uy) Av@) v\ ule+e) Av(d))
y=c+d
VIV w@Avd+a) v\ platy) Avb)
y=c+d r=a-+b
V(' wla)av+y) v\ pla+e)Av(b+d)
r=a-+b r=a+b
<ul+y)Vee+y v\ pu) Av)
T+y=u-+v

=pdv(r+y)
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Hence pdv(z)Apdv(y) < pdrv(cz+y).

pev(-z) = p(-2)Vol—a)V( \  pla) Av(®)

—z=a+b
=u(=x)vr(=a)v( \/  ul(=(=a)) Av(=(=b))
=(- a)+( )
< p(x) (V uw) Av)
r=u+v

=udv(r)
Hence p @ v(—x) < p @ v(x).
povle) =p@) Vi@ V(N ul) v

r=a+b

< plzy) Vu(ey) v () play) Av(by))
r=a+b

<pley) Velzy) V() p(u) Av())
TY=u-+v

= p @ v(zy)
Similarly, we have p@v(y) < p@v(zy). Thus udv € FI(R,L). Tt is clear that p < p®v

and v < u d .
Let 6 € FI(R, L) such that p < 60 and v < 6. Then

wu(a) ANv(b) < 6(a) NO(D) < O(a+b) =0(x)
for all x = a+0b. By the definition of u®v, it folows that udr < 6. Hence uVv = pr 0O

The following theorem gives the main results of this section.

Theorem 4.3. If L is an infinitely \V-distributive lattice, then the following conditions are
equivalent:

(1) I(R) is a distributive lattice,

(2) FI(R, L) is a distributive lattice.
Proof. (2) = (1) By Lemma 3.5, it is clear.
(1) = (2) Let p,v,0 € FI(R). Since the distributive inequality is valid for every lattice,
we have

(LAV)V(uANO) < puA(vVe).
And by Lemma 4.2 and Corollary 3.4,
(un(wvo)(z) =(uA(ved))(z)
= p(@) A[v(x) Vo) v (\ via)A6(b))

r=a+b

= (@) Av(@) V (@) AO) v (N via) ABb) A p(z))

r=a+b
Let A =wv(a) AO(b) A u(x) for some a,b € R such that x =a + b
Thus we have x € uy, a € vy, b € 0. Then x € uy N (v\ + 0)). Due to distributivity of
I(R),

x € (uxNwy)+ (uaNoy).
It follows that there exist u,v € R such that x = u + v,
u € pyNuy and v € uy N0Oy.
Thus we have A < u(u), A <wv(u), A < p(v), A <6(v). Hence,
v

A< (pAv)(u) A (pA8)(v).



184

D. Bayrak, S. Yamak

Now it follows that

A<V (wAv)(w) A (p A 8)(v).

T=u+v

Hence we obtain

V' @) A A ) <\ (e Aw)(u) A (n A B)(w).

r=a-+b r=u+v

Therefore,

(uA Vo) (x) = (ula) Av()V (u(z) A0@) V(N via) AODd) A p(x))
r=a+b

< (pAv)(@)V (pA0)@) V(N (BAv)(u) A (A 0) ()

— (A e uAO)E)
— (LA (i A O)(2).

and the proof is completed. [l

By the Theorem 4.3, we immediately get the next corollary.

Corollary 4.4. I(R) is a distributive lattice if and only if FI(R) is a distributive lattice.

5. Conclusion

Many researches studied the lattice structure (distributive or modular) of fuzzy algebraic
substructures. In future work, the same results could also be studied under a t-norm
operation on L. Also, we will try to expose some classes of algebra whose lattices of
L-subalgebras constitute distributive lattice.
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Abstract

We investigate how the category of Hom-entwined modules can be made into a monoidal
category. The sufficient and necessary conditions making the category of Hom-entwined
modules have a braiding are given. Also, we formulate the concept of Hom-cleft extension
for a Hom-entwining structure, and prove that if (A, «) is a (C,~)-cleft extension, then
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1. Introduction

Entwined modules were introduced by Brzezinski and Majid [2, 3], which contained the
Long modules, Yetter-Drinfeld modules and Doi-Koppinen modules, etc. So it is very
important to study entwined module. As a generalization of entwined modules, Hom-
entwined modules were defined by Karacuha [14] as special examples of Hom-corings.

As we know, braided monoidal categories are special categories, whose importance is
that the “braiding” structures provide a class of solutions to quantum Yang-Baxter equa-
tions. Thus constructing a class of braided monoidal categories is an interesting job.
Caenepeel et al. studied how the category of Doi-Hopf modules can be made into a
braided monoidal category [5], which have been generalized to entwined modules and
Doi-Hom-Hopf modules [13,17].

The definition of the normal basis for extension associated to a Hopf algebra was intro-
duced by Kreimer and Takeuchi [15]. Using this notion, Doi and Takeuchi [11] character-
ized H-Galois extensions with normal basis in terms of H-cleft extensions. This result can
be extended for Hopf algebras living in symmetric closed categories [12]. A more general
formulation in the context of (weak)entwining structures can be found in [1,3].

The main goal of this paper shall discuss how to make the category of Hom-entwined
modules into a monoidal category, and introduce a definition of cleft extension for Hom-
entwining structures and with it to obtain a general cleft extension theory. In Section
3, we construct a monoidal category of Hom-etwined modules and give the sufficient and
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necessary conditions making the monoidal category into a braided category. In Section
4, we introduce the notion of (C,~y)-Hom-cleft extension (A°Y, a|gecc) < (A, a), being
(A, @) a Hom-algebra, (C,7) a Hom-coalgebra and A®“ a sub-Hom-algebra of A. We
prove that if (A4, @) is a (C,~y)-Hom-cleft extension, then there is an isomorphism of Hom-
algebras between (A, a) and a crossed product Hom-algebra of A°°C and C.

2. Preliminaries

Throughout this paper, k will be a field. More knowledge about monoidal Hom-
(co)algebra, monoidal Hopf Hom-algebra, Hom-entwined modules, etc. can be found in
[4,6-10,13,14,16,18-24]. Let M = (M, ®, k,a,l,r) be the monoidal category of vector
spaces over k. We can construct a new monoidal category H (M) whose objects are or-
dered pairs (M, p) with M € M and p € Aut(M) and morphisms f : (M,u) — (N,v)
are morphisms f : M — N in M satisfying v o f = f o u. The monoidal structure is
given by (M, ) ® (N,v) = (M ® N,u®v) and (k,idy). All monoidal Hom-structures are
objects in the tensor category H(M) = (H(M), ®, (k,idy,),a,1,7) introduced in [4] with
the associativity and unit constraints given by

avnc((men)@p) =pim)® (ney (),

l(lz@m)=7r(m®x)=zu(m),

for (M, ), (N,v) and (C,~). The category H(M) is termed Hom-category associated to
M.

2.1. Monoidal Hom-algebra

Recall from [4] that a monoidal Hom-algebra is an object (A, o) € H(M) together with
a linear map ma: A® A — A, ma(a ®b) = ab and an element 1 € A such that

a(ab) = a(a)a(b), a(a)(be) = (ab)a(c), (2.1)
a(l) =1, al = a(a) = 1la, (2.2)
for all a,b,c € A.

A right (A, a)-Hom-module consists of an object (M, 1) € H(M) together with a linear
map ¥ : M ® A — M,¢¥(m ® a) = ma satisfying the following conditions:

p(m)(ab) = (ma)a(b), ml = p(m), (2.3)
for all m € M and a,b € A. For ¢ to be a morphism in H(M) means
u(ma) = p(m)ala). (2.4)

We call that v is a right Hom-action of (A4, ) on (M, u).

Let (M,u) and (M', i) be two right (A, a)-Hom-modules. We call a morphism f :
M — M’ right (A, «)-linear, if fou = po f and f(ma) = f(m)a. My denotes the
category of all right (A, a)-Hom-modules.

2.2. Monoidal Hom-coalgebras

Recall from [4] that a monoidal Hom-coalgebra is an object (C,~) € H(M) together
with two linear maps A¢ : C' — C®C, Ac(c) = ¢1®co (summation implicitly understood)
and ¢ : C — k such that

77 He) @ Ac(er) = e1, ® (e1, ® 77 (e2)), Ac((e)) = v(er) @ (ea), (2.5)

ec(v(e)) = ec(c), ciec(ea) =7 1(¢) = ec(er)er, (2.6)
for all c € C.
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A right (C,~)-Hom-comodule consists of an object (M,u) € H(M) together with a
linear map ppr : M — M ® C, py(m) = mjg) @ myy) (summation implicitly understood)
satisfying the following conditions:

1 (mpgp) ® A(mpy) = mygo) ® (Mg @ v~ (mpy)), (2.7)
mpjec(mpy) =~ (m), (2.8)
w(m)) ® p(m)p) = p(mp)) @ y(mpy), (2.9)

for all m € M. We call that pj; is a right Hom-coaction of (A, ) on (M, u).

Let (M, u) and (M’ i) be two right (C,~)-Hom-comodules. We call a morphism f :
M — M’ right (A, a)-colinear, if fou = po fand f(m)g @ f(m)y = f(m) @mpy. M€
denotes the category of all right (C,~)-Hom-comodules.

2.3. Monoidal Hom-Hopf algebra

A monoidal Hom-bialgebra H = (H, 3, mp,1, Ay, €5) is a bialgebra in the category
H(M). This means that (H, B, mg,1) is a monoidal Hom-algebra and (H, S, Ay, ex) is
a monoidal Hom-coalgebra such that Ay and ey are Hom-algebra maps, that is, for any
h,g € H,

Ap(hg) = Ag(h)Au(g9),Au(l) =1®1, (2.10)

en(hg) =en(h)en(g),en(l) = 1. (2.11)
A monoidal Hom-bialgebra (H, () is called a monoidal Hom-Hopf algebra, if there exists

a morphism (called the antipode) S : H — H in H(M) such that
S(h1)hy =eg(h)1l = h1S(hs), (2.12)

for all h € H.

2.4. Hom-Doi-Koppinen datum

Let (H, ) be a monoidal Hom-bialgebra. Recall from [14] that a right (H, 3)-Hom-
comodule algebra (A, a) is a monoidal Hom-algebra and a right (H,)-Hom-comodule
with a Hom-coaction p4 such that p4 is a Hom-algebra morphism, i.e., for any a,a’ € A,

(aa")i) ® (aa')py = apajy @ apjajy, (2.13)

pa(l)=1®@1,paoca=(a®f)opa. (2.14)
A right (H, 8)-Hom-module coalgebra (C,~) is a monoidal Hom-coalgebra and a right
(H, 8)-Hom-module such that, for any ¢ € C and h € H,

(ch)1 @ (ch)2 = c1h1 ® caha, (2.15)

ec(ch) = ec(c)en(h),~(ch) = v(c)B(h). (2.16)

A Hom-Doi-Koppinen datum is a triple [(H, ), (A, «), (C,~)], where (H, () is a monoidal
Hom-Hopf algebra, (A, «) a right (H, 8)-Hom-comodule algebra and (C,~) a left (H, f)-
Hom-module coalgebra. A Doi-Koppinen Hom-Hopf module (M, u) is a left (A, «)-Hom-
module which is also a right (C,~)-Hom-comodule with the coaction structure pps such
that

py(ma) = mygag) @ mpjap),

for all m € M and a € A.
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2.5. Hom-entwining structure

A (right-right) Hom-entwining structure is a [(4, «), (C, )]y consisting of a monoidal
Hom-algebra (A, «), a monoidal Hom-coalgebra (C, ) and a linear map ¢ : C® A — ARC
in H(M) satisfying the following conditions, for all a,a’ € A, ¢ € C,

(ad')y @ () = aypdy @ y(c¥Y), (2.17)
oz_l(aw) @ @c¥ = a_l(a)M, ®ct @ e, (2.18)
lay@c’ =14®@c¢, (2.19)

agec(c’) = asc(c). (2.20)

Here we use the following notation 9 (c ® a) = ay ® c¥ for the so-called entwining map 1.
¥ € H(M) means that the relation

ala)y @7(c)” = alay) ® y(c¥). (2.21)
If the map % occurs more than once in the same expression, then we use different sub-

and superscripts: ¥, U, 1,9, - - -

Given a Hom-entwining structure [(4, «), (C,7)]y. A right-right [(4, ), (C, 7y)]y-entwined
Hom-module is an object (M, ) in H(M) is a right (4, a)-Hom-module, and a right (C,~)-
Hom-comodule with coaction ppar : M — M & C, m — mg @ myy) satisfying the condition,

for any m € M,a € A,
prr(ma) = mga™ (a)y @ y(mp}’).

We use ﬁc(w) to denote the category of [(4, o), (C,7)]y-entwined Hom-modules together
with the morphisms in which are both right (A, «)-linear and right (C,)-colinear.

3. Braiding on the Hom-category of Hom-entwined modules

Definition 3.1. We call [(A4, a), (C, )]y a momoidal Hom-entwining datum, if [(4, «), (C,
7)]y is a Hom-entwining structure and A and C' are monoidal Hom-bialgebras with the
additional compatibility relations, for all a € A and ¢, € C,

a1y @ agy @ AdY = Aylay) ® (cc’)w, (3.1)

eala)lo = ealay)ls. (3.2)

Proposition 3.2. Let [(A, a), (C,7v)]y be a momoidal Hom-entwining structure. Then the
tensor product of two Hom-entwined modules (M, ) and (N,v) is again a Hom-entwined
module (M ® N, u® v) with the structure maps given by

pPMeN (M ® n) =mp @ njp ® My, (3.3)
(m ® n)a = ma; ® nag, (3.4)
forallm e M,n € N and a € A. Thus the category ﬁg(w) is a Hom-category.

Proof. We show that (M ® N, u ® v) is a Hom-entwined module. For all m € M,n € N
and a € A, we have

pueN((m ®n)a) = (ma1)g ® (naz)p) ® (mai))(naz)y)
“Har)y @ nge az)w @ y(mp)y(npg’)
= mpja " (a)1y ® nge (a)2w ® y(mpPnp)’)
= myga " (@)y1 @ niga (a)ya @ Y((mpynpy)?) (by(3.1))
= (myg) ® np)a " (a)y ® y((myy n[l])w)

:’I?’L[QOé
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Thus (M ®N, p®v) is an object of j\v/[g(w) Let (M, p), (N,v) and (W, ) be Hom-entwined
modules. The isomorphisms

apyNw :  (MIN)@W - M® (Ne W)
(m@n)@w > pm) ® (v(n) @<~ (w)),
T M®k— Mm®ez— zu(m),
e k@M — M,x®@m — zu(m),
obviously satisfy the pentagon axiom and the triangle axiom. We observe that (k,id) is
an object of MY (1) via the trivial (A, a)-Hom-action and (C,~)-Hom-coaction given by
ra = ea(a)r and p, = x ® 1. It is clear that (k,id) is a unit object of MG (1). Hence
MG () is a Hom-category. O
Let [(A, ), (C,v)]y be a momoidal Hom-entwining datum. We know that a braiding
on MG (%) is a natural family of isomorphisms
tM7N:M®N—>N®M
in ﬁg(w) such that, for all (M, ), (N,v) and (W,s),
(tdy @ taw) o an,mw © (tm,N ® idy) o 5]41,N7W = an,w,M © tr,New, (3.5)
a1_3,1M,N oty,p ®idy o aJT/jl,P,J\/ oudy @ty,poamNP =tMeN,P- (3.6)
Consider amap Q : C®C — AR A in H (M) with twisted convolution inverse R. We use
the following notations Q(c®d) = Q' (c®d)®@Q?*(c®d) and R(c®d) = R'(c®d)® R?*(c®d),
for all ¢,d € C. Thus we have
Q' (c2 ® d2)R'(c1 ® d1) ® Q*(c2 ® da)R*(c1 ® dy) = ec(c)1a ® ec(d)1a, (3.7)
RY(c2 ® d2)Q"(c1 ® d) ® R*(c2 ® d2)Q*(c1 ® dy) = ec(c) 14 @ ec(d)1 4.
Consider two Hom-entwined modules (M, ) and (N, v), we define
tuN - MON - NQM,m®@n (n[o] ® m[o])Q(n[l] & m[l]),
for all m € M,n € N. It follows from (3.7) and (3.8) that )/ v is bijective.
Example 3.3. Let [(4, «), (C,7)]y a Hom-entwining structure. The (A ® C,a ® v) can

become a Hom-entwined module with the right (A, a)-Hom-action and right (C,~)-Hom-
coaction given by

(@@ c)b = aa~ ' (b) @ v(c), (3.9)
pascla®c) = (o (a)y ®c1) ®y(cd), (3.10)
forallae A and ce C.

Proof. 1t is straightforward to check that (A ® C,a ® ) is a right (A, )-Hom-module.
Here we shall check that (A ® C,a ® 7) is also a right (C,~)-Hom-comodule. In fact, for
a€ AandceC,

(@' @y H((a®c)p )®Ac(( )
1

=a M a Ma)y) ® 7 (e1) ® (v(eh) @ y(cst2))
= a *(a)yy ©@ (01)®(7(021\I’)®7(C22¢))

=a (o (a )w)@w Her) @ (Y(e2))” @ 7(c2,)?)
= a Ha N a)yw) @1, © (v(er,)” ® )

=a Yo a)y)y ®@e1, ® (7(e1,Y) ® o)

=(a® ) oo ® ((a® Aoy @7 ((a® e)y)),
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which proves that (2.7) holds. The other conditions can be checked straightforwardly. The
compatibility can be proved as follows: for a,b € A,c € C,

pasc((b® c)a) = pagc(ba™ (a) @ y(c))
= (a" (ba™(a))y ® v(e1) @ Y(v(e2)?)
(™ (b)a™*(a))y ® v(e1) @ ¥((c2)?)
o~ (B)pa*(a)e @ y(c1)) @ y(v(c™))
va (e a)w) ®y(e)) @ y(v(e)”)
v ®@c)a” (a)w ®y(y(e)Y)
as desired. n

Lemma 3.4. With notations as above, the map ty N is right (A, «)-linear for all Hom-
entwined modules (M, p) and (N,v) if and only if

(bay ® b1w)Q( @ c¥) = Q( @ )A(b), (3.11)
forallbe A and ¢, € C.

Proof. Suppose that tagc agc is (A4, a)-linear. Then, for a,a’,b € A and ¢,¢ € C, we
have

tagc,asc(((a®c) ® (a' ® ))b) = tagcasc((a®c) ® (a @ ))b. (3.12)
Since
LHS = tagc,aec((a @ c)b @ (a' @ ¢)bs)
= tac.asc((aa™ ! (b1) @ () @ (a'a™! (by) @ y(c)))
= (a M (d' a7 (b2))y ©7()1)Q' (v(1(¢)) ® v(7(c)2"))
® (e (aa™ (01)w ® Y()1)Q*(Y(1(¢)s") ® 7(7(c)2"))
= (o (d' a7 (b2))ya Q' (Y(1()F) @ 1(1(e)2"))) @ v (v ()
® (@™ aa™ (01))wa  (Q*(v(1(¢)) @ v(7(c)2"))) @ v(v(e)))
and
RHS = (((a™"(a')y ® &) ® (a7 (a)w © 1)) Q(v(cy") ® v(c2")))b
= ((a M (a")y ® 4)Q (v(c¥) @ v(ca")))bu
® (@ H(a)w @ c1)Q*(¥(cy) @ v(ca")))ba
= ((a M@)o Q' (v(cy") @~(e2"))))a ™ (br) ® ¥*(c)))
® (o™ (a)wa (@ (Y(cy") @ y(e2”))))a ™ (ba) ® ¥*(c1)),
we have

(@ (d'a™ (b)) pa  (Q (Y (1(¢)) ® ¥(7()2"))) @ (v (1))

® (o Haa " (b)wa H(Q*(v(v(¢)2") @ v(7(c)2"))) @ v(v(e)1))
= (o (a)ypa Q' (7(cY) @ v(e2"))))a (b1) @ 7*(c}))

® ((a M (a)ea N Q*(Y(y") @ v(ea"))))a (b2) @ 7*(c1)).

By taking a = a’ = 14 in the above equality and then applying id4 ® ec ® idg ® ¢ to
both sides, we can get

(bay @ b19)Q(Y @ ) = Q(' ® c)Aa(b). (3.13)
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Conversely, suppose that (3.11) holds, and consider two Hom-entwined modules (M, 1)
and (N,v). For all m € M,n € N and a € A, we have

tan((m@n)a) =ty n(mar @ nas)
= ((naz)jg) ® (ma1)(o))Q((naz)y @ (ma)p)
= (npje (a2)y © mgia (a1)w)Q(y(np) @ y(mpy"))
= (ngja (@)2p @ mga™ (a)10)Q(v(npf) @ Y(mp"))
= v(ng) e (azy Q' (Y(np))¥ @ y(mp) ™))
® p(mp))a " (awQ*(v(np))? @ v(mp)Y))
= v(ng) e Q' (v(ny)) ® y(mpy))ar)
® p(mpg)a~ (Q*(y(npy)) © v(mpy))az)
= (nga Q' (v(npy) ® ¥(mp))))ax
® (mpja~ (Q*(v(np)) @ y(myy)))))az
= (n)@" (npyy @ mpy)))ar ® (M@ (npy) @ myy)))ag
= ty,n(m ® n)a,
which follows that ¢y n is (A, o)-linear. O

Lemma 3.5. With notations as above, the map tyr n is right (C,~y)-colinear for all Hom-
entwined modules (M, p) and (N,v) if and only if

QY (dy® c2)y ® Q*(chy ® )y ® c’fbcfp = QY| ®ec1) ® Q%] ® 1) ® cadh, (3.14)
forall ¢, € C.

Proof. Suppose that tagc,agc is (C,y)-colinear. Then, for ¢,¢’ € C, we have

(@ H(Q (v(ch) ®¥(c2))p) ®¥(chy))
® (0N Q*(v(ch) ®v(c2))w) @ (c11)) ® ¥ (o) Py (c12)”
= (Q'(7(chp) ®v(c12)) ® ¥(c11)) ® (Q*((cha) ® Y(c12)) ® Y(c11)) ® Y(e2)y(ch).-

Applying idg ® ec ® id4 ® ec ® ido to both sides, we can have (3.14).
Conversely, assume that (3.14) holds. Take two Hom-entwined modules (M, u) and
(N,v). Then, for m € M, and n € N, we have

pren (ta,N(m ®n))
= pmen (] @ mg)Q(n) @ mpy))
= (g (Q" (npyy ® mpy))y
@ mpge (Q%(np @ mpy))w) ® Y(np )y (ma”)
= (v (ng)a Q' (Y (npj2) © v(mpj2)))y
® 1 (mpe) ) a” M Q% (v(npy2) ® Y(mpp)))w) @ Y(np? )y (mp”)
= (v Mmoo H(Q (v(np))2 ® Y(mpy)2
® (u~ (m)a™ (Q*((npy)2 ® y(my
= ((Vﬁl(”[o]) Q' (v(n 1) @ y(mpn)
® (1~ 1(m[o]) HQ* (v (nppn) ® y(mpunp
= (ngoia Q' (Y(ngy) ® Y(mygiy)))
® (mpoje” (Q*(Y(ngy) @ ¥(mpgy))))) @ mpnpy
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= ((n0))@" (o) @ myo)})) ® (o)) Q% (yo)a) @ Mpo)))) © mpynyy
= (tm,ny @ido)(pmen((m @ n))),
which follows that (¢ta7,n) is (C, y)-colinear. O

Lemma 3.6. With notations as above, (3.5) holds for all Hom entwined modules (M, ),
(N,v) and (W,<) if and only if

(A4 ®ida)Q(d" ®c) = QY ®ea) @ Q" ® V) ® Q% (¢ @ 2)y Q% (" ® ¢1¥), (3.15)
forall e,d,d" € C.

Proof. Suppose that (3.5) holds. We take M = N = W = (AQC,a®~). Fore¢,d, " € C,
on the one hand, we have

(idn ® tarw) © anw © (tary @ idw) oyt vy (10 c) @ (1®d)® (1))
= (@' (V(ch) @ e2)) ® () ® ((Q(v(ch) @ (e1,”)) @ Y(e))
a QP (7(ch) @ e2)ypQ*(7(ch) ®(e1,"))) @(ery))
= (@' (7(ch) ®@7(e2,))) ® () ® ((Q'(v(e5) @ (e2,”)) @ A(e))
a M Q% (V(ch) ®(e2,))p@2(7(c5) @ Y(e2,”))) ® 1)
On the other hand,
anwm otunew (1@ ® (1o d)® (1oc"))
= a(Q'(v(ches) ® Y(e2))1) @72 ())
® (Q'((ches) ®v(c2)2 @ ¥(e)) @ (o™ H(Q*(7(caes) ® ¥(e2))) ® 1))
= (@' (V(ch) ®7(e2,))) ®72(c)) ® ((Q1(v(ch) ®(e2,")) @ ¥(eY))
a N Q% (V(ch) @ 7(e2,))p@%(Y(ch) @ (")) @ 1),

Applying idg @ ec ® idsg @ ec @ Ridg @ ¢ to both sides, we get (3.15).
Conversely, if (3.15) holds. Let (M, u), (N,v) and (W,s) be Hom-entwined modules.
We easily compute that

(idy @ taw) o anw © (b ® idw) 0y vy (M @ (n© w))
= v(np))a(Q" (ny @~ 1(m[1]))) wig Q" (wiyy @ (™" (mpe)) ) ?))
® (0~ (m) o (Q%( ) w) @ (wiy @ (1 (myg)) ) ¥)))
= v(n) Q" (npy @~ (m[u)))@ wio) @ (wp @ (v (mpgy)*)))
® (™ (mpgye)) e Q% (npy @ v~ (mp)))w) Q7 (wiy @ Y (v (mpoyu))¥))))
= v(n)(Q" (np @ v (mpy))) @ (wig Q" (wpy @ (M) )
® (™ (mpgye) o Q% (npy @ v (mp))e)) Q% (wpyy @ (mpoyu))¥))
= v(njo) Q" (n1) @ mp},)) ® (Wi Q" (wyy ® (myyy,)?)
® (L2 (mpg)a Q% (np) @ myr,)e))Q° (wiy @ (my),)¥))
= v(np)(Q" (np @ mpy,)) ® (wig Q" (wy ® (mpyy,)Y)
® pH (mp)) (@ Q% (npy @ mpy, )w) e QP (wp @ (mpy,)Y))))
=anw.m ot New(m® (n®@w)),

which proves that (3.5) holds. O

n[1

The proof of The next lemma is similar to the proof of Lemma 3.6, so we omit it.
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Lemma 3.7. With notations as above, (3.6) holds for all Hom entwined modules (M, p),
(N,v) and (W,<) if and only if

(ida ® Ax)Qc® ") = QY2 ® ")yQMN (e © ) @ Q% (e’ ® ) ® Q* (2 @ ), (3.16)
foralle,d,d" € C.

We summarize our results as follows:

Theorem 3.8. Let [(A,a), (C,7)]y a monoidal Hom-entwining datum, and Q : C ® C —
A® A a twisted convolution invertible map in H(M). Then the family of maps

tuN  MN = NQM,menr— (n[o] ®m[0])Q(n[1] ®m[1])

defines a braiding on the category of Hom-entwined modules ﬁg(z/}) if and only if Q
satisfies Equations (3.11) and (3.14)-(3.16).

Now, we shall apply Theorem 3.8 to Doi-Koppinen Hom-Hopf modules. Given a Hom-
Doi-Koppinen datum [(H, /), (4, ), (C,v)], we have a Hom-entwining datum [(A4, a), (C,

7))}y with 1 given by
P:CA—-A®C, c®a— alayg) ®’y_1(c)a[1] =ay®c’. (3.17)

The Hom-category ﬁg(w) of Hom-entwined modules associated to the induced Hom-
entwining datum [(4, ), (C, )]y is denoted by ﬁ(H)g

A Hom-Doi-Koppinen datum [(H, ), (4, ), (C, )] is called a monoidal Hom-Doi-Koppinen
datum, if it satisfies the following condition,

arjg) ® s @ (caqp))(c'agp)) = app @ agje ® (cc’)apy, (3.18)
foralla€e Aand ce C.

From Theorem 3.8, we have the following result.

Corollary 3.9. Let [(H, ), (4, @), (C,7)] be a monoidal Hom-Doi-Koppinen datum, and
Q:CC — A® A a twisted convolution invertible map in H(M). Then the family of
maps

tuN : MON = N M,men (’I”L[O] & m[o])Q(nm & m[l])

defines a braiding on the category of Doi-Koppinen Hom-Hopf modules ﬁ(H)g if and only
if Q satisfies the following equations, for any b € A and c,c,c’ € C,

(1) (04(52[0]) ® 04(51[0}))@(0/52[1} ® Cbl[l}) = Q(v(d) ®v(c))Aa(b),

(2)
a(Q(cy ® c2) o) ® a(Q*(ch ® ¢2)0))
® (v QM (ch ® e2) ) (v He1) Q% (ch ® e2)))
=Q' () ® e1) ® Q*(d) ® 1) ® cach,
(3)

(A4 @ida)Q((" @) = QN @ e2) @ Q'(" @7 He)Q* (¢ @ e2)y))
® a(Q*( @ )i Q*(¢" @7 (e1)Q*(¢ @ c2)pyy),
(4)
(ida @ AQ)Q(c® ") = a(QY (e ® C//)[o])Ql(’Y_l(cl)Ql(CQ ® )y © )
® Q*(7 U e)Q e @ "y @) @ Qe ® ).
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4. Hom-coalgebra cleft extensions for Hom-entwining structures

Let (A, a) be a object of JV[%W) with the Hom-coaction p4. For (M, u) € ﬁg(w), The
Hom-invariants of C' on M are the set

MC = {m € M|pp(m) = p~*(m)1 @ (1)}
Specially, we have A°C = {a € A|pa(a) = a?(a)l) ®y(1p)}. For m € MeoC it follows
that p(a) € M. We use ju|yseoc for denoting the restriction map of y on MeC.

Lemma 4.1. For (A,a), (M, p) in ﬁg(w), we have
(1) (A°C | geoc, 1) is a Hom-algebra.
(2) (M€, | pseoc) is a right (A%, a| geoc )-Hom-module.

Proof. Straightforward. O
Let us put Hom®(C, A) consisting of right (C,~)-colinear morphisms f : C' — A, that
is, f(c)jo) ® fle)p) = flcp)) @ cpypy for c€ Cand foy=ao f.
Lemma 4.2. Hom%(C, A) is an associative algebra with the unit ec14 and multiplication
(f xg)(c) = fler)g(ca),
for f,g € Hom®(C, A) and ¢ € C.
Proof. Straightforward. O

By Reg(C, A) we denote the set of morphisms w € Hom®(C, A) which are invertible
under the convolution * in Lemma 4.2.

Definition 4.3. We say that (A°C, a|cc) < (A, ) is a (C,y)-Hom-cleft extension, if
there exists a morphism w € Reg(C, A).

Proposition 4.4. If (A%, a|ecoc) < (A, a) is a (C,~)-Hom-cleft extension, we have
W (e2)yp @ e = a”Hw ()L @ v(Lpy), (4.1)
forallce C.
Proof. Since (A,a) € ﬁg(d}), the Hom-coaction can be written as pa(a) = l[o]a_z(a)w ®
7(1[1]¢). Then we have, for any c € C,
ec(c)a(ly)) ® 1y
=11y ®w
= 1jg)(w(e1 Jw™t
= a(1g) (w(c)w™ (c2))y @ (1)
= a(1g) (w(er)pw ™ (e2)w) @ y(1p™Y)
= (Lgw(er)y)alw™ ( 2)w) @ (1Y)
= o?(w(er)o)(w ™ (e2)w) ® y(v(w(er))”)
= o*(w(en,))a(w™ (e2)w) @ y(7(e1)")
= a(w(er))a(w ™ (v(e2)2)w) @ v(v(e2”),
which implies that Eq (4.1) holds. O

Lemma 4.5. Assume that (AC o geoc) = (A, @) is a (C,~)-Hom-cleft extension via w
and (M, p) € MG (). Then, for any m € M, mgw™'(my)) € M. As a consequence,
if M = A, we have aggw ™ (ap)) € AcoC
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Proof. We compute

pr(mgw ™" (myy)))
= mpyoa (W (mp)))e @ y(mgp)’)
(

= 5 () Do ©(mpy?)

= 1~ (myg)) e (w ™ (v(mp)2)y) @ (Y(mp)1)?

= p” (mp)) (o (w (mm))a_l(l[o])) ®v(11y)
2

Hence mygw ™! (mp) € MeoC, O

Theorem 4.6. Suppose that (AC a| geoc) = (A, ) is a (C,7)-Hom-cleft extension via
w. For (M,u) € MG (W), then (M,pn) = (M @ C, | preoc @ ) as right (C,~)-Hom-
comodules, where the (C,~)-Hom-coaction on (M @ C, | yreoc ®7) is

prrcecao(m @ c) = (= (m) ® c1) @ y(ca).

In particular, if we consider M = A, we have (A, a) = (A“C @ C, a| seoc @) as both right
(C,~)-Hom-comodules and left (ACOC | geoc )-Hom-modules, where the (A%°Y | a| geoc')-Hom-
action on A®°C ® C defined by b- (a @ ¢) = o~ (b)a ® v(c), for all a,b € A®C and ¢ € C.

Proof. We define Oy : (MY @ C, | ppeoc @ y) — (M, 1) by ©p1(m @ ¢) = mw(c) and
Qs (M, p) — (M©CRC, | preoc @7) by Qar(m) = miojojw " (mgja) ®myy). For m € M,
we have
Onr 0 Qr(m) = (mygow ™ (myg))w(mp))
= (u~ (myg))w ™ (mp),))w (v (myyy,))

= (n™H (mygp)w ™ (mpy, ) a(w(mpy,))

= Mmjo](W (w™ ( 1]1)W(m 1]2))

= mygec(mp))la =

which follows that ©,; o Qs = id. Next, we check that Qp; 0o ©); = id holds. In fact, for
any m € M and ¢ € C, we compute

QM o @M(m®c)
= (mw(e))jow ™" ((mw(e)) o)) @ (mw(c))p

= (myga~ (@ (w(e)y)w)w ™ (v(mpy)”)) © v(mp)’)
= (myoe (@™ (w(©))pw))w ™ (V(myga)¥) @ y(mp)”)
= (pH(mg)e (@ Hw(e))Jpw))w™ 1(7( 1Y) @ y(v(mpy)s”)
= (W (2 m) e (o w(e)pe))w (P (") @ v (¥ (1y)2”)
= (2 (m) (L) * (@™ w(e)pw))w ™ (¥ (1)r") @ ¥(v* (11y)2”)
= (2 (m)(a M (1) (w(e)y))w ™ (VP (1) ") @ v(¥* (1))
= (u2(m)a 3 (Lgw(c)y))w ™ Apf) @ v(1pfs)
= (u2(m)a (w(e)g))w ™ (Y(w(e)p1) @ Y(y(w(e)py)2)
= (p 2 (m)a N (w(e)w ™ (v(e2)1) @ v(7(c2)2)
= (p 2 (m)aH(w(e)w ™ (v(ea,)) @ y(v(e2,))
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= (2 (m)w(cr,))w™ (7(c1,)) ® Y(c2)
“Hm) (wlen Jw™ (e1,)) @ (ea)
)

m

m)lg®c

=pu
=~
=mQec,

as desired. O

Let (A%C alec) < (A,a) be a (C,v)-Hom-cleft extension via w. From Theorem
4.6, we have that (24 is an isomorphism of monoidal Hom-algebras, where the monoidal
Hom-algebra structure on A°C @ C' can be induced by 4:

]-ACOCXC = QA(lA),ﬁLAcoCXC == QA omag o (Qzl ® Q;ll)

The induced monoidal Hom-algebras on A°°C ® C is called a crossed product Hom-algebra
of A%°C and C, and denoted by A x C.
Next, we can obtain m 4coc o in other way. First, we need some preliminary results.

Lemma 4.7. Suppose that (A°C | jeoc) = (A, ) is a (C,)-Hom-cleft extension via w.
We define a morphism w : C ® A — A by

@(c,a) = (wlen)a™H(a)y)w ™ (v(ed)).
Then pa(w(c,a)) € A®C, for all c € C and a € A.
Proof. For if c € C,a € A, then

pa(w(c,a)) = a(w(c))ga™ («

Ju) ®

Ha)ppw ((e2)? )wr) ©
ay)w (v(c2)%)w) ®
ay)(a”? )

e
[y
~— ~— ~~—
Q\
[asy
—~
Q
[asy
—~ o~

Thus w(c,a) € A<C. O
Now, we construct a morphism A as follows:
A: CRA—-ARC, A(c®d) =w(c1 @ a (w(d)y) @y(cd).

By Lemma 4.7, we have A(c®d) € A°“®C. Using A, we define a multiplication m 4coc g
on A®% @ C by

M peoC e =(Ma @ idc) o (ma ® Ao (ide @w)) 0 daacec

o (idc ® aA,C,C) o (idc RA® idc) o (idA & FavalA’C) 0 aA,C,AQC-



198 C. Quanguo, W. Dingguo

Concretely,
(a®c)(b@d) =(a  (a)((e *(w(c1)a* (@ (b)y))w ™ (c1)))

x (w(y(ea’))a*(w(d)w))w ™ (7P (c2,) "1)) ® 77 (ca,) Ya.

AcoC

Proposition 4.8. Suppose that (
Uia w. Then mAcoC®C — ﬁlAcoC@C.

, 0 geoc) = (A, ) is a (C,v)-Hom-cleft extension

Proof. Tt suffice to prove that m geocy o = Qa4 0ma o (2 ® Q1) holds. Indeed, for any
a,be Aand c,d € C, we have

23" ompccpo((a®e) @ (b@ d))
=((a M a)((a*(w(e)a™ (b)y)w ™" (ca))))
X ((W(y(ed,))a 2 (w(d)w))w ™ (7% (ea,)™1)))w (77 (e2,) 2)
=(a((a M wler)a  (B)y)a(w ™ (c)))))

X ((w(7(02¢21))04 2(w(d)w))w ™ (7P (e2%2,) ") )w (7 (c22,) "))
b)y)a(w ™ (cs")))
1

)
3
N 21)))))
x ((a(w ( (62 21)))0é Hw(d)w) (@™ (7 (e2'2,) "1w( (222) ™))
N )
)

=(a((a™ (w(er)a™ (B)y)a(w ™ (e2))))) (0 (w(ea2)w(d)))
=a(a)((a™ H(w(en)a  H(B)y)a(w ™ () (a(wleds))a ™ (w(d))))
=a(a)((w(en)a™ (b)y) (a(w™ (e21)) (w(ez2)a (w(d)))))
=a(a)((w(cr)a™ (0)y) (W (e’ )w(e'2))a™ (w(d))))
=a(a)((w(y™H(e)a™ (b))w(d))
=a(a)(w(e)(a” ! (b)a" (w(d))))
=(aw(c))(bw(d))
=mao ('@ N ((a®c) @ (bed)).
Thus we gain the desired result. O
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Two classes of risk model with diffusion and
multiple thresholds: the discounted dividends
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Abstract

In this paper, we consider the present value of total dividends until ruin
in a perturbed risk model with two independent classes of risks under
multiple thresholds, in which both of the two inter-claim times have
phase-type distributions. We obtain the integro-differential equations
for the moment-generating function and the rth moment of discounted
dividend payments. Explicit expressions for the expectation of dis-
counted dividend payments are derived if the two classes claim amount
distributions both belong to the rational family.

Keywords: Two classes of claims, Diffusion process, Dividend payments, Mul-
tiple thresholds, Phase-type distribution.
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1. Introduction

The discounted sum of dividend payments until ruin is an important quantity in
assessing the quality of a dividend barrier strategy in insurance risk theory, which has
been studied in some papers and books, see e.g. [1], [3], [5], [8], [10], [13].

Recently, some researchers consider the ruin measures for a risk model involving two
independent classes of risks in the actuarial literature. Among them, [11] considered the
expected discounted penalty functions by assuming that the two claim number processes
are independent Poisson and generalized Erlang(2) processes. [15] supposed that the
claim number processes are independent Poisson and generalized Erlang(n) processes,
respectively, in which the Laplace transforms of the expected discounted penalty functions
are obtained. As an extension to these papers, [7] investigated the same ruin measures
in the risk model with two classes of renewal risk processes by assuming that both of the
two claim number processes have phase-type inter-claim times.
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There is a particular attention in considering risk models with multi-threshold divi-
dend strategies. For instance, [12] discussed the Gerber-Shiu expected discounted penalty
function in the compound Poisson risk model with multiple thresholds. [14] extended the
corresponding results to a Sparre Andersen model with generalized Erlang(n)-distributed
inter-claim times. In insurance risk models with multiple thresholds, the premium rate is
a step function of the insurer’s surplus. The premium policy is effective when the insurer
intend to keep a fixed retention ratio on its revenues and pays bonuses as an incentive to
its policyholders.

[9] investigated the discounted penalty function for two classes of risk processes with
diffusion and multiple thresholds, where both of the two claim number processes have
phase-type inter-claim times. It is natural to ask for the results on the discounted sum
of dividend payments until ruin for a corresponding risk model. The rest of the paper is
structured as follows. Section 2 describes the risk model. In Section 3, we derive systems
of integro-differential equations for the moment generating function. In Section 4, integro-
differential equations for the moments of discounted dividend payments are obtained.
Section 5 presents the main results and derives explicit expressions for the expectation of
discounted dividend payments when two classes claim amount distributions both belong
to the rational family. Section 6 gives a numerical example.

2. Notation and model description

The surplus process R(t) perturbed by diffusion satisfies
(21) R{)=u+ct—S(t)+0oB(t), t>0,

where u > 0 is the initial surplus, ¢ denotes the insurer’s premium income per unit time,
{B(t);t > 0} is a standard Brownian motion and o > 0 is the dispersion parameter, and
the aggregate-claim process {S(t) : t > 0} is defined by

Ny (t) Na(t)

t) = Z}Xi—i— ;Y t>0,

where {X1, Xo,---} and {Y1, Y, - } are independent and identically distributed (i.i.d.)
positive random variables representing the successive individual claim amounts from
the first and the second class, respectively. The random variables {Xi, X2, --} are
assumed to have common cumulative distribution function F(z) = 1 — F(z),z > 0,
with probability density function f(x) = F’(z), of which the Laplace transform is

fo e **f(z)dz, s € C, C denotes the complex space. Similarly, common cu-
mulatlve distribution function, density function and the Laplace transform of the den-
sity function of {Yl,Yg, -} are given by G(z) = 1 — G(z),z > 0, g(z) = G'(x) and

=["e x)dz. The renewal processes {N1(t);t > 0} and {N2(t);t > 0} denote
the number of clalms up to time t caused by the first and the second class of claim
respectively, and are defined as follows.

Ni(t)=sup{n:Ti +To+ -+ T, < t},
No(t) =sup{n: Vi+Va+---+V, <t},

where the i.i.d. interclaim times {74, 7%, - - - } have common cumulative distribution func-
tion Ki(t),t > 0 and density function ki(z) = Ki(z), and {Vi,V5,---} have common
cumulative distribution function K»(t),¢ > 0 and density function k2(x) = Kj5(x).

In addition, we suppose that {X1, Xs,--- }, {Y1,Ya, -}, {IN1(¢); ¢t > 0}, {N2(t);t > 0}
and {B(t);t > 0} are mutually independent, and ¢ > E(X1)/E(T1) + E(Y1)/E(V1),
providing a positive safety loading factor.
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Under the multi-threshold risk model, there are L thresholds 0 = dp < d1 < -+ <
dr—1 < dr = oo such that when the surplus is between the thresholds d;—; and d;,
dividends are paid continuously at a constant rate 7, > 0. Furthermore, we assume
7n1 = 0, namely, when the surplus is below the level di, no dividends are paid, and 7; > 0
for 1 =2,3,---, L. Correspondingly, let ¢; denote the premium rate when d;—1 < u < dj,
thus, the net premium rate after dividend payments is ¢;+1 = ¢1 — 41 > 0. Thus the
surplus process {R(t);t > 0} can be expressed as

(2.2) dR(t) = aqdt + odB(t) — dS(t), di—1 < R(t) < d.

The time of (ultimate) ruin is defined as T' = inf{¢t|R(¢) < 0}, where T' = co if R(t) > 0
for all ¢ > 0. The probability of ruin is ¢(u) = Pr(T < co).

Denote by D(t) the cumulative amount of dividends paid out up to time ¢ and § > 0
the force of interest, then D = fOT e~%*dD(t) is the present value of all dividends until
ruin time 7. In the following text, we turn to the moment generating function under
multiple thresholds,

M(u,y) = B[e"|R(0) = u]
(for those values of y where it exists) and the rth moment
W(u,r) = E[D"|R(0) =u], re€N.

Note that W (u,0) = 1. We will always assume that M (u,y) and W (u,r) are sufficiently
smooth functions in w and y, respectively.

Throughout the text of the paper, all bold-faced letters represent either vectors or
matrices and all vectors are column vectors. We assume that the distribution K;(t) of
the inter-claim time random variable 7 is phase-type with representation (o', A, a),

where a' = (a1, a2, ,an), with a; > 0, 30 s = 1, A = (ai;)};—; is an n x n
matrix with a;; < 0,a;; > 0, for i # j, Z;;l a;; <0, for any ¢ = 1,2,--- ,n, and
a = (a1,a2, - ,an) with a = —Ae,, where x' denotes the transpose of x and e,

denotes a column vector of length n with all elements being one. Following [2], we have
Ki(t)=1—a'e?e,, ki(t)=a'ePa, t>0,and

(2.3)  kai(s) = /000 e ki(t)dt = a' (sT— A) 'a.

By the definition of phase-type distributions, each of the inter-claim times T;,i = 1,2, - - -,
corresponds to the time to absorption in a terminating continuous-time Markov Chain,

say, It(i) with n transient states {El, FEo,--- ,En} and one absorbing state Ey.
The distribution K2 (t) of the inter-claim time random variable V; is phase-type with
representation (37,B,b), where 87 = (81,82, -+ ,Bm), B = (bij)i=1 is an m x m

matrix, b = (by,b2,--- ,by)' with b = —Be,,. Then we have Ks(t) = 1 — 8" ePle,,,
ka(t) = BTePlb,t > 0, and ka(s) = [;° e *tka(t)dt = B (sI — B) 'b. J{” denotes the
terminating continuous-time Markov Chain of V;,i = 1,2,---, with m transient states
{F\, Fs, -, F,} and one absorbing state Fj.

Now, we construct a two-dimensional Markov process {(I(t), J(t));t > 0} by piecing

the {I{";i=1,2,---} and {J{";i=1,2,---} together,
I ={PYo<t<n, I)={I2}Ti<t<Ti+Ts, -,

Jt)={JVN0<t< Vi, J)={JP Vi St < Vit Voo

So {(I(t), J(t));t > 0} is the underlying state process with states {(E1, F1), (E2, F1),-- -,
(En7 F1)7 (E17 F2)7 (E27 F2)7 ) (E’ﬂ? F2)’ ) (E17 Fm), (E27 Fm)7 Tt (En7 Fm)}, initial
distribution v = B ® «, where ® denotes the Kronecker product of two matrices.
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For k=1,2%i=1,2,---,n;5=1,2,--- ,m, let M® (u,y) denote the moment gener-
ating function of D if the ruin is caused by a claim from class k and R(0) = u. Mi(f) (u,y)
denotes the moment generating function of D when the ruin is caused by a claim from
class k and initial state (I(()l), Jél)) = (E;, Fj), then the moment generating function can
be written as

2.4)  MP(u,y) =~ MY (u,y),

nl

where M (u, ) = (M (u,9), MIP (w, ), -+ MY (), MIP (), MEE (),

M7(7,];)(U7y)7 T Ml(f‘rz(uvy)7M2<fr2(u7y)7 7M7(m)l(u7y)) . Thus

(2.5)  M(u,y) =~ M(u,y) =~ MY (u,y) + M (u,p)].

Wi;(u, r) denotes the rth moment of I if (I{", J") = (E;, F}), then the moment can
be computed by

(2.6) W(u,r) = 'yTW(u, r),

where W(UH T) = (Wll(ua T)7 WQl(uv 7”), o 7Wn1(u7 T)v W12(u7 7‘), WQ?(“7 T)v A an(u, 7”),
) Wlm(u’ T)7 W2m(u7 T)a T 7Wn’m(u7 T))T'

3. The moment generating function

Let 661; and denote the differentiation operators with respect to (w.r.t.) u and vy,
respectively.

3.1. Theorem. The vectors M““)(u,y),dl,l <wu<d,l=12,....,Lk=1,2 satisfy
the following partial integro-differential system, respectively,
(022 ot —yie + ym) M<1)(u Y) + Lnsem @ AMD (u, )+
(3.1 B Ix.M! >(u Y) + Lsem @ ( aa’ f M(l) (u—z,y)f(z)dz+
(bBT) ® Lnxn fo' MY (u — 2, y)g(z)dz + (e ® a) F(u) = 0,

and

( S tag - Yo 5 + ym) M@ (u, y) + Lnsm @ AM (u, y)+

(3.2) B® Inng<2>(u V) 4 Lnxm ® (aa ") IS M® (y -z, ) f(z)dz+
(bB7) ® Inxn [ M® (u — z,y)g(z)dz + (b ® e,)G(u) = 0,

where Inxn denotes the n X n identity matriz, 0 denotes a column vector of length mn
with all elements being 0. F(u) = [ f(z)dz and G(u) = [ g(z

Proof. Taking into account an infinitesimal time interval (0,dt) for di—1 < u < dj,l =
1,2,..., L, there are four possible events regarding to the occurrence of the claim and
change of the environment: (1) no claim arrival and no change of state; (2) a claim arrival
but no change of state; (3) a change of state but no claim arrival; (4) two or more events
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occur. Using the total expectation formula, yields
M (u,y)
= eymdt {(1 + asdt) (14 by dt) EIMY (u + eudt + o B(dt), ye )]

Y1 4bud) S (a wdt) E[MY (u+ eidt + o B(dt), ye )]
k=1,k#i

F(1+audt) Y (bjndt)E[MS (u+ adt + oB(dt), ye )]
h=1,h#j
(3:3)  +(1 + bjjdt)(aidt)

xE {i Qs f0u+cldt+GB(dt) MS-)(U + cidt + o B(dt) — x7y675dt)f(x)dx
2 e oman J@)dz] + (1+ aiidt)(b;d1)
x E [Z Br f0u+cldt+aB(dt) Mi(:)(u + ¢dt + oB(dt) — z, ye_édt)g(z)dx:| }
—|—o(dif)T.:1
By the aid of Taylor expansion, we have
E[M (u+ cdt + o B(dt), ye )]
(3.4) = Mi(.l)(u y) +a dtM +y(e%¥ —1)

+ Zdta MLJ( ,Y)

3]\45].1) (u,y)
9y

+ o(dt).
Substituting (3.4) into (3.3), after some careful calculations, it follows that

o? w
( 2 8u2 + Cpy Du y5 dy + ynl) Mi(j'1>(u7 y) + Z aikMIS;>(’LL, y)+
k=1

65 E e o (£ ey MO - s )@+ [T (@)
+b; Z Br [ Mz(rl) —z,y)g(x)dz = 0.

Rewriting (3.5) in matrix form, we conclude (3.1). By similar arguments, we can obtain
(3.2). O

4. The moments of discounted dividend payments

4.1. Theorem. The vector W (u,r),di—1 <u < d;,l =1,2,..., L, satisfies the following
integro-differential system,

(022 dz tads _7’5) W (u,r) +T77lW(U r— )+Ime®AW(u,r)+
(4.1) B ® LnxnW(u,r) + Ime ® (aa” fo ) f(x)dat

(bB") @ Luxn [ W(u —z,r)g(z)da =
with boundary conditions

(4.2) W (u,7)|u=0 =0, W(u,r)| = Wi(u,r)|

u=d; u=d}"’

and
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Proof. Adding (3.1) to (3.2) and noting that M(u,y) = MY (u,y) + M@ (u,y), which
results in

(5 & e 0 +ym) Mw.y) + L ® AM(u,y)+
(4.4) B ®© LnxnM(u,y) + Inxm ® (aa’) [ M(u — z,y) f (z)dz+

(bB") ® Inxn [y M(u — 2, y)g(x)dz + (em ® a) F(u)

+(b®en)G(u) =0.

Since W (u,r) = E[D"|R(0) = u], we have the following representation

o0 yT
(4.5)  M(u,y) = emn + Z‘; W)
Substituting (4.5) into (4.4) and equating the coefficients of y"(r € N). Then by virtue of
a = —Ae, and b = —Be,,. Further, I;nxm @ Aemn = —Inxm ® (aaT)emn: —e, ®a
and B® I, xnemn = —(bﬂT) ® Inxn€mn = —b ® e,. Hence, we achieve (4.1).
When v = 0, ruin is immediate and no dividends are paid. That is to say W (u, r)|u=0 =

0. Utilizing the continuity of W (u,r) and thanks to [16], we have the boundary condi-
tions (4.2) and (4.3). O

4.2. Remark. We assume that m =1 and G(0) = 1, from Eq.(4.1), which yields

(4.6) (%2% +agy - T5) W (u,r) + ryW (u,r — 1)

+ AW(u,r) + (aa') [ W(u — z,7) f(z)dz = 0,

where dj—1 <wu < d;,l =1,2,..., L. Furthermore, when L = 2 and the distribution K (t)
is a generalized Erlang(n) distribution, we recover Theorem 4.1 in [5] from (4.6), which
consider the perturbed renewal risk model with a threshold dividend strategy.

5. The expectation of discounted dividend payments

In what follows, we consider the case r = 1 for W (u, ), the expectation of discounted
dividend payments. For notational convenience, let W(u) = W(u,1). From Theorem
4.1, we have for d;_1 <u <d;,l =1,2,..., L, that

(%2 + it = 8) W) + e + T © AW (u)+
(bBT) ® Inxn [y W(u—2)g(z)dz = 0,

and with boundary conditions W (u)|u=0 = 0, W(u)| _,— = W(u)|,_+, dvgi")
- - u:d;
_ dW (u)
du u:dl*

5.1. Laplace transforms. Motivating by [12], we relax the constraint d;—1 < u < d;
in (5.1) and consider the case of u > di—1. Let W;(u),u > dj—1,0l = 1,---, L be the
solutions of the following non-homogeneous integro-differential equations:

(%2% + Cl% - 6) Wl(u) + I7n><'m & AWZ(U) + B ® I7L><7LWl(u)+
Lnsm @ (ac ") [foufdl’1 W, (u—z)f(z)dz + f:—dl—l W(u —z)f(z)dz
Jr(bﬂT) @ LInxn [fou—dfl Wi (u — x)g(x)dx + f:—dl—l W (u — x)g(x)dx
+memn =0, u> di—1.

(5.2)
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From the theory of differential equations, it follows that

mmn

(5.3)  W(u) =Wi(u)+ > ki;®y(u), d1<u<d,

where k;; is constant coefficient for each ! and j, and ©;;(u),j = 1,2, - ,mn, are mn
linearly independent solutions to the associated homogeneous integro-differential equa-
tions

(U; du? + le - 6) @l(u) + Ime ® A@l(u)+
(54) B®In><n®l( )+Im><’m® aa fou_d171 ®l(u7$)f($)d$+
(b/@T)®In><n udi—1 @l('IJL*m) (:p)dm:(]’ w>di_q.

5.1. Remark. When u — oo, ruin does not happen all the time and dividends are
always paid at a constant rate nr. So we have limy,— oo W(u) = "TLemn. We can found
that ke, are really particular solutions of (5.2). It follows from the general theory of
differential equations that

(5.5) Wi(u)= %e'rnn + Zij@Lj(u)7 u>drp-1,
j=1

Taking a change of variables z = v — d;—1 and ®;(z) = W;(u) = Wi(z + dj—1), then
we obtain from (5.2),

(02 dz2 +Cldz 76) (I,l( )+Ime®A‘§l(Z)+
(5.6) B® Lnxn®i(2) + Lnxm ® ( aa fo ®,(z — ) f(z)da+
(bBT) ® Inxn [y ®i(z —2)g(z)dz +Ti(2) =0, 220,

where
) T = Inxn @ @al) (1 W@)f(z 4 dir —2)do
’ +(bB") ® Inxn [ N1 W (z)g(z + di_1 — x)dz + Memn.
Next define the following Laplace transforms: &;(s = [T e " ®(x)du, Ii(s) =

J5T e **Ty(x)dx. Taking Laplace transforms on both s1des of (5.6) and rearranging, we
have
[( 3 3 + s — 6) Imnscmn + Imxm @ A+ B ® Inxn+
(53) I © (a0 ) () + (D7) @ Lxnii(5)] 1(s) =
G 21(0) + pi(s)®:(0) — Tu(s),
2

where p; (s )— Gs+a, 21(0) = Wi(di-1), ®1(0) = Wi(di—1).

Let Ll ( ) 3 +cs _5) Imnxmn+Im><m®A+B®]n><n+Im><m®(aa )f( )+

bB") ® Inxng( ), and L;*(s) is the adjoint of matrix L;(s) for I = 1,2,--- , L. Thus,
when det[L;(s)] # 0, we get from (5.8)

N

= L;"(s) o? -
5.9 o] = — = —P;(0 $,(0)-T .
( ) l(S) det[Ll(S)] 2 l( )J’_pl(s) l( ) Z(S)

For a given [ the generalized Lundberg’s equations det[L;(s)] = 0 has exactly mn roots
in the right half of the complex plane when ¢ > 0, see e.g. [7] for details. We denote them
by pu1, pi2,- -, pi,mn respectively, and for simplicity, we assume that they are different
from each other.
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Divided difference plays an important role in the present paper. Now we recall di-
vided differences of a matrix L(s) w.r.t. distinct numbers r1,r2,- -, which are defined
recursively as follows:

L(s) = L(r1) Llr1,s] — L[r1, ro]

L[Tl,s] = ?, L[Tl,rQ,S] = S — 19 y

and so on.

Since each element of ®;(s) is finite for all R(s) > 0, pi1, pi2, - - , pr.mn are also roots
of numerator in (5.9). Utilizing a similar technique to Theorem 4.2 in [7], we obtain from
(5.9) the following theorem.

5.2. Theorem. The Laplace transforms of ®,(y) for 1 =1,2,--- | L are represented by
®i(s) =
11 (s=p1) ) 5

(5.10) o AL o prnns 5] (5 @H0) + pu(s)@i(0) — Bu(s) ) +

mn

2 ~
Li*[pus -+ s promn] G 21(0) — >° Li*[pu, - -+ s puilTalpua, - - - 7Pl,mn75]}~

i=1
5.2. The homogeneous integro-differential equations. The solutions to the asso-
ciated homogeneous integro-differential equations (5.4) are uniquely determined by the
initial conditions @;(d;_1) and ©j(d;—1). In the following, we apply Laplace transforms
to find the solutions of (5.4).
let z =u—d;—1 and Bi(z) = Oy(u) = Oy(z+dj—1), 1l =1,2,--- , L, then (5.4) can be

rewritten as

(T + el —6)Bu2) + Inxm ® ABU(2)+
(5.11) B ® LnxnBi(2) + Lnxm @ (aa”) [7 Ei(z — z) f(x)dz+

(bB7) @ Inxn [ Bi(z —x)g(zx)dz =0, z>0.

Taking Laplace transforms on both sides of (5.11) yields
[(%282 + s — 5) Imnan + Ime & A + B ® Inxn+
Inxm @ (2 ") f(s) + (bBT) ® Lnxng(s)] Bis) = G E((0) + pi(5)Z1(0),

where Z;(s) = [;° e **Ei(z)dz. Then, we have

(5.12)

(5.13) Ei(s) = % (%E{(O) +pl(s)El(0)> .

Since ©;(di—1) = E,(0),0;(di—1) = E;(0), invert (5.13) leads to

(5.14) Oy(u)=£L"" L) ‘ﬁ@’(d )+ pi(8)Ou(di-1) u>d

. l det[Ll(s)] 9 1 I—1 pi \ar—1 s Z ai—1.

5.3. Claim sizes with rational Laplace transform. Let us now restrict the further
analysis to the case of the claim amount distributions F'(z) and G(z) both with rational
Laplace transforms, that is,

£ qmlfl(s) ~ tmzfl(s)

US) Gmy (8) (=) g (8)
where qm, —1($), tm,—1(s) are polynomials of degree mi;—1 and ms—1 or less, respectively,
while ¢, (s) and tm, (s) are polynomials of degree m; and mo with only negative roots,
and satisfy qm;—1(0) = qm; (0), tmy—1(0) = tim, (0). Without loss of generality, we assume
that qm, (s) and tm, (s) have leading coefficient 1. This wide class of distributions includes
the Erlang, Coxian and phase-type distributions, and also the mixtures of these.

+
, mi,ma € N
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Multiplying both numerator and denominator of (5.13) by h(s), where
h(s) = [dm, (8)tmy (8)]™". We get for [ =1,2,--- | L that

= Ll*(s) ( 0‘2 ’ )
5.15) Ei(s) = s)—=—21(0) + b(s)pi(s)=:(0) | .
6.15) E(s) = prot s (0 GO + b= 0
It is obvious that the factor h(s)det[L;(s)] of the denominator is a polynomial of de-
gree mn(mi + ms + 2) with leading coefficient (02/2)™". Therefore, the equation
h(s)det[Li(s)] = 0 has mn(m1 + m2 + 2) roots on the complex plane. We can factorize
h(s)det[L;i(s)] as follows

o2\ M mn mn(mi+ma+1)
616) (] = (5) M=o [ +ro)

where R;; for each | and j has positive real part and we assume that all of them are
distinct from each other. )

Since pi(s) with degree 1, the numerator L;"(s) (h(s)%EE(O) + h(s)pl(s)El(O)) in
(5.15) is a polynomial with degree less than mn(my + mq + 2) for each I. By the partial
fraction decomposition, we get

_ mn 19l. mn(mi+ma+1) X
5.17) Ei(s) = — J_ seC
( ) l( ) ]z::l 5 — pij ; S+le )

where 95, for j = 1,2,--- ,;mn, and x;;, for j = 1,2,--- ;mn(mi + ma + 1), are the
coefficient matrices defined respectively by

L (p5) (6(p) 5 E1(0) + Blpwy (1) Z1(0) )

(5.18) O = — ,
o2 mn(mi+ma+1) mn
(F)mm (Rux + piy) IT (o —p15)
k=1 i=1,i%j
and
* 02 = —
Li* (—Ri;) ((=Fi;) 5E4(0) + b(—Riy)pu(—Ri)Z1(0) )
(5.19) x;; = .
o2 mn mn(mi+mao+1)
| H o+ )| (Rus — i)
k=1 i=1,i#j
Inverting (5.17) yields
mn mn(mi+ma+1)
(5.20) Ei(z) = > Oyeit + > xe 1, 2 >0
j=1 j=1

To conclude, we have

5.3. Theorem. If the claim-size distributions F(x) and G(z) both belong to the rational
family, then the solutions of the associated homogeneous integro-differential equations
(5.4) are given by

mn(mi+ma+1)

@z(u) _ Zﬂljemj(u*dz—ﬂ + Z lee*RI,j(“*dl—ﬂ,
j=1 Jj=1

(5.21) w>dj_1,l=1,2,--- L,
where 915 and x,; are given by (5.18) and (5.19), respectively.
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Next, we turn to derive the expressions of W, (u), for { = 1,2, --- , L. For this purpose,
multiplying both numerator and denominator of (5.10) by h(s), by virtue of (5.16) and
then canceling the same factor [] (s — pi;), we derive from (5.10) that

j=1
5 _ 1
(I,l(s) - o\ mn mn(mitmat) X
(%) M7 Ry
* o2 2
(5.22) (DL o prns o] (5 #10) = Pu(s)) +

B(s)Li* (011, pr.omns s]pi () B1(0) + ()Lt [pir, -+, promn] 5 @1(0)

mn

- h’(s) Z Ll*[pllv' o 7pli]f‘l[pli7 o 7pl,mn78]} .
=1

Thanks to [9], which can be rewritten as

(5.23)
- N mn(mi+ma+1) L o2 ay -
B =y L ey {Q (RO - D) + Hu®0)
+ Dy (Lz*[mh“'  rmn) 5 @1(0) = 3 Li*[oin, -+, puilEiluiy - - ,pz,mn,S])}.
i=1

where Q;j;, Di; and H;; are given respectively by

o h(—le)Ll*[plla"' 7pl,'mn7_le] Jp— h(_R“)
(5.24) Qi = (s Fmad D) , Dy = mn(my+mz+1) )
(Rli - le) H (R” B le)
i=1,i#] i=1,i#]
and
(5.25) Hy; = b(=Ri)Li"[pir, -+ promn, —Rijlpi(—Ray)
: g mn(mi+mat1) '
(Rii — Ryy)
i=1,i#]

In order to obtain the Laplace inverses of (5.23), we recall the operator 7T’ for a real-
valued integrable function f(z) defined by T, f(z) = [ e "“~®) f(u)du, r € C,z > 0.
For properties of the operator T, see [4]. Now, we extend the definition of operator
T, for a real-valued integrable function to a matrix function w.r.t. a complex number
r. If each element is a real-valued integrable function of z in matrix ¥(z), we define
T.¥(z) = [ e "W (u)du, r € C,z > 0, and it is easy to see that

— T, \Il(x) — Trqu(x)

L — T2

T Tr¥(x) =TT, ¥(x) ,r1 #ra2 € C,z > 0.

Furthermore, from [6], we can get the Laplace inverse of \il[ﬁ, To,+++ ,Tn,s| as follows

(5.26) £t (‘i’[r1,r2,~~- ,rn,sD =(-1)" (ﬁTn> ().

Using (5.26) and inverting (5.23), which results in

mn(mi+mao+1)

) = e {(FQuR0) - Hy@©) e
22 j=1
(5.27) + DL [, prmn] @1(0)e” 97 — e 7% 4 [QyT(2)

mn

Dlj _X:ILI*[plh o 7p”](_1)mn—i <H'Tplj) Fl(z):| } 5 z 2z Oa
i= j=i

where * represents the convolution operator.
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Since ®;(z) = W;(u) = W;(z + d;—1), we can obtain the following theorem from
(5.27).

5.4. Theorem. If the claim-size distributions F(x) and G(zx) both belong to the rational
family, for 1 =1,2,---, L, when u > di_1, the solutions of the equations (5.2) are given
by

Wi(u) =

mn(mi+ma+1)

ﬁ {(%Quwf(dkl) +Hlel(dH)) ey (umdizy)
3 j=1

(5.28) -l-%QDszz* (11, s PLmn] Wi (dy—1 )™ Fa(e=dizn)
e Rujlu—di_1) o QT (v —di_1)

mn

= Dy L o, pul (1) (T:Y.ij) Li(u— dl—l)] }

1=1
where Qu;, Di; and Hy; are given by (5.24), (5.25), respectively.

5.5. Remark. Let [ =1 in (5.28), we have

1 mn(mi+mao+1)

= S QuWioe ™, o,
) =

Obviously, W(u) = Wi (u) for 0 < u < di. By virtue of W;.(u) = rW,_1(u). Thus,

when r = 1, W/(u) = emn, that is, W' (di—1) = emn,l = 2,3,--- , L. So, differentiating

(5.29) w.r.t. u and letting u = di, we can determine W1 (0). Thus, W(u), 0 < u < dy

can be obtain.

(5.29) Wi(u) =

6. Numerical illustrations

We now illustrate an application of the main conclusions in this paper with a numerical
example. We suppose that the claim amounts from class 1 and class 2 have density
functions, respectively,

flx) =pme ™", i >0,x>0, g(y)=pe ", p2>0,y>0.

Hence, the Laplace transforms f(s) = Sill“, g(s) = Sif@. The inter-claim times from
class 1 occur following a Poisson process with parameter \, i.e. a = (1),A = (=\),a=
(M), and inter-claim times from class 2 occur following a phase-type distribution with the
following parameters: 8 = (1/2,1/2)", B = diag(—A1, —X2),b = (A1, A2) . In addition,
we assume that the multi-threshold layers L = 2 with 0 = dop < d1 < d2 = c0. So, we

have h(s) = [(s + p1)(s + p=2)]? and L;(s),1 = 1,2 are given by

A A A
( KJ(S) ! +/\sﬁfu11 + 2(514»”/422) 2(5145;22) N )
2442 _ M1 2442 )
2(s+p2) w(s) = Az + s+p1 + 2(s+p2)

where k(s) = %sQ +eags—80—X Let pp =1L,u2 =2 2A=2 1 =1, =30=10§=
0.01,d1 = 2,¢1 = 2and ¢z = 1.5. So, 72 = 0.5, and the positive security loading conditions
are satisfied. Under this hypothesis, the solutions of h(s)det[Li(s)] = 0 are —R11 =
—6.0539, —R12 = —5.3665, —R13 = —2.0000, — R14 = —1.5891, —R15 = —0.5883, —R16 =
—0.0127, p11 = 0.3244, p12 = 1.2861, and the solutions of h(s)det[L2(s)] = 0 are —Ro1 =
~5.3915, — Ray = —4.6356, — Raz = —2.0000, — Roa = —1.5608, — Ros = —0.5600, — Rag =
~0.0079, pa1 = 0.6041, pas = 1.5517.
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Differentiating (5.29) w.r.t. u, then letting u = di and using W'(d1) = emn, we have
W1{(0) = (90.7431,97.5835) . Substituting the value of WY (0) into (5.29) and noting
that the root s = —2.0000 is Singular, we have the expression of W (u) for 0 < u < 2,

W(u) =

—6.0539u
—5.3665u

e
(6.1) —56.9599 48.0343 —0.0078 —6.5805 15.5229 z,l.sgglu

—85.1765 78.8988 —1.2463 —6.0170 13.5409 c

(&

—0.5883u
—0.0127u

Letting the initial conditions =5(0) = (1,0)T,E2(0) = (0,1)T and E5(0) = (0,1)",
=2(0) = (1,0) T, respectively, by virtue of the asymptotic behaviour of W (u),u > 2, we
get the following two linearly independent solutions from (5.21) when u > 2,

—5.3915(u—2)

e

o—4.6356(u—2)
6.5218 —2.9357 —0.0069 —0.0053 —1.4173) o 1.5605(u—2)
e
e

G)21(“):<59.4285 1.1493  —0.0164 0.0118 —1.4228 —0.5600(u—2)

—0.0079(u—2)

—5.3915(u—2)

e

o 4-6356(u—2)
2.1362 21.4218 —0.0057 —0.0046 —3.4694) L 15608(u-2)
e
&

egz(u):( 19.4654 —8.3868 —0.0135 0.0103 —3.4830 0.5600(u—2)

—0.0079(u—2)

Combining (5.5) with (6.1) and utilizing the boundary condition
W(u)|,_,~ = W(u)|,_,+, then solving the linear equations, we have k21 = —0.4243, k22 =
-1 -1

—1.7921. Thus, we obtain W (u),u > 2,

W (u) = ( o >+
—4.6356(u—2)

o—5:3915(u—2)

(6.2) e
(—6.5956 ~37.1448 0.0131  0.0105 6.8190) L s605u—2)

e

e

—60.1005 145425  0.0312 —0.0235 6.8457 0.5600(u—2)

—0.0079(u—2)

Last, since vy = B ® a = (1/2,1/2) 7, we can obtain W (u) by W(u) =~ W (u), viz,

—71.0682¢~ %9939 1 63.4665¢ 207" — 0.6271e ! P
—6.3033¢7 078834 1 145319700127 0 < u < 2,
(6.3)  Wi(u) =< 50— 33.3481e5-3915(u=2) _ 113011 *63°6(u=2)
40.0222¢~1-9608(u=2) _ () 0065 0-2600(u—2)
+6.8323¢70-0070(u=2) =4y > 9,
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Variable selection for high dimensional partially
linear varying coefficient errors-in-variables models
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Abstract

In this paper, we consider variable selection procedure for the high
dimensional partially linear varying coefficient models where the para-
metric part covariates are measured with additive errors. The penalized
bias-corrected profile least squares estimators are conducted, and their
asymptotic properties are also studied under some regularity condi-
tions. The rate of convergence and the asymptotic normality of the
resulting estimates are established. We further demonstrate that, with
proper choices of the penalty functions and the regularization parame-
ter, the resulting estimates perform asymptotically as well as an oracle
property. Choice of smoothing parameters is also discussed. Finite
sample performance of the proposed variable selection procedures is
assessed by Monte Carlo simulation studies.
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Local linear regression, Variable selection.
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1. Introduction

With the development of applied sciences, semiparametric regression models have been
well researched and popularly used for their flexibility and interpretability. [16] present
diverse semiparametric regression models along with their inference procedures and appli-
cations. Of particular interests to us in this paper is the partially linear varying coefficient
(PLVC) model. Let {(Y;i, X;, Z;,T3),i=1,...,n} be an iid copies of (Y, X, Z,T), where
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Y is a scalar response variable and (X, Z,T) € R? x R? x R is its associated regressors.
The PLVC models take the form

(1.1)  Yi=X,B8+2Z oTy) +es,

where 8 = (B1,...,8p)" is a p-dimensional vector of unknown parameters, a(-) =
(a1(+),...,aq(:))" is an g-dimensional vector of unknown coefficient functions, and &;’s
are iid model error with E(e;|X;, Z;, T;) = 0. In this model, the dependence of a(-) on
T implies a special kind of interaction between the covariate Z and 7. Due to the curse
of dimensionality, we assume, for simplicity, that 7" is univariate. This model presents a
novel and general structure, which indeed covers many well-studied, important semipara-
metric regression models, e.g. linear model, partially linear model and varying coefficient
model.

Model (1.1) has been studied by many authors recently. Examples include but are
not limited to [1, 26, 13, 12, 10, 3, 23]. An essential assumption in their papers is
that all data can be observed directly. However, measurement error data are often
encountered in many fields, including engineering, economics, biomedical sciences and
epidemiology. Simply ignoring measurement errors, known as the naive method, will
result in biased estimators. There is a long standing literature on statistical modeling
subject to measurement errors. Comprehensive reviews can be found in [2, 7]. PLVC
models have been used to study measurements with errors, see, for instance, [21, 8, 20,
19, 6].

Concerns about model bias often prompt us to build models that contain many vari-
ables, especially when the sample size becomes large. A reasonable way to capture such
a tendency is to consider the situation where the dimension of the parameter increases
along with the sample size. On the other hand, to enhance predictability and to select
significant variables is practically interesting, but is always a tricky task for data analysis.
When the number of covariates is large, traditional variable selection methods such as
stepwise regression and best subset selection is computationally infeasible and statistical
properties of the estimators are difficult to analyze, as argued in [14], this is part of
the reason why penalization based method (e.g., Lasso [17], Elastic net [28], Adaptive
Lasso [27], SCAD [4], MCP [22], among others) has gained popularity in recent years.
There has been much work on variable selection for semiparametric regression models.
In particular, examples for fixed dimensional PLVC models include [25, 24, 11, 18] and
references therein.

In these studies, however, high dimensional vector X, variable selection in X and
measurement error problem were not considered at the same time. The goal of this
paper intends to develop an unified estimation and variable selection method for high
dimensional PLVC errors-in-variables models. To be precise, we allow p — oo as the
sample size n — oo and denote it by p, whenever necessary, but ¢ is a fixed and finite
integer in (1.1). In addition, the covariate X is measured with additive errors, while Z
and T are errors free. More specific, we cannot observe X; but we can observe W, with

(1.2) W; :Xi—FUi,

and U;’s are iid measurement error, which is independent of (X;, Z;,T;,¢;), and has
mean zero and the known covariance Cov(U;) = Ty (for simplicity). If Xy is unknown,
its estimation usually requires multiple observations of W or instrumental variables, see
[15] for details. We term (1.1) and (1.2) with PLVCE models. To our best knowledge,
variable selection for PLVCE models with high dimension has not been systematically
studied yet.
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‘We propose penalized bias-corrected profile least squares estimator and systematically
study the asymptotic properties of the estimators. It is worth pointing out that theo-
retic results in this paper provide explicit results on the asymptotic properties under the
setting in which both the dimension of the true non-zero components of 8 and the total
length of 8 tend to infinity as n goes to infinity. This resonates with the perspective that
a more complex statistical model can be fit when more data are collected. The issue of
a diverging number of parameters has also been considered in [5] in the context of pe-
nalized likelihood. This advances the results in current literature, where estimation and
inference are studied only for fixed finite dimensional parameters for measurement error
models. We demonstrate how the convergence rate of the resulting estimator depends
on the regularization parameter. Furthermore, with a proper choice of the regularization
parameters and the penalty function, we show that this variable selection procedure is
consistent, and the regularized estimators of the regression coefficients have oracle prop-
erty. This indicates that the penalized estimators work as well as if the subset of true
zero coefficients were already known. In addition, we address issues of practical imple-
mentation of the proposed methodology. Monte-Carlo simulation studies are conducted
to assess finite sample performance.

The rest of this paper is organized as follows. A variable selection procedure for
PLVCE models is proposed in Section 2, assumptions and the asymptotic properties of the
proposed estimators are given in this section. We give the computational algorithms and
discuss the selections of tuning parameters in Section 3. In Section 4, some simulations
are conducted to illustrate the performance of our methodology. Given in Section 5 are
conclusions. All technical proofs are relegated to Section 6.

Notation: The gradient and hessian matrix of a function f(z) are denoted by V f(z)
and V?f(z) respectively. We write ||f||2 and || f||co for the Lz and sup norm of a function
f, respectively. The L, norm of a p-vector v is defined as |[v]lq = (327, [v;]9)9 for
q 2 1 with [Jv]|ec = maxi<j<p |vj], and |[v]lo = |supp(v)| where supp(v) = {j : v; # 0}
and |S| is the cardinality of a set S. Let M;., M.; and M;; be the ith row, jth column and
(4,7) entry of the matrix M, respectively. Let || M|q = sup,,—1 [|Mvl|q be the matrix
L, operator norm. We use || - || as a shorthand for || - ||2. We use ¢ and C to denote
generic positive constants that may vary from place to place. Moreover, the operator

P . - D e e
— denotes convergence in probability, and — denotes convergence in distribution.

2. Methods and results

2.1. Penalized bias-corrected profile least squares estimator. As in [3], if X; is
observable we can apply the profile least squares estimation to estimate the parametric
component and apply the local polynomial estimation to estimate the nonparametric
component. Profile least squares is a useful approach and will be showed to be semi-
parametrically efficient for model (1.1). When ¢; ~ N(0,0?), the approach becomes
profile likelihood estimation. For the paper to be self-contained, we summarize the main
ingredients as follows. If § is known, (1.1) can be written as

(2.1)  Yi—X,B=2Z"aT}) +¢i,

which can be treated as a varying coefficient model. Thus, we may apply a local linear
regression technique to estimate the varying coefficient functions {a;(:), 7 = 1,...,¢}.
For T in a small neighbourhood of ¢, approximate each oy (¢) by a;(T') ~ «;(t)+od;(¢)(T—
t), 7 =1,...,q. This leads to the following weighted local least-squares problem: find



a;(t), o (t) to minimize

(2.2) znj [m - X B - Z Zij {a;(t) + a5 ()(T; — t)}] Kn(Ti = t),

where Kp(-) = K(-/h)/h, K(-) is a kernel function and A is a bandwidth.

For the sake of descriptive convenience, we denote Y = (Y7,. .., Yn)T, write X, Z, €
in a similar fashion. Let w; = diag{K,(T1 — t),..., Kn(Tn — t)} and
D Z . Z T
t= %Zl . %Zn :

It is easy to show that the minimizers of (2.2) are given by

@) ", ha'(1)")" = {D{ wD} ' D] wi(Y — XB).
This solutions depend on (3 implicitly. Then we can estimate a(t), when 3 is given, by
(2.3)  a(t; B) = (Igxq: 0gxa){ D1 weDe} ' D wi(Y — X ),

where I;xq denote the g by ¢ identity matrix, and O4x4 denote a ¢ by ¢ matrix of zeros.
Substituting &(¢; 8) into model (2.1), we can obtain the profile least square estimator of
B by the following regression problem

(24) pB=arg min % ;(Yi - X' 8-z a(T; B)°

Moreover, plug 3 into (2.3), the estimators of «(t) can be obtained, see [3] for details.

However, in our case, X; cannot be exactly observed. If one ignores the measurement
error and replaces X; by W; in (2.4), one can show that the resulting estimator is incon-
sistent. By the correction for attenuation technique as in [21], the bias-corrected profile
least squares estimator of 8 can be defined by minimizing

@5) Tnl0)= 5 306 = W3- 26l - 50w,

where &(T7, B) is obtained by replace X with W in the right hand side of (2.3). The sec-
ond term is included to correct the bias in the squared loss function due to measurement
error.

In high dimensional data analysis, to perform variable selection and estimation simul-
taneously, based on (2.5) we propose the penalized bias-corrected profile least squares
function defined as

(2:6)  @u(®=La(®) +n (I3

where py(-) is a prespecified penalty function with a tuning parameter A\, which may
be chosen by a data-driven method. It is worth noting that the penalty functions and
the tuning parameters are not necessarily the same for all coefficients. For instance, we
want to keep important variables in the final model, and therefore we should not penalize
their coefficients. For ease of presentation, we assume that the penalty functions and the
regularization parameters are the same for all coefficients in this paper.

The choice of the penalty functions has been studied in [4] in depth. A property of
(2.6) is that with a proper choice of penalty functions, such as the SCAD and Lasso
penalty, the resulting estimate contains some exact zero coefficients. This is equivalent
to excluding the corresponding variables from the final selected model, thus variable
selection is achieved at the same time as parameter estimation. Solving for 3 from (2.6)
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gives the estimate of 3. Moreover, the fact that E(Y; — X,  8|T3) = E(Y; — W, B|T)
suggests us to estimate «(-) by

(2.7)  &(t) = (Igxg, Ogxq){D{ wiDe} "D wi(Y — W§).

2.2. Asymptotic properties. In this subsection we consider the large sampling prop-
erties of the proposed estimator. For convenience of notation, we assume the true value
B8* = (8;",B;])7, where B; consists of all nonzero components of 3* and 8;; = 0. Let
sn denote the dimension of 3;. Furthermore, denote

B = (A, (181 sign(B), .., pA, (182, )sign(B2,)) " and
Bx, = diag{pX, (157]), .-, X, (165, 1)},

where we write A as A, to emphasize its dependence on the sample size n. To give the
asymptotic results, here are regularity conditions required.

(C1) The random variable T has a bounded support T. Its density function fr(¢) is
Lipschitz continuous and bounded away from 0 on 7.

(C2) The ¢ x ¢ matrix E(ZZ"|T) is nonsingular for each T € T. E(XX'|T),
E(ZZ"|T) and E(XZ " |T) are all Lipschitz continuous.

(C3) There is an & > 2 such that E|| X||** < oo, E||Z]|** < oo, E|j¢]|** < oo and
E||U||** < oc, and for some § < 2 — k™ * there is n?*~'h — oo as n — co.

(C4) All of the coefficient functions {c;(-), j = 1,..., ¢} are Lipschitz continuous and
have continuous second order derivatives on 7.

(C5) The function K(-) is a symmetric density function with compact support and
the bandwidth h satisfies nh® — 0 and nh?/(logn)? — oo as n — oo.

(C6) min{|B7], j=1,...,8.}/An — 00 as n — oo.

(CT) There exist constant ¢ and C such that 0 < ¢ < Amin(21) < Amax(X1) < C < 00
for all n, where Amin(M) and Amax(M) denote respectively the smallest and largest
eigenvalues of symmetric matrix M.

(P1) Let a = maxi<;<p, {ph, (18]}, 8] # 0} and b, = maxi<;<p, {p%, (18]), ] #
0}. Assume that a, = O(n"'/2) and b, — 0 as n — co. In addition, there exist constants
c and C such that, when 01,02 > cAn, [P, (01) — DX, (62)] < C|01 — 02|

(P2) liminf, o liminfy_ o+ py, (8)/An > 0.

These conditions, while a little bit lengthy at first look, are actually quite mild and
may be further relaxed. Conditions (C1)-(Cb) are also used by [3]. Conditions (C6)-
(C7) and (P1)—(P2) are adopted from [5], see [5] for details. Condition (C6) gives the
rate at which the penalized estimator can distinguish nonvanishing parameters from 0,
which is necessary for obtaining the oracle property. In the finite-parameter situation
this condition is implicitly assumed, and is in fact stronger than that imposed here.
Condition (C7) assumes that the X, is positive definite and its eigenvalues are uniformly
bounded. Conditions (P1)-(P2) are regularity conditions on penalty function.

The following theorem demonstrates that the convergence rate for the penalized bias-
corrected estimator depends on the penalty function and the regularization parameter
A through a,.

2.1. Theorem. (Ezistence) Suppose the penalty function satisfies condition (P1). Under
regularity conditions (C1)-(C5), if A, = 0 and pi /n — 0 as n — oo, then with probability
tending to 1, there is a local minimizer § of (2.6) such that ||3— || = Op{\/pn(n™ /> +
an)}-

The proof of this theorem is given in Section 6. As it can be seen from the statement

of Theorem 2.1, it requires that A, and the penalty function must be chosen such that
an = O(n"Y?) to achieve \/n/p, convergence rate (or /n convergence rate for finite and
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fixed p). For the L, penalty, a, = A,. Thus, the \/n/p, convergence rate requires that
An = O(n~Y/?). This requirement will make it difficult to choose A, in practice. However,
if condition (C6) is satisfied, it is clear that a, = 0 as when n is large enough for the SCAD
penalty. Thus, the resulting estimator is /n/p, consistent, and no requirements are
imposed on the convergence rate of \,. Note that the optimal bandwidth h = O(n~'/?)
is included in Theorem 2.1. Hence \/n/pn-consistency is achieved without the need of
undersmoothing of the nonparametric component.

2.2. Theorem. (Oracle property). Suppose the penalty function satisfies conditions
(P1)-(P2). Under regularity conditions (C1)—(C7), if \n — 0, p5 /n — 0 and /n/pnAn —
00 as n — 0o, then with probability tending to 1, the \/n/pn-consistent local minimizer
B = (B7,B1;)7 in Theorem 2.1 must satisfy: (i) (Sparsity) Brr = 0; (ii)(Asymptotic
normality) Let A, be a determinstic | X sn, matriz with | fized and AnAI — G, a positive
definite matriz. Then

VA (S + S0 Br — B + {1 + 5a, 3 B] 2 N(01,G),
where Y11 and a5 are the top left-hand s, X s, submatriz of X1 and X2, respectively.

Theorem 2.2 is proved in Section 6. It is easy to see that sparsity and asymptotic
normality are still valid when the number of parameter diverges in PLVCE models. For
some penalty functions, including the SCAD penalty, B and X, are zero when n is
large enough. Hence the results in Theorem 2.2 imply that the proposed procedure has
the celebrated oracle property, i.e., 811 = 0 and \/ﬁAnE;II/QZH(BI —B7) L, N(0,G).
On the other hand, the L, penalty, ¢ > 1, cannot simultaneously satisfy the conditions
A = Op(n™?) and \/n/pnAn — 00 as n — oo. These penalty functions cannot
produce estimators with the oracle property. The L, penalty, ¢ < 1, may satisfy these
two conditions at same time, but the bias term in Theorem 2.2(ii) cannot be ignored.

To make statistical inference on 87, we need to estimate the standard error of the
estimator of /3’1. The standard errors for estimated parameters can be obtained directly
because we are estimating parameters and selecting variables at the same time. From
Theorem 2.2, we can further approximate the estimation variance of the resulting esti-
mator by the sandwich formula. Namely

(28) - {S1r+ S, (B} Sar(Sar + S, (B}

where Y17, a consistent estimate of X171, is defined as

n . ®2

. 1 or 4 1 9&(T3; Br)

Y11= =V Lni(Br) = = Z <W1i + ——7 - Xur,
n JBr1

and Yoy = COV(VEnI(BI)) is given by

i d6(Ty; Br

n ®2
:L;{(Yi_W;EBI—Z?d(Ti?BI))(WIi 0B )Zz')-l-EUIBI} ;

furthermore, Xy, (Br) is obtained by replacing 8} by fAr in Xy, .

The consistency of the proposed sandwich formula can be shown by using similar
techniques as in [5]. The accuracy of this sandwich formula will be tested in our simulation
studies.
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3. Issues in practical implementation

In this section, we present a computational algorithm for obtaining the estimator and
selection methods for the tuning parameters.

3.1. Computational algorithm. Since some penalty functions such as the SCAD
penalty and L,,0 < g < 1 penalty are singular at the origin, it is challenging to minimize
the penalized bias-corrected least squares function of (2.6). Following the idea of [4],
we apply iterative algorithm based on the local quadratic approximation (LQA) of the
penalty function. More specifically, suppose that at the kth step of the iteration, we
obtain the value B(’“) that is close to the true value g*. If B](k) is very close to 0, then
B§k+1

set ) = 0, and exclude the corresponding covariate from the model. Otherwise, an

approximation of the penalty function at value B;k) can be given by

i
Ak 125 (18571 2 Ak)2
(18 = pa(BP ) + 5= (8] = A7),
1557
Consequently, with a slight abuse of notation, removing irrelevant terms we undate the
estimate of /3 repeatedly until convergence with

3.1)  BHY = arg mﬁin {En(ﬂ) i gﬁTEfA(B““))B} 7

where DY (B%)) = diag{ph,, (181)/18”], .., px, (1852 1)/1B5%)}. Hence, the foregoing
discussion leads to the following iterating algorithm:

Step 1. Given an initial estimate ,5’(0).

Step 2. Update 3V by (3.1).

Step 3. Set B = 3D Iterate Step 1 and 2 until convergence, and denote the final
estimator B

In the initialization step, the initial estimators do not affect the degree of sparsity
of the solution and the accuracy of the final estimator, but they will affect the speed
of convergence of our iterative algorithm. In the following simulations, we obtain an
initial estimator using a bias-corrected ordinary least-squares method based on (2.5).
The simulation results show that such a choice is workable. During the iterations, to
avoid numerical instability we need to keep track of zero coefficients and modify the
penalty terms accordingly once |BJ(-O)| drops below a certain threshold ¢ (e = 10™* in our
implementation). Specifically, in Step 2, if |B](-O)\ < €, then set B](_l) = 0, delete the jth
component of the covariates from the iteration.

3.2. Tuning parameters selection. To implement the proposed method, the band-
width h and the tuning parameters A, in the penalty functions should be chosen. It is
desirable to have automatic, data-driven methods to select h and \,,.

Bandwidth selection. Condition (C5) reveal the rate of h. Any bandwidths with this
rate lead to the same limiting distribution for j3. Therefore, the bandwidth selection can
be done in a standard routine. For simple calculation, the bandwidth h is taken to be
h = 0.5n~/% in this paper, which we find to work satisfactorily in a variety of setting.
We also conduct a sensitivity analysis by shifting bandwidths around the selected values,
and found that the results are stable. Thus, the simulation results are not sensitive to
the choice of h within certain range.

Regularization parameters selection. Here, given h, we use the "leave one sample out"
method to select the tuning parameter A,. This method has been widely applied in
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practice. The cross-validation score for A, is defined as

n n

(32) OV = (Yi-W/'B7" =z a™(T)* =Y (™) Sup™

i=1 =1

where 37 is the solution based on (2.6) after deleting the ith observation, and & *(T})
is the estimator defined in (2.7) with /3 replaced by 3~%. The CV tuning parameter \SV
is selected to minimize (3.2), that is, ASY = argminy, CV(\,).

We also can use any other appropriate selection method to select the tuning parameters
such as GCV, AIC and BIC. However, the definition of the degrees of freedom for the
effective parameters in our variable selection procedure poses great challenges. Then,
it is inconvenient to use such selection criteria for our variable selection procedure. In
addition, from our simulation experience, we found that the CV method used in this
paper works well. Further study of the asymptotic property of the proposed tuning
parameter selection is needed, but it is outside the scope of this paper.

4. Simulation studies

In this section we corroborate our theoretical results with numerical experiments on
synthetic data examples. That is, we conduct simulations to evaluate the finite sample
performance of the proposed methods. We focus on only the SCAD penalty and referred
to the proposed procedure as Cscap. The Cscap is compared with four alternative pro-
cedures as follows. The first is the naive penalized procedures with a direct replacement
of X by W ignoring measurement error (Nscap). The second is the estimators with con-
sidering measurement errors, but not penalized for complexity (Full). As a benchmark,
two oracle methods in which the nonzero subset of slope 3 were known are implemented.
In particular, the first (Oracle;) serves as the gold standard, in which X can be observed.
The second (Oracley) is another type, in which using W based on bias-corrected due to
measurement errors.

We simulate data from model (1.1) and (1.2) with ¢ = 2 and p, = |1.8n'/3| where
| k| denote the largest integer not greater than k, in which a1 (¢) = 2sin(27t) and az(t) =
16t(1 —t) — 2, and 8 = (2,—1.5,4,0,...,0)". Thus the first s, = 3 regression variables
were significant, but the remaining were not. The rate p, = |1.8n'/3| is not the same as
presented in the theorems in Section 2, but we use this to show the capability of handling
a higher rate of parameters growth for proposed method. The index variable T is sampled
uniformly on [0, 1]. The covariates (X, Z) are taken from multivariate normal distribution
Ny, +4(0,%). We consider Toeplitz convariance matrices ¥;; = /"7, in which both
independent (¢ = 0) and correlated cases (¢ = 0.5) are taken into account. Y is generated
according to the model, where noise term € ~ N(0, 02), and two different value o = 0.5
and 1, which represent strong and weak signal-to-noise ratios, were considered. Moreover,
we assume that measurement error U ~ N(0,0%1,, ), where we take oy = 0.2 and 0.4
to represent different level of measurement errors. We perform 1000 simulations for all
configurations with sample size n = 100 and n = 400 respectively. In all simulations, as
a commonly adopted strategy we use the Epanechnikov kernel function K (¢) = 0.75(1 —
%) 1.

To assess the performance of different methods, we adopt the following criteria. For
model error, the performance of estimator 3 will be assessed by using the generalized
mean square error (GMSE), defined as

GMSE = (8 — ) (EWW T —S0)(3 — 7).
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Table 1. Simulation results with different methods for o2 = 1 over
1000 repetitions
oy = 0.2 oy = 0.5
o Method True C I1C GMSE RASE True C IC GMSE RASE
(n,pn) = (100,8)

0 Cscap 99.9 5.000 0.001 0.072 0.556 91.0 4.970 0.063 0.546 1.030
Nscap 99.6 5.000 0.004 0.100 0.550 80.0 5.000 0.205 1.377 0.897
Full 0.00 0.020 0.000 0.188 0.571 0.00 0.016 0.000 1.060 1.107
Oracle; 100 5 0 0.033 0.551 100 5 0 0.033  0.950
Oracles 100 5 0 0.071 0.556 100 5 0 0.399 1.018

0.5 Cscap 99.6 5.000 0.004 0.076 0.621 69.3 4.447 0.078 2.051  1.448
Nscap 88.7 5.000 0.114 0.244 0.622 1.70 4.999 1.112 2.071 0.985
Full 0.00 0.008 0.000 0.202 0.647 0.00 0.006 0.000 2.801 1.638
Oracle; 100 5 0 0.033 0.614 100 5 0 0.035 1.075
Oracle; 100 5 0 0.071 0.620 100 5 0 0.607  1.220

(n,pn) = (400, 13)

0 Cscap 100 10.00 0.000 0.015 0.274 99.9 10.00 0.001 0.072 0.469
Nscap 100 10.00 0.000 0.046 0.271 97.7 10.00 0.023 0.982 0.430
Full 0.0 0.12 0.000 0.067 0.277 0.0 0.055 0.000 0.300 0.481
Oracle; 100 10 0 0.008 0.273 100 10 0 0.007 0.463
Oraclez 100 10 0 0.015 0.274 100 10 0 0.071  0.469

0.5 Cscap 99.9 9.999 0.000 0.016 0.314 99.2 10.00 0.009 0.099 0.548
Nscap 98.7 10.00 0.013 0.085 0.310 0.0 10.00 1.008 1.873 0.475
Full 0.0 0.090 0.000 0.073 0.321 0.0 0.032 0.000 0.384 0.589
Oracle; 100 10 0 0.007 0.313 100 10 0 0.007 0.534
Oraclez 100 10 0 0.016 0.314 100 10 0 0.087  0.548

The performance of estimator &(-) will be assessed by using the square root of average
errors (RASE)

1/2
Ngrid /

RASE = § Nyia Y lla(te) —a(ty)|? ;
k=1

over Ngria = 200 grid points {¢x}. Table 1 presents the mean of GMSE and RASE over
the 1000 simulations. For the selected model, the model complexity is summarized in
terms of the number of zero coefficients for the parametric components, as also reported
in Table 1. In Table 1, the column labeled “C" is the average numbers of zero coefficients
correctly estimated to be zero, and the column labeled “IC" depicts the average numbers
of nonzero coefficients erroneously set to zero. Furthermore, the column labeled “True"
is the proportion of times the true model is exactly identified.

From Table 1, we can make the following observations: (i) The performances of both
Cscap and Ngcap procedures become better in terms of model error and model complex-
ity as the level of measurement error decreases. (ii) Both variable selection procedures
perform very similarly when the level of measurement error is small. However, when
the level of measurement error is large, the performance of Cscap is significantly better
than that of Nscap. The latter cannot eliminate some unimportant variables and gives
larger model errors. This implies that the estimators based on the Nscap procedure are
biased. (iii) In addition, as expected, the performance of the Oracle; procedure is best
in all cases in terms of model error. Furthermore, the performance of Cscap becomes
increasingly closer to that based on the Oracle; procedure as the level of measurement
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error decreases or ¢ decreases. (iv) As the sample size increases, the performance of all
methods becomes better. To save space the simulation results, for others settings with
02 = 0.5, are not showed here. The above conclusions can also be drawn similarly except
now all approaches perform better than they done when o® = 1 as presented in Table
1. These findings imply that the model selection result based on the Cscap approach is
satisfactory and the selected model is very close to the true model in terms of nonzero
coefficients.

Table 2. Bias and standard deviations of estimators for 62 =1, oy =
0.5 and p =0.5
B B2 Bs
Method Bias SD SDE(sd(SDE)) Bias SD SDE(sd(SDE)) Bias SD SDE(sd(SDE))
(n, pn) = (100,8)
Cscap 0.7693.689 0.687(2.701) 1.3789.414 0.973(4.749) 1.53213.419 0.823(3.894)
Nscap 0.8750.492 0.251(0.063) 1.4710.178 0.263(0.049) 1.215 0.252 0.228(0.033)
Oracle; 0.1010.127 0.119(0.049) 1.1110.139 0.139(0.146) 0.100 0.126 0.121(0.084)
(6.753) ) (8.114)
(7.934) ) (9.255)

Oraclez 0.4300.532 0.785(6.753) 0.5970.678 1.364(4.364) 0.521 0.585 0.837(8.114
Full 0.8473.695 1.091(7.934) 1.5349.477 1.784(8.565) 1.80613.476 1.211(9.255

(
(
(
(
(
(n, pn) = (400, 13)
(
(
(
(
(

Cscap 0.1620.200 0.193(0.023) 0.2120.282 0.241(0.039) 0.180 0.217 0.206(0.026)
Nscap 0.7580.145 0.117(0.021) 1.5000.000 0.125(0.010) 1.253 0.101 0.111(0.008)
Oracle; 0.0460.058 0.058(0.004) 0.0550.068 0.064(0.004) 0.050 0.063 0.058(0.004)
Oracle; 0.1590.193 0.194(0.023) 0.2040.249 0.243(0.045) 0.177 0.211 0.207(0.026)

(0.025) ) (0.030)

Full 0.1810.208 0.200(0.025) 0.2490.277 0.249(0.044) 0.263 0.280 0.215(0.030

We now verify the consistency of the estimators and test the accuracy the standard
error formula. Table 2 displays the bias (columns labeled Bias) and sample standard
deviation (columns labeled SD) of the estimates for three nonzero coefficients, over 1000
simulations. These can be regard as the true standard errors and compared with 1000
estimated standard errors. The 1000 estimated standard errors by using the sandwich
formula are summarized by their mean (columns labeled SDE) and the sample standard
deviations (sd(SDE)). The accuracy gets better when n increases. We omit here the
results for other configurations, only for case 02 = 1, oy = 0.5 and ¢ = 0.5. Overall, the
estimators are consistent and the sandwich formula works well.

5. Discussion

In this paper, we have proposed a variable selection procedure for the high dimensional
PLVCE models. Our method extends the variable selection procedure to the setting, in
which high dimension, measurement error, semiparametric models are considered at the
same time. We have shown that the proposed method is consistent in variable selections,
and the estimators of the regression coefficients have oracle property. Simulation studies
indicate that the proposed method seems rather encouraging. To conclude this article,
we would like to discuss some interesting topics for future study. Firstly, in this paper,
we assume that the covariance matrix of measurement errors is known. However, it is
usually unknown in many applications. If the covariance matrix is unknown, the vari-
able selection procedure proposed by this paper will not work any more unless repeated
measurements of the data are available. As a future research topic, it is interest to con-
sider the variable selection for the high dimensional PLVCE models when the covariance
matrix of measurement errors is unknown. Secondly, it is interesting to perform variable
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selection for p, > n. Variable selection for large p,, small n setting is a very active
research topic. However, it is challenging to extend the existing procedures for large p,,
small n problems to measurement error data. The details will also be further investigated
in the future.

6. Proofs

In order to prove the main results, we first introduce several lemmas. Let ur =
[t K@t)dt, v, = [t"K2(t)dt, ¢, = h® + [log(1/h)/nh]Y/?. Set W(T1) = E(X12, |T1),
Y(Ty) = E(Z:1Z, |T1) and Z(T1;8) = E[Z1(Y1 — X{ )|T1]. Furthermore, denote by
a(t; B) the ’least favorable curve’ of the nonparametric function «(t), which is defined as

(6.1)  a(t; B) = argmin B[(Y; — W' B—Zn)*|T: =t] = T (H)E(t: ),

and let Qn(8) = Ln(8)++n 352, pa(|B;]), where 2L, (8) = Yo7, (Yi=W' B—-Z a(T;; 8))?

—nB" Yy B. Apparently, a(t; %) = o (t) and %2’8) = U()Y"'(t) is a p, by ¢ matrix.
The following Lemma 6.1 can be found in [3].

6.1. Lemma. Let (X;,Y;),s = 1,...,n be be i.i.d. random vectors, where the Y; are
scale random variables. Further assume that Ely|" < co and sup, [ |y|" f(z,y)dy < oo,
where f denotes the joint density of (X,Y). Let K be a bounded positive function with
a bounded support, satisfying a Lipschitz condition. Given that n**"'h — oo for some
§<1—k7", then

111;”; {Kh(Xi —2)Y; — E[Kn(X; — m)YZ]}’ —Op ({bgilh/h)}l/2> |

6.2. Lemma. Under regularity conditions (C1)-(C5), the following holds uniformly in

sup
x

teT,

a(t; B) — a(t; B) = Op(cn),

da(t; ) _ Oalt; B)

— = n), f =1,...,pn.
95s I Op(cp), for k D

Proof. From Lemma 6.1, we have that

1 1< Z: 77 Z;z;] Tit

ED;Ftht = E Z: < ZiZiT Tih—t ZiZiT(T,-h}—Lz)z ) Kh(Tz‘ - t)

1 0
= ( 0 2 >®T(t)fT(t){1+OP(Cn)} and

n

1 _+ 1 Zi(Y; — WZT/B) ;
~Df (Y ~ W) 7; ( Zu(Ys — W B) Tt ) Kn(T; —t)

n“

- ( (1) ) QE;B) fr(t){1 + Op(cn)}

hold uniformly in ¢ € T. Here the symbol ® represent the Kronecker product between
matrices. Hence, invoking equation (6.1) and &(¢; 3) in Section 2, the first conclusion
follows. The second assertion can get similarly. O

6.3. Lemma. Under regularity conditions (C1)-(C5), if py/n — 0 for k > 5/4, h =
O(n™°) with (4x)™' < ¢ <1—k"", then for any B,

n 2 VLa(B) — VLa(B)| = op(1).
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Proof. Invoking Lemma 6.2, the column vector n~'/?(VL,(8) — VL,(B)) has the kth
component equals
04(Ts; B)

o5, 2

o= {0 W 2 AT ) W -

T T . : do(T3; B) )
= (V=W B = 2 (T ) (- Wi — =22 z)}
= > {(m w5 - 2l am o) 2T 74 2o 5)Wm} Op(c)
=0p(cn).
Hence we have shown
02| VLn(B) — VL (B)l| = Op(y/prcn) = op(1),

and the proof is complete. O

6.4. Lemma. Under the conditions of Theorem 1, we have
[0 2V T L (B4)])(S2) [0~ *VLa(8%)] —p
2pn
where Yo = E[(e; — U’ ") (W(T)YHT)Z; — Xi) — XuB*]%2. In addition, VL, (8*) =
Op(\/npr). Likewise, the results above hold also by L, (B8") replaced with L, (8).

~ 2y N(0,1),

Proof. From (6.1), we get the following formulas E[Z;(Y; — X, 8—Z; o(T;; 8))|T: =] =0
and B[X; 2, + 22058 7, 77|T; = ] = 0. Then E[VLy(8)] = 0 follows. Direct calculation
yields

VELn(B)=> (Yi =W, B = Z a(Ts; ) (¥(T:)Y(T3)Zi — Wi) — nSup.

i=1

Thus,
1 * 1 = T % —1 *
VLB = = > {(ei U B W)Y (T Z: — Wi) — Suf }
vn Vn =
By applying the martingale central limit theorem as given in [9], we can easily obtain
the first part. The second part follows from Lemma 6.3. O

6.5. Lemma. Under regularity conditions C1-C5, and p*/n = o(1),
1 _
HEVQL”l(ﬂ) - 21” = Op(pn1)7

I292Ea(8) — Sill = 0p(p") + Op(pca),
where 1 = B(X1 X, ) — E{U(T)Y~H(T1)¥ " (T1)}.

Proof. Direct calculation yields n 'V?L,(8) =n~' 30 (Wi — W(Ty) Y N(T3) Zs) (Wi —

W(T)Y " T:)Z:)" — Su. Then E[n~'V2L,(8)] = E{E[(W; — ¥(T:)Y(T})Z:) (W; —
U(T)Y(T)Z:) T|Ti]} — Zv = Z1. The first conclusion follows from

S 2_ 2N [ ’

EpL | =V Ln(B) = 3u|” = poB 3 {;sznw) —21}

Jk=1

=0 (%) = o(1).

ik
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From this, triangle inequality immediately gives the second conclusion if we can show
that

62) 3V Lu(8) = 2 V2 La(B)]| = Or(pucn).

To this end, for kK =1,...,pp,

R RN
Tm(VL”(ﬁ) — VL.(B))
o N v wT s Tl )y (e 28T
5 2o |~ W8 2L ams a2 )
(Vi = W B 7 (T B)) (~ Wi — 7‘9“(55 A) Zz-)}
IR L 0&(T5B) s O4(TB)
=n ;{(Wm+aﬂk ZZ)(WZ+786 Z)
0T B) oy 9T B)
— (Wi + A Zi)(Ws + 5 ZZ)}
=0p(\/pncn)

where the last line follows from Lemma 6.2. Hence (6.2) follows and the proof completes.
O

Proof of Theorem 2.1. Let ¥, = \/pn(n" /2 +a,) and set ||v]| = C, where C is a large
enough constant. Our aim is to show that for any given ¢ > 0 there is a large constant
C such that, for large n we have

(6.3) Pr{ inf Qn(B* +9nv) > @n(ﬁ*)} >1—ec

lvll=C

This implies that with probability tending to 1 there is a local minimizer ﬁ in the ball
{8+ Vv : [[v]| < C} such that [|3 — B*|| = Op(Vn).

Let Ay (v) = Qn(8* 4 9nv) — Qn(B8*). Recall that the first s, components of 3* are
nonzero, and px(-) is nonnegative and px(0) = 0. By the Taylor expansion and the fact
that L, (3) is quadratic, we have

An(v) > Ln(B* + 0nv) — La(B8") + ni{px(lﬁ}‘ +9nv]) = pa(1B7 1)}

=1
> 9,0 VL, (8%) + %ﬁivTVQEn(ﬁ*)v

Sn Sn

+ > nInph (185 )sign(B; )v; + % > ndnpX (185 )i {1+ o(1)}
j=1

=1

éD1+D2+D3+D4.
By Lemma 6.4 and /p, < /nd,, we get

|D1| = 800 VLa(BY)] < 0ullVIa(B8Y)l]l0]
< Op(@ny/mpn)|lv]| < Op (970l
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Next we consider D2, An application of Lemma 6.5 yields that

Dy = %ﬁivTVQEn(ﬁ*)v = %nﬁiﬂ%v%nw*) — Siju + %m?ivTEw
= %m?ivTEw + op(1)nd2 ||v|%.

With regard to D3 and Dy, for \/snan < \/Sn(n -1z 4 an) < Un, we have

D3| < [n0aph (187 )sign(B; )v |
Jj=1
S nﬁnan Z |’U‘7‘ S n,&na”ﬂ\/g”,UH S nﬁi“”lL a’nd
j=1
Sn

|D,| = Zmﬁp;’ 18; )03 {1 + 0(1)} < bpnds||v]|.

Therefore, under the condition (P1), by allowing C to be large enough, all terms D,
Ds, D4 are dominated by D2, which is positive. This proves (6.3) and completes the
proof. O

Proof of Theorem 2.2. Let ¢, = C'y/pn/n. It is sufficient to show that with probability

tending to 1 as n — oo, for any f satisfying || — 8*|| = Op(y/pn/n) we have, for

j=sn+1,...,pn,

9Qn(B) 9Qn(B)
9B, 9B,

By Taylor expansion and the fact that L, () is quadratic in 3, we get

8Q.(8) _ OL.(B)
oB; 35'

(6.4) < 0 for B € (—(n,0) and > 0 for 85 € (0,¢n).

+npa(|B8;])sign(B;)
Pn *

e +Z e (8 = B2) + (15 Dsien(8,)

=J1+J2+J3-

Next, we consider Ji, Jo. Invoking Lemma 6.4, we have
Ji = Op(v/n) = Op(y/npn).

27 *
The term J> can be written as Jo = i’;l {% - nzl,jk} (Be—Br)+n 227;1 1,5k (Be—

Be) 2 o1 + Joo. Using the Cauchy-Schwarz inequality and ||3 — 87| = Op(\/pn/n), we
have

Pn Pn 1/2
[ Jao| <0 |81,k (Bk — Bi)| < nOp(v/pa/n) [Z(&,jk)z} -

k=1 k=1

As the eigenvalues of 1 are bounded according to condition (C7), we have > 1" (£1)%;
= O(1). This entails that Joo = Op(y/npn). For Jo1, applying the Cauchy-Schwarz
inequality,

o [ [ 028 ’
‘J21| S ”5_6 H |:Z{8,3]8<gk) —n21,jk} :|

k=1

1/2



227

By a standard argument from condition (C7), we have
1/2

{i {% - ”El,jk}Z] = Op(n).

k=1
Then Jo; = Op(\/Apn) follows form ||3 — 8*|| = Op(y/pn/n). Now we have
Jz = OP(Q/TL )

Hence we have

9Qu(8) _ {pmmsign(ﬁj) o <\/pn/n> } .

9B, ) )

Because of y/pn/n/A — 0 and (P2), the sign of 8; completely determines the sign of
6@n(ﬁ)/8ﬂj. Then (6.4) follows from the continuity of OQn (8)/0B;. Combining with
the result of Theorem 2.1, there is a \/n/pr-consistent local minimizer B of @n (8) and
f has the form (B,T,OT)T, i.e. part (i) holds.

Now we prove part (ii). As shown in Theorem 2.1, we let A\, be sufficiently small so
that a, = 0(1171/2)7 then 3 is \/n/pn consistent. By part (i), each component of Br stays
away from zero for a sufficiently large sample size n because 87 is away from zero. At
the same time, /3’11 = 0 with probability tending to 1. As a consequence, the estimate 5’1
based on the penalized estimation are necessarily the solution of the following estimation
equation

(6.5)  VLnz(B1) +nPx(|61]) =0

where P} (|31]) is a sn-vector whose jth element is ph (|3;])sign(3;). Applying a Taylor
expansion to (6.5) and re-arranging the resulting terms, we have

(S1r -+ 5,)(Br = B7) + PA(Bi1) = = VLur(57) + Ra + Rz

where Ry = — [%VQZM(/J’?) + Pﬁ’(‘BID — Y17 — Ekn] (31—5?) and Rp = %VLnI (BI)—
%anf(ﬁf) By Lemma 6.5 and Cauchy-Schwarz inequality, |R1]| = op((npn)~'/?) +
Op(\/P/ncn) = op(n~'/?). By Lemma 6.3, we have Ry = op(n~'/?). Hence, we have

ﬁAnzgll/z{ZH + ZA}{(BI —Br) +{Zir + 2/\}_13}
T %A"EQII/QVLM(W) +op(1),

Since HAnE;Il/QH = O(1) by conditions of this theorem.

Next, we verify the Lindeberg-Feller Central Limit Theorem for the last term above.
Let
1 — * .
’(»b”i - ﬁAn2211/2VLTL1i(BI)7 1= 17"-777‘7
where VLari(87) = {(Yi = W/ 87 — 27 (T 87) (Wi + 225550) 4 217 | For any
e >0,

D Ellnil P I{Ilynill > €} = nElvml*I{|lm || > e}
=1

< n{E[[¢nr | H2{Pr([¢na || > €)}'/2



228

2
Using Chebyshev’s inequality, we have Pr(||1n1]| > €) < E‘Wzi’;l”
—1/2 a2
_ E[AnX, " “VL,i (B _ O(nfl) and E|Wn1\|4 _ E(wLT/Jm)Q < %A?nax(AnA:L—)

ne2

A2 (S DEIV LT (85) VEan(B7)|? = O(%3), by condition (CT). Hence, we get

n Sn
> Ellnil P I{lnill > ¢} = 0"
i=1

Also, note that E,; = 0 and

n

> Cov(thni) = nCov (1) = Cov(AnSy >V Lnsi(87)) = AnA, — G.

=1

) = o(1).

Sl-

From the foregoing argument, 1,; satisfies the conditions of the Lindeberg-Feller central
limit theorem, then we complete the proof of part (ii). |
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Abstract

This article is concerned with the calibration of the empirical likeli-
hood for semiparametric varying-coefficient partially linear models with
diverging number of parameters. However, there is always substan-
tial lack-of-fit, when the empirical likelihood ratio is calibrated by a
bias-corrected empirical likelihood, producing tests with type I errors
much larger than nominal levels. So we consider an effective calibration
method and study the asymptotic behavior of this bias-corrected em-
pirical likelihood ratio function. Some simulation studies are conducted
to illustrate our approach.
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1. Introduction

Consider the following semiparametric varying-coefficient partially linear models
(1.1)  Y=X"aU)+Z2"B+¢

where a(-) = (a1(-), ..., aq(-))T is a g-dimensional vector of unknown regression functions,
8= (B1,...,B,)" is a p-dimensional of unknown regression coefficients, and ¢ is an inde-
pendent random error with E(e|X, Z,U) = 0 almost surely. Without loss of generality,
we assume that the variable U is defined on the unit interval [0, 1].

As the extension of the usual linear regression model and partially linear regression
model, semiparametric varying-coefficient partially linear model (1.1) has attracted great
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research interest. For example, Fan and Huang [4] proposed a profile-kernel inference and
established the asymptotic normality of the profile least-square estimator for this model.
You and Zhou [16] studied the model (1.1) using the empirical likelihood method when
p is fixed. When dimensionality p of the parameters tends to infinity as the sample size
n — 0o, this generalized varying-coefficient partially linear model was considered by Lam
and Fan [7]. More relevant works on the varying-coefficient partially linear model can be
found in Huang and Zhang [6], Li et al. [8] and references therein.

Empirical likelihood method has taken much attention in literatures since it was in-
troduced and developed by Owen [10,11]. One of the motivation is that the empir-
ical likelihood-based confidence regions not only have natural shape and respect the
range of the parameter, but also have the advantages of studentising automatically. In
many cases, empirical likelihood-based confidence regions are shown to be Bartlett cor-
rectable(DiCiccio et al. [3], Chen and Cui [1]). Owen [12] and Xue and Zhu [15] are
fairly comprehensive references.

However, in practical application, there is always lack-of-fit for the asymptotic nor-
mality distribution of empirical likelihood ratio with expectation p and variance 2p when
we refer to the coverage probability, especially when p/n is not small. We find that this is
mainly due to the underestimation of the expectation and variance of the empirical like-
lihood ratio, producing tests with type I errors much larger than the nominal level. And
this inspires us to look for an effective estimation of the expectation and variance. Liu et
al. [9] proposed a new method which is fitted for the calibration of empirical likelihood
for high-dimensional data. Through the calibration of the expectation and variance of
the empirical likelihood for the population mean, they got a considerable improvements
for the coverage probabilities. Guo et al. [5] considered this calibration method for high-
dimensional data in linear models and discussed the asymptotic behavior of the empirical
likelihood ratio function in random and fixed design cases, respectively. Recently, Li et
al. [8] showed that under some conditions, the bias-correction empirical likelihood for
the semiparametric varying-coefficient partially linear models is asymptotic normal.

Taking these issues into account, in this paper, we consider a new calibration of empir-
ical likelihood for semiparametric varying-coefficient partially linear models with diverg-
ing number of parameters and investigate the asymptotic behavior of this bias-corrected
empirical likelihood ratio function. Numerical studies show that this new calibration
method will have a great improvement.

The rest of this paper is organized as follows. In Section 2, we introduce the bias-
corrected empirical likelihood(BCEL) for semiparametric varying-coefficient partially lin-
ear models. A new calibration of bias-corrected empirical likelihood is given in Section 3.
In Section 4, some simulations are carried out to assess the performance of the proposed
method. Technical proofs are stated in Section 5.

2. Bias-corrected Empirical Likelihood

Let (Yi; X7, ZF,U;,1 < i < n) be an independent identically distributed(i.i.d) random
sample which come from the model (1.1) with the 8 and Z; having the dimension p — co
as n — oo. Then for any given 3, we get

(2.1) Y- Z =X aU)+ e

Following Fan and Huang [4], we apply a local linear regression technique to estimate
the varying-coefficient functions «;(-),j =1,...,q. For v in a small neighborhood of u,
one can approximate a;(v) by

(2.2) () maj(u)+aj(u)(v—u)=a;+bj(v—u) j=1,..q
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This leads to the following weighted local least squares problem: find {(aj,b;),j =
1,...,q} to minimize

(23) (V- XT(a+b(U; - u) - ZIBY K (Ui — )

i=1

where K (-) is a kernel function, h is a bandwidth and K (-) = Kn(-/h)/h.
The solution of problem (2.3) is

(2.4)  &(u, B) = (Ig, 0g) (D Wu D) " Dy W (Y — Z°B)

where I, denotes a g-dimensional identity matrix, Oq is the ¢ X ¢ matrix with all the
entries being 0 and Let

X’II‘ Ulh—u XlT Zu ... Zip
po=| i |, Z=@.z)=| 1o
X;LI‘ Ur,,h—u XE Znl . an

Y =(Y1,...,Yn), W,=dag(Ky(Ui—u),...,Kp(Un —u))
and
pu) = (B(XXT|U = u) " E(XZ|U = u)
So we can write the auxiliary random vectors as follows
(25)  W(B) = (Zi — p" (U)X (Ys = X[ i(Us, B) = Z )

where ji(u) = (BE(X:XF|U; = u)) " E(X: ZF|U; = u) is the estimator ofu(u).
E(X;X{|U; = u) and E(X;ZF|U; = u) can be estimated easily by using the kernel
smoothing method. For convenience, we can also define the estimator of X u(U;) directly
as follows

(2.6) X aU) =" SinZk
k=1

where S;x is the (i, k)-th element of the smoothing matrix S, which depends only on the
observations {(U;, X;),i =1,...,n}, with
(X1, 0)(Dyy Way Dy )™ Dy, Way
S =
(X'E7 O)(D’En Wun Dun)_lDEn Wun

Thus, the bias-corrected auxiliary random vectors can be expressed as
2.7 w(B) = (Zi — i" (U)X:) (Y — X (Ui, B) — Z" B) & Zi(Yi — B* Z:)

where Z; = Z; — Yoy SikZr, Y=Y — > SieYe.
Therefore, a bias-corrected empirical log-likelihood ratio is defined as

Ws 2 O,iwi = 1,iwi’f]i(ﬁ) = 0}
=1 =1

By the Lagrange multiplier method, we can obtain

(2.8) In(B) =—2max {Zlog(nwi)

(29)  1n(8) =23 log(1+A"(8))



where A = A\(f) is determined by

1g~  7i(B)
2.10 — — =0
2100 03 )
According to Qin and Lawless [13], if a(u) is given and p is fixed, under some con-
ditions, 1,,(5) is asymptotically x> with p degree of freedom, which is a non-parametric
version of Wilks’ theorem. And when the number of p grows with the sample size n, Li

et al. [8] showed that under some conditions, the conclusion below is valid.

(2.11) %&N(o,n, as n — 0o

where (p is the true value of the parameter vector .

3. A new Calibration method for BCEL

When testing hypotheses with the BCEL method, we would calculate the critical
values based on normal approximation (2.11). However, these critical values often deviate
from the true ones when p/n is not small. We find that this awkward fact is mainly due
to the large difference between the true expectation and variance pair (E,, V) of 15, (5o)
and (p,2p). And our simulation also indicates that this method is not good. We know
that the foundation of using (2.11) to calibrate the BCEL are that 1,(8o) is close to
K, = nirY7'n,, and that E(K,) = p, Var(K,) ~ 2p. But in practice, we always
use the moment estimation of K,, which is, T, = n#. S, 7., whose expectation and

variance are denoted as (En1, Va1), for statistical inference and it can always get a better
approximation to I,(B8o). But when (E,,V,) deviates from (p,2p) or (Enl, an), these
calibration methods do not work any more.

We expect that replacing (p,2p) with (E,2, Vya), the expectation and variance of
The(see (3.2)), in (2.11), will improve the performance of the usual normal calibration.

Let
FO) =2 log(1 +A"4i(8))

i=1
Obviously, 1,(80) = sup, f(A) = f(A«), and A, is the maximum point of f(\). By
second-order Taylor expansion, we have

BY SN ~aW =23 (N 0}

provided AT#;’s are small. So an approximation of I, (8o) is
n(Bo) = sup f(A) = sup g1(Sy "n) = T

However, in the case of moderate n and large p, this approximation may not work
any more. The remainder of each Taylor expansion in (3.1) is under control only for
ATh; € (—=1,1). We find in our simulation that when p/n is not small, some of \”#);’s are
greater than 1 with a large probability. Note that when

22
€ (-1,1),log(1+z) =z — >

while if
2

z > 1,log(1+ z) > log(2) > z — %
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Therefore, roughly we have f(\) > gi1(\) in the neighborhood of 0. This finding also
restrict us to approximate I (8o) by two terms Taylor expansion, because Taylor expan-
sion of (3.1) would deviate from I,,(fo) if more terms are extracted and some of \.7; are
not small.

To reduce the approximation error of g1 (\), we add a high-order term (AT7;)? to g1 ()\).
Intuitively g2(\) = g1(\) + (A\T#;)? is the better approximate to f(\). So is sup, g2(\)
to 1n(Bo) = sup, f(N). It can be verified

(82)  supga(A) = iy Sy it = Thc
with
Sne = = S0 = )~ )"
i=1
The following theorem establishes the asymptotic behavior of 1,,(80) — The.

3.1. Theorem. Under Conditions (C1) — (C9) in Section 5, if p>**/*=2) /n — 0, for
k > 4, then we have

(1n(Bo) — Tne)/p? = 0p(1)

This theorem implies that using Th.. to approximate I, (8o) is equivalent to using K,
or T,, from the asymptotic viewpoints. However, these approximations exhibit quite
different finite-sample behaviors, especially when p/n is not small. Based on some sim-
ulations, we find that T, is amazingly close to l,,(8o) regardless of the choices of (n,p)
in the sense that (1,(8o) — Tnc)/P% = 0p(1) is always pretty small. To appreciate this,
Fig.1 shows the scatter plots of 200 simulated values of (1,(80),T») and (In(Bo), The) for
the model(4.1) with the &; ~ N(0,1). We choose p=10, 16 for n=200. From Fig.1, we
can see that the value of (I,(Bo), Tnc) are always around the line y = z, but T, tends to
under-approximate I, (80). See Sect.4 for more analysis and comparison.

Given the foregoing discussion and evidence, we expect that the expectation and
variance of T, are good approximations of F,, and V;,, respectively. Let (En2, Vi) be
the moment estimation of (E,, V). We may calculate critical values according to

(3.3)  1n(Bo) — An/VBn -4 N(0,1)
where (A,, By,) could be chosen as (p,2p) or (Eni, Vai)(i = 1,2). We will show that the

method based on (Ey2, Vy2) is the best. Hence, it is our final recommendation.

4. Numerical Analysis

Here we report a simulation study designed to evaluate the performance of the pro-
posed calibration method of BCEL. Throughout this section, we use the Epanechnikow
kernel K(u) = 0.75(1 — u?)4, and use the "leave-one-out" cross-validation method to
select the optimal bandwidth hop¢.

Consider the following semiparametric varying-coefficient partially linear model

(41) YVi=X"aU)+2Z'B+e;, i=1,...,n

In our simulations, 8 = [0.5,0.3, —0.5,1,0.1,—0.25,0,...,0]T, the covariate U; is uni-
formly distributed on [0, 1], the nonparametric component a(u) = (a1 (u), aa(u))® with
ai(u) = 4 + sin(27u), a2(u) = 2u(l —u), X; = (X“,Xiz)T with X;1 = 1 and X0 ~
N(0,1), the covariates Z; is a p-dimensional normal random vector with mean zero and
covariance matrix (oy;) with o;; = 0.5/,
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Fig.1. Scatter plots of n simulated values (l,(80),7) (triangles),
(1n(Bo), Tne) (circles) for the model (4.1) with (a) n=200 and p=10,
(b) n=200 and p=16. The solid line is y = .

4.1. Simulation I. For this simulation, we evaluate the asymptotic normality of BCEL
ratio using the following methods. The proposed method is based on the calibrated 1,,(5o)
with the sample mean and variance of T}, obtained from 500 Bootstrap samples for each
simulation data set(denoted as MEL). The normal calibration is based on the calibrated
In(Bo) with the sample mean and variance of T}, obtained from 500 Bootstrap samples for
each simulation data set(denoted as SEL). And the standard normal calibration is base
on the calibrated I, (80) with (A, Br) = (p, 2p)(denoted as STEL). Through QQ-plots,
we will demonstrate the advantages of MEL in different growth rates of p for each sample
size. Here we only consider the case of noise £; ~ N(0, 1).

We draw 1000 random samples of size 200, 400 or 600 from model (4.1). For com-
parison, we here take the dimensionality of the parametric component as p = [en'/?].
By assigning ¢ = 1.8,2.8 and 3.8, the corresponding dimensions p = 10,16 and 22 for
n = 200;p = 13,20 and 27 for n = 400;p = 15,23 and 32 for n = 600. The results are
reported in Fig.2.

From Fig 2., we can observe from the QQ-plots that the MEL outperforms better than
SEL and STEL as n increases or p decreases. Therefore, the MEL can be regarded as a
reasonable alternative for the calibration of the BCEL in practice.
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Fig.2. Normal QQ-plots of the BCEL ratio with ¢; ~ N(0,1) :
MEL(black and — o —), SEL(red and - #-), STEL(blue and — - % - —)

4.2. Simulation II. In this simulation, We draw 1000 random samples of size 200, 400
and 600, respectively. The choice of (n,p) is the same as Simulation I. As for noise, two
error distributions were chosen: (i) the standard normal distribution; (ii) the chi-square
distribution with freedom 3.

In this simulation, we will compare four calibration methods for the BCEL. Besides
the MEL, SEL and STEL methods mentioned in Section 4.1, there also consider the
ordinary X?) calibration(denoted as OEL). Talbes 1 and 2 report the coverage probability
comparison for constructing confidence region on parameter $ with nominal level 0.95.

It can be concluded from Tables 1 and 2 that the empirical coverage probabilities
based on MEL are higher than that based on OEL, STEL and SEL. Especially for the
case of n = 600, p = 15 and ¢; ~ N(0, 1), the coverage probabilities of MEL is closed to
the nominal level. Thus the calibration method of MEL is a good alternative. We can



Table 1. Coverage percentages for model (4.1) with the ¢; ~ N(0,1)

n p MEL OEL SEL STEL B Vi Eno Vina

200 10 0.920 0.838 0.846 0.854 10.67 19.15 11.69 25.80
16 0.838 0.726  0.756 0.750 17.23 26.81 19.04 37.04
22 0.764 0.552  0.593 0.615 23.46 38.75 26.79 56.09
400 13 0.937 0.899 0.910 0.914 13.24 26.39 13.81 29.77
20 0.925 0.846 0.864 0.842 20.42 31.33 21.94 53.69
27 0.841 0.741 0.777 0.789 27.98 51.72 30.24 58.93
600 15 0.936 0.898 0.904 0.911 15.36 29.69 15.62 37.41
23 0.921 0.873 0.893 0.899 23.98 42.90 24.10 50.65
32 0.896 0.836 0.872 0.849 32.88 54.57 34.72 64.91

Table 2. Coverage percentages for model (4.1) with the e; ~ x3

n D MEL OEL SEL STEL Em Vi1 Eno Via

200 10 0.863 0.796 0.810 0.821 11.01 17.60 11.38 22.29
16 0.803 0.694 0.721 0.698 16.73 25.31 18.27 34.76
22 0.755 0.576 0.610 0.599 23.32 33.63 26.08 57.37
400 13 0.908 0.878 0.889 0.866 13.34 20.50 14.05 27.17
20 0.844 0.772  0.798 0.763 20.45 31.61 22.07 41.41
27 0.828 0.692 0.728 0.720 27.68 47.28 29.80 61.13
600 15 0.916 0.868 0.888 0.878 15.46 26.70 16.08 33.56
23 0.890 0.852 0.869 0.871 23.83 43.75 24.62 47.74
32 0.839 0.745 0.785 0.776 33.07 53.54 34.60 64.03

also observed from Table 1 and Table 2 that the MEL has improving coverage accuracy
along with the increasing sample size. However, when the dimension p increases, the
coverage probabilities of both MEL, OEL, STEL and SEL decrease. When n = 200 and
p = 22, the performances of OEL, SEL and STEL are unacceptable. In comparison, our
proposed method, MEL, can always attain the desired coverage percent and outperform
the other three methods. The advantages get more remarkable when n decreases or p
increases.

5. Proof of main results

Throughout the paper, we denote 71 (A) < --- < 7,(A) as the eigenvalues and tr(A)
as the trace operator of a matrix A. To derive our main results, the following conditions
required to be made.

(C1) The random variable U has a compact support Q. The density function fr(u) of
the U has a continuous second derivative and is uniformly bounded away from zero.
(C2) The ¢ x ¢ matrix E(XX™|U = u) is non-singular for each U € Q. Furthermore,
E(XXTU = u)71 and E(XZ|U = u) are all Lipschitz continuous and each element of
E(XXT|U =u)" " and E(XZ|U = u) is bounded.

(C3) {ai(+),s=1,..., ¢} has continuous second derivatives in u € .

(C4) The kernel K(-) is bounded symmetric density function with bounded support.
(C5) The bandwidth h satisfies that nh® — 0 and nh®/(log(n))?® — oo.

(C6) ¥ = E[e2(Z — " (U)X)(Z — p"(U)X)"] is a positive definite matrix with all the
eigenvalues being uniformly bounded away from zero and infinity.
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(C7) For some integer k > 4, E(|| Xe ||¥) < oo, E(|| X ||¥) < 00, E(|| € ||F) < 0.
(C8) Let n = e(Z — T (U)X), and n; be the j-th component of 5,5 = 1...p. For k of
condition (C7), there is a positive constant ¢ such that

E(Invp 1) < e, B(| 2X /o ") < e, E(| p(U)XXT/p |I") < ¢

and

*ZElml U Z2x" /v I+ | XX/ |h) < e

L
(C9) maxi<iy 15.15<p E(,Mmyms)? is bounded, where 7, are the components of 1.

In order to prove the main results, we introduce the following notations. Simple
calculation yields that

(5.1)  7(B) =m(B) + Y Mix = ni(B) + Ri

where
ni(B) = (Zi — " (U X)) (Yi = X a(Ui) = Zi' B) = (Zi — p" (U) Xi)es
My = (Zi — p" (U) X)) X ((Us) — a(Us, B))
Mz = (uU ) p(U) " Xiei
Mis = [(p(Us) = a(U:) " Xi][X] (a(Us) = G(Us, B))]
)

5.1. Lemma. Suppose that Conditions (C1)-(C5) hold. If h — 0 and nh — oo as
n — oo, then letting ¢, = {longhn}l/2 +h? and d, {ligh"}lm,

n !
sup l ZK;L(UZ — u) (Uzh_ U) Xijfi = Op(dn)

n o l
sup %;Kh(Ui - u)<Ulh u) Xiji Xijo — f(w)pal'jyj; ()| = Op(cn)
sug Z Ky (U, (U ) XijZin — f(u)gjr(u)| = Op(cn)
ue

where j1,72,7 = 1,4..7q,k =1,...,p,l =0,1,2,4, T';,,(u) is the (j1,j2)-th the element
of D(u) and ¢ji(u) is the (j,k)-th element of ¢p(u).

We refer to Xia and Li [14] for details.
5.2. Lemma. Under the Conditions of Lemma 5.1, we have,

(52) [l &(u, B) = a(u) [[= Op(cn)

and

(5.3)  max sup | &;(u, B) — a;(u) |= Op(cn)

1<j<q yeQ

holds uniformly in u € §Q, the support of U.

Proof. We first give the proof of (5.2). Let

l
nl—ZKh Ui —u) X X; <U1h_u>, 1=0,1,2




Then, we can rewrite

S’n,l Sn,2
The elements of the above matrix are in the form of a kernel regression. From Lemma
5.1 and some simple calculation, we have

(54)  Spp=nf(uw)ml'(u)(1+ Op(cn))
holds uniformly in u € Q. So

DTWuDu — < Sn,O Sn,l )

(5.5)  &(u,B) = [nf(u)l(w)] " ZKh Ui — ) Xi{ XS a(U3) + &} + Op(cn)

Applying Lemma 5.1 and (5.4), we can easily get

(5.6) ZKh  — u)Xi X a(Us) = f(u)D(w)a(u){l + Op(ca)}
and
(5.7) ZKh i —u) Xie; = op(1)

holds uniformly in v € Q. From (5.5)-(5.7), &(u, 8) = a(u) + Op(cn) holds uniformly in
u € Q. This completes the proof of (5.2).

By the similar method of Xia and Li [14], we can conclude the result (5.3), so we omit
the details here. (]

5.3. Lemma. Under the Conditions of Lemma 5.1, we have

=0p (”1/2171/2631)

L&
[
where Ry = Y5 _, M1, can be found in (5.1).
The proof of Lemma 5.3 is similar as that of Lemma B.3 in Li et al. [5].
5.4. Lemma. Under conditions (C1)-(C8), we have
(5.8)  tr[(Snc — %)% = Op(p*(cp +1/n))
Proof. From the definition of 7; and Sy, we can get

Sne = % me+ ZRm+mR + RiR) = fiufin = J1 + J2 + Js

i=1
It is easy to see that

tr[(Sne — )] =tr[(J1 4 Ja + J3)?] < 4tr[(J1)?] + 4tr[(J2)?] + 2tr](Js)?]
=h+L+1Is
Thus, we know that
Op(p/n*), 12 = Op(p°cy)
For I3, first we can get 9, = O \/7 then
I = tr((fnip)*] = 0p(0° /n®) = L0, (0% /m) = 0, % /)
Therefore, we have
tr[(Sne — 2)2] =h+lL+I3= Op(pQ/n) + Op(pQCfL) + Op(pQ/n) = Op(p2(ci +1/n))
The proof is complete. O
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5.5. Lemma. Under conditions (C1)-(C8), if p>T*+/*=2) /n 0, we have
(5.9) n { (g Zm) (Sad =z (; Zm) } = 0,(p"/?)
i=1 i=1

Proof. Let D, = ©~/25,. %2 _ I, similar arguments used in the proof of Lemma 6
in Chen et al. [2] yield

S;cl _y-t 22—1/2(21/255121/2 o Ip)z—l/z
S Y2[-D, + D2 + D2 {3125 1nt/2 _ [ VY2
P

Note that
tr((Sne — £)2) =tr((DY/2(27/28,57 Y2 - [)x1/%)?)
=tr(D,2D,Y)
>~ (2)tr(D3)
By Lemma 5.4 , we have
tr(D2) < ﬁ?x) tr((Sne — £)%) = 0, (p*(ct + 1/n))

Thus, we have
tr(S;cl 7271)2 SQtT‘{27 ( D + i) }+2tT{D4(Sncl . 71)2}
SQtT{27 ( ﬁ + i) }+2[t7'D2}2t7'{(Sncl _ 71)2}
n +

(5.10) s 2 - -1
= 2r{S7*(=Dy 4+ D2)*} + 0p(tr{(Sne —=71?})
= 0,(p°(ch 4+ 1/n))

Then

(5.11) Z Op(Vp/n)

This together with p>*%/*=2 /pn - 0,2 = o(1/+/n) and condition (C5), we can obtain

" 2
_ _1 1 1 AT —1
i ne - 7 < 7 ne —X-1)2
{( Zn) (s >(n§_jn)} g | Vertsit =
= 0p(p*(cn +1/v/n))
= Op(pl/Q)
The proof is finished. O

Proof of Theorem 3.1 Applying the Taylor expansion to (2.9) and invoking Lemmas
5.3-5.5, we obtain that

In(Bo) = 23 log(L +AT7:(8)) =n {in =1, } + 0p(p/?)
i=1
=n {7 = S5, 40 { A0St} +on(p'/?)

From Lemma 5.4, we have

n {55(271 Sne )nn} = op(p'/?)
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So
= _ —1\= T o—1x% T o—1=%
1n(80) — Tne M7 n(E™" =SV} +n {in Sl } + 0p (0'/2) = n {1 Sl }
pl/2 pl/2
=T — —1\=
n{nn(z ! _Sncl)nn}
= p1/2
=op(1)
The proof is complete. O
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Abstract

The logratio methodology widely used in compositional data analysis
is not applicable when some components have rounded zeros. There
are many univariate and multivariate methods that have been used
to deal with rounded zeros. However, both of them have restrictions:
the univariate methods replaced the rounded zeros only using the in-
formation of the corresponding component; the multivariate methods
need to assume the distribution of transformed data. When the form
of the distribution function is unknown, a multivariate nonparametric
replacement approach is proposed in this paper. The proposed method
uses conditional expected value based on isometric logratio coordinates
to replace rounded zeros, in which the conditional density is estimated
through multivariate Gauss kernel function. The permutation invari-
ance and invariance under change of orthonormal basis are also pre-
sented. Simulation studies show that the proposed method has better
performance than previous methods as the percentage of rounded zeros
increases. The proposed method is also applied on the moss data from
the Kola project.
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1. Introduction

Compositional data, or compositions, are vectors in which all components are positive
real numbers and carry only relative information [1]. These vectors can be represented
as proportions using closure operation, that is, they multiplied by the appropriate scal-
ing factors. Two vectors are compositional equivalent if they can be expressed in the
same proportion, thus compositions can be viewed as equivalence classes, in which all
vectors convey the same compositional information [18]. This type of data often occurs
in geosciences, biosciences, economics and many other disciplines [1, 16, 18].

Compositional data provide information only about the relative magnitudes of the
components, the logratio methodology plays a key role in compositional data analysis.
Three logratio transformations including additive logratio (alr) transformation [1], cen-
tered logratio (clr) transformation [1] and isometric logratio (ilr) transformation [6] were
proposed. The relationship between alr transformation and clr transformation is well
known [1], and ilr transformation can be represented by means of alr transformation or
clr transformation [6]. Because the alr transformation is non-isometric, and the clr trans-
formation results in singular covariance matrix, the ilr transformation which can avoid
the above drawbacks is suggested. The logratio transformations transform compositional
data to coordinates in real space. However, zeros may exist in some components, thus
the logratio transformations fail.

There are three kinds of zeros in compositional data set: rounded zeros, count zeros
and essential zeros [9]. In this paper, we are interested in the rounded zero which is not
true zero and results from the existence of value below a threshold. When the threshold
is rounding-off error, the component is present in a very small quantity and rounded to
zero; when the threshold is detection limit, the value below the detection limit cannot be
observed and is commonly reported as zero. There are many classic methods in rounded
zeros problem. Aitchison proposed the additive replacement strategy [1], but the ratios
of components having no rounded zeros are not preserved, later the multiplicative re-
placement strategy [8] was proposed. Instead of replacing rounded zeros in a component
by a fixed value, the multiplicative lognormal replacement method [13] allowing for ran-
dom imputation was suggested. The multivariate method is the modified EM algorithm
[15, 12], which assumed that the alr coordinates follow multivariate normal distribution.
Later the robust modified EM algorithm working on ilr coordinates [10] was introduced.
In addition, there are other algorithms, for example, the multiplicative Kaplan-Meier
method [14] was proposed, which is a univariate method. The implementations of all
these methods discussed above are available in the R package zCompositions [14].

The previous univariate methods replace rounded zeros based on the data of the
corresponding component and perform poorly when the proportion of rounded zeros
is high. The multivariate methods for rounded zeros usually rely on the underlying
assumption of multivariate normality in the space of coordinates. Furthermore, the
modified EM algorithm based on alr coordinates requires that at least one component
has no rounded zeros. To avoid these disadvantages, a new multivariate nonparametric
replacement method based on multivariate Gauss kernel density estimation is proposed
in this paper. To illustrate the performance of proposed method compared with the
existing methods, this method is applied to both simulation and example analysis.

The rest of this paper is organized as follows. Some basic concepts about composi-
tional data are reviewed in Section 2. In Section 3, the proposed approach is presented.
Simulation study and real example are given in Section 4 to verify the effectiveness and
usefulness of proposed method. Section 5 concludes this paper.
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2. Preliminaries

Let x = [z1,22, -+ ,2p] be a row vector denoting a D-part composition represented
with constant sum k, its sample space is the simplex 8” [1] defined as

D
z>0,i=1,2,--- ,D;in:k}
i=1

where the constant k is an arbitrary positive real number and is usually 1 or 100 depending
on the units of measurement. The simplex is a Euclidean vector space structure [1, 17,
3] when defining inner product with its related norm and Aitchison distance [2]. The
distance between two compositions x and y € 8P is

e (i (50 - lngffw)2>1/2,

where d,(-,-) stands for the Aitchison distance in 8, and g,,(x) denotes the geometric
mean of the parts of x.

The ilr transformation [6] assigns coordinates with respect to the given orthonor-
mal basis {e1,e2, -+ ,ep_1} of the simplex 8P, An orthonormal basis can be obtained
through sequential binary partition of parts of a composition [5]. Following the reference
[5], we can construct a (D — 1) x D matrix ¥ in which rows are

8P = {X: [z1, 22, - ,zD]

D—1 1 1
2.1 i = - 1 P 7157 R A ) ‘:1727"'7D717
e T Rl N D—i|" "

D—i

respectively. An orthonormal basis can be obtained through e; = C(exp i) (i =
1,2,--+-,D — 1), where C is the closure operation. Thus the composition x € 8P is
transformed to ilr coordinates z = ilr(x) = [z1, 22, -+ , zp—1] € RP~!, where

D—i T; .
2.9 = 1 L i=1,2,---.D—1.
(22) = D—it1" D T ’

VI
j=i+1

The ilr coordinates guarantee the invariance of distance, that is, da(x,y) = d(ilr(x),

ilr(y)), where d(-,-) is the Euclidean distance in real space. The inverse mapping of any
real-valued vector z € R”™! to the original composition x is then given by

T IEXP{Q/%Zl},
i—1 1 D .
(2.3) i =exp (= 2 NG TR R typErEs s 0

j=1

Il
“l\.'J
IS

|

D—1
_ _ 1 .
o= eXp{ ]; \/(Dj+1>(Dj>ZJ} ’

The compositions can be viewed as equivalence classes, therefore the obtained composi-
tion x can be represented as constant sum vectors.
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For any random composition x = [z1,%2, - ,Zp], the measure of dispersion is the
variation matrix [1] defined as

(24) T = [tij]DxD7 t” —= Var <1n &) ,

Tj

where the element in variation matrix is the logratio variance for any two parts ¢ and j
of a D-part composition x.

3. Kernel density replacement approach

Consider a random composition x = [z1, 22, ,zp], the sample data set is X with
n compositions and D-part, that is

T11 T12 T1D

21 T22 T2D
X = [Zij]nxD =

Tnl Tn2 e TnD

Suppose that the compositional data set X has rounded zeros, the corresponding thresh-
old matrix is denoted as E = [e;;]nxp, where e;; is the threshold of z;;. Let R; C
{1,2,--- ,n} be the row indices referring to the rounded zeros of the jth component
(j € {1,2,---,D}), then O; = {1,2,--- ,n}\R; refers to the remaining row indices of
the jth component, that is, R; = {i : i € {1,2,--- ,n},ziy; < ey}, O = {i : i €
{1, 2, ,n}, Tij > eij}.

Firstly, we initialize the rounded zeros by multiplicative replacement strategy in which
the rounded zero is equal to 65% of the threshold [8], thus X denotes the replaced
data set. Denote the ilr coordinates in Equation (2.2) of random composition x as
z = ilr(x) = [z1,22, "+ ,2D—1] = [21,2-1], where z_; refers to the remaining components
of z except for the first component. Then initialized data set X is transformed to real
data set Z = [2i;]x (D—1), Where each row in Z is the ilr coordinates of the corresponding
composition in X. For the element e;; in threshold set E, the ilr transformation of
rounded zero x;1 < e;1 can result in the the unknown value z;; less than 1);1, where

1/21'1 _ D—1 In €il

D D '
P T @i
j=2

In the proposed approach, the unknown data z;1 (¢ € R1) is imputed by conditional
expected value

Pi1
z1f(z1|z—1 = 24,—1)dz
(3.1) E(21|Z,1 =z 1,21 < wzl) = f_oo PG 1)z
’ Yi1 -
JIo f(ailz—y = 2i,—1)dz

where z; _1 is the ith row of Z except for the first column, the conditional density function
f(z1]2—1 = z4,—1) can be calculated as follows

I T S (A
(3.2)  f(zlz—1 = 2z4,-1) Fo 1=z 1) = G = mder

Regardless the distribution of multivariate random variable z, the density function
f(z1,2—1 = 2;—1) can be estimated by multivariate Gauss kernel density [4]. In this
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paper, the same bandwidth A is applied to different coordinate direction, thus
f(Zl, zZ_1= Zi,—l)
1 ~ 1 (2’1 — Zk1 )2
n(v2mwh)P-1 ; p{ 2 h
1 (Zi,—l — Zk,71> (Zi,—l — Zk,71>T
2 h h

1 ~ 1 /21— 2k1
W;e"p{z (T) - gt (Z“‘l’z’“‘l)}'

D—1
The bandwidth £ is given by h = o ( 4 )D“‘ [20], where 0% = 5= 3 Var(z;) =
j=1

(3.3)

n(D+1)

5tr(Var(z)), tr represents the trace of matrix Var(z).
It follows from Equation (3.2) and Equation (3.3) that

f(z1|z 1=1Zi—1)

Z exp{ 21 Z“) }eXp{—#dQ(Zi,—hzk,—l)}

Xp{ 2h2 (Z17_17Zk _1 }f exp{ %(21 zm }dz1
Xp{ (254" exp {~ g (a1, 1))

(3.4) S ,
Z V2mhexp {—#dQ(zi,,l, zk,_l)}
k=1

M: i M:

By conditional density function in Equation (3.4), Equation (3.1) can be expressed as

n

S Xp{ 2h2d (Zi,—1,Zk,—1) }f%l zlexp{ff Zl Z“ }dzl
(3.5) =L

n

35 exp {~ g (a1, z 0} [ e {3 (25) fda

vir 1 (21— 21\ 2 i1 — Zk1
_ o (LT =k —\/ O LT <k
/700 exp{ 5 ( W ) }dzl 2mh < W )
/w“z ox _E(M)z &

A - 1

Yi1 1 _ 2 Yi1 1 _ 2
/ (z1 —zkl)exp{—§ (zlihzkl> }dzl+zk11 exp{—§ (Z17hzk1) }dzl

—o0 oo

- \/ﬂh(tha(w“h )+z <1>(7”’“;Z’“)),

where ¢(-) and ®(-) are the density and distribution function of the standard normal
distribution, respectively. Thus Equation (3.5) can be simplified as

Since

and

E(z|z-1 = 2i,-1,21 < ¢i1) =

3 (ko (B ) o (2052 ) ) oxp (= ghed oo 1)

(3.6) A= 0
Z (M) exp {—g=zd*(2i,1,2x,1)}
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Hence, the unknown data z;1 is imputed by Equation (3.6). For the ilr coordinates in
Equation (2.2), since d(zi,—1,2k,—1)= da(Xi,—1,Xk,—1), the imputed value z;1 is related
with the Aitchison distance between subcompositions x; —1 and xx,—1, where x; —1 and
Xg,—1 denote the remaining components of compositions x; and x; except for the first
component, respectively.

3.1. Property. The imputed value E(z1]|2—1 = 2i,—1,21 < ;1) in Equation (3.6) has
the following properties:
(1) It is below the threshold, that is, E(z1|2—1 = Zi,—1, 21 < 1) < ¥s1.
(2) It is unchanged when the remaining components of x except for the first compo-
nent are arbitrarily permuted.
(3) It is invariant under change of orthonormal basis {e2,es, -+ ,ep—_1}.

Property 3.1 is quite obvious. It follows from z = x®” that tr(Var(z)) = tr(Var(x®”))
= tr(¥Var(x)®") = tr(Var(x)¥" ¥) = tr(Var(x)Gp) [18], where Gp =Ip — 5Jp, Ip
is a identity matrix, Jp is a matrix of units. Therefore all the underlaying elements
(d(zi,—1,2k,—1), h, zk1 and ;1) are invariant by permutation and change of basis, thus
the imputed value in Equation (3.6) is unchanged.

Property 3.1 (2) and (3) point out that E(z1|z—1 = z;,—1,21 < ;1) satisfies per-
mutation invariance and invariance under change of orthonormal basis, but E(z/|z_; =
Zi—1,21 < ¥i) (I = 2,---,D — 1) may not satisfy these two properties, for example,
zr; may changed when the remaining components of x except for the Ith component
are arbitrarily permuted. To replace the rounded zeros in the /th component of x, we

define the permuted composition xV = [argl),:vél), e ,xl(l) 1(21, e ,x%)] = [z, z1, -,
Zi_1,%i41, -+ ,xp]. The ilr coordinates are denoted as z¥) = ilr(x") = [z{V 2P ... |
zg)_l] = [z%” z(l>1] the corresponding ilr data set is Z() = [zg.)]nX(D,l). According to

Equation (3.6), the unknown data z(l) (¢ € R;) resulting from the rounded zero in the
ith row and the /th component of X can be imputed by

B Y =20, 20 < p) =
n PO . wﬁ” HO) . .
3 (o () + s (L) Y exp { el 22 )
(3.7) =

n (1) (l> ’
¥, l l
5 o (U5 ) exp { - ghral? 1ol )

k=1

D—-1 €il
D—1 (1)
11 =45
j=2

The specific steps of the proposed method, similar to the modified EM algorithm
based on ilr coordinates [10], are as follows:

Step 1: Sort the parts of compositional data set according to the number of
rounded zeros of each part. The ilr coordinates in Equation (2.2) is used in
the proposed method, the first component is only included in the first ilr coor-
dinate. In order to reduce the error, the component with more zeros should be
put in the first column. Without loss of generality, assume that the parts are
already sorted, i.e. |R1| > |R2| > -+ > |Rp|, where |R;| denotes the number of
elements of R; (j =1,2,---,D).

Step 2: Initialize the rounded zeros by multiplicative replacement strategy.

Step 3: Set | = 1.

Step 4: Replace the unknown data zfi) (¢ € R;) using Equation (3.7).

Step 5: Inverse the every row of updated data set using Equation (2.3).
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Step 6: Carry out Steps 4-5 for each | = 2,3,---|C|, where C = {j : j €
{1,2,---, D}, |R;| # 0} is the index set of parts containing at least one rounded
Z€ero.

Step 7: Repeat Steps 3-6 until the Euclidean distance between the variation ma-
trix of compositional data set from the present and the previous iteration is
smaller than a certain boundary.

Step 8: Sort the parts of replaced compositional data set in the original order.

If the data set X = [zi;]nxp is closed to a constant, then the replaced data set
is X = [£ij]lnxp obtained from the above algorithm, otherwise, we should rescale the
replaced value Z;; using the expression [14]

(3.8) &5 :x]i—: jeC, i€ R;,

where &7, is the rescaled value, x;x is the originally observed element in the ith row and
kth column of compositional data set X, Z;; is the corresponding replaced value in X.

4. Simulation and Example

In this section we present simulation study and real example in order to illustrate the
good performance of proposed method (multK), which is compared with the multiplica-
tive replacement strategy (multR), the multiplicative Kaplan-Meier method (multKM),
the multiplicative lognormal replacement method (multLN), the modified EM algorithm
working on alr coordinates (alrEM) and the robust modified EM algorithm working on ilr
coordinates (ilrEM). Given the original compositional data set X which has no rounded
zeros, we set the value below the threshold as zero, the replaced compositional data set
is denoted as X*. We consider two measures of distortion, standardized residual sum of
squares (STRESS) [8] and relative difference in variation matrix (RDVM) [13]. Denote
the variation matrix in Equation (2.4) of original data set X and imputed data set X*
as T = [tij]pxp and T* = [t};]pxp, the two measures STRESS and RDVM are defined
as

P (da(xi %)) — da(xi, x7))*

STRESS = )
Zi<j dZ(xi,%;)

and

1 |ti; — tis]
RDVM = . ;
2|C|D — |C|? Z tij
i,j€C
respectively, where x; is the ith row of data set X. The two measures STRESS and
RDVM represent the distance difference and variation difference, respectively.

4.1. Simulation Study. In this subsection, several simulation studies were conducted.
We first simulated real data set with sample size 300 from multivariate normal distri-
bution N4(p,3), then the compositional data set X can be obtained through ilr-inverse
transformation in Equation (2.3). Suppose that the rounded zero is resulting from value
below the detection limit, and the detection limits of same part-different compositions

are the same, so the detection limit set is denoted as a vector, that is, E = [e1, e2,-- - , e5],
where e; (j = 1,2,---5) is the a; quantile of the jth component in X.
We set mean p = [—2,—1.5,—1,—0.3] and covariance matrix X = [pl*=9/],,4. To

describe different levels of correlations among the components, take p = 0.3,0.5, 0.7 and
0.9. Ten situations of detection limit set are conducted, where a;, a2, aiz, aig range from
0.05 to 0.5 by 0.05, 0.04 to 0.4 by 0.04, 0.03 to 0.3 by 0.03, 0.02 to 0.2 by 0.02, respectively,
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Figure 1. Two measures of distortion STRESS and RDVM for six
methods (multR, multKM, multLN, ilrEM, alrEM, multK) under ten
situations of detection limit set when p = 0.3 (a) and p = 0.5 (b).

and as = 0. Set each data in the jth component smaller than e; (j = 1,2,3,4) to a zero
value, then the percentage of rounded zeros in the first four components approximately
range from 5% to 50% by 5%, 4% to 40% by 4%, 3% to 30% by 3%, 2% to 20% by 2%,
respectively, and the last component has no rounded zeros, therefore the corresponding
percentage of rounded zeros in compositional data set approximately ranges from 2.8%
to 28% by 2.8%.

We run 100 Monte Carlo simulations for each setting described above. The perfor-
mance comparisons among previous methods and proposed method with varying per-
centage of rounded zeros corresponding to situations are showed in Figure 1 and Figure
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Figure 2. Two measures of distortion STRESS and RDVM for six
methods (multR, multKM, multLN, ilrEM, alrEM, multK) under ten
situations of detection limit set when p = 0.7 (a) and p = 0.9 (b).

2. The values in Figure 1 and Figure 2 are the average STRESS or RDVM of 100 simula-
tions. Figure 1(a) and Figure 1(b) depict the trends in two performance measures under
ten situations of detection limit set when p = 0.3 and 0.5. It can be seen from Figure 1(a)
and Figure 1(b) that the ilrEM and alrEM have smaller STRESS and RDVM than those
of multR, however, the STRESS and RDVM of multKM and multLN are greater than
those of multR. Moreover, when the percentage of rounded zeros increases, the STRESS
value of multK is lower than those of previous methods. The multK method performs
worse than previous methods in the measure RDVM when p = 0.3, whereas it performs
better under some situations when p = 0.5. Figure 2 shows the trends in two measures



251

among different methods when p = 0.7 and 0.9. From Figure 2(a) and Figure 2(b), we
see that the multK method outperforms the other methods in two measures STRESS and
RDVM. The STRESS value of ilrEM is very close to that of multR, while ilrEM performs
worse than multR in measure RDVM. To sum up, when the percentage of rounded zeros
increases, the proposed method has better performance than other methods in the two
measures STRESS and RDVM.

4.2. Real example. The proposed method discussed in the previous section will be
applied to the moss data from the Kola project available in the R package StatDA [7] and
compared with the previous methods (multR, multKM, multLN, ilrEM and alrEM). The
moss data set consists of more than 50 chemical elements and 594 observations. We focus
on the 7-part subcomposition [Al, Ca, Fe, K, Mg, Na, Si| denoted as compositional data
set U = [u1, ug, -+ ,ur] with constant sum 100%, which has no rounded zeros. Similar
to the simulation analysis, we give the detection limit set, the value below detection limit
is set as zero. The aim of this study is to replace rounded zeros using different methods.

Suppose that the components u1, us, us and u; have rounded zeros. Eight situations
of detection limit set are given in Table 1 in which e; (j =1, 3,6,7) is the detection limit
of the jth component. Table 1 also gives the percentages of rounded zeros of components
ui, us, ug, uy and the total percentage of rounded zeros of compositional data set U.
Table 2 gives the computed results of STRESS and RDVM for six methods (multR,
multKM, multLN, ilrEM, alrEM, multK) under eight situations. According to Table 2,
we can find that the proposed method has smaller STRESS value than those of other
methods except the first two situations, and the RDVM value of proposed method for
each situation is always smaller than other methods. In addition, multR performs better
than ilrEM and alrEM as the percentage of rounded zeros increases, of which alrEM has
larger STRESS and RDVM than ilrEM. This is because that the ilrEM and alrEM all
assume the distribution of compositional data set. In fact, compositional data set U
departures from normal distribution on the simplex [11], which is tested using the energy
test [19] or the test based on SVD including the marginal univariate tests, the bivariate
tests and radius tests [21]. Because the ilrEM is a robust method, which performs better
than alrEM. These results suggest that the proposed method is superior to the others in
the case of moss data set.
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Table 1. Eight situations of detection limit set for compositional data
set U. The value in parentheses is the percentage of rounded zeros of
the corresponding component. The last column ZR represents the total
percentage of rounded zeros of the corresponding situation (Unit: %).

situation es €6 ZR
1 1.39(14.14) 1.41(13.97) 0.41(14.65) 1.41(14.31) 8.15
2 1.51(18.86) 1.56(18.69) 0.46(19.53) 1.55(19.19) 10.89
3 1.63(23.57) 1.72(23.23) 0.51(24.41) 1.68(23.91) 13.59
4 1.76(28.28) 1.85(27.95) 0.56(29.29) 1.76(28.62) 16.31
5 1.84(33.00) 1.96(32.49) 0.60(34.18) 1.86(33.50) 19.02
6 1.93(37.71) 2.04(37.21) 0.66(39.06) 1.98(38.22) 21.74
7 2.01(42.42) 2.22(41.75) 0.72(43.94) 2.05(42.93) 24.43
8 2.12(47.14) 2.38(46.46) 0.78(48.82) 2.13(47.81) 27.18

Table 2. Two evaluation indexes STRESS and RDVM of methods
(multR, multKM, multLN, ilrEM, alrEM, multK) for compositional
data set U under eight situations of detection limit set.

situation multR multKM multLN ilrEM alrEM multK

1 0.0179  0.0317 0.0166 0.0148 0.0158 0.0159

2 0.0216  0.0426 0.0213 0.0182 0.0212 0.0189

3 0.0244  0.0567 0.0275 0.0222 0.0260 0.0218

4 0.0283  0.0706 0.0348 0.0265 0.0336 0.0257

STRESS 5 0.0328  0.0833 0.0422 0.0312 0.0444 0.0302
6 0.0372  0.0994 0.0518 0.0372 0.0592 0.0358

7 0.0425 0.1185 0.0638 0.0468 0.0737 0.0421

8 0.0494  0.1382 0.0774 0.0613 0.1042 0.0493

1 0.0623 0.1626 0.0645 0.0478 0.0465 0.0389

2 0.0671  0.2033 0.0864 0.0544 0.0679 0.0396

3 0.0551  0.2475 0.1165 0.0724 0.0839 0.0401

4 0.0538  0.2849 0.1423 0.0863 0.1025 0.0376

RDVM 5 0.0576  0.3161 0.1653  0.0979 0.1442 0.0425
6 0.0688  0.3513 0.1959 0.1292 0.1988 0.0630

7 0.0821  0.3891 0.2311  0.1771 0.2532 0.0793

8 0.0954  0.4252 0.2681 0.2376 0.3568 0.0950

5. Conclusions

The logratio transformations do not applies when compositional data have zeros. In
this paper, a nonparametric method based on the multivariate Gauss kernel density es-
timation is suggested to deal with the rounded zeros. Because the clr coordinates add
to zero, the ilr coordinates are applied in the proposed method. Under the ilr coor-
dinates in Equation (2.2), the multivariate Gauss kernel function is related with the
Aitchison distance between subcompositions. In the simulation study and real example,
the proposed method is compared with the multiplicative replacement strategy, the mul-
tiplicative Kaplan-Meier method, the multiplicative lognormal replacement method, the
modified EM algorithm based on alr coordinates and the robust modified EM algorithm
based on ilr coordinates. The results in simulation study show that the proposed method
presents a good performance in comparison with other methods in the two measures
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STRESS and RDVM as the percentage of rounded zeros increases. Furthermore, in the
real example, the performance of proposed method is obvious. The feature of our frame-
work is that the proposed method works when the distribution function form is unknown.
Future work will be dedicated to the study of bandwidth matrix in multivariate kernel
function.
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Abstract

The problem of estimating quantile vector § = (61,602) of two normal
populations, under the assumption that the means (u;s) are equal has
been considered. Here 6; = 1+ no;, @ = 1,2, denotes the p!* quantile
of the i'" population, where n = ®™'(p), 0 < p < 1, and ® denotes
the c.d.f. of a standard normal random variable. The loss function is
taken as sum of the quadratic losses. First, a general result has been
proved which helps in constructing some improved estimators for the
quantile vector §. Further, classes of equivariant estimators have been
proposed and sufficient conditions for improving estimators in these
classes are derived. In the process, two complete class results have
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1. Introduction

Let X = (X1, X2,...,Xm) and Y = (Y1,Y2,...,Ys) be independent random samples
drawn from two normal populations N(u,o?) and N(u,o3) respectively. Here the com-
mon mean u, and the variances o7, o2 are unknown. The p*" quantile of the first and
second populations are 6, = u + no1 and f2 = p + noe respectively where n = & !(p);
0 < p < 1. Here ®(.) denotes the cumulative distribution function of a standard normal
random variable. The problem is to estimate the quantile vector § = (61, 62) with respect
to the sum of the quadratic losses given by,

2 2

(L1) L0 =y (40,

i=1

where d = (d1,d2) is an estimator of § = (01, 02).

The problem of estimation of quantiles has attracted several researchers in the recent
past due to its real life applications. For example, quantiles of exponential populations
are widely used in the study of reliability, life testing, survival analysis and some related
areas. We refer to Keating and Tripathi [7] and Saleh [16] for some applications of
exponential quantiles.

We note that, in the literature most of the results on quantile estimation are for a
single parameter, § = p + no, whereas the current work is for simultaneous estimation
of a vector § = (01,62) of two quantiles. Probably, Zidek [21] was the first to consider
the estimation of quantile of normal population with respect to a quadratic loss function.
Zidek [21, 22] proved that the best affine equivariant estimator of the quantile 8 = p+no is
inadmissible if |7| is chosen very large. Rukhin [14] derived a class of minimax estimators
for quantile 0, each of which improves upon the best equivariant estimator. For some
decision theoretic results on estimation of quantiles of an exponential population one may
refer to Rukhin [15] and the references therein.

Some study also has been done in estimating the quantile 81, when two or more pop-
ulations are available from normal populations. Kumar and Tripathy [9] considered the
estimation of 81 = p + no1 under a quadratic loss function using a decision theoretic
approach. Exploiting the information available for the common mean, they could obtain
improved estimators for quantiles ;. They also derived some inadmissibility conditions
for estimators belonging to equivariant classes. A similar type of results have been ob-
tained by Sharma and Kumar [17] in the case of exponential populations while estimating
the quantile 6; of the first population.

The problem under consideration has its importance in the sense that it uses the
information available for estimating a common mean. The problem of estimating the
common mean of normal populations is an age old problem and has its origin in the
study of recovery of inter-block information in balance incomplete block designs. In the
literature, this problem is also referred as Meta-Analysis, where samples (data) from
multiple sources are combined with a common objective. One may refer to Vazquez
et al. [20] for application of Meta-Analysis in clinical trials. For a detailed review on
inference on common mean of two or more normal populations one may refer to Moore
and Krishnamoorthy [11], Lin and Lee [10], Chang and Pal [5], Tripathy and Kumar [18]
and the references therein.

It should be noted that, the underlying model has been considered previously by
Kumar and Tripathy [9], and estimated the first component 6;. We in this paper, con-
sider the simultaneous estimation of quantiles, that is, the vector § = (61,62), which
is important from theoretical as well as application point of view. For some results on
simultaneous estimation of location and scale parameters with application we refer to
Bai and Durairajan [2], Alexander and Chandrasekar [1] and Tsukuma [19]. The rest
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of our work is organized as follows. In Section 2, we derive a basic result which helps
in constructing improved estimators for quantile vector §. In Section 3, we derive affine
and location equivariant estimators. Sufficient conditions for improving estimators in
the class have been obtained. In the process, two complete class results proved. An
extensive simulation study has been done in order to numerically compare the relative
risk performances of various proposed estimators in Section 4. We conclude with some
practical examples in Section 5.

2. A General Result and Some Improved Estimators

In this section we discuss the model and prove a general result which will be handy
in constructing some good estimators for the quantile vector § = (61, 02).

Suppose X = (X1,X2,...,Xm) and ¥ = (Y1,Y2,...,Y,) be independent random
samples taken from two normal populations N(u,o$) and N(u,03) respectively. Here
the parameters u, o7 and o3 are unknown. Our aim is to estimate the vector § = (61, 6-),
where 0; = p+no;, (n # 0 and ¢ = 1,2) with respect to the loss function (1.1). Obviously,
0; is the p'™ quantile of the i** population that is, n = ®~'(p), (0 < p < 1) where ®(.) is
the cumulative distributive function of a standard normal random variable. A minimal
sufficient statistic for this problem is (X,Y, S7, 53) where

n m n

i=1 j=1 i=1 j=1

It is well known that the maximum likelihood estimator (MLE) for y, is not obtain-
able in a closed form (see Pal et al. [12]). Also the minimal sufficient statistics for
this problem are not complete, hence the usual approaches to find uniformly minimum
variance unbiased estimator (UMVUE) for individual quantile do not work as ancillary
statistics may carry relevant information for the parameter of interest. Therefore, it is
not known if a UMVUE exists or not, and it is difficult to find even if one exists. Further,
it is known that when we have only one population (say X) the best affine equivariant
estimator for estimating quantile 61 = p + 1o is minimax (see Kiefer [8]). When we
have both the populations X and Y the problem of estimating the first component 6,
has been considered by Kumar and Tripathy [9]. Following their arguments, a natural
way to construct improved estimators for § is to combine the improved estimators for
the common mean and the improved estimators for the respective standard deviations.
Hence we first propose a basic estimator for § as,

d = (d1,d2), where d; = X +cSi, i=1,2.
Let us define

2.1 rn = :
@1) T =2 r(m21)+r("21)]

2.1. Theorem. If we estimate the quantiles § by d = (X +¢S1, X + ¢S2) with respect to
the loss function (1.1), then the value of ¢ for which the risk is minimum is found to be

2 [rc;) (%)

Cm+n-

Let us denote QX = (X + CmynS1, X + Cm+nS2). Next, we give a general result which
in parallel to Theorem 2.1 of Kumar and Tripathy [9] that valid for estimating only 6;.

2.2. Theorem. Suppose dy = (dar,dn) be an estimator for po= (p, ), and ds =
(ds,,ds,) be an estimator for g = (01,02). Consider dg = (dg1,dg2) = dum +nds as an
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estimator for 0. Further, assume that given ds,, and ds,, dy is conditionally unbiased
for u, that is

(2.2) E(dwml|ds,) = E(dmlds,) = p,
then,

E(dg1 — 01)* + E(dg2 — 02)* = 2E(dy — p)® +n*{E(ds, — 01)”
(2.3) +E(ds, — 02)°}.

Proof. The proof is similar to the arguments used in proving Theorem 2.1 of Kumar and
Tripathy [9], hence omitted. O

2.3. Remark. It is easy to observe that, condition (2.3) will satisfy if we choose das to
be an unbiased estimjztor for p and both ds, and ds, are independent of das. For example
we may take dyy = X and dg, = S1, ds, = Ss.

2.4. Remark. As a consequence of Theorem 2.2, to construct a good estimator for 6,
it is sufficient to have a good estimator for p and/or a good estimator for o1 or/and a
good estimator for os.

2.5. Remark. Let dy = dg, where dy = ¢(S1,92)X + (1 —¢(S1,52))Y be any unbiased
estimator for p, and ds, = ¢S1/n, ds, = ¢Sa/n (n # 0), it is easy to see that, the
condition of Theorem 2.2 satisfies and we prove the following result.

2.6. Theorem. Let dy = ¢(S1,52)X + (1 —¢(S1,52))Y be an estimator for the common
mean p. Consider the estimator dg(c) = (dp+¢S1, dp+¢S2) for estimating quantile vector
0. Then dy(c) has smaller risk than d with respect to the sum of quadratic loss (1.1) if
and only if dg has smaller risk than X. Further, dy(c) has minimum risk with respect to
the loss (1.1) when ¢ = Cmtn.

We note that, the minimizing choice of ¢ is ¢y, 4 which is symmetric in both m and
n. One may construct an estimator for the quantile § using Y for the common mean. Let
us denote d* = (Y + ¢S1,Y + ¢S2). The results of Theorem 2.6 will remain true if we
replace d by d*. Hence we have the following remark.

2.7. Remark. Let dy = ¢(S1,52)X + (1 —¢(S1,52))Y be an estimator for the common
mean p. Consider the estimator dy(c) = (dy + ¢S1,dy + ¢S2) for estimating quantile
vector §. Then dg(c) has smaller risk than d* with respect to the sum of quadratic loss
(1.1) if and only if ds has smaller risk than Y. Further, ds(c) has minimum risk with
respect to the loss (1.1) when ¢ = cmtrn. Let us denote d* = (Y + ¢minS1, Y + CminSo).

2.8. Remark. Following Theorem 2.6, one can easily construct good estimators for § by

replacing X in d* or Y in d* by any improved estimator of the form dy for the common
mean .

Following the above remarks and Theorem 2.2, we propose the following estimators
for @ which have smaller risk than d* or/and d* under certain conditions on the sample
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QGM = (fem + Cm4nS1, laM + Cm4nS2),
d°P = (D + eminS1, laD + CminS2),
d¥% = (ks + cminS1, fikcs + CminS2),
QCS = (fics + ¢m+nS1, fics + Cm4nS2),
QJVIK = (fmMK + Cm4nS1, ik + CminS2),
d™™ = (irk + cminS, 07K + CminS2),
QBCI = (fBc1 + Cm+nS1, fiBc1 + Cm+nS2),
dP? (fiBC2 + Cm+nS1, fiBC2 + Cm4nS2).
mX4n¥ - _ Vm by _1SoX+/n by _151Y

Here we denote figy = ™55, itk = =5 3"~ 5 and figp, fixs, iBo1,
BC2, flcs, kMK, are estimators for the common mean y, as defined in Tripathy and
Kumar [18]. Although the closed form of the MLE of p is not available, one can obtain
it numerically by solving a system of three equations in three unknowns. Let us denote
vz as the MLE of the common mean. Using this estimator for the common mean we
propose an estimator for the quantile vector 6§ as,
QML = (fMmL + Cm4nS1, ML + CmtnS2).

All these estimators belong to the class d®(¢min) and will be compared numerically in
Section 4.

2.9. Theorem. Let the estimators d~, d*, d°7, d¥°, dB°, dB°?, and d°° as defined
above for estimating 0. The loss function be taken as the sum of the quadratic losses (1.1).

1 e estimator d~ performs better than both d™ and d” f and only ¢f m,n > 11.
i) Th j dP perf b han both d* and d* if and only if > 11
(ii) The estimator d*° performs better than both d* and d* if and only if (m —
T)(n—17) > 16.
(iii) The estimator dB°Y performs better than d* if and only if m > 2, n > 3 and
for 0 < b1 < bmax(m,n).
v e estimator d performs better than d* f and only if m > 2, n > 6 an
iv) The esti dBC? perf b han d% if and only if m > 2, n > 6 and
or 0 < b2 < bpax(m,n — 3).
0<b b 3
v e estimator performs better than ifm=mn2=>T.
The esti d®® perf b han d* if >7

Here b1, by and bmax(m,n) are as defined in Kumar and Tripathy [9].

Proof. The proof of (i)-(v) can be done by using Theorem 2.6 and the arguments given
in the proof of Theorem 2.4 in Kumar and Tripathy [9]. O

2.10. Remark. The estimator d™* uses the estimator proposed by Moore and Krish-
namoorthy [11] that uses the estimates of standard deviation instead of variance. Their
estimator does not improve upon X uniformly. The estimator d* % proposed by Tripathy
and Kumar [18], also does not improve upon X uniformly. As our numerical results shows
(in Section 4), these two estimators perform quite well for moderate values of o2/01 > 0
and also they are good competitor of each other.

3. Inadmissibility Results for Equivariant Estimators

In this section, we introduce the concept of invariance to the problem of simultaneous
estimation of quantiles of two normal populations and derive classes of affine and location
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equivariant estimators. Further sufficient conditions for improving estimators in these
classes have been derived. Consequently some complete class results are also proved.
Consider the group Ga = {gab : ga,p(x) = az + b,a > 0,b € R} of affine transforma-
tlons Under the transformation, X — aX +b, Y — aY +b, S7 — a®*S?, yu — ap + b,
o? — a®c?, and § — af + be, where ¢ = (1,1) and § = (61,02), 0; = p + noi,i = 1,2.
The problem considered is invariant if we choose the loss function as the sum of affine
invariant loss functions (1.1). Based on the sufficient statistics (X,Y, 5%, S3) the form

of an affine equivariant estimator for estimating the vector 6 is obtained as,

(di(X,Y,55,57),do(X,Y,S7,53)) = (X +S19(Th,T2), X + S192(Ty, Tz))
= (d\I/17d\I/2)
(3.1) = dv say,
2
where T7 = s X and T = 52.

Denote M1 = min(¢1,0), and My = max(t1,0). Let us define the following functions
for any affine equivariant estimator dy.

(3.2) ¥’ = (min(max(¥;, My), M>), min(max(¥s, My), M>))
(33) V' = (max{ My +1bmin, U1}, max{Mi + 1bm+nv/t2, U2}),
(3.4) U2 = (min{ Mz + nbmn, U1}, min{ My + nbm-n/t2, U2}).

Next we prove the following inadmissibility result for affine equivariant estimators.

3.1. Theorem. Let dy be an affine equivariant estimator of the form (3.1) of a quantile
vector 0, and the loss function be the sum of quadratic loss (1.1) or the sum of squared er-
rors. Let the functions U°, U and U2 be defined as in (3.2), (3.3) and (8.4) respectively.
Let o = (1,01, 03).
(i) When n =0, the estimator dy is improved by dyo if Py (¥° # W) > 0 for some
choices of .
(ii) When n > 0, the estimator dy is improved by dy1 if Po(¥' # ¥) > 0 for some
choices of . N
(iii) When n < 0, the estimator dy is improved by dy> if (U2 # ) > 0 for some
choices of .

Proof. To prove this theorem we use a result due to Brewster and Zidek [3]. Consider
the conditional risk function of dy given T = (T1,T%) :

R((dw,0)IT) = FE{L(dw,0)|T}

1 _
= SE{(X+87(D) - p—no)’|T =1}

1

1 _
(3.5) + S B{(X + 81%2(D) — p—no2)?|T =t}

2
The above risk function (3.5) is a sum of two convex functions in ¥; and ¥y, which is a
convex function. The minimizing choices of W¥1(¢) and W2 (t), are obtained respectively
as,

E{(X — w)sS T} E(51|T)

i) = - BT VBT
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and
E{(X —p)$i|T}  B(Si|T)
V20 = -5 " BT

Using the conditional expectations derived in Kumar and Tripathy [9], the minimizing
choices for W1 (t) and W4 (¢) are simplified and are given by

t1

(3.6) N =1, + Nbmtn VA
and
t n,
(3.7) Ws(t, p) = 1+1p + Nbmin E”ﬁ.
mt? | m r(mtn mol
Here)\zﬁ+ﬁ+1,bm+n:Wﬁ_;il)andp:r‘§.

In order to prove the theorem, we need to find the infimum and supremum values of
Wy (t, p) and Wa(t, p) with respect to p > 0, for all values of 1 and ¢. After analyzing the
terms W1 (¢, p) and Wa(t, p), for separate values of 7, we have the following cases:

(i) When n =0, and ¢; € R,
inf Wy(t,p) = M1 and supVi(t,p) = M,
P P

(3.8) inf Wy(t,p) = M1 and sup Us(t, p) = Mo.
P p
(i) When 1 > 0, and ¢, € R, we have
inf Uq(t, p) > M1 + nbm+n (equality holds if ¢ > 0)
P
and sup V1 (¢, p) = +o0
P

inf Wa(t, p) > M1 + NbminVt2(equality holds if t1 < 0)
P
(3.9) and sup W2 (¢, p) = +o0.
p

(ili) When n < 0, t; € R, we have
sup W1 (t, p) < Mz + Nbmyn (equality holds if t; < 0)
P

and inf ¥4 (¢, p) = —00
P
sup Ws (¢, p) < M2 + Nbm+nVt2 (equality holds if t1 > 0)
P
(3.10) and inf Wa(t, p) = —oc0.
P

Utilizing the expressions (3.8)-(3.10), for n = 0, n > 0 and 5 < 0, respectively, for an
affine equivariant estimator dgy = (dw,,dw,), we can easily define the functions ¥°, ¥',
U2 as in (3.2)-(3.4) respectively. An application of orbit-by-orbit improvement technique
for improving equivariant estimators of Brewster and Zidek [3|, proves the theorem. O

3.2. Remark. The above theorem is basically a complete class result. It tells that for
an equivariant estimator of the form (3.1),

(i) if Po({¥1 € [min(71,0),max(T1,0)]°} U{¥2 € [min(T1,0), max(T1, 0)]°}) > 0,
then the estimator dy is improved by dgo, when n = 0.

(it) if P{¥1 < min(71,0) 4+ nbmin} U{¥2 < min(71,0) + nbminv712}) > 0, then
the estimator dg1 will improve upon dy, when n > 0,
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(iii) if P({¥; > max(T1,0) + nbm+n} U{¥2 > max(T1,0) + nbminv12}) > 0, then
the estimator dy2 will improve upon dy when n <0.

Here [a, b]¢ stands for complement of the interval [a, b] in R.

3.3. Remark. All the estimators discussed in Section 2 (except d™* whose closed form
does not exist), belong to the class (3.1). But it has been seen that for none of these
estimators, the choices of ¥; and W, satisfy the above conditions in Remark 3.2. So
the estimators considered can not be improved by using Theorem 3.1, but they form a
complete class. The result we write as a theorem below.

3.4. Theorem. Let the loss function be (1.1).
(i) The class of estimators {dy : ¥1 € [min(T1,0), max(T1,0)] and ¥2 € [min(7T1,0),
max(71,0)]} is complete for n = 0.
(i) The class of estimators {dy : U1 > min(7T1,0) 4+ nbm+n and Y2 > min(T1,0)

+NbminV 12} is complete for n > 0.
(i) The class of estimators {dy : ¥1 < max(T1,0) + nbmin and ¥z < max(T1,0)

+FNbmin T2} is complete for n < 0.

Next, we consider a smaller group of transformations and hence a larger class of
estimators for estimating the vector §. Consider the group Gr = {g. : g.(z) = c+z,c € R}
of location transformations. Under the transformation, X — X+¢, Y — Y +¢, S — 52,
w—=p+c, oi >0 0; =p+no; — 0; +c where i =1, 2.

The estimation problem is invariant if we take the loss function as the sum of squared
error losses (1.1), and the form of a location equivariant estimator for estimating the
vector § based on the sufficient statistics (X,Y, 5%, S3), is obtained as

(3.11) dy = (X +2(U), X +42(0)),
where U = (T,S7,53) and T =Y — X.

Let us denote N7 = min(¢,0) and N2 = max(¢,0). For a location equivariant estimator
dy, define the functions ¥°, ¥' and ¢? as,

(3.12) Qﬁo(g) = (min(max ()1, N1), N2), min(max (2, N1), N2))
(3.13) ' (w) = (max{N1, ¢1}, max{N1,¢2}),
(3.14) $?(u) = (min{Ns, 91 }, min{Na, ¢»}).

Next, we prove a theorem regarding inadmissibility of location equivariant estimators.

3.5. Theorem. Let dy be a location equivariant estimator of the quantile § and the
loss function be the sm;L of quadratic losses (1.1) or the sum of squared error. Let the
functions 1~b0, 1~b1 and 1~b2 be defined as in (3.12), (3.13) and (8.14) respectively.

(i) When n =0, the estimator dy is improved by d,o if Pa(vo # ) > 0 for some
choices of . - -

(ii) When n > 0, the estimator dy is improved by dy1 if Pg(lfl # 1) > 0 for some
choices of a. - N

(iii) When n < 0, the estimator dy, is improved by d2 if PQ(’LE2 # ) > 0 for some
choices of a. - -

Proof. The proof is similar to the arguments used in proving Theorem 3.1. The details
of the proof is omitted. O
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3.6. Remark. Similar to Theorem 3.1 above Theorem 3.5 is also a complete class result.
It tells that for an estimator of the form (3.11),
(i) if P{¢1 € [min(7,0), max(7,0)]°} U{ep2 € [min(T,0), max(T,0)]°}) > 0 then
the estimator dy is improved by d,o0, when n =0,

(ii) if P({¢p1 < min(T,0)} U{¢2 < min(7,0)}) > 0, then the estimator dyr will
improve upon dy, for n > 0, and
(iii) if P({¢1 > max(T,0)} U{v2 > max(T,0)}) > 0, then the estimator d}ez will

improve upon dy when 7 < 0.

3.7. Remark. All the estimators discussed in Section 2 (except d** whose closed form
does not exist), belong to the class (3.11). But it has also been seen that for none of
these estimators the choices of ¢ and 2 satisty the above conditions in Remark 3.6. So
the estimators considered can not be improved by using Theorem 3.5, but they form a
complete class. This we write as a theorem.

3.8. Theorem. Let the loss function be (1.1).
(i) The class of estimators {dy : ¥1 € [min(T,0), max(T,0)] and 2 € [min(7,
0), max(T,0)]} is complete for n = 0.
(ii) The class of estimators {dy : 11 > min(T,0) and 2 > min(T,0)} is complete
forn > 0.
(ii) The class of estimators {dy : Y1 < max(T,0) and ¥2 < max(T,0)} is complete
forn <O0.

4. Numerical Comparisons

In the previous sections we have derived several estimators for the quantile vector
0 such as dX, d¥, d°D, dOM, gKS, gBCL gBC2 4OS MK GTK a4 ¢ML We have
also shown that these well structured estimators, except d**, belong to the class (3.1)
and (3.11). It seems quite difficult to compare the risk values of all these estimators
analytically. But for practical purposes, one needs the estimator to be used. Taking
the advantages of computational resources, we in this section compare numerically the
simulated risk values of all these estimators which may be handy for practical purposes.
For evaluating the risk function, we use the loss function (1.1). For numerical comparison
purpose, we have generated 20,000 random samples X of sizes m and 20,000 random
samples Y of sizes n from normal populations with equal mean and different variances. It
can be easily checked that all the risks values are functions of 7 = Z—i > 0, for fixed values
of m, n and |n|. The approximate value of 7 is taken to be 3.1416. We have computed
the risk values of all the estimators taking various choices of 7 and the sample sizes.
However, for illustration purpose we present the risk values for some selected choices of 7
and m, n. We also observe that when the values of 7 increase from 0 to co the risk values
converge for all the estimators except d°™ and d* . As the sample sizes increases the risk
values of all the estimators decrease for fixed |n|. Further, the risk values increase as n
increases for fixed values of 7 and sample sizes. If we choose the value of b1 and b2 near
0 the estimators d®°! and d®°? tends to d*. Also if we choose the value of by near 1 the
estimator d®? tends to d°P. So for numerical comparison a convenient choice would
be an intermediate value which we take as $bmaz. The value of bmaz(m,n) have been
taken from the tabulated values given in Brown and Cohen [4]. We also note that, when
the sample sizes are equal the estimator d°P becomes same as d*° and d™* becomes

dTK

same as . When the sample sizes are unequal the estimator d°° is not defined, so for
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unequal sample sizes we do not include it for numerical comparison purpose. A massive
simulation study has been conducted separately for the cases m =n, m > n and m < n.
The simulated risk values have been plotted against 7 for all the estimators in Figure 1
and Figure 2. In Figure 1 the sample sizes have been taken as equal, whereas in Figure 2,
the simulated risk values have been plotted for unequal sample sizes. In Figures 1, and
2 we label X, Y, GM, GD, KS, BC1, BC2, CS, MK, TK and ML for the estimators

ax, dv

,dGM’ ,dGDy ,dKS7 ,dB017 43027 4057 ,dIMK7 ,@TK ,@AIL respectively. In Tables 1_37

we have presented the simulated values of the percentage of relative risk improvement of
all the estimators with respect to d*, which are defined as

Risk(d") Risk(d™)

PRl = (1 - WL@")) % 100, PR2 = (1 - W) x 100,
PR3 = (1 - %) x 100, PR4 = (1 - %) x 100,
PR5 = ( - %) % 100, PR6 = (1 - %) % 100,
PRT = (1 - }m) x 100, PRS = (1 - %) x 100,
PRY = (1 - %) x 100, PR10 = (1 - %) x 100.

The following observations can be made from the Tables 1-3 and the Figures 1-2 as
well as from our simulation study. For illustration purpose, we have presented the risk
functions only for the case n = 1.960.

Case 1: m = n.

(i)

(i)

Figure 1 represents the risk values of all the estimators for the equal sample sizes
and n = 1.960. In Figure 1, (a)-(c) it represents the risk values for sample sizes
small to moderate that is (6,6), (8,8) and (12,12) whereas (d)-(f) the sample sizes
are taken as moderate to large (20,20), (30,30) and (40,40). It has been noticed
that the risk values of the estimators d*, d®°!, d®°? and d°° decreasing as 7
increases from 0 to co. The estimator d°? first increases and attains maximum
dGM

value then decreases. The estimators , and dM¥ first decrease attains mini-

mum (in the neighborhood of 7 = 1) then increases. The estimator d* increases
as 7 varies from 0 to oco. It has also been noticed that all the estimators (except
d®M and dY) converge to the estimator d* which is true as these estimators are
consistent.
The percentage of relative risk performances of all the estimators with respect
to dX decrease as T varies from 0 to co. Let us first consider the case of small
sample sizes (m,n < 10). For small values of 7 (7 < 0.25) the estimators d*
and d™’ has the maximum percentage of relative risk improvement and it is
seen near to 98.88%. For moderate values of 7 (0.75 < 7 < 2.5) the estimators
d®M and d™¥ compete each other however when 7 = 1, the estimator d%
has the maximum percentage of relative risk improvement and it is seen near to
15.68%. For large values of 7, the estimator d®“! has the maximum percentage
of relative risk improvement.

Consider the case of moderate sample sizes (12 < m,n < 20). For small
values of 7, the estimator d™” has the best performance and the percentage
of relative risk improvement is seen near to 89.78%. For moderate values of



Case 2:

(i)

(i)

Case-3:
@)

(i)
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(0.75 < T < 2.5) the estimators d™* and d°P perform equally well, however
for 7 = 1, the estimator d°™ has the maximum percentage of relative risk
performances. For large values of 7, (r > 3.5) the estimators d®“' and ™’
compete with each other.

Consider the case of large sample sizes (m,n > 30). For small values of 7
the estimators d™ and QGD compete with each other and the percentage of
relative risk performance has been noticed near to 90.40%. For moderate values
of 7 (0.75 < 7 < 2.5,) the estimators d°P, d™% and d™* compete with each

other, however for 7 = 1, the estimator @GM has the best performance. For large

dBCl dBCQ d]ML

values of 7, the estimators and compete with

m < n.

Figure 2, ((a), (c) and (e)) represents the risk values of all the estimators for
n = 1.960 and the sample sizes (4,10), (12,20) and (30,40). The risk values of
the estimators d~, is decreasing as 7 increases. The risk values of %7, ¢%%
increase and attains maximum then decrease as 7 increases. The risk values of
all the estimators converge to the risk of d* except d* and d™.

Consider the small sample sizes (m,n < 10). For small values of 7 < 0.25, the
estimator d* and d™’ compete with each other and the percentage of relative
risk improvement is seen near to 98.88%. For moderate values of 7 (0.75 <
7 < 3,) the estimators d”% and d°™ compete each other, however for 7 =
1, the estimator d°™ has the best performance. For large values of 7 (1 >
3.0,) the estimator d®¢! performs the best and the percentage of relative risk
performance.

Consider the case of moderate sample sizes (12 < m,n < 20). For small values
of 7 the estimator d™” has the maximum percentage of relative risk performance
and it is seen near to 98.88%. For moderate values of 7 (0.75 < 7 < 3) the
estimators d7 %, dM¥ and d¥° compete each other, however for 7 = 1, d™ has
the best performance. For large values of 7 (7 > 3) the estimator ¢®“! has the
maximum percentage of relative risk improvement.

Consider the case of large sample sizes (m,n > 30). For small values of
7 (r < 0.25), the estimators d*°, d9" and d™% compete each other. For
moderate values of 7 (0.25 < 7 < 3.) the estimators d°P, d¥° 47X, dM¥ and
dML JML JBCt

compete each other. For large values of 7 the estimators and

compete each other.
m > n.

Figure 2, ((b), (d) and (f)) represent the risk values of all the estimators for
n = 1.960 and for the sample sizes (10,4), (20,12) and (40,30). The risk values
of d* is decreasing as 7 increases. The risk values of d°7, d*°, d®°! and ¢
decrease as T increases. The risk values of estimators d°, and d" first decrease
attains minimum then increase with respect to 7.
Consider the case of small sample sizes (m,n < 10). For small values of 7 (7 <
0.25) the estimator d™” has maximum percentage of relative risk performance
and it is noticed near to 97.7%, for moderate values of 7 (0.75 < 7 < 2.0) the
estimators d* X and d°™ compete each other, however for 7 = 1, the estimator
d™M has the best performance. For large values of 7, (7 > 3) the estimator 4Bt
has the best performance.

Consider the case of moderate sample sizes (12 < m,n < 20). For small values
of 7 (7 < 0.25) the estimator d*” has the best performance, for moderate values



of 7 (0.75 < 7 < 2.0), the estimator d*° and d° compete each other. For 7 = 1

the estimator d©™ 45!

performs the best. For large values of 7 the estimator
and d™% compete each other.

Consider the case of large sample sizes (m,n > 30). For small values of 7 the
estimators d™* has the maximum percentage of risk improvement, for moderate
values of 7 the estimators d™%, d°P, d*%, dT%, and d™* compete each other.
However for 7 = 1 the estimator d°* has the best performance. For large values

dML7 dGD7 QBCI,QBCQ ,dKS

of 7 the estimators and perform equally well.

On the basis of the above discussion and observations the following recommendations
may be done for the use of the estimators.

(i)
(i)

(iii)

(iv)

We conclude from the above discussion that, none of the estimators completely
dominate others in terms of the risk function for the full range of the parameters.
When the sample sizes are small that is m,n < 10, the estimators d™’ and
d¥ can be used if 7 is near to 0. For values of 7 in the neighborhood of 1, the
estimators d™* and d7% may be used, however for 7 = 1, that is, when the
variances are of the two populations are same, the estimator d“™ should be

used. For large values of 7 we recommend to use d°¢*.

When the sample sizes are from moderate to large the estimators d™%, dP,
or d*° may be used if 7 is near to 0, however for moderate values of 7 we
recommend to use either of the estimators d°P, d*%, dM¥, "%, or dM*. For
values of 7 = 1, the estimator d“* is strongly recommended to use. For large
values of 7, the estimators d™%, d®°*, or d®“? may be used.
A similar type of observations have been made for other combinations of sample

sizes and 7.
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Table 1: Percentage of Relative Risk Improvements of Various Estimators of

Normal Quantiles with n = 1.960, (m,n) = (8,8), (12, 12), (20, 20), (40, 40)

T PR1 PR2 | PR3 | PR5 | PR6 | PR7 | PR8 | PR10
98.72 74.20 | 98.72 | 55.40 | 53.86 | 30.17 | 98.46 | 98.73
0.05 | 98.76 74.20 | 98.76 | 70.66 | 75.75 | 63.20 | 98.52 | 98.76
98.76 74.19 | 98.76 | 83.70 | 88.49 | 84.65 | 98.54 | 98.76
98.80 74.22 | 98.80 | 92.81 | 94.90 | 95.05 | 98.58 | 98.80
89.50 68.21 | 89.45 | 50.46 | 48.60 | 27.28 | 88.06 | 89.50
0.15 | 89.73 68.29 | 89.74 | 64.02 | 68.62 | 57.31 | 88.45 | 89.76
89.75 68.39 | 89.79 | 76.20 | 80.40 | 76.96 | 88.59 | 89.79
90.16 68.66 | 90.20 | 84.69 | 86.62 | 86.77 | 89.05 | 90.20
75.29 59.03 | 75.28 | 42.83 | 40.68 | 22.89 | 73.34 | 75.43
0.25 | 75.77 59.25 | 75.89 | 54.65 | 57.81 | 48.33 | 73.97 | 75.93
76.07 59.45 | 76.28 | 64.74 | 68.12 | 65.22 | 74.43 | 76.29
76.32 59.75 | 76.57 | 71.96 | 73.48 | 73.62 | 74.77 | 76.58
40.53 36.89 | 41.99 | 24.76 | 22.66 | 12.60 | 41.28 | 41.92
0.50 | 41.25 37.75 | 43.22 | 31.97 | 33.03 | 27.52 | 42.35 | 43.21
41.60 38.23 | 44.02 | 37.94 | 39.44 | 37.74 | 43.01 | 44.03
41.79 38.54 | 44.60 | 42.16 | 42.88 | 42.95 | 43.48 | 44.60
17.86 24.31 | 23.92 | 15.07 | 13.37 | 07.07 | 24.71 | 23.45
0.75 | 18.06 24.87 | 25.04 | 19.29 | 19.57 | 15.87 | 25.52 | 24.77
17.79 24.86 | 25.47 | 22.42 | 22.99 | 21.74 | 25.63 | 25.40
17.45 25.02 | 25.81 | 24.66 | 24.94 | 24.90 | 25.81 | 25.79
-0.86 15.68 | 13.55 | 09.61 | 08.38 | 04.16 | 15.01 | 12.70
1.00 | -0.18 16.58 | 15.10 | 12.37 | 12.39 | 09.65 | 16.14 | 14.64
01.15 17.20 | 16.38 | 14.65 | 14.93 | 13.72 | 16.98 | 16.24
00.56 16.99 | 16.51 | 15.83 | 15.97 | 15.76 | 16.85 | 16.48
-15.31 10.10 | 08.78 | 06.77 | 05.86 | 02.75 | 10.05 | 07.96
1.25 | -17.90 | 09.50 | 09.08 | 08.06 | 08.01 | 06.04 | 09.81 | 08.69
-16.36 | 10.49 | 10.32 | 09.62 | 09.72 | 08.80 | 10.81 | 10.18
-16.82 | 10.67 | 11.02 | 10.71 | 10.78 | 10.60 | 11.17 | 10.97
-31.46 | 04.87 | 05.88 | 05.07 | 04.33 | 01.97 | 06.51 | 05.19
1.50 | -32.18 | 04.77 | 06.44 | 06.00 | 05.87 | 04.38 | 06.62 | 06.29
-34.66 | 04.40 | 06.96 | 06.76 | 06.80 | 06.21 | 06.68 | 06.88
-34.23 | 05.07 | 08.09 | 07.90 | 07.92 | 07.80 | 07.54 | 08.08
-67.82 -5.69 | 02.45 | 02.94 | 02.54 | 01.13 | 01.45 | 02.30
2.00 | -70.73 -6.03 | 03.48 | 03.54 | 03.47 | 02.61 | 01.95 | 03.46
-69.55 -4.90 | 04.53 | 04.35 | 04.37 | 03.99 | 03.00 | 04.51
-72.31 -5.85 | 04.57 | 04.52 | 04.53 | 04.48 | 02.63 | 04.57
-116.05 | -18.14 | 01.11 | 01.89 | 01.68 | 00.77 | -1.87 | 01.24
2.50 | -115.39 | -17.45 | 02.27 | 02.46 | 02.40 | 01.82 | -0.84 | 02.38
-120.07 | -18.71 | 02.59 | 02.68 | 02.66 | 02.47 | -1.00 | 02.68
-119.29 | -18.49 | 02.74 | 02.78 | 02.77 | 02.75 | -0.81 | 02.76
-169.15 | -31.75 | 00.49 | 01.45 | 01.21 | 00.57 | -4.27 | 01.09
3.00 | -170.01 | -31.47 | 01.27 | 01.56 | 01.57 | 01.22 | -3.49 | 01.42
-172.46 | -31.42 | 02.11 | 02.12 | 02.09 | 01.93 | -2.55 | 02.17
-176.39 | -32.49 | 02.20 | 02.17 | 02.17 | 02.14 | -2.59 | 02.20
-293.23 | -61.96 | 00.38 | 00.88 | 00.78 | 00.36 | -6.55 | 00.80
4.00 | -304.09 | -65.67 | 00.48 | 00.81 | 00.82 | 00.66 | -7.06 | 00.68
-311.09 | -66.74 | 01.19 | 01.20 | 01.19 | 01.10 | -6.02 | 01.23
-319.53 | -69.42 | 01.03 | 01.06 | 01.06 | 01.05 | -6.51 | 01.05
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Table 2: Percentage of Relative Risk Improvements of Various Estimators of
Normal Quantiles with n = 1.960, (m,n) = (4, 10), (12, 20), (30, 40)
T PR1 PR2 PR3 | PR4 | PR5 | PR6 | PR8 | PR9 | PR10
98.74 90.72 | 98.72 | 98.74 | 48.01 | 53.65 | 98.51 | 98.53 | 98.74
0.05 | 98.69 | 84.86 | 98.69 | 98.69 | 79.81 | 83.67 | 98.53 | 98.54 | 98.69
98.67 80.62 | 98.67 | 98.67 | 91.94 | 93.71 | 98.50 | 98.50 | 98.67
89.99 82.96 | 89.77 | 89.92 | 43.60 | 48.41 | 88.72 | 88.83 | 89.98
0.15 | 89.34 | 77.33 | 89.35 | 89.35 | 72.34 | 75.63 | 88.45 | 88.46 | 89.36
89.21 73.63 | 89.24 | 89.24 | 83.16 | 84.76 | 88.31 | 88.31 | 89.24
76.50 71.03 | 75.95 | 76.33 | 36.96 | 40.55 | 74.39 | 74.57 | 76.48
0.25 | 75.22 | 66.08 | 75.27 | 75.28 | 61.08 | 63.67 | 73.81 | 73.84 | 75.30
74.94 62.96 | 75.07 | 75.07 | 69.93 | 71.23 | 73.52 | 73.53 | 75.08
46.57 | 44.83 | 45.59 | 46.46 | 22.71 | 23.98 | 44.43 | 44.65 | 46.53
0.50 | 43.61 | 41.04 | 44.23 | 44.28 | 36.01 | 37.19 | 42.89 | 42.93 | 44.31
42.16 | 39.03 | 43.48 | 43.49 | 40.56 | 41.16 | 42.17 | 42.17 | 43.50
29.00 | 29.96 | 28.53 | 29.48 | 14.74 | 15.03 | 28.38 | 28.58 | 28.88
0.75 | 24.71 | 27.02 | 27.10 | 27.17 | 22.40 | 22.85 | 26.75 | 26.77 | 27.11
2091 | 25.07 | 25.53 | 25.53 | 24.10 | 24.37 | 25.31 | 25.32 | 25.52
18.38 | 21.72 | 19.56 | 20.22 | 10.59 | 10.54 | 20.24 | 20.38 | 19.29
1.00 | 11.35 | 18.16 | 17.45 | 17.48 | 14.86 | 15.01 | 17.78 | 17.79 | 17.36
07.2 17.09 | 16.77 | 16.77 | 15.93 | 16.05 | 16.96 | 16.96 | 16.74
09.62 15.57 | 13.89 | 14.02 | 07.97 | 07.77 | 15.03 | 15.12 | 13.32
1.25 | 02.77 | 13.30 | 12.91 | 12.93 | 11.06 | 11.09 | 13.50 | 13.51 | 12.74
445 | 11.25 | 11.45 | 11.45 | 11.02 | 11.02 | 11.77 | 11.77 | 11.41
03.39 11.56 | 10.57 | 10.33 | 06.29 | 06.10 | 12.03 | 12.07 | 09.84
1.50 | -8.37 | 07.64 | 09.18 | 09.15 | 08.16 | 08.13 | 09.66 | 09.65 | 08.99
-15.42 06.25 | 08.30 | 08.29 | 07.98 | 07.99 | 08.34 | 08.33 | 08.27
-13.23 | 01.65 | 05.59 | 03.91 | 04.05 | 03.82 | 06.86 | 06.78 | 04.87
2.00 | -29.23 -1.70 | 05.12 | 05.03 | 04.86 | 04.83 | 05.06 | 05.03 | 05.00
-44.68 | -4.36 | 04.66 | 04.64 | 04.65 | 04.64 | 03.58 | 03.57 | 04.65
-29.19 | -6.74 | 03.43 | 00.82 | 02.96 | 02.77 | 04.27 | 04.11 | 02.86
2.50 | -54.92 | -12.23 | 03.36 | 03.25 | 03.32 | 03.29 | 02.20 | 02.15 | 03.32
-73.59 | -14.60 | 02.94 | 02.93 | 02.98 | 02.97 | 00.74 | 00.73 | 02.95
-49.24 | -17.00 | 02.39 | -0.89 | 02.31 | 02.15 | 02.43 | 02.18 | 01.92
3.00 | -87.01 | -25.22 | 02.26 | 02.13 | 02.37 | 02.34 | -0.28 | -0.36 | 02.31
-110.99 | -26.79 | 02.34 | 02.33 | 02.34 | 02.31 | -0.94 | -0.96 | 02.36
-76.25 | -31.59 | 00.89 | -3.42 | 01.63 | 01.51 | -0.37 | -0.76 | 00.76
3.50 | -120.65 | -38.15 | 01.77 | 01.66 | 01.85 | 01.83 | -1.67 | -1.76 | 01.82
-159.48 | -43.07 | 01.61 | 01.59 | 01.63 | 01.64 | -3.08 | -3.10 | 01.62
-83.63 | -34.56 | 01.41 | -2.41 | 01.64 | 01.53 | 00.17 | -0.21 | 01.22
3.75 | -138.71 | -45.64 | 01.33 | 01.21 | 01.49 | 01.47 | -2.67 | -2.77 | 01.41
-181.46 | -49.60 | 01.60 | 01.59 | 01.59 | 01.58 | -3.22 | -3.25 | 01.61
-99.21 | -42.8 [ 00.90 | -3.31 | 01.42 | 01.31 | -0.97 | -1.42 | 00.81
4.00 | -157.38 | -53.73 | 00.97 | 00.86 | 01.18 | 01.16 -3.7 -3.80 | 01.08
-199.50 | -55.59 | 01.39 | 01.39 | 01.38 | 01.37 | -3.54 | -3.57 | 01.40
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Table 3: Percentage of Relative Risk Improvements of Various Estimators of
Normal Quantiles with n = 1.960, (m,n) = (10,4), (20, 12), (40, 30)

T PR1 PR2 | PR3 | PR4 | PR5 | PR6 | PRS | PR9 | PRI10
96.66 47.61 | 96.65 | 96.61 | 31.74 | 06.15 | 96.10 | 96.04 | 96.66
0.05 | 97.65 59.62 | 97.65 | 97.65 | 73.60 | 76.84 | 97.28 | 97.28 | 97.65
98.16 66.31 | 98.16 | 98.16 | 90.21 | 93.39 | 97.90 | 97.89 | 98.16
74.93 38.57 | 74.89 | 73.82 | 25.03 | 04.75 | 73.28 | 73.07 | 75.01
0.15 | 81.95 51.36 | 82.00 | 81.98 | 62.19 | 64.41 | 80.44 | 80.41 | 82.01
85.51 58.82 | 85.58 | 85.57 | 78.61 | 81.31 | 84.22 | 84.21 | 85.58
51.02 28.76 | 51.30 | 49.01 | 17.79 | 03.27 | 50.24 | 50.00 | 51.33
0.25 | 60.73 40.31 | 61.25 | 61.21 | 46.87 | 48.12 | 59.58 | 59.54 | 61.27
66.65 47.91 | 67.08 | 67.08 | 61.81 | 63.78 | 65.37 | 65.36 | 67.09
11.92 13.43 | 17.02 | 15.51 | 07.06 | 01.24 | 18.18 | 18.11 | 16.37
0.50 | 23.63 21.38 | 27.08 | 26.99 | 21.28 | 21.32 | 26.88 | 26.85 | 27.00
30.09 27.26 | 33.27 | 33.26 | 30.78 | 31.58 | 32.56 | 32.55 | 33.27
-7.17 07.28 | 05.65 | 05.53 | 03.32 | 00.57 | 07.09 | 07.16 | 04.80
0.75 | 01.51 12.33 | 12.52 | 12.51 | 10.49 | 10.37 | 13.11 | 13.11 | 12.31
07.33 16.57 | 17.34 | 17.34 | 16.42 | 16.67 | 17.52 | 17.52 | 17.31
-22.64 | 04.15 | 01.39 | 02.30 | 01.87 | 00.34 | 02.23 | 02.41 | 01.16
1.00 | -13.11 07.75 | 06.84 | 06.88 | 06.14 | 05.98 | 07.26 | 07.27 | 06.68
-9.14 10.03 | 09.55 | 09.55 | 09.27 | 09.34 | 09.76 | 09.77 | 09.52
-37.14 | 01.91 | -0.45 | 00.84 | 01.11 | 00.21 | -0.44 | -0.18 | -0.40
1.25 | -27.24 | 04.17 | 04.00 | 04.06 | 03.82 | 03.70 | 03.75 | 03.78 | 03.96
-21.59 | 06.40 | 06.57 | 06.58 | 06.36 | 06.38 | 06.46 | 06.46 | 06.55
-50.31 00.63 | -0.75 | 00.55 | 00.87 | 00.17 | -1.31 | -1.01 | -0.17
1.50 | -42.87 | 00.85 | 02.20 | 02.30 | 02.41 | 02.32 | 01.18 | 01.23 | 02.27
-38.20 | 02.26 | 04.45 | 04.46 | 04.37 | 04.39 | 03.55 | 03.56 | 04.45
-89.75 -3.66 | -2.23 | -0.43 | 00.41 | 00.09 | -4.51 | -4.06 | -0.24
2.00 | -77.46 -4.60 | 01.17 | 01.26 | 01.41 | 01.33 | -1.18 | -1.11 | 01.33
-72.94 -5.01 | 02.44 | 02.45 | 02.46 | 02.45 | 00.30 | 00.31 | 02.46
-130.42 | -7.14 | -2.33 | -0.55 | 00.26 | 00.06 | -5.74 | -5.21 | -0.18
2.50 | -125.44 | -11.86 | 00.60 | 00.68 | 00.85 | 00.81 | -3.25 | -3.16 | 00.78
-115.91 | -13.22 | 1.64 | 01.65 | 01.64 | 01.63 | -1.63 | -1.61 | 01.66
-190.10 | -12.31 | -2.55 | -0.66 | 00.13 | 00.03 | -7.50 | -6.85 | -0.24
3.00 | -175.49 | -19.09 | 00.36 | 00.42 | 00.56 | 00.53 | -4.33 | -4.23 | 00.50
-162.38 | -21.35 | 01.32 | 01.32 | 01.29 | 01.28 | -2.49 | -2.47 | 01.32
-250.22 | -17.03 | -2.10 | -0.49 | 00.10 | 00.03 | -8.03 | -7.31 | -0.17
3.50 | -234.56 | -27.38 | 00.29 | 00.34 | 00.43 | 00.42 | -5.11 | -5.00 | 00.40
-225.80 | -34.25 | 00.75 | 00.76 | 00.78 | 00.77 | -4.54 | -4.51 | 00.78
-285.75 | -19.42 | -1.88 | -0.42 | 00.16 | 00.04 | -7.97 | -7.23 | 00.06
3.75 | -264.67 | -31.69 | 00.20 | 00.25 | 00.36 | 00.33 | -5.41 | -5.30 | 00.32
-264.47 | -41.68 | 00.55 | 00.56 | 00.59 | 00.60 | -5.42 | -5.39 | 00.57
-328.00 | -23.98 | -2.36 | -0.77 | 00.08 | 00.02 | -9.20 | -8.41 | -0.09
4.00 | -296.86 | -35.41 | 00.37 | 00.40 | 00.44 | 00.40 | -5.16 | -5.04 | 00.45
-296.24 | -47.50 | 00.50 | 00.51 | 00.53 | 00.53 | -5.68 | -5.65 | 00.52

5. Concluding Remarks and Illustrative Examples

We note here that, in the literature most of the results on estimation of quantiles
are for a single parameter § = p+no either using one or more populations. In this
article, we consider the simultaneous estimation of the quantile vector § = (61, 62)
which is important from an application point of view. The loss function is taken as
the sum of the quadratic loss functions. It should be noted that, Kumar and Tri-
pathy [9] considered this model and estimated the first component 6; with respect
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to a quadratic loss function. We have implemented the Brewster and Zidek [3]
technique to the case of estimating a vector parameter, which is interesting. Fur-
ther we have proposed some new estimators such as the d¥, d“™, and d™* which
was not considered by them. First, we derived sufficient conditions for improving
equivariant estimators and in the process some complete class results obtained.
We have constructed some improved estimators using one of our result obtained
in Section 2. However, the analytical comparison of these estimators is not possi-
ble. We have conducted a detailed simulation study to numerically compare these
estimators which can be used in practice. Our conclusions regarding the use of
the estimators are completely based on the simulation study as no analytical com-
parison is possible among all the estimators. It will be interesting to generalize
the results to the case of k£ > 3 normal populations, where proving inadmissibility
of these estimators will be challenging. Below we present some examples where
our model fits well and also compute the estimates for practical purposes. In the
examples below we have taken the value of 7 = 1.960 for convenient.

5.1. Example. We consider the example discussed in Hines et al. [6], (p. 290).
Suppose a manufacturer of video display units produces two micro circuit designs
design A and design B. He wants to test whether the two design produce same
current flow. The summarized data for design A are given by m = 15, £ = 24.2,
s? = 10 where as the data for design B are given by n = 10, § = 23.9, s3 = 20.
It is also given that both the data follow normal distributions with a common
mean. The experimental conditions ensures that the variances are unequal. This
is a situation where our model will be very much useful. The several estimators
for quantiles are calculated as d¥ = (25.97,26.71), d¥ = (25.67,26.41), d°M =
(25.85,26.59), d°P = (25.92,26.65), d%° = (25.92,26.66), B¢ = (25.97,26.71),
dBC? = (25.94,26.68), dMK = (25.88, 26.61), dTF = (25.88,26.61) and dM* =
(25.92,26.65). If the variances of both the data set differ significantly we may use
either the estimator d&P, ™% or dBC!. If the variances differ marginally we may

use either 59, or dMX.

5.2. Example. Rohatgi and Saleh [13], (p.515) discussed one example regard-
ing the mean life time (in hours) of light bulbs. Suppose a random sample of
9 bulbs has sample mean 1309 hours with standard deviation of 420 hours. A
second sample of 16 bulbs chosen from a different batch has sample mean 1205
hours and standard deviation 390 hours. A two sample t-test fails to reject the
hypothesis that the means are equal. This is a situation where our model will be
useful. Suppose we want to know the life time of both the bulbs at any instant
of time then we can use our estimators. The various estimators are calculated
as d¥ = (1543.45,1526.70), d¥ = (1439.45,1422.70), d°M = (1476.89,1460.14),
d9P = (1460.82,1444.08), d¥° = (1458.47,1441.73), dB°! = (1501.44,1484.69),
dPC? = (1498.38,1481.64), dM& = (1474.51,1457.77), dTK = (1474.18,1457.43)
and dM¥ = (1457.08, 1440.33). Also a F-test fails to reject the hypothesis that the
population variances are equal. In this situation we recommend to use either d7%
or MK,
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Abstract

In this paper, consider a single server queue in a hospital environment
whose service time is governed by a Markov process. It is possible that
the server changes its service speed many times while serving a patient.
Here we have studied the order statistics for waiting time distribution
where the probability density function of single order statistics ¢;.n, cu-
mulative density function of ®;.,, joint probability density function of
¢i:n and ¢j.,, probability density function of extreme order statistics.
Also have been considered the moments and recurrence relation of order
statistics, the probability density function of sample range and sample
median. We derive minimum and maximum order statistics of the ser-
vice time of patients in the system using first step analysis to obtain an
insight on the service process. Further, we use order statistics to com-
pute performance measures such as average queue length and waiting
time for severe diseases especially in the outpatient department. This
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1. Introduction

The theory of queues has wide applications in the field of health-care management
system. The study of queuing systems in hospitals has often been concerned with the
busy period and waiting time, because they play a very significant role there. A queuing
system is normally described by the patient’s entry into a queue, who are then served at
a service point by the server (doctor), after which they leave the queue.

Dhar et al.[9] studied the comparison between single and multiple Markovian queuing
model in an outpatient department. Also Mahanta et al.[13] proposed a single server
queueing model for severe diseases especially in outpatient department. Further consider
the infinite server queues with time-varying arrival and departure pattern when the pa-
rameters are varying with time derive by Dhar et al.[16].

Order statistics are widely used in applications of statistical models and inference.
Both describes random variables which are arranged in order of magnitude. According to
Aleem [1], usually the ordered values of independent and identically distributed samples
arranged in ascending order of magnitude are known as order statistics. The simplest and
most important function of order statistics is the sample cumulative distribution function
F,(x). Suppose X1, X>,...,X, are n jointly distributed random variables. Arranging
the X’s in increasing order of magnitude, X1.n, Xoun,..., Xn:mn are said to be smallest,
second smallest and largest order statistics. Thus Xi., < Xopn, ..., < Xnin. Arnold et al.
[2] and David and Nagaraja [7] studied order statistics and functions of these statistics
as it plays an important role in wide range of theoretical and practical problems such as
characterizations of probability distributions and goodness of fit test, entropy estimation,
analysis of censored samples, reliability analysis, quality control and strength of materi-
als. Order statistics arise naturally in many real-life applications involving data relating
to life testing studies proved by Shawky[10]. Aleem [1] reported that methods of inter-
pretation based on order statistics are most efficient and are used extensively because of
robustness and parsimonious nature. The sample mean and standard deviation provide
efficient estimators of the corresponding population parameter under the assumption of
normality, but sample range is simpler to use than the sample standard deviation in
statistical quality control and the sample median and its deviation furnish more robust
estimators when the population have long tail. Extreme (largest and smallest) values
statistics, which is an offspring of order statistics, has its importance in hydrology, aero-
nautics, oceanography, material strength, signal processing and meteorology. Moments
of order statistics also plays an important role in the area of quality control testing and
reliability. According to David and Nagaraja [8] moments of order statistics can be used
to measure the failure rate of reliability and to predict the failure of future events.

A recursive procedure for computing the moments of the busy period for the single-
server model can be found in Tarabia [12]. Limit theorems are proved by investigating
the extreme values of the maximum queue length, the waiting time and virtual waiting
time for different queue models in literature. Serfozo [14] discussed the asymptotic be-
havior of the maximum value of birth-death processes over large time intervals. Serfozo’s
results concerned the transient and recurrent birth-death processes and related M/M/c
queues. Asmuseen[4] introduced a survey of the present state of extreme value theory
for queues and focused on the regenerative properties of queuing systems, which reduced
the problem to study the tail of the maximum of the queuing process X (¢) during a
regenerative cycle, where X (¢) is in discrete or continuous time. Artalejo et al.[3] pre-
sented an efficient algorithm for computing the distribution for the maximum number of
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customers in orbit and in the system during a busy period for the M /M /c retrial queue.
The main idea of their algorithm is to reduce the computation of the distribution of the
maximum customer number in orbit by computing certain absorption probabilities. For
more details of extreme value in queues by Park [15].

In this paper, we studied the maximum and minimum service and waiting time respec-
tively, of the patients who suffer from severe disease especially in public hospital. Here
we considered one of the leading public hospitals of the region, viz. Pandu P.H.C/F.R.U,
Guwahati where it was observed that there was a heavy flow of patients throughout the
day. Data was collected from Hospital( viz. outpatient department) and from other allied
sources. The current chapter will have utility for various practical problems for which
the distributions of order statistics play a role and the queuing theory implicit to the
health related problems.

2. Formulation of the problem

Let X1, X2,..., X, bearandom sample from a continuous population with probability
density function ¢(x) and cumulative distribution function ®(z) and X1.n, X2:n, - -+, Xnin
be the order statistics obtained by arranging the random sample in increasing order of
magnitude. Then according to David and Nagaraja [7] the probability density function
of the i*" order statistics Xi.n, 1 < i < n is given by

21)  bine) = o (@)L B@)]" (@), 00 <7 < o0

(i —1)i(n—1)

The probability density functions of smallest and largest order statistics are given by
Arnold et al.[2] as

(22)  b1m =n[l —&(z)]" 'o(z), —00 <z < 0
and
(2.3)  bpm = n[®(@)]" ' d(z), —00 < z < 00

respectively. According to Arnold et al.[2] the cumulative density functions of smallest
and largest order statistics are given as

(2.4) D1y =1-[1-®(2)]",—c0o <z <0
and
(2.5) D = [P(2)]", —00 <z < 00

respectively.
The p** order moment for the i*" order statistics is also given by Arnold et al.[2] as

f(rin) = /oo 2P $pen () dx

—o0

I (N T

=Dl n—-39!J_o
(2.6) o(z)dz, —00o <z < 00
Assuming u = Xi., and v = Xj.,, as the i*" and j** order statistics, 1 < i < j < n from
n independent random variable each with probability density function ¢(z), the joint
density function of u = X;., and v = Xj.,, is given by Arnold at el. [2], as
$(u,v:n) = e (i,f,n)[@w)] T [P(v) = D(w)] L - ()"
(2.7) Pp()p(u), —oo < u < v < 0o
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n!
= G=D(i—j—DI(n—i)!
David and Nagaraja [7], has given the probability density function of double moment as

where ¢ (,4,m)

' (3,7 : m) n!
Wpqg(id:n - — -
e (=i —j—1)(n—3)!
(2.8) // uPvidudy, —oco <z < o0
O<u<v<oo

Arnold at el.|2] defined the sample range as Wy, = Xn.n — X1:n and
buw, (w) = n(n-—1)
(2.9) / [®(z1 +w) — ®(x1)]" (1) p(z1 + w)dz1,0 < w < 00

Percentage points of distributions are the most fundamental tools used in test of hy-
pothesis to take decision about various situations of the population based on sample
observations and also used to express the difference of risks of probabilities. The per-
centile points are the point on the measurement scale below which a specified percentage
of score falls. In many applications involving these distributions percentage points are
required. Bagui|5| defined the percentage points depends on the evaluation of the inverse
probability function. In general, percentile points of the distributions have been obtained
using approximation, interpolation formula, quadrature formula and by simulation. Ac-
cording to White [11] the p'" percentile equation of distribution is given as

(2.10) /Oxgb(a:)d:v = p

where p denotes level of significance.
The p'* percentile equation of smallest and largest order statistics are given as

X

(2.11) @y, = / Prpdr =1—[1-@(@)]" =p
0

and

%
(2.12) Py = / Dpindr = [D(2)]" =p
0

Let Xi.n, X2:n,..., Xn:n be the order statistics of a random variables X1, Xo,..., X,.
Also let Ty, = Xin — Xic1m, @ = 1,2,3,...,n , where T; represents the difference
between each arrival into the system (inter-arrival) of the order statistics X;., and X;_1.p.
Then the random variables T4,7T%,..., T, are called the inter-arrival time between the
successive order statistics Xi.n, X2in, ..., Xnin-

Here we consider the sample range R which is denoted by

(213) R= Zn:Tn
1=2

Moreover, this can be used to construct the interval for the corresponding patients.

2.1. Theorem. Let T1,T5,...,T, be the random sample of size n from a continuous
distribution with cumulative density function ® and the probability density function ¢.
Then the joint distribution of order statistics is given by

(2.14) @1, (t) :1—/oo (i—1)< " >q>§§‘2)(y) 1—®x(z+t) """ ox(z) do

. i—1
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Proof. We know that,

!

@, () (T; < t))
= P(X4) — X1y <)
(2.15) = P(Xu < Xg-1) +1)

Let w be the region bounded by X ;) < X(;_1) and X(;) < X;_1) +¢.
From equation (2.15),

o) = [ [ onny)deay
= [T e a0 e

(n—1i)!
[@x(y) — Px(2)]" 7 dx dy

[aag o ([ o - exl ar) a

¥ nldx(@) oy |2 x(] O
[ ey o [, d

_ [T nlpx () (o)
B /w(i*Z)!(nfiJrl)! oy “(y)

o o]
. nlox (x) (i-2) 3 (nis1)
/w =2 m—ir ox @ 1-ex(@)] da

- /:’" (i — 231"(;(62(:]:)@ o O @ 1= ex@ T da

by using equation (2.15), since it is the integral of the (i — 1)** order statistics over
(7007 OO)

x

_ _ * n'¢X(I) (i—2) . (n—i+1)
or,(t) = 1 /m =2 (it 1) % (y) 1 —x(z+1) da

—o0

iy ”(i” 1) B ) 1 - Bxla+ 0" V(o) do

2.2. Corollary. Leti=1 and i =n in Theorem 2.1
O (t) = P <t)
= P(X(l) < t)
= 1 - [1-o@)]"
2.3. Theorem. Let X(1), X(2),...,X(n) denote the order statistics of a random sample
of size n from a continuous distribution with probability density function ¢x(x) and a

cumulative density function ®x (). Then the probability density function of the 7" order
statistics is given by

__ nléx(@)
=D (n =)

Proof. Proof of the theorem 2.3 given in Artalejo et al.[3]. O

(216) ¢X(j)($) = (I)gg_l)(l‘) 1— @X(x)(nfj)
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2.4. Corollary. Let &7, (t) = X(,) — X(—1) , 0 <t < oo0. Then
P(Ta<t)=1 — [*_ n(n-1)07 V(y) 1 - dx(z+t)px(z) de

3. Order statistics for waiting time distribution

When a patient wait for service, the two most important characteristics that arises are
(i) time spent in the queue and(ii) time spent in the system. Considering the system is in
equilibrium, let 7, and T be the amount of time a customer spends in queue and in the
system, respectively. However, the waiting time for service (Ty) of an arriving customer
is the amount of time required to serve the customers already in the system. The total
time in system 7T is T, + service time. When there are n customers in the system, since
service times are exponential with parameter u, the total service time of n customers is
Erlang with probability density

_ uz pra
B1)  oul@) =
Let Fq(t) = P(Tq < t) be the distribution function of the waiting time 7,. Here
®q(0) = P(Tq =0) = P(Q =0) =1 — p. It is noted that because of the memoryless
property of the exponential distribution, the remaining service time of the customer in
service is also exponential with the same parameter p.
Let d®q(t) = P(t < Tq < t+dt), for t > 0, we have

o ntn—l
ddg(t) = I L
q(t) g;pe 1]
e _ ngn 1
- (- nemut K dt
( mg;pe 1]
After simplification it is given by
(3.2) = up(1 — p)e #1177
Because of the discontinuity at 0 in the distribution of T, we get
¢
ba(t) = P(Tq=0)+ [ dvqt)
0
(3.3) = 1—pe =Pt

The probability density function of the waiting time in the queue is given by Medhi [17]
(1-p), t=0
wlI(t) = —p(l—p)t
pp(l—p)e , >0
The probability density function of the waiting time in the system is given by Bhat[6]
we) = p(l—ple % 2 >0
which is a exponential distribution with parameter p(1 — p)
3.1. Derivation of i*" order statistics for waiting time distribution. If X, X5,
.., X, is a random sample from a continuous population with probability density func-
tion ¢(z) and cumulative distribution function ®(z) and Xi.n, Xoin, ..., Xn:n are the

order statistics obtained by arranging the random sample in increasing order of mag-
nitude, then the probability density function of the i*" order statistics X;.,, for waiting
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time distribution using (2.3), 1 < ¢ < n is given by

) _ n! _ p(l—p)ayi—1
¢linw(l‘) - (’L _ 1) (’I’L _ 'L) [1 pe i ]
(1= (1= pe 0Pl s

Using binomial expression, the probability density function of i*" order statistics Xi.n, (1 <
t < n) for waiting time distribution reduces to

¢i:nw($) = ('1,—]_ n_z ' Z ( > rpr —pu(1—p)7

n—1
n—i —p(—p)a(n—i)+uz LT

(n—1)!

_ n! r+n—1 T *H(l P)T —ippx n—1
- (z—l)(n—z)p n—l'z< ) v

i—1
(3.4) = C(n,ri Z( ) 1)re r=P gmitnegnl iy 50, u> 0
r=0

p

n! r+n—i "
Clnrd) = Gy =i (nli 01

We observe that
i1
- ror_ — —p)" . —p)r)i—
Z( , )(—1) pret O < L= pe P
r=0
The cdf of i*" order statistics Xin,1 <1i < n for waiting time distribution is obtained as

i—1 . . '
q)i:nw@?) = CV(n7 r, z) Z (Z ; 1> (_1)T6_H(1—P)T / e—zpuxxn—ldm
0

r=0

i-1 /. N i
- C’(n,r,i)Z(Z 1)(—1)%-““—” ZM%, @>0, >0

|
r=0 T j=o J:

3.2. Derivation of extreme order statistics. The probability density functions of
smallest and largest order statistics can be obtained from equation (3.4) by putting i =
1 and i = n respectively. The probability density functions of smallest and largest order
statistics for waiting time distribution are obtained as

(3.5) Dring () = ne A=A emPrE T S0, 1> 0

and
—~ (n—1 o —p(l— p)’" —nppx n—1

(36) ¢"’L "Mu Z ) x , T > 0, mw > 0
r=0

respectively.

The cumulative density functions of smallest and largest order statistics for waiting time
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distribution can be obtained using expression (2.4) and (2.5) as

(3.7) Brny(z) = ne—lt(l—P)Te—puacxn—17 0< < 0o
(3.8) Dpny(r) = 1-— nz <n> (—1)e =P gmnenzpn=l g < g < oo
r
r=0

3.3. Moments and recurrence relations of i*" order statistics for waiting time
distribution. Let X(1), X(2),...,X(n) be independent and identically distributed ran-
dom sample of size n from a continuous distribution with probability density function
¢x(z) and a cumulative density function ®x (x) from Waiting time distribution. From
the probability density function of i*" order statistics for waiting time distribution the
p"* order moment can be written as

pp (iin) = " a /OO "t — pem TPyl
v (i —)(n—d)! (n—1)J,

[1 — (1 — pe*llf(lfp)Z)]n—ief‘uzdx
= C(n, Z) / m”"!‘?—l[l _ pe—p(l—p)m]i_l
0

(3.9) [1—(1-— pe*lt(lfﬂ)r)]nfiefuzdx
Here we applied the binomial expression in (3.9), we get
i—1
: i1 e [ ~
Ip (’L : ’rL) = C(n,ni)z (Z ; )(_1)7“6 n(l—p) / e 1puwmn+p ld.T
r=0 0
i—1
S A P R )
= C(n,ri —1) e r-p)" DT H)
| ); ( r >( ) (ipp)nte

putting ¢ = n, we get the highest order moment which is given by
= (n-1 Y(n +p)
" _ - —n(1=p)"
' (nim) = (-1yremmio 1L D)
P (") oM
The recurrence relation for moments of i** order statistics is given by

pra (i) = E(””)(—l)’“ewlmw(nﬂ%

2\ . (npp) 71

(3.10) = dppup+1 (i:n) = pp (i:n)

3.4. Mode for waiting time distribution. The modal value equation of the i*" order
statistics is

i—1
. i—1 _1\T —u(l—p)ri [ —ippx n—l]
C(n7r72)§( ., )( 1"e 50 L€ T = 0
— [i-1
; - 1\ m(l=p)" —ippr m—2/ 4 _
= C(n,r,z)%( . >( 1)'e e " (n—1—1ipp) 0

3.5. Joint distribution of two order statistics for waiting time distribution.
Let X(1y, X(2),...,X(n) denote the order statistics of a random sample of size n from a
continuous distribution with probability density function ¢ x (z) and a cumulative density
function ®x (). Let us assume that u = X;., and v = X;.,, as i*" and j*" order statistics,
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(1 <i<j<n)fromarandom sample of size n, each with probability density function
¢x(z). The joint density function of u = X;., and v = X;., is as follows

n!

(i =DIG —i=Dln =)
[1— @(x)]" ™ p(zr)p(s)
n!

GG —i— D=t
[pe—#(l plu _ pe —p(1- p)v]j—i—l[pe
U 0"

(n—1) (n—1)!

Polu vim) [0 @) - @) T

—p,(l—p)u]i—l

~n(1=p)pn=g

(3.11)

Using Binomial expansion on (3.11), we get

J i—1n—
= z N Z Z (J —i— 1> <n/gj> (_l)or‘rﬁ(pe*;t(lfp)v)j7171+a+5

a=0 B=0

[pef,u,(l7p)u]cxw‘»iflef,u('u,«l»'u)unflvnfl7 u, v > 07 w> 0

where

C (i,4;n) =

and v =

(=D =7 = Dln —J)!

4. Derivation of distribution of sample range for waiting time dis-
tribution

Let the sample range of the waiting time distribution be defined as
R=Xm — X
Also, let

X(n):{Ba’deX(l):y#u:xandﬁv:y7u¢y2u+v

sz s
AR
ou v
Now using the joint distribution of order statistics

n!
e G T (A e T popey T

[1—®(u+v)]"" "pu) ¢p(u+v)
nl

= oy ()~ W)W G+ )

' [@(u+v) - (w)]" 7




n(n —1) ®(u+v) - @(w)]" *¢(u) d(u+0)

0@ = [aluwo)du
/

o 1 1 n—2
— / n(n —1) [p [1- e _p)(”+”)] —p[1- e M _p)”}] du
0
po(1 — p) e~ H(1=p)u po(1 — p) e~ H(=p)(utv)
- /Oo nln = 1) [p [0 - e—u(l—p)(ww]]"*z
0
e~ H(1=p)(2utv) 4.

n—2
= | nln—1) R p e
0

(1 = p) e H(A=p)2utv) 4

n—2
= n(n—1) pp(1 = p) e 0 [p 1= eH )]

/ [6*u(1fp)nu]du
0

= n(n—1) pup(l—p) o H(1=p)v [p - efuuf;w)]}

oo

n—2
o—H(1—p)nu
—p(l—p)n|,

n—2
= P (n—1)p(l—p)e 0" [p [1- 67“(17””)]]

du

Therefore the range of the distribution of the waiting time is

P(R=v) = p"(n—1)p(l—p)e ="
1 ) n—2
(4.1) pll—e "m0 < v <00
4.1. Theorem. Let X (1), X(2),...,X(n) denote the order statistics of a random sample

of size n from a continuous distribution with probability density function ¢x(x) and a
cumulative density function ®x (). Then the probability density function of the range of
the waiting time distribution in the system s

P(R=s) = (n—1) p(l—p) e 0=
n—2
(4.2) [p 1- e_”(l_pv)]] ,—00 < v < 00
Proof. As stated as same in equation (4.1). O

5. Derivation of response time distribution

Percentiles are frequently used as indicators of performance in both the public and
private hospitals. Percentiles provide information about how a patient or thing relates to
a larger group. Relative measures of this type are often extremely valuable to researchers
employing statistical techniques.

The formula of the mean response time is given by



284

Mean number in the system = Arrival rate X mean response time i.e.,

E(n) = MXE(r)
_ B _(p \1_
(5.1) = F(r) = — —(1_p>;—1_p

The cumulative distribution function of the response time is given as
(5.2) F(r)=1—e ™00

The response time is exponentially distributed and ¢*" percentile is

- 9 _mrul=p) _ 9
Fr) = g5 = 1-e¢ 100
1 100
5.3 ES N = In
(5:3) ! u(l —p) (100—Q)

The cumulative distribution function of the waiting time is
(5.4) F(w)=1—pe wrt=r

This is a truncated exponential distribution and its ¢*" percentile is given by

1 100p )
5.5 Wy = In
(55)  wq u(1 = p) (100 —q

The above formula is applied only if g is greater than 100(1 — p) and all lower percentiles
are zero.

(5.6)  wy =maz {o, @ In (13(?()—;)(1)}

6. Distribution of sample median

When the sample size is odd, then the probability density function of the sample
median is given by

o) = PV - e o)
= (27/;7;21)[1 — pe_l‘(l—P)Z]n[pe—,u(l—p)Z]ne_uz%
= C(nv'Y)i(*1)567”(5+r)25+r71
s=0

When the sample size is even, then the probability density function of the sample median
is as follows

(2n)

d(z,y) = m[‘b(m)]n_l[l—q’(y)}"_lcﬁ(w)aﬁ(y)
2n —p(l—p)zn—1 —u(l—p)yin—1_—px nmn—l —py Tyt
= ﬁ“‘”e B e e &-1)!6 éln?il)!
— ﬂ[l— e*u(lfﬂﬁ}n*l[ e*u(lfp)y}nflefu(ﬁy)wm
I T P (n— D! (n—1)!
(6.1) = Cn,y) ) (—1)%e ") (@y) !

5=0



7. Results

Here we evaluate the minimum and maximum waiting time of the patients who are
in the queue. The table below gives the minimum number of patients in the system and
queue for given number of servers during each interval and it is clear that for both the
queue and the system, the waiting time drops measurably from 1°¢ to 5" server, after
which the drop is trivial. Hence it is concluded that the maximum and minimum number
of patients decrease gradually with the increasing number of servers.

Table 1. The maximum and minimum number of patients served and
waiting in the system

Server  Xp(W) X1(Wy) R

1 5 4.16667 0.83333

2 2.72727 2.27273 0.1388

3 1.82817 1.37363 0.023148
4 1.37125 0.931446 0.003858
5 1.09697 0.671899 0.000643
6 0.914135 0.168631 0.0001071
7 0.783545  0.108038  2.97687E-6
8 0.685602 0.0704791 4.96145E-7
9 0.609424 0.0465906 8.26908E-8

—_
(==

0.548481 0.0311082 1.37818E-8

The percentage points of response and waiting times in the system have been pre-
sented in Table(2), Table(3), Table(4) and Table(5). From the tables of percentage
points of response time in the system, it is clear that for fixed values of p ( p =
0.25,0.50,0.75,0.90,0.95,0.99 ) and p. Percentage points remain same as jp increases.
On the other hand percentage points decreases as p increases. Further, the range of
smallest and largest order statistics of waiting time distribution and has been presented
in Table(1). For chosen values of the parameters and n different values of r, have been
obtained for different significant levels.



Table 2. This table contains percentage of response time in the system
when p =1

q

A 0.25 0.50 0.75 0.90 0.95 0.99

2 0.00250 0.00501 0.00753  0.00904 0.00955 0.00995
3 0.00125 0.00251 0.00376  0.00452  0.00477 0.00497
4 0.00083 0.00167 0.00251  0.00301  0.00318 0.00332
5 0.00063 0.00125 0.00188  0.00226  0.00239 0.00249
6 0.00050 0.00100 0.00151 0.00181 0.00191 0.00199
7 0.00042 0.00084 0.00125 0.00151  0.00159 0.00166
8 0.00036 0.00072 0.00108 0.00129 0.00136 0.00142
9 0.00031 0.00063 0.00094 0.00113 0.00119 0.00124
10 0.00028 0.00056 0.00084  0.00100 0.00106 0.00111
11 0.00025 0.00050 0.00075  0.00090  0.00095 0.00099
12 0.00023 0.00046 0.00068  0.00082  0.00087 0.00090
13 0.00021 0.00042 0.0006 3 0.00075 0.00080 0.00083
14 0.00019 0.00039 0.00058  0.00070  0.00073 0.00077
15 0.00018 0.00036 0.00054  0.00065  0.00068 0.00071
16 0.00017 0.00033 0.00050 0.00060 0.00064 0.00066
17 0.00016 0.00031 0.00047  0.00057  0.00060 0.00062
18 0.00015 0.00029 0.00044 0.00053  0.00056 0.00059
19 0.00014 0.00028 0.00042  0.00050  0.00053 0.00055
20 0.00013 0.00026 0.00040 0.00048  0.00050 0.00052

Table 3. This table contains percentage of response time in the system
when p =2

q
0.25 0.50 0.75 0.90 0.95 0.99

0.00250 0.00501 0.00753 0.00904 0.00955 0.00995
0.00125 0.00251 0.00376 0.00452 0.00477 0.00497
0.00083 0.00167 0.00251 0.00301 0.00318 0.00332
0.00063 0.00125 0.00188 0.00226 0.00239 0.00249
0.00050 0.00100 0.00151 0.00181 0.00191 0.00199
0.00042 0.00084 0.00125 0.00151 0.00159 0.00166
0.00036 0.00072 0.00108 0.00129 0.00136 0.00142
0.00031 0.00063 0.00094 0.00113 0.00119 0.00124
0.00028 0.00056 0.00084 0.00100 0.00106 0.00111
0.00025 0.00050 0.00075 0.00090 0.00095 0.00099
0.00023 0.00046 0.00068 0.00082 0.00087 0.00090
0.00021 0.00042 0.00063 0.00075 0.00080 0.00083
0.00019 0.00039 0.00058 0.00070 0.00073 0.00077
0.00018 0.00036 0.00054 0.00065 0.00068 0.00071
0.00017 0.00033 0.00050 0.00060 0.00064 0.00066
0.00016 0.00031 0.00047 0.00057 0.00060 0.00062
0.00015 0.00029 0.00044 0.00053 0.00056 0.00059
0.00014 0.00028 0.00042 0.00050 0.00053 0.00055
0.00013 0.00026 0.00040 0.00048 0.00050 0.00052
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Table 4. This table contains percentage of waiting time in the system

when p =1
q

A 0.25 0.50 0.75 0.90 0.95 0.99

2 0.690644 0.688135 0.685619 0.684106 0.683602 0.683198
3 0.548055 0.5468 0.545542 0.544786 0.544533 0.544331
4  0.461264 0.460427 0.459589 0.459085 0.458916 0.458782
5 0.401734 0.401106 0.400477 0.400099 0.399973 0.399872
6 0.357851 0.357349 0.356846 0.356544 0.356443 0.356362
7 0.323901 0.323483 0.323064 0.322812 0.322727  0.32266
8 0.296705 0.296347 0.295988 0.295772 0.295699 0.295642
9 0.27434  0.274027 0.273712 0.273523 0.27346  0.273409
10 0.255565 0.255286 0.255006 0.254838 0.254782 0.254737
11 0.239539 0.239288 0.239037 0.238885 0.238835 0.238795
12 0.225673 0.225445 0.225216 0.225079 0.225033 0.224996
13 0.213537 0.213328 0.213118 0.212992 0.21295 0.212917
14 0.202812 0.202619 0.202425 0.202309 0.20227 0.202239
15 0.193253 0.193074 0.192894 0.192786  0.19275  0.192721
16 0.184672 0.184505 0.184337 0.184237 0.184203 0.184176
17 0.176919 0.176763 0.176605 0.176511 0.176479 0.176454
18 0.169875 0.169727 0.169579  0.16949 0.16946  0.169437
19 0.163441 0.163301 0.163162 0.163078 0.16305 0.163027
20 0.157538 0.157406 0.157274 0.157194 0.157168 0.157146

Table 5. This table contains percentage of waiting time in the system

when p =2

0.25

0.50

0.75

0.90

0.95

0.99

O~ O Uk W | >

11
12
13
14
15
16
17
18
19
20
21

0.40296198  0.40045257
0.34532203  0.34406732
0.30459587  0.3037594
0.27402729 0.27339994
0.25005197  0.24955009
0.23063187 0.23021364
0.21451061 0.21415212
0.20086685 0.20055317
0.18913833 0.18885951
0.17892563 0.17867469
0.16993628 0.16970815
0.16195058 0.16174147
0.15479999  0.15460696
0.14835274  0.1481735
0.1425042  0.14233691
0.13717009 0.13701325
0.13228169 0.13213407
0.12778233 0.12764292
0.12362485 0.12349277

0.39793684
0.34280946
0.30292082
0.27277101
0.24904694
0.22979435
0.21379273
0.20023871
0.18857998
0.17842312
0.16947945
0.16153182
0.15441344
0.14799381
0.14216919
0.13685602
0.13198609
0.12750316
0.12336037

0.39642436
0.34205322
0.30241666
0.27239289
0.24874444
0.22954227
0.21357666
0.20004965
0.18841193
0.17827187
0.16934195
0.16140578
0.1542971
0.14788577
0.14206836
0.13676149
0.13189712
0.12741913
0.12328076

0.3959197  0.39551578
0.34180088  0.34159892
0.30224844  0.3021138
0.27226672 0.27216574
0.24864351  0.24856273
0.22945816  0.22939084
0.21350457 0.21344687
0.19998656  0.19993607
0.18835585 0.18831097
0.17822141 0.17818101
0.16929607 0.16925935
0.16136373 0.16133007
0.15425828  0.15422721
0.14784972  0.14782087
0.14203472  0.14200779
0.13672995  0.1367047
0.13186743 0.13184367
0.12739109 0.12736865
0.1232542  0.12323294




Table 6. This table contains percentage of waiting time in the system
when p =3

0.25 0.50 0.75 0.90 0.95 0.99

0.28517894  0.28266953 0.28015381 0.27864133 0.27813666 0.27773274
0.25416125 0.25290654 0.25164868 0.25089244 0.25064011 0.25043815
0.23021468 0.22937821 0.22853964 0.22803548 0.22786726 0.22773262
0.21119868 0.21057133  0.2099424  0.20956428 0.20943811 0.20933713
0.19566522 0.19516334  0.1946602 0.1943577  0.19425677 0.19417598
9 0.18268486 0.18226662 0.18184734 0.18159526 0.18151115 0.18144383
10 0.17163852 0.17128004 0.17092065 0.17070458 0.17063248 0.17057478
11 0.16209748 0.16178381 0.16146934 0.16128028 0.1612172  0.16116671
12 0.15375458 0.15347576 0.15319623 0.15302818 0.15297211 0.15292723
13 0.14638339 0.14613245 0.14588088 0.14572963 0.14567917 0.14563877
14 0.1398129  0.13958477 0.13935607 0.13921857 0.13917269 0.13913597
15 0.13391123 0.13370211 0.13349247 0.13336643 0.13332437 0.13329072
17 0.12857487 0.12838184 0.12818832 0.12807198 0.12803316 0.12800208
18 0.12372128 0.12354204 0.12336234 0.12325431 0.12321826 0.12318941
19 0.11928376 0.11911646 0.11894875 0.11884791 0.11881427 0.11878734
20 0.11520772 0.11505088 0.11489365 0.11479912 0.11476758 0.11474233
21 0.11144805 0.11130044 0.11115245 0.11106348 0.1110338  0.11101004
22 0.10796706 0.10782764 0.10768788 0.10760386 0.10757582 0.10755338

o~ O Utk | >

8. Conclusion

The obtained results show that the expected value of the maximum and minimum
number of patients decreases gradually with the increasing number of servers. Besides,
it is mentioned that the system will be almost empty after the 10*" server. That is, the
patient will get the service as soon as she or he arrive and will leave the system before the
next arrival. This solution accords with the fact that the service rate is greater than the
arrival rate. The range of the waiting time R decreases gradually to zero as the number
of servers increases.
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Strong uniform consistency of a kernel conditional
quantile estimator for censored and associated data

Wafaa Djelladj* and Abdelkader Tatachak'

Abstract

In survival or reliability studies, it is common to deal with data which
are not only incomplete but weakly dependent too. Random right-
censoring and random left-truncation are two common forms of such
data when they are neither independent nor strongly mixing but rather
associated. In this paper, we focus on kernel estimation of the con-
ditional quantile function of a strictly stationary associated random
variable T given a d-dimensional vector of covariates X, under random
right-censoring. As main results, we establish a strong uniform consis-
tency rate for the estimator. Then the finite sample performance of the
estimator is illustrated on a simulation study.

Keywords: Associated data, Censored data, Convergence rate, Quantile func-
tion, Strong consistency.
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1. Introduction

Let {T,,n > 1} be a strictly stationary sequence of associated random variables (rv’s)
of interest having an unknown absolutely continuous distribution function (df) Fr. This
variable can be considered as a lifetime under biomedical studies. The major character-
istic of survival time is the incompleteness.

In survival analysis especially in medical studies, we meet random censorship models
which are one of the fundamental assumptions in the theory of survival analysis. Ran-
dom right censoring is a well-known phenomenon which may be present when observing
lifetime data. The lifetime variable may not be completely observable if the patient is
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still alive at the end of study or is dead for another reason or because of some depar-
tures of patients from the testing experimentation. Hence, the available data provide
partial information. In this case, the variable of interest T is subject to right censoring
by another non-negative rv C. In the sequel, we assume that the censoring lifetimes are
independent and identically distributed (iid) and possess an unknown Lipschitz df G. We
take in consideration the presence of a strictly stationary and associated covariate X tak-
ing values in R?. Under this model, the observable sequence is {(Y;,d;, X;),1 < i < n},
with Y; = min(T3, C:), 8: = 1{1,<¢,} and where 1 4 denotes the indicator function of the
event A.

As usual with random censoring, we assume that the censoring times {C;,1 < ¢ < n} are
independent of {(X;,7T;),1 < i < n}. This means that the censoring mechanism does not
depend on the occurring event. Such a condition ensures the identifiability of the model.
It is well known that the conditional df F(-|x) of (T|X = x) is defined by

where f(.,.) is the joint probability density function (pdf) of (X,T"), I(.) is the marginal
pdf of X and Fi(x,.) is the first derivative of the joint df F'(x,.) with respect to x.
The conditional pdf will be denoted by f(.|x). Then, for all fixed p € (0,1), the p-th
conditional quantile of T' given X = x is defined by

(11)  &(x) = inf{t, F(t}x) > p}.

Hence, to get a nonparametric conditional quantile estimator, we clearly have to estimate
F1(x,t) by the mean of an unbiased kernel estimator and I(x) is estimated by the famous
kernel type estimator.

There has been various researches relating to the quantile estimator in view of its inter-
esting properties. The estimator under consideration is renowned for its good description
of the data (see Chaudhuri et al. [6]) and attracted interest of several authors.

In the complete framework, Samanta [25] established the strong convergence and the
asymptotic normality of the kernel conditional quantile in the iid case. Bhattacharya
and Gangopadhyay [2] gave a Bahadur-type representation of the conditional quantile
and asymptotic models. Moreover, Mehra et al. [16] and Xiang [27] gave the almost
sure convergence of a kernel type conditional quantile estimator and its asymptotic nor-
mality. Honda [12] treated the uniform convergence and asymptotic normality of the
conditional quantile using local polynomial fitting approach while Abberger [1] studied
quantile smoothing in financial time series.

On the same subject matter and under censoring, Dabrowska [7] established a Bahadur
type representation of the quantile regression estimator. Besides, Qin and Wu [24] stated
the asymptotic normality of an estimator for a conditional quantile when some auxiliary
information is available using the empirical likelihood method and a linear fitting.

The strong representation of the conditional quantile estimator under right censoring
and strong mixing condition was stated by Ould Said and Sadki [22] while Ould Said
[20] established its strong uniform convergence rate in the iid case. Recently, Liang and
de Ufia-Alvarez [15] assessed its strong uniform consistency and asymptotic normality in
the a-mixing setting.

Two kinds of dependency are widely used in the literature: mixing (Doukhan [8]) and
association (Esary et al. [8]). These two concepts are not completely dissociated (see
Doukhan and Louhichi [9]). In fact, we can find sequences that are associated but not
mixing, associated and mixing, and mixing but not associated. The main advantage of
the concept of association compared to mixing is that the conditions of limit theorems are
easier to verify: indeed, a covariance is much easier to compute than a mixing coefficient.
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Recall that a set of finite family of rv’s (71,...,7T,) are said to be associated if for all
non-decreasing functions ¥y, ¥,

COU(\Ill(Tl, .o ,Tn), \I/Q(T1, N ,Tn)) 2 0,

whenever the covariance exists. An infinite family of rv’s is associated if any finite
sub-family is a set of associated rv’s and any independent sequence is associated. In
classical statistical inference, the observed rv’s of interest are generally assumed to be
iid. However, it is more common to have dependent variables in some real life situations.
Dependent variables are present in several backgrounds such as medicine, biology and
social sciences. Associated rv’s are of considerable interest when dealing with reliability
problems, percolation theory and some models in statistical mechanics.

The notion of association was firstly introduced by Esary et al. [11] mainly for an
application in reliability. For more details on the subject we refer the reader to the
monographs by Bulinski and Shashkin [3], Oliveira [19] and Prakasa Rao [23].

As far as we know, the problem of drawing nonparametric inference about the conditional
quantile function under associated-censored model is not available and this motivates
the study we consider here. So, the present paper deals with the almost sure uniform
convergence with a rate of the estimator defined in (2.4). The paper is structured as
follows: the expression of the studied estimator is presented in Section 2. Section 3
gathers the needed assumptions with some comments. A Simulation study is given in
Section 4 while the last section includes the proofs of the main and some auxiliary results.

2. Notations and estimators

Recall that in the complete data case (no censoring), the traditional kernel estimator
of F(t|x) is given by

(21) t|x Zwln ]l{Y <t}

where w;,(.) are measurable functions. These functions called weights were introduced
by Nadaraya-Watson in the context of the kernel regression and defined by
x — X, 1 x—X;
‘ K
R ( 1 ) nhd " ( 1 )
win(x) = — = ;

with the convention 0|0 = 0. Here K is a kernel function on R? whereas hy,1 is a positive
sequence of bandwidths tending to 0 along with n and [l,,(.) is the Parzen-Rosenblatt
kernel estimator of I(.).

In the sequel, we will make use of the Inverse-Probability-of-Censoring Weighted (IPCW)
idea of Koul et al. [14] to define the weights we will use after, that is

1 s x—X;
2.2 Win(x) = = K .
(2.2) 0= ot G < hn,1 )
It is well known that under right censoring model, the classical empirical distribution

does not estimate consistently the df’s Fr and G. Therefore, Kaplan and Meier [13]
proposed consistent estimators Fr, and G, for Fr and G, respectively, defined by

. d(i) Y=t}
Fr,(t) =
o H { n—1i+ 1]

i=1




and

- ﬁ { 1 - 06 } {vy=t} 7
Pl n—i+1
where Y{(1),Y(2),...,Y(n) are the order statistics of Y1,Y2,...,Y, and d(;) is the concomi-
tant of Y{;.

The Kaplan-Meier estimator was studied in depth by many authors. For more details we
refer to Stute and Wang [26] for the iid case, Cai [4] under a-mixing condition and Cai
and Roussas [5] in the association setting.

Recall that, using the weights defined in (2.2), Ould Said [20] established a strong uni-
form consistency rate for the estimator in (2.1) in the iid case and d=1. The smoothed
version of Fy,(|-), namely

= Kq H
nhg chm < hin 1 ) (hn,2>
2.3)  Fu(tlx) = Dm0t Mt i ( ) |

- i 5 ()

nl-

was also considered and studied (strong consistency and asymptotic normality) in the iid
case by Ould Said and Sadki [21]. Here, the bandwidth h, 2 is not necessarily equal to
hn,1 and they will be denoted by hi := hy,1 and hg := hp 2.

Note that the estimator in (2.3) is an adapted version of that of Yu and Jones [28] to the
censoring case. Originally, this smooth estimate for complete data (without the IPCW
), was proposed and discussed by the last authors mainly to avoid the crossing

i
Gn(Y;)
problem which occurs when using an indicator function instead of a continuous df.

It follows that, in view of (2.3), a natural estimator of (1.1) can be computed by

(24)  &a(x) = inf{t, Fr(t)x) > p}-

To argue our main results, the following auxiliary pseudo-estimator will be of a great
benefit in proving our results

1 — & x—X; t—Y;
71 Kd( Z)H< Z)
 Fua(x, )_nh‘f;G(Yi) ha ha
ln(x) 1 & x— X, '
Nk
nhfi; "’( hy >

Note that (2.5) can not be computed since G(-) is assumed to be unknown.

(25)  Fultlx) =

3. Assumptions and main results

In the sequel, ¢ stands for a positive constant taking different values and 7 will denote
a positive real number satisfying 7 < 77 < 7 where, for any df W, 7w := sup{y; W(y) <
1}. Define Qo = {x € R%/I(x) > mo := inf, [(x) > 0} and let ©Q and C be compact sets
included in Qo and [0, 7], respectively. The main results will be stated using the following
assumptions:

A1l. The bandwidths h; and ho satisfy
(i) h1 — 0, nh2*T4 =) 5 o0 and % — 0 as n — +oo,
nhy
(ii) he — 0 and nhfhy — +oo as n — 4-o0;
A2. The kernel K, is a bounded pdf, compactly supported and satisfies:

(i) K4 is Holder continuous of order « € (0, 1),
(i) Jpau;jKa(u)du =0, for all j = 1,...,d, where u = (u1, ..., uq) ';
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A3. The function H in (2.3) is of class €'. Furthermore, its derivative H") is assumed
to be compactly supported and satisfies the properties of a second order kernel;
A4. The marginal density {(.) is bounded and twice differentiable with:
k)
sup a7()(312) <oofori,j=1,...,dand k=1,2;
x€Q 8351895
A5. The joint pdf f(,.) is bounded and twice continuously differentiable;
A6. The joint pdf I; ;(.,.) of (X;,X;) is bounded;
A7. The joint pdf f(.,.,.,.) of (X;,Y:, X;,Y;) is bounded;
A8. Let us define A;; as follows:

d d
:ZZCov Xlk7 —&—22001} (XF,Y)) + Cov(V3,Y;),

k=11=1 k=1

with X the k-th component of X;, such that for all j > 1 and r > 0

sup  A;; =: p(r) < yoe 7", for all o,y > 0;
it|j—i[>r
A9. The function ¢(x) = [, =— IO f(x,v)dv is bounded, continuously differentiable
and sup O¢ (x)] <oofori=1,...d.
xeN 8-Tz

3.1. Remark. Assumption A1l gives a classical choice of the bandwidths in functional
estimation. For the sake of simplicity, many authors consider that h; = hs which is not
justified in general. Note that the condition A1 (i) implies the first condition in A1 (7)
if d > 2. For d = 1, the comparison is not straightforward and depends upon the order of
magnitude of hy with respect to hT'. Assumption A2 is quite usual in kernel estimation.
Assumptions A3-AT are classical in nonparametric estimation under dependency while
AS8 is used for covariance calculation under association structure. Furthermore, this
assumption gives a progressive trend to asymptotic independence of "past" and "future".
Finally, Assumption A9 is mainly technical.

The first result establishes the rate of convergence of the fluctuation term, that is
Flyn(x,t) - E [ﬁ'l,n(x, t)] ‘ This will be done by applying a Bernstein-type inequal-
ity stated by Doukhan and Neumann [10] for weakly dependent rv’s. The next result
in Theorem 3.3 states a uniform almost sure convergence rate of F,(t|z) toward F(t|z),
which will be stated with the help of Theorem 3.2. Then, as an immediate result, the
asymptotic behaviour of the kernel conditional quantile estimator will be deduced as
presented in Corollary 3.4.

3.2. Theorem. Suppose that assumptions A1-A5 and A7-A9 hold and for n large
enough, we have

(3.1) sup sup 2 n(z,t) — E[Fln a:t”— ( 10g;1)7
2cQ te€ nhf

3.3. Theorem. Under the assumptions of Theorem 3.2 and A6, for n large enough we
have

1
sup sup | Fy, (t|z) — F(t|z)| = O {(h? +h3) +nl + og?} , a.s.
=€Q tee nhf

with 0 < 8 < v/(2y+ 9 + 3/2k) for any « > 0.
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3.4. Corollary. Under the assumptions of Theorem 8.3, and for each fized p € (0,1)
and x € Q, if irelgf@p(m)\m) > 0, then for n large enough, we have

_ logn
sup &0 (2) — & ()] —0{(h%+h§)+n Y U } a.s.
FISY) nhl

3.5. Remark. The uniform positiveness condition on the conditional density in Corol-
lary 3.4 ensures the uniform uniqueness of the conditional quantile. Hence Ve > 0,38 >
0,Vnp : 2 — R,

sup [£(x) — 1, (X)| = & = sup [F(§p(x)[x) — F(np(x)[x)| = .

xeN xeN

3.6. Remark. We point out that the rate in Corollary 3.4 depends upon the parameter
0 pertaining to the association dependence. In addition, remark that for v large enough,
the parameter 6 approaches its upper bound (f=1/2) and then, the covariances become
negligible which in turn permits to compare our rate with those stated in the iid and
strong mixing cases.

4. Simulation study

4.1. Description of the models. This part is established with the intention of giving
the behaviour of the conditional quantile estimator. For this purpose, we only consider
the cases of the conditional mean (p = 1/2) and the one dimensional covariate (d = 1)
. The simulation is conducted for different sample sizes and censoring rates (C'R). The
performance of our estimator is quantified via the Global Mean Square Error (GMSE).
The simulated data are obtained as follows:

e Generate (n+ 1) iid rv’s Z; from gamma distribution (Z; ~ I'(5,0.5));
e Generate n iid rv’s ¢; from normal distribution (g; ~ N(0,0.01));

e Given Z;, generate an n associated sequence (X;,T;) as follows:
a) Linear case
Xi =exp(Zi—1+ Zi—2)/2;
Ty =3X;/2+ 045 ¢;.
b) Nonlinear case
Xi = exp(Zi_l —|— Zi_z)/Q,

e Generate n iid rv’s C; from exponential distribution (C; ~ exp(X)). The param-
eter ) is adjusted according to the C'R’s values;

e Keep the observed data {(YZ = min{T;, C;}), Xi, (6; := ]l{TiSCi})}~

4.1. Remark. In computing the estimators, we use the standardized normal df and a
Gaussian kernel for H and K, respectively.

In order to attenuate the boundary effect, we will use optimal local bandwidths. To do
so, we first assume that hqy = he =: h, and this bandwidth sweeps the interval [0.05,0.8].
For each model, the process above is repeated B = 300 times with fixed values of n
and CR. Thus, we compute the conditional quantile estimator along a grid of points in
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[1.5,4]. At the end of the process, we keep the optimal local bandwidth which minimizes
the estimating errors by means of the M.SE (Mean Square Error) criterion, and then we
quantify the GM SE. The formula calculating the GM SFE is

L

wB - [Eponk(Te) — fp(mﬁ)]z )

1

GMSE =

u B

=1

where &p.n, 1 (z¢) is the value of &, »(z¢) at iteration k and u is the number of equidistant
points z; belonging to [1.5,4].

To illustrate visually the quality of fit, we will plot the conditional quantile estimator
Ep,n(xe) versus &p(xe).

4.2. Simulation results.

4.2.1. Linear case: Note that under this model, the rv X follows I'(10,0.5) and the
conditional rv (T'|X = z) follows N(3z/2,0.0045).

To show how is the influence of the censoring rate and the sample size on the quality of
fit, we draw curves for different sample sizes n = 50, 100 and 300 and CR = 40%, 25%
and 10% as illustrated by Figures 1, 2 and 3. The corresponding errors with respect to
the GM SE are summarized in Table 1.

Table 1. Values of GMSE for £, with p=0.5

Linear case n =50 n =100 n = 300
CR=10% 0.0637 0.0245 0.0069
CR=25% 0.1591 0.0586 0.0113
CR =40% 0.2465 0.1059 0.0128

4.2. Remark. From Table 1 and the graphs plotted for the linear case, we remark that
the quality of fit seems to increase when the C'R decreases. The curves reveal also that
boundary effects on the right side tend to diminish for large values of n. Of course, the
performance is quite acceptable when n = 50 and becomes more visible for n = 300.
It means that the influence of the C'R on the quality of fit becomes more and more
insignificant along with n.
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4.2.2. Non-linear case: Note that the rv (T|X = z) follows N(log(3z/2),0.0045) and
the choice of the log function permits to preserve the association property by monotonic-
ity.

For the rest we proceed as for the linear case. The GMSE’s are summarized in Table 2
and the quality of fit is illustrated through Figures 4,5 and 6.

Table 2. Values of GMSE for &, »(.) with p = 0.5

Non-linear case n = 50 n = 100 n = 300

CR = 10% 24 x 1072 15x10~° 5.54x 1072
CR = 25% 69 x 1073 25x 1072 8.23x107*
CR = 40% 11x 1072 51x107% 16x 1073

4.3. Remark. From Table 2 and the graphs, we observe that the estimator behaves
similarly as for the linear case. The quality of fit becomes better along with the sample
size which means that the behavior of the estimator remains correct even for large values
of CR.
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5. Auxiliary results and proofs

For notational convenience, let us define

0i x — X; t—Y;
At = é(mKd( n )H( ha )
E

- =laug () (5]

for all i = 1,...,n. It is easily seen that

(5.1) Fln(xt)—E[Fln(xt] nhdZAxt

The items of the following proposition are similar to the conditions of Theorem 1 in
Doukhan and Neumann [10]. Once the conditions are met, it becomes possible to use an
exponential inequality to prove Theorem 3.2 related to the fluctuation term.

5.1. Proposition. Let Aq(x,t), Az(x,t),..., An(x,t) be defined as above. Then, there
ezist constants M, L1, Lo, up > 0, A > 0 and a non-decreasing sequence of real coefficients

(Y(n))n>o so that for all p-tuples (s1,...,sp) and all g-tuples (v1,...,vq) with 1 < 51 <
. <sp < £ .. L vg £ n, we have

°r v 2
a) Cov (H Ai(z, t), H Aj(z, t)> < PRSI pg Y (v — sp),

i=s1 Jj=v1

b) > (s + 1)*Y(s) < LiL5° (ko))" Yho > 0,
s=0
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o) E[|Ai(z t)]"] < (ko!)*MFo.
Proof. Proof of Proposition 5.1 To prove the first item of Proposition 5.1, we need
the following lemma:
5.2. Lemma. Under assumptions A2, A5, A7 and A8, we have
Sp Vq
i) Cov (H Ai(z, t), H Aj(z, t)> =: C1 < PTRT2h; 2pgp(v1 — sp),

i=s1 Jj=v1

Sp Vq
it) Cov (H Ai(z,t), H Aj(x, t)> =: Cy < PTIRRE.

i=s1 Jj=v1

Proof. Exploiting the definition 5.1, p.88 in Bulinski & Shashkin [3], we recall that the
partial Lipschitz constants are defined as follows

(5.2)  Lipi(®m) =

sup |<I>m(z1,...,zi,hz“ziﬂ,...,zm) —(IJ (zh...7zi,1,z{-,zi+17...7zm)|
Zlyeees Zm ‘Zﬁ - % | ’
z #z; z;E]R

where ., : R™ — R and Lip(®P,,) denotes the Lipschitz continuity modulus of ®.,, viz

P, - o,
x#y Ix =¥l
with ||(z1, ..., zn)||1 = |21] + o + |2n]-
To prove part (i) in Lemma 5.2, we use Theorem 5.3, p.89 in (Bulinski and Shashkin [3]).
Firstly, we set

)

=: l_pl A; and P4 =: ﬁ Aj.

i=s1 Jj=v1

Then, using the fact that K4, H and G are Lipschitz functions, we have

Cov(®,, D) Z Z Lip;(®p) Lip; (Pg)Aij,

i=s1 j=v1

The definition in (5.2) leads to

. M, 2 P _
Lipi(®,) < 0 (T) T

= hahe \G(7)
and
. Moy 2 \*? —1
Lip;(®,) < =) K,
(@) < o (2 ) IRl
where Mozmax{thip(K) KIS by (Lip(H)+h sz(( ))> I Kall . }

Note that the partial Lipschitz constants are obtained as follows

, My (2 \"! 1
Lip;(® < = Kq|?
iy < g (25) IR o

Moy 2 P 1
—_ KqllP7.
Mo (G(T)) Kl
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If Assumption A8 holds, by stationarity we get

Mg 2 pta p+qg—2 Z = A
Cov(P,, P < _—— K - i
@) < i () IR 3 A

i=s1 j=v1
Cp+q

<
= hihj

pq p(v1 — 8p).

This achieves the proof of (i). In order to prove the second part of Lemma 5.2, we need
to calculate the covariance term as shown hereafter by using the fact that

E[0:6,|T%, T5] = E [Lir<on g, <o) | T T ] = GL)G(T).
We also use the following simplified notations

- X, -
Kaxi = Ka (x h1X> and  H,, ::H(t W )

Indeed, we have

Cov(Ai(x,1), Ay (x, 1))

[ 6
“E|=— KyxiHyiKax;He,
GGy e ]
5 5;
—E | = KaxiHii| XE|= Kax,jHy,j
G(Y:) G(Y;)
= E |KaxiKax;E (%Ht,im,ﬂxi, xj)]
I G(Y)G(Y))
[ 5 5;
B Kiei B | o Hoi|Xi ) | X E | Ky B =2~ Hej|X;
oms (g )| < om0
—E |KanxiKax;E (Ht,th,jwm,xj)]
i G(T)G(T;)
—E|Kix: E (Htw)} E {Kd,x,]- E (Ht,jwpcj)} :
A G(Ty) G(Ty)

Then, we get

|Cov(Ai(x,1), A;(x,1))|
X—u t—s X—r t—wv
K H
Jows e ) 1 (57 ) e () (527)
x f(u,s,r,v)dudsdrdy|
X —u t—s

,/Rd+1 Kd< I )H( s >f(u,s)dud5
X / Kq (x—r) H (t—v) f(r,v)drdv

Rd+1 h1 ha

Moreover, under assumptions A2, A5 and A7, using a change of variables we get

<

+

(5.3) |Cov(Ai(x,t), Aj(x,t))| = O(hi%h3).

Finally, the second part of Lemma 5.2 follows by simple algebra. ]
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We need some auxiliary notations to set up the proof of Proposition 5.1. Impose

T(.)= p2dd+2 (.) and use the upper bounds of Lemma 5.2, namely

. (pta)yd =24 —2d 4 _d_

(5.4) OF7 < AT NTT (pg) W p 7 (0 — 5),
d+2 (p+q) 2 2d(d+2) 2(d+2)

(5.5) 022d+2 < (PrOzas hl 2d+2 h22d+2 )

Combining (5.4) and (5.5), we get

Cﬁczﬂ% < Cp-s-qhdhﬁ i s
1 2 > ths " (pq) P (v1 = sp)

2
< FTIRERT  pg Y1 — sp).

This inequality concludes the proof of part (a) of Proposition 5.1. Next, under Assump-
tion A8 and choosing A =0, p =1, Ly = Ly = —L—, the proofs of the results in (b)

1—e2dt2
and (c) are similar to those used in proving Proposition 8 in (Doukhan and Neumann
[10]), then we omit them. The proof of Proposition 5.1 is complete. O

Proof. Proof of Theorem 3.2 In order to set up the uniform asymptotic expression

of the fluctuation term

Fin(x,t)— E [E,n(x, t)} ’, we apply the triangular inequality
and classical techniques to cover compacts. So, € can be covered by a finite number d
of balls By(xx,a?) centred at x = (2k,1,...,ok,q4) and € is split into d,, subintervals
J1, ..., Ja, ,, of lengths by, centred at t,. In other words, for all x € 2, t € C, there exist
integers k € {1,...,ds»} and £ € {1,...,ds n} such that ||x — xx|| < al and |t — t,| < bn,
with ad = (n_lhfo‘*d)l/ml and b, = (nh‘{l)_l/2 he. Then, as Q and € are bounded, let
mi and ms be positive constants satisfying d. nad < mi and di b, < mo.

5.3. Remark. In proving our results we will use Lemma 5.4 stated in Menni and Tat-
achak [17] (see their Lemma 3 ) which governs a strong uniform consistency rate of the
kernel estimator [,,(.). We recall it hereinafter without proof.

5.4. Lemma. Under assumptions A1, A2, Aj, A6 and A8, for n large enough we

have
sup |ln(z) — l(z)| = O (max{1 / lo%?,h%}) a.s.
2 nhf

Next, using basic arguments, the left hand side in (3.1) is upper bounded as follows

sup sup 15'17n(x,t) — E [Flﬂn(x, t)] ‘ < I + Ity + Iy + Iy + I3y,
xEQ tel
with

L, = max sup sup|Fin(x,t)— Fl’n(xk,t)',
1<k<dz,n xeBy, te€

I, = | Jnax  sup sup E [ﬁ‘l,n(xk,t)] — E [F’Ln(x,t)] ’ ,

<k<dz,n xeBy, te€

Is,, = max max sup

1<k<dy n 1<0<ds n e, ’

Fl,n(x;w t) — Fl,n(xky t()

!
I>, = max max sup
1<k<dy,pn 1<0<ds n e ],

E [ﬁ’l,n(xk,tg)] ) [Fl,n(xk,t)] ’ ,

I3n = max max Fl’n(xk,tg) — E [Fl,n(xk,tz)]
lgksdm,n ISZSdt,n
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Concerning I1,, and I, we apply the SLLN for associated sequences (see Newman [18])
and Assumption A2(i). We obtain

)Fl,n(x, t) — Fl,n(xm)(

1 ° (51 t—Y; X—Xz‘ xk—Xi
=—>y —/—H K, — Ky [P
nh%;mm (hz ){ ( i ) ( i )H

n

¢ fx—xf1
— — i
h{G(r) hy  n 2

i=1

IN

n

da
c a 1
< (A 0i
— G(T) h;l-‘ra n Z

i=1

1
(5.6) =0 (\/W) .

To treat the terms I2,, and I3,, we use Assumption A3 and Lemma 5.4. We get

‘F‘l,n(xk,t) - Fl,n(xk,te)‘

1 &K 4 x — X, t—-Y; te—Y;
— N K H —H
i S () [ (50) - (5 )H
c Jt—td 1 <& xp — X
K
7y ha nh‘f; d( hy )

_¢ b—nln(xk)

(1) h2
(5.7) —0 < ! ) .
/nh$

We can focus now on upper bounding the term I3,. To do so, we apply an exponen-
tial inequality adapted to associated sequences (see, Theorem 1, p.19 in Doukhan and
Neumann [10]). Indeed, for all € > 0, we have

!
Ql

IN
Q

n 2
e*/2
(58) P (;_1 Ai(xk, te) > 5) = exp ( A+ B}L/(I»L+>\+2)6(2,u+2>\+3)/(u+>\+2)) ’

where A,, is any number greater than 2 and
n
o2 i (z Ai<xk,m> ,
i=1

2
24 AT Ly

(5.9) B, =2cLsmax A

,1
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Firstly, we have to calculate o2. Indeed o2 = (nh‘f)QVar (F1n (XK, tg)).
On the other hand, we have

d\2 = _ 01 te—Y1
(nhY)*Var (Fl,n(xk,tg)) = nVar (7G7(Y1) Kax,1He 1 T

b e 8 5

353 (g o s Rams s
i=1 j=
JF#i

=V+5

Firstly, let us focus on V.

01 o (X — X3 2(te—Y1
Vv = E|—= K, H
[t () e ()
01 X — X1 te— Y1
- B’ |=—— K H
gt () 7 (450
= n(D1 — Dz)

Concerning D1, we use classical conditional expectation techniques. So, under assump-
tions A1(i), A2 and A9, a change of variable and a Taylor expansion around xj, we
get

_ 2 (% — X4 01 2 (te—Y1

o= el () e e g () m]
B 9 Xk —u o (te—T 1 — ul 1(w)du
_ /}Rde< - )E{H( - )é(:rg'xl’ ]z( )d
< /]Rd K2 (th:u)/ﬂ{if(u,v)dvdu, because H(.) is a df;

= hf K3(2)s(xx — zh1)dz

Rd

Y / () K2 (z)dz — 1 [ K2 (z) [zl‘%(xk)+~~~+Zd8<(xk)}dz
R Rl 0Tk 1 O%k,d

= O(h)).

Here x;, is between xj, — zh; and xj. Again, to upper bound D2 we work similarly as
before. Indeed, using a change of variable, Taylor expansion and assumptions A1(i), A2

and A4, we get
-X 1 te — Y
[ () 2 = g () m e
{ d( ha G(Y1) ha 7] 1%

= oh%).

Do

Consequently, we get
V = O(nh?).

Secondly, to evaluate S, we first define

Bi ={(,5);1 < |i = jl < mn} and By = {(i,5);mn + 1 < i = jl <n — 1},
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where 7, = o(n). Then, we have

- 5 5
S = ZZCOU (%K‘i)xkviHﬁla“T;/})Kdvxk’jﬂ-tlaj>

i=1 B

+ Cov (| mo Ky Hiyis = K s H )
ZIBZ (G(Y;) et Gy e
= 2

1 S1 4+ Se.

From (5.3), it is clear that

(5.10) S = nnnO(hi%h3) = O(nn,hi%h3).

Next, the term Sy will be upper bounded by remaking that result a) in Proposition 5.1
and Assumption A8 permit to write

n 2
SN EnindT T (fi - )

S <
i=1 B
2 d i —
o dy ToT 5= _ali=ild
< nc®hihyt! Yot e 2av2
By
2 n
21 ds T21 _ ~qud
< nc h1h2d+1/ e zdfzdy
M
dp THT - Yond
(5.11) = O/ nhihyT e 2dt2 ).

So, under Assumption A1 and taking 7, = O(h¥* " *h%2™') with 0 < 11 < d and 0 <

2
v2 < 1, the bounds in (5.10) and (5.11) become of order o(nh{hs) and o(nh{hs '),
respectively. Consequently

_2
o2 =V + 8 =0(nh{) + o(nhi{hi™") = O(nh).

Thereby, we get A, = O(nh{). Next, from (5.9) and choosing y, \, L1 and Lo as those
in the proof of Proposition 5.1, we get B, = O(1).
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Regarding Is,, in view of (5.1), (5.8) and letting € = o4/ 10%, we have
nhy

Frn(xi,te) — E [Fl,n(xmg)} ' > 5)

> nhfs)

P ( max max

1<k<dg n 1<0<den

n

ZAi(xk,te)

i=1
> nhlzs)

h¢
cenhd + 55/3 nh{)5/ (

=P ( max max

1<k<dg,n 1<€<den

te)

< 2dg,nde,n exp

ES
mi mo exp — = logn
~ T ad b, 5/3 (logns \ /©
c+ e ohd
1

—1/2a 1/2 2
<c (n71h§a+d) (nh‘f) hytn=e0
1/2a

(5.12) —c (nhfwd(l—a))‘ (nha)~'n—Sta+E

So, under Assumption A1l and taking €2 > % (% + g), the term in (5.12) is the general
term of a convergent series. Then, we have

E P max max
1<k<dy,n 1<0<ds n
n>1

Applying the lemma of Borel-Cantelli, we obtain that

(5.13) 13n20( log”>.

d
nhy

- . 1
Fraant)— B [Fnen,t0] | 220 Zi?> <oo
1

Involving (5.6), (5.7) and (5.13), we deduce that

sup sup | F1 »(x,t) — E [F‘l,n(x,t)” =0 ( logn> .

x€Q teC nh({l
The proof of Theorem 3.2 is achieved. O

Proof. Proof of Theorem 3.3 First, observe that

sup sup | Frn (t|x t|x <
supsup (1) = FU < et o {supsur

[F‘Ln(x, t)} ~ Fi(x, t)‘

+ sup sup | F1,n(x,t) — F‘l,n(x, t)‘
x€EQ tel

+supsup |Fin(x,t) — E [Flyn(x,t)] ’
xEN tel

+mg " sup sup Fi (x, t) sup |1, (x) — l(x)\} .
x€Q tee x€Q
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As mg := inf, [(x), it is easily seen that
1 1

W09 S 100 — () — (0]
1
= mo = sup 1 () — 1|

This allows to write

sup sup | F, (t]x) — F(tx)|
x€eQ tek

1 -1

< Y1 + 92 + 93 + 9amg ~ supsup Fi(x,t) 7.

wagmwdmﬂl 20 am supup P )}
x€

As for the term 93, it has been bounded in Theorem 3.2. The following lemmas establish
respectively the result of ¥1, ¥2. Then we apply Lemma 5.4 for 94.

The bias term 1 will be stated in Lemma 5.5 by using conditional expectation techniques
and a Taylor expansion up to order 2 while Lemma 5.6 deals with bounding 5.

5.5. Lemma. Under assumptions A1, A2, A3 and A5, for n large enough we have

supsup | E [Fl,n(a}, t)] — Fi(z, t)‘ = O(h} + h3), as.

2cQ teC

Proof. The following proof does not depend on the dependence structure.
~ 1 o1 x — X1 t—Y
E |Fin(x,t = —E|= K H

[Foxn] = g [ () 7 (50

o () (7))
ha G(Y1) ha
We use integration by parts, a change of variable and Assumption A3, then we have
et (5] = o[ () ]
G(11) ha L LG() ha

[ 1 t—Ty
= E|= H E |1 X
_G(Tl) ( h2 ) [ {CIZTI}] | 1:|

|7 (%) )
[ (522 ixay

_ /H<1>(z)F(tfzh2|X1)dz.
R

Sl

Again, by a change of variable we get

E[Fin(xt)] = }%E{Kd(x;’“)/H<1>(Z)F(t—zh2|x1)dz

1 R
= / L, (X1 /H(l)(z)F(t — 2hs|X; = u)l(u)dudz
Rd hrll hl R

1 x—u
= ‘/]R;d A hi‘lin( h1 )H(l)(z)Fl(u7t —th)dudz

= //Kd(r)H(l>(z)F1(x—rh1,t—zhg)drdz.
Rd JR
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Then, expanding Fi(x — rhi,t — zhg) up to order 2 around (x,t) gives
Fl(x — I'hl,t — Zhg) = Fl(x t)

_ 8F1(X t) 6F1(X t) 8F1(x7t)
ha { L +o N — he T
h2 282F1(X*,t*) 28 F1 X t 8 F1 X t )
+i T 825% + + Tea——F 5 2 Z Tzr] a$16$]
4,J31#]
B3 [ L 0°Fi(x",t7) 82F1(x*,t*) 82 Fy (x*, %)
3 {Z ot Fhahy ey e T TR T

Here, (x*,t") lies between (x — rhi,t — zhs) and (x,t). Finally, assumptions Al, A2,
A3 and A5 entail

supsup | E [ﬁl,n(x, t)] — Fi(x, t)‘ < c(hi + h3).
x€N tel
This provides the desired result. ]

5.6. Lemma. Under assumptions A2, A4 and A8, for n large enough, we have

supsup | F1n(x,t) — F1n(a, t)’ =o0 (n_e) , a.8.
®2c) teC

Proof. Firstly, we have
|Fun (%, 1) = Fua(x, 1)

hdZMd( " )H(tﬁ) (@iYi) B G(1Yi)>‘

thdZKd< I )Hﬁf)’atm*é&)

Then, following Theorem 1.4 in Cai and Roussas [5] and for n large enough, we easily
get

Gn(t) = G(t)].

(5.14) sup ’én(t) - é(t)‘ =o0 (nie) , a.s.

teC

Recall that 0 < 6 < v/(2y+ 9+ 3/2k) for any real x > 0 and + is referred in Assumption
A8. Hence, Lemma 5.4 and (5.14) end the proof of Lemma 5.6. O

To end the proof of Theorem 3.3, it suffices to apply Lemma 5.4 for 4. O

The last step consists in proving the result on the behavior of the conditional quantile
estimator £, »(x), stated in Corollary 3.4.

Proof. Proof of Corollary 3.4 It suffices to use the following triangular inequality
jointly with basic arguments. Let x € €0, then we have

[F'(§pn(x)]x) = F(&p(x)[x)] < [Falépn(x)]x) = F(&p,n(x)[x)]
+ [Falépn(x)[x) — F(&(x)|x)]

(5.15) 231615|Fn(t\x) — F(t|x)].

IN
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So, the first part of Corollary 3.4 is straightforwardly deduced from Theorem 3.3. And,
a Taylor expansion of F(&p»|x) in the neighborhood of £,(x) permits to get

F(&pn(x)]x) — F(§p(x)[x) = (§p,n(x) — gp(x))f(f;; (x)|x),

where £, (-) is between &,(-) and &p »(-). Thus from (5.15), we obtain

sup [€p.n (x) — &p (%) £ (&5 (x)[x) < 2 sup sup [Fn(tx) — F(¢[x)].
x€EQ x€eQ teC

Note that if the condition in Corollary 3.4 is not checked, one has to consider a higher
order-Taylor expansion. Finally, the desired result follows immediately from Assumption
A5 and Theorem 3.3. (]
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Abstract

In recent Data envelopment analysis (DEA) literature, many re-
searchers have examined systems with a two-stage network structure
and its pitfalls. In these studies, two-stage network systems operations
for converting inputs into outputs have been performed in two stages,
meanwhile the intermediate products were considered as the outputs
from the first stage and as inputs to the second stage. This duality in
dealing with intermediate products imposes restrictions on the pricing
of these products. In this paper by focusing on the convexity axiom, we
define a new production possibility set. The main contributions of this
paper are fourfold: (1) we propose models for evaluating the overall
efficiency measure of decision making units (DMUs) in a two-stage net-
work structure based on the convex hull in intermediate products; (2)
we propose a procedure to determine the target unit of each inefficient
DMU; (3) we explain how to calculate the divisional efficiency; (4) we
demonstrate the feasibility and richness of the obtained solutions in the
context of two examples.
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1. Introduction

Data envelopment analysis (DEA) is one of the popular and growing methods in evalu-
ating the relative efficiency of a set of similar decision making units (DMUs). In practice,
DEA performs in the presence of multi-inputs variables and multi-outputs to evaluate
efficiency using a model originally proposed by Charnes et al. [1]. Later, extended DEA
models were applied in different contexts (see Cook and Seiford[7]). Initial DEA meth-
ods measured the efficiency of systems without any attention to the internal structure
of system operations. DEA has many applications for interpreting the productivity of
complex economical and engineering systems (Ebrahimnejad et al. [8, 9], Ebrahimnejad
and Bagerzadeh [10], Mottaghi et al. [15], Hatami-Marbini et al. [11], Tavana et al. [19])

Over time, researchers had more attention to system operation analysis in order to
find the causes of system inefficiency. The first study with a two-stage network structure
using DEA was reported by Charnes et al. [2], examining matters related to employment
in the army. This two-stage network model was then used by many researchers, such as
Lovell et al. [14], Seiford and Zhu [17] and Sexton and Lewis [18].

In recent years, several models have been proposed to improve efficiency measurement
in two-stage network systems. Wang et al. [21] introduced a two-stage method with vari-
able returns to scale (VRS), which in each stage considered variables independently and
provided intermediate products. Rho and An [16] considered slack variables in a model
that provided assessment of DMUs with weak efficiency. Kao and Hwang [12] examined
the possibility of decomposition in the system’s overall efficiency by considering interme-
diate products’ weights. Tone and Tsutsui [20], using a production possibility set (PPS),
introduced models based on the slack variable, and Chen et al. [5] provided a new method
for determining efficient projections for inefficient DMUs. Although the main contribu-
tions of these models were improvement in measuring efficiency in a two-stage network
structure, but they have many problems. For example, Chen et al. [6] reported some
of the limitations in efficiency measurement related to the different behaviors occurring
in the stages due to using intermediate products. Furthermore, Chen et al. [6] exam-
ined the determination of projection, efficient frontiers, and divisional efficiency become
challenges in network DEA models. In all these methods, intermediate products were
considered in the first stage as outputs and in the second stage as inputs with free dispos-
ability. Therefore, considering intermediate products with two different roles is caused
problems within the system. In this study, we are going to have a uniform behavior with
the intermediate products, when they are applied as inputs (consumer) of the second
stage and outputs (products) of the first stage. For this purpose, we introduce a set of
separated properties for every stage of the two-stage network, including consideration of
the convex hull of the intermediate products. Models based upon this new production
possibility set are presented to calculate the overall efficiency and projections. Finally,
the new network DEA model is compared with similar methods in evaluating how well
they addressed two-stage network limitations.

The rest of the paper is organized into several sections. In Section (2), a brief review
of some systems with a two-stage network structure is presented. In Section (3), some
properties regarding two-stage network DEA with convex intermediate products are ex-
plored, and Tc 1 is established by accepting these principals. Section (4) presents a new
model to compute the overall efficiency score in the proposed PPS. Section (5) explored
models determined by the divisional efficiency in Tcmr. In Section (6), we propose a
method is proposed to improve inefficient DMUs and to calculate frontier projections in
Tcenr. Some examples are illustrated in Section (7). Finally, Section (8), including the
main conclusions as well as some interesting future research lines, ends the paper.
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2. Two-stage network

Consider Figure 1 that represents a two-stage network structure for each of a set of n
DMUs.

Stagel Tl Stage2

x.i=l..m 2y.d=1...D yir=li.s

Figure 1. Two-stage process.

We apply Kao and Hwang’s model [12] to explain the main concepts. For each DMU; (j =
1,2,---,mn) ,in the first stage, inputs z;; , (¢ = 1,2,--- ,m) is used to produce a set of
D, intermediate products, zg,(d = 1,2,---,D), and in the second stage all outputs
of the first stage, namely, zq;,(d = 1,2,---,D) is used to produce the final outputs
Yrjr (1 = 1,2,---,s). In what follows z = (z1,---,2m) € R,z = (21,---,24) €
Rf,y = (y1, - ,ys) € R, represent the input vector, intermediate products vector,
and output vector, respectively.

In conventional models of DEA, two different methods are commonly used to evaluate
the efficiency of two-stage systems. The first method calculated efficiency of each division
based upon the application of the definition of relative efficiency in a set of DMUs, and
the multiplier-based network DEA models are derived according to this method. In the
second method, the production possibility set is used for measuring efficiency of each
division, and the envelopment models are derived with a two-stage network structure.
Network DEA pitfalls were represented by applying different concepts of efficiency in
these two different methods. A brief review of these two methods appears in the following
subsections.

2.1. The multiplier models with two-stage network structure. The multiplier-
based network models are generally applied to calculate overall and divisional efficiency.
Of course, one of the limitations of the network DEA models is that the divisional ef-
ficiency envelopment models are infeasible in some cases. Kao and Hwang [12], under
constant returns to scale (CRS) assumption, calculated stages’ efficiency scores sepa-
rately, then considering a series relationship between stages, they obtained an overall
efficiency score by the products of each stages’ efficiency. One notable point in their
method is that the weights related to intermediate products are equal in both stages
(wg;d=1,---, D).

Kao and Hwang [12] proposed the following linear programming (LP) model to eval-
uate the overall efficiency measure for DMU, :

S
E, = max Z UrYro
r=1
s D
s.t. Zuryﬁ*zwdzdjﬁo Jj=1--,n
r=1 d=1

D m
E Wdzdj — E ’UZ’CL‘ijSO jZl,-~~,TL
d=1 =1



(2.1)

m
E Vilio = 1
=1

Ui207u7‘207wd207i:17"'7m;’r:17"'78;d:17"'7D

In model (2.1), u € R} ,v € R} and w € RY are the associated unknown weights
of the output, input and intermediate products, respectively. Kao and Hwang [13] also
provided a method for calculating the overall efficiency score of DMU, under VRS.
They introduced following models for calculating the divisional efficiency scores.

(2.3)

1
T, = max
S.1.
2
T, = max
8.1.

D
E WaZdo — Wo
d=1
m
E Vilio = 1
i=1
m S
EO E Vilio — g UrYro = 0
i=1 r=1
s D
E uryrj—g wqzg; <0 j=1---,n
r=1 d=1
D m
g dedj—E vizi; <0 j=1-,n
d=1 i=1

D m

E ul]dzdj_u,fo_g vizi; <0 j=1-,n
d=1 i=1
Ur, Vi, Wp, Wp > €

wofree in sign

S

§ UrYro
r=1

D

E WdZdo + Wo =1

d=1

m S
E, Z ViZio — Z UrYro = 0
i=1 r=1
s D
Zuryrj_zwdzdjgo j=1--,n
r=1 d=1

D m
E wdzdjfg vizi; <0 j=1---,n
d=1 =1

D

S
E uTyrj—E wdzdj—’L[)oSO j:1,~~~,n
r=1 d=1

U, Vi, Wp, Wp > €

wo free in sign

Hence, E, is the overall efficiency score under CRS calculated from model (2.1). Model
(2.2) computes the input-oriented technical efficiency score of the first step and model
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(2.3) evaluates the output-oriented efficiency score of the second stage for DMU,. The
overall efficiency score of DMU,, under VRS, is obtained via the products of the stages’
efficiency scores.

Chen et al. [3] calculated the overall efficiency in a two-stage system by use of specific
weights in the objective function. They proposed the following model to compute the
VRS’s overall efficiency in a two-stage system, when DMU, is under evaluation:

D s
1 2
max E Wd2do + U + E UrYro + U
d=1 r=1

D

s.t. Zurym-—dezdj +u® <0 Jj=LL-,n
r=1 d=1

D m
dezdjvaixij + ut <0 j=1---,n
d=1

i=1

m D
Z’Uiivz‘o + dezdo =1
i=1 d=1
Vi Zoyur Zoywd 207’5:17 7m;7ﬂ:17"' >S;d:17"' >D
(2.4) u',u® free in sign
As can be seen form Model (2.4), intermediate products’ weights are considered the same

in both stages of the proposed model.

2.2. Envelopment models with two-stage network structure. DEA models with
network structures are used for determining projections on the efficiency frontier. Chen
et al. [4] introduced a radial version of the envelopment-based network model to compute
the input-oriented CRS overall efficiency for DM U, as follows:

min

s.t. Z)\Jmlj Sexio, 2:1727 , M
j=1
n
Z)\jzdjzédo7 d:1727"'7D
j=1
Zujzdjggdm d=1,2,---,D
j=1

n
Zlujyrjzym’ r=12---s
=1

)‘1207,“]20 j:1327"'3n
(2.5) 50>0 d=1,2,---,D

Model (2.5), is equivalent to the dual of Model (2.1). In Model (2.5), the intermediate
products are treated as free links.

Chen et al. [5] applied redundant constraints of Model (2.5), such as Z4o > 0(d =
1,2,---,D) in Model (2.5) as unrestricted variables, i.e. Zgo(d = 1,2,---, D) are free
in sing. Therefore, in the dual model, both constraints of intermediate products cor-
responding to these free variables considered as equal constraints. For reformulating
Model (2.5) under the assumption of VRS, it is enough to add the convexity constraints

(XN =N, A =1) to model (2.5).
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Tone and Tsutsui [20] introduced slacks-based network DEA models by using produc-
tion possibility set. They explored several models based upon the intermediate products
as both fixed links and free links. A version of the input-oriented envelopment-based
network model, where the intermediate products referred to as free link cases can be
modeled as follows:

max
Tio

i=1

n
s.t. ZAj.’Eij+S;:xi07 i=1,---,m
j=1
n
Z)\jzdede d:l,--~,D
j=1
n
Zﬂjzdj§2d07 d:177D
j=1

n

+
E KiYrj — Sr = Yro, r=1,---,s
J=1

)\jz()?y‘jzoy j:17"'an
(2.6) 240>0, d=1,---,D

In general, two different behaviors with intermediate products in most models of a two-
stage network can be considered one of their most significant problems while minimum
attention has been paid to them. These methods by assigning the same weight variables
to the intermediate products in two stages of the multiplier-based network models (for
example, wq;d = 1,..., D) impose uniform shadow prices to the system and so they have
limitations or have less flexibility.

By changing the direction of inequality in the corresponding constraints of intermedi-
ate products in the envelopment network models, the model provides the possibility of
disposability, which is consumed in the next stage. Therefore, models manage the prob-
lem from the outside. In the next section, we examine the impact of uniform behavior
on these products for calculating overall efficiency and projections.

3. Two-stage network DEA with convex intermediate products

In this section, we propose separate axioms for each stage in a two-stage network
structure. Using these axioms, we form a new production possibility set for a two-
stage network DEA with convex intermediate products. In addition, some of the related
properties are also presented.

We postulate the following axioms for the production possibility set of the first stage:

A1l . The observed activities (zj,z;),(j = 1,2,--- ,n) belong to T1.

A2 . Any convex combination of activities in 71 belongs to T7.

A3 . For an activity (z,z), in 71, any semi positive activity (Z,z) with T > = is
included in T7.

Thus, we define the production possibility set 71 that satisfiesA1-A3 as follows:

(1) Ti={(m2):> Nz <o) Nz=23 N=1LX >0i=1,-,n}
3 i i

In PPS T, the variable A € R" is the vector of intensity variables of the first stage.
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3.1. Theorem. Technologyof the first stage, Th, which is defined in set (3.1) is the
minimal set that contains all observations and satisfies the azioms of strong disposability
of inputs and convexity.

The proof of Theorem (3.1) is given in the Appendix.
For the PPS of the second stage, we postulate the following axioms:

B1 . The observed activities (z;,y;),(j =1,2,---,n) belong to T>.

B2 . Any convex combination of activities in T belongs to T5.

B3 . For an activity (z,y), in T, any semi positive activity (z,7) with y > 7 is
included in T5.

Then, we define the production possibility set T that satisfies B1-B3 as follows:

(32)  To={(z9): > miz =23 my; 24y Hy=1lpu; >0j=1--,n}
i i i

In PPS T3, the variables p € R™ denote the intensity levels of the DMUs for the second
stage.

3.2. Theorem. The second stage technology T> defined in (3.2) is the minimal set that
contains all observations and satisfies the azioms of strong disposability of outputs and
convezity.

The proof of Theorem (3.2) is similar to the proof of Theorem (3.1) and is omitted.

According to the proposed axioms for each stage, and under the assumption of VRS,
we define the overall production possibility set for the two-stage network with convex
intermediate products as follows:

TCHI _{(I; 2 y) : ZAJ"TJ' S ‘T:Z)‘jzj = Z7Z“jzj =z,
J J J
Doy Zy Yy =1y N =1,%>0,
J J J

(3.3) >0, j:1,...,n}

In fact, notation CHI represents the convex hull of intermediate products.

Note that the intermediate products in Tcpr are examined by two separate sets of
A € R" and p € R", and thus A determines the relation between inputs and intermediate
products and p determines the relation between intermediate products and outputs.

The main difference of the technology expressed in (3.3) from the conventional tech-
nology of the two-stage network is that the former allows the free disposability for the
intermediate products.

In the above technology, the produced output ratio in the first stage is equal to
the consumed input ratio to the second stage. Therefore, access to resources became
restricted, and the produced possibility set generated by technology set (3.3) becomes a
subset of the traditional two-stage network production possibility set.

Here, we present an illustrative example to compare the overall efficiency frontier
and each stage of the two-stage system, using efficiency frontier conventional technology
under the condition of CRS and VRS.

3.3. Example. Consider a system that includes four DMUs. Each DMU has one input,
one output, and one intermediate measure. The data set is given in Table 1.

Now, we can show the overall production technology, and PPS of each stage of the
two-stage structure as seen in Figure 2, Figure 3, and Figure 4.



Table 1. Data set of example (3.3)

DMU |z |z |y

A 112]4

B 2 11]1

C 514|2

D 2122
FA
(i}
‘- P s
o,
° T

Figure 2. Efficient frontier generated by 7.

[
T

Figure 3. Efficient frontier generated by 7.

In Figure 2, the red lines show the production frontier of stage 1 ( 71 ). Note that the
efficiency frontier has been expanded by the convex hull of observations and the strong
disposability in inputs.

In Figure 3, the red lines show the production frontier of stage 2 ( 7% ), in which the
frontier points are obtained with the convex hull of observations and the strong dispos-
ability axiom in outputs. The blue lines and black dotted lines on both Figures 2 and
3 represent the efficiency frontier, under the assumptions of CRS and VRS, respectively.
Clearly, the production possibility set with the convex hull in intermediate products is a
subset of the production possibility set under the assumption of both CRS and VRS.

Figure 4 illustrate the tridimensional network technology showing the convex hull in
intermediate products.

4. Introducing a model to determine overall efficiency in Tcpr

In this section, we present a new network DEA model to calculate the overall efficiency
in Tcmr. To do this, we first consider an input-oriented model.
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Figure 4. Efficient frontier generated by T ;.

The new network model suggested to evaluate the overall efficiency of DMU, in
Tcmr is given as follows:

0, = min 6

n
s.t. Z)\jl’i]‘ Sexio Z:17 > T

j=1

Z)\jzdj:zdo d:1,~~~,D
j=1
n
Z,LL]'Zdj:Zdo d:177D
j=1
Z,U/jyrjzy'ro T:1>"'75
j=1

D=y A=1
j=1 j=1

Model (4.1) is similar to the VRS two-stage network model of Chen et al. [4] given
in model (2.5),with the difference that in the above model the constraints related to
intermediate products are considered in a convex set of intermediate data. In fact,
outputs of the first stage are exactly equal to the inputs of the second stage and the
overall efficiency of DMU, is evaluated into a set of fixed intermediate products. It can
be seen that model (4.1) is always feasible, and 0 < 6} < 1.

4.1. Definition (Input-oriented overall efficiency). The under evaluation DMU, is said
to be overall input-efficient with intermediate convex products, if the optimal value of
model (4.1) is equal to one; namely 6 = 1.



321

In order to describe model (4.1), we can rewrite it to evaluate the overall efficiency
score for DMUp given in example 3.3 as follows:

Qf:ming

s.t. A1+ 2X2 + 53+ 224 <20
2M + A2+ 43+ 20 =1
AM+A+ A3+ =1
2p1 + po +4pzs +2p4 =1
dpnr + po + 23 +2p4 > 1
p1+ p2 +ps +ps =1
>0, >0  j=1,....4

By solving this model, the optimal overall efficiency score for DMUg is achieved as
08 = 1.

Similarly, the new model can evaluate the overall efficiency scores for the input-
oriented units in Example 3.3. The results of this calculation are reported in Table
2.

Table 2. Overall efficiency scores for four DMUs in example 3.3

DMU [A[B|[C]| D
6 (11105

Thus, DMUs A, B, and C are efficient. Note that the obtained scores for overall efficiency
were in keeping with the level of intermediate products computed at the level z,.

If we allow intermediate products in model (4.1) to change the convex hull, then further
improvements in the optimal solution would be possible. We expressed this improvement
in Section 6 as free intermediate products.

The dual of Model (4.1) (multiplier formation) can be presented as follows:

s D D
1 2
max E UrYro + E W dZdo — E W dZdo + Uo + Vo
r=1 d=1 d=1

D m
s.t. Zwledj—ZViCL‘ij"‘vOSO j=1...,n
d=1 i=1

s D
Zuryrj_zwzdzdj+u0§0 ji=1...,n
r=1

d=1
m
E ViZio = 1
i=1
ViZO, uT‘ZO m;r:17"'75
2 1 . .
(4.2) ug, Vo, w” ,w free in sign

In Model (4.2) w' and w? denote the weights of the intermediate products in the first
stage and second stage, respectively, and vo, uo, u , v denotes unknown weights. It is
trivial that the objective function value of this model is less than or equal to 1.
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Model (4.2) can be rewritten as following fractional model:

Zi:l UrYro + ZdDzl ( wld_de) Zgo T U0 + Yo

max
Dty ViTio =1
D 1
_1 W dZd4j + vo .
s.t. X:li%l—tgl j=1,---.n
Doty Vitio =1
S
L u i tu
Z""—é rrs Ogl j:17"'7n
2
Dodm1 W2azd
vi > 0,ur >0 i=1,--- ,myr=1,---,s
(4.3) w0, vo, w2, w' free in sign

The first and second sets of constraints in Model (4.3) show the relative efficiency of
input-oriented units for DMU, in the first stage and the second stage, respectively. It
should be noted that in the objective function of Model (4.3), the value (w' —w?) in the
numerator gives two different roles for z,. If this value is non-negative, the performance
of z, as output is more effective; otherwise, it is used as input.

By considering equal sign in the constraints related to intermediate products of Model
(4.1), the dual variables corresponding to these constraints, namely w' and w? have no
restriction signs. This means that the intermediate values can be measured with positive,
negative, or even zero amounts. Thus, the system is allowed to measure intermediate
products with different patterns, without considering their input or output roles. There-
fore, the new model does not restrict the pricing of intermediate products.

However, in model (2.1), proposed by Kao and Hwang [12], which is equivalent to the
dual of model (2.5) ([4]), same non-negative weights are assigned to two intermediate
products constraints. Therefore, the obtained values of the intermediate products in
model (2.1) had less flexible and imposed targeted pricing methods on the system. In
fact, model (4.2) is somewhat similar to model (2.4) ([3]), with the difference that in model
(2.4) the same positive weights are assigned to the intermediate products and considering
predetermined weights by the decision-maker in model (2.4) are caused differences in the
constraints of the normalized equations of these two models.

It should be noted that model (4.1) can also be used to assess the overall efficiency in
output-oriented units. The difference is that we should replace the minimum contraction
in inputs with the maximum expansion in outputs.

5. Divisional metricconverterProductID0000019Fefficiency in Tcyr

For calculating the divisional efficiency, we use the production possibility sets (3.1)
and (3.2). The efficiency scores in input-oriented units for DMU, in the first stage, and
its dual model can be computed by the following models:

01 = min 6

s.t. ZA]'I”' Seiliio = 1,"' ,m
j=1
Z)\jzdj:zdo le,'~~,D
j=1
(5.1) D=1 X420 j=1,---,n

j=1



D
1
D1 = max E W d2do+V0
d=1

D m
s.t. Zwledj—ZVil‘ij—F’UoSO j:L...,n
d=1

i—1
m
Zvimio =1
i—1
vi >0 i=1,..., m

(5.2) vo ,w' free in sign

In addition, the efficiency scores for input-oriented units in the second stage can be
obtained by the following models which are dual of each other:

o = min6

s.1. Z,ujzdj ZQZdO d=17--- ,D
j=1
ZuijijTO 7":17"',5
j=1

Doni=1
j=1

(5.3) i 20 j=1-.n

S
Dy = max E UrYro + Uo
r=1

s D
s.t. Zuryrj—Zdezdj—i—uoSO j=1...,n
r=1 d=1
D
ZdeZdo =1
d=1
ur >0 r=1,...,s
(5.4) uo,w2 free in sign

The interpretation of the models (5.3) and (5.4) are similar to standard models of DEA.
The only difference is using the equality restriction in the output constraints of the first
step of model (5.1) and in the input constraints of model (5.3). The dual variables
corresponding to these constraints are free in sign, but the objective function values of
models (5.1) and (5.3) are between zero and one, so based on the duality theorem, the
problem is always bounded.

In general, input-based (output-based) models with a two-stage network structure
given based on the concept of convex hull in intermediate products do not give informa-
tion about divisional efficiency. This challenge may be due to using fixed intermediate
products, or not using the optimal intermediate products in computation of the divi-
sional efficiency. Indeed, the efficiency score of the first stage may represent the overall
efficiency score.
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6. Frontier projection in Tcmx

In this section we introduce a new network DEA model that gives the efficient pro-
jection of inefficient DMUs.

Note that according to the multiplier-based network DEA models, it is not possible
to determine the efficiency frontier or the frontier projection of units under assessment.
Thus, it is not possible to determine the amount of saving in inputs while keeping the
current outputs and also to determine the amount of maximum increased outputs with
fixed input values.

Chen et al. [5] expressed that the resulting projections of the dual model (2.1) fail on
the efficiency frontier. Therefore, they proposed model (2.5), which is equivalent to the
dual of model (2.1). The key point of their model was to modify data of frontier projec-
tions with proper adjustments to the intermediate products. They replaced constraints
related to intermediate measures in dual of model (2.1) with two sets of constraints, so
that the right side of both constraints were replaced with a set of non-negative variables
( Zdo )- This model not also provides the frontier projections for inefficient DMUs, but
also gives an overall efficiency score.

In order to determine the frontier projections in Tc iy, we replace the amounts on the
right side in both intermediate products constraints in model (4.1) with a set of the same
non-negative variables. In this case we propose the following linear programming model:

min 6

n
s.t. Z)\J-’Ifm Se-rio 7/:17 , M
j=1

Z)\jzdjzédo le,“',D
j=1
n
Z/szdj:,%do d=1,---,D
j=1

Zujy"“jzyrt) T:]-?"'?S
=1

n

PRI SV
J=1
(6.1) 50>0 d=1,---,D

Note that in the Model (6.1), Z4o denotes an unknown variable. It indicates an optimal
amount of intermediate products, produced in the first stage and consumed in the second
stage. The projection point for DMU, is given based upon optimal solution ofModel
(6.1) as (0" xio 210, Yro)-

6.1. Theorem. The projection point for unit under assessment by model (6.1) is overall
input-oriented efficient with convex intermediateproducts.

The proof of Theorem (6.1) appears in the Appendix.



The dual of model (6.1) can be expressed as follows:

S
max E UrYro + Uo + Vo

r=1

D m
s.t. Zw;zdj—zviwij-‘rvoﬁo j=1-,n
d=1

=1

s D
ZuTyTj*ngzdeonSO j=1,---,n
r=1

d=1

m
Zvixio =1

i=1

D D

Zwé — Zwﬁ >0
d=1 d=1

UiZO,UrZO i:1,~~-,m;r:1,~~~,8
(6.2) w0, vo, w>, w' free in sign

The fractional program of model (6.2) can be expressed as:

s
ZT‘:l UrYro + uo + vo
max o

Doit1 Vitio

D 1
Y i1 WaZaj + o

s.t. <1 1=1...,n
2y vii Y
S
R S SR T
2
D i1 Wizds
D D
S uh- 3wz 0
d=1 d=1
v; 2 0,ur 20 i=1,---, mr=1--s
(6.3) w0, vo, w2, w' free in sign

Here, %4, imposes the third set of constraints ( 3.7, wi— 37 w3 > 0) to model (6.3).
Note that these constraints are not redundant. This means that the cost of intermediate
products considered as inputs is smaller or equal than to the cost when the same products
were considered as outputs.

In fact, the problem is optimized in such a way that the price of providing intermediate
products in the second stage equals, at most, to the price of selling the same product in
the first stage.

7. Illustrative examples

In this section, the suggested models are used to assess overall and divisional efficiency
scores and to determine frontier projections. In addition, we compare the findings of this
study with some other two-stage network models.

First, we consider the data given in Table 1 and solve the models (6.1) and (2.5),which
were proposed by Chen et al. [5], under the assumption of VRS. Then, using the results,
we calculate the frontier projection units. The results are reported in Table 3.

The results show that the frontier projections determined by model (6.1) are ex-
actly the same those obtained by model (2.5). In addition, when calculating the overall
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efficiency score of model (4.1) for DMUp, due to applying the restriction on the inter-
mediate products, this unit is efficient. However, with permission to change the convex
hull of the intermediate products in model (6.1) the possibility of further abatement is
created in inputs. Therefore, DMU p is inefficient under the model (6.1).

Table 3. Frontier projection results for four units in example 3.3

DMU
MODEL (6.1) MODEL (2.5)
0*x | z* y 0*x | z* y
A 1 2 4 1 2 4
B 1 2 1 1 2 1
C 1 2 2 1 2 2
D 1 2 2 1 2 2

To examine divisional efficiency scores in Example 3.3, we use Models (5.2) and (5.4).
To compare results, we solve the proposed models by Kao and Hwang [13]|, under VRS
assumption. The results are reported in Tables 4 and 5.

As can be seen in Tables 4 and 5, the efficiency scores of first stage given by the model

proposed in this study are greater than or equal to those obtained based on the model
proposed by Kao and Hwang [13].

Table 4. Efficiency scores of four units in first stage for example 3.3

DMU | MODEL (5.2) | MODEL (2.2)
A 1 1
B 1 0.5
C 1 1
D 0.5 0.5




Table 5. Efficiency scores of four units in second stage for Example 3.3

DMU | MODEL (5.4) MODEL (2.3)
A 1 1
B 1 1
C 0.33333 0.5
D 0.666667 0.5

7.1. Example. In this example, we evaluate the overall efficiency and divisional effi-
ciency for a two-stage system using 12 DMUs. Two inputs, three intermediate products,
and two outputs using hypothetical values are used in this evaluation. The data set is
shown in Table 6.

Table 6. Data set of Example 7.1

DMU X1 X2 VAN V4) Z3 Y1 Y2
1 61 | 5 3 12 4 |10 |75
2 14 | 23|15 | 21 | 90 | 3 | 42
3 25 |10 | 6 50 | 12 | 6 6
4 8 4 | 41 3 6 7 118
5 53 | 20 | 18 | 14 | 55 | 90 | 10
6 22 | 70 | 19 9 11 1 |12
7 17 | 55| 40 | 20 | 15 | 30 | 14
8 33 |82 | 91 | 16 8 | 25| 16
9 25 |45 | 6 10 | 78 | 7 | 38

10 66 | 19 | 16 1 10 | 66 | 20
11 21 (64| 9 8 15 | 22 | 42
12 30 | 75| 70 | 12 9 | 36 | 18

The calculated overall and divisional efficiency scores of the units using models (4.1),
(5.2), and (5.4) are reported in Table 7. The overall efficiency scores in most units are the
same and are equal to one. Therefore, most units are efficient and lie on the VRS frontier,
when they are evaluated by the new network model. These results are not surprising, as
the production possibility set with the convex hull in intermediate products is limited.
Significantly, the results shown in Table 7 revealed the equality of the overall efficiency
scores with the efficiency scores for the first stage.



Table 7. Overall and divisional efficiency scores results in Example 7.1

DMU | Overall | stage 1 | stage 2
1 1 1 1
2 1 1 1
3 1 1 1
4 1 1 1
5 0.7860 0.7860 1
6 0.9077 0.9077 0.6491
7 1 1 0.4292
8 1 1 1
9 1 1 1
10 1 1 1
11 1 1 0.9346
12 0.7816 0.7816 0.9346

By using the optimal solution for model (6.1) for DMU,, the computed efficient
projection of (0*x;0, 25,, yro) revealed the improved activity shown in Table 8. Clearly,
with the allowable change inthe convex hull of intermediate products, the possibility of
further improvement is created in the units.

Table 8. Frontier projection results in Example 7.1

DMU | 6*x; | 0*x2 z Z Z3 Y1 | y2
1 61 5 3 12 4 10 | 75
2 10.48 | 17.22 | 35.87 | 9.88 6.87 3 42
3 10 4 41 3 6 6 6
4 8 4 41 3 6 7 18
5 41.65 | 15.72 18 14 55 90 | 10
6 7.98 | 25.41 41 3 6 1 12
7 8.48 | 27.44 | 39.73 | 4.22 7.67 30 14
8 8.38 | 20.82 | 40.01 | 3.95 7.31 25 16
9 10.07 | 18.13 | 36.72 | 8.73 6.73 7 38
10 30.03 | 8.645 | 23.70 | 7.75 | 24.70 | 66 | 20
11 10.62 | 32.38 | 35.56 | 10.30 | 6.93 22 | 42
12 8.61 | 21.52 | 39.40 | 4.54 8.11 36 18

8. Conclusion

Conventional DEA models with a two-stage network structure utilizing intermediate
products, have different behaviors that this duality could impose limiting conditions on
the pricing system. In this paper, we proposed uniform behavior using these intermediate
products. For this purpose, we introduced a new overall production possibility set under
the assumption of VRS, considering the convex hull of intermediate products. In addition,
we proposed a network DEA model to assess the overall efficiency score and frontier
projections. Then, we explained that the use of equality constraints in the intermediate
product models decreased disposability, but due to considering separate and free variables
in sign, or w' and w? within the dual models, the system allowed to price the intermediate
products using different methods. Therefore, the proposed method is more flexible than



conventional DEA models in a two-stage network structure. On the other hand, Z4,, in
assessment of the model for frontier projections shows more compatibility with production
assumptions. The main reason is that the model is optimized in such a way that the price
of providing intermediate products in the second stage equals, at most, the price of selling
the same product in the first stage. We examined the assessment methods for divisional
efficiency in Tcnr, and explored that an assessment of divisional efficiency was not
possible, because the efficiency of the first stage may represent the overall efficiency.
Some illustrative examples were then applied to explain and compare the results of the
approach presented here with those obtained by other methods.

Appendix

8.1. Theorem. The first stage technology or Ti, which is defined in set (3.1) is the
minimal set that contains all observations and satisfies the azioms of strong disposability
of inputs and convexity.

Proof. Assume technology T satisfies the axioms (A1)-(A3). We show that 71 C 7.
Namely, if activity (z1,21) € T1 satisfies (A2) and (A3) with some vectors A € RY then
(331,21) € T. Let,

T 2> DA
T, 21 GTl,H)\h---,)\n s Ai=1: J
(21,21) hRY { S

Since T, satisfy (A1) then for any (z;,z;) € T,j =1,--- ,N. Also, T satisfies (A2) then
we have :

D (@ z) €T = (Z)‘J"”J"Z)‘fzj> €Ty N =1
j i I !

Finally, T must satisfy the strong disposability in inputs then, (z1,21) € T. Then, the
proof is completed. |

J

8.2. Theorem. The projection point for units under assessment given model (6.1) is
overall input-efficient with intermediate conver products.

Proof. The efficiency of projection point obtained for DM U, based on model (6.1) namely
(0" xio, 230, Yro), is evaluated by solving model (4.1).
We have :

min

s. t. (@(G*xio)j;,yo) € Tcnur
We claim, 8* = 1. Suppose not and let, 8* < 1, (contrary hypothesis). Thus ,
jry < 5(0*;1:0)

>
L ozk N *
3/)\\20,1}::1,@\20,1%\21—) %j JZJ_ZO_Z]'::[)\]ZJ

Then (1/9\9*,3\\, 1), is a feasible solution of model (4.1).

On the other hand according to contrary hypothesis we have 0 0" < 0. However, 6*
is part of an optimal solution and this is inconsistent with the optimality of 8*. Thus,

0* =1 and the proof is completed. O
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1. Introduction

Kies distribution was introduced by [19], in connection with the study of breaking
strength of glass. Since then, a little work has taken place related to this distribution
in different field of science and technology. An important characteristic of the Kies
distribution is that its hazard function is decreasing, increasing and bathtub shaped where
Weibull models are inappropriate. [21] considered a special case of the Kies distribution,
which they termed as "‘reduced Kies distribution"’ and its probability density function
(pdf) and cumulative density function (CDF) are given by

(1.1) fla;8) =B 1 —ax) P! e_(ﬁ)ﬂ7 0<z<l1, >0
and
(1.2) FaB) =1—e ()" 0<a<1, >0

This distribution can be viewed as a functional form of the Weibull distribution with
shape parameter [ and it can be useful for modeling data sets with increasing and bathtub
shaped hazard rate functions. Simple probability distributions generally do not exhibit
bathtub-shaped failure rate, including Weibull, gamma, and log-normal. In most cases,
bathtub shaped hazard functions have at least two parameters, whereas reduced Kies
distribution has only one parameter which exhibit both increasing and bathtub shaped
hazard rate. [21] observed that RKD(/) is a better model compared to the Weibull as
well as its extended models such as beta Weibull distribution, beta generalised Weibull
distribution etc. Interested readers may refer to [22] and [23] for an excellent exposure
to the Kies distribution.

In case of complete data, it is necessary to continue the experiment until the last
item/product failed. Very often, one may find that quite a number of items have very
long lifetimes and the experiment continues for a very long period of time so much so that
the results may no longer be of any interest or use. In such situations, it may be desirable
to terminate the test prior to failure of all items under test. When test is discontinued
prior to failure of all items, resulting observations will be called the censored sample.
There exist various types of censored samples including Type-II, progressive Type-II,
progressive first-failure censored samples and record values etc.

In this paper, we consider a more general censoring scheme called the progressive type-
II right censoring scheme. Progressive type II right censoring is a useful scheme in which
a specific fraction of individuals at risk may be removed from the experiment at each of
several ordered failure times. There is a large body of literature dealing with progressive
type II right censoring. For example, see [8], [10], [9] and [25] and the references therein.
A Type-II progressively censored scheme can be expressed as: Suppose that n units are
put on life test at time 0 and the experimenter decides before hand the quantity m, the
number of failures to be observed. Now at the time of first failure, R; units are randomly
removed from the remaining n — 1 surviving units. At the second failure, Ry units from
the remaining n — 2 — R; units are randomly removed. The test continues until the m-th
failure. At this time, all remaining R,, = n—m— Ry — Ra—...— R;,—1 units are removed.
In this censoring scheme, R; and m are previously fixed. The resulting m ordered values,
that are obtained as a consequence of this type of censoring are appropriately referred
to as progressive Type-II censored ordered statistics. Note that, if Ry = Ry = ... =
Rpy—1 = 0, so that R,, = n — m, this scheme reduces to conventional type II right
censoring scheme. Also note that if Ry = Ry = ... = R,, = 0, so that m = n, the
progressively type II censoring scheme reduces to the case of no censoring (ordinary
order statistics).
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Now in the view of (1.1) and (1.2), we have
pPtr-1

(1.3) 62 (b+1 1 - Fa)),

where (e)x = e(e+1)---(e+k—1) denotes the ascending factorial. This equation will be
exploited in order to derive some recurrence relations for the single and product moments
of progressive Type-II right censored order statistics from the reduced Kies distribution.
If the life times of an item are based on an absolutely continuous distribution function
F(z) with probability density function f(z), the joint probability density function of the

progressively censored failure times X1:.m:n, X2:min, -+ y Xmimmn, 1S given by (see [8]).
IXtimin X oo X (L1, 8250+ Tm)
= Alm,m—1) ][] fl@)ll = F(z:)]™
i=0
(1.4) —00 <21 < T2 < - < Ty < OO,
where
A(n,m —1)
(1.5) = nn—Ri—1)---(n—Ri—R2— - —Rpm_1 —m+1).
Let X1,Xs2,---,X, be a random sample from the reduced kies distribution with pdf
and cdf given in (1.1) and (1.2) respectively. The corresponding progressive type-1I right
censored order statistics with censoring scheme (R1, Rz, Rm), m < n will be
X{Ijnlfz’ 5 Rm) Xélzéyfz, : 7Rm)’ XT(nRTlrzlzLQy Bm)

The single moments of the progressive type-II right censored order statistics can be
written as follows (see, [8]),

(R1,Ra, \Rm)® E[xml,Rz,m,Rm)(k)]

iimin i:m:n

0<z)<zo< < Ty <00

X [L = F(a]™ f(z2)[1 = F(wa]™ f(23)[1 = F(a]™ - f(2m)
(1.6) X [l = F(zm])*™deodzs - - - dem,

where f(.) and F(.) are given respectively in (1.1), (1.2), and A(n,m — 1) as defined in
(1.5). When k = 1, the superscript in the notation of the mean of the progressive type-1I
right censored order statistics may be omitted without any confusion.

Recurrence relations for single and product moments for any continuous distribution
can be used to compute all means and variances of a distribution. Many authors have
obtained the recurrence relation for progressively type-II right censored order statistics
for different distributions, see for example [15], [26], [29], [18], [3], [2], [30], [4], [1], [5],
[6], [7], [16], [17] , [11], [28], [24], [12], [13], [14], [20] and the reference cited in.

The motivation of the paper is three fold: first, we derive recurrence relations for the
single and product moments of the corresponding progressive Type-II right censored or-
der statistics. These recurrence relations will allow one for the recursive computation of
these moments for all sample sizes and all possible censoring schemes, second is to obtain
the maximum likelihood estimators and confidence intervals of the unknown parameter
of the model and third is to obtain the Bayes estimator under the symmetric and asym-
metric loss functions using gamma prior for the shape parameter and two-sided Bayes
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probability interval (TBPI) and the highest posterior density (HPD) credible intervals.
The uniqueness of this study comes from the fact that we provide explicit expressions
for single and product moments using progressive type-II right censored order statistics
along with parameter estimation using frequentist and Bayes.

The outline of this note is as follows: Recurrence relations for single moments of pro-
gressive type-II right censored order statistics from RKD are given in section 2. Further,
section 3 describes the recurrence relations for product moments of progressive type-II
right censored order statistics from RKD. The recurrence algorithm is carried out in
section 4. In Section 5, we introduce the maximum likelihood estimation of the un-
known parameter along with approximate confidence interval. In Section 6, We consider
Bayesian estimation of the unknown parameter along with two-sided Bayes probability
interval (TBPI) and the highest posterior density (HPD) credible intervals. A Monte
Carlo simulation study is presented in Section 7 to evaluate the performances of the
estimation method discussed in Sections 5 and 6. Then, in Section 8, we illustrate the
methodology developed in this manuscript and the usefulness of the RKD based on pro-
gressive type-II right censored order statistics using a real data example. Finally, some
concluding remarks are provided in Section 9.

2. Recurrence relation for single moments

In this section, we establish several new recurrence relations satisfied by the single
moments of progressive type-II right censored order statistics from the reduced Kies
distribution. These recurrence relations may be used to compute the means and variances
of reduced Kies distribution based on progressive type-II right censored order statistics
for all sample sizes n and all censoring schemes (R1, Rz, -+, Rim), m < n.

2.1. Theorem. For2 <m <n and k >0,

Ry,Ra, Ry )*) R Ro, Ry ) (K TA+P)
pifae 62 e { - et
(k+B+p)
(2.1) + (1 +R1)H§ﬁylﬁ§2’ Rm) 4 }

Proof. From equations (1.5) and (1.6), we have

R1,R2, ,Rm (k)
0<z1 <22 <+ <X <00

X L(za)f(x2)[1 — F(22]"™ f(3)[1 — F(23]"™ - f(xm)
(2.2) X [1 = F(zm])*dzads - - - dam,
where
L(z2) = /012 ot f(21)[1 = F(21]™ dan

- o 1,5-"-17—1
- / oA {ﬂZ(@H);[1_F<wll}[1—F<m1>]Rldm

(2.3) = B Z (B + Dr /12 VPP - P2 T
p=0 ! 0
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Integrating (2.3) by parts, we get after simplification
z2
— _ R1+1_k+B+p k+B+p
- ’szl k—&—ﬂ—l—p){[l F(2)] T2 +(R1+1)/0 Z7
(2.4)  x [1—F(z1)] lf(xl)dacl}.
Substituting the value of L(mg) from (2.4) in (2.2) and using (1.6), we have
(Ri Ry )M 5 + Ly // / B84 (g Ri+1
(1 - F(ﬂﬁz))R2 s f(@m) (L= F(zm)) ™

(k+B+p)
+ (L Ryl }

X

(B+1)p { (R1+14Ra,+ ,Ryy) FH5+P)
n—Ri —1)py. .o
/BZ p' k+ﬂ+p) ( 1 )“l.mfl.n

(k+8+p)
+ (1+R1)u(1§31252’ R
rearranging the above equation gives the required result in (2.1). ]
2.2. Theorem. Form=1,n=1,2,---and k > 0,

(n 1)( ) (ﬁ + l)p (n— l)(k+ﬁ+p)
2. E
( 5) Hi:1:m B p' kﬁ*ﬁ‘¥p) 1:1:n

Proof. Similar to the proof of Theorem 2.1. O

2.3. Remark. We may use the fact that the first progressive Type-II right censored
order statistics is the same as the first usual order statistic from a sample of size n,
regardless of the censoring scheme employed.

2.4. Theorem. For2<i<m-—1 m<nandk >0,

(R1,Rg, e, R)®) - S ~ S -
i = sz, k+5+p){(n Ri - Re Ri— i)

(R1,R2, ,Ri—1,Ri+Rit1+1,Riyo, - ,Rpy) FTE+P)
im—1:n

(31,1?27 Ry (BHA+P)

— (TL—Rl—RQ—"'—Ri_l—i—‘y-l)

(2 6) % <R17R27“'7Ri—27Ri—1+Ri+1vRi+1v‘“aRm,)(k+ﬁ+p)}
: i—1l:m—1:n .
Proof. Similar to the proof of Theorem 2.1. |

2.5. Theorem. For2<m <n, and k > 0,

(R1,Ra, o Ry) ) ZOO (B+1p (R Ro,  Ryn) (FFBHP)
,u/mmn - 6 (1+R ) Mm:m:n
" pl (k+ B +p)

9.7 _ (R1,Ra, B9, R 14+ R+ 1L, Riq 1, By ) FTAHP)
( . ) Hm—1:m—1:n .

Proof. Similar to the proof of Theorem 2.1. |
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2.6. Remark. Using these recurrence relations, we can obtain all the single moments of
all progressive Type-II right censored order statistics for all sample sizes and censoring
schemes (R1, Rz, - , Ry,) in a sample recursive manner.

Deductions: For the special case Ry = Re = --- = R,, = 0 so that m = n in which
the progressive censored order statistics become the usual order statistics Xi:.n, Xomn, -,
Xr:n, then
(i) From Eq. (2.1): For k£ > 0,we get

6 +1), (k+B8+p)

(ii) From Eq. (2.6): For k > 0, we get
(®) 5 +1)p { (k-+B+p) (k+3+p)
= +
. k+8
(2.9) - (n —i+t 1)#5 St

3. Recurrence relation for product moments

In this section, we establish some recurrence relations for product moments of the
progressive type-II right censored order statistics from the reduced Kies distribution.
The (4, )" product moment of the progressive type-IT right censored order statistics can
be written as

(R1,R2,",Rm)  _ (R1,R2,*,Rm) _(R1,R2,,Rm)
Mz,]lm 72L - E [wznin 2 mj'r;'nQ :|
— Amm—1) // / ziz; f(@)[L - F(z1)]™
0<z <xo< <Ly <00
(3.1) X f(x2)[1 = F(z2)]®2 - f(@m)[l — F(2m)] " deydeodes - - - diy,,

where f(.) and F(.) are given respectlvely in (1.1) and (1.2) and A(n,m — 1) is defined
n (1.5).

3.1. Theorem. For1<i<j<m-—1andm<n,

e = 03 S {0
+ (n—Ri—1—-—R;—j)
- n=Ri—1—--—Rj_1—j+1)
(3.2) X Eil_fi:—“1yfij_l+Rj+l7m7Rm)(1,ﬁ+p)}'

Proof. Using (1.3) and (1.6), we have

(R1,R2,*,Rm)  _
Himen - A(n,m—l)
0<z1 < <zj_1<Tj41 < <Tm <0

{/IjJrl Bi (5';7'1)1’ a1 — F(:rj)}Rdexj} @i f(z1)
Ti=1  p=0 .

X
X [U=F(@]™ - fejm)[l = Fla;—a)" " () [1 = Fajpa]
(3.3) X o f(@n)[l = F(zm]) ™ deides - - - dej_idzjyr - - da,.
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Integrating the innermost integral by parts, we obtain

g i 5 ;1)? / U R

Tj_1

= BZ plﬁ ;—sl— { eiiT 1L = F(z4)]

—xé’fﬂl — F(a;—1)]"™™ + (1+ R;)

< [ = B el e,

j—1

which, when substituted into equation (3.3) and using (3.1), we have
1)
plfa R R ﬁzp,“ {o-ri-1-- R -j)

(R1,Ra,+ ,Rj_1,Rj+Rj11+1, Rpy)L BFP)

X i,J:m—1n
- (n—Rl—l—---—Rj_l—j+1)
« (VRhR?,.A.,Rj_1+R].+11.H,Rm)(lw B+p)
i,j—1lim—1:n
(R1,Ra, - ,Rum (1, B+p)
(R Dl )T L
Upon rearrangement of this equation, we obtain the relation in (3.2). O

3.2. Theorem. For 1 <i<m—1 and m <n,

B Ron) BZ plﬂg—il_ { (B + 1)@2:}1:2..4,}2,”)(1, B+p)
(n—Rl—l—---—Rm,1—m—|—1)
0 R et e,
Proof. Similar to the proof of Theorem 3.1. O

3.3. Remark. Using these recurrence relations, we can obtain all the product moments
of progressive type-II right censored order statistics for all sample sizes and censoring
schemes (R1, R1, -+ , Rm).

4. Recursive algorithm

Using the recurrence relations established in Sections 2 and 3, the means and variances
of all progressive type-1I right censored order statistics from the reduced Kies distribution
can be readily computed as follows:

All the first and second order moments with m = 1 for all sample sizes n can be obtained
by setting k£ = 0 in equation (2.5) and then again setting k = 1 in the same equation. Next
using equation (2.1), we can determine all the moments of the form uﬁgﬁ;f?’% n=23--,
which can in turn be used again with equation (2.1), to determine all moments of the

(RLRQ) no=23.... (R1,R2) for

form p; Equation (2.7) can then be used to obtain ji 5,

all R1,R2 and n > 2 and these values can be used to obtain all moments of the form

2
M(Rl;l&) by using equation (2.7) again. Equation (2.1) can now be used again to obtain

,ugl?nRz Rs), pg’?f’" ) for all n, R1, Re and R3 and equation (2.7)can be used next to

(Rl,R27R3) (R1,R2,R3)?
/-/’2,3:n

obtain all moments of the form i, . Finally, equation (2.7) can be



used to obtain all moments of the form iy

(R1 R27R3)

(R1,R2, R3)2

3,3:n
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This process can be continued until all desued first and second order moments and hence
all variances are obtained.

Table 1. Means of progressively Type-II right censored order statistics.

B =2
ml nl Scheme Mean
5 2 (0,3) 0.041723 0.072175
5 2 3,0 0.041723 0.250621
8 2 (6,0) 0.021305 0.196329
8 2 (0,6) 0.021305 0.032634
10 2 (8,0) 0.018253  0.172537
10 2 (0,8) 0.018253  0.047385
12 2 (10,0) 0.013252 0.177032
12 2 (0,10) 0.013252  0.039572
15 2 (13,0) 0.021425 0.172439
15 2 (0,13) 0.021425 0.036125
18 2 (16,0) 0.016234 0.169932
18 2 (0,16) 0.016234 0.029620
20 2 (18,0) 0.011772 0.175931
20 2 (0,18) 0.011772 0.023972
5 3 (2,0,0) 0.041720 0.113935 0.278143
5 3 (0,0,2) 0.041720 0.075434 0.276428
8 3 (5,0,0) 0.029243 0.096352 0.306950
8 3 (0,0,5) 0.029243 0.040270 0.071275
10 3 (7,0,0) 0.016306 0.099054 0.343772
10 3 0,0,7) 0.016306 0.041004 0.062801
12 3 (9,0,0) 0.023762 0.091843 0.254153
12 3 (0,0,9) 0.023762 0.034956 0.063072
15 3 (12,0,0) 0.021934 0.088032 0.262183
15 3 (0,0,12) 0.021934 0.031835 0.041152
18 3 (15,0,0) 0.012201 0.091148 0.260841
18 3 (0,0,15) 0.012201 0.028103 0.036110
20 3 (17,0,0) 0.009083 0.090581 0.249481
20 3 (0,0,17) 0.009083 0.024065 0.038214
5 4 (1,0,0,0) 0.041042 0.090662 0.168825 (.410550
5 4 (0,0,0,1) 0.041042 0.071167 0.124023 0.201833
8 4 (4,0,0,0) 0.023810 0.073911 0.205070 0.301149
8 4 (0,0,0,4) 0.023810 0.052061 0.074052 0.099701
10 4 (6,0,0,0) 0.016113 0.071152 0.140319 0.290661
10 4 (0,0,0,6) 0.016113 0.043860 0.061734 0.081195
12 4 (8,0,0,0) 0.013762 0.073054 0.142933 0.294821
12 4 (0,0,0,8) 0.013762 0.039928 0.053028 0.063427
15 4 (11,0,0,0) 0.031830 0.073663 0.147430 0.290271
15 4 (0,0,0,11) 0.031830 0.031846 0.042835 0.050728
18 4 (14,0,0,0) 0.015221 0.062283  0.145327 0.311052
18 4 (0,0,0,14) 0.015221 0.024201 0.034028 0.040475
20 4 (16,0,0,0) 0.009117 0.057631 0.132802 0.283144
20 4 (0,0,0,16) 0.009117 0.024240 0.030329 0.047301
5 5 (0,0,0,0,0) 0.051683 0.070176 0.129787 0.211832 0.403193
8 5 (3,0,0,0,0) 0.027094 0.063837 0.199263 0.199330 0.398422
8 5 (0,0,0,0,3) 0.027094 0.051054 0.074056 0.104373 0.158304
10 5 (5,0,0,0,0) 0.017884 0.061539 0.154028 0.197502 0.379529
10 5 (0,0,0,0,5) 0.017884 0.043805 0.063183 0.081104 0.103304
12 5 (7,0,0,0,0)  0.020523 0.063056 0.212178 0.193653 0.472983
12 5 (0,0,0,0,7)  0.020523 0.038402 0.050117 0.063062 0.084025
15 5 (10,0,0,0,0) 0.020311 0.057324 0.103851 0.190437 0.411947
15 5 (0,0,0,0,10) 0.020311 0.039542 0.046210 0.051183 0.063826
18 5 (13,0,0,0,0) 0.009104 0.050284 0.108204 0.180852 0.415738
18 5 (0,0,0,0,13) 0.009104 0.021095 0.038431 0.049627 0.050642
20 5 (15 0,0,0 O) 0.008630 0.056418 0.108432 0.186549 0.485429
20 5 (0,0,0,0,15) 0.008630 0.039843 0.038754 0.047652 0.087434
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Table 2. Means of progressively Type-II right censored order statistics.

B=4
ml| nl Scheme Mean
5 2 (0,3) 0.052113 0.213631
5 2 (3,0) 0.052113 0.310047
8 2 (6,0) 0.030174 0.301174
8 2 (0,6) 0.030174 0.069876
10 2 (8,0) 0.031010 0.301632
10 2 (0,8) 0.031010 0.051042
12 2 (10,0) 0.021273  0.314250
12 2 (0,10) 0.021273 0.051634
15 2 (13,0) 0.021225 0.302284
15 2 (0,13) 0.021225 0.041229
18 2 (16,0) 0.020318 0.280847
18 2 (0,16) 0.020318 0.031054
20 2 (18,0) 0.019134 0.341186
20 2 (0,18) 0.019134 0.032832
5 3 (2,0,0) 0.049102 0.210431  0.401152
5 3 (0,0,2) 0.049102 0.201043 0.210116
8 3 (5,0,0) 0.031028 0.191050  0.401432
8 3 (0,0,5) 0.031028 0.069032  0.190320
10 3 (7,0,0) 0.029875 0.178320 0.3956375
10 3 (0,0,7) 0.029875 0.051023 0.0988527
12 3 (9,0,0) 0.021029 0.149025 0.3783066
12 3 (0,0,9) 0.021029 0.054193 0.0710345
15 3 (12,0,0) 0.017843 0.139852 0.3698548
15 3 (0,0,12) 0.017843 0.039985 0.0501142
18 3 (15,0,0) 0.014325 0.129984  0.360012
18 3 (0,0,15) 0.014325 0.029959  0.042073
20 3 (17,0,0) 0.013062 0.125080  0.345211
20 3 (0,0,17) 0.013062 0.024643  0.039853
5 4 (1,0,0,0) 0.048104 0.132273  0.241104  0.498623
5 4 (0,0,0,1) 0.048104 0.119984  0.198953  0.311032
8 4 (4,0,0,0) 0.030218 0.112260 0.238421  0.468432
8 4 (0,0,0,4) 0.030218 0.069852  0.140542  0.150436
10 4 (6,0,0,0) 0.029844 0.108873 0.22062 0.450417
10 4 (0,0,0,6) 0.029844 0.058426  0.080113  0.128421
12 4 (8,0,0,0) 0.020115 0.097431 0.226542  0.449853
12 4 (0,0,0,8) 0.020115 0.041854  0.072104  0.090438
15 4 (11,0,0,0)  0.016420 0.093852  0.215490  0.440462
15 4 (0,0,0,11)  0.016420 0.032052 0.050842 0.070114
18 4 (14,0,0,0)  0.013054 0.090114  0.210113  0.439912
18 4 (0,0,0,14)  0.013054 0.027043 0.041032 0.057083
20 4 (16,0,0,0)  0.012056 0.089215  0.205890  0.436782
20 4 (0,0,0,16)  0.012056 0.024054 0.037852  0.051201
5 5 (0,0,0,0,0) 0.047134 0.110895 0.191013  0.310532 0.531052
8 5 (3,0,0,0,0) 0.029042 0.087552 0.172728 0.283820 0.521684
8 5 (0,0,0,0,3) 0.029042 0.062845 0.110405 0.145656 0.213482
10 5 (5,0,0,0,0) 0.024020 0.081095 0.167046  0.282608 0.514021
10 5 (0,0,0,0,5)  0.024020 0.049720 0.078632  0.120676 0.158226
12 5 (7,0,0,0,0) 0.020132 0.078010 0.163101  0.278743 0.510045
12 5 (0,0,0,0,7)  0.020132 0.041201 0.064322  0.090221 0.127035
15 5 (10,0,0,0,0) 0.016310 0.074135 0.160236 0.274888 0.506021
15 5 (0,0,0,0,10) 0.016310 0.032830 0.050623 0.070108 0.091026
18 5 (13,0,0,0,0) 0.013741 0.071565 0.156662 0.264530 0.503621
18 5 (0,0,0,0,13) 0.013741 0.027345 0.041801 0.057221 0.073743
20 5 (15,0,0,0,0) 0.012454 0.070280 0.155381  0.271032 0.502336
20 5 (0,0,0,0,15) 0.012454 0.024628  0.037478  0.051084 0.065541




Table 3. Variances of progressively Type-II right censored order statistics.

B=2
ml nl Scheme Variance
5 2 (0,3) 0.011030 0.006372
5 2 (3,0) 0.011030 0.054530
8 2 (6,0) 0.000724 0.063226
8 2 (0,6) 0.000724 0.002816
10 2 (8,0) 0.000624  0.055025
10 2 (0,8) 0.000624 0.001284
12 2 (10,0) 0.000460 0.054761
12 2 (0,10) 0.000460 0.000821
15 2 (13,0) 0.000326  0.054628
15 2 (0,13) 0.000326  0.000521
18 2 (16,0) 0.000254  0.054554
18 2 (0,16) 0.000254 0.000361
20 2 (18,0) 0.000232 0.054524
20 2 (0,18) 0.000232  0.000292
5 3 (2,0,0) 0.003040 0.016404 0.070105
5 3 (0,0,2) 0.003040 0.005572 0.012217
8 3 (5,0,0) 0.000845 0.015101 0.068601
8 3 (0,0,5) 0.000845 0.002016 0.003502
10 3 (7,0,0) 0.000624 0.014801 0.068201
10 3 (0,0,7) 0.000624 0.001284 0.002120
12 3 (9,0,0) 0.000460 0.014635 0.068137
12 3 (0,0,9) 0.000460 0.000821 0.001437
15 3 (12,0,0) 0.000326 0.014502 0.068013
15 3 (0,0,12) 0.000326 0.000521 0.000836
18 3 (15,0,0) 0.000254 0.014531 0.068130
18 3 (0,0,15) 0.000254 0.000361 0.000562
20 3 (17,0,0) 0.000242 0.014418 0.068120
20 3 (0,0,17) 0.000242 0.000292 0.000436
5 4 (1,0,0,0) 0.003012 0.008173 0.022348 0.075850
5 4 (0,0,0,1) 0.003031 0.005572 0.012317 0.025712
8 4 (4,0,0,0) 0.000924 0.006960 0.022133 0.075435
8 4 (0,0,0,4) 0.000924 0.002016 0.003502 0.005643
10 4 (6,0,0,0) 0.000624 0.006368 0.020743 0.074245
10 4 (0,0,0,6) 0.000624 0.001204 0.002120 0.003212
12 4 (8,0,0,0) 0.000460 0.006514 0.021472 0.075170
12 4 (0,0,0,8) 0.000460 0.000824 0.001437 0.002118
15 4 (11,0,0,0)  0.000326 0.006271 0.020446 0.074148
15 4 (0,0,0,11)  0.000326 0.000520 0.000836 0.001207
18 4 (14,0,0,0)  0.000254 0.006218 0.020374 0.073875
18 4 (0,0,0,14)  0.000254 0.000361 0.000561 0.000816
20 4 (16,0,0,0)  0.000232 0.006167 0.020342 0.073843
20 4 (0,0,0,16)  0.000232 0.000372 0.000456 0.000641
5 5 (0,0,0,0,0) 0.003130 0.005572 0.012031 0.025712 0.079204
8 5 (3,0,0,0,0) 0.000924 0.004281 0.011013 0.024319 0.076112
8 5 (0,0,0,0,3) 0.000924 0.002016 0.003512 0.005643 0.008986
10 5 (5,0,0,0,0) 0.000624 0.004056 0.010801 0.025076 0.078511
10 5 (0,0,0,0,5) 0.000624 0.001284 0.002210 0.003212 0.004718
12 5 (7,0,0,0,0) 0.000860 0.003804 0.009748 0.024124 0.077425
12 5 (0,0,0,0,7)  0.000860 0.000822 0.001437 0.002108 0.002938
15 5 (10,0,0,0,0) 0.000326 0.003672 0.009615 0.023920 0.077311
15 5 (0,0,0,0,10)  0.000326 0.000521 0.000836 0.001217 0.001730
18 5 (13,0,0,0,0) 0.000254 0.003617 0.009542 0.023917 0.077221
18 5 (0,0,0,0,13)  0.000254 0.000361 0.000571 0.000806 0.001158
20 5 (15,0,0,0,0) 0.000234 0.003566 0.009511 0.023686 0.077187
20 5 (0,0,0,0,15)  0.000234 0.000290 0.000456 0.000641 0.000852
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Table 4. Variances of progressively Type-II right censored order statistics.

B=4
ml nl Scheme Variance
5 2 (0,3) 0.005102 0.011251
5 2 (3,0) 0.005102  0.113001
8 2 (6,0) 0.002453 0.110560
8 2 (0,6) 0.002453 0.003716
10 2 (8,0) 0.002101 0.110162
10 2 (0,8) 0.002101  0.002325
12 2 (10,0) 0.000784 0.110702
12 2 (0,10) 0.000784 0.001611
15 2 (13,0) 0.000533 0.110441
15 2 (0,13) 0.000533 0.001144
18 2 (16,0) 0.000407 0.110303
18 2 (0,16) 0.000407  0.000664
20 2 (18,0) 0.000340 0.110245
20 2 (0,18) 0.000340 0.000536
5 3 (2,0,0) 0.005103 0.030213 0.130125
5 3 (0,0,2) 0.005103 0.011150 0.022372
8 3 (5,0,0) 0.001652 0.027480 0.135586
8 3 (0,0,5) 0.001652 0.003716 0.006474
10 3 (7,0,0) 0.002103 0.027016 0.135022
10 3 (0,0,7) 0.002103 0.002325 0.003901
12 3 (9,0,0) 0.000784 0.026610 0.134616
12 3 (0,0,9) 0.000784 0.001611 0.002612
15 3 (12,0,0) 0.000533 0.026360 0.134466
15 3 (0,0,12) 0.000533 0.000964 0.001537
18 3 (15,0,0) 0.000407 0.026224 0.134330
18 3 (0,0,15) 0.000407 0.000664 0.001135
20 3 (17,0,0) 0.000340 0.026165 0.134271
20 3 (0,0,17) 0.000340 0.000536  0.000845
5 4 (1,0,0,0) 0.005113 0.016016 0.041042 0.151148
5 4 (0,0,0,1) 0.005113 0.011151 0.022272 0.047320
8 4 (4,0,0,0) 0.002453 0.013576 0.038602 0.146708
8 4 (0,0,0,4) 0.002453 0.003706 0.006476 0.011281
10 4 (6,0,0,0) 0.002110 0.013012 0.038041 0.146145
10 4 (0,0,0,6) 0.002110 0.002325 0.003901 0.005933
12 4 (8,0,0,0) 0.000784 0.012707 0.037733 0.145840
12 4 (0,0,0,8) 0.000784 0.001611 0.002612 0.003848
15 4 (11,0,0,0)  0.000533 0.013456 0.037483 0.145611
15 4 (0,0,0,11)  0.000533 0.000964 0.001637 0.002342
18 4 (14,0,0,0)  0.000417 0.012321 0.037347 0.145453
18 4 (0,0,0,14)  0.000417 0.000664 0.001135 0.001581
20 4 (16,0,0,0)  0.000341 0.012362 0.037288 0.145414
20 4 (0,0,0,16)  0.000341 0.000536 0.000845 0.001271
5 5 (0,0,0,0,0) 0.005113 0.011251 0.022372 0.047321 0.155405
8 5 (3,0,0,0,0) 0.002453 0.007911 0.019832 0.044860 0.153065
8 5 (0,0,0,0,3) 0.002453 0.003716 0.006476 0.011281 0.017537
10 5 (5,0,0,0,0) 0.002110 0.007435 0.021260 0.045205 0.161301
10 5 (0,0,0,0,5)  0.002110 0.002325 0.003911 0.005933 0.008733
12 5 (7,0,0,0,0) 0.000788 0.007041 0.019163 0.044121 0.152126
12 5 (0,0,0,0,7)  0.000788 0.001611 0.002612 0.003848 0.005412
15 5 (10,0,0,0,0) 0.000533 0.006812 0.018713 0.043740 0.151845
15 5 (0,0,0,0,10)  0.000533 0.000964 0.001637 0.002332 0.003161
18 5 (13,0,0,0,0) 0.000417 0.006654 0.018577 0.043613 0.151710
18 5 (0,0,0,0,13) 0.000417 0.000664 0.001135 0.001581 0.002111
20 5 (15,0,0,0,0) 0.000341 0.006641 0.018518 0.043545 0.151651
20 5 (0,0,0,0,15)  0.000341 0.000536 0.000845 0.001271 0.001662
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5. Parameter Estimation under Progressive Type - 11 Censored
Order Statistics

5.1. Maximum Likelihood Method. Let Xi.m:n, Xo:min, - - - , Xm:m:n b€ a pro-
gressively Type-1I censored sample from RK D(B) with (Ri, Rz, . . . ,Rn) being the
progressive censoring scheme. The likelihood function based on the progressive censored
sample is given by

IXtimin Xoimen o X (21,2, - Tm)

— _ m . _ R
(5.1) =Amm-D]]_ fla)l—F@))™.

where f(z) and F(z) are given respectively by eqns. (1.1) and (1.2). Substituting eqns.
(1.1) and (1.2) into eqn. (5.1), the likelihood function is

Lx|) = A(m,m-1) Hml {51,;_3—1(1 7%)—&—1 67(1fi:i)3}

(5.2) X {e(lf;i)ﬁ]m Z

The log of likelihood function is

"

mL(x|8) = CH+mhB+(B-1)> " W(@)-B+1)Y
6o - Tuem(E)

where C' = In{A (n,m —1)}. Upon differentiating (5.3) with respect to § and equating
to zero, the resulting equation must be satisfied to obtain MLE of 8. The equation is
given by

OlmL(xg) _ m m ‘
5~ 5 + Zi:l In (z;)

(5.4) - Z; In(1— ) — Z;(l +R) (1 fm)ﬁ In (1 fm) =0.

Using large sample approximation, the asymptotic distribution of the M LE is [\/E(B—
B)] — N(0,I7(B)), where I"*(B), is the inverse of the observed information matrix of
the unknown parameter. The element of the observed information matrix is

*InL(x|8)  —m m N
T_F_Ziﬂ(l—i_]ﬁ)(lfxv) n <H)

(3

n(l — l‘l)

The approximate 100(1 — 7)% confidence intervals of the parameters (3 is

B + 22 var(B),

where var(J) is obtained from I~'(8) and 272 is the upper (7/2)th percentile of the
standard normal distribution.

5.2. Bayesian Estimation. This section discusses the Bayes procedure to derive the
point and interval estimates of the parameter 5 based on progressively Type-II censored
data . In our Bayesian analysis, we have assumed three types of loss functions. In this
article, the proposed prior for the parameters 3 is considered as

g(B) x B 'e™ " Ba,b> 0.
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The posterior distribution of g is obtained after simplification as

m ; @i P m
(55) 7T(5|X) — Jiﬂm+a71€7 |:b6+2i:1(1+R7,)(1,zi) ] H m[.3—1(1 _ xi)—ﬂfl'
1

i=1 '
where

%) m . x; B m
6o 5= grevamte PR (E0)  rpm ey o1,
0

i=1

We use three different loss functions to obtain the Bayes estimate of the unknown
parameter (3.
1- The first loss function is the symmetric squared error (SE) loss function. Using SE
loss function, the Bayes estimate of the parameter 3, denoted by BSE, is the posterior
mean.
2- The second loss function is the asymmetric LINEX loss function proposed by Varian
(1975). Under LINEX loss function, the Bayes estimate of the parameter 3, denoted by

BLINEX is given by
~ 1 e
(57) ,BLINEX = 7;[TLE(6 B),

where v # 0 is constant.
3- The third loss function is the asymmetric general entropy (GE) loss function. The
Bayes estimate of the parameter 3, denoted by B¢k, in given by

(58)  fee =[BT

where c is the shape parameter of the loss function, provided that E(8™°) exists.

From (5.8) and using the squared error loss function, the Bayes estimator of 3 is given
by

T4

& - m ) i \# m
(5.9  Bse= Jil/o gt e [b5+21,:1(1+R,,)(171i) } H 211 — 2) LB,

i=1 "

Similarlyy, from (5.8) and (5.10), the Bayes estimator of 8 under LINEX loss function is
given by

BLiNex = ——In
v

J1 Jo
™o B=lcq _ . \—B-1
(5.10) X I_L_:1 B € | dﬂ].
Using (5.8) and (5.11), the Bayes estimator of 8 under GE loss function is given by

BGE = |:} /oo Bm-!—a—c—le* {bﬁ+221(1+Ri)(1f;i)ﬁ]
1Jo

—1/c
(5.11) X Hilel(l—mi)ﬁldﬂ] .

The Bayesian method of interval estimation is more straightforward than the classical
method of confidence intervals. Once the posterior distribution of 5 has been obtained,
a symmetric 100(1 — 7)% two-sided Bayes probability interval (TBPI) of 3, denoted by
[BL, Bu], can be obtained by solving the following two equations (see [27], page 208-209).

AL T o0 T
Olz)dB = — ag =T
| s =5 [ w(pla)an - ]

Bu
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for the limits 8z and By . Now we compute the highest posterior density (HPD) credible
intervals for 8 . Since 7(f8|z) is unimodal, the corresponding 100(1 — v)% HPD cred-
ible interval [H, H}] can be obtained from the simultaneous solution of the following
equations

i}

[ (Bl =17,

L

(5.12) P(H} <B < HJ]= /

and
(5.13)  w(H?|x) = n(HS|z).

6. Simulation Study

In this section, a simulation study is conducted to study the behaviour of the ML and
Bayes estimates under the different loss function by considering (n, m) = (30, 5), (30, 10),
(45,5), (45, 15), (60, 10) and (60,20) and different values of the parameter 8, where 8 =
1.5,3 in all the cases. We have obtained the ML and Bayes estimates by using the
following progressive censoring schemes

e Scheme 1: Ry =---= Ry, = .
e Scheme 2: Ri=---=Rpn-1=1and R, =n—2m + 1.
e Scheme 3: Ri=---=Rm_1=0and R, =n —m.

We use the algorithm introduced by [4] to generate progressively censored reduced Kies
samples. We consider three types of priors to obtain the Bayes estimates, Prior 0:a =
b = ¢ = d = 0, which describes the case of non-informative prior. We use Prior 0 to
obtain the Bayes estimates for the two values of the parameter 3. Prior 1:a = 3,0 = 2 to
obtain the Bayes estimates for § = 1.5 and Prior 2:a = 1.5,b = 0.5 to obtain the Bayes
estimates when $ = 3. It is to be noted that, prior 1 and prior 2 describe the case of
informative prior. In each setting, we obtain the MLEs and Bayes estimates under SE,
LINEX (v = 0.5) and GE (c = 0.5) loss functions. The process is replicated 1000 times.
The average values of the estimates, mean squared errors (MSEs), confidence/ credible
interval lengths and coverage probabilities are obtained and tabulated.

The average values of the estimates and the corresponding MSEs are displayed in
Table 5 for § = 1.5 and in Table 7 for 8 = 3. The average confidence/ credible interval
lengths and the corresponding coverage probabilities are presented in Table 6 for § = 1.5
and in Table 8 for 8 = 3. From Tables 5-8, it is to be noted that the Bayes estimates
under SE loss function under Prior 0 is quite close to the MLEs. In terms of MSEs and
confidence/credible interval lengths, the Bayes estimates using the informative priors (i.e.
Prior 1 and Prior 2) perform better than those based on the non-informative prior (Prior
0) and the MLEs for two parameter values of 3. The Bayes estimates under LINEX
loss function have the smallest MSEs for all cases when 8 = 3, and in some cases when
B = 1.5. For fixed n, when the number of observed failure m increases, the MSEs and the
confidence/credible interval lengths decreases in all cases. Comparing the three censoring
schemes, it is clear that the MSEs, confidence/credible interval lengths are smaller for
Scheme 1 than Schemes 2 and 3.

7. Real Data Analysis

In this section we analyze a real data set given by [31] and also studied by [23]. The
original data consists of 40 observations and it describes the strength of a kind of glass,
which were measured by three-point flexural method. From the complete data set, we
generate three progressively censored samples from n = 40 and m = 10 according to the
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Table 5. Average values of different estimators and the corresponding
MSEs (in parentheses) for g = 1.5.

ML Estimate Bayes Estimates (Prior 0) Bayes Estimates (Prior 1)

(n, m) Scheme SE LINEX GE SE LINEX GE

(30,5) 565(0.134)
565(0.136)
559(0.147)
591(0.139)
586(0.137)

579(0.132)

.561(0.132) 1.529(0.119) 1.502(0.119) 1.543(0.093) 1.517(0.085) 1.507(0.085)
.562(0.135) 1.529(0.121) 1.501(0.121) 1.544(0.094) 1.517(0.086) 1.508(0.086)
.567(0.149) 1.531(0.133) 1.500(0.133) 1.545(0.099) 1.515(0.091) 1.512(0.091)
.579(0.135) 1.548(0.120) 1.521(0.119) 1.560(0.095) 1.534(0.086) 1.511(0.085)
.579(0.135) 1.548(0.121) 1.520(0.119) 1.559(0.095) 1.534(0.086) 1.509(0.086)
.576(0.131) 1.546(0.117) 1.519(0.117) 1.558(0.093) 1.532(0.084) 1.509(0.084)
539(0.091) 1.545(0.093) 1.524(0.086) 1.503(0.086) 1.535(0.072) 1.515(0.068) 1.503(0.068)
539(0.093) 1.546(0.094) 1.524(0.087) 1.503(0.087) 1.536(0.073) 1.515(0.069) 1.504(0.069)

1
1
1
(30,10) 1
1
1
1
1
539(0.106) 1.552(0.108) 1.526(0.099) 1.504(0.099) 1.538(0.081) 1.516(0.075) 1.504(0.075)
1
1
1
1
1
1
1
1
1

(45.5)

(45,15) 561(0.099) 1.553(0.098) 1.533(0.091) 1.515(0.091) 1.543(0.077) 1.526(0.072) 1.511(0.072)
557(0.100) 1.553(0.099) 1.532(0.092) 1.514(0.092) 1.544(0.078) 1.525(0.073) 1.508(0.072)
549(0.092) 1.547(0.092) 1.528(0.085) 1.511(0.085) 1.538(0.073) 1.520(0.069) 1.505(0.070)
555(0.071) 1.552(0.071) 1.539(0.068) 1.528(0.068) 1.546(0.059) 1.532(0.057) 1.521(0.058)
556(0.073) 1.554(0.073) 1.539(0.068) 1.524(0.067) 1.547(0.062) 1.533(0.059) 1.521(0.061)
557(0.081) 1.560(0.082) 1.543(0.076) 1.527(0.075) 1.552(0.067) 1.535(0.063) 1.522(0.067)
541(0.059) 1.534(0.059) 1.521(0.055) 1.507(0.055) 1.529(0.050) 1.515(0.048) 1.504(0.047)
539(0.061) 1.536(0.061) 1.522(0.059) 1.509(0.059) 1.531(0.053) 1.517(0.049) 1.505(0.051)
539(0.062) 1.538(0.061) 1.521(0.059) 1.510(0.061) 1.533(0.053) 1.519(0.051) 1.508(0.053)

(60,10)

(60,20)

N = WNFWN WK WN - WK =
e e e e e e e

Table 6. Average confidence interval/credible interval lengths and the
coverage percentages (in parentheses) for g = 1.5.

(n,m) Scheme Approximate Symmetric Credible Interval HPD Interval

Prior 0 Prior 1 Prior 0 Prior 1

(30,5) .3212(93.70)
.3362(93.60)
.4082(93.30)
2860(93.00)
.3016(93.00)
2846(93.40)
1211(94.40)

.3468(95.30)
.3586(95.10)
.4359(94.90)
.3187(94.40)
.3321(95.00)
.3092(94.70)
.0581(95.00)
1201(94.40) 1.0694(94.90) 1.0245(95.90)
2092(94.50) 1.1273(94.70) 1.0667(96.00)
.0509(92.70)  0.8137(94.00) 0.9453(95.20)
.0660(92.50) 1.0433(94.40) 0.9671(94.80) 1.0799(96.20) 1.0266(96.80)
.0496(92.90)  1.0269(94.50) 0.9640(95.30) 1.0881(95.90) 1.0351(96.90)
0.9263(93.50) 0.8173(94.80) 0.8526(95.10) 0.9388(94.00) 0.9022(94.30)
0.9377(93.30) 0.9261(94.80) 0.8967(95.40) 0.9507(94.20) 0.9132(94.30)
0.9912(93.20) 1.0175(94.90) 0.9486(95.80) 1.0083(93.90) 0.9630(94.40)
0.9069(94.20) 0.8713(95.60) 0.8707(96.60) 0.9287(94.00) 0.8974(95.30)
0.9211(93.90) 0.8881(95.10) 0.8705(96.10) 0.9451(94.50) 0.9096(95.30)
0.9083(93.20) 0.8473(95.00) 0.8108(95.80) 0.9590(93.50) 0.9151(95.30)

2455(97.20)
2586(97.10)
3167(97.10)
2089(97.00)
2277(96.60)
2154(96.10)
0208(95.90)

.3803(94.90)
.3929(95.00)
.4653(95.30)
.3231(94.90)
.3391(94.70)
.3431(94.80)
.0857(92.70)
1609(94.30)
2417(94.20)
.0652(96.40)

.2653(96.80)
.2772(96.60)
.3296(96.50)
1930(95.70)
.2270(96.20)
.2312(96.10)
.0848(95.40)
.0920(95.40)
1566(95.70)
.0129(97.00)

(30,10)

(45.5)

= e e e
i

-

(45,15)

O e e e e
O e e e e e
e i e R e

-
-
-

(60,10)

(60,20)

WK = WNFWNFWN - WN - W -

three censoring schemes discussed in section (6). The generated progressively censored
samples are given in the following table

Scheme Censored data

1 0.477, 0.502, 0.524, 0.525, 0.529, 0.538, 0.546, 0.555, 0.611, 0.624
2 0.477, 0.502, 0.524, 0.525, 0.529, 0.538, 0.539, 0.546, 0.575, 0.600
3 0.477, 0.502, 0.524, 0.525, 0.529, 0.538, 0.539, 0.546, 0.547, 0.549

The MLE and Bayes estimates and the corresponding confidence/ credible intervals
are reported in Tables 9 and 10, respectively. The Bayes estimates under SE, LINEX
and GE loss functions are obtained based on a non-informative prior, because we have no
information about the unknown parameter 5. Figure 1 display the posterior distribution



Table 7. Average values of different estimators and the corresponding
MSEs (in parentheses) for 5 = 3.
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ML Estimate

Bayes Estimates (Prior 0)

Bayes Estimates (Prior 2)

(n, m) Scheme

SE

LINEX

GE

SE

LINEX

GE

(30,5)

(30,10)

(45.5)

(45,15)

(60,10)

(60,20)

N = WNFWN WK WN - WK =

3.166(0.
3.167(0.
3.168(0.
3.142(0.
3.134(0.
3.119(0.
3.095(0.
3.096(0.
3.102(0.

3.111(0.
3.113(0.

3.089(0.
3.086(0.
3.080(0.

558)
573)
647)
529)

465)
399)
405)
465)

3.159(0.555) 3.033(0.449) 3.039(0.492) 3.137(0.458) 3.023(0.378) 3.026(0.409)
3.163(0.571) 3.034(0.461) 3.039(0.505) 3.139(0.469) 3.022(0.386) 3.026(0.419)
3.183(0.657) 3.039(0.517) 3.047(0.575) 3.153(0.525) 3.024(0.424) 3.029(0.465)
3.117(0.514) 3.000(0.421) 3.004(0.463) 3.100(0.423) 2.992(0.353) 2.996(0.383)
523) 3.120(0.515) 3.000(0.421) 3.004(0.463) 3.102(0.423) 2.992(0.352) 2.994(0.383)
3.113(0.460) 2.997(0.383) 3.001(0.416) 3.096(0.387) 2.989(0.327) 2.992(0.353)
3.108(0.406) 3.019(0.351) 3.025(0.377) 3.097(0.356) 3.012(0.309) 3.014(0.334)
3.109(0.411) 3.021(0.355) 3.023(0.381) 3.097(0.361) 3.013(0.314) 3.014(0.336)
3.127(0.478) 3.025(0.403) 3.029(0.435) 3.109(0.408) 3.015(0.349) 3.020(0.375)
3.091(0.316) 3.075(0.311) 2.999(0
3.084(0.319) 3.074(0.316) 2.997(0
3.074(0.302) 3.070(0.301) 2.995(0
289) 3.108(0.299) 3.049(0
297) 3.109(0.299) 3.051(0
3.113(0.326) 3.122(0.330) 3.050(0
236) 3.075(0.236) 3.022(0
244) 3.081(0.246) 3.020(0
242) 3.078(0.243) 3.021(0

.275) 2.999(0.294) 3.068(0.277) 2.996(0.247) 2.995(0.263)
.279) 2.999(0.295) 3.068(0.282) 2.992(0.251) 2.995(0.268)
.267) 2.996(0.282) 3.025(0.397) 2.991(0.241) 2.993(0.254)
.265) 3.048(0.294) 3.102(0.273) 3.044(0.244) 3.044(0.274)
.267) 3.065(0.418) 3.104(0.272) 3.045(0.246) 3.051(0.276)
.290) 3.054(0.313) 3.111(0.298) 3.047(0.265) 3.052(0.288)
.213) 3.024(0.232) 3.068(0.223) 3.018(0.198) 3.021(0.221)
.220) 3.024(0.249) 3.077(0.226) 3.017(0.205) 3.022(0.236)
.218) 3.021(0.229) 3.072(0.222) 3.018(0.202) 3.021(0.213)

Table 8. Average confidence interval/credible interval lengths and the
coverage percentages (in parentheses) for 5 = 3.

(n, m)

Scheme

Approximate

Symmetric Credible Interval

HPD Interval

Prior 0

Prior 2

Prior 0

Prior 2

(30,5)

(30,10)

(45.5)

(45,15)

(60,10)

(60,20)

WN =W WN - WN - WN = WN -

2.6396(93.00)
2.6696(93.00)
2.8161(92.70)
.5681(94.00)
.6016(94.00)
5697(93.90)
2436(93.80)
2591(93.60)
.4147(93.50)
.0987(94.90)
1296(94.50)
1004(94.80)
.8536(93.40)
.8766(93.30)
.9843(93.20)
.8142(93.80)
.8419(93.80)
.8146(93.60)

M

NN NN DN

el

3.1169(95.30)
3.0261(95.10)
3.4086(94.60)
3.0935(95.90)
3.1084(96.30)
.9045(96.20)
.6012(94.20)
.6268(94.20)
.9079(94.60)
.2901(96.20)
.3078(96.20)
.2467(96.60)
.0157(94.10)
1079(93.90)
.2553(94.50)
.9073(95.50)
.9539(95.10)
.9355(95.00)

= N NN NN NN NN N

4761(97.00)
4920(96.60)
7255(96.00)
2692(96.80)
3806(97.00)
5833(97.10)
5559(94.50)
6068(94.60)
0136(95.20)
6122(95.90)
6767(95.60)
7197(96.30)
3082(93.10)
1414(93.00)
3480(93.70)
2506(93.20)
4656(93.70)
.9850(94.10)

e e e e VSN CACHCNC R CEN)

3.

HFHERENNNNMNODNODNDNDN NN ®W

1710(95.10)
1894(95.30)

.3785(95.90)

7698(95.90)
7716(95.90)
7845(95.60)
2890(96.10)

.3033(96.10)
.4747(96.60)

1663(95.20)
5561(95.80)

.6493(96.50)
.0682(94.70)
.0808(95.00)

1085(95.00)

.8319(95.90)
.8590(96.20)
.8595(96.10)

2
3
3

N

N CE VRS CECECE CE U O )

.9930(95.80)
.0440(95.80)
.0588(95.90)
5529(96.20)
.6959(96.10)
.7456(96.00)
.2578(96.80)
.3044(96.70)
.3717(96.70)
.0994(95.90)
1478(96.50)
.2090(96.90)
.8823(95.30)
.0128(95.40)
.0843(95.40)
.7980(96.10)
.8238(96.30)
.8355(96.70)

of g for different censoring schemes. From Table 10 and Figure 1, it is observed that
the symmetric and HDP intervals are coincide because the posterior distribution of f is
approximately symmetric.

Table 9. MLE and Bayes Estimates and the corresponding inter-
val/credible intervals (in parentheses) of 3.

Scheme MLE Bayes (SE) Bayes (LINEX) Bayes (GE)
Complete 1.3447 1.3326 1.3283 1.3227
1 1.1403 1.1117 1.0904 1.0513
2 0.7621 0.7617 0.7519 0.7154
3 1.2731 1.2501 1.2205 1.1748
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Table 10. The approximate confidence /symmetric and HPD intervals of 3.

Scheme MLE Symmetric Credible Interval ~HPD Interval

Complete (1.1055, 1.5839) (1.0763, 1.5909) 1.0756, 1.5901)
1 (0.5137, 1.7669) (0.5968, 1.7097) 0.5600, 1.6898)
2 (0.2714, 1.2528) (0.3875, 1.1860) 0.4073, 1.0785)
3 (0.6987, 1.8475) (0.6439,1.9976) 0.6022, 1.9383)
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Figure 1. Posterior distribution of S for different censoring schemes
of [31] data.

Figure 1 shows the effect of censoring schemes on the shape of the posterior distribution
of 5. It can be seen that the shape of posterior distribution of 3 based on scheme 2 shows
a shift towards the right more than that of complete sample and other censoring schemes.
Also, it can be is observed from Table 9 that the estimate of 8 using scheme 2 is the
lowest when compared with the complete sample and the other censoring schemes.

8. Concluding Remarks.

In this paper, we have provided explicit expressions and recurrence relations for single
and product moments of progressively type-II censored samples of the reduced Kies
distribution. We also characterized the distribution by means of recurrence relation. In
addition, estimation of unknown parameter of the Reduced Kies distribution has been
considered. We have compared the MLEs and different Bayes estimators with respect
to the mean squared errors. We have also compared the asymptotic confidence intervals
with the two-sided Bayes probability intervals and HPDI obtained from the posterior
distribution functions. The simulation study shows that Bayes estimates performs better
than the MLEs with regard to mean squared errors. The two-sided Bayes probability
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intervals are also of shorter length with competitive coverage percentages of the true
parameter than the confidence intervals. Using a real data set, we demonstrated that
proposed Bayes estimators perform better than MLE.
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