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✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✸✾❆✵✺✱ ✸✾❆✼✵✱ ✹✼❆✵✺✱ ✹✼❆✶✵✱ ✹✼❆✺✺✳

❘❡❝❡✐✈❡❞ ✿ ✶✼✳✵✷✳✷✵✶✺ ❆❝❝❡♣(❡❞ ✿ ✵✷✳✵✼✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✻✹✺✶✸✶✵✼

✶✳ ■♥$%♦❞✉❝$✐♦♥

❙♣❡❝$)❛❧ ❛♥❛❧②1✐1 ♦❢ ♥♦♥1❡❧❢❛❞❥♦✐♥$ ❞✐✛❡)❡♥$✐❛❧ ❡H✉❛$✐♦♥1 ✐♥❝❧✉❞✐♥❣ ❙$✉)♠✕▲✐♦✉✈✐❧❧❡✱

❙❝❤)P❞✐♥❣❡) ❛♥❞ ❑❧❡✐♥✕●♦)❞♦♥ ❡H✉❛$✐♦♥1 ❤❛1 ❜❡❡♥ $)❡❛$❡❞ ❜② ✈❛)✐♦✉1 ❛✉$❤♦)1 1✐♥❝❡ ✶✾✻✵

❬✷✸✱ ✾✱ ✶✶✱ ✷✷✱ ✶✷❪✳ ❙$✉❞② ♦❢ 1♣❡❝$)❛❧ $❤❡♦)② ♦❢ ♥♦♥1❡❧❢❛❞❥♦✐♥$ ❞✐1❝)❡$❡ ❙❝❤)P❞✐♥❣❡) ❛♥❞

❉✐)❛❝ ❡H✉❛$✐♦♥1 ✇❡)❡ ♦❜$❛✐♥❡❞ ✐♥ ❬✶✱ ✷✵✱ ✽✱ ✶✵✱ ✼❪✳ ❆❧1♦✱ 1♣❡❝$)❛❧ ❛♥❛❧②1✐1 ♦❢ $❤❡1❡ ❡H✉❛$✐♦♥1

✐♥ 1❡❧❢✲❛❞❥♦✐♥$ ❝❛1❡ ✐1 ✇❡❧❧✲❦♥♦✇♥ ❬✹✱ ✺❪✳ ■♥ ❛❞❞✐$✐♦♥ $♦ ❞✐✛❡)❡♥$✐❛❧ ❛♥❞ ❞✐1❝)❡$❡ ❡H✉❛$✐♦♥1✱

1♣❡❝$)❛❧ $❤❡♦)② ♦❢ q✲❞✐✛❡)❡♥❝❡ ❡H✉❛$✐♦♥1 ❤❛1 ❜❡❡♥ ✐♥✈❡1$✐❣❛$❡❞ ✐♥ )❡❝❡♥$ ②❡❛)1 ❬✷✱ ✸❪✱

❛♥❞ ✐♠♣♦)$❛♥$ ❣❡♥❡)❛❧✐③❛$✐♦♥1 ❛♥❞ )❡1✉❧$1 ✇❡)❡ ❣✐✈❡♥ ❢♦) ❞②♥❛♠✐❝ ❡H✉❛$✐♦♥1 ✐♥❝❧✉❞✐♥❣

q✲❞✐✛❡)❡♥❝❡ ❡H✉❛$✐♦♥1 ❛1 ❛ 1♣❡❝✐❛❧ ❝❛1❡ ✐♥ ❬✶✹✱ ✶✸❪✳

❙♦♠❡ ♣)♦❜❧❡♠1 ♦❢ 1♣❡❝$)❛❧ $❤❡♦)② ♦❢ ❞✐✛❡)❡♥$✐❛❧ ❛♥❞ ❞✐✛❡)❡♥❝❡ ❡H✉❛$✐♦♥1 ✇✐$❤ ♠❛$)✐①

❝♦❡✣❝✐❡♥$1 ✇❡)❡ 1$✉❞✐❡❞ ✐♥ ❬✶✺✱ ✷✹✱ ✶✽✱ ✻❪✳ ❇✉$ 1♣❡❝$)❛❧ ❛♥❛❧②1✐1 ♦❢ $❤❡ ♠❛$)✐① q✲❞✐✛❡)❡♥❝❡

❡H✉❛$✐♦♥1 ✇✐$❤ 1♣❡❝$)❛❧ 1✐♥❣✉❧❛)✐$✐❡1 ❤❛1 ♥♦$ ❜❡❡♥ ✐♥✈❡1$✐❣❛$❡❞ ②❡$✳

■♥ $❤✐1 ♣❛♣❡)✱ ✇❡ ❧❡$ q > 1 ❛♥❞ ✉1❡ $❤❡ ♥♦$❛$✐♦♥ qN0 := {qn : n ∈ N0}✱ ✇❤❡)❡ N0 ❞❡♥♦$❡1

$❤❡ 1❡$ ♦❢ ♥♦♥♥❡❣❛$✐✈❡ ✐♥$❡❣❡)1✳ ▲❡$ ✉1 ✐♥$)♦❞✉❝❡ $❤❡ ❍✐❧❜❡)$ 1♣❛❝❡ ℓ2(q
N,Cm) ❝♦♥1✐1$✐♥❣

♦❢ ❛❧❧ ✈❡❝$♦) 1❡H✉❡♥❝❡1 y ∈ C
m
✱ (y = y(t), t ∈ qN)✱ 1✉❝❤ $❤❛$

∑

t∈qN
µ(t)‖y(t)‖2Cm < ∞

✇✐$❤ $❤❡ ✐♥♥❡) ♣)♦❞✉❝$ 〈y, z〉q :=
∑

t∈qN
µ(t) (y(t), z(t))

Cm ✱ ✇❤❡)❡ C
m
✐1 m✲❞✐♠❡♥1✐♦♥❛❧

(m < ∞) ❊✉❝❧✐❞❡❛♥ 1♣❛❝❡✱ µ(t) = (q − 1)t ❢♦) ❛❧❧ t ∈ qN✱ ❛♥❞ ‖ · ‖Cm
❛♥❞ (·, ·)Cm

❞❡♥♦$❡

∗
❯♥✐✈❡%&✐'② ♦❢ ❆♥❦❛%❛✱ ❋❛❝✉❧'② ♦❢ ❙❝✐❡♥❝❡✱ ❉❡♣❛%'♠❡♥' ♦❢ ▼❛'❤❡♠❛'✐❝&✱ ✵✻✶✵✵✱ ❆♥❦❛%❛✱

❚✉%❦❡②✱ ❊♠❛✐❧✿ ②❛②❣❛#❅%❝✐❡♥❝❡✳❛♥❦❛#❛✳❡❞✉✳.#

†
❈♦%%❡&♣♦♥❞✐♥❣ ❆✉'❤♦%✳



✶✵✵✵

 ❤❡ ♥♦%♠ ❛♥❞ ✐♥♥❡% ♣%♦❞✉❝ ✐♥ C
m
✱ %❡.♣❡❝ ✐✈❡❧②✳ ❲❡ ❞❡♥♦ ❡ ❜② L  ❤❡ ♦♣❡%❛ ♦% ❣❡♥❡%❛ ❡❞

✐♥ ℓ2(q
N,Cm) ❜②  ❤❡ q✲❞✐✛❡%❡♥❝❡ ❡①♣%❡..✐♦♥

(ly)(t) := qA(t)y(qt) +B(t)y(t) +A

(

t

q

)

y

(

t

q

)

, t ∈ q
N
,

❛♥❞  ❤❡ ❜♦✉♥❞❛%② ❝♦♥❞✐ ✐♦♥ y(1) = 0✱ ✇❤❡%❡ A(t)✱ t ∈ qN0
❛♥❞ B(t)✱ t ∈ qN ❛%❡ ❧✐♥❡❛%

♦♣❡%❛ ♦%. ✭♠❛ %✐❝❡.✮ ❛❝ ✐♥❣ ✐♥ C
m
✳ ❚❤%♦✉❣❤♦✉  ❤❡ ♣❛♣❡%✱ ✇❡ ✇✐❧❧ ❛..✉♠❡  ❤❛ A(t) ✐.

✐♥✈❡% ✐❜❧❡ ❛♥❞ A(t) 6= A∗(t) ❢♦% ❛❧❧ t ∈ qN0
✳ ❋✉% ❤❡%♠♦%❡ B(t) 6= B∗(t) ❢♦% ❛❧❧ t ∈ qN✱

✇❤❡%❡ ∗ ❞❡♥♦ ❡.  ❤❡ ❛❞❥♦✐♥ ♦♣❡%❛ ♦%✳ ■ ✐. ❝❧❡❛%  ❤❛ L ✐. ❛ ♥♦♥.❡❧❢❛❞❥♦✐♥ ♦♣❡%❛ ♦% ✐♥

ℓ2(q
N,Cm)✳ ❘❡❧❛ ❡❞  ♦  ❤❡ ♦♣❡%❛ ♦% L✱ ✇❡ ✇✐❧❧ ❝♦♥.✐❞❡%  ❤❡ ♠❛ %✐① q✲❞✐✛❡%❡♥❝❡ ❡B✉❛ ✐♦♥

♦❢ .❡❝♦♥❞ ♦%❞❡%

✭✶✳✶✮ qA(t)y(qt) +B(t)y(t) +A

(

t

q

)

y

(

t

q

)

= λy(t), t ∈ q
N
,

✇❤❡%❡ λ ✐. ❛ .♣❡❝ %❛❧ ♣❛%❛♠❡ ❡%✳

❚❤❡ .❡ ✉♣ ♦❢  ❤✐. ♣❛♣❡% ✐. .✉♠♠❛%✐③❡❞ ❛. ❢♦❧❧♦✇.✿ ❙❡❝ ✐♦♥ ✷ ❞✐.❝✉..❡.  ❤❡ ❏♦. .♦❧✉ ✐♦♥

♦❢ ✭✶✳✶✮ ❛♥❞ ❝♦♥ ❛✐♥. ❛♥❛❧② ✐❝❛❧ ♣%♦♣❡% ✐❡. ❛♥❞ ❛.②♠♣ ♦ ✐❝ ❜❡❤❛✈✐♦% ♦❢  ❤✐. .♦❧✉ ✐♦♥✳ ■♥

❙❡❝ ✐♦♥ ✸✱ ✇❡ ❣✐✈❡  ❤❡ ❝♦♥ ✐♥✉♦✉. .♣❡❝ %✉♠ ♦❢ L✱ ❜② ✉.✐♥❣  ❤❡ ❲❡②❧ ❝♦♠♣❛❝ ♣❡% ✉%❜❛ ✐♦♥

 ❤❡♦%❡♠✳ ■♥ ❙❡❝ ✐♦♥ ✹✱ ✇❡ ✐♥✈❡. ✐❣❛ ❡  ❤❡ ❡✐❣❡♥✈❛❧✉❡. ❛♥❞  ❤❡ .♣❡❝ %❛❧ .✐♥❣✉❧❛%✐ ✐❡. ♦❢ L✳

■♥ ♣❛% ✐❝✉❧❛%✱ ✇❡ ♣%♦✈❡  ❤❛ L ❤❛. ❛ ✜♥✐ ❡ ♥✉♠❜❡% ♦❢ ❡✐❣❡♥✈❛❧✉❡. ❛♥❞ .♣❡❝ %❛❧ .✐♥❣✉❧❛%✐ ✐❡.

✇✐ ❤ ❛ ✜♥✐ ❡ ♠✉❧ ✐♣❧✐❝✐ ②✳

✷✳ ❏♦$% $♦❧✉%✐♦♥ ♦❢ L

❲❡ ❛..✉♠❡  ❤❛  ❤❡ ♠❛ %✐① .❡B✉❡♥❝❡. {A(t)} ❛♥❞ {B(t)}✱ t ∈ qN .❛ ✐.❢②

✭✷✳✶✮

∑

t∈qN

(‖I −A(t)‖+ ‖B(t)‖) < ∞,

✇❤❡%❡ ‖ · ‖ ❞❡♥♦ ❡.  ❤❡ ♠❛ %✐① ♥♦%♠ ✐♥ C
m

❛♥❞ I ✐. ✐❞❡♥ ✐ ② ♠❛ %✐①✳ ▲❡ F (·, z)✱ ❞❡♥♦ ❡.

 ❤❡ ♠❛ %✐① .♦❧✉ ✐♦♥ ♦❢  ❤❡ q✲❞✐✛❡%❡♥❝❡ ❡B✉❛ ✐♦♥

✭✷✳✷✮ qA(t)y(qt) +B(t)y(t) +A

(

t

q

)

y

(

t

q

)

= 2
√
q cos zy(t), t ∈ q

N
,

.❛ ✐.❢②✐♥❣  ❤❡ ❝♦♥❞✐ ✐♦♥

✭✷✳✸✮ lim
t→∞

F (t, z)e
i ln t
ln q

z
√

µ(t) = I, z ∈ C+ := {z ∈ C : Im z ≥ 0}.

❚❤❡ .♦❧✉ ✐♦♥ F (·, z) ✐. ❝❛❧❧❡❞  ❤❡ ❏♦. .♦❧✉ ✐♦♥ ♦❢ ✭✷✳✷✮✳

✷✳✶✳ ❚❤❡♦'❡♠✳ ❆!!✉♠❡ ✭✷✳✶✮✳ ▲❡' '❤❡ !♦❧✉'✐♦♥ F (·, z) ❜❡ '❤❡ ❏♦!' !♦❧✉'✐♦♥ ♦❢ ✭✷✳✷✮✳

❚❤❡♥

✭✷✳✹✮ F (t, z) =
e
i ln t
ln q

z

√

µ(t)
I +

∑

s∈[qt,∞)∩qN

√

s

qt

sin
(

ln s−ln t
ln q

)

z

sin z
H(s),

✇❤❡2❡

H(s) :=

[

I −A

(

s

q

)]

F

(

s

q
, z

)

−B(s)F (s, z) + q[I −A(s)]F (qs, z).

32♦♦❢✳ ❯.✐♥❣ ✭✷✳✷✮✱ ✇❡ ♦❜ ❛✐♥

✭✷✳✺✮ F

(

t

q

)

+ qF (qt)− 2
√
q cos zF (t) = H(t).



✶✵✵✶

❙✐♥❝❡

exp
(

i ln t
ln q

z
)

√
µ(t)

I ❛♥❞
exp

(

−i ln t
ln q

z
)

√
µ(t)

I ❛'❡ ❧✐♥❡❛'❧② ✐♥❞❡♣❡♥❞❡♥+ ,♦❧✉+✐♦♥, ♦❢ +❤❡ ❤♦♠♦❣❡♥❡♦✉,

❡3✉❛+✐♦♥

F

(

t

q

)

+ qF (qt)− 2
√
q cos zF (t) = 0,

✇❡ ❣❡+ +❤❡ ❣❡♥❡'❛❧ ,♦❧✉+✐♦♥ ♦❢ ✭✷✳✺✮ ❜②

✭✷✳✻✮

F (t, z) =
e
i ln t
ln q

z

√

µ(t)
α+

e
−i ln t

ln q
z

√

µ(t)
β

+
∑

s∈[qt,∞)∩qN

√

µ(s)

q

1
√

µ(t)

sin
(

ln s−ln t
ln q

)

z

sin z
H(s),

✇❤❡'❡ α ❛♥❞ β ❛'❡ ❝♦♥,+❛♥+, ✐♥ C
m
✳ ❯,✐♥❣ ✭✷✳✶✮✱ ✭✷✳✸✮✱ ❛♥❞ ✭✷✳✻✮✱ ✇❡ ✜♥❞ α = I ❛♥❞

β = 0✳ ❚❤✐, ❝♦♠♣❧❡+❡, +❤❡ ♣'♦♦❢✱ ✐✳❡✳✱ F (t, z) ,❛+✐,✜❡, ✭✷✳✹✮✳ �

✷✳✷✳ ❚❤❡♦&❡♠✳ ❆!!✉♠❡ ✭✷✳✶✮✳ ❚❤❡♥ )❤❡ ❏♦!) !♦❧✉)✐♦♥ F (·, z) ❤❛! ❛ /❡♣/❡!❡♥)❛)✐♦♥

✭✷✳✼✮ F (t, z) = T (t)
e
i ln t
ln q

z

√

µ(t)



I +
∑

r∈qN

K(t, r)e
i ln r
ln q

z



 , t ∈ q
N0

✇❤❡/❡ z ∈ C+✱ T (t) ❛♥❞ K(t, r) ❛/❡ ❡①♣/❡!!❡❞ ✐♥ )❡/♠! ♦❢ {A(t)} ❛♥❞ {B(t)}✳

6/♦♦❢✳ ■❢ ✇❡ ♣✉+ F (·, z) ❞❡✜♥❡❞ ❜② ✭✷✳✼✮ ✐♥+♦ ✭✷✳✷✮✱ +❤❡♥ ✇❡ ❤❛✈❡ +❤❡ '❡❧❛+✐♦♥,

A(t)T (t) = T (qt), K(t, q)−K(
t

q
, q) =

1√
q
T

−1(t)B(t)T (t),

K(
t

q
, q

2)−K(t, q2) = T
−1(t)

(

T (t)−A
2(t)T (t)− 1√

q
B(t)T (t)K(t, q)

)

,

K(t, rq2)−K(
t

q
, rq

2) = T
−1(t)

(

A
2(t)T (t)K(qt, r) +

1√
q
B(t)T (t)K(t, qr)

)

−K(t, r),

❛♥❞ ✉,✐♥❣ +❤❡,❡ '❡❧❛+✐♦♥,✱ ✇❡ ♦❜+❛✐♥

T (t) =
∏

p∈[t,∞)∩qN

[A(p)]−1
, K(t, q) = − 1√

q

∑

p∈[qt,∞)∩qN

T
−1(p)B(p)T (p),

K(t, q2) =
∑

p∈[qt,∞)∩qN

T
−1(p)

[

− 1√
q
B(p)T (p)K(p, q) + (I −A

2(p))T (p)

]

,

K(t, rq2) = K(qt, r) +
∑

p∈[qt,∞)∩qN

T
−1(p)

[

I −A
2(p)

]

T (p)K(qp, r)

− 1√
q

∑

p∈[qt,∞)∩qN

T
−1(p)B(p)T (p)K(p, qr),

❢♦' r ∈ qN ❛♥❞ t ∈ qN0
✳ ❉✉❡ +♦ +❤❡ ❝♦♥❞✐+✐♦♥ ✭✷✳✶✮✱ +❤❡ ✐♥✜♥✐+❡ ♣'♦❞✉❝+ ❛♥❞ +❤❡ ,❡'✐❡, ✐♥

+❤❡ ❞❡✜♥✐+✐♦♥ ♦❢ T (t) ❛♥❞ K(t, r) ❛'❡ ❛❜,♦❧✉+❡❧② ❝♦♥✈❡'❣❡♥+✳ �

◆♦+❡ +❤❛+✱ ✐♥ ❛♥❛❧♦❣② +♦ +❤❡ ❙+✉'♠✕▲✐♦✉✈✐❧❧❡ ❡3✉❛+✐♦♥ +❤❡ ❢✉♥❝+✐♦♥

F (1, z) := T (1)√
µ(1)

(

I +
∑

r∈qN
K(1, r)e

i ln r
ln q

z
)

✐, ❝❛❧❧❡❞ +❤❡ ❏♦,+ ❢✉♥❝+✐♦♥✳

✷✳✸✳ ❚❤❡♦&❡♠✳ ❆!!✉♠❡

✭✷✳✽✮

∑

t∈qN

ln t

ln q
(‖I −A(t)‖+ ‖B(t)‖) < ∞.



✶✵✵✷

❚❤❡♥ $❤❡ ❏♦'$ '♦❧✉$✐♦♥ F (·, z) ✐' ❝♦♥$✐♥✉♦✉' ✐♥ C+ ❛♥❞ ❛♥❛❧②$✐❝ ✇✐$❤ 0❡'♣❡❝$ $♦ z ✐♥

C+ := {z ∈ C : Im z > 0}✳

30♦♦❢✳ ❯!✐♥❣ %❤❡ ❡(✉❛❧✐%✐❡! ❢♦.K(t, r) ❣✐✈❡♥ ✐♥ ❚❤❡♦.❡♠ ✷✳✷ ❛♥❞ ♠❛%❤❡♠❛%✐❝❛❧ ✐♥❞✉❝%✐♦♥✱
✇❡ ❣❡%

✭✷✳✾✮ ‖K(t, r)‖ ≤ C
∑

p∈

[

tq
⌊ ln r
2 ln q

⌋
,∞

)

∩qN

(‖I −A(p)‖+ ‖B(p)‖) ,

✇❤❡.❡ C > 0 ✐! ❛ ❝♦♥!%❛♥% ❛♥❞ ⌊ ln r
2 ln q

⌋ ✐! %❤❡ ✐♥%❡❣❡. ♣❛.% ♦❢ ln r
2 ln q

✳ ❋.♦♠ ✭✷✳✽✮ ❛♥❞ ✭✷✳✾✮✱

✇❡ ❣❡% %❤❛% %❤❡ !❡.✐❡!

∑

r∈qN

K(t, r)e
i ln r
ln q

z
,

∑

r∈qN

ln r

ln q
K(t, r)e

i ln r
ln q

z

❛.❡ ❛❜!♦❧✉%❡❧② ❝♦♥✈❡.❣❡♥% ✐♥ C+ ❛♥❞ ✐♥ C+✱ .❡!♣❡❝%✐✈❡❧②✳ ❚❤✐! ❝♦♠♣❧❡%❡! %❤❡ ♣.♦♦❢✳ �

✷✳✹✳ ❚❤❡♦'❡♠✳ ❯♥❞❡0 $❤❡ ❝♦♥❞✐$✐♦♥ ✭✷✳✽✮✱ $❤❡ ❏♦'$ '♦❧✉$✐♦♥ '❛$✐'✜❡'

✭✷✳✶✵✮ F (t, z) =
e
i ln t
ln q

z

√

µ(t)
(I + o(1)) , z ∈ C+, t → ∞,

✭✷✳✶✶✮ F (t, z) = T (t)
e
i ln t
ln q

z

√

µ(t)
(I + o(1)) , t ∈ q

N0 , Im z → ∞.

30♦♦❢✳ ■% ❢♦❧❧♦✇! ❢.♦♠ %❤❡ ❞❡✜♥✐%✐♦♥ ♦❢ T (t)✱ ✭✷✳✽✮✱ ❛♥❞ ✭✷✳✾✮ %❤❛%

✭✷✳✶✷✮ lim
t→∞

T (t) = I,

❛♥❞

✭✷✳✶✸✮

∑

r∈qN

K(t, r)e
i ln r
ln q

z
= o(1), z ∈ C+, t → ∞.

❋.♦♠ ✭✷✳✼✮✱ ✭✷✳✶✷✮✱ ❛♥❞ ✭✷✳✶✸✮✱ ✇❡ ❣❡% ✭✷✳✶✵✮✳ ❯!✐♥❣ ✭✷✳✽✮ ❛♥❞ ✭✷✳✾✮✱ ✇❡ ❤❛✈❡

✭✷✳✶✹✮

∑

r∈qN

K(t, r)e
i ln r
ln q

z
= o(1), z ∈ C+, Im z → ∞.

❋.♦♠ ✭✷✳✼✮ ❛♥❞ ✭✷✳✶✹✮✱ ✇❡ ❣❡% ✭✷✳✶✶✮✳ �

✸✳ ❈♦♥%✐♥✉♦✉( (♣❡❝%,✉♠ ♦❢ L

▲❡% L1 ❛♥❞ L2 ❞❡♥♦%❡ %❤❡ q✲❞✐✛❡.❡♥❝❡ ♦♣❡.❛%♦.! ❣❡♥❡.❛%❡❞ ✐♥ ℓ2(q
N,Cm) ❜② %❤❡ q✲

❞✐✛❡.❡♥❝❡ ❡①♣.❡!!✐♦♥!

(l1y)(t) = qy(qt) + y

(

t

q

)

❛♥❞

(l2y)(t) = q [A(t)− I] y(qt) +B(t)y(t) +

[

A

(

t

q

)

− I

]

y

(

t

q

)

✇✐%❤ %❤❡ ❜♦✉♥❞❛.② ❝♦♥❞✐%✐♦♥ y(1) = 0✱ .❡!♣❡❝%✐✈❡❧②✳ ■% ✐! ❝❧❡❛. %❤❛% L = L1 + L2✳

✸✳✶✳ ▲❡♠♠❛✳ ❚❤❡ ♦♣❡0❛$♦0 L1 ✐' '❡❧❢✲❛❞❥♦✐♥$ ✐♥ ℓ2(q
N,Cm)✳



✶✵✵✸

 !♦♦❢✳ ❙✐♥❝❡

‖L1y‖q ≤ 2
√
q‖y‖q

❢♦' ❛❧❧ y ∈ ℓ2(q
N,Cm)✱ L1 ✐+ ❜♦✉♥❞❡❞ ✐♥ /❤❡ ❍✐❧❜❡'/ +♣❛❝❡ ℓ2(q

N,Cm)✱ ❛♥❞ +✐♥❝❡

〈l1y, z〉q =
∑

t∈qN

µ(t)(z(t))∗
(

qy(qt) + y

(

t

q

))

=
∑

t∈qN

µ(t)

(

qz(qt) + z

(

t

q

))∗

y(t) = 〈y, l1z〉q,

/❤❡ ♦♣❡'❛/♦' L1 ✐+ +❡❧❢✲❛❞❥♦✐♥/ ✐♥ ℓ2(q
N,Cm)✳ �

✸✳✷✳ ❚❤❡♦'❡♠✳ ❆&&✉♠❡ ✭✷✳✽✮✳ ❚❤❡♥ σc(L) = [−2
√
q, 2

√
q]✱ ✇❤❡!❡ σc(L) ❞❡♥♦0❡& 0❤❡

❝♦♥0✐♥✉♦✉& &♣❡❝0!✉♠ ♦❢ L✳

 !♦♦❢✳ ■/ ✐+ ❡❛+② /♦ +❡❡ /❤❛/ L1 ❤❛+ ♥♦ ❡✐❣❡♥✈❛❧✉❡+✱ +♦ /❤❡ +♣❡❝/'✉♠ ♦❢ /❤❡ ♦♣❡'❛/♦' L1

❝♦♥+✐+/+ ♦♥❧② ✐/+ ❝♦♥/✐♥✉♦✉+ +♣❡❝/'✉♠ ❛♥❞

σ(L1) = σc(L1) = [−2
√
q, 2

√
q],

✇❤❡'❡ σ(L1) ❞❡♥♦/❡+ /❤❡ +♣❡❝/'✉♠ ♦❢ /❤❡ ♦♣❡'❛/♦' L1✳ ❯+✐♥❣ ✭✷✳✽✮✱ ✇❡ ✜♥❞ /❤❛/ L2 ✐+

❝♦♠♣❛❝/ ♦♣❡'❛/♦' ✐♥ ℓ2(q
N,Cm)❬✷✶❪✳ ❙✐♥❝❡ L = L1 + L2 ❛♥❞ L1 = (L1)

∗
✱ ✇❡ ♦❜/❛✐♥ /❤❛/

σc(L) = σc(L1) = [−2
√
q, 2

√
q]

❜② ✉+✐♥❣ ❲❡②❧✬+ /❤❡♦'❡♠ ♦❢ ❛ ❝♦♠♣❛❝/ ♣❡'/✉'❜❛/✐♦♥ ❬✶✾✱ ♣✳✶✸❪✳ �

✹✳ ❊✐❣❡♥✈❛❧✉❡+ ❛♥❞ +♣❡❝/0❛❧ +✐♥❣✉❧❛0✐/✐❡+ ♦❢ L

■❢ ✇❡ ❞❡✜♥❡

✭✹✳✶✮ f(z) := detF (1, z), z ∈ C+,

/❤❡♥ /❤❡ ❢✉♥❝/✐♦♥ f ✐+ ❛♥❛❧②/✐❝ ✐♥ C+✱ f(z) = f(z + 2π) ❛♥❞ ✐+ ❝♦♥/✐♥✉♦✉+ ✐♥ C+✳ ▲❡/

✉+ ❞❡✜♥❡ /❤❡ +❡♠✐✲+/'✐♣+ P0 = {z ∈ C+ : 0 ≤ Re z ≤ 2π} ❛♥❞ P = P0 ∪ [0, 2π]✳ ❲❡ ✇✐❧❧

❞❡♥♦*❡ *❤❡ ,❡* ♦❢ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡, ❛♥❞ ,♣❡❝*3❛❧ ,✐♥❣✉❧❛3✐*✐❡, ♦❢ L ❜② σd(L) ❛♥❞ σss(L)✱ 3❡✲
,♣❡❝*✐✈❡❧②✳ ❋3♦♠ *❤❡ ❞❡✜♥✐*✐♦♥, ♦❢ ❡✐❣❡♥✈❛❧✉❡, ❛♥❞ ,♣❡❝*3❛❧ ,✐♥❣✉❧❛3✐*✐❡, ♦❢ ♥♦♥,❡❧❢❛❞❥♦✐♥*

♦♣❡3❛*♦3,❬✷✷✱ ✷✸❪✱ ✇❡ ❤❛✈❡

✭✹✳✷✮ σd(L) = {λ ∈ C : λ = 2
√
q cos z, z ∈ P0, f(z) = 0} ,

✭✹✳✸✮ σss(L) = {λ ∈ C : λ = 2
√
q cos z, z ∈ [0, 2π], f(z) = 0} \{0}.

✹✳✶✳ ❚❤❡♦'❡♠✳ ❆!!✉♠❡ ✭✷✳✽✮✳ ❚❤❡♥

✐✮ )❤❡ !❡) σd(L) ✐! ❜♦✉♥❞❡❞ ❛♥❞ ❝♦✉♥)❛❜❧❡✱ ❛♥❞ ✐)! ❧✐♠✐) ♣♦✐♥)! ❧✐❡ ♦♥❧② ✐♥ )❤❡ ✐♥)❡4✈❛❧
[−2

√
q, 2

√
q]✱

✐✐✮ σss(L) ⊂ [−2
√
q, 2

√
q] ❛♥❞ )❤❡ ❧✐♥❡❛4 ▲❡❜❡!❣✉❡ ♠❡❛!✉4❡ ♦❢ )❤❡ !❡) σss(L) ✐! ③❡4♦✳

:4♦♦❢✳ ■♥ ♦3❞❡3 *♦ ✐♥✈❡,*✐❣❛*❡ *❤❡ E✉❛♥*✐*❛*✐✈❡ ♣3♦♣❡3*✐❡, ♦❢ ❡✐❣❡♥✈❛❧✉❡, ❛♥❞ ,♣❡❝*3❛❧

,✐♥❣✉❧❛3✐*✐❡, ♦❢ L✱ ✐* ✐, ♥❡❝❡,,❛3② *♦ ❞✐,❝✉,, *❤❡ E✉❛♥*✐*❛*✐✈❡ ♣3♦♣❡3*✐❡, ♦❢ ③❡3♦, ♦❢ f ✐♥ P

❢3♦♠ ✭✹✳✷✮ ❛♥❞ ✭✹✳✸✮✳ ❯,✐♥❣ ✭✷✳✶✶✮ ❛♥❞ ✭✹✳✶✮✱ ✇❡ ❣❡*

✭✹✳✹✮ f(z) = detT (1)
1

µ(1)
[I + o(1)], Im z > 0, z ∈ P0, Im z → ∞,

✇❤❡3❡ detT (1) 6= 0✳ ❋3♦♠ ✭✹✳✹✮✱ ✇❡ ❣❡* *❤❡ ❜♦✉♥❞❡❞♥❡,, ♦❢ ③❡3♦, ♦❢ f ✐♥ P0✳ ❙✐♥❝❡ f ✐,

❛ 2π✲♣❡3✐♦❞✐❝ ❢✉♥❝*✐♦♥ ❛♥❞ ✐, ❛♥❛❧②*✐❝ ✐♥ C+✱ ✇❡ ♦❜*❛✐♥ *❤❛* f ❤❛, ❛* ♠♦,* ❛ ❝♦✉♥*❛❜❧❡

♥✉♠❜❡3 ♦❢ ③❡3♦, ✐♥ P0✳ ❇② *❤❡ ✉♥✐E✉❡♥❡,, ♦❢ ❛♥❛❧②*✐❝ ❢✉♥❝*✐♦♥,✱ ✇❡ ✜♥❞ *❤❛* *❤❡ *❤❡

❧✐♠✐* ♣♦✐♥*, ♦❢ ③❡3♦, ♦❢ f ✐♥ P0 ❝❛♥ ❧✐❡ ♦♥❧② ✐♥ [0, 2π]✳ ❲❡ ❣❡* σss(L) ⊂ [−2
√
q, 2

√
q] ✉,✐♥❣



✶✵✵✹

✭✹✳✸✮✳ ❙✐♥❝❡ f(z) 6= 0 ❢♦, ❛❧❧ z ∈ C+✱ ✇❡ ❣❡2 2❤❛2 2❤❡ ❧✐♥❡❛, ▲❡❜❡6❣✉❡ ♠❡❛6✉,❡ ♦❢ 2❤❡ 6❡2

♦❢ ③❡,♦6 ♦❢ f ♦♥ ,❡❛❧ ❛①✐6 ✐6 ♥♦2 ♣♦6✐2✐✈❡✱ ❜② ✉6✐♥❣ 2❤❡ ❜♦✉♥❞❛,② ✉♥✐?✉❡♥❡66 2❤❡♦,❡♠ ♦❢

❛♥❛❧②2✐❝ ❢✉♥❝2✐♦♥6 ❬✶✼❪✱ ✐✳❡✳✱ 2❤❡ ❧✐♥❡❛, ▲❡❜❡6❣✉❡ ♠❡❛6✉,❡ ♦❢ 2❤❡ σss(L) ✐6 ③❡,♦✳ �

✹✳✷✳ ❉❡✜♥✐(✐♦♥✳ ❚❤❡ ♠✉❧2✐♣❧✐❝✐2② ♦❢ ❛ ③❡,♦ ♦❢ f ✐♥ P ✐6 ❝❛❧❧❡❞ 2❤❡ ♠✉❧2✐♣❧✐❝✐2② ♦❢ 2❤❡

❝♦,,❡6♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡ ♦, 6♣❡❝2,❛❧ 6✐♥❣✉❧❛,✐2② ♦❢ L✳

✹✳✸✳ ❚❤❡♦-❡♠✳ ■❢✱ ❢♦$ %♦♠❡ ε > 0✱

✭✹✳✺✮ sup
t∈qN

{

e
ε ln t
ln q (‖I −A(t)‖+ ‖B(t)‖)

}

< ∞

(❤❡♥ (❤❡ ♦♣❡$❛(♦$ L ❤❛% ❛ ✜♥✐(❡ ♥✉♠❜❡$ ♦❢ ❡✐❣❡♥✈❛❧✉❡% ❛♥❞ %♣❡❝($❛❧ %✐♥❣✉❧❛$✐(✐❡%✱ ❛♥❞ ❡❛❝❤

♦❢ (❤❡♠ ✐% ♦❢ ✜♥✐(❡ ♠✉❧(✐♣❧✐❝✐(②✳

8$♦♦❢✳ ❙✐♥❝❡ F (1, z) = T (1)√
q−1

(

I +
∑

r∈qN
K(1, r)e

i ln r
ln q

z
)

✱ ✉6✐♥❣ ✭✷✳✾✮ ❛♥❞ ✭✹✳✺✮✱ ✇❡ ❣❡2

2❤❛2

✭✹✳✻✮ ‖K(1, r)‖ ≤ De
− ε

4

ln r
ln q , r ∈ q

N
,

✇❤❡,❡ D > 0 ✐6 ❛ ❝♦♥62❛♥2✳ ❋,♦♠ ✭✹✳✶✮ ❛♥❞ ✭✹✳✻✮✱ ✇❡ ♦❜2❛✐♥ 2❤❛2 2❤❡ ❢✉♥❝2✐♦♥ f ❤❛6 ❛♥

❛♥❛❧②2✐❝ ❝♦♥2✐♥✉❛2✐♦♥ 2♦ 2❤❡ ❤❛❧❢✲♣❧❛♥❡ Im z > − ε
4
✳ ❇❡❝❛✉6❡ 2❤❡ 6❡,✐❡6

∑

r∈qN

iK(1, r)
ln r

ln q
e
i ln r
ln q

z

✐6 ✉♥✐❢♦,♠❧② ❝♦♥✈❡,❣❡♥2 ✐♥ Im z > − ε
4
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♦❢ ✐26 ③❡,♦6 ✐♥ P ❝❛♥♥♦2 ❧✐❡ ✐♥ [0, 2π]✳ ❯6✐♥❣ ❚❤❡♦,❡♠ ✹✳✶✱ ✇❡ ✜♥❞ 2❤❛2 2❤❡ ❜♦✉♥❞❡❞

6❡26 σd(L) ❛♥❞ σss(L) ❤❛✈❡ ♥♦ ❧✐♠✐2 ♣♦✐♥26✱ ✐✳❡✳✱ 2❤❡ 6❡26 σd(L) ❛♥❞ σss(L) ❤❛✈❡ ❛ ✜♥✐2❡

♥✉♠❜❡, ♦❢ ❡❧❡♠❡♥26✳ ❋,♦♠ 2❤❡ ❛♥❛❧②2✐❝✐2② ♦❢ f ✐♥ Im z > − ε
4
✱ ✇❡ ❣❡2 2❤❛2 ❛❧❧ ③❡,♦6 ♦❢ f

✐♥ P ❤❛✈❡ ❛ ✜♥✐2❡ ♠✉❧2✐♣❧✐❝✐2②✳ �
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❬✶✾❪ ●❧❛③♠❛♥✱ ■✳▼✳ ❉✐$❡❝& ♠❡&❤♦❞" ♦❢ 9✉❛❧✐&❛&✐✈❡ "♣❡❝&$❛❧ ❛♥❛❧②"✐" ♦❢ "✐♥❣✉❧❛$ ❞✐✛❡$❡♥&✐❛❧ ♦♣❡$❛✲

&♦$" ✭❏❡2✉:❛❧❡♠✱ ✶✾✻✻✮✳

❬✷✵❪ ❑2❛❧❧✱ ❆✳▼✳ ❇❛✐2❛♠♦✈✱ ❊✳ ❛♥❞ ➬❛❦❛2✱ _✳ ❙♣❡❝&$❛❧ ❛♥❛❧②"✐" ♦❢ ♥♦♥✲"❡❧❢❛❞❥♦✐♥& ❞✐"❝$❡&❡

❙❝❤$E❞✐♥❣❡$ ♦♣❡$❛&♦$" ✇✐&❤ "♣❡❝&$❛❧ "✐♥❣✉❧❛$✐&✐❡"✱ ▼❛>❤✳ ◆❛❝❤2✳ ✷✸✶✱ ✽✾✕✶✵✹✱ ✷✵✵✶✳

❬✷✶❪ ▲✳❆✳ ▲✉:>❡2♥✐❦ ❛♥❞ ❱✳❏✳ ❙♦❜♦❧❡✈✱ ❊❧❡♠❡♥&" ♦❢ ❢✉♥❝&✐♦♥❛❧ ❛♥❛❧②"✐" ✭❍✐♥❞✉:>❛♥ J✉❜❧✐:❤✐♥❣

❈♦2♣✳✱ ❉❡❧❤✐✱ ✶✾✼✹✮✳

❬✷✷❪ ▲②❛♥❝❡✱ ❱✳❊✳❆ ❞✐✛❡$❡♥&✐❛❧ ♦♣❡$❛&♦$ ✇✐&❤ "♣❡❝&$❛❧ "✐♥❣✉❧❛$✐&✐❡" ■✲■■✱ ❆♠❡2✳ ▼❛>❤✳ ❙♦❝✳ ❚2❛♥:❧✳

✻✵ ✭✷✮ ✶✽✺✕✷✷✺✱ ✷✷✼✕✷✽✸✱ ✶✾✻✼✳

❬✷✸❪ ◆❛✐♠❛2❦✱ ▼✳❆✳ ▲✐♥❡❛$ ❞✐✛❡$❡♥&✐❛❧ ♦♣❡$❛&♦$"✳ A❛$& ■■✿ ▲✐♥❡❛$ ❞✐✛❡$❡♥&✐❛❧ ♦♣❡$❛&♦$" ✐♥ ❍✐❧❜❡$&

"♣❛❝❡ ✭❋2❡❞❡2✐❝❦ ❯♥❣❛2 J✉❜❧✐:❤✐♥❣ ❈♦✳✱ ◆❡✇ ❨♦2❦✱ ✶✾✻✵✮✳

❬✷✹❪ ❖❧❣✉♥✱ ▼✳ ❛♥❞ ❈♦:❦✉♥✱ ❈✳ ◆♦♥✲"❡❧❢❛❞❥♦✐♥& ♠❛&$✐① ❙&✉$♠✲▲✐♦✉✈✐❧❧❡ ♦♣❡$❛&♦$" ✇✐&❤ "♣❡❝&$❛❧

"✐♥❣✉❧❛$✐&✐❡"✱ ❆♣♣❧✳ ▼❛>❤✳ ❈♦♠♣✉>✳ ✷✶✻✱ ✭✽✮✱ ✷✷✼✶✕✷✷✼✺✱ ✷✵✶✶✳





❍❛❝❡$$❡♣❡ ❏♦✉)♥❛❧ ♦❢ ▼❛$❤❡♠❛$✐❝1 ❛♥❞ ❙$❛$✐1$✐❝1

❱♦❧✉♠❡ ✹✺ ✭✹✮ ✭✷✵✶✻✮✱ ✶✵✵✼ ✕ ✶✵✶✹

❙♣❡❝$%❛❧ (✐♥❣✉❧❛%✐$✐❡( ♦❢ $❤❡ ♠❛$%✐① ❙❝❤%2❞✐♥❣❡%

❡4✉❛$✐♦♥(

❊❧❣✐③ ❇❛✐'❛♠♦✈

∗
❛♥❞ ➇❡'✐❢❡♥✉' ❈❡❜❡3♦②

†

❆❜"#$❛❝#

■♥ $❤✐1 ♣❛♣❡)✱ ✇❡ ✐♥✈❡1$✐❣❛$❡ ❛♥❛❧②$✐❝❛❧ ❛♥❞ ❛1②♠♣$♦$✐❝❛❧ ♣)♦♣❡)$✐❡1 ♦❢

$❤❡ ❏♦1$ ❢✉♥❝$✐♦♥ ♦❢ $❤❡ ♠❛$)✐① ❙❝❤)F❞✐♥❣❡) ❡G✉❛$✐♦♥✳ ▲❛$❡)✱ ✉1✐♥❣ $❤❡

❛♥❛❧②$✐❝ ❝♦♥$✐♥✉❛$✐♦♥ ❛♥❞ $❤❡ ✉♥✐G✉❡♥❡11 $❤❡♦)❡♠1 ♦❢ ❛♥❛❧②$✐❝ ❢✉♥❝$✐♦♥1

✇❡ 1$✉❞② $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ❛♥❞ $❤❡ 1♣❡❝$)❛❧ 1✐♥❣✉❧❛)✐$✐❡1 ♦❢ $❤❛$ ❡G✉❛$✐♦♥✳

❑❡②✇♦$❞"✿ ❉✐✛❡'❡♥7✐❛❧ ❊8✉❛7✐♦♥3✱ ❏♦37 ❋✉♥❝7✐♦♥✱ ❊✐❣❡♥✈❛❧✉❡3✱ ❙♣❡❝7'❛❧ ❙✐♥❣✉✲

❧❛'✐7✐❡3

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✸✹❇✵✺✱ ✸✹❇✷✼✱ ✸✹▲✵✺

❘❡❝❡✐✈❡❞ ✿ ✶✾✳✵✻✳✷✵✶✺ ❆❝❝❡♣(❡❞ ✿ ✵✺✳✶✵✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✻✹✺✶✹✷✼✺

✶✳ ■♥$%♦❞✉❝$✐♦♥

❙❝❤)F❞✐♥❣❡) ❞✐✛❡)❡♥$✐❛❧ ❡G✉❛$✐♦♥1 1✉❜❥❡❝$ $♦ $❤❡ ❣❡♥❡)❛❧ ♣♦✐♥$ ✐♥$❡)❛❝$✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞

✐♥ ♠❛♥② )❡❛❧ ✇♦)❧❞ ♣)♦❜❧❡♠1✳ ❚❤❡1❡ ❡G✉❛$✐♦♥1 ❞❡1❝)✐❜❡ ♦❜1❡)✈❡❞ ❡✈♦❧✉$✐♦♥ ♣❤❡♥♦♠❡♥❛✳

❋♦) ✐♥1$❛♥❝❡✱ ♠❛♥② ❝❤❡♠✐❝❛❧✱ ♣❤②1✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛♥❞ ♣❤❛)♠❛❝♦❦✐♥❡$✐❝1 ❞♦ ❡①❤✐❜✐$ ♣♦✐♥$

✐♥$❡)❛❝$✐♦♥ ❡✛❡❝$1 ❬✶❪✳ ❚❤❡ 1♣❡❝$)❛❧ ❛♥❛❧②1✐1 ♦❢ ❙❝❤)F❞✐♥❣❡) ❡G✉❛$✐♦♥1 ✇✐$❤ ❣❡♥❡)❛❧ ♣♦✐♥$

✐♥$❡)❛❝$✐♦♥ ❤❛✈❡ ❜❡❡♥ ✐♥✈❡1$✐❣❛$❡❞ ✐♥ ❞❡$❛✐❧ ✐♥ ❬✷❪✲❬✻❪✳ ❚♦ ❜❡ ♠♦)❡ ♣)❡❝✐1❡✱ ✇❡ 1❤♦✉❧❞

♥♦$❡ $❤❛$ $❤❡1❡ ❡G✉❛$✐♦♥1 ❤❛✈❡ ❜♦✉♥❞ 1$❛$❡1✱ ✐✳❡✳✱ ❡✐❣❡♥✈❛❧✉❡1 ✇✐$❤ 1G✉❛)❡✲✐♥$❡❣)❛❜❧❡

❡✐❣❡♥❢✉♥❝$✐♦♥1 ❛♥❞ 1♣❡❝$)❛❧ 1✐♥❣✉❧❛)✐$✐❡1✳ ■$ ✐1 ✇❡❧❧ ❦♥♦✇♥ $❤❛$ $❤❡ ❜♦✉♥❞ 1$❛$❡ ♦❢ G✉❛♥✲

$✉♠ ♠❡❝❤❛♥✐❝❛❧ 1②1$❡♠ ❝♦))❡1♣♦♥❞ $♦ $❤❡ ❡♥❡)❣②✳ ❆❧1♦ ❛ ♣❤②1✐❝❛❧ ✐♥$❡)♣)❡$❛$✐♦♥ ❢♦) $❤❡

1♣❡❝$)❛❧ 1✐♥❣✉❧❛)✐$✐❡1 $❤❛$ ✐❞❡♥$✐✜❡1 ✇✐$❤ $❤❡ ❡♥❡)❣✐❡1 ♦❢ 1❝❛$$❡)✐♥❣ 1$❛$❡1 ❤❛✈✐♥❣ ✐♥✜♥✐$❡

)❡✢❡❝$✐♦♥ ❛♥❞ $)❛♥1♠✐11✐♦♥

❝♦❡✣❝✐❡♥$1✳ ❙♦ 1♣❡❝$)❛❧ 1✐♥❣✉❧❛)✐$✐❡1 ❝♦))❡1♣♦♥❞ $♦ $❤❡ )❡1♦♥❛♥❝❡ 1$❛$❡1 ❤❛✈✐♥❣ ❛ )❡❛❧

❡♥❡)❣②✳ ❈♦♥1❡G✉❡♥$❧②✱ $❤❡ 1♣❡❝$)❛❧ ❛♥❛❧②1✐1 ♦❢ ❙❝❤)F❞✐♥❣❡) ❡G✉❛$✐♦♥1 ✇✐$❤

1♣❡❝$)❛❧ 1✐♥❣✉❧❛)✐$✐❡1 ❛)❡ ✐♠♣♦)$❛♥$ $♦ 1$✉❞② ✐♥ G✉❛♥$✉♠ ♠❡❝❤❛♥✐❝1✳ ❙♦ ✐♥ $❤✐1 ♣❛♣❡)✱ ✇❡

✐♥✈❡1$✐❣❛$❡ $❤❡ 1♣❡❝$)❛❧ ❛♥❛❧②1✐1 ♦❢ ❣❡♥❡)❛❧ ♠❛$)✐① ❙❝❤)F❞✐♥❣❡) ❡G✉❛$✐♦♥1 ✇✐$❤ 1♣❡❝$)❛❧

1✐♥❣✉❧❛)✐$✐❡1✳

∗
❉❡♣❛$%♠❡♥% ♦❢ ▼❛%❤❡♠❛%✐❝.✱ ❆♥❦❛$❛ ❯♥✐✈❡$.✐%②✱ ✵✻✶✵✵ ❚❛♥❞♦➜❛♥✱ ❆♥❦❛$❛✱ ❚❯❘❑❊❨

❊♠❛✐❧ ✿ ❜❛✐#❛♠♦✈❅(❝✐❡♥❝❡✳❛♥❦❛#❛✳❡❞✉✳0#

†
❉❡♣❛$%♠❡♥% ♦❢ ▼❛%❤❡♠❛%✐❝.✱ ❆♥❦❛$❛ ❯♥✐✈❡$.✐%②✱ ✵✻✶✵✵ ❚❛♥❞♦➜❛♥✱ ❆♥❦❛$❛✱ ❚❯❘❑❊❨

❊♠❛✐❧ ✿ (❝❡❜❡(♦②❅❛♥❦❛#❛✳❡❞✉✳0#



✶✵✵✽

❚❤❡ #♣❡❝&'❛❧ ❛♥❛❧②#✐# ♦❢ ❞✐✛❡'❡♥&✐❛❧ ❡1✉❛&✐♦♥# ✇✐&❤ #♣❡❝&'❛❧ #✐♥❣✉❧❛'✐&✐❡# ✇❛# ✐♥✈❡#✲

&✐❣❛&❡❞ ❜② ◆❛✐♠❛'❦ ❬✼❪✳ ❙❝❤✇❛'&③ #&✉❞✐❡❞ &❤❡ #♣❡❝&'❛❧ #✐♥❣✉❧❛'✐&✐❡# ♦❢ ❛ ❝❡'&❛✐♥ ❝❧❛##

♦❢ ❛❜#&'❛❝& ❧✐♥❡❛' ♦♣❡'❛&♦'# ✐♥ ❛ ❍✐❧❜❡'& #♣❛❝❡ ❬✽❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐&✐♦♥ ♦❢ #♣❡❝&'❛❧

#✐♥❣✉❧❛'✐&✐❡# ✐# ❣✐✈❡♥ ❜② ❙❝❤✇❛'&③✳

▲❡& H ❜❡ ❛ ❍✐❧❜❡'& #♣❛❝❡ ❛♥❞ A : H → H ❜❡ ❛ ❧✐♥❡❛' ♦♣❡'❛&♦' #✉❝❤ &❤❛& ✐&# #♣❡❝&'✉♠

σ(A) ❝♦♥#✐#&# ♦❢ ❛♥ ✐♥&❡'✈❛❧ J ♦❢ &❤❡ '❡❛❧ ❛①✐# ❛♥❞ ❛ ✜♥✐&❡ ♥✉♠❜❡' ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡'#
♦✉&#✐❞❡ J ✳ ❲❡ ✇✐❧❧ ❞❡♥♦&❡ &❤❡ '❡#♦❧✈❡♥& ♦♣❡'❛&♦' ♦❢ A ❜② Rµ(A) := (A − µI)−1, ✇❤❡'❡

µ ∈ C✳ ▲❡& J0 ❜❡ ❛ ✜♥✐&❡ #✉❜#❡& ♦❢ J ✳ ❆##✉♠❡ &❤❛& ❢♦' ❛♥② ✜♥✐&❡ #✉❜✐♥&❡'✈❛❧ ∆ ♦❢ J ✱

✇❤♦#❡ ❝❧♦#✉'❡ ❞♦ ♥♦& ❝♦♥&❛✐♥ ❛♥② ♣♦✐♥& ♦❢ J0, &❤❡ ❧✐♠✐& ♦♣❡'❛&♦'

E∆ = lim
ǫ→0+

1

2πi

∫

∆

[Rµ+iǫ(A)−Rµ−iǫ(A)] dµ

❡①✐#&# ✐♥ &❤❡ #&'♦♥❣ ❧✐♠✐& #❡♥#❡✱ #♦ &❤❛& E∆ ✐# ❛ ❧✐♥❡❛' ❜♦✉♥❞❡❞ ♦♣❡'❛&♦' ♦♥ H✳ ❉❡♥♦&❡

❜② d &❤❡ ❞✐#&❛♥❝❡ ❢'♦♠ &❤❡ ✐♥&❡'✈❛❧ ∆ &♦ &❤❡ #❡& J0✳ ■❢

lim
d→0

‖ E∆ ‖= ∞

&❤❡♥ ❛♥② ♣♦✐♥& ♦❢ &❤❡ #❡& J0, ✐# ❝❛❧❧❡❞ ❛ #♣❡❝&'❛❧ #✐♥❣✉❧❛'✐&② ♦❢ &❤❡ ♦♣❡'❛&♦' A✳ ❋♦' &❤❡

#❡❧❢❛❞❥♦✐♥& ♦♣❡'❛&♦'# ‖ E∆ ‖≤ 1✱ #♦ &❤❛& #❡❧❢❛❞❥♦✐♥& ♦♣❡'❛&♦'# ❤❛✈❡ ♥♦ #♣❡❝&'❛❧ #✐♥❣✉❧❛'✐✲
&✐❡#✳

❚❤❡ #❡&# ♦❢ &❤❡ #♣❡❝&'❛❧ #✐♥❣✉❧❛'✐&✐❡# ❢♦' ❝❧♦#❡❞ ❧✐♥❡❛' ♦♣❡'❛&♦'# ♦♥ ❛ ❇❛♥❛❝❤ #♣❛❝❡ ✇❛#

❣✐✈❡♥ ❜② ◆❛❣② ❬✾❪✳ ◆❛❣② #❤♦✇# &❤❛& &❤❡ #❡& ♦❢ #♣❡❝&'❛❧ #✐♥❣✉❧❛'✐&✐❡# ❞❡✜♥❡❞ ❛❝❝♦'❞✐♥❣ &♦

❤✐# ❣❡♥❡'❛❧ ❞❡✜♥✐&✐♦♥ ❝♦✐♥❝✐❞❡# ✐♥ &❤❡ ❝❛#❡ ♦❢ ❞✐✛❡'❡♥&✐❛❧ ♦♣❡'❛&♦'# ❛# ❞❡✜♥❡❞ ❜② ◆❛✐♠❛'❦

❛♥❞ ▲②❛♥❝❡ ❬✼❪✱ ❬✶✵❪✳ Q❛✈❧♦✈ ❡#&❛❜❧✐#❤❡❞ &❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ &❤❡ #&'✉❝&✉'❡ ♦❢ &❤❡ #♣❡❝&'❛❧

#✐♥❣✉❧❛'✐&✐❡# ♦❢ ❙❝❤'R❞✐♥❣❡' ♦♣❡'❛&♦'# ♦♥ &❤❡ ❜❡❤❛✈✐♦✉' ♦❢ &❤❡ ♣♦&❡♥&✐❛❧ ❢✉♥❝&✐♦♥ ❛& ✐♥✜♥✐&②

❬✶✶❪✳

◆♦&❡ &❤❛& &❤❡ ♣'✐♥❝✐♣❛❧ ❢✉♥❝&✐♦♥# ❝♦''❡#♣♦♥❞✐♥❣ &♦ &❤❡ #♣❡❝&'❛❧ #✐♥❣✉❧❛'✐&✐❡# ❛'❡ ♥♦&

&❤❡ ❡❧❡♠❡♥&# ♦❢ &❤❡ ❍✐❧❜❡'& #♣❛❝❡✳ ❆❧#♦✱ &❤❡ #♣❡❝&'❛❧ #✐♥❣✉❧❛'✐&✐❡# ❜❡❧♦♥❣ &♦ &❤❡ ❝♦♥&✐♥✉♦✉#

#♣❡❝&'✉♠ ❛♥❞ ❛'❡ ♥♦& &❤❡ ❡✐❣❡♥✈❛❧✉❡#✳ ❍♦✇❡✈❡'✱ &❤❡ #♣❡❝&'❛❧

#✐♥❣✉❧❛'✐&✐❡# ♣❧❛② ❛ ❝❡'&❛✐♥ ❝'✐&✐❝❛❧ '♦❧❡ ✐♥ &❤❡ #♣❡❝&'❛❧ ❛♥❛❧②#✐# ♦❢ ♦♣❡'❛&♦'#✳ ❚❤❡✐' ❡①✐#✲

&❡♥❝❡ ✐# ❛❝❝♦♠♣❛♥✐❡❞ ❜② #♣❡❝✐✜❝ ♣❤❡♥♦♠❡♥♦♥ ✇❤✐❝❤ ❛'❡ ♥❡✇ ✐♥ &❤❡ #❡♥#❡ &❤❛& &❤❡② ❞♦

♥♦& ♦❝❝✉' ❡✐&❤❡' ✐♥ &❤❡ #♣❡❝&'❛❧ ❛♥❛❧②#✐# ♦❢ #❡❧❢❛❞❥♦✐♥& ♦' ♥♦'♠❛❧ ♦♣❡'❛&♦'#✳

❚❤❡ #♣❡❝&'❛❧ #✐♥❣✉❧❛'✐&✐❡# ♦❢ &❤❡ ❙&✉'♠✲▲✐♦✉✈✐❧❧❡ ♦♣❡'❛&♦'# ✇✐&❤ &❤❡ ❣❡♥❡'❛❧ ❜♦✉♥❞❛'②

❝♦♥❞✐&✐♦♥# ✇❛# ✐♥✈❡#&✐❣❛&❡❞ ✐♥ ❞❡&❛✐❧ ❜② ❑'❛❧❧ ❬✶✷❪✱ ❬✶✸❪✳ ❙♦♠❡ ♣'♦❜❧❡♠# ♦❢ #♣❡❝&'❛❧ &❤❡♦'②

♦❢ ❞✐✛❡'❡♥&✐❛❧ ❡1✉❛&✐♦♥# ❛♥❞ ♦♣❡'❛&♦'# ✇✐&❤ #♣❡❝&'❛❧ #✐♥❣✉❧❛'✐&✐❡# ✇❡'❡ ❛❧#♦ #&✉❞✐❡❞ ✐♥ ❬✶✹❪✲

❬✶✾❪✳

▲❡& S ❜❡ ❛ ♥✲❞✐♠❡♥#✐♦♥❛❧ (n < ∞) ❊✉❝❧✐❞✐❛♥ #♣❛❝❡ ❛♥❞ ✇❡ ❞❡♥♦&❡ ❜② L2(R, S) &❤❡
❍✐❧❜❡'& #♣❛❝❡ ♦❢ ✈❡❝&♦'✲✈❛❧✉❡❞ ❢✉♥❝&✐♦♥# ✇✐&❤ ✈❛❧✉❡# ✐♥ S ❛♥❞ &❤❡ ♥♦'♠

‖f‖2 :=

∞
∫

−∞

‖f(x)‖2S dx✳

▲❡& L ❞❡♥♦&❡ &❤❡ ♦♣❡'❛&♦' ❣❡♥❡'❛&❡❞ ✐♥ L2(R, S) ❜② &❤❡ ♠❛&'✐① ❙❝❤'R❞✐♥❣❡' ❡1✉❛&✐♦♥

✭✶✳✶✮ −y
′′

+Q(x)y = λ
2
y ✱−∞ < x < ∞

✇❤❡'❡ Q ✐# ❛ ♥♦♥✲#❡❧❢ ❛❞❥♦✐♥& ♠❛&'✐①✲✈❛❧✉❡❞ ♣♦&❡♥&✐❛❧ ❢✉♥❝&✐♦♥ ✭Q 6= Q∗) ❛♥❞ λ ✐# ❛

#♣❡❝&'❛❧ ♣❛'❛♠❡&❡'✳ ■& ✐# ❝❧❡❛' &❤❛&✱ &❤❡ ♦♣❡'❛&♦' L ✐# ♥♦♥✲#❡❧❢❛❞❥♦✐♥&✳ L ✐# ❝❛❧❧❡❞ &❤❡

♠❛&'✐① ❙❝❤'R❞✐♥❣❡' ♦♣❡'❛&♦'✳

■♥ &❤✐# ♣❛♣❡'✱ ✇❡ ✐♥✈❡#&✐❣❛&❡ ❛#②♠♣&♦&✐❝# ❛♥❞ ❛♥❛❧②&✐❝❛❧ ♣'♦♣❡'&✐❡# ♦❢ ❏♦#&

❢✉♥❝&✐♦♥ ♦❢ (1.1). ❲❡ ❛❧#♦ ♦❜&❛✐♥ &❤❡ '❡#♦❧✈❡♥& ♦❢ L✳ ▲❛&❡'✱ ✇❡ #&✉❞② &❤❡ ❡✐❣❡♥✈❛❧✉❡# ❛♥❞
&❤❡ #♣❡❝&'❛❧ #✐♥❣✉❧❛'✐&✐❡# ♦❢ L ✉#✐♥❣ &❤❡ ❛♥❛❧②&✐❝ ❝♦♥&✐♥✉❛&✐♦♥ ❛♥❞

✉♥✐1✉❡♥❡## &❤❡♦'❡♠# ♦❢ ❛♥❛❧②&✐❝ ❢✉♥❝&✐♦♥#✳ ❆❢&❡'✇❛'❞# ✇❡ ♣'♦✈❡ &❤❛& &❤❡ ❡1✉❛&✐♦♥ (1.1)



✶✵✵✾

(✐✳❡✳ #❤❡ ♦♣❡'❛#♦' L) ❤❛) ❛ ✜♥✐#❡ ♥✉♠❜❡' ♦❢ ❡✐❣❡♥✈❛❧✉❡) ❛♥❞ )♣❡❝#'❛❧

)✐♥❣✉❧❛'✐#✐❡) ❛♥❞ ❡❛❝❤ ♦❢ #❤❡♠ ✐) ♦❢ ✜♥✐#❡ ♠✉❧#✐♣❧✐❝✐#② ✉♥❞❡' #❤❡ ❝♦♥❞✐#✐♦♥

sup
−∞<x<∞

{

exp
(

ǫ
√

|x|
)

‖Q(x)‖
}

< ∞ ✱ ǫ > 0.

✷✳ ❏♦$% ❢✉♥❝%✐♦♥

❙✉♣♣♦)❡ #❤❡ ♠❛#'✐① ❢✉♥❝#✐♦♥ Q )❛#✐)✜❡)

✭✷✳✶✮

∞
∫

−∞

(1 + |x|) ‖Q(x)‖ dx < ∞.

❲❡ ✐♥#'♦❞✉❝❡ #❤❡ ♥♦#❛#✐♦♥

η
+(x) =

∞
∫

x

‖Q(t)‖ dt ✱ η
+
1 (x) =

∞
∫

x

η
+(t)dt,

η
−(x) =

x
∫

−∞

‖Q(t)‖ dt ✱ η
−
1 (x) =

x
∫

−∞

η
−(t)dt.

▲❡# E+(x, λ) ❛♥❞ F−(x, λ) ❞❡♥♦#❡ #❤❡ )♦❧✉#✐♦♥) ♦❢ (1.1) )✉❜❥❡❝# #♦ #❤❡ ❝♦♥❞✐#✐♦♥)

lim
x→∞

E
+ (x, λ) e−iλx = I, λ ∈ C+ := {λ : λ ∈ C, Imλ ≥ 0} ,

❛♥❞

lim
x→−∞

F
− (x, λ) eiλx = I, λ ∈ C+,

'❡)♣❡❝#✐✈❡❧②✱ ✇❤❡'❡ I ❞❡♥♦#❡) #❤❡ ✐❞❡♥#✐#② ♠❛#'✐① ✐♥ S✳ ❯♥❞❡' #❤❡ ❝♦♥❞✐#✐♦♥ (2.1) #❤❡

)♦❧✉#✐♦♥ E+ (x, λ) ❤❛) #❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥#❡❣'❛❧ '❡♣'❡)❡♥#❛#✐♦♥ ❬✷✵❪

E
+ (x, λ) = e

iλx
I +

∞
∫

x

K
+ (x, t) eiλtdt, λ ∈ C+.

❲❡ ❛❧)♦ ❞❡♥♦#❡ #❤❡ )♦❧✉#✐♦♥ ♦❢ #❤❡ ❡E✉❛#✐♦♥

−z
′′

+ zQ(x) = λ
2
z ✱ −∞ < x < ∞,

)✉❜❥❡❝# #♦ #❤❡ ❝♦♥❞✐#✐♦♥

lim
x→−∞

z
− (x, λ) eiλx = I, λ ∈ C+

❜② E−(x, λ)✳
❯♥❞❡' #❤❡ ❝♦♥❞✐#♦♥ (2.1)✱ #❤❡ )♦❧✉#✐♦♥ E−(x, λ) ❤❛) #❤❡ )✐♠✐❧❛' ✐♥#❡❣'❛❧

'❡♣'❡)❡♥#❛#✐♦♥

E
− (x, λ) = e

−iλx
I +

x
∫

−∞

K
− (x, t) e−iλt

dt, λ ∈ C+

✇❤❡'❡ #❤❡ ♠❛#'✐①✲❢✉♥❝#✐♦♥) K± (x, t) ❛'❡ ❞✐✛❡'❡♥#✐❛❜❧❡ ✇✐#❤ '❡)♣❡❝# #♦ x ❛♥❞ t ❛♥❞ )❛#✐)✜❡)

✭✷✳✷✮

∥

∥K
± (x, t)

∥

∥ ≤
1

2
η
±(

x+ t

2
) exp

{

η
±
1 (x)− η

±
1 (

x+ t

2
)

}

,

✭✷✳✸✮

∥

∥

∥

∥

K
±
x (x, t) +̄

1

4
Q(

x+ t

2
)

∥

∥

∥

∥

≤
1

2
η
±
1 (x)η±(

x+ t

2
) exp η±

1 (x),



✶✵✶✵

✭✷✳✹✮

∥

∥

∥

∥

K
±
t (x, t) +̄

1

4
Q(

x+ t

2
)

∥

∥

∥

∥

≤
1

2
η
±
1 (t)η±(

x+ t

2
) exp η±

1 (t)

❚❤❡ ♠❛*+✐①✲❢✉♥❝*✐♦♥4 E+(x, λ) ❛♥❞ E−(x, λ) ❛+❡ ❛♥❛❧②*✐❝ ✇✐*❤ +❡4♣❡❝* *♦ λ ✐♥

C+ := {λ : λ ∈ C, Imλ > 0} ❛♥❞ ❝♦♥*✐♥✉♦✉4 ✉♣ *♦ *❤❡ +❡❛❧ ❛①✐4✳

◆♦✇✱ ❧❡* ✉4 ✐♥*+♦❞✉❝❡

D(λ) := W
[

E
−(x, λ), E+(x, λ)

]

, λ ∈ C+,

✇❤❡+❡ W
[

E−(x, λ), E+(x, λ)
]

✐4 *❤❡ ❲+♦♥4❦✐❛♥ ♦❢ *❤❡ 4♦❧✉*✐♦♥4 ♦❢E−(x, λ) ❛♥❞ E+(x, λ)✳
❚❤❡ ❢✉♥❝*✐♦♥ D ✐4 ❝❛❧❧❡❞ ❏♦4* ❢✉♥❝*✐♦♥ ♦❢ (1.1). ◆♦*❡ *❤❛* ❏♦4* ❢✉♥❝*✐♦♥ ✐4 ❛♥❛❧②*✐❝ ✐♥ C+

❛♥❞ ❝♦♥*✐♥✉♦✉4 ♦♥ *❤❡ +❡❛❧ ❛①✐4✳

❚❤❡♦$❡♠ ✷✳✶✳ ❚❤❡ ❢✉♥❝'✐♦♥ D *❛'✐*✜❡*

✭✷✳✺✮ D(λ) = 2iλI − 2K+(0, 0)− 2K−(0, 0) +

∞
∫

0

f(t)eiλtdt

✇❤❡.❡

f(t) = K
+
x (0, t)−K

−
x (0,−t)−K

+
t (0, t) +K

−
t (0,−t)−K

− (0, 0)K+ (0, t)

−K
+ (0, 0)K− (0,−t) +K

− (0,−t) ∗K+
x (0, t) +K

−
x (0,−t) ∗K+ (0, t)

✐♥ ✇❤✐❝❤ ✭ ∗✮ ✐* '❤❡ ❝♦♥✈♦❧✉'✐♦♥ ♦♣❡.❛'✐♦♥ ❛♥❞ f ∈ L1(R, S).

5.♦♦❢✳ ❇② *❤❡ ❞❡✜♥✐*✐♦♥ ♦❢ *❤❡ ❲+♦♥4❦✐❛♥ ♦❢ *❤❡ 4♦❧✉*✐♦♥4 E−(x, λ) ❛♥❞ E+(x, λ) ✇❡

❤❛✈❡

D(λ) = E
−(0, λ)E+

x (0, λ)− E
−
x (0, λ)E+(0, λ).

❯4✐♥❣ *❤❡ ✐♥*❡❣+❛❧ +❡♣+❡4❛♥*❛*✐♦♥4 ♦❢ E−(x, λ) ❛♥❞ E+(x, λ) ✇❡ ♦❜*❛✐♥ (2.5). ■* ❢♦❧❧♦✇4

❢+♦♠ (2.2)− (2.4) *❤❛* f ∈ L1(R, S)✳ �

❚❤❡♦$❡♠ ✷✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛*②♠♣'♦'✐❝* ❤♦❧❞

✭✷✳✻✮ D(λ) = 2iλI − 2K+(0, 0)− 2K−(0, 0) + o(1) ✱λ ∈ C+, |λ| → ∞,

✭✷✳✼✮ D(λ) = 2iλI +O(1) λ ∈ C+, |λ| → ∞.

5.♦♦❢✳ ❛✮ ▲❡* λ ∈ R✳ ❇② *❤❡ ❘✐❡♠❛♥♥✲▲❡❜❡4❣✉❡ ❧❡♠♠❛ ❢♦+ *❤❡ ❋♦✉+✐❡+ *+❛♥4❢♦+♠4 ✇❡

❣❡* *❤❛* ❬✷✶❪

✭✷✳✽✮

∞
∫

0

f(t)eiλtdt = o(1) ✱ λ ∈ R, |λ| → ±∞.

❜✮ ▲❡* λ ∈ C+. ■♥ *❤✐4 ❝❛4❡✱ ❜② *❤❡ ▲❡❜❡4❣✉❡ *❤❡♦+❡♠ ✇❡ ♦❜*❛✐♥ *❤❛* ❬✷✶❪

✭✷✳✾✮

∞
∫

0

f(t)eiλtdt = o(1) ✱ λ ∈ C+, |λ| → ∞.

■* ❢♦❧❧♦✇4 ❢+♦♠ (2.8) ❛♥❞ (2.9) *❤❛*

✭✷✳✶✵✮

∞
∫

0

f(t)eiλtdt = o(1) ✱ λ ∈ C+, |λ| → ∞.

❋+♦♠ (2.5) ❛♥❞ (2.10) ✇❡ ❤❛✈❡ (2.6). ■♥ ❛ 4✐♠✐❧❛+ ✇❛② ✇❡ ♠❛② ❛❧4♦ ♣+♦✈❡ (2.7). �



✶✵✶✶

✸✳ ❊✐❣❡♥✈❛❧✉❡+ ❛♥❞ ❙♣❡❝01❛❧ ❙✐♥❣✉❧❛1✐0✐❡+ ♦❢ ▲

▲❡" ✉$ $✉♣♣♦$❡ "❤❛"

✭✸✳✶✮ G(λ) := detD(λ)

❆❧$♦✱ σd(L) ❛♥❞ σss(L) ✇✐❧❧ ❞❡♥♦"❡ "❤❡ ❡✐❣❡♥✈❛❧✉❡$ ❛♥❞ $♣❡❝"8❛❧ $✐♥❣✉❧❛8✐"✐❡$ ♦❢ L✱ 8❡$♣❡❝✲
"✐✈❡❧②✳ ❇② "❤❡ ❞❡✜♥✐"✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡$ ❛♥❞ $♣❡❝"8❛❧ $✐♥❣✉❧❛8✐"✐❡$ ♦❢ ❞✐✛❡8❡♥"✐❛❧ ♦♣❡8❛"♦8$

✇❡ ❝❛♥ ✇8✐"❡ ❬✼❪✱ ❬✶✵❪

✭✸✳✷✮ σd(L) =
{

z : z = λ
2
, λ ∈ C+, G(λ) = 0

}

✭✸✳✸✮ σss(L) =
{

z : z = λ
2
, λ ∈ R\ {0} , G(λ) = 0

}

.

❉❡✜♥✐%✐♦♥ ✸✳✶✳ ❚❤❡ ♠✉❧&✐♣❧✐❝✐&② ♦❢ ❛ ③❡/♦ ♦❢ G ✐♥ C+ ✐1 ❞❡✜♥❡❞ ❛1 &❤❡ ♠✉❧&✐♣❧✐❝✐&②

♦❢ &❤❡ ❝♦//❡1♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ 1♣❡❝&/❛❧ 1✐♥❣✉❧❛/✐&② ♦❢ L.

■♥ ♦8❞❡8 "♦ ✐♥✈❡$"✐❣❛"❡ "❤❡ E✉❛♥"✐"❛"✐✈❡ ♣8♦♣❡8"✐❡$ ♦❢ "❤❡ ❡✐❣❡♥✈❛❧✉❡$ ❛♥❞ "❤❡ $♣❡❝"8❛❧

$✐♥❣✉❧❛8✐"✐❡$ ♦❢ L✱ ✇❡ ♥❡❡❞ "♦ ❞✐$❝✉$$ "❤❡ E✉❛♥"✐"❛"✐✈❡ ♣8♦♣❡8"✐❡$ ♦❢ "❤❡ ③❡8♦$ ♦❢ G ✐♥ C+.

▲❡" M1 ❞❡♥♦"❡$ "❤❡ ③❡8♦$ ♦❢ "❤❡ ❢✉♥❝"✐♦♥ G ✐♥ C+ ❛♥❞ M2 ❞❡♥♦"❡$ "❤❡ ③❡8♦$ ♦❢ "❤❡

❢✉♥❝"✐♦♥ G ♦♥ "❤❡ 8❡❛❧ ❛①✐$✳ ❚❤❡8❡❢♦8❡✱ ✉$✐♥❣ (3.2) ❛♥❞ (3.3) ✇❡ ♦❜"❛✐♥

✭✸✳✹✮ σd(L) =
{

z : z = λ
2
, λ ∈ M1

}

✭✸✳✺✮ σss(L) =
{

z : z = λ
2
, λ ∈ M2

}

\ {0}

▲❡♠♠❛ ✸✳✷✳ ✭✐✮ ❚❤❡ 1❡& M1 ✐1 ❜♦✉♥❞❡❞ ❛♥❞ ❤❛1 ❛& ♠♦1& ❝♦✉♥&❛❜❧❡ ♥✉♠❜❡/ ♦❢ ❡❧❡♠❡♥&1

❛♥❞ ✐&1 ❧✐♠✐& ♣♦✐♥&1 ❝❛♥ ❧✐❡ ♦♥❧② ✐♥ ❛ ❜♦✉♥❞❡❞ 1✉❜✐♥&❡/✈❛❧ ♦❢ &❤❡ /❡❛❧ ❛①✐1✳

✭✐✐✮ ❚❤❡ 1❡& M2 ✐1 ❝♦♠♣❛❝& ❛♥❞ ✐&1 ▲❡❜❡1<✉❡ ♠❡❛1✉/❡ ✐1 ③❡/♦✳

=/♦♦❢✳ ❋8♦♠ (2.7)✱ ✇❡ ❝❛♥ ♦❜"❛✐♥

✭✸✳✻✮ ‖ K
±(x, t)‖ ≤ cη

±(
x+ t

2
)

✇❤❡8❡ c > 0 ✐$ ❛ ❝♦♥$"❛♥"✳ ❯$✐♥❣ (3.1) ❛♥❞ (3.6)✱ ✇❡ ❣❡" "❤❛" "❤❡ ❢✉♥❝"✐♦♥ G ✐$ ❛♥❛❧②"✐❝

✐♥ C+✱ ❝♦♥"✐♥✉♦✉$ ♦♥ "❤❡ 8❡❛❧ ❛①✐$ ❛♥❞ $❛"✐$✜❡$ "❤❡ ❢♦❧❧♦✇✐♥❣

✭✸✳✼✮ G(λ) = 2iλ+O(1) ✱ λ ∈ C+, |λ| → ∞

❊E✉❛"✐♦♥ (3.7) $❤♦✇$ "❤❛" "❤❡ $❡"$ M1 ❛♥❞ M2 ❛8❡ ❜♦✉♥❞❡❞✳ ❙✐♥❝❡ D(λ) ✐$ ❛♥❛❧②"✐❝
✐♥ C+, "❤❡♥ "❤❡ $❡" M1 ❤❛$ ❛" ♠♦$" ❝♦✉♥"❛❜❧❡ ♥✉♠❜❡8 ♦❢ ❡❧❡♠❡♥"$✳ ❇② (3.7) ❛♥❞ "❤❡

❜♦✉♥❞❛8② ✈❛❧✉❡ ✉♥✐E✉❡♥❡$$ "❤❡♦8❡♠ ♦❢ ❛♥❛❧②"✐❝ ❢✉♥❝"✐♦♥$✱ ✇❡ ❣❡" "❤❛" "❤❡ $❡"M2 ✐$ ❝❧♦$❡❞

❛♥❞ µ(M2) = 0, ✇❤❡8❡ µ(M2) ❞❡♥♦"❡ ▲❡❜❡$❣✉❡ ♠❡❛$✉8❡ ♦❢ "❤❡ $❡" M2 ❬✷✷❪✳ �

❋8♦♠ (3.4), (3.5) ❛♥❞ Lemma 3.2 ✇❡ ♦❜"❛✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣ "❤❡♦8❡♠✳
❚❤❡♦0❡♠ ✸✳✸✳ ❯♥❞❡/ &❤❡ ❝♦♥❞✐&✐♦♥ (2.1)
✭✐✮ ❚❤❡ 1❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡1 ♦❢ L ✐1 ❜♦✉♥❞❡❞✱ ✐1 ♥♦ ♠♦/❡ &❤❛♥ ❝♦✉♥&❛❜❧❡ ❛♥❞ ✐&1 ❧✐♠✐&

♣♦✐♥&1 ❝❛♥ ❧✐❡ ♦♥❧② ✐♥ ❛ ❜♦✉♥❞❡❞ 1✉❜✐♥&❡/✈❛❧ ♦❢ &❤❡ ♣♦1✐&✐✈❡ 1❡♠✐❛①✐1✳

✭✐✐✮ ❚❤❡ 1❡& ♦❢ 1♣❡❝&/❛❧ 1✐♥❣✉❧❛/✐&✐❡1 ♦❢ L ✐1 ❜♦✉♥❞❡❞ ❛♥❞ µ(σss(L)) = 0.

◆♦✇✱ ❧❡" ✉$ ❛$$✉♠❡ "❤❛"✱ ❢♦8 $♦♠❡ ǫ > 0,

✭✸✳✽✮

∞
∫

−∞

exp(ǫ |x|)‖Q(x)‖dx < ∞.

❋8♦♠ (2.2)− (2.4), ✇❡ ❣❡" "❤❡ ❢♦❧❧♦✇✐♥❣

✭✸✳✾✮ ‖K±(x, t)‖, ‖K±
x (x, t)‖, ‖K±

t (x, t)‖ ≤ c exp

[

−ǫ(
x+ t

2
)

]



✶✵✶✷

✇❤❡#❡ c > 0 ✐% ❛ ❝♦♥%*❛♥*✳ ❆❧%♦ ✉♥❞❡# *❤❡ ❝♦♥❞✐*✐♦♥ (3.8) ✇❡ ❤❛✈❡

✭✸✳✶✵✮ ‖f(t)‖ ≤ ce
− ǫ

2
|t|

❜② (3.9).
❚❤❡♦$❡♠ ✸✳✹✳ ❯♥❞❡$ %❤❡ ❝♦♥❞✐%✐♦♥ (3.8), %❤❡ ♦♣❡$❛%♦$ L ❤❛, ❛ ✜♥✐%❡ ♥✉♠❜❡$ ♦❢

❡✐❣❡♥✈❛❧✉❡, ❛♥❞ ,♣❡❝%$❛❧ ,✐♥❣✉❧❛$✐%✐❡, ❛♥❞ ❡❛❝❤ ♦❢ %❤❡♠ ✐, ♦❢ ✜♥✐%❡ ♠✉❧%✐♣❧✐❝✐%②✳

7$♦♦❢✳ ❇② ✉%✐♥❣ (3.9) ❛♥❞ (3.10) ✇❡ ♦❜%❡#✈❡ *❤❛* *❤❡ ❢✉♥❝*✐♦♥G ❤❛% ❛♥❛❧②*✐❝ ❝♦♥*✐♥✉❛*✐♦♥

*♦ *❤❡ ❤❛❧❢ ♣❧❛♥❡ Imλ > − ǫ
2
. ❙♦✱ *❤❡ ❧✐♠✐* ♣♦✐♥*% ♦❢ ③❡#♦% ♦❢ G ❝❛♥ ♥♦* ❧✐❡ ✐♥ R. ❯%✐♥❣

▲❡♠♠❛ 3.2✱ ✇❡ ❣❡* *❤❛* *❤❡ ❜♦✉♥❞❡❞ %❡*% M1 ❛♥❞ M2 ❤❛✈❡ ❛ ✜♥✐*❡ ♥✉♠❜❡# ♦❢ ❡❧❡♠❡♥*%✳

❙✐♥❝❡ G ✐% ❛♥❛❧②*✐❝ ❢♦# Imλ > − ǫ
2
, ✇❡ ♦❜*❛✐♥ *❤❛* ❛❧❧ ③❡#♦% ♦❢ G ✐♥ C+ ❤❛✈❡ ❛ ✜♥✐*❡

♠✉❧*✐♣❧✐❝✐*②✳ ❙♦ *❤❛* *❤❡ %❡*% σd(L) ❛♥❞ σss(L) ❤❛✈❡ ❛ ✜♥✐*❡ ♥✉♠❜❡# ♦❢ ❡❧❡♠❡♥* ✇✐*❤ ❛
✜♥✐*❡ ♠✉❧*✐♣❧✐❝✐*②✳ �

◆♦✇✱ ❧❡* ✉% %✉♣♣♦%❡ *❤❛*

✭✸✳✶✶✮

∞
∫

−∞

exp(ǫ
√

| x |)‖Q(x)‖dx < ∞ ✱ ǫ > 0

✇❤✐❝❤ ✐% ✇❡❛❦❡# *❤❛♥ (3.8).
■* ✐% ❡✈✐❞❡♥* *❤❛* ✉♥❞❡# *❤❡ ❝♦♥❞✐*✐♦♥ (3.11), *❤❡ ❢✉♥❝*✐♦♥ G ✐% ❛♥❛❧②*✐❝ ✐♥ C+❛♥❞

✐♥✜♥✐*❡ ❞✐✛❡#❡♥*✐❛❜❧❡ ♦♥ *❤❡ #❡❛❧ ❛①✐%✳

▲❡* ✉% ❞❡♥♦*❡ *❤❡ %❡*% ♦❢ ❛❧❧ ❧✐♠✐* ♣♦✐♥*% ♦❢ M1 ❛♥❞ M2 ❜② M3 ❛♥❞ M4 #❡%♣❡❝*✐✈❡❧②✱

❛♥❞ *❤❡ %❡* ♦❢ ❛❧❧ ③❡#♦% ♦❢ G ✇✐*❤ ✐♥✜♥✐*❡ ♠✉❧*✐♣❧✐❝✐*② ✐♥ C+ ❜② M5. ■* ✐% ♦❜✈✐♦✉% ❢#♦♠

*❤❡ ✉♥✐H✉❡♥❡%% *❤❡♦#❡♠ ♦❢ *❤❡ ❛♥❛❧②*✐❝ ❢✉♥❝*✐♦♥% *❤❛*

M3 ⊂ M2, M4 ⊂ M2, M5 ⊂ M2, M3 ⊂ M5, M4 ⊂ M5

❛♥❞ µ(M3) = µ(M4) = 0 ❬✷✷❪.
▲❡♠♠❛ ✸✳✺✳ ❯♥❞❡$ %❤❡ ❝♦♥❞✐%✐♦♥ (3.11), %❤❡ ❢✉♥❝%✐♦♥ G ❛♥❞ ✐%, ❞❡$✐✈❛%✐✈❡, ♣$♦✈✐❞❡

%❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡9✉❛❧✐%②✿

✭✸✳✶✷✮

∣

∣

∣
G

(n)(λ)
∣

∣

∣
≤ An ✱ n = 1, 2, ..., Imλ > 0

✇❤❡$❡

A1 = 2 + c22
∞
∫

0

te
− ǫ

2

√
t
dt

✭✸✳✶✸✮ An = c2n+1

∞
∫

0

t
n
e
− ǫ

2

√
t
dt, n = 2, 3, ...

❛$❡ ❝♦♥,%❛♥%,✳ ■♥ ❛❞❞✐%✐♦♥✱ ❢♦$ ❛❧❧ n ∈ N

✭✸✳✶✹✮ An ≤ Bb
n
n!nn

❤♦❧❞, ✇❤❡$❡ B, b ❛$❡ ❝♦♥,%❛♥%,✳

7$♦♦❢✳ ❲❡ ❡❛%✐❧② ❣❡* *❤❡ ♣#♦♦❢ ♦❢ *❤❡ ▲❡♠♠❛ ✉%✐♥❣ (2.5) ❛♥❞ (3.1)✳ �

❚❤❡♦$❡♠ ✸✳✻✳ ■❢ (3.11) ❤♦❧❞,✱ %❤❡♥ M5 = ∅.

7$♦♦❢✳ ❯%✐♥❣ ▲❡♠♠❛ 3.2✱ ❢♦# %✉✣❝✐❡♥*❧② ❧❛#❣❡ T > 0, ✇❡ ❣❡*
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∣
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∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∞
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ln |G(λ)|

1 + λ2
dλ

∣

∣

∣

∣

∣
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h
∫

0

lnH(s)dµ(M5, s) > −∞

❜② (3.12), (3.14) ❛♥❞ 2❛✈❧♦✈✬6 ❚❤❡♦9❡♠✱ ✇❤❡9❡H(s) = inf
n

Ansn

n!
, µ(M5, s) ✐6 (❤❡ ▲❡❜❡6=✉❡

♠❡❛6✉9❡ ♦❢ (❤❡ 6✲♥❡✐❣❤❜♦✉9❤♦♦❞ ♦❢ M5 ❛♥❞ h > 0 ✐6 ❛ ❝♦♥6(❛♥( ❬✺❪✳ ❙✉❜6(✐(✉(✐♥❣ (3.14)
✐♥(♦ (❤❡ ❞❡✜♥✐(✐♦♥ H(s), ✇❡ ❛99✐✈❡ ❛(

H(s) ≤ B inf
n

{bnsnnn} ≤ B exp
{

−b
−1

s
−1

e
−1}

❛♥❞

lnH(s) ≤ −b
−1

s
−1

e
−1

❈♦♥6❡=✉❡♥(❧②✱

h
∫

0

1

s
dµ(M5, s) < ∞

❤♦❧❞6 ❜② ✉6✐♥❣ (3.15) ❢♦9 ❛9❜✐(9❛9② s, ✐❢ ❛♥❞ ♦♥❧② ✐❢ µ(M5, s) = 0 ♦9 M5 = ∅. �
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✭✸✳✶✻✮ M3 = M4 = ∅.
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❛♥ ✐♥3❡❣2❛❧ ❜♦✉♥❞❛2② ❝♦♥❞✐3✐♦♥✱ ❆❝3❛ ▼❛3❤✳ ❍✉♥❣❛2✳✱ ✾✼ ✭✷✵✵✷✮✱ ✶✲✷✱ ✶✷✶✕✶✸✶✳

❬✷✵❪ ❩✳❙✳ ❆❣2❛♥♦✈✐❝❤✱ ❱✳❆✳ ▼❛2❝❤❡♥❦♦✱ ❚❤❡ ■♥✈❡29❡ K2♦❜❧❡♠ ♦❢ ❙❝❛33❡2✐♥❣ ❚❤❡♦2②✱ ●♦2❞♦♥ ❛♥❞

❇2❡❛❝❤✱ ◆❡✇ ❨♦2❦✱ ✶✾✻✺✳

❬✷✶❪ ❆✳◆✳ ❑♦❧♠♦❣♦2♦✈ ❛♥❞ ❙✳❱✳ ❋♦♠✐♥✱ ■♥32♦❞✉❝3♦2② ❘❡❛❧ ❆♥❛❧②9✐9✱ ❉♦✈❡2 K✉❜❧✳✱ ◆❡✇ ❨♦2❦✱

✶✾✼✺✳

❬✷✷❪ ❊✳K✳ ❉♦❧③❤❡♥❦♦✱ ❇♦✉♥❞❛2② ✈❛❧✉❡ ✉♥✐X✉❡♥❡99 3❤❡♦2❡♠9 ❢♦2 ❛♥❛❧②3✐❝ ❢✉♥❝3✐♦♥9✱ ▼❛3❤✳ ◆♦3❡9✱

✷✺ ✭✶✾✼✾✮✱ ✹✸✼✲✹✹✷✳



❍❛❝❡$$❡♣❡ ❏♦✉)♥❛❧ ♦❢ ▼❛$❤❡♠❛$✐❝1 ❛♥❞ ❙$❛$✐1$✐❝1

❱♦❧✉♠❡ ✹✺ ✭✹✮ ✭✷✵✶✻✮✱ ✶✵✶✺ ✕ ✶✵✷✷

❈♦❡✣❝✐❡♥' ❜♦✉♥❞+ ❢♦- ❝❡-'❛✐♥ +✉❜❝❧❛++❡+ ♦❢

❛♥❛❧②'✐❝ ❢✉♥❝'✐♦♥+ ♦❢ ❝♦♠♣❧❡① ♦-❞❡-

❙❡"❛♣ ❇✉❧✉(

∗

❆❜"#$❛❝#

■♥ "❤✐% ♣❛♣❡)✱ ✇❡ ✐♥")♦❞✉❝❡ ❛♥❞ ✐♥✈❡%"✐❣❛"❡ "✇♦ %✉❜❝❧❛%%❡% ♦❢ ❛♥❛❧②"✐❝

❢✉♥❝"✐♦♥% ♦❢ ❝♦♠♣❧❡① ♦)❞❡)✱ ✇❤✐❝❤ ❛)❡ ✐♥")♦❞✉❝❡❞ ❤❡)❡ ❜② ♠❡❛♥% ♦❢

❛ ❝❡)"❛✐♥ ♥♦♥❤♦♠♦❣❡♥❡♦✉% ❈❛✉❝❤②✕❊✉❧❡)✲"②♣❡ ❞✐✛❡)❡♥"✐❛❧ ❡=✉❛"✐♦♥ ♦❢

♦)❞❡) m✳ ❙❡✈❡)❛❧ ❝♦)♦❧❧❛)✐❡% ❛♥❞ ❝♦♥%❡=✉❡♥❝❡% ♦❢ "❤❡ ♠❛✐♥ )❡%✉❧"% ❛)❡

❛❧%♦ ❝♦♥%✐❞❡)❡❞✳

❑❡②✇♦$❞"✿ ❆♥❛❧②%✐❝ ❢✉♥❝%✐♦♥+✱ ❉✐✛❡0❡♥%✐❛❧ ♦♣❡0❛%♦0✱ ◆♦♥❤♦♠♦❣❡♥❡♦✉+ ❈❛✉❝❤②✲

❊✉❧❡0 ❞✐✛❡0❡♥%✐❛❧ ❡:✉❛%✐♦♥+✱ ❈♦❡✣❝✐❡♥% ❜♦✉♥❞+✱ ❙✉❜♦0❞✐♥❛%✐♦♥✳

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✸✵❈✹✺

❘❡❝❡✐✈❡❞ ✿ ✶✾✳✶✷✳✷✵✶✹ ❆❝❝❡♣(❡❞ ✿ ✶✻✳✵✾✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✻✹✺✶✹✷✼✸

✶✳ ■♥$%♦❞✉❝$✐♦♥✱ ❞❡✜♥✐$✐♦♥. ❛♥❞ ♣%❡❧✐♠✐♥❛%✐❡.

▲❡" R = (−∞,∞) ❜❡ "❤❡ %❡" ♦❢ )❡❛❧ ♥✉♠❜❡)%✱ C ❜❡ "❤❡ %❡" ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡)%✱

N := {1, 2, 3, . . .} = N0\ {0}

❜❡ "❤❡ %❡" ♦❢ ♣♦%✐"✐✈❡ ✐♥"❡❣❡)% ❛♥❞

N
∗ := N\ {1} = {2, 3, 4, . . .} .

▲❡" A ❞❡♥♦"❡ "❤❡ ❝❧❛%% ♦❢ ❢✉♥❝"✐♦♥% ♦❢ "❤❡ ❢♦)♠

✭✶✳✶✮ f(z) = z +
∞
∑

i=2

aiz
i

✇❤✐❝❤ ❛)❡ ❛♥❛❧②"✐❝ ✐♥ "❤❡ ♦♣❡♥ ✉♥✐" ❞✐%❦

U = {z : z ∈ C ❛♥❞ |z| < 1} .

∗
❑♦❝❛❡❧✐ ❯♥✐✈❡*+✐,②✱ ❋❛❝✉❧,② ♦❢ ❆✈✐❛,✐♦♥ ❛♥❞ ❙♣❛❝❡ ❙❝✐❡♥❝❡+✱ ❆*+❧❛♥❜❡② ❈❛♠♣✉+✱ ✹✶✷✽✺

❑❛*,❡♣❡✲❑♦❝❛❡❧✐✱ ❚❯❘❑❊❨

❊♠❛✐❧ ✿  ❡"❛♣✳❜✉❧✉)❅❦♦❝❛❡❧✐✳❡❞✉✳)"



✶✵✶✻

❘❡❝❡♥$❧②✱ ❋❛✐+❛❧ ❛♥❞ ❉❛.✉+ ❬✽❪ ❞❡✜♥❡❞ $❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡.❡♥$✐❛❧ ♦♣❡.❛$♦.✿

D
0
f (z) = f (z) ,

D
1
λ (α, β, µ) f (z) =

(

α− µ+ β − λ

α+ β

)

f (z) +

(

µ+ λ

α+ β

)

zf
′ (z) ,

D
2
λ (α, β, µ) f (z) = D

(

D
1
λ (α, β, µ) f (z)

)

✳

✳

✳

D
n
λ (α, β, µ) f (z) = D

(

D
n−1
λ (α, β, µ) f (z)

)

.✭✶✳✷✮

■❢ f ✐+ ❣✐✈❡♥ ❜② (1.1)✱ $❤❡♥ ✐$ ✐+ ❡❛+✐❧② +❡❡♥ ❢.♦♠ (1.2) $❤❛$

✭✶✳✸✮ D
n
λ (α, β, µ) f (z) = z +

∞
∑

i=2

(

α+ (µ+ λ) (i− 1) + β

α+ β

)n

aiz
i

(f ∈ A; α, β, µ, λ ≥ 0; α+ β 6= 0; n ∈ N0) .

❇② ✉+✐♥❣ $❤❡ ♦♣❡.❛$♦. Dn
λ (α, β, µ) , ❋❛✐+❛❧ ❛♥❞ ❉❛.✉+ ❬✽❪ ❞❡✜♥❡❞ ❛ ❢✉♥❝$✐♦♥ ❝❧❛++

Ψ(n, α, β, µ, λ, ζ, γ, ξ) ❜②

ℜ

{

1 +
1

ξ

(

z
[

ζDn+1
λ (α, β, µ) f (z) + (1− ζ)Dn

λ (α, β, µ) f (z)
]

′

ζDn+1
λ (α, β, µ) f (z) + (1− ζ)Dn

λ (α, β, µ) f (z)
− 1

)}

> γ,

(z ∈ U; 0 ≤ γ < 1; 0 ≤ ζ ≤ 1; ξ ∈ C\ {0})

❛♥❞ ❛❧+♦ ✐♥✈❡+$✐❣❛$❡❞ $❤❡ +✉❜❝❧❛++ Φ (n, α, β, µ, λ, ζ, γ, ξ, τ) ♦❢ $❤❡ ❛♥❛❧②$✐❝ ❢✉♥❝$✐♦♥ ❝❧❛++
A✱ ✇❤✐❝❤ ❝♦♥+✐+$+ ♦❢ ❢✉♥❝$✐♦♥+ f ∈ A +❛$✐+❢②✐♥❣ $❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❤♦♠♦❣❡♥♦✉+ ❈❛✉❝❤②✲

❊✉❧❡. ❞✐✛❡.❡♥$✐❛❧ ❡J✉❛$✐♦♥✿

z
2 d

2w

dz2
+ 2 (1 + τ) z

dw

dz
+ τ (1 + τ)w = (1 + τ) (2 + τ) q(z)

(w = f(z) ∈ A; q ∈ Ψ(n, α, β, µ, λ, ζ, γ, ξ) ; τ ∈ (−1,∞)) .

■♥ $❤❡ +❛♠❡ ♣❛♣❡. ❬✽❪✱ ❝♦❡✣❝✐❡♥$ ❜♦✉♥❞+ ❢♦. $❤❡ +✉❜❝❧❛++❡+ Ψ(n, α, β, µ, λ, ζ, γ, ξ) ❛♥❞
Φ (n, α, β, µ, λ, ζ, γ, ξ, τ) ♦❢ ❛♥❛❧②$✐❝ ❢✉♥❝$✐♦♥+ ♦❢ ❝♦♠♣❧❡① ♦.❞❡. ✇❡.❡ ♦❜$❛✐♥❡❞✳
▼❛❦✐♥❣ ✉+❡ ♦❢ $❤❡ ❞✐✛❡.❡♥$✐❛❧ ♦♣❡.❛$♦. Dn

λ (α, β, µ) , ✇❡ ♥♦✇ ✐♥$.♦❞✉❝❡ ❡❛❝❤ ♦❢ $❤❡

❢♦❧❧♦✇✐♥❣ +✉❜❝❧❛++❡+ ♦❢ ❛♥❛❧②$✐❝ ❢✉♥❝$✐♦♥+✳

✶✳ ❉❡✜♥✐'✐♦♥✳ ▲❡$ g : U → C ❜❡ ❛ ❝♦♥✈❡① ❢✉♥❝$✐♦♥ +✉❝❤ $❤❛$

g(0) = 1 ❛♥❞ ℜ{g (z)} > 0 (z ∈ U) .

❲❡ ❞❡♥♦$❡ ❜② Mg (n, α, β, µ, λ, ζ, ξ) $❤❡ ❝❧❛++ ♦❢ ❢✉♥❝$✐♦♥+ f ∈ A +❛$✐+❢②✐♥❣

1 +
1

ξ

(

z
[

ζDn+1
λ (α, β, µ) f (z) + (1− ζ)Dn

λ (α, β, µ) f (z)
]

′

ζDn+1
λ (α, β, µ) f (z) + (1− ζ)Dn

λ (α, β, µ) f (z)
− 1

)

∈ g (U) ,

✇❤❡.❡ z ∈ U; 0 ≤ ζ ≤ 1; ξ ∈ C\ {0} .

✷✳ ❉❡✜♥✐'✐♦♥✳ ❆ ❢✉♥❝$✐♦♥ f ∈ A ✐+ +❛✐❞ $♦ ❜❡ ✐♥ $❤❡ ❝❧❛++ Mg (n, α, β, µ, λ, ζ, ξ;m, τ) ✐❢
✐$ +❛$✐+✜❡+ $❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❤♦♠♦❣❡♥♦✉+ ❈❛✉❝❤②✲❊✉❧❡. ❞✐✛❡.❡♥$✐❛❧ ❡J✉❛$✐♦♥✿

z
m dmw

dzm
+

(

m

1

)

(τ +m− 1) zm−1 d
m−1w

dzm−1
+· · ·+

(

m

m

)

w

m−1
∏

j=0

(τ + j) = q(z)

m−1
∏

j=0

(τ + j + 1)

✭✶✳✹✮ (w = f(z) ∈ A; q ∈ Mg (n, α, β, µ, λ, ζ, ξ) ; m ∈ N
∗; τ ∈ (−1,∞)) .



✶✵✶✼

❘❡♠❛$❦ 1✳ ❚❤❡#❡ ❛#❡ ♠❛♥② ❝❤♦✐❝❡+ ♦❢ -❤❡ ❢✉♥❝-✐♦♥ g ✇❤✐❝❤ ✇♦✉❧❞ ♣#♦✈✐❞❡ ✐♥-❡#❡+-✐♥❣

+✉❜❝❧❛++❡+ ♦❢ ❛♥❛❧②-✐❝ ❢✉♥❝-✐♦♥+ ♦❢ ❝♦♠♣❧❡① ♦#❞❡#✳ ■♥ ♣❛#-✐❝✉❧❛#✱

(i) ✐❢ ✇❡ ❝❤♦♦+❡ -❤❡ ❢✉♥❝-✐♦♥ g ❛+

g (z) =
1 +Az

1 +Bz
(−1 ≤ B < A ≤ 1; z ∈ U) ,

✐- ✐+ ❡❛+② -♦ ✈❡#✐❢② -❤❛- g ✐+ ❛ ❝♦♥✈❡① ❢✉♥❝-✐♦♥ ✐♥ U ❛♥❞ +❛-✐+✜❡+ -❤❡ ❤②♣♦-❤❡+❡+ ♦❢ ❉❡✜♥✐-✐♦♥

1✳ ■❢ f ∈ Mg (n, α, β, µ, λ, ζ, ξ)✱ -❤❡♥ ✇❡ ❤❛✈❡

1 +
1

ξ

(

z
[

ζDn+1
λ (α, β, µ) f (z) + (1− ζ)Dn

λ (α, β, µ) f (z)
]

′

ζDn+1
λ (α, β, µ) f (z) + (1− ζ)Dn

λ (α, β, µ) f (z)
− 1

)

≺
1 +Az

1 +Bz
(z ∈ U) .

❲❡ ❞❡♥♦-❡ -❤✐+ ♥❡✇ ❝❧❛++ ❜② H (n, α, β, µ, λ, ζ, ξ, A,B)✳ ❆❧+♦ ✇❡ ❞❡♥♦-❡ ❜②
B (n, α, β, µ, λ, ζ, ξ, A,B;m, τ) ❢♦# ❝♦##❡+♣♦♥❞✐♥❣ ❝❧❛++ -♦ Mg (n, α, β, µ, λ, ζ, ξ;m, τ)❀
(ii) ✐❢ ✇❡ ❝❤♦♦+❡ -❤❡ ❢✉♥❝-✐♦♥ g ❛+

g (z) =
1 + (1− 2γ) z

1− z
(0 ≤ γ < 1; z ∈ U) ,

✐- ✐+ ❡❛+② -♦ ✈❡#✐❢② -❤❛- g ✐+ ❛ ❝♦♥✈❡① ❢✉♥❝-✐♦♥ ✐♥ U ❛♥❞ +❛-✐+✜❡+ -❤❡ ❤②♣♦-❤❡+❡+ ♦❢ ❉❡✜♥✐-✐♦♥

1✳ ■❢ f ∈ Mg (n, α, β, µ, λ, ζ, ξ)✱ -❤❡♥ ✇❡ ❤❛✈❡

ℜ

{

1 +
1

ξ

(

z
[

ζDn+1
λ (α, β, µ) f (z) + (1− ζ)Dn

λ (α, β, µ) f (z)
]

′

ζDn+1
λ (α, β, µ) f (z) + (1− ζ)Dn

λ (α, β, µ) f (z)
− 1

)}

> γ (z ∈ U) ,

-❤❛- ✐+

f ∈ Ψ(n, α, β, µ, λ, ζ, γ, ξ) .

❘❡♠❛$❦ 2✳ ■♥ ✈✐❡✇ ♦❢ ❘❡♠❛#❦ 1(ii)✱ ❜② -❛❦✐♥❣

g (z) =
1 + (1− 2γ) z

1− z
(0 ≤ γ < 1; z ∈ U)

✐♥ ❉❡✜♥✐-✐♦♥+ 1 ❛♥❞ 2✱ ✇❡ ❡❛+✐❧② ♦❜+❡#✈❡ -❤❛- -❤❡ ❢✉♥❝-✐♦♥ ❝❧❛++❡+

Mg (n, α, β, µ, λ, ζ, ξ) ❛♥❞ Mg (n, α, β, µ, λ, ζ, ξ; 2, τ)

❜❡❝♦♠❡ -❤❡ ❛❢♦#❡♠❡♥-✐♦♥❡❞ ❢✉♥❝-✐♦♥ ❝❧❛++❡+

Ψ(n, α, β, µ, λ, ζ, γ, ξ) ❛♥❞ Φ (n, α, β, µ, λ, ζ, γ, ξ, τ) ,

#❡+♣❡❝-✐✈❡❧②✳

■♥ -❤✐+ ✇♦#❦✱ ❜② ✉+✐♥❣ -❤❡ ♣#✐♥❝✐♣❧❡ ♦❢ +✉❜♦#❞✐♥❛-✐♦♥✱ ✇❡ ♦❜-❛✐♥ ❝♦❡✣❝✐❡♥- ❜♦✉♥❞+ ❢♦#

❢✉♥❝-✐♦♥+ ✐♥ -❤❡ +✉❜❝❧❛++❡+

Mg (n, α, β, µ, λ, ζ, ξ) ❛♥❞ Mg (n, α, β, µ, λ, ζ, ξ;m, τ)

♦❢ ❛♥❛❧②-✐❝ ❢✉♥❝-✐♦♥+ ♦❢ ❝♦♠♣❧❡① ♦#❞❡#✱ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ✐♥-#♦❞✉❝❡❞ ❤❡#❡✳ ❖✉# #❡+✉❧-+ ✇♦✉❧❞

✉♥✐❢② ❛♥❞ ❡①-❡♥❞ -❤❡ ❝♦##❡+♣♦♥❞✐♥❣ #❡+✉❧-+ ♦❜-❛✐♥❡❞ ❡❛#❧✐❡# ❜② ❘♦❜❡#-+♦♥ ❬✶✸❪✱ ◆❛+# ❛♥❞

❆♦✉❢ ❬✶✷❪✱ ❆❧-✙♥-❛➩ ❡- ❛❧✳ ❬✶❪✱ ❋❛✐+❛❧ ❛♥❞ ❉❛#✉+ ❬✽❪✱ ❙#✐✈❛+-❛✈❛ ❡- ❛❧✳ ❬✶✻❪✱ ❛♥❞ ♦-❤❡#+✳

■♥ ♦✉# ✐♥✈❡+-✐❣❛-✐♦♥✱ ✇❡ +❤❛❧❧ ♠❛❦❡ ✉+❡ ♦❢ -❤❡ ♣#✐♥❝✐♣❧❡ ♦❢ +✉❜♦#❞✐♥❛-✐♦♥ ❜❡-✇❡❡♥

❛♥❛❧②-✐❝ ❢✉♥❝-✐♦♥+✱ ✇❤✐❝❤ ✐+ ❡①♣❧❛✐♥❡❞ ✐♥ ❉❡✜♥✐-✐♦♥ 3 ❜❡❧♦✇ ✭+❡❡ ❬✶✶❪✮✳

✸✳ ❉❡✜♥✐,✐♦♥✳ ❋♦# -✇♦ ❢✉♥❝-✐♦♥+ f ❛♥❞ g✱ ❛♥❛❧②-✐❝ ✐♥ U✱ ✇❡ +❛② -❤❛- -❤❡ ❢✉♥❝-✐♦♥ f (z)
✐+ +✉❜♦#❞✐♥❛-❡ -♦ g (z) ✐♥ U✱ ❛♥❞ ✇#✐-❡

f (z) ≺ g (z) (z ∈ U) ,

✐❢ -❤❡#❡ ❡①✐+-+ ❛ ❙❝❤✇❛#③ ❢✉♥❝-✐♦♥ w (z)✱ ❛♥❛❧②-✐❝ ✐♥ U✱ ✇✐-❤

w (0) = 0 ❛♥❞ |w (z)| < 1 (z ∈ U) ,



✶✵✶✽

 ✉❝❤ $❤❛$

f (z) = g (w (z)) (z ∈ U) .

■♥ ♣❛)$✐❝✉❧❛)✱ ✐❢ $❤❡ ❢✉♥❝$✐♦♥ g ✐ ✉♥✐✈❛❧❡♥$ ✐♥ U✱ $❤❡ ❛❜♦✈❡  ✉❜♦)❞✐♥❛$✐♦♥ ✐ ❡3✉✐✈❛❧❡♥$ $♦

f (0) = g (0) ❛♥❞ f (U) ⊂ g (U) .

✷✳ ▼❛✐♥ &❡(✉❧+( ❛♥❞ +❤❡✐& ❞❡♠♦♥(+&❛+✐♦♥

■♥ ♦)❞❡) $♦ ♣)♦✈❡ ♦✉) ♠❛✐♥ )❡ ✉❧$ ✭❚❤❡♦)❡♠ 1 ❛♥❞ 2 ❜❡❧♦✇✮✱ ✇❡ ✜) $ )❡❝❛❧❧ $❤❡

❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❞✉❡ $♦ ❘♦❣♦ ✐♥ ❦✐ ❬✶✹❪✳

✶✳ ▲❡♠♠❛✳ ▲❡$ $❤❡ ❢✉♥❝$✐♦♥ g ❣✐✈❡♥ ❜②

g (z) =
∞
∑

k=1

bkz
k (z ∈ U)

❜❡ ❝♦♥✈❡① ✐♥ U. ❆❧ ♦ ❧❡$ $❤❡ ❢✉♥❝$✐♦♥ f ❣✐✈❡♥ ❜②

f(z) =
∞
∑

k=1

akz
k (z ∈ U)

❜❡ ❤♦❧♦♠♦)♣❤✐❝ ✐♥ U. ■❢

f (z) ≺ g (z) (z ∈ U) ,

$❤❡♥

|ak| ≤ |b1| (k ∈ N) .

❲❡ ♥♦✇  $❛$❡ ❛♥❞ ♣)♦✈❡ ❡❛❝❤ ♦❢ ♦✉) ♠❛✐♥ )❡ ✉❧$ ❣✐✈❡♥ ❜② ❚❤❡♦)❡♠ 1 ❛♥❞ 2 ❜❡❧♦✇✳

✶✳ ❚❤❡♦)❡♠✳ ▲❡$ $❤❡ ❢✉♥❝$✐♦♥ f ∈ A ❜❡ ❞❡✜♥❡❞ ❜② (1.1)✳ ■❢ $❤❡ ❢✉♥❝$✐♦♥ f ✐ ✐♥ $❤❡

❝❧❛  Mg (n, α, β, µ, λ, ζ, ξ) , $❤❡♥

✭✷✳✶✮ |ai| ≤

(α+ β)n+1
i−2
∏

j=0

[j + |ξ| |g′(0)|]

(i− 1)! [α+ ζ (µ+ λ) (i− 1) + β] [α+ (µ+ λ) (i− 1) + β]n
(i ∈ N

∗) .

 !♦♦❢✳ ▲❡$ $❤❡ ❢✉♥❝$✐♦♥ f ∈ A ❜❡ ❣✐✈❡♥ ❜② (1.1)✳ ❙✉♣♣♦ ❡ $❤❛$ $❤❡ ❢✉♥❝$✐♦♥ F (z) ✐ 

❞❡✜♥❡❞✱ ✐♥ $❡)♠ ♦❢ $❤❡ ❞✐✛❡)❡♥$✐❛❧ ♦♣❡)❛$♦) Dn
λ (α, β, µ)✱ ❜②

✭✷✳✷✮ F (z) = ζD
n+1
λ (α, β, µ) f (z) + (1− ζ)Dn

λ (α, β, µ) f (z) (z ∈ U) .

❚❤❡♥✱ ❝❧❡❛)❧②✱ F ✐ ❛♥ ❛♥❛❧②$✐❝ ❢✉♥❝$✐♦♥ ✐♥ U✱ ❛♥❞ ❛  ✐♠♣❧❡ ❝♦♠♣✉$❛$✐♦♥  ❤♦✇ $❤❛$ F ❤❛ 

$❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✇❡)  ❡)✐❡ ❡①♣❛♥ ✐♦♥✿

✭✷✳✸✮ F (z) = z +
∞
∑

i=2

Aiz
i (z ∈ U) ,

✇❤❡)❡✱ ❢♦) ❝♦♥✈❡♥✐❡♥❝❡✱

✭✷✳✹✮ Ai =
[α+ ζ (µ+ λ) (i− 1) + β] [α+ (µ+ λ) (i− 1) + β]n

(α+ β)n+1 ai (i ∈ N
∗) .

❋)♦♠ ❉❡✜♥✐$✐♦♥ 1 ❛♥❞ (2.2)✱ ✇❡ $❤✉ ❤❛✈❡

1 +
1

ξ

(

zF′ (z)

F (z)
− 1

)

∈ g (U) (z ∈ U).

▲❡$ ✉ ❞❡✜♥❡ $❤❡ ❢✉♥❝$✐♦♥ p(z) ❜②

✭✷✳✺✮ p(z) = 1 +
1

ξ

(

zF′ (z)

F (z)
− 1

)

(z ∈ U).



✶✵✶✾

❍❡♥❝❡ ✇❡ ❞❡❞✉❝❡ '❤❛'

p(0) = g(0) = 1 ❛♥❞ p(z) ∈ g (U) (z ∈ U).

❚❤❡+❡❢♦+❡✱ ✇❡ ❤❛✈❡

p(z) ≺ g(z) (z ∈ U).

❚❤✉0✱ ❛❝❝♦+❞✐♥❣ '♦ '❤❡ ▲❡♠♠❛ 1✱ ✇❡ ♦❜'❛✐♥

✭✷✳✻✮

∣

∣

∣

∣

p(l) (0)

l!

∣

∣

∣

∣

≤
∣

∣g
′(0)

∣

∣ (l ∈ N) .

❆❧0♦ ❢+♦♠ (2.5)✱ ✇❡ ✜♥❞

✭✷✳✼✮ zF
′ (z) = [1 + ξ (p(z)− 1)]F (z) .

◆❡①'✱ ✇❡ 0✉♣♣♦0❡ '❤❛'

✭✷✳✽✮ p(z) = 1 + c1z + c2z
2 + · · · (z ∈ U).

❙✐♥❝❡ A1 = 1✱ ✐♥ ✈✐❡✇ ♦❢ (2.3)✱ (2.7) ❛♥❞ (2.8)✱ ✇❡ ♦❜'❛✐♥

✭✷✳✾✮ (i− 1)Ai = ξ {ci−1 + ci−2A2 + · · ·+ c1Ai−1} (i ∈ N
∗) .

❇② ❝♦♠❜✐♥✐♥❣ (2.6) ❛♥❞ (2.9)✱ ❢♦+ i = 2, 3, 4✱ ✇❡ ♦❜'❛✐♥

|A2| ≤ |ξ|
∣

∣g
′(0)

∣

∣ ,

|A3| ≤
|ξ| |g′(0)| (1 + |ξ| |g′(0)|)

2!
,

|A4| ≤
|ξ| |g′(0)| (1 + |ξ| |g′(0)|) (2 + |ξ| |g′(0)|)

3!
,

+❡0♣❡❝'✐✈❡❧②✳ ❆❧0♦✱ ❜② ✉0✐♥❣ '❤❡ ♣+✐♥❝✐♣❧❡ ♦❢ ♠❛'❤❡♠❛'✐❝❛❧ ✐♥❞✉❝'✐♦♥✱ ✇❡ ♦❜'❛✐♥

|Ai| ≤

i−2
∏

j=0

[j + |ξ| |g′(0)|]

(i− 1)!
(i ∈ N

∗) .

◆♦✇ ❢+♦♠ (2.4)✱ ✐' ✐0 ❝❧❡❛+ '❤❛'

|ai| ≤

(α+ β)n+1
i−2
∏

j=0

[j + |ξ| |g′(0)|]

(i− 1)! [α+ ζ (µ+ λ) (i− 1) + β] [α+ (µ+ λ) (i− 1) + β]n
(i ∈ N

∗) .

❚❤✐0 ❡✈✐❞❡♥'❧② ❝♦♠♣❧❡'❡0 '❤❡ ♣+♦♦❢ ♦❢ ❚❤❡♦+❡♠ 1.

✷✳ ❚❤❡♦&❡♠✳ ▲❡' '❤❡ ❢✉♥❝'✐♦♥ f ∈ A ❜❡ ❞❡✜♥❡❞ ❜② (1.1)✳ ■❢ '❤❡ ❢✉♥❝'✐♦♥ f ✐0 ✐♥ '❤❡

❝❧❛00 Mg (n, α, β, µ, λ, ζ, ξ;m, τ) , '❤❡♥

|ai| ≤

(α+ β)n+1
i−2
∏

j=0

[j + |ξ| |g′(0)|]
m−1
∏

j=0

(τ + j + 1)

(i− 1)! [α+ ζ (µ+ λ) (i− 1) + β] [α+ (µ+ λ) (i− 1) + β]n
m−1
∏

j=0

(τ + j + i)

(i ∈ N
∗) .

 !♦♦❢✳ ▲❡' '❤❡ ❢✉♥❝'✐♦♥ f ∈ A ❜❡ ❣✐✈❡♥ ❜② (1.1)✳ ❆❧0♦ ❧❡'

h(z) = z +

∞
∑

i=2

biz
i ∈ Mg (n, α, β, µ, λ, ζ, ξ) .



✶✵✷✵

❍❡♥❝❡✱ ❢&♦♠ (1.4)✱ ✇❡ ❞❡❞✉❝❡ ,❤❛,

ai =

m−1
∏

j=0

(τ + j + 1)

m−1
∏

j=0

(τ + j + i)

bi (i ∈ N
∗

, τ ∈ (−1,∞)) .

❚❤✉0✱ ❜② ✉0✐♥❣ ❚❤❡♦&❡♠ 1✱ ✇❡ ♦❜,❛✐♥

|ai| ≤

(α+ β)n+1
i−2
∏

j=0

[j + |ξ| |g′(0)|]

(i− 1)! [α+ ζ (µ+ λ) (i− 1) + β] [α+ (µ+ λ) (i− 1) + β]n

m−1
∏

j=0

(τ + j + 1)

m−1
∏

j=0

(τ + j + i)

.

❚❤✐0 ❝♦♠♣❧❡,❡0 ,❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ 2.

✸✳ ❈♦$♦❧❧❛$✐❡) ❛♥❞ ❝♦♥)❡-✉❡♥❝❡)

■♥ ,❤✐0 0❡❝,✐♦♥✱ ✇❡ ❛♣♣❧② ♦✉& ♠❛✐♥ &❡0✉❧,0 ✭❚❤❡♦&❡♠0 1 ❛♥❞ 2 ♦❢ ❙❡❝,✐♦♥ 2✮ ✐♥ ♦&❞❡& ,♦
❞❡❞✉❝❡ ❡❛❝❤ ♦❢ ,❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦&♦❧❧❛&✐❡0 ❛♥❞ ❝♦♥0❡;✉❡♥❝❡0✳

✶✳ ❈♦$♦❧❧❛$②✳ (❬✶✾❪) ▲❡, ,❤❡ ❢✉♥❝,✐♦♥ f ∈ A ❜❡ ❞❡✜♥❡❞ ❜② (1.1)✳ ■❢ ,❤❡ ❢✉♥❝,✐♦♥ f ✐0 ✐♥

,❤❡ ❝❧❛00 Mg (0, α, β, µ, λ, ζ, ξ) ≡ Sg(ζ, ξ)✱ ,❤❡♥

|ai| ≤

i−2
∏

j=0

[j + |ξ| |g′(0)|]

(i− 1)! (1 + ζ (i− 1))
(i ∈ N

∗) .

✷✳ ❈♦$♦❧❧❛$②✳ (❬✶✾❪) ▲❡, ,❤❡ ❢✉♥❝,✐♦♥ f ∈ A ❜❡ ❞❡✜♥❡❞ ❜② (1.1)✳ ■❢ ,❤❡ ❢✉♥❝,✐♦♥ f ✐0 ✐♥

,❤❡ ❝❧❛00 Mg (0, α, β, µ, λ, ζ, ξ;m, τ) ≡ Kg(ζ, ξ,m; τ)✱ ,❤❡♥

|ai| ≤

i−2
∏

j=0

[j + |ξ| |g′(0)|]

(i− 1)! (1 + ζ (i− 1))

m−1
∏

j=0

(τ + j + 1)

m−1
∏

j=0

(τ + j + i)

(i ∈ N
∗) .

✸✳ ❈♦$♦❧❧❛$②✳ (❬✶✼❪) ▲❡, ,❤❡ ❢✉♥❝,✐♦♥ f ∈ A ❜❡ ❞❡✜♥❡❞ ❜② (1.1)✳ ■❢ ,❤❡ ❢✉♥❝,✐♦♥ f ✐0 ✐♥

,❤❡ ❝❧❛00 Mg (n, 1, 0, 0, 1, ζ, ξ) ≡ Mg(n, ζ, ξ)✱ ,❤❡♥

|ai| ≤

i−2
∏

j=0

[j + |ξ| |g′(0)|]

in (1 + ζ (i− 1)) (i− 1)!
(i ∈ N

∗) .

✹✳ ❈♦$♦❧❧❛$②✳ (❬✶✼❪) ▲❡, ,❤❡ ❢✉♥❝,✐♦♥ f ∈ A ❜❡ ❞❡✜♥❡❞ ❜② (1.1)✳ ■❢ ,❤❡ ❢✉♥❝,✐♦♥ f ✐0 ✐♥

,❤❡ ❝❧❛00 Mg (n, 1, 0, 0, 1, ζ, ξ; 2, τ) ≡ Mg(n, ζ, ξ; τ)✱ ,❤❡♥

|ai| ≤

(1 + τ) (2 + τ)
i−2
∏

j=0

[j + |ξ| |g′(0)|]

in (1 + ζ (i− 1)) (i− 1)! (i+ τ) (i+ 1 + τ)
(i ∈ N

∗) .

❙❡,,✐♥❣

m = 2 ❛♥❞ g (z) =
1 + (1− 2γ) z

1− z
(0 ≤ γ < 1; z ∈ U)

✐♥ ❚❤❡♦&❡♠0 1 ❛♥❞ 2✱ ✇❡ ❤❛✈❡ ❢♦❧❧♦✇✐♥❣ ❝♦&♦❧❧❛&✐❡0✱ &❡0♣❡❝,✐✈❡❧②✳
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✺✳ ❈♦$♦❧❧❛$②✳ ❬✽❪ ▲❡% %❤❡ ❢✉♥❝%✐♦♥ f ∈ A ❜❡ ❞❡✜♥❡❞ ❜② (1.1)✳ ■❢ %❤❡ ❢✉♥❝%✐♦♥ f ✐3 ✐♥ %❤❡

❝❧❛33 Ψ(n, α, β, µ, λ, ζ, γ, ξ)✱ %❤❡♥

|ai| ≤

(α+ β)n+1
i−2
∏

j=0

[j + 2 |ξ| (1− γ)]

(i− 1)! [α+ ζ (µ+ λ) (i− 1) + β] [α+ (µ+ λ) (i− 1) + β]n
(i ∈ N

∗) .

✻✳ ❈♦$♦❧❧❛$②✳ ❬✽❪ ▲❡% %❤❡ ❢✉♥❝%✐♦♥ f ∈ A ❜❡ ❞❡✜♥❡❞ ❜② (1.1)✳ ■❢ %❤❡ ❢✉♥❝%✐♦♥ f ✐3 ✐♥ %❤❡

❝❧❛33 Φ (n, α, β, µ, λ, ζ, γ, ξ, τ)✱ %❤❡♥

|ai| ≤

(1 + τ) (2 + τ) (α+ β)n+1
i−2
∏

j=0

[j + 2 |ξ| (1− γ)]

(i+ τ) (i+ 1 + τ) (i− 1)! [α+ ζ (µ+ λ) (i− 1) + β] [α+ (µ+ λ) (i− 1) + β]n
(i ∈ N

∗) .
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❍❛❝❡$$❡♣❡ ❏♦✉)♥❛❧ ♦❢ ▼❛$❤❡♠❛$✐❝1 ❛♥❞ ❙$❛$✐1$✐❝1

❱♦❧✉♠❡ ✹✺ ✭✹✮ ✭✷✵✶✻✮✱ ✶✵✷✸ ✕ ✶✵✸✷

❙♦♠❡ ♥♦%♠❛❧ (✉❜❣%♦✉♣( ♦❢ ❡①/❡♥❞❡❞ ❣❡♥❡%❛❧✐③❡❞

❍❡❝❦❡ ❣%♦✉♣(

❇✐❧❛❧ ❉❡♠✐'

∗†
✱ )③❞❡♥ ❑♦'✉♦➜❧✉

‡
❛♥❞ ❘❡❝❡♣ ➇❛❤✐♥

➓

■♥ ♠❡♠♦%② ♦❢ ♠② ❞❡❛% *♦♥ ❈❛♥ ➇❛❤✐♥✳

❆❜"#$❛❝#

●❡♥❡)❛❧✐③❡❞ ❍❡❝❦❡ ❣)♦✉♣ Hp,∞(λ) ✐1 ❣❡♥❡)❛$❡❞ ❜② X(z) = −(z−λp)
−1

❛♥❞ Y (z) = −(z + λ)−1
✇❤❡)❡ λp = 2 cos π

p
, p ≥ 2 ✐♥$❡❣❡) ❛♥❞ λ ≥ 2✳

❊①$❡♥❞❡❞ ❣❡♥❡)❛❧✐③❡❞ ❍❡❝❦❡ ❣)♦✉♣ Hp,∞(λ) ✐1 ♦❜$❛✐♥❡❞ ❜② ❛❞❞✐♥❣ $❤❡
)❡✢❡❝$✐♦♥ R(z) = 1/z $♦ $❤❡ ❣❡♥❡)❛$♦)1 ♦❢ ❣❡♥❡)❛❧✐③❡❞ ❍❡❝❦❡ ❣)♦✉♣
Hp,∞(λ). ■♥ $❤✐1 ♣❛♣❡)✱ ✇❡ 1$✉❞② $❤❡ ❝♦♠♠✉$❛$♦) 1✉❜❣)♦✉♣1 ♦❢ ❡①✲

$❡♥❞❡❞ ❣❡♥❡)❛❧✐③❡❞ ❍❡❝❦❡ ❣)♦✉♣1 Hp,∞(λ). ❆❧1♦✱ ✇❡ ❞❡$❡)♠✐♥❡ $❤❡
♣♦✇❡) 1✉❜❣)♦✉♣1 ♦❢ ❣❡♥❡)❛❧✐③❡❞ ❍❡❝❦❡ ❣)♦✉♣1 Hp,∞(λ) ❛♥❞ ❡①$❡♥❞❡❞

❣❡♥❡)❛❧✐③❡❞ ❍❡❝❦❡ ❣)♦✉♣1 Hp,∞(λ)✳

❑❡②✇♦$❞"✿ ●❡♥❡'❛❧✐③❡❞ ❍❡❝❦❡ ❣'♦✉♣:✱ ❊①=❡♥❞❡❞ ❣❡♥❡'❛❧✐③❡❞ ❍❡❝❦❡ ❣'♦✉♣:✱

❈♦♠♠✉=❛=♦' :✉❜❣'♦✉♣:✱ @♦✇❡' :✉❜❣'♦✉♣:✳

✷✵✵✵ ❆▼❙ ❈❧❛**✐✜❝❛8✐♦♥✿ ✷✵❍✶✵✱ ✶✶❋✵✻✳

❘❡❝❡✐✈❡❞ ✿ ✶✸✳✵✶✳✷✵✶✺ ❆❝❝❡♣(❡❞ ✿ ✷✹✳✵✽✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✻✹✺✶✸✶✵✽

∗
❇❛❧✙❦❡&✐( ❯♥✐✈❡(&✐,②✱ ◆❡❝❛,✐❜❡② ❋❛❝✉❧,② ♦❢ ❊❞✉❝❛,✐♦♥✱ ❉❡♣❛(,♠❡♥, ♦❢ ❙❡❝♦♥❞❛(② ▼❛,❤❡♠❛,✐❝&

❊❞✉❝❛,✐♦♥✱✶✵✶✵✵ ❇❛❧✙❦❡&✐(✱ ❚✉(❦❡②✱ ❊♠❛✐❧✿ ❜❞❡♠✐%❅❜❛❧✐❦❡*✐%✳❡❞✉✳-%

†
❈♦((❡&♣♦♥❞✐♥❣ ❆✉,❤♦(✳

‡
❇❛❧✙❦❡&✐( ❯♥✐✈❡(&✐,②✱ ◆❡❝❛,✐❜❡② ❋❛❝✉❧,② ♦❢ ❊❞✉❝❛,✐♦♥✱ ❉❡♣❛(,♠❡♥, ♦❢ ❊❧❡♠❡♥,❛(② ▼❛,❤❡♠❛,✲

✐❝& ❊❞✉❝❛,✐♦♥✱✶✵✶✵✵ ❇❛❧✙❦❡&✐(✱ ❚✉(❦❡②✱ ❊♠❛✐❧✿ ♦③❞❡♥❦❅❜❛❧✐❦❡*✐%✳❡❞✉✳-%

➓

❇❛❧✙❦❡&✐( ❯♥✐✈❡(&✐,②✱ ❋❛❝✉❧,② ♦❢ ❆(,& ❛♥❞ ❙❝✐❡♥❝❡&✱❉❡♣❛(,♠❡♥, ♦❢ ▼❛,❤❡♠❛,✐❝&✱✶✵✶✹✺ ➬❛➜✙➩

❈❛♠♣✉&✱ ❇❛❧✙❦❡&✐(✱ ❚✉(❦❡②✱ ❊♠❛✐❧✿ %*❛❤✐♥❅❜❛❧✐❦❡*✐%✳❡❞✉✳-%



✶✵✷✹

✶✳ ■♥$%♦❞✉❝$✐♦♥

■♥ ❬✶❪✱ ❍❡❝❦❡ ✐♥+,♦❞✉❝❡❞ +❤❡ ❣,♦✉♣3 H(λ) ❣❡♥❡,❛+❡❞ ❜② +✇♦ ❧✐♥❡❛, ❢,❛❝+✐♦♥❛❧ +,❛♥3❢♦,✲

♠❛+✐♦♥3

T (z) = −1

z
❛♥❞ U(z) = z + λ,

✇❤❡,❡ λ ✐3 ❛ ✜①❡❞ ♣♦3✐+✐✈❡ ,❡❛❧ ♥✉♠❜❡,✳ ▲❡+ S = TU ✱ ✐✳❡✳✱

S(z) = − 1

z + λ
.

❍❡❝❦❡ 3❤♦✇❡❞ +❤❛+ H(λ) ✐3 ❞✐3❝,❡+❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✐+❤❡, λ = λq = 2 cos(π
q
), q ≥ 3 ✐♥+❡❣❡,,

♦, λ ≥ 2✳ ❚❤❡3❡ ❣,♦✉♣3 ❤❛✈❡ ❝♦♠❡ +♦ ❜❡ ❦♥♦✇♥ ❛3 +❤❡ ❍❡❝❦❡ ❣%♦✉♣) ❛♥❞ ✇❡ ✇✐❧❧ ❞❡♥♦+❡

+❤❡♠ ❜② Hq, ♦, ❜② H(λ), ,❡3♣❡❝+✐✈❡❧②. ❚❤❡ ✜,3+ ❢❡✇ ❍❡❝❦❡ ❣,♦✉♣3 ❛,❡ H3 = PSL(2,Z)

✭+❤❡ ♠♦❞✉❧❛, ❣,♦✉♣✮✱ H4 = H(
√
2), H5 = H( 1+

√
5

2
), ❛♥❞ H6 = H(

√
3) ❢♦, q = 3, 4, 5 ❛♥❞

6, ,❡3♣❡❝+✐✈❡❧②.
■+ ✐3 ❦♥♦✇♥ +❤❛+ ✇❤❡♥ λ = λq = 2 cos(π

q
), q ≥ 3 ✐♥+❡❣❡,, ❍❡❝❦❡ ❣,♦✉♣ Hq ✐3 ✐3♦♠♦,♣❤✐❝

+♦ +❤❡ ❢,❡❡ ♣,♦❞✉❝+ ♦❢ +✇♦ ✜♥✐+❡ ❝②❝❧✐❝ ❣,♦✉♣3 ♦❢ ♦,❞❡,3 2 ❛♥❞ q✱

Hq =< T, S | T 2 = Sq = I >∼= C2 ∗ Cq,

❛♥❞ ✇❤❡♥ λ ≥ 2✱ ❍❡❝❦❡ ❣,♦✉♣ H✭λ✮ ✐3 ❛ ❢,❡❡ ♣,♦❞✉❝+ ♦❢ ❛ ❝②❝❧✐❝ ❣,♦✉♣ ♦❢ ♦,❞❡, 2 ❛♥❞

✐♥✜♥✐+②✱ 3♦ ❛❧❧ 3✉❝❤ H(λ) ❤❛✈❡ +❤❡ 3❛♠❡ ❛❧❣❡❜,❛✐❝ 3+,✉❝+✉,❡✱ ✐✳❡✳

H(λ) =< T, S | T 2 = I >∼= C2 ∗ Z.

❆❧3♦ ❍❡❝❦❡ ❣,♦✉♣ Hq ♦, H(λ) ✐3 +❤❡ ❋✉❝❤3✐❛♥ ❣,♦✉♣ ♦❢ +❤❡ ✜,3+ ❦✐♥❞ ✇❤❡♥ ❡✐+❤❡,

λ = λq = 2 cos(π
q
), q ≥ 3 ✐♥+❡❣❡, ♦, λ = 2, ❛♥❞ H✭λ✮ ✐3 +❤❡ ❋✉❝❤3✐❛♥ ❣,♦✉♣ ♦❢ +❤❡ 3❡❝♦♥❞

❦✐♥❞ ✇❤❡♥ λ > 2.
❖♥ +❤❡ ♦+❤❡, ❤❛♥❞✱ ▲❡❤♥❡, 3+✉❞✐❡❞ ✐♥ ❬✷❪ ♠♦,❡ ❣❡♥❡,❛❧ ❝❧❛33 Hp,q ♦❢ ❍❡❝❦❡ ❣,♦✉♣3 Hq,

❜② +❛❦✐♥❣

X =
−1

z − λp
❛♥❞ V = z + λp + λq✱

✇❤❡,❡ 2 ≤ p ≤ q ≤ ∞, p + q > 4✳ ❍❡,❡ ✐❢ ✇❡ +❛❦❡ Y = XV = − 1

z+λq

✱ +❤❡♥ ✇❡ ❤❛✈❡ +❤❡

♣,❡3❡♥+❛+✐♦♥✱

✭✶✳✶✮ Hp,q =< X,Y | Xp = Y q = I >∼= Cp ∗ Cq.

❲❡ ❝❛❧❧ +❤❡3❡ ❣,♦✉♣3 ❛3 ❣❡♥❡%❛❧✐③❡❞ ❍❡❝❦❡ ❣%♦✉♣) Hp,q✳ ❲❡ ❦♥♦✇ ❢,♦♠ ❬✷❪ +❤❛+ H2,q =
Hq✱ |Hq : Hq,q| = 2✱ ❛♥❞ +❤❡,❡ ✐3 ♥♦ ❣,♦✉♣ H2,2✳ ❆❧3♦✱ ❛❧❧ ❍❡❝❦❡ ❣,♦✉♣3 Hq ❛,❡ ✐♥❝❧✉❞❡❞

✐♥ ❣❡♥❡,❛❧✐③❡❞ ❍❡❝❦❡ ❣,♦✉♣3 Hp,q✳ ❆❧3♦✱ ❣❡♥❡,❛❧✐③❡❞ ❍❡❝❦❡ ❣,♦✉♣3 Hp,q ❤❛✈❡ ❜❡❡♥ 3+✉❞✐❡❞

❡①+❡♥3✐✈❡❧② ❢♦, ♠❛♥② ❛3♣❡❝+3 ✐♥ +❤❡ ❧✐+❡,❛+✉,❡ ✭❢♦, ❡①❛♠♣❧❡3✱ ♣❧❡❛3❡ 3❡❡✱ ❬✸❪✱ ❬✹❪✱ ❬✺❪✱ ❬✻❪✱

❬✼❪ ❛♥❞ ❬✽❪✮✳

❊①+❡♥❞❡❞ ❣❡♥❡,❛❧✐③❡❞ ❍❡❝❦❡ ❣,♦✉♣3 Hp,q ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ❬✾❪ ❛♥❞ ❬✶✵❪✱ 3✐♠✐❧❛, +♦

❡①+❡♥❞❡❞ ❍❡❝❦❡ ❣,♦✉♣3 Hq ✭♣❧❡❛%❡ %❡❡✱ ❬✶✶❪ ❛♥❞ ❬✶✷❪✮✱ ❜② ❛❞❞✐♥❣ 2❤❡ 4❡✢❡❝2✐♦♥ R(z) = 1/z
2♦ 2❤❡ ❣❡♥❡4❛2♦4% ♦❢ ❣❡♥❡4❛❧✐③❡❞ ❍❡❝❦❡ ❣4♦✉♣ Hp,q✳ ❋4♦♠ ❬✾❪✱ ❡①2❡♥❞❡❞ ❣❡♥❡4❛❧✐③❡❞ ❍❡❝❦❡

❣4♦✉♣% Hp,q ❤❛✈❡ ❛ ♣4❡%❡♥2❛2✐♦♥

Hp,q =< X,Y,R | Xp = Y q = R2 = I, RX = X−1R,RY = Y −1R >,

♦4

Hp,q =< X,Y,R | Xp = Y q = R2 = (XR)2 = (Y R)2 = I >∼= Dp ∗C2
Dq.

❚❤❡ ❣4♦✉♣ Hp,q ✐% ❛ %✉❜❣4♦✉♣ ♦❢ ✐♥❞❡① 2 ✐♥ Hp,q.
■♥ ✭✶✳✶✮✱ ✐❢ q = ∞✱ 2❤❡♥ ✇❡ ❤❛✈❡ ♠♦4❡ ❣❡♥❡4❛❧ ❝❧❛%% Hp,∞✱ ♦❢ ❍❡❝❦❡ ❣4♦✉♣% H(λ)✳
◆♦✇ ✇❡ ❝❛♥ ❣✐✈❡ 2❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐2✐♦♥%❀



✶✵✷✺

✶✳✶✳ ❉❡✜♥✐'✐♦♥✳ ▲❡" λp = 2 cos π
p
, p ≥ 2 ✐♥"❡❣❡& ❛♥❞ ❧❡" λ ≥ 2✳ ●❡♥❡&❛❧✐③❡❞ ❍❡❝❦❡

❣&♦✉♣3 Hp,∞(λ) ❛&❡ ❞❡✜♥❡❞ ❛3 "❤❡ ❣&♦✉♣3 ❣❡♥❡&❛"❡❞ ❜②

X =
−1

z − λp
❛♥❞ Y = − 1

z + λ
,

❛♥❞ ❤❛✈❡ ❛ ♣&❡3❡♥"❛"✐♦♥

Hp,∞(λ) =< X,Y | Xp = Y ∞ = I >∼= Cp ∗ Z.

✶✳✷✳ ❉❡✜♥✐'✐♦♥✳ ❊①"❡♥❞❡❞ ❣❡♥❡&❛❧✐③❡❞ ❍❡❝❦❡ ❣&♦✉♣3 Hp,∞(λ), ❛&❡ ❞❡✜♥❡❞ ❜② ❛❞❞✐♥❣

&❡✢❡❝"✐♦♥ R(z) = 1/z "♦ "❤❡ ❣❡♥❡&❛"♦&3 ♦❢ ❣❡♥❡&❛❧✐③❡❞ ❍❡❝❦❡ ❣&♦✉♣3 Hp,∞(λ) ❛♥❞ ❤❛✈❡ ❛
♣&❡3❡♥"❛"✐♦♥

Hp,∞(λ) =< X,Y,R | Xp = Y ∞ = R2 = I, RX = Xp−1R,RY = Y −1R >,

♦&

Hp,∞(λ) = < X,Y,R | Xp = Y ∞ = R2 = (XR)2 = (Y R)2 = I >,

∼= Dp ∗C2
D∞.

■♥ "❤✐3 ♣❛♣❡&✱ ✇❡ 3"✉❞② "❤❡ ❝♦♠♠✉"❛"♦& 3✉❜❣&♦✉♣3 ♦❢ ❡①"❡♥❞❡❞ ❣❡♥❡&❛❧✐③❡❞ ❍❡❝❦❡

❣&♦✉♣3 Hp,∞(λ). ❚❤❡♥✱ ✇❡ ❞❡"❡&♠✐♥❡ "❤❡ ♣♦✇❡& 3✉❜❣&♦✉♣3 ♦❢ ❣❡♥❡&❛❧✐③❡❞ ❍❡❝❦❡ ❣&♦✉♣3

Hp,∞(λ) ❛♥❞ ❡①"❡♥❞❡❞ ❣❡♥❡&❛❧✐③❡❞ ❍❡❝❦❡ ❣&♦✉♣3 Hp,∞(λ)✳ ❲❡ ✉3❡ "❤❡ ❘❡✐❞❡♠❡✐3"❡&✲

❙❝❤&❡✐❡& ♠❡"❤♦❞ "♦ ❣❡" "❤❡ ❣❡♥❡&❛"♦&3 ♦❢ ❛❧❧ "❤❡3❡ 3✉❜❣&♦✉♣3✳

▲❡" G ❜❡ ❛ ❣&♦✉♣ ❛♥❞ N ❜❡ ❛ ♥♦&♠❛❧ 3✉❜❣&♦✉♣ ♦❢ G ✇✐"❤ ✜♥✐"❡ ✐♥❞❡①✳ ❆❝❝♦&❞✐♥❣

"♦ "❤❡ ❘❡✐❞❡♠❡✐3"❡&✲❙❝❤&❡✐❡& ♠❡"❤♦❞ ✇❡ ❣❡" "❤❡ ❣❡♥❡&❛"♦&3 ♦❢ N ❛3 ❢♦❧❧♦✇3✿ ❲❡ ✜&3"

❝❤♦♦3❡ ❛ ❙❝❤&❡✐❡& "&❛♥3✈❡&3❛❧ Σ ❢♦& "❤❡ H✉♦"✐❡♥" ❣&♦✉♣ G/N 3✉❝❤ "❤❛" ❛❧❧ ❝❡&"❛✐♥ ✇♦&❞3 ♦❢

❣❡♥❡&❛"♦&3 ✐♥❝❧✉❞✐♥❣✳◆♦"❡ "❤❛" "❤✐3 "&❛♥3✈❡&3❛❧ ✐3 ♥♦" ✉♥✐H✉❡✳ ❚❤❡♥ ✇❡ ❣❡" "❤❡ ❣❡♥❡&❛"♦&3

♦❢ N ❛3 ❢♦❧❧♦✇✐♥❣ ♦&❞❡&✿

(❆♥ ❡❧❡♠❡♥" ♦❢ Σ)× (❆ ❣❡♥❡&❛"♦& ♦❢ G)×
(❝♦3❡" &❡♣&❡3❡♥"❛"✐✈❡ ♦❢ "❤❡ ♣&❡❝❡❡❞✐♥❣ ♣&♦❞✉❝")−1

✳

❋♦& ♠♦&❡ ❞❡"❛✐❧3 ♣❧❡❛3❡ 3❡❡ ❬✶✸❪✳

❈♦♠♠✉"❛"♦& 3✉❜❣&♦✉♣3 ❛♥❞ ♣♦✇❡& 3✉❜❣&♦✉♣3 ♦❢ ❍❡❝❦❡ ❛♥❞ ❡①"❡♥❞❡❞ ❍❡❝❦❡ ❣&♦✉♣3

❤❛✈❡ ❜❡❡♥ 3"✉❞✐❡❞ ✐♥✱ ❬✶✹❪✱ ❬✶✺❪✱ ❬✶✼❪✱ ❬✷✵❪✱ ❬✷✸❪✱ ❬✷✹❪ ❛♥❞ ❬✷✺❪✳ ❍❡&❡✱ ♦✉& ❛✐♠ ✐3 "♦ ❣❡♥❡&❛❧✐③❡

"❤❡ &❡3✉❧"3 ❣✐✈❡♥ ✐♥ ❬✶✹❪ ❛♥❞ ❬✶✺❪ ❢♦& ❍❡❝❦❡ ❣&♦✉♣3 H(λ) ❛♥❞ ❡①"❡♥❞❡❞ ❍❡❝❦❡ ❣&♦✉♣3 H(λ)

"♦ ❡①"❡♥❞❡❞ ❣❡♥❡&❛❧✐③❡❞ ❍❡❝❦❡ ❣&♦✉♣3 Hp,∞(λ).

✷✳ ❈♦♠♠✉&❛&♦( ❙✉❜❣(♦✉♣- ♦❢ ❊①&❡♥❞❡❞ ●❡♥❡(❛❧✐③❡❞ ❍❡❝❦❡ ●(♦✉♣-

Hp,∞(λ)

❙✐♥❝❡ "❤❡ ✐♥❞❡① ♦❢ "❤❡ ❝♦♠♠✉"❛"♦& 3✉❜❣&♦✉♣ H ′
p,∞(λ) ✐♥ Hp,∞(λ) ✐3 ✐♥✜♥✐"❡✱ ✇❡ 3"✉❞②

♦♥❧② "❤❡ ❝♦♠♠✉"❛"♦& 3✉❜❣&♦✉♣ H
′
p,∞(λ) ♦❢ ❡①"❡♥❞❡❞ ❣❡♥❡&❛❧✐③❡❞ ❍❡❝❦❡ ❣&♦✉♣3 Hp,∞(λ)✳

❍❡&❡✱ ✇❡ ✐♥✈❡3"✐❣❛"❡ "❤❡ ❝❛3❡3 ♦❢ p✱ ♦❞❞ ♦& ❡✈❡♥✱ 3❡♣❡&❛"❡❧②✳

✷✳✶✳ ❚❤❡♦,❡♠✳ ▲❡" p ≥ 3 ❜❡ ❛♥ ♦❞❞ ✐♥"❡❣❡* ❛♥❞ ❧❡" λ ≥ 2✳ ❚❤❡♥

1)
∣
∣
∣Hp,∞(λ) : H

′
p,∞(λ)

∣
∣
∣ = 4.

2) H
′
p,∞(λ) =< X,Y XY −1, Y 2 | Xp = (Y XY −1)p

= (Y 2)∞ = I >∼= Cp ∗ Cp ∗ Z.

/*♦♦❢✳ 1) ❋✐&3"❧②✱ ✇❡ 3❡" ✉♣ "❤❡ H✉♦"✐❡♥" ❣&♦✉♣Hp,∞(λ)/H
′
p,∞(λ) ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥3"&✉❝"

❜② ❛❞❞✐♥❣ "❤❡ ❛❜❡❧✐❛♥✐③✐♥❣ &❡❧❛"✐♦♥ "♦ "❤❡ &❡❧❛"✐♦♥3 ♦❢ Hp,∞(λ). ❚❤❡♥

Hp,∞(λ)/H
′
p,∞(λ) =< X,Y,R | Xp = Y ∞ = R2 = I✱ RX = Xp−1R✱

RY = Y −1R✱ XR = RX✱ Y R = RY ✱ XY = Y X > .



✶✵✷✻

❙✐♥❝❡ p ✐% ♦❞❞ ❛♥❞ ❢*♦♠ ,❤❡ *❡❧❛,✐♦♥% RX = Xp−1R ❛♥❞ RX = XR✱ ✇❡ ❤❛✈❡ X = I✳
❆❧%♦ ✇❡ ❣❡, Y 2 = I ❢*♦♠ ,❤❡ *❡❧❛,✐♦♥% RY = Y −1R ❛♥❞ Y R = RY ✳ ❚❤✉% ✇❡ ❤❛✈❡

Hp,∞(λ)/H
′
p,∞(λ) =< Y,R | Y 2 = R2 = (Y R)2 = I >≃ C2 × C2✳

2) ◆♦✇ ✇❡ ❞❡,❡*♠✐♥❡ ,❤❡ %❡, ♦❢ ❣❡♥❡*❛,♦*% ❢♦*H
′
p,∞(λ)✳ ❲❡ ❝❤♦♦%❡ ❛ ❙❝❤*❡✐❡* ,*❛♥%✈❡*%❛❧

❢♦* H ′
p,∞(λ) ❛% Σ = {I, Y,R, Y R}. ❆❝❝♦*❞✐♥❣ ,♦ ❘❡✐❞❡♠❡✐%,❡*✲❙❝❤*❡✐❡* ♠❡,❤♦❞ ✇❡ ❝❛♥

❢♦*♠ ❛❧❧ ♣♦%%✐❜❧❡ ♣*♦❞✉❝,%❀

I.X.(I)−1 = X, I.Y.(Y )−1 = I, I.R.(R)−1 = I,
Y.X.(Y )−1 = Y XY −1, Y.Y.(I)−1 = Y 2, Y.R.(Y R)−1 = I,
R.X.(R)−1 = Xp−1, R.Y.(Y R)−1 = Y −2, R.R.(I)−1 = I,
Y R.X.(Y R)−1 = Y Xp−1Y −1, Y R.Y.(R)−1 = I, Y R.R.(Y )−1 = I.

❙✐♥❝❡ X−1 = Xp−1, (Y XY −1)−1 = Y Xp−1Y −1
❛♥❞ (Y 2)−1 = Y −2, ,❤❡ ❣❡♥❡*❛,♦*% ❛*❡

X,Y XY −1
❛♥❞ Y 2

✳ ❚❤✉% H ′
p,∞(λ) ❤❛% ❛ ♣*❡%❡♥,❛,✐♦♥

H
′
p,∞(λ) = < X,Y XY −1, Y 2 | Xp = (Y XY −1)p

= (Y 2)∞ = I >∼= Cp ∗ Cp ∗ Z.

�

✷✳✷✳ ❚❤❡♦&❡♠✳ ▲❡" p ≥ 2 ❜❡ ❛♥ ❡✈❡♥ ✐♥"❡❣❡) ❛♥❞ ❧❡" λ ≥ 2✳ ❚❤❡♥

1)
∣
∣
∣Hp,∞(λ) : H

′
p,∞(λ)

∣
∣
∣ = 8.

2)

H
′
p,∞(λ) = < X2, Y X2Y −1, XY XY −1, Y 2, XY 2X−1 | (X2)p/2

= (Y X2Y −1)p/2 = (XYXY −1)∞ = (Y 2)∞ = (XY 2X−1)∞ = I >

∼= Cp/2 ∗ Cp/2 ∗ Z ∗ Z ∗ Z.

/)♦♦❢✳ 1) ❙✐♠✐❧❛* ,♦ ,❤❡ ♣*❡✈✐♦✉% ♣*♦♦❢✱ ✇❡ ❤❛✈❡ ,❤❡ >✉♦,✐❡♥, ❣*♦✉♣ Hp,∞(λ)/H
′
p,∞(λ)

❛%

Hp,∞(λ)/H
′
p,∞(λ) =< X,Y,R | Xp = Y ∞ = R2 = I✱ RX = Xp−1R✱

RY = Y −1R✱ XR = RX✱ Y R = RY ✱ XY = Y X > .

❙✐♥❝❡ p ✐% ❡✈❡♥ ❛♥❞ ❢*♦♠ ,❤❡ *❡❧❛,✐♦♥% RX = Xp−1R✱ XR = RX✱ RY = Y −1R ❛♥❞

Y R = RY, ✇❡ ❤❛✈❡ X2 = I ❛♥❞ Y 2 = I✳ ❚❤✉% ✇❡ ❣❡,

Hp,∞(λ)/H
′
p,∞(λ) = < X,Y,R : X2 = Y 2 = R2 = (XY )2 = (XR)2 = (Y R)2 = I >,

∼= C2 × C2 × C2.



✶✵✷✼

2) ◆♦✇ ✇❡ ❝❛♥ ❞❡(❡)♠✐♥❡ (❤❡ ❙❝❤)❡✐❡) ()❛♥.✈❡).❛❧ ❛. Σ = {I, X, Y, R, XR, Y R, XY,
XY R}. ❋)♦♠ (❤❡ ❘❡✐❞❡♠❡✐.(❡)✲❙❝❤)❡✐❡) ♠❡(❤♦❞ ❛❧❧ ♣♦..✐❜❧❡ ♣)♦❞✉❝(. ❛)❡❀

I.X.(X)−1 = I, I.Y.(Y )−1 = I,
X.X.(I)−1 = X2, X.Y.(XY )−1 = I,

Y.X.(XY )−1 = Y XY −1Xp−1, Y.Y.(I)−1 = Y 2,
R.X.(XR)−1 = Xp−2, R.Y.(Y R)−1 = Y −2,
XR.X.(R)−1 = I, XR.Y.(XY R)−1 = XY −2X−1,

Y R.X.(XY R)−1 = Y X−1Y −1X−1, Y R.Y.(R)−1 = I,
XY.X.(Y )−1 = XYXY −1, XY.Y.(X)−1 = XY 2X−1,

XY R.X.(Y R)−1 = XYX−1Y −1, XY R.Y.(XR)−1 = I,

I.R.(R)−1 = I,
X.R.(XR)−1 = I,
Y.R.(Y R)−1 = I,
R.R.(I)−1 = I,

XR.R.(X)−1 = I,
Y R.R.(Y )−1 = I,

XY.R.(XY R)−1 = I,
XY R.R.(XY )−1 = I.

❙✐♥❝❡ (X2)−1 = Xp−2
✱ (Y XY −1Xp−1)−1 = XYX−1Y −1

✱ (Y X−1Y −1X−1)−1 = XYXY −1
✱

(Y 2)−1 = Y −2
✱ (XY 2X−1)−1 = XY −2X−1

✱ ✇❡ ❤❛✈❡ (❤❡ ♣)❡.❡♥(❛(✐♦♥ ♦❢ H
′
p,∞(λ) ❛.

H
′
p,∞(λ) = < X2, Y X2Y −1, XY XY −1, Y 2, XY 2X−1 | (X2)p/2

= (Y X2Y −1)p/2 = (XYXY −1)∞ = (Y 2)∞ = (XY 2X−1)∞ = I >

∼= Cp/2 ∗ Cp/2 ∗ Z ∗ Z ∗ Z.
�

✸✳ "♦✇❡& ❙✉❜❣&♦✉♣, ♦❢ Hp,∞(λ) ❛♥❞ Hp,∞(λ)

■♥ (❤✐. .❡❝(✐♦♥✱ ✇❡ ❝♦♥.✐❞❡) (❤❡ ♣♦✇❡) .✉❜❣)♦✉♣. ♦❢ ❣❡♥❡)❛❧✐③❡❞ ❍❡❝❦❡ ❣)♦✉♣.Hp,∞(λ)

❛♥❞ ❡①(❡♥❞❡❞ ❣❡♥❡)❛❧✐③❡❞ ❍❡❝❦❡ ❣)♦✉♣.Hp,∞(λ)✳ ❍❡)❡✱ ✇❡ ♥♦(❡ (❤❛( (❤❡ ♣♦✇❡) .✉❜❣)♦✉♣.

♦❢ ❍❡❝❦❡ ❣)♦✉♣. Hq✱ ♦) H(λ) ❛♥❞ ❡①(❡♥❞❡❞ ❍❡❝❦❡ ❣)♦✉♣. Hq✱ ♦) H(λ) ❤❛✈❡ ❜❡❡♥ .(✉❞✐❡❞
❜② ♠❛♥② ❛✉(❤♦). ✐♥ ❬✻❪✱ ❬✼❪✱ ❬✶✵❪✱ ❬✶✶❪✱ ❬✶✷❪✱ ❬✶✹❪✱ ❬✶✻❪✱ ❬✶✽❪✱ ❬✶✾❪✱ ❬✷✶❪✱ ❬✷✷❪✳

◆♦✇ ✇❡ ❣✐✈❡ .♦♠❡ ✐♥❢♦)♠❛(✐♦♥ ❛❜♦✉( (❤❡ ♣♦✇❡) .✉❜❣)♦✉♣.✳

▲❡( m ❜❡ ❛ ♣♦.✐(✐✈❡ ✐♥(❡❣❡)✳ ▲❡( ✉. ❞❡✜♥❡ Gm
(♦ ❜❡ (❤❡ .✉❜❣)♦✉♣ ❣❡♥❡)❛(❡❞ ❜② (❤❡

m ❤

♣♦✇❡). ♦❢ ❛❧❧ ❡❧❡♠❡♥(. ♦❢ G = Hp,∞(λ) ♦) Hp,∞(λ)✳ ❚❤❡ .✉❜❣)♦✉♣ Gm
✐. ❝❛❧❧❡❞ (❤❡

m ❤ − power subgroup ♦❢ G✳ ❆. ❢✉❧❧② ✐♥✈❛)✐❛♥( .✉❜❣)♦✉♣.✱ (❤❡② ❛)❡ ♥♦)♠❛❧ ✐♥ G.
❋)♦♠ (❤❡ ❞❡✜♥✐(✐♦♥✱ ✐( ✐. ❡❛.② (♦ .❡❡ (❤❛(

Gmk < Gm

❛♥❞

Gmk < (Gm)k.

❲❡ ♥♦✇ ❞✐.❝✉.. (❤❡ ❣)♦✉♣ (❤❡♦)❡(✐❝❛❧ .()✉❝(✉)❡ ♦❢ (❤❡.❡ .✉❜❣)♦✉♣.✳ ❲❡ ✜♥❞ ❛ ♣)❡.❡♥✲

(❛(✐♦♥ ❢♦) (❤❡ Q✉♦(✐❡♥( G/Gm
❜② ❛❞❞✐♥❣ (❤❡ )❡❧❛(✐♦♥ Am = I (♦ (❤❡ ♣)❡.❡♥(❛(✐♦♥ ♦❢ G✳

❚❤❡ ♦)❞❡) ♦❢ G/Gm
❣✐✈❡. ✉. (❤❡ ✐♥❞❡①✳ ❚❤✉. ✇❡ ✉.❡ (❤❡ ❘❡✐❞❡♠❡✐.(❡)✲❙❝❤)❡✐❡) ♣)♦❝❡..

(♦ ✜♥❞ (❤❡ ♣)❡.❡♥(❛(✐♦♥ ♦❢ (❤❡ ♣♦✇❡) .✉❜❣)♦✉♣. Gm.
▲❡( ✉. .(❛)( ✇✐(❤ Hp,∞(λ)✳

✸✳✶✳ ❚❤❡♦'❡♠✳ 1) ▲❡" p > 2 ❜❡ ❛♥ ♦❞❞ ✐♥"❡❣❡* ❛♥❞ λ ≥ 2✳ ❚❤❡♥✱
H2

p,∞(λ) =< X,Y XY −1, Y 2 | Xp = (Y XY −1)p = (Y 2)∞ = I >∼= Cp ∗ Cp ∗ Z.
2) ▲❡" p ≥ 2 ❜❡ ❛♥ ❡✈❡♥ ✐♥"❡❣❡* ❛♥❞ λ ≥ 2✳ ❚❤❡♥✱



✶✵✷✽

H2
p,∞(λ) =< X2, Y X2Y −1, XY XY −1, Y 2, XY 2X−1 | (X2)p/2

= (Y X2Y −1)p/2 = (XYXY −1)∞ = (Y 2)∞ = (XY 2X−1)∞ = I > .

 !♦♦❢✳ 1) ❚❤❡ #✉♦&✐❡♥& ❣*♦✉♣ Hp,∞(λ)/H2
p,∞(λ) ✐,

Hp,∞(λ)/H2
p,∞(λ) =< X,Y | Xp = Y ∞ = (XY )∞ = X2 = Y 2 = (XY )2 = · · · = I > .

❙✐♥❝❡ p > 2 ✐, ❛♥ ♦❞❞ ✐♥&❡❣❡* ❛♥❞ ❢*♦♠ &❤❡ *❡❧❛&✐♦♥, X2 = Xp = I ❛♥❞ Y 2 = Y ∞ = I✱
✇❡ ❤❛✈❡ X = Y 2 = I ✳ ❚❤✉, ✇❡ ❣❡&

Hp,∞(λ)/H2
p,∞(λ) =< Y | Y 2 = I >∼= C2.

■❢ ✇❡ ❝❤♦♦,❡ ❛ ❙❝❤*❡✐❡* &*❛♥,✈❡*,❛❧ ❛, {I, Y } ❛♥❞ ✉,❡ &❤❡ ❘❡✐❞❡♠❡✐,&❡*✲❙❝❤*❡✐❡*

♠❡&❤♦❞✱ ✇❡ ♦❜&❛✐♥ ❛❧❧ ♣♦,,✐❜❧❡ ♣*♦❞✉❝&,❀

I.X.(I)−1 = X, I.Y.(Y )−1 = I,
Y.X.(Y )−1 = Y XY −1, Y.Y.(I)−1 = Y 2.

❙♦ ✇❡ ❣❡& &❤❡ ♣*❡,❡♥&❛&✐♦♥ ♦❢ H2
p,∞(λ) ❛,

H2
p,∞(λ) =< X,Y XY −1, Y 2 | Xp = (Y XY −1)p = (Y 2)∞ = I >∼= Cp ∗ Cp ∗ Z.

2) ❚❤❡ #✉♦&✐❡♥& ❣*♦✉♣ Hp,∞(λ)/H2
p,∞(λ) ✐,

Hp,∞(λ)/H2
p,∞(λ) = < X,Y | Xp = Y ∞ = (XY )∞

= X2 = Y 2 = (XY )2 = · · · = I > .

❙✐♥❝❡ p ≥ 2 ✐, ❛♥ ❡✈❡♥ ✐♥&❡❣❡* ❛♥❞ ❢*♦♠ &❤❡ *❡❧❛&✐♦♥, X2 = Xp = I ❛♥❞ Y 2 = Y ∞ = I✱
✇❡ ♦❜&❛✐♥ X2 = Y 2 = I ✳ ❚❤✉, ✇❡ ❤❛✈❡

Hp,∞(λ)/H2
p,∞(λ) =< X,Y | X2 = Y 2 = (XY )2 = I >∼= D2.

◆♦✇ ✇❡ ❝❤♦♦,❡ ❛ ❙❝❤*❡✐❡* &*❛♥,✈❡*,❛❧ ❛, {I, X, Y, XY } ❢♦* H2
p,∞(λ)✳ ❆❝❝♦*❞✐♥❣ &♦ &❤❡

❘❡✐❞❡♠❡✐,&❡*✲❙❝❤*❡✐❡* ♠❡&❤♦❞✱ ✇❡ ❝❛♥ ❢♦*♠ ❛❧❧ ♣♦,,✐❜❧❡ ♣*♦❞✉❝&,❀

I.X.(X)−1 = I, I.Y.(Y )−1 = I,
X.X.(I)−1 = X2, X.Y.(XY )−1 = I,
Y.X.(XY )−1 = Y XY −1X−1, Y.Y.(I)−1 = Y 2,
XY.X.(Y )−1 = XYXY −1, XY.Y.(X)−1 = XY 2X−1.

❚❤✉, ✇❡ ♦❜&❛✐♥ ❛ ♣*❡,❡♥&❛&✐♦♥ ♦❢ H2
p,∞(λ) ❛,

H2
p,∞(λ) = < X2, Y X2Y −1, XY XY −1, Y 2, XY 2X−1 | (X2)p/2

= (Y X2Y −1)p/2 = (XYXY −1)∞ = (Y 2)∞ = (XY 2X−1)∞ = I >

∼= Cp/2 ∗ Cp/2 ∗ Z ∗ Z ∗ Z.
�

✸✳✷✳ ❚❤❡♦'❡♠✳ ▲❡' λ ≥ 2. ■❢ m ❛♥❞ p ❛!❡ ♣♦-✐'✐✈❡ ✐♥'❡❣❡!- -✉❝❤ '❤❛' (m, p) = 1✱ '❤❡♥

Hm
p,∞(λ) = < X,Y XY −1, Y 2XY −2, · · · , Y m−1XY 1−m, Y m | Xp

= (Y XY −1)p = (Y 2XY −2)p = · · · = (Y m−1XY 1−m)p = (Y m)∞ = I >

∼= Cp ∗ Cp ∗ · · · ∗ Cp
︸ ︷︷ ︸

m  ✐♠❡$

∗ Z.

 !♦♦❢✳ ❚❤❡ #✉♦&✐❡♥& ❣*♦✉♣ Hp,∞(λ)/Hm
p,∞(λ) ✐,

Hp,∞(λ)/Hm
p,∞(λ) =< X,Y | Xp = Y ∞ = (XY )∞ = Xm = Y m = (XY )m = · · · = I > .

❙✐♥❝❡ (m, p) = 1 ❛♥❞ ❢*♦♠ &❤❡ *❡❧❛&✐♦♥, Xp = Xm = I, ✇❡ ✜♥❞ X = I✳ ❚❤✉, ✇❡ ❤❛✈❡

Hp,∞(λ)/Hm
p,∞(λ) =< Y : Y m = I >∼= Cm.



✶✵✷✾

❚❤❡♥ ✇❡ ❝❤♦♦'❡ (❤❡ ❙❝❤*❡✐❡* (*❛♥'✈❡*'❛❧ ❛' Σ = {I, Y, Y 2, ..., Y m−1}✳ ❆❝❝♦*❞✐♥❣ (♦ (❤❡
❘❡✐❞❡♠❡✐'(❡*✲❙❝❤*❡✐❡* ♠❡(❤♦❞✱ ✇❡ ❣❡( (❤❡ ❢♦❧❧♦✇✐♥❣ ♣*♦❞✉❝('❀

I.X.(I)−1 = X, I.Y.(Y )−1 = I,
Y.X.(Y )−1 = Y XY −1, Y.Y.(Y 2)−1 = I,
Y 2.X.(Y 2)−1 = Y 2XY −2, Y 2.Y.(Y 3)−1 = I,
Y 3.X.(Y 3)−1 = Y 3XY −3, Y 3.Y.(Y 4)−1 = I,
✳

✳

✳

✳

✳

✳

Y m−1.X.(Y m−1)−1 = Y m−1XY 1−m, Y m−1.Y.(I)−1 = Y m.

❙♦ ✇❡ ❤❛✈❡ ❛ ♣*❡'❡♥(❛(✐♦♥ ♦❢ H2
p,∞(λ) ❛'

Hm
p,∞(λ) = < X,Y XY −1, Y 2XY −2, · · · , Y m−1XY 1−m, Y m | Xp

= (Y XY −1)p = (Y 2XY −2)p = · · · = (Y m−1XY 1−m)p = (Y m)∞ = I >

∼= Cp ∗ Cp ∗ · · · ∗ Cp
︸ ︷︷ ︸

m  ✐♠❡$

∗ Z.

�

❚❤❡ ❝❛'❡ (m, p) = d > 1, ❡①❝❡♣( ♦❢ m = 2 ❛♥❞ p ❡✈❡♥, ✐' ♠♦*❡ ❝♦♠♣❧❡①✱ '✐♥❝❡ (❤❡
✐♥❞❡① ♦❢ <✉♦(✐❡♥( ❣*♦✉♣Hp,∞(λ)/Hm

p,∞(λ) ✐' ✉♥❦♥♦✇♥✳ ■♥ (❤✐' ❝❛'❡✱ ✇❡ ❤❛✈❡ (❤❡ *❡❧❛(✐♦♥'

Xd = Y m = (XY )m = · · · = I ❛♥❞ ❝❛♥ ♥♦( '❛② ❛♥②(❤✐♥❣ ❛❜♦✉( (❤❡ ♣♦✇❡* '✉❜❣*♦✉♣'
Hm

p,∞(λ)✳

◆♦✇ ✇❡ ❝♦♥'✐❞❡* (❤❡ ♣♦✇❡* '✉❜❣*♦✉♣' H
m
p,∞(λ) ♦❢ ❡①(❡♥❞❡❞ ❣❡♥❡*❛❧✐③❡❞ ❍❡❝❦❡ ❣*♦✉♣'

Hp,∞(λ). ❍❡*❡✱ ✇❡ ✐♥(❡*❡'( ✇✐(❤ (❤❡ ❝❛'❡' '✉❝❤ (❤❛( (❤❡ ✐♥❞❡① ♦❢ (❤❡ <✉♦(✐❡♥( ❣*♦✉♣

Hp,∞(λ)/H
m
p,∞(λ) ✐' ✜♥✐(❡✳

✸✳✸✳ ❚❤❡♦&❡♠✳ 1) ▲❡" p > 2 ❜❡ ❛♥ ♦❞❞ ✐♥"❡❣❡* ❛♥❞ λ ≥ 2✳ ❚❤❡♥✱

H
2

p,∞(λ) =< X,Y XY −1, Y 2 | Xp = (Y XY −1)p = (Y 2)∞ = I >∼= Cp ∗ Cp ∗ Z.
2) ▲❡" p ≥ 2 ❜❡ ❛♥ ❡✈❡♥ ✐♥"❡❣❡* ❛♥❞ λ ≥ 2✳ ❚❤❡♥✱

H
2

p,∞(λ) =< X2, Y X2Y −1, XY XY −1, Y 2, XY 2X−1 | (X2)p/2

= (Y X2Y −1)p/2 = (XYXY −1)∞ = (Y 2)∞ = (XY 2X−1)∞ = I > .

0*♦♦❢✳ ❚❤❡ <✉♦(✐❡♥( ❣*♦✉♣ Hp,∞(λ)/H
2

p,∞(λ) ✐'

Hp,∞(λ)/H
2

p,∞(λ) =< X,Y,R | Xp = Y ∞ = R2 = (XR)2 = (Y R)2

= X2 = Y 2 = (XY )2 = · · · = I > .

❚❤❡ *❡'( ♦❢ (❤❡ ♣*♦♦❢ ✐' '✐♠✐❧❛* (♦ (❤❡ ♣*♦♦❢ ♦❢ (❤❡ ❚❤❡♦*❡♠' 1 ❛♥❞ 2✳ �

❇② ✉'✐♥❣ (❤❡ ❚❤❡♦*❡♠' 1, 2, 3 ❛♥❞ 5, ✇❡ ❝❛♥ ❣✐✈❡ (❤❡ ❢♦❧❧♦✇✐♥❣✳

✸✳✹✳ ❈♦&♦❧❧❛&②✳ H
2

p,∞(λ) = H2
p,∞(λ) = H

′
p,∞(λ).

✸✳✺✳ ❚❤❡♦&❡♠✳ 1) ▲❡" λ ≥ 2 ❛♥❞ ❧❡" p ≥ 3 ❜❡ ❛♥ ♦❞❞ ♥✉♠❜❡*✳ ■❢ m ✐6 ❛♥ ❡✈❡♥ ♣♦6✐"✐✈❡

✐♥"❡❣❡* 6✉❝❤ "❤❛" (m, p) = 1✱ "❤❡♥

H
m
p,∞(λ) = < X,Y XY −1, Y 2XY −2, · · · , Y m−1XY 1−m, Y m | Xp

= (Y XY −1)p = (Y 2XY −2)p = · · · = (Y m−1XY 1−m)p = (Y m)∞ = I >

∼= Cp ∗ Cp ∗ · · · ∗ Cp
︸ ︷︷ ︸

m  ✐♠❡$

∗ Z.

2) ▲❡" λ ≥ 2. ■❢ m > 0 ✐6 ♦❞❞ ✐♥"❡❣❡* 6✉❝❤ "❤❛" (m, p) = 1✱ "❤❡♥ H
m
p,∞(λ) = Hp,∞(λ).



✶✵✸✵

 !♦♦❢✳ 1) ❚❤❡ #✉♦&✐❡♥& ❣*♦✉♣ Hp,∞(λ)/H
m
p,∞(λ) ✐,

Hp,∞(λ)/H
m
p,∞(λ) =< X,Y,R | Xp = Y ∞ = R2 = (XR)2 = (Y R)2

= Xm = Y m = (XY )m = · · · = I > .

❙✐♥❝❡ (m, p) = 1 ❛♥❞ m ✐, ❡✈❡♥, ✇❡ ❤❛✈❡ X = I✳

Hp,∞(λ)/H
m
p,∞(λ) =< Y,R : Y m = R2 = (Y R)2 = ... = I >∼= Dm.

❈♦♥,✐❞❡*✐♥❣ &❤❡ ♣*❡,❡♥&❛&✐♦♥ ♦❢ #✉♦&✐❡♥& ❣*♦✉♣ ✇❡ ❝❛♥ ❝❤♦♦,❡ ❙❝❤*❡✐❡* &*❛♥,✈❡*,❛❧ ❛,

Σ = {I, Y, Y 2, ..., Y m−1, R, RY, RY 2, ..., RY m−1}✳ ❚❤❡♥ &❤❡ ♣*♦❝❡,, ❛, ❢♦❧❧♦✇✐♥❣❀

I.X.(I)−1 = X, I.Y.(Y )−1 = I,
Y.X.(Y )−1 = Y XY −1, Y.Y.(Y 2)−1 = I,
Y 2.X.(Y 2)−1 = Y 2XY −2, Y 2.Y.(Y 3)−1 = I,
✳

✳

✳

✳

✳

✳

Y m−1.X.(Y m−1)−1 = Y m−1XY 1−m, Y m−1.Y.(I)−1 = Y m,
R.X.(R)−1 = Xp−1, R.Y.(RY )−1 = I,
RY.X.(RY )−1 = Y −1Xp−1Y, RY.Y.(RY 2)−1 = I,
RY 2.X.(RY 2)−1 = Y −2Xp−1Y −2, RY 2.Y.(RY 3)−1 = I,
✳

✳

✳

✳

✳

✳

RY m−1.X.(RY m−1)−1 = Y 1−mXp−1Y m−1, RY m−1.Y.(R)−1 = Y −m,

I.R.(R)−1 = I,
Y.R.(RY m−1)−1 = Y m,
Y 2.R.(RY m−2)−1 = Y m,
✳

✳

✳

Y m−1.R.(RY )−1 = Y m,
R.R.(I)−1 = I,
RY.R.(Y m−1)−1 = Y −m,
RY 2.R.(Y m−2)−1 = Y −m,
✳

✳

✳

RY m−1.R.(Y )−1 = Y −m,

❆❢&❡* *❡#✉✐*❡❞ ❝❛❧❝✉❧❛&✐♦♥,✱ ✇❡ ❤❛✈❡ ❛ ♣*❡,❡♥&❛&✐♦♥ ♦❢ H
m
p,∞(λ) ❛,

H
m
p,∞(λ) = < X,Y XY −1, Y 2XY −2, · · · , Y m−1XY 1−m, Y m | Xp = (Y XY −1)p

= (Y 2XY −2)p = · · · = (Y m−1XY 1−m)p = (Y m)∞ = I >

∼= Cp ∗ Cp ∗ · · · ∗ Cp
︸ ︷︷ ︸

m  ✐♠❡$

∗ Z.

2) ❚❤❡ #✉♦&✐❡♥& ❣*♦✉♣ Hp,∞(λ)/H
m
p,∞(λ) ✐,

Hp,∞(λ)/H
m
p,∞(λ) = < X,Y,R | Xp = Y ∞ = R2

= (XR)2 = (Y R)2 = Xm = Y m = (XY )m = · · · = I >

❙✐♥❝❡ m > 0 ✐, ❛♥ ♦❞❞ ✐♥&❡❣❡* ❛♥❞ ❢*♦♠ &❤❡ *❡❧❛&✐♦♥, Xm = Xp = I, Y m = (Y R)2 = I
❛♥❞ R2 = Rm = I, ✇❡ ❤❛✈❡ X = Y = R = I✳ ❖❜✈✐♦✉,❧② ✇❡ ❤❛✈❡ X = I✳ ❆, ❛ *❡,✉❧&✱ ✇❡
♦❜&❛✐♥

Hp,∞(λ)/H
m
p,∞(λ) ∼= {I},

❛♥❞ ,♦ H
m
p,∞(λ) = Hp,∞(λ). �



✶✵✸✶

✸✳✻✳ ❈♦%♦❧❧❛%②✳ ▲❡" p ≥ 3 ❜❡ ❛♥ ♦❞❞ ✐♥"❡❣❡* ❛♥❞ ❧❡" λ ≥ 2✳ ■❢ m ✐/ ❛♥ ❡✈❡♥ ♣♦/✐"✐✈❡

✐♥"❡❣❡* /✉❝❤ "❤❛" (m, p) = 1✱ "❤❡♥ H
m
p,∞(λ) = Hm

p,∞(λ).

❚❤❡ ❝❛%❡ (m, p) = d > 1,❡①❝❡♣( ♦❢ m = 2 ❛♥❞ p ❡✈❡♥, ✐% ✉♥❦♥♦✇♥ ❛♥❞ %♦ ✇❡ ❝❛♥ ♥♦(

%❛② ❛♥②(❤✐♥❣ ❛❜♦✉( (❤❡ ♣♦✇❡5 %✉❜❣5♦✉♣% H
m
p,∞(λ)✱ %✐♠✐❧❛5 (♦ Hm

p,∞(λ).

✸✳✼✳ ❘❡♠❛%❦✳ ■♥ (❤✐% ♣❛♣❡5✱ ✐❢ ✇❡ (❛❦❡ p = 2, (❤❡♥ ♦✉5 5❡%✉❧(% ❝♦✐♥❝✐❞❡ ✇✐(❤ (❤❡ ♦♥❡%
❣✐✈❡♥ ✐♥ ❬✶✹❪ ❛♥❞ ❬✶✺❪✳

❘❡❢❡#❡♥❝❡&

❬✶❪ ❍❡❝❦❡✱ ❊✳  ❜❡# ❞✐❡ ❇❡'(✐♠♠✉♥❣ ❉✐#✐❝❤❧❡('❝❤❡# ❘❡✐❤❡♥ ❞✉#❝❤ ✐❤#❡ ❋✉♥❦(✐♦♥❛❧❣❧❡✐❝❤✉♥❣✱

▼❛,❤✳ ❆♥♥✳ ✶✶✷✱ ✻✻✹✲✻✾✾✱ ✶✾✸✻✳
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❝♦♥1❡E✉❡♥❝❡1 ♦❢ ♦✉) $❤❡♦)❡♠ ✇❤❡)❡ ❡✐$❤❡) $❤❡ ❝♦♥$)❛❝$✐✈❡ ❝♦♥❞✐$✐♦♥ ✐1

)❡♣❧❛❝❡❞ ✇✐$❤ ❛ 1$)♦♥❣❡) ♦♥❡ ♦) $❤❡ ✉♥❞❡)❧②✐♥❣ 1♣❛❝❡ ✐1 ❝❤❛♥❣❡❞ $♦ ❛

❝♦♠♣❧❡$❡ ♠❡$)✐❝ 1♣❛❝❡ ♦) ❛ ❝♦♠♣❧❡$❡ ❝♦♥❡ ♠❡$)✐❝ 1♣❛❝❡✳

❑❡②✇♦$❞"✿ (C̃)✲●*❛♣❤✱ G̃✲◗✉❛+✐✲❝♦♥5*❛❝5✐♦♥✱ ❋✐①❡❞ ♣♦✐♥5✳

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✹✼❍✶✵✱ ✵✺❈✹✵

❘❡❝❡✐✈❡❞ ✿ ✷✷✳✵✺✳✷✵✶✺ ❆❝❝❡♣(❡❞ ✿ ✷✵✳✶✵✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✻✹✺✶✹✷✽✷

✶✳ ■♥$%♦❞✉❝$✐♦♥ ❛♥❞ ,%❡❧✐♠✐♥❛%✐❡0

■♥ ✶✾✼✹✱ ▲❥✳ ❇✳ ❶✐)✐➣ ❬✾❪ ✐♥$)♦❞✉❝❡❞ ✭1✐♥❣❧❡✲✈❛❧✉❡❞✮ E✉❛1✐✲❝♦♥$)❛❝$✐♦♥1 ✐♥ ♠❡$)✐❝ 1♣❛❝❡1

❛♥❞ ❣❛✈❡ ❛♥ ❡①❛♠♣❧❡ $♦ 1❤♦✇ $❤❛$ $❤✐1 ♥❡✇ ❝♦♥$)❛❝$✐♦♥ ✐1 ❛ )❡❛❧ ❣❡♥❡)❛❧✐③❛$✐♦♥ ♦❢ 1♦♠❡

✇❡❧❧✲❦♥♦✇♥ ❧✐♥❡❛) ❝♦♥$)❛❝$✐♦♥1✳ ❍❡ ✐♥✈❡1$✐❣❛$❡❞ $❤❡ ❡①✐1$❡♥❝❡ ❛♥❞ ✉♥✐E✉❡♥❡11 ♦❢ ✜①❡❞

♣♦✐♥$1 ❢♦) E✉❛1✐✲❝♦♥$)❛❝$✐♦♥1 ✐♥ T ✲♦)❜✐$❛❧❧② ❝♦♠♣❧❡$❡ ♠❡$)✐❝ 1♣❛❝❡1 ✈✐❛ ❛ ❞✐✛❡)❡♥$ ❛♣✲
♣)♦❛❝❤ )❛$❤❡) $❤❛♥ ✉1✐♥❣ ♠❡)❡❧② $❤❡ ✐$❡)❛$❡1 ♦❢ ❛ ♣♦✐♥$✳ ❍❡ ❛❧1♦ ✐♥$)♦❞✉❝❡❞ ♠✉❧$✐✲✈❛❧✉❡❞

E✉❛1✐✲❝♦♥$)❛❝$✐♦♥1 ❛♥❞ 1❤♦✇❡❞ $❤❛$ ❛ 1✐♠✐❧❛) )❡1✉❧$ ✐1 ✈❛❧✐❞ ❢♦) $❤❡1❡ ❝♦♥$)❛❝$✐♦♥1 ✐♥

F ✲♦)❜✐$❛❧❧② ❝♦♠♣❧❡$❡ ♠❡$)✐❝ 1♣❛❝❡1✳
■♥ ❬✷✶❪✱ ❇✳ ❊✳ ❘❤♦❛❞❡1 ❝♦♠♣❛)❡❞ ✈❛)✐♦✉1 ❞❡✜♥✐$✐♦♥1 ♦❢ ❝♦♥$)❛❝$✐✈❡ ♠❛♣♣✐♥❣1 ✐♥ ♠❡$)✐❝

1♣❛❝❡1 ❛♥❞ 1❤♦✇❡❞ $❤❛$ ❶✐)✐➣✬1 ❝♦♥$)❛❝$✐✈❡ ❝♦♥❞✐$✐♦♥ ✐1 ♦♥❡ ♦❢ $❤❡ ♠♦1$ ❣❡♥❡)❛❧ ❝♦♥$)❛❝$✐✈❡

❞❡✜♥✐$✐♦♥1 ✐♥ ♠❡$)✐❝ 1♣❛❝❡1 ❛♥❞ ✐♥❝❧✉❞❡1 ❛ ❧❛)❣❡ ♥✉♠❜❡) ♦❢ ❞✐✛❡)❡♥$ $②♣❡1 ♦❢ ❝♦♥$)❛❝$✐♦♥1✳

❚❤✉1✱ ♠❛♥② ❛✉$❤♦)1 ❜❡❝❛♠❡ ✐♥$❡)❡1$❡❞ ✐♥ 1$✉❞②✐♥❣ E✉❛1✐✲❝♦♥$)❛❝$✐♦♥1✳ ❚❤❡ ❡①✐1$❡♥❝❡ ❛♥❞

✉♥✐E✉❡♥❡11 ♦❢ ✜①❡❞ ♣♦✐♥$1 ❢♦) $❤❡1❡ ❝♦♥$)❛❝$✐♦♥1 ❛1 ✇❡❧❧ ❛1 1♦♠❡ ✐♥$❡)❡1$✐♥❣ ♣)♦♣❡)$✐❡1

∗
❉❡♣❛$%♠❡♥% ♦❢ ▼❛%❤❡♠❛%✐❝.✱ 0❛②❛♠❡ ◆♦♦$ ❯♥✐✈❡$.✐%②✱ 0✳❖✳ ❇♦① ✶✾✸✾✺✲✸✻✾✼✱ ❚❡❤$❛♥✱ ■$❛♥✱

❊♠❛✐❧✿ ❢❛❧❧❛❤✐✶✸✻✶❅❣♠❛✐❧✳❝♦♠

†
❉❡♣❛$%♠❡♥% ♦❢ ▼❛%❤❡♠❛%✐❝.✱ 0❛②❛♠❡ ◆♦♦$ ❯♥✐✈❡$.✐%②✱ 0✳❖✳ ❇♦① ✶✾✸✾✺✲✸✻✾✼✱ ❚❡❤$❛♥✱ ■$❛♥✱

❊♠❛✐❧✿ ❛✳❛❣❤❛♥✐❛♥/❅❞❡♥❛✳❦♥3✉✳❛❝✳✐5

‡
❈♦$$❡.♣♦♥❞✐♥❣ ❆✉%❤♦$✳
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♦❢ "❤❡♠ ❤❛✈❡ ❜❡❡♥ ✐♥✈❡+"✐❣❛"❡❞ ♥♦" ♦♥❧② ✐♥ ♠❡"0✐❝ +♣❛❝❡+ ❜✉" ✐♥ ❞✐✛❡0❡♥" +♣❛❝❡+ +✉❝❤ ❛+

♠♦❞✉❧❛0 +♣❛❝❡+ ✭+❡❡✱ ❡✳❣✳✱ ❬✶✼❪✮ ❛♥❞ ❝♦♥❡ ♠❡"0✐❝ +♣❛❝❡+ ✭+❡❡✱ ❡✳❣✳✱ ❬✶✸✱ ✶✺✱ ✶✻✱ ✷✵❪✮ +♦ ❢❛0✳

◗✉❛+✐✲❝♦♥"0❛❝"✐♦♥+ ❤❛✈❡ ❛❧+♦ ❜❡❡♥ +"✉❞✐❡❞ ✐♥ ❇❛♥❛❝❤ +♣❛❝❡+ ✭+❡❡✱ ❡✳❣✳✱ ❬✶✵❪✮✳

❚❤❡ ♠♦+" ✐♠♣♦0"❛♥" ❣0❛♣❤ "❤❡♦0② ❛♣♣0♦❛❝❤ "♦ ♠❡"0✐❝ ✜①❡❞ ♣♦✐♥" "❤❡♦0② ✐♥"0♦❞✉❝❡❞

+♦ ❢❛0 ✐+ ❛""0✐❜✉"❡❞ "♦ ❏✳ ❏❛❝❤②♠+❦✐ ❬✶✹❪✳ ■♥ "❤✐+ ❛♣♣0♦❛❝❤✱ "❤❡ ✉♥❞❡0❧②✐♥❣ ♠❡"0✐❝ +♣❛❝❡

✐+ ❡L✉✐♣♣❡❞ ✇✐"❤ ❛ ❞✐0❡❝"❡❞ ❣0❛♣❤ ❛♥❞ "❤❡ ❇❛♥❛❝❤ ❝♦♥"0❛❝"✐♦♥ ✐+ ❢♦0♠✉❧❛"❡❞ ✐♥ ❛ ❣0❛♣❤

❧❛♥❣✉❛❣❡✳ ❯+✐♥❣ "❤✐+ +✐♠♣❧❡ ❜✉" ✈❡0② ✐♥"❡0❡+"✐♥❣ ✐❞❡❛✱ ❏✳ ❏❛❝❤②♠+❦✐ ❣❡♥❡0❛❧✐③❡❞ +❡✈❡0❛❧

✇❡❧❧✲❦♥♦✇♥ ✈❡0+✐♦♥+ ♦❢ ❇❛♥❛❝❤ ❝♦♥"0❛❝"✐♦♥ ♣0✐♥❝✐♣❧❡ ✐♥ ♠❡"0✐❝ +♣❛❝❡+ +✐♠✉❧"❛♥❡♦✉+❧② ❛♥❞

❢0♦♠ ✈❛0✐♦✉+ ❛+♣❡❝"+✳ ❆+ ❛♥ ❛♣♣❧✐❝❛"✐♦♥✱ ❤❡ ♣0♦✈❡❞ "❤❡ ❑❡❧✐+❦②✲❘✐✈❧✐♥ "❤❡♦0❡♠ ♦♥ "❤❡

✐"❡0❛"❡+ ♦❢ "❤❡ ❇❡0♥+"❡✐♥ ♦♣❡0❛"♦0+ ❞❡✜♥❡❞ ♦♥ "❤❡ ❇❛♥❛❝❤ +♣❛❝❡ ♦❢ ❝♦♥"✐♥✉♦✉+ ❢✉♥❝"✐♦♥+

♦♥ [0, 1]✳ ■♥ "❤❡ 0❡❝❡♥" ②❡❛0+✱ ♠❛♥② ❛✉"❤♦0+ ❢♦❧❧♦✇❡❞ ❏✳ ❏❛❝❤②♠+❦✐✬+ ✐❞❡❛ "♦ ❢♦0♠✉❧❛"❡

❞✐✛❡0❡♥" "②♣❡+ ♦❢ ❝♦♥"0❛❝"✐♦♥+ ✈✐❛ ❞✐0❡❝"❡❞ ❣0❛♣❤+ ✐♥ ♠❡"0✐❝ +♣❛❝❡+ ❛♥❞ ❣❡♥❡0❛❧✐③❡❞ "❤❡

❝♦♥❝❡0♥❡❞ ✜①❡❞ ♣♦✐♥" "❤❡♦0❡♠+ ✭+❡❡✱ ❡✳❣✳ ❬✶✱ ✷✱ ✸✱ ✻❪✮✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ "❤✐+ ♣❛♣❡0 ✐+ "♦ ❢♦0♠✉❧❛"❡ +✐♥❣❧❡✲✈❛❧✉❡❞ L✉❛+✐✲❝♦♥"0❛❝"✐♦♥+ ✐♥ ♠❡"0✐❝

+♣❛❝❡+ ✇✐"❤ ❛ ❣0❛♣❤ ❛♥❞ ✜♥❞ +✉✣❝✐❡♥" ❝♦♥❞✐"✐♦♥+ ✇❤✐❝❤ ❣✉❛0❛♥"❡❡ "❤❡ ❡①✐+"❡♥❝❡ ♦❢ ❛ ✜①❡❞

♣♦✐♥"✳ ❆ ❧❛0❣❡ ♥✉♠❜❡0 ♦❢ ❞✐✛❡0❡♥" "②♣❡+ ♦❢ ❝♦♥"0❛❝"✐✈❡ ♠❛♣♣✐♥❣+ ❢♦0♠✉❧❛"❡❞ ✉+✐♥❣ ❞✐✲

0❡❝"❡❞ ❣0❛♣❤+ +❛"✐+❢② "❤❡ ♣0❡+❡♥"❡❞ ❝♦♥"0❛❝"✐✈❡ ❝♦♥❞✐"✐♦♥ ❛♥❞ ♦✉0 ♠❛✐♥ 0❡+✉❧" ✐+ ❛ ♥❛"✉0❛❧

❣❡♥❡0❛❧✐③❛"✐♦♥ ♦❢ ❬✾✱ ❚❤❡♦0❡♠ ✶❪ ❢0♦♠ ♠❡"0✐❝ +♣❛❝❡+ "♦ ♠❡"0✐❝ +♣❛❝❡+ ✇✐"❤ ❛ ❣0❛♣❤✳

❲❡ +"❛0" ❜② 0❡✈✐❡✇✐♥❣ ❛ ❢❡✇ ❜❛+✐❝ ♥♦"✐♦♥+ ✐♥ ❣0❛♣❤ ❛♥❞ ✜①❡❞ ♣♦✐♥" "❤❡♦0② "❤❛" ❛0❡

❢0❡L✉❡♥"❧② ✉+❡❞ ✐♥ "❤❡ ♣❛♣❡0✳ ❋♦0 ♠♦0❡ ❞❡"❛✐❧+ ♦♥ ❣0❛♣❤+✱ "❤❡ 0❡❛❞❡0 ✐+ 0❡❢❡0❡❞ "♦ ❬✹❪✳

■♥ ❛♥ ❛0❜✐"0❛0② ✭♥♦" ♥❡❝❡++❛0✐❧② +✐♠♣❧❡✮ ❣0❛♣❤ G✱ ❛ ❧✐♥❦ ✐+ ❛♥ ❡❞❣❡ ♦❢ G ✇✐"❤ ❞✐+"✐♥❝"

❡♥❞+ ❛♥❞ ❛ ❧♦♦♣ ✐+ ❛♥ ❡❞❣❡ ♦❢ G ✇✐"❤ ✐❞❡♥"✐❝❛❧ ❡♥❞+✳ ❚✇♦ ♦0 ♠♦0❡ ❧✐♥❦+ ♦❢ G ✇✐"❤ "❤❡

+❛♠❡ ♣❛✐0+ ♦❢ ❡♥❞+ ❛0❡ ❝❛❧❧❡❞ ♣❛0❛❧❧❡❧ ❡❞❣❡+ ♦❢ G✳

❙✉♣♣♦+❡ "❤❛" (X, d) ✐+ ❛ ♠❡"0✐❝ +♣❛❝❡ ❛♥❞ G ✐+ ❛ ❞✐0❡❝"❡❞ ❣0❛♣❤ ✇❤♦+❡ ✈❡0"❡① +❡" V (G)
❝♦✐♥❝✐❞❡+ ✇✐"❤ X ❛♥❞ ❡❞❣❡ +❡" E(G) ❝♦♥"❛✐♥+ ❛❧❧ ❧♦♦♣+ ✭♥♦"❡ "❤❛" ✐♥ ❣❡♥❡0❛❧✱ G ❝❛♥ ❤❛✈❡

✉♥❝♦✉♥"❛❜❧② ♠❛♥② ✈❡0"✐❝❡+✮✳ ❙✉♣♣♦+❡ ❢✉0"❤❡0 "❤❛" G ❤❛+ ♥♦ ♣❛0❛❧❧❡❧ ❡❞❣❡+✳ ■♥ "❤✐+ ❝❛+❡✱

(X, d) ✐+ ❝❛❧❧❡❞ ❛ ♠❡"0✐❝ +♣❛❝❡ ✇✐"❤ "❤❡ ❣0❛♣❤ G✳

❇② G−1
✱ ✐" ✐+ ♠❡❛♥" "❤❡ ❝♦♥✈❡0+✐♦♥ ♦❢ G ❛+ ✉+✉❛❧✱ ✐✳❡✳ ❛ ❞✐0❡❝"❡❞ ❣0❛♣❤ ♦❜"❛✐♥❡❞

❢0♦♠ G ❜② 0❡✈❡0+✐♥❣ "❤❡ ❞✐0❡❝"✐♦♥+ ♦❢ "❤❡ ❡❞❣❡+ ♦❢ G✱ ❛♥❞ ❜② G̃✱ ✐" ✐+ ❛❧✇❛②+ ♠❡❛♥" "❤❡

✉♥❞✐0❡❝"❡❞ ❣0❛♣❤ ♦❜"❛✐♥❡❞ ❢0♦♠ G ❜② ✐❣♥♦0✐♥❣ "❤❡ ❞✐0❡❝"✐♦♥+ ♦❢ "❤❡ ❡❞❣❡+ G✳ ❚❤✉+✱ ✐" ✐+

❝❧❡❛0 "❤❛" V (G−1) = V (G̃) = V (G) = X ❛♥❞ ✇❡ ❤❛✈❡

E(G−1) =
{
(x, y) ∈ X ×X : (y, x) ∈ E(G)

}
❛♥❞ E(G̃) = E(G) ∪ E(G−1).

■❢ (X,4) ✐+ ❛ ♣❛0"✐❛❧❧② ♦0❞❡0❡❞ +❡"✱ "❤❡♥ ❜② ❝♦♠♣❛0❛❜❧❡ ❡❧❡♠❡♥"+ ♦❢ (X,4)✱ ✐" ✐+ ♠❡❛♥"

"✇♦ ❡❧❡♠❡♥"+ x, y ∈ X +❛"✐+❢②✐♥❣ ❡✐"❤❡0 x 4 y ♦0 y 4 x✱ ❛♥❞ ❢♦❧❧♦✇✐♥❣ ❆✳❈✳▼✳ ❘❛♥ ❛♥❞

▼✳❈✳❇✳ ❘❡✉0✐♥❣+ ❬✶✾✱ ❚❤❡♦0❡♠ ✷✳✶❪✱ ❛ ♠❛♣♣✐♥❣ T : X → X ✐+ ❝❛❧❧❡❞ ♦0❞❡0✲♣0❡+❡0✈✐♥❣

✇❤❡♥❡✈❡0 x 4 y ✐♠♣❧✐❡+ Tx 4 Ty ❢♦0 ❛❧❧ x, y ∈ X✳ ❋✉0"❤❡0♠♦0❡✱ ❢♦❧❧♦✇✐♥❣ "❤❡ ✐❞❡❛ ♦❢ ❆✳

[❡"0✉➩❡❧ ❛♥❞ ■✳❆✳ ❘✉+ ✐♥ L✲+♣❛❝❡+ ❬✶✽✱ ❉❡✜♥✐"✐♦♥+ ✸✳✶ ❛♥❞ ✸✳✻❪ ✭+❡❡ ❛❧+♦ ❬✷✸❪✮✱ ♦♥❡ ❝❛♥

♥❛"✉0❛❧❧② ❢♦0♠✉❧❛"❡ [✐❝❛0❞ ❛♥❞ ✇❡❛❦❧② [✐❝❛0❞ ♦♣❡0❛"♦0+ ✐♥ ♠❡"0✐❝ +♣❛❝❡+ ❛+ ❢♦❧❧♦✇+✿

✶✳✶✳ ❉❡✜♥✐'✐♦♥ ✭❬✶✹✱ ✶✽✱ ✷✸❪✮✳ ▲❡" (X, d) ❜❡ ❛ ♠❡"0✐❝ +♣❛❝❡ ❛♥❞ T : X → X ❜❡ ❛

♠❛♣♣✐♥❣✳

❛✮ T ✐+ ❝❛❧❧❡❞ ❛ [✐❝❛0❞ ♦♣❡0❛"♦0 ✐❢ T ❤❛+ ❛ ✉♥✐L✉❡ ✜①❡❞ ♣♦✐♥" x⋆ ∈ X ❛♥❞ Tnx → x⋆

❢♦0 ❛❧❧ x ∈ X✳

❜✮ T ✐+ ❝❛❧❧❡❞ ❛ ✇❡❛❦❧② [✐❝❛0❞ ♦♣❡0❛"♦0 ✐❢ {Tnx} ✐+ ❛ ❝♦♥✈❡0❣❡♥" +❡L✉❡♥❝❡ ❛♥❞ ✐"+

❧✐♠✐" ✭✇❤✐❝❤ ❞❡♣❡♥❞+ ♦♥ x✮ ✐+ ❛ ✜①❡❞ ♣♦✐♥" ♦❢ T ❢♦0 ❛❧❧ x ∈ X✳

❋✐♥❛❧❧②✱ ✇❡ ♥❡❡❞ ❛ ✇❡❛❦❡0 "②♣❡ ♦❢ ❝♦♥"✐♥✉✐"② ❞❡✜♥❡❞ ✐♥ ♠❡"0✐❝ +♣❛❝❡+ ✇✐"❤ ❛ ❣0❛♣❤

✇❤✐❝❤ ✇❛+ ✜0+" ✐♥"0♦❞✉❝❡❞ ❜② ❏✳ ❏❛❝❤②♠+❦✐ ✭+❡❡ ❬✶✹✱ ❉❡✜♥✐"✐♦♥ ✷✳✹❪✮✳ ❚❤❡ ✐❞❡❛ ♦❢ "❤✐+

❞❡✜♥✐"✐♦♥ ❝♦♠❡+ ❢0♦♠ "❤❡ ❞❡✜♥✐"✐♦♥ ♦❢ ♦0❜✐"❛❧ ❝♦♥"✐♥✉✐"② ❞❡✜♥❡❞ ❜② ▲❥✳ ❇✳ ❶✐0✐➣ ❬✽❪✳

✶✳✷✳ ❉❡✜♥✐'✐♦♥ ✭❬✶✹❪✮✳ ▲❡" (X, d) ❜❡ ❛ ♠❡"0✐❝ +♣❛❝❡ ✇✐"❤ ❛ ❣0❛♣❤ G✳ ❆ ♠❛♣♣✐♥❣ T :
X → X ✐+ ❝❛❧❧❡❞ ♦0❜✐"❛❧❧② G✲❝♦♥"✐♥✉♦✉+ ♦♥ X ✐❢ T bnx → y ✐♠♣❧✐❡+ T (T bnx) → Ty ❢♦0
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❛❧❧ x, y ∈ X ❛♥❞ ❛❧❧ $❡&✉❡♥❝❡$ {bn} ♦❢ ♣♦$✐-✐✈❡ ✐♥-❡❣❡0$ $✉❝❤ -❤❛- (T bnx, T bn+1x) ∈ E(G)
❢♦0 ❛❧❧ n ∈ N✳

✷✳ ▼❛✐♥ ❘❡(✉❧+(

▲❡- (X, d) ❜❡ ❛ ♠❡-0✐❝ $♣❛❝❡ ✇✐-❤ ❛ ❣0❛♣❤ G ❛♥❞ ❧❡- T : X → X ❜❡ ❛ ♠❛♣♣✐♥❣✳ ■♥

-❤✐$ $❡❝-✐♦♥✱ ❜② CT ✱ ✇❡ ♠❡❛♥ -❤❡ $❡- ♦❢ ❛❧❧ ♣♦✐♥-$ x ∈ X $✉❝❤ -❤❛- (Tmx, Tnx) ✐$ ❛♥ ❡❞❣❡

♦❢ G̃ ❢♦0 ❛❧❧ m,n ∈ N ∪ {0}✱ ✐✳❡✳

CT =
{
x ∈ X : (Tmx, Tnx) ∈ E(G̃) m,n = 0, 1, . . .

}
.

◆♦-❡ -❤❛- CT ♠❛② ❜❡ ❛♥ ❡♠♣-② $❡-✳ ❋♦0 ✐♥$-❛♥❝❡✱ ❝♦♥$✐❞❡0 -❤❡ $❡- R ♦❢ ❛❧❧ 0❡❛❧ ♥✉♠❜❡0$

✇✐-❤ -❤❡ ✉$✉❛❧ ❊✉❝❧✐❞❡❛♥ ♠❡-0✐❝ ❛♥❞ ❛ ❣0❛♣❤ G ❣✐✈❡♥ ❜② V (G) = R ❛♥❞ E(G) = {(x, x) :
x ∈ R}✳ ■❢ T : R → R ✐$ ❞❡✜♥❡❞ ❜② -❤❡ 0✉❧❡ Tx = x + 1 ❢♦0 ❛❧❧ x ∈ R✱ -❤❡♥ ✐- ✐$ ❡❛$✐❧②

$❡❡♥ -❤❛- CT = ∅✳
●✐✈❡♥ x ∈ X ❛♥❞ n ∈ N ∪ {0}✱ -❤❡ n✲-❤ ♦0❜✐- ♦❢ x ✉♥❞❡0 T ✐$ ❞❡♥♦-❡❞ ❜② O(x;n)✱ ✐✳❡✳

O(x;n) = {x, Tx, . . . , Tnx}.

❋✐♥❛❧❧②✱ ✐❢ A ✐$ ❛ $✉❜$❡- ♦❢ X✱ -❤❡♥ ❜② diam(A)✱ ✐- ✐$ ♠❡❛♥- -❤❡ ❞✐❛♠❡-❡0 ♦❢ A ✐♥ X✱

✐✳❡✳

diam(A) = sup
{
d(x, y) : x, y ∈ A

}
.

❋♦❧❧♦✇✐♥❣ -❤❡ ✐❞❡❛ ♦❢ ❙✳▼✳❆✳ ❆❧❡♦♠0❛♥✐♥❡❥❛❞ ❡- ❛❧✳ ❬✶❪✱ ✇❡ $❛② -❤❛- G ✐$ ❛ (C̃)✲❣0❛♣❤
✇❤❡♥❡✈❡0 -❤❡ -0✐♣❧❡ (X, d,G) ❤❛$ -❤❡ ❢♦❧❧♦✇✐♥❣ ♣0♦♣❡0-②✿

■❢ x ∈ X ❛♥❞ {xn} ✐$ ❛ $❡&✉❡♥❝❡ ✐♥ (X, d,G) $✉❝❤ -❤❛- xn → x ❛♥❞ (xn, xn+1) ∈

E(G̃) ❢♦0 ❛❧❧ n ∈ N✱ -❤❡♥ -❤❡0❡ ❡①✐$-$ ❛ $✉❜$❡&✉❡♥❝❡ {xnk
} ♦❢ {xn} $✉❝❤ -❤❛-

(xnk
, x) ∈ E(G̃) ❢♦0 ❛❧❧ k ∈ N✳

◆♦✇✱ ✇❡ ❛0❡ 0❡❛❞② -♦ ❣✐✈❡ -❤❡ ❞❡✜♥✐-✐♦♥ ♦❢ G✲&✉❛$✐✲❝♦♥-0❛❝-✐♦♥$ ✐♥ ♠❡-0✐❝ $♣❛❝❡$ ✇✐-❤

❛ ❣0❛♣❤ ✇❤✐❝❤ ✐$ ♠♦-✐✈❛-❡❞ ❜② ❬✾✱ ❉❡✜♥✐-✐♦♥ ✶❪ ❛♥❞ ❬✶✹✱ ❉❡✜♥✐-✐♦♥ ✷✳✶❪✳

✷✳✶✳ ❉❡✜♥✐(✐♦♥✳ ▲❡- (X, d) ❜❡ ❛ ♠❡-0✐❝ $♣❛❝❡ ✇✐-❤ ❛ ❣0❛♣❤ G ❛♥❞ T : X → X ❜❡ ❛

♠❛♣♣✐♥❣✳ ❲❡ $❛② -❤❛- T ❛ G✲&✉❛$✐✲❝♦♥-0❛❝-✐♦♥ ✐❢

◗✶✮ T ♣0❡$❡0✈❡$ -❤❡ ❡❞❣❡$ ♦❢ G✱ ✐✳❡✳ (x, y) ∈ E(G) ✐♠♣❧✐❡$ (Tx, Ty) ∈ E(G) ❢♦0 ❛❧❧

x, y ∈ X❀

◗✷✮ -❤❡0❡ ❡①✐$-$ ❛ λ ∈ [0, 1) $✉❝❤ -❤❛-

d(Tx, Ty) ≤ λ ·max
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

}

❢♦0 ❛❧❧ x, y ∈ X ✇✐-❤ (x, y) ∈ E(G)✳

❲❡ ❛❧$♦ ❝❛❧❧ -❤❡ ♥✉♠❜❡0 λ ✐♥ ✭◗✷✮ ❛ &✉❛$✐✲❝♦♥-0❛❝-✐✈❡ ❝♦♥$-❛♥- ♦❢ T ✳

❲❡ ♥♦✇ ❣✐✈❡ $♦♠❡ ❡①❛♠♣❧❡$ ♦❢ G✲&✉❛$✐✲❝♦♥-0❛❝-✐♦♥$✳

✷✳✷✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦$❡ -❤❛- (X, d) ✐$ ❛ ♠❡-0✐❝ $♣❛❝❡ ✇✐-❤ ❛ ❣0❛♣❤ G ❛♥❞ x0 ∈ X✳ ■-

✐$ ❡❛$② -♦ ✈❡0✐❢② -❤❛- -❤❡ ❝♦♥$-❛♥- ♠❛♣♣✐♥❣ x 7→ x0 ✐$ ❛ G✲&✉❛$✐✲❝♦♥-0❛❝-✐♦♥✳ ❙♦ -❤❡

❝❛0❞✐♥❛❧✐-② ♦❢ -❤❡ $❡- ♦❢ ❛❧❧ G✲&✉❛$✐✲❝♦♥-0❛❝-✐♦♥$ ❞❡✜♥❡❞ ♦♥ ❛ ♠❡-0✐❝ $♣❛❝❡ (X, d) ✇✐-❤ ❛

❣0❛♣❤ G ✐$ ♥♦ ❧❡$$ -❤❛♥ -❤❡ ❝❛0❞✐♥❛❧✐-② ♦❢ X✳

✷✳✸✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦$❡ -❤❛- (X, d) ✐$ ❛ ♠❡-0✐❝ $♣❛❝❡ ❛♥❞ T : X → X ✐$ ❛ &✉❛$✐✲

❝♦♥-0❛❝-✐♦♥ ✐♥ -❤❡ $❡♥$❡ ♦❢ ▲❥✳ ❇✳ ❶✐0✐➣ ❬✾✱ ❉❡✜♥✐-✐♦♥ ✶❪✱ ✐✳❡✳ -❤❡0❡ ❡①✐$-$ ❛ λ ∈ [0, 1) $✉❝❤
-❤❛-

✭✷✳✶✮ d(Tx, Ty) ≤ λ ·max
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

}

❢♦0 ❛❧❧ x, y ∈ X✳ ❉❡✜♥❡ ❛ ❣0❛♣❤ G0 ❜② V (G0) = X ❛♥❞ E(G0) = X × X✱ ✐✳❡✳ G0 ✐$

-❤❡ ❝♦♠♣❧❡-❡ ❣0❛♣❤ ✇❤♦$❡ ✈❡0-❡① $❡- ❝♦✐♥❝✐❞❡$ ✇✐-❤ X✳ ❈❧❡❛0❧②✱ T ♣0❡$❡0✈❡$ -❤❡ ❡❞❣❡$ ♦❢

G0 ❛♥❞ ✭✷✳✶✮ ❣✉❛0❛♥-❡❡$ -❤❛- T $❛-✐$✜❡$ ✭◗✷✮ ❢♦0 -❤❡ ❝♦♠♣❧❡-❡ ❣0❛♣❤ G0✳ ❚❤✉$✱ T ✐$ ❛
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G0✲!✉❛$✐✲❝♦♥)*❛❝)✐♦♥✳ ❍❡♥❝❡ G0✲!✉❛$✐✲❝♦♥)*❛❝)✐♦♥$ ♦♥ ♠❡)*✐❝ $♣❛❝❡$ ✇✐)❤ )❤❡ ❣*❛♣❤ G0

❛*❡ ♣*❡❝✐$❡❧② )❤❡ !✉❛$✐✲❝♦♥)*❛❝)✐♦♥$ ♦♥ ♠❡)*✐❝ $♣❛❝❡$✱ ❛♥❞ $♦ G✲!✉❛$✐✲❝♦♥)*❛❝)✐♦♥$ ❛*❡ ❛

❣❡♥❡*❛❧✐③❛)✐♦♥ ♦❢ !✉❛$✐✲❝♦♥)*❛❝)✐♦♥$ ❢*♦♠ ♠❡)*✐❝ $♣❛❝❡$ )♦ ♠❡)*✐❝ $♣❛❝❡$ ✇✐)❤ ❛ ❣*❛♣❤✳

✷✳✹✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦$❡ )❤❛) (X,4) ✐$ ❛ ♣❛*)✐❛❧❧② ♦*❞❡*❡❞ $❡) ❛♥❞ d ✐$ ❛ ♠❡)*✐❝ ♦♥ X✳

❉❡✜♥❡ ❛ ❣*❛♣❤ G1 ❜② V (G1) = X ❛♥❞ E(G1) = {(x, y) ∈ X ×X : x 4 y}✳ ❆ ♠❛♣♣✐♥❣

T : X → X ♣*❡$❡*✈❡$ )❤❡ ❡❞❣❡$ ♦❢ G1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ T ✐$ ♦*❞❡*✲♣*❡$❡*✈✐♥❣✱ ❛♥❞ T $❛)✐$✜❡$

✭◗✷✮ ❢♦* )❤❡ ❣*❛♣❤ G1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ )❤❡*❡ ❡①✐$)$ ❛ λ ∈ [0, 1) $✉❝❤ )❤❛)

d(Tx, Ty) ≤ λ ·max
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

}

❢♦* ❛❧❧ ❝♦♠♣❛*❛❜❧❡ ❡❧❡♠❡♥)$ x, y ∈ X✳

✷✳✺✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦$❡ )❤❛) (X,4) ✐$ ❛ ♣❛*)✐❛❧❧② ♦*❞❡*❡❞ $❡) ❛♥❞ d ✐$ ❛ ♠❡)*✐❝ ♦♥ X✳

❉❡✜♥❡ ❛ ❣*❛♣❤ G2 ❜② V (G2) = X ❛♥❞ E(G2) = {(x, y) ∈ X × X : x 4 y ∨ y 4 x}✳
❆ ♠❛♣♣✐♥❣ T : X → X ♣*❡$❡*✈❡$ )❤❡ ❡❞❣❡$ ♦❢ G2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ T ♠❛♣$ ❝♦♠♣❛*❛❜❧❡

❡❧❡♠❡♥)$ ♦❢ (X,4) ♦♥)♦ ❝♦♠♣❛*❛❜❧❡ ❡❧❡♠❡♥)$✱ ❛♥❞ T $❛)✐$✜❡$ ✭◗✷✮ ❢♦* )❤❡ ❣*❛♣❤ G2 ✐❢

❛♥❞ ♦♥❧② ✐❢ )❤❡*❡ ❡①✐$)$ ❛ λ ∈ [0, 1) $✉❝❤ )❤❛)

✭✷✳✷✮ d(Tx, Ty) ≤ λ ·max
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

}

❢♦* ❛❧❧ ❝♦♠♣❛*❛❜❧❡ ❡❧❡♠❡♥)$ x, y ∈ X✳ ■♥ ♣❛*)✐❝✉❧❛*✱ ✐❢ T ✐$ ❛ G1✲!✉❛$✐✲❝♦♥)*❛❝)✐♦♥✱ )❤❡♥

T ✐$ ❛ G2✲!✉❛$✐✲❝♦♥)*❛❝)✐♦♥✳ ❍❡♥❝❡ G✲!✉❛$✐✲❝♦♥)*❛❝)✐♦♥$ ❛*❡ ❛ ❣❡♥❡*❛❧✐③❛)✐♦♥ ♦❢ ♦*❞❡*❡❞

!✉❛$✐✲❝♦♥)*❛❝)✐♦♥$ ❢*♦♠ ♠❡)*✐❝ $♣❛❝❡$ ❡!✉✐♣♣❡❞ ✇✐)❤ ❛ ♣❛*)✐❛❧ ♦*❞❡* )♦ ♠❡)*✐❝ $♣❛❝❡$ ✇✐)❤

❛ ❣*❛♣❤✳

✷✳✻✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦$❡ )❤❛) (X, d) ✐$ ❛ ♠❡)*✐❝ $♣❛❝❡ ❛♥❞ ε > 0 ✐$ ❛ ✜①❡❞ *❡❛❧ ♥✉♠❜❡*✳

❘❡❝❛❧❧ )❤❛) )✇♦ ❡❧❡♠❡♥)$ x, y ∈ X ❛*❡ $❛✐❞ )♦ ❜❡ ε✲❝❧♦$❡ ✐❢ d(x, y) < ε✳ ❉❡✜♥❡ ❛ ❣*❛♣❤

G3 ❜② V (G3) = X ❛♥❞ E(G3) = {(x, y) ∈ X ×X : d(x, y) < ε}✳ ❆ ♠❛♣♣✐♥❣ T : X → X
♣*❡$❡*✈❡$ )❤❡ ❡❞❣❡$ ♦❢ G3 ✐❢ ❛♥❞ ♦♥❧② ✐❢ T ♠❛♣$ ε✲❝❧♦$❡ ❡❧❡♠❡♥)$ ♦❢ (X, d) ♦♥)♦ ε✲❝❧♦$❡

❡❧❡♠❡♥)$✱ ❛♥❞ T $❛)✐$✜❡$ ✭◗✷✮ ❢♦* )❤❡ ❣*❛♣❤ G3 ✐❢ ❛♥❞ ♦♥❧② ✐❢ )❤❡*❡ ❡①✐$)$ ❛ λ ∈ [0, 1)
$✉❝❤ )❤❛)

✭✷✳✸✮ d(Tx, Ty) ≤ λ ·max
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

}

❢♦* ❛❧❧ ε✲❝❧♦$❡ ❡❧❡♠❡♥)$ x, y ∈ X✳

❍❡*❡❛❢)❡*✱ ✇❡ ❛$$✉♠❡ )❤❛) )❤❡ ❣*❛♣❤$ G0✱ G1✱ G2 ❛♥❞ G3 ❛*❡ ❛$ ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡$

✷✳✸✱ ✷✳✹✱ ✷✳✺ ❛♥❞ ✷✳✻✱ *❡$♣❡❝)✐✈❡❧②✳

✷✳✼✳ ❘❡♠❛.❦✳ ■♥ )❤❡ ❞❡✜♥✐)✐♦♥$ ♦❢ (C̃)✲❣*❛♣❤ ❛♥❞ )❤❡ $❡) CT ✱ ❧❡)✬$ $❡) G )❤❡ $♣❡❝✐❛❧

❣*❛♣❤$ G0✱ G1✱ G2 ❛♥❞ G3✳ ❚❤❡♥ ✇❡ ♦❜)❛✐♥ )❤❡ ❢♦❧❧♦✇✐♥❣ $♣❡❝✐❛❧ ❝❛$❡$✿

• ❚❤❡ $❡) CT *❡❧❛)❡❞ )♦ )❤❡ ❝♦♠♣❧❡)❡ ❣*❛♣❤ G0 ❝♦✐♥❝✐❞❡$ ✇✐)❤ X ❛♥❞ G0 ✐$ ❛

(C̃)✲❣*❛♣❤✳

• ■❢ 4 ✐$ ❛ ♣❛*)✐❛❧ ♦*❞❡* ♦♥ X✱ )❤❡♥ )❤❡ $❡) CT *❡❧❛)❡❞ )♦ )❤❡ ❣*❛♣❤ G1 ✭❛♥❞ ❛❧$♦

G2✮ ❝♦♥$✐$)$ ♦❢ ❛❧❧ ♣♦✐♥)$ x ∈ X ✇❤♦$❡ ❡✈❡*② )✇♦ ✐)❡*❛)❡$ ✉♥❞❡* T ❛*❡ ❝♦♠♣❛*❛❜❧❡

❡❧❡♠❡♥)$ ♦❢ (X,4)✳ ■♥ ❛❞❞✐)✐♦♥✱ G1 ✭❛♥❞ ❛❧$♦ G2✮ ✐$ ❛ (C̃)✲❣*❛♣❤ ✇❤❡♥❡✈❡* )❤❡

)*✐♣❧❡ (X, d,4) ❤❛$ )❤❡ ❢♦❧❧♦✇✐♥❣ ♣*♦♣❡*)②✿

(∗) ■❢ {xn} ✐$ ❛ $❡!✉❡♥❝❡ ✐♥ (X, d) ❝♦♥✈❡*❣✐♥❣ )♦ ❛♥ x ∈ X ✇❤♦$❡ $✉❝❝❡$$✐✈❡

)❡*♠$ ❛*❡ ♣❛✐*✇✐$❡ ❝♦♠♣❛*❛❜❧❡ ❡❧❡♠❡♥)$ ♦❢ (X,4)✱ )❤❡♥ )❤❡*❡ ❡①✐$)$ ❛ $✉❜✲

$❡!✉❡♥❝❡ ♦❢ {xn} ✇❤♦$❡ )❡*♠$ ❛♥❞ x ❛*❡ ❝♦♠♣❛*❛❜❧❡ ❡❧❡♠❡♥)$ ♦❢ (X,4)✳
• ■❢ ε > 0✱ )❤❡♥ )❤❡ $❡) CT *❡❧❛)✐✈❡ )♦ )❤❡ ❣*❛♣❤ G3 ❝♦♥$✐$)$ ♦❢ ❛❧❧ ♣♦✐♥)$ x ∈ X

✇❤♦$❡ ❡✈❡*② )✇♦ ✐)❡*❛)❡$ ✉♥❞❡* T ❛*❡ ε✲❝❧♦$❡ ❡❧❡♠❡♥)$ ♦❢ (X, d)✳ ■♥ ❛❞❞✐)✐♦♥✱ G3

✐$ ❛ (C̃)✲❣*❛♣❤✳ ■♥❞❡❡❞✱ ✐❢ {xn} ✐$ ❛ $❡!✉❡♥❝❡ ✐♥ (X, d) ❝♦♥✈❡*❣✐♥❣ )♦ ❛♥ x ∈ X✱

)❤❡♥ ❢♦* $✉✣❝✐❡♥)❧② ❧❛*❣❡ ✐♥❞✐❝❡$ n✱ $❛② n ≥ N ✱ ✇❡ ❤❛✈❡ d(xn, x) < ε✳ ❚❤❡*❡❢♦*❡✱

{xn+N} ✐$ ❛ $✉❜$❡!✉❡♥❝❡ ♦❢ {xn} ✇❤♦$❡ )❡*♠$ ❛♥❞ x ❛*❡ ε✲❝❧♦$❡ ❡❧❡♠❡♥)$ ♦❢

(X, d)✳



✶✵✸✼

✷✳✽✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦$❡ &❤❛& (X, d) ✐$ ❛ ♠❡&+✐❝ $♣❛❝❡ ✇✐&❤ ❛ ❣+❛♣❤ G ❛♥❞ T : X → X ✐$

❛ ❇❛♥❛❝❤ G✲❝♦♥&+❛❝&✐♦♥ ✐♥ &❤❡ $❡♥$❡ ♦❢ ❏✳ ❏❛❝❤②♠$❦✐ ❬✶✹✱ ❉❡✜♥✐&✐♦♥ ✷✳✶❪✱ ✐✳❡✳ T ♣+❡$❡+✈❡$

&❤❡ ❡❞❣❡$ ♦❢ G ❛♥❞ &❤❡+❡ ❡①✐$&$ ❛♥ α ∈ (0, 1) $✉❝❤ &❤❛&

d(Tx, Ty) ≤ αd(x, y)

❢♦+ ❛❧❧ x, y ∈ X ✇✐&❤ (x, y) ∈ E(G)✳ ■❢ (x, y) ∈ E(G)✱ &❤❡♥

d(Tx, Ty) ≤ αd(x, y) ≤ α ·max
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

}
.

❚❤❡+❡❢♦+❡✱ T $❛&✐$✜❡$ ✭◗✷✮ ❛♥❞ $♦ T ✐$ ❛ G✲H✉❛$✐✲❝♦♥&+❛❝&✐♦♥✳ ❍❡♥❝❡ ❡✈❡+② G✲❝♦♥&+❛❝&✐♦♥
✐$ ❛ G✲H✉❛$✐✲❝♦♥&+❛❝&✐♦♥✳

✷✳✾✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦$❡ &❤❛& (X, d) ✐$ ❛ ♠❡&+✐❝ $♣❛❝❡ ✇✐&❤ ❛ ❣+❛♣❤ G ❛♥❞ T : X → X
✐$ ❛ G✲❑❛♥♥❛♥ ♠❛♣♣✐♥❣ ✐♥ &❤❡ $❡♥$❡ ♦❢ ❋✳ ❇♦❥♦+ ❬✷✱ ❉❡✜♥✐&✐♦♥ ✹❪✱ ✐✳❡✳ T ♣+❡$❡+✈❡$ &❤❡

❡❞❣❡$ ♦❢ G ❛♥❞ &❤❡+❡ ❡①✐$&$ ❛♥ α ∈ [0, 1
2
) $✉❝❤ &❤❛&

d(Tx, Ty) ≤ α
(
d(x, Tx) + d(y, Ty)

)

❢♦+ ❛❧❧ x, y ∈ X ✇✐&❤ (x, y) ∈ E(G)✳ ■❢ (x, y) ∈ E(G)✱ &❤❡♥

d(Tx, Ty) ≤ α
(
d(x, Tx) + d(y, Ty)

)

≤ 2α ·max
{
d(x, Tx), d(y, Ty)

}

≤ 2α ·max
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

}
.

❚❤❡+❡❢♦+❡✱ T $❛&✐$✜❡$ ✭◗✷✮ ❛♥❞ $♦ T ✐$ ❛ G✲H✉❛$✐✲❝♦♥&+❛❝&✐♦♥✳ ❍❡♥❝❡ ❡✈❡+② G✲❑❛♥♥❛♥
♠❛♣♣✐♥❣ ✐$ ❛ G✲H✉❛$✐✲❝♦♥&+❛❝&✐♦♥✳

✷✳✶✵✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦$❡ &❤❛& (X, d) ✐$ ❛ ♠❡&+✐❝ $♣❛❝❡ ✇✐&❤ ❛ ❣+❛♣❤ G ❛♥❞ T : X → X
✐$ ❛ G✲❈❤❛&&❡+❥❡❛ ♠❛♣♣✐♥❣ ✐♥ &❤❡ $❡♥$❡ &❤❛& T ♣+❡$❡+✈❡$ &❤❡ ❡❞❣❡$ ♦❢ G ❛♥❞ &❤❡+❡ ❡①✐$&$

❛♥ α ∈ [0, 1
2
) $✉❝❤ &❤❛&

d(Tx, Ty) ≤ α
(
d(x, Ty) + d(y, Tx)

)

❢♦+ ❛❧❧ x, y ∈ X ✇✐&❤ (x, y) ∈ E(G) ✭$❡❡ ❬✺✱ ✷✶❪ ❢♦+ &❤❡ ❞❡✜♥✐&✐♦♥ ✐♥ ♠❡&+✐❝ $♣❛❝❡$✮✳ ■❢

(x, y) ∈ E(G)✱ &❤❡♥ ❛♥ ❛+❣✉♠❡♥& $✐♠✐❧❛+ &♦ &❤❛& ❛♣♣❡❛+❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✳✾ ❡$&❛❜❧✐$❤❡$

&❤❛&

d(Tx, Ty) ≤ 2α ·max
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

}
.

❚❤❡+❡❢♦+❡✱ T $❛&✐$✜❡$ ✭◗✷✮ ❛♥❞ $♦ T ✐$ ❛ G✲H✉❛$✐✲❝♦♥&+❛❝&✐♦♥✳ ❍❡♥❝❡ ❡✈❡+② G✲❈❤❛&&❡+❥❡❛
♠❛♣♣✐♥❣ ✐$ ❛ G✲H✉❛$✐✲❝♦♥&+❛❝&✐♦♥✳

✷✳✶✶✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦$❡ &❤❛& (X, d) ✐$ ❛ ♠❡&+✐❝ $♣❛❝❡ ✇✐&❤ ❛ ❣+❛♣❤ G ❛♥❞ T : X → X
✐$ ❛ G✲❶✐+✐➣✲❘❡✐❝❤✲❘✉$ ♦♣❡+❛&♦+ ✐♥ &❤❡ $❡♥$❡ ♦❢ ❋✳ ❇♦❥♦+ ❬✸✱ ❉❡✜♥✐&✐♦♥ ✼❪✱ ✐✳❡✳ T ♣+❡$❡+✈❡$

&❤❡ ❡❞❣❡$ ♦❢ G ❛♥❞ &❤❡+❡ ❡①✐$& a, b, c ≥ 0 ✇✐&❤ a+ b+ c < 1 $✉❝❤ &❤❛&

d(Tx, Ty) ≤ ad(x, y) + bd(x, Tx) + cd(y, Ty)

❢♦+ ❛❧❧ x, y ∈ X ✇✐&❤ (x, y) ∈ E(G)✳ ■❢ (x, y) ∈ E(G)✱ &❤❡♥ ❛♥ ❛+❣✉♠❡♥& $✐♠✐❧❛+ &♦ &❤❛&

❛♣♣❡❛+❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✳✾ ❡$&❛❜❧✐$❤❡$ &❤❛&

d(Tx, Ty) ≤ (a+ b+ c) ·max
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

}
.

❚❤❡+❡❢♦+❡✱ T $❛&✐$✜❡$ ✭◗✷✮ ❛♥❞ $♦ T ✐$ ❛ G✲H✉❛$✐✲❝♦♥&+❛❝&✐♦♥✳ ❍❡♥❝❡ ❡✈❡+② G✲❶✐+✐➣✲❘❡✐❝❤✲
❘✉$ ♦♣❡+❛&♦+ ✐$ ❛ G✲H✉❛$✐✲❝♦♥&+❛❝&✐♦♥✳

◆♦✇✱ $✉♣♣♦$❡ &❤❛& T : X → X ✐$ ❛ ❶✐+✐➣✲❘❡✐❝❤✲❘✉$ G✲❝♦♥&+❛❝&✐♦♥ ✐♥ &❤❡ $❡♥$❡ ♦❢ ❈✳

❈❤✐❢✉ ❛♥❞ ●✳ Y❡&+✉➩❡❧ ❬✻✱ ❉❡✜♥✐&✐♦♥ ✷✳✷❪✱ ✐✳❡✳ T ♣+❡$❡+✈❡$ &❤❡ ❡❞❣❡$ ♦❢ G ❛♥❞ &❤❡+❡ ❡①✐$&

α, β, γ > 0 ✇✐&❤ α+ β + γ < 1 $✉❝❤ &❤❛&

d(Tx, Ty) ≤ αd(x, y) + βd(x, Tx) + γd(y, Ty)
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❢♦" ❛❧❧ x, y ∈ X ✇✐'❤ (x, y) ∈ E(G)✳ ❚❤❡♥ ❜② ❛ /✐♠✐❧❛" ❛"❣✉♠❡♥'✱ ♦♥❡ ❝❛♥ ❡❛/✐❧② /❡❡ '❤❛'

T ✐/ ❛ G✲6✉❛/✐✲❝♦♥'"❛❝'✐♦♥✳ ❍❡♥❝❡ ❡✈❡"② ❶✐"✐➣✲❘❡✐❝❤✲❘✉/ G✲❝♦♥'"❛❝'✐♦♥ ✐/ ❛ G✲6✉❛/✐✲

❝♦♥'"❛❝'✐♦♥✳

✷✳✶✷✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦/❡ '❤❛' (X, d) ✐/ ❛ ♠❡'"✐❝ /♣❛❝❡ ❛♥❞ T : X → X ✐/ ❛ λ✲❣❡♥❡"❛❧✐③❡❞

❝♦♥'"❛❝'✐♦♥ ✐♥ '❤❡ /❡♥/❡ ♦❢ ▲❥✳ ❇✳ ❶✐"✐➣ ❬✼✱ ❉❡✜♥✐'✐♦♥ ✷✳✶❪✱ ✐✳❡✳ ❢♦" ❛❧❧ x, y ∈ X✱ '❤❡"❡ ❡①✐/'

❢♦✉" ❢✉♥❝'✐♦♥/ q, r, s, t : X ×X → [0,∞) ✇✐'❤

sup
{
q(x, y) + r(x, y) + s(x, y) + 2t(x, y) : x, y ∈ X ×X

}
= λ < 1

/✉❝❤ '❤❛'

d(Tx, Ty) ≤ q(x, y)d(x, y) + r(x, y)d(x, Tx) + s(x, y)d(y, Ty)

+ t(x, y)
(
d(x, Ty) + d(y, Tx)

)

❢♦" ❛❧❧ x, y ∈ X✳ ■♥ ✶✾✼✾✱ ❇✳ ❊✳ ❘❤♦❛❞❡/ ❬✷✷❪ /'✉❞✐❡❞ ❛ ♠♦"❡ ❣❡♥❡"❛❧ ❢♦"♠ ♦❢ λ✲❣❡♥❡"❛❧✐③❡❞

❝♦♥'"❛❝'✐♦♥/ ✭✇❤❡"❡ '❤❡ '❡"♠/ d(x, Ty) ❛♥❞ d(y, Tx) ❤❛✈❡ ❞✐✛❡"❡♥' ❝♦❡✣❝✐❡♥'/✮ ✐♥ /❡✲

6✉❡♥'✐❛❧❧② ❝♦♠♣❧❡'❡ ✉♥✐❢♦"♠ /♣❛❝❡/ ✈✐❛ ❡♥'♦✉"❛❣❡/ ❛♥❞ '❤❡ ▼✐♥❦♦✇/❦✐✬/ ♣/❡✉❞♦♠❡'"✐❝/

❝♦""❡/♣♦♥❞✐♥❣ '♦ '❤❡♠✳ ❖♥❡ ❝❛♥ ❝♦♠❜✐♥❡ ❶✐"✐➣✬/ ❛♥❞ ❘❤♦❛❞❡/✬ ✐❞❡❛/ ✇✐'❤ ❏❛❝❤②♠/❦✐✬/

✐❞❡❛ ❛♥❞ ❢♦"♠✉❧❛'❡ G✲λ✲❣❡♥❡"❛❧✐③❡❞ ❝♦♥'"❛❝'✐♦♥/ ✐♥ ♠❡'"✐❝ /♣❛❝❡/ ✇✐'❤ ❛ ❣"❛♣❤ ❛/ ❢♦❧❧♦✇/✿

▲❡' (X, d) ❜❡ ❛ ♠❡'"✐❝ /♣❛❝❡ ✇✐'❤ ❛ ❣"❛♣❤ G✳ ❆ ♠❛♣♣✐♥❣ T : X → X ✐/ ❝❛❧❧❡❞

❛ G✲λ✲❣❡♥❡"❛❧✐③❡❞ ❝♦♥'"❛❝'✐♦♥ ✐❢ T ♣"❡/❡"✈❡/ '❤❡ ❡❞❣❡/ ♦❢ G ❛♥❞ '❤❡"❡ ❡①✐/' ✜✈❡

❢✉♥❝'✐♦♥/ a1, a2, a3, a4, a5 : X ×X → [0,∞) ✇✐'❤

✭✷✳✹✮ sup
{
a1(x, y) + a2(x, y) + a3(x, y) + a4(x, y) + a5(x, y) : x, y ∈ X ×X

}
= λ < 1

/✉❝❤ '❤❛'

d(Tx, Ty) ≤ a1(x, y)d(x, y) + a2(x, y)d(x, Tx) + a3(x, y)d(y, Ty)

+ a4(x, y)d(x, Ty) + a5(x, y)d(y, Tx)

❢♦" ❛❧❧ x, y ∈ X ✇✐'❤ (x, y) ∈ E(G)✳

◆♦✇✱ /✉♣♣♦/❡ '❤❛' (X, d) ✐/ ❛ ♠❡'"✐❝ /♣❛❝❡ ✇✐'❤ ❛ ❣"❛♣❤ G ❛♥❞ T : X → X ✐/ ❛ G✲λ✲

❣❡♥❡"❛❧✐③❡❞ ❝♦♥'"❛❝'✐♦♥✳ ■❢ (x, y) ∈ E(G)✱ '❤❡♥ ❛♥ ❛"❣✉♠❡♥' /✐♠✐❧❛" '♦ '❤❛' ❛♣♣❡❛"❡❞ ✐♥

❊①❛♠♣❧❡ ✷✳✾ ❡/'❛❜❧✐/❤❡/ '❤❛'

d(Tx, Ty) ≤
( 5∑

i=1

ai(x, y)
)
·max

{
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty), d(y, Tx)
}

≤ λ ·max
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

}
,

✇❤❡"❡ a1, a2, a3, a4, a5 : X × X → [0,∞) /❛'✐/❢② ✭✷✳✹✮✳ ❚❤❡"❡❢♦"❡✱ T /❛'✐/✜❡/ ✭◗✷✮ ❛♥❞

/♦ T ✐/ ❛ G✲6✉❛/✐✲❝♦♥'"❛❝'✐♦♥✳ ❍❡♥❝❡ ❡✈❡"② G✲λ✲❣❡♥❡"❛❧✐③❡❞ ❝♦♥'"❛❝'✐♦♥ ✭✐♥ ♣❛"'✐❝✉❧❛"✱

❡✈❡"② λ✲❣❡♥❡"❛❧✐③❡❞ ❝♦♥'"❛❝'✐♦♥✮ ✐/ ❛ G✲6✉❛/✐✲❝♦♥'"❛❝'✐♦♥✳

✷✳✶✸✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦/❡ '❤❛' E ✐/ ❛ ♥♦♥'"✐✈✐❛❧ "❡❛❧ ❇❛♥❛❝❤ /♣❛❝❡ ❛♥❞ P ✐/ ❛ ❝❧♦/❡❞

❝♦♥❡ ✐♥ E /✉❝❤ '❤❛' P ∩ (−P ) = {0}✳ ■' ✐/ ✇❡❧❧✲❦♥♦✇♥ '❤❛' P ✐♥❞✉❝❡/ ❛ ♣❛"'✐❛❧ ♦"❞❡" �P

♦♥ E ❣✐✈❡♥ ❜②

a �P b ⇔ b− a ∈ P (a, b ∈ E).

❆//✉♠❡ '❤❛' d : X × X → E ✐/ ❛ ❝♦♥❡ ♠❡'"✐❝ ♦♥ X ❛♥❞ (X, d) ✐/ ❛ ❝♦♥❡ ♠❡'"✐❝ /♣❛❝❡

✭/❡❡ ❬✶✷✱ ❉❡✜♥✐'✐♦♥ ✶❪✮✳ ■♥ ✷✵✶✵✱ ❲✳ ✲❙✳ ❉✉ ❬✶✶❪ /❤♦✇❡❞ '❤❛' ✐❢ '❤❡ ✉♥❞❡"❧②✐♥❣ ❝♦♥❡ P ❤❛/

♥♦♥❡♠♣'② ✐♥'❡"✐♦" ❛♥❞ ξe : E → R ✐/ '❤❡ ♥♦♥❧✐♥❡❛" /❝❛❧❛"✐③❛'✐♦♥ ❢✉♥❝'✐♦♥ ❞❡✜♥❡❞ ❜②

ξe(a) = inf
{
t ∈ R : a ∈ te− P

}
(a ∈ E),

✇❤❡"❡ e ✐/ ❛♥ ✐♥'❡"✐♦" ♣♦✐♥' ♦❢ P ✱ '❤❡♥ '❤❡ ❢✉♥❝'✐♦♥ ρe : X ×X → R ❣✐✈❡♥ ❜②

✭✷✳✺✮ ρe(x, y) = ξe
(
d(x, y)

)
(x, y ∈ X)
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❞❡✜♥❡$ ❛ ♠❡'(✐❝ ♦♥ X✱ ❛♥❞ '❤❡ ♥❛'✉(❛❧ ✭❝♦♥❡✮ '♦♣♦❧♦❣② ♦♥ X ✐♥❞✉❝❡❞ ❜② '❤❡ ❝♦♥❡ ♠❡'(✐❝

d ❛♥❞ '❤❡ ♠❡'(✐❝ '♦♣♦❧♦❣② ♦♥ X ✐♥❞✉❝❡❞ ❜② '❤❡ ♠❡'(✐❝ ρe ❝♦✐♥❝✐❞❡ ✭$❡❡ ❬✶✶✱ ❚❤❡♦(❡♠$

✷✳✶ ❛♥❞ ✷✳✷❪✮✳

◆♦✇✱ $✉♣♣♦$❡ '❤❛' T : (X, d) → (X, d) ✐$ ❛ >✉❛$✐✲❝♦♥'(❛❝'✐♦♥ ✐♥ '❤❡ $❡♥$❡ ♦❢ ❉✳ ■❧✐➣

❛♥❞ ❱✳ ❘❛❦♦↔❡✈✐➣ ❬✶✸✱ ❉❡✜♥✐'✐♦♥ ✶✳✷❪✱ ✐✳❡✳ '❤❡(❡ ❡①✐$'$ ❛ λ ∈ (0, 1) $✉❝❤ '❤❛'

d(Tx, Ty) �P λ · ux,y

❢♦( ❛❧❧ x, y ∈ X ❛♥❞ $♦♠❡

ux,y ∈
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)

}
.

❙✉♣♣♦$❡ ❢✉'(❤❡' (❤❛( (❤❡ ✉♥❞❡'❧②✐♥❣ ❝♦♥❡ P ❤❛$ ♥♦♥❡♠♣(② ✐♥(❡'✐♦' ❛♥❞ ♣✐❝❦ ❛♥ ✐♥(❡'✐♦'

♣♦✐♥( e ♦❢ P ✳ ■❢ x, y ∈ X✱ $✐♥❝❡ ξe ✐$ ♣♦$✐(✐✈❡❧② ❤♦♠♦❣❡♥❡♦✉$ ✭✐✳❡✳ a ∈ E ❛♥❞ t ≥ 0 ✐♠♣❧②

ξe(ta) = tξe(a)✮ ❛♥❞ ♥♦♥❞❡❝'❡❛$✐♥❣ ✭✐✳❡✳ a, b ∈ E ❛♥❞ a �P b ✐♠♣❧② ξe(a) ≤ ξe(b)✮ ♦♥ E
✭$❡❡ ❬✶✶✱ ▲❡♠♠❛ ✶✳✶✭✈✮ ❛♥❞ ✭✈✐✮❪✮✱ ✐( ❢♦❧❧♦✇$ (❤❛(

ρe(Tx, Ty) = ξe
(
d(Tx, Ty)

)

≤ ξe(λ · ux,y)

= λ · ξe(ux,y)

≤ λ ·max
{
ξe
(
d(x, y)

)
, ξe

(
d(x, Tx)

)
, ξe

(
d(y, Ty)

)
,

ξe
(
d(x, Ty)

)
, ξe

(
d(y, Tx)

)}

= λ ·max
{
ρe(x, y), ρe(x, Tx), ρe(y, Ty), ρe(x, Ty), ρe(y, Tx)

}
.

❚❤❡'❡❢♦'❡✱ T : (X, ρe) → (X, ρe) ✐$ ❛❧$♦ ❛ @✉❛$✐✲❝♦♥('❛❝(✐♦♥ ❛♥❞ ✐♥ ♣❛'(✐❝✉❧❛'✱ ❛ G0✲

@✉❛$✐✲❝♦♥('❛❝(✐♦♥✳ ❍❡♥❝❡ ❡✈❡'② @✉❛$✐✲❝♦♥('❛❝(✐♦♥ ♦♥ ❛ ❝♦♥❡ ♠❡('✐❝ $♣❛❝❡ ✐$ ❛ G0✲@✉❛$✐✲

❝♦♥('❛❝(✐♦♥ ✇❤♦$❡ ❞♦♠❛✐♥ ✐$ ❛ $✉✐(❛❜❧❡ ♠❡('✐❝ $♣❛❝❡ ✇✐(❤ (❤❡ ❝♦♠♣❧❡(❡ ❣'❛♣❤G0 ♣'♦✈✐❞❡❞

(❤❛( (❤❡ ✉♥❞❡'❧②✐♥❣ ❝♦♥❡ ❤❛$ ♥♦♥❡♠♣(② ✐♥(❡'✐♦'✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣'♦♣♦$✐(✐♦♥ ✐$ ❛♥ ✐♠♠❡❞✐❛(❡ ❝♦♥$❡@✉❡♥❝❡ ♦❢ (❤❡ ❞❡✜♥✐(✐♦♥ ♦❢ G✲@✉❛$✐✲
❝♦♥('❛❝(✐♦♥$ ❛♥❞ ❣✐✈❡$ ❛ $✐♠♣❧❡ ♣'♦❝❡❞✉'❡ (♦ ❝♦♥$('✉❝( ♥❡✇ G✲@✉❛$✐✲❝♦♥('❛❝(✐♦♥$ ❢'♦♠
♦❧❞❡' ♦♥❡$✳

✷✳✶✹✳ $%♦♣♦(✐*✐♦♥✳ ▲❡" (X, d) ❜❡ ❛ ♠❡"&✐❝ )♣❛❝❡ ✇✐"❤ ❛ ❣&❛♣❤ G ❛♥❞ T : X → X ❜❡ ❛

♠❛♣♣✐♥❣✳

❛✮ ■❢ T ♣&❡)❡&✈❡) "❤❡ ❡❞❣❡) ♦❢ G✱ "❤❡♥ T ♣&❡)❡&✈❡) "❤❡ ❡❞❣❡) ♦❢ G−1
❛♥❞ G̃✳

❜✮ ■❢ T )❛"✐)✜❡) ✭◗✷✮ ❢♦& "❤❡ ❣&❛♣❤ G✱ "❤❡♥ T )❛"✐)✜❡) ✭◗✷✮ ❢♦& ❜♦"❤ "❤❡ ❣&❛♣❤) G−1

❛♥❞ G̃✳
❝✮ ■❢ T ✐) ❛ G✲8✉❛)✐✲❝♦♥"&❛❝"✐♦♥ ✇✐"❤ ❛ 8✉❛)✐✲❝♦♥"&❛❝"✐✈❡ ❝♦♥)"❛♥" λ ∈ [0, 1)✱ "❤❡♥ T

✐) ❜♦"❤ ❛ G−1
✲8✉❛)✐✲❝♦♥"&❛❝"✐♦♥ ❛♥❞ ❛ G̃✲8✉❛)✐✲❝♦♥"&❛❝"✐♦♥ ✇✐"❤ ❛ 8✉❛)✐✲❝♦♥"&❛❝"✐✈❡

❝♦♥)"❛♥" λ✳

❚♦ ♣'♦✈❡ (❤❡ ❡①✐$(❡♥❝❡ ♦❢ ❛ ✜①❡❞ ♣♦✐♥( ❢♦' ❛ G✲@✉❛$✐✲❝♦♥('❛❝(✐♦♥ ✐♥ ❛ ❝♦♠♣❧❡(❡ ♠❡('✐❝

$♣❛❝❡ ✇✐(❤ ❛ ❣'❛♣❤✱ ✇❡ ♥❡❡❞ $♦♠❡ ❧❡♠♠❛$✳ ❚❤❡ ✜'$( ♦♥❡ ✐$ (❤❡ ❣'❛♣❤ ✈❡'$✐♦♥ ♦❢ ❬✾✱

▲❡♠♠❛ ✶❪ ♣'♦✈❡❞ ❜② ▲❥✳ ❇✳ ❶✐'✐➣ ❛♥❞ (❤❡ ♣'♦♦❢ ❛♣♣❡❛'$ ❤❡'❡ ✐$ ✈❡'② $✐♠✐❧❛' (♦ ❶✐'✐➣✬$

♣'♦♦❢✳ ◆❡✈❡'(❤❡❧❡$$✱ ❢♦' ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ (❤❡ '❡❛❞❡'✱ ✇❡ '❡♣❡❛( (❤❡ ❞❡(❛✐❧❡❞ ♣'♦♦❢ ❤❡'❡✳

✷✳✶✺✳ ▲❡♠♠❛✳ ▲❡" (X, d) ❜❡ ❛ ♠❡"&✐❝ )♣❛❝❡ ✇✐"❤ ❛ ❣&❛♣❤ G ❛♥❞ T : X → X ❜❡ ❛

G✲8✉❛)✐✲❝♦♥"&❛❝"✐♦♥ ✇✐"❤ ❛ 8✉❛)✐✲❝♦♥"&❛❝"✐✈❡ ❝♦♥)"❛♥" λ✳ ❚❤❡♥

d(T ix, T jx) ≤ λ · diam
(
O(x;n)

)
i, j = 1, . . . , n

❢♦& ❛❧❧ x ∈ CT ❛♥❞ ❛❧❧ n ∈ N✳



✶✵✹✵

 !♦♦❢✳ ▲❡" x ∈ CT ❛♥❞ n ∈ N ❜❡ ❣✐✈❡♥✳ ■❢ i ❛♥❞ j ❛-❡ ❛-❜✐"-❛-② ♣♦1✐"✐✈❡ ✐♥"❡❣❡-1 ♥♦

♠♦-❡ "❤❛♥ n✱ "❤❡♥ (T i−1x, T j−1x) ∈ E(G̃)✳ ❇② 6-♦♣♦1✐"✐♦♥ ✷✳✶✹✭❝✮✱ T ✐1 ❛❧1♦ ❛ G̃✲?✉❛1✐✲
❝♦♥"-❛❝"✐♦♥ ✇✐"❤ ❛ ?✉❛1✐✲❝♦♥"-❛❝"✐✈❡ ❝♦♥1"❛♥" λ✳ ■♥ ♣❛-"✐❝✉❧❛-✱ T 1❛"✐1✜❡1 ✭◗✷✮ ❢♦- "❤❡

❣-❛♣❤ G̃✳ ❚❤❡-❡❢♦-❡✱

d(T ix, T jx) = d(TT i−1x, TT j−1x)

≤ λ ·max
{
d(T i−1x, T j−1x), d(T i−1x, T ix), d(T j−1x, T jx),

d(T i−1x, T jx), d(T j−1x, T ix)
}

≤ λ · diam
(
O(x;n)

)
. �

❚❤❡ ♥❡①" ❡①❛♠♣❧❡ 1❤♦✇1 "❤❛" ❜♦"❤ "❤❡ ✐♥"❡❣❡-1 i ❛♥❞ j ♠✉1" ❜❡ ♣♦1✐"✐✈❡ ✐♥ ▲❡♠♠❛

✷✳✶✺✳ ■♥ ♦"❤❡- ✇♦-❞1✱ ♥❡✐"❤❡- i ♥♦- j ✐1 ❛❧❧♦✇❡❞ "♦ ❜❡ ③❡-♦✳

✷✳✶✻✳ ❊①❛♠♣❧❡✳ ❈♦♥1✐❞❡- "❤❡ 1❡" R ♦❢ -❡❛❧ ♥✉♠❜❡-1 ✇✐"❤ "❤❡ ✉1✉❛❧ ✭❊✉❝❧✐❞❡❛♥✮ ♠❡"-✐❝

❛♥❞ "❤❡ ❝♦♠♣❧❡"❡ ❣-❛♣❤ G0✱ ❛♥❞ ❞❡✜♥❡ ❛ ♠❛♣♣✐♥❣ T : R → R ❜② "❤❡ -✉❧❡ Tx = x
2
❢♦-

❛❧❧ x ∈ R✳ ❚❤❡♥ T ✐1 ❛ G0✲?✉❛1✐✲❝♦♥"-❛❝"✐♦♥ ✇✐"❤ ❛ ?✉❛1✐✲❝♦♥"-❛❝"✐✈❡ ❝♦♥1"❛♥" λ = 1
2
✳ ■♥

❛❞❞✐"✐♦♥✱ Tnx = x
2n

❛♥❞ diam(O(x;n)) = |x|(1 − 1
2n

) ❢♦- ❛❧❧ x ∈ R ❛♥❞ ❛❧❧ n ∈ N ∪ {0}✳
◆♦✇✱ ❧❡" x0 ❜❡ ❛ ♣♦1✐"✐✈❡ -❡❛❧ ♥✉♠❜❡- ❛♥❞ ♣✉" n = 2✱ i = 0 ❛♥❞ j = 1 ✐♥ ▲❡♠♠❛ ✷✳✶✺✳
❚❤❡♥ ✇❡ ❤❛✈❡

|x0 − Tx0| =
x0

2
>

x0

2
·
(
1−

1

22
)
= λ · diam

(
O(x0; 2)

)
.

✷✳✶✼✳ ▲❡♠♠❛✳ ▲❡' (X, d) ❜❡ ❛ ♠❡'!✐❝ -♣❛❝❡ ✇✐'❤ ❛ ❣!❛♣❤ G ❛♥❞ T : X → X ❜❡ ❛ G✲
5✉❛-✐✲❝♦♥'!❛❝'✐♦♥✳ ❚❤❡♥ ❢♦! ❡❛❝❤ x ∈ CT ❛♥❞ ❡❛❝❤ n ∈ N✱ '❤❡!❡ ❡①✐-'- ❛ ♣♦-✐'✐✈❡ ✐♥'❡❣❡!

k ♥♦ ♠♦!❡ '❤❛♥ n -✉❝❤ '❤❛'

diam
(
O(x;n)

)
= d(x, T kx).

 !♦♦❢✳ ▲❡" x ∈ CT ❛♥❞ n ∈ N ❜❡ ❣✐✈❡♥✳ ■❢ diam(O(x;n)) = 0✱ "❤❡♥ O(x;n) ✐1 1✐♥❣❧❡"♦♥✳
■♥ ♣❛-"✐❝✉❧❛-✱ x ✐1 ❛ ✜①❡❞ ♣♦✐♥" ❢♦- T ❛♥❞ d(T ix, T jx) = 0 ❢♦- ❛❧❧ i, j = 0, . . . , n✳ ❚❤✉1✱
"❤❡ 1"❛"❡♠❡♥" ❤♦❧❞1 "-✐✈✐❛❧❧② ❢♦- ❛♥② ♣♦1✐"✐✈❡ ✐♥"❡❣❡- k ♥♦ ♠♦-❡ "❤❛♥ n✳

❖"❤❡-✇✐1❡✱ 1✐♥❝❡ O(x;n) ✐1 ❛ ✜♥✐"❡ 1❡"✱ ✐" ❢♦❧❧♦✇1 "❤❛" "❤❡-❡ ❡①✐1" ❞✐1"✐♥❝" ♥♦♥♥❡❣❛"✐✈❡
✐♥"❡❣❡-1 i ❛♥❞ j ♥♦ ♠♦-❡ "❤❛" n 1✉❝❤ "❤❛" diam(O(x;n)) = d(T ix, T jx)✳ ■❢ ❜♦"❤ "❤❡

✐♥"❡❣❡-1 i ❛♥❞ j ❛-❡ ❛11✉♠❡❞ "♦ ❜❡ ♣♦1✐"✐✈❡✱ "❤❡♥ ❢-♦♠ ▲❡♠♠❛ ✷✳✶✺✱ ✇❡ ❤❛✈❡

diam
(
O(x;n)

)
= d(T ix, T jx) ≤ λ · diam

(
O(x;n)

)
,

✇❤❡-❡ λ ∈ [0, 1) ✐1 ❛ ?✉❛1✐✲❝♦♥"-❛❝"✐✈❡ ❝♦♥1"❛♥" ♦❢ T ✱ ❛ ❝♦♥"-❛❞✐❝"✐♦♥✳ ❍❡♥❝❡ ❡✐"❤❡- i ♦- j
♠✉1" ❜❡ ③❡-♦ ❛♥❞ "❤❡ ♣-♦♦❢ ✐1 ✜♥✐1❤❡❞✳ �

✷✳✶✽✳ ❘❡♠❛/❦✳ ❈♦♠❜✐♥✐♥❣ ▲❡♠♠❛1 ✷✳✶✺ ❛♥❞ ✷✳✶✼✱ ♦♥❡ ❝❛♥ ❡❛1✐❧② ♦❜"❛✐♥ "❤❛" ✐❢ (X, d)
✐1 ❛ ♠❡"-✐❝ 1♣❛❝❡ ✇✐"❤ ❛ ❣-❛♣❤ G ❛♥❞ T : X → X ✐1 ❛ G✲?✉❛1✐✲❝♦♥"-❛❝"✐♦♥ ✇✐"❤ ❛ ?✉❛1✐✲
❝♦♥"-❛❝"✐✈❡ ❝♦♥1"❛♥" λ✱ "❤❡♥ ❢♦- ❡❛❝❤ x ∈ CT ❛♥❞ ❡❛❝❤ n ∈ N✱ "❤❡-❡ ❡①✐1"1 ❛ ♣♦1✐"✐✈❡

✐♥"❡❣❡- k ♥♦ ♠♦-❡ "❤❛♥ n 1✉❝❤ "❤❛"

d(T ix, T jx) ≤ λ · diam
(
O(x;n)

)
= λ · d(x, T kx) i, j = 1, . . . , n.

✷✳✶✾✳ ▲❡♠♠❛✳ ▲❡' (X, d) ❜❡ ❛ ♠❡'!✐❝ -♣❛❝❡ ✇✐'❤ ❛ ❣!❛♣❤ G ❛♥❞ T : X → X ❜❡ ❛

G✲5✉❛-✐✲❝♦♥'!❛❝'✐♦♥ ✇✐'❤ ❛ 5✉❛-✐✲❝♦♥'!❛❝'✐✈❡ ❝♦♥-'❛♥' λ✳ ❚❤❡♥

diam
(
O(x;n)

)
≤

1

1− λ
· d(x, Tx)

❢♦! ❛❧❧ x ∈ CT ❛♥❞ ❛❧❧ n ∈ N ∪ {0}✳



✶✵✹✶

 !♦♦❢✳ ▲❡" x ∈ CT ❛♥❞ n ∈ N ∪ {0} ❜❡ ❣✐✈❡♥✳ ■❢ n = 0✱ .✐♥❝❡ diam(O(x; 0)) = 0✱ "❤❡1❡
1❡♠❛✐♥. ♥♦"❤✐♥❣ "♦ ♣1♦✈❡✳ ❖"❤❡1✇✐.❡✱ ❢1♦♠ ▲❡♠♠❛ ✷✳✶✼✱ "❤❡1❡ ❡①✐.". ❛ ♣♦.✐"✐✈❡ ✐♥"❡❣❡1 k
♥♦ ♠♦1❡ "❤❛♥ n .✉❝❤ "❤❛" diam(O(x;n)) = d(x, T kx)✳ <✉""✐♥❣ i = 1 ❛♥❞ j = k ✐♥ ▲❡♠♠❛
✷✳✶✺✱ ✇❡ ❣❡"

diam
(
O(x;n)

)
= d(x, T kx)

≤ d(x, Tx) + d(Tx, T kx)

≤ d(x, Tx) + λ · diam
(
O(x;n)

)
.

◆♦✇ "❤❡ ✐♥❡?✉❛❧✐"②

diam
(
O(x;n)

)
≤

1

1− λ
· d(x, Tx)

❢♦❧❧♦✇. ✐♠♠❡❞✐❛"❡❧②✳ �

✷✳✷✵✳ ▲❡♠♠❛✳ ▲❡' (X, d) ❜❡ ❛ ♠❡'!✐❝ -♣❛❝❡ ✇✐'❤ ❛ ❣!❛♣❤ G ❛♥❞ T : X → X ❜❡ ❛

G✲5✉❛-✐✲❝♦♥'!❛❝'✐♦♥✳ ❚❤❡♥ {Tnx} ✐- ❈❛✉❝❤② ❢♦! ❛❧❧ x ∈ CT ✳

 !♦♦❢✳ ▲❡" x ∈ CT ❜❡ ❣✐✈❡♥✳ ■❢ m,n ∈ N ❛♥❞ m ≥ n ≥ 2✱ .✐♥❝❡ Tn−1x ∈ CT ✱ ✐" ❢♦❧❧♦✇.

"❤❛" ♣✉""✐♥❣ i = m− n+ 1 ❛♥❞ j = 1 ✐♥ ▲❡♠♠❛ ✷✳✶✺✱ ✇❡ ❣❡"

✭✷✳✻✮ d(Tmx, Tnx) = d(Tm−n+1Tn−1x, TTn−1x) ≤ λ · diam
(
O(Tn−1x;m− n+ 1)

)
,

✇❤❡1❡ λ ∈ [0, 1) ✐. ❛ ?✉❛.✐✲❝♦♥"1❛❝"✐✈❡ ❝♦♥."❛♥" ♦❢ T ✳ ▼♦1❡♦✈❡1✱ ❜② ▲❡♠♠❛ ✷✳✶✼✱ "❤❡1❡
❡①✐.". ❛ ♣♦.✐"✐✈❡ ✐♥"❡❣❡1 k ♥♦ ♠♦1❡ "❤❛♥ m− n+ 1 .✉❝❤ "❤❛"

✭✷✳✼✮ diam
(
O(Tn−1x;m− n+ 1)

)
= d(Tn−1x, T k+n−1x).

❇❡❝❛✉.❡ n ≥ 2✱ ✐" ❢♦❧❧♦✇. "❤❛" Tn−2x ∈ CT ❛♥❞ .♦ ♣✉""✐♥❣ i = 1 ❛♥❞ j = k+1 ✐♥ ▲❡♠♠❛
✷✳✶✺ ②✐❡❧❞.

d(Tn−1x, T k+n−1x) = d(TTn−2x, T k+1Tn−2x)

≤ λ · diam
(
O(Tn−2x;m− n+ 2)

)
.✭✷✳✽✮

❋✐♥❛❧❧②✱ ❝♦♠❜✐♥✐♥❣ ✭✷✳✻✮✱ ✭✷✳✼✮ ❛♥❞ ✭✷✳✽✮✱ ❛♥❞ ✉.✐♥❣ ✐♥❞✉❝"✐♦♥ ❛♥❞ ▲❡♠♠❛ ✷✳✶✾✱ ✇❡ ♦❜"❛✐♥

d(Tmx, Tnx) ≤ λ · diam
(
O(Tn−1x;m− n+ 1)

)

= λ · d(Tn−1x, T k+n−1x)

≤ λ2 · diam
(
O(Tn−2x;m− n+ 2)

)

✳

✳

✳

≤ λn · diam
(
O(x;m)

)

≤
λn

1− λ
· d(x, Tx).

▲❡""✐♥❣ m,n → ∞✱ ✇❡ ✜♥❞ d(Tmx, Tnx) → 0✳ ❍❡♥❝❡ {Tnx} ✐. ❈❛✉❝❤②✳ �

◆♦✇ ✇❡ ❛1❡ 1❡❛❞② "♦ ♣1♦✈❡ ♦✉1 ♠❛✐♥ "❤❡♦1❡♠ ♦♥ "❤❡ ❡①✐."❡♥❝❡ ♦❢ ✜①❡❞ ♣♦✐♥". ❢♦1

G✲?✉❛.✐✲❝♦♥"1❛❝"✐♦♥. ✐♥ ❝♦♠♣❧❡"❡ ♠❡"1✐❝ .♣❛❝❡. ✇✐"❤ ❛ ❣1❛♣❤✳

✷✳✷✶✳ ❚❤❡♦+❡♠✳ ▲❡' (X, d) ❜❡ ❛ ❝♦♠♣❧❡'❡ ♠❡'!✐❝ -♣❛❝❡ ✇✐'❤ ❛ ❣!❛♣❤ G ❛♥❞ T : X → X
❜❡ G✲5✉❛-✐✲❝♦♥'!❛❝'✐♦♥✳ ❚❤❡♥ '❤❡ !❡-'!✐❝'✐♦♥ ♦❢ T '♦ CT ✐- ❛ ✇❡❛❦❧②  ✐❝❛!❞ ♦♣❡!❛'♦! ✐❢

❡✐'❤❡! T ✐- ♦!❜✐'❛❧❧② G̃✲❝♦♥'✐♥✉♦✉- ♦♥ X ♦! G ✐- ❛ (C̃)✲❣!❛♣❤✳

■♥ ♣❛!'✐❝✉❧❛!✱ ✇❤❡♥❡✈❡! T ✐- ♦!❜✐'❛❧❧② G̃✲❝♦♥'✐♥✉♦✉- ♦♥ X ♦! G ✐- ❛ (C̃)✲❣!❛♣❤✱ T ❤❛-

❛ ✜①❡❞ ♣♦✐♥' ✐♥ X ✐❢ ❛♥❞ ♦♥❧② ✐❢ CT 6= ∅✳
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 !♦♦❢✳ ■❢ CT = ∅✱ #❤❡♥ #❤❡'❡ '❡♠❛✐♥+ ♥♦#❤✐♥❣ #♦ ♣'♦✈❡✳ ❙♦ ❛++✉♠❡ #❤❛# CT ✐+ ♥♦♥❡♠♣#②✳

■❢ x ∈ CT ✱ +✐♥❝❡ (Tmx, Tnx) ∈ E(G̃) ❢♦' ❛❧❧ m,n ∈ N ∪ {0}✱ ✐# ❢♦❧❧♦✇+ #❤❛# Tx ∈ CT ✳

❚❤✉+✱ CT ✐+ T ✲✐♥✈❛'✐❛♥#✱ ✐✳❡✳ T (CT ) ⊆ CT ✳

◆♦✇✱ ❧❡# x ∈ CT ❜❡ ❣✐✈❡♥✳ ❇② ▲❡♠♠❛ ✷✳✷✵✱ {Tnx} ✐+ ❛ ❈❛✉❝❤② +❡@✉❡♥❝❡ ✐♥ X ❛♥❞

+✐♥❝❡ (X, d) ✐+ ❝♦♠♣❧❡#❡✱ #❤❡'❡ ❡①✐+#+ ❛♥ x⋆ ∈ X ✭❞❡♣❡♥❞✐♥❣ ♦♥ x✮ +✉❝❤ #❤❛# Tnx → x⋆
✳

❲❡ +❤♦✇ #❤❛# x⋆
✐+ ❛ ✜①❡❞ ♣♦✐♥# ❢♦' T ✳

❚♦ #❤✐+ ❡♥❞✱ ♥♦#❡ ✜'+# #❤❛# ❢'♦♠ x ∈ CT ✱ ✇❡ ❤❛✈❡ (Tnx, Tn+1x) ∈ E(G̃) ❢♦' ❛❧❧

n ∈ N ∪ {0}✳ ■❢ T ✐+ ♦'❜✐#❛❧❧② G̃✲❝♦♥#✐♥✉♦✉+ ♦♥ X✱ #❤❡♥ Tnx → x⋆
✐♠♣❧✐❡+ Tn+1x =

T (Tnx) → Tx⋆
❛♥❞ ❜② ✉♥✐@✉❡♥❡++ ♦❢ #❤❡ ❧✐♠✐# ♦❢ ❝♦♥✈❡'❣❡♥# +❡@✉❡♥❝❡+ ✐♥ ♠❡#'✐❝ +♣❛❝❡+✱

✇❡ ♦❜#❛✐♥ Tx⋆ = x⋆
✳

❖#❤❡'✇✐+❡✱ ✐❢ G ✐+ ❛ (C̃)✲❣'❛♣❤✱ +✐♥❝❡ Tnx → x⋆
✱ #❤❡'❡ ❡①✐+#+ ❛ +#'✐❝#❧② ✐♥❝'❡❛+✐♥❣

+❡@✉❡♥❝❡ {nk} ♦❢ ♣♦+✐#✐✈❡ ✐♥#❡❣❡'+ +✉❝❤ #❤❛# (Tnkx, x⋆) ∈ E(G̃) ❢♦' ❛❧❧ k ∈ N✳ ❖♥ #❤❡

♦#❤❡' ❤❛♥❞✱ ✐❢ λ ∈ [0, 1) ✐+ ❛ @✉❛+✐✲❝♦♥#'❛❝#✐✈❡ ❝♦♥+#❛♥# ♦❢ T ✱ #❤❡♥ ❜② H'♦♣♦+✐#✐♦♥ ✷✳✶✹✭❝✮✱

T ✐+ ❛ G̃✲@✉❛+✐✲❝♦♥#'❛❝#✐♦♥ ✇✐#❤ ❛ @✉❛+✐✲❝♦♥#'❛❝#✐✈❡ ❝♦♥+#❛♥# λ✳ ■♥ ♣❛'#✐❝✉❧❛'✱ T +❛#✐+✜❡+

✭◗✷✮ ❢♦' #❤❡ ❣'❛♣❤ G̃✳ ❚❤❡'❡❢♦'❡✱

d(Tnk+1x, Tx⋆) = d(TTnkx, Tx⋆)

≤ λ ·max
{
d(Tnkx, x⋆), d(Tnkx, Tnk+1x), d(x⋆, Tx⋆),

d(Tnkx, Tx⋆), d(x⋆, Tnk+1x)
}

✭✷✳✾✮

❢♦' ❛❧❧ k ∈ N✳ ❋♦' ❛ ✜①❡❞ ♣♦+✐#✐✈❡ ✐♥#❡❣❡' k✱ ♦♥❡ ♦❢ #❤❡ ✜✈❡ #❡'♠+ ❛♣♣❡❛'❡❞ ✐♥ #❤❡ '✐❣❤#

+✐❞❡ ♦❢ ✭✷✳✾✮ ✐+ #❤❡ ♠❛①✐♠✉♠✳ ❙♦ ✇❡ ❝♦♥+✐❞❡' #❤❡ ❢♦❧❧♦✇✐♥❣ ✜✈❡ ♣♦++✐❜❧❡ ❝❛+❡+✿

❈❛"❡ ✶✿ ■❢ #❤❡ ✜'+# #❡'♠ ✐+ #❤❡ ♠❛①✐♠✉♠✱ #❤❡♥

d(Tnk+1x, Tx⋆) ≤ λ · d(Tnkx, x⋆);

❈❛"❡ ✷✿ ■❢ #❤❡ +❡❝♦♥❞ #❡'♠ ✐+ #❤❡ ♠❛①✐♠✉♠✱ #❤❡♥

d(Tnk+1x, Tx⋆) ≤ λ · d(Tnkx, Tnk+1x);

❈❛"❡ ✸✿ ■❢ #❤❡ #❤✐'❞ #❡'♠ ✐+ #❤❡ ♠❛①✐♠✉♠✱ #❤❡♥

d(Tnk+1x, Tx⋆) ≤ λ · d(x⋆, Tx⋆)

≤ λ ·
(
d(x⋆, Tnk+1x) + d(Tnk+1x, Tx⋆)

)
.

❚❤❡'❡❢♦'❡✱

d(Tnk+1x, Tx⋆) ≤
λ

1− λ
· d(x⋆, Tnk+1x) =

λ

1− λ
· d(Tnk+1x, x⋆);

❈❛"❡ ✹✿ ■❢ #❤❡ ❢♦'#❤ #❡'♠ ✐+ #❤❡ ♠❛①✐♠✉♠✱ #❤❡♥

d(Tnk+1x, Tx⋆) ≤ λ · d(Tnkx, Tx⋆)

≤ λ ·
(
d(Tnkx, Tnk+1x) + d(Tnk+1x, Tx⋆)

)
.

❚❤❡'❡❢♦'❡✱

d(Tnk+1x, Tx⋆) ≤
λ

1− λ
· d(Tnkx, Tnk+1x);

❈❛"❡ ✺✿ ❋✐♥❛❧❧②✱ ✐❢ #❤❡ ✜❢#❤ #❡'♠ ✐+ #❤❡ ♠❛①✐♠✉♠✱ #❤❡♥

d(Tnk+1x, Tx⋆) ≤ λ · d(x⋆, Tnk+1x) = λ · d(Tnk+1x, x⋆).

❈❧❡❛'❧②✱ ❛# ❧❡❛+# ♦♥❡ ♦❢ #❤❡ ❛❜♦✈❡ ✜✈❡ ❝❛+❡+ ❤❛♣♣❡♥+ ❢♦' ✐♥✜♥✐#❡❧② ♠❛♥② ✐♥❞✐❝❡+ k✳
❍❡♥❝❡ {Tnk+1x} ❤❛+ ❛ +✉❜+❡@✉❡♥❝❡ ❝♦♥✈❡'❣✐♥❣ #♦ Tx⋆

✱ ❛♥❞ ❛❣❛✐♥ ❜② #❤❡ ✉♥✐@✉❡♥❡++ ♦❢

#❤❡ ❧✐♠✐# ♦❢ ❝♦♥✈❡'❣❡♥# +❡@✉❡♥❝❡+ ✐♥ ♠❡#'✐❝ +♣❛❝❡+✱ ✇❡ ♦❜#❛✐♥ Tx⋆ = x⋆
✳

❋✐♥❛❧❧②✱ +✐♥❝❡ CT ❝♦♥#❛✐♥+ ❛❧❧ ✜①❡❞ ♣♦✐♥#+ ♦❢ T ✱ ✐# ❢♦❧❧♦✇+ #❤❛# x⋆ ∈ CT ✳ ❈♦♥+❡@✉❡♥#❧②✱

T |CT
: CT → CT ✐+ ❛ ✇❡❛❦❧② H✐❝❛'❞ ♦♣❡'❛#♦'✳ �
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❇❡❢♦$❡ ❧✐'(✐♥❣ '♦♠❡ ✐♠♣♦$(❛♥( ❝♦♥'❡/✉❡♥❝❡' ♦❢ ❚❤❡♦$❡♠ ✷✳✷✶✱ ✐( ✐' ✇♦$(❤ ❤❛✈✐♥❣ ❛

❞✐'❝✉''✐♦♥ ♦♥ (❤❡ ❤②♣♦(❤❡'❡' ♦❢ ❚❤❡♦$❡♠ ✷✳✷✶✳

✷✳✷✷✳ ❘❡♠❛&❦✳ ■♥ ❬✾✱ ❚❤❡♦$❡♠ ✶❪✱ ▲❥✳ ❇✳ ❶✐$✐➣ ❤❛' ✉'❡❞ ❛ ✇❡❛❦❡$ (②♣❡ ♦❢ ❝♦♠♣❧❡(❡♥❡''

♦❢ ♠❡($✐❝ '♣❛❝❡' ✇❤✐❝❤ ❤❛❞ ❜❡❡♥ ❞❡✜♥❡❞ ❜② ❤✐♠'❡❧❢ ✐♥ ❬✽❪ ❛' ❢♦❧❧♦✇'✿

▲❡( (X, d) ❜❡ ❛ ♠❡($✐❝ '♣❛❝❡ ❛♥❞ T : X → X ❜❡ ❛ ♠❛♣♣✐♥❣✳ ❚❤❡ ♠❡($✐❝ '♣❛❝❡

(X, d) ✐' ❝❛❧❧❡❞ T ✲♦$❜✐(❛❧❧② ❝♦♠♣❧❡(❡ ✐❢ ❡❛❝❤ ❈❛✉❝❤② '❡/✉❡♥❝❡ ♦❢ (❤❡ ✐(❡$❛(❡' ♦❢ ❛
♣♦✐♥( ♦❢ X ✉♥❞❡$ T ✐' ❝♦♥✈❡$❣❡♥(✳

■( ✐' ❝❧❡❛$ (❤❛( ❡✈❡$② ❝♦♠♣❧❡(❡ ♠❡($✐❝ '♣❛❝❡ (X, d) ✐' T ✲♦$❜✐(❛❧❧② ❝♦♠♣❧❡(❡ ❢♦$ ❛❧❧
♠❛♣♣✐♥❣' T : X → X✱ ❜✉( (❤❡ ❝♦♥✈❡$'❡ ✐' ♥♦( ($✉❡ ✐♥ ❣❡♥❡$❛❧✳ ❋♦$ ✐♥'(❛♥❝❡✱ (❤❡ '❡( Q
❝♦♥'✐'(✐♥❣ ♦❢ ❛❧❧ $❛(✐♦♥❛❧ ♥✉♠❜❡$' ✇✐(❤ (❤❡ ✉'✉❛❧ ✭❊✉❝❧✐❞❡❛♥✮ ♠❡($✐❝ ✐' ♥♦( ❛ ❝♦♠♣❧❡(❡

♠❡($✐❝ '♣❛❝❡ ✇❤❡$❡❛' Q ✐' T ✲♦$❜✐(❛❧❧② ❝♦♠♣❧❡(❡✱ ✇❤❡$❡ T : Q → Q ✐' ❞❡✜♥❡❞ ❜② (❤❡ $✉❧❡

Tx = x
2
❢♦$ ❛❧❧ x ∈ Q✳

❚❤❡ ♥♦(✐♦♥ ♦❢ T ✲♦$❜✐(❛❧ ❝♦♠♣❧❡(❡♥❡'' ♦❢ ❛ ♠❡($✐❝ '♣❛❝❡ ❝❛♥ ❜❡ ❣❡♥❡$❛❧✐③❡❞ (♦ ♠❡($✐❝
'♣❛❝❡' ✇✐(❤ ❛ ❣$❛♣❤ ✐♥ '❡✈❡$❛❧ ❞✐✛❡$❡♥( ✇❛②'✳ ❍♦✇❡✈❡$✱ ❜② ❛ '✉❜(❧❡ ❧♦♦❦ ❛( (❤❡ ♣$♦♦❢

♦❢ ❚❤❡♦$❡♠ ✷✳✷✶✱ ✐( ✐' ❡❛'✐❧② $❡❛❧✐③❡❞ (❤❛( ✇❡ ❤❛✈❡ ♦♥❧② ✉'❡❞ (❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦❡$ (②♣❡

♦❢ T ✲♦$❜✐(❛❧ ❝♦♠♣❧❡(❡♥❡'' ✭❝❛❧❧❡❞✱ ❡✳❣✳✱ ✇❡❛❦ G̃✲T ✲♦$❜✐(❛❧ ❝♦♠♣❧❡(❡♥❡''✮ ✐♥ ♠❡($✐❝ '♣❛❝❡'
✇✐(❤ ❛ ❣$❛♣❤ ❛' ❢♦❧❧♦✇'✿

▲❡( (X, d) ❜❡ ❛ ♠❡($✐❝ '♣❛❝❡ ✇✐(❤ ❛ ❣$❛♣❤ G ❛♥❞ T : X → X ❜❡ ❛ ♠❛♣♣✐♥❣✳

❚❤❡ ♠❡($✐❝ '♣❛❝❡ (X, d) ✐' ❝❛❧❧❡❞ ✏✇❡❛❦ G̃✲T ✲♦$❜✐(❛❧❧② ❝♦♠♣❧❡(❡✧ ✐❢ ❢♦$ ❡❛❝❤ x ∈
CT ✱ (❤❡ '❡/✉❡♥❝❡ {Tnx} ✐' ❝♦♥✈❡$❣❡♥( ✇❤❡♥❡✈❡$ {Tnx} ✐' ❈❛✉❝❤② ❛♥❞ '❛(✐'✜❡'

(Tnx, Tn+1x) ∈ E(G̃) ❢♦$ ❛❧❧ n ∈ N✳

❖❜✈✐♦✉'❧②✱ ❜② $❡♣❧❛❝✐♥❣ (❤✐' ♥❡✇ ♥♦(✐♦♥ ✇✐(❤ (❤❡ '(❛♥❞❛$❞ ♥♦(✐♦♥ ♦❢ ❝♦♠♣❧❡(❡♥❡''✱ ❛

♥❡✇ ✈❡$'✐♦♥ ♦❢ ❚❤❡♦$❡♠ ✷✳✷✶ ✐' ♦❜(❛✐♥❡❞✳

✷✳✷✸✳ ❘❡♠❛&❦✳ ❇② ❛ '✉❜(❧❡ ❧♦♦❦ ❛( (❤❡ ♣$♦♦❢ ♦❢ ❚❤❡♦$❡♠ ✷✳✷✶ ✐♥ (❤❡ ❝❛'❡ (❤❛( (❤❡

♠❛♣♣✐♥❣ T ✐' ♦$❜✐(❛❧❧② G̃✲❝♦♥(✐♥✉♦✉' ♦♥ X✱ ✐( ✐' ❡❛'✐❧② $❡❛❧✐③❡❞ (❤❛( ♥♦( (❤❡ ✇❤♦❧❡ ❜✉( ❛

✇❡❛❦❡$ (②♣❡ ♦❢ (❤❡ ❤②♣♦(❤❡'✐' ♦❢ ♦$❜✐(❛❧ G̃✲❝♦♥(✐♥✉✐(② ♦❢ T ✐' ✉'❡❞✳ ■♥❞❡❡❞✱ (❤❡ '❡/✉❡♥❝❡

{bn} ♦❢ ♣♦'✐(✐✈❡ ✐♥(❡❣❡$' ✐♥ ❉❡✜♥✐(✐♦♥ ✶✳✷ ✐' $❡♣❧❛❝❡❞ ✇✐(❤ (❤❡ '❡/✉❡♥❝❡ {n}✱ ✐✳❡✳ (❤❡

'❡/✉❡♥❝❡ ♦❢ ❛❧❧ ♣♦'✐(✐✈❡ ✐♥(❡❣❡$'✳ ❯'✐♥❣ (❤✐'✱ ❛ ✇❡❛❦❡$ (②♣❡ ♦❢ ♦$❜✐(❛❧ G̃✲❝♦♥(✐♥✉✐(② ✭❝❛❧❧❡❞✱

❡✳❣✳✱ ✇❡❛❦ ♦$❜✐(❛❧ G̃✲❝♦♥(✐♥✉✐(②✮ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛' ❢♦❧❧♦✇'✿

▲❡( (X, d) ❜❡ ❛ ♠❡($✐❝ '♣❛❝❡ ✇✐(❤ ❛ ❣$❛♣❤ G✳ ❆ ♠❛♣♣✐♥❣ T : X → X ✐' ❝❛❧❧❡❞

✏✇❡❛❦❧② ♦$❜✐(❛❧❧② G̃✲❝♦♥(✐♥✉♦✉'✧ ♦♥ X ✐❢ Tnx → y ✐♠♣❧✐❡' Tn+1x → Ty ❢♦$ ❛❧❧

x, y ∈ X '✉❝❤ (❤❛( (Tnx, Tn+1x) ∈ E(G̃) ❢♦$ ❛❧❧ n ∈ N✳

❖❜✈✐♦✉'❧②✱ ❜② $❡♣❧❛❝✐♥❣ (❤✐' ♥❡✇ ♥♦(✐♦♥ ✇✐(❤ (❤❡ ♥♦(✐♦♥ ♦❢ ♦$❜✐(❛❧ G̃✲❝♦♥(✐♥✉✐(②✱ ❚❤❡✲
♦$❡♠ ✷✳✷✶ ✐' '($❡♥❣(❤❡♥❡❞✳

◆♦✇ ✇❡ ♣$❡'❡♥( (❤$❡❡ ✐♠♣♦$(❛♥( ❝♦♥'❡/✉❡♥❝❡' ♦❢ ❚❤❡♦$❡♠ ✷✳✷✶ ✇❤❡$❡ (❤❡ ❣$❛♣❤ G ✐'

$❡♣❧❛❝❡❞ ✇✐(❤ (❤❡ '♣❡❝✐❛❧ ❣$❛♣❤'✳ ❋✐$'(❧②✱ ✇❡ ♣✉( G = G0 ✐♥ ❚❤❡♦$❡♠ ✷✳✷✶ ❛♥❞ ✇❡ ❣❡(

❶✐$✐➣✬' ✜①❡❞ ♣♦✐♥( (❤❡♦$❡♠ ❬✾✱ ❚❤❡♦$❡♠ ✶❪ ♦♥ '✐♥❣❧❡✲✈❛❧✉❡❞ /✉❛'✐✲❝♦♥($❛❝(✐♦♥' ✐♥ ❝♦♠♣❧❡(❡

♠❡($✐❝ '♣❛❝❡' ✐♥'(❡❛❞ ♦❢ T ✲♦$❜✐(❛❧❧② ❝♦♠♣❧❡(❡ ♠❡($✐❝ '♣❛❝❡' ❛' ❢♦❧❧♦✇'✿

✷✳✷✹✳ ❈♦&♦❧❧❛&②✳ ❊✈❡#② %✉❛(✐✲❝♦♥.#❛❝.✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♣❧❡.❡ ♠❡.#✐❝ (♣❛❝❡ ✐( ❛ 4✐❝❛#❞

♦♣❡#❛.♦#✳

4#♦♦❢✳ ▲❡( (X, d) ❜❡ ❛ ❝♦♠♣❧❡(❡ ♠❡($✐❝ '♣❛❝❡ ❛♥❞ T : X → X ❜❡ ❛ /✉❛'✐✲❝♦♥($❛❝(✐♦♥✳

❚❤❡ '❡( CT ✐' ♥♦♥❡♠♣(② ❜❡❝❛✉'❡ CT = X✳ ❚❤❡$❡❢♦$❡✱ ❜② ❚❤❡♦$❡♠ ✷✳✷✶✱ (❤❡ ♠❛♣♣✐♥❣

T = T |CT
✐' ❛ ✇❡❛❦❧② Z✐❝❛$❞ ♦♣❡$❛(♦$✳ ■♥ ♣❛$(✐❝✉❧❛$✱ T ❤❛' ❛ ✜①❡❞ ♣♦✐♥( ✐♥ X✳ ❚♦ '❡❡

(❤❛( T ✐' ❛ Z✐❝❛$❞ ♦♣❡$❛(♦$✱ ✐( '✉✣❝✐❡' (♦ '❤♦✇ (❤❛( T ❤❛' ❛ ✉♥✐/✉❡ ✜①❡❞ ♣♦✐♥( ✐♥ X✳ ❚♦
(❤✐' ❡♥❞✱ '✉♣♣♦'❡ (❤❛( x⋆

❛♥❞ x⋆⋆
❛$❡ (✇♦ ✜①❡❞ ♣♦✐♥(' ❢♦$ T ✐♥ X✳ ❚❤❡♥ ❢$♦♠ ✭✷✳✶✮ ✇❡
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❤❛✈❡

d(x⋆, x⋆⋆) = d(Tx⋆, Tx⋆⋆)

≤ λ ·max
{
d(x⋆, x⋆⋆), d(x⋆, Tx⋆)︸ ︷︷ ︸

=0

, d(x⋆⋆, Tx⋆⋆)︸ ︷︷ ︸
=0

,

d(x⋆, Tx⋆⋆)︸ ︷︷ ︸
=d(x⋆,x⋆⋆)

, d(x⋆⋆, Tx⋆)︸ ︷︷ ︸
=d(x⋆⋆,x⋆)

}

= λ · d(x⋆, x⋆⋆),

✇❤❡%❡ λ ∈ [0, 1) ✐' ❛ ❝♦♥'+❛♥+✳ ❍❡♥❝❡ d(x⋆, x⋆⋆) = 0 ♦% ❡.✉✐✈❛❧❡♥+❧②✱ x⋆ = x⋆⋆
✳ �

✷✳✷✺✳ ❘❡♠❛'❦✳ ❇② ❛ '✉❜+❧❡ ❧♦♦❦ ❛+ +❤❡ ♣%♦♦❢ ♦❢ ❈♦%♦❧❧❛%② ✷✳✷✹✱ ❛♥❞ ✉'❡ ❛♥ ❛%❣✉♠❡♥+

'✐♠✐❧❛% +♦ +❤❛+ ❛♣♣❡❛%❡❞ +❤❡%❡✱ ✇❡ '❡❡ +❤❛+ ❜♦+❤ +❤❡ ❡♥❞' ♦❢ ❛♥② ❧✐♥❦ ♦❢G ❝❛♥♥♦+ ❜❡ ✜①❡❞

♣♦✐♥+' ❢♦% ❛ G✲.✉❛'✐✲❝♦♥+%❛❝+✐♦♥✱ ✐✳❡✳ ✐❢ x 6= y✱ Tx = x ❛♥❞ Ty = y✱ +❤❡♥ (x, y) /∈ E(G)✳
❘♦✉❣❤❧② '♣❡❛❦✐♥❣✱ ♥♦ G✲.✉❛'✐✲❝♦♥+%❛❝+✐♦♥ ❝❛♥ ❦❡❡♣ ❜♦+❤ +❤❡ ❡♥❞' ♦❢ ❛ ❧✐♥❦ ♦❢ G ✜①❡❞✳ ■♥

♣❛%+✐❝✉❧❛%✱ +❤❡ ❢♦❧❧♦✇✐♥❣ %❡'✉❧+' ♦♥ +❤❡ ♥✉♠❜❡% ♦❢ +❤❡ ✜①❡❞ ♣♦✐♥+' ♦❢G✲.✉❛'✐✲❝♦♥+%❛❝+✐♦♥'
❛%❡ ♦❜+❛✐♥❡❞✿

• ◆♦ .✉❛'✐✲❝♦♥+%❛❝+✐♦♥ ❝❛♥ ❤❛✈❡ +✇♦ ❞✐'+✐♥❝+ ✜①❡❞ ♣♦✐♥+'✳

• ■❢ 4 ✐' ❛ ♣❛%+✐❛❧ ♦%❞❡% ♦♥ X✱ +❤❡♥ ♥❡✐+❤❡% ❛ G1✲.✉❛'✐✲❝♦♥+%❛❝+✐♦♥ ♥♦% ❛ G2✲.✉❛'✐✲

❝♦♥+%❛❝+✐♦♥ ❝❛♥ ❤❛✈❡ +✇♦ ❞✐'+✐♥❝+ ✜①❡❞ ♣♦✐♥+' ✇❤✐❝❤ ❛%❡ ❝♦♠♣❛%❛❜❧❡ ❡❧❡♠❡♥+' ♦❢

(X,4)✳
• ■❢ ε > 0✱ +❤❡♥ ♥♦ G3✲.✉❛'✐✲❝♦♥+%❛❝+✐♦♥ ❝❛♥ ❤❛✈❡ +✇♦ ❞✐'+✐♥❝+ ✜①❡❞ ♣♦✐♥+' ✇❤✐❝❤

❛%❡ ε✲❝❧♦'❡ ❡❧❡♠❡♥+' ♦❢ (X, d)✳

❙❡❝♦♥❞❧②✱ ✇❡ ❝♦♥'✐❞❡% ❛ ♣❛%+✐❛❧ ♦%❞❡% ♦♥ +❤❡ ♠❡+%✐❝ '♣❛❝❡ (X, d) ❛♥❞ ♣✉+ G = G1

♦% G = G2 ✐♥ ❚❤❡♦%❡♠ ✷✳✷✶✳ ❍❛✈✐♥❣ ❞♦♥❡ +❤✐'✱ +❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛%+✐❛❧❧② ♦%❞❡%❡❞ ✈❡%'✐♦♥

♦❢ ❶✐%✐➣✬' ✜①❡❞ ♣♦✐♥+ +❤❡♦%❡♠ ♦♥ ♦%❞❡%❡❞ .✉❛'✐✲❝♦♥+%❛❝+✐♦♥' ✐♥ ❝♦♠♣❧❡+❡ ♠❡+%✐❝ '♣❛❝❡'

❡.✉✐♣♣❡❞ ✇✐+❤ ❛ ♣❛%+✐❛❧ ♦%❞❡% ✐' ♦❜+❛✐♥❡❞✿

✷✳✷✻✳ ❈♦'♦❧❧❛'②✳ ▲❡" (X,4) ❜❡ ❛ ♣❛&"✐❛❧❧② ♦&❞❡&❡❞ ,❡" ❛♥❞ d ❜❡ ❛ ♠❡"&✐❝ ♦♥ X ,✉❝❤ "❤❛"

(X, d) ✐, ❛ ❝♦♠♣❧❡"❡ ♠❡"&✐❝ ,♣❛❝❡✳ ▲❡" T : X → X ❜❡ ❛ ♠❛♣♣✐♥❣ ✇❤✐❝❤ ♠❛♣, ❝♦♠♣❛&❛❜❧❡

❡❧❡♠❡♥", ♦❢ (X,4) ♦♥"♦ ❝♦♠♣❛&❛❜❧❡ ❡❧❡♠❡♥", ❛♥❞ ,❛"✐,✜❡, ✭✷✳✷✮✳ ❚❤❡♥ "❤❡ &❡,"&✐❝"✐♦♥ ♦❢
T "♦ "❤❡ ,❡" ♦❢ ❛❧❧ ♣♦✐♥", x ∈ X ✇❤♦,❡ ❡✈❡&② "✇♦ ✐"❡&❛"❡, ✉♥❞❡& T ❛&❡ ❝♦♠♣❛&❛❜❧❡ ❡❧❡♠❡♥",

♦❢ (X,4) ✐, ❛ ✇❡❛❦❧② :✐❝❛&❞ ♦♣❡&❛"♦& ✐❢ ❡✐"❤❡& T ✐, ♦&❜✐"❛❧❧② G2✲❝♦♥"✐♥✉♦✉, ♦♥ X ♦& "❤❡

"&✐♣❧❡ (X, d,4) ,❛"✐,✜❡, (∗)✳
■♥ ♣❛&"✐❝✉❧❛&✱ ✇❤❡♥❡✈❡& T ✐, ♦&❜✐"❛❧❧② G2✲❝♦♥"✐♥✉♦✉, ♦♥ X ♦& "❤❡ "&✐♣❧❡ (X, d,4)

,❛"✐,✜❡, (∗)✱ T ❤❛, ❛ ✜①❡❞ ♣♦✐♥" ✐♥ X ✐❢ ❛♥❞ ♦♥❧② ✐❢ "❤❡&❡ ❡①✐,", ❛♥ x ∈ X ,✉❝❤ "❤❛♥ Tmx
❛♥❞ Tnx ❛&❡ ❝♦♠♣❛&❛❜❧❡ ❡❧❡♠❡♥", ♦❢ (X,4) ❢♦& ❛❧❧ m,n ∈ N ∪ {0}✳

❋✐♥❛❧❧②✱ ✇❡ ♣✉+ G = G3 ✐♥ ❚❤❡♦%❡♠ ✷✳✷✶ ❛♥❞ ✇❡ ❣❡+ +❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡%'✐♦♥ ♦❢ ❶✐%✐➣✬'

✜①❡❞ ♣♦✐♥+ +❤❡♦%❡♠ ♦♥ .✉❛'✐✲❝♦♥+%❛❝+✐♦♥' ✐♥ ❝♦♠♣❧❡+❡ ♠❡+%✐❝ '♣❛❝❡'✿

✷✳✷✼✳ ❈♦'♦❧❧❛'②✳ ▲❡" (X, d) ❜❡ ❛ ❝♦♠♣❧❡"❡ ♠❡"&✐❝ ,♣❛❝❡ ❛♥❞ ε > 0 ❜❡ ❛ ✜①❡❞ &❡❛❧ ♥✉♠❜❡&✳
▲❡" T : X → X ❜❡ ❛ ♠❛♣♣✐♥❣ ✇❤✐❝❤ ♠❛♣, ε✲❝❧♦,❡ ❡❧❡♠❡♥", ♦❢ (X, d) ♦♥"♦ ε✲❝❧♦,❡ ❡❧❡♠❡♥",
❛♥❞ ,❛"✐,✜❡, ✭✷✳✸✮✳ ❚❤❡♥ "❤❡ &❡,"&✐❝"✐♦♥ ♦❢ T "♦ "❤❡ ,❡" ♦❢ ❛❧❧ ♣♦✐♥", x ∈ X ✇❤♦,❡ ❡✈❡&②

"✇♦ ✐"❡&❛"❡, ✉♥❞❡& T ❛&❡ ε✲❝❧♦,❡ ❡❧❡♠❡♥", ♦❢ (X, d) ✐, ❛ ✇❡❛❦❧② :✐❝❛&❞ ♦♣❡&❛"♦&✳
■♥ ♣❛&"✐❝✉❧❛&✱ T ❤❛, ❛ ✜①❡❞ ♣♦✐♥" ✐♥ X ✐❢ ❛♥❞ ♦♥❧② ✐❢ "❤❡&❡ ❡①✐,", ❛♥ x ∈ X ,✉❝❤ "❤❛"

Tmx ❛♥❞ Tnx ❛&❡ ε✲❝❧♦,❡ ❡❧❡♠❡♥", ♦❢ (X, d) ❢♦& ❛❧❧ m,n ∈ N ∪ {0}✳

❙✐♥❝❡ ❇❛♥❛❝❤ G✲❝♦♥+%❛❝+✐♦♥'✱ G✲❑❛♥♥❛♥ ♠❛♣♣✐♥❣'✱ G✲❈❤❛++❡%❥❡❛ ♠❛♣♣✐♥❣'✱ G✲❶✐%✐➣✲
❘❡✐❝❤✲❘✉' ♦♣❡%❛+♦%'✱ ❶✐%✐➣✲❘❡✐❝❤✲❘✉' G✲❝♦♥+%❛❝+✐♦♥' ❛♥❞ G✲λ✲❣❡♥❡%❛❧✐③❡❞ ❝♦♥+%❛❝+✐♦♥'

❛%❡ ❛❧❧ ❛ G✲.✉❛'✐✲❝♦♥+%❛❝+✐♦♥✱ ✇❡ ❤❛✈❡ ❛❧'♦ +❤❡ ❢♦❧❧♦✇✐♥❣ ✜①❡❞ ♣♦✐♥+ +❤❡♦%❡♠ ❢♦% +❤❡'❡

❝♦♥+%❛❝+✐♦♥' ❛' ❛ ❝♦♥'❡.✉❡♥❝❡ ♦❢ ❚❤❡♦%❡♠ ✷✳✷✶✿
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✷✳✷✽✳ ❈♦%♦❧❧❛%②✳ ▲❡" (X, d) ❜❡ ❛ ❝♦♠♣❧❡"❡ ♠❡"*✐❝ ,♣❛❝❡ ✇✐"❤ ❛ ❣*❛♣❤ G ❛♥❞ T : X → X
❜❡ ❛ ❇❛♥❛❝❤ G✲❝♦♥"*❛❝"✐♦♥ ✭❛ G✲❑❛♥♥❛♥ ♠❛♣♣✐♥❣✱ ❛ G✲❈❤❛""❡*❥❡❛ ♠❛♣♣✐♥❣✱ ❛ G✲❶✐*✐➣✲
❘❡✐❝❤✲❘✉, ♦♣❡*❛"♦*✱ ❛ ❶✐*✐➣✲❘❡✐❝❤✲❘✉, G✲❝♦♥"*❛❝"✐♦♥✱ ♦* ❛ G✲λ✲❣❡♥❡*❛❧✐③❡❞ ❝♦♥"*❛❝"✐♦♥✮✳

❚❤❡♥ "❤❡ *❡,"*✐❝"✐♦♥ ♦❢ T "♦ CT ✐, ❛ ✇❡❛❦❧② D✐❝❛*❞ ♦♣❡*❛"♦* ✐❢ ❡✐"❤❡* T ✐, ♦*❜✐"❛❧❧② G̃✲

❝♦♥"✐♥✉♦✉, ♦♥ X ♦* G ✐, ❛ (C̃)✲❣*❛♣❤✳

■♥ ♣❛*"✐❝✉❧❛*✱ ✇❤❡♥❡✈❡* T ✐, ♦*❜✐"❛❧❧② G̃✲❝♦♥"✐♥✉♦✉, ♦♥ X ♦* G ✐, ❛ (C̃)✲❣*❛♣❤✱ T ❤❛,

❛ ✜①❡❞ ♣♦✐♥" ✐♥ X ✐❢ ❛♥❞ ♦♥❧② ✐❢ CT 6= ∅✳

❇② ❝♦♠♣❛'✐♥❣ ❈♦'♦❧❧❛'② ✷✳✷✽ ❛0 ❛ ✈❡'0✐♦♥ ♦❢ ❚❤❡♦'❡♠ ✷✳✷✶ ❢♦' 0❡✈❡'❛❧ 7②♣❡0 ♦❢ ❝♦♥✲

7'❛❝7✐♦♥0 ✇✐7❤ 0♦♠❡ '❡❝❡♥7 '❡0✉❧70 ✐♥ ❣'❛♣❤ ♠❡7'✐❝ ✜①❡❞ ♣♦✐♥7 7❤❡♦'②✱ ♦♥❡ ❝❛♥ ❣❡7 7❤❡

❢♦❧❧♦✇✐♥❣0✿

• ■❢ ✇❡ ❡♠♣❧♦② ❈♦'♦❧❧❛'② ✷✳✷✽ ❢♦' ❇❛♥❛❝❤ G✲❝♦♥7'❛❝7✐♦♥0✱ 7❤❡♥ ✇❡ ♦❜7❛✐♥ ❛ 0✐♠♣❧❡
❛♥❞ ✇❡❛❦❡' ✈❡'0✐♦♥ ♦❢ ❬✶✹✱ ❚❤❡♦'❡♠0 ✸✳✷✭4o✮ ❛♥❞ ✸✳✸✭2o✮❪ ❛♥❞ ❬✸✱ ❈♦'♦❧❧❛'② ✷❪❀

• ■❢ ✇❡ ❡♠♣❧♦② ❈♦'♦❧❧❛'② ✷✳✷✽ ❢♦' G✲❑❛♥♥❛♥ ♠❛♣♣✐♥❣0✱ 7❤❡♥ ✇❡ ♦❜7❛✐♥ ❛♥♦7❤❡'
✈❡'0✐♦♥ ♦❢ ❬✷✱ ❚❤❡♦'❡♠ ✸❪ ❛♥❞ ❬✸✱ ❈♦'♦❧❧❛'② ✸❪ ✇✐7❤♦✉7 ✐♠♣♦0✐♥❣ 7❤❡ ❛00✉♠♣7✐♦♥

♦❢ ✇❡❛❦ T ✲❝♦♥♥❡❝7❡❞♥❡00 ♦♥ 7❤❡ ❣'❛♣❤ ✭0❡❡ ❬✸✱ ❉❡✜♥✐7✐♦♥ ✽❪✮❀
• ■❢ ✇❡ ❡♠♣❧♦② ❈♦'♦❧❧❛'② ✷✳✷✽ ❢♦' G✲❈❤❛77❡'❥❡❛ ♠❛♣♣✐♥❣0✱ 7❤❡♥ ✇❡ ♦❜7❛✐♥ ❛ ♥❡✇
✈❡'0✐♦♥ ♦❢ ❈❤❛77❡'❥❡❛✬0 ✜①❡❞ ♣♦✐♥7 7❤❡♦'❡♠ ❬✺❪ ✐♥ ❝♦♠♣❧❡7❡ ♠❡7'✐❝ 0♣❛❝❡0 ✇✐7❤ ❛

❣'❛♣❤❀

• ■❢ ✇❡ ❡♠♣❧♦② ❈♦'♦❧❧❛'② ✷✳✷✽ ❢♦' ❡✐7❤❡' G✲❶✐'✐➣✲❘❡✐❝❤✲❘✉0 ♦♣❡'❛7♦'0 ♦' ❶✐'✐➣✲
❘❡✐❝❤✲❘✉0 G✲❝♦♥7'❛❝7✐♦♥0✱ 7❤❡♥ ✇❡ ♦❜7❛✐♥ ❛♥♦7❤❡' ✈❡'0✐♦♥ ♦❢ ❬✸✱ ❚❤❡♦'❡♠ ✻❪

✇✐7❤♦✉7 ✐♠♣♦0✐♥❣ 7❤❡ ❛00✉♠♣7✐♦♥ ♦❢ ✇❡❛❦ T ✲❝♦♥♥❡❝7❡❞♥❡00 ♦♥ 7❤❡ ❣'❛♣❤ ❛♥❞
❛♥♦7❤❡' ✈❡'0✐♦♥ ♦❢ ❬✻✱ ❚❤❡♦'❡♠ ✷✳✷ ❛♥❞ ▲❡♠♠❛ ✷✳✼❪❀

• ❋✐♥❛❧❧②✱ ✐❢ ✇❡ ❡♠♣❧♦② ❈♦'♦❧❧❛'② ✷✳✷✽ ❢♦' G✲λ✲❣❡♥❡'❛❧✐③❡❞ ❝♦♥7'❛❝7✐♦♥0✱ 7❤❡♥ ✇❡
♦❜7❛✐♥ ❛ ♥❡✇ ✈❡'0✐♦♥ ♦❢ ❬✼✱ ❚❤❡♦'❡♠ ✷✳✺❪ ❛♥❞ ❛ ✇❡❛❦❡' ✈❡'0✐♦♥ ♦❢ ❬✷✷✱ ❚❤❡♦'❡♠

✶❪ ✐♥ ❝♦♠♣❧❡7❡ ♠❡7'✐❝ 0♣❛❝❡0 ✇✐7❤ ❛ ❣'❛♣❤✳

❇❡❝❛✉0❡ ❝♦♥✈❡'❣❡♥❝❡ ♦❢ 0❡W✉❡♥❝❡0 ✐♥ ❛ ❝♦♥❡ ♠❡7'✐❝ 0♣❛❝❡ ❤❛0 ❛❧'❡❛❞② ❜❡❡♥ ❞❡✜♥❡❞

✐♥ ❬✶✷✱ ❉❡✜♥✐7✐♦♥ ✷❪✱ X✐❝❛'❞ ♦♣❡'❛7♦'0 ❝❛♥ ❜❡ ❣❡♥❡'❛❧✐③❡❞ ♥❛7✉'❛❧❧② ❢'♦♠ ♠❡7'✐❝ 7♦ ❝♦♥❡

♠❡7'✐❝ 0♣❛❝❡0 ✐♥ 7❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

▲❡7 E ❜❡ ❛ ♥♦♥7'✐✈✐❛❧ '❡❛❧ ❇❛♥❛❝❤ 0♣❛❝❡✱ P ❜❡ ❛ ❝❧♦0❡❞ ❝♦♥❡ ✐♥ E 0✉❝❤ 7❤❛7

P ∩ (−P ) = {0}✱ ❛♥❞ (X, d) ❜❡ ❛ ❝♦♥❡ ♠❡7'✐❝ 0♣❛❝❡✳ ❆ ♠❛♣♣✐♥❣ T : X → X ✐0

❝❛❧❧❡❞ ❛ X✐❝❛'❞ ♦♣❡'❛7♦' ✐❢ T ❤❛0 ✉♥✐W✉❡ ✜①❡❞ ♣♦✐♥7 x⋆ ∈ X ❛♥❞ Tnx → x⋆
❢♦'

❛❧❧ x ∈ X✳

❙✐♠✐❧❛' 7♦ 7❤❡ ❈❛✉❝❤② ♣'♦♣❡'7② ♦❢ 0❡W✉❡♥❝❡0 ✐♥ ♠❡7'✐❝ 0♣❛❝❡0 ❛♥❞ ✉0✐♥❣ 7❤❡ ✐❞❡❛ ♦❢

❢♦'♠✉❧❛7✐♥❣ ❝♦♥✈❡'❣❡♥7 0❡W✉❡♥❝❡0 ✐♥ ❝♦♥❡ ♠❡7'✐❝ 0♣❛❝❡0✱ 7❤❡ ❈❛✉❝❤② ♣'♦♣❡'7② ♦❢ 0❡W✉❡♥❝❡0

✐0 ❞❡✜♥❡❞ ✐♥ ❝♦♥❡ ♠❡7'✐❝ 0♣❛❝❡0 ✭0❡❡ ❬✶✷✱ ❉❡✜♥✐7✐♦♥ ✸❪✮✳ ❙♦ ✐7 ✐0 ♥❛7✉'❛❧ 7♦ 0❛② 7❤❛7 ❛

❝♦♥❡ ♠❡7'✐❝ 0♣❛❝❡ ✐0 ❝♦♠♣❧❡7❡ ✐❢ ❡✈❡'② ❈❛✉❝❤② 0❡W✉❡♥❝❡ ✐0 ❝♦♥✈❡'❣❡♥7 ✭0❡❡ ❬✶✷✱ ❉❡✜♥✐7✐♦♥

✹❪✮✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ ❛❧0♦ 7❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥0❡W✉❡♥❝❡ ♦❢ ❈♦'♦❧❧❛'② ✷✳✷✹ ✐♥ ❝♦♠♣❧❡7❡ ❝♦♥❡

♠❡7'✐❝ 0♣❛❝❡0 ✇❤❡'❡ 7❤❡ ✉♥❞❡'❧②✐♥❣ ❝♦♥❡ ❤❛0 ♥♦♥❡♠♣7② ✐♥7❡'✐♦'✳ ❚❤✐0 '❡0✉❧7 ✐0 ❛♥♦7❤❡'

✈❡'0✐♦♥ ♦❢ ❬✷✵✱ ❚❤❡♦'❡♠ ✷✳✶❪ ❛♥❞ ❣❡♥❡'❛❧✐③❡0 ❬✶✷✱ ❚❤❡♦'❡♠ ✶❪✱ ❬✶✸✱ ❚❤❡♦'❡♠ ✷✳✶❪ ❛♥❞ ❬✶✻✱

❚❤❡♦'❡♠0 ✷✳✷ ❛♥❞ ✷✳✸❪✳

✷✳✷✾✳ ❈♦%♦❧❧❛%②✳ ❊✈❡*② J✉❛,✐✲❝♦♥"*❛❝"✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♣❧❡"❡ ❝♦♥❡ ♠❡"*✐❝ ,♣❛❝❡ ✐, ❛

D✐❝❛*❞ ♦♣❡*❛"♦* ♣*♦✈✐❞❡❞ "❤❛" "❤❡ ✉♥❞❡*❧②✐♥❣ ❝♦♥❡ ❤❛, ♥♦♥❡♠♣"② ✐♥"❡*✐♦*✳

D*♦♦❢✳ ▲❡7 E ❜❡ ❛ ♥♦♥7'✐✈✐❛❧ '❡❛❧ ❇❛♥❛❝❤ 0♣❛❝❡✱ P ❜❡ ❛ ❝❧♦0❡❞ ❝♦♥❡ ✐♥ E ✇✐7❤ ♥♦♥❡♠♣7②

✐♥7❡'✐♦' 0✉❝❤ 7❤❛7 P ∩ (−P ) = {0}✱ ❛♥❞ (X, d) ❜❡ ❛ ❝♦♠♣❧❡7❡ ❝♦♥❡ ♠❡7'✐❝ 0♣❛❝❡✳ X✐❝❦ ❛♥②
✐♥7❡'✐♦' ♣♦✐♥7 e ♦❢ P ❛♥❞ ❝♦♥0✐❞❡' 7❤❡ ♠❡7'✐❝ ρe ❣✐✈❡♥ ❜② ✭✷✳✺✮✳ ❙✐♥❝❡ 7❤❡ ❝♦♥❡ ♠❡7'✐❝
0♣❛❝❡ (X, d) ✐0 ❝♦♠♣❧❡7❡✱ ✐7 ❢♦❧❧♦✇0 ❢'♦♠ ❬✶✶✱ ❚❤❡♦'❡♠ ✷✳✷✭✐✐✐✮❪ 7❤❛7 7❤❡ ♠❡7'✐❝ 0♣❛❝❡

(X, ρe) ✐0 ❛❧0♦ ❝♦♠♣❧❡7❡✳
◆♦✇✱ ❧❡7 T : (X, d) → (X, d) ❜❡ ❛ W✉❛0✐✲❝♦♥7'❛❝7✐♦♥✳ ❆0 ✐7 ✇❛0 0❤♦✇♥ ✐♥ ❊①❛♠♣❧❡

✷✳✶✸✱ T : (X, ρe) → (X, ρe) ✐0 ❛❧0♦ ❛ W✉❛0✐✲❝♦♥7'❛❝7✐♦♥✳ ❚❤❡'❡❢♦'❡✱ ❜② ❈♦'♦❧❧❛'② ✷✳✷✹✱



✶✵✹✻

T : (X, ρe) → (X, ρe) ✐! ❛ #✐❝❛%❞ ♦♣❡%❛*♦%✱ ✐✳❡✳ T ❤❛! ❛ ✉♥✐0✉❡ ✜①❡❞ ♣♦✐♥* x⋆ ∈ X ❛♥❞

Tnx → x⋆
✐♥ (X, ρe) ❢♦% ❛❧❧ x ∈ X✳

❖♥ *❤❡ ♦*❤❡% ❤❛♥❞✱ ✐* ❢♦❧❧♦✇! ❢%♦♠ ❬✶✶✱ ❚❤❡♦%❡♠ ✷✳✷✭✐✮❪ *❤❛* ❛ !❡0✉❡♥❝❡ {xn} ❝♦♥!✐!*✐♥❣

♦❢ ♣♦✐♥*! ♦❢ X ❝♦♥✈❡%❣❡! *♦ ❛♥ x ∈ X ✐♥ *❤❡ ❝♦♥❡ ♠❡*%✐❝ !♣❛❝❡ (X, d) ✐❢ ❛♥❞ ♦♥❧② ✐❢ {xn}
❝♦♥✈❡%❣❡! *♦ *❤❡ !❛♠❡ ♣♦✐♥* x ✐♥ *❤❡ ♠❡*%✐❝ !♣❛❝❡ (X, ρe)✳ ❍❡♥❝❡ Tnx → x⋆

✐♥ (X, d) ❢♦%

❛❧❧ x ∈ X✳ ❈♦♥!❡0✉❡♥*❧②✱ T : (X, d) → (X, d) ✐! ❛ #✐❝❛%❞ ♦♣❡%❛*♦%✳ �

❆❝❦♥♦✇❧❡❞❣♠❡♥+,

❚❤❡ ❛✉*❤♦%! ❛%❡ *❤❛♥❦❢✉❧ *♦ *❤❡ #❛②❛♠❡ ◆♦♦% ❯♥✐✈❡%!✐*② ❢♦% !✉♣♣♦%*✐♥❣ *❤✐! %❡!❡❛%❝❤

❛♥❞ ❛❧!♦ *♦ *❤❡ %❡❢❡%❡❡ ❢♦% ❤✐!✴❤❡% ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥*! *♦ ✐♠♣%♦✈❡ *❤❡ ♣❛♣❡%✳

❘❡❢❡/❡♥❝❡,

❬✶❪ ❆❧❡♦♠(❛♥✐♥❡❥❛❞✱ ❙✳▼✳❆✳ ❘❡③❛♣♦✉(✱ ❙❤✳ ❛♥❞ ❙❤❛❤③❛❞✱ ◆✳❙♦♠❡ ✜①❡❞ ♣♦✐♥* +❡,✉❧*, ♦♥ ❛ ♠❡*+✐❝
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)❡1✉❧$1 ✇✐$❤ $❤❡ 1♦❧✉$✐♦♥1 ♦❢ ♦♣$✐♠❛❧ ❤♦♠♦$♦♣② ♣❡)$✉)❜❛$✐♦♥ ♠❡$❤♦❞

✭❖❍H▼✮✱ ♦♣$✐♠❛❧ ❤♦♠♦$♦♣② ❛1②♠♣$♦$✐❝ ♠❡$❤♦❞ ✭❖❍❆▼✮✱ ✈❛)✐❛$✐♦♥❛❧

✐$❡)❛$✐✈❡ ♠❡$❤♦❞ ✭❱■▼✮✱✈❛)✐❛$✐♦♥❛❧ ✐$❡)❛$✐♦♥ ♠❡$❤♦❞ ✉1✐♥❣ ❍❡✬1 ♣♦❧②✲

♥♦♠✐❛❧1 ✭❱■▼❍H✮✱ ❤♦♠♦$♦♣② ♣❡)$✉)❜❛$✐♦♥ ♠❡$❤♦❞ ✭❍H▼✮✱ ❆❞♦♠❛♥

❞❡❝♦♠♣♦1✐$✐♦♥ ♠❡$❤♦❞ ✭❆❉▼✮ ❛♥❞ ◗✉✐♥$✐❝ ❇✲❙♣❧✐♥❡ ●❛❧❡)❦✐♥✬1 1❝❤❡♠❡✳

❑❡②✇♦$❞"✿ ❇♦✉♥❞❛>② ✈❛❧✉❡ ♣>♦❜❧❡♠-✱ ▼♦❞✐✜❡❞ ❖♣4✐♠❛❧ ❍♦♠♦4♦♣② D❡>4✉>❜❛✲

4✐♦♥ ▼❡4❤♦❞✱ ❉❛❢4❛>❞❛>✲❏❛❢❛>✐ D♦❧②♥♦♠✐❛❧-

❘❡❝❡✐✈❡❞ ✿ ✶✾✳✵✷✳✷✵✶✺ ❆❝❝❡♣(❡❞ ✿ ✷✼✳✵✼✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✻✹✺✶✸✶✵✾

∗
❆❜❞✉❧ ❲❛❧✐ ❑❤❛♥ ❯♥✐✈❡./✐0② ▼❛.❞❛♥✱ ♣❛❦✐/0❛♥

†
❉❡♣❛.0♠❡♥0 ♦❢ ♠❛0❤❡♠❛0✐❝/✱ ❆❜❞✉❧❧ ❲❛❧✐ ❑❤❛♥ ❯♥✐✈❡./✐0②✱ ▼❛.❞❛♥✱ ;❛❦✐/0❛♥✳

‡
❉❡♣❛.0♠❡♥0 ♦❢ ▼❛0❤❡♠❛0✐❝/✱ ❉♦❦✉③ ❊②❧✉❧ ❯♥✐✈❡./✐0②✱ ❇✉❝❛✴■③♠✐.✱✸✺✶✻✵✱ ❚✉.❦❡②✱ ❛♥❞ ❑❆❯

❑✐♥❣ ❆❜❞✉❧❛③✐③ ❯♥✐✈❡./✐0② ❏❡❞❞❛❤ ✷✶✺✽✾ ❙✳ ❆.❛❜✐❛ ❊♠❛✐❧✿ ❝❡♥❛♣✳♦③❡❧❅❣♠❛✐❧✳❝♦♠

➓

❆❜❞✉❧ ❲❛❧✐ ❑❤❛♥ ❯♥✐✈❡./✐0② ▼❛.❞❛♥✱ ;❛❦✐/0❛♥ ✫ ❉❡♣❛.0♠❡♥0 ♦❢ ❊❧❡❝0.✐❝❛❧ ❊♥❣✐♥❡❡.✐♥❣✱

❈❊❈❖❙ ❯♥✐✈❡./✐0② ;❡/❤❛✇❡. ❑;❑✱ ;❛❦✐/0❛♥

¶
❙❤❛♥❣❤❛✐ ❆✉0♦♠♦0✐✈❡ ❲✐♥❞ ❚✉♥♥❡❧ ❈❡♥0❡.✱ ❚♦♥❣❥✐ ❈❧❡❛♥ ❊♥❡.❣② ■♥/0✐0✉0❡ ♦❢ ❛❞✈❛♥❝❡❞

❙0✉❞②✱ ❈❤✐♥❛

‖
❉❡♣❛.0♠❡♥0 ♦❢ ▼❛0❤❡♠❛0✐❝/✱ ❋✐.♦♦③❦♦♦❤ ❇.❛♥❝❤✱ ■/❧❛♠✐❝ ❆③❛❞ ❯♥✐✈❡./✐0②✱ ❋✐.♦♦③❦♦♦❤✱ ■.❛♥



✶✵✺✵

✶✳ ■◆❚❘❖❉❯❈❚■❖◆

◆♦♥❧✐♥❡❛' ❜♦✉♥❞❛'② ✈❛❧✉❡ ♣'♦❜❧❡♠/ ❤❛✈❡ ❛ /✐❣♥✐✜❝❛♥4 ❝♦♥4'✐❜✉4✐♦♥ ✐♥ 4♦❞❛②✬/ ♠♦❞❡'♥

✜❡❧❞/ ♦❢ /❝✐❡♥❝❡ ❛♥❞ 4❡❝❤♥♦❧♦❣②✳ ❚❤❡② 4❛❦❡ ♣❧❛❝❡ ❢'♦♠ /4❡❛❞② /4❛4❡ /♦❧✉4✐♦♥/ ♦❢ 4'❛♥/✐❡♥4

♣'♦❜❧❡♠/✳ ❚❤❡ /✐❣♥✐✜❝❛♥❝❡ ♦❢ ❤✐❣❤❡' ♦'❞❡' ❜♦✉♥❞❛'② ✈❛❧✉❡ ♣'♦❜❧❡♠/ ✭❇❱=❙✮ ❝❛♥ ❜❡ ❥✉❞❣❡

❢'♦♠ 4❤❡✐' ❡①4❡♥/✐✈❡ ✉/❡ ✐♥ ♠❛4❤❡♠❛4✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ ❞✐✛❡'❡♥4 ❡♥4✐4✐❡/ /✉❝❤ ❛/ ✈✐/❝♦✲

❡❧❛/4✐❝ ✢♦✇/✱ ❤②❞'♦❞②♥❛♠✐❝ /4❛❜✐❧✐4② ♣'♦❜❧❡♠/✱ ♥♦♥✲◆❡✇4♦♥✐❛♥ ✢✉✐❞/ ❛♥❞ ❝♦♥✈❡❝4✐♦♥ ♦❢

❤❡❛4 ❡4❝ ❬✶❪✳ ■♥ ❣❡♥❡'❛❧✱ ❛♥ ♥4❤ ♦'❞❡' ❇❱= ❝❛♥ ❜❡ '❡♣'❡/❡♥4❡❞ ❛/✿

w
(p) = ξ(w, w′

, . . .w
(p−1)) + Θ(s), f < s < h,

❤❛✈✐♥❣ ❜♦✉♥❞❛'② ❝♦♥❞✐4✐♦♥/

w(q)(f) = ηi ❛♥❞ w
(q)(h) = λi,

✇❤❡'❡(q < p)✐/ ❛ ♥♦♥✲♥❡❣❛4✐✈❡ ✐♥4❡❣❡'✱ ηi❛♥❞ λi ❛'❡ '❡❛❧ ✜♥✐4❡ ❝♦♥/4❛♥4/ ❛♥❞ Θ(s) ✐/ ❛
❝♦♥4✐♥✉♦✉/ ❢✉♥❝4✐♦♥ ♦♥[f, h ].
❋✐♥❞✐♥❣ ❛ /♦❧✉4✐♦♥ ❢♦' 4❤❡ ❛❜♦✈❡ 4②♣❡ ❞✐✛❡'❡♥4✐❛❧ ❡M✉❛4✐♦♥/ ✐/ ❛ 4❡❞✐♦✉/ ❥♦❜✳ ❖♥❡ ♠❛②

✜♥❞ ❛♥ ❡①❛❝4 /♦❧✉4✐♦♥✱ ❜✉4 ✐❢ 4❤❡ ❞❡❣'❡❡ ♦❢ ♥♦♥ ❧✐♥❡❛'✐4② ✐/ ❤✐❣❤✱ ✐4 ❜❡❝♦♠❡/ ✐♠♣♦//✐❜❧❡ 4♦

❣❡4 ❛♥ ❡①❛❝4 /♦❧✉4✐♦♥✳ ❘❡/❡❛'❝❤❡'/ ❤❛✈❡ 4❤❡'❡❢♦'❡ ❢♦❝✉/❡❞ ♦♥ ❛♥❛❧②4✐❝ /♦❧✉4✐♦♥/ ♦❢ /✉❝❤

4②♣❡ ♣'♦❜❧❡♠/✳ ■♥ ❧✐4❡'❛4✉'❡ ✇❡ ❝♦♠❡ ❛❝'♦// ❞✐✛❡'❡♥4 ❛♥❛❧②4✐❝ ♠❡4❤♦❞/✳ ❙♦♠❡ ♦❢ 4❤❡ ✐♥✲

4❡'❡/4✐♥❣ ❛♥❛❧②4✐❝ ♠❡4❤♦❞/ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ 4♦ ❛ ✇✐❞❡ '❛♥❣❡ ♦❢ ❤✐❣❤ ♦'❞❡' ❞✐✛❡'❡♥4✐❛❧

❡M✉❛4✐♦♥/ ❛'❡ ❤♦♠♦4♦♣② ❛♥❛❧②/✐/ ♠❡4❤♦❞ ✭❍❆▼✮ ❬✷✲✹❪✱ ❤♦♠♦4♦♣② ♣❡'4✉'❜❛4✐♦♥ ♠❡4❤♦❞

✭❍=▼✮ ❬✺✲✻❪✱ ❆❞♦♠✐❛♥ ❞❡❝♦♠♣♦/✐4✐♦♥ ♠❡4❤♦❞ ✭❆❉▼✮ ❬✼❪✱ ♦♣4✐♠❛❧ ❤♦♠♦4♦♣② ❛/②♠♣4♦4✐❝

♠❡4❤♦❞ ✭❖❍❆▼✮ ❬✽✲✶✷❪✱ ♦♣4✐♠❛❧ ❤♦♠♦4♦♣② ♣❡'4✉'❜❛4✐♦♥ ♠❡4❤♦❞ ✭❖❍=▼✮ ❬✶✸✲✶✺❪ ❛♥❞

✈❛'✐❛4✐♦♥❛❧ ✐4❡'❛4✐♦♥ ♠❡4❤♦❞ ✭❱■▼✮ ❬✶✻✲✶✽❪✳ ■♥ ♦'❞❡' 4♦ ♦❜4❛✐♥ ❜❡/4 ❛♣♣'♦①✐♠❛4❡ /♦❧✉4✐♦♥

♦❢ ❞✐✛❡'❡♥4✐❛❧ ❡M✉❛4✐♦♥/✱ '❡/❡❛'❝❤❡'/ ✐♥ 4❤❡ ✜❡❧❞ ♠♦❞✐❢② 4❤❡ ❡①✐/4✐♥❣ ❛♥❛❧②4✐❝❛❧ ♠❡4❤♦❞/

4✐♠❡ 4♦ 4✐♠❡✳ ❖♥❡ /✉❝❤ ♠♦❞✐✜❝❛4✐♦♥ ♦❢ ✭❍=▼✮ ❤❛/ ❜❡❡♥ ❞♦♥❡ ❜② ❱✳ ▼❛'✐♥❝❛ ❡4 ❛❧

❬✶✸✲✶✺❪✳❚❤❡ ❜❛/✐/ ❢♦' 4❤❡✐' ♥❡✇ ♠❡4❤♦❞✱ ✇❤✐❝❤ ✐/ ❦♥♦✇♥ ❛/ ✭❖❍=▼✮ ✐/ ❍❡✬/ ❤♦♠♦4♦♣②

♣❡'4✉'❜❛4✐♦♥ ♠❡4❤♦❞✳ ❚❤✐/ ♠❡4❤♦❞ ✐/ ❞❡✈❡❧♦♣❡❞ ♦♥ 4❤❡ /❛♠❡ ❧✐♥❡/ ❛/ ✇❛/ ❞♦♥❡ ❡❛'❧✐❡' ✐♥

❍❡✬/ ❤♦♠♦4♦♣② ♣❡'4✉'❜❛4✐♦♥ ♠❡4❤♦❞✳ ❆ ✈✐/✐❜❧❡ ❝❤❛♥❣❡ ✐♥ ✭❖❍=▼✮ ✐/ 4❤❛4 4❤❡ ♥♦♥ ❧✐♥❡❛'

❢✉♥❝4✐♦♥ ✐/ ❡①4❡♥❞❡❞ ✐♥ /❡'✐❡/ ❢♦'♠ ❢♦' 4❤❡ ♣❛'❛♠❡4❡' ✐♥✈♦❧✈❡❞ ❛♥❞ ❛✉①✐❧✐❛'② ❢✉♥❝4✐♦♥/ ❛'❡

✐♥❞✉❝4❡❞ ✇✐4❤✐♥ 4❤❡ ❝♦❡✣❝✐❡♥4/ ♦❢ 4❤✐/ 4'✉♥❝❛4❡❞ /❡'✐❡/✳ ■♥ ✭❖❍=▼✮ 4❤❡ ❛✉①✐❧✐❛'② ❢✉♥❝✲

4✐♦♥/ ❤❛✈❡ ✉♥❦♥♦✇♥ ♣❛'❛♠❡4❡'/ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡4❡'♠✐♥❡❞ ♦♣4✐♠❛❧❧②✳ ❆❧❧ 4❤❡/❡ 4❡❝❤♥✐M✉❡/

❣✐✈❡ ✭❖❍=▼✮ ❛♥ ❡❞❣❡ ♦✈❡' 4❤❡ ❝♦♥✈❡♥4✐♦♥❛❧ ✭❍=▼✮✳

❖✉' ♣✉'♣♦/❡ ✐♥ 4❤✐/ ♣❛♣❡' ✐/ 4♦ ♦❜4❛✐♥ ❛ ♥❡✇ ✈❡'/✐♦♥ ♦❢ ❖❍=▼✱ ✇❤✐❝❤ ♣'♦❞✉❝❡/ ♠♦'❡

❛❝❝✉'❛4❡ ❛♥❞ '❡❧✐❛❜❧❡ '❡/✉❧4/ 4❤❛♥ ❖❍=▼✳ ❚❤❡ 4❛'❣❡4 ✐/ ❛❝❤✐❡✈❡❞ ❤❡'❡ ❜② ✐♥4'♦❞✉❝✐♥❣

❉❛❢4❛'❞❛'✲❏❛✛❡'✐ ♣♦❧②♥♦♠✐❛❧/ ✐♥ ❖❍=▼✳ ❚❤❡ ♠♦❞✐✜❡❞ ✈❡'/✐♦♥ ♦❢ ❖❍=▼ 4❤✉/ ♦❜4❛✐♥❡❞

✇✐❧❧ ❤❛✈❡ ✐4/ ♥❛♠❡ ❛/ ♠♦❞✐✜❡❞ ♦♣4✐♠❛❧ ❤♦♠♦4♦♣② ♣❡'4✉'❜❛4✐♦♥ ♠❡4❤♦❞ ✭▼❖❍=▼✮✳ ■4

✐/ ✐♠♣♦'4❛♥4 4♦ ♥♦4❡ 4❤❛4 4❤❡/❡ ♣♦❧②♥♦♠✐❛❧/ ✇❡'❡ ❞❡✜♥❡❞ ✐♥ ❉❛❢4❛4❞❛'✲❏❛✛❡'✐ ▼❡4❤♦❞

✭❉❏▼✮❬✶✾❪✱ ❛♥❞ ❜❛/✐❝❛❧❧② ❛'❡ 4❤❡ ♥♦♥ ❧✐♥❡❛' 4❡'♠/ ♦❢ 4❤❡ ❚❛②❧♦'✬/ /❡'✐❡/✳ ❙✳ ❇❤❛❧❡❦❛' ❡4

❛❧✳ ❬✷✵❪ ❤❛✈❡ ♣'♦✈❡❞ 4❤❡ ❝♦♥✈❡'❣❡♥❝❡ ♦❢ 4❤❡/❡ ♣♦❧②♥♦♠✐❛❧/✳ ■4 ❝❛♥ ❜❡ ♦❜/❡'✈❡❞ ❢'♦♠ 4❤❡

/♦❧✈❡❞ ♣'♦❜❧❡♠/ ✐♥ /❡❝4✐♦♥ ✸ 4❤❛4 ▼❖❍=▼ ✐/ ❛ ♣♦✇❡'❢✉❧ ♠❡4❤♦❞ ❛/ ✐4 ❝♦♥✈❡'4/ ❛ ❝♦♠♣❧❡①

♣'♦❜❧❡♠ ✐♥4♦ ❛ /✐♠♣❧❡' ♦♥❡✱ ✇❤✐❝❤ ❝❛♥ 4❤❡♥ ❜❡ /♦❧✈❡❞ ❡❛/✐❧②✳ ❚❤✐/ ♠❡4❤♦❞ ❤❛/ ❣'❡❛4

♣♦4❡♥4✐❛❧ 4♦ /♦❧✈❡ ♦'❞✐♥❛'② ❞✐✛❡'❡♥4✐❛❧ ❡M✉❛4✐♦♥/ ♦❢ ❛♥② ♦'❞❡'✳ ❚❤❡ /❛♠❡ 4❡❝❤♥✐M✉❡ ❝❛♥

❛❧/♦ ❜❡ ❡①4❡♥❞❡❞ 4♦ /♦❧✈❡ ♣❛'4✐❛❧ ❞✐✛❡'❡♥4✐❛❧ ❡M✉❛4✐♦♥/✱ ■♥4❡❣'♦✲❞✐✛❡'❡♥4✐❛❧ ❡M✉❛4✐♦♥/ ❛♥❞

/②/4❡♠ ♦❢ ❞✐✛❡'❡♥4✐❛❧ ❡M✉❛4✐♦♥/ ♦❢ ♣❤②/✐❝❛❧ ♣❤❡♥♦♠❡♥♦♥✳ ■♥ ♦✉' ❝♦♠✐♥❣ ♣❛♣❡'/ ✇❡ ✇✐❧❧

❜❡ /❤♦✇✐♥❣ 4❤❡ ❛♣♣❧✐❝❛4✐♦♥ ♦❢ ▼❖❍=▼ 4♦ 4❤❡/❡ 4②♣❡/ ♦❢ ♣'♦❜❧❡♠/✳ ❍❡'❡ ✇❡ ❤❛✈❡ /♦❧✈❡❞

/♦♠❡ ❧✐♥❡❛' ❛♥❞ ♥♦♥ ❧✐♥❡❛' ❤✐❣❤❡' ♦'❞❡' ❇❱=❙ ❜② ▼❖❍=▼ ❛♥❞ ❖❍=▼ 4♦ ❝♦♥✜'♠ 4❤❡

❞✐✛❡'❡♥❝❡ ✐♥ ♦❜4❛✐♥❡❞ /♦❧✉4✐♦♥/✳ ❚❤❡ '❡/✉❧4/ ♦❢ ▼❖❍=▼ ❛'❡ ❛❧/♦ ❝♦♠♣❛'❡❞ ✇✐4❤ 4❤♦/❡

♦❢ ❡①❛❝4 /♦❧✉4✐♦♥/ ❛♥❞ 4❤❡ ❡''♦'/ ❛'❡ ❝♦♠♣❛'❡❞ ✇✐4❤ 4❤❡ ❛❧'❡❛❞② ❡①✐/4✐♥❣ ✇❡❧❧✲❦♥♦✇♥

'❡/✉❧4/ ♦❢ ❖❍❆▼✱ ❱■▼✱ ❍=▼✱ ❱■▼❍=✱ ❆❉▼ ❛♥❞ ❇✲❙♣❧✐♥❡✳ ◆✉♠❡'✐❝❛❧ '❡/✉❧4/ /❤♦✇

4❤❛4 ▼❖❍=▼ ✐/ ❢♦✉♥❞ ❜❡/4 ✐♥ ❣✐✈✐♥❣ ❜❡44❡' ❛♥❞ ♠♦'❡ ❛❝❝✉'❛4❡ '❡/✉❧4/✳



✶✵✺✶

❚❤✐# ♠❛♥✉#❝)✐♣+ ✐# ❛))❛♥❣❡❞ ❛# ❢♦❧❧♦✇#✿ ■♥ ♣❛)+ ✷✱ ✐♥+)♦❞✉❝+✐♦♥ ♦❢ ▼❖❍:▼ ✐# ❣✐✈❡♥✳

:❛)+ ✸ ✐# ❞❡✈♦+❡❞ +♦ +❤❡ ❛♣♣❧✐❝❛+✐♦♥ ♦❢ ▼❖❍:▼ +♦ ❤✐❣❤❡) ♦)❞❡) ❇❱:❙✳ ■♥ +❤❡ #❛♠❡

#❡❝+✐♦♥ )❡#✉❧+# ♦❢ ♥✉♠❡)✐❝❛❧ #✐♠✉❧❛+✐♦♥ ✉#✐♥❣ ▼❛+❤❡♠❛+✐❝❛ ✼✳✵ ❛)❡ ❣✐✈❡♥✳ ■♥ ♥❡①+ ❛♥❞

✜♥❛❧ #❡❝+✐♦♥ ❛ ❝♦♥❝❧✉❞✐♥❣ )❡♠❛)❦# ❛)❡ ❣✐✈❡♥ ❢♦) +❤❡ ♦❜+❛✐♥❡❞ )❡#✉❧+#✳

✷✳ ■◆❚❘❖❉❯❈❚■❖◆ ❖❋ ▼❖❍-▼

❈♦♥#✐❞❡) +❤❡ ♣)♦❜❧❡♠

✭✷✳✶✮ ξ (κ(s)) + ζ (κ(s))− Γ(s) = 0, s ∈ Ω

✭✷✳✷✮ ∆

(

κ,
∂κ

∂s

)

= 0, s ∈ Π,

✇❤❡)❡ ξ ❛♥❞ ζ ❛)❡ ❧✐♥❡❛) ❛♥❞ ♥♦♥❧✐♥❡❛) ♦♣❡)❛+♦)# )❡#♣❡❝+✐✈❡❧②✱∆ ✐# +❤❡ ❜♦✉♥❞❛)② ♦♣❡)❛+♦)✱Π
✐# +❤❡ ❜♦✉♥❞❛)② ♦❢ +❤❡ ❞♦♠❛✐♥Ω✱ Γ ✐# +❤❡ ❛♥❛❧②+✐❝ ❢✉♥❝+✐♦♥ ❛♥❞ +❤❡ ❞✐✛❡)❡♥+✐❛❧ ❛❧♦♥❣ +❤❡
♥♦)♠❛❧ ❞)❛✇♥ ♦✉+✇❛)❞# ❢)♦♠ Ω ✐# )❡♣)❡#❡♥+❡❞ ❜② ∂

∂s
. ❆❝❝♦)❞✐♥❣ +♦ ❤♦♠♦+♦♣② #❝❤❡♠❡✱ ✇❡

❝)❡❛+❡ ❛ ❤♦♠♦+♦♣②✱ κ̃(s, ϑ) : Ω× [0, 1] → R ❜②

Σ (κ̃, ϑ) = (1− ϑ) (ξ(κ̃(s, ϑ))− ξ(κini(s, ϑ)))

+ϑ (ξ(κ̃(s, ϑ)) + ζ(κ̃(s, ϑ))− Γ(s)) = 0,✭✷✳✸✮

✇❤❡)❡ ϑ ∈ [0, 1] ✐# ❦♥♦✇♥ ❛# +❤❡ ❡♠❜❡❞❞✐♥❣ ♣❛)❛♠❡+❡) ❛♥❞ +❤❡ ✐♥✐+✐❛❧ ❣✉❡## ❢♦) +❤❡
#♦❧✉+✐♦♥ ♦❢ ✭✷✳✶✮ ❜② κini(s, ϑ)✱ ✇❤✐❝❤ #❛+✐#✜❡# +❤❡ ❜♦✉♥❞❛)② ❝♦♥❞✐+✐♦♥#✳ ■+ ✐# N✉✐+❡ ❡❛#② +♦
♥♦+❡ +❤❛+✱ ✇❤❡♥ ϑ = 0 ❛♥❞ ϑ = 1 ❡N✉❛+✐♦♥ ✭✷✳✸✮ ❤♦❧❞# ❛♥❞ +❛❦❡# +❤❡ ❢♦)♠ )❡#♣❡❝+✐✈❡❧② ❛#

✭✷✳✹✮ Σ (κ̃, 0) = ξ(κ̃(s, 0))− ξ(κini(s, 0)) = 0,

✭✷✳✺✮ Σ (κ̃, 1) = ξ(κ̃(s, 1)) + ζ(κ̃(s, 1))− Γ(s) = 0,

+❤✉# ❝❤❛♥❣❡ ✐♥ ϑ ❢)♦♠ ③❡)♦ +♦ ♦♥❡✱ ✇✐❧❧ ❝❤❛♥❣❡ +❤❡ +)✐✈✐❛❧ #♦❧✉+✐♦♥ ❢♦) ✭✷✳✹✮ +♦ +❤❡ #♦❧✉+✐♦♥

♦❢ ✭✷✳✺✮ ❝♦♥+✐♥✉♦✉#❧②✳ ❚❤❛+ ✐#✱ ✐❢ ϑ ❝❤❛♥❣❡# ❢)♦♠ ③❡)♦ +♦ ♦♥❡ +❤❡♥ κ̃ ❝❤❛♥❣❡# ❢)♦♠ κini.

+♦ κ, +❤✐# ✐# ❦♥♦✇♥ ❛# ❞❡❢♦)♠❛+✐♦♥ ✐♥ +♦♣♦❧♦❣②✳ ❚❤❡ ♣❛+❤# ξ(κ̃(s, 0))− ξ(κini(s, 0)) ❛♥❞
ξ(κ̃(s, 1)) + ζ(κ̃(s, 1)) − Γ(s) ❛)❡ ❤♦♠♦+♦♣✐❝ +♦ ❡❛❝❤ ♦+❤❡)✳ ❆+ +❤✐# #+❛❣❡ ❛##✉♠❡ +❤❡
♣❡)+✉)❜❛+✐♦♥ #❡)✐❡#

✭✷✳✻✮ κ̃(s) = κ̃0(s) + ϑ κ̃1(s) + ϑ
2
κ̃2 + · · · .

❋♦) ▼❖❍:▼✱ +❤❡ ♥♦♥❧✐♥❡❛) ❢✉♥❝+✐♦♥ ζ(µ̃(r, θ)) ❞❡❝♦♠♣♦#❡# ❛#

✭✷✳✼✮

ζ (κ̃(s, ϑ)) = ζ(κ̃0(s)) + ϑ (ζ(κ̃0(s) + κ̃1(s))− ζ(κ̃0(s)))
+ϑ2 (ζ(κ̃0(s) + κ̃1(s) + κ̃2(s))− ζ(κ̃0(s) + κ̃1(s)) + · · · .

❚❤❡ +❡)♠# ζ(κ̃0(s)), {ζ(κ̃0(s) + κ̃1(s))− ζ(κ̃0(s))}, {ζ(κ̃0(s) + κ̃1(s) + κ̃2(s))− ζ(κ̃0(s) +
κ̃1(s))} ❛♥❞ #♦ ♦♥✱ ❛♣♣❡❛)✐♥❣ ✐♥ ❡N✉❛+✐♦♥ ✭✷✳✼✮ ♦♥ +❤❡ )✐❣❤+ ❤❛♥❞ #✐❞❡ ❛)❡ ❉❛❢+❛)❞❛)✲❏❛❢❛)✐
♣♦❧②♥♦♠✐❛❧# ❞❡✜♥❡❞ ✐♥ ❬✶✾❪✳ ❊N✉❛+✐♦♥ ✭✷✳✼✮ ❝❛♥ ❜❡ ✇)✐++❡♥ ✐♥ ❛ ♠♦)❡ ❝♦♠♣❛❝+ ❢♦)♠ ✐❢

✇❡ ✇)✐+❡ ζ0 = ζ(κ̃0(s))❛♥❞ ζm = ζ
(
∑m

i=0 κ̃i(s)
)

− ζ
(
∑m−1

i=0 κ̃i(s)
)

. ❚❤✉#✱ +❤❡ ❡①♣)❡##✐♦♥

✭✷✳✼✮ )❡❞✉❝❡# +♦

✭✷✳✽✮ ζ(κ̃(s, ϑ)) = ζ0 +
∞
∑

j=1

ϑ
j
ζj .

♣✉++✐♥❣ ❜❛❝❦✱ ❡N✉❛+✐♦♥ ✭✷✳✽✮ ❢♦) ❡N✉❛+✐♦♥ ✭✷✳✸✮✱ ❛❧#♦ ❜② ✐♥+)♦❞✉❝✐♥❣ ❛ ♥✉♠❜❡) ♦❢ ✉♥❦♥♦✇♥

❛✉①✐❧✐❛)② ❢✉♥❝+✐♦♥#✱εi(s, ci); ❢♦)i = 0, 1, 2, 3, . . . +❤❛+ ❞❡♣❡♥❞ ♦♥ +❤❡ ✈❛)✐❛❜❧❡ # ❛♥❞ #♦♠❡
❝♦♥#+❛♥+# c0, c1, c2, . . .✱ ✇❡ ❣❡+ ❛ ♥❡✇ ❤♦♠♦+♦♣② ❢♦) ✭✷✳✶✮ ❛#✿

✭✷✳✾✮

∑

(κ̃, ϑ) = (1− ϑ)[ξ(κ̃(s, ϑ))− ξ(κini(s, ϑ))]

+ ϑ[ξ(κ̃(s, ϑ) + ε0(s, c0)ζ0 +
∞
∑

k=1

εk(s, ck)ϑ
k
ζk − Γ(s)] = 0,
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❛❧♦♥❣ ✇✐'❤ '❤❡ ❜♦✉♥❞❛-② ❝♦♥❞✐'✐♦♥0✿

∆(κ̃(s, ϑ),
∂

∂s
(κ̃(s, ϑ) )) = 0.

◆♦✇✱ ❝♦♠♣❛-✐♥❣ '❤❡ ❝♦❡✣❝✐❡♥'0 ♦❢ 0✐♠✐❧❛- ♣♦✇❡-0 ♦❢ ϑ ✐♥ ✭✷✳✾✮✱ ✇❡ ❣❡' ❧✐♥❡❛- ❞✐✛❡-❡♥✲

'✐❛❧ ❡?✉❛'✐♦♥0 ♦❢ ③❡-♦'❤ ♦-❞❡-✱ ✜-0' ♦-❞❡-✱ 0❡❝♦♥❞ ♦-❞❡- ❛♥❞ 0♦ ♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ 0♦❧✈❡❞

✈❡-② ❡❛0✐❧②✳

❩❡"♦$❤ ♦"❞❡" ♣"♦❜❧❡♠✿

✭✷✳✶✵✮ ξ(κ̃0(s)) = ξ(κini(s)), ∆

(

κ̃0,
dκ̃0

ds

)

= 0.

❋✐"-$ ♦"❞❡" ♣"♦❜❧❡♠✿

✭✷✳✶✶✮ ξ(κ̃1(s)) + ε0(s, co)ζ0 − Γ(s) = 0, ∆

(

κ̃1,
dκ̃1

ds

)

= 0.

❙❡❝♦♥❞ ♦"❞❡" ♣"♦❜❧❡♠✿

✭✷✳✶✷✮ ξ(κ̃2(s)) + ε1(s, c1)(ζ1) = 0, ∆

(

κ̃2,
dκ̃2

ds

)

= 0.

❚❤✐"❞ ♦"❞❡" ♣"♦❜❧❡♠✿

✭✷✳✶✸✮ ξ(κ̃3(s)) + ε2(s, c2)(ζ2) = 0, ∆

(

κ̃3,
dκ̃3

ds

)

= 0.

❛♥❞ 0♦ ♦♥✳

❲❤❡-❡ εi(s, ci); i = 0, 1, 2, 3, . . .✱ ❛-❡ ❛✉①✐❧✐❛-② ❢✉♥❝'✐♦♥0✳ ❚❤❡ ♣❛-❛♠❡'❡-0 ci✬0 ❛-❡ ✉0❡❞ '♦

❝♦♥'-♦❧ '❤❡ ❝♦♥✈❡-❣❡♥❝❡ ❛♥❞ ❝❛♥ ✐'0❡❧❢ ❜❡ ❞❡'❡-♠✐♥❡❞ ♦♣'✐♠❛❧❧②✳ ❚❤✐0 ❝❛♥ ❜❡ ❞♦♥❡ ♦✈❡-

'❤❡ ❞♦♠❛✐♥ ♦❢ '❤❡ ♣-♦❜❧❡♠ ❜② ♠✐♥✐♠✐③✐♥❣ '❤❡ -❡0✐❞✉❛❧ ❢✉♥❝'✐♦♥❛❧✳ ■♥ ♦-❞❡- '♦ ❣❡' ❛♥

❛❝❝✉-❛'❡ -❡0✉❧'✱ 0♦❧✉'✐♦♥0 ✉♣ '♦ '❤❡ ❤✐❣❤❡- ♦-❞❡- ♣-♦❜❧❡♠0 ❝❛♥ ❜❡ ♠❛❞❡ ❜✉' ❛ 0♦❧✉'✐♦♥

✉♣ '♦ '❤✐-❞ ♦-❞❡- ✇✐❧❧ ❜❡ 0✉✣❝✐❡♥'✳ ❋♦- ϑ = 1✱ ✐❢ '❤❡ 0❡-✐❡0 ✭✷✳✼✮ ❝♦♥✈❡-❣❡0✱ '❤❡♥ '❤❡

❛♣♣-♦①✐♠❛'❡ 0♦❧✉'✐♦♥ ✐0 ❣✐✈❡♥ ❜②

✭✷✳✶✹✮ κ(s) = κ̃(s) = κ̃0(s) + κ̃1(s, c0) + κ̃2(s, c0, c1) + κ̃3(s, c0, c1, c2) + · · · .

❚❤❡ -❡0✉❧'✐♥❣ -❡0✐❞✉❛❧ ❝❛♥ ❜❡ ♦❜'❛✐♥❡❞ ❜② ❜❛❝❦✇❛-❞ 0✉❜0'✐'✉'✐♦♥ ♦❢ ❡?✉❛'✐♦♥ ✭✷✳✶✸✮ ✐♥'♦

❡?✉❛'✐♦♥ ✭✷✳✶✮ ❛0

✭✷✳✶✺✮ R̄(s, c0, c1, c2, . . . .) = ξ(κ̃(s)) + ζ(κ̃(s))− Γ(s).

❚❤❡ ❡①❛❝' 0♦❧✉'✐♦♥ κ̃, ✇✐❧❧ ❜❡ ♦❜'❛✐♥❡❞ ✐❢ R̄ = 0. ■♥ ♠♦0' ♦❢ '❤❡ ♣-♦❜❧❡♠0 ✉0✉❛❧❧②R̄ 6= 0,
❛♥❞ ❛ ♠✐♥✐♠✐③❛'✐♦♥ ✐0 ♥❡❡❞❡❞ ♦✈❡- '❤❡ ❞♦♠❛✐♥ ♦❢ '❤❡ ♣-♦❜❧❡♠✳ ❚❤✐0 ❝❛♥ ❜❡ ❞♦♥❡ ❜② ✉0✐♥❣

❡✐'❤❡- ❧❡❛0' 0?✉❛-❡✬0 ♠❡'❤♦❞✱ ●❛❧❡-❦✐♥✬0 ♠❡'❤♦❞ ♦- ❝♦❧❧♦❝❛'✐♦♥ ♠❡'❤♦❞✳ ❲❤❡♥ ❛♣♣❧②✐♥❣

'❤❡ ♠❡'❤♦❞ ♦❢ ❧❡❛0' 0?✉❛-❡0✱ ✇❡ ✜-0' ✐♥'-♦❞✉❝❡ '❤❡ ❢✉♥❝'✐♦♥❛❧

✭✷✳✶✻✮ ψ(c0, c1, c2, . . .) =

∫ h

t

R̄
2
dx,

❛♥❞ '❤❡♥ ♠✐♥✐♠✐③✐♥❣ ✐'✱ ✇❡ ♦❜'❛✐♥

✭✷✳✶✼✮

∂ψ

∂c0
=
∂ψ

∂c1
=
∂ψ

∂c2
= · · · = 0.

❋♦- ❛✉①✐❧✐❛-② ❝♦♥0'❛♥'0 ✇❡ ❤❛✈❡ '♦ 0♦❧✈❡ '❤❡ ❢♦❧❧♦✇✐♥❣ 0②0'❡♠✱ ✇❤❡♥ ❛♣♣❧②✐♥❣ ●❛❧❡-❦✐♥✬0

♠❡'❤♦❞✿

✭✷✳✶✽✮

∫ h

t

R̄
∂κ̃

∂c0
ds = 0,

∫ h

t

R̄
∂κ̃

∂c1
ds = 0,

∫ h

t

R̄
∂κ̃

∂c2
ds = 0, . . . ..



✶✵✺✸

✸✳ ❆##▲■❈❆❚■❖◆ ❖❋ ❖❍#▼ ❆◆❉ ▼❖❍#▼

■♥ "❤✐% %❡❝"✐♦♥ ❤✐❣❤ ❛❝❝✉,❛❝② ♦❢ ▼❖❍2▼ ✐% %❤♦✇♥ ♦✈❡, "❤❡ ❡①✐%"✐♥❣ ♠❡"❤♦❞% ✐♥ "❤❡

❧✐"❡,❛"✉,❡✳ ❚❤❡ ♣,♦♣♦%❡❞ ♠❡"❤♦❞ ✐% ❛♣♣❧✐❡❞ "♦ %♦♠❡ ❧✐♥❡❛, ❛♥❞ ♥♦♥ ❧✐♥❡❛, ❞✐✛❡,❡♥"✐❛❧

❡=✉❛"✐♦♥% ♦❢ ❞✐✛❡,❡♥" ♦,❞❡,%✳ ❆% ❛ ,❡%✉❧"✱ ✇❡ %❡❡ "❤❛" ▼❖❍2▼ ❣✐✈❡% ❜❡%" ❛♣♣,♦①✐♠❛"✐♦♥

❛♥❞ "❛❦❡% ✈❡,② ❧❡%% "✐♠❡ "♦ ♣,♦❞✉❝❡ "❤❡ %♦❧✉"✐♦♥✳

2,♦❜❧❡♠ ✶✳ ❈♦♥%✐❞❡, ✜❢"❤ ♦,❞❡, ❧✐♥❡❛, ❜♦✉♥❞❛,② ✈❛❧✉❡ ♣,♦❜❧❡♠ ❬✶✵❪✳

✭✸✳✶✮

d5u

ds5
− u+ 15 es + 10 s es = 0, 0 < s < 1,

✭✸✳✷✮ u(0) = 0, u (1) = 0, u
′(0) = 1, u

′(1) = −e, u
′′(0) = 0.

❚❤❡ ❡①❛❝" %♦❧✉"✐♦♥ ❢♦, "❤✐% ♣,♦❜❧❡♠ ✐% u(s) = s(1− s)es.
❚♦ ❛♣♣❧② ▼❖❍2▼✱ ✇❡ "❛❦❡✿

u(s, ϑ) = u0(s) + ϑu1(s) + ϑ
2
u2(s),✭✸✳✸✮

ξ(κ̃(s, ϑ)) =
d5u(s, ϑ)

ds5
, ξ(κini(s, ϑ)) = 0, ε0(s, c0) = 1, ε1(s, c1) = 1,✭✸✳✹✮

✭✸✳✺✮ ξ(κ̃(s, ϑ)) + ζ(κ̃(s, ϑ))− Γ(s) =
d5u

ds5
− u+ 15 es + 10 s es.

◆♦✇ ♣✉" "❤❡ ❛❜♦✈❡ ✈❛❧✉❡% ✐♥ ✭✷✳✾✮ ❛♥❞ ❝♦♠♣❛,❡ "❤❡ ❝♦❡✣❝✐❡♥"% ♦❢ ❧✐❦❡ ♣♦✇❡,% ♦❢ ϑ ✇❡ ❣❡"

❛%✿

❩❡,♦"❤ ♦,❞❡, ♣,♦❜❧❡♠✿

✭✸✳✻✮ (u0)
(5)(s) = 0, u0(0) = 0, u0(1) = 0 , u′

0(0) = 0, u′

0(1) = −e , u′′

0 (0) = 0.

❋✐,%" ♦,❞❡, ♣,♦❜❧❡♠✿

✭✸✳✼✮

15 es + 10 ess− s u0(s) + (u1)
(5)(s) = 0,

u1(0) = 0, u1(1) = 0, u′

1(0) = 0, u′

1(1) = 0, u′′

1 (0) = 0.

❙❡❝♦♥❞ ♦,❞❡, ♣,♦❜❧❡♠✿

✭✸✳✽✮

− s u1(s) + (u2)
(5)(s) = 0, u2(0) = 0, u2(1) = 0,

u
′

2(0) = 0, u′

2(1) = 0 , u′′

2 (0) = 0.

❙♦❧✈❡ "❤❡ ❛❜♦✈❡ ❡=✉❛"✐♦♥% ✇❡ ♦❜"❛✐♥✿ u0(s), u1(s), u2(s)✱ ♣✉" "❤❡%❡ ✈❛❧✉❡% ✐♥ ✭✸✳✸✮ ❛♥❞

❛❧%♦ ϑ = 1, ✇❡ ❣❡" "❤❡ ❢♦❧❧♦✇✐♥❣ %♦❧✉"✐♦♥ for t = 0and h = 1 :

✭✸✳✾✮

u(s) = s− 0.5 0 0 0 0 0 0 0 0 s3 − 0.3 3 3 3 3 3 3 3 3 s4 − 0.1 2 5 s5

− 0.0 3 3 3 3 3 3 3 3 s6 − 0.0069444444 s7

− 0.001190476 s8 − 0.000173611 s9 − 0.000022047s10 − 0.000002480 s11

− 2.5052× 10−7
s
12 − 2.2967× 10−8

s
13 − 1.9261× 10−9

s
14
.

❚❤❡ ,❡%✉❧"% ❢♦, ♣,♦❜❧❡♠ ✶ ❛,❡ %❤♦✇♥ ✐♥ "❛❜❧❡✲✶ ❛♥❞ ✜❣✉,❡✲✶ ❛% ❢♦❧❧♦✇%✿

 !♦❜❧❡♠ ✷✳ ❋✐❢"❤ ♦,❞❡, ♥♦♥✲❧✐♥❡❛, ❜♦✉♥❞❛,② ✈❛❧✉❡ ♣,♦❜❧❡♠ ❬✶✵❪✳

✭✸✳✶✵✮

d5u

ds5
− u

2
e
−s = 0, 0 < s < 1,

✭✸✳✶✶✮ u(0) = 1, u
′(0) = 1, u

′′(0) = 1, u (1) = e, u
′(1) = e .

❍❛✈✐♥❣ ❡①❛❝" %♦❧✉"✐♦♥ u(s) = es. ❚♦ %♦❧✈❡ "❤✐% ♣,♦❜❧❡♠✱ ✇❡ ❝♦♥%✐❞❡, "❤❡ %❡❝♦♥❞ ♦,❞❡,

❛♣♣,♦①✐♠❛"✐♦♥

✭✸✳✶✷✮ u(s) = u0(s) + u1(s, c0) + u2(s, c0, c1).



✶✵✺✹

▲❡"✱u(s, ϑ) = u0(s)+ϑu1(s)+ϑ
2u2(s), ξ(κ̃(s, ϑ)) =

d5u(s,ϑ)

ds5
, ξ(κini(s, ϑ)) = 0,ζ(κ̃(s, ϑ)) =

u2(s)e−s ,ε0(s, c0) = c0, ε1(s, c1) = c1,ς0 = u2
0(s) , ς1 = 2u0(s)u1(s) + u2

1(s).
$✉" "❤❡ ❛❜♦✈❡ ✈❛❧✉❡, ✐♥ ✭✷✳✾✮ ❛♥❞ ❝♦♠♣❛8❡ ❝♦❡✣❝✐❡♥", ♦❢ ❧✐❦❡ ♣♦✇❡8, ♦❢ ϑ ✇❡ ❣❡" ❛,✿

❩❡"♦$❤ ♦"❞❡" ♣"♦❜❧❡♠✿

✭✸✳✶✸✮ (u0)
(5)(s) = 0, u0(0) = 1, u′

0(0) = 1 , u′′

0 (0) = 1, u0(1) = e , u
′

0(1) = e .

❋✐".$ ♦"❞❡" ♣"♦❜❧❡♠✿

✭✸✳✶✹✮

− e−s
c0 u0(s)

2 + (u1)
(5)(s) = 0, u1(0) = 0,

u1(1) = 0 , u′

1(0) = 0, u′

1(1) = 0 , u′′

1 (0) = 0.

❙❡❝♦♥❞ ♦"❞❡" ♣"♦❜❧❡♠✿

✭✸✳✶✺✮

−2e−sc1 u0(s)u1(s)− e−sc1 u1(s)
2 + (u2)

(5)(s) = 0,
u2(0) = 0, u2(1) = 0 , u′

2(0) = 0, u′

2(1) = 0 , u′′

2 (0) = 0.

❙♦❧✉"✐♦♥ ♦❢ "❤❡ ❛❜♦✈❡ ❣✐✈❡, u0(s), u1(s, c0), u2(s, c0, c1).
◆♦✇ ✉,❡ ✭✸✳✶✷✮ ❛♥❞ ❛♣♣❧② "❤❡ ●❛❧❡8❦✐♥✬, ♠❡"❤♦❞ ❝♦♥,✐," ♦❢ ✭✷✳✶✺✮ ❛♥❞ ✭✷✳✶✽✮ ✇❡ ❣❡"

"❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡, ♦❢ c
,
is for t = 0and h = 1,

c0 = 0.999999240, c1 = 0.999758960 .

❚❤❡ ▼❖❍$▼ ❛♣♣8♦①✐♠❛"❡ ,♦❧✉"✐♦♥ ❜❡❝♦♠❡,✿

✭✸✳✶✻✮

u(s) = 1 + s+ s2

2
+ 0.16666 6 6 6 7s3 + 0.0 4 1 6 6 6 6 67s4 + s5

120
+ s6

720
+ s7

5040

+0.000024802 s8 + 0.000002756 s9 + 2.7557× 10−7s10 + 2.5050× 10−8s11

+2.0928× 10−9s12 + 1.5506× 10−10s13 + 1.4690× 10−11s14 .

◆♦✇ "♦ ❝❤❡❝❦ "❤❡ ❛❝❝✉8❛❝② ♦❢ ❖❍$▼✱ ✇❡ ❛♣♣❧② ❖❍$▼ "♦ ✭✸✳✶✵✮ ❛♥❞ ♦❜"❛✐♥

c0 = 1.000553563, c1 = −0.417820368 .

❚❤❡ ❛♣♣8♦①✐♠❛"❡ ,♦❧✉"✐♦♥ ❜② ❖❍$▼ ✐, "❤❡♥ ❣✐✈❡♥ ❛,

✭✸✳✶✼✮

u(s) = 1 + s+
s2

2
+ 0.166668432s3 + 0.041661159s4 + 0.008337946s5

+ 0.00138968s6 + 0.000198523 s7 + 0.000019825 s8 + 0.000006842 s9

− 5.0613× 10−7
s
10 − 4.1383× 10−8

s
11 − 1.6480× 10−8

s
12

+ 1.4653× 10−8
s
13 − 9.8279× 10−9

s
14

❚❤❡ "❡.✉❧$. ❢♦" ♣"♦❜❧❡♠ ✷ ❛"❡ .❤♦✇♥ ✐♥ $❛❜❧❡✲✷ ❛♥❞ ✜❣✉"❡✲✷ ❛. ❢♦❧❧♦✇.✿

;"♦❜❧❡♠ ✸✳ ❙✐①"❤ ♦8❞❡8 ❧✐♥❡❛8 ❜♦✉♥❞❛8② ✈❛❧✉❡ ♣8♦❜❧❡♠ ❬✶✼❪

✭✸✳✶✽✮

d6u

ds6
− (u− 6 es) = 0, 0 < s < 1,

✭✸✳✶✾✮ u(0) = 1, u(1) = 0, u′′(0) = −1, u′′(1) = −2e, u′′′′(0) = −3, u′′′′(1) = −4e .

❚❤❡ ❡①❛❝" ,♦❧✉"✐♦♥ ❢♦8 "❤✐, ♣8♦❜❧❡♠ ✐,✿

u(s) = (1− s)es.

❚♦ ❛♣♣❧② ▼❖❍$▼✱ ✇❡ ✉,❡ "❤❡ ,"❡♣, ✉,❡❞ ✐♥ ♣8♦❜❧❡♠✲✶ ❛♥❞ ✐♥ ♣8♦❜❧❡♠✲✷✱ ✇❡ ♦❜"❛✐♥

❛♣♣8♦①✐♠❛"❡ ,♦❧✉"✐♦♥ for t = 0and h = 1 ❛,

✭✸✳✷✵✮

u(s) = 1.− 3.5811× 10−12
s− 0.5 s2 − 0.333333333 s3 − 0.125 s4 − 0.0333333333 s5

− 0.0 0 6944444 s6 − 0.0 01190476 s7 − 0.0 0 0173611 s8 − 0.0 0 0 022046 s9

− 0.000002480 s10 − 2.5052× 10−7
s
11 − 2.2964× 10−8

s
12

❚❤❡ "❡.✉❧$. ❢♦" ♣"♦❜❧❡♠ ✸ ❛"❡ .❤♦✇♥ ✐♥ $❛❜❧❡✲✸ ❛♥❞ ✜❣✉"❡✲✸ ❛. ❢♦❧❧♦✇.✿



✶✵✺✺

✭✶✮ ❚❛❜❧❡ ✸

✭✷✮ ❋✐❣✉.❡ ✸

/.♦❜❧❡♠ ✹✳ ❙✐①6❤ ♦.❞❡. ♥♦♥❧✐♥❡❛. ❜♦✉♥❞❛.② ✈❛❧✉❡ ♣.♦❜❧❡♠ ❬✷✹❪

✭✸✳✷✶✮

d6u

ds6
− u

2
e
s = 0, 0 < s < 1,

✭✸✳✷✷✮ u(0) = 1, u′(0) = −1, u′′(0) = 1, u(1) = e
−1
, u

′(1)− e
−1
, u

′′(1) = e
−1
.

❚❤❡ ❡①❛❝6 @♦❧✉6✐♦♥ ✐@ ❣✐✈❡♥ ❛@ u(s) = e−s.

❚♦ ❛♣♣❧② ▼❖❍/▼✱ ✇❡ ❝♦♥@✐❞❡. 6❤❡ ❢♦❧❧♦✇✐♥❣ @❡❝♦♥❞ ♦.❞❡. ❛♣♣.♦①✐♠❛6✐♦♥u(s) =
u0(s) + u1(s, c0) + u2(s, c0, c1).

◆♦✇ ✇❡ ✉@❡ 6❤❡ @6❡♣@ ♠❡♥6✐♦♥❡❞ ✐♥ ♣.♦❜❧❡♠✲✶ ❛♥❞ ♣.♦❜❧❡♠✲✷✳

❯@✐♥❣ 6❤❡ ●❛❧❡.❦✐♥✬@ ♠❡6❤♦❞ ✇❤✐❝❤ ❝♦♥@✐@6 ♦❢ ✭✷✳✶✺✮ ❛♥❞ ✭✷✳✶✽✮ ✱ ✇❡ ♦❜6❛✐♥ 6❤❡ ❢♦❧✲

❧♦✇✐♥❣ ✈❛❧✉❡@ ♦❢ c
,
isfor t = 0and h = 1 :

c0 = 0.999781503, c1 = 0.568319310 .

❚❤❡ ❛♣♣.♦①✐♠❛6❡ @♦❧✉6✐♦♥ ❜② ▼❖❍/▼ ❜❡❝♦♠❡@✿

✭✸✳✷✸✮

u = 1− s+ s2

2
− 0.1666666676 s3 + 0.041666667s4 − 0.008333333 s5 + s6

720

− s7

5040
+ s8

40320
− 0.000002756 s9 + 2.7556× 10−7s10 − 2.5048× 10−8s11

+2.0862× 10−9s12 − 1.5896× 10−10s13 + 9.6037× 10−12s14.

❆❧@♦ ✇❤❡♥ ✇❡ ❛♣♣❧② ❖❍/▼✱ ✇❡ ♦❜6❛✐♥ 6❤❡ ✈❛❧✉❡@ ♦❢ c
,
is ❛@

c0 = 0.999986482, c1 = 0.991801518 .

❚❤❡ ❛♣♣.♦①✐♠❛6❡ @♦❧✉6✐♦♥ ❣✐✈❡♥ ❜② ❖❍/▼ ✐@

✭✸✳✷✹✮

u = 1− s+ s2

2
− 0.1 6 6 6 6 6 6 6 7 s3 + 0.0 4 1 6 6 6 6 6 7 s4 − 0.0 0 8 3 3 3 3 3 4 s5

+0.001388889 s6 − 0.000198413 s7 + 0.000024802 s8 − 0.000002756 s9

+2.7561× 10−7s10 − 2.5071× 10−8s11 + 2.0905× 10−9s12

−1.5728× 10−10s13 + 7.1664× 10−12s14.

❘❡@✉❧6@ ❢♦. ♣.♦❜❧❡♠ ✹ ❛.❡ ❣✐✈❡♥ ✐♥ 6❛❜❧❡ ✹ ❛♥❞ ✜❣✉.❡ ✹ ❛@ ❢♦❧❧♦✇@✿

✭✶✮ ❚❛❜❧❡ ✹

✭✷✮ ❋✐❣✉.❡ ✹

✹✳ ❈❖◆❈▲❯❙■❖◆

■♥ 6❤✐@ ♣❛♣❡. ❛ ♥❡✇ ✐❞❡❛ ❤❛@ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❡✛❡❝6✐✈❡❧② ❛♣♣❧✐❡❞ 6♦ ❢♦✉. ❤✐❣❤❡.

♦.❞❡. ❜♦✉♥❞❛.② ✈❛❧✉❡ ♣.♦❜❧❡♠@ ♦❢ ✜❢6❤ ❛♥❞ @✐①6❤ ♦.❞❡.@ ✇❤✐❝❤ ♣.♦✈✐❞❡ ✈❡.② ❛❝❝✉.❛6❡

.❡@✉❧6@ ❛@ ❝♦♠♣❛.❡❞ 6♦ ♦6❤❡. ✇❡❧❧ ❦♥♦✇♥ ♠❡6❤♦❞@ ✐♥ ♣.❛❝6✐❝❡✳ ❖✉. ♣.♦♣♦@❡❞ ♠❡6❤♦❞ ❤❛@

❣.❡❛6 ♣♦6❡♥6✐❛❧ 6♦ @♦❧✈❡ ♦.❞✐♥❛.② ❞✐✛❡.❡♥6✐❛❧ ❡U✉❛6✐♦♥@ ♦❢ ❛♥② ♦.❞❡.✳ ❚❤❡ @❛♠❡ 6❡❝❤♥✐U✉❡

❝❛♥ ❛❧@♦ ❜❡ ❡①6❡♥❞❡❞ 6♦ 6❤❡ @♦❧✉6✐♦♥@ ♦❢ ♣❛.6✐❛❧ ❞✐✛❡.❡♥6✐❛❧ ❡U✉❛6✐♦♥@✱ ✐♥6❡❣.♦✲❞✐✛❡.❡♥6✐❛❧

❡U✉❛6✐♦♥@ ❛♥❞ @②@6❡♠ ♦❢ ❞✐✛❡.❡♥6✐❛❧ ❡U✉❛6✐♦♥@✱ 6❤❡ .❡@✉❧6@ ♦❜6❛✐♥❡❞ ❢♦. 6❤❡@❡ 6②♣❡@ ♦❢

❞✐✛❡.❡♥6✐❛❧ ❡U✉❛6✐♦♥@ ✇✐❧❧ ❜❡ .❡✈❡❛❧❡❞ ✐♥ ♦✉. ❝♦♠✐♥❣ ♣❛♣❡.@✳ ❚❤❡ ♠❡.✐6 ♦❢ ▼❖❍/▼ ✐@

6❤❛6 ✐6 .❡U✉✐.❡@ ♦♥❧② ❛ ❢❡✇ 6❡.♠@ 6♦ ♦❜6❛✐♥ ❛❝❝✉.❛6❡ ❛♣♣.♦①✐♠❛6❡ @♦❧✉6✐♦♥@✳ ❚❤✐@ 6❡❝❤♥✐U✉❡

❤❛@ ❛ ❣.❡❛6 .♦❜✉@6✱ 6♦ ❛66.❛❝6 ❡♥❣✐♥❡❡.✱ @❝✐❡♥6✐@6@ ❛♥❞ .❡@❡❛.❝❤❡.@ ♦❢ ❡✈❡.② ✜❡❧❞✳
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❲❡ ✐♥✈❡1$✐❣❛$❡ B✉❡1$✐♦♥1 ✇❤✐❝❤ ❛)❡ )❡❧❛$❡❞ $♦ ♣)♦❥❡❝$✐✈✐$② ❝)✐$❡)✐❛ ❛♥❞

❣✐✈❡ 1♦♠❡ ♣❛)$✐❛❧ ❛♥1✇❡)1 ❛♥❞ )❡❧❛$❡❞ )❡1✉❧$1 $♦ $❤❡♠✳

❑❡②✇♦$❞"✿ ❈♦♠♣❧❡-❡ ❝♦❤♦♠♦❧♦❣②✱ ❢2❡❡✱ ♣2♦❥❡❝-✐✈❡✱ 6-❛❜❧② ❢2❡❡

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✶✻❉✹✵✱ ✶✽●✵✺✱ ✶✽●✷✵

❘❡❝❡✐✈❡❞ ✿ ✶✸✳✵✹✳✷✵✶✺ ❆❝❝❡♣(❡❞ ✿ ✷✼✳✵✽✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✻✹✺✶✸✶✶✷

✶✳ ■♥$%♦❞✉❝$✐♦♥

❚❤❡ ♣✉)♣♦1❡ ♦❢ $❤✐1 ♣❛♣❡) ✐1 $♦ ✐♥✈❡1$✐❣❛$❡ B✉❡1$✐♦♥1 )❡❧❛$❡❞ $♦ ♣)♦❥❡❝$✐✈✐$② ❝)✐$❡)✐❛✳

■$ ✐1 ✇❡❧❧✲❦♥♦✇♥ $❤❛$ ✐❢ G ✐1 ❛ ✜♥✐$❡ ❣)♦✉♣✱ $❤❡♥ ❛ ZG✲♠♦❞✉❧❡M ✐1 ♣)♦❥❡❝$✐✈❡ ✐❢ ❛♥❞ ♦♥❧②

✐❢ M ✐1 Z✲❢)❡❡ ❛♥❞ proj.dim
ZG

M < ∞ ✭❝❢✳ ❬✺❪✮✳ ■♥ ❬✶✻❪ ✇❡ ✐♥✈❡1$✐❣❛$❡❞ ✇❤❡$❤❡) ♦) ♥♦$

♦♥❧② ✜♥✐$❡ ❣)♦✉♣1 1❛$✐1❢② $❤❡ ❝)✐$❡)✐♦♥ ❛❜♦✈❡✱ ❛♥❞ 1❤♦✇❡❞ $❤❛$ $❤✐1 ✐1 $)✉❡ ✐♥ $❤❡ ❝❧❛11

♦❢ ❣)♦✉♣1 LHF✳ ❋♦) $❤❡ ❞❡✜♥✐$✐♦♥1 ♦❢ LHF ❛♥❞ 1♦♠❡ ♦$❤❡) $❡)♠✐♥♦❧♦❣✐❡1 ❜❡❧♦✇ ✐♥ $❤✐1

1❡❝$✐♦♥✱ 1❡❡ ❙❡❝$✐♦♥ 2✳
◆♦$❡ $❤❛$ ✐❢ G ✐1 ❛ ✈✐)$✉❛❧❧② $♦)1✐♦♥✲❢)❡❡ ❣)♦✉♣ ✇✐$❤ vcdG = n ❛♥❞ M ✐1 ❛ Z✲❢)❡❡

ZG✲♠♦❞✉❧❡✱ $❤❡♥ proj.dim
ZG

M < ∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ proj.dim
ZG

M ≤ n ✭❬✺✱ ❚❤❡♦)❡♠
❳✳✺✳✸❪✮✳ ❚❤✐1 )❡1✉❧$ ✇❛1 ❣❡♥❡)❛❧✐③❡❞ ✐♥ ❬✶✺✱ ❚❤❡♦)❡♠ ✹✳✼❪ ❛1 ❢♦❧❧♦✇1✿ ✐❢ G ✐1 ❛ HF✲❣)♦✉♣

❛♥❞ spliG < ∞✱ $❤❡♥ proj.dim
ZG

M < ∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ proj.dim
ZG

M ≤ pccdG✳
■$ ✐1 ❛❧1♦ ❦♥♦✇♥ $❤❛$ ✐❢ H ✐1 ❛ 1✉❜❣)♦✉♣ ♦❢ ✜♥✐$❡ ✐♥❞❡① ✐♥ G✱ $❤❡♥ ❛ ZG✲♠♦❞✉❧❡ M ✐1

ZG✲♣)♦❥❡❝$✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ✐1 ZH✲♣)♦❥❡❝$✐✈❡ ❛♥❞ proj.dim
ZG

M < ∞ ✭❬✻✱ ▲❡♠♠❛ ✹✳✶

✭❛✮❪✮✳

■♥ $❤❡1❡ ✈✐❡✇♣♦✐♥$1✱ ✇❡ ♠❛② ❛1❦ $❤❡ ❢♦❧❧♦✇✐♥❣ B✉❡1$✐♦♥1✿

✶✳✶✳ ◗✉❡%&✐♦♥✳ ▲❡$ n ❜❡ ❛ ♥♦♥♥❡❣❛$✐✈❡ ✐♥$❡❣❡)✳ ❙✉♣♣♦1❡ $❤❛$ G 1❛$✐1✜❡1 $❤❡ ❢♦❧✲

❧♦✇✐♥❣ ♣)♦♣❡)$②✿ ❢♦) ❛♥② Z✲❢)❡❡ ZG✲♠♦❞✉❧❡ M ✱ proj.dim
ZG

M < ∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

proj.dim
ZG

M ≤ n. ■1 ✐$ $)✉❡ $❤❛$ pccdG ≤ n❄

✶✳✷✳ ◗✉❡%&✐♦♥✳ ▲❡$ H ❜❡ ❛ 1✉❜❣)♦✉♣ ♦❢ G✳ ❙✉♣♣♦1❡ $❤❛$ (G,H) 1❛$✐1✜❡1 $❤❡ ♣)♦♣❡)$②
$❤❛$ ❢♦) ❛♥② ZG✲♠♦❞✉❧❡ M ✱ M ✐1 ZG✲♣)♦❥❡❝$✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ✐1 ZH✲♣)♦❥❡❝$✐✈❡ ❛♥❞
proj.dim

ZG
M < ∞✳ ■1 ✐$ $)✉❡ $❤❛$ |G : H| < ∞❄

∗
❉❡♣❛$%♠❡♥% ♦❢ ▼❛%❤❡♠❛%✐❝.✱ ❙♦❣❛♥❣ ❯♥✐✈❡$.✐%②✱ ❙❡♦✉❧✱ ✶✷✶✲✼✹✷ ❑❖❘❊❆✱

❊♠❛✐❧✿ ❥❤❥♦❅$♦❣❛♥❣✳❛❝✳❦+



✶✵✻✷

■! ✐# ❦♥♦✇♥ ✐♥ ❬✶✻✱ ❈♦-♦❧❧❛-② ✷✳✼❪ !❤❛! ◗✉❡#!✐♦♥ ✶✳✶ ❤❛# ❛ ♣♦#✐!✐✈❡ ❛♥#✇❡- ❢♦- ❛♥②

LHF✲❣-♦✉♣ ❛♥❞ n = 0✳
❖♥ !❤❡ ♦!❤❡- ❤❛♥❞✱ -❡❝❛❧❧ !❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝!✉-❡ ✭❛ #♣❡❝✐❛❧ ❝❛#❡ ♦❢ ▼♦♦-❡✬# ❝♦♥❥❡❝✲

!✉-❡ ✭❬✶✱ ♣ ✻✹❪✮✱ ✇❤✐❝❤ ✐# ❛ ❢❛- -❡❛❝❤✐♥❣ ❣❡♥❡-❛❧✐③❛!✐♦♥ ♦❢ ❙❡--❡✬# !❤❡♦-❡♠ ❬✶✱ ♣ ✻✺❪✮ ♦♥

❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥#✐♦♥ ♦❢ ❣-♦✉♣#✳

✶✳✸✳ ❈♦♥❥❡❝)✉+❡✳ ▲❡" G ❜❡ ❛ "♦&'✐♦♥✲❢&❡❡ ❣&♦✉♣ ❛♥❞ H ❛ '✉❜❣&♦✉♣ ♦❢ ✜♥✐"❡ ✐♥❞❡① ✐♥ G✳
❚❤❡♥ ❡✈❡&② ZG✲♠♦❞✉❧❡ M ✇❤✐❝❤ ✐' ZH✲♣&♦❥❡❝"✐✈❡ ✐' ❛❧'♦ ZG✲♣&♦❥❡❝"✐✈❡✳

■♥ !❤❡ #❛♠❡ #♣-✐! ❛# !❤❡ K✉❡#!✐♦♥# ❛❜♦✈❡✱ ✇❡ ❛❧#♦ ♥❛!✉-❛❧❧② ❛#❦ !❤❡ ❢♦❧❧♦✇✐♥❣✿

✶✳✹✳ ◗✉❡.)✐♦♥✳ ▲❡! G ❜❡ ❛ !♦-#✐♦♥✲❢-❡❡ ❣-♦✉♣ ❛♥❞ H ❛ #✉❜❣-♦✉♣ ♦❢ G✳ ❙✉♣♣♦#❡ !❤❛!

(G,H) #❛!✐#✜❡# !❤❡ ♣-♦♣❡-!② !❤❛! ❡✈❡-② ZH✲♣-♦❥❡❝!✐✈❡ ZG✲♠♦❞✉❧❡ ✐# ZG✲♣-♦❥❡❝!✐✈❡✳ ■#

✐! !-✉❡ !❤❛! |G : H| < ∞❄

■! ❝❛♥ ❜❡ #❡❡♥ !❤❛! ❢♦- ❛ !♦-#✐♦♥✲❢-❡❡ ❣-♦✉♣ G ❛♥❞ ✐!# #✉❜❣-♦✉♣ H✱ ✐❢ ◗✉❡#!✐♦♥ ✶✳✹ ❤❛#

❛♥ ❛✣-♠❛!✐✈❡ ❛♥#✇❡- ❢♦- (G,H)✱ !❤❡♥ ◗✉❡#!✐♦♥ ✶✳✷ ❤❛# ❛❧#♦ ❛♥ ❛✣-♠❛!✐✈❡ ❛♥#✇❡- ❢♦-

(G,H)✳

❲❡ ❣✐✈❡ #♦♠❡ ♣❛-!✐❛❧ ❛♥#✇❡-# ❛♥❞ -❡❧❛!❡❞ -❡#✉❧!# !♦ ◗✉❡#!✐♦♥# ✶✳✶✱ ✶✳✷✱ ❛♥❞ ✶✳✹ ✐♥

❚❤❡♦-❡♠# ✸✳✼✱ ✸✳✽✱ ✸✳✾✱ ❛♥❞ ✸✳✶✵ ❛♥❞ ❈♦-♦❧❧❛-✐❡# ✸✳✺ ❛♥❞ ✸✳✻✳

✷✳ "#❡❧✐♠✐♥❛#✐❡*

■♥ !❤✐# #❡❝!✐♦♥✱ ✇❡ ❜-✐❡✢② ✐♥!-♦❞✉❝❡ #♦♠❡ ❞❡✜♥✐!✐♦♥# ❛♥❞ ♣-❡❧✐♠✐♥❛-② -❡#✉❧!#✳ ❋♦- ♠♦-❡

❞❡!❛✐❧#✱ ✇❡ -❡❝♦♠♠❡♥❞ ❡❛❝❤ -❡❢❡-❡♥❝❡ ❜❡❧♦✇✳

1✳ ✭❬✶✽✱ ✸❪✮ ❚❤❡ ❝❧❛## HF ✐# !❤❡ #♠❛❧❧❡#! ❝❧❛## ♦❢ ❣-♦✉♣# ❝♦♥!❛✐♥✐♥❣ !❤❡ ❝❧❛## ♦❢ ✜♥✐!❡

❣-♦✉♣# ❛♥❞ ✇❤✐❝❤ ❝♦♥!❛✐♥# ❛ ❣-♦✉♣ G ✇❤❡♥❡✈❡- G ❛❞♠✐!# ❛ ✜♥✐!❡ ❞✐♠❡♥#✐♦♥❛❧ ❝♦♥!-❛❝!✐❜❧❡

G✲C✲❝♦♠♣❧❡① ✇❤♦#❡ #!❛❜✐❧✐③❡-# ❛-❡ ❛❧-❡❛❞② ✐♥ HF✳ ❚❤❡ ❝❧❛## LHF ✐# !❤❡ ❝❧❛## ♦❢ ❣-♦✉♣#

#✉❝❤ !❤❛! ❛❧❧ ♦❢ ✐!# ✜♥✐!❡❧② ❣❡♥❡-❛!❡❞ #✉❜❣-♦✉♣# ❛-❡ ✐♥ HF✳ ❚❤❡ ❝❧❛## LHF ✐# ❡①!❡♥#✐♦♥

❝❧♦#❡❞✱ ❝❧♦#❡❞ ✉♥❞❡- ❛#❝❡♥❞✐♥❣ ✉♥✐♦♥#✱ ❛♥❞ ❝❧♦#❡❞ ✉♥❞❡- ❛♠❛❧❣❛♠❛!❡❞ ❢-❡❡ ♣-♦❞✉❝!# ❛♥❞

❍◆◆ ❡①!❡♥#✐♦♥#✳ ❚❤❡ ❝❧❛## LHF ❝♦♥!❛✐♥#✱ ❢♦- ❡①❛♠♣❧❡✱ ❛❧❧ ❡❧❡♠❡♥!❛-② ❛♠❡♥❛❜❧❡ ❣-♦✉♣#

❛♥❞ ❛❧❧ ❧✐♥❡❛- ❣-♦✉♣#✳

2✳ ❚❤❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥#✐♦♥ ♦❢ G✱ ❞❡♥♦!❡❞ cdG✱ ✐# !❤❡ ♣-♦❥❡❝!✐✈❡ ❞✐♠❡♥#✐♦♥ ♦❢ !❤❡

!-✐✈✐❛❧ G✲♠♦❞✉❧❡ Z ♦✈❡- ZG✳ ❋♦- ❛ ✈✐-!✉❛❧❧② !♦-#✐♦♥✲❢-❡❡ ❣-♦✉♣ G✱ ✐✳❡✳✱ G ❤❛# ❛ !♦-#✐♦♥✲

❢-❡❡ #✉❜❣-♦✉♣ ♦❢ ✜♥✐!❡ ✐♥❞❡①✱ ✐! ✇❛# ✇❡❧❧✲❦♥♦✇♥ !❤❛! ❛❧❧ !♦-#✐♦♥✲❢-❡❡ #✉❜❣-♦✉♣# ♦❢ G ♦❢

✜♥✐!❡ ✐♥❞❡① ❤❛✈❡ !❤❡ #❛♠❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥#✐♦♥ ✭❝❢✳ ❬✺❪✮✳ ❚❤❡ ❝♦♠♠♦♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧

❞✐♠❡♥#✐♦♥ ♦❢ !❤❡ !♦-#✐♦♥✲❢-❡❡ #✉❜❣-♦✉♣# ♦❢ ✜♥✐!❡ ✐♥❞❡① ✐# ❝❛❧❧❡❞ !❤❡ ✈✐-!✉❛❧ ❝♦❤♦♠♦❧♦❣✐❝❛❧

❞✐♠❡♥#✐♦♥ ♦❢ G ❛♥❞ ✐# ❞❡♥♦!❡❞ ❜② vcdG✳ ❚❤❡ ✜♥✐!❡♥❡## ♦❢ vcdG ❡♥#✉-❡# !❤❛! !❤❡ ❋❛--❡❧❧

❝♦❤♦♠♦❧♦❣② ♦❢ ❛ ❣-♦✉♣ ✐# ✇❡❧❧ ❞❡✜♥❡❞✳ ❚❤❡-❡ ❛-❡ ♦!❤❡- ✇❡❧❧✲❦♥♦✇♥ ✐♥✈❛-✐❛♥!# ♦❢ ❛ ❣-♦✉♣

✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❛❝❝♦♠♣❛♥✐❡❞ ✇✐!❤ !❤❡ ■❦❡♥❛❣❛✬# ❣❡♥❡-❛❧✐③❡❞ ❝♦❤♦♠♦❧♦❣② ✭❬✶✹❪✮ ❛♥❞ !❤❡

❝♦♠♣❧❡!❡ ❝♦❤♦♠♦❧♦❣② ✭❬✹✱ ✶✷✱ ✶✾❪✮✿

(1) cdG := sup {n : ExtnZG(M,F ) 6= 0, M : Z✲❢-❡❡, F : ZG✲❢-❡❡} ✭❬✶✹❪✮✳

(2) spliG := sup {n : ExtnZG(I,−) 6= 0, I : ZG✲✐♥❥❡❝!✐✈❡} ✭❬✶✶❪✮✳

(3) silpG := sup {n : ExtnZG(−, P ) 6= 0, P : ZG✲♣-♦❥❡❝!✐✈❡} ✭❬✶✶❪✮✳

(4) fin.dimG := sup {n : proj.dim
G
M = n < ∞} ✭❬✷✵❪✮✳

(5) pccdG := sup {n : Hn(G,P ) 6= 0, P : ZG✲♣-♦❥❡❝!✐✈❡} ✭❬✶✺❪✮✳

(6) GcdG := Gpd
ZG

Z✱ !❤❡ ●♦-❡♥#!❡✐♥ ♣-♦❥❡❝!✐✈❡ ❞✐♠❡♥#✐♦♥ ♦❢ !❤❡ !-✐✈✐❛❧ ZG✲

♠♦❞✉❧❡ Z ✭❬✷✱ ✸❪✮✳

■! ✐# ✇❡❧❧ ❦♥♦✇♥ ❢-♦♠ ❬✷✱ ✸✱ ✼✱ ✶✶✱ ✶✸✱ ✶✹✱ ✶✺✱ ✶✼✱ ✷✷❪ !❤❛! ❢♦- ❛♥② ❣-♦✉♣ G✱

(a) pccdG ≤ cdG = GcdG ≤ silpG = spliG ≤ cdG+ 1 = GcdG+ 1✳
(b) −1 ≤ pccdG ≤ ∞✳

(c) ■❢ G ✐# !❤❡ ❚❤♦♠♣#♦♥ ❣-♦✉♣ T ✱

⊕
∞

i=1
Z✱ ♦- GLn(K)✱ ✇❤❡-❡ K ✐# ❛ #✉❜✜❡❧❞ ♦❢

!❤❡ ❛❧❣❡❜-❛✐❝ ❝❧♦#✉-❡ ♦❢ Q✱ !❤❡♥ pccdG = −1✳
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(d) ■❢ G = ∗n∈NGn✱ ✇❤❡&❡ Gn :=
⊕

n

i=1
Z✱ '❤❡♥ pccdG = ∞✳

(e) ■❢ GcdG < ∞✱ '❤❡♥ GcdG = pccdG ❛♥❞ ,♦ −1 < pccdG < ∞✳

(f) fin.dimG ≤ spliG✱ '❤❡ ❡.✉❛❧✐'② ❤♦❧❞, ✇❤❡♥ G ∈ LHF ♦& spliG < ∞✳

✸✳ ▼❛✐♥ &❡(✉❧+(

■♥ ✇❤❛' ❢♦❧❧♦✇,✱ ❧❡' G ❜❡ ❛♥ ❛&❜✐'&❛&② ❞✐,❝&❡'❡ ❣&♦✉♣ ❛♥❞ ZG ✐', ❣&♦✉♣ &✐♥❣✳ ❲❡ ✇&✐'❡

“G✲♠♦❞✉❧❡”✱ “G✲♣&♦❥❡❝'✐✈❡”✱ ❡'❝✳ ✐♥,'❡❛❞ ♦❢ “ZG✲♠♦❞✉❧❡”✱ “ZG✲♣&♦❥❡❝'✐✈❡”✱ ❡'❝✳

✸✳✶✳ ▲❡♠♠❛✳ ▲❡" G ❜❡ ❛ ❣&♦✉♣ *❛"✐*❢②✐♥❣ "❤❡ ❢♦❧❧♦✇✐♥❣ ♣&♦♣❡&"②✿ ❢♦& ❛♥② Z✲❢&❡❡ G✲♠♦❞✉❧❡
M ✱

proj.dim
ZG

M < ∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ proj.dim
ZG

M ≤ n.
❚❤❡♥ fin.dimG ≤ n+ 1✳

9&♦♦❢✳ ▲❡' N ❜❡ ❛ G✲♠♦❞✉❧❡ ✇✐'❤ proj.dim
ZG

N < ∞✳ ❈♦♥,✐❞❡& ❛♥ ❡①❛❝' ,❡.✉❡♥❝❡

♦❢ G✲♠♦❞✉❧❡, 0 → K → P → N → 0✱ ✇❤❡&❡ P ✐, G✲♣&♦❥❡❝'✐✈❡✳ ■' ✐, ❝❧❡❛& '❤❛' K
✐, Z✲❢&❡❡ ❛♥❞ proj.dim

ZG
K < ∞✳ ❚❤✉, proj.dim

ZG
K ≤ n ❜② '❤❡ ❛,,✉♠♣'✐♦♥ ❛♥❞ ,♦

proj.dim
ZG

N ≤ n+ 1✳ ❍❡♥❝❡ ✇❡ ❝♦♥❝❧✉❞❡ '❤❛' fin.dimG ≤ n+ 1✳ �

■♥ ❬✽❪ ❉❡♠❜❡❣✐♦'✐ ❛♥❞ ❚❛❧❡❧❧✐ ♣&♦♣♦,❡❞ '❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝'✉&❡ ❛♥❞ ❣❛✈❡ ,♦♠❡ ❡①❛♠♣❧❡

♦❢ ❣&♦✉♣, ,❛'✐,❢②✐♥❣ ✐'✳

✸✳✷✳ ❈♦♥❥❡❝-✉/❡✳ ❋♦& ❛♥② ❣&♦✉♣ G✱ spliG = cdG+ 1✳

■♥ ❬✸❪ ❇❛❤❧❡❦❡❤✱ ❉❡♠❜❡❣✐♦'✐✱ ❛♥❞ ❚❛❧❡❧❧✐ ♣&♦♣♦,❡❞ '❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝'✉&❡✳

✸✳✸✳ ❈♦♥❥❡❝-✉/❡✳ ❋♦& ❛♥② ❣&♦✉♣ G✱ fin.dimG = GcdG+ 1✳

◆♦'❡ '❤❛' GcdG = cdG ❢♦& ❛♥② ❣&♦✉♣ G✱ ❛♥❞ fin.dimG = spliG ✇❤❡♥ G ✐, ❛♥ LHF✲

❣&♦✉♣✳ ❚❤✉, ❈♦♥❥❡❝'✉&❡ ✸✳✷ ✐, ❡.✉✐✈❛❧❡♥' '♦ ❈♦♥❥❡❝'✉&❡ ✸✳✸ ✇❤❡♥ G ✐, ❛♥ LHF✲❣&♦✉♣✳

✸✳✹✳ ❚❤❡♦/❡♠✳ ■❢ ❈♦♥❥❡❝"✉&❡ ✸✳✸ ✐* "&✉❡✱ "❤❡♥ ◗✉❡*"✐♦♥ ✶✳✶ ❤❛* ❛♥ ❛✣&♠❛"✐✈❡ ❛♥*✇❡&✳

9&♦♦❢✳ ❆,,✉♠❡ '❤❛' G ,❛'✐,✜❡, '❤❡ ♣&♦♣❡&'② ✐♥ ◗✉❡,'✐♦♥ ✶✳✶✳ ❚❤❡♥ fin.dimG ≤ n+1 ❜②

▲❡♠♠❛ ✸✳✶✳ ❇② '❤❡ ❛,,✉♠♣'✐♦♥✱ ✐' ❢♦❧❧♦✇, '❤❛' GcdG ≤ n✳ ❍❡♥❝❡ pccdG ≤ n✳ �

✸✳✺✳ ❈♦/♦❧❧❛/②✳ ❙✉♣♣♦*❡ "❤❛" G *❛"✐*✜❡* "❤❡ ♦♥❡ ♦❢ "❤❡ ❢♦❧❧♦✇✐♥❣✿

(1) cdG = 0 ♦& 1✳
(2) ❞✉❛❧✐"② ❣&♦✉♣✳

(3) ❢✉♥❞❛♠❡♥"❛❧ ❣&♦✉♣ ♦❢ ❣&❛♣❤ ♦❢ ✜♥✐"❡ ❣&♦✉♣*✳

(4) ❢✉♥❞❛♠❡♥"❛❧ ❣&♦✉♣ ♦❢ ❝❡&"❛✐♥ ✜♥✐"❡ ❣&❛♣❤ ♦❢ ❣&♦✉♣ ♦❢ "②♣❡ FP∞ ✐♥ ❬✽✱ ❚❤❡♦&❡♠

✸✳✺❪✳

❚❤❡♥ ◗✉❡*"✐♦♥ ✶✳✶ ❤❛* ❛♥ ❛✣&♠❛"✐✈❡ ❛♥*✇❡& ❢♦& G✳

9&♦♦❢✳ ■' ✐, ❦♥♦✇♥ ❢&♦♠ ❬✽✱ ✶✵❪ '❤❛' ✐❢ ❛ ❣&♦✉♣ G ✐, ♦♥❡ ♦❢ '❤❡ ❧✐,' ❛❜♦✈❡✱ '❤❡♥ G ,❛'✐,✜❡,

❈♦♥❥❡❝'✉&❡ ✸✳✸✳ ❍❡♥❝❡ '❤❡ &❡,✉❧' ❢♦❧❧♦✇, ❢&♦♠ ❚❤❡♦&❡♠ ✸✳✹✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦&♦❧❧❛&② ,❤♦✇, '❤❛' '❤❡ ✈❛❧✐❞✐'② ♦❢ ❈♦♥❥❡❝'✉&❡ ✸✳✸ ,❡''❧❡, ◗✉❡,'✐♦♥ A
✐♥ ❬✶✻❪ ❝♦♠♣❧❡'❡❧②✳

✸✳✻✳ ❈♦/♦❧❧❛/②✳ ▲❡" G ❜❡ ❛ ❣&♦✉♣ ✇✐"❤ "❤❡ ♣&♦♣❡&"② "❤❛" ❡✈❡&② Z✲❢&❡❡ G✲♠♦❞✉❧❡ ♦❢ ✜♥✐"❡
♣&♦❥❡❝"✐✈❡ ❞✐♠❡♥*✐♦♥ ✐* ♣&♦❥❡❝"✐✈❡✳ ■❢ G *❛"✐*✜❡* ❈♦♥❥❡❝"✉&❡ ✸✳✸✱ "❤❡♥ G ✐* ✜♥✐"❡✳

9&♦♦❢✳ ◆♦'❡ '❤❛' G ✐, ✜♥✐'❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ pccdG = 0 ✭❬✶✺✱ S&♦♣♦,✐'✐♦♥ ✸✳✾❪✮✳ ❍❡♥❝❡ '❤❡

&❡,✉❧' ❢♦❧❧♦✇, ✐♠♠❡❞✐❛'❡❧② ❢&♦♠ ❚❤❡♦&❡♠ ✸✳✹✳ �
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✸✳✼✳ ❚❤❡♦'❡♠✳ ▲❡" G ❜❡ ❛ ✈✐'"✉❛❧❧② "♦',✐♦♥✲❢'❡❡ ❣'♦✉♣✳ ■❢ G ✐, ❛♥ LHF✲❣'♦✉♣✱ "❤❡♥

◗✉❡,"✐♦♥ ✶✳✶ ❤❛, ❛♥ ❛✣'♠❛"✐✈❡ ❛♥,✇❡' ❢♦' G✳

;'♦♦❢✳ ❆!!✉♠❡ %❤❛% G !❛%✐!✜❡! %❤❡ ♣+♦♣❡+%② ✐♥ ◗✉❡!%✐♦♥ ✶✳✶✳ ❚❤❡♥ fin.dimG ≤ n+1 ❜②
▲❡♠♠❛ ✸✳✶✳ ❙✐♥❝❡G ✐! ❛♥ LHF✲❣+♦✉♣✱ ✐% ❢♦❧❧♦✇! ❢+♦♠ ❬✷✷✱ ❈♦+♦❧❧❛+② ✷❪ %❤❛% spliG ≤ n+1✳
❙✐♥❝❡ cdG ≤ silpG = spliG✱ ✐% ❢♦❧❧♦✇! %❤❛% cdG ≤ n + 1✳ ▲❡% H ❜❡ ❛ %♦+!✐♦♥✲❢+❡❡

!✉❜❣+♦✉♣ ♦❢ ✜♥✐%❡ ✐♥❞❡① ✐♥ G✳ ❙✐♥❝❡ G ✐! ❛♥ LHF✲❣+♦✉♣✱ ✐% ❢♦❧❧♦✇! ❢+♦♠ ❬✷✷✱ ❈♦+♦❧❧❛+② ✷❪

❛♥❞ ❬✶✶✱ ✺✳✷❪ %❤❛% fin.dimG = spliG = spliH = fin.dimH < ∞✳ ❇② ❬✷✷✱ ❈♦+♦❧❧❛+② ✶❪ ✇❡
❤❛✈❡ cdH < ∞✳ ❚❤❡♥ cdG = cdH = cdH = vcdG ❜② ❬✶✹✱ H+♦♣♦!✐%✐♦♥ ✸✱ H+♦♣♦!✐%✐♦♥ ✺❪

❛♥❞ !♦ vcdG ≤ n+ 1✳ ❙✉♣♣♦!❡ %❤❛% vcdG = n+ 1✳ ❚❤❡♥ cdH = proj.dim
ZH

Z = n+ 1✳
❇✉% %❤✐! ❝♦♥%+❛❞✐❝%! %♦ %❤❡ ♣+♦♣❡+%② ✐♥ ◗✉❡!%✐♦♥ ✶✳✶✳ ❍❡♥❝❡ pccdG = vcdG ≤ n ❛!
+❡J✉✐+❡❞✳ �

✸✳✽✳ ❚❤❡♦'❡♠✳ ▲❡" H ❜❡ ❛ ♥♦'♠❛❧ ,✉❜❣'♦✉♣ ♦❢ G✳ ❙✉♣♣♦,❡ "❤❛" ❡✈❡'② H✲♣'♦❥❡❝"✐✈❡✱
G✲♠♦❞✉❧❡ M ✇✐"❤ proj.dim

ZG
M < ∞ ✐, H✲❢'❡❡✳ ❚❤❡♥ ◗✉❡,"✐♦♥ ✶✳✷ ❤❛, ❛♥ ❛✣'♠❛"✐✈❡

❛♥,✇❡' ❢♦' (G,H)✳

;'♦♦❢✳ ❆!!✉♠❡ %❤❛% ❛ G✲♠♦❞✉❧❡ M ✐! H✲♣+♦❥❡❝%✐✈❡ ❛♥❞ proj.dim
ZG

M < ∞✳ ▲❡% Q =
G/H✳ ❙✐♥❝❡ M ✐! H✲♣+♦❥❡❝%✐✈❡✱ ✐% ❢♦❧❧♦✇! ❢+♦♠ ❛ !♣❡❝%+❛❧ !❡J✉❡♥❝❡ ❛+❣✉♠❡♥% ❛! ✐♥ %❤❡

♣+♦♦❢ ♦❢ ❬✻✱ ▲❡♠♠❛ ✹✳✶ ✭❛✮❪ %❤❛% ❢♦+ ❛♥② G✲♠♦❞✉❧❡ N ✱

ExtiZG(M,N) ∼= Hi(Q,HomZH(M,N)).

❙✉♣♣♦!❡ %❤❛% %❤❡+❡ ❡①✐!%! ❛ ♣+♦❥❡❝%✐✈❡ Q✲♠♦❞✉❧❡ L ❛♥❞ k > 0 !✉❝❤ %❤❛% Hk(Q,L) 6= 0✳
❲❡ ❝❛♥ +❡❣❛+❞ L ❛! ❛ G✲♠♦❞✉❧❡ ✈✐❛ %❤❡ J✉♦%✐❡♥% ♠❛♣ q : G ։ Q✳ ❇② %❤❡ ❛!!✉♠♣%✐♦♥✱
✇❡ !❡❡ %❤❛% M ✐! G✲♣+♦❥❡❝%✐✈❡ ❛♥❞ %❤❡+❡❜② ❢♦+ ❛♥② i > 0✱

ExtiZG(M,L) ∼= Hi(Q,HomZH(M,L)) = 0.

❙✐♥❝❡ M ✐! H✲❢+❡❡ ❜② %❤❡ ❛!!✉♠♣%✐♦♥✱ ✐% ❢♦❧❧♦✇! %❤❛%

HomZH(M,L) ∼= HomZH(⊕ZH,L) ∼=
∏

HomZH(ZH,L) ∼=
∏

L

❛! Q✲♠♦❞✉❧❡! ✭❝❢✳ ❬✷✶✱ ❚❤♦+❡♠ ✷✳✸✶❪✮✳ ❚❤✉! ✇❡ ❤❛✈❡

Hk(Q,HomZH(M,L)) ∼= Hk(Q,
∏

L) ∼=
∏

Hk(Q,L) 6= 0

✭❝❢✳ ❬✷✶✱ H+♦♣♦!✐%✐♦♥ ✼✳✷✷❪✮✱ ✇❤✐❝❤ ♠❛❦❡! ❛ ❝♦♥%+❛❞✐❝%✐♦♥✳ ❍❡♥❝❡ Hi(Q,S) = 0 ❢♦+ ❡❛❝❤
i > 0 ❛♥❞ ❛♥② ♣+♦❥❡❝%✐✈❡ Q✲♠♦❞✉❧❡ S✱ ❛♥❞ %❤❡+❡❢♦+❡ pccdQ ≤ 0✳ ❇✉% !✐♥❝❡ pccdQ 6= −1✱
✇❡ !❡❡ %❤❛% pccdQ = 0 ❛♥❞ !♦ Q ✐! ✜♥✐%❡ ❜② ❬✶✺✱ H+♦♣♦!✐%✐♦♥ ✸✳✾❪✳ ❍❡♥❝❡ ✇❡ ❝♦♥❝❧✉❞❡

%❤❛% |G : H| < ∞✳ �

✸✳✾✳ ❚❤❡♦'❡♠✳ ▲❡" H ❜❡ ❛ ♥♦'♠❛❧ ,✉❜❣'♦✉♣ ♦❢ G✳ ❙✉♣♣♦,❡ "❤❛" ❡✈❡'② H✲,"❛❜❧② ❢'❡❡✱
G✲♠♦❞✉❧❡ M ✇✐"❤ proj.dim

ZG
M < ∞ ✐, H✲❢'❡❡✳ ❆,,✉♠❡ ❢✉'"❤❡' "❤❛" ❢♦' ❛♥② H✲,"❛❜❧②✲

❢'❡❡✱ G✲♠♦❞✉❧❡ M ✇✐"❤ proj.dim
ZG

M < ∞✱ "❤❡'❡ ❡①✐," H✲❢'❡❡ ♠♦❞✉❧❡, M ′
❛♥❞ F ,✉❝❤

"❤❛" M ⊕M ′ ∼= F ❛, H✲♠♦❞✉❧❡, ❛♥❞ "❤❡ H✲❢'❡❡ '❛♥❦ ♦❢ M ′
✐, ❞✐✛❡'❡♥" ❢'♦♠ "❤❛" ♦❢ F ✳

❚❤❡♥ ◗✉❡,"✐♦♥ ✶✳✷ ❤❛, ❛♥ ❛✣'♠❛"✐✈❡ ❛♥,✇❡' ❢♦' (G,H)✳

;'♦♦❢✳ ▲❡% Q = G/H✳ ❇② %❤❡ ♣+♦♦❢ ♦❢ ❚❤❡♦+❡♠ ✸✳✽✱ ✇❡ !❡❡ %❤❛% ❢♦+ ❛♥② G✲♠♦❞✉❧❡ N ✱

ExtiZG(M,N) ∼= Hi(Q,HomZH(M,N)).

❙✉♣♣♦!❡ %❤❛% %❤❡+❡ ❡①✐!%! ❛ ♣+♦❥❡❝%✐✈❡ Q✲♠♦❞✉❧❡ L ❛♥❞ k > 0 !✉❝❤ %❤❛% Hk(Q,L) 6= 0✳
❇② %❤❡ ❛!!✉♠♣%✐♦♥✱ ✐% ❢♦❧❧♦✇! %❤❛% M ✐! G✲♣+♦❥❡❝%✐✈❡ ❛♥❞ %❤❡+❡❢♦+❡ ✇❡ ❤❛✈❡ %❤❛% ❢♦+ ❛♥②
i > 0✱

ExtiZG(M,L) ∼= Hi(Q,HomZH(M,L)) = 0.
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◆♦"❡ "❤❛" HomZH(F,L) ∼=
∏

I
L ❛♥❞ HomZH(M ′, L) ∼=

∏
J
L ❛( Q✲♠♦❞✉❧❡(✱ ✇❤❡/❡ "❤❡

❝❛/❞✐♥❛❧✐"✐❡( ♦❢ I ❛♥❞ J ❛/❡ "❤❡ H✲❢/❡❡ /❛♥❦( ♦❢ F ❛♥❞ M ′
✱ /❡(♣❡❝"✐✈❡❧②✳ ◆♦"❡ ❛❧(♦ "❤❛"

HomZH(F,L) ∼= HomZH(M,L)⊕HomZH(M ′, L).

❚❤✉( ✇❡ ❤❛✈❡

∏

J

Hk(Q,L) ∼= Hk(Q,HomZH(M,L))⊕ (
∏

J

Hk(Q,L))

∼= Hk(Q,HomZH(M,L))⊕Hk(Q,HomZH(M ′, L))

∼= Hk(Q,HomZH(F,L)) ∼= Hk(Q,
∏

I

L) ∼=
∏

I

Hk(Q,L).

❇✉" "❤✐( ♠❛❦❡( ❛ ❝♦♥"/❛❞✐❝"✐♦♥✱ (✐♥❝❡ "❤❡ H✲❢/❡❡ /❛♥❦ ♦❢ F ✐( ❞✐✛❡/❡♥" ❢/♦♠ "❤❛" ♦❢ M ′
✳

❍❡♥❝❡ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ "❤❛" Q ✐( ✜♥✐"❡ ❜② "❤❡ (❛♠❡ ❛/❣✉♠❡♥" ♦❢ "❤❡ ♣/♦♦❢ ♦❢ ❚❤❡♦/❡♠ ✸✳✽✳
❚❤❡/❡❢♦/❡ |G : H| < ∞✳ �

✸✳✶✵✳ ❚❤❡♦(❡♠✳ ▲❡" G ❜❡ ❛ "♦&'✐♦♥✲❢&❡❡ ❣&♦✉♣ ❛♥❞ H ❛ ♥♦&♠❛❧ '✉❜❣&♦✉♣ ♦❢ G✳ ❙✉♣♣♦'❡
"❤❛" pccd (G/H) > −1 ❛♥❞ (G,H) '❛"✐'✜❡' ♦♥❡ ♦❢ "❤❡ ❢♦❧❧♦✇✐♥❣✿

(a) ❊✈❡&② H✲♣&♦❥❡❝"✐✈❡✱ G✲♠♦❞✉❧❡ M ✇✐"❤ proj.dim
ZG

M < ∞ ✐' H✲❢&❡❡✳
(b) ❊✈❡&② H✲'"❛❜❧② ❢&❡❡✱ G✲♠♦❞✉❧❡ M ✇✐"❤ proj.dim

ZG
M < ∞ ✐' H✲❢&❡❡✱ ❛♥❞ ❢♦&

❛♥② H✲'"❛❜❧②✲❢&❡❡✱ G✲♠♦❞✉❧❡ M ✇✐"❤ proj.dim
ZG

M < ∞✱ "❤❡&❡ ❡①✐'" H✲❢&❡❡
♠♦❞✉❧❡' M ′

❛♥❞ F '✉❝❤ "❤❛" M ⊕M ′ ∼= F ❛' H✲♠♦❞✉❧❡' ❛♥❞ "❤❡ H✲❢&❡❡ &❛♥❦ ♦❢
M ′

✐' ❞✐✛❡&❡♥" ❢&♦♠ "❤❛" ♦❢ F ✳

❚❤❡♥ ◗✉❡'"✐♦♥ ✶✳✹ ❤❛' ❛♥ ❛✣&♠❛"✐✈❡ ❛♥'✇❡& ❢♦& (G,H)✳

F&♦♦❢✳ ■" ❝❛♥ ❜❡ ♣/♦✈❡❞ ❜② "❤❡ (❛♠❡ ❛/❣✉♠❡♥" ♦❢ "❤❡ ♣/♦♦❢ ♦❢ ❚❤❡♦/❡♠( ✸✳✽ ❛♥❞ ✸✳✾✳ �

✸✳✶✶✳ ❘❡♠❛(❦✳ ▲❡" X ❜❡ ❛ CW ✲❝♦♠♣❧❡① (✉❝❤ "❤❛" "❤❡ ✉♥✐✈❡/(❛❧ ❝♦✈❡/ X̃ ✐( (m −
1)✲❝♦♥♥❡❝"❡❞✳ ■" ✐( ❦♥♦✇♥ ❢/♦♠ ❬✾✱ F/♦♣♦(✐"✐♦♥ ✶✳✹❪ "❤❛" ✐❢ m ≥ 3✱ "❤❡♥ X ❤❛( "❤❡

m✲"②♣❡ ♦❢ ❛ ✜♥✐"❡ m✲❝♦♠♣❧❡① ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐"( ❙✇❛♥✲❲❛❧❧ ❝❧❛(( SWm[X] = 0✱ ✇❤❡/❡

SWm[X] := Cm(X̃)/Bm(X̃) ∈ C(π1(X))✱ ❛♥❞ ✇❤❡/❡ C(π1(X)) ✐( "❤❡ ❛❜❡❧✐❛♥ ♠♦♥♦✐❞
♦❢ ("❛❜❧❡ ❡L✉✐✈❛❧❡♥❝❡ ❝❧❛((❡( ♦❢ ✜♥✐"❡❧② ❣❡♥❡/❛"❡❞ π1(X)✲♠♦❞✉❧❡(✳ ❘❡❝❛❧❧ "❤❛" ❢♦/ ❛♥

❛❜❡❧✐❛♥ ❣/♦✉♣ A ❛♥❞ ♣♦(✐"✐✈❡ ✐♥"❡❣❡/ m✱ ❛ CW ✲❝♦♠♣❧❡① Y ✐( ❝❛❧❧❡❞ ❛ ▼♦♦/❡ (♣❛❝❡ ♦❢

"②♣❡ M(A,m) ✐❢ H0(Y ) = Z✱ Hm(Y ) ✐( ✐(♦♠♦/♣❤✐❝ "♦ A✱ ❛♥❞ Hi(Y ) = 0 ❢♦/ i 6= 0,m✳
❙✉♣♣♦(❡ ♥♦✇ "❤❛" G ✐( ❛ ✜♥✐"❡ ❣/♦✉♣✳ ▲❡" X ❜❡ ❛ ✜♥✐"❡ ❞✐♠❡♥(✐♦♥❛❧✱ ✜♥✐"❡ "②♣❡ CW ✲

❝♦♠♣❧❡① X ✇✐"❤ π1(X) ∼= G (✉❝❤ "❤❛" X̃ ✐( ❛ ▼♦♦/❡ (♣❛❝❡ ♦❢ "②♣❡ M(A,m)✳ ❚❤❡♥ ✇❡

(❡❡ "❤❛" proj.dim
ZG

(Cm(X̃)/Bm(X̃)) < ∞✱ (✐♥❝❡

0 → CdimX(X̃) → · · · → Cm(X̃) → Cm(X̃)/Bm(X̃) → 0

✐( ❛ G✲❢/❡❡ /❡(♦❧✉"✐♦♥ ♦❢ Cm(X̃)/Bm(X̃)✳ ■" ✐( ❝❧❡❛/ "❤❛" "❤❡ (❡L✉❡♥❝❡ ♦❢ G✲♠♦❞✉❧❡(

0 → Zm(X̃)/Bm(X̃) → Cm(X̃)/Bm(X̃) → Cm(X̃)/Zm(X̃) → 0

✐( ❡①❛❝"✳ ❙✐♥❝❡ Cm(X̃)/Zm(X̃) ∼= Bm−1(X̃) ⊂ Cm(X̃) ❛♥❞ Cm(X̃) ✐( Z✲❢/❡❡✱ ✐" ❢♦❧❧♦✇(

"❤❛" Cm(X̃)/Zm(X̃) ✐( Z✲❢/❡❡✳ ❚❤✉( ✇❡ (❡❡ "❤❛" Cm(X̃)/Bm(X̃) ✐( ✜♥✐"❡❧② ❣❡♥❡/❛"❡❞ G✲

♣/♦❥❡❝"✐✈❡ ❛♥❞ (♦ Cm(X̃)/Bm(X̃) = 0 ∈ K̃0(Zπ1(X))✳ ❇② ❬✾✱ F/♦♣♦(✐"✐♦♥ ✶✳✹❪✱ ✐" ❢♦❧❧♦✇(
"❤❛" X ❤❛( "❤❡ m✲"②♣❡ ♦❢ ❛ ✜♥✐"❡ CW ✲❝♦♠♣❧❡①✳ ❈♦♥(❡L✉❡♥"❧②✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ "❤❛"

✐❢ G ✐( ❛ ✜♥✐"❡ ❣/♦✉♣✱ "❤❡♥ ❡✈❡/② ✜♥✐"❡ ❞✐♠❡♥(✐♦♥❛❧✱ ✜♥✐"❡ "②♣❡ CW ✲❝♦♠♣❧❡① X ✇✐"❤

π1(X) ∼= G (✉❝❤ "❤❛" X̃ ✐( ❛ ▼♦♦/❡ (♣❛❝❡ ♦❢ "②♣❡ M(A,m) ❤❛( "❤❡ m✲"②♣❡ ♦❢ ❛ ✜♥✐"❡
CW ✲❝♦♠♣❧❡①✳ ❇✉" ✇❡ ❞♦ ♥♦" ②❡" ❦♥♦✇ ✇❤❡"❤❡/ "❤❡ ❝♦♥✈❡/(❡ ♦❢ "❤✐( ❤♦❧❞(✳
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❘❡❢❡#❡♥❝❡&

❬✶❪ ❊✳ ❆❧❥❛❞❡✛✱ -.♦✜♥✐3❡ ❣.♦✉♣✱ ♣.♦✜♥✐3❡ ❝♦♠♣❧❡3✐♦♥9 ❛♥❞ ❛ ❝♦♥❥❡❝3✉.❡ ♦❢ ▼♦♦.❡✱ ❆❞✈✳ ▼❛&❤✳

✷✵✶ ✭✷✵✵✻✮✱ ✻✸✕✼✻✳

❬✷❪ ❏✳ ❆9❛❞♦❧❧❛❤✐✱ ❆✳ ❇❛❤❧❡❦❡❤✱ ❛♥❞ ❙✳ ❙❛❧❛.✐❛♥✱ ❖♥ 3❤❡ ❤✐❡.❛.❝❤② ♦❢ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥9✐♦♥

♦❢ ❣.♦✉♣9✱ ❏✳ )✉+❡ ❆♣♣❧✳ ❆❧❣❡❜+❛ ✷✶✸ ✭✷✵✵✾✮✱ ✶✼✾✺✕✶✽✵✸✳

❬✸❪ ❆✳ ❇❛❤❧❡❦❡❤✱ ❋✳ ❉❡♠❜❡❣✐♦3✐✱ ❛♥❞ ❖✳ ❚❛❧❡❧❧✐✱ ●♦.❡♥93❡✐♥ ❞✐♠❡♥9✐♦♥ ❛♥❞ ♣.♦♣❡. ❛❝3✐♦♥9✱❇✉❧❧✳

▲♦♥❞✳ ▼❛&❤✳ ❙♦❝✳ ✹✶ ✭✷✵✵✾✮✱ ✽✺✾✕✽✼✶✳

❬✹❪ ❉✳ ❏✳ ❇❡♥9♦♥ ❛♥❞ ❏✳ ❋✳ ❈❛.❧9♦♥✱ -.♦❞✉❝39 ✐♥ ♥❡❣❛3✐✈❡ ❝♦❤♦♠♦❧♦❣②✱ ❏✳ )✉+❡ ❆♣♣❧✳ ❆❧❣❡❜+❛

✽✷ ✭✶✾✾✷✮✱ ✶✵✼✕✶✷✾✳

❬✺❪ ❑✳ ❙✳ ❇.♦✇♥✱ ❈♦❤♦♠♦❧♦❣② ♦❢ ❣+♦✉♣;✱ ❙♣.✐♥❣❡.✲❱❡.❧❛❣✱ ❇❡.❧✐♥✲❍❡✐❞❡❧❜❡.❣✲◆❡✇ ❨♦.❦✱ ✶✾✽✷✳

❬✻❪ ❋✳ ❈♦♥♥♦❧❧② ❛♥❞ ❚✳ ❑♦➵♥✐❡✇9❦✐✱ ❋✐♥✐3❡♥❡99 ♣.♦♣❡.3✐❡9 ♦❢ ❝❧❛99✐❢②✐♥❣ 9♣❛❝❡9 ♦❢ ♣.♦♣❡. Γ✲
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♦❢ $❤❡ ❢♦)♠

∂2u

∂t2
+

∂4u

∂x4
= f(x, t), a ≤ x ≤ b, t > 0, (1.1)

1✉❜❥❡❝$ $♦ $❤❡ ✐♥✐$✐❛❧ ❝♦♥❞✐$✐♦♥1

u(x, 0) = g0(x), a ≤ x ≤ b,

ut(x, 0) = g1(x), a ≤ x ≤ b







(1.2)

∗
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†
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✶✵✻✽

❛♥❞ #❤❡ ❜♦✉♥❞❛)② ❝♦♥❞✐#✐♦♥-

u(a, t) = f0(t), u(b, t) = f1(t), t ≥ 0,

uxx(a, t) = q0(t), uxx(b, t) = q1(t), t ≥ 0,







(1.3)

✇❤❡)❡ u ✐- #❤❡ #)❛♥-✈❡)-❡ ❞✐-♣❧❛❝❡♠❡♥# ♦❢ #❤❡ ❜❡❛♠✱ g0(x), g1(x), f0(t), f1(t), q0(t), q1(t)
❛)❡ ❝♦♥#✐♥✉♦✉- ❢✉♥❝#✐♦♥-✱ t ❛♥❞ x ❛)❡ #✐♠❡ ❛♥❞ ❞✐-#❛♥❝❡ ✈❛)✐❛❜❧❡- )❡-♣❡❝#✐✈❡❧② ❛♥❞ f(x, t)
✐- ❞②♥❛♠✐❝ ❞)✐✈✐♥❣ ❢♦)❝❡ ♣❡) ✉♥✐# ♠❛-- ❬✶✵✱✷✶✱✷✷✱✸✺❪✳

◆✉♠❡)✐❝❛❧ ♠❡#❤♦❞- ❢♦) #❤❡ -♦❧✉#✐♦♥ ♦❢ ❡?✉❛#✐♦♥ ✭✶✳✶✮ ❤❛✈❡ ❜❡❡♥ ❝❛))✐❡❞ ♦✉# ❜② ♠❛♥②

❛✉#❤♦)-✳ ❏❛✐♥ ❡# ❛❧✳ ❬✷✹❪✱ ❉❛♥❛❡❡ ❛♥❞ ❊✈❛♥- ❬✶❪✱ ❊✈❛♥- ❬✽❪✱ ❈♦❧❧❛#③ ❬✷✵❪✱ ❆♥❞)❛❞❡ ❛♥❞

▼❝❦❡❡ ❬✼❪ ❛♥❞ ❊✈❛♥- ❛♥❞ ❨♦✉-✐❢ ❬✾❪ ✉-❡❞ ✜♥✐#❡ ❞✐✛❡)❡♥❝❡ ♠❡#❤♦❞- ❢♦) #❤❡ ♥✉♠❡)✐❝❛❧ -♦❧✉✲

#✐♦♥ ♦❢ #)❛♥-✈❡)-❡ ✈✐❜)❛#✐♦♥-✳ ❋❛✐)✇❡❛#❤❡) ❛♥❞ ●♦✉)❧❛② ❬✶✸❪ ❞❡)✐✈❡❞ ❡①♣❧✐❝✐# ❛♥❞ ✐♠♣❧✐❝✐#

✜♥✐#❡ ❞✐✛❡)❡♥❝❡ ♠❡#❤♦❞- ❜❛-❡❞ ♦♥ #❤❡ -❡♠✐ ❡①♣❧✐❝✐# ♠❡#❤♦❞✳ U❛)❛♠❡#)✐❝ ?✉✐♥#✐❝ -♣❧✐♥❡

♠❡#❤♦❞- ❛)❡ ❣✐✈❡♥ ❜② ❘❛-❤✐❞✐♥✐❛ ❛♥❞ ❆③✐③ ❬✶✻❪ ✉-✐♥❣ ♥♦❞❛❧ ♣♦✐♥#-✳ ❈♦❧❧❛#③ ❬✷✵❪✱ ❈)❛♥❞❛❧❧

❬✸✸❪✱ ❏❛✐♥ ❬✷✸❪✱ ❈♦♥#❡ ❬✸✷❪✱ ❏❛✐♥ ❡# ❛❧✳ ❬✷✹❪ ❛♥❞ ❚♦❞❞ ❬✶✽❪ ❤❛✈❡ ♣)♦♣♦-❡❞ ❜♦#❤ ❡①♣❧✐❝✐# ❛♥❞

✐♠♣❧✐❝✐# ♠❡#❤♦❞- -✉❝❝❡--❢✉❧❧②✳ ❋✐✈❡ ❧❡✈❡❧✱ ✉♥❝♦♥❞✐#✐♦♥❛❧❧② -#❛❜❧❡✱ ❡①♣❧✐❝✐# ♠❡#❤♦❞ ✇✐#❤

#)✉♥❝❛#✐♦♥ ❡))♦) ♦❢ O(k2 + h2 + ( k
h
)2) ❤❛- ❜❡❡♥ ❣✐✈❡♥ ❜② ❆❧❜)❡❝❤# ❬✶✺❪✳ ❆❧❧ #❤❡ ❛❜♦✈❡

❛✉#❤♦)- ❝♦♥-✐❞❡)❡❞ #❤❡ ❤♦♠♦❣❡♥❡♦✉- ❝❛-❡ ♦❢ ❡?✉❛#✐♦♥ ✭✶✳✶✮ ✇✐#❤ ❛ ❝♦♥-#❛♥# ❝♦❡✣❝✐❡♥#-✳

❚❤❡ ❛♥❛❧②#✐❝❛❧ -♦❧✉#✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉- ❝❛-❡ ♦❢ ❡?✉❛#✐♦♥ ✭✶✳✶✮ ❤❛- ❜❡❡♥ ♦❜#❛✐♥❡❞ ❜② ✉-✐♥❣

❆❞♦♠❛✐♥ ❞❡❝♦♠♣♦-✐#✐♦♥ ♠❡#❤♦❞ ❜② ❲❛③✇❛③ ❬✸✱✹❪✳ ❚❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉- ♣)♦❜❧❡♠ ✇✐#❤

❝♦♥-#❛♥# ❝♦❡✣❝✐❡♥#- ❤❛- ❜❡❡♥ -#✉❞✐❡❞ ❜② ❆③✐③ ❡# ❛❧✳ ❬✸✹❪ ❜❛-❡❞ ♦♥ ♣❛)❛♠❡#)✐❝ ?✉✐♥#✐❝

-♣❧✐♥❡ ❛♥❞ ❜② ❑❤❛♥ ❡# ❛❧✳ ❬✷❪ ❜❛-❡❞ ♦♥ -❡①#✐❝ -♣❧✐♥❡ ❜② ✉-✐♥❣ ♥♦❞❛❧ ♣♦✐♥#-✳ ❑❤❛❧✐? ❛♥❞

❚✇✐③❡❧❧ ❬✻❪ ❛♥❞ ❚✇✐③❡❧❧ ❛♥❞ ❑❤❛❧✐? ❬✶✶❪ ❞❡✈❡❧♦♣❡❞ ❛ ❢❛♠✐❧② ♦❢ ♥✉♠❡)✐❝❛❧ ♠❡#❤♦❞-✱ ✇❤✐❝❤

❛)❡ -❡❝♦♥❞ ♦)❞❡) ❛❝❝✉)❛#❡ ✐♥ -♣❛❝❡ ❛♥❞ #✐♠❡✱ ❜❛-❡❞ ♦♥ ❡①❛❝# )❡❝✉))❡♥❝❡ )❡❧❛#✐♦♥ ❢♦) ❛ ❤♦✲

♠♦❣❡♥❡♦✉- ❝❛-❡ ♦❢ ❡?✉❛#✐♦♥ ✭✶✳✶✮ ✇✐#❤ ❛ ✈❛)✐❛❜❧❡ ❝♦❡✣❝✐❡♥#✳ ❘❛-❤✐❞✐♥✐❛ ❛♥❞ ▼♦❤❛♠♠❛❞✐

❬✶✼❪ ❞❡✈❡❧♦♣❡❞ #❤)❡❡ ❧❡✈❡❧ ✐♠♣❧✐❝✐# ♠❡#❤♦❞- ♦❢ O(k2 + h4) ❛♥❞ O(k4 + h4) ❢♦) #❤❡ ♥✉♠❡)✲

✐❝❛❧ -♦❧✉#✐♦♥ ♦❢ ❡?✉❛#✐♦♥ ✭✶✳✶✮ ✇✐#❤ ✈❛)✐❛❜❧❡ ❝♦❡✣❝✐❡♥#- ❜② ✉-✐♥❣ -❡①#✐❝ -♣❧✐♥❡✳ ❲❛③✇❛③

❬✺❪ ❤❛- ❞❡✈❡❧♦♣❡❞ ❛♥❛❧②#✐❝❛❧ -♦❧✉#✐♦♥ ♦❢ ✈❛)✐❛❜❧❡ ❝♦❡✣❝✐❡♥# ❢♦✉)#❤ ♦)❞❡) ♣❛)❛❜♦❧✐❝ ♣❛)#✐❛❧

❞✐✛❡)❡♥#✐❛❧ ❡?✉❛#✐♦♥ ✐♥ #✇♦ ❛♥❞ #❤)❡❡ -♣❛❝❡ ❞✐♠❡♥-✐♦♥-✳ ❑❤❛♥ ❡# ❛❧✳ ❬✷✺❪ ❤❛✈❡ ✐♥#)♦❞✉❝❡❞

❛ ♥❡✇ ❛❧❣♦)✐#❤♠✱ ♥❛♠❡❧② ▲❛♣❧❛❝❡ ❉❡❝♦♠♣♦-✐#✐♦♥ ❆❧❣♦)✐#❤♠ ❢♦) ❢♦✉)#❤ ♦)❞❡) ♣❛)❛❜♦❧✐❝

♣❛)#✐❛❧ ❞✐✛❡)❡♥#✐❛❧ ❡?✉❛#✐♦♥- ✇✐#❤ ✈❛)✐❛❜❧❡ ❝♦❡✣❝✐❡♥#-✳ ■♥ ❬✷✻❪✱ #❤❡ ❤♦♠♦#♦♣② ❛♥❛❧②-✐-

♠❡#❤♦❞ ✭❍❆▼✮ ✐- ❛♣♣❧✐❡❞ #♦ -♦❧✈❡ -✉❝❤ ♣)♦❜❧❡♠-✳ ❑❤❛♥ ❡# ❛❧✳ ❬✷✼❪ ❤❛✈❡ -#✉❞✐❡❞ ♥✉♠❡)✲

✐❝❛❧ -♦❧✉#✐♦♥ ♦❢ #✐♠❡ ❢)❛❝#✐♦♥❛❧ ❢♦✉)#❤ ♦)❞❡) ♣❛)#✐❛❧ ❞✐✛❡)❡♥#✐❛❧ ❡?✉❛#✐♦♥- ✇✐#❤ ✈❛)✐❛❜❧❡

❝♦❡✣❝✐❡♥#-✳ ❚❤❡② ❤❛✈❡ ✐♠♣❧❡♠❡♥#❡❞ )❡❧✐❛❜❧❡ -❡)✐❡- -♦❧✉#✐♦♥ #❡❝❤♥✐?✉❡- ♥❛♠❡❧②✱ ❆❞♦♠✐❛♥

❉❡❝♦♠♣♦-✐#✐♦♥ ▼❡#❤♦❞ ✭❆❉▼✮ ❛♥❞ ❍❡✬- ❱❛)✐❛#✐♦♥❛❧ ■#❡)❛#✐♦♥ ▼❡#❤♦❞ ✭❍❱■▼✮✳ ❆ ❢❛♠✲

✐❧② ♦❢ ❇✲-♣❧✐♥❡ ♠❡#❤♦❞- ❤❛✈❡ ❜❡❡♥ ❝♦♥-✐❞❡)❡❞ ❜② ❈❛❣❧❛) ❬✶✹❪✳ ■♥ ❬✷✽❪✱ ▼✐##❛❧ ❛♥❞ ❏❛✐♥

❞✐-❝✉--❡❞ #✇♦ ♠❡#❤♦❞-✳ ■♥ ▼❡#❤♦❞✲■✱ #❤❡② ❞❡❝♦♠♣♦-❡❞ ❡?✉❛#✐♦♥ ✭✶✳✶✮ ✐♥ ❛ -②-#❡♠ ♦❢

-❡❝♦♥❞ ♦)❞❡) ❡?✉❛#✐♦♥- ❛♥❞ ❤❛✈❡ -♦❧✈❡❞ #❤❡♠ ❜② ✉-✐♥❣ ❝✉❜✐❝ ❇✲-♣❧✐♥❡ ❛♥❞ ✐♥ ▼❡#❤♦❞✲■■✱

#❤❡② ❤❛✈❡ -♦❧✈❡❞ ❡?✉❛#✐♦♥ ✭✶✳✶✮ ❞✐)❡❝#❧② ❜② ✉-✐♥❣ ?✉✐♥#✐❝ ❇✲-♣❧✐♥❡ ♠❡#❤♦❞✳ ❚❛❧✇❛) ❡# ❛❧✳

❬✶✾❪ ❛♥❞ ▼♦❤❛♥#② ❡# ❛❧✳ ❬✷✾✲✸✶❪ ❤❛✈❡ ✉-❡❞ ❤✐❣❤ ❛❝❝✉)❛❝② -♣❧✐♥❡ -❝❤❡♠❡ ❢♦) -♦❧✈✐♥❣ ♦♥❡

❞✐♠❡♥-✐♦♥❛❧ ♣❛)#✐❛❧ ❞✐✛❡)❡♥#✐❛❧ ❡?✉❛#✐♦♥-✳

■♥ #❤✐- ♣❛♣❡)✱ ♣❛)❛♠❡#)✐❝ -❡♣#✐❝ -♣❧✐♥❡ )❡❧❛#✐♦♥- ❤❛✈❡ ❜❡❡♥ ❞❡)✐✈❡❞ ✉-✐♥❣ ♥♦❞❛❧ ♣♦✐♥#-✳

❲❡ ❤❛✈❡ ✉-❡❞ ♣❛)❛♠❡#)✐❝ -❡♣#✐❝ -♣❧✐♥❡ ❢✉♥❝#✐♦♥- #♦ ❞❡✈❡❧♦♣ ❛ ♥❡✇ ♥✉♠❡)✐❝❛❧ ♠❡#❤♦❞ ❢♦)

♦❜#❛✐♥✐♥❣ -♠♦♦#❤ ❛♣♣)♦①✐♠❛#✐♦♥- #♦ #❤❡ -♦❧✉#✐♦♥ ♦❢ ♥♦♥❤♦♠♦❣❡♥❡♦✉- ♣❛)❛❜♦❧✐❝ ♣❛)#✐❛❧

❞✐✛❡)❡♥#✐❛❧ ❡?✉❛#✐♦♥- ❞❡❛❧✐♥❣ ✇✐#❤ ✈✐❜)❛#✐♦♥- ♦❢ ❜❡❛♠-✳ ■♥ -❡❝#✐♦♥ ✷✱ ♣❛)❛♠❡#)✐❝ -❡♣#✐❝

-♣❧✐♥❡ ❛♥❞ -♣❧✐♥❡ )❡❧❛#✐♦♥- ❛)❡ ❞❡✈❡❧♦♣❡❞✳ ■♥ -❡❝#✐♦♥ ✸✱ ✇❡ ❤❛✈❡ ♣)❡-❡♥#❡❞ #❤❡ ❢♦)♠✉❧❛#✐♦♥

♦❢ ♦✉) ♠❡#❤♦❞✳ ❉❡✈❡❧♦♣♠❡♥# ♦❢ ❜♦✉♥❞❛)② ❡?✉❛#✐♦♥- ❛)❡ ❣✐✈❡♥ ✐♥ -❡❝#✐♦♥ ✹✳ ■♥ -❡❝#✐♦♥ ✺✱

#)✉♥❝❛#✐♦♥ ❡))♦) ❛♥❞ ❝❧❛-- ♦❢ ♠❡#❤♦❞- ❛)❡ ❣✐✈❡♥✳ ❙#❛❜✐❧✐#② ❛♥❛❧②-✐- ✐- ❞✐-❝✉--❡❞ ✐♥ -❡❝#✐♦♥

✻✳ ❋✐♥❛❧❧② ✐♥ -❡❝#✐♦♥ ✼✱ #❤)❡❡ ❡①❛♠♣❧❡- ❛)❡ ❣✐✈❡♥ #♦ ❞❡♠♦♥-#)❛#❡ #❤❡ ♣)❛❝#✐❝❛❧ ✉-❡❢✉❧♥❡--

❛♥❞ -✉♣❡)✐♦)✐#② ♦❢ ♦✉) ♠❡#❤♦❞✳



✶✵✻✾

✷✳ "❛$❛♠❡'$✐❝ *❡♣'✐❝ *♣❧✐♥❡

▲❡" ❛ $❡" ♦❢ ❣(✐❞ ♣♦✐♥"$ ✐♥ "❤❡ ✐♥"❡(✈❛❧ [a, b] $✉❝❤ "❤❛"

xj = a+ jh, j = 0(1)N, h =
(b− a)

N
. (2.1)

❆ ❢✉♥❝"✐♦♥ S∆(x, τ) ♦❢ ❝❧❛$$ C6[a, b] ✇❤✐❝❤ ✐♥"❡(♣♦❧❛"❡$ u(x) ❛" "❤❡ ♠❡$❤ ♣♦✐♥" xj

❞❡♣❡♥❞$ ♦♥ ❛ ♣❛(❛♠❡"❡( τ ✱ ❛♥❞ ❛$ τ → 0 ✐" (❡❞✉❝❡$ "♦ $❡♣"✐❝ $♣❧✐♥❡ S∆(x) ✐♥ [a, b] ✐$
"❡(♠❡❞ ❛$ ♣❛(❛♠❡"(✐❝ $❡♣"✐❝ $♣❧✐♥❡ ❢✉♥❝"✐♦♥✳ ❙✐♥❝❡ "❤❡ ♣❛(❛♠❡"❡( τ ❝❛♥ ♦❝❝✉( ✐♥ S∆(x)
✐♥ ♠❛♥② ✇❛②$ $✉❝❤ ❛ $♣❧✐♥❡ ✐$ ♥♦" ✉♥✐9✉❡✳

■❢ S∆(x, τ) = S∆(x) ✐$ ❛ ♣✐❡❝❡✇✐$❡ ❢✉♥❝"✐♦♥ $❛"✐$❢②✐♥❣ "❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡(❡♥"✐❛❧ ❡9✉❛"✐♦♥
✐♥ "❤❡ ✐♥"❡(✈❛❧ [xj−1, xj ]

S
(6)
∆ (x)− τ2S′′

∆(x) = (Qj − τ2Mj)
x− xj−1

h
+ (Qj−1 − τ2Mj−1)

xj − x

h
= Ajz +Aj−1z̄,

(2.2)

✇❤❡(❡

z =
x− xj−1

h
, z = 1− z, Ai = Qi − τ2Mi,

S′′
∆(xi, τ) = Mi, S

(6)
∆ (xi, τ) = Qi, i = j − 1, j; τ > 0,

"❤❡♥ ✐" ✐$ "❡(♠❡❞ ❛$ ♣❛(❛♠❡"(✐❝ $❡♣"✐❝ $♣❧✐♥❡ ■■✳

❙♦❧✈✐♥❣ ❡9✉❛"✐♦♥ ✭✷✳✷✮✱ ✇❡ ❣❡"

S△(x) = A1 +A2x+A3 cosh
√
τx+A4 sinh

√
τx+A5 cos

√
τx+A6 sin

√
τx

− 1

τ2

{

(Qj − τ2Mj)
(x− xj−1)

3

6h
+ (Qj−1 − τ2Mj−1)

(xj − x)3

6h

}

(2.3)

❚♦ ❞❡✈❡❧♦♣ "❤❡ ❝♦♥$✐$"❡♥❝② (❡❧❛"✐♦♥$ ❜❡"✇❡❡♥ "❤❡ ✈❛❧✉❡ ♦❢ $♣❧✐♥❡ ❛♥❞ ✐"$ ❞❡(✐✈❛"✐✈❡$ ❛"

❦♥♦"$✱ ❧❡"

S∆(xj) = uj , S∆(xj+1) = uj+1,

S′′
∆(xj) = Mj , S′′

∆(xj+1) = Mj+1,

S
(4)
∆ (xj) = Fj , S

(4)
∆ (xj+1) = Fj+1.























(2.4)
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❚♦ ❞❡✜♥❡ &♣❧✐♥❡ ✐♥ *❡+♠& ♦❢ uj ✬&✱ Mj ✬& ❛♥❞ Fj ✬&✱ *❤❡ ❝♦❡✣❝✐❡♥*& ✐♥*+♦❞✉❝❡❞ ✐♥ ❊6✳✭✷✳✸✮

❛+❡ ❝❛❧❝✉❧❛*❡❞ ❛&

A1 = uj−1 +
h2

6τ2
(Qj−1 − τ2Mj−1)−

Fj−1

τ2

−xj−1

h

[

(uj − uj−1)−
h2

6τ2
(Qj−1 − τ2Mj−1) +

h2

6τ2
(Qj − τ2Mj) +

1

τ2
(Fj−1 − Fj)

]

,

A2 =
1

h
(uj − uj−1) +

h

6τ2

[

−(Qj−1 − τ2Mj−1) + (Qj − τ2Mj)

]

+
1

τ2h
(Fj−1 − Fj),

A3 =
1

τ2 sinh
√
τh

[

1

2
sinh

√
τxj

(

Fj−1 −
Qj−1

τ

)

− 1

2
sinh

√
τxj−1

(

Fj −
Qj

τ

)

− 1

τ
sinh

√
τxj−1Qj +

1

τ
sinh

√
τxjQj−1

]

,

A4 =
1

τ2 sinh
√
τh

[

−1

2
cosh

√
τxj

(

Fj−1 −
Qj−1

τ

)

+
1

2
cosh

√
τxj−1

(

Fj −
Qj

τ

)

+
1

τ
cosh

√
τxj−1Qj −

1

τ
cosh

√
τxjQj−1

]

,

A5 =
1

2τ2 sinh
√
τh

[

sin
√
τxj

(

Fj−1 −
Qj−1

τ

)

− sin
√
τxj−1

(

Fj −
Qj

τ

)]

,

A6 =
1

2τ2 sinh
√
τh

[

− cos
√
τxj

(

Fj−1 −
Qj−1

τ

)

+ cos
√
τxj−1

(

Fj −
Qj

τ

)]

.

(2.5)

❙✉❜&*✐*✉*✐♥❣ *❤❡&❡ ✈❛❧✉❡& ✐♥ ✭✷✳✸✮✱ ✇❡ ❣❡*

S∆(x) = zuj + z̄uj−1 +
h2

6

[

p(z)Mj + p(z̄)Mj−1

]

+
h4

2

[

r(z)Fj + r(z̄)Fj−1

]

+
h6

6

[

q(z)Qj + q(z̄)Qj−1

]

,

(2.6)

✇❤❡#❡

p1(z) = z3 − z, q1(z) =
z

ω4
− z3

ω4
+

3 sinhωz

ω6 sinhω
− 3 sinωz

ω6 sinω
,

r1(z) =
−2z

ω4
+

sinhωz

ω4 sinhω
+

sinωz

ω4 sinω
and ω =

√
τh. (2.7)

❆♣♣❧②✐♥❣ +❤❡ ✜#-+✱ +❤✐#❞ ❛♥❞ ✜❢+❤ ❞❡#✐✈❛+✐✈❡ ❝♦♥+✐♥✉✐+✐❡- ❛+ +❤❡ ❦♥♦+-✱ ✐✳❡✳ S
(µ)
∆ (x−

j ) =

S
(µ)
∆ (x+

j ), µ = 1, 3 ❛♥❞ 5, +❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥-✐-+❡♥❝② #❡❧❛+✐♦♥- ❛#❡ ❞❡#✐✈❡❞✿

Mj+1 + 4Mj +Mj−1 =
6

h2
(uj+1 − 2uj + uj−1) + 3h2(α2Fj+1 + 2β2Fj + α2Fj−1)

+h4(α1Qj+1 + 2β1Qj + α1Qj−1), j = 1(1)N − 1. (2.8)

Mj+1 − 2Mj +Mj−1 =
h2

6
[(1− ω4α1)Fj+1 + 2(2− ω4β1)Fj + (1− ω4α1)Fj−1]

−h4

2
(α2Qj+1 + 2β2Qj + α2Qj−1), j = 1(1)N − 1. (2.9)
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h2[(1− ω4α1)Qj+1 + 2(2− ω4β1)Qj + (1− ω4α1)Qj−1] =

3[(ω4α2 + 2)Fj+1 + 2(ω4β2 − 2)Fj + (ω4α2 + 2)Fj−1], j = 1(1)N − 1,

(2.10)

✇❤❡#❡

α1 =
1

ω4
+

3

ω5 sinhω
− 3

ω5 sinω
,

β1 =
2

ω4
− 3

ω5
cothω +

3

ω5
cotω,

α2 =
−2

ω4
+

1

ω3 sinhω
+

1

ω3 sinω
,

β2 =
2

ω4
− 1

ω3
cothω − 1

ω3
cotω. (2.11)

❆% τ → 0 &❤❛& ✐% ω → 0 &❤❡♥ (α1, β1, α2, β2) → ( −31
2520

, −4
315

, 7
180

, 2
45
).

❯%✐♥❣ ❡,✉❛&✐♦♥% ✭✷✳✽✮✲✭✷✳✶✵✮✱ ✇❡ ♦❜&❛✐♥ &❤❡ ❢♦❧❧♦✇✐♥❣ %❝❤❡♠❡

(e1uj−3 + e2uj−2 + e3uj−1 + e4uj + e3uj+1 + e2uj+2 + e1uj+3)

=
h4

6
(p1Fj−3+p2Fj−2+p3Fj−1+p4Fj+p3Fj+1+p2Fj+2+p1Fj+3), j = 3(1)N−3,

(2.12)

✇❤❡#❡ &❤❡ ❝♦❡✣❝✐❡♥&% (e1, e2, e3, e4) ❛♥❞ (p1, p2, p3, p4) ♦❢ &❤❡ ❞❡✈❡❧♦♣❡❞ %❝❤❡♠❡ ❛#❡ ❣✐✈❡♥
❜②

e1 = 1− 3ω4α1 + 3ω8α2
1 − ω12α3

1,

e2 = 4ω4α1 − 2ω4β1 − 8ω8α2
1 + 4ω8α1β1 − 2ω12α2

1β1,

e3 = 7(1− ω4α1)
3 − 8(1− ω4α1)

2(2− ω4β1),

e4 = 12(1− ω4α1)
2(2− ω4β1)− 8(1− ω4α1)

3,

p1 = c1(1− ω4α1)
2,

p2 = 2c1(1− ω4α1)(2− ω4β1) + c2(1− ω4α1)
2 − 3d1(1− ω4α1)(2 + ω4α2),

p3 = (c1 + c3)(1− ω4α1)
2 + 6d1(1− ω4α1)(2− ω4β2) + 2c2(1− ω4α1)(2− ω4β1)

−3d2(1− ω4α1)(2 + ω4α2),

p4 = 2c2(1− ω4α1)
2 − 6d1(1− ω4α1)(2 + ω4α2)− 6d1(2− ω4β1)(2− ω4β2)

+2c3(1− ω4α1)(2− ω4β1) + 6d2(1− ω4α1)(2− ω4β2).

(2.13)

❆❧%♦

c1 =
1

6
ω8α2

1 −
3

2
ω4α2

2 −
1

3
ω4α1 − 6α1 − 6α2 +

1

6
,

c2 =
2

3
ω8α2

1 +
1

3
ω8α1β1 − 18ω4α1α2 − 3ω4α2β2 − 6ω4α2

2 − 2ω4α1 −
1

3
ω4β1

−12α1 − 6β2 +
4

3
,

c3 =
1

3
ω8α2

1 +
4

3
ω8α1β1 − 36ω4α1β2 − 12ω4α2β2 − 3ω4α2

2 −
10

3
ω4α1 −

4

3
ω4β1

+36α1 + 12α2 + 12β2 + 3,

d1 = ω4α2β1 − ω4α1β2 + 6ω4α2
1 − 10α1 − 2α2 + 2β1 + β2,

d2 = 4ω4α2β1 − 4ω4α1β2 + 12ω4α1β1 − 16α1 − 18α2 − 4β1 + 4β2.

(2.14)
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❆! τ → 0 "❤❛" ✐! ω → 0✱ ✇❡ ❤❛✈❡

✭✐✮(e1, e2, e3, e4) −→ (1, 0,−9, 16),

✭✐✐✮(c1, c2, c3, d1, d2) −→
(

1

140
,
17

14
,
249

70
,

9

140
,
4

35

)

,

✭✐✐✐✮(p1, p2, p3, p4) −→
(

1

140
,
6

7
,
1191

140
,
604

35

)

.

❬❘❡♠❛%❦'✿❪ ❋♦. "❤❡!❡ ✈❛❧✉❡! ♦✉. !❝❤❡♠❡ .❡❞✉❝❡! "♦ "❤❡ ♣♦❧②♥♦♠✐❛❧ !❡♣"✐❝ !♣❧✐♥❡ ❢♦.

❢♦✉."❤ ♦.❞❡. ❜♦✉♥❞❛.② ✈❛❧✉❡ ♣.♦❜❧❡♠ ✇❤✐❝❤ ✐! ❣✐✈❡♥ ❛! ❡:✉❛"✐♦♥ ✭✼✮ ✐♥ ●✳ ❆❦.❛♠ ❛♥❞ ❙✳

❙✳ ❙✐❞❞✐:✐ ❬✶✷❪✳

❍❡.❡✱ ✇❡ ❤❛✈❡ "❛❦❡♥ (e1, e2, e3, e4) = (1, 0,−9, 16), "❤❡.❡❢♦.❡ !❝❤❡♠❡ ✭✷✳✶✷✮ ❜❡❝♦♠❡!

p1(Fj−3 + Fj+3) + p2(Fj−2 + Fj+2) + p3(Fj−1 + Fj+1) + p4Fj

=
6

h4

[

(uj−3 + uj+3)− 9(uj−1 + uj+1) + 16uj

]

, j = 3(1)N − 3. (2.15)

❲❡ ❝❛♥ ❛❧!♦ ✇.✐"❡ ✭✷✳✶✺✮ ❛!

ΛxFj =
6

h4
(6δ4x + δ6x)uj , (2.16)

✇❤❡.❡ δ ✐! "❤❡ ❝❡♥".❛❧ ❞✐✛❡.❡♥❝❡ ♦♣❡.❛"♦. ❛♥❞ ♦♣❡.❛"♦. Λx ❢♦. ❛♥② ❢✉♥❝"✐♦♥ W ✐! ❞❡✜♥❡❞

❜②

ΛxWj = p1(Wj−3 +Wj+3) + p2(Wj−2 +Wj+2) + p3(Wj−1 +Wj+1) + p4Wj . (2.17)

✸✳ ❉❡$✐✈❛(✐♦♥ ♦❢ (❤❡ ♠❡(❤♦❞

▲❡" "❤❡ .❡❣✐♦♥ R = [a, b] × [0,∞) ❜❡ ❞✐!❝.❡"✐③❡❞ ❜② ❛ !❡" ♦❢ ♣♦✐♥"! Rh,k ✇❤✐❝❤ ❛.❡

"❤❡ ✈❡."✐❝❡! ♦❢ ❛ ❣.✐❞ ♣♦✐♥"! (xj , tm), ✇❤❡.❡ xj = jh, j = 0(1)N,Nh = b − a ❛♥❞
tm = mk, m = 0, 1, 2, 3, ... ❚❤❡ :✉❛♥"✐"✐❡! h ❛♥❞ k ❛.❡ ♠❡!❤ !✐③❡! ✐♥ "❤❡ !♣❛❝❡ ❛♥❞
"✐♠❡ ❞✐.❡❝"✐♦♥! .❡!♣❡❝"✐✈❡❧②✳

❲❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❛♥ ❛♣♣.♦①✐♠❛"✐♦♥ ❢♦. ✭✶✳✶✮ ✐♥ ✇❤✐❝❤ "❤❡ "✐♠❡ ❞❡.✐✈❛"✐✈❡ ✐! .❡♣❧❛❝❡❞

❜② ❛ ✜♥✐"❡ ❞✐✛❡.❡♥❝❡ ❛♣♣.♦①✐♠❛"✐♦♥ ❛♥❞ !♣❛❝❡ ❞❡.✐✈❛"✐✈❡ ✐! .❡♣❧❛❝❡❞ ❜② "❤❡ ♣❛.❛♠❡".✐❝

!❡♣"✐❝ !♣❧✐♥❡ ❢✉♥❝"✐♦♥ ❛♣♣.♦①✐♠❛"✐♦♥✳ ❲❡ ♥❡❡❞ "❤❡ ❢♦❧❧♦✇✐♥❣ ✜♥✐"❡ ❞✐✛❡.❡♥❝❡ ❛♣♣.♦①✐♠❛✲

"✐♦♥ ❢♦. "❤❡ "✐♠❡ ♣❛."✐❛❧ ❞❡.✐✈❛"✐✈❡ ♦❢ u :

um
ttj

= k−2δ2t (1 + σδ2t )
−1um

j , (3.1)

✇❤❡.❡ σ ✐! ❛ ♣❛.❛♠❡"❡. !✉❝❤ "❤❛" "❤❡ ✜♥✐"❡ ❞✐✛❡.❡♥❝❡ ❛♣♣.♦①✐♠❛"✐♦♥ "♦ "❤❡ "✐♠❡ ❞❡.✐✈❛"✐✈❡
✐! O(k2) ❢♦. ❛.❜✐".❛.② σ ❛♥❞ O(k4) ❢♦. σ = 1/12. um

j ✐! "❤❡ ❛♣♣.♦①✐♠❛"❡ !♦❧✉"✐♦♥ ♦❢ ✭✶✳✶✮

❛" (xj , tm) ❛♥❞ δt ✐! "❤❡ ❝❡♥".❛❧ ❞✐✛❡.❡♥❝❡ ♦♣❡.❛"♦. ✇✐"❤ .❡!♣❡❝" "♦ t !♦ "❤❛"

δ2t u
m
j = um+1

j − 2um
j + um−1

j .

❆" "❤❡ ❣.✐❞ ♣♦✐♥" (j,m) "❤❡ ❞✐✛❡.❡♥"✐❛❧ ❡:✉❛"✐♦♥ ♠❛② ❜❡ ❞✐!❝.❡"✐③❡❞ ❜②

um
ttj

+ um
xxxxj

= fm
j , (3.2)

✇❤❡.❡ um
xxxxj

✐! "❤❡ ❢♦✉."❤ ♦.❞❡. !♣❧✐♥❡ ❞❡.✐✈❛"✐✈❡ ❛" (xj , tm) ❞❡♥♦"❡❞ ❜② Fm
j = S

(4)
∆ (xj , tm)

✇✐"❤ .❡!♣❡❝" "♦ "❤❡ !♣❛❝❡ ✈❛.✐❛❜❧❡ fm
j = f(xj , tm). ❯!✐♥❣ ✭✸✳✶✮ ❛♥❞ .❡♣❧❛❝✐♥❣ ❢♦✉."❤ ♦.❞❡.

!♣❧✐♥❡ ❞❡.✐✈❛"✐✈❡ ❜② Fm
j , ✇❡ ❤❛✈❡

k−2δ2t (1 + σδ2t )
−1um

j + Fm
j = fm

j . (3.3)

❖♣❡.❛"✐♥❣ Λx ♦♥ ❜♦"❤ !✐❞❡! ♦❢ ✭✸✳✸✮ ❛♥❞ ✉!✐♥❣ ✭✷✳✶✻✮✱ ✇❡ ♦❜"❛✐♥

δ2t [p1(u
m
j−3+um

j+3)+p2(u
m
j−2+um

j+2)+p3(u
m
j−1+um

j+1)+p4u
m
j ]+6r2(1+σδ2t )(6δ

4
x+δ6x)u

m
j

= k2(1+σδ2t )[p1(f
m
j−3+fm

j+3)+p2(f
m
j−2+fm

j+2)+p3(f
m
j−1+fm

j+1)+p4f
m
j ], j = 3(1)N−3,

(3.4)
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✇❤❡#❡ r = k

h2 ✐% &❤❡ ♠❡%❤ #❛&✐♦ ❛♥❞ p1, p2, p3, p4 ❛#❡ ♣❛#❛♠❡&❡#%✳ ❆❢&❡# %✐♠♣❧✐❢②✐♥❣ &❤❡
❛❜♦✈❡ ❡5✉❛&✐♦♥✱ ✇❡ ♦❜&❛✐♥

δ2t [(2p1 +2p2 +2p3 + p4) + (9p1 +4p2 + p3)δ
2
x + (6p1 + p2 +36σr2)δ4x + (p1 +6σr2)δ6x]u

m
j

+6r2(6δ4x+δ6x)u
m
j = k2(1+σδ2t )[p1(f

m
j−3+fm

j+3)+p2(f
m
j−2+fm

j+2)+p3(f
m
j−1+fm

j+1)+p4f
m
j ],

j = 3(1)N − 3. (3.5)

❚❤✐% %❝❤❡♠❡ ✭✸✳✺✮ ✐% ✜♥✐&❡ ❞✐✛❡#❡♥❝❡ ✐♥ &✐♠❡ ❛♥❞ %♣❧✐♥❡ %❝❤❡♠❡ ✐♥ %♣❛❝❡ ✈❛#✐❛❜❧❡✱ ✇❤✐❝❤

♦♥ %✐♠♣❧✐✜❝❛&✐♦♥ ❝❛♥ ❜❡ ✇#✐&&❡♥ ❛%

[P1(u
m+1
j−3 + um+1

j+3 ) + P2(u
m+1
j−2 + um+1

j+2 ) + P3(u
m+1
j−1 + um+1

j+1 ) + P4u
m+1
j ]

+[S1(u
m
j−3 + um

j+3) + S2(u
m
j−2 + um

j+2) + S3(u
m
j−1 + um

j+1) + S4u
m
j ]

+[P1(u
m−1
j−3 + um−1

j+3 ) + P2(u
m−1
j−2 + um−1

j+2 ) + P3(u
m−1
j−1 + um−1

j+1 ) + P4u
m−1
j ]

= K1[p1(f
m+1
j−3 + fm+1

j+3 ) + p2(f
m+1
j−2 + fm+1

j+2 ) + p3(f
m+1
j−1 + fm+1

j+1 ) + p4f
m+1
j ]

+K2[p1(f
m
j−3 + fm

j+3) + p2(f
m
j−2 + fm

j+2) + p3(f
m
j−1 + fm

j+1) + p4f
m
j ]

+K1[p1(f
m−1
j−3 +fm−1

j+3 )+p2(f
m−1
j−2 +fm−1

j+2 )+p3(f
m−1
j−1 +fm−1

j+1 )+p4f
m−1
j ], j = 3(1)N−3.

(3.6)
❚❤❡ ✜♥❛❧ %❝❤❡♠❡ ✭✸✳✻✮ ♠❛② ❜❡ ✇#✐&&❡♥ ✐♥ &❤❡ %❝❤❡♠❛&✐❝ ❢♦#♠ ❛%

P1 P2 P3 P4 P3 P2 P1

S1 S2 S3 S4 S3 S2 S1

P1 P2 P3 P4 P3 P2 P1























um
j =

K1p1 K1p2 K1p3 K1p4 K1p3 K1p2 K1p1

K2p1 K2p2 K2p3 K2p4 K2p3 K2p2 K2p1

K1p1 K1p2 K1p3 K1p4 K1p3 K1p2 K1p1























fm
j ,

✇❤❡#❡

P1 = p1 + 6σr2, P2 = p2, P3 = p3 − 54σr2, P4 = p4 + 96σr2,

S1 = −2P1 + 6σr2, S2 = −2P2, S3 = −2P3 − 54σr2, S4 = −2P4 + 96σr2,

K1 = σk2,K2 = k2(1− 2σ).























✹✳ ❉❡✈❡❧♦♣♠❡♥* ♦❢ ❜♦✉♥❞❛0② ❡2✉❛*✐♦♥4

❚❤❡ #❡❧❛&✐♦♥ ✭✸✳✻✮ ❣✐✈❡% N − 5 ❧✐♥❡❛# ❛❧❣❡❜#❛✐❝ ❡5✉❛&✐♦♥% ✐♥ N − 1 ✉♥❦♥♦✇♥% uj , j =
3(1)N − 3. ❲❡ ♥❡❡❞ ❢♦✉# ♠♦#❡ ❡5✉❛&✐♦♥%✱ &✇♦ ❛& ❡❛❝❤ ❡♥❞ ♦❢ &❤❡ #❛♥❣❡ ♦❢ ✐♥&❡❣#❛&✐♦♥✱ ❢♦#
&❤❡ ❞✐#❡❝& ❝♦♠♣✉&❛&✐♦♥ ♦❢ uj , j = 1(1)N − 1.
✭✐✮

1392

7
um
1 − 2340

7
um
2 +

20320

63
um
3 − 1320

7
um
4 +

432

7
um
5 − 548

63
um
6 =

464

9
um
0 − 80

7
h2(um

0 )′′, j = 1,

✭✐✐✮ −10280

469
um
1 +

8746

87
um
2 − 19309

97
um
3 +

11287

52
um
4 − 960

7
um
5 +

9793

207
um
6 − 464

67
um
7

= −720

469
h2(um

0 )′′, j = 2,

✭✐✐✐✮ −464

67
um
N−7 +

9793

207
um
N−6 −

960

7
um
N−5 +

11287

52
um
N−4 −

19309

97
um
N−3 +

8746

87
um
N−2

−10280

469
um
N−1 = −720

469
h2(um

N )′′, j = N − 2,

✭✐✈✮ −548

63
um
N−6 +

432

7
um
N−5 −

1320

7
um
N−4 +

20320

63
um
N−3 −

2340

7
um
N−2 +

1392

7
um
N−1

=
464

9
um
N − 80

7
h2(um

N )′′, j = N − 1.
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❋♦" ❤✐❣❤ ❛❝❝✉"❛❝② ❢♦"♠✉❧❛ ♦❢ O(k6 + h10), ✇❡ ✉/❡ 0❤❡ ❢♦❧❧♦✇✐♥❣ ❡2✉❛0✐♦♥/ ❢♦" ❛♣♣"♦①✐✲
♠❛0✐♥❣ 0❤❡ ❜♦✉♥❞❛"② ❡2✉❛0✐♦♥/✿

✭✐✮

15928

35
um
1 − 5141

5
um
2 +

32427

22
um
3 − 11441

8
um
4 +

15875

17
um
5 − 17741

45
um
6 +

6919

71
um
7 − 3853

359
um
8

=
6985

72
um
0 − 12600

761
h2(um

0 )′′, j = 1,

✭✐✐✮ −4883

125
um
1 +

18192

79
um
2 − 38050

61
um
3 +

21181

21
um
4 − 275354

261
um
5 +

138411

191
um
6 − 25063

79
um
7

+
3707

46
um
8 − 4288

473
um
9 = −967

625
h2(um

0 )′′, j = 2,

✭✐✐✐✮ −4288

473
um
N−9+

3707

46
um
N−8−

25063

79
um
N−7+

138411

191
um
N−6−

275354

261
um
N−5+

21181

21
um
N−4

−38050

61
um
N−3 +

18192

79
um
N−2 −

4883

125
um
N−1 = −967

625
h2(um

N )′′, j = N − 2,

✭✐✈✮ −3853

359
um
N−8 +

6919

71
um
N−7 −

17741

45
um
N−6 +

15875

17
um
N−5 −

11441

8
um
N−4 +

32427

22
um
N−3

−5141

5
um
N−2 +

15928

35
um
N−1 =

6985

72
um
N − 12600

761
h2(um

N )′′, j = N − 1.

✺✳ ❚#✉♥❝❛(✐♦♥ ❡##♦# ❛♥❞ ❝❧❛.. ♦❢ ♠❡(❤♦❞.

❊①♣❛♥❞✐♥❣ ✭✸✳✺✮ ✐♥ ❚❛②❧♦" /❡"✐❡/ ✐♥ 0❡"♠/ ♦❢ u(xj , tm) ❛♥❞ ✐0/ ❞❡"✐✈❛0✐✈❡/✱ ✇❡ ♦❜0❛✐♥
0❤❡ ❢♦❧❧♦✇✐♥❣ "❡❧❛0✐♦♥/

δ6xu(xj , tm) =

[

h6D6
x +

1008

8!
h8D8

x +
105840

10!
h10D10

x +
1013760

12!
h12D12

x

+
9369360

14!
h14D14

x + ...

]

u(xj , tm)

δ4xu(xj , tm) =

[

h4D4
x +

120

6!
h6D6

x +
505

8!
h8D8

x +
1016

10!
h10D10

x +
2040

12!
h12D12

x + ...

]

u(xj , tm)

δ2t u(xj , tm) =

[

− r2h4D4
x +

1

12
r4h8D8

x − 1

360
r6h12D12

x +
1

20160
r8h16D16

x + ...

]

u(xj , tm),

(5.1)
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✇❤❡#❡ (D2
t + D4

x)u(xj , tm) = f(xj , tm). ❯%✐♥❣ ✭✸✳✺✮ ❛♥❞ ✭✺✳✶✮✱ ✇❡ ♦❜4❛✐♥ 4❤❡ 4#✉♥❝❛4✐♦♥
❡##♦#

Tm
j =

[

(2p1 + 2p2 + 2p3 + p4) + (9p1 + 4p2 + p3)δ
2
x + (6p1 + p2 + 36σr2)δ4x

+(p1 + 6σr2)δ6x

]

δ2t u
m
j + 6r2(6δ4x + δ6x)u

m
j

−k2(1 + σδ2t )

[

p1(f
m
j−3 + fm

j+3) + p2(f
m
j−2 + fm

j+2) + p3(f
m
j−1 + fm

j+1) + p4f
m
j

]

=

[

o1

(

k2D2
t +

2k4D4
t

4!
+

2k6D6
t

6!
+

2k8D8
t

8!
+ ...

)

+(o2h
2D2

x)

(

k2D2
t +

2k4D4
t

4!
+

2k6D6
t

6!
+

2k8D8
t

8!
+ ...

)

+(2o2 + 24o3)
h4D4

x

4!

(

k2D2
t +

2k4D4
t

4!
+

2k6D6
t

6!
+

2k8D8
t

8!
+ ...

)

+(2o2 + 120o3 + 720o4)
h6D6

x

6!

(

k2D2
t +

2k4D4
t

4!
+

2k6D6
t

6!
+

2k8D8
t

8!
+ ...

)

+(2o2 + 504o3 + 10080o4)
h8D8

x

8!

(

k2D2
t +

2k4D4
t

4!
+

2k6D6
t

6!
+

2k8D8
t

8!
+ ...

)

+(2o2 + 1016o3 + 105840o4)
h10D10

x

10!

(

k2D2
t +

2k4D4
t

4!
+

2k6D6
t

6!
+

2k8D8
t

8!
+ ...

)]

um
j

+6r2
(

144

4!
h4D4

x +
1440

6!
h6D6

x +
4032

8!
h8D8

x +
111936

10!
h10D10

x +
10266000

12!
h12D12

x

+...

)

um
j −

[

o1k
2 + o1σk

4D2
t +

2o1
4!

σk6D4
t +

2o1
6!

σk8D6
t +

2o1
8!

σk10D10
t + ...

(

o2h
2D2

x + 2(81p1 + 16p2 + p3)
h4D4

x

4!
+ 2(729p1 + 64p2 + p3)

h6D6
x

6!

+2(6561p1 + 256p2 + p3)
h8D8

x

8!
+ ...

)

×
(

k2 + σk4D2
t +

2σk6D4
t

4!
+

2σk8D6
t

6!
+

2σk10D8
t

8!
+ ...

)]

(D2
t +D4

x)u
m
j

✇❤✐❝❤ ♠❛② ❜❡ ✇#✐44❡♥ ❛%

Tm
j =

[

(36− o1)r
2h4D4

x + (12− o2)r
2h6D6

x+

(

3

5
− 1

12
(81p1 + 16p2 + p3)

)

r2h8D8
x

+

(

583

3150
− 1

360
(729p1 + 64p2 + p3)

)

r2h10D10
x

+

(

2565

199584
− 1

20160
(6561p1 + 256p2 + p3)

)

r2h12D12
x + ...

+

(

1

12
− σ

)

o1k
4D4

t+

(

1

12
− σ

)

o2h
2k4D2

xD
4
t+

(

1

360
− σ

12

)

o2h
2k6D2

xD
6
t

+

(

h4

12
(o2 + 12o3)− o1σk

2 − h4

12
(81p1 + 16p2 + p3)

)

k4D4
xD

2
t

+

(

h4

360
(o2 + 60o3 + 360o4)− o2σk

2 − σh4

360
(729p1 + 64p2 + p3)

)

h2k4D6
xD

2
t
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+

(

h4

144
(o2 + 12o3)−

1

12
o1σk

2 − σh4

12
(81p1 + 16p2 + p3)

)

k4D4
xD

4
t

+

(

1

20160
− σ

360

)

o1k
8D8

t+

(

1

360
− σ

12

)

o1k
6D6

t+

(

2

8!
− 2σ

6!

)

o2h
2k8D2

xD
8
t

+

(

h4

8!
(2o2 + 504o3 + 10080o4)−

σk2

12
(81p1 + 16p2 + p3)

−2σh4

8!
(6561p1 + 256p2 + p3)

)

h4k2D8
xD

2
t

+

(

h4

4320
(o2 + 12o3)−

1

360
o1σk

2 − σh4

144
(81p1 + 16p2 + p3)

)

k6D4
xD

6
t + ...

]

um
j

+...,

(5.2)

✇❤❡#❡

o1 = 2p1 + 2p2 + 2p3 + p4, o2 = 9p1 + 4p2 + p3,

o3 = 6p1 + p2 + 36σr2, o4 = p1 + 6σr2, Dx =
∂

∂x
, Dt =

∂

∂t
. (5.3)

❋♦# ✈❛#✐♦✉* ✈❛❧✉❡* ♦❢ ♣❛#❛♠❡/❡#* p1, p2, p3, p4 ❛♥❞ σ✱ ✇❡ ♦❜/❛✐♥ /❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛** ♦❢
♠❡/❤♦❞*✿

❈❛"❡ ✶✿ ■❢ 36− o1 = 0, ✇❡ ♦❜/❛✐♥ ✈❛#✐♦✉* *❝❤❡♠❡* ♦❢ O(k2 + h2) ❢♦# ❛#❜✐/#❛#② ✈❛❧✉❡* ♦❢
σ.
❈❛"❡ ✷✿ ■❢ 36 − o1 = 0 ❛♥❞ 12 − o2 = 0, ✇❡ ♦❜/❛✐♥ ✈❛#✐♦✉* *❝❤❡♠❡* ♦❢ O(k2 + h4) ❢♦#
❛#❜✐/#❛#② ✈❛❧✉❡* ♦❢ σ.
❈❛"❡ ✸✿ ■❢ 36− o1 = 0, 12− o2 = 0, ❛♥❞ 3

5
− 1

12
(81p1+16p2+p3) = 0, ✇❡ ♦❜/❛✐♥ ✈❛#✐♦✉*

*❝❤❡♠❡* ♦❢ O(k4 + h8) ❢♦# σ 6= 1
12
❛♥❞ O(k6 + h8) ❢♦# σ = 1

12
.

❈❛"❡ ✹✿ ❋♦# (p1, p2, p3, p4, σ) =

(

16
75
, −42

25
, 84

5
, 16

3
, 1
12

)

, ✇❡ ♦❜/❛✐♥ ❛ *❝❤❡♠❡ ♦❢ O(k6+h10).

✻✳ ❙#❛❜✐❧✐#② ❛♥❛❧②*✐*

❚♦ ✐♥✈❡*/✐❣❛/❡ /❤❡ */❛❜✐❧✐/② ❛♥❛❧②*✐* ♦❢ /❤❡ *❝❤❡♠❡ ✭✸✳✻✮✱ ✇❡ ✉*❡ /❤❡ ❱♦♥ ◆❡✉♠❛♥♥

♠❡/❤♦❞✳ ❲❡ ❤❛✈❡ ❛**✉♠❡❞ /❤❛/ /❤❡ *♦❧✉/✐♦♥ ♦❢ ✭✸✳✻✮ ❛/ /❤❡ ❣#✐❞ ♣♦✐♥/ (xj , tm) ✐* ♦❢ /❤❡
❢♦#♠

um
j = ξmejiθ, (6.1)

✇❤❡#❡ i =
√
−1, θ ✐* #❡❛❧ ❛♥❞ ξ ✐♥ ❣❡♥❡#❛❧ ✐* ❝♦♠♣❧❡①✳

❙✉❜*/✐/✉/✐♥❣ ✭✻✳✶✮ ✐♥ ❤♦♠♦❣❡♥❡♦✉* ♣❛#/ ♦❢ ✭✸✳✻✮✱ ✇❡ ♦❜/❛✐♥ ❛ ❝❤❛#❛❝/❡#✐*/✐❝ ❡E✉❛/✐♦♥

Xξ2 + Y ξ + Z = 0, (6.2)

✇❤❡#❡

X = Z = P1 cos 3θ + P2 cos 2θ + P3 cos θ + 2P4,

Y = S1 cos 3θ + S2 cos 2θ + S3 cos θ + 2S4.

❯♥❞❡# /❤❡ /#❛♥*❢♦#♠❛/✐♦♥ ξ = 1+η

1−η
, ❡E✉❛/✐♦♥ ✭✻✳✷✮ ❜❡❝♦♠❡*

(X − Y + Z)η2 + 2(X − Z)η + (X + Y + Z) = 0. (6.3)

❚❤❡ ♥❡❝❡**❛#② ❛♥❞ *✉✣❝✐❡♥/ ❝♦♥❞✐/✐♦♥ ❢♦# |ξ| ≤ 1 ✐* /❤❛/ X −Y +Z > 0, X −Z > 0 ❛♥❞
X + Y + Z > 0.
❚❤❡ ❝♦♥❞✐/✐♦♥* X−Z > 0 ❛♥❞ X+Y +Z > 0 ❛#❡ ❛❧✇❛②* *❛/✐*✜❡❞ ❢♦# ❛❧❧ #❡❛❧ ✈❛❧✉❡* ♦❢ θ.
❋#♦♠ /❤❡ ❝♦♥❞✐/✐♦♥ X−Y +Z > 0, ✇❡ ❣❡/ /❤❛/ /❤❡ *❝❤❡♠❡ ✭✸✳✻✮ ✐* ✉♥❝♦♥❞✐/✐♦♥❛❧❧② */❛❜❧❡
✐❢ σ ≥ 1

4
❛♥❞ ❝♦♥❞✐/✐♦♥❛❧❧② */❛❜❧❡ ✐❢ σ < 1

4
❢♦# ❛❧❧ #❡❛❧ ✈❛❧✉❡* ♦❢ p1, p2, p3, p4 ❛♥❞ θ.

❲❡ *✉♠♠❛#✐③❡❞ /❤❡ ❛❜♦✈❡ #❡*✉❧/* ✐♥ /❤❡ ❢♦❧❧♦✇✐♥❣ /❤❡♦#❡♠✿
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❚❤❡♦$❡♠✿ ❚❤❡ #❝❤❡♠❡ ✭✸✳✻✮ ❢♦- #♦❧✈✐♥❣ ✭✶✳✶✮ ✐# ✉♥❝♦♥❞✐6✐♦♥❛❧❧② #6❛❜❧❡ ✐❢ σ ≥ 1
4
❛♥❞

❝♦♥❞✐6✐♦♥❛❧❧② #6❛❜❧❡ ✐❢ σ < 1
4
. ❇② ✉#✐♥❣ 6❤❡ ▲❛① 6❤❡♦-❡♠✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ 6❤❛6 6❤❡

♣-❡#❡♥6 ♠❡6❤♦❞ ✐# ❝♦♥✈❡-❣❡ ❛# ❧♦♥❣ ❛# #6❛❜✐❧✐6② ❝-✐6❡-✐♦♥ ✐# #❛6✐#✜❡❞✳

✼✳ ◆✉♠❡&✐❝❛❧ &❡+✉❧,+ ❛♥❞ ❞✐+❝✉++✐♦♥+

❲❡ ❤❛✈❡ ❛♣♣❧✐❡❞ 6❤❡ ♣-❡#❡♥6❡❞ ♠❡6❤♦❞ ♦♥ 6❤❡ ❢♦✉-6❤ ♦-❞❡- ♣❛-❛❜♦❧✐❝ ♣❛-6✐❛❧ ❞✐✛❡-❡♥✲

6✐❛❧ ❡D✉❛6✐♦♥ ❛♥❞ ❤❛✈❡ ❝♦♥#✐❞❡-❡❞ ♦♥❡ ❤♦♠♦❣❡♥❡♦✉# ❛♥❞ 6✇♦ ♥♦♥❤♦♠♦❣❡♥❡♦✉# ❡①❛♠♣❧❡#✳

❚❤❡ ♣-♦♣♦#❡❞ ♠❡6❤♦❞ ✭✸✳✻✮ ✐# ✐♠♣❧✐❝✐6 6❤-❡❡ ❧❡✈❡❧ ♠❡6❤♦❞ ❜❛#❡❞ ♦♥ ♣❛-❛♠❡6-✐❝ #❡♣6✐❝

#♣❧✐♥❡ ❢✉♥❝6✐♦♥✳

❊①❛♠♣❧❡ ✶✿ ❈♦♥#✐❞❡- ❛ ♥♦♥❤♦♠♦❣❡♥❡♦✉# ❢♦✉-6❤ ♦-❞❡- ♣❛-❛❜♦❧✐❝ ♣❛-6✐❛❧ ❞✐✛❡-❡♥6✐❛❧

❡D✉❛6✐♦♥ ❬✷✱✾✱✶✼✱✸✹❪

∂2u

∂t2
+

∂4u

∂x4
= (π4 − 1) sinπx cos t, 0 ≤ x ≤ 1, t ≥ 0,

#✉❜❥❡❝6 6♦ 6❤❡ ✐♥✐6✐❛❧ ❝♦♥❞✐6✐♦♥#

u(x, 0) = sinπx, ut(x, 0) = 0, 0 ≤ x ≤ 1

❛♥❞ 6❤❡ ❜♦✉♥❞❛-② ❝♦♥❞✐6✐♦♥#

u(0, t) = u(1, t) = uxx(0, t) = uxx(1, t) = 0, t ≥ 0.

❚❤❡ ❛♥❛❧②6✐❝❛❧ #♦❧✉6✐♦♥ ❢♦- 6❤✐# ❡①❛♠♣❧❡ ✐#

u(x, t) = sinπx cos t.

❲❡ ❤❛✈❡ #♦❧✈❡❞ 6❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡ ✇✐6❤ h = 0.05 ❛♥❞ k = 0.005 ❣✐✈✐♥❣ r = 2 ❛♥❞ ❜②
❝❤♦♦#✐♥❣ σ = 1

4
, 1
12
✇✐6❤ O(k4 + h8), O(k6 + h8) ❛♥❞ O(k6 + h10) ❢♦- ❛-❜✐6-❛-② ❝❤♦✐❝❡# ♦❢

♣❛-❛♠❡6❡-# p1, p2, p3 ❛♥❞ p4. ❆❧❧ ❝♦♠♣✉6❛6✐♦♥# ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ♦✈❡- 6❡♥ 6✐♠❡ #6❡♣#✳ ❚❤❡
❛❜#♦❧✉6❡ ❡--♦-# ❛6 ♣❛-6✐❝✉❧❛- ♣♦✐♥6# x = 0.1, 0.2, 0.3, 0.4, 0.5 ❛♥❞ ❝♦♠♣❛-✐#♦♥ ✇✐6❤ ♦6❤❡-
❡①✐#6✐♥❣ ♠❡6❤♦❞# ❬✷✱✽✱✶✺✱✷✻❪ ❛-❡ 6❛❜✉❧❛6❡❞ ✐♥ 6❛❜❧❡ ✶✳ ❲❡ -❡♣❡❛6 6❤❡ ❝♦♠♣✉6❛6✐♦♥# ❢♦- ✶✻

6✐♠❡ #6❡♣# ✇✐6❤ r = 0.5.
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❚❛❜❧❡ ✶✳ ❆❜(♦❧✉+❡ ❡,,♦,( ❢♦, ❡①❛♠♣❧❡ ✶

▼❡"❤♦❞& r ❚✐♠❡ &"❡♣& x = 0.1 x = 0.2 x = 0.3 x = 0.4 x = 0.5
(p1, p2, p3, p4, σ)

O(k6 + h10)
(

16
75
, −42

25
, 84

5
, 16

3
, 1
12

)

✷ ✶✵ 2.05(−6) 4.37(−7) 1.04(−7) 1.19(−8) 5.61(−8)

✵✳✺ ✶✻ 4.04(−7) 7.81(−9) 8.34(−9) 4.56(−8) 5.10(−8)

O(k6 + h8)
(

12
25
, −82

25
, 104

5
, 0, 1

4

)

✷ ✶✵ 2.63(−6) 2.86(−8) 4.34(−8) 7.02(−8) 6.31(−8)

✵✳✺ ✶✻ 6.80(−7) 3.52(−7) 9.65(−7) 1.39(−6) 1.53(−6)
(

43
100

, −149
150

, 401
20

, 1, 1
4

)

✷ ✶✵ 2.76(−6) 4.65(−8) 3.55(−8) 6.71(−8) 6.06(−8)

✵✳✺ ✶✻ 1.08(−6) 2.14(−7) 1.02(−6) 1.59(−6) 1.78(−6)

O(k4 + h8)
(

12
25
, −82

25
, 104

5
, 0, 1

4

)

✷ ✶✵ 9.02(−6) 8.37(−7) 3.92(−7) 1.60(−8) 9.53(−8)

✵✳✺ ✶✻ 3.84(−6) 1.60(−6) 3.04(−7) 1.98(−6) 2.66(−6)
(

43
100

, −149
150

, 401
20

, 1, 1
4

)

✷ ✶✵ 9.10(−6) 8.43(−7) 3.96(−7) 1.67(−8) 9.57(−8)

✵✳✺ ✶✻ 2.14(−6) 1.10(−6) 1.20(−7) 1.07(−6) 1.51(−6)

[17]
O(k2 + h4), σ = 1

4
, ✷ ✶✵ 3.09(−6) 4.04(−6) 1.65(−6) 2.44(−6) 2.73(−7)
✵✳✺ ✶✻ 5.25(−7) 2.87(−7) 1.54(−7) 1.64(−7) 1.76(−7)

O(k4 + h4), σ = 1
12
, ✷ ✶✵ 2.91(−6) 1.73(−6) 1.60(−6) 2.33(−6) 2.60(−7)
✵✳✺ ✶✻ 4.47(−7) 2.66(−7) 1.39(−7) 1.55(−7) 1.57(−7)

[2] ✷ ✶✵ 1.87(−6) 2.13(−5) 1.49(−5) 8.60(−6) 5.96(−6)
✵✳✺ ✶✻ 9.07(−6) 7.79(−6) 2.75(−6) 1.01(−6) 2.59(−6)

[34] ✷ ✶✵ 1.80(−5) 2.00(−5) 1.40(−5) 8.30(−6) 5.70(−6)
✵✳✺ ✶✻ 9.20(−6) 7.90(−6) 2.80(−6) 9.80(−7) 2.50(−6)

[9] ✷ ✶✵ 2.20(−4) 4.10(−4) 5.40(−4) 6.20(−4) 6.50(−4)
✵✳✺ ✶✻ 2.50(−5) 4.70(−5) 6.60(−5) 7.80(−5) 8.20(−5)

❊①❛♠♣❧❡ ✷✿ ❈♦♥&✐❞❡3 ❛ ❤♦♠♦❣❡♥❡♦✉& ❢♦✉3"❤ ♦3❞❡3 ♣❛3❛❜♦❧✐❝ ♣❛3"✐❛❧ ❞✐✛❡3❡♥"✐❛❧ ❡<✉❛"✐♦♥

❬✶✽✱✸✸✱✸✹❪

∂2u

∂t2
+

∂4u

∂x4
= 0, 0 ≤ x ≤ 1, t ≥ 0,

&✉❜❥❡❝" "♦ "❤❡ ✐♥✐"✐❛❧ ❝♦♥❞✐"✐♦♥&

u(x, 0) =
x

12
(2x2 − x3 − 1), ut(x, 0) = 0, 0 ≤ x ≤ 1

❛♥❞ "❤❡ ❜♦✉♥❞❛3② ❝♦♥❞✐"✐♦♥&

u(0, t) = u(1, t) = uxx(0, t) = uxx(1, t) = 0, t ≥ 0.

❚❤❡ ❛♥❛❧②"✐❝❛❧ &♦❧✉"✐♦♥ ❢♦3 "❤✐& ❡①❛♠♣❧❡ ✐&

u(x, t) =

∞
∑

s=0

ds sin(2s+ 1)πx cos(2s+ 1)2π2t,

✇❤❡3❡

ds =
−8

[(2s+ 1)5π5]
.
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❲❡ ❤❛✈❡ %♦❧✈❡❞ )❤✐% ❡①❛♠♣❧❡ ✇✐)❤ h = 0.1 ❢♦0 σ = 1
4
, 1
12
. ❚❤❡ ❛❜%♦❧✉)❡ ❡00♦0% ❛) ♣❛0)✐❝✉❧❛0

♣♦✐♥)% x = 0.1, 0.2, 0.3, 0.4, 0.5 ✇✐)❤ r = 2 ❛♥❞ ✺✵ )✐♠❡ %)❡♣% ♦❢ O(k4 + h8), O(k6 + h8)
❛♥❞ O(k6 + h10) ❢♦0 ❛0❜✐)0❛0② ❝❤♦✐❝❡% ♦❢ ♣❛0❛♠❡)❡0% p1, p2, p3 ❛♥❞ p4 ❛♥❞ ❝♦♠♣❛0✐%♦♥
✇✐)❤ ♦)❤❡0 ❡①✐%)✐♥❣ ♠❡)❤♦❞% ❛0❡ )❛❜✉❧❛)❡❞ ✐♥ )❛❜❧❡ ✷✳ ❲❡ 0❡♣❡❛) )❤❡ ❝♦♠♣✉)❛)✐♦♥% ❢♦0

✶✵✵ )✐♠❡ %)❡♣% ✇✐)❤ r =
√

1
6
,
√

7
60
❛♥❞ r =

√

1
84
. ❲❡ ❤❛✈❡ ❛❧%♦ ✐♥❝❧✉❞❡❞ 0❡%✉❧)% ❣✐✈❡♥ ❜②

✉♥❝♦♥❞✐)✐♦♥❛❧❧② %)❛❜❧❡ ♠❡)❤♦❞✳

❚❛❜❧❡ ✷✳ ❆❜(♦❧✉+❡ ❡,,♦,( ❢♦, ❡①❛♠♣❧❡ ✷

▼❡)❤♦❞% r2 ❚✐♠❡ %)❡♣% x = 0.1 x = 0.2 x = 0.3 x = 0.4 x = 0.5
(p1, p2, p3, p4, σ)

O(k6 + h10)
(

16
75
, −42

25
, 84

5
, 16

3
, 1
12

)

✹ ✺✵ 2.66(−12) 5.48(−12) 1.12(−12) 6.07(−13) 7.42(−13)

1
6

✶✵✵ 1.29(−12) 3.24(−13) 1.79(−12) 3.63(−12) 5.06(−12)
7
60

✶✵✵ 1.79(−12) 4.02(−12) 1.38(−11) 2.40(−11) 3.11(−11)
1
84

✶✵✵ 2.17(−13) 1.33(−13) 7.43(−13) 1.35(−12) 1.50(−12)

O(k6 + h8)
(

12
25
, −82

25
, 104

5
, 0, 1

4

)

✹ ✺✵ 1.69(−12) 1.11(−12) 6.43(−13) 9.50(−13) 1.54(−12)

1
6

✶✵✵ 2.44(−12) 3.47(−13) 3.06(−12) 3.98(−12) 3.71(−12)
7
60

✶✵✵ 3.00(−12) 4.44(−12) 1.55(−11) 2.45(−11) 3.24(−11)
1
84

✶✵✵ 2.74(−13) 1.83(−13) 9.23(−13) 1.39(−12) 1.71(−12)
(

43
100

, −149
150

, 401
20

, 1, 1
4

)

✹ ✺✵ 1.54(−12) 1.00(−12) 6.33(−13) 9.57(−13) 1.52(−12)

1
6

✶✵✵ 3.06(−12) 6.12(−13) 3.26(−12) 4.06(−12) 3.46(−12)
7
60

✶✵✵ 3.73(−12) 4.14(−12) 1.57(−11) 2.46(−11) 3.21(−11)
1
84

✶✵✵ 3.39(−13) 1.56(−13) 9.46(−13) 1.40(−12) 1.68(−12)

O(k4 + h8)
(

12
25
, −82

25
, 104

5
, 0, 1

4

)

✹ ✺✵ 4.77(−13) 1.85(−12) 4.04(−12) 6.80(−12) 9.90(−12)

1
6

✶✵✵ 4.64(−12) 1.43(−12) 3.58(−12) 4.21(−12) 4.01(−12)
(

43
100

, −149
150

, 401
20

, 1, 1
4

)

✹ ✺✵ 5.59(−13) 3.20(−13) 5.36(−13) 1.24(−12) 2.71(−12)

1
6

✶✵✵ 8.74(−12) 3.30(−12) 4.79(−12) 4.75(−12) 4.50(−12)

[18], σ = 1
4

✹ ✺✵ 3.19(−4) 6.19(−4) 8.81(−4) 1.87(−3) 1.15(−3)
1
6

✶✵✵ 2.61(−4) 4.43(−4) 5.47(−4) 6.08(−4) 6.33(−4)

[34], σ = 1
4

✹ ✺✵ 3.21(−4) 5.77(−4) 7.24(−4) 7.89(−4) 8.10(−4)
1
6

✶✵✵ 3.81(−4) 3.33(−4) 7.74(−4) 7.81(−4) 7.66(−4)

[33], σ = 1
12

✹ ✺✵ 4.32(−4) 8.34(−4) 1.18(−4) 1.42(−3) 1.52(−3)
1
6

✶✵✵ 2.30(−4) 4.08(−4) 5.40(−4) 6.56(−4) 7.02(−4)

[34], σ = 1
12

✹ ✺✵ 1.00(−5) 5.00(−5) 1.73(−4) 3.33(−4) 4.10(−4)
1
6

✶✵✵ 3.52(−4) 6.30(−4) 7.77(−4) 7.72(−4) 7.38(−4)
7
60

✶✵✵ 1.38(−4) 1.74(−4) 9.05(−5) 3.40(−4) 9.60(−4)
1
84

✶✵✵ 3.53(−5) 6.22(−5) 7.11(−5) 6.11(−5) 5.53(−5)

❊①❛♠♣❧❡ ✸✿ ❈♦♥%✐❞❡0 ❛ ♥♦♥❤♦♠♦❣❡♥❡♦✉% ❢♦✉0)❤ ♦0❞❡0 ♣❛0❛❜♦❧✐❝ ♣❛0)✐❛❧ ❞✐✛❡0❡♥)✐❛❧
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❡!✉❛$✐♦♥ ❬✸✷❪

∂2u

∂t2
+

∂4u

∂x4
= [24− x2(1− x)2] cos t, 0 ≤ x ≤ 1, t > 0,

,✉❜❥❡❝$ $♦ $❤❡ ✐♥✐$✐❛❧ ❝♦♥❞✐$✐♦♥,

u(x, 0) = x2(1− x)2, ut(x, 0) = 0, 0 ≤ x ≤ 1

❛♥❞ $❤❡ ❜♦✉♥❞❛3② ❝♦♥❞✐$✐♦♥,

u(0, t) = u(1, t) = 0, uxx(0, t) = uxx(1, t) = 2 cos t, t ≥ 0.

❚❤❡ ❛♥❛❧②$✐❝❛❧ ,♦❧✉$✐♦♥ ❢♦3 $❤✐, ❡①❛♠♣❧❡ ✐,

u(x, t) = x2(1− x)2 cos t.

❲❡ ❤❛✈❡ ,♦❧✈❡❞ $❤✐, ❡①❛♠♣❧❡ ✇✐$❤ h = 0.05 ❢♦3 σ = 1
4
, 1
12
. ❚❤❡ ❛❜,♦❧✉$❡ ❡33♦3, ❛$ ♣❛3$✐❝✉✲

❧❛3 ♣♦✐♥$, x = 0.1, 0.2, 0.3, 0.4, 0.5 ✇✐$❤ r = 2 ❛♥❞ ✶✵ $✐♠❡ ,$❡♣, ❢♦3 O(k4+h8), O(k6+h8)
❛♥❞ O(k6 + h10) ✉,✐♥❣ ❛3❜✐$3❛3② ❝❤♦✐❝❡, ♦❢ ♣❛3❛♠❡$❡3, p1, p2, p3 ❛♥❞ p4 ❛3❡ $❛❜✉❧❛$❡❞ ✐♥

$❛❜❧❡ ✸✳ ❲❡ 3❡♣❡❛$ $❤❡ ❝♦♠♣✉$❛$✐♦♥, ❢♦3 ✶✻ $✐♠❡ ,$❡♣, ✇✐$❤ r = 0.5.

❚❛❜❧❡ ✸✳ ❆❜(♦❧✉+❡ ❡,,♦,( ❢♦, ❡①❛♠♣❧❡ ✸

▼❡$❤♦❞, r ❚✐♠❡ ,$❡♣, x = 0.1 x = 0.2 x = 0.3 x = 0.4 x = 0.5
(p1, p2, p3, p4, σ)

O(k6 + h10)
(

16
75
, −42

25
, 84

5
, 16

3
, 1
12

)

✷ ✶✵ 3.16(−4) 2.74(−5) 4.18(−6) 8.92(−7) 1.17(−8)

✵✳✺ ✶✻ 1.35(−5) 6.11(−6) 2.99(−6) 1.15(−5) 1.48(−5)

O(k6 + h8)
(

12
25
, −82

25
, 104

5
, 0, 1

4

)

✷ ✶✵ 3.97(−4) 2.82(−5) 4.92(−6) 1.20(−6) 1.77(−7)

✵✳✺ ✶✻ 1.12(−4) 2.17(−5) 6.58(−5) 9.42(−5) 1.04(−4)
(

43
100

, −149
150

, 401
20

, 1, 1
4

)

✷ ✶✵ 3.98(−4) 2.90(−5) 5.00(−6) 1.16(−6) 1.26(−7)

✵✳✺ ✶✻ 1.36(−4) 1.28(−5) 7.08(−5) 1.10(−4) 1.24(−4)

O(k4 + h8)
(

12
25
, −82

25
, 104

5
, 0, 1

4

)

✷ ✶✵ 1.05(−3) 7.46(−5) 5.42(−5) 7.48(−6) 4.98(−6)

✵✳✺ ✶✻ 1.50(−4) 9.27(−5) 1.83(−5) 1.20(−4) 1.61(−4)
(

43
100

, −149
150

, 401
20

, 1, 1
4

)

✷ ✶✵ 1.04(−3) 7.43(−5) 5.43(−5) 7.46(−6) 5.00(−6)

✵✳✺ ✶✻ 5.31(−5) 6.32(−5) 6.29(−7) 6.61(−5) 9.31(−5)

❈♦♥❝❧✉&✐♦♥

❚❤❡ ♣❛3❛♠❡$3✐❝ ,❡♣$✐❝ ,♣❧✐♥❡ ❢✉♥❝$✐♦♥ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ $♦ ♦❜$❛✐♥ $❤3❡❡ ❧❡✈❡❧ ✐♠♣❧✐❝✐$

♠❡$❤♦❞, ❢♦3 ,♦❧✈✐♥❣ ❢♦✉3$❤ ♦3❞❡3 ♣❛3❛❜♦❧✐❝ ♣❛3$✐❛❧ ❞✐✛❡3❡♥$✐❛❧ ❡!✉❛$✐♦♥,✳ ❚❤❡ ❞❡✈❡❧♦♣❡❞

♠❡$❤♦❞, ❛3❡ $❡,$❡❞ ♦♥ $❤3❡❡ ❡①❛♠♣❧❡,✳ ❚❤❡ ♣❡3❢♦3♠❛♥❝❡ ♦❢ $❤❡,❡ ♠❡$❤♦❞, ❤❛✈❡ ❜❡❡♥

❡①❛♠✐♥❡❞ ❜② ❝♦♠♣❛3✐♥❣ ,♦❧✉$✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉, ❛♥❞ ♥♦♥❤♦♠♦❣❡♥❡♦✉, ❢♦✉3$❤ ♦3❞❡3 ♣❛3✲

❛❜♦❧✐❝ ♣❛3$✐❛❧ ❞✐✛❡3❡♥$✐❛❧ ❡!✉❛$✐♦♥, ✇✐$❤ ❛✈❛✐❧❛❜❧❡ 3❡,✉❧$,✳ ■♥ ❡①❛♠♣❧❡, ✶✱ ✷ ❛♥❞ ✸✱ ✇❡

❤❛✈❡ ❝♦♠♣✉$❡❞ ❛❜,♦❧✉$❡ ❡33♦3, ❛$ $❤❡ ♣♦✐♥$, x = 0.1, 0.2, 0.3, 0.4, 0.5 ❢♦3 $❤❡ ,❛❦❡ ♦❢ ❝♦♠✲

♣❛3✐,♦♥ ✇✐$❤ ♦✉3 3❡❢❡3❡♥❝❡, ❛♥❞ 3❡,✉❧$, ❛3❡ $❛❜✉❧❛$❡❞ ✐♥ $❛❜❧❡, ✶✲✸✳ ❚❛❜❧❡, ,❤♦✇ $❤❛$ ♦✉3
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▼♦"✐$❛ ❡'✉✐✈❛❧❡♥❝❡ ❜❛.❡❞ ♦♥ ▼♦"✐$❛ ❝♦♥$❡①$ ❢♦"

❛"❜✐$"❛"② .❡♠✐❣"♦✉♣.

❍♦♥❣①✐♥❣ ▲✐✉

∗

❆❜"#$❛❝#

■♥ $❤✐1 ♣❛♣❡)✱ ✇❡ 1$✉❞② $❤❡ ▼♦)✐$❛ ❝♦♥$❡①$ ❢♦) ❛)❜✐$)❛)② 1❡♠✐❣)♦✉♣1✳ ❲❡

♣)♦✈❡ $❤❛$✱ ❢♦) $✇♦ 1❡♠✐❣)♦✉♣1 S ❛♥❞ T, ✐❢ $❤❡)❡ ❡①✐1$1 ❛ ▼♦)✐$❛ ❝♦♥$❡①$
(S, T, P,Q, τ, µ) ✭♥♦$ ♥❡❝❡11❛)② ✉♥✐$❛❧✮ 1✉❝❤ $❤❛$ $❤❡ ♠❛♣1 τ ❛♥❞ µ ❛)❡
1✉)❥❡❝$✐✈❡✱ $❤❡ ❝❛$❡❣♦)✐❡1 US✲❋❆❝$ ❛♥❞ UT ✲❋❆❝$ ❛)❡ ❡O✉✐✈❛❧❡♥$✳ ❯1✐♥❣
$❤✐1 )❡1✉❧$✱ ✇❡ ❣❡♥❡)❛❧✐③❡ ❚❤❡♦)❡♠ ✷ ✐♥ ❬✷❪ $♦ ❛)❜✐$)❛)② 1❡♠✐❣)♦✉♣1✳

❋✐♥❛❧❧②✱ ✇❡ ❣✐✈❡ ❛ ❝❤❛)❛❝$❡)✐③❛$✐♦♥ ♦❢ ▼♦)✐$❛ ❝♦♥$❡①$ ❢♦) 1❡♠✐❣)♦✉♣1✳

❑❡②✇♦$❞"✿ (❡♠✐❣+♦✉♣✱ S✲❛❝1✱ ▼♦+✐1❛ ❝♦♥1❡①1✱ ❢✉♥❝1♦+✱ ❝❛1❡❣♦+②✳

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✷✵▼✺✵

❘❡❝❡✐✈❡❞ ✿ ✷✺✳✵✼✳✷✵✶✺ ❆❝❝❡♣(❡❞ ✿ ✶✻✳✵✾✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✻✹✺✷✵✵✽✵

✶✳ ■♥$%♦❞✉❝$✐♦♥

▼♦)✐$❛ $❤❡♦)② ❝❤❛)❛❝$❡)✐③❡1 ❡O✉✐✈❛❧❡♥❝❡1 ❜❡$✇❡❡♥ ♠♦❞✉❧❡ ❝❛$❡❣♦)✐❡1 ♦✈❡) )✐♥❣1 ✇✐$❤

✶✳ ❑②✉♥♦ ❬✺❪ 1$✉❞✐❡❞ ▼♦)✐$❛ $❤❡♦)② ❢♦) )✐♥❣1 ✇✐$❤♦✉$ ✶✳ ❑♥❛✉❡) ❬✹❪ ❛♥❞ ❇❛♥1❝❤❡✇1❦✐

❬✶❪ ✐♥❞❡♣❡♥❞❡♥$❧② ❣❡♥❡)❛❧✐③❡❞ $❤✐1 $❤❡♦)② $♦ ♠♦♥♦✐❞1✳ ❇❛♥1❝❤❡✇1❦✐ ❬✶❪ ♣)♦✈❡❞ $❤❛$ ❢♦)

$✇♦ 1❡♠✐❣)♦✉♣1 S ❛♥❞ T, ✐❢ $❤❡ $✇♦ ❝❛$❡❣♦)✐❡1 S✲❆❝$ ❛♥❞ T ✲❆❝$ ❛)❡ ❡O✉✐✈❛❧❡♥$✱ $❤❡♥ S
✐1 ✐1♦♠♦)♣❤✐❝ $♦ T. ❚❛❧✇❛) ❬✽❪ ❡①$❡♥❞❡❞ ▼♦)✐$❛ $❤❡♦)② $♦ 1❡♠✐❣)♦✉♣1 ✇✐$❤ ❧♦❝❛❧ ✉♥✐$1✳
❍❡ ♣)♦✈❡❞ $❤❛$ ❢♦) $✇♦ 1❡♠✐❣)♦✉♣1 ✇✐$❤ ❧♦❝❛❧ ✉♥✐$1 S ❛♥❞ T, $❤❡ $✇♦ ❝❛$❡❣♦)✐❡1 FS✲❆❝$
❛♥❞ FT ✲❆❝$ ❛)❡ ❡O✉✐✈❛❧❡♥$ ⇐⇒ $❤❡)❡ ✐1 ❛ ✉♥✐$❛)② ▼♦)✐$❛ ❝♦♥$❡①$ (S, T, P,Q, τ, µ) 1✉❝❤
$❤❛$ $❤❡ ♠❛♣1 τ ❛♥❞ µ ❛)❡ 1✉)❥❡❝$✐✈❡✱ ✇❤❡)❡ FS✲❆❝$ = {M ∈ S✲❆❝$|SM = M ❛♥❞ S ⊗
❍♦♠S(S,M) ∼= M}. ■♥ ❬✼❪✱ ❚❛❧✇❛) ✐♥✈❡1$✐❣❛$❡❞ 1$)♦♥❣ ▼♦)✐$❛ ❡O✉✐✈❛❧❡♥❝❡ ❢♦) ❢❛❝$♦)✐1❛❜❧❡
1❡♠✐❣)♦✉♣1✳ ❍❡ ❣♦$ $❤❛$ ✐❢ $❤❡)❡ ✐1 ❛ ✉♥✐$❛)② ▼♦)✐$❛ ❝♦♥$❡①$ (S, T, P,Q, τ, µ) 1✉❝❤ $❤❛$
$❤❡ ♠❛♣1 τ ❛♥❞ µ ❛)❡ 1✉)❥❡❝$✐✈❡✱ $❤❡♥ S ❛♥❞ T ❛)❡ 1$)♦♥❣❧② ▼♦)✐$❛ ❡O✉✐✈❛❧❡♥$✳ ❈❤❡♥

❛♥❞ ❙❤✉♠ ❬✷❪ 1❤♦✇❡❞ $❤❛$✱ ❢♦) ❢❛❝$♦)✐1❛❜❧❡ 1❡♠✐❣)♦✉♣1 S ❛♥❞ T, ✐❢ $❤❡)❡ ❡①✐1$1 ❛ ✉♥✐$❛)②
▼♦)✐$❛ ❝♦♥$❡①$ (S, T, P,Q, τ, µ) 1✉❝❤ $❤❛$ $❤❡ ♠❛♣1 τ ❛♥❞ µ ❛)❡ 1✉)❥❡❝$✐✈❡✱ $❤❡♥ $❤❡

❝❛$❡❣♦)✐❡1 US✲❋❆❝$ ❛♥❞ UT ✲❋❆❝$ ❛)❡ ❡O✉✐✈❛❧❡♥$✳
■♥ $❤✐1 ♣❛♣❡)✱ ✇❡ ♠❛✐♥❧② ✉1❡ $❤❡ $❡❝❤♥✐O✉❡1 ♦❢ ♣❛♣❡) ❬✺❪ $♦ 1$✉❞② $❤❡ ❝♦))❡1♣♦♥❞✐♥❣

♣)♦❜❧❡♠1 ❢♦) ❛)❜✐$)❛)② 1❡♠✐❣)♦✉♣1✳ ❚❤❡ ♣❛♣❡) ✐1 ❝♦♥1$)✉❝$❡❞ ❛1 ❢♦❧❧♦✇1✿ ■♥ ❙❡❝$✐♦♥ ✷✱ ✇❡

)❡❝❛❧❧ 1♦♠❡ ❜❛1✐❝ ♥♦$✐♦♥1❀ ■♥ ❙❡❝$✐♦♥ ✸✱ ✇❡ ❣✐✈❡ $❤❡ ♠❛✐♥ )❡1✉❧$1 ♦❢ $❤❡ ♣❛♣❡)✳ ❲❡ ♣)♦✈❡

∗
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❊♠❛✐❧✿ ❧❤①#❤❛♥❞❛❅✶✻✸✳❝♦♠



✶✵✽✹

 ❤❛ ✱ ❢♦&  ✇♦ (❡♠✐❣&♦✉♣( S ❛♥❞ T, ✐❢  ❤❡&❡ ❡①✐( ( ❛ ▼♦&✐ ❛ ❝♦♥ ❡① (S, T, P,Q, τ, µ) ✭♥♦ 

♥❡❝❡((❛&② ✉♥✐ ❛❧✮ (✉❝❤  ❤❛  ❤❡ ♠❛♣( τ ❛♥❞ µ ❛&❡ (✉&❥❡❝ ✐✈❡✱  ❤❡ ❝❛ ❡❣♦&✐❡( US✲❋❆❝ ❛♥❞

UT ✲❋❆❝ ❛&❡ ❡=✉✐✈❛❧❡♥ ✳ ❆❧(♦✱ ✇❡ ❡① ❡♥❞ ❚❤❡♦&❡♠ ✷ ✐♥ ❬✷❪  ♦ ❛&❜✐ &❛&② (❡♠✐❣&♦✉♣(✳ ■♥

❙❡❝ ✐♦♥ ✹✱ ✇❡ ❣✐✈❡ ❛ ❝❤❛&❛❝ ❡&✐③❛ ✐♦♥ ♦❢ ▼♦&✐ ❛ ❝♦♥ ❡① ( ❢♦& (❡♠✐❣&♦✉♣(✳

✷✳ "#❡❧✐♠✐♥❛#✐❡*

▲❡ S ❜❡ ❛ (❡♠✐❣&♦✉♣✳ ❆ (❡ M ✐( ❛ ❧❡❢ S✲❛❝ ✐❢  ❤❡&❡ ✐( ❛ ❢✉♥❝ ✐♦♥ ❢&♦♠ S×M  ♦ M,
❞❡♥♦ ❡❞ (s,m) → sm, (✉❝❤  ❤❛ (st)m = s(tm) ✭∀s, t ∈ S,m ∈ M✮✳ ■❢ M ✐( ❛ ❧❡❢ S✲❛❝ ✱

✇❡ ✇&✐ ❡ SM. ❆ ❧❡❢ S✲❛❝ M ✐( (❛✐❞  ♦ ❜❡ ✉♥✐ ❛&② ✐❢ M = SM. ❙✐♠✐❧❛&❧②✱ ✇❡ ❝❛♥ ❞❡✜♥❡

&✐❣❤ ❛❝ ( ♦✈❡& (❡♠✐❣&♦✉♣(✳

▲❡ M ❛♥❞ N ❜❡  ✇♦ S✲❛❝ (✳ ❆ ♠❛♣ f : M → N ✐( ❛♥ S✲♠♦&♣❤✐(♠ ✐❢ f (❛ ✐(✜❡(

f(sm) = sf(m), ✭∀m ∈ M, s ∈ S). ▲❡ ❍♦♠S(M,N) ❞❡♥♦ ❡  ❤❡ (❡ ♦❢ ❛❧❧ S✲♠♦&♣❤✐(♠(

❢&♦♠ SM  ♦ SN. ❉❡♥♦ ❡ ❜② ❊♥❞S(M)  ❤❡ (❡ ♦❢ ❛❧❧ S✲♠♦&♣❤✐(♠( ❢&♦♠ M  ♦ ✐ (❡❧❢✳ ▲❡ 

S✲❆❝ ❞❡♥♦ ❡  ❤❡ ❝❛ ❡❣♦&② ♦❢ ❧❡❢ ❛❝ ( ♦✈❡& ❛ (❡♠✐❣&♦✉♣ S.
❚❤❡ ✉♥✐ ❛❧ ❧❡❢ S✲❛❝ (  ♦❣❡ ❤❡& ✇✐ ❤  ❤❡ S✲♠♦&♣❤✐(♠( ❢♦&♠ ❛ ❢✉❧❧ (✉❜❝❛ ❡❣♦&② ♦❢ S✲❆❝ ✱

✇❤✐❝❤ ✇❡ (❤❛❧❧ ❞❡♥♦ ❡ ❜② US✲❆❝ ✳

▲❡ S ❛♥❞ T ❜❡  ✇♦ (❡♠✐❣&♦✉♣(✳ ❆♥ S✲T ✲❜✐❛❝ ✐( ❛ (❡ M ✇❤✐❝❤ ✐( ❜♦ ❤ ❧❡❢ S✲❛❝ 

❛♥❞ &✐❣❤ T ✲❛❝ ❛♥❞ (sm)t = s(mt) ❢♦& ❛❧❧ s ∈ S, t ∈ T ❛♥❞ ❛❧❧ m ∈ M. ❆ ❜✐❛❝ ✐(

(❛✐❞  ♦ ❜❡ ✉♥✐ ❛&② ✐❢ ✐ ✐( ❧❡❢ ❛♥❞ &✐❣❤ ✉♥✐ ❛&②✳ ■❢ M ❛♥❞ N ❛&❡ S✲T ✲❜✐❛❝ ✱ ❛ ♠❛♣

f : M → N ✐( ❝❛❧❧❡❞ ❜✐❛❝ ♠♦&♣❤✐(♠ ✐❢ f (❛ ✐(✜❡( f(sm) = sf(m) ❛♥❞ f(mt) = f(m)t
❢♦& ❛❧❧ m ∈ M, s ∈ S, t ∈ T.

▲❡ S ❜❡ ❛ (❡♠✐❣&♦✉♣ ❛♥❞ M ∈ S✲❆❝ . ❆♥ ❡=✉✐✈❛❧❡♥❝❡ R ♦♥ S ✐( ❛ ❝♦♥❣&✉❡♥❝❡ ✐❢ ❢♦&

❛❧❧ s, t, a ∈ S,

(s, t) ∈ R ⇒ (as, at) ∈ R, (sa, ta) ∈ R.

❆♥ ❡=✉✐✈❛❧❡♥❝❡ ρ ♦♥ SM ✐( ❛ ❝♦♥❣&✉❡♥❝❡ ✐❢ ❢♦& ❛❧❧ s ∈ S,m, n ∈ M,

(m,n) ∈ ρ ⇒ (sm, sn) ∈ ρ.

■❢ ρ ✐( ❛ ❝♦♥❣&✉❡♥❝❡ ♦♥ M,  ❤❡♥ M/ρ ✐( ❛❧(♦ ❛ ❧❡❢ S✲❛❝ ✳ ❚❤❡ ❛❝ M/ρ ✐( ❝❛❧❧❡❞ ❛ =✉♦ ✐❡♥ 

❛❝ ✳ ▲❡ ǫ ❜❡  ❤❡ ✐❞❡♥ ✐ ② ❝♦♥❣&✉❡♥❝❡ ♦♥ M.
▲❡ S ❜❡ ❛ (❡♠✐❣&♦✉♣ ❛♥❞ M ∈ S✲❆❝ . ❆❝❝♦&❞✐♥❣  ♦ ❬✷❪✱ ✇❡ ✉(❡  ❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦ ❛ ✐♦♥(✳

ζM = {(x, y) ∈ M ×M |sx = sy, ∀s ∈ S};

US✲❋❆❝ = {M ∈ US✲❆❝ |ζM = ǫ}.

❖❜✈✐♦✉(❧②✱ ζM ✐( ❛ ❝♦♥❣&✉❡♥❝❡ ♦♥ M.
❋♦& ❛ &✐❣❤ S✲❛❝ AS ❛♥❞ ❛ ❧❡❢ S✲❛❝ SB,  ❤❡  ❡♥(♦& ♣&♦❞✉❝ A⊗S B ❡①✐( (✳ ■♥ ❢❛❝ ✱

A⊗S B = (A×B)/σ, ✇❤❡&❡ σ ✐(  ❤❡ ❡=✉✐✈❛❧❡♥❝❡ ♦♥ A×B ❣❡♥❡&❛ ❡❞ ❜②

R = {((xs, y), (x, sy))|a ∈ A, b ∈ B, s ∈ S}.

❲❡ ❞❡♥♦ ❡  ❤❡ ❡❧❡♠❡♥ (x, y)σ ♦❢ A⊗S B ❜② x⊗ y.
❇② P&♦♣♦(✐ ✐♦♥ ✶✳✹✳✶✵ ♦❢ ❬✸❪✱ ✇❡ ❤❛✈❡  ❤❛ a⊗ b = c⊗ d ⇐⇒ (a, b) = (c, d) ♦&  ❤❡&❡

✐( ❛ (❡=✉❡♥❝❡

(a, b) = (x1, y1) → (x2, y2) → · · · → (xn, yn) = (c, d)

(✉❝❤  ❤❛ ❡✐ ❤❡& ((xi, yi), (xi+1, yi+1)) ∈ T ♦& ((xi+1, yi+1), (xi, yi)) ∈ T, ✇❤❡&❡ 1 ≤ i ≤
n− 1.

■❢ A ✐( ❛ &✐❣❤ S✲❛❝ ❛♥❞ B ✐( ❛♥ S✲T ✲❜✐❛❝ ✱  ❤❡♥ A⊗S B ✐( ❛ &✐❣❤ T ✲❛❝ ✇✐ ❤

(a⊗ b)t = a⊗ bt;

(✐♠✐❧❛&❧②✱ ✐❢ A ✐( ❛ T ✲S✲❜✐❛❝ ❛♥❞ B ✐( ❛ ❧❡❢ S✲❜✐❛❝ ✱  ❤❡♥ A⊗S B ✐( ❛ ❧❡❢ T ✲❛❝ ✇✐ ❤

t(a⊗ b) = ta⊗ b

✭P&♦♣♦(✐ ✐♦♥ ✸✳✶✱ ❬✽❪✮✳
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✸✳ ▼♦$✐&❛ ❡)✉✐✈❛❧❡♥❝❡ ❢♦$ 0❡♠✐❣$♦✉♣0

■♥ "❤✐% %❡❝"✐♦♥✱ S ❛♥❞ T ❛,❡ ❛,❜✐",❛,② %❡♠✐❣,♦✉♣%✳ ■❢ "❤❡,❡ ❡①✐%"% ❛ ▼♦,✐"❛ ❝♦♥"❡①"

(S, T, P,Q, τ, µ), ✇❡ %❤❛❧❧ ♣,♦✈❡ "❤❛" "❤❡ "✇♦ ❝❛"❡❣♦,✐❡% F : US✲❋❆❝" ⇋ UT ✲❋❆❝" : G ❛,❡

❡=✉✐✈❛❧❡♥"✳ ❋✉,"❤❡,♠♦,❡✱ ✐❢ (S, T, P,Q, τ, µ) ✐% ✉♥✐"❛❧✱ ✇❡ ❣❡" "❤❛" F ∼= (Q ⊗ −)/ζ(Q⊗−)

❛♥❞ G ∼= (P ⊗−)/ζ(P⊗−). ❚❤✐% ❣❡♥❡,❛❧✐③❡% ❚❤❡♦,❡♠ ✷ ✐♥ ❬✷❪✳

✸✳✶✳ ❉❡✜♥✐(✐♦♥✳ ❬✽❪ ▲❡" S ❛♥❞ T ❜❡ "✇♦ %❡♠✐❣,♦✉♣%✳ ■❢ "❤❡,❡ ❡①✐%" %❡"% P ❛♥❞ Q, %✉❝❤

"❤❛"

✶✮ P ✐% ❛♥ S✲T ✲❜✐❛❝"✱ Q ✐% ❛ T ✲S✲❜✐❛❝"❀

✷✮ "❤❡,❡ ❛,❡ ❜✐❛❝" ♠♦,♣❤✐%♠% τ : P⊗TQ → S ❛♥❞ µ : Q⊗SP → T ✇,✐""❡♥ ❝♦,,❡%♣♦♥❞✐♥❣❧②

❛%

τ(p⊗ q) =< p, q >, µ(q ⊗ p) = [q, p]

%✉❝❤ "❤❛"

< p1, q > ·p2 = p1 · [q, p2], [q1, p] · q2 = q1· < p, q2 >

❢♦, ❡❛❝❤ p, p1, p2 ∈ P, q, q1, q2 ∈ Q. ❚❤❡♥ (S, T, P,Q, τ, µ) ✐% ❝❛❧❧❡❞ ❛ ▼♦,✐"❛ ❝♦♥"❡①"✳

❇② I,♦♣♦%✐"✐♦♥ ✸✳✶ ✐♥ ❬✽❪✱ ✇❡ ❤❛✈❡ τ(p ⊗ q)s = τ((p ⊗ q)s) = τ(p ⊗ qs), ✇❤❡,❡ p ∈
P, q ∈ Q, s ∈ S. ❲❡ ✇✐❧❧ ✉%❡ "❤✐% ❢❛❝" ✐♥ "❤❡ ♣,♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷ ❛♥❞ ▲❡♠♠❛ ✸✳✹✳

✸✳✷✳ ▲❡♠♠❛✳ ▲❡" (S, T, P,Q, τ, µ) ❜❡ ❛ ▼♦'✐"❛ ❝♦♥"❡①"✱ ✇❤❡'❡ τ ❛♥❞ µ ❛'❡ 0✉'❥❡❝"✐✈❡✳

❚❤❡♥

✶✮ ❋♦' ❛❧❧ M ∈ US✲❋❆❝", 0❡" U = Q×M. ❚❤❡♥ ˜(Q,M) = (Q×M)/ρ(Q×M) ∈ UT ✲❋❆❝",

✇❤❡'❡ ρQ×M = {((q,m), (q
′

,m
′

)) ∈ U × U |τ(p⊗ q)m = τ(p⊗ q
′

)m
′

, ∀p ∈ P}.

✷✮ ❋♦' ❛❧❧ N ∈ UT ✲❋❆❝", 0❡" V = P × N. ❚❤❡♥ (̃P,N) = (P × N)/ρ(P×N) ∈ UT ✲❋❆❝",

✇❤❡'❡ ρP×N = {((p, n), (p
′

, n
′

)) ∈ V × V |µ(q ⊗ p)n = µ(q ⊗ p
′

)n
′

, ∀q ∈ Q}.

./♦♦❢ ✶✮ ✐✮ ❈❧❡❛'❧②✱ ρU ✐0 ❛♥ ❡?✉✐✈❛❧❡♥❝❡ ♦♥ U. ❙❡" ˜(Q,M) = U/ρU . ❉❡♥♦"❡ ❜② (r,m)
"❤❡ ❡?✉✐✈❛❧❡♥❝❡ ❝❧❛00 (r,m)ρU . ❋♦' t ∈ T, ✇❡ ❝❛♥ ✇'✐"❡ t = µ(q⊗ p) 0✐♥❝❡ µ ✐0 0✉'❥❡❝"✐✈❡✳

❋♦' ❛❧❧ (q,m) ∈ ˜(Q,M), µ(q
′

⊗ p
′

) ∈ T, ❞❡✜♥❡

µ(q
′

⊗ p
′

)(q,m) = (q′ , τ(p′ ⊗ q)m).

■❢ (q1,m1) = (q2,m2), ❢♦' ❛❧❧ p ∈ P, ✇❡ ❤❛✈❡ < p, q1 > m1 =< p, q2 > m2. ❍❡♥❝❡✱ "❤❡
❞❡✜♥✐"✐♦♥ ✐0 ✐♥❞❡♣❡♥❞❡♥" ♦❢ "❤❡ ❝❤♦✐❝❡ ♦❢ ❡?✉✐✈❛❧❡♥❝❡ ❝❧❛00 '❡♣'❡0❡♥"❛"✐✈❡✳

■❢ µ(q1 ⊗ p1) = µ(q2 ⊗ p2), ❢♦' ❛❧❧ x ∈ P, ✇❡ ❤❛✈❡

< x, q1 >< p1, q > m = < x, q1 < p1, q >> m =< x, [q1, p1]q > m
= < x, [q2, p2]q > m =< x, q2 >< p2, q > m.

❍❡♥❝❡✱

(q1, < p1, q > m) = (q2, < p2, q > m).

❚❤❡'❡❢♦'❡✱ "❤❡ ❞❡✜♥✐"✐♦♥ ✐0 ✇❡❧❧✲❞❡✜♥❡❞✳

❋♦' ❛❧❧ µ(q1 ⊗ p1), µ(q2 ⊗ p2) ∈ T, (q,m) ∈ ˜(Q,M), ✇❡ ❤❛✈❡

(µ(q1 ⊗ p1)µ(q2 ⊗ p2))(q,m) = µ([q1, p1]q2 ⊗ p2)(q,m) = ([q1, p1]q2, τ(p2 ⊗ q)m)

❛♥❞

µ(q1 ⊗ p1)(µ(q2 ⊗ p2)(q,m)) = µ(q1 ⊗ p1)(q2, τ(p2 ⊗ q)m) = (q1, τ(p1 ⊗ q2)τ(p2 ⊗ q)m).

❚❤❡♥ (µ(q1⊗p1)µ(q2⊗p2))(q,m) = µ(q1⊗p1)(µ(q2⊗p2)(q,m)). ❚❤✐0 ♠❡❛♥0 "❤❛" ˜(Q,M)
✐0 ❛ ❧❡❢" T ✲❆❝"✳

✐✐✮ ❙✉♣♣♦0❡ ((q,m), (q′ ,m′)) ∈ ζ ˜(Q,M)
. ❋♦' ❛❧❧ y ∈ Q, x ∈ P, ✇❡ ❤❛✈❡

µ(y ⊗ x)(q,m) = µ(y ⊗ x)(q′ ,m′).
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❚❤❛# ✐%✱

(y, τ(x⊗ q)m) = (y, τ(x⊗ q′)m′).

❚❤✐% ✐♠♣❧✐❡% #❤❛#

τ(p⊗ y)τ(x⊗ q)m = τ(p⊗ y)τ(x⊗ q
′

)m
′

,

❢♦- ❛❧❧ p ∈ P. ❙✐♥❝❡ M ∈ US✲❋❆❝#, ✇❡ ❤❛✈❡

τ(x⊗ q)m = τ(x⊗ q
′

)m
′

.

❋♦- ❛-❜✐#-❛-② ♦❢ x, ✇❡ ❣❡# #❤❛# (q,m) = (q′ ,m′).

✐✐✐✮ ❋♦- ❛❧❧ m ∈ M, %✐♥❝❡ M = SM ❛♥❞ τ ✐% %✉-❥❡❝#✐✈❡✱ ✇❡ ❤❛✈❡ m = τ(p ⊗ q
′

)m
′

,

✇❤❡-❡ m
′

∈ M. ❋♦- ❛❧❧ (q,m) ∈ ˜(Q,M), ✇❡ ❤❛✈❡

(q,m) = (q, τ(p⊗ q′)m′) = µ(q ⊗ p)(q′ ,m′) ∈ T ˜(Q,M).

❍❡♥❝❡✱ ✇❡ ❣❡# T ˜(Q,M) = ˜(Q,M). ❚❤❡-❡❢♦-❡✱ ˜(Q,M) ∈ UT ✲❋❆❝#.

✷✮ ❋♦- ❛❧❧ (p, n) ∈ (̃P,N), τ(p
′

⊗ q
′

) ∈ S, ❞❡✜♥❡

τ(p
′

⊗ q
′

)(p, n) = (p′ , µ(q′ ⊗ p)n).

❙✐♠✐❧❛-❧②✱ ✇❡ ❝❛♥ ♣-♦✈❡ (̃P,N) ∈ US✲❋❆❝#.

✸✳✸✳ ❚❤❡♦&❡♠✳ ▲❡# S ❛♥❞ T ❜❡ #✇♦ %❡♠✐❣-♦✉♣%✳ ■❢ (S, T, P,Q, τ, µ) ✐% ❛ ▼♦-✐#❛ ❝♦♥#❡①#
✇✐#❤ τ ❛♥❞ µ %✉-❥❡❝#✐✈❡✱ #❤❡♥ ✇❡ ❤❛✈❡ #❤❡ ❝❛#❡❣♦-② ❡E✉✐✈❛❧❡♥❝❡ F : US✲❋❆❝#⇋ UT ✲❋❆❝# :
G, ✇❤❡-❡ F = (Q×−)/ρ(Q×−) ❛♥❞ G = (P ×−)/ρ(P×−).

(&♦♦❢ ▲❡" f : M −→ N ❜❡ ❛♥ S✲♠♦)♣❤✐-♠✱ ✇❤❡)❡ M,N ∈ US✲❋❆❝". ❉❡✜♥❡ f̃ :
˜(Q,M) −→ (̃Q,N) ❜②

f̃((q,m)) = (q, f(m)).

❙✉♣♣♦-❡ (q,m) = (q′ ,m′). ❋♦) ❛❧❧ p ∈ P, ✇❡ ❤❛✈❡ τ(p ⊗ q)m = τ(p ⊗ q
′

)m
′

. ❚❤✐-

✐♠♣❧✐❡- "❤❛" f(τ(p ⊗ q)m) = f(τ(p ⊗ q
′

)m
′

). ❙✐♥❝❡ f ✐- ❛♥ S✲♠♦)♣❤✐-♠✱ ✐" ❢♦❧❧♦✇- "❤❛"

τ(p ⊗ q)f(m) = τ(p ⊗ q
′

)f(m
′

). ❍❡♥❝❡✱ (q, f(m)) = (q′ , f(m′)). ❚❤✐- ♣)♦✈❡- "❤❛" f̃ ✐-

✇❡❧❧✲❞❡✜♥❡❞✳

■" ✐- ❡❛-② "♦ ❝❤❡❝❦ "❤❛" f̃ ✐- ❛ ❧❡❢" T ✲♠♦)♣❤✐-♠✳
▲❡" f : U −→ V ❛♥❞ g : V −→ W ❜❡ "✇♦ S✲♠♦)♣❤✐-♠-✱ ✇❤❡)❡ U, V,W ∈ US✲❋❆❝".

▲❡" f̃ : (̃Q,U) −→ (̃Q,V ) ❛♥❞ g̃ : (̃Q,V ) −→ ˜(Q,W ) ❜❡ T ✲♠♦)♣❤✐-♠- ❞❡"❡)♠✐♥❡❞ ❜② f

❛♥❞ g )❡-♣❡❝"✐✈❡❧②✳ ❚❤❡♥ g̃f = g̃f̃ . ■♥ ❢❛❝"✱ -✐♥❝❡ gf : U −→ W ✐- ❛♥ S✲♠♦)♣❤✐-♠✱ ✇❡ ❤❛✈❡

❛ T ✲♠♦)♣❤✐-♠ g̃f : (̃Q,U) −→ ˜(Q,W ). ❚❤✐- ✐♠♣❧✐❡- "❤❛" ❞♦♠(g̃f) = (̃Q,U) = ❞♦♠(g̃f̃).

❋♦) ❛❧❧ (q, u) ∈ (̃Q,U), ✇❡ ❤❛✈❡

g̃f((q, u)) = (q, gf(u)) = g̃(q, f(u)) = g̃f̃(q, u).

❉❡✜♥❡ F : US✲❋❆❝" −→ UT ✲❋❆❝" ❜② F (M) = (Q × M)/ρ(Q×M) = ˜(Q,M) ❛♥❞

F (f) = f̃ , ❢♦) ❛❧❧ M,N ∈ US✲❋❆❝", f ∈ ❍♦♠S(M,N). ❚❤❡♥ F ✐- ❛ ❢✉♥❝"♦)✳

❙✐♠✐❧❛)❧②✱ ❢♦) U, V ∈ UT ✲❋❆❝", ✐❢ f : U → V ✐- ❛ T ✲♠♦)♣❤✐-♠✱ ✇❡ ❝❛♥ ❞❡✜♥❡ S✲

♠♦)♣❤✐-♠ f̄ : (̃P,U) −→ (̃P, V ) ❜②

f̄((p, u)) = (p, f(u)).

❆❧-♦✱ ❢♦) U, V,W ∈ UT ✲❋❆❝", ✐❢ f : U −→ V ❛♥❞ g : V −→ W ❜❡ "✇♦ T ✲♠♦)♣❤✐-♠-✱ "❤❡♥
gf = ḡf̄ .

❲❡ ❝❛♥ ❞❡✜♥❡ ❛ ❢✉♥❝"♦) G : UT ✲❋❆❝" −→ US✲❋❆❝" ❜② G(N) = (P × N)/ρ(P×N) =

(̃P,N) ❛♥❞ G(f) = f̄ , ❢♦) ❛❧❧ N ∈ UT ✲❋❆❝", g ∈ ❍♦♠T (M,N).
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❋♦" M ∈ US✲❋❆❝$, ✇❡ ❤❛✈❡

GF (M) = G( ˜(Q,M)) =
˜

(P, ˜(Q,M)).

❉❡✜♥❡ ηM : M −→
˜

(P, ˜(Q,M)) ❜②

τ(p⊗ q)m 7→ (p, (q,m)).

❋♦0 ❛❧❧ p, p
′

∈ P, q, q
′

∈ Q,m,m
′

∈ M, ✇❡ ❤❛✈❡

τ(p⊗ q)m = τ(p
′

⊗ q
′

)m
′

⇔ τ(x⊗ y)τ(p⊗ q)m = τ(x⊗ y)τ(p
′

⊗ q
′

)m
′

,
❢♦0 ❛❧❧ x ∈ P, y ∈ Q (3✐♥❝❡ M ∈ US✲❋❆❝$)

⇔ (y, τ(p⊗ q)m) = (y, τ(p′ ⊗ q′)m′), ❢♦0 ❛❧❧ y ∈ Q

⇔ µ(y ⊗ p)(q,m) = µ(y ⊗ p
′

)(q′ ,m), ❢♦0 ❛❧❧ y ∈ Q

⇔ (p, (q,m)) = (p′ , (q′ ,m′)).

❚❤✐3 3❤♦✇3 $❤❛$ ηM ✐3 ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ✐♥❥❡❝$✐✈❡✳ ■$ ✐3 ♦❜✈✐♦✉3 $❤❛$ ηM ✐3 3✉0❥❡❝$✐✈❡✳ ❋♦0

m ∈ M, ✇0✐$❡ m = τ(p
′

⊗ q
′

)m
′

, ✇❤❡0❡ p
′

∈ P, q
′

∈ Q,m
′

∈ M. ❋♦0 ❛❧❧ p ∈ P, q ∈ Q, ✇❡

❤❛✈❡

ηM (τ(p⊗ q)τ(p
′

⊗ q
′

)m
′

) = (p, (q, τ(p′ ⊗ q′)m′)) = (p, µ(q ⊗ p′)(q′ ,m′))

= τ(p⊗ q)(p′ , (q′ ,m′)) = τ(p⊗ q)ηM (τ(p
′

⊗ q
′

)m
′

).

❍❡♥❝❡✱ ηM ✐3 ❛♥ S✲✐3♦♠♦0♣❤✐3♠✳

▲❡$ f : M −→ N ❜❡ ❛♥ S✲♠♦0♣❤✐3♠✳ ❋♦0 m = τ(p⊗ q)m
′

∈ M, ✇❡ ❤❛✈❡

GF (f)ηM (m) = GF (f)ηM (τ(p⊗ q)m
′

) = GF (f)((p, (q,m′)))

= (p, F (f)((q,m′))) = (p, (q, f(m′))) = ηNf(m).

❍❡♥❝❡✱ ✇❡ ❤❛✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉$❛$✐✈❡ ❞✐❛❣0❛♠

M
f

−→ N
ηM ↓ ↓ ηN

GF (M)
GF (f)
→ GF (N).

❚❤❡0❡❢♦0❡✱ GF ∼= 1
US✲❋❆❝$

.
❙✐♠✐❧❛0❧②✱ ✇❡ ❝❛♥ ♣0♦✈❡ $❤❛$ FG ∼= 1

UT ✲❋❆❝$

. ❚❤✐3 ❣❡$ $❤❡ ❞❡3✐0❡❞ 0❡3✉❧$✳ ✷

✸✳✹✳ ▲❡♠♠❛✳ ▲❡" (S, T, P,Q, τ, µ) ❜❡ ❛ ▼♦'✐"❛ ❝♦♥"❡①" ❛♥❞ M ∈ US✲❋❆❝". ■❢ q1 ⊗m1 =

q2 ⊗m2 ∈ Q⊗M, ✇❡ ❤❛✈❡ (q1,m1) = (q2,m2).

'(♦♦❢ ✶✮ ❙✉♣♣♦3❡ ((q1,m1), (q2,m2)) ∈ T. ❲✐$❤♦✉$ ❧♦33 ♦❢ ❣❡♥❡0❛❧✐$②✱ ❲❡ 3✉♣♣♦3❡

q2 = q1s,m1 = sm2, ✇❤❡0❡ s ∈ S. ❚❤❡♥

τ(p⊗ q1)m1 = τ(p⊗ q1)sm2 = τ(p⊗ q1s)m2,

❢♦0 ❛❧❧ p ∈ P. ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ (q1,m1) = (q1s,m2) = (q2,m2).
✷✮ ■❢ q1⊗m1 = q2⊗m2, ❇② G0♦♣♦3✐$✐♦♥ ✶✳✹✳✶✵ ♦❢ ❬✸❪✱ ✇❡ ❤❛✈❡ $❤❛$ (q1,m1) = (q2,m2)

♦0 ❢♦0 3♦♠❡ ♣♦3✐$✐✈❡ ✐♥$❡❣❡0 n > 1, $❤❡0❡ ✐3 ❛ 3❡M✉❡♥❝❡

(q1,m1) = (y1, x1) → (y2, x2) → · · · → (yn, xn) = (q2,m2)

✐♥ ✇❤✐❝❤✱ ❢♦0 ❡❛❝❤ i ✐♥ {1, 2, · · · , n− 1}, ❡✐$❤❡0 ((yi, xi), (yi+1, xi+1)) ∈ R

♦0 ((yi+1, xi+1), (yi, xi)) ∈ R. ❇② ♣❛0$ ✶✮✱ ✇❡ ❝❛♥ ❡❛3✐❧② ❣❡$ $❤❛$ (q1,m1) = (q2,m2). ✷

✸✳✺✳ ❉❡✜♥✐0✐♦♥✳ ▲❡$ S ❛♥❞ T ❜❡ $✇♦ 3❡♠✐❣0♦✉♣3✳ ❆ ▼♦0✐$❛ ❝♦♥$❡①$ (S, T, P,Q, τ, µ) ✐3

❝❛❧❧❡❞ ✉♥✐$❛❧✱ ✐❢ P ✐3 ❛ ✉♥✐$❛❧ S✲T ✲❜✐❛❝$ ❛♥❞ Q ✐3 ❛ ✉♥✐$❛❧ T ✲S✲❜✐❛❝$✳



✶✵✽✽

✸✳✻✳ ▲❡♠♠❛✳ ▲❡" (S, T, P,Q, τ, µ) ❜❡ ❛ ✉♥✐"❛❧ ▼♦+✐"❛ ❝♦♥"❡①" ❛♥❞ M ∈ US✲❋❆❝". ❚❤❡♥
✇❡ ❤❛✈❡ ❛ T ✲✐6♦♠♦+♣❤✐6♠ (Q×M)/ρ(Q×M)

∼= (Q⊗M)/ζ(Q⊗M).

'(♦♦❢ ❉❡✜♥❡ ❛ ♠❛♣ ϕ : (Q×M)/ρ(Q×M) → (Q⊗M)/ζ(Q⊗M) ❜② ϕ((q,m)) = (q⊗m)ζ,
✇❤❡+❡ (q ⊗m)ζ +❡♣+❡,❡♥- -❤❡ ❝♦♥❣+✉❡♥❝❡ ❝❧❛,, (q ⊗m)ζ(Q⊗M).

❙✉♣♣♦,❡ (q1,m1), (q2,m2) ∈ ˜(Q,M). ■❢ (q1,m1) = (q2,m2), ✇❡ ❤❛✈❡ τ(p ⊗ q1)m1 =
τ(p⊗ q2)m2, ❢♦+ ❛❧❧ p ∈ P. ❚❤❡♥

µ(y⊗x)(q1⊗m1) = µ(y⊗x)q1⊗m1 = y⊗τ(x⊗q1)m1 = y⊗τ(x⊗q2)m2 = µ(y⊗x)(q2⊗m2),

❢♦+ ❛❧❧ y ∈ Q, x ∈ P. ❚❤✐, ✐♠♣❧✐❡, -❤❛- (q1 ⊗ m1)ζ = (q2 ⊗ m2)ζ. ❚❤❡+❡❢♦+❡✱ ϕ ✐, ✇❡❧❧✲
❞❡✜♥❡❞✳ ❖❜✈✐♦✉,❧②✱ ϕ ✐, ,✉+❥❡❝-✐✈❡✳
■❢ (q1 ⊗m1)ζ = (q2 ⊗m2)ζ, ❢♦+ ❛❧❧ x ∈ P, y ∈ Q, ✇❡ ❤❛✈❡

µ(y ⊗ x)(q1 ⊗m1) = µ(y ⊗ x)(q2 ⊗m2).

❙✐♥❝❡ y ⊗ τ(x⊗ q1)m1 = yτ(x⊗ q1)⊗m1 = µ(y ⊗ x)(q1 ⊗m1), ✇❡ ❣❡-

y ⊗ τ(x⊗ q1)m1 = y ⊗ τ(x⊗ q2)m2.

❇② ▲❡♠♠❛ ✸✳✹✱ ✇❡ ❤❛✈❡

(y, τ(x⊗ q1)m1) = (y, τ(x⊗ q2)m2).

❋♦+ ❛❧❧ p ∈ P, ✇❡ ❤❛✈❡

τ(τ(p⊗y)x⊗q1)m1 = τ(p⊗y)τ(x⊗q1)m1 = τ(p⊗y)τ(x⊗q2)m2 = τ(τ(p⊗y)x⊗q2)m2.

❙✐♥❝❡ P ✐, ✉♥✐-❛+② ❛♥❞ τ ✐, ,✉+❥❡❝-✐✈❡✱ ✇❡ ❣❡-

{τ(p⊗ y)x|❢♦+ ❛❧❧ p, x ∈ P, q ∈ Q} = SP = P.

❚❤❡♥ (q1,m1) = (q2,m2). ❚❤✐, ♣+♦✈❡, -❤❛- ϕ ✐, ✐♥❥❡❝-✐✈❡✳

❋♦+ ❛❧❧ (q,m) ∈ ˜(Q,M), µ(y ⊗ x) ∈ T, ✇❡ ❤❛✈❡

ϕ(µ(y ⊗ x)(q,m)) = ϕ((y, τ(x⊗ q)m)) = (y ⊗ τ(x⊗ q)m)ζ
= (yτ(x⊗ q)⊗m)ζ = (µ(y ⊗ x)q ⊗m)ζ

= µ(y ⊗ x)((q ⊗m)ζ) = µ(y ⊗ x)ϕ((q,m)).

❍❡♥❝❡✱ ϕ ✐, ❛ T ✲✐,♦♠♦+♣❤✐,♠✳ ❚❤❛- ✐,✱ (Q × M)/ρ(Q×M)
∼= (Q ⊗ M)/ζ(Q⊗M) ❛, ❧❡❢-

T ✲❛❝-✳ ✷
❇② ❚❤❡♦+❡♠ ✸✳✸ ❛♥❞ ▲❡♠♠❛ ✸✳✻✱ ✇❡ ❤❛✈❡ -❤❡ ❢♦❧❧♦✇✐♥❣ -❤❡♦+❡♠ ✇❤✐❝❤ ❣❡♥❡+❛❧✐③❡,

❚❤❡♦+❡♠ ✷ ✐♥ ♣❛♣❡+ ❬✷❪✳

✸✳✼✳ ❚❤❡♦(❡♠✳ ▲❡" S ❛♥❞ T ❜❡ "✇♦ 6❡♠✐❣+♦✉♣6✳ ■❢ (S, T, P,Q, τ, µ) ❜❡ ❛ ✉♥✐"❛❧ ▼♦+✐"❛
❝♦♥"❡①" ✇✐"❤ τ ❛♥❞ µ ❛+❡ 6✉+❥❡❝"✐✈❡✱ "❤❡♥ ✇❡ ❤❛✈❡ "❤❡ ❝❛"❡❣♦+② ❡@✉✐✈❛❧❡♥❝❡ F : US✲❋❆❝"⇋
UT ✲❋❆❝" : G, ✇❤❡+❡ F = (Q⊗−)/ζ(Q⊗−) ❛♥❞ G = (P ⊗−)/ζ(P⊗−).

✹✳ ❈❤❛%❛❝'❡%✐③❛'✐♦♥ ♦❢ ▼♦%✐'❛ ❝♦♥'❡①'

■♥ -❤✐, ,❡❝-✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ❡J✉✐✈❛❧❡♥- ❝♦♥❞✐-✐♦♥ ♦❢ ▼♦+✐-❛ ❝♦♥-❡①- ✐♥ ,❡♠✐❣+♦✉♣ ,❡--✐♥❣,✳

❆❧,♦✱ ✇❡ ❣✐✈❡ ❛ ❝❤❛+❛❝-❡+✐③❛-✐♦♥ ♦❢ ▼♦+✐-❛ ❝♦♥-❡①- ❢♦+ ❢❛❝-♦+✐,❛❜❧❡ ,❡♠✐❣+♦✉♣,✳ ❙✐♠✐❧❛+

-♦ ❚❤❡♦+❡♠ ✶ ✐♥ ❬✻❪✱ ✇❡ ❤❛✈❡ -❤❡ ❢♦❧❧♦✇✐♥❣✳

✹✳✶✳ ❚❤❡♦(❡♠✳ ▲❡" P ❛♥❞ Q ❜❡ "✇♦ 6❡"6✳ ❲❡ ❤❛✈❡ "❤❡ ❢♦❧❧♦✇✐♥❣ ❡@✉✐✈❛❧❡♥" ❝♦♥❞✐"✐♦♥6✳

✶✮ ❚❤❡+❡ ❡①✐6" "✇♦ 6❡♠✐❣+♦✉♣6 S ❛♥❞ T 6✉❝❤ "❤❛" (S, T, P,Q, τ, µ) ✐6 ❛ ▼♦+✐"❛ ❝♦♥"❡①"✳
✷✮ ❚❤❡+❡ ❡①✐6" ♠❛♣6 Γ : P ×Q× P → P ❛♥❞ ∆ : Q× P ×Q → Q 6✉❝❤ "❤❛"

■✮ Γ(Γ((p1, q1, p2)), q2, p3) = Γ((p1,∆((q1, p2, q2)), p3)) = Γ(p1, q1,Γ((p2, q2, p3)));
■■✮ ∆(∆((q1, p1, q2)), p2, q3) = ∆(q1,Γ((p1, q2, p2)), q3) = ∆(q1, p1,∆((q2, p2, q3))).



✶✵✽✾

 !♦♦❢ 1) ⇒ 2) : ❙✉♣♣♦$❡ &❤❛& (S, T, P,Q, τ, µ) ✐$ ❛ ▼♦+✐&❛ ❝♦♥&❡①&✳ ❉❡✜♥❡ Γ : P ×
Q × P → P ❛♥❞ ∆ : Q × P × Q → Q ❜② ♣✉&&✐♥❣ Γ((p1, q1, p2)) = τ(p1 ⊗ q1) · p2 ❛♥❞

∆((q1, p1, q2)) = µ(q1 ⊗ p1) · q2. ❲❡ ❝❛♥ ❡❛$✐❧② ❝❤❡❝❦ &❤❛& Γ ❛♥❞ ∆ $❛&✐$❢② &❤❡ ❝♦♥❞✐&✐♦♥$

■✮ ❛♥❞ ■■✮✳

2) ⇒ 1) : ❉❡✜♥❡ Ha : P → P ❜② ♣✉&&✐♥❣ Ha(p) = Γ((a, p)) ❛♥❞ ❞❡✜♥❡ Kb : Q → Q ❜②

♣✉&&✐♥❣ Kb(q) = ∆((b, q)), ✇❤❡+❡ a ∈ P ×Q ❛♥❞ b ∈ Q× P.
❲❡ ✇+✐&❡ X = {Ha|a ∈ P ×Q} ❛♥❞ Y = {Kb|b ∈ Q×P}. ❋♦+ ❛❧❧ H(p1,q1), H(p2,q2) ∈ X,

❢♦+ ❛❧❧ p ∈ P, ✇❡ ❤❛✈❡

H(p1,q1)H(p2,q2)(p) = Γ((p1, q1,Γ(p2, q2, p))) = Γ((Γ(p1, q1, p2), q2, p)) = H(Γ(p1,q1,p2),q2)(p).

❚❤❛& ✐$✱ H(p1,q1)H(p2,q2) = H(Γ((p1,q1,p2)),q2) ∈ X. ❚❤❡♥ ✇❡ ❡❛$✐❧② ❣❡& &❤❛& X ✐$ ❛ $✉❜$❡♠✐✲

❣+♦✉♣ ♦❢ ❊♥❞(P ). ❙✐♠✐❧❛+❧②✱ ✇❡ ❤❛✈❡ &❤❛& Y ✐$ ❛ $✉❜$❡♠✐❣+♦✉♣ ♦❢ ❊♥❞(Q).
❋♦+ ❛❧❧ p ∈ P, Ha ∈ X, Kb ∈ Y, ❞❡✜♥❡ Ha · p = Γ((a, p)) ❛♥❞ p · Kb = Γ((p, b)).

❚❤❡♥ P ✐$ ❛ X✲Y✲❜✐❛❝&✳ ❙✐♠✐❧❛+❧②✱ ❢♦+ ❛❧❧ q ∈ Q, ✇❡ ❝❛♥ ❞❡✜♥❡ Kb · q = ∆((b, q)) ❛♥❞
q ·Ha = ∆((q, a)). ❚❤✐$ ♠❛❦❡$ Q &♦ ❜❡ ❛ Y✲X✲❜✐❛❝&✳

◆♦✇✱ ✇❡ ❞❡✜♥❡ α : P ⊗Y Q → X ❛♥❞ β : Q ⊗X P → Y ❜② ♣✉&&✐♥❣ α(p ⊗ q) = H(p,q)

❛♥❞ β(q⊗ p) = K(q,p), ✇❤❡+❡ p ∈ P ❛♥❞ q ∈ Q. ■& ✐$ ❡❛$② &♦ ❝❤❡❝❦ &❤❛& α ❛♥❞ β ❛+❡ ❜♦&❤

❜✐❛❝& ♠♦+♣❤✐$♠$✳ ❚❤❡♥

α(p1 ⊗ q) · p2 = H(p1,q) · p2 = Γ((p1, q, p2)) = p1 ·K(q,p2) = p1 · β(q ⊗ p2).

❙✐♠✐❧❛+❧②✱ ✇❡ ❤❛✈❡

β(q1 ⊗ p)q2 = q1α(p⊗ q2).

❚❤❡♥ (X,Y, P,Q, α, β) ✐$ ❛ ▼♦+✐&❛ ❝♦♥&❡①&✳ ✷

✹✳✷✳ ❉❡✜♥✐,✐♦♥✳ ❬✼❪ ❆ $❡♠✐❣+♦✉♣ S ✐$ ❝❛❧❧❡❞ ❢❛❝&♦+✐$❛❜❧❡ ✐❢ S = S2.

✹✳✸✳ ❚❤❡♦!❡♠✳ ▲❡" P ❛♥❞ Q ❜❡ "✇♦ )❡")✳ ❲❡ ❤❛✈❡ "❤❡ ❢♦❧❧♦✇✐♥❣ ❡2✉✐✈❛❧❡♥" ❝♦♥❞✐"✐♦♥)✳

✶✮ ❚❤❡8❡ ❡①✐)" "✇♦ ❢❛❝"♦8✐)❛❜❧❡ )❡♠✐❣8♦✉♣) S ❛♥❞ T )✉❝❤ "❤❛" (S, T, P,Q, τ, µ) ✐) ❛
✉♥✐"❛❧ ▼♦8✐"❛ ❝♦♥"❡①" ❛♥❞ τ ❛♥❞ µ ❛8❡ )✉8❥❡❝"✐✈❡✳

■♥ "❤✐) ❝❛)❡✱ (Q ⊗ −)/ζ(Q⊗−) : US✲❆❝" ⇋ UT ✲❆❝" : (P ⊗ −)/ζ(P⊗−) ❛8❡ ❡2✉✐✈❛❧❡♥"

❢✉♥❝"♦8)✳

✷✮ ❚❤❡8❡ ❡①✐)" )✉8❥❡❝"✐✈❡ ♠❛♣) Γ : P × Q × P → P ❛♥❞ ∆ : Q × P × Q → Q )❛"✐)❢②

"❤❡ "✇♦ ❝♦♥❞✐"✐♦♥) ✐♥ ♣❛8" ✷✮ ♦❢ ❚❤❡♦8❡♠ ✹✳✶ ❛♥❞

■■■✮ ❋♦8 ❛❧❧ p, p
′

∈ P, q ∈ Q, "❤❡8❡ ❡①✐)" p1, p2 ∈ P, q1, q2 ∈ Q )✉❝❤ "❤❛"

Γ(((p, q), p
′

)) = Γ((Γ(p1, q1, p2), q2, p
′

)).

■❱✮ ❋♦8 ❛❧❧ p ∈ P, q, q
′

∈ Q, "❤❡8❡ ❡①✐)" p1, p2 ∈ P, q1, q2 ∈ Q )✉❝❤ "❤❛"

∆(((q, p), q
′

)) = ∆((∆(q1, p1, q2), p2, q
′

)).

 !♦♦❢ 1) ⇒ 2) : ❙✐♥❝❡ S ✐$ ❢❛❝&♦+✐$❛❜❧❡ ❛♥❞ τ ✐$ $✉+❥❡❝&✐✈❡✱ ❢♦+ ❛❧❧ p ∈ P, q ∈ Q, &❤❡+❡
❡①✐$& p1, p2 ∈ P, q1, q2 ∈ Q $✉❝❤ &❤❛& τ(p⊗ q) = τ(p1 ⊗ q1)τ(p2 ⊗ q2). ❍❡♥❝❡✱

Γ(((p, q), p
′

)) = τ(p⊗ q)p
′

= τ(p1 ⊗ q1)τ(p2 ⊗ q2)p
′

= τ(p1 ⊗ q1)Γ((p2, q2, p
′

))

= Γ((p1, q1,Γ(p2, q2, p
′

))) = Γ((Γ((p1, q1, p2)), q2, p
′

)).

❚❤❡+❡❢♦+❡✱ &❤❡ ❝♦♥❞✐&✐♦♥ ■■■✮ ❤♦❧❞$✳ ❙✐♠✐❧❛+❧②✱ ✇❡ ❝❛♥ ❣❡& ■❱✮✳

❇② ❚❤❡♦+❡♠ ✸✳✼ ♦+ ❚❤❡♦+❡♠ ✷ ✐♥ ❬✷❪✱ ✇❡ ❤❛✈❡ &❤❡ ❝❛&❡❣♦+② ❡O✉✐✈❛❧❡♥❝❡ (Q⊗−)/ζ(Q⊗−) :
US✲❆❝& ⇋ UT ✲❆❝& : (P ⊗−)/ζ(P⊗−).

2) ⇒ 1) : ❋♦+ ❛❧❧ H(p,q) ∈ X, p
′

∈ P, ❜② &❤❡ ❝♦♥❞✐&✐♦♥ ■■■✮✱ ✇❡ ❤❛✈❡

Γ(((p, q), p
′

)) = Γ((Γ(p1, q1, p2), q2, p
′

)).



✶✵✾✵

❚❤✐# ✐♠♣❧✐❡# (❤❛(

H(p,q)(p
′

) = Γ(((p, q), p
′

)) = Γ((Γ(p1, q1, p2), q2, p
′

))

= Γ((p1, q1,Γ((p2, q2, p
′

)))) = H(p1,q1)H(p2,q2)(p
′

).

❚❤❛( ✐#✱ H(p,q) = H(p1,q1)H(p2,q2). ❚❤✐# ♣+♦✈❡# (❤❛( X ✐# ❢❛❝(♦+✐#❛❜❧❡✳

❙✐♠✐❧❛+❧②✱ ✇❡ ❤❛✈❡ (❤❛( Y ✐# ❛ ❢❛❝(♦+✐#❛❜❧❡ #❡♠✐❣+♦✉♣✳

❙✐♥❝❡ Γ ❛♥❞ ∆ ❛+❡ #✉+❥❡❝(✐✈❡✱ ✇❡ ♦❜✈✐♦✉#❧② ❤❛✈❡ (❤❛( P ❛♥❞ Q ❛+❡ ✉♥✐(❛❧ ❛# ❜✐❛❝(# ❛♥❞

α ❛♥❞ β ❛+❡ #✉+❥❡❝(✐✈❡✳ ❍❡♥❝❡✱ (X,Y, P,Q, α, β) ✐# ❛ ✉♥✐(❛❧ ▼♦+✐(❛ ❝♦♥(❡①(✳ ✷
❆❝❦♥♦✇❧❡❞❣❡♠❡♥+, ❚❤❡ ❛✉(❤♦+ ✐# ❣+❛(❡❢✉❧ (♦ (❤❡ +❡❢❡+❡❡# ❢♦+ (❤❡✐+ ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥(#

✇❤✐❝❤ ✐♠♣+♦✈❡ (❤❡ ♣❛♣❡+ ❤✐❣❤❧②✳

❘❡❢❡#❡♥❝❡&

❬✶❪ ❇❛♥❛#❝❤❡✇#❦✐✱ ❇✳ ❋✉♥❝$♦&' ✐♥$♦ $❤❡ ❝❛$❡❣♦&✐❡' ♦❢ ▼✲'❡$'✱ ❆❜❤✳ ▼❛(❤✳ ❙❡♠✳ ❯♥✐✈✳

❍❛♠❜✉+❣ ✽✱ ✹✾✲✻✹✱ ✶✾✼✷✳

❬✷❪ ❈❤❡♥✱ ❨✳ ◗✳ ❛♥❞ ❙❤✉♠✱ ❑✳ N✳ ▼♦&✐$❛ ❡0✉✐✈❛❧❡♥❝❡ ❢♦& ❢❛❝$♦&✐'❛❜❧❡ '❡♠✐❣&♦✉♣'✱ ❆❝(❛

▼❛(❤❡♠❛(✐❝❛ ❙✐♥✐❝❛ ✭❊♥❣❧✐#❤ ❙❡+✐❡#✮✱ ✶✼✭✸✮✱ ✹✸✼✲✹✺✹✱ ✷✵✵✶✳

❬✸❪ ❍♦✇✐❡✱ ❏✳▼✳ ❋✉♥❞❛♠❡♥$❛❧' ♦❢ '❡♠✐❣&♦✉♣ $❤❡♦&②✱ ❈❧❛+❡♥❞♦♥ ♣+❡##✱ ❖①❢♦+❞✱ ✶✾✾✺✳

❬✹❪ ❑♥❛✉❡+✱ ❯✳ 8&♦❥❡❝$✐✈✐$② ♦❢ ❛❝$' ❛♥❞ ▼♦&✐$❛ ❡0✉✐✈❛❧❡♥❝❡ ♦❢ '❡♠✐❣&♦✉♣'✱ ❙❡♠✐❣+♦✉♣

❋♦+✉♠ ✸✱ ✸✺✾✲✸✼✵✱ ✶✾✼✷✳

❬✺❪ ❑②✉♥♦✱ ❙✳ ❊0✉✐✈❛❧❡♥❝❡ ♦❢ ♠♦❞✉❧❡ ❝❛$❡❣♦&✐❡'✱ ▼❛(❤✳ ❏✳ ❖❦❛②❛♠❛ ❯♥✐✈✱ ✷✽✱ ✶✹✼✲✶✺✵✱

✶✾✽✻✳

❬✻❪ N❛#❡❦❛✱ ❏✳ ❈❤❛&❛❝$❡&✐③❛$✐♦♥ ♦❢ ▼♦&✐$❛ ❡0✉✐✈❛❧❡♥❝❡ ♣❛✐&' ♦❢ 0✉❛♥$❛❧❡'✱ ■♥(✳ ❏✳ ❚❤❡♦+✳

N❤②#✳✱ ✹✹ ✭✼✮✱✽✼✺✲✽✽✸✱ ✷✵✵✺✳

❬✼❪ ❚❛❧✇❛+✱ ❙✳ ❙$&♦♥❣ ▼♦&✐$❛ ❡0✉✐✈❛❧❡♥❝❡ ❛♥❞ ❛ ❣❡♥❡&❛❧✐'❛$✐♦♥ ♦❢ $❤❡ ❘❡❡' $❤❡♦&❡♠✱ ❏✳

❆❧❣❡❜+❛✱ ✶✽✶✱ ✸✼✶✲✸✾✹✱ ✶✾✾✻✳

❬✽❪ ❚❛❧✇❛+✱ ❙✳ ▼♦&✐$❛ ❡0✉✐✈❛❧❡♥❝❡ ❢♦& '❡♠✐❣&♦✉♣'✱ ❏✳ ❆✉#(+❛❧✳ ▼❛(❤✳ ❙♦❝✳ ✭❙❡+✐❡# ❆✮✱ ✺✾✱

✽✶✲✶✶✶✱ ✶✾✾✺✳



❍❛❝❡$$❡♣❡ ❏♦✉)♥❛❧ ♦❢ ▼❛$❤❡♠❛$✐❝1 ❛♥❞ ❙$❛$✐1$✐❝1

❱♦❧✉♠❡ ✹✺ ✭✹✮ ✭✷✵✶✻✮✱ ✶✵✾✶ ✕ ✶✶✵✵

❙♦❢# #♦♣♦❧♦❣✐❝❛❧ *♣❛❝❡ ❛♥❞ #♦♣♦❧♦❣② ♦♥ #❤❡

❈❛1#❡*✐❛♥ ♣1♦❞✉❝#

▼❛"❡❥❞❡& ▼✐❧❛♥

∗

❆❜"#$❛❝#

❚❤❡ ♣❛♣❡) ❞❡❛❧1 ✇✐$❤ ❛ 1♦❢$ $♦♣♦❧♦❣✐❝❛❧ 1♣❛❝❡ ✇❤✐❝❤ ✐1 ❞❡✜♥❡❞ ♦✈❡) ❛♥

✐♥✐$✐❛❧ ✉♥✐✈❡)1❡ 1❡$ U ✇✐$❤ ❛ ✜①❡❞ 1❡$ ♦❢ ♣❛)❛♠❡$❡)1 E✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧

✐1 $♦ ♣♦✐♥$ ♦✉$ $❤❛$ ❛♥② 1♦❢$ $♦♣♦❧♦❣✐❝❛❧ 1♣❛❝❡ ✐1 ❤♦♠❡♦♠♦)♣❤✐❝ $♦ ❛

$♦♣♦❧♦❣✐❝❛❧ 1♣❛❝❡ (E × U, τ) ✇❤❡)❡ τ ✐1 ❛♥ ❛)❜✐$)❛)② $♦♣♦❧♦❣② ♦♥ $❤❡

♣)♦❞✉❝$ E×U ✱ ❝♦♥1❡I✉❡♥$❧② ♠❛♥② 1♦❢$ $♦♣♦❧♦❣✐❝❛❧ ♥♦$✐♦♥1 ❛♥❞ )❡1✉❧$1

❝❛♥ ❜❡ ❞❡)✐✈❡❞ ❢)♦♠ ❣❡♥❡)❛❧ $♦♣♦❧♦❣②✳ ❋✉)$❤❡)♠♦)❡✱ ✐♥ ♠❛♥② ♣❛♣❡)1

1♦♠❡ ♥♦$✐♦♥1 ❛)❡ ✐♥$)♦❞✉❝❡❞ ❜② ❞✐✛❡)❡♥$ ✇❛②1 ❛♥❞ ✐$ ✇♦✉❧❞ ❜❡ ❣♦♦❞ $♦

❣✐✈❡ ❛ ✉♥✐✜❡❞ ❛♣♣)♦❛❝❤ ❢♦) ❛ $)❛♥1❢❡) ♦❢ $♦♣♦❧♦❣✐❝❛❧ ♥♦$✐♦♥1 $♦ ❛ 1♦❢$

1❡$ $❤❡♦)② ❛♥❞ $♦ ❝)❡❛$❡ ❛ ❜)✐❞❣❡ ❜❡$✇❡❡♥ ❣❡♥❡)❛❧ $♦♣♦❧♦❣② ❛♥❞ 1♦❢$ 1❡$

$❤❡♦)②✳

❑❡②✇♦$❞"✿ ❙♦❢" &❡"✱ ❙♦❢" ♦♣❡♥ ✭❝❧♦&❡❞✮ &❡"✱ ❙♦❢" ✐♥"❡2✐♦2 ✭❝❧♦&✉2❡✮ ♦❢ &♦❢" &❡"✱

❙♦❢" "♦♣♦❧♦❣✐❝❛❧ &♣❛❝❡✱ ❙❡♣❛2❛"✐♦♥ ❛①✐♦♠&✱ ❙♦❢" ❝♦♥"✐♥✉✐"②✱ ❙♦❢" e✲❝♦♥"✐♥✉✐"②✳

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✺✹❆✵✺✱ ✺✹❇✶✵✱ ✺✹❈✵✽✱ ✺✹❈✻✵✳

❘❡❝❡✐✈❡❞ ✿ ✶✵✳✵✸✳✷✵✶✺ ❆❝❝❡♣(❡❞ ✿ ✷✷✳✵✼✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✻✹✺✶✸✶✶✼

✶✳ ■♥$%♦❞✉❝$✐♦♥

■♥ ✶✾✾✾✱ ▼♦❧♦❞$1♦✈ ❬✶✽❪✱ ❬✶✾❪✱ ❬✷✵❪ ✐♥$)♦❞✉❝❡❞ ❛ 1♦❢$ 1❡$ $❤❡♦)② ❛1 ❛ ♥❡✇ $♦♦❧ ❢♦)

✐♥✈❡1$✐❣❛$✐♦♥ ♦❢ ✉♥❝❡)$❛✐♥$✐❡1 ✇❤❡)❡ ✇❡ ❝❛♥ ✜♥❞ ❛ ❧❛)❣❡ )❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛$✐♦♥1 ♦❢ 1♦❢$ 1❡$1

✐♥ ♠❛♥② ❞✐✛❡)❡♥$ ✜❡❧❞1✳ ❚❤❡)❡ ❤❛1 ❜❡❡♥ ❛ )❛♣✐❞ ❣)♦✇$❤ ♦❢ ✐♥$❡)❡1$ ✐♥ 1♦❢$ 1❡$ $❤❡♦)②✱

✐$1 ❛♣♣❧✐❝❛$✐♦♥1 ❛♥❞ ✐$1 ❝♦♥♥❡❝$✐♦♥ ✇✐$❤ ❛♥♦$❤❡) ♠❛$❤❡♠❛$✐❝❛❧ ❜)❛♥❝❤❡1 ❬✶❪✱ ❬✷❪✱ ❬✹❪✱ ❬✺❪✱

❬✼❪✱ ❬✽❪✱ ❬✶✷❪✱ ❬✶✸❪✱ ❬✶✹❪✱ ❬✶✺❪✱ ❬✶✻❪✱ ❬✷✸❪✳ ▼♦)❡♦✈❡)✱ $❤❡)❡ ❛)❡ ♠❛♥② ♣❛♣❡)1 ❞❡✈♦$❡❞ $♦ 1♦❢$

$♦♣♦❧♦❣✐❝❛❧ 1♣❛❝❡1 ❬✸❪✱ ❬✻❪✱ ❬✾❪ ✱❬✶✵❪✱ ❬✶✶❪✱ ❬✶✼❪✱ ❬✷✶❪✱ ❬✷✷❪✳ ❚❤❡ ❜❛1✐❝ $♦♣♦❧♦❣✐❝❛❧ ♥♦$✐♦♥1

1✉❝❤ ❛1 $❤❡ 1♦❢$ ♦♣❡♥ ❛♥❞ 1♦❢$ ❝❧♦1❡❞ 1❡$1✱ 1♦❢$ 1✉❜1♣❛❝❡✱ 1♦❢$ ❝❧♦1✉)❡ ❛♥❞ 1♦❢$ ✐♥$❡)✐♦)✱

1♦❢$ ❜♦✉♥❞❛)②✱ 1♦❢$ 1❡♣❛)❛$✐♦♥ ❛①✐♦♠1✱ 1♦❢$ ❝♦♥$✐♥✉✐$② ❤❛✈❡ ❜❡❡♥ ✐♥$)♦❞✉❝❡❞ ❛♥❞ $❤❡

✐♥✈❡1$✐❣❛$✐♦♥ ♦❢ $❤❡✐) ❜❛1✐❝ ♣)♦♣❡)$✐❡1 ❤❛1 ❜❡❡♥ ❡1$❛❜❧✐1❤❡❞✳

❲❡ ❝♦♥$✐♥✉❡ ✐♥✈❡1$✐❣❛$✐♥❣ $❤❡ 1♦❢$ $♦♣♦❧♦❣✐❝❛❧ $❤❡♦)② ❜❛1❡❞ ♦♥ ❛ ❝♦))❡1♣♦♥❝❡ ❜❡$✇❡❡♥

1❡$ ✈❛❧✉❡❞ ♠❛♣♣✐♥❣1 ❛♥❞ ❜✐♥❛)② )❡❧❛$✐♦♥1✳ ❚❤❡✐) ❝❧♦1❡ ❝♦♥♥❡❝$✐♦♥ 1❤♦✇1 $❤❛$ ❜♦$❤ ❞❡✜✲

♥✐$✐♦♥1 ♦❢ ❛ 1♦❢$ 1❡$ ❜② ❛ 1❡$ ✈❛❧✉❡❞ ♠❛♣♣✐♥❣ ❛♥❞ ❜② ❛ )❡❧❛$✐♦♥ ❛)❡ ❡I✉✐✈❛❧❡♥$ ❛♥❞ $❤❡)❡ ✐1

∗
❉❡♣❛$%♠❡♥% ♦❢ ▼❛%❤❡♠❛%✐❝. ❛♥❞ ❈♦♠♣✉%❡$ ❙❝✐❡♥❝❡✱ ❋❛❝✉❧%② ♦❢ ❊❞✉❝❛%✐♦♥✱ ❚$♥❛✈❛ ❯♥✐✈❡$.✐%②

✐♥ ❚$♥❛✈❛✱ ;$✐❡♠②.❡❧♥< ✹✱ ✾✶✽ ✹✸ ❚$♥❛✈❛✱ ❙❧♦✈❛❦✐❛✳ ❊♠❛✐❧✿ ♠✐❧❛♥✳♠❛&❡❥❞❡*❅&,✉♥✐✳*❦
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♦♥❧② ❛ ❢♦&♠❛❧ ❞✐✛❡&❡♥❝❡ ❜❡.✇❡❡♥ .❤❡♠✳ ❋✉&.❤❡♠♦&❡✱ .❤❡ ❜✐♥❛&② &❡❧❛.✐♦♥ ✈✐❡✇ ✐6 ✈❡&② ❝♦♠✲

❢♦&.❛❜❧❡ ❛♥❞ ♠❛♥② &❡6✉❧.6 ❝♦♥❝❡&♥✐♥❣ .❤❡ ♣&♦♣❡&.✐❡6 ♦❢ .❤❡ ♦♣❡&❛.✐♦♥6 ♦♥ 6♦❢. 6❡.6 ❢♦❧❧♦✇

❢&♦♠ .❤❡ 6❡. .❤❡♦&②✳ ❖♥ .❤❡ ♦.❤❡& ❤❛♥❞✱ .❤❡ 6❡. ✈❛❧✉❡❞ ♠❛♣♣✐♥❣ ✈✐❡✇ ❣✐✈❡6 ♣♦66✐❜✐❧✐.✐❡6

❢♦& ❛ ❢✉&.❤❡& ✐♥✈❡6.✐❣❛.✐♦♥ ♦❢ .❤❡ 6♦❢. 6❡. .❤❡♦&② ✐♥ ♠❛♥② ❞✐&❡❝.✐♦♥6✱ 6✐♥❝❡ .❤❡ .❤❡♦&② ♦❢ 6❡.

✈❛❧✉❡❞ ♠❛♣♣✐♥❣6 ✐6 6.&♦♥❣ ❛♥❞ ❤❛6 ♠❛♥② ❛♣♣❧✐❝❛.✐♦♥6 ✐♥ ♠❛.❤❡♠❛.✐❝6 ✭❣❡♥❡&❛❧ .♦♣♦❧♦❣②✱

❣❡♥❡&❛❧✐③❡❞ ❝♦♥.✐♥✉✐.✐❡6✱ ❧✐♥❡❛& ❛♥❞ ❞②♥❛♠✐❝ ♣&♦❣&❛♠♠✐♥❣✱ ❞✐✛❡&❡♥.✐❛❧ ✐♥❝❧✉6✐♦♥6✱ ✜①❡

♣♦✐♥. .❤❡♦&②✱ 6.❛.✐6.✐❝6✱ ❡❝♦♥♦♠✐❝6 ❛♥❞ 6♦ ♦♥✮✳

❚❤✐6 ♣❛♣❡& 6❤♦✇6 .❤❛. ♠❛♥② &❡6✉❧.6 ❝♦♥❝❡&♥✐♥❣ 6♦❢. .♦♣♦❧♦❣✐❝❛❧ 6♣❛❝❡6 ❢♦❧❧♦✇ ❢&♦♠

❣❡♥❡&❛❧ .♦♣♦❧♦❣②✳ ■♥ ♣❛&.✐❝✉❧❛&✱ 6♦♠❡ ♥♦.✐♦♥6 ✐♥.&♦❞✉❝❡❞ ✐♥ 6♦❢. .♦♣♦❧♦❣✐❝❛❧ 6♣❛❝❡6 ❛♥❞

.❤❡✐& ❝♦♥6❡B✉❡♥❝❡6 ✭.❤❡ ♣&♦♣❡&.✐❡6 ♦❢ 6♦❢. ♦♣❡♥ ✭❝❧♦6❡❞✮ 6❡.6✱ ✐♥.❡&✐♦& ❛♥❞ ❝❧♦6✉&❡ ♦❢ 6♦❢.

6❡.✱ 6♦❢. ❝❧✉6.❡& ♣♦✐♥.6✮ ❛&❡ ✐❞❡♥.✐❝❛❧ ✇✐.❤ ❝♦&&❡6♣♦♥❞✐♥❣ ♥♦.✐♦♥6 ❦♥♦✇♥ ❢&♦♠ ❣❡♥❡&❛❧

.♦♣♦❧♦❣②✳ ❙♦♠❡ ♦❢ .❤❡♠ ❛&❡ ❞✐✛❡&❡♥. ✭6♦❢. 6❡♣❛&❛.✐♦♥ ❛①✐♦♠6✱ 6♦❢. ❝♦♥.✐♥✉✐.②✮ ❛♥❞ .❤❡②

❛&❡ ✐♥.&♦❞✉❝❡❞ ❜② ❞✐✛❡&❡♥. ✇❛②6✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ .❤✐6 ♣❛♣❡& ✐6 .♦ ❣✐✈❡ ❛ ✉♥✐✜❡❞ ✈✐❡✇ ❢♦&

❛ ❢✉&.❤❡& ❞❡✈❡❧♦♣♠❡♥. ♦❢ 6♦❢. .♦♣♦❧♦❣✐❝❛❧ 6♣❛❝❡6 ❜❛6❡❞ ♦♥ .❤❡ &❡6✉❧.6 ♦❢ ❣❡♥❡&❛❧ .♦♣♦❧♦❣②✳

✷✳ ❘❡❧❛&✐♦♥*✱ *❡& ✈❛❧✉❡❞ ♠❛♣♣✐♥❣* ❛♥❞ &❤❡✐3 ❝♦33❡*♣♦♥❞❡♥❝❡

❆♥② 6✉❜6❡. S ♦❢ ❛ ❈❛&.❡6✐❛♥ ♣&♦❞✉❝. A × U ✐6 ❝❛❧❧❡❞ ❛ ❜✐♥❛&② &❡❧❛.✐♦♥ ❢&♦♠ ❛ 6❡.

A .♦ ❛ 6❡. U ✳ ❇② R(A,U)✱ ✇❡ ❞❡♥♦.❡ ❛ 6❡. ♦❢ ❛❧❧ ❜✐♥❛&② &❡❧❛.✐♦♥6 ❢&♦♠ A .♦ U ❛♥❞

S[a] := {u ∈ U : [a, u] ∈ S}✳ ❚❤❡ ♦♣❡&❛.✐♦♥6 ♦❢ 6✉♠ S ∪ T ✱ ∪t∈TSt✱ ✐♥.❡&6❡❝.✐♦♥ S ∩ T ✱

∩t∈TSt✱ ❝♦♠♣❧❡♠❡♥. Sc
❛♥❞ ❞✐✛❡&❡♥❝❡ S \ T ♦❢ &❡❧❛.✐♦♥6 ❛&❡ ❞❡✜♥❡❞ ✐♥ .❤❡ ♦❜✈✐♦✉6 ✇❛②

❛6 ✐♥ .❤❡ 6❡. .❤❡♦&②✳

❇② F : A → 2U ✇❡ ❞❡♥♦.❡ ❛ 6❡. ✈❛❧✉❡❞ ♠❛♣♣✐♥❣ ❢&♦♠ A .♦ ♣♦✇❡& 6❡. 2U ♦❢ U ✳ ❚❤❡ 6❡.

♦❢ ❛❧❧ 6❡. ✈❛❧✉❡❞ ♠❛♣♣✐♥❣6 ❢&♦♠ A .♦ 2U ✐6 ❞❡♥♦.❡❞ ❜② F(A,U)✳ ■❢ F,G ❛&❡ .✇♦ 6❡. ✈❛❧✉❡❞

♠❛♣♣✐♥❣6✱ .❤❡♥ F ⊂ G ✭F = G✮ ♠❡❛♥6 F (a) ⊂ G(a) ✭F (a) = G(a)✮ ❢♦& ❛♥② a ∈ A✳

❆ ❣&❛♣❤ ♦❢ F ✐6 ❛ 6❡. Gr(F ) := {[a, u] ∈ A × U : u ∈ F (a)} ❛♥❞ ✐. ✐6 ❛ 6✉❜6❡. ♦❢

A × U ✱ ❤❡♥❝❡ Gr(F ) ∈ R(A,U)✳ ❙♦✱ ❛♥② 6❡. ✈❛❧✉❡❞ ♠❛♣♣✐♥❣ F ❞❡.❡&♠✐♥❡6 ❛ &❡❧❛.✐♦♥

❢&♦♠ R(A,U) ❞❡♥♦.❡❞ ❜② RF := {[a, u] ∈ A× U : u ∈ F (a)} = Gr(F )✳
❖♥ .❤❡ ♦.❤❡& ❤❛♥❞✱ ❛♥② &❡❧❛.✐♦♥ S ∈ R(A,U) ❞❡.❡&♠✐♥❡6 ❛ 6❡. ✈❛❧✉❡❞ ♠❛♣♣✐♥❣ FS

❢&♦♠ A .♦ 2U ✇❤❡&❡ FS(a) = S[a]✳ ❙♦✱ .❤❡&❡ ✐6 ♦♥❡✲.♦✲♦♥❡ ❝♦&&❡6♣♦♥❞❡♥❝❡ ❜❡.✇❡❡♥ ❛

&❡❧❛.✐♦♥ S ❢&♦♠ R(A,U) ❛♥❞ ❛ 6❡. ✈❛❧✉❡❞ ♠❛♣♣✐♥❣ G ❢&♦♠ F(A,U)✱ ✐✳❡✳✱

S 7→ FS , FS(a) = S[a], G 7→ RG, RG[a] = G(a),

FRG
= G, RFS

= S.

✷✳✶✳ ❘❡♠❛'❦✳ ❋♦& H,G, Ft ∈ F(A,U)✱ t ∈ T ✱ ✇❡ ❞❡✜♥❡ .❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜✈✐♦✉6 6❡. ✈❛❧✉❡❞

♠❛♣♣✐♥❣ ♦♣❡&❛.✐♦♥6 ❛♥❞ ✇❡ ❣✐✈❡ ❛❧6♦ .❤❡✐& ❜✐♥❛&② &❡❧❛.✐♦♥ ❡B✉✐✈❛❧❡♥.6✳

✭✶✮ ❙✉♠✿ ∪t∈TFt : A → 2U

(∪t∈TFt)(a) = ∪t∈TFt(a) = ∪t∈TRFt
[a] = (∪t∈TRFt

)[a]✱ a ∈ A✱

✭✷✮ ■♥.❡&6❡❝.✐♦♥✿ ∩t∈TFt : A → 2U

(∩t∈TFt)(a) = ∩t∈TFt(a) = ∩t∈TRFt
[a] = (∩t∈TRFt

)[a]✱ a ∈ A✱

✭✸✮ ❈♦♠♣❧❡♠❡♥.✿ Hc : A → 2U

(Hc)(a) = U \H(a) = U \RH [a] = R c
H [a]✱ a ∈ A✱

✭✹✮ ❉✐✛❡&❡♥❝❡✿ H \G : A → 2U

(H \G)(a) = H(a) \G(a) = RH [a] \RG[a] = (RH \RG)[a]✱ a ∈ A✳

❚❤❡ ♥❡①. ❧❡♠♠❛ ✐6 ❛ ❝♦♥6❡B✉❡♥❝❡ ♦❢ ❘❡♠❛&❦ ✷✳✶✳

✷✳✷✳ ▲❡♠♠❛✳ ❋♦" H,G, Ft ∈ F(A,U) ❛♥❞ S, P,Rt ∈ R(A,U)✱ t ∈ T ✱ '❤❡ ❢♦❧❧♦✇✐♥❣

❡/✉❛'✐♦♥1 ❤♦❧❞✳

✭✶✮ R∪t∈TFt
= ∪t∈TRFt

✱ F∪t∈tRt
= ∪t∈TFRt

✱
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✭✷✮ R∩t∈TFt
= ∩t∈TRFt

✱ F∩t∈tRt
= ∩t∈TFRt

✱

✭✸✮ RHc = R c
H ✱ FSc = F c

S ✱

✭✹✮ RH\G = RH \RG✱ FS\P = FS \ FP ✳

✸✳ ❙❡$ ✈❛❧✉❡❞ ♠❛♣♣✐♥❣ ❛♥❞ ❜✐♥❛0② 0❡❧❛$✐♦♥ 0❡♣0❡3❡♥$❛$✐♦♥ ♦❢ 3♦❢$

3❡$

■♥ '❤✐* *❡❝'✐♦♥ ✇❡ ✇✐❧❧ ❝♦♥*✐❞❡1 *♦❢' *❡'* ♦✈❡1 ❛ ❝♦♠♠♦♥ ✐♥✐'✐❛❧ ✉♥✐✈❡1*❡ *❡' U ❛♥❞

❛ ✜①❡❞ *❡' ♦❢ ♣❛1❛♠❡'❡1* E ❛♥❞ ❛ ❞❡✜♥✐'✐♦♥ ♦❢ ❛ *♦❢' *❡' ✐* ✐♥'1♦❞✉❝❡❞ ❜② ❛ *❡' ✈❛❧✉❡❞

♠❛♣♣✐♥❣ ✭*❡❡ 1❡❢❡1❡♥❝❡*✮✳

✸✳✶✳ ❉❡✜♥✐(✐♦♥✳ ■❢ F : E → 2U ✐* ❛ *❡' ✈❛❧✉❡❞ ♠❛♣♣✐♥❣✱ '❤❡♥ ❛ ♣❛✐1 (F,E) ✐* ❝❛❧❧❡❞ ❛

*♦❢' *❡' ♦✈❡1 U ✇✐'❤ 1❡*♣❡❝' '♦ ❛ *❡' ♦❢ ♣❛1❛♠❡'❡1* E✳ ❚❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧ *♦❢' *❡'* ♦✈❡1 U

✇✐'❤ 1❡*♣❡❝' '♦ ❛ *❡' ♦❢ ♣❛1❛♠❡'❡1* E ✐* ❞❡♥♦'❡❞ ❜② SS(E,U)✳

❆* ✇❡ *❛✐❞ ❛❜♦✈❡ '❤❡1❡ ✐* ♥♦ ❞✐✛❡1❡♥❝❡ ❜❡'✇❡❡♥ '❤❡ ❣1❛♣❤ ♦❢ ❛ *❡' ✈❛❧✉❡❞ ♠❛♣♣✐♥❣ F

❛♥❞ ❛ 1❡❧❛'✐♦♥ Gr(F ) ⊂ E × U ✱ ✇❤✐❝❤ ✐* ❛ ♠❡♠❜❡1 ♦❢ R(E,U)✳ ❙♦✱ ❛ *♦❢' *❡' ❝❛♥ ❜❡

❞❡✜♥❡❞ ❡C✉✐✈❛❧❡♥'❧② ❛* ❢♦❧❧♦✇*✳

✸✳✷✳ ❉❡✜♥✐(✐♦♥✳ ❆ *♦❢' *❡' ♦✈❡1 U ✇✐'❤ 1❡*♣❡❝' '♦ ❛ *❡' E ✐* ❛♥② *✉❜*❡' ♦❢ E × U ✳ ❙♦✱

✐♥ '❤✐* ❝❛*❡ ❛ *♦❢' *❡' ✐* ❛ ♠❡♠❜❡1 ♦❢ R(E,U)✳

❋1♦♠ ❉❡✜♥✐'✐♦♥ ✸✳✷ ✇❡ ❝❛♥ *❡❡ ❛ ❜❡♥❡✜' ♦❢ ❜♦'❤ ❡C✉✐✈❛❧❡♥' ✐♥'❡1♣1❡'❛'✐♦♥* ♦❢ ❛ *♦❢'

*❡'✳ ❆♥② ♦♣❡1❛'✐♦♥ ❦♥♦✇♥ ❢1♦♠ ❛ *❡' '❤❡♦1② *❡''✐♥❣ ❝❛♥ ❜❡ ✉*❡❞ ❢♦1 ❛ *♦❢' *❡' ✭*♦❢' *❡'*✮

❢1♦♠ R(E,U)✳ ■♥ '❤✐* ❝❛*❡ ✇❡ ❞❡❛❧ ✇✐'❤ '❤❡ *♦❢' *❡'* ❛* *✉❜*❡'* ♦❢ E × U ❛♥❞ ✐' ✐* ♥♦'

♥❡❝❡**❛1② '♦ ✉*❡ '❤❡ ❞✐✛❡1❡♥' ♥♦'❛'✐♦♥* ✭*②♠❜♦❧*✮ ❢♦1 ♦♣❡1❛'✐♦♥* ❛♥❞ ♠❛♥② ♣1♦♦❢* ❝❛♥ ❜❡

♦♠✐''❡❞✳ ❋♦1 ❡①❛♠♣❧❡✱ '❤❡ ♥❡①' ♦♣❡1❛'✐♦♥* ♦♥ '❤❡ *♦❢' *❡'* ❢♦1♠ R(E,U)✱ R ⊂ S✱ R = S✱

R\S✱ R∩S✱ R∪S✱ ∪t∈TRt✱ ∩t∈TRt✱ R
c
❛1❡ '❤❡ *❡' '❤❡♦1② ♦♥❡* ❛♥❞ ❛❧❧ ❦♥♦✇♥ ♣1♦♣❡1'✐❡*

❢1♦♠ *❡' '❤❡♦1② ❤♦❧❞ ✐♥ '❤❡ *♦❢' *❡' *❡''✐♥❣ ✭❢♦1 ❡①❛♠♣❧❡ ❛**♦❝✐❛'✐✈✐'②✱ ❝♦♠♠✉'❛'✐✈✐'②✱

❞✐*'1✐❜✉'✐✈✐'②✱ ❞❡ ▼♦1❣❛♥ ❧❛✇* ❛♥❞ *♦ ♦♥✮✳

❊C✉✐✈❛❧❡♥'❧②✱ ✐❢ ❛ *♦❢' *❡' ✐* ✉♥❞❡1*'♦♦❞ ❛* ❛ ♣❛✐1 (F,U) ✭F ∈ F(E,U)✮✱ ✇❡ ❝❛♥

❞❡✜♥❡ *'❛♥❞❛1❞ ♦♣❡1❛'✐♦♥* ♦♥ '❤❡ *❡' ✈❛❧✉❡❞ ♠❛♣♣✐♥❣* ✭*✉♠✱ ✐♥'❡1*❡❝'✐♦♥✱ ❝♦♠♣❧❡♠❡♥'✱

❞✐✛❡1❡♥❝❡✮ ✇❤✐❝❤ ❤❛✈❡ ❡C✉✐✈❛❧❡♥' ❜✐♥❛1② 1❡❧❛'✐♦♥ ❢♦1♠*✱ ❛* ✇❡ *❡❡ ❢1♦♠ ❘❡♠❛1❦ ✷✳✶ ❛♥❞

▲❡♠♠❛ ✷✳✷✳

✸✳✸✳ ▲❡♠♠❛✳ ▲❡$ S ∈ R(E,U)✱ G ∈ F(E,U) ❛♥❞ (H1, E), (H2, E) ∈ SS(E,U)✳ ❚❤❡♥

✭✶✮ G(a) ⊂ S[a] ❢♦, ❛❧❧ a ∈ E ✐✛ G ⊂ FS ✐✛ RG ⊂ S ✐✛ ❛ 0♦❢$ 0❡$ (G,E) ✐0 ❛ 0♦❢$

0✉❜0❡$ ♦❢ (FS , E)✱
✭✷✮ S[a] ⊂ G(a) ❢♦, ❛❧❧ a ∈ E ✐✛ S ⊂ RG ✐✛ FS ⊂ G ✐✛ ❛ 0♦❢$ 0❡$ (FS , E) ✐0 ❛ 0♦❢$

0✉❜0❡$ ♦❢ (G,E)✱
✭✸✮ G(a) = S[a] ❢♦, ❛❧❧ a ∈ E ✐✛ G = FS ✐✛ RG = S ✐✛ ❛ 0♦❢$ 0❡$ (FS , E) ✐0 ❡3✉❛❧

$♦ ❛ 0♦❢$ 0❡$ (G,E)✱
✭✹✮ ❛ 0♦❢$ 0❡$ (H1, E) ✐0 ❛ 0♦❢$ 0✉❜0❡$ ♦❢ (H2, E) ✐✛ RH1

⊂ RH1
✐✛ H1 ⊂ H2✱

✭✺✮ ❛ 0♦❢$ 0❡$ (H1, E) ✐0 ❡3✉❡❧ $♦ ❛ 0♦❢$ 0❡$ (H2, E) ✐✛ RH1
= RH1

✐✛ H1 = H2✳

✹✳ ❙♣❡❝✐❛❧ 3♦❢$ 3❡$3✱ $❤❡✐0 ♥♦$❛$✐♦♥ ❛♥❞ $❡0♠✐♥♦❧♦❣②

▲❡' A ⊂ E✱ X ⊂ U ✳ ❚❤❡♥ A×X ✐* ❝❛❧❧❡❞ ❛ 1❡❝'❛♥❣❧❡ *♦❢' *❡'✳ ■' 1❡♣1❡*❡♥'* ❛ ❝♦♥*'❛♥'

*♦❢' *❡' ✭❛ ❝♦♥*'❛♥' *❡' ✈❛❧✉❡❞ ♠❛♣♣✐♥❣ F ✇✐'❤ ✈❛❧✉❡* F (a) = X ✐❢ a ∈ A ❛♥❞ F (a) = ∅
✐❢ a 6∈ A✮ ❞❡♥♦'❡❞ ❛❧*♦ c(A,X)✳ ▼❛①✐♠❛❧ ✭♠✐♥✐♠❛❧✮ 1❡❝'❛♥❣❧❡ *♦❢' *❡' ✇✐'❤ 1❡*♣❡❝' '♦ '❤❡

*❡' ✐♥❝❧✉*✐♦♥ ✐* E×U ✭∅×∅✮ ❝❛❧❧❡❞ ❛ ❢✉❧❧ *♦❢' *❡' ✭❛ ♥✉❧❧ *♦❢' *❡'✮✳ ❋♦1 '❤❡ *♣❡❝✐❛❧ ❝❛*❡* ♦❢

❛ ❝♦♥*'❛♥' *♦❢' *❡' c(A,X) ∈ R(A,U) ✇❡ ✐♥'1♦❞✉❝❡ '❤❡ ♥❡①' ♥♦'❛'✐♦♥ ❛♥❞ '❡1♠✐♥♦❧♦❣②✳

▲❡' A ⊂ U ✱ X ⊂ U ✱ e ∈ E✱ x ∈ U ✳



✶✵✾✹

✭✶✮ c(A, x) := A× {x} ✲ ❛ ❤♦'✐③♦♥+❛❧ x✲❧✐♥❡ ♦♥ A✱

✭✷✮ c(E, x) := E × {x} ✲ ❛ ❢✉❧❧ ❤♦'✐③♦♥+❛❧ x✲❧✐♥❡✱

✭✸✮ c(e,X) := {e} ×X ✲ ❛ ✈❡'+✐❝❛❧ e✲❧✐♥❡ ♦♥ X✱

✭✹✮ c(e, U) := {e} × U ✲ ❛ ❢✉❧❧ ✈❡'+✐❝❛❧ e✲❧✐♥❡✱

✭✺✮ c(e, x) := [e, x] ✲ ❛ ♣♦✐♥+✱ ❞❡♥♦+❡❞ ❛❧9♦ P [e, x] ♦' ❜'✐❡✢② P ✳

✹✳✶✳ ▲❡♠♠❛✳ ▲❡" S ∈ R(E,U)✱ G ∈ F(E,U)✳ ❚❤❡♥

✭✶✮ S = ∪e∈E

(

{e} × S[e]
)

= ∪e∈E [S ∩ c(e, U)] = ∪x∈U [S ∩ c(E, x)]✱

✭✷✮ RG = ∪e∈E

(

{e} ×G(e)
)

= ∪e∈E [RG ∩ c(e, U)] = ∪x∈U [RG ∩ c(E, x)]✳

✺✳ ❙♦❢% %♦♣♦❧♦❣✐❝❛❧ ,♣❛❝❡

❇② ❬✾❪✱❬✶✵❪✱❬✷✶❪ ❛ 9♦❢+ +♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡ ✐9 ❛ +'✐♣❧❡+ (E,U, τ)✱ ✇❤❡'❡ τ ⊂ SS(E,U) ✐9

❛ +♦♣♦❧♦❣②✳ ❙♦✱ τ ✐9 '❡♣'❡9❡♥+❡❞ ❜② ❛ ❢❛♠✐❧② ♦❢ 9❡+ ✈❛❧✉❡❞ ♠❛♣♣✐♥❣9 F ❢'♦♠ F(E,U)
❡❛❝❤ ♦❢ +❤❡♠ ❤❛9 ❛ ❜✐♥❛'② '❡❧❛+✐♦♥ '❡♣'❡9❡♥+❛+✐♦♥ RF ❢'♦♠ R(E,U)✳ G✉+ τE×U := {R ∈
R(E,U) : (FR, E) ∈ τ}✳

❖♥ +❤❡ ♦+❤❡' ❤❛♥❞✱ ✐❢ (E × U, τE×U ) ✐9 ❛ +♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡✱ +❤❡♥ (E,U, τE,U ) ✐9 ❛

9♦❢+ +♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡✱ ✇❤❡'❡ τE,U = {(G,E) ∈ SS(E,U) : RG ∈ τE×U}✳ ❚❤❡♥ ❛ 9♦❢+

+♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡ ❝❛♥ ❜❡ ❝❤❛'❛❝+❡'✐③❡❞ ✭❞❡✜♥❡❞✮ ❛9 ❢♦❧❧♦✇9✿

✺✳✶✳ ()♦♣♦,✐.✐♦♥✳ ❆ ")✐♣❧❡" (E,U, τE,U ) ✐- ❛ -♦❢" "♦♣♦❧♦❣✐❝❛❧ -♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (E ×
U, τE×U ) ✐- ❛ "♦♣♦❧♦❣✐❝❛❧ -♣❛❝❡✳ ❋♦) ❜)❡✈✐"② ✇❡ ✇✐❧❧ ❞❡♥♦"❡ τE×U ❛- ✇❡❧❧ ❛- τE,U ❜② τ ❛♥❞

"❤❡ ❞✐✛❡)❡♥❝❡ ❜❡"✇❡❡♥ ❜♦"❤ "♦♣♦❧♦❣✐❡- ✐- ❝❧❡❛) ❢)♦♠ ♥♦"❛"✐♦♥ (E,U, τ) ✭❛ -♦❢" "♦♣♦❧♦❣✐❝❛❧
-♣❛❝❡✱ τ ⊂ SS(E,U)✮ ❛♥❞ (E × U, τ) ✭❛ "♦♣♦❧♦❣✐❝❛❧ -♣❛❝❡✱ τ ⊂ R(E,U)✮✳

❆❣❛✐♥✱ +❤❡'❡ ✐9 ❛ ♦♥❡✲+♦✲♦♥❡ ❝♦''❡9♣♦♥❞❡♥❝❡ ❜❡+✇❡❡♥ +❤❡ 9♦❢+ +♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡9 ❛♥❞

+❤❡ +♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡9 ❛♥❞ ❛♥② 9♦❢+ +♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡ ❝❛♥ ❜❡ ❝♦♥9✐❞❡'❡❞ ❛9 ❛♥ ❛'❜✐+'❛'②

+♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡ ♦♥ +❤❡ ♣'♦❞✉❝+ ♦❢ +✇♦ 9❡+9✳ ❚❤❡ ♠❡♠❜❡'9 ❢'♦♠ τ ❛'❡ ❝❛❧❧❡❞ ♦♣❡♥ 9❡+9

✐♥ ❛ +♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡ (E×U, τ) ♦' 9♦❢+ ♦♣❡♥ 9❡+9 ✐♥ ❛ 9♦❢+ +♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡ (E,U, τ)✳ ❆

❝♦♠♣❧❡♠❡♥+ ♦❢ ❛♥ ♦♣❡♥ 9❡+ ✭❛ 9♦❢+ ♦♣❡♥ 9❡+✮ ✐9 ❝❛❧❧❡❞ ❛ ❝❧♦9❡❞ 9❡+ ✭❛ 9♦❢+ ❝❧♦9❡❞ 9❡+✮✳ ■+

❝❛♥ ❜❡ ❢♦'♠✉❧❛+❡❞ ❜② +❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

✺✳✷✳ ▲❡♠♠❛✳ ❆ -♦❢" -❡" (G,E) ✐- -♦❢" ♦♣❡♥ ✭-♦❢" ❝❧♦-❡❞✮ ✐♥ ❛ -♦❢" "♦♣♦❧♦❣✐❝❛❧ -♣❛❝❡

(E,U, τ) ✐✛ RG ✐- ♦♣❡♥ ✭❝❧♦-❡❞✮ ✐♥ ❛ "♦♣♦❧♦❣✐❝❛❧ -♣❛❝❡ (E × U, τ) ❛♥❞ S ✐- ♦♣❡♥ ✭❝❧♦-❡❞✮

✐♥ ❛ "♦♣♦❧♦❣✐❝❛❧ -♣❛❝❡ (E ×U, τ) ✐✛ (FS , E) ✐- -♦❢" ♦♣❡♥ ✭-♦❢" ❝❧♦-❡❞✮ ✐♥ ❛ -♦❢" "♦♣♦❧♦❣✐❝❛❧
-♣❛❝❡ (E,U, τ)✳

❆♥② +♦♣♦❧♦❣✐❝❛❧ ♥♦+✐♦♥ ❦♥♦✇♥ ❢'♦♠ ❣❡♥❡'❛❧ +♦♣♦❧♦❣② ♦♥ +❤❡ ♣'♦❞✉❝+ ♦❢ +✇♦ 9❡+9 ❝❛♥ ❜❡

✐♥+'♦❞✉❝❡❞ ✭❢♦'♠✉❧❛+❡❞✮ ❛❧9♦ ❢♦' ❛ 9♦❢+ +♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡ ❜② ❞✐'❡❝+ '❡❢♦'♠✉❧❛+✐♦♥✳ ❋'♦♠

G'♦♣♦9✐+✐♦♥ ✺✳✶ ✇❡ ❝❛♥ 9❡❡ +❤❛+ ♠❛♥② '❡9✉❧+9 ✐♥ ❛ 9♦❢+ +♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡ ❢♦❧❧♦✇ ❢'♦♠

❣❡♥❡'❛❧ +♦♣♦❧♦❣②✱ ♣'♦✈✐❞❡❞ +❤❡② ❛'❡ ❞✐'❡❝+❧② '❡❢♦'♠✉❧❛+❡❞✳ ■+ ✐9 ♥♦+ ♥❡❝❡99❛'② +♦ ♣'♦✈❡

+❤❡ ♣'♦♣❡'+✐❡9 ♦❢ +❤❡ 9♦❢+ ♦♣❡♥ ❛♥❞ 9♦❢+ ❝❧♦9❡❞ 9❡+9✱ +❤❡ ♣'♦♣❡'+✐❡9 ♦❢ +❤❡ 9♦❢+ ✐♥+❡'✐♦' ❛♥❞

9♦❢+ ❝❧♦9✉'❡ ♦♣❡'❛+♦'9✱ 9♦❢+ ❝❧✉9+❡' ♣♦✐♥+9✱ 9♦❢+ ✐♥+❡'✐♦' ♣♦✐♥+9✱ 9♦❢+ +♦♣♦❧♦❣✐❝❛❧ 9✉❜9♣❛❝❡9✱

9♦❢+ ❜♦✉♥❞❛'② 9❡+9✱ +❤❡ 9♦❢+ 9❡♣❛'❛+✐♦♥ ❛①✐♦♠9 ❛♥❞ 9♦ ♦♥✱ ♣'♦✈✐❞❡❞ +❤❡② ❛'❡ ❞❡✜♥❡❞ ❜②

+❤❡ 9❛♠❡ ✇❛② ❛9 ✐♥ +♦♣♦❧♦❣✐❝❛❧ 9♣❛❝❡9✳ ❇✉+ 9♦♠❡ ♥♦+✐♦♥9 ❛'❡ ❞❡✜♥❡❞ ❜② ❛ ❞✐✛❡'❡♥+ ✇❛②

❛♥❞ ✇❡ ✇✐❧❧ ❞✐9❝✉99 +❤❡♠ ❜❡❧♦✇✳

❖♥ +❤❡ ♦+❤❡' ❤❛♥❞✱ ♠❛♥② ✐♥+❡'❡9+✐♥❣ ❛♥❞ ✐♠♣♦'+❛♥+ '❡9✉❧+9 ❢♦❧❧♦✇ ❢'♦♠ ❣❡♥❡'❛❧ +♦♣♦❧✲

♦❣②✱ ♣'♦✈✐❞❡❞ τ ✐9 +❤❡ ❚②❝❤♦♥♦✛ ✭♣'♦❞✉❝+✮ +♦♣♦❧♦❣② ♦♥ E × U ✳ ❇✉+ ✐❢ ❛ +♦♣♦❧♦❣② τ ♦♥

E ×U ✐9 ♥♦+ ❚②❝❤♦♥♦✛✱ ♠❛♥② '❡9✉❧+9 ❞♦ ♥♦+ ❤♦❧❞✳ ❙♦✱ +❤❡'❡ ❛'❡ ♠❛♥② ♦♣❡♥ ♣'♦❜❧❡♠9 ✐♥

+❤❡ 9♦❢+ +♦♣♦❧♦❣② 9❡++✐♥❣ ❛♥❞ ❜❡❢♦'❡ '❡9❡❛'❝❤❡'9 ✐9 ❛ ❤✉❣❡ ❝❤❛❧❧❡♥❣❡✳
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✻✳ ❈♦♠♣❛'✐)♦♥ ♦❢ )♦♠❡ -♦♣♦❧♦❣✐❝❛❧ ♥♦-✐♦♥) ❛♥❞ )♦❢- -♦♣♦❧♦❣✐❝❛❧

♦♥❡)

■♥ "❤✐% %❡❝"✐♦♥ ✇❡ %❤♦✇ ❛ ❢❡✇ ❝♦,,❡%♣♦♥❞❡♥❝❡% ❜❡"✇❡❡♥ %♦♠❡ "♦♣♦❧♦❣✐❝❛❧ ♥♦"✐♦♥% ❛♥❞

%♦❢" "♦♣♦❧♦❣✐❝❛❧ ♦♥❡%✳ ❋♦, ❡①❛♠♣❧❡✱ ♦✉, ❡①♣❡❝"❛"✐♦♥ ✐% "❤❛" "❤❡ %♦❢" ❝❧♦%✉,❡ ♦❢ ❛ %♦❢" %❡"

(G,E) ✐♥ ❛ %♦❢" "♦♣♦❧♦❣✐❝❛❧ %♣❛❝❡ (E,U, τ) ❛❣,❡❡% ✇✐"❤ "❤❡ ❝❧♦%✉,❡ ♦❢ RG ✐♥ ❛ "♦♣♦❧♦❣✐❝❛❧

%♣❛❝❡ (E × U, τ)✳
❘❡❝❛❧❧ ❛ ❢❡✇ ❜❛%✐❝ "♦♣♦❧♦❣✐❝❛❧ ♥♦"✐♦♥%✳ ▲❡" (E × U, τ) ❜❡ ❛ "♦♣♦❧♦❣✐❝❛❧ %♣❛❝❡✳ ❆ %❡"

H ∈ τ ✐% ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦,❤♦♦❞ ♦❢ ❛ ♣♦✐♥" P [a, x] ∈ E×U ✱ ✐❢ P [a, x] ∈ H ❛♥❞ P [a, x] ✐% ❛

❝❧✉%"❡, ♣♦✐♥" ♦❢ S ⊂ E × U ✱ ✐❢ ❛♥② ♦♣❡♥ ♥❡✐❣❤❜♦,❤♦♦❞ ♦❢ P [a, x] ✐♥"❡,%❡❝"% S✳ ❚❤❡ %❡" ♦❢

❛❧❧ ❝❧✉%"❡, ♣♦✐♥"% ♦❢ S ✐♥ (A×U, τ) ✐% ❡=✉❛❧ "♦ "❤❡ ❝❧♦%✉,❡ ♦❢ S ❞❡♥♦"❡❞ ❜② cl(S)✱ ✇❤✐❝❤ ✐%

"❤❡ %♠❛❧❧❡%" ❝❧♦%❡❞ %❡" ❝♦♥"❛✐♥✐♥❣ S ♦, ✐" ✐% "❤❡ ✐♥"❡,%❡❝"✐♦♥ ♦❢ ❛❧❧ ❝❧♦%❡❞ %❡"% ❝♦♥"❛✐♥✐♥❣

S✳ ❆ ♣♦✐♥" P [a, x] ∈ E × U ✐% ❛♥ ✐♥"❡,✐♦, ♣♦✐♥" ♦❢ S✱ ✐❢ "❤❡,❡ ✐% ❛♥ ♦♣❡♥ %❡" H ∈ τ %✉❝❤

"❤❛" P [a, x] ∈ H ⊂ S ❛♥❞ S ✐% ♦♣❡♥✱ ✐❢ ❛♥② ✐"% ♣♦✐♥" ✐% ❛♥ ✐♥"❡,✐♦, ♣♦✐♥" ♦❢ S✳ ❚❤❡ %✉♠

♦❢ ❛❧❧ ♦♣❡♥ %✉❜%❡"% ♦❢ S ✐% ❝❛❧❧❡❞ "❤❡ ✐♥"❡,✐♦, ♦❢ S ❞❡♥♦"❡❞ ❜② int(S)✳

✶✳ ❖♣❡♥ ✭❝❧♦*❡❞✮ *❡-* ❛♥❞ ✐♥-❡0✐♦0 ✭❝❧✉*-❡0✮ ♣♦✐♥-* ♦❢ ❛ *❡- ✈❡0*✉*

*♦❢- ♦♣❡♥ ✭❝❧♦*❡❞✮ *❡-* ❛♥❞ a✲✐♥-❡0✐♦0 ✭a✲❝❧✉*-❡0✮ ♣♦✐♥-* ♦❢ ❛ *♦❢- *❡-

❇② ❬✾❪✱ ❛♥ a✲%♦❢" ♦♣❡♥ ♥❡✐❣❤❜♦,❤♦♦❞ ♦❢ x ✐% ❛♥② ♦♣❡♥ %♦❢" %❡" (G,E) %✉❝❤ "❤❛" x ∈ G(a)✱
❡=✉✐✈❛❧❡♥"❧② RG ✐% ♦♣❡♥ ❛♥❞ x ∈ RG[a] ♦, P [a, x] ∈ RG✳ ❆ ♣♦✐♥" x ∈ U ✐% %❛✐❞ "♦ ❜❡ ❛♥

a✲❝❧✉%"❡, ♣♦✐♥" ♦❢ (H,E) ∈ SS(E,U) ✐❢ ❢♦, ❡✈❡,② a✲%♦❢" ♦♣❡♥ ♥❡✐❣❤❜♦,❤♦♦❞ (G,E) ♦❢ x✱

(H,E) ❛♥❞ (G,E) ❛,❡ ♥♦" %♦❢" ❞✐%❥♦✐♥" ✭"❤❡,❡ ✐% e ∈ E %✉❝❤ "❤❛" H(e) ∩G(e) 6= ∅✮✳ ❚❤❡

%❡" ♦❢ ❛❧❧ a✲❝❧✉%"❡, ♣♦✐♥"% ♦❢ (H,A) ✐% ❞❡♥♦"❡❞ ❜② cl(H, a)✱ %❡❡ ❬✾❪✳ ❙✐♠✐❧❛,❧②✱ int(H, a) ✐%

❛ %❡" ♦❢ ❛❧❧ a✲✐♥"❡,✐♦, ♣♦✐♥"% ♦❢ (H,E)✱ %❡❡ ❬✾❪✳

✻✳✶✳ ▲❡♠♠❛✳

✭✶✮ x ∈ cl(H, a) ✐❢ ❛♥❞ ♦♥❧② ✐❢ P [a, x] ∈ cl(RH)✱ *♦ cl(H, a) = cl(RH)[a]✱
✭✷✮ x ∈ int(H, a) ✐❢ ❛♥❞ ♦♥❧② ✐❢ P [a, x] ∈ int(RH)✱ *♦ int(H, a) = int(RH)[a]✳

❈♦♥*❡8✉❡♥-❧②✱ cl(H, a) ✭int(H, a)✮ ✐* ❛ *❡- ♦❢ ❛❧❧ ❝❧✉*-❡0 ✭✐♥-❡0✐♦0✮ ♣♦✐♥-* ♦❢ RH ✐♥ (E ×
U, τ) ❢0♦♠ -❤❡ ❢✉❧❧ ✈❡0-✐❝❛❧ a✲❧✐♥❡ ✭cl(H, a) = cl(RH) ∩ c(a, U) ✭int(H, a) = int(RH) ∩
c(a, U)✮✮✳

;0♦♦❢✳ ✭✶✮

✧⇒✧ ▲❡" x ∈ cl(H, a) ❛♥❞ P [a, x] ∈ S ∈ τ ✳ ❚❤❡♥ x ∈ FS(a)✳ ❚❤❛" ♠❡❛♥% (FS , E) ✐%

a✲♦♣❡♥ ♥❡✐❣❤❜♦,❤♦♦❞ ♦❢ x✱ %♦ (H,E) ❛♥❞ (FS , E) ❛,❡ ♥♦" %♦❢" ❞✐%❥♦✐♥"✳ ❍❡♥❝❡✱ "❤❡,❡ ❛,❡

e ∈ E, y ∈ U %✉❝❤ "❤❛" y ∈ H(e) ∩ FS(e) ♦, P [e, y] ∈ RH ∩ S✳ ❚❤❛" ♠❡❛♥% RH ∩ S 6= ∅
♦, P [a, x] ∈ cl(RH)✳

✧⇐✧ ▲❡" P [a, x] ∈ cl(RH) ❛♥❞ (G,E) ❜❡ a✲%♦❢" ♦♣❡♥ ♥❡✐❣❤❜♦,❤♦♦❞ ♦❢ x✳ ❚❤❡♥ P [a, x] ∈
RG ∈ τ ❛♥❞ RH ∩ RG 6= ∅✳ ❙♦✱ "❤❡,❡ ❛,❡ e ∈ E ❛♥❞ y ∈ U %✉❝❤ "❤❛" y ∈ RH [e] ∩ RG[e]✱
❤❡♥❝❡ (H,E) ❛♥❞ (G,E) ❛,❡ ♥♦" %♦❢" ❞✐%❥♦✐♥"✱ %♦ x ∈ cl(H, a)✳

■"❡♠ ✭✷✮ ✐% %✐♠✐❧❛,✳

�

✻✳✷✳ ▲❡♠♠❛✳ ▲❡- cl(G,E)✱ int(G,E) ❜❡ ❛ *♦❢- ❝❧♦*✉0❡✱ ❛ *♦❢- ✐♥-❡0✐♦0 ♦❢ ❛ *♦❢- *❡-

(G,E)✱ 0❡*♣❡❝-✐✈❡❧② ✭*❡❡ ❬✾❪✮✳ ❚❤❡♥

✭✶✮ cl(G,E) = (Fcl(RG), E)✱
✭✷✮ int(G,E) = (Fint(RG), E)✳

;0♦♦❢✳ ✭✶✮ ❇② "❤❡ ❞❡✜♥✐"✐♦♥ ♦❢ "❤❡ %♦❢" ❝❧♦%✉,❡ ✭❬✾❪✮ ❛♥❞ ❜② ▲❡♠♠❛ ✺✳✷✱ cl(G,E) ✐% "❤❡

✐♥"❡,%❡❝"✐♦♥ ♦❢ ❛❧❧ %♦❢" ❝❧♦%❡❞ %✉♣❡,%❡"% (Gt, E), t ∈ T ♦❢ (G,E) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∩t∈TRGt
✐%

"❤❡ ✐♥"❡,%❡❝"✐♦♥ ♦❢ ❛❧❧ ❝❧♦%❡❞ ✭✐♥ (E×U, τ)✮ %✉♣❡,%❡"% RGt
♦❢ RG✳ ❚❤❛" ♠❡❛♥% ∩t∈TRGt

=
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cl(RG) ✐! "❤❡ ❣&❛♣❤ ♦❢ ❛ ♠✉❧"✐✈❛❧✉❡❞ ♠❛♣♣✐♥❣ H ❢♦& ✇❤✐❝❤ cl(G,E) = (H,E)✱ !♦ Fcl(RG) =
H✳

✭✷✮ ✐! !✐♠✐❧❛&✳

�

❙✐♥❝❡ (Fcl(RG), E) = cl(G,E)✱ cl(G,E) ✐! ❛ !♦❢" !❡" ❣✐✈❡♥ ❜② ❛ !❡" ✈❛❧✉❡❞ ♠❛♣♣✐♥❣

✇✐"❤ "❤❡ ✈❛❧✉❡! cl(RG)[a]✱ a ∈ E ✇❤✐❝❤ ✐! ❡;✉❛❧ "♦ ❛ !❡" ✈❛❧✉❡❞ ♠❛♣♣✐♥❣ RG,E ❞❡✜♥❡❞ ✐♥

❬✾❪ ❛! RG,E(a) = G(a)∪ cl(G, a) = cl(G, a) = cl(RG)[a] ✭!❡❡ ▲❡♠♠❛ ✻✳✶✮✳ ❙♦✱ cl(G,E) =
(RG,E , E)✳ ❙✐♠✐❧❛&❧②✱ RG,E(a) = G(a)∩int(G, a) = int(RG)[a] ❢♦& int(G,E) = (RG,E , E)
!❡❡ ❬✾❪✳ ❙♦ C&♦♣♦!✐"✐♦♥ ✸✳✾ ❛♥❞ ✸✳✶✷ ♦❢ ❬✾❪ ❛&❡ ❝❧❡❛&✳

✷✳ ❙❡♣❛&❛'✐♦♥ ❛①✐♦♠-

■♥ "❤❡ ❧✐"❡&❛"✉&❡ ✭❬✶✶❪✱ ❬✶✼❪✱ ❬✷✶❪✮ ✇❡ ❝❛♥ !❡❡ ♥♦"❛"✐♦♥ x ∈ (F,E)✱ ✇❤❡&❡ F ✐! ❛ !❡"

✈❛❧✉❡❞ ♠❛♣♣✐♥❣ ❢&♦♠ E "♦ 2U ❛♥❞ x ∈ U ✳ ■" ♠❡❛♥! x ∈ F (e) ❢♦& ❛♥② e ∈ E✳ ❙♦✱ "❤❡

♥♦"❛"✐♦♥ x ∈ (F,E) ✐! ✐♥ ❢❛❝" "❤❡ ✐♥❝❧✉!✐♦♥ c(E, x) ⊂ RF ✳ ■" ✇❛! ✉!❡❞ ✐♥ "❤❡ ❞❡✜♥✐"✐♦♥!

♦❢ !♦❢" !❡♣❛&❛"✐♦♥ ❛①✐♦♠! ✐♥ ❛ !♦❢" "♦♣♦❧♦❣✐❝❛❧ !♣❛❝❡✳ ■♥ ❣❡♥❡&❛❧ "♦♣♦❧♦❣②✱ "❤❡ !❡♣❛&❛"✐♦♥

❛①✐♦♠! !❡♣❛&❛"❡ "✇♦ ❞✐✛❡&❡♥" ♣♦✐♥"! ♦& ❛ ❝❧♦!❡❞ !❡" ❛♥❞ ❛ ♣♦✐♥" ♦& "✇♦ ❞✐!❥♦✐♥" ❝❧♦!❡❞

!❡"!✳ ❋♦& ❡①❛♠♣❧❡✱ ❜② ❬✷✶❪✱ (E,U, τ) ✐! ❝❛❧❧❡❞ !♦❢" T2✱ ✐❢ ❢♦& ❡✈❡&② ❞✐!"✐♥❝" ♣♦✐♥"! x, y ♦❢

U "❤❡&❡ ❛&❡ "✇♦ !♦❢" ♦♣❡♥ !❡"! (F,E) ❛♥❞ (G,E) !✉❝❤ "❤❛" x ∈ (F,E)✱ y ∈ (G,E) ❛♥❞

(F,E) ❛♥❞ (G,E) ❛&❡ !♦❢" ❞✐!❥♦✐♥"✳ ❚❤❛" ♠❡❛♥! ✐" !❡♣❛&❛"❡! "✇♦ ❢✉❧❧ ❤♦&✐③♦♥"❛❧ ❧✐♥❡!

c(E, x) ❛♥❞ c(E, y)✳ ❋✉&"❤❡&✱ ✐❢ (F,E) ✐! ❛ !♦❢" ❝❧♦!❡❞ !❡" ❛♥❞ x 6∈ (F,E)✱ ❛ !♦❢" &❡❣✉❧❛&✐"②

✐♥"&♦❞✉❝❡❞ ✐♥ ❬✷✶❪ !❡♣❛&❛"❡! "✇♦ !❡"!✱ ♥❛♠❡❧② c(E, x) ❛♥❞ RF ✇❤✐❝❤ ♥❡❡❞ ♥♦" ❜❡ ❞✐!❥♦✐♥"✳

■" ✐! ❛ ✈❡&② !"&✐❝" ❞❡✜♥✐"✐♦♥ ❛! ✇❡ !❡❡ ❢&♦♠ "❤❡ ♥❡①" ❧❡♠♠❛✳

✻✳✸✳ ▲❡♠♠❛✳ ▲❡' (E,U, τ) ❜❡ ❛ -♦❢' '♦♣♦❧♦❣✐❝❛❧ -♣❛❝❡ ❛♥❞ (F,E) ❜❡ ❛ -♦❢' ❝❧♦-❡❞ -❡'✳

■❢ '❤❡&❡ ❛&❡ e1, e2 ∈ E ❛♥❞ ❛ ♣♦✐♥' y ∈ U -✉❝❤ '❤❛' y ∈ F (e1) ❛♥❞ y 6∈ F (e2) ✭✐' ✐-

-✉✣❝✐❡♥' (E,U, τ) ✐- ♥♦' ✐♥❞✐-❝&❡'❡✮✱ '❤❡♥ (E,U, τ) ✐- ♥♦' -♦❢' &❡❣✉❧❛& ✭✐♥ '❤❡ -❡♥-❡ ♦❢

❬✷✶❪✮✳ ❈♦♥-❡@✉❡♥'❧②✱ ✐❢ -♦♠❡ -♦❢' '♦♣♦❧♦❣✐❝❛❧ -♣❛❝❡ ♦✈❡& U ✐- -♦❢' &❡❣✉❧❛&✱ '❤❡♥ ❛♥② -♦❢'

❝❧♦-❡❞ -❡' (F,E) ✐- ❝♦♥-'❛♥'✱ ✐✳❡✳✱ '❤❡&❡ ✐- ❛ -❡' X ⊂ U -✉❝❤ '❤❛' F (e) = X ❢♦& ❛♥②

e ∈ E✳

C&♦♦❢✳ ❙✉♣♣♦!❡ (E,U, τ) ✐! !♦❢" &❡❣✉❧❛&✳ ■" ✐! ❝❧❡❛& y 6∈ (F,E)✳ ❚❤❡♥ "❤❡&❡ ❛&❡ "✇♦

!♦❢" ♦♣❡♥ ❛♥❞ !♦❢" ❞✐!❥♦✐♥" !❡"! (G,E) ❝♦♥"❛✐♥✐♥❣ y ❛♥❞ (H,E) ❝♦♥"❛✐♥✐♥❣ (F,E)✱ ❜✉"

y ∈ G(e1) ∩H(e1)✱ ❛ ❝♦♥"&❛❞✐❝"✐♦♥✳

�

❚❤❡ ♥❡①" "❤❡♦&❡♠ !❤♦✇! "❤❛" !♦❢" &❡❣✉❧❛&✐"② ✐♥ "❤❡ !❡♥!❡ ♦❢ ❬✷✶❪ !❡❡♠! "♦ ❜❡ ❛ &❛"❤❡&

!"&♦♥❣ ❞❡✜♥✐"✐♦♥✳

✻✳✹✳ ❚❤❡♦+❡♠✳ ■❢ ❛ ♥♦♥ ✐♥❞✐-❝&❡'❡ -♦❢' '♦♣♦❧♦❣✐❝❛❧ -♣❛❝❡ ✐- -♦❢' &❡❣✉❧❛&✱ '❤❡♥ ❛♥② -♦❢'

❝❧♦-❡❞ -❡' ✐- ❛ ❝♦♥-'❛♥' -♦❢' -❡' ✭✐' ✐- ♦❢ '❤❡ ❢♦&♠ c(E,X)✮✳

■♥ ❬✶✵❪✱ "❤❡ ❛✉"❤♦&! ✐♥"&♦❞✉❝❡❞ ♦"❤❡& !♦❢" !❡♣❛&❛"✐♦♥ ♥♦"✐♦♥!✱ ♥❛♠❡❧② T0✱ T1✱ T2✱ T3✳

❲❡ &❡❝❛❧❧ ♦♥❧② "✇♦ ♦❢ "❤❡♠ ✭❢♦& ❢✉&"❤❡& !❡❡ ❬✶✵❪✮✳ ❆ !♦❢" "♦♣♦❧♦❣✐❝❛❧ !♣❛❝❡ (E,U, τ) ✐!

❝❛❧❧❡❞ !♦❢" T2✱ ✐❢ ❢♦& ❛♥② ❞✐!"✐♥❝" ♣♦✐♥"! x ❛♥❞ y ♦❢ U ❛♥❞ ❢♦& ❡✈❡&② a ∈ E "❤❡&❡ ❡①✐!" "✇♦

!♦❢" ♦♣❡♥ !❡"! (G,E) ❛♥❞ (H,E) !✉❝❤ "❤❛" x ∈a (G,E)✱ y ∈a (H,E) ❛♥❞ G(a)∩H(a) = ∅
✭z ∈a (G,E) ♠❡❛♥! "❤❛" z ∈ G(a) ❛♥❞ z 6∈a (G,E) ♠❡❛♥! "❤❛" z 6∈ G(a)✮✳ ■♥ "❤✐! ❝❛!❡ ✇❡

!❡♣❛&❛"❡ ❛ ❝♦✉♣❧❡ ♦❢ "❤❡ ♣♦✐♥"! P [a, x] ❛♥❞ P [a, y] ❢&♦♠ ❢✉❧❧ ✈❡&"✐❝❛❧ a✲❧✐♥❡ c(a, U) ❜② "✇♦

!♦❢" ♦♣❡♥ !❡"! ✧❞✐!❥♦✐♥" ❛" a✧✳ ❚❤✐! ✐! ❛ ❞✐✛❡&❡♥" ❞❡✜♥✐"✐♦♥ ♦❢ ❛ !♦❢" T2✲!♣❛❝❡ ✐♥"&♦❞✉❝❡❞ ✐♥

❬✷✶❪✳ ❋✉&"❤❡& ❜② ❬✶✵❪✱ ❛ !♦❢" "♦♣♦❧♦❣✐❝❛❧ !♣❛❝❡ (E,U, τ) ✐! ❝❛❧❧❡❞ ❛ !♦❢" T3✲!♣❛❝❡ ✐❢ ❢♦& ❡✈❡&②

♣♦✐♥" x ∈ U ✱ ❢♦& ❡✈❡&② a ∈ E ❛♥❞ ❢♦& ❡✈❡&② !♦❢" ❝❧♦!❡❞ !❡" (Q,E) !✉❝❤ "❤❛" x 6∈a (Q,E)
"❤❡&❡ ❡①✐!" "✇♦ !♦❢" ♦♣❡♥ !❡"! (G,E) ❛♥❞ (H,E) !✉❝❤ "❤❛" x ∈a (G,E)✱ Q(a) ⊂ H(a)✱
❛♥❞ G(a) ∩ H(a) = ∅✳ ■♥ "❤✐! ❝❛!❡ "❤❡ !❡"! G(a) ∩ c(a, U) ❛♥❞ H(a) ∩ c(a, U) ❛&❡ "✇♦

!✉❜!❡"! ♦❢ E × U ✇❤✐❝❤ ❛&❡ ♦♣❡♥ ✐♥ ❛ !✉❜!♣❛❝❡ (c(a, U), τa) ♦❢ (A× U, τ)✳
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●❡♥❡#❛❧❧②✱ ❢♦# ❛♥② ❢✉❧❧ ✈❡#,✐❝❛❧ ❧✐♥❡ c(e, U)✱ ,♦♣♦❧♦❣② τ ✐♥❞✉❝❡2 ❛ #❡❧❛,✐✈❡ ,♦♣♦❧♦❣② τe
♦♥ c(e, U)✱ 2♦ ❛❧2♦ ♦♥ U ✭❢♦# ❞✐✛❡#❡♥, e1, e2 ,❤❡ ✐♥❞✉❝❡❞ ,♦♣♦❧♦❣✐❝❛❧ 2♣❛❝❡2 (U, τe1) ❛♥❞
(U, τe2) ❝❛♥ ❜❡ ❞✐✛❡#❡♥,✮✳ ❙♦ ✇❡ ❤❛✈❡ ,❤❡ ♥❡①, ,❤❡♦#❡♠ ✭✇❤✐❝❤ ❞♦❡2 ♥♦, ❤♦❧❞ ❣❡♥❡#❛❧❧②✳

” ⇒ ” ❢♦❧❧♦✇2 ❢#♦♠ ❤❡#❡❞✐,❛#② ♦❢ Ti, i = 0, 1, 2, 3 ❛♥❞ ” ⇐ ” ❢♦❧❧♦✇2 ❢#♦♠ ❛ ❝❤❛#❛❝,❡# ♦❢

,❤❡ ❞❡✜♥✐,✐♦♥2 ♦❢ ,❤❡ 2♦❢, 2❡♣❛#❛,✐♦♥ ❛①✐♦♠2 ✐♥ ❬✶✵❪✮✳

✻✳✺✳ ❚❤❡♦'❡♠✳ ❆ !♦❢$ $♦♣♦❧♦❣✐❝❛❧ !♣❛❝❡ (E,A, τ) ✐! !♦❢$ Ti ✭✐♥ $❤❡ !❡♥!❡ ♦❢ ❬✶✵❪✮ ✐❢ ❛♥❞

♦♥❧② ✐❢ $❤❡ $♦♣♦❧♦❣✐❝❛❧ !♣❛❝❡ (U, τe) ✐! Ti ✭i = 0, 1, 2, 3✮ ❢♦6 ❛♥② e ∈ E✳

❆♥② 2✉❜2❡, S ♦❢ (E ×U, τ) ✐♥❞✉❝❡2 #❡❧❛,✐✈❡ ,♦♣♦❧♦❣② τS ♦♥ S✳ ❙✐♥❝❡ ,❤❡ ♣#♦♣❡#,✐❡2 Ti

✭i = 0, 1, 2, 3✮ ❛#❡ ❤❡#❡❞✐,❛#②✱ C#♦♣♦2✐,✐♦♥ ✸✳✶✸ ♦❢ ❬✶✵❪ ❤♦❧❞2 ❢♦# ❛♥② S ⊂ E × U ♥♦, ♦♥❧②

❢♦# E × Y ✭2❡❡ ❉❡✜♥✐,✐♦♥ ✸✳✶✷ ✐♥ ❬✶✵❪ ♦# ❬✷✶❪✮✳

✸✳ ❙♦❢$ e✲❝♦♥$✐♥✉✐$② ♦❢ f ❛♥❞ ❝♦♥$✐♥✉✐$② ♦❢ e× f ✱

!♦❢$ ❝♦♥$✐♥✉✐$② ♦❢ Φef

■♥ ❬✸❪✱ ❬✾❪✱ ❬✶✵❪✱ ❬✶✸❪✱ ❬✷✷❪ ❢♦# ,✇♦ ❢✉♥❝,✐♦♥2 e : E1 → E2✱ f : U1 → U2✱ ❛ ❢✉♥❝,✐♦♥ Φef

❢#♦♠ SS(E1, U1) ,♦ S(E2, U2) ✇❛2 ❞❡✜♥❡❞ ✭❞❡♥♦,❡❞ ❛❧2♦ fpu ✐♥ ❬✷✷❪✱ ϕφ ✐♥ ❬✸❪✮✳ ❲❡ ✇✐❧❧

2❤♦✇ ❛ ❝♦♥♥❡❝,✐♦♥ ❜❡,✇❡❡♥ Φef ❛♥❞ ,❤❡ ♣#♦❞✉❝, e× f : E1 × U1 → E2 × U2✱ ❞❡✜♥❡❞ ❛2

(e× f)([e1, x1]) = [e(e1), f(x1)]✳ ❉❡✜♥❡ ,✇♦ 2♦❢, ♠❛♣♣✐♥❣2✿
Se×f : SS(E1, U1) → SS(E2, U2) ❛2 Se×f ((H,E1)) = (F(e×f)(RH ), E2)✱

S
−1
e×f : SS(E2, U2) → SS(E1, U1) ❛2 S

−1
e×f ((G,E2)) = (F(e×f)−1(RG), E1)✳

✻✳✻✳ ❚❤❡♦'❡♠✳ ▲❡$ (H,E1) ∈ SS(E1, U1) ❛♥❞ (G,E2) ∈ SS(E2, U2)✳ ❚❤❡♥

✭✶✮ Se×f = Φef ✱ ✐✳❡✳✱ Φef ((H,E1)) = (F(e×f)(RH ), E2)✱

✭✷✮ S
−1
e×f = Φ−1

ef ✱ ✐✳❡✳✱ Φ
−1
ef ((G,E2)) = (F(e×f)−1(RG), E2)✳

?6♦♦❢✳ ▲❡, H ∈ F(E1, U1) ❛♥❞ RH ❜❡ ❛ ❝♦##❡2♣♦♥❞✐♥❣ #❡❧❛,✐♦♥✱ 2♦ RH [a] = H(a)✳ ❚❤❡♥✱
❜② ▲❡♠♠❛ ✹✳✶ ✭✶✮✱

(e× f)(RH) = (e× f)
(

∪a∈E1
({a} ×RH [a])

)

=

= ∪a∈E1
(e× f)

(

{a} ×RH [a]
)

= ∪a∈E1

(

e(a)× f(RH [a])
)

.

❚❤❛, ♠❡❛♥2 (e × f)(RH) ✐2 ❛ 2✉❜2❡, ♦❢ E2 × U2 ❛♥❞ ❝♦##❡2♣♦♥❞✐♥❣ 2❡, ✈❛❧✉❡❞ ♠❛♣♣✐♥❣

❞❡♥♦,❡❞ ❜② G : E2 → U2 ❤❛2 ✐,2 ✈❛❧✉❡2 ❣✐✈❡♥ ❜②
[

(e× f)(RH)
]

[p2] ❢♦# ❛♥② p2 ∈ E2✳

G(p2) =
[

(e× f)(RH)
]

[p2] =
[

∪a∈E1

(

e(a)× f(RH [a])
)]

[p2] =

= ∪a∈E1

[

e(a)× f(RH [a])
]

[p2] = ∪{f(RH [a]) : e(a) = p2} =

= ∪{f(H(a)) : a ∈ e
−1(p2)}.

❙♦✱ (G,E2) ✐2 ,❤❡ ✐♠❛❣❡ ♦❢ (H,E1) ✉♥❞❡# Φef ❛2 ✐, ✇❛2 ❞❡✜♥❡❞ ✐♥ ❬✶✵❪✳ ❙♦✱ Φef ((H,E1)) =
(G,E2) = (F(e×f)(RH ), E2) ✭2❡❡ ▲❡♠♠❛ ✸✳✸ ✭✸✮✮ ♦# Φef = Se×f ✳

❙✐♠✐❧❛#❧② ✇❡ ❝❛♥ 2❤♦✇ ✭2❡❡ ❬✶✵❪✮ ,❤❛, Φ−1
ef ((G,E2)) = (D,E1)✱

✇❤❡#❡D(p1) = f−1(G(e(p1))) = (e×f)−1(RG)[p1]✳ ❙♦✱ Φ
−1
ef ((G,E2)) = (F(e×f)−1(RG), E1)

♦# Φ−1
ef = S

−1
e×f ✳

�

C#♦♣♦2✐,✐♦♥ ✷✳✶✽ ❛♥❞ ✷✳✶✾ ♦❢ ❬✾❪ ✭C#♦♣♦2✐,✐♦♥ ✷✳✽ ♦❢ ❬✶✵❪✮ ❢♦❧❧♦✇ ❢#♦♠ ,❤❡ ♣#♦♣❡#,✐❡2 ♦❢

,❤❡ ✐♠❛❣❡ ❛♥❞ ,❤❡ ✐♥✈❡#2❡ ✐♠❛❣❡✱ ✇❤✐❝❤ ❤♦❧❞ ❣❡♥❡#❛❧❧② ❢♦# ❛♥② ❢✉♥❝,✐♦♥✳

■♥ ❬✶✵❪✱ ❢♦# ,✇♦ 2♦❢, ,♦♣♦❧♦❣✐❝❛❧ 2♣❛❝❡2 (E1, U1, τ) ❛♥❞ (E2, U2, σ) ❛ ❞❡✜♥✐,✐♦♥ ♦❢ ❛ 2♦❢,
e✲❝♦♥,✐♥✉✐,② ♦❢ f ✇❛2 ✐♥,#♦❞✉❝❡❞ ❜② ,❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳
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✻✳✼✳ ❉❡✜♥✐(✐♦♥✳ ▲❡" (E1, U1, τ) ❛♥❞ (E2, U2, σ) ❜❡ "✇♦ )♦❢" "♦♣♦❧♦❣✐❝❛❧ )♣❛❝❡) ❛♥❞ x ∈
U1✱ e : E1 → E2✳ ❆ ♠❛♣ f : U1 → U2 ✐) ❝❛❧❧❡❞ )♦❢" e✲❝♦♥"✐♥✉♦✉) ❛" "❤❡ ♣♦✐♥" x ✐❢ ❢♦7

❡✈❡7② a ∈ E1 ❛♥❞ ❡✈❡7② e(a)✲)♦❢" ♦♣❡♥ ♥❡✐❣❤❜♦7❤♦♦❞ (G,E2) ♦❢ f(x) ✐♥ (E2, U2, σ) "❤❡7❡
❡①✐)") ❛♥ a✲)♦❢" ♦♣❡♥ ♥❡✐❣❤❜♦7❤♦♦❞ (H,E1) ♦❢ x ✐♥ (E1, U1, τ) )✉❝❤ "❤❛" Φef ((H,E1)) ✐)
❛ )♦❢" )✉❜)❡" ♦❢ (G,E2)✳ ■❢ "❤❡ ♠❛♣ f ✐) )♦❢" e✲❝♦♥"✐♥✉♦✉) ❛" ❛♥② ♣♦✐♥" x ∈ E1✱ "❤❡♥ ✇❡

)❛② "❤❛" "❤❡ ♠❛♣ f ✐) )♦❢" e✲❝♦♥"✐♥✉♦✉)✳

◆♦✇ ✇❡ 7❡❢♦7♠✉❧❛"❡ "❤❡ ❞❡✜♥✐"✐♦♥ ❛❜♦✈❡ ✐♥ "❤❡ ❝♦77❡)♣♦♥❞✐♥❣ "♦♣♦❧♦❣✐❝❛❧ )♣❛❝❡) (E1×
U1, τ) ❛♥❞ (E1 × U2, σ)✳

✻✳✽✳ ❉❡✜♥✐(✐♦♥✳ ▲❡" (E1 × U1, τ) ❛♥❞ (E1 × U2, σ) ❜❡ "✇♦ "♦♣♦❧♦❣✐❝❛❧ )♣❛❝❡)✱ x ∈ U1✱

e : E1 → E2✳ ❆ ♠❛♣ f : U1 → U2 ✐) ❝❛❧❧❡❞ )♦❢" e✲❝♦♥"✐♥✉♦✉) ❛" "❤❡ ♣♦✐♥" x ✐❢ ❢♦7 ❡✈❡7②

a ∈ E1 ✭✐✳❡✳✱ ❢♦7 ❡✈❡7② [a, x] ∈ c(E1, x)✮ ❛♥❞ ❡✈❡7② ♦♣❡♥ )❡" G ∈ σ ❝♦♥"❛✐♥✐♥❣ [e(a), f(x)]
"❤❡7❡ ❡①✐)") ❛♥ ♦♣❡♥ )❡" H ∈ τ ❝♦♥"❛✐♥✐♥❣ [a, x] )✉❝❤ "❤❛" (e× f)(H) ⊂ G✳ ■❢ "❤❡ ♠❛♣ f

✐) )♦❢" e✲❝♦♥"✐♥✉♦✉) ❛" ❛♥② ♣♦✐♥" x ∈ U1✱ "❤❡♥ ✇❡ )❛② "❤❛" "❤❡ ♠❛♣ f ✐) )♦❢" e✲❝♦♥"✐♥✉♦✉)✳

❙✐♥❝❡ Φef ((H,E1)) = (F(e×f)(RH ), E2) ✭)❡❡ ❚❤❡♦7❡♠ ❛❜♦✈❡✮✱ Φef ((H,E1)) ✐) ❛ )♦❢"
)✉❜)❡" ♦❢ (G,E2) ✐✛ (e × f)(RH) ⊂ RG✳ ❚❤❛" ♠❡❛♥) "❤❡ )♦❢" e✲❝♦♥"✐♥✉✐"② ♦❢ f ❛" x

♠❡❛♥) "❤❛" "❤❡ )❡" ♦❢ ❛❧❧ ❝♦♥"✐♥✉✐"② ♣♦✐♥") ✭✐♥ "❤❡ ❣❡♥❡7❛❧ "♦♣♦❧♦❣② )❡♥)❡✮ ♦❢ e × f :
(E1 × U1, τ) → (E2 × U2, σ) ❝♦♥"❛✐♥) ❛ ❢✉❧❧ ❤♦7✐③♦♥"❛❧ x✲❧✐♥❡ c(E1, x)✳ ❙✐♥❝❡ Φef = Se×f

❛♥❞ Φ−1
ef = S

−1
e×f ✱ "❤❡ ♥❡①" "❤❡♦7❡♠ ✐) ❝❧❡❛7 ❛♥❞ D7♦♣♦)✐"✐♦♥) ✷✳✶✽ ❛♥❞ ✷✳✶✾ ♦❢ ❬✶✵❪ ❢♦❧❧♦✇)

❢7♦♠ )"❛♥❞❛7❞ ❡L✉✐✈❛❧❡♥" ❝♦♥❞✐"✐♦♥) ♦❢ ❝♦♥"✐♥✉✐"②✳

✻✳✾✳ ❚❤❡♦.❡♠✳ ❚❤❡ ♥❡①% ❝♦♥❞✐%✐♦♥* ❛,❡ ❡-✉✐✈❛❧❡♥%

✭✶✮ ❆ ❢✉♥❝%✐♦♥ f ✐* *♦❢% e✲❝♦♥%✐♥✉♦✉* ✭✐♥ %❤❡ *❡♥*❡ ♦❢ ❬✶✵❪✮✱

✭✷✮ e× f : (E1 × U1, τ) → (E2 × U2, σ) ✐* ❝♦♥%✐♥✉♦✉* ✭✐♥ %❤❡ %♦♣♦❧♦❣✐❝❛❧ *❡♥*❡✮✱
✭✸✮ Φ−1

ef ((G,E2)) ∈ τ ❢♦, ❛♥② (G,E2) ∈ σ✳

❋✐♥❛❧❧②✱ ✇❡ 7❡❝❛❧❧ ❛ ♥♦"✐♦♥ ♦❢ ❛ )♦❢" )❡" ♣♦✐♥" ♠❡♥"✐♦♥❡❞ ✐♥ ❬✷✷❪✳ ❆ )♦❢" ♣♦✐♥"✱ ❞❡♥♦"❡❞ ❜②

eF ✐) ❛ )♦❢" )❡" ❢♦7 ✇❤✐❝❤ F (e) 6= ∅ ❛♥❞ F (a) = ∅ ❢♦7 ❛❧❧ a ∈ E\{e} ❛♥❞ eF ∈ (G,E) ♠❡❛♥)
F (a) ⊂ G(a) ❢♦7 ❛❧❧ a ∈ E✳ ❙♦✱ ❛ )♦❢" ♣♦✐♥" ✐) ✐♥ ❢❛❝" ❛♥② ✈❡7"✐❝❛❧ e✲❧✐♥❡ c(e,X) = {e}×X

♦♥ X✱ ❢♦7 X 6= ∅✳ ❇② ❬✷✷❪✱ Φef ✭= fpu✮ ✐) )♦❢" ❝♦♥"✐♥✉♦✉) ✭)♦❢" pu✲❝♦♥"✐♥✉♦✉) )❡❡ ❬✷✷❪✮ ❛"

❛ )♦❢" ♣♦✐♥" eF ✐❢ ❢♦7 ❛♥② )♦❢" ♦♣❡♥ )❡" (G,E2) ❝♦♥"❛✐♥✐♥❣ Φef (eF ) "❤❡7❡ ✐) ❛ )♦❢" ♦♣❡♥ )❡"
(H,E1) ❝♦♥"❛✐♥✐♥❣ eF )✉❝❤ "❤❛" Φef ((H,E1)) ✐) ❛ )♦❢" )✉❜)❡" ♦❢ (G,E2) ❛♥❞ Φef ✐) )♦❢"

❝♦♥"✐♥✉♦✉) ✐❢ ✐" ✐) )♦ ❛" ❛♥② )♦❢" ♣♦✐♥"✳ ❙✐♥❝❡ ❛ ♣♦✐♥" P [e, x] ✐) ❛❧)♦ ❛ )♦❢" ♣♦✐♥" ✭♥❛♠❡❧②
eF ✇❤❡7❡ F (a) = ∅ ❢♦7 a 6= e ❛♥❞ F (e) = {x}✮✱ )♦❢" ❝♦♥"✐♥✉✐"② ♦❢ Φef ✐♥ "❤❡ )❡♥)❡ ♦❢

❬✷✷❪ ✐♠♣❧✐❡) ❛ "♦♣♦❧♦❣✐❝❛❧ ❝♦♥"✐♥✉✐"② ♦❢ e× f ❛" ❛♥② ♣♦✐♥" P [e, x] ∈ E ×U ✳ ❚❤❡ ♦♣♣♦)✐"❡

✐♠♣❧✐❝❛"✐♦♥ ❛❧)♦ ❤♦❧❞)✱ ❛) ✇❡ ♣7♦✈❡ ✐♥ "❤❡ ♥❡①" "❤❡♦7❡♠✳

✻✳✶✵✳ ❚❤❡♦.❡♠✳ ❆ ❢✉♥❝%✐♦♥ Φef ✭= fpu✮ ✐* *♦❢% ❝♦♥%✐♥✉♦✉* ✭✐♥ %❤❡ *❡♥*❡ ♦❢ ❬✷✷❪✮ ✐❢ ❛♥❞

♦♥❧② ✐❢ e× f ✐* ❝♦♥%✐♥✉♦✉* ✭✐♥ %❤❡ %♦♣♦❧♦❣✐❝❛❧ *❡♥*❡✮✳ ❈♦♥*❡-✉❡♥%❧②✱ %❤❡ *♦❢% ❝♦♥%✐♥✉✐%② ✐*

❡-✉✐✈❛❧❡♥% %♦ %❤❡ *♦❢% e✲❝♦♥%✐♥✉✐%②✳

A,♦♦❢✳ ■" ✐) )✉✣❝✐❡♥" "♦ ♣7♦✈❡ ✧⇐✧✳ ▲❡" gK ✭✐✳❡✳✱ K(g) 6= ∅ ❛♥❞ K(e) = ∅ ❢♦7 e 6= g✮

❜❡ ❛ )♦❢" ♣♦✐♥" ❛♥❞ (G,E2) ❜❡ ❛ )♦❢" ♦♣❡♥ )✉♣❡7)❡" ♦❢ Φef (gK)✳ ❙✐♥❝❡ RG ✐) ❛♥ ♦♣❡♥

)❡" ✐♥ E2 × U2✱ RG ✐) ♦♣❡♥ ♥❡✐❣❤❜♦7❤♦♦❞ ♦❢ ❛ ♣♦✐♥" [e(g), f(x)] ❢♦7 ❛♥② x ∈ K(g)✳ ❙✐♥❝❡
e × f ✐) ❝♦♥"✐♥✉♦✉) ❛" [g, x]✱ ❢♦7 ❛♥② x ∈ K(g) "❤❡7❡ ✐) ❛♥ ♦♣❡♥ )✉❜)❡" Hx ♦❢ E1 × U1

❝♦♥"❛✐♥✐♥❣ [g, x] )✉❝❤ "❤❛" (e× f)(Hx) ⊂ RG✳ D✉" H := ∪x∈K(g)Hx ⊃ RgK ✳ ❚❤❡♥ H ✐)

♦♣❡♥ ✐♥ E1 ×U1 ❛♥❞ (e× f)(H) ⊂ RG✱ )♦ (F(e×f)(H), E2) ✐) ❛ )♦❢" )✉❜)❡" ♦❢ (G,E2) ✭)❡❡
▲❡♠♠❛ ✸✳✸ ✭✷✮✮✳ ❙✐♥❝❡ (FH , E1) ✐) ❛ )♦❢" ♦♣❡♥ )❡" ❝♦♥"❛✐♥✐♥❣ gK ✭)❡❡ ▲❡♠♠❛ ✸✳✸ ✭✶✮✮✱

Φef (FH , E1) = (F(e×f)(H), E2) ✭)❡❡ ❚❤❡♦7❡♠ ✻✳✻ ✭✶✮✮ ✐) ❛ )♦❢" )✉❜)❡" ♦❢ (G,E2)✳
�



✶✵✾✾

✼✳ ❈♦♥❝❧✉(✐♦♥

❚❤✐# ♣❛♣❡' ❞❡❛❧# ✇✐+❤ +❤❡ #+✉❞② ♦❢ +❤❡ +❤❡♦'② ♦❢ #♦❢+ +♦♣♦❧♦❣✐❝❛❧ #♣❛❝❡# ❛♥❞ +❤❡

♠❛✐♥ '❡#✉❧+ ✐# +♦ #❤♦✇ ❛ ❞❡❡♣ ❝♦♥♥❡❝+✐♦♥ ❜❡+✇❡❡♥ ❛ #♦❢+ +♦♣♦❧♦❣② τ ♦♥ SS(E,U) ❛♥❞
❛ +♦♣♦❧♦❣② τE×U = {R ⊂ E × U : (FR, E) ∈ τ} ♦♥ +❤❡ ♣'♦❞✉❝+ E × U ✳ ❆♥② #♦❢+

+♦♣♦❧♦❣✐❝❛❧ #♣❛❝❡ (E,U, τ) ❝❛♥ ❜❡ ❝♦♥#✐❞❡'❡❞ ❛# ❛ +♦♣♦❧♦❣✐❝❛❧ #♣❛❝❡ ♦♥ E × U ❛♥❞ ❛♥②

+♦♣♦❧♦❣✐❝❛❧ #♣❛❝❡ (U, τ) ❝❛♥ ❜❡ ❝♦♥#✐❞❡'❡❞ ❛# ❛ #♦❢+ +♦♣♦❧♦❣✐❝❛❧ #♣❛❝❡ ♦✈❡' U ✇✐+❤ '❡#♣❡❝+

+♦ ❛ #✐♥❣❧❡+♦♥ E = {e}✳ ❋'♦♠ +❤✐# ❝♦''❡#♣♦♥❞❡♥❝❡ ❜❡+✇❡❡♥ (E,U, τ) ❛♥❞ (E × U, τE×U )✱
✐+ ❢♦❧❧♦✇# +❤❛+ ♠❛♥② '❡#✉❧+# ❢'♦♠ #♦❢+ #❡+ +❤❡♦'② ❛'❡ ❝♦♥#❡:✉❡♥❝❡# ♦❢ +❤❡ +♦♣♦❧♦❣✐❝❛❧

'❡#✉❧+#✳ ■♥ ❢❛❝+✱ (E,U, τ) ❛♥❞ (E × U, τE×U ) ❛'❡ ❤♦♠❡♦♠♦'♣❤✐❝✳ ❆ ❤♦♠❡♦♠♦'♣❤✐#♠

h : (E × U, τ) → (E,U, τ) ✐# ❣✐✈❡♥ ❜② h([a, x]) = (Fc(a,x), E)✱ ✇❤❡'❡ Fc(a,x) ✐# ❣✐✈❡♥ ❜②

Fc(a,x)(e) = {x} ❢♦' e = a ❛♥❞ Fc(a,x)(e) = ∅ ❢♦' e 6= a✳

❙✐♠✐❧❛'❧②✱ ✐❢ E = {e}✱ +❤❡♥ (E,U, τ) ❛♥❞ (U, τ) ❛'❡ ❤♦♠❡♦♠♦'♣❤✐❝ ❛♥❞ ❛ ❤♦♠❡♦♠♦'✲
♣❤✐#♠ h : (U, τ) → (E,U, τ) ✐# ❞❡✜♥❡❞ ❜② h(x) = (Fc(e,x), E), x ∈ U ✳ ❚❤✐# ❤♦♠❡♦♠♦'✲

♣❤✐#♠ ✐# ❛ ✈❡'② ❣♦♦❞ +♦♦❧ ❢♦' ✜♥❞✐♥❣ ❛ #♦❢+ +♦♣♦❧♦❣✐❝❛❧ #♣❛❝❡ ✇❤✐❝❤ ❤❛# ❛ #♦❢+ ♣'♦♣❡'+②

P1 ✭❢♦' ❡①❛♠♣❧❡ #♦❢+ Ti✮ ❛♥❞ ✐+ ❤❛# ♥♦+ ❛ #♦❢+ ♣'♦♣❡'+② P2 ✭#♦❢+ Tj ✱ i < j✮✳ ❚❤❡♥✱ ✐+ ✐#

#✉✣❝✐❡♥+ +♦ ✜♥❞ ❛ +♦♣♦❧♦❣✐❝❛❧ #♣❛❝❡ ✇❤✐❝❤ ❤❛# +❤❡ ♣'♦♣❡'+② P1 ✭Ti✮ ❛♥❞ ✐+ ❤❛# ♥♦+ +❤❡

♣'♦♣❡'+② P2 ✭Tj ✱ i < j✱ i, j = 1, 2, 3, 4✮✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥+

❚❤❡ ❛✉+❤♦' ❛❝❦♥♦✇❧❡❞❣❡# +❤❡ ✜♥❛♥❝✐❛❧ #✉♣♣♦'+ ❜② +❤❡ ❆D❱❱✲✵✷✻✾✲✶✶ ♣'♦❥❡❝+ ✧❋✉♥❝✲

+✐♦♥ #♣❛❝❡#✱ ❜♦'♥♦❧♦❣✐❡#✱ ❤②♣❡'#♣❛❝❡# ❛♥❞ +♦♣♦❧♦❣✐❝❛❧ #+'✉❝+✉'❡#✧✳

❘❡❢❡-❡♥❝❡(

❬✶❪ ❆❦%❛➩✱ ❍✳ ❛♥❞ ➬❛➜♠❛♥✱ ◆✳ ❙♦❢# $❡#$ ❛♥❞ $♦❢# ❣*♦✉♣$✱ ■♥❢♦4♠❛%✐♦♥ ❙❝✐❡♥❝❡9 ✶✼✼ ✭✷✵✵✼✮✱

✷✼✷✻✕✷✼✸✺✳

❬✷❪ ❆❧✐✱ ▼✳ ■✳✱ ❋❡♥❣✱ ❋✳✱ ▲✐✉✱ ❳✳✱ ▼✐♥✱ ❲✳ ❑✳ ❛♥❞ ❙❤❛❜✐4✱ ▼✳ ❖♥ $♦♠❡ ♥❡✇ ♦♣❡*❛#✐♦♥$ ✐♥ $♦❢#

$❡# #❤❡♦*②✱ ❈♦♠♣✉%✳ ▼❛%❤✳ ❆♣♣❧✳ ✺✼ ✭✷✵✵✾✮✱ ✶✺✹✼✕✶✺✺✸✳
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▲❡$ A ❜❡ $❤❡ ❝❧❛11 ♦❢ ❢✉♥❝$✐♦♥1 f ♥♦)♠❛❧✐③❡❞ ❜②

✭✶✳✶✮ f(z) = z +
∞
∑

n=2

anz
n

✇❤✐❝❤ ❛)❡ ❛♥❛❧②$✐❝ ✐♥ $❤❡ ♦♣❡♥ ❞✐1❦ U = {z : z ∈ C ❛♥❞ |z| < 1}✳ ❆1 ✉1✉❛❧✱ ✇❡ ❞❡♥♦$❡ ❜②
S $❤❡ 1✉❜❝❧❛11 ♦❢ A ❝♦♥1✐1$✐♥❣ ♦❢ ❢✉♥❝$✐♦♥1 ✇❤✐❝❤ ❛)❡ ♥♦)♠❛❧✐③❡❞ ❜② f(0) = 0 = f ′(0)− 1
❛♥❞ ❛❧1♦ ✉♥✐✈❛❧❡♥$ ✐♥ U. ❉❡♥♦$❡ ❜② T ❬✶✾❪ $❤❡ 1✉❜❝❧❛11 ♦❢ A ❝♦♥1✐1$✐♥❣ ♦❢ ❢✉♥❝$✐♦♥1 ♦❢

$❤❡ ❢♦)♠

✭✶✳✷✮ f(z) = z −

∞
∑

n=2

anz
n
, an ≥ 0, n = 2, 3, . . . .
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➓

❉❡♣❛$%♠❡♥% ♦❢ ▼❛%❤❡♠❛%✐❝.✱ ❯♥✐✈❡$.✐%② ■♥.%✐%✉%❡ ♦❢ ❊♥❣✐♥❡❡$✐♥❣ ❛♥❞ ❚❡❝❤♥♦❧✲

♦❣②✱❈❤❤❛%$❛♣❛%✐ ❙❤❛❤✉ ❏✐ ▼❛❤❛$❛❥ ❯♥✐✈❡$.✐%②✱ ❑❛♥♣✉$✲✷✵✽✵✷✹✱ ✭❯✳M✳✮✱ ■◆❉■❆

❊♠❛✐❧✿ "❛✉$❛❜❤❥❝❜❅$❡❞✐❢❢♠❛✐❧✳❝♦♠



✶✶✵✷

❆❧"♦✱ ❢♦& ❢✉♥❝*✐♦♥" f ∈ A ❣✐✈❡♥ ❜② ✭✶✳✶✮ ❛♥❞ g ∈ A ❣✐✈❡♥ ❜②

g(z) = z +

∞
∑

n=2

bnz
n
,

✇❡ ❞❡✜♥❡ *❤❡ ❍❛❞❛♠❛&❞ ♣&♦❞✉❝* ✭♦& ❝♦♥✈♦❧✉*✐♦♥✮ ♦❢ f ❛♥❞ g ❜②

✭✶✳✸✮ (f ∗ g)(z) = z +

∞
∑

n=2

anbnz
n
, (z ∈ U).

❚❤❡ ❝❧❛"" S
∗(α) ♦❢ "*❛&❧✐❦❡ ❢✉♥❝*✐♦♥" ♦❢ ♦&❞❡& α (0 ≤ α < 1) ♠❛② ❜❡ ❞❡✜♥❡❞ ❛"

S
∗(α) =

{

f ∈ A : ℜ

(

zf ′(z)

f(z)

)

> α, z ∈ U

}

.

❚❤❡ ❝❧❛"" S
∗(α) ❛♥❞ *❤❡ ❝❧❛"" K(α) ♦❢ ❝♦♥✈❡① ❢✉♥❝*✐♦♥" ♦❢ ♦&❞❡& α (0 ≤ α < 1)

K(α) =

{

f ∈ A : ℜ

(

1 +
zf ′′(z)

f ′(z)

)

> α, z ∈ U

}

=
{

f ∈ A : zf
′ ∈ S

∗(α)
}

✇❡&❡ ✐♥*&♦❞✉❝❡❞ ❜② ❘♦❜❡&*"♦♥ ✐♥ ❬✶✼❪✳ ❲❡ ❛❧"♦ ✇&✐*❡ S
∗(0) = S

∗, ✇❤❡&❡ S
∗
❞❡♥♦*❡"

*❤❡ ❝❧❛"" ♦❢ ❢✉♥❝*✐♦♥" f ∈ A *❤❛* f(U) ✐" "*❛&❧✐❦❡ ✇✐*❤ &❡"♣❡❝* *♦ *❤❡ ♦&✐❣✐♥✳ ❋✉&*❤❡&✱
K(0) = K ✐" *❤❡ ✇❡❧❧✲❦♥♦✇♥ "*❛♥❞❛&❞ ❝❧❛"" ♦❢ ❝♦♥✈❡① ❢✉♥❝*✐♦♥"✳ ■* ✐" ❛♥ ❡"*❛❜❧✐"❤❡❞ ❢❛❝*

*❤❛* f ∈ K(α) ⇐⇒ zf ′ ∈ S
∗(α).

❆ ❢✉♥❝*✐♦♥ f ∈ A ✐" "❛✐❞ *♦ ❜❡ ✐♥ *❤❡ ❝❧❛"" f ∈ ℜτ (A,B) ✐❢ ✐* "❛*✐"✜❡" *❤❡ ✐♥❡I✉❛❧✐*②
∣

∣

∣

∣

f ′(z)− 1

(A−B)τ −B[f ′(z)− 1]

∣

∣

∣

∣

< 1.

✇❤❡&❡ z ∈ U, τ ∈ C\{0}✱ −1 ≤ B < A ≤ 1✳ ❚❤❡ ❝❧❛(( ℜτ (A,B) ✇❛( ✐♥,-♦❞✉❝❡❞ ❡❛-❧✐❡- ❜②

❉✐①✐, ❛♥❞ 5❛❧ ❬✻❪✳ ■❢ ✇❡ ♣✉,

τ = 1, A = α ❛♥❞ B = −α (0 < α ≤ 1),

✇❡ ♦❜,❛✐♥ ,❤❡ ❝❧❛(( ♦❢ ❢✉♥❝,✐♦♥( f ∈ A (❛,✐(❢②✐♥❣ ,❤❡ ✐♥❡=✉❛❧✐,②

∣

∣

∣

∣

f ′(z)− 1

f ′(z) + 1

∣

∣

∣

∣

< α (z ∈ U; 0 < α ≤ 1)

✇❤✐❝❤ ✇❛( (,✉❞✐❡❞ ❜② ✭❛♠♦♥❣ ♦,❤❡-(✮ 5❛❞♠❛♥❛❜❤❛♥ ❬✶✷❪ ❛♥❞ ❈❛♣❧✐♥❣❡- ❛♥❞ ❈❛✉(❡② ❬✹❪✳

❱❡-② -❡❝❡♥,❧②✱ 5♦-✇❛❧ ❬✶✸❪ ✐♥,-♦❞✉❝❡ ❛ ♣♦✇❡- (❡-✐❡( ✇❤♦(❡ ❝♦❡✣❝✐❡♥,( ❛-❡ ♣-♦❜❛❜✐❧✐,✐❡(

♦❢ 5♦✐((♦♥ ❞✐(,-✐❜✉,✐♦♥

K (m, z) = z +
∞
∑

n=2

mn−1

(n− 1)!
e
−m

z
n
, (z ∈ U)

❛♥❞ ✇❡ ♥♦,❡ ,❤❛,✱ ❜② -❛,✐♦ ,❡(, ,❤❡ -❛❞✐✉( ♦❢ ❝♦♥✈❡-❣❡♥❝❡ ♦❢ ❛❜♦✈❡ (❡-✐❡( ✐( ✐♥✜♥✐,②✳ ■♥

❬✶✸❪✱ 5♦-✇❛❧ ❛❧(♦ ❞❡✜♥❡❞ ,❤❡ (❡-✐❡(

F (m, z) = 2z −K(m, z) = z −

∞
∑

n=2

mn−1

(n− 1)!
e
−m

z
n
, (z ∈ U).

◆♦✇✱ ✇❡ ❝♦♥(✐❞❡-❡❞ ,❤❡ ❧✐♥❡❛- ♦♣❡-❛,♦-

I(m) : A → A

❞❡✜♥❡❞ ❜②

✭✶✳✹✮ I(m)f = K(m, z) ∗ f(z) = z +

∞
∑

n=2

mn−1

(n− 1)!
e
−m

anz
n
.
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▼♦"✐✈❛"❡❞ ❜② *❡+✉❧"+ ♦♥ ❝♦♥♥❡❝"✐♦♥+ ❜❡"✇❡❡♥ ✈❛*✐♦✉+ +✉❜❝❧❛++❡+ ♦❢ ❛♥❛❧②"✐❝ ✉♥✐✈❛❧❡♥"

❢✉♥❝"✐♦♥+ ❜② ✉+✐♥❣ ❣❡♥❡*❛❧✐③❡❞ ❇❡++❡❧ ❢✉♥❝"✐♦♥+ ❬✶✱ ✷✱ ✸✱ ✽✱ ✶✶✱ ✶✸✱ ✶✺✱ ✷✷❪✱ ❤②♣❡*❣❡♦♠❡"*✐❝

❢✉♥❝"✐♦♥+ ❜② ❙*✐✈❛+"❛✈❛ ❡" ❛❧✳ ❬✷✵❪ ✭+❡❡ ❬✺✱ ✼✱ ✾✱ ✶✵✱ ✶✽❪✮ ✇❡ ♦❜"❛✐♥ ♥❡❝❡++❛*② ❛♥❞ +✉✣❝✐❡♥"

❝♦♥❞✐"✐♦♥ ❢♦* ❢✉♥❝"✐♦♥+ F (m, z) ✐♥ G
∗(λ, α) ❛♥❞ K

∗(λ, α). ❋✉*"❤❡* ❞✉❡ "♦ "❤❡ ✇♦*❦+ ♦❢
❘❛♠❡+❤❛ ❡" ❛❧✳ ❬✶✻❪✱ L❛❞♠❛♥❛❜❤❛♥ ❬✶✷❪✱✇❡ ❡+"✐♠❛"❡ ❝❡*"❛✐♥ ✐♥❝❧✉+✐♦♥ *❡❧❛"✐♦♥+ ❜❡"✇❡❡♥

"❤❡ ❝❧❛++❡+ ℜτ (A,B), ❛♥❞ G
∗(λ, α) ❛♥❞ K

∗(λ, α).
❋♦* 0 ≤ λ < 1 ❛♥❞ 0 ≤ α < 1✱ ✇❡ ❧❡" G(λ, α) "❤❡ +✉❜❝❧❛++ ♦❢ ❢✉♥❝"✐♦♥+ f ∈ A ✇❤✐❝❤

+❛"✐+❢② "❤❡ ❝♦♥❞✐"✐♦♥

✭✶✳✺✮ ℜ

(

zf ′(z) + λz2f ′′(z)

f(z)

)

> α, (z ∈ U).

❛♥❞ ❛❧+♦ ❧❡" K(λ, α) "❤❡ +✉❜❝❧❛++ ♦❢ ❢✉♥❝"✐♦♥+ f ∈ A ✇❤✐❝❤ +❛"✐+❢② "❤❡ ❝♦♥❞✐"✐♦♥

✭✶✳✻✮ ℜ

(

z[zf ′(z) + λz2f ′′(z)]′

zf ′(z)

)

> α, (z ∈ U).

❆❧+♦ ❞❡♥♦"❡ G
∗(λ, α) = G(λ, α) ∩ T ❛♥❞ K

∗(λ, α) = K(λ, α) ∩ T.

✶✳✶✳ ❘❡♠❛&❦✳ ■" ✐+ ♦❢ ✐♥"❡*❡+" "♦ ♥♦"❡ "❤❛" ❢♦* λ = 0✱ ✇❡ ❤❛✈❡ G(λ, α) ≡ S
∗(α) ❛♥❞

K(λ, α) ≡ K(α)

❚♦ ♣*♦✈❡ "❤❡ ♠❛✐♥ *❡+✉❧"+✱ ✇❡ ♥❡❡❞ "❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛+✳

✶✳✷✳ ▲❡♠♠❛✳ ❬✷✶❪ ❆ ❢✉♥❝%✐♦♥ f ∈ A ❜❡❧♦♥❣, %♦ %❤❡ ❝❧❛,, G(λ, α) ✐❢

∞
∑

n=2

(n+ λn(n− 1)− α)|an| ≤ 1− α.

✶✳✸✳ ▲❡♠♠❛✳ ❬✷✶❪ ❆ ❢✉♥❝%✐♦♥ f ∈ A ❜❡❧♦♥❣, %♦ %❤❡ ❝❧❛,, K(λ, α) ✐❢

∞
∑

n=2

n(n+ λn(n− 1)− α)|an| ≤ 1− α.

❋✉*"❤❡* ✇❡ ❝❛♥ ❡❛+✐❧② ♣*♦✈❡ "❤❛" "❤❡ ❝♦♥❞✐"✐♦♥+ ❛*❡ ❛❧+♦ ♥❡❝❡++❛*② ✐❢ f ∈ T.

✶✳✹✳ ▲❡♠♠❛✳ ❆ ❢✉♥❝%✐♦♥ f ∈ T ❜❡❧♦♥❣, %♦ %❤❡ ❝❧❛,, G
∗(λ, α) ✐❢ ❛♥❞ ♦♥❧② ✐❢

∞
∑

n=2

(n+ λn(n− 1)− α)|an| ≤ 1− α.

✶✳✺✳ ▲❡♠♠❛✳ ❆ ❢✉♥❝%✐♦♥ f ∈ T ❜❡❧♦♥❣, %♦ %❤❡ ❝❧❛,, K
∗(λ, α) ✐❢ ❛♥❞ ♦♥❧② ✐❢

∞
∑

n=2

n(n+ λn(n− 1)− α)|an| ≤ 1− α.

✷✳ ▼❛✐♥ ❘❡(✉❧+(

✷✳✶✳ ❚❤❡♦&❡♠✳ ■❢ m > 0✱ %❤❡♥ F (m, z) ✐, ✐♥ G
∗(λ, α) ✐❢ ❛♥❞ ♦♥❧② ✐❢

e
m
[

λm
2 + (1 + 2λ)m

]

≤ 1− α.✭✷✳✶✮

34♦♦❢✳ ❙✐♥❝❡ F (m, z) = z −
∞
∑

n=2

mn−1

(n−1)!
e−mzn ❛♥❞ ❜② ✈✐*"✉❡ ♦❢ ▲❡♠♠❛ ✶✳✹✱ ✐" +✉✣❝❡+ "♦

+❤♦✇ "❤❛"

∞
∑

n=2

(n+ λn(n− 1)− α)
mn−1

(n− 1)!
e
−m ≤ 1− α.
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▲❡"

L1(m,λ, α) =
∞
∑

n=2

(n2
λ+ n(1− λ)− α)

mn−1

(n− 1)!
e
−m

❲$✐"✐♥❣ n2 = (n−1)(n−2)+3(n−1)+1 ❛♥❞ n = (n−1)+1✱ ❛♥❞ ❜② -✐♠♣❧❡ ❝♦♠♣✉"❛"✐♦♥✱
✇❡ ❣❡"

L1(m,λ, α) =
∞
∑

n=2

λ(n− 1)(n− 2)
mn−1

(n− 1)!
e
−m

+ (1 + 2λ)
∞
∑

n=2

(n− 1)
mn−1

(n− 1)!
e
−m + (1− α)

∞
∑

n=2

mn−1

(n− 1)!
e
−m

= λ

∞
∑

n=3

mn−1

(n− 3)!
e
−m + (1 + 2λ)

∞
∑

n=2

mn−1

(n− 2)!
e
−m

+ (1− α)

∞
∑

n=2

mn−1

(n− 1)!
e
−m

= e
−m

[

λm
2
e
m + (1 + 2λ)me

m + (1− α)(em − 1)
]

= λm
2 + (1 + 2λ)m+ (1− α)(1− e

−m).

❇✉"✱ "❤✐- ❧❛-" ❡①♣$❡--✐♦♥ ✐- ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② 1− α ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✭✷✳✶✮ ✐- -❛"✐-✜❡❞✳ �

✷✳✷✳ ❚❤❡♦&❡♠✳ ■❢ m > 0✱ #❤❡♥ F (m, z) ✐( ✐♥ K
∗(λ, α) ✐❢ ❛♥❞ ♦♥❧② ✐❢

e
m
[

λm
3 + (1 + 5λ)m2 + (3 + 4λ− α)m

]

≤ 1− α.✭✷✳✷✮

./♦♦❢✳ ❙✐♥❝❡ F (m, z) = z −
∑∞

n=2
mn−1

(n−1)!
e−mzn ❛♥❞ ❜② ✈✐$"✉❡ ♦❢ ▲❡♠♠❛ ✶✳✺✱ ✐" -✉✣❝❡-

"♦ -❤♦✇ "❤❛"

∞
∑

n=2

(n3
λ+ n

2(1− λ)− nα)
mn−1

(n− 1)!
e
−m ≤ 1− α.

▲❡"

L2(m,λ, α) =
∞
∑

n=2

(n3
λ+ n

2(1− λ)− nα)
mn−1

(n− 1)!
e
−m

❲$✐"✐♥❣ n3 = (n− 1)(n− 2)(n− 3) + 6(n− 1)(n− 2) + 7(n− 1) + 1,
n2 = (n−1)(n−2)+3(n−1)+1 and n = (n−1)+1, ✇❡ ❝❛♥ $❡✇$✐"❡ "❤❡ ❛❜♦✈❡ "❡$♠-
❛-

L2(m,λ, α) = λ

∞
∑

n=2

(n− 1)(n− 2)(n− 3)
mn−1

(n− 1)!
e
−m

+ (1 + 5λ)
∞
∑

n=2

(n− 1)(n− 2)
mn−1

(n− 1)!
e
−m

+ (3 + 4λ− α)
∞
∑

n=2

(n− 1)
mn−1

(n− 1)!
e
−m

+ (1− α)
∞
∑

n=2

mn−1

(n− 1)!
e
−m
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= λ

∞
∑

n=4

mn−1

(n− 4)!
e
−m + (1 + 5λ)

∞
∑

n=3

mn−1

(n− 3)!
e
−m

+ (3 + 4λ− α)
∞
∑

n=2

mn−1

(n− 2)!
e
−m + (1− α)

∞
∑

n=2

mn−1

(n− 1)!
e
−m

= e
−m

[

λm
3
e
m + (1 + 5λ)m2

e
m + (3 + 4λ− α)me

m

+ (1− α)(em − 1)]

= λm
3 + (1 + 5λ)m2 + (3 + 4λ− α)m+ (1− α)(1− e

−m).

❇✉"✱ "❤✐& ❧❛&" ❡①♣,❡&&✐♦♥ ✐& ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② 1− α ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✭✷✳✷✮ ✐& &❛"✐&✜❡❞✳ �

❇② "❛❦✐♥❣ λ = 0✱✐♥ ❚❤❡♦,❡♠ ✷✳✶❛♥❞ ✷✳✷ ✇❡ &"❛"❡ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦,♦❧❧❛,✐❡&✿

✷✳✸✳ ❈♦%♦❧❧❛%②✳ ■❢ m > 0✱ #❤❡♥ F (m, z) ✐( ✐♥ S
∗(α) ✐❢

me
m ≤ 1− α.✭✷✳✸✮

✷✳✹✳ ❈♦%♦❧❧❛%②✳ ■❢ m > 0✱ #❤❡♥ F (m, z) ✐( ✐♥ ∈ K(α) ✐❢

e
m
m(m+ 3− α) ≤ 1− α.✭✷✳✹✮

✸✳ ■♥❝❧✉'✐♦♥ *+♦♣❡+.✐❡'

▼❛❦✐♥❣ ✉&❡ ♦❢ "❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❡ ✇✐❧❧ &"✉❞② "❤❡ ❛❝"✐♦♥ ♦❢ "❤❡ D♦✐&&♦♥ ❞✐&",✐❜✉"✐♦♥

&❡,✐❡& ♦♥ "❤❡ ❝❧❛&&❡& K(λ, α).

✸✳✶✳ ▲❡♠♠❛✳ ❬✻❪ ❆ ❢✉♥❝#✐♦♥ f ∈ ℜτ (A,B) ✐( ♦❢ ❢♦-♠ ✭✶✳✶✮✱ #❤❡♥

✭✸✳✶✮ |an| ≤ (A−B)
|τ |

n
, n ∈ N\{1}.

❚❤❡ ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ✭✸✳✶✮ ✐( (❤❛-♣ ❢♦-

f(z) =

∫ z

0

(

1 +
(A−B)|τ |zn−1

1 +Bzn−1

)

dz (n ≥ 2; z ∈ U)

✸✳✷✳ ❚❤❡♦%❡♠✳ ▲❡# m > 0. ■❢ f ∈ ℜτ (A,B)✱#❤❡♥ I(m)f ∈ K(λ, α) ✐❢ ❛♥❞ ♦♥❧② ✐❢

(A−B)|τ |em
[

λm2 + (1 + 2λ)m
]

1− (A−B)|τ |(1− e−m)
≤ 1− α✭✸✳✷✮

✇❤❡-❡ τ ∈ C\{0},−1 ≤ B < A ≤ 1.

?-♦♦❢✳ ▲❡" f ❜❡ ♦❢ "❤❡ ❢♦,♠ ✭✶✳✶✮ ❜❡❧♦♥❣ "♦ "❤❡ ❝❧❛&& ℜτ (A,B) "❤❡♥ ❜② ✈✐,"✉❡ ♦❢ ▲❡♠♠❛
✶✳✺✱ ✐" &✉✣❝❡& "♦ &❤♦✇ "❤❛"

∞
∑

n=2

n(n2
λ+ n(1− λ)− α)

mn−1

(n− 1)!
e
−m|an| ≤ 1− α.

▲❡"

L3(m,λ, α) =
∞
∑

n=2

n(n2
λ+ n(1− λ)− α)

mn−1

(n− 1)!
e
−m|an|.

❙✐♥❝❡ f ∈ ℜτ (A,B) ❜② ▲❡♠♠❛ ✸✳✶ ✇❡ ❤❛✈❡ |an| ≤ (A−B) |τ |
n
, n ∈ N\{1}✱ ❤❡♥❝❡ ✇❡ ❣❡"

L3(m,λ, α) ≤ e
−m

∞
∑

n=2

(n2
λ+ n(1− λ)− α)

mn−1

(n− 1)!
(A−B)|τ |

≤ (A−B)|τ |e−m

∞
∑

n=2

(n2
λ+ n(1− λ)− α)

mn−1

(n− 1)!
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❲!✐#✐♥❣ n2 = (n− 1)(n− 2) + 3(n− 1) + 1 ❛♥❞ n = (n− 1) + 1✱ ❛♥❞ ❜② ✉,✐♥❣ #❤❡ ,✐♠✐❧❛!
❛!❣✉♠❡♥#, ❛, ✐♥ #❤❡ ♣!♦♦❢ ♦❢ ❚❤❡♦!❡♠ ✷✳✶✱ ✇❡ ❣❡#

L3(m,λ, α) ≤ (A−B)|τ |
[

λm
2 + (1 + 2λ)m+ (1− α)(1− e

−m)
]

.

❇✉#✱#❤❡ ❧❛,# ❡①♣!❡,,✐♦♥ ✐, ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② 1− α ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✭✸✳✷✮ ✐, ,❛#✐,✜❡❞✳ ❍❡♥❝❡

#❤❡ ♣!♦♦❢ ✐, ❝♦♠♣❧❡#❡❞✳ �

✸✳✸✳ ❈♦$♦❧❧❛$②✳ ▲❡" m > 0 ❛♥❞ λ = 0. ■❢ f ∈ ℜτ (A,B), "❤❡♥ I(m)f ∈ K(α) ✐❢ ❛♥❞ ♦♥❧②
✐❢

(A−B)|τ |m
[

1− (A−B)|τ |(1− e
−m

]−1
≤ 1− α

✇❤❡.❡ τ ∈ C\{0} − 1 ≤ B < A ≤ 1✳

✸✳✹✳ ❚❤❡♦$❡♠✳ ▲❡" m > 0✱ "❤❡♥

G(m, z) =

∫ z

0

F (m, t)

t
)dt

✐1 ✐♥ K
∗(λ, α) ✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✸✳✸✮ e
m
[

λm
2 + (1 + 2λ)m

]

≤ 1− α.

2.♦♦❢✳ ❙✐♥❝❡

G(m, z) = z −

∞
∑

n=2

e−mmn−1

(n− 1)!

zn

n
= z −

∞
∑

n=2

e−mmn−1

n!
z
n

❜② ▲❡♠♠❛ ✶✳✺✱ ✇❡ ♥❡❡❞ ♦♥❧② #♦ ,❤♦✇ #❤❛#

∞
∑

n=2

n(n2
λ+ n(1− λ)− α)

mn−1

n!
e
−m ≤ 1− α.

◆♦✇✱ ❧❡#

L4(m,λ, α) =
∞
∑

n=2

n(n2
λ+ n(1− λ)− α)

mn−1

n!
e
−m

=

∞
∑

n=2

(n2
λ+ n(1− λ)− α)

mn−1

(n− 1)!
e
−m

.

❍❡♥❝❡ ✱✇!✐#✐♥❣ n2 = (n− 1)(n− 2) + 3(n− 1) + 1 ❛♥❞ n = (n− 1) + 1✱ ❛♥❞ ❜② ✉,✐♥❣ #❤❡
,✐♠✐❧❛! ❛!❣✉♠❡♥#, ❛, ✐♥ #❤❡ ♣!♦♦❢ ♦❢ ❚❤❡♦!❡♠ ✷✳✶✱ ✇❡ ❤❛✈❡

L4(m,λ, α) ≤ λm
2 + (1 + 2λ)m+ (1− α)(1− e

−m),

✇❤✐❝❤ ✐, ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② 1− α ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✭✸✳✸✮ ❤♦❧❞,✳ �

✸✳✺✳ ❚❤❡♦$❡♠✳ ▲❡" m > 0✱ "❤❡♥ G(m, z) =
∫ z

0

F (m,t)
t

)dt ✐1 ✐♥ G
∗(λ, α) ✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✸✳✹✮ mλ+
(

1−
α

m

)

(

1− e
−m

)

+ αe
−m ≤ 1− α.

2.♦♦❢✳ ❚❤❡ ♣!♦♦❢ ♦❢ #❤❡♦!❡♠ ✐, ,✐♠✐❧❛! #♦ #❤❛# ♦❢ ❚❤❡♦!❡♠ ✸✳✹✱ ❤❡♥❝❡ ✇❡ ♦♠✐# #❤❡ ❞❡#❛✐❧,

✐♥✈♦❧✈❡❞✳ �

❆❝❦♥♦✇❧❡❞❣❡♠❡♥5✿ ❚❤❡ ❛✉#❤♦!, #❤❛♥❦ #❤❡ !❡❢❡!❡❡ ❢♦! ❤✐, ✐♥,✐❣❤#❢✉❧ ,✉❣❣❡,#✐♦♥, #♦

✐♠♣!♦✈❡ #❤❡ ♣❛♣❡! ✐♥ ♣!❡,❡♥# ❢♦!♠✳
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❡(✉❛*✐♦♥✳

■♥ *❤✐' ♣❛♣❡%✱ ✇❡ ✐♥✈❡'*✐❣❛*❡ *❤❡ '♦❧✉*✐♦♥ ♦❢ ❣❡♥❡%❛❧✐③❡❞ ♦♥❡✲❞✐♠❡♥'✐♦♥❛❧ ❇✉%❣❡%' ❡(✉❛*✐♦♥

✇✐*❤ ♥♦♥❧✐♥❡❛% ❞❛♠♣✐♥❣ *❡%♠ ❬✸✽❪ ♦❢ *❤❡ ❢♦%♠

✭✶✳✶✮ ut + auux − uxx = g(u), x ∈ Ω = [c, d], t ≥ 0,

✇✐*❤ *❤❡ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥

✭✶✳✷✮ u(x, t0) = φ(x),

❛♥❞ *❤❡ ❜♦✉♥❞❛%② ❝♦♥❞✐*✐♦♥'

u(c, t) = p0(t),

u(d, t) = p1(t),✭✶✳✸✮

✇❤❡%❡ u(x, t) ✐♥❞✐❝❛*❡' *❤❡ ✈❡❧♦❝✐*② ❢♦% *❤❡ '♣❛❝❡ x ❛♥❞ *✐♠❡ t✱ a ✐' ♣❛%❛♠❡*❡% ❛♥❞ g(u)
✐' ❞❛♠♣✐♥❣ *❡%♠✳

❚❤❡ ❇✉%❣❡%' ❡(✉❛*✐♦♥ ✐♥ *❤❡ ✜%'* *❡%♠ ✐' ❛♥ ✉♥'*❡❛❞② *❡%♠✱*❤❡ '❡❝♦♥❞ ❛♥❞ *❤✐%❞ *❡%♠

%❡♣%❡'❡♥*' ♥♦♥❧✐♥❡❛% ❝♦♥✈❡❝*✐♦♥ ❛♥❞ ❞✐✛✉'✐♦♥ ♣%♦❜❧❡♠✱✇✐*❤ ♥♦♥❧✐♥❡❛%✐*② *❡%♠✱❝❛♥ ❜❡ '✉%✲

✈✐✈❡❞ ❜② ♠❛♥② %❡'❡❛%❝❤❡%✳

❉✐✛❡%❡♥* ♥✉♠❡%✐❝❛❧ *❡❝❤♥✐(✉❡ ❤❛✈❡ ❜❡❡♥ ✉'❡❞ ❢♦% '♦❧✈✐♥❣ ❇✉%❣❡%' ❡(✉❛*✐♦♥✳❋✐♥✐*❡ ❞✐✛❡%✲

❡♥❝❡ ♠❡*❤♦❞' ❤❛✈❡ ❜❡❡♥ ❣✐✈❡♥ ❜② ❇✐%✐♥❣❡♥ ❡* ❛❧❬✹❪ ❛♥❞ ❑✉*❧✉❛② ❡* ❛❧✳❬✷✺❪❛♥❞ %❡❝❡♥*❧②✱❜②

■♥❛♥ ❡* ❛❧ ❬✷✶❪✳❋✐♥✐*❡ ❡❧❡♠❡♥*' ♠❡*❤♦❞' ❤❛✈❡ ❜❡❡♥ ❣✐✈❡♥ ❜② ❈❛❧❞✇❡❧❧ ❡* ❛❧✳❬✾❪❛♥❞ ❱❛%❣❧✉

❡* ❛❧✳❬✹✷❪ ❛♥❞ ❖③✐' ❡* ❛❧✳❬✸✺❪✳❙♣❡❝*%❛❧ ♠❡*❤♦❞' ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② ❇❛%✲②♦'❡♣❤ ❡*

❛❧✳❬✺❪❛♥❞ ▼❛♥'❡❧❧ ❡* ❛❧✳❬✸✷❪✳<'❡✉❞♦✲'♣❡❝*%❛❧ ♠❡*❤♦❞ ❤❛' ❜❡❡♥ ✉'❡❞ ❜② ❉❛%✈✐'❤✐ ❡* ❛❧✳❬✶✷❪

❛♥❞ ❞✐'*%✐❜✉*❡❞ ❛♣♣%♦①✐♠❛*✐♦♥ ❢✉♥❝*✐♦♥ ❛♣♣%♦❛❝❤ ❤❛' '*✉❞✐❡❞ ❜② ❩❛♥❣ ❡* ❛❧✳❬✹✼❪ ❛♥❞ ❲❡✐

❡* ❛❧✳❬✹✹❪✳❇♦✉♥❞❛%② ❡❧❡♠❡♥*' ♠❡*❤♦❞' ✐' ❣✐✈❡♥ ❜② ❇❛❤❛❞✐% ❡* ❛❧✳❬✻❪✳❆ ✇❛✈❡❧❡* ❝♦❧❧♦❝❛*✐♦♥

♠❡*❤♦❞ ❤❛' ✉'❡❞ ❜② ●❛%❜❛ ❬✶✼❪✱❢✉%*❤❡%♠♦%❡ (✉❛'✐ ✇❛✈❡❧❡* ❜❛'❡❞ ♥✉♠❡%✐❝❛❧ ♠❡*❤♦❞ ❤❛'

❜❡❡♥ '✉❣❣❡'*❡❞ ❜② ❲❛♥ ❡* ❛❧✳❬✹✺❪✳❋❛'* ❛❞❛♣*✐✈❡ ❞✐✛✉'✐♦♥ ✇❛✈❡❧❡* ♠❡*❤♦❞ ❤❛✈❡ ❜❡❡♥ '✉%✲

✈✐✈❡❞ ❜② ●♦②❛❧ ❡* ❛❧✳❬✶✽❪✳▲❡❛'* '(✉❛%❡ (✉❛❞%❛*✐❝ ❇✲'♣❧✐♥❡ ✜♥✐*❡ ❡❧❡♠❡♥*' ❤❛' ❜❡❡♥ ❣✐✈❡♥

❜② ❑✉*❧✉❛② ❡* ❛❧✳❬✷✻❪✳❱❛%✐♦✉' ❇✲'♣❧✐♥❡ ❤❛✈❡ ❜❡❡♥ ♣%♦♣♦'❡❞ ❜② ❉❛❣ ❡* ❛❧✳❬✶✸✱✹✶❪✳❇✲'♣❧✐♥❡

❛♥❞ ♠✉❧*✐✲(✉❛❞%❛*✐❝ (✉❛'✐✲✐♥*❡%♣♦❧❛*✐♦♥ ❤❛✈❡ ❜❡❡♥ ❞❡'❝%✐❜❡❞ ❜② ❩❤✉ ❡* ❛❧ ❛♥❞ ❈❤❡♥ ❡*

❛❧✳❬✹✽✱✶✵❪✳

❚❤❡ ♣%❡'❡♥* ✇♦%❦ ❛**❡♠♣*' *♦ ✉'❡ ❝✉❜✐❝ ♥♦♥✲♣♦❧②♥♦♠✐❛❧ '♣❧✐♥❡❬✸✻✱✶✾✱✸✸❪✳❖♥❡ ♦❢ *❤❡ ✐♠✲

♣♦%*❛♥* ❛❜✐❧✐*② ♦❢ *❤✐' ❛♣♣%♦①✐♠❛*✐♦♥ ✐' *❤❡ *❡♥'✐♦♥ ♣❛%❛♠❡*❡%' ✐♥✈♦❧✈✐♥❣ ❞❡✜♥✐*✐♦♥ ♦❢

♥♦♥✲♣♦❧②♥♦♠✐❛❧ ❝✉❜✐❝ '♣❧✐♥❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❤♦'❡♥ ✐♥ '✉❝❤ ❛ ✇❛② *❤❛* *❤❡ ❧♦❝❛❧ *%✉♥❝❛*✐♦♥

❡%%♦% ♦❢ *❤❡ ♣%♦♣♦'❡❞ ♠❡*❤♦❞ ❝❛♥ ❜❡ ♦♣*✐♠❛❧✳❍❡♥❝❡✱✐* ❤❛' ❜❡❡♥ ❞❡♠♦♥'*%❛*❡ *❤❛* *❡♥'✐♦♥

'♣❧✐♥❡ ❣✐✈❡ ❜❡**❡% %❡'✉❧*✳❚❤✐' ♣❛♣❡% ✐' ♦%❣❛♥✐③❡❞ ❛' ❢♦❧❧♦✇'✿■♥ '❡❝*✐♦♥ ✷✱❞❡%✐✈❛*✐♦♥ ❛♥❞

❢♦%♠✉❧❛*✐♦♥ ♦❢ *❤❡ ❝✉❜✐❝ ♥♦♥✲♣♦❧②♥♦♠✐❛❧ *❡♥'✐♦♥ '♣❧✐♥❡ ❛❧♦♥❣ ✇✐*❤ ❝♦♥'✐'*❡♥❝② %❡❧❛*✐♦♥

♦❢ '❡❝♦♥❞ ❞❡%✐✈❛*✐✈❡' ❞✐'❝✉''❡❞ ✐♥ ❞❡*❛✐❧'✳■♥ '❡❝*✐♦♥ ✸✱*❤❡ ❞❡%✐✈❛*✐♦♥ ♦❢ *✇♦ ❧❡✈❡❧ '❝❤❡♠❡



✶✶✶✶

❜❛"❡❞ ♦♥ ♥♦♥✲♣♦❧②♥♦♠✐❛❧ -❡♥"✐♦♥ "♣❧✐♥❡ ❤❛" ❜❡❡♥ ❞❡"❝0✐❜❡❞✳■♥ "❡❝-✐♦♥ ✹✱❝♦♥✈❡0❣❡♥❝❡ ❛♥❛❧✲

②"✐" ♦❢ -❤❡ ♣0❡"❡♥- ♠❡-❤♦❞ ❤❛" ❜❡❡♥ ❞✐"❝✉""❡❞ ✐♥ ❞❡-❛✐❧ ❛♥❞ ✇❡ ❤❛✈❡ "❤♦✇♥ ✉♥❞❡0 ❛♣♣0♦✲

♣0✐❛-❡ ❝♦♥❞✐-✐♦♥ -❤❡ ♠❡-❤♦❞ ❝♦♥✈❡0❣❡"✳❆- -❤❡ ❡♥❞✱✇❡ ✐❧❧✉"-0❛-❡ -❤❡ ❛❝❝✉0❛❝② ❛♥❞ ❡✣❝✐❡♥❝②

♦❢ -❤❡ ♣0♦♣♦"❡❞ ♠❡-❤♦❞ ❜② -❡"-✐♥❣ -❤✐" ❛♣♣0♦❛❝❤ ♦♥ -✇♦ -❡"- ♣0♦❜❧❡♠"✳❝♦♠♣❛0✐"♦♥ ♦❢ -❤❡

♥✉♠❡0✐❝❛❧ 0❡"✉❧- ❛0❡ ❣✐✈❡♥✳

✷✳ ◆♦♥✲♣♦❧②♥♦♠✐❛❧ ,❡♥.✐♦♥ .♣❧✐♥❡

❋♦❧❧♦✇✐♥❣ ♦✉0 ❡❛0❧✐❡0 ✇♦0❦"✱❧❡- s(x) ♦❢ ❝❧❛"" c2[c, d] ❜❡ ♥♦♥✲♣♦❧②♥♦♠✐❛❧ -❡♥"✐♦♥ "♣❧✐♥❡

✐♥-❡0♣♦❧❛-✐♥❣ -❤❡ ❢✉♥❝-✐♦♥ u(x) ❛- -❤❡ ❣0✐❞ ♣♦✐♥- xl, l = 0, 1, 2, ..., n.❋♦0 ❡❛❝❤ "❡❣♠❡♥-

[xl, xl+1], l = 0, 1, ..., n− 1✱-❤❡ ♥♦♥✲♣♦❧②♥♦♠✐❛❧ s(x) ❞❡✜♥❡❞ ❜②

✭✷✳✶✮ s(x) = al + bl(x− xl) + cl(e
ω(x−xl) − e

−ω(x−xl) + dl(e
ω(x−xl) + e

−ω(x−xl)),

✇❤❡0❡ -❤❡ al, bl, cl, dl ❛0❡ ✉♥❦♥♦✇♥ ❝♦❡✣❝✐❡♥-" ❛♥❞ ω ✐" ❛0❜✐-0❛0✐❧② ♣❛0❛♠❡-❡0✳ ❚♦ ❞❡-❡0✲

♠✐♥❡ -❤❡ ✉♥❦♥♦✇♥ ❝♦❡✣❝✐❡♥- ✐♥ ✭✷✳✶✮ ✇❡ ❞❡♥♦-❡ -❤❡ ❢♦❧❧♦✇✐♥❣ 0❡❧❛-✐♦♥"

s(xl) = ul, s(xl+1) = ul+1,

s
′(xl) = ml, s

′(xl+1) = ml+1

s
′′(xl) = Ml, s

′′(xl+1) = Ml+1.✭✷✳✷✮

❚❤❡ ✜0"- ❛♥❞ "❡❝♦♥❞ ❞❡0✐✈❛-✐✈❡" ♦❢ ♥♦♥✲♣♦❧②♥♦♠✐❛❧ -❡♥"✐♦♥ "♣❧✐♥❡ ❢✉♥❝-✐♦♥ s(x) ❛0❡

✭✷✳✸✮ s
′ = bl + ωcl(e

ω(x−xl) + e
−ω(x−xl)) + ωdl(e

ω(x−xl) − e
−ω(x−xl)), l = 1, 2, ..., n

✭✷✳✹✮ s
′′ = −ω

2(cl(e
ω(x−xl) − e

−ω(x−xl)) + dl(e
ω(x−xl) + e

−ω(x−xl)), l = 1, 2, ..., n

◆♦✇ ✉"✐♥❣ ✭✷✳✷✮✲✭✷✳✹✮ ❛♥❞ ❛❢-❡0 "♦♠❡ ❛❧❣❡❜0❛✐❝ ♠❛♥✐♣✉❧❛-✐♦♥✱✇❡ ❝❛♥ ❞❡-❡0♠✐♥❡ -❤❡ ✉♥✲

❦♥♦✇♥ ❝♦❡✣❝✐❡♥-" ✐♥ ✭✷✳✶✮ ❛"

al = ul −
Ml

ω2
, bl =

ul+1 − ul

h
+

Ml −Ml+1

ωθ
,

cl =
2Ml+1 − (eθ + e−θ)Ml

2ω2(eθ − e−θ)
, dl =

Ml

2ω2
,

✇❤❡0❡ h = d−c
n
✱ θ = ωh✳

❯"✐♥❣ -❤❡ ❝♦♥-✐♥✉✐-② ♦❢ -❤❡ ✜0"- ❞❡0✐✈❛-✐✈❡ ❛- (xl, ul)✱-❤❛- ✐" s
′(x−

l ) = s′(x+
l )✳❲❡ ♦❜-❛✐♥

-❤❡ ❢♦❧❧♦✇✐♥❣ ❡H✉❛-✐♦♥ ❢♦0 l = 1, ..., n.

ul+1 − 2ul + ul−1

h2
= αMl+1 + 2βMl + αMl−1,✭✷✳✺✮

✇❤❡0❡

α =
1

θ2
(1−

2θ

eθ − e−θ
), β =

1

θ2
(
θ(eθ + e−θ)

eθ − e−θ
− 1).

❲❤❡♥ ω → 0✱-❤❛- θ → 0✱-❤❡♥ (α, β) → ( 1
6
, 1
3
)✱ ❛♥❞ -❤❡ 0❡❧❛-✐♦♥" ❞❡✜♥❡❞ ❜② ✭✷✳✺✮ 0❡❞✉❝❡❞

✐♥-♦ ❝♦♥"-0✉❝-✐♦♥ 0❡❧❛-✐♦♥ ♦❢ ❝♦♥✈❡♥-✐♦♥❛❧ ❝✉❜✐❝ "♣❧✐♥❡✳

◆♦✇ ❜② ✉"✐♥❣ -❤❡ ❝♦♥-✐♥✉♦✉" ♦❢ -❤❡ ✜0"- ❞❡0✐✈❛-✐✈❡✱✇❡ ❤❛✈❡

✭✷✳✻✮ s
′(x+

l ) = uxl
=

ul+1 − ul

h
− h[αMl+1 + βMl]

✭✷✳✼✮ s
′(x−

l ) = uxl
=

ul − ul−1

h
+ h[βMl + αMl−1]



✶✶✶✷

❝♦♠❜✐♥✐♥❣ ✭✷✳✻✮ ❛♥❞ ✭✷✳✼✮✱✇❡ ♦❜2❛✐♥

✭✷✳✽✮ ml = s
′(xl) = uxl

=
ul+1 − ul−1

2h
−

αh

2
[Ml+1 +Ml−1]

❙✐♠✐❧❛6❧② ✱✇❡ ❤❛✈❡

✭✷✳✾✮ ml+1 = s
′(xl+1) = uxl+1

=
ul+1 − ul

h
+ h[βMl+1 + αMl]

✭✷✳✶✵✮ ml−1 = s
′(xl−1) = uxl−1

=
ul − ul−1

h
− h[βMl−1 + αMl]

✸✳ ❚❤❡ ♠❡&❤♦❞ ❜❛+❡❞ ♦♥ &❡♥+✐♦♥ +♣❧✐♥❡

❚❤❡ ♥♦2❛2✐♦♥ u
j
l ✐> ✉>❡❞ ❢♦6 2❤❡ ❞✐>❝6❡2❡ ❛♣♣6♦①✐♠❛2✐♦♥ ✈❛❧✉❡ ♦❢ u(xl, tj)✱l = 0, 1, ..., n

❛♥❞ j = 0, 1, ...,m✱✐♥ ✇❤✐❝❤ n ❛♥❞ m ❛6❡ ✐♥2❡❣❡6 ❛♥❞ xl = c+ lh ❛♥❞ tj = t0 + jk✱✇❤❡6❡

k ✐> 2❤❡ >2❡♣ >✐③❡ ✐♥ t ❞✐6❡❝2✐♦♥✳

❲❡ ❝♦♥>✐❞❡6 2❤❡ ❢♦❧❧♦✇✐♥❣ ✜♥✐2❡ ❞✐✛❡6❡♥❝❡ ❛♣♣6♦①✐♠❛2✐♦♥

ū
j
tl
=

u
j+1
l − u

j
l

k
= u

j
tl
+O(k)✭✸✳✶✮

ū
j
tl+1

=
u
j+1
l+1 − u

j
l+1

k
= u

j
tl+1

+O(k)✭✸✳✷✮

ū
j
tl−1

=
u
j+1
l−1 − u

j
l−1

k
= u

j
tl−1

+O(k)✭✸✳✸✮

ū
j
xl

=
u
j
l+1 − u

j
l−1

2h
= u

j
xl

+O(h2)✭✸✳✹✮

ū
j
xl+1

=
3uj

l+1 − 4uj
l + u

j
l−1

2h
= u

j
xl+1

+O(h2)✭✸✳✺✮

ū
j
xl−1

=
−3uj

l−1 + 4uj
l − u

j
l+1

2h
= u

j
xl−1

+O(h2),✭✸✳✻✮

❇② 6❡♣❧❛❝✐♥❣ >♣❛❝❡ ❞❡6✐✈❛2✐✈❡> ❜② ♥♦♥✲♣♦❧②♥♦♠✐❛❧ 2❡♥>✐♦♥ >♣❧✐♥❡

✭✸✳✼✮ ū
j
xxl

= s
′′(xl, tj) = M

j
l +O(h2)

✭✸✳✽✮ ū
j
xl

= s
′(xl, tj) = m

j
l +O(h3)

❇② ✉>✐♥❣ 2❤❡ 6❡❧❛2✐♦♥> ♦❢ ✭✸✳✶✮✱✭✸✳✼✮ ❛♥❞ ✭✸✳✽✮✱✇❡ ❝❛♥ ♦❜2❛✐♥ 2❤❡ ♥❡✇ ❛♣♣6♦①✐♠❛2❡ >♦❧✉2✐♦♥

♦❢ ❡L✉❛2✐♦♥ ✭✶✮ ❛>

✭✸✳✾✮ (
u
j+1
l − u

j
l

k
) + au

j
l .m

j
l − g

j
l = M

j
l ,

✇❤❡6❡ m
j
l >✐♠✐❧❛6 2♦ ✭✷✳✽✮ ✐♥ jth 2✐♠❡ ❧❡✈❡❧ ❛♥❞ g

j
l = g(uj

l ) ✱ l = 1(1)n− 1✳
❋✉62❤❡6♠♦6❡✱>✐♠✐❧❛6 2♦ ✭✷✳✺✮ ✐♥ jth 2✐♠❡ ❧❡✈❡❧✱✇❡ ❣❡2

u
j
l+1 − 2uj

l + u
j
l−1

h2
= αM

j
l+1 + 2βM j

l + αM
j
l−1.✭✸✳✶✵✮

❲❡ >✉❜>2✐2✉2❡ ✭✸✳✾✮ ✐♥ ✭✸✳✶✵✮ ❛♥❞ ❜② 2❤❡ ❤❡❧♣ ♦❢ ✭✸✳✶✮✲✭✸✳✸✮✱✇❡ ♦❜2❛✐♥

u
j
l+1 − 2uj

l + u
j
l−1

h2
= α(

u
j+1
l+1 − u

j
l+1

k
) + αau

j
l+1.m

j
l+1 − αg

j
l+1

+ 2β(
u
j+1
l − u

j
l

k
) + 2βauj

l .m
j
l − 2βgjl

+ α(
u
j+1
l−1 − u

j
l−1

k
) + αau

j
l−1.m

j
l−1 − αg

j
l−1.✭✸✳✶✶✮



✶✶✶✸

◆♦✇ ❜② ✉&✐♥❣ ❡+✉❛-✐♦♥& ♦❢ ✭✸✳✹✮✲✭✸✳✻✮ ✐♥ ✭✷✳✽✮✲✭✷✳✶✵✮✱✇❡ ❤❛✈❡

m
j
l =

u
j
l+1 − u

j
l−1

2h
−

αh

2
(
u
j+1
l+1 − u

j
l+1

k
)−

αha

2
u
j
l+1(

3uj
l+1 − 4uj

l + u
j
l−1

2h
)

+
αh

2
(
u
j+1
l−1 − u

j
l−1

k
) +

αha

2
u
j
l−1(

−3uj
l−1 + 4uj

l − u
j
l+1

2h
) +

αh

2
g
j
l+1 −

αh

2
g
j
l−1✭✸✳✶✷✮

m
j
l+1 =

u
j
l+1 − u

j
l

h
+ βh(

u
j+1
l+1 − u

j
l+1

k
) + βhau

j
l+1(

3uj
l+1 − 4uj

l + u
j
l−1

2h
)

+ αh(
u
j+1
l − u

j
l

k
) + αhau

j
l (
u
j
l+1 − u

j
l−1

2h
)− βhg

j
l+1 − αhg

j
l✭✸✳✶✸✮

m
j
l−1 =

u
j
l − u

j
l−1

h
− βh(

u
j+1
l−1 − u

j
l−1

k
)− βhau

j
l−1(

−3uj
l−1 + 4uj

l − u
j
l+1

2h
)

− αh(
u
j+1
l − u

j
l

k
)− αhau

j
l (
u
j
l+1 − u

j
l−1

2h
) + βhg

j
l−1 + αhg

j
l✭✸✳✶✹✮

❇② &✉❜&-✐-✉-✐♥❣ ❡+✉❛-✐♦♥& ✭✸✳✶✷✮✲✭✸✳✶✹✮ ✐♥ ✭✸✳✶✶✮✱✇❡ ❝❛♥ ♦❜-❛✐♥

(b0)
j
lu

j+1
l+1 + (b1)

j
lu

j+1
l−1 + (b2)

j
lu

j+1
l = b3(u

j
l+1 + u

j
l−1) + b4u

j
l

+ b5(g
j
l+1 + g

j
l−1) + b10g

j
l + b6((u

j
l+1)

2 − (uj
l−1)

2)− b7u
j
l (u

j
l+1 − u

j
l−1)

− b8u
j
l (B

j
l )− b9(u

j
l+1(A

j
l ) + u

j
l−1(C

j
l )),

l = 1(1)n− 1,✭✸✳✶✺✮

✇❤❡@❡

(b0)
j
l = h

3
αβa(uj

l+1 − u
j
l ) + h

2
α,

(b1)
j
l = h

3
αβa(uj

l − u
j
l−1) + h

2
α,

(b2)
j
l = h

3
α
2
a(uj

l+1 − u
j
l−1) + 2βh2

,

b3 = h
2
α+ k,

b4 = 2βh2 − 2k,

b5 = kh
2
α,

b6 = h
3
αβa,

b7 = h
3
αa(α− β),

b8 = 2βkh2
a,

b9 = akh
2
α,

b10 = 2βkh2
,



✶✶✶✹

❛♥❞

A
j
l =

u
j
l+1 − u

j
l

h
+ βhau

j
l+1(

3uj
l+1 − 4uj

l + u
j
l−1

2h
)

+ αhau
j
l (
u
j
l+1 − u

j
l−1

2h
)− (hβgjl+1 + αhg

j
l ),

B
j
l =

u
j
l+1 − u

j
l−1

2h
−

αh

2
au

j
l+1(

3uj
l+1 − 4uj

l + u
j
l−1

2h
)

+
αh

2
au

j
l−1(

−3uj
l−1 + 4uj

l − u
j
l+1

2h
) + (

αh

2
g
j
l+1 −

αh

2
g
j
l−1),

C
j
l =

u
j
l − u

j
l−1

h
− βhau

j
l−1(

−3uj
l−1 + 4uj

l − u
j
l+1

2h
)

− αhau
j
l (
u
j
l+1 − u

j
l−1

2h
) + (hβgjl−1 + αhg

j
l ).

❚❤❡ ❛❜♦✈❡ )②)+❡♠ ❝❛♥ ❜❡ ❛))♦❝✐❛+❡❞ ✇✐+❤ ❜♦✉♥❞❛1② ❝♦♥❞✐+✐♦♥)✳❇② )♦❧✈✐♥❣ +❤✐) )②)+❡♠

+❤❡ ❛♣♣1♦①✐♠❛+❡ )♦❧✉+✐♦♥ ❝❛♥ ❜❡ ♦❜+❛✐♥✳

✸✳✶✳ ❚❤❡ ❛♣♣(♦♣(✐❛+❡ ♣❛(❛♠❡+❡(-✳ ❯)✐♥❣ ❚❛②❧♦1 ❡①♣❛♥)✐♦♥ ❛❜♦✉+ +❤❡ ❣1✐❞ ♣♦✐♥+

u(xl, tj)✱✜♥❛❧❧② ✇❡ ♦❜+❛✐♥ +❤❡ ❧♦❝❛❧ +1✉♥❝❛+✐♦♥ ❡11♦1

T
j
l = k

2
h
2{α+ β}

∂2u

∂t2
+ h

4
k{α−

1

12
}
∂4u

∂x4
+

h4k2

2
α

∂4u

∂t2∂x2
+ ...,

❚❤❡ ❝♦♥)✐)+❡♥❝② 1❡❧❛+✐♦♥ ❢♦1 ✭✷✳✺✮ ❧❡❛❞ +♦ +❤❡ ❡@✉❛+✐♦♥ 2α + 2β = 1✱❜② )✐♠♣❧✐❢②✐♥❣ +❤❡

❛❜♦✈❡ ❡@✉❛+✐♦♥ ❛♥❞ ❝❤♦♦)❡ α = 1
12

❛♥❞ β = 5
12

♦❜+❛✐♥ +❤❡ )❝❤❡♠❡ ♦❢ O(k2 + h4 + h2k2)✳

✹✳ ❈♦♥✈❡'❣❡♥❝❡ ♦❢ +❤❡ ♠❡+❤♦❞

❍❡1❡ ✇❡ ❛♥❛❧②③❡ +❤❡ ❝♦♥✈❡1❣❡♥❝❡ ♦❢ +❤❡ )②)+❡♠✱✇❡ ❝❛♥ ✇1✐+❡ )②)+❡♠ ✭✸✳✶✺✮ ✐♥ +❤❡

♠❛+1✐① ❢♦1♠

✭✹✳✶✮ PU
j+1 = QU

j +G(U j)

P ✐) +1✐✲❞✐❛❣♦♥❛❧ ♠❛+1✐① ✇✐+❤ ✈❛1✐❛❜❧❡ ❡♥+1✐❡)✱Q ✐) ❝♦❡✣❝✐❡♥+ ♠❛+1✐① ♦❢ U j
✇✐+❤ ❝♦♥)+❛♥+

❡♥+1✐❡) ❛♥❞ G(U j) ✐) ♥♦♥❧✐♥❡❛1 +❡1♠) ✐♥ +❤✐) )②)+❡♠✳

+♦ ♣1♦✈❡ ❝♦♥✈❡1❣❡♥❝❡✱✇❡ )✉♣♣♦)❡ a > 0✱ρ = max |uj
l |, l = 1(1)n− 1, j = 0(1)m.

■♥ +❤✐) ♣❛♣❡1 ‖.‖ ♠❡❛♥) ‖.‖∞.

✹✳✶✳ ▲❡♠♠❛✳ P ✐) ♥♦♥)✐♥❣✉❧❛1✳

♣(♦♦❢✳ ■+ ✐) )✉✣❝✐❡♥+ +♦ )♦❧✈❡ +❤❛+ P ✐) )+1✐❝+❧② ❞✐❛❣♦♥❛❧❧② ❞♦♠✐♥❛♥+✳❚❤❡1❡❢♦1❡ ✇❡ ♠✉)+

♣1♦✈❡

✭✹✳✷✮ | (b0)
j
l + (b1)

j
l |≤| (b2)

j
l |

❲❡ ❤❛✈❡

| (b0)
j
l + (b1)

j
l |=| h3

αβa(uj
l+1 − u

j
l ) + h

3
αβa(uj

l − u
j
l−1) + 2h2

α |

=| h3
αβa(uj

l+1 − u
j
l−1) | +2h2

α

≥ 2h2
α− | h3

αβa(uj
l+1 − u

j
l−1) |✭✹✳✸✮

❇② ✉)✐♥❣ ✐♥❡@✉❛❧✐+② ✭✹✳✸✮ ✐♥ ❧❡❢+ ❤❛♥❞ )✐❞❡ ♦❢ ❡@✉❛+✐♦♥ ✭✹✳✷✮✱✇❡ ♦❜+❛✐♥

2h2
α− | h3

αβa(uj
l+1 − u

j
l−1) |≤| h3

α
2
a(uj

l+1 − u
j
l−1) | +2βh2

2h2(α− β) ≤ a(h3
αβ + h

3
α
2) | uj

l+1 − u
j
l−1 | .✭✹✳✹✮

❲❡ ❦♥♦✇ α− β = − 1
3
✱+❤❡1❡❢♦1❡ ✐♥❡@✉❛❧✐+② ✭✹✳✹✮ ✐) ♦❜✈✐♦✉) ❛♥❞ ♣1♦♦❢ ❝♦♠♣❧❡+❡✳



✶✶✶✺

✹✳✶✳ ❚❤❡♦'❡♠✳ ❚❤❡ ❞✐%❝'❡(❡ ♥✉♠❡'✐❝❛❧ %❝❤❡♠❡ ❞❡✜♥❡❞ ❜② ✭✸✳✶✺✮ ✐% ❝♦♥✈❡'❣❡♥(✱♣'♦✈✐❞❡❞

(❤❛( ‖N‖ ≤ h2(2 + h(aρ
24
))✳

♣!♦♦❢✳❲❡ ❛%%✉♠❡ (❤❛( U j+1
❛♥❞ Û j+1

❛'❡ ❡①❛❝( ❛♥❞ ❛♣♣'♦①✐♠❛(✐♦♥ %♦❧✉(✐♦♥ ♦❢ ✭✹✳✶✮✱

'❡%♣❡❝(✐✈❡❧②✳❚❤❡ ❡''♦' ✐♥ (❤❡ %♦❧✉(✐♦♥ ✐%✿

U
j+1 − Û

j+1 = P
−1

Q(U j − Û
j) + P

−1[G(U j)−G(Û j)] j = 0(1)m

E
j+1 = P

−1
QE

j + P
−1[G(U j)−G(Û j)]✭✹✳✺✮

✇❤❡'❡ E = (e1, e2, ..., en)
T

❋♦❧❧♦✇✐♥❣ ❬✶✶❪ ✇❡ ❤❛✈❡

✭✹✳✻✮ G(U j)−G(Û j) = E
j
N

N ✐% (❤❡ ❝♦❡✣❝✐❡♥( ♠❛('✐① ♦❢ (❤❡ ♥♦♥❧✐♥❡❛' (❡'♠✳

◆♦✇ ❜② ✉%✐♥❣ ♦❢ ❡B✉❛(✐♦♥ ✭✹✳✻✮ ✐♥ ✭✹✳✺✮✇❡ ♦❜(❛✐♥

✭✹✳✼✮ E
j+1 = P

−1
QE

j + P
−1

E
j
N

❯%✐♥❣ (❤❡ ✐♥✜♥✐(② ♥♦'♠✱✇❡ ❝❛♥ ✇'✐(❡

‖ E
j+1‖ ≤ ‖P−1

Q+ P
−1

N‖.‖Ej‖

‖ E
j+1‖ ≤ ‖P−1(Q+N)‖.‖Ej‖

‖ E
j+1‖ ≤ ‖P−1‖.‖(Q+N)‖.‖Ej‖

≤ (‖P−1‖.‖(Q+N)‖)2‖Ej−1‖

✳

✳

✳

‖ E
j+1‖ ≤ (‖P−1‖.‖(Q+N)‖)j+1‖E0‖

❚❤❡ ♠❡(❤♦❞ ✐% ❝♦♥✈❡'❣❡♥( ✐❢

‖P−1‖.‖(Q+N)‖ ≤ 1

‖(Q+N)‖ ≤
1

‖P−1‖

|‖N‖ − ‖Q‖| ≤ ‖(Q+N)‖ ≤
1

‖P−1‖
.✭✹✳✽✮

❙✐♥❝❡ ‖P‖‖P−1‖ ≥ 1✱✇❡ ❤❛✈❡

‖N‖ − ‖Q‖ ≤
1

‖P−1‖
≤ ‖P‖

‖N‖ ≤ ‖Q‖+ ‖P‖✭✹✳✾✮

❇② %✐♠♣❧❡ ❝❛❧❝✉❧❛(✐♦♥✱✇❡ ❛❝❤✐❡✈❡

‖Q‖ = h
2
,✭✹✳✶✵✮

‖P‖ ≤ h
2 + h

3
a(

ρ

24
)✭✹✳✶✶✮

❇② %✉❜%(✐(✉(❡ ✭✹✳✶✵✮ ❛♥❞ ✭✹✳✶✶✮ ✐♥ ✭✹✳✾✮✱(❤❡ ♣'♦♦❢ ❝♦♠♣❧❡(❡✳

✺✳ ◆✉♠❡&✐❝❛❧ ✐❧❧✉+,&❛,✐♦♥+

❚♦ ✐❧❧✉%('❛(❡ ❛❝❝✉'❛❝② ❛♥❞ ❛❜✐❧✐(② ♦❢ (❤❡ ♣'♦♣♦%❡❞ ♠❡(❤♦❞✱✇❡ ❝♦♥%✐❞❡'❡❞ (✇♦ ❡①❛♠♣❧❡%✳

◆♦(❡ (❤❛(✱(❤❡ ♣'♦♣♦%❡❞ ♥♦♥✲❧✐♥❡❛' (❡♥%✐♦♥ %♣❧✐♥❡ ✐% ❛ (✇♦✲❧❡✈❡❧ %❝❤❡♠❡ (❤❡'❡❢♦'❡ (❤❡ %(❛'(✲

✐♥❣ ❧❡✈❡❧ ❝❛♥ ❜❡ ❞❡(❡'♠✐♥❡❞ ❜② (❤❡ ❣✐✈❡♥ ✐♥✐(✐❛❧ ❝♦♥❞✐(✐♦♥✳❋✐♥❛❧❧② ✇❡ %♦❧✈❡ (❤❡ ❛'✐%✐♥❣



✶✶✶✻

 ② "❡♠✳

❊①❛♠♣❧❡✶✳❲❡ ❝♦♥ ✐❞❡, ❡-✉❛"✐♦♥

ut + auux = uxx, t ≥ 0, 0 ≤ x ≤ 1

✇✐"❤ "❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✐"✐❛❧ ❛♥❞ ❜♦✉♥❞❛,② ❝♦♥❞✐"✐♦♥ 

u(x, 0) = sin(πx), 0 ≤ x ≤ 1

u(0, t) = 0,

u(1, t) = 0, t ≥ 0.

❚❤❡ ❡①❛❝"  ♦❧✉"✐♦♥ ♦❢ "❤❡ ❛❜♦✈❡ ❡-✉❛"✐♦♥ ✐ "❛❦❡♥

u(x, t) =
2π

∑
∞

n=1 anexp(−n2π2t)n sin(nπx)

a0 +
∑

∞

n=1 anexp(−n2π2t) cos(nπx)

a0 =

∫ 1

0

exp{(−2π)−1[1− cos(πx)]}dx

an = 2

∫ 1

0

exp{(−2π)−1[1− cos(πx)]} cos(nπx)dx n = 1, 2, 3, ...

❊①❛♠♣❧❡ ✶ ✐ "❤❡ ❇✉,❣❡, ❡-✉❛"✐♦♥ ✇✐"❤♦✉" ❞❛♠♣✐♥❣ "❡,♠ ✳❚❤❡ ♣,♦♣♦ ❡❞  ❝❤❡♠❡ ✭✸✳✶✺✮

❛♣♣❧✐❡❞ ♦♥ ❡①❛♠♣❧❡ ✶✱✇✐"❤ a = 0.1 ❛♥❞ 0.01✱k = 0.00001 ❛♥❞ ✈❛❧✉❡ ♦❢  "❡♣  ✐③❡ h = 0.02
❛♥❞ h = 0.01 ❢♦, tf = 0.1✳❚❤❡ ❝♦♠♣✉"❡❞  ♦❧✉"✐♦♥ ❛,❡ ❝♦♠♣❛,❡ ✇✐"❤ ❡①❛❝"  ♦❧✉"✐♦♥✱"❤❡ ♠❛①✲

✐♠✉♠ ❛❜ ♦❧✉"❡ ❡,,♦, ❛,❡ "❛❜✉❧❛"❡❞ ✐♥ "❛❜❧❡ ✶✳■♥ "❛❜❧❡ ✷✱✇❡ "❛❦❡ h = 0.1 ❛♥❞ k = 0.001✱"❤❡
,❡ ✉❧" ❛,❡ ❝♦♠♣✉"❡❞ ❢♦, ❞✐✛❡,❡♥" "✐♠❡ ❧❡✈❡❧ ❛♥❞ ❞✐✛❡,❡♥" a✳"❤❡ ♠❛①✐♠✉♠ ❛❜ ♦❧✉"❡ ❡,,♦,

❛,❡ "❛❜✉❧❛"❡❞ ✐♥ "❛❜❧❡ ✷✳ ■♥ ❋✐❣✉,❡ 1−3✱✇❡  ❤♦✇ "❤❡ ❣,❛♣❤ ❜❡"✇❡❡♥ ❡①❛❝" ❛♥❞ ♥✉♠❡,✐❝❛❧

 ♦❧✉"✐♦♥ ❛" t = 1, t = 3 ❛♥❞ t = 5 ✐♥ ❞✐✛❡,❡♥" a✳

❚❛❜❧❡ ✶✳ ▼❛①✐♠✉♠ ❛❜-♦❧✉0❡ ❡22♦2 ❢♦2 ❡①❛♠♣❧❡ 1

x a = 0.1 a = 0.01
h = 0.02 h = 0.01 h = 0.02 h = 0.01

0.10 8.45119(−4) 2.07841(−5) 8.37944(−7) 2.0917(−7)
0.20 1.44193(−4) 3.56293(−5) 1.43739(−6) 3.58991(−7)
0.30 1.83155(−4) 4.54565(−5) 1.83520(−6) 4.58581(−7)
0.40 2.04631(−4) 5.09991(−5) 2.06059(−6) 5.15176(−7)
0.50 2.10730(−4) 5.27339(−5) 2.13234(−6) 5.33425(−7)
0.60 2.02309(−4) 5.08367(−5) 2.05703(−6) 5.14941(−7)
0.70 1.78959(−4) 4.51683(−5) 1.82853(−6) 4.58146(−7)
0.80 1.39121(−4) 3.52934(−5) 1.42858(−6) 3.58431(−7)
0.90 6.59886(−4) 2.05162(−5) 8.28727(−7) 2.08597(−7)



✶✶✶✼

❚❛❜❧❡ ✷✳ ▼❛①✐♠✉♠ ❛❜'♦❧✉*❡ ❡,,♦, ❢♦, ❡①❛♠♣❧❡ 1

x a  ❂✶  ❂✸  ❂✺

✵✳✶ 0.1 3.05996(−5) 3.06791(−5) 3.07569(−5)
0.01 3.07903(−7) 3.07924(−7) 3.79320(−7)
0.001 3.08122(−9) 2.08135(−9) 3.08135(−9)

✵✳✺ 0.1 8.37130(−5) 8.39331(−5) 8.41479(−5)
0.01 8.45321(−7) 8.45385(−7) 8.45406(−7)
0.001 8.46212(−9) 8.46255(−9) 8.46255(−9)

✵✳✾ 0.1 2.70077(−5) 2.70793(−5) 2.71493(−5)
0.01 2.73069(−7) 2.73089(−7) 2.73096(−7)
0.001 2.73389(−9) 2.73402(−9) 2.73402(−9)
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❋✐❣✉$❡ 3✿❆♣♣$♦①✐♠❛-❡ ❛♥❞ ❡①❛❝- 1♦❧✉-✐♦♥ ❢♦$ ❡①❛♠♣❧❡ 1 ❛- t = 5✱✇✐-❤ ❞✐✛❡$❡♥- a



✶✶✶✾

❊①❛♠♣❧❡✷✳❲❡ ❝♦♥%✐❞❡( ♥♦♥❧✐♥❡❛( ❞❛♠♣✐♥❣ ❡.✉❛0✐♦♥

ut + auux = uxx + bu(1− u), t ≥ 0, 0 ≤ x ≤ 1

✇✐0❤ 0❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✐0✐❛❧ ❛♥❞ ❜♦✉♥❞❛(② ❝♦♥❞✐0✐♦♥%

u(x, 0) =
1

2
+

1

2
tanh(

−a

4
x), 0 ≤ x ≤ 1

u(0, t) =
1

2
+

1

2
tanh[

−a

4
(−(

a

2
+

2b

a
)t)],

u(1, t) =
1

2
+

1

2
tanh[

−a

4
(1− (

a

2
+

2b

a
)t)], t ≥ 0.

❚❤❡ ❡①❛❝0 %♦❧✉0✐♦♥ ✐%

u(x, t) =
1

2
+

1

2
tanh[

−a

4
(x− (

a

2
+

2b

a
)t)] t ≥ 0.

■♥ ♦✉( ❝♦♠♣✉0❛0✐♦♥✱0❤❡ ❝♦♠♣✉0❡❞ %♦❧✉0✐♦♥ ❛(❡ ❝♦♠♣❛(❡ ✇✐0❤ ❡①❛❝0 %♦❧✉0✐♦♥✳❚❤❡ ♠❛①✐♠✉♠

❛❜%♦❧✉0❡ ❡((♦( ❛(❡ (❡♣♦(0❡❞ ✐♥ 0❛❜❧❡ ✸✲✺✳■♥ ❚❛❜❧❡ ✸✱✇❡ 0❛❦❡ a = b = 0.001✱ k = 0.00001
❛♥❞ h = 0.02✳❚❤❡ (❡%✉❧0% ❛(❡ ❝♦♠♣✉0❡❞ ❢♦( ❞✐✛❡(❡♥0 0✐♠❡ ❧❡✈❡❧%✳■♥ 0❛❜❧❡ ✸✱(❡%✉❧0% ❤❛✈❡
❜❡❡♥ ❝♦♠♣❛(❡❞ ✇✐0❤ 0❤❡ (❡%✉❧0% ✐♥ (❡❢❡(❡♥❝❡%❬✷✷❪✳❚❤❡ (❡%✉❧0 %❤♦✇✱♦✉( ♥✉♠❡(✐❝❛❧ (❡%✉❧0%

❛(❡ ♠♦(❡ ❛❝❝✉(❛0❡ ✐♥ ❝♦♠♣❛(✐%♦♥ 0♦ 0❤♦%❡ ❣✐✈❡♥ ❜② ■%♠❛✐❧ ❡0 ❛❧✳❚❤❛0 (❡%✉❧0 ❤❛% ❜❡❡♥

❝❛❧❝✉❧❛0❡❞ ❜② ✺ 0❡(♠% ✐♥ ❆❞♦♠✐❛♥ ♠❡0❤♦❞%✳■♥ 0❛❜❧❡ ✹✱✇❡ 0❛❦❡ a = 0.001 ❛♥❞ k = 0.0001✱0❤❡
(❡%✉❧0% ❛(❡ ❝♦♠♣✉0❡❞ ❢♦( ❞✐✛❡(❡♥0 %0❡♣ %✐③❡ ❛♥❞ ❞✐✛❡(❡♥0 b✳❚❤❡ ♠❛①✐♠✉♠ ❛❜%♦❧✉0❡ ❡((♦(

❢♦( 0✐♠❡ t = 1 ❤❛% ❜❡❡♥ ❝♦♠♣✉0❡❞ ❛♥❞ 0❛❜✉❧❛0❡❞ ✐♥ 0❛❜❧❡ ✹✳■♥ 0❛❜❧❡ ✺✱✇❡ 0❛❦❡ h = 0.05 ❛♥❞
k = 0.00001✳❚❤❡ (❡%✉❧0 ❛(❡ ❝♦♠♣✉0❡❞ ❢♦( ❞✐✛❡(❡♥0 a ❛♥❞ b✳❚❤❡ ♠❛①✐♠✉♠ ❛❜%♦❧✉0❡ ❡((♦(

❢♦( 0✇♦ 0✐♠❡ ❧❡✈❡❧ t = 0.5 ❛♥❞ t = 1 ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉0❡❞ ❛♥❞ 0❛❜✉❧❛0❡❞ ✐♥ 0❛❜❧❡✺✳❲❡ %❤♦✇
0❤❡ ❣(❛♣❤% ❜❡0✇❡❡♥ ❡①❛❝0 ❛♥❞ ♥✉♠❡(✐❝❛❧ %♦❧✉0✐♦♥% ❛0 t = 1 ❛♥❞ a = 0.001✱✇✐0❤ ❞✐✛❡(❡♥0
✈❛❧✉❡% ♦❢ h ❛♥❞ b ✐♥ ✜❣✉(❡% 4− 6✳

❚❛❜❧❡ ✸✳ ▼❛①✐♠✉♠ ❛❜'♦❧✉*❡ ❡,,♦, ❢♦, ❡①❛♠♣❧❡ 2

x t ❬✷✷❪ ♣(❡%❡♥0 ♠❡0❤♦❞

✵✳✶ 0.005 9.68763(−6) 1.20184(−10)
0.001 1.93753(−6) 3.04431(−11)
0.01 1.93752(−5) 2.21709(−10)

✵✳✺ 0.005 9.68691(−6) 1.41649(−10)
0.001 1.93738(−6) 3.05515(−11)
0.01 1.93738(−5) 2.80496(−10)

✵✳✾ 0.005 9.68619(−6) 1.17931(−10)
0.001 1.93724(−6) 3.02686(−11)
0.01 1.93724(−5) 1.9840(−10)



✶✶✷✵

❚❛❜❧❡ ✹✳ ▼❛①✐♠✉♠ ❛❜'♦❧✉*❡ ❡,,♦, ❢♦, ❡①❛♠♣❧❡ 2

x b = 0.001
h = 0.1 h = 0.05 h = 0.02

0.1 3.08469(−8) 7.78978(−9) 1.24965(−9)
0.2 5.47325(−8) 1.30415(−8) 2.22143(−9)
0.3 7.16608(−8) 1.81554(−8) 2.91536(−9)
0.4 8.16355(−8) 2.07319(−8) 3.33144(−9)
0.5 8.46606(−8) 2.15716(−8) 3.46967(−9)
0.6 8.07397(−8) 2.06747(−8) 3.33005(−9)
0.7 6.98764(−8) 1.80417(−8) 2.91259(−9)
0.8 5.20745(−8) 1.367281(−8) 2.21728(−9)
0.9 2.73372(−8) 7.56845(−9) 1.2441(−9)

x b = 0.01

h = 0.1 h = 0.05 h = 0.02

0.1 3.09723(−8) 7.82111(−9) 1.25449(−9)
0.2 5.49535(−8) 1.38968(−8) 2.22997(−9)
0.3 7.19487(−8) 1.82276(−8) 2.9265(−9)
0.4 8.19626(−8) 2.08142(−8) 3.34412(−9)
0.5 8.49993(−8) 2.16571(−8) 3.48284(−9)
0.6 8.10628(−8) 2.07567(−8) 3.34269(−9)
0.7 7.01566(−8) 1.81134(−8) 2.92366(−9)
0.8 5.22838(−8) 1.37274(−8) 2.22573(−9)
0.9 2.7447(−8) 7.5988(−9) 1.24887(−9)

x b = 1

h = 0.1 h = 0.05 h = 0.02

0.1 1.53032(−7) 1.80708(−7) 1.86514(−7)
0.2 2.71202(−7) 3.19366(−7) 3.29698(−7)
0.3 3.54373(−7) 4.17367(−7) 4.03961(−7)
0.4 4.04031(−7) 4.75743(−7) 4.913151(−7)
0.5 4.20779(−7) 4.95119(−7) 5.11369(−7)
0.6 4.04834(−7) 4.75713(−7) 4.91322(−7)
0.7 3.56028(−7) 4.17331(−7) 4.30974(−7)
0.8 2.73812(−7) 3.19371(−7) 3.29714(−7)
0.9 1.57255(−7) 1.80824(−7) 1.86529(−7)
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❚❛❜❧❡ ✺✳ ▼❛①✐♠✉♠ ❛❜'♦❧✉*❡ ❡,,♦, ❢♦, ❡①❛♠♣❧❡ 2

x a = b = 0.001 a = b = 0.0001
t = 0.5 t = 1 t = 0.5 t = 1

0.10 7.76059(−8) 7.8118(−8) 7.73848(−10) 7.78809(−10)
0.20 1.3774(−7) 1.38711(−7) 1.37441(−9) 1.38383(−9)
0.30 1.80401(−7) 1.81813(−7) 1.802181(−9) 1.81513(−9)
0.40 2.05904(−7) 2.07467(−7) 2.05754(−9) 2.07274(−9)
0.50 2.14074(−7) 2.15714(−7) 2.14076(−9) 2.15672(−9)
0.60 2.05038(−7) 2.06597(−7) 2.05189(−9) 2.06705(−9)
0.70 1.78832(−7) 1.80157(−7) 1.79091(−9) 1.8038(−9)
0.80 1.35472(−7) 1.36436(−7) 1.35763(−9) 1.36699(−9)
0.90 7.4967(−8) 7.69406(−8) 7.51754(−10) 7.56673(−9)

�

�

�

�

�

�

�

�

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë

0.2 0.4 0.6 0.8 1.0
x

0.73098

0.73100

0.73102

0.73104

0.73106

u@x,tD

@®h=0.05

�®h=0.1

ë®h=0.02

❋✐❣✉$❡ 4✿❆♣♣$♦①✐♠❛-❡ ❛♥❞ ❡①❛❝- 1♦❧✉-✐♦♥ ❢♦$ ❡①❛♠♣❧❡ 2 ❛- b = 1✱✇✐-❤ ❞✐✛❡$❡♥- h

�

�

�

�

�

�

�

�

�

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

@

ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë
ë

0.2 0.4 0.6 0.8 1.0
x

0.50238

0.50240

0.50242

0.50244

0.50246

0.50248

0.50250

u@x,tD

@®h=0.05

�®h=0.1

ë®h=0.02

❋✐❣✉$❡ 5✿❆♣♣$♦①✐♠❛-❡ ❛♥❞ ❡①❛❝- 1♦❧✉-✐♦♥ ❢♦$ ❡①❛♠♣❧❡ 2 ❛- b = 0.01✱✇✐-❤ ❞✐✛❡$❡♥- h
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❋✐❣✉$❡ 6✿❆♣♣$♦①✐♠❛-❡ ❛♥❞ ❡①❛❝- 1♦❧✉-✐♦♥ ❢♦$ ❡①❛♠♣❧❡ 2 ❛- b = 0.001✱✇✐-❤ ❞✐✛❡$❡♥- h
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❚❤❡ ❜❛1✐❝ ❣♦❛❧ ♦❢ -❤✐1 ✇♦$❦ ❤❛1 ❜❡❡♥ ❡♠♣❧♦②❡❞ -❤❡ ♥♦♥✲♣♦❧②♥♦♠✐❛❧ -❡♥1✐♦♥ 1♣❧✐♥❡ ❛1 ❛

$❡❛1♦♥❛❜❧❡ ❜❛1✐1 ❢♦$ 1-✉❞②✐♥❣ -❤❡ ❛♣♣$♦①✐♠❛-❡ 1♦❧✉-✐♦♥1 ❢♦$ ❇✉$❣❡$1 ❡>✉❛-✐♦♥1 ✇✐-❤ ♥♦♥❧✐♥✲

❡❛$ ❞❛♠♣✐♥❣ -❡$♠✳❋✐♥✐-❡ ❞✐✛❡$❡♥❝❡ ❛♣♣$♦①✐♠❛-✐♦♥ ❢♦$ -✐♠❡ ❛♥❞ -❡♥1✐♦♥ 1♣❧✐♥❡ ❢♦$ 1♣❛-✐❛❧

❛$❡ ✉1❡❞✳@$❡1❡♥-❡❞ 1❝❤❡♠❡ ❛$❡ ♦❢ ♦$❞❡$ O(h2 + k2h2 + h4) ❛♥❞ ✉♥❞❡$ ❛♣♣$♦♣$✐❛-❡ ❝♦♥✲
❞✐-✐♦♥ -❤❡ ♠❡-❤♦❞ ❝♦♥✈❡$❣❡♥❝❡✳❚❤❡ ♣❡$❢♦$♠❛♥❝❡ ❛♥❞ ❛❝❝✉$❛❝② ♦❢ -❤❡ ♠❡-❤♦❞ ❤❛✈❡ ❜❡❡♥

❡①❛♠✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ✐♥ 2 ❡①❛♠♣❧❡1✳
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❬✶✼❪ ●❛%❜❛✱❆✳❆ ✇❛✈❡❧❡# ❝♦❧❧♦❝❛#✐♦♥ ♠❡#❤♦❞ ❢♦- ♥✉♠❡-✐❝❛❧ ,♦❧✉#✐♦♥ ♦❢ ❇✉-❣❡-, ❡?✉❛#✐♦♥✱✭❚❡❝❤✳

❘❡♣✳■♥C❡%♥❛C✐♦♥❛❧ ❈❡♥C❡% ❢♦% ❚❤❡♦%②C✐❝❛❧ K❤②(✐❝(✱✶✾✾✻✮

❬✶✽❪ ●♦②❛❧✱❑✳ ❛♥❞ ▼❡❤%❛✱▼✳❆ ❢❛,# ❛❞❛♣#✐✈❡ ❞✐✛✉,✐♦♥ ✇❛✈❡❧❡# ♠❡#❤♦❞ ❢♦- ❇✉-❣❡-, ❡?✉❛✲

#✐♦♥✱❈♦♠♣✉C❡%( ❛♥❞ ▼❛C❤❡♠❛C✐❝( ✇✐C❤ ❆♣♣❧✐❝❛C✐♦♥(✻✽✱✺✻✽✲✺✼✼✱✷✵✶✹✳

❬✶✾❪ ●♦♣❛❧✱❱✳ ❛♥❞ ▼♦❤❛♥C②✱❘✳❑ ❛♥❞ ❙❛❤❛✱▲✳▼✳❆ ♥❡✇ ❤✐❣❤ ❛❝❝✉-❛❝② ♥♦♥✲♣♦❧②♥♦♠✐❛❧ #❡♥✲

,✐♦♥ ,♣❧✐♥❡ ♠❡#❤♦❞ ❢♦- #❤❡ ,♦❧✉#✐♦♥ ♦❢ ♦♥❡ ❞✐♠❡♥,✐♦♥❛❧ ✇❛✈❡ ❡?✉❛#✐♦♥ ✐♥ ♣♦❧❛- ❝♦✲

♦-❞✐♥❛#❡,✱❏♦✉%♥❛❧ ♦❢ C❤❡ ❊❣②♣C✐❛♥ ▼❛C❤❡♠❛C✐❝❛❧ ❙♦❝✐❡C②✷✷✱✷✽✵✲✷✽✺✱✷✵✶✹✳

❬✷✵❪ ❍♦♣❢✱❊✳❚❤❡ ♣❛-#✐❛❧ ❞✐✛❡-❡♥#✐❛❧ ❡?✉❛#✐♦♥ ut + uux = uxx ✱❈♦♠♠✉♥✳ K✉%❡ ❆♣♣❧✳ ▼❛C❤✸✱✷✵✶✲

✸✵✱✶✾✺✵✳

❬✷✶❪ ■♥❛♥✱❇✳❛♥❞ ❇❛❤❛❞✐%✱❆✳❘◆✉♠❡-✐❝❛❧ ,♦❧✉#✐♦♥ ♦❢ #❤❡ ♦♥❡✲❞✐♠❡♥,✐♦♥❛❧ ❇✉-❣❡-, ❡?✉❛#✐♦♥✿ ■♠✲

♣❧✐❝✐# ❛♥❞ ❢✉❧❧② ✐♠♣❧✐❝✐# ❡①♣♦♥❡♥#✐❛❧ ✜♥✐#❡ ❞✐✛❡-❡♥❝❡ ♠❡#❤♦❞,✱ ■♥❞✐❛♥ ❆❝❛❞❡♠② ♦❢ ❙❝✐✲

❡♥❝❡(✽✶✱✺✹✼✲✺✺✻✱✷✵✶✸✳

❬✷✷❪ ■(♠❛✐❧✱❍✳◆✳❆✳❛♥❞ ❘❛(❧❛♥✱❑✳❛♥❞ ❆❜❞ ❘❛❜❜♦❤✱❆✳❆❞♦♠✐❛♥ ❞❡❝♦♠♣♦,✐#✐♦♥ ♠❡#❤♦❞ ❢♦-

❇✉-❣❡-,✲❍✉①❧❡② ❛♥ ❇✉-❣❡-,✲❋✐,❤❡- ❡?✉❛#✐♦♥,✱❆♣♣❧✐❡❞ ▼❛C❤❡♠❛C✐❝( ❛♥❞ ❈♦♠♣✉C❛C✐♦♥✶✺✾✱

✷✾✶✲✸✵✶✱✷✵✵✹✳

❬✷✸❪ ❑❛%❞❛%✱▼✳✱K❛%✐(✐✱●✳✱❩❤❛♥❣✱❨✳❈✳❉②♥❛♠✐❝❛❧ ,❝❛❧✐♥❣ ♦❢ ❣-♦✇✐♥❣ ✐♥#❡-❢❛❝❡,✱K❤②(✳ ❘❡✈✳

▲❡CC✺✻✱✽✽✾✲✽✾✷✱✶✾✽✻✳

❬✷✹❪ ❑❛%❞❛% ▼✳ ❛♥❞ ❩❤❛♥❣✱❨✳❈✳❙❝❛❧✐♥❣ ♦❢ ❞✐-❡❝#❡❞ ♣♦❧②♠❡-, ✐♥ -❛♥❞♦♠ ♠❡❞✐❛✱K❤②(✳ ❘❡✈✳

▲❡CC✺✽✱✷✵✽✼✲✷✵✾✵✱✶✾✽✼✳



✶✶✷✹

❬✷✺❪ ❑✉&❧✉❛②✱❙✳❛♥❞ ❇❛❤❛❞✐2✱❆✳❘✳ ❛♥❞ ❖③❞❡8✱❆✳◆✉♠❡$✐❝❛❧ )♦❧✉+✐♦♥ ♦❢ ♦♥❡✲❞✐♠❡♥)✐♦♥❛❧ ❇✉$❣❡$)

❡2✉❛+✐♦♥✿ ❡①♣❧✐❝✐+ ❛♥❞ ❡①❛❝+✲❡①♣❧✐❝✐+ ✜♥✐+❡ ❞✐✛❡$❡♥❝❡ ♠❡+❤♦❞)✱❏✳❈♦♠♣✉&✳❆♣♣❧✳▼❛&❤✶✵✸✱✷✺✶✲

✷✻✶✱✶✾✾✾✳

❬✷✻❪ ❑✉&❧✉❛②✱❙✳ ❛♥❞ ❊8❡♥✱❆✳ ❛♥❞ ❉❛❣✱■✳◆✉♠❡$✐❝❛❧ )♦❧✉+✐♦♥) ♦❢ +❤❡ ❇✉$❣❡$) ❡2✉❛+✐♦♥ ❜② +❤❡ ❧❡❛)+✲

)2✉❛$❡) 2✉❛❞$❛+✐❝ ❇✲)♣❧✐♥❡ ✜♥✐+❡ ❡❧❡♠❡♥+ ♠❡+❤♦❞✱❏✳❈♦♠♣✉&✳❆♣♣❧✳▼❛&❤✶✻✼✱✷✶✲✸✸✱✷✵✵✹✳

❬✷✼❪ ▲❡❱❡M✉❡✱❘✳❏✳◆✉♠❡$✐❝❛❧ ▼❡+❤♦❞) ❢♦$ ❈♦♥)❡$✈❛+✐♦♥ ▲❛✇)✱ ▲❡❝&✉2❡8 ✐♥ ▼❛&❤❡♠❛&✐❝8 ❊❚❍

❩✉2✐❝❤✭❇✐2❦❤ ❛✉8❡2 ❱❡2❧❛❣✱❇❛8❡❧✱8❡❝♦♥❞ ❡❞✱✶✾✾✷✮✳

❬✷✽❪ ▲✐❣❤&❤✐❧❧✱▼✳❏✳ ❛♥❞ ❲❤✐&❤❛♠✱●✳❇✳❖♥ ❦✐♥❡♠❛+✐❝ ✇❛✈❡)✳■■✳❆ +❤❡♦$② ♦❢ +$❛✣❝ ✢♦✇ ♦♥ ❧♦♥❣

❝$♦✇❞❡❞ $♦❛❞)✱ X2♦❝✳ ❘♦②✳ ❙♦❝✳▲♦♥❞♦♥✳❙❡2✳❆✷✷✾✱✸✶✼✲✸✹✺✱✶✾✺✺✳

❬✷✾❪ ▲♦❣❛♥✱❏✳❉✳❆♥ ✐♥+$♦❞✉❝+✐♦♥ +♦ ♥♦♥❧✐♥❡❛$ ♣❛$+✐❛❧ ❞✐✛❡$❡♥+✐❛❧ ❡2✉❛+✐♦♥)✱ X✉2❡ ❛♥❞ ❆♣♣❧✐❡❞

▼❛&❤❡♠❛&✐❝8✭❏♦❤♥ ❲✐❧❡② ❛♥❞ ❙♦♥8 ■♥❝✱◆❡✇ ❨♦2❦✱✶✾✾✹✮✳

❬✸✵❪ ▲✐❣❤&❤✐❧❧✱▼✳❏✳❱✐)❝♦)✐+② ❡✛❡❝+) ✐♥ )♦✉♥❞ ✇❛✈❡) ♦❢ ✜♥✐+❡ ❛♠♣❧✐+✉❞❡✳❙✉2✈❡②8 ✐♥ ▼❡❝❤❛♥✲

✐❝8✱❡❞✐&❡❞ ❜② ❇❛&❝❤❡❧♦2✱●✳❑✳ ❛♥❞ ❉❛✈✐❡8✱❘✳▼✳✭❈❛♠❜2✐❞❣❡ ❯♥✐✈✳X2❡88✱▲♦♥❞♦♥✱✶✾✺✻✮✳

❬✸✶❪ ▲❡8✐❡✉2✱▼✳❚✉$❜✉❧❡♥❝❡ ✐♥ ❋❧✉✐❞)✱ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝) ❛♥❞ ■+) ❆♣♣❧✐❝❛+✐♦♥)✱❱♦❧✳✹✵✭❑❧✉✇❡2✱✶✾✾✼✮

❬✸✷❪ ▼❛♥8❡❧❧✱●✳ ❛♥❞ ▼❡22②✜❡❧❞✱❲✳ ❛♥❞ ❙❤✐③❣❛❧✱❇✳ ❛♥❞ ❲❡✐♥❡2&✱❯✳❆ ❝♦♠♣❛$✐)♦♥ ♦❢ ❞✐✛❡$❡♥+✐❛❧

2✉❛❞$❛+✉$❡ ♠❡+❤♦❞) ❢♦$ )♦❧✉+✐♦♥ ♦❢ ♣❛$+✐❛❧ ❞✐✛❡$❡♥+✐❛❧ ❡2✉❛+✐♦♥)✱❈♦♠♣✉&✳▼❡&❤♦❞8 ❆♣♣❧✳

▼❡❝❤✳ ❊♥❣2❣✶✵✹✱✷✾✺✲✸✶✻✱✶✾✾✸✳

❬✸✸❪ ▼♦❤❛♥&②✱❘✳❑ ❛♥❞ ●♦♣❛❧✱❱✳ ❆ ❢♦✉$+❤✲♦$❞❡$ ✜♥✐+❡ ❞✐✛❡$❡♥❝❡ ♠❡+❤♦❞ ❜❛)❡❞ ♦♥ )♣❧✐♥❡ ✐♥ +❡♥✲

)✐♦♥ ❛♣♣$♦①✐♠❛+✐♦♥ ❢♦$ +❤❡ )♦❧✉+✐♦♥ ♦❢ ♦♥❡✲)♣❛❝❡ ❞✐♠❡♥)✐♦♥❛❧ )❡❝♦♥❞✲♦$❞❡$ 2✉❛)✐✲❧✐♥❡❛$ ❤②✲

♣❡$❜♦❧✐❝ ❡2✉❛+✐♦♥)❆❞✈❛♥❝❡8 ✐♥ ❉✐✛❡2❡♥❝❡ ❊M✉❛&✐♦♥8✼✵✱✶✲✷✵✱✷✵✶✸✳

❬✸✹❪ ❖28③❛❣✱❙✳❆✳▲❡❝+✉$❡) ♦♥ +❤❡ ❙+❛+✐)+✐❝❛❧ ❚❤❡♦$② ♦❢ ❚✉$❜✉❧❡♥❝❡✱ ✐♥ ❋❧✉✐❞ ❉②♥❛♠✐❝)✭◆❡✇
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❬✸✻❪ ❘❛8❤✐❞✐♥✐❛✱❏ ❛♥❞ ▼♦❤❛♠♠❛❞✐✱❘✳❚❡♥)✐♦♥ )♣❧✐♥❡ ❛♣♣$♦❛❝❤ ❢♦$ +❤❡ ♥✉♠❡$✐❝❛❧ )♦❧✉+✐♦♥ ♦❢ ♥♦♥✲

❧✐♥❡❛$ ❑❧❡✐♥✲●♦$❞♦♥ ❡2✉❛+✐♦♥✱❈♦♠♣✉&❡2 X❤②8✐❝8 ❈♦♠♠✉♥✐❝❛&✐♦♥8 ✶✽✶✱✼✽✲✾✶✱✷✵✶✵✳

❬✸✼❪ ❘♦8❡✱❍✳❆✳ ❛♥❞ ❙✉❧❡♠✱X✳▲✳❋✉❧❧② ❞❡✈❡❧♦♣❡❞ +✉$❜✉❧❡♥❝❡ ❛♥❞ )+❛+✐)+✐❝❛❧ ♠❡❝❤❛♥✐❝)✱❏✳ X❤②8✳

❋2❛♥❝❡✸✾✱✹✹✶✲✹✽✹✱✶✾✼✽✳

❬✸✽❪ ❘❛♦✱❈✳❙✳ ❛♥❞ ❙❛❝❤❞❡✈✱X✳▲✳ ❛♥❞ ❘❛♠❛8✇❛♠②✱▼✳❙❡❧❢✲)✐♠✐❧❛$ )♦❧✉+✐♦♥) ♦❢ ❛ ❣❡♥❡$❛❧✐③❡❞ ❇✉$❣✲

❡$) ❡2✉❛+✐♦♥ ✇✐+❤ ♥♦♥❧✐♥❡❛$ ❞❛♠♣✐♥❣✱ ◆♦♥❧✐♥❡❛$ ❆♥❛❧②)✐)✿❘❡❛❧ ❲♦$❧❞ ❆♣♣❧✐❝❛+✐♦♥)✹✱✼✷✸✲

✼✹✶✱✷✵✵✸✳
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∆2x = 0 ✐) )❛"✐)✜❡❞ ♦(✱ ❡6✉✐✈❛❧❡♥"❧②✱ "❤❡ )②)"❡♠ ♦❢ ❞✐✛❡(❡♥"✐❛❧ ❡6✉❛"✐♦♥)

✭❇❈✮ S(∇H) + ε
nH

2
∇H = 0,

✭❇❍✶✮ ∆H +HtrS2 = 0

✐) )❛"✐)✜❡❞✱ ✇❤❡(❡ N ✐) "❤❡ ✉♥✐" ♥♦(♠❛❧ ✈❡❝"♦( ✜❡❧❞ ✭)❡❡ ❬✻✱ ✶✸❪✮ ❛♥❞ ε = 〈N,N〉✳
❖♥ "❤❡ ♦"❤❡( ❤❛♥❞✱ ❛ ❤②♣❡()✉(❢❛❝❡ )❛"✐)❢②✐♥❣ ✭❇❈✮ ✐) )❛✐❞ "♦ ❜❡ ❛ ❜✐❝♦♥)❡(✈❛"✐✈❡

❤②♣❡()✉(❢❛❝❡✳ ❋(♦♠ ✭❇❈✮✱ ♦♥❡ ❝❛♥ )❡❡ "❤❛" ✐❢ ❛ ❤②♣❡()✉(❢❛❝❡M ✇✐"❤ ♥♦♥✲❝♦♥)"❛♥" ♠❡❛♥

❝✉(✈❛"✉(❡ ✐) ❜✐❝♦♥)❡(✈❛"✐✈❡✱ "❤❡♥ ∇H ✐) ❛♥ ❡✐❣❡♥✈❡❝"♦( ♦❢ ✐") )❤❛♣❡ ♦♣❡(❛"♦(✳ ◆♦"❡ "❤❛"

❛❧♦♥❣ ✇✐"❤ "❤❡ ✐♥❝(❡❛)❡ ♦❢ ✐♥❞❡①✱ "❤❡ ❞✐✛❡(❡♥❝❡ ❜❡"✇❡❡♥ ❊✉❝❧✐❞❡❛♥ )♣❛❝❡ ❛♥❞ ▼✐♥❦♦✇)❦✐

)♣❛❝❡ ✐) "❤❡ ❛♣♣❡❛(❛♥❝❡ ♦❢ ❧✐❣❤"✲❧✐❦❡ ✈❡❝"♦()✳ ❚❤✉)✱ "❤❡ ❤②♣❡()✉(❢❛❝❡) ✇✐"❤ ❧✐❣❤"✲❧✐❦❡ ∇H
❤❛) ♥♦ ❝♦✉♥"❡(♣❛(") ✐♥ ❊✉❝❧✐❞❡❛♥ )♣❛❝❡) ❛♥❞ "❤❡② ❛(❡ ✇♦("❤ "♦ ❜❡ )"✉❞✐❡❞ )❡♣❛(❛"❡❧② ✐♥

"❡(♠) ♦❢ ❜❡✐♥❣ ❜✐❝♦♥)❡(✈❛"✐✈❡ ♦( ❜✐❤❛(♠♦♥✐❝✳

✶✳✶✳ ❘❡♠❛&❦✳ ❋♦( ❡❛)❡ ♦❢ ❡❧❛❜♦(❛"✐♦♥✱ ✇❡ ✇❛♥" "♦ ❛❜❜(❡✈✐❛"❡ ❛ ❤②♣❡()✉(❢❛❝❡ ✇✐"❤ ♠❡❛♥

❝✉(✈❛"✉(❡ ✇❤♦)❡ ❣(❛❞✐❡♥" ✐) ❧✐❣❤"✲❧✐❦❡ "♦ ❛ ▼❈●▲✲❤②♣❡()✉(❢❛❝❡✳

■♥ "❤✐) ✇♦(❦ ✇❡ )"✉❞② ▼❈●▲✲❤②♣❡()✉(❢❛❝❡) ✐♥ "❤❡ ▼✐♥❦♦✇)❦✐ )♣❛❝❡ ♦❢ ❛(❜✐"(❛(② ❞✐♠❡♥✲

)✐♦♥✳ ■♥ ❙❡❝"✳ ✷✱ ❛❢"❡( ✇❡ ❞❡)❝(✐❜❡ ♦✉( ♥♦"❛"✐♦♥)✱ ✇❡ ❣✐✈❡ ❛ )✉♠♠❛(② ♦❢ "❤❡ ❜❛)✐❝ ❢❛❝") ❛♥❞

❢♦(♠✉❧❛) "❤❛" ✇❡ ✇✐❧❧ ✉)❡✳ ■♥ ❙❡❝"✳ ✸✱ ✇❡ ❢♦❝✉) ♦♥ ❜✐❝♦♥)❡(✈❛"✐✈❡ ▼❈●▲✲❤②♣❡()✉(❢❛❝❡)

❛♥❞ ♦❜"❛✐♥ )♦♠❡ ♥❡❝❡))❛(② ❝♦♥❞✐"✐♦♥)✳ ■♥ ❙❡❝"✳ ✹✱ ✇❡ ♣(♦✈❡ "❤❡ ♥♦♥✲❡①✐)"❡♥❝❡ ♦❢ ❜✐❤❛(✲

♠♦♥✐❝ ▼❈●▲✲❤②♣❡()✉(❢❛❝❡) ✉♥❞❡( )♦♠❡ ❝♦♥❞✐"✐♦♥)✳

✷✳ "#❡❧✐♠✐♥❡#✐❡)

▲❡" E
m
s ❞❡♥♦"❡ "❤❡ ♣)❡✉❞♦✲❊✉❝❧✐❞❡❛♥ m✲)♣❛❝❡ ✇✐"❤ "❤❡ ❝❛♥♦♥✐❝❛❧ ♣)❡✉❞♦✲❊✉❝❧✐❞❡❛♥

♠❡"(✐❝ "❡♥)♦( g ♦❢ ✐♥❞❡① s ❣✐✈❡♥ ❜②

g = −
s∑

i=1

dx2i +
m∑

j=s+1

dx2j ,

✇❤❡(❡ (x1, x2, . . . , xm) ✐) ❛ (❡❝"❛♥❣✉❧❛( ❝♦♦(❞✐♥❛"❡ )②)"❡♠ ✐♥ E
m
s ✳ ❆ ♥♦♥✲③❡(♦ ✈❡❝"♦(

v ∈ E
m
s ✐) ❝❛❧❧❡❞ )♣❛❝❡✲❧✐❦❡✱ "✐♠❡✲❧✐❦❡ ♦( ❧✐❣❤"✲❧✐❦❡ ✐❢ 〈v, v〉 > 0✱ 〈v, v〉 < 0 ♦( 〈v, v〉 = 0✱

(❡)♣❡❝"✐✈❡❧②✳

❈♦♥)✐❞❡( ❛♥ ♦(✐❡♥"❡❞ ❤②♣❡()✉(❢❛❝❡ M ♦❢ "❤❡ ▼✐♥❦♦✇)❦✐ )♣❛❝❡ E
n+1

1 ✳ ❲❡ ❞❡♥♦"❡ "❤❡

▲❡✈✐✲❈✐✈✐"❛ ❝♦♥♥❡❝"✐♦♥) ♦❢ E
n+1

1 ❛♥❞ M ❜② ∇̃ ❛♥❞ ∇✱ (❡)♣❡❝"✐✈❡❧②✳ ❚❤❡♥✱ "❤❡ ●❛✉)) ❛♥❞
❲❡✐♥❣❛("❡♥ ❢♦(♠✉❧❛) ❛(❡ ❣✐✈❡♥✱ (❡)♣❡❝"✐✈❡❧②✱ ❜②

∇̃XY = ∇XY + h(X,Y )N,✭✷✳✶✮

∇̃XN = −S(X)✭✷✳✷✮

❢♦( ❛❧❧ "❛♥❣❡♥" ✈❡❝"♦() ✜❡❧❞) X, Y ✱ ✇❤❡(❡ h✱ ∇⊥
❛♥❞ S ❛(❡ "❤❡ )❡❝♦♥❞ ❢✉♥❞❛♠❡♥"❛❧ ❢♦(♠✱

"❤❡ ♥♦(♠❛❧ ❝♦♥♥❡❝"✐♦♥ ❛♥❞ "❤❡ )❤❛♣❡ ♦♣❡(❛"♦( ♦❢ M ✱ (❡)♣❡❝"✐✈❡❧②✱ ❛♥❞ N ✐) "❤❡ ✉♥✐"

♥♦(♠❛❧ ✈❡❝"♦( ✜❡❧❞ ❛))♦❝✐❛"❡❞ ✇✐"❤ "❤❡ ♦(✐❡♥"❛"✐♦♥ ♦❢ M ✳

❚❤❡ ●❛✉)) ❛♥❞ ❈♦❞❛③③✐ ❡6✉❛"✐♦♥) ❛(❡ ❣✐✈❡♥✱ (❡)♣❡❝"✐✈❡❧②✱ ❜②

R(X,Y, Z,W ) = 〈h(Y, Z), h(X,W )〉 − 〈h(X,Z), h(Y,W )〉,✭✷✳✸✮

(∇̄Xh)(Y, Z) = (∇̄Y h)(X,Z),✭✷✳✹✮

✇❤❡(❡ R ✐) "❤❡ ❝✉(✈❛"✉(❡ "❡♥)♦( ❛))♦❝✐❛"❡❞ ✇✐"❤ "❤❡ ❝♦♥♥❡❝"✐♦♥ ∇ ❛♥❞ ∇̄h ✐) ❞❡✜♥❡❞ ❜②

(∇̄Xh)(Y, Z) = ∇⊥

Xh(Y, Z)− h(∇XY, Z)− h(Y,∇XZ).
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M ✐! !❛✐❞ $♦ ❜❡ ▲♦)❡♥$③✐❛♥ ✐❢ ✐$! $❛♥❣❡♥$ !♣❛❝❡ TmM ❛$ ❡✈❡)② ♣♦✐♥$ m ∈ M ❤❛! $✇♦

❧✐♥❡❛)❧② ✐♥❞❡♣❡♥❞❡♥$ ♥✉❧❧ ✈❡❝$♦)!✳ ■♥ $❤✐! ❝❛!❡✱ $❤❡)❡ ❡①✐!$! ❛ ♣!❡✉❞♦✲♦)$❤♦♥♦)♠❛❧ ❢)❛♠❡

✜❡❧❞ {e1, e2, . . . , en} ♦❢ $❤❡ $❛♥❣❡♥$ ❜✉♥❞❧❡ ♦❢ M !❛$✐!❢②✐♥❣

〈eA, eB〉 = 1− δAB , 〈eA, ea〉 = 0, 〈ea, eb〉 = δab

❢♦) ❛❧❧ A,B = 1, 2✱ a, b = 3, 4, . . . , n✳ ❚❤❡♥✱ $❤❡ ▲❡✈✐✲❈✐✈✐$❛ ❝♦♥♥❡❝$✐♦♥ ∇ ♦❢ M ❜❡❝♦♠❡!

∇eie1 = φie1 +
n∑

b=3

ω1b(ei)eb,✭✷✳✺❛✮

∇eie2 = −φie2 +
n∑

b=3

ω2b(ei)eb,✭✷✳✺❜✮

∇eiea = ω2a(ei)e1 + ω1a(ei)e2 +
n∑

b=3

ωab(ei)eb,✭✷✳✺❝✮

✇❤❡)❡ φi = φ(ei) = 〈∇eie2, e1〉 ❛♥❞ ωjk(ei) = 〈∇eiej , ek〉✱ ✐✳❡✳✱ φ = −ω12✳

❖♥ $❤❡ ♦$❤❡) ❤❛♥❞✱ $❤❡ !❤❛♣❡ ♦♣❡)❛$♦) S ♦❢ ❛♥ ♦)✐❡♥$❡❞ ▲♦)❡♥$③✐❛♥ ❤②♣❡)!✉)❢❛❝❡

✐♥ E
n+1

1 ❝❛♥ ❜❡ ♥♦♥✲❞✐❛❣♦♥❛❧✐③❛❜❧❡✳ ■❢ S ✐! ♥♦♥✲❞✐❛❣♦♥❛❧✐③❛❜❧❡✱ $❤❡♥ ✐$! ❝❤❛)❛❝$❡)✐!$✐❝

♣♦❧②♥♦♠✐❛❧ ♠❛② ❛❧!♦ ❤❛✈❡ ❝♦♠♣❧❡① )♦♦$!✳ ❍♦✇❡✈❡)✱ ✐♥ $❤✐! ❝❛!❡ ❛❧❧ ❡✐❣❡♥✈❡❝$♦)! ♦❢ S ❛)❡

!♣❛❝❡✲❧✐❦❡✳

◆♦✇✱ ❛!!✉♠❡ $❤❛$ M ❤❛! ♥♦♥✲❞✐❛❣♦♥❛❧✐③❛❜❧❡ !❤❛♣❡ ♦♣❡)❛$♦) S ❛♥❞ ❝♦♥!✐❞❡) $❤❡ ❝❛!❡

$❤❛$ ❛❧❧ ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡! ♦❢ S ❛)❡ )❡❛❧ ❛$ ❛♥② ♣♦✐♥$ ♦❢ M ✳ ■♥ $❤✐! ❝❛!❡✱ ❧♦❝❛❧❧②✱ ✇❡

♠❛② ❛!!✉♠❡ $❤❛$ $❤❡ ♠✉❧$✐♣❧✐❝✐$✐❡! ♦❢ ❡✐❣❡♥✈❛❧✉❡! ❛)❡ ❝♦♥!$❛♥$ ❛$ ❡✈❡)② ♣♦✐♥$ ♦❢ M ✳

❚❤❡)❡❢♦)❡✱ ❬✶✹✱ ▲❡♠♠❛ ✷✳✸ ❛♥❞ ▲❡♠♠❛ ✷✳✺❪ ✐♠♣❧② $❤❛$ $❤❡)❡ ❡①✐!$! ❛♥ ❛♣♣)♦♣)✐❛$❡ ♣!❡✉❞♦✲

♦)$❤♦♥♦)♠❛❧ ❢)❛♠❡ ✜❡❧❞ {e1, e2, . . . , en} ♦❢ !♠♦♦$❤ ✈❡❝$♦) ✜❡❧❞! !✉❝❤ $❤❛$ $❤❡ ♠❛$)✐❝

)❡♣)❡!❡♥$❛$✐♦♥ ♦❢ S ✐! ✐♥ ♦♥❡ ♦❢ $❤❡ ❢♦❧❧♦✇✐♥❣ $✇♦ ❢♦)♠!✳

❈❛!❡ ■✳ S =




k1 1 0 0 . . . 0
0 k1 0 0 . . . 0
0 0 k3 0 . . . 0
0 0 0 k4 . . . 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 0 0 0 . . . kn




,

❈❛!❡ ■■✳ S =




k1 0 1 0 . . . 0
0 k1 0 0 . . . 0
0 −1 k1 0 . . . 0
0 0 0 k4 . . . 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 0 0 0 . . . kn




✭✷✳✻✮

❢♦) !♦♠❡  ♠♦♦#❤ ❢✉♥❝$✐♦♥! k1, k3, k4, . . . , kn✱ ✇❤❡)❡ $❤❡ ❡✐❣❡♥✈❡❝$♦) e1 ♦❢ S ✐! ❧✐❣❤$✲❧✐❦❡✱

✭!❡❡ ❛❧!♦ ❬✶✸✱ ✶✻❪✮✳ ❲✐$❤ $❤❡ ❛❜✉!❡ ♦❢ $❡)♠✐♥♦❧♦❣②✱ ✇❡ ❝❛❧❧ $❤❡!❡ ✈❡❝$♦) ✜❡❧❞! e1, e2, . . . , en
❛! ♣)✐♥❝✐♣❛❧ ❞✐)❡❝$✐♦♥! ❛♥❞ $❤❡ ❢✉♥❝$✐♦♥! k1, k3, k4, . . . , kn ❛! ♣)✐♥❝✐♣❛❧ ❝✉)✈❛$✉)❡!✳ ▼♦)❡✲

♦✈❡)✱ ✇❡ ♣✉$

s1 = 2k1 + k3 + · · ·+ kn = nH,

✇❤❡)❡ H ✐! $❤❡ ♠❡❛♥ ❝✉)✈❛$✉)❡ ♦❢ M ✳



✶✶✷✽

✸✳ ❇✐❝♦♥'❡)✈❛,✐✈❡ ▼❈●▲✲❤②♣❡)'✉)❢❛❝❡'

■♥ "❤✐% %❡❝"✐♦♥ ✇❡ ❢♦❝✉% ♦♥ ❜✐❝♦♥%❡-✈❛"✐✈❡ ▼❈●▲✲❤②♣❡-%✉-❢❛❝❡% ✐♥ "❤❡ ▼✐♥❦♦✇%❦✐

%♣❛❝❡ E
n+1

1 ✳ ❆% ✇❡ ❞❡%❝-✐❜❡❞ ✐♥ "❤❡ ♣-❡✈✐♦✉% %❡❝"✐♦♥✱ "❤❡ %❤❛♣❡ ♦♣❡-❛"♦- S ♦❢ ❛ ▼❈●▲✲

❤②♣❡-%✉-❢❛❝❡% ✐♥ "❤❡ ▼✐♥❦♦✇%❦✐ %♣❛❝❡ E
n+1

1 ✐% ♦♥❡ ♦❢ "✇♦ ❢♦-♠% ❣✐✈❡♥ ✐♥ ✭✷✳✻✮✳ ❲❡ %"✉❞②

"❤❡%❡ "✇♦ ❝❛%❡% %❡♣❛-❛"❡❧②✳

✸✳✶✳ ❈❛%❡ ■✳ ❈♦♥%✐❞❡- ❛ ❤②♣❡-%✉-❢❛❝❡ M ✐♥ "❤❡ ▼✐♥❦♦✇%❦✐ %♣❛❝❡ E
n+1

1 ✇✐"❤ "❤❡ %❤❛♣❡

♦♣❡-❛"♦- S ❣✐✈❡♥ ❜② ❝❛%❡ ■ ♦❢ ✭✷✳✻✮✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

h(e1, e2) = −k1, h(e2, e2) = −1,

h(eA, eB) = δABkA,

h(e1, e1) = h(e1, eA) = h(e2, eA) = 0, A,B = 3, 4, . . . , n.

✭✸✳✶✮

◆♦✇✱ ❛%%✉♠❡ "❤❛" M ✐% ❛ ❜✐❝♦♥%❡-✈❛"✐✈❡ ▼❈●▲✲❤②♣❡-%✉-❢❛❝❡✱ ✐✳❡✳✱ ∇s1 ✐% ❧✐❣❤"✲❧✐❦❡

❛♥❞ ✭❇❈✮ ✐% %❛"✐%✜❡❞✳ ❚❤❡♥✱ e1 ✐% ♣-♦♣♦-"✐♦♥❛❧ "♦ ∇s1 ❛♥❞ ✇❡ ❤❛✈❡

k1 = −
s1
2
, k3 + k4 + · · ·+ kn = 2s1,✭✸✳✷❛✮

e1(k1) = e3(k1) = e4(k1) = · · · = en(k1) = 0, e2(k1) 6= 0.✭✸✳✷❜✮

▲❡" "❤❡ ❞✐%"✐♥❝" ♣-✐♥❝✐♣❛❧ ❝✉-✈❛"✉-❡% ♦❢ M ❜❡ K1,K2, . . . ,Kp ✇✐"❤ "❤❡ ♠✉❧"✐♣❧✐❝✐"✐❡%

ν1, ν2, . . . , νp✱ -❡%♣❡❝"✐✈❡❧②✱ ✐✳❡✳✱ "❤❡ ❝❤❛-❛❝"❡-✐%"✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ S ✐%

✭✸✳✸✮ ρS(t) = (t−K1)
ν1(t−K2)

ν2 . . . (t−Kp)
νp

✇✐"❤ K1 = k1 ❛♥❞ ν1 ≥ 2✳ ❲❡ ❛❧%♦ %✉♣♣♦%❡ "❤❛" "❤❡ ❢✉♥❝"✐♦♥% Kα −Kβ ❞♦❡% ♥♦" ✈❛♥✐%❤

♦♥ M ✱ ❢♦- ❛❧❧ α 6= β ∈ {1, 2, . . . , p}✳ ❚❤❡♥✱ ✭✸✳✷❛✮ ❜❡❝♦♠❡%

✭✸✳✹✮ K1 = −
s1
2
, ν2K2 + ν3K3 + · · ·+ νpKp = (−2− ν1)K1.

❖♥ "❤❡ ♦"❤❡- ❤❛♥❞✱ ❢-♦♠ "❤❡ ❈♦❞❛③③✐ ❡M✉❛"✐♦♥ ✭✷✳✹✮ ❢♦- X = e1, Y = Z = eA ✇❡ ❣❡"

✭✸✳✺✮ ψα = ω1A(eA) =
e1(KA)

K1 −KA

✐❢ kA = Kα, α = 2, 3, . . . , p.

❇② -❡❛--❛♥❣✐♥❣ "❤❡ ✐♥❞✐❝❡% ✐❢ ♥❡❝❡%%❛-②✱ ✇❡ ♠❛② ❛%%✉♠❡ "❤❛" ψ2, ψ3, . . . , ψr 6= 0 ❛♥❞

ψr+1 = ψr+2 = · · · = ψp = 0 ❢♦- %♦♠❡ r ≤ p✳ ❚❤✉%✱ ❢-♦♠ ✭✸✳✺✮ ✇❡ ❤❛✈❡

✭✸✳✻✮ e1(KA) = 0 ✐❢ kA = Kα, α > r.

❋-♦♠ ❈♦❞❛③③✐ ❡M✉❛"✐♦♥ ✭✷✳✹✮ ❢♦- X = e1, Y = eA✱ Z = eB ❛♥❞ X = eA, Y = eB ✱

Z = e1 ✇❡ ♦❜"❛✐♥

✭✸✳✼✮ ω1A(eB)(k1 −kA) = ω1B(eA)(k1 −kB) = ωAB(e1)(kA −kB), A,B = 2, 3, . . . , n.

▼♦-❡♦✈❡-✱ ❢-♦♠ "❤❡ ❡M✉❛"✐♦♥ [eA, eB ](k1) = 0 ✇❡ ❤❛✈❡

ω1A(eB) = ω1B(eA).

❇② ❝♦♠❜✐♥✐♥❣ "❤❡ ❛❜♦✈❡ ❡M✉❛"✐♦♥ ✇✐"❤ ✭✸✳✼✮ ♦♥❡ ♠❛② ♦❜"❛✐♥

✭✸✳✽✮ ω1B(eA) = 0 ✐❢ kA, kB 6= K1.

❖♥ "❤❡ ♦"❤❡- ❤❛♥❞✱ ❢-♦♠ "❤❡ ❈♦❞❛③③✐ ❡M✉❛"✐♦♥ X = e1, Y = e1✱ Z = ej ❛♥❞ X = e2,
Y = e1✱ Z = ej ✇❡ ❤❛✈❡

✭✸✳✾✮ ω1j(e1) = 0, j = 3, 4, . . . , n.

■♥ ❛❞❞✐"✐♦♥✱ ❜② ❝♦♠❜✐♥✐♥❣ "❤❡ ❈♦❞❛③③✐ ❡M✉❛"✐♦♥ ✭✷✳✹✮ ❢♦- X = eA, Y = e1✱ Z = ea ❛♥❞

[ea, eA] (k1) = 0✱ ✇❡ ♦❜"❛✐♥

✭✸✳✶✵✮ ωaA(e1) = ω1A(ea) = ω1a(eA) = 0



✶✶✷✾

❢♦" ❛❧❧ a,A = 3, 4, . . . , n %✉❝❤ )❤❛) ka = K1 6= kA✳ ❇② %✉♠♠✐♥❣ ✉♣ ✭✸✳✽✮✲✭✸✳✶✵✮ ✇❡ ♦❜)❛✐♥

∇e1e1 = φ1e1, ∇eAe1 = φAe1 + ω1A(eA)eA,

ω1A(ex) = 0, x 6= 2, x 6= A
✭✸✳✶✶✮

❢♦" ❛❧❧ A = 3, 4, . . . , n %✉❝❤ )❤❛) K1 6= kA✳

❍❡♥❝❡✱ ❜② ❝♦♠❜❛✐♥✐♥❣ ✭✸✳✶✶✮ ❛♥❞ )❤❡ ●❛✉%% ❡@✉❛)✐♦♥ R(eA, e1, e1, eA) = 0 ✇❡ ♦❜)❛✐♥

e1(ω1A(eA)) = ω1A(eA)(φ1 − ω1A(eA)) ✐❢ kA 6= K1

❢"♦♠ ✇❤✐❝❤ ✇❡ ❣❡)

✭✸✳✶✷✮ e1(ψα) = ψα(φ1 − ψα), ψα = 2, 3, . . . , r.

◆❡①)✱ ✇❡ ♦❜)❛✐♥ )❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ✉%❡ ❧❛)❡"✳

✸✳✶✳ ▲❡♠♠❛✳ ▲❡) M ❜❡ ❛ ❜✐❝♦♥%❡"✈❛)✐✈❡ ▼❈●▲✲❤②♣❡"%✉"❢❛❝❡ ✐♥ )❤❡ ▼✐♥❦♦✇%❦✐ %♣❛❝❡

E
n+1

1 ✇✐)❤ )❤❡ %❤❛♣❡ ♦♣❡"❛)♦" ❣✐✈❡♥ ❜② ✭✸✳✶✮✳ ❚❤❡♥ )❤❡ ❢✉♥❝)✐♦♥% ψ3, ψ4, . . . , ψr ❞❡✜♥❡❞

❛❜♦✈❡ %❛)✐%❢②

✭✸✳✶✸❛✮ W (ψ2, ψ3, . . . , ψr)




ν2(K1 −K2)
ν3(K1 −K3)

✳

✳

✳

νr(K1 −Kr)


 = 0,

✇❤❡"❡ W (ψ2, ψ3, . . . , ψr) ✐% ❛♥ r × r ♠❛)"✐① ❣✐✈❡♥ ❜②

✭✸✳✶✸❜✮ W (ψ2, ψ3, . . . , ψr) =




ψ2 ψ3 . . . ψr

ψ2
2 ψ2

3 . . . ψ2
r

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

ψr
2 ψr

3 . . . ψr
r


 .

 !♦♦❢✳ ❇② ❛♣♣❧②✐♥❣ e1 )♦ )❤❡ %❡❝♦♥❞ ❡@✉❛)✐♦♥ ✐♥ ✭✸✳✹✮ ❛♥❞ ✉%✐♥❣ ✭✸✳✷❜✮✱ ✇❡ ♦❜)❛✐♥

✭✸✳✶✹✮ ν2e1(K2) + ν3e1(K3) + · · ·+ νpe1(Kp) = 0.

◆♦✇✱ ❜② ✐♥❞✉❝)✐♦♥ ✇❡ ✇♦✉❧❞ ❧✐❦❡ )♦ %❤♦✇

✭✸✳✶✺✮

r∑

α=2

(ψα)
tνα(K1 −Kα) = 0, t = 1, 2, . . . .

◆♦)❡ )❤❛) ❜② ❝♦♠❜✐♥✐♥❣ ✭✸✳✺✮ ❛♥❞ ✭✸✳✶✹✮ ♦♥❡ ❝❛♥ ♦❜)❛✐♥ ✭✸✳✶✺✮ ❢♦" t = 1✳ ❙✉♣♣♦%❡ )❤❛)

✭✸✳✶✺✮ ✐% %❛)✐%✜❡❞ ❢♦" t = l − 1✱ ✐✳❡✳✱

✭✸✳✶✻✮

r∑

α=2

(ψα)
l−1να(K1 −Kα) = 0, n = 1, 2, . . . .

❇② ❛♣♣❧②✐♥❣ e1 )♦ )❤✐% ❡@✉❛)✐♦♥ ❛♥❞ ✉%✐♥❣ ✭✸✳✷❜✮✱ ✭✸✳✺✮ ❛♥❞ ✭✸✳✶✷✮ ✇❡ ♦❜)❛✐♥

r∑

α=2

(l − 1)(ψα)
l−1να(φ1 − ψα)(K1 −Kα) =

r∑

α=2

(ψα)
lνα(K1 −Kα).

❇② ❝♦♠❜✐♥✐♥❣ )❤✐% ❡@✉❛)✐♦♥ ❛♥❞ ✭✸✳✶✻✮ ✇❡ ♦❜)❛✐♥ ✭✸✳✶✺✮ ❢♦" t = l✳ ❚❤✉%✱ ✇❡ ❤❛✈❡ ✭✸✳✶✺✮

❢♦" ❛❧❧ t ✇❤✐❝❤ ✐♠♣❧✐❡% ✭✸✳✶✸✮✳ �



✶✶✸✵

✸✳✷✳ ❈❛%❡ ■■✳ ■♥ "❤✐% %✉❜%❡❝"✐♦♥✱ ✇❡ ❝♦♥%✐❞❡. "❤❡ ❤②♣❡.%✉.❢❛❝❡% ✇✐"❤ "❤❡ %❤❛♣❡ ♦♣❡.❛✲

"♦. ❣✐✈❡♥ ❜② ❝❛%❡ ■■ ♦❢ ✭✷✳✻✮ ✐♥ "❤❡ ▼✐♥❦♦✇%❦✐ %♣❛❝❡ E
n+1

✳ ◆♦✇✱ ❛%%✉♠❡ "❤❛" M ✐% ❛

❜✐❝♦♥%❡.✈❛"✐✈❡ ▼❈●▲✲❤②♣❡.%✉.❢❛❝❡✳ ■♥ "❤✐% ❝❛%❡✱ ✇❡ ❤❛✈❡

h(e1, e2) = −k1, h(e1, e1) = h(e1, e3) = h(e2, e2) = 0,

h(e3, e3) = k1, h(eA, eB) = δABkA,

h(e1, e1) = h(e1, eA) = h(e2, eA) = h(e3, eA) = 0, A,B = 4, 5, . . . , n.

✭✸✳✶✼✮

❆%%✉♠❡ "❤❛" "❤❡ ❝❤❛.❛❝"❡.✐%"✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ S ✐% ❛% ❣✐✈❡♥ ❜② ✭✸✳✸✮ ✇✐"❤K1 = k1 = −s1/2
❛♥❞ ν1 ≥ 3✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ✭✸✳✹✮ ❛♥❞

✭✸✳✶✽✮ e1(K1) = e3(K1) = e4(K1) = · · · = en(K1) = 0, e2(K1) 6= 0.

❲❡ ❛❣❛✐♥ %✉♣♣♦%❡ "❤❛" "❤❡ ❢✉♥❝"✐♦♥% Kα −Kβ ❞♦❡% ♥♦" ✈❛♥✐%❤ ♦♥ M ✳

◆♦"❡ "❤❛" "❤❡ ❈♦❞❛③③✐ ❡L✉❛"✐♦♥ ✭✷✳✹✮ ❢♦. X = e1, Y = eA✱ Z = eA ❣✐✈❡% e1(kA) =
ω1A(eA)(k1 − kA) ✐❢ k1 6= kA✳ ▲❡" ψ2, ψ3, . . . , ψp ❜❡ "❤❡ ❢✉♥❝"✐♦♥% ❞❡✜♥❡❞ ❜② ✭✸✳✺✮ %✉❝❤

"❤❛" ψ2, ψ3, . . . , ψr 6= 0 ❛♥❞ ψr+1 = ψr+2 = · · · = ψp = 0 ❢♦. %♦♠❡ r ≤ p✳
✭✸✳✶✽✮ ✐♠♣❧✐❡% [e1, eA](k1) = 0✳ ❇② ❝♦♠♣✉"✐♥❣ "❤❡ ❧❡❢"✲❤❛♥❞ %✐❞❡ ♦❢ "❤✐% ❡L✉❛"✐♦♥ ✇❡ ❣❡"

ω1A(e1) = 0, A = 3, 4, . . . , n. ■♥ ❛❞❞✐"✐♦♥✱ "❤❡ ❈♦❞❛③③✐ ❡L✉❛"✐♦♥ ✭✷✳✹✮ ❢♦. X = e1, Y = e2✱
Z = e3 ❣✐✈❡% φ1 = 0✳ ❚❤✉%✱ ✇❡ ❤❛✈❡ ∇e1e1 = 0. ◆❡①"✱ %✐♠✐❧❛. "♦ ♣.❡✈✐♦✉% %✉❜%❡❝"✐♦♥✱

✇❡ ❛♣♣❧② "❤❡ ❈♦❞❛③③✐ ❡L✉❛"✐♦♥ ✭✷✳✹✮ ❢♦. X = ei, Y = ej , Z = ek ❢♦. ❡❛❝❤ ".✐♣❧❡" ✭✐✱

❥✱ ❦✮ ✐♥ "❤❡ %❡" {(1, 2, a), (1, 3, A), (3, A, 1), (1, A,B), (A,B, 1), (1, a, A)} ❛♥❞ ❝♦♠❜✐♥❡

❡L✉❛"✐♦♥% ♦❜"❛✐♥❡❞ ✇✐"❤ [eA, eB ](k1) = [eA, ea](k1) = 0 "♦ ❣❡" ∇eA(e1) ∈ %♣❛♥{e1, eA}
❛♥❞ ω1A(ex) = 0, x 6= 2, A✱ ✇❤❡.❡ A,B, a = 4, 5, . . . , n ✇✐"❤ A 6= B✱ kA, kB 6= K1✱

ka = K1✳ ❇② ❝♦♠❜❛✐♥✐♥❣ "❤❡%❡ ❡L✉❛"✐♦♥% ✇✐"❤ "❤❡ ●❛✉%% ❡L✉❛"✐♦♥ R(e3, e1, e1, e3) = 0
✇❡ ♦❜"❛✐♥

e1(ψα) = −ψ2
α, α = 1, 2, . . . , r.

❚❤❡.❡❢♦.❡✱ %✐♠✐❧❛. "♦ ▲❡♠♠❛ ✸✳✶ ✇❡ ❤❛✈❡

✸✳✷✳ ▲❡♠♠❛✳ ▲❡" M ❜❡ ❛ ❜✐❝♦♥%❡.✈❛"✐✈❡ ▼❈●▲✲❤②♣❡.%✉.❢❛❝❡ ✐♥ "❤❡ ▼✐♥❦♦✇%❦✐ %♣❛❝❡

E
n+1

1 ✇✐"❤ "❤❡ %❤❛♣❡ ♦♣❡.❛"♦. ❣✐✈❡♥ ❜② ✭✸✳✶✼✮✳ ❚❤❡♥ "❤❡ ❢✉♥❝"✐♦♥% ψ3, ψ4, . . . , ψr ❞❡✜♥❡❞

❛❜♦✈❡ %❛"✐%❢② ✭✸✳✶✸✮✳

✸✳✸✳ ❇✐❝♦♥%❡/✈❛1✐✈❡ ❤②♣❡/%✉/❢❛❝❡%✳ ■♥ "❤✐% %✉❜%❡❝"✐♦♥✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ "♦ ♦❜"❛✐♥ ❝♦♥❞✐✲

"✐♦♥% %❛"✐%✜❡❞ ❜② ❝♦♥♥❡❝"✐♦♥ ❢♦.♠% ♦❢ ❜✐❝♦♥%❡.✈❛"✐✈❡ ▼❈●▲✲❤②♣❡.%✉.❢❛❝❡% ✭❙❡❡ ❬✶✼✱ ✶✵✱ ✶✶❪

❢♦. ✐♠♣❧✐❝✐" ❡①❛♠♣❧❡% ♦❢ ❜✐❝♦♥%❡.✈❛"✐✈❡ ❤②♣❡.%✉.❢❛❝❡% "❤❛" ❤❛✈❡ .❡❝❡♥"❧② ♦❜"❛✐♥❡❞✮✳

◆♦✇ ✇❡ ✇♦✉❧❞ ❧✐❦❡ "♦ ♦❜"❛✐♥ %♦♠❡ ♥❡❝❡%%❛.② ❝♦♥❞✐"✐♦♥% ❢♦. ❜❡✐♥❣ ❜✐❝♦♥%❡.✈❛"✐✈❡ ♦❢ ❛♥

▼❈●▲✲❤②♣❡.%✉.❢❛❝❡ ❜② ✉%✐♥❣ ▲❡♠♠❛ ✸✳✶ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳

✸✳✸✳ 7/♦♣♦%✐1✐♦♥✳ ▲❡" M ❜❡ ❛♥ ▼❈●▲✲❤②♣❡.%✉.❢❛❝❡ ✐♥ "❤❡ ▼✐♥❦♦✇%❦✐ %♣❛❝❡ E
n+1

1 ❛♥❞

e1, e2, . . . , en ✐"% ♣.✐♥❝✐♣❛❧ ❞✐.❡❝"✐♦♥% ✇✐"❤ ❝♦..❡%♣♦♥❞✐♥❣ ♣.✐♥❝✐♣❛❧ ❝✉.✈❛"✉.❡%

k1, k1, k3, k4, . . . , kn %✉❝❤ "❤❛" e1 ✐% ♣.♦♣♦."✐♦♥❛❧ "♦ ❣.❛❞✐❡♥" ♦❢ ✐"% ♠❡❛♥ ❝✉.✈❛"✉.❡✳ ■❢ M
✐% ❜✐❝♦♥%❡.✈❛"✐✈❡✱ "❤❡♥

✭✐✮ ❋♦. ❛♥② 3 ≤ i ≤ n %✉❝❤ "❤❛" ki 6= k1, ω1i(ei) 6= 0✱ "❤❡.❡ ❡①✐%"% ❛ j 6= i %✉❝❤ "❤❛"

ω1j(ej) = ω1i(ei), kj 6= ki✳
✭✐✐✮ ▲❡" Ii = {3 ≤ j ≤ n|ω1j(ej) = ω1i(ei)}✳ ❚❤❡♥✱

✭✸✳✶✾✮

∑

j∈Ii

(k1 − kj) = 0.

✭✐✐✐✮ ❚❤❡.❡ ❡①✐%"% ❛ j ∈ {3, 4, . . . , n} %✉❝❤ "❤❛" e1(kj) = ω1l(ej) = 0, k1 6= kl✳

 !♦♦❢✳ ▲❡" K1, . . . ,Kn ❛♥❞ ψ2, . . . , ψr ❜❡ "❤❡ ❢✉♥❝"✐♦♥% ❞❡✜♥❡❞ ♦♥ "❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ "❤✐%

%❡❝"✐♦♥✳



✶✶✸✶

❆!!✉♠❡ %❤❛% ψ2 6= 0 ❛♥❞ ψ2 6= ψj ✱ 2 < j ≤ r✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ detW (ψ2, ψ3, . . . , ψr) = 0
❢0♦♠ ✭✸✳✶✸✮ !✐♥❝❡ %❤❡ ❢✉♥❝%✐♦♥! K1 −K2 ✐! ♥♦♥✲✈❛♥✐!❤✐♥❣ ❜② %❤❡ ❛!!✉♠♣%✐♦♥!✳ ❚❤❡0❡❢♦0❡✱

ψ3, . . . , ψr ❛0❡ ♥♦% ❞✐!%✐♥❝% ❛♥❞ ✇❡ ♠❛② ❛!!✉♠❡ ψr−1 = ψr✳ ❚❤✉! ✭✸✳✶✸✮ ❣✐✈❡!

W (ψ2, ψ3, . . . , ψr−1)




ν2(K1 −K2)
ν3(K1 −K3)

✳

✳

✳

νr(K1 −Kr) + νr−1(K1 −Kr−1)


 = 0.

❙✐♥❝❡ (K1 −K2) ✐& ♥♦♥✲✈❛♥✐&❤✐♥❣✱ .❤❡ ❛❜♦✈❡ ❡0✉❛.✐♦♥ ✐♠♣❧✐❡& .❤❛. ψ3, . . . , ψr−1 ❛5❡ ♥♦.

❞✐&.✐♥❝. ❛♥❞ ✇❡ ♠❛② ❛&&✉♠❡ ❡✐.❤❡5 ψr−2 = ψr−1 ♦5 ψ3 = ψ4✳ ❇② 5❡♣❡❛.✐♥❣ .❤✐& ♣5♦❝❡❞✉5❡✱

♦♥❡ ❝❛♥ ❣❡. ψ3 = · · · = ψr−1 ❛♥❞

ψ2(K1 −K2) + ψ3

(
r∑

α=3

να(K1 −Kα)

)
=0,

ψ2
2(K1 −K2) + ψ2

3

(
r∑

α=3

να(K1 −Kα)

)
=0

✇❤✐❝❤ ❣✐✈❡& ψ2 = ψ3 ♦5 K1 −K2 = 0 ✇❤✐❝❤ ②✐❡❧❞& ❛ ❝♦♥.5❛❞✐❝.✐♦♥✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ ✭✐✮ ♦❢

.❤❡ ♣5♦♣♦&✐.✐♦♥✳

▲❡. l − 1 ♦❢ ψ2, ψ3, . . . ψr ❜❡ ❞✐&.✐♥❝. ❛♥❞ ❜② 5❡❛55❛♥❣✐♥❣ ✐♥❞✐❝❡& ✐❢ ♥❡❝❡&&❛5②✱ ❛&&✉♠❡

.❤❛. .❤❡② ❛5❡ ψ2, ψ3, . . . ψl✳ ◆♦.❡ .❤❛. ✇❡ ❤❛✈❡ l − 1 ≤ (r − 1)/2 ❜❡❝❛✉&❡ ♦❢ ✭✐✮ ♦❢ .❤❡

♣5♦♣♦&✐.✐♦♥✳ ▼♦5❡♦✈❡5✱ ✇❡ ❤❛✈❡ detW (ψ2, ψ3, . . . , ψl) 6= 0✳ ❚❤✉&✱ ✭✸✳✶✸✮ ✐♠♣❧✐❡&

W (ψ2, ψ3, . . . , ψl)




∑
j∈I2

νj(K1 −Kj)
∑
j∈I3

νj(K1 −Kj)

✳

✳

✳∑
j∈Il

νj(K1 −Kj)




= 0

✇❤✐❝❤ ❣✐✈❡& ✭✐✐✮ ♦❢ .❤❡ ♣5♦♣♦&✐.✐♦♥✳

◆♦✇✱ ❛&&✉♠❡ .❤❛. ❛❧❧ ♦❢ .❤❡ ❢✉♥❝.✐♦♥& ω1j(ej) ❛5❡ ♥♦♥✲③❡5♦✱ ✐✳❡✳✱ r = p ❛♥❞ ψ2, ψ3, . . . ψl

❛5❡ ❞✐&.✐♥❝.✳ ◆♦.❡ .❤❛. ✇❡ ❤❛✈❡

l⋃
j=2

Ij = {2, 3, . . . , p} ❛♥❞ ✭✐✐✮ ♦❢ .❤❡ ♣5♦♣♦&✐.✐♦♥ ✐♠♣❧✐❡&

∑
j∈Iα

νj(K1 −Kj) = 0 ♦5✱ ❡0✉✐✈❛❧❡♥.❧②✱

∑

j∈Iα

νjKj =

(
∑

j∈Iα

νj

)
K1, α = 2, 3, . . . , l.

❇② &✉♠♠✐♥❣ .❤❡&❡ ❡0✉❛.✐♦♥& ♦✈❡5 α ✇❡ ❣❡.

ν2K2 + ν3K3 + · · ·+ νpKp = (ν2 + ν3 + · · ·+ νp)K1.

❍♦✇❡✈❡5✱ .❤✐& ❡0✉❛.✐♦♥ ❛♥❞ ✭✸✳✹✮ ❣✐✈❡ K1 ≡ 0 ♦♥ M ✇❤✐❝❤ ✐♠♣❧✐❡& ∇s1 = 0✳ ❚❤✐& ✐& ❛

❝♦♥.5❛❞✐❝.✐♦♥ ❜❡❝❛✉&❡ ✇❡ ❤❛✈❡ ❛&&✉♠♠❡❞ .❤❛. ∇s1 ✐& ❧✐❣❤.✲❧✐❦❡✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ✭✐✐✐✮ ♦❢

.❤❡ ♣5♦♣♦&✐.✐♦♥✳ �

✹✳ ❇✐❤❛&♠♦♥✐❝ ▼❈●▲✲❍②♣❡&4✉&❢❛❝❡4

■♥ .❤✐& &❡❝.✐♦♥ ✇❡ &.✉❞② ❜✐❤❛5♠♦♥✐❝ ▼❈●▲✲❤②♣❡5&✉5❢❛❝❡& ✇✐.❤ .❤❡ &❤❛♣❡ ♦♣❡5❛.♦5

❣✐✈❡♥ ❜② ✭✸✳✶✮ ✐♥ .❤❡ ▼✐♥❦♦✇&❦✐ &♣❛❝❡ E
n+1

1 ❛♥❞ ♦❜.❛✐♥ &♦♠❡ ❝❧❛&&✐✜❝❛.✐♦♥ 5❡&✉❧.&✳



✶✶✸✷

▲❡" M ❜❡ ❛ ❜✐❤❛'♠♦♥✐❝ ▼❈●▲✲ ❤②♣❡'2✉'❢❛❝❡ ✇✐"❤ "❤❡ 2❤❛♣❡ ♦♣❡'❛"♦' ❣✐✈❡♥ ❜② ✭✸✳✶✮✳

❚❤❡♥✱ ✇❡ ❤❛✈❡ ✭✸✳✷❛✮✲✭✸✳✶✸✮ ♦❜"❛✐♥❡❞ ✐♥ "❤❡ ❙❡❝"✳ ✸✳✶✳ ■♥ ❛❞❞✐"✐♦♥✱ ❢'♦♠ "❤❡ ❈♦❞❛③③✐

❡D✉❛"✐♦♥ X = e2, Y = e1✱ Z = e2 ❛♥❞ X = eA, Y = e2✱ Z = eA ✇❡ ❤❛✈❡

✭✹✳✶✮ e2(k1) = 2φ1 = ω1A(eA), ✐❢ kA = K1, A > 2.

▼♦'❡♦✈❡'✱ 2✐♥❝❡ e1e2(k1) = [e1, e2](k1)✱ ❜② ✉2✐♥❣ ✭✸✳✷❜✮ ✇❡ ❣❡"

✭✹✳✷✮ e1e2(k1) = −φ1e2(k1).

❚❤✐2 ❡D✉❛"✐♦♥ ❛♥❞ ✭✹✳✶✮ ✐♠♣❧②

✭✹✳✸✮ e1(φ1) = −φ2
1.

◆♦✇ ✇❡ ✇♦✉❧❞ ❧✐❦❡ "♦ ❝♦♥2✐❞❡' "❤❡ ❜✐❤❛'♠♦♥✐❝ ❡D✉❛"✐♦♥ ✭❇❍✶✮✳ ❇② ❛ ❞✐'❡❝" ❝❛❧❝✉❧❛"✐♦♥

✉2✐♥❣ ✭✸✳✷❜✮ ❛♥❞ ✭✹✳✷✮ ✇❡ ❣❡"

(
e1e2 + e2e1 −

n∑

j=3

ejej −∇e1e2 −∇e2e1

)
(k1) = 0

✇❤✐❝❤ ❣✐✈❡2

∆k1 =

n∑

j=3

ω1j(ej)e2(k1) =

r∑

α=1




∑

kA=Kα

ω1A(eA)e2(k1)




= (2ν1φ1 + ν2ψ2 + ν3ψ3 + · · ·+ νrψr) e2(k1).

❇② ❝♦♠❜❛✐♥✐♥❣ "❤❡ ❛❜♦✈❡ ❡D✉❛"✐♦♥ ❛♥❞ ✭✹✳✶✮✱ ✇❡ 2❡❡ "❤❛" "❤❡ ❜✐❤❛'♠♦♥✐❝ ❡D✉❛"✐♦♥ ✭❇❍✶✮

❜❡❝♦♠❡2

✭❇❍✷✮ (4ν1φ1 + 2ν2ψ2 + 2ν3ψ3 + · · ·+ 2νrψr)φ1 = −k1(ν1K
2
1 + ν2K

2
2 + · · ·+ νpK

2
p).

✹✳✶✳ ❚❤❡♦'❡♠✳ ❚❤❡#❡ ❡①✐&'& ♥♦ ❜✐❤❛#♠♦♥✐❝ ▼❈●▲✲❤②♣❡#&✉#❢❛❝❡ ✇✐'❤ ❛' ♠♦&' ✺ ❞✐&'✐♥❝'

♣#✐♥❝✐♣❛❧ ❝✉#✈❛'✉#❡& ❛♥❞ '❤❡ &❤❛♣❡ ♦♣❡#❛'♦# ❣✐✈❡♥ ❜② ✭✸✳✶✮ ✐♥ '❤❡ ▼✐♥❦♦✇&❦✐ &♣❛❝❡ E
n+1

1 ✳

?#♦♦❢✳ ▲❡" "❤❡ ❞✐2"✐♥❝" ♣'✐♥❝✐♣❛❧ ❝✉'✈❛"✉'❡2 ♦❢ M ❜❡ K1,K2,K3,K4,K5 ✇✐"❤ "❤❡ ♠✉❧"✐✲
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✭✹✳✹✮ 4ν1φ
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1 = −k1(ν1K

2
1 + ν2K
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2 + ν3K

2
3 + ν4K

2
4 ).
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1 − ν3K

2
3 − ν4K
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✭✹✳✾✮

❇② ❝♦♠❜✐♥✐♥❣ ✭✹✳✼✮✱ ✭✹✳✽✮ ❛♥❞ ✭✹✳✾✮ ✇❡ ❣❡#
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✇✐-❤ ❤❛$♠♦♥✐❝ ♠❡❛♥ ❝✉$✈❛-✉$❡ ✈❡❝-♦$

✜❡❧❞✱ ▼❛)❤ ◆❛❝❤$✱ ✶✼✷✱ ✶✹✺✕✶✻✾✱ ✶✾✾✺✳



✶✶✸✹

❬✶✸❪ ▲✉❝❛(✱ *✳ ❛♥❞ ❘❛♠✐1❡③✲❖(♣✐♥❛ ❍✳❋✳✱ ❍②♣❡$%✉$❢❛❝❡% ✐♥ ,❤❡ ▲♦$❡♥,③✲▼✐♥❦♦✇%❦✐ %♣❛❝❡ %❛,✐%❢②✲

✐♥❣ Lkψ = Aψ + b✱ ●❡♦♠✳ ❉❡❞✐❝❛<❛✱ ✶✺✸✱ ✶✺✶✕✶✼✺✱ ✷✵✶✶

❬✶✹❪ ▼❛❣✐❞✱ ▼✳ ❆✳✱ ▲♦$❡♥,③✐❛♥ ✐%♦♣❛$❛♠❡,$✐❝ ❤②♣❡$%✉$❢❛❝❡%✱ *❛❝✐✜❝ ❏✳ ▼❛<❤✳✱ ✶✶✽ ✭✶✾✽✺✮✱ ✶✻✺✕

✶✾✼✳

❬✶✺❪ ▼♦♥<❛❧❞♦✱ ❙✳✱ ❖♥✐❝✐✉❝✱ ❈✳ ❛♥❞ ❘❛<<♦✱ ❆✳✱ 7$♦♣❡$ ❜✐❝♦♥%❡$✈❛,✐✈❡ ✐♠♠❡$%✐♦♥% ✐♥,♦ ,❤❡ ❊✉✲

❝❧✐❞❡❛♥ %♣❛❝❡✱ ❛1❳✐✈✿✶✸✶✷✳✸✵✺✸ ✭<♦ ♣1✐♥<✮ ❆♥♥✳ ▼❛<✳ *✉1❛ ❆♣♣❧✳✱ ❉❖■✿ ✶✵✳✶✵✵✼✴(✶✵✷✸✶✲✵✶✹✲

✵✹✻✾✲✹✳

❬✶✻❪ ❖✬◆❡✐❧❧✱ ▼✳ *✳✱ ❙❡♠✐✲❘✐❡♠❛♥♥✐❛♥ ❣❡♦♠❡,$② ✇✐,❤ ❛♣♣❧✐❝❛,✐♦♥% ,♦ $❡❧❛,✐✈✐,②✳ ❆❝❛❞❡♠✐❝ *1❡((✱

✶✾✽✸✳

❬✶✼❪ ❚✉1❣❛②✱ ◆✳ ❈✳✱ ❍✲❤②♣❡$%✉$❢❛❝❡% ✇✐,❤ ✸ ❞✐%,✐♥❝, ♣$✐♥❝✐♣❛❧ ❝✉$✈❛,✉$❡% ✐♥ ,❤❡ ❊✉❝❧✐❞❡❛♥ %♣❛❝❡%

✭<♦ ♣1✐♥<✮ ❆♥♥✳ ▼❛<✳ *✉1❛ ❆♣♣❧✳✱ ❉❖■✿ ✶✵✳✶✵✵✼✴(✶✵✷✸✶✲✵✶✹✲✵✹✹✺✲③✳

❬✶✽❪ ❚✉1❣❛②✱ ◆✳ ❈✳✱ ❙♦♠❡ ❝❧❛%%✐✜❝❛,✐♦♥% ♦❢ ❜✐❤❛$♠♦♥✐❝ ▲♦$❡♥,③✐❛♥ ❤②♣❡$%✉$❢❛❝❡% ✐♥ ▼✐♥❦♦✇%❦✐

✺✲%♣❛❝❡ ✭<♦ ♣1✐♥<✮ ▼❡❞✐<❡11✳ ❏✳ ▼❛<❤✳✱ ❉❖■✿ ✶✵✳✶✵✵✼✴(✵✵✵✵✾✲✵✶✹✲✵✹✾✶✲✶✳



❍❛❝❡$$❡♣❡ ❏♦✉)♥❛❧ ♦❢ ▼❛$❤❡♠❛$✐❝1 ❛♥❞ ❙$❛$✐1$✐❝1

❱♦❧✉♠❡ ✹✺ ✭✹✮ ✭✷✵✶✻✮✱ ✶✶✸✺ ✕ ✶✶✹✷

❚❤❡ ❩❛❣&❡❜ ❝♦✐♥❞✐❝❡- ♦❢ ❛ /②♣❡ ♦❢ ❝♦♠♣♦-✐/❡ ❣&❛♣❤

▲✐❤✉✐ ❨❛♥❣

∗
✱ ❳✐❛♦✇❡✐ ❆✐

†
❛♥❞ ▲✐♥ ❩❤❛♥❣

‡

❆❜"#$❛❝#

❋♦) ❛ ♥♦♥$)✐✈✐❛❧ ❣)❛♣❤ G✱ ✐$1 ✜)1$ ❛♥❞ 1❡❝♦♥❞ ❩❛❣)❡❜ ❝♦✐♥❞✐❝❡1 ❛)❡

❞❡✜♥❡❞ ❛1 $❤❡ 1✉♠ ♦❢ ❞❡❣)❡❡ 1✉♠ ♦❢ ♦❢ ♥♦♥❛❞❥❛❝❡♥$ ✈❡)$❡① ♣❛✐)1 ❛♥❞

$❤❡ 1✉♠ ♦❢ ❞❡❣)❡❡ ♣)♦❞✉❝$ ♦❢ ♥♦♥❛❞❥❛❝❡♥$ ✈❡)$✐❝❡1 ♣❛✐)1✱ )❡1♣❡❝$✐✈❡❧②✳

▼♦$✐✈❛$❡❞ ❜② $❤❡ ✇♦)❦ ✐♥ ❬✶❪✱ ✇❡ 1$✉❞② ❩❛❣)❡❜ ❝♦✐♥❞✐❝❡1 ♦❢ ❛ ♥❡✇ ❦✐♥❞

♦❢ ❝♦♠♣♦1✐$❡ ❣)❛♣❤✱ ♥❛♠❡❧②✱ ❞♦✉❜❧❡ ❣)❛♣❤✳ ❋♦) ❛♥② ❣✐✈❡♥ ♥♦♥$)✐✈✐❛❧

❣)❛♣❤✱ ❡①♣❧✐❝✐$ ❢♦)♠✉❧❛1 ❛)❡ ❣✐✈❡♥ ❢♦) $❤❡ ❩❛❣)❡❜ ❝♦✐♥❞✐❝❡1 ♦❢ ✐$1 ❞♦✉❜❧❡

❣)❛♣❤ ❛♥❞ k✲✐$❡)❛$❡❞ ❞♦✉❜❧❡ ❣)❛♣❤✱ )❡1♣❡❝$✐✈❡❧②✳

❑❡②✇♦$❞"✿ ❉❡❣1❡❡❀ ❩❛❣1❡❜ ✐♥❞✐❝❡5❀ ❩❛❣1❡❜ ❝♦✐♥❞✐❝❡5❀ ❞♦✉❜❧❡ ❣1❛♣❤❀ k✲✐9❡1❛9❡❞

❞♦✉❜❧❡ ❣1❛♣❤✳

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✵✺❈✸✺❀ ✵✺❈✶✷❀ ✵✺❈✾✵✳

❘❡❝❡✐✈❡❞ ✿ ✸✵✳✶✷✳✷✵✶✶ ❆❝❝❡♣(❡❞ ✿ ✷✵✳✵✶✳✷✵✶✸ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✻✹✺✷✵✵✼✾

✶✳ ■♥$%♦❞✉❝$✐♦♥

▲❡$ G ❜❡ ❛ 1✐♠♣❧❡ ❣)❛♣❤ ✇✐$❤ ✈❡)$❡① 1❡$ V (G) ❛♥❞ ❡❞❣❡ 1❡$ E(G)✳ ❋♦) ❛ ❣)❛♣❤ G✱

✇❡ ❧❡$ dG(v) ❜❡ $❤❡ ❞❡❣)❡❡ ♦❢ ❛ ✈❡)$❡① v ✐♥ G✱ ✐✳❡✳✱ $❤❡ ♥✉♠❜❡) ♦❢ $❤❡ ✜)1$ ♥❡✐❣❤❜♦)1 ♦❢

✈❡)$❡① v✳

❆ $♦♣♦❧♦❣✐❝❛❧ ✐♥❞❡① ♦) ❣)❛♣❤ ✐♥✈❛)✐❛♥$ ✐1 ❛ ❢✉♥❝$✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ✭♠♦❧❡❝✉❧❛)✮ ❣)❛♣❤

)❡❣❛)❞❧❡11 ♦❢ $❤❡ ❧❛❜❡❧✐♥❣ ♦❢ ✐$1 ✈❡)$✐❝❡1✳ ❚✐❧❧ ♥♦✇✱ ❤✉♥❞)❡❞1 ♦❢ ❞✐✛❡)❡♥$ ❣)❛♣❤ ✐♥✈❛)✐❛♥$1

❤❛✈❡ ❜❡❡♥ ❡♠♣❧♦②❡❞ ✐♥ ◗❙❆❘✴◗❙Y❘ 1$✉❞✐❡1✱ 1♦♠❡ ♦❢ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ♣)♦✈❡❞ $♦ ❜❡

1✉❝❝❡11❢✉❧ ✭1❡❡ ❬✶✶❪✮✳ ❆♠♦♥❣ $❤♦1❡ 1✉❝❝❡11❢✉❧ ✐♥✈❛)✐❛♥$1✱ $❤❡)❡ ❛)❡ $✇♦ $♦♣♦❧♦❣✐❝❛❧ ✐♥❞✐❝❡1✱

∗
❈♦❧❧❡❣❡ ♦❢ ▼❛(❤❡♠❛(✐❝- ❛♥❞ ❈♦♠♣✉(❡2 ❙❝✐❡♥❝❡✱ ❍✉♥❛♥ ❈✐(② ❯♥✐✈❡2-✐(②✱ ❨✐②❛♥❣ ❈✐(②✱ ❍✉♥❛♥

✹✶✸✵✵✵✱ ❈❤✐♥❛

❊♠❛✐❧ ✿ ❧❧❤❤②❛♥❣❅②❡❛❤✳♥❡)

†
❈♦❧❧❡❣❡ ♦❢ ▼❛(❤❡♠❛(✐❝- ❛♥❞ ■♥❢♦2♠❛(✐♦♥ ❙❝✐❡♥❝❡✱ ◆❛♥❝❤❛♥❣ ❍❛♥❣❦♦♥❣ ❯♥✐✈❡2-✐(②✱ ◆❛♥❝❤❛♥❣✱

❏✐❛♥❣①✐ ✸✸✵✵✻✸✱ F✳❘✳ ❈❤✐♥❛

❊♠❛✐❧ ✿ ①✐❛♦✇❡✐❛✐✷✵✶✶❅✶✷✻✳❝♦♠

‡
❈♦❧❧❡❣❡ ♦❢ ▼❛(❤❡♠❛(✐❝- ❛♥❞ ■♥❢♦2♠❛(✐♦♥ ❙❝✐❡♥❝❡✱ ◆❛♥❝❤❛♥❣ ❍❛♥❣❦♦♥❣ ❯♥✐✈❡2-✐(②✱ ◆❛♥❝❤❛♥❣✱

❏✐❛♥❣①✐ ✸✸✵✵✻✸✱ F✳❘✳ ❈❤✐♥❛



✶✶✸✻

 ❡❧❡✈❛♥& &♦ ♦✉ ♣❛♣❡ ✱ ❝❛❧❧❡❞ &❤❡ ✜!"# ❩❛❣!❡❜ ✐♥❞❡① ❛♥❞ &❤❡ "❡❝♦♥❞ ❩❛❣!❡❜ ✐♥❞❡① ✭/❡❡

❬✸✱ ✹✱ ✽✱ ✶✵✱ ✶✹❪✮✱ ❞❡✜♥❡❞ ❛/

M1(G) =
∑

u∈V (G)

[dG(u)]
2

❛♥❞ M2(G) =
∑

uv∈E(G)

dG(u)dG(v),

 ❡/♣❡❝&✐✈❡❧②✳

❊=✉✐✈❛❧❡♥&❧②✱ ✇❡ ❝❛♥  ❡✇ ✐&❡ &❤❡ ✜ /& ❩❛❣ ❡❜ ✐♥❞❡① ❛/

M1(G) =
∑

uv∈E(G)

[dG(u) + dG(v)].

▼♦ ❡  ❡❝❡♥&❧②✱ &❤❡ ❛✉&❤♦ / ❬✷❪ ♣ ♦♣♦/❡❞ &✇♦ ♥❡✇ ❩❛❣ ❡❜✲&②♣❡ ✐♥❞✐❝❡/✱ ♥❛♠❡❧②✱ &❤❡ ✜!"#

❩❛❣!❡❜ ❝♦✐♥❞❡① ❛♥❞ "❡❝♦♥❞ ❩❛❣!❡❜ ❝♦✐♥❞❡① ❛/

M1(G) =
∑

uv 6∈E(G)

[dG(u) + dG(v)] ❛♥❞ M2(G) =
∑

uv 6∈E(G)

dG(u)dG(v),

 ❡/♣❡❝&✐✈❡❧②✳

■& ✐/ ✇❡❧❧✲❦♥♦✇♥ &❤❛& ♦♥❡ ❝❛♥ ❝♦♥/& ✉❝& ♠❛♥② ❣ ❛♣❤/ ❢ ♦♠ /✐♠♣❧❡ ❣ ❛♣❤/ ✈✐❛ ✈❛ ✐♦✉/

❣ ❛♣❤ ♦♣❡ ❛&✐♦♥/✳ ❚❤✉/✱ ✐& ✐/ ✐♠♣♦ &❛♥& &♦ ✉♥❞❡ /&❛♥❞ ❤♦✇ ❝❡ &❛✐♥ ✐♥✈❛ ✐❛♥&/ ♦❢ /✉❝❤

❝♦♠♣♦/✐&❡ ❣ ❛♣❤/ ❛ ❡  ❡❧❛&❡❞ &♦ &❤❡ ❝♦  ❡/♣♦♥❞✐♥❣ ✐♥✈❛ ✐❛♥&/ ♦❢ &❤❡ ♦ ✐❣✐♥❛❧ ❣ ❛♣❤/✳

▼♦ ❡  ❡❝❡♥&❧②✱ ❆/❤ ❛✜ ❡& ❛❧✳ ❬✶❪ ✐♥✈❡/&✐❣❛&❡❞ ❩❛❣ ❡❜ ❝♦✐♥❞✐❝❡/ ❛♥❞ ♣ ❡/❡♥&❡❞ ❡①♣❧✐❝✐&

❢♦ ♠✉❧❛/ ❢♦ &❤❡/❡ ♥❡✇ ❣ ❛♣❤ ✐♥✈❛ ✐❛♥&/ ✉♥❞❡ /❡✈❡ ❛❧ ❣ ❛♣❤ ♦♣❡ ❛&✐♦♥/✱ ✐♥❝❧✉❞✐♥❣ ✉♥✐♦♥✱

❥♦✐♥✱ ❈❛ &❡/✐❛♥ ♣ ♦❞✉❝&✱ ❞✐/❥✉♥❝&✐♦♥ ♣ ♦❞✉❝&✱ ❡&❝✳ ❆/❤ ❛✜ ❡& ❛❧✳ ❬✷❪ ❞❡&❡ ♠✐♥❡❞ &❤❡ ❡①✲

& ❡♠❛❧ ✈❛❧✉❡/ ♦❢ ❩❛❣ ❡❜ ❝♦✐♥❞✐❝❡/ ♦✈❡ /♦♠❡ /♣❡❝✐❛❧ ❝❧❛//❡/ ♦❢ ❣ ❛♣❤/✳ ❍✉❛ ❛♥❞ ❩❤❛♥❣ ❬✺❪

 ❡✈❡❛❧❡❞ /♦♠❡  ❡❧❛&✐♦♥/ ❜❡&✇❡❡♥ ❩❛❣ ❡❜ ❝♦✐♥❞✐❝❡/ ❛♥❞ /♦♠❡ ♦&❤❡ ❞✐/&❛♥❝❡✲❜❛/❡❞ &♦♣♦✲

❧♦❣✐❝❛❧ ✐♥❞✐❝❡/✳

❚❤❡ ❞♦✉❜❧❡ ❣!❛♣❤ ✭/❡❡ ❬✾❪✮ G∗
♦❢ ❛ ❣✐✈❡♥ ❣ ❛♣❤ G ✐/ ❝♦♥/& ✉❝&❡❞ ❜② ♠❛❦✐♥❣ &✇♦ ❝♦♣✐❡/

♦❢ ✭✐♥❝❧✉❞✐♥❣ &❤❡ ✐♥✐&✐❛❧ ❡❞❣❡ /❡& ♦❢ ❡❛❝❤✮ ❛♥❞ ❛❞❞✐♥❣ ❡❞❣❡/ u1v2 ❛♥❞ u2v1 ❢♦ ❡✈❡ ② ❡❞❣❡

uv ♦❢ G✳ ❋♦ ❛ ♥♦♥& ✐✈✐❛❧ ❣ ❛♣❤ G✱ ✐&/ k✲✐#❡!❛#❡❞ ❞♦✉❜❧❡ ❣!❛♣❤ Gk∗
✱ ✐/ ❞❡✜♥❡❞ ❛/

G
1∗ = G

∗
❛♥❞ G

k∗ = (G(k−1)∗)∗ ❢♦ k ≥ 2.

■♥ ♣❛ &✐❝✉❧❛ ✱ ✐& ✐/ ❣❡♥❡ ❛❧❧② ❛//✉♠❡❞ &❤❛& G0∗ = G ❢♦ &❤❡ /❛❦❡ ♦❢ ❝♦♥/✐/&❡♥❝❡✳

❋♦  ❡/✉❧&/ ♦♥ ❞♦✉❜❧❡ ❣ ❛♣❤/✱ /❡❡ ❬✻✱ ✼✱ ✶✷✱ ✶✸❪ ❛♥❞ &❤❡  ❡❢❡ ❡♥❝❡/ ❝✐&❡❞ &❤❡ ❡✐♥✳

▼♦&✐✈❛&❡❞ ❜② &❤❡ ✇♦ ❦ ✐♥ ❬✶❪✱ ✇❡ /&✉❞② ❩❛❣ ❡❜ ❝♦✐♥❞✐❝❡/ ♦❢ ❞♦✉❜❧❡ ❣ ❛♣❤✳ ❋♦ ❛♥②

❣✐✈❡♥ ♥♦♥& ✐✈✐❛❧ ❣ ❛♣❤✱ ❡①♣❧✐❝✐& ❢♦ ♠✉❧❛/ ❛ ❡ ❣✐✈❡♥ ❢♦ &❤❡ ❩❛❣ ❡❜ ❝♦✐♥❞✐❝❡/ ♦❢ ✐&/ ❞♦✉❜❧❡

❣ ❛♣❤ ❛♥❞ k✲✐&❡ ❛&❡❞ ❞♦✉❜❧❡ ❣ ❛♣❤✱  ❡/♣❡❝&✐✈❡❧②✳

✷✳ ▼❛✐♥ &❡(✉❧+(

❲❡ ❜❡❣✐♥ ✇✐&❤ /♦♠❡ ♥♦&❛&✐♦♥ ❛♥❞ &❡ ♠✐♥♦❧♦❣② ✉/❡❞ ✐♥ &❤❡ ♣ ♦♦❢ ♦❢ ♦✉  ❡/✉❧&/✳

      

❋✐❣✳ ✶✳ ❚❤❡ ❞♦✉❜❧❡ ❣ ❛♣❤/ ♦❢ C3 ❛♥❞ P5✳

❋♦ ❡❛❝❤ ✈❡ &❡① u ✐♥ ❛ ♥♦♥& ✐✈✐❛❧ ❣ ❛♣❤ G✱ ✇❡ ❝❛❧❧ &❤❡ ❝♦  ❡/♣♦♥❞✐♥❣ ✈❡ &✐❝❡/ u1 ❛♥❞

u2✱ ✐♥ G∗
✱ &❤❡ ❝❧♦♥❡ ✈❡!#✐❝❡" ♦❢ u✳ ❆/ ❡①❛♠♣❧❡/✱ ✇❡ ❞❡♣✐❝&❡❞ &❤❡ ❞♦✉❜❧❡ ❣ ❛♣❤/ C∗

3 ✭❋✐❣✳

✶✭❛✮✮ ❛♥❞ P ∗
5 ✭❋✐❣✳ ✶✭❜✮✮ ♦❢ C3 ✭❋✐❣✳ ✶✭❛✮✮ ❛♥❞ P5✱  ❡/♣❡❝&✐✈❡❧②✳



✶✶✸✼

❋♦" ❛ ❣✐✈❡♥ ✈❡")❡① v ✐♥ G✱ ✐❢ ✇❡ ❧❡) D
1
G(v) =

∑

uv 6∈E(G)

[dG(u) + dG(v)] ❛♥❞ D
2
G(v) =

∑

uv 6∈E(G)

dG(u)dG(v)✱ )❤❡♥ ✇❡ ❝❛♥ "❡✇"✐)❡ )❤❡ ❡①♣"❡33✐♦♥3 ♦❢ M1(G) ❛♥❞ M2(G) ❛3

✭✷✳✶✮ M1(G) =
1

2

∑

v∈V (G)

D
1
G(v)

❛♥❞

✭✷✳✷✮ M2(G) =
1

2

∑

v∈V (G)

D
2
G(v),

"❡3♣❡❝)✐✈❡❧②✳

❙✐♠✐❧❛"❧②✱ ✐❢ ✇❡ ❞❡♥♦)❡ D2
G(v) =

∑

uv∈E(G)

dG(u)dG(v)✱ )❤❡♥ )❤❡ 3❡❝♦♥❞ ❩❛❣"❡❜ ✐♥❞❡① ♦❢

G ❝❛♥ ❜❡ "❡✇"✐))❡♥ ❛3

✭✷✳✸✮ M2(G) =
1

2

∑

v∈V (G)

D
2
G(v).

■♥ )❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ 3❤❛❧❧ 3)❛)❡ ❛♥❞ ♣"♦✈❡ ♦✉" ♠❛✐♥ "❡3✉❧)3 ♦❢ )❤✐3 ♣❛♣❡"✳

✷✳✶✳ ❚❤❡♦'❡♠✳ ▲❡" G ❜❡ ❛ ♥♦♥"'✐✈✐❛❧ ❣'❛♣❤ ♦❢ ♦'❞❡' n ❛♥❞ 0✐③❡ m✳ ❚❤❡♥

(i) M1(G
∗) = 8M1(G) + 8m❀

(ii) M2(G
∗) = 8M2(G)− 8M2(G) + 16m2.

5'♦♦❢✳ ❋♦" )❤❡ 3❛❦❡ ♦❢ ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❧❛❜❡❧ ❛❧❧ ✈❡")✐❝❡3 ✐♥ G ❛3 {v1, . . . , vn}✳ ❙✉♣♣♦3❡
)❤❛) xi ❛♥❞ yi ❛"❡ )❤❡ ❝♦""❡3♣♦♥❞✐♥❣ ❝❧♦♥❡ ✈❡")✐❝❡3✱ ✐♥ G∗

✱ ♦❢ vi ❢♦" ❡❛❝❤ i = 1, . . . , n✳
❋♦" ❛♥② ❣✐✈❡♥ ✈❡")❡① vi ✐♥ G ❛♥❞ ✐)3 ❝❧♦♥❡ ✈❡")✐❝❡3 xi ❛♥❞ yi✱ )❤❡"❡ ❡①✐3)3 dG∗(xi) =
dG∗(yi) = 2dG(vi) ❜② )❤❡ ❞❡✜♥✐)✐♦♥ ♦❢ ❞♦✉❜❧❡ ❣"❛♣❤✳
❋♦" vi, vj ∈ V (G)✱ ✐❢ vivj 6∈ E(G)✱ )❤❡♥ xixj 6∈ E(G)✱ yiyj 6∈ E(G)✱ xiyj 6∈ E(G) ❛♥❞

yixj 6∈ E(G)✳
❙♦ ✇❡ ♥❡❡❞ ♦♥❧② )♦ ❝♦♥3✐❞❡" )♦)❛❧ ❝♦♥)"✐❜✉)✐♦♥ ♦❢ )❤❡ ❢♦❧❧♦✇✐♥❣ )❤"❡❡ )②♣❡3 ♦❢ ♥♦♥❛❞✲

❥❛❝❡♥) ✈❡")❡① ♣❛✐"3 ❜♦)❤ )♦ M1(G
∗) ❛♥❞ )♦ M2(G

∗)✳
• ❚②♣❡ ✶✿ ❚❤❡ ♥♦♥❛❞❥❛❝❡♥) ✈❡")❡① ♣❛✐"3 {xi, xj} ❛♥❞ {yi, yj}✱ ✇❤❡"❡ vivj 6∈ E(G)✳
• ❚②♣❡ ✷✿ ❚❤❡ ♥♦♥❛❞❥❛❝❡♥) ✈❡")❡① ♣❛✐"3 {xi, yi} ❢♦" ❡❛❝❤ i = 1, . . . , n✳
• ❚②♣❡ ✸✿ ❚❤❡ ♥♦♥❛❞❥❛❝❡♥) ✈❡")❡① ♣❛✐"3 {xi, yj} ❛♥❞ {yi, xj}✱ ✇❤❡"❡ vivj 6∈ E(G)✳

❚❤❡ )♦)❛❧ ❝♦♥)"✐❜✉)✐♦♥ ♦❢ ♥♦♥❛❞❥❛❝❡♥) ✈❡")❡① ♣❛✐"3 ♦❢ )②♣❡ ✶ )♦M1(G
∗) ❛♥❞ M2(G

∗)
❛"❡✱ "❡3♣❡❝)✐✈❡❧②✱ ❣✐✈❡♥ ❜②

∑

yiyj 6∈E(G∗)

[dG∗(yi) + dG∗(yj)] =
∑

xixj 6∈E(G∗)

[dG∗(xi) + dG∗(xj)]

=
∑

vivj 6∈E(G)

[2dG(vi) + 2dG(vj)]

= 2
∑

vivj 6∈E(G)

[dG(vi) + dG(vj)]

= 2M1(G)



✶✶✸✽

❛♥❞

∑

yiyj 6∈E(G∗)

dG∗(yi)dG∗(yj) =
∑

xixj 6∈E(G∗)

dG∗(xi)dG∗(xj)

=
∑

vivj 6∈E(G)

[2dG(vi)] · [2dG(vj)]

= 4
∑

vivj 6∈E(G)

dG(vi)dG(vj)

= 4M2(G).

❚❤❡ &♦&❛❧ ❝♦♥&*✐❜✉&✐♦♥ ♦❢ ♥♦♥❛❞❥❛❝❡♥& ✈❡*&❡① ♣❛✐*3 ♦❢ &②♣❡ ✷ &♦ M1(G
∗) ❛♥❞ M2(G

∗)
❛*❡✱ *❡3♣❡❝&✐✈❡❧②✱ ❣✐✈❡♥ ❜②

n
∑

i=1

[dG∗(xi) + dG∗(yi)] =

n
∑

i=1

[2dG(vi) + 2dG(vi)]

= 4

n
∑

i=1

dG(vi)

= 8m

❛♥❞

n
∑

i=1

dG∗(xi)dG∗(yi) =
n
∑

i=1

[2dG(vi)][2dG(vi)]

= 4

n
∑

i=1

[dG(vi)]
2

= 4

[

n
∑

i=1

dG(vi)

]2

− 8
n
∑

i=1

n
∑

j=1,j 6=i

dG(vi)dG(vj)

= 16m2 − 8M2(G)− 8M2(G).

◆♦✇✱ ✇❡ ❝♦♥3✐❞❡* &❤❡ &♦&❛❧ ❝♦♥&*✐❜✉&✐♦♥ ♦❢ ♥♦♥❛❞❥❛❝❡♥& ✈❡*&❡① ♣❛✐*3 ♦❢ &②♣❡ ✸ &♦

M1(G
∗) ❛♥❞ M2(G

∗)✱ *❡3♣❡❝&✐✈❡❧②✳
❋♦* ❡❛❝❤ xi✱ &❤❡*❡ ❡①✐3& n− 1− dG(vi) ✈❡*&✐❝❡3 ✐♥ &❤❡ 3❡& {y1, . . . , yn}✱ ❛♠♦♥❣ ✇❤✐❝❤

❡✈❡*② ✈❡*&❡① &♦❣❡&❤❡* ✇✐&❤ xi ❝♦♠♣♦3❡ ❛ ♥♦♥❛❞❥❛❝❡♥& ✈❡*&❡① ♣❛✐*3 ♦❢G∗
✳ ❚❤❡ &♦&❛❧ ❝♦♥&*✐✲

❜✉&✐♦♥ ♦❢ &❤❡3❡ n−1−dG(vi) ♥♦♥❛❞❥❛❝❡♥& ✈❡*&❡① ♣❛✐*3 &♦M1(G
∗) ✐3

∑

xiyj 6∈E(G∗)

[dG∗(xi)+

dG∗(yj)] =
∑

vivj 6∈E(G)

[2dG(vi) + 2dG(vj)] = 2D
1
G(vi) ❛♥❞ &♦ M2(G

∗)

✐3

∑

xiyj 6∈E(G∗)

[dG∗(xi)dG∗(yj)] = 4
∑

vivj 6∈E(G)

dG(vi)dG(vj) = 4D
2
G(vi)✳

❙♦ ✇❡ ❤❛✈❡

∑

i 6=j;xiyj 6∈E(G∗)

[dG∗(xi) + dG∗(yj)] =

n
∑

i=1

2D
1
G(vi)

= 2

n
∑

i=1

D
1
G(vi)

= 4M1(G) ✭ ❜② ❊B✳ ✭✶✮✮



✶✶✸✾

❛♥❞

∑

i 6=j;xiyj 6∈E(G∗)

[dG∗(xi)dG∗(yj)] =

n
∑

i=1

4D
2
G(vi)

= 8M2(G) ✭ ❜② ❊'✳ ✭✷✮✮.

❚❤❡.❡❢♦.❡✱

M1(G
∗) =

∑

xixj 6∈E(G∗)

[dG∗(xi) + dG∗(xj)] +
∑

yiyj 6∈E(G∗)

[dG∗(yi) + dG∗(yj)] +

n
∑

i=1

[dG∗(xi) + dG∗(yi)] +
∑

i 6=j;xiyj 6∈E(G∗)

[dG∗(xi) + dG∗(yj)]

= 8M1(G) + 8m

❛♥❞

M2(G
∗) =

∑

xixj 6∈E(G∗)

dG∗(xi)dG∗(xj) +
∑

yiyj 6∈E(G∗)

dG∗(yi)dG∗(yj) +

n
∑

i=1

dG∗(xi)dG∗(yi) +
∑

i 6=j;xiyj 6∈E(G∗)

dG∗(xi)dG∗(yj)

= 8M2(G) + (16m2 − 8M2(G)− 8M2(G)) + 8M2(G)

= 8M2(G)− 8M2(G) + 16m2
.

❚❤✐3 ❝♦♠♣❧❡8❡3 8❤❡ ♣.♦♦❢✳ �

◆♦✇✱ ✇❡ ❣✐✈❡ 8✇♦ ❡①❛♠♣❧❡3 ❛3 ❛♣♣❧✐❝❛8✐♦♥3 ♦❢ ❚❤❡♦.❡♠ ✶✳

          

     

     

    

   
 

    
  

    
           

     

❋✐❣✳ ✷✳ ❚❤❡ ❣.❛♣❤3 G2n✳

✷✳✷✳ ❊①❛♠♣❧❡✳ ❈♦♥3✐❞❡. ❩❛❣.❡❜ ❝♦✐♥❞✐❝❡3 ♦❢ 8❤❡ ❣.❛♣❤ G2n✱ ❛3 3❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳

■8 ❝❛♥ ❜❡ ❡❛3✐❧② 3❡❡♥ 8❤❛8 G2n ✐3 ❥✉38 8❤❡ ❞♦✉❜❧❡ ❣.❛♣❤ ♦❢ 8❤❡ n✲✈❡.8❡① ♣❛8❤ Pn✳ ❇②

❛♥ ❡❧❡♠❡♥8❛.② ❝❛❧❝✉❧❛8✐♦♥✱ ✇❡ ♦❜8❛✐♥❡❞ M1(Pn) = 2(n− 2)2✱ M2(Pn) = 2n2 − 10n+ 13

❛♥❞ M2(Pn) = 4n− 8✳ ■8 8❤❡♥ ❢♦❧❧♦✇3 ❢.♦♠ ❚❤❡♦.❡♠ ✶ 8❤❛8 M1(G2n) = 8× 2(n− 2)2 +

8(n− 1) = 16n2 − 56n+56 ❛♥❞ M2(G2n) = 8(2n2 − 10n+13)− 8(4n− 8)+16(n− 1)2 =
32n2 − 144n+ 184✳

...
...





























n− 1n− 1

❋✐❣✳ ✸✳ ❚❤❡ ❣.❛♣❤3 H2n✳

✷✳✸✳ ❊①❛♠♣❧❡✳ ❈♦♥3✐❞❡. ❩❛❣.❡❜ ❝♦✐♥❞✐❝❡3 ♦❢ 8❤❡ ❣.❛♣❤ H2n✱ ❛3 3❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳
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■! ❝❛♥ ❜❡ ❡❛'✐❧② '❡❡♥ !❤❛! H2n ✐' ❥✉'! !❤❡ ❞♦✉❜❧❡ ❣1❛♣❤ ♦❢ !❤❡ n✲✈❡1!❡① '!❛1 Sn✳ ❇② ❛♥

❡❧❡♠❡♥!❛1② ❝❛❧❝✉❧❛!✐♦♥✱ ✇❡ ♦❜!❛✐♥❡❞ M1(Sn) = n2 − 3n + 2✱ M2(Sn) =
1
2
(n2 − 3n + 2)

❛♥❞ M2(Sn) = (n − 1)2✳ ■! !❤❡♥ ❢♦❧❧♦✇' ❢1♦♠ ❚❤❡♦1❡♠ ✶ !❤❛! M1(H2n) = 8(n2 − 3n +

2)+8(n−1) = 8n2−16n+8 ❛♥❞ M2(H2n) = 8[ 1
2
(n2−3n+2)]−8(n−1)2+16(n−1)2 =

12n2 − 28n+ 16✳
◆♦✇✱ ✇❡ ❣✐✈❡ ❢♦1♠✉❧❛' ❢♦1 ❩❛❣1❡❜ ❝♦✐♥❞✐❝❡' ♦❢ k✲✐!❡1❛!❡❞ ❞♦✉❜❧❡ ❣1❛♣❤'✳

✷✳✹✳ ❚❤❡♦'❡♠✳ ▲❡" G ❜❡ ❛ ♥♦♥"'✐✈✐❛❧ ❣'❛♣❤ ♦❢ ♦'❞❡' n ❛♥❞ 0✐③❡ m✱ ❛♥❞ ❧❡" Gk∗
❜❡ ✐"0

k✲"❤ ✐"❡'❛"❡❞ ❞♦✉❜❧❡ ❣'❛♣❤✳ ❚❤❡♥

(i) M1(G
k∗) = 8kM1(G) + 22k+1(2k − 1)m❀

(ii) M2(G
k∗) = 8kM1(G)− [8k(2k − 1)]M2(G) + 2[8k(2k − 1)]m2.

8'♦♦❢✳ ❋♦1 ❛♥② ♥♦♥!1✐✈✐❛❧ ❣1❛♣❤ G ✇✐!❤ n ✈❡1!✐❝❡' ❛♥❞ m ❡❞❣❡'✱ !❤❡ ♥✉♠❜❡1 ♦❢ ✈❡1!✐❝❡'

✐♥ G∗
✐' 2n ❛♥❞ !❤❡ ♥✉♠❜❡1 ♦❢ ❡❞❣❡' ✐♥ G∗

❡A✉❛❧' !♦ 2m ♣❧✉' !❤♦'❡ ❡❞❣❡' ❜❡!✇❡❡♥ !❤❡

'❡!' {x1, . . . , xn} ❛♥❞ {y1, . . . , yn}✱ !❤❛! ✐'✱ 2m+
n
∑

i=1

dG(vi) = 4m✳

◆♦✇✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ !❤❛! Gk∗
❤❛' 2kn ✈❡1!✐❝❡' ❛♥❞ 4km ❡❞❣❡'✳

❇② ❚❤❡♦1❡♠ ✶ ❛♥❞ !❤❡ ❞❡✜♥✐!✐♦♥ ♦❢ k✲!❤ ✐!❡1❛!❡❞ ❞♦✉❜❧❡ ❣1❛♣❤✱ ❢♦1 k ≥ 1✱ ✇❡ ❤❛✈❡

✭✷✳✹✮ M1(G
k∗) = 8M1(G

(k−1)∗) + 8 · (4k−1
m) = 8M1(G

(k−1)∗) + 22k+1
m.

❇② !❤❡ 1❡❝✉1'✐✈❡ 1❡❧❛!✐♦♥' (4)✱ ✇❡ ❤❛✈❡

M1(G
k∗) = 8M1(G

(k−1)∗) + 22k+1
m

= 8[8M1(G
(k−2)∗) + 22(k−1)+1

m] + 22k+1
m

= 82M1(G
(k−2)∗) + 22k+2

m+ 22k+1
m

= 83M1(G
(k−3)∗) + 22k+3

m+ 22k+2
m+ 22k+1

m

= . . .

= 8kM1(G
(0)∗) + 23km+ . . .+ 22k+3

m+ 22k+2
m+ 22k+1

m

= 8kM1(G) + 22k+1(2k − 1)m.

▲❡! ✉' ♣1♦❝❡❡❞ !♦ (ii)✳ ❇② ❚❤❡♦1❡♠ ✶ ❛♥❞ !❤❡ ❞❡✜♥✐!✐♦♥ ♦❢ k✲!❤ ✐!❡1❛!❡❞ ❞♦✉❜❧❡ ❣1❛♣❤✱

❢♦1 k ≥ 1✱ ✇❡ ❤❛✈❡

M2(G
k∗) = 8M2(G

(k−1)∗)− 8M2(G
(k−1)∗) + 16(4k−1

m)2,

!❤❛! ✐'✱

✭✷✳✺✮ M2(G
k∗) = 8M2(G

(k−1)∗)− 8M2(G
(k−1)∗) + 16km2

.

❇② ❛ '✐♠✐❧❛1 ❛1❣✉♠❡♥! !♦ !❤❛! ❡♠♣❧♦②❡❞ ✐♥ ❚❤❡♦1❡♠ ✶ !♦ !1❡❛! !❤❡ '❡❝♦♥❞ ❩❛❣1❡❜

❝♦✐♥❞❡① ❛♥❞ ✉'✐♥❣ ❊A✳ ✭✸✮ ❛! !❤❡ '❛♠❡ !✐♠❡✱ ✇❡ ♦❜!❛✐♥

∑

xiyj∈E(G∗)

dG∗(xi)dG∗(yj) =

4
n
∑

i=1

D2
G(vi) = 8M2(G)✳
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■♥ ✈✐❡✇ ♦❢ (❤✐* ❡+✉❛❧✐(②✱ ✇❡ ♦❜(❛✐♥

M2(G
∗) =

∑

xixj∈E(G∗)

dG∗(xi)dG∗(xj) +
∑

yiyj∈E(G∗)

dG∗(yi)dG∗(yj) +

∑

xiyj∈E(G∗)

dG∗(xi)dG∗(yj)

= 4
∑

vivj∈E(G)

dG(vi)dG(vj) + 4
∑

vivj∈E(G)

dG(vi)dG(vj) +

∑

xiyj∈E(G∗)

dG∗(xi)dG∗(yj)

= 8M2(G) + 8M2(G)

= 16M2(G).

❙♦ ✇❡ ❤❛✈❡ (❤❡ 3❡❝✉3*✐✈❡ 3❡❧❛(✐♦♥ M2(G
k∗) = 16M2(G

(k−1)∗) ❢♦3 ❡❛❝❤ k ≥ 1✱ ❛♥❞ (❤❡♥

✭✷✳✻✮ M2(G
k∗) = 16kM2(G

(0)∗) = 16kM2(G).

❇② ❊+*✳ ✭✺✮ ❛♥❞ ✭✻✮✱ ✇❡ ♦❜(❛✐♥

M2(G
k∗) = 8M2(G

(k−1)∗)− 8 · 16k−1
M2(G) + 16km2

= 8[8M2(G
(k−2)∗)− 8 · 16k−2

M2(G) + 16k−1
m

2]− 8 · 16k−1
M2(G) + 16km2

= 82M2(G
(k−2)∗)− 82 · 16k−2

M2(G)− 8 · 16k−1
M2(G) + 8 · 16k−1

m
2 + 16km2

= . . .

= 8kM1(G
(0)∗)− [8 · 16k−1 + 82 · 16k−2 + . . .+ 8k · 160)]M2(G) +

[16k + 8 · 16k−1 + . . .+ 8k−1 · 161]m2

= 8kM1(G)− [8 · 16k−1 + 82 · 16k−2 + . . .+ 8k · 160)]M2(G) +

[16k + 8 · 16k−1 + . . .+ 8k−1 · 161]m2

= 8kM1(G)− [8k(2k − 1)]M2(G) + 2[8k(2k − 1)]m2
,

❛* ❝❧❛✐♠❡❞✳ �
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❛♥❞ ❛♣♣❧✐❝❛0✐♦♥/

❆②♠❛♥ ❆❧③❛❛'(❡❤

∗
✱ ▼✳ ▼❛♥.♦♦(

†
✱ ▼✳ ❍✳ ❚❛❤✐(

‡, ➓

✱ ▼✳ ❩✉❜❛✐(

¶
❛♥❞ ❙❤❛❦✐( ❆❧✐

●❤❛③❛❧✐

‖

❆❜"#$❛❝#

❆ ♥❡✇ ❞✐1$)✐❜✉$✐♦♥✱ ♥❛♠❡❧②✱ $❤❡ ●❛♠♠❛✲❍❛❧❢✲❈❛✉❝❤② ❞✐1$)✐❜✉$✐♦♥ ✐1

♣)♦♣♦1❡❞✳ ❱❛)✐♦✉1 ♣)♦♣❡)$✐❡1 ♦❢ $❤❡ ●❛♠♠❛✲❍❛❧❢✲❈❛✉❝❤② ❞✐1$)✐❜✉$✐♦♥

❛)❡ 1$✉❞✐❡❞ ✐♥ ❞❡$❛✐❧ 1✉❝❤ ❛1 ❧✐♠✐$✐♥❣ ❜❡❤❛✈✐♦)✱ ♠♦♠❡♥$1✱ ♠❡❛♥ ❞❡✈✐✲

❛$✐♦♥1 ❛♥❞ ❙❤❛♥♥♦♥ ❡♥$)♦♣②✳ ❚❤❡ ♠♦❞❡❧ ♣❛)❛♠❡$❡)1 ❛)❡ ❡1$✐♠❛$❡❞ ❜②

$❤❡ ♠❡$❤♦❞ ♦❢ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❛♥❞ $❤❡ ♦❜1❡)✈❡❞ ✐♥❢♦)♠❛$✐♦♥ ♠❛✲

$)✐① ✐1 ♦❜$❛✐♥❡❞✳ ❚✇♦ ❞❛$❛ 1❡$1 ❛)❡ ✉1❡❞ $♦ ✐❧❧✉1$)❛$❡ $❤❡ ❛♣♣❧✐❝❛$✐♦♥1

♦❢ ●❛♠♠❛✲❍❛❧❢✲❈❛✉❝❤② ❞✐1$)✐❜✉$✐♦♥✳

❑❡②✇♦$❞"✿ ❋♦❧❞❡❞ ❈❛✉❝❤② ❞✐.'(✐❜✉'✐♦♥✱ ❤❛❧❢✲❈❛✉❝❤② ❞✐.'(✐❜✉'✐♦♥✱ ❣❛♠♠❛ ❞✐.✲

'(✐❜✉'✐♦♥✱ ❙❤❛♥♥♦♥ ❡♥'(♦♣②✳

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✻✵❊✵✺❀ ✻✷❊✶✵❀ ✻✷◆✵✺✳

❘❡❝❡✐✈❡❞ ✿ ✵✽✳✶✷✳✷✵✶✹ ❆❝❝❡♣3❡❞ ✿ ✵✺✳✵✻✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✺✼✵✶✶✵✺✽

∗
❉❡♣❛$%♠❡♥% ♦❢ ▼❛%❤❡♠❛%✐❝.✱ ◆❛③❛$❜❛②❡✈ ❯♥✐✈❡$.✐%②✱ ❆.%❛♥❛✲✵✶✵✵✵✵✱ ❑❛③❛❦❤.%❛♥✱ ❊♠❛✐❧✿

❛②♠❛♥✳❛❧③❛❛'(❡❤❅♥✉✳❡❞✉✳❦③

†
❉❡♣❛$%♠❡♥% ♦❢ ❙%❛%✐.%✐❝.✱ ❚❤❡ ■.❧❛♠✐❛ ❯♥✐✈❡$.✐%② ♦❢ ❇❛❤❛✇❛❧♣✉$✱ ❇❛❤❛✇❛❧♣✉$ ✻✸✶✵✵✱ G❛❦✲

✐.%❛♥✱ ❊♠❛✐❧✿ ♠❛♥/♦♦(✳❛❜❜❛/✐✶✹✸❅❣♠❛✐❧✳❝♦♠

‡
❉❡♣❛$%♠❡♥% ♦❢ ❙%❛%✐.%✐❝.✱ ❚❤❡ ■.❧❛♠✐❛ ❯♥✐✈❡$.✐%② ♦❢ ❇❛❤❛✇❛❧♣✉$✱ ❇❛❤❛✇❛❧♣✉$ ✻✸✶✵✵✱ G❛❦✲

✐.%❛♥✱ ❊♠❛✐❧✿ ♠'❛❤✐(✳/'❛'❅❣♠❛✐❧✳❝♦♠✱ ♠❤'❅✐✉❜✳❡❞✉✳♣❦

➓

❈♦$$❡.♣♦♥❞✐♥❣ ❆✉%❤♦$✳

¶
❉❡♣❛$%♠❡♥% ♦❢ ❙%❛%✐.%✐❝.✱ ●♦✈❡$♥♠❡♥% ❉❡❣$❡❡ ❈♦❧❧❡❣❡ ❑❤❛✐$♣✉$ ❚❛♠❡✇❛❧✐✱ G❛❦✐.%❛♥✱ ❊♠❛✐❧✿

③✉❜❛✐(✳/'❛'❅②❛❤♦♦✳❝♦♠

‖
❉❡♣❛$%♠❡♥% ♦❢ ❙%❛%✐.%✐❝.✱ ❚❤❡ ■.❧❛♠✐❛ ❯♥✐✈❡$.✐%② ♦❢ ❇❛❤❛✇❛❧♣✉$✱ ❇❛❤❛✇❛❧♣✉$ ✻✸✶✵✵✱ G❛❦✲

✐.%❛♥✱ ❊♠❛✐❧✿ /❤❛❦✐(✳❣❤❛③❛❧✐❅✐✉❜✳❡❞✉✳♣❦



✶✶✹✹

✶✳ ■♥$%♦❞✉❝$✐♦♥

❍❛❧❢✲❈❛✉❝❤② ❞✐,-.✐❜✉-✐♦♥ ✐, -❤❡ ❢♦❧❞❡❞ ,-❛♥❞❛.❞ ❈❛✉❝❤② ❞✐,-.✐❜✉-✐♦♥ ❛.♦✉♥❞ -❤❡ ♦.✐❣✐♥

,♦ -❤❛- ♣♦,✐-✐✈❡ ✈❛❧✉❡, ❛.❡ ♦❜,❡.✈❡❞✳ ▼♦❞❡❧✐♥❣ ✇✐-❤ ❤❛❧❢ ✭♦. ❢♦❧❞❡❞✮ ❞✐,-.✐❜✉-✐♦♥, ❤❛, ❜❡❡♥

♣.♦♣♦,❡❞ ❛♥❞ ✜✈❡ ❢♦❧❞❡❞ ❞✐,-.✐❜✉-✐♦♥, ❤❛✈❡ ❜❡❡♥ .❡♣♦.-❡❞ ,♦ ❢❛. ✐♥ ❧✐-❡.❛-✉.❡✱ ♥❛♠❡❧②✱

-❤❡ ,-✉❞❡♥-,✬ t✱ ♥♦.♠❛❧✱ ♥♦.♠❛❧✲,❧❛,❤✱ ❧♦❣✐,-✐❝ ❛♥❞ ❈❛✉❝❤②✳ ❚❤❡,❡ ❢♦❧❞❡❞ ❞✐,-.✐❜✉-✐♦♥,
❤❛✈❡ ❜❡❡♥ ✉,❡❞ ✐♥ ❇❛②❡,✐❛♥ ♣❛.❛❞✐❣♠ ✇❤❡♥ ❛ ♣.♦♣❡. ♣.✐♦. ✐, ♥❡❝❡,,❛.②✳ ❆❧-❤♦✉❣❤ ,♦♠❡

❛♣♣❧✐❝❛-✐♦♥, ♦❢ -❤❡ ❤❛❧❢ ❈❛✉❝❤② ❞✐,-.✐❜✉-✐♦♥ ❡①✐,- ✐♥ -❤❡ ❧✐-❡.❛-✉.❡✱ ❜✉- -❤❡ ❢❛❝- -❤❛-

-❤❡ ✜♥✐-❡ ♠♦♠❡♥-, ♦❢ ♦.❞❡. ❣.❡❛-❡. -❤❛♥ ♦. ❡C✉❛❧ -♦ ♦♥❡ ❞♦ ♥♦- ❡①✐,-✱ -❤❡ ❝❡♥-.❛❧ ❧✐♠✐-

-❤❡♦.❡♠ ❞♦❡, ♥♦- ❤♦❧❞✳ ❚❤✐, ❢❛❝- .❡❞✉❝❡, -❤❡ ❛♣♣❧✐❝❛❜✐❧✐-② ♦❢ -❤✐, ❞✐,-.✐❜✉-✐♦♥ ✐♥ ♠♦❞❡❧✐♥❣

.❡❛❧ ❧✐❢❡ ,❝❡♥❛.✐♦,✳

❆ .❛♥❞♦♠ ✈❛.✐❛❜❧❡ X ❤❛, -❤❡ ❤❛❧❢✲❈❛✉❝❤② ✭❍❈✮ ❞✐,-.✐❜✉-✐♦♥ ✇✐-❤ ,❝❛❧❡ ♣❛.❛♠❡-❡.

σ > 0✱ ✐❢ ✐-, ❝✉♠✉❧❛-✐✈❡ ❞✐,-.✐❜✉-✐♦♥ ❢✉♥❝-✐♦♥ ✭❝❞❢✮ ✐, ❣✐✈❡♥ ❜②

✭✶✳✶✮ F (x) =
2

π
tan−1(x/σ), x > 0.

❚❤❡ ♣.♦❜❛❜✐❧✐-② ❞❡♥,✐-② ❢✉♥❝-✐♦♥ ✭♣❞❢✮ ❝♦..❡,♣♦♥❞✐♥❣ -♦ ✭✶✳✶✮ ✐,

✭✶✳✷✮ f(x) =
2

π σ

[
1 + (x/σ)2

]−1
.

❍❡♥❝❡❢♦.-❤✱ ✇❡ ❞❡♥♦-❡ ❜② X ∼❍❈✭σ✮✱ -❤❡ .❛♥❞♦♠ ✈❛.✐❛❜❧❡ ❤❛✈✐♥❣ -❤❡ ❍❈ ❞❡♥,✐-② ✐♥

✭✶✳✷✮ ✇✐-❤ ♣❛.❛♠❡-❡., σ✳ ❆, ❛ ❤❡❛✈② -❛✐❧❡❞ ❞✐,-.✐❜✉-✐♦♥✱ -❤❡ ❍❈ ❞✐,-.✐❜✉-✐♦♥ ❤❛, ❜❡❡♥
✉,❡❞ ❛, ❛♥ ❛❧-❡.♥❛-✐✈❡ -♦ ❡①♣♦♥❡♥-✐❛❧ ❞✐,-.✐❜✉-✐♦♥ -♦ ♠♦❞❡❧ ❞✐,♣❡.,❛❧ ❞✐,-❛♥❝❡, ❬✶✽❪ ❛,

-❤❡ ❢♦.♠❡. ♣.❡❞✐❝-, ♠♦.❡ ❢.❡C✉❡♥- ❧♦♥❣ ❞✐,-❛♥❝❡ ❞✐,♣❡.,❡❞ ❡✈❡♥-, -❤❛♥ -❤❡ ❧❛-❡.✳ I❛.❛❞✐,

❡! ❛❧✳ ❬✶✻❪ ✉,❡❞ -❤❡ ❍❈ ❞✐,-.✐❜✉-✐♦♥ -♦ ♠♦❞❡❧ .✐♥❣✐♥❣ ❞❛-❛ ♦♥ -✇♦ ,♣❡❝✐❡, ♦❢ -✐-, ✭I❛.✉,

❝❛❡.✉❧❡✉, ❛♥❞ I❛.✉, ♠❛❥♦.✮ ✐♥ ❇.✐-❛✐♥ ❛♥❞ ■.❡❧❛♥❞✳

❋❡✇ ❣❡♥❡.❛❧✐③❛-✐♦♥, ♦❢ -❤❡ ❍❈ ❞✐,-.✐❜✉-✐♦♥ ❡①✐,- ✐♥ -❤❡ ❧✐-❡.❛-✉.❡✱ ♥❛♠❡❧②✱ ❜❡-❛✲❤❛❧❢✲

❈❛✉❝❤② ✭❇❍❈✮ ❜② ❈♦.❞❡✐.♦ ❛♥❞ ▲❡♠♦♥-❡ ❬✾❪✱ ❑✉♠❛.❛,✇❛♠②✲❤❛❧❢✲❈❛✉❝❤② ✭❑❍❈✮ ❜②

●❤♦,❤ ❬✶✶❪ ❛♥❞ ▼❛.,❤❛❧❧✲❖❧❦✐♥ ❤❛❧❢✲❈❛✉❝❤② ✭▼❖❍❈✮ ❜② ❏❛❝♦❜ ❛♥❞ ❑❛②❛❦✉♠❛. ❬✶✸❪✳ ■♥

-❤✐, ♣❛♣❡.✱ ✇❡ ♣.♦♣♦,❡ ❛ ♥❡✇ ❣❡♥❡.❛❧✐③❛-✐♦♥ ♦❢ -❤❡ ❍❈ ❞✐,-.✐❜✉-✐♦♥ ✉,✐♥❣ -❤❡ -❡❝❤♥✐C✉❡

❞❡✜♥❡❞ ❜② ❆❧③❛❛-.❡❤ ❡! ❛❧✳ ❬✼❪✳

▲❡- r(t) ❜❡ -❤❡ ♣.♦❜❛❜✐❧✐-② ❞❡♥,✐-② ❢✉♥❝-✐♦♥ ✭♣❞❢✮ ♦❢ ❛ .❛♥❞♦♠ ✈❛.✐❛❜❧❡ T ∈ [a, b] ❢♦.
−∞ ≤ a < b ≤ ∞ ❛♥❞ ❧❡- F (x) ❜❡ -❤❡ ❝✉♠✉❧❛-✐✈❡ ❞✐,-.✐❜✉-✐♦♥ ❞✐,-.✐❜✉-✐♦♥ ❢✉♥❝-✐♦♥ ✭❝❞❢✮
♦❢ ❛ .❛♥❞♦♠ ✈❛.✐❛❜❧❡ X ,✉❝❤ -❤❛- -❤❡ ❧✐♥❦ ❢✉♥❝-✐♦♥ W (·) : [0, 1] −→ [a, b] ,❛-✐,✜❡, -❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐-✐♦♥,✿

✭✶✳✸✮

{
(i) W (·) ✐, ❞✐✛❡.❡♥-✐❛❜❧❡ ❛♥❞ ♠♦♥♦-♦♥✐❝❛❧❧② ♥♦♥✲❞❡❝.❡❛,✐♥❣✱ ❛♥❞

(ii) W (0) → a ❛♥❞W (1) → b.

❚❤❡ ❚✲❳ ❢❛♠✐❧② ♦❢ ❞✐,-.✐❜✉-✐♦♥, ❞❡✜♥❡❞ ❜② ❆❧③❛❛-.❡❤ ❡! ❛❧✳ ❬✼❪ ❛,

✭✶✳✹✮ G(x) =

∫ W [F (x)]

a

r(t) dt.

■❢ T ∈ (0,∞)✱ X ✐, ❛ ❝♦♥-✐♥✉♦✉, .❛♥❞♦♠ ✈❛.✐❛❜❧❡ ❛♥❞ W [F (x)] = − log[1 − F (x)]✱ -❤❡♥
-❤❡ ♣❞❢ ❝♦..❡,♣♦♥❞✐♥❣ -♦ ✭✶✳✹✮ ✐, ❣✐✈❡♥ ❜②

✭✶✳✺✮ g(x) =
f(x)

1− F (x)
r
(
− log

[
1− F (x)

])
= hf (x)r

(
Hf (x)

)
,

✇❤❡.❡ hf (x) ❛♥❞ Hf (x) ❛.❡✱ .❡,♣❡❝-✐✈❡❧②✱ -❤❡ ❤❛③❛.❞ ❛♥❞ ❝✉♠✉❧❛-✐✈❡ ❤❛③❛.❞ ❢✉♥❝-✐♦♥
❝♦..❡,♣♦♥❞✐♥❣ -♦ f(x)✳ ❋♦. ♠♦.❡ ❞❡-❛✐❧, ❛❜♦✉- -❤❡ ❚✲❳ ❢❛♠✐❧②✱ ♦♥❡ ✐, .❡❢❡. -♦ ❆❧③❛❛-.❡❤

❡! ❛❧✳ ❬✸✱ ✻❪✱ ❆❧③❛❛-.❡❤ ❛♥❞ ●❤♦,❤ ❬✺❪ ❛♥❞ ▲❡❡ ❡! ❛❧✳ ❬✶✹❪✳

■❢ ❛ .❛♥❞♦♠ ✈❛.✐❛❜❧❡ T ❢♦❧❧♦✇, -❤❡ ❣❛♠♠❛ ❞✐,-.✐❜✉-✐♦♥ ✇✐-❤ ♣❛.❛♠❡-❡., α ❛♥❞ β✱

r(t) =
(
βα Γ(α)

)−1
tα−1 e−t/β , t ≥ 0✳ ❚❤❡♥ ❢.♦♠ ✭✶✳✺✮✱-❤❡ ♣❞❢ ♦❢ ●❛♠♠❛✲❳ ❢❛♠✐❧② ♦❢



✶✶✹✺

❞✐"#$✐❜✉#✐♦♥" ✐" ❣✐✈❡♥ ❜②

✭✶✳✻✮ g(x) =
1

βα Γ(α)
f(x)

(
− log

[
1− F (x)

])α−1 [
1− F (x)

] 1
β
−1
.

❚❤❡ ❝❞❢ ❝♦$$❡"♣♦♥❞✐♥❣ #♦ ✭✶✳✻✮ ✐"

✭✶✳✼✮ G(x) =
1

Γ(α)
γ
(
α,−β−1 log

[
1− F (x)

])
,

✇❤❡#❡ γ(α, t) =
∫ t
0
uα−1 eu du ✐% &❤❡ ✐♥❝♦♠♣❧❡&❡ ❣❛♠♠❛ ❢✉♥❝&✐♦♥✳ ❙❡✈❡#❛❧ ♣#♦♣❡#&✐❡% ♦❢

❣❛♠♠❛✲X ❢❛♠✐❧② ❤❛✈❡ ❜❡❡♥ %&✉❞✐❡❞ ✐♥ ❧✐&❡#❛&✉#❡✳ ❋♦# ♠♦#❡ ❞❡&❛✐❧% %❡❡ ❆❧③❛❛&#❡❤ ❡! ❛❧✳

❬✸✱ ❄✱ ✻✱ ✹✱ ✽❪✳

❚❤❡ ♣❛♣❡# ✐% ✉♥❢♦❧❞❡❞ ❛% ❢♦❧❧♦✇%✳ ■♥ ❙❡❝&✐♦♥ ✷✱ ✇❡ ❞❡✜♥❡ ❛ ♥❡✇ ❣❡♥❡#❛❧✐③❛&✐♦♥ ♦❢ &❤❡

❍❈ ❞✐%&#✐❜✉&✐♦♥✱ ♥❛♠❡❧②✱ ●❛♠♠❛✲❤❛❧❢✲❈❛✉❝❤② ✭●❍❈✮ ❞✐%&#✐❜✉&✐♦♥✳ ■♥ ❙❡❝&✐♦♥ ✸✱ %♦♠❡

♣#♦♣❡#&✐❡% ♦❢ &❤❡ ●❍❈ ❛#❡ ✐♥✈❡%&✐❣❛&❡❞✳ ❚❤❡ ❞❡♥%✐&② ♦❢ &❤❡ ♦#❞❡# %&❛&✐%&✐❝% ✐% ♦❜&❛✐♥❡❞ ✐♥

❙❡❝&✐♦♥ ✹✳ ■♥ ❙❡❝&✐♦♥ ✺✱ &❤❡ ♠♦❞❡❧ ♣❛#❛♠❡&❡#% ❛#❡ ❡%&✐♠❛&❡❞ ❜② &❤❡ ♠❡&❤♦❞ ♦❢ ♠❛①✐♠✉♠

❧✐❦❡❧✐❤♦♦❞ ❛♥❞ &❤❡ ♦❜%❡#✈❡❞ ✐♥❢♦#♠❛&✐♦♥ ♠❛&#✐① ✐% ❞❡&❡#♠✐♥❡❞✳ ■♥ ❙❡❝&✐♦♥ ✻✱ ✇❡ ❡①♣❧♦#❡

&❤❡ ✉%❡❢✉❧♥❡%% ♦❢ &❤❡ ♣#♦♣♦%❡❞ ❞✐%&#✐❜✉&✐♦♥ ❜② ♠❡❛♥% ♦❢ &✇♦ #❡❛❧ ❞❛&❛ %❡&%✳ ❋✐♥❛❧❧②✱

❙❡❝&✐♦♥ ✼ ♦✛❡#% %♦♠❡ ❝♦♥❝❧✉❞✐♥❣ #❡♠❛#❦%✳

✷✳ ❚❤❡ ❣❛♠♠❛✲❤❛❧❢ ❈❛✉❝❤② ✭●❍❈✮ ❞✐567✐❜✉6✐♦♥

❋#♦♠ ✭✶✳✶✮✱ ✭✶✳✷✮✱ ✭✶✳✻✮ ❛♥❞ ✭✶✳✼✮✱ ✐& ❢♦❧❧♦✇% &❤❛& &❤❡ ♣❞❢ ❛♥❞ ❝❞❢ ♦❢ &❤❡ ●❍❈ ❛#❡ ❣✐✈❡♥

❜②

g(x) =
2

π σ Γ(α)βα
[
1 + (x/σ)2

]−1
(
− log

[
1− 2π−1 tan−1(x/σ)

])α−1

×
[
1− 2π−1 tan−1(x/σ)

] 1
β
−1

✭✷✳✶✮

❛♥❞

✭✷✳✷✮ G(x) =
1

Γ(α)
γ
(
α,−β−1 log

[
1− 2π−1 tan−1(x/σ)

])
,

#❡%♣❡❝&✐✈❡❧②✳ ❍❡♥❝❡❢♦#&❤✱ ❛ #❛♥❞♦♠ ✈❛#✐❛❜❧❡ ❤❛✈✐♥❣ ♣❞❢ ✐♥ ✭✷✳✷✮ ✐% ❞❡♥♦&❡❞ ❜② X ∼
GHC(α, β, σ)✳

❙♣❡❝✐❛❧ ❝❛%❡% ♦❢ ●❍❈ ❞✐%&#✐❜✉&✐♦♥✿

✭✐✮ ■❢ α = β = 1 ✐♥ ✭✷✳✷✮✱ &❤❡ ●❍❈ ❞✐%&#✐❜✉&✐♦♥ #❡❞✉❝❡% &♦ &❤❡ ❍❈ ❞✐%&#✐❜✉&✐♦♥ ✇✐&❤

♣❛#❛♠❡&❡# σ✳

✭✐✐✮ ■❢ α = 1 ✐♥ ✭✷✳✷✮✱ &❤❡ ●❍❈ ❞✐%&#✐❜✉&✐♦♥ #❡❞✉❝❡% &♦ &❤❡ ❡①♣♦♥❡♥&✐❛&❡❞ ❍❈ ❞✐%&#✐❜✉&✐♦♥
✇✐&❤ ♣❛#❛♠❡&❡#% β ❛♥❞ σ✳

✭✐✐✐✮ ■❢ α = n + 1 ❛♥❞ β = 1 ✐♥ ✭✷✳✷✮✱ &❤❡ ❞❡♥%✐&② ♦❢ ●❍❈ #❡❞✉❝❡% &♦ &❤❡ ❞❡♥%✐&② ♦❢ &❤❡

n&❤ ✉♣♣❡# #❡❝♦#❞ ♦❢ &❤❡ ❍❈ ❞✐%&#✐❜✉&✐♦♥✳

◆♦&❡ &❤❛& &❤❡ %♣❡❝✐❛❧ ❝❛%❡ ✐♥ ✭✐✐✮ ❞♦❡% ♥♦& ❡①✐%& ✐♥ &❤❡ ❧✐&❡#❛&✉#❡ ❛♥❞ ✐& ✐% ❝♦♥%✐❞❡#❡❞

❛♥♦&❤❡# ❣❡♥❡#❛❧✐③❛&✐♦♥ ♦❢ &❤❡ ❍❈ ❞✐%&#✐❜✉&✐♦♥✳

❚❤❡ %✉#✈✐✈❛❧ ❢✉♥❝&✐♦♥ ✭%❢✮✱ S(x)✱ ❤❛③❛#❞ #❛&❡ ❢✉♥❝&✐♦♥ ✭❤#❢✮✱ h(x)✱ ❛♥❞ ❝✉♠✉❧❛&✐✈❡
❤❛③❛#❞ #❛&❡ ❢✉♥❝&✐♦♥ ✭❝❤#❢✮✱ H(x)✱ ♦❢ X ❛#❡✱ #❡%♣❡❝&✐✈❡❧②✱ ❣✐✈❡♥ ❜②

S(x) = 1−
1

Γ(α)
γ
(
α,−β−1 log

[
1− 2π−1 tan−1(x/σ)

])
,

h(x) =
2
(
− log

[
1− 2π−1 tan−1(x/σ)

])α−1[
1− 2π−1 tan−1(x/σ)

] 1
β
−1

π σ βα (1 + (x/σ)2)
{
Γ(α)− γ

(
α,−β−1 log

[
1− 2π−1 tan−1(x/σ)

])}



✶✶✹✻

❛♥❞

H(x) = − log

[
1−

1

Γ(α)
γ
(
α,−β−1 log

[
1− 2π−1 tan−1(x/σ)

])]
.

✷✳✶✳ ❆$②♠♣(♦(✐❝ ❜❡❤❛✈✐♦1 ♦❢ (❤❡ ♣❞❢✳ ❚❤❡ ❧✐♠✐) ♦❢ )❤❡ ♣❞❢ ♦❢ X ❛- x → ∞ ✐- ✵✳

❋✉2)❤❡2✱ )❤❡ ❧✐♠✐)- ♦❢ )❤❡ ♣❞❢ ♦❢ X ❛- x→ 0+ ❛2❡ ❣✐✈❡♥ ❜②

lim
x→0+

g(x) =






∞, ✐❢ α < 1
2

π σ β
, ✐❢ α = 1,

0, ✐❢ α > 1.

■♥ ❋✐❣✉2❡- ✶ ❛♥❞ ✷✱ ✈❛2✐♦✉- ❣2❛♣❤- ♦❢ )❤❡ ❞❡♥-✐)② ✇❤❡♥ σ = 1 ❛♥❞ ❢♦2 ❞✐✛❡2❡♥) ✈❛❧✉❡- ♦❢

α ❛♥❞ β ❛2❡ ❞✐-♣❧❛②❡❞✳ ❋✐❣✉2❡ ✶ ✐♥❞✐❝❛)❡- )❤❛) )❤❡ ●❍❈ ❞✐-)2✐❜✉)✐♦♥ ✐- ✇❡❧❧✲-✉✐)❡❞ ❢♦2

2✐❣❤)✲-❦❡✇❡❞ ❞❛)❛✳ ❋♦2 ✜①❡❞ α ≤ 1✱ )❤❡ ❞❡♥-✐)② ✐- ❛❧✇❛②- 2❡✈❡2-❡❞✲❏ -❤❛♣❡❞✳ ❋♦2 ✜①❡❞

α > 1✱ )❤❡ ♣❡❛❦❡❞♥❡-- ✐♥❝2❡❛-❡- ❛- β ❞❡❝2❡❛-❡-✳ ❆❧-♦✱ ❋✐❣✉2❡ ✷ -❤♦✇- )❤❛) )❤❡ ❤❛③❛2❞

❢✉♥❝)✐♦♥ ♦❢ )❤❡ ●❍❈ ❞✐-)2✐❜✉)✐♦♥ ❤❛- ❉❋❘ ✭❞❡❝2❡❛-✐♥❣ ❢❛✐❧✉2❡✮ ♦2 ❯❇❚ ✭✉♣-✐❞❡ ❞♦✇♥

❜❛)❤)✉❜✮ ♣2♦♣❡2)✐❡-✳
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✭❛✮ ✭❜✮

❋✐❣✉1❡ ✶✳ N❧♦)- ♦❢ )❤❡ ●❍❈ ❞❡♥-✐)✐❡- ❢♦2 ✈❛2✐♦✉- ✈❛❧✉❡- ♦❢ α ❛♥❞ β✳

✸✳ "#♦♣❡#'✐❡) ♦❢ '❤❡ ●❍❈ ❞✐)'#✐❜✉'✐♦♥

■♥ )❤✐- -❡❝)✐♦♥✱ ✇❡ ♣2♦✈✐❞❡ -♦♠❡ ♣2♦♣❡2)✐❡- ♦❢ )❤❡ ●❍❈ ❞✐-)2✐❜✉)✐♦♥✳ ❙♦♠❡ ♣2♦♦❢- ❛2❡

♦♠✐))❡❞ ✐♥ ❝❛-❡ ♦❢ )2✐✈✐❛❧ 2❡-✉❧)-✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ❣✐✈❡- )❤❡ 2❡❧❛)✐♦♥ ❜❡)✇❡❡♥ ●❍❈ ❛♥❞ ❣❛♠♠❛ ❞✐-)2✐❜✉)✐♦♥-✳

✸✳✶✳ ❚1❛♥$❢♦1♠❛(✐♦♥✳

✸✳✶✳ ▲❡♠♠❛✳ ■❢ ❛ #❛♥❞♦♠ ✈❛#✐❛❜❧❡ Y ❢♦❧❧♦✇. /❤❡ ❣❛♠♠❛ ❞✐./#✐❜✉/✐♦♥ ✇✐/❤ ♣❛#❛♠❡/❡#. α

❛♥❞ β✱ /❤❡♥ X = σ cot
(
π
2
e−Y

)
∼ GHC(α, β, σ)✳
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✭❛✮ ✭❜✮

❋✐❣✉$❡ ✷✳ $❧♦'( ♦❢ ●❍❈ ❤❛③❛/❞ /❛'❡( ❢♦/ ✈❛/✐♦✉( ✈❛❧✉❡( ♦❢ α ❛♥❞ β✳

✸✳✷✳ ▼♦❞❡✳

✸✳✷✳ ▲❡♠♠❛✳ ❚❤❡ ♠♦❞❡ ♦❢ ●❍❈ ❞✐+,-✐❜✉,✐♦♥ ✐+ ,❤❡ +♦❧✉,✐♦♥ ♦❢ k(x) = 0✱ ✇❤❡-❡

k(x) = −
x

σ
+ π−1

[
1− 2π−1 tan−1 (x/σ)

]−1

×

{
α− 1

log [1− 2π−1 tan−1 (x/σ)]−1 −
1

β
+ 1

}

.✭✸✳✶✮

4-♦♦❢✳ ❙❡''✐♥❣ g′(x) ✐( ❡;✉✐✈❛❧❡♥' '♦✱

g′(x) =
4 [1 + (x/σ)]−2

πσ2Γ(α)βα

(

− log
[
1− 2π−1 tan−1 (x/σ)

]
)α−1

×
[
1− 2π−1 tan−1 (x/σ)

] 1
β
−1

× k(x),✭✸✳✷✮

✇❤❡/❡

k(x) = − (x/σ) + π−1 [1− 2π−1 tan−1 (x/σ)
]−1

×

{
α− 1

log [1− 2π−1 tan−1 (x/σ)]−1 −
1

β
+ 1

}

.✭✸✳✸✮

❍❡♥❝❡ '❤❡ ❝/✐'✐❝❛❧ ✈❛❧✉❡( ♦❢ g(x) ✐( '❤❡ (♦❧✉'✐♦♥ ♦❢ k(x) = 0. �

◆♦'❡ '❤❛' ❡;✉❛'✐♦♥ ✐♠♣❧✐❡( '❤❡ ❢♦❧❧♦✇✐♥❣❀ ✇❤❡♥ α = β = 1✱ '❤❡ ♠♦❞❡ ♦❢ ●❍❈ ✐( ❛' x = 0
✇❤✐❝❤ ✐( '❤❡ ♠♦❞❡ ♦❢ ❍❈ ❞✐('/✐❜✉'✐♦♥✳ ❲❤❡♥ α < 1✱ ✐♠♣❧✐❡( '❤❛' x < 0 ❛♥❞ ❛( x → 0+✱

k(x) → ∞✳ ❆❧(♦✱ ✇❤❡♥ α = 1✱ x = 0 ✐( ❛ ♠♦❞❛❧ ♣♦✐♥' ❛♥❞ ❛( x → 0+✱ k(x) → 2
π σ β

✳

❍❡♥❝❡✱ ✇❤❡♥ α ≤ 1✱ ●❍❈ ❤❛( ❛ ✉♥✐;✉❡ ♠♦❞❡ ❛' x = 0✳

✸✳✸✳ ◗✉❛♥1✐❧❡ ❢✉♥❝1✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ❣✐✈❡( '❤❡ ;✉❛♥'✐❧❡ ❢✉♥❝'✐♦♥ ❢♦/ '❤❡ ●❍❈

❞✐('/✐❜✉'✐♦♥✳

✸✳✸✳ ▲❡♠♠❛✳ ❚❤❡ ♠♦❞❡ ♦❢ ●❍❈ ❞✐+,-✐❜✉,✐♦♥ ✐+ ❣✐✈❡♥ ❜②

✭✸✳✹✮ Q(λ) = σ cot
(
0.5π e−β γ

−1
(
α, λΓ(α)

))
.

4-♦♦❢✳ ❋♦❧❧♦✇( ❜② ✐♥✈❡/'✐♥❣ ❡;✉❛'✐♦♥ ✷✳✶✳ �



✶✶✹✽

✸✳✹✳ ❙❤❛♥♥♦♥ ❡♥)*♦♣②✳

✸✳✹✳ ❚❤❡♦*❡♠✳ ❚❤❡ ❙❤❛♥♥♦♥ ❡♥'(♦♣② ❢♦( '❤❡ ●❍❈ ❞✐1'(✐❜✉'✐♦♥ ✐1 ❣✐✈❡♥ ❜②

✭✸✳✺✮ ηX = 3 log(0.5π)+α(β− 1)+ log
(
β Γ(α)

)
+(1−α)ψ(α)− 2

∞∑

k=1

wk (1+2kβ)−α,

✇❤❡(❡ ψ(·) ✐1 '❤❡ ❞✐❣❛♠♠❛ ❢✉♥❝'✐♦♥ ❛♥❞ wk = (−1)k (π)2k B2k

2k (2k)!
✳

:(♦♦❢✳ ❇❛'❡❞ ♦♥ ❆❧③❛❛/0❡❤ ❡' ❛❧✳ ❬✽❪✱ /❤❡ ❙❤❛♥♥♦♥ ❡♥/0♦♣② ❢♦0 /❤❡ ❣❛♠♠❛✲X ❢❛♠✐❧② ✐'

❣✐✈❡♥ ❜②

✭✸✳✻✮ ηX = −E

{
log f

(
F−1

(
1− e−T

))}
+ α(1− β) + log

(
β Γ(α)

)
+ (1− α)ψ(α),

✇❤❡0❡ T ∼ Gamma(α, β)✳

❲❡ ✜0'/ ♥❡❡❞ /♦ ✜♥❞ −E
{
log f

(
F−1

(
1− e−T

))}
✱ ✇❤❡0❡ f(x) ❛♥❞ F (x) ❛0❡ /❤❡

♣❞❢ ❛♥❞ ❝❞❢ ♦❢ ❍❈ ❞✐'/0✐❜✉/✐♦♥✳ ■/ ❢♦❧❧♦✇' ✐♠♠❡❞✐❛/❡❧② /❤❛/ log f
(
F−1

(
1− e−T

))
=

log(0.5 π) + 2 log
(
sin(0.5π e−T )

)
❛♥❞ ❤❡♥❝❡ ❜② ✉'✐♥❣ /❤❡ '❡0✐❡' ❡①♣❛♥'✐♦♥ ❢♦0

log
(
sin(0.5π e−T )

)
✭'❡❡ ❬✶✷❪✮ ❛'

✭✸✳✼✮ log
(
sin(0.5π e−T )

)
= log(0.5π)− T +

∞∑

k=1

(−1)k (π)2k B2k

2k (2k)!
e−2kT

︸ ︷︷ ︸
wk

,

✇❤❡0❡ B2k ✐' /❤❡ ❇❡0♥♦✉❧❧✐ ♥✉♠❜❡0✳

❚❤❡0❡❢♦0❡✱

✭✸✳✽✮ −E

{
log f

(
F−1

(
1− e−T

))}
= 3 log(0.5π)− 2E(T ) + 2

∞∑

k=1

wk E
(
e−2kT ).

❚❤❡ 0❡'✉❧/' ✐♥ ✭✸✳✺✮ ❢♦❧❧♦✇❡❞ ❜② '✉❜'/✐/✉/✐♥❣ ✭✸✳✽✮ ✐♥ ✭✸✳✻✮ ❛♥❞ ♥♦/✐♥❣ /❤❛/ E(T ) = αβ
❛♥❞ E

(
e−2kT

)
= (1 + 2kβ)−α✳ �

✸✳✺✳ ▼♦♠❡♥)1✳ ❇② ✉'✐♥❣ /❤❡ ▲❡♠♠❛ ✸✳✶✱ /❤❡ r/❤ ♠♦♠❡♥/' ♦❢ ●❍❈ ❞✐'/0✐❜✉/✐♦♥ ❝❛♥ ❜❡

✇0✐//❡♥ ❛'

✭✸✳✾✮ E(Xr) =
σr

βα Γ(α)

∫
∞

0

(
cot(0.5π e−u)

)r
uα−1 e−u/β du.

❆ '❡0✐❡' ❡①♣❛♥'✐♦♥ ❢♦0 cot(0.5π e−u) ❝❛♥ ❜❡ ♦❜/❛✐♥❡❞ ❢0♦♠ ❬✶✷❪ ❛' ❢♦❧❧♦✇'

✭✸✳✶✵✮ cot(0.5π e−u) =
∞∑

k=0

vk e
−(2k−1)u,

✇❤❡0❡ vk = 2 (−1)k (π)2k−1 B2k

(2k)!
✳

❍❡♥❝❡✱

(
cot(0.5π e−u)

)r
=

∞∑

k1,...,kr=0

vk1,...,kr e
−(2sr−1)u,

✇❤❡0❡ vk1,...,kr = vk=1 vk=2 . . . vk=r ❛♥❞ sr = k1 + k2 + · · ·+ kr✳

❚❤❡0❡❢♦0❡✱ ❢0♦♠ ✭✸✳✾✮ ✇❡ ❣❡/

✭✸✳✶✶✮ E(Xr) = σr
∞∑

k1,...,kr=0

vk1,...,kr
(
2β sr − β + 1

)−α
.

✸✳✺✳ ❚❤❡♦*❡♠✳ ▲❡' X ∼ GHC(α, β, σ)✱ '❤❡♥ E(Xr) ❡①✐1'1 ✐✛ β < r−1
✳



✶✶✹✾

 !♦♦❢✳ ❚❤❡ rth ♠♦♠❡♥& ♦❢ ●❍❈ ❝❛♥ ❜❡ ♦❜&❛✐♥❡❞ ❢0♦♠

✭✸✳✶✷✮ E(Xr) =

∫ 1

0

xr g(x) dx+

∫
∞

1

xr g(x) dx,

✇❤❡0❡ g(x) ✐8 ❞❡✜♥❡❞ ✐♥ ✭✷✳✷✮✳

❲✐&❤♦✉& ❧♦88 ♦❢ ❣❡♥❡0❛❧✐&② ❛88✉♠❡ σ = 1✳ ❋0♦♠ ✭✸✳✶✷✮✱ &❤❡ ❡①✐8&❡♥❝❡ ♦❢ E(Xr) ❡B✉✐✈✲
❛❧❡♥& &♦ &❤❡ ❡①✐8&❡♥❝❡ ♦❢

∫
∞

1
xr g(x) dx✳ ◆♦✇✱

✭✸✳✶✸✮

∫
∞

1

xr g(x) dx =
1

π βα Γ(α)
I,

✇❤❡0❡

I =

∫
∞

1

xr

1 + x2
{
− log

[
1− 0.5π−1 tan−1(x)

]}α−1

×
[
1− 0.5π−1 tan−1(x)

] 1
β
−1

dx.✭✸✳✶✹✮

❈♦♥8✐❞❡0 &❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡B✉❛❧✐&② ✭❆❜0❛♠♦✇✐&③ ❛♥❞ ❙&❡❣✉♥ ❬✶❪✮

✭✸✳✶✺✮ x < − log(1− x) <
x

1− x
, x < 1, x 6= 0.

◆♦✇✱ ❢♦0 α ≥ 1✱ ♦♥❡ ❝❛♥ ✉8❡ &❤❡ 0✐❣❤& ❤❛♥❞✲8✐❞❡ ♦❢ &❤❡ ✐♥❡B✉❛❧✐&② ✐♥ ✭✸✳✶✺✮ &♦ 8❤♦✇ &❤❛&

✭✸✳✶✻✮ I <

∫
∞

1

xr

1 + x2
[
0.5π−1 tan−1(x)

]α−1 [
1− 0.5π−1 tan−1(x)

] 1
β
−α

dx
︸ ︷︷ ︸

τ1(x)

.

▲❡& τ2(x) = x
−

1
β
+α+r−2

✱ &❤❡♥ limx→∞

τ1(x)
τ2(x)

=
(
0.5π−1

) 1
β
−α
✳ ❚❤❡0❡❢♦0❡✱

∫
∞

1
τ1(x) ❡①✐8&8

✐✛

∫
∞

1
τ2(x) ❡①✐8&8 ✐✛

1
β
> α+ r − 1✳ ❙✐♥❝❡ α ≥ 1✱ &❤✐8 ✐♠♣❧✐❡8 &❤❛& 1

β
> r✳ ■❢ α < 1✱ &❤❡

❧❡❢& ❤❛♥❞ 8✐❞❡ ♦❢ &❤❡ ✐♥❡B✉❛❧✐&② ✐♥ ✭✸✳✶✺✮ ✐♠♣❧✐❡8 &❤❛&

✭✸✳✶✼✮ I <

∫
∞

1

xr

1 + x2
[
0.5π−1 tan−1(x)

]α−1 [
1− 0.5π−1 tan−1(x)

] 1
β
−1

dx.

❙✐♠✐❧❛0❧②✱ ♦♥❡ ❝❛♥ 8❤♦✇ &❤❡ 0✐❣❤& ❤❛♥❞ 8✐❞❡ ♦❢ &❤❡ ✐♥&❡❣0❛♥❞ ✐♥ ❡①✐8&8 ✐✛

1
β
> r✳ ❚❤✐8 ❡♥❞8

&❤❡ ♣0♦♦❢✳ �

✸✳✻✳ ▼❡❛♥ ❞❡✈✐❛*✐♦♥,✳ ❚❤❡ ♠❡❛♥ ❞❡✈✐❛&✐♦♥8 ❛❜♦✉& &❤❡ ♠❡❛♥

(
δ1(X) = E(|X − µ′

1|)
)

❛♥❞ ❛❜♦✉& &❤❡ ♠❡❞✐❛♥

(
δ2(X) = E(|X −M |)

)
♦❢ X ❝❛♥ ❜❡ ❡①♣0❡88❡❞ ❛8

✭✸✳✶✽✮ δ1(X) = 2µ′

1F (µ′

1)− 2m1(µ
′

1) and δ2(X) = 2µ′

1 − 2m1(M),

0❡8♣❡❝&✐✈❡❧②✱ ✇❤❡0❡ µ′

1 = E(x) ❝❛♥ ❜❡ ♦❜&❛✐♥❡❞ ❢0♦♠ ✭✸✳✶✶✮ ❜② 8❡&&✐♥❣ r = 1 ❛♥❞ M ✐8 &❤❡

♠❡❞✐❛♥ ♦❢ &❤❡ ●❍❈ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛&❡❞ ❢0♦♠ ▲❡♠♠❛ ✸✳✸ ❛8

✭✸✳✶✾✮ M = σ cot
(
0.5π e−β γ

−1
(
α, 0.5 Γ(α)

))
.

❋✉0&❤❡0✱ F (µ′

1) ❝❛♥ ❡❛8✐❧② ❜❡ ❝♦♠♣✉&❡❞ ❢0♦♠ &❤❡ ✭✷✳✶✮ ❛♥❞ m1(z) =
∫ z
0
x f(x) dx ✭&❤❡

✜08& ✐♥❝♦♠♣❧❡&❡ ♠♦♠❡♥& ♦❢ X✮ ❝❛♥ ❜❡ ❝♦♠♣✉&❡❞ ❢0♦♠

✭✸✳✷✵✮ m1(z) =

∫ z

0

cot(0.5π e−u)uα−1 e−u/β du.

❚❤❡ 0❡8✉❧& ✐♠♠❡❞✐❛&❡❧② ❢♦❧❧♦✇8 ❢0♦♠ ✭✸✳✶✵✮ ❛8

✭✸✳✷✶✮ m1(z) =
σ

Γ(α)

∞∑

k=0

vk (1 + 2β k − β)−α γ
(
α,
z

β
(1 + 2β k − β)

)
.



✶✶✺✵

✸✳✼✳ ▼❡❛♥ '❡(✐❞✉❛❧ ❧✐❢❡ ❢✉♥❝/✐♦♥✳ ▲❡" X ❜❡ ❛ %❛♥❞♦♠ ✈❛%✐❛❜❧❡ ✇✐"❤ ❝❞❢ F 1✉❝❤ "❤❛"

E(X) < ∞✳ ❚❤❡ ♠❡❛♥ %❡1✐❞✉❛❧ ❧✐❢❡ ✭▼❘▲✮ ❢✉♥❝"✐♦♥ ξ(x) ♦❢ X ✐1 ❞❡✜♥❡❞ ❜② ξ(x) =
E(X − x|X > x)✳ ■" ♣❧❛②1 ❛ ♠❛❥♦% %✉❧❡ ✐♥ ♠❛♥② ✜❡❧❞1 1✉❝❤ ❛1 ✐♥❞✉1"%✐❛❧ %❡❧✐❛❜✐❧✐"②✱ ❧✐❢❡
✐♥1✉%❛♥❝❡ ❛♥❞ ❜✐♦♠❡❞✐❝❛❧ 1❝✐❡♥❝❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ "❤❡♦%❡♠ ♣%♦✈✐❞❡1 ❛♥ ❡①♣❛♥1✐♦♥ ❢♦% "❤❡

▼❘▲ ❢♦% "❤❡ ●❍❈ ❞✐1"%✐❜✉"✐♦♥✳

✸✳✻✳ ❚❤❡♦'❡♠✳ ▲❡" X ❜❡ ❛ %❛♥❞♦♠ ✈❛%✐❛❜❧❡ ✇❤✐❝❤ ❢♦❧❧♦✇1 "❤❡ GHC(α, β, σ) 1✉❝❤ "❤❛"
β < 1✱ "❤❡♥ "❤❡ ▼❘▲ ❢✉♥❝"✐♦♥ ✐1 ❣✐✈❡♥ ❜②

✭✸✳✷✷✮ ξ(x) =
σ

Γ(α)S(x)

∞∑

k=0

vk
Γ(α, (2k + β−1 − 1)x)

(2β k − β + 1)α
− x

✇❤❡%❡ Γ(x, a) =
∫

∞

x
ta−1 e−t dt ✐1 "❤❡ ✉♣♣❡% ✐♥❝♦♠♣❧❡"❡ ❣❛♠♠❛ ❢✉♥❝"✐♦♥ ❛♥❞ vk ✐1 ❞❡✜♥❡❞

✐♥ ✭✸✳✶✵✮ ❛♥❞ S(x) ✐1 1✉%✈✐✈❛❧ ❢✉♥❝"✐♦♥ ♦❢ ●❍❈ ❞❡✜♥❡❞ ✐♥ 1❡❝"✐♦♥ ✷✳

?%♦♦❢✳ ❋%♦♠ ▲❡♠♠❛ ✭✸✳✶✮

E(X|X > x) =
σ

βα Γ(α)S(x)

∫
∞

y

cot
(
0.5πe−y

)
yα−1 e−y/β dy.

❖♥ ✉1✐♥❣ "❤❡ ❡①♣❛♥1✐♦♥ ✐♥ ✭✸✳✶✵✮✱ ♦♥❡ ❝❛♥ ❣❡" "❤❡ %❡1✉❧" ✐♥ ✭✸✳✷✷✮✳ �

✸✳✽✳ ❘❡❧✐❛❜✐❧✐/② ❡(/✐♠❛/✐♦♥✳ ❚❤❡ %❡❧✐❛❜✐❧✐"② ♣❛%❛♠❡"❡% R ✐1 ❞❡✜♥❡❞ ❛1 R = P (X > Y )✱
✇❤❡%❡ X ❛♥❞ Y ❛%❡ ✐♥❞❡♣❡♥❞❡♥" %❛♥❞♦♠ ✈❛%✐❛❜❧❡1✳ ▼❛♥② ❛♣♣❧✐❝❛"✐♦♥1 ♦❢ "❤❡ %❡❧✐❛❜✐❧✐"②

♣❛%❛♠❡"❡% ❤❛✈❡ ❛♣♣❡❛%❡❞ ✐♥ "❤❡ ❧✐"❡%❛"✉%❡ 1✉❝❤ ❛1 "❤❡ ❛%❡❛ ♦❢ ❝❧❛11✐❝❛❧ 1"%❡11✲1"%❡♥❣"❤

♠♦❞❡❧ ❛♥❞ "❤❡ ❜%❡❛❦❞♦✇♥ ♦❢ ❛ 1②1"❡♠ ❤❛✈✐♥❣ "✇♦ ❝♦♠♣♦♥❡♥"1✳ ■❢ X ❛♥❞ Y ❛%❡ "✇♦

❝♦♥"✐♥✉♦✉1 %❛♥❞♦♠ ✈❛%✐❛❜❧❡1 ✇✐"❤ ❝❞❢1 F1(x) ❛♥❞ F2(y) ❛♥❞ "❤❡✐% ♣❞❢1 f1(x) ❛♥❞ f2(y)
%❡1♣❡❝"✐✈❡❧②✳ ❚❤❡♥✱ "❤❡ %❡❧✐❛❜✐❧✐"② ♣❛%❛♠❡"❡% R ❝❛♥ ❜❡ ✇%✐""❡♥ ❛1

✭✸✳✷✸✮ R = P (X > Y ) =

∫
∞

−∞

F2(x) f1(x) dx.

✸✳✼✳ ❚❤❡♦'❡♠✳ ❙✉♣♣♦1❡ "❤❛" X ❛♥❞ Y ❛%❡ "✇♦ ✐♥❞❡♣❡♥❞❡♥" ●❍❈ %❛♥❞♦♠ ✈❛%✐❛❜❧❡1 ✇✐"❤

♣❛%❛♠❡"❡%1 α1, β1 ❛♥❞ α2, β2✱ ❛♥❞ ✜①❡❞ 1❝❛❧❡ ♣❛%❛♠❡"❡% σ✳ ❚❤❡♥

✭✸✳✷✹✮ R =
1

Γ(α1) Γ(α2)

∞∑

k=0

(
β1
β2

)α1+k (−1)k Γ(α1 + α2 + k)

k! Γ(α2 + k)
.

?%♦♦❢✳ ❖♥ ✉1✐♥❣ "❤❡ ❢♦❧❧♦✇✐♥❣ 1❡%✐❡1 ❡①♣❛♥1✐♦♥ ❢%♦♠ ❬✶❪

✭✸✳✷✺✮ γ(α, x) =

∞∑

k=0

(−1)k xk+α

k! (k + α)
,

❛♥❞ "❤❡♥ 1✉❜1"✐"✉"✐♥❣ u = − log
[
1− 2π−1 tan−1(x/σ)

]
✱ ✭✸✳✷✸✮ %❡❞✉❝❡1 "♦

✭✸✳✷✻✮ R =
1

βα1

1 Γ(α1) Γ(α2)

∞∑

k=0

(−1)k

k! (α2 + k)βα2+k
2

∫
∞

0

uα1+α2+k−1 e−u/β1 du.

❚❤❡ %❡1✉❧" ✐♥ ✭✸✳✷✹✮ ❢♦❧❧♦✇1 ✐♠♠❡❞✐❛"❡❧② ❢%♦♠ ✭✸✳✷✻✮✳ �

✸✳✾✳ ▼✐①/✉'❡ '❡♣'❡(❡♥/❛/✐♦♥ ♦❢ ●❍❈ ❞❡♥(✐/②✳

✸✳✽✳ ❚❤❡♦'❡♠✳ ❚❤❡ ●❍❈ ❞✐1"%✐❜✉"✐♦♥ ✐1 "❤❡ ❧✐♥❡❛% ❝♦♠❜✐♥❛"✐♦♥ ♦❢ ✐♥✜♥✐"❡ ❡①♣♦♥❡♥"✐❛"❡❞✲

❍❈ ❞❡♥1✐"✐❡1

✭✸✳✷✼✮ g(x) =

∞∑

k=0

wi,j h(α+k+i, σ)(x),



✶✶✺✶

✇❤❡#❡ h(α+k+i, σ)(x) ✐% &❤❡ ❡①♣♦♥❡♥&✐❛&❡❞✲❍❈ ❞❡♥%✐&② ✇✐&❤ ♣♦✇❡# ♣❛#❛♠❡&❡# α+ k+ i ❛♥❞

wi,j =

k∑

j=0

∞∑

i=0

(
k + 1− α

k

)(
k

j

)(
1
β
− 1

i

)
(−1)j+k+i pj,k

(α− j − 1)(α+ k + i) Γ(α)βα
.

2#♦♦❢✳ ❇❛"❡❞ ♦♥ '❤❡ ❢♦*♠✉❧❛ ❣✐✈❡♥ ❛'

❤!!♣✿✴✴ ❢✉♥❝!✐♦♥+✳✇♦❧❢/❛♠✳❝♦♠✴ ❊❧❡♠❡♥!❛/②❋✉♥❝!✐♦♥+✴▲♦❣✴✵✻✴✵✶✴✵✹✴✵✸✴✱ ✇❡ ❝❛♥ ✇*✐'❡

(
− log

[
1− 2π−1 tan−1(x/σ)

])α−1

=

(α− 1)
∞∑

k=0

(
k + 1− α

k

)
k∑

j=0

(−1)j+k
(
k
j

)
pj,k

(α− j − 1)

[ 2
π

tan−1(x/σ)
]α+k−1

.✭✸✳✷✽✮

❍❡*❡✱ '❤❡ ❝♦♥"'❛♥'" pj,k ✭❢♦* j ≥ 0 ❛♥❞ k ≥ 1✮ ❝❛♥ ❜❡ ❞❡'❡*♠✐♥❡❞ *❡❝✉*"✐✈❡❧② ❜②

pj,k = k−1
∞∑

m=1

[k −m(j + 1)] cm pj,k−m,

✇❤❡*❡ pj,0 = 1 ❛♥❞ ck = (−1)k+1 (k + 1)−1
✳

◆♦✇✱ ✉"✐♥❣ '❤❡ ❣❡♥❡*❛❧✐③❡❞ ❜✐♥♦♠✐❛❧ "❡*✐❡" ❡①♣❛♥"✐♦♥

[
1− 2π−1 tan−1(x/σ)

] 1
β
−1

=
∞∑

i=0

(−1)i
(

1
β
− 1

i

)[ 2
π

tan−1(x/σ)
]i
,✭✸✳✷✾✮

✇❤❡*❡

(
a
i

)
= a(a− 1) · · · (a− i+ 1)/i!✳

❚❤❡ *❡"✉❧' ✭✸✳✷✼✮ ❢♦❧❧♦✇" ✐♠♠❡❞✐❛'❡❧② ❜② "✉❜"'✐'✉'✐♥❣ ✭✸✳✷✽✮ ❛♥❞ ✭✸✳✷✾✮ ✐♥ ✭✷✳✷✮✳ �

◆♦'❡ '❤❛' '❤❡ "❡❝♦♥❞ "✉♠♠❛'✐♦♥ ✐♥ wi,j ✐" ✜♥✐'❡ ✇❤❡♥❡✈❡* β
−1
✐" ❛ ♥❛'✉*❛❧ ♥✉♠❜❡*✳

✹✳ ❖#❞❡# &'❛'✐&'✐❝&

❖*❞❡* "'❛'✐"'✐❝" ♠❛❦❡ '❤❡✐* ❛♣♣❡❛*❛♥❝❡ ✐♥ ♠❛♥② ❛*❡❛" ♦❢ "'❛'✐"'✐❝❛❧ '❤❡♦*② ❛♥❞ ♣*❛❝'✐❝❡✳

❙✉♣♣♦"❡ X1, . . . , Xn ✐" ❛ *❛♥❞♦♠ "❛♠♣❧❡ ❢*♦♠ '❤❡ ●❍❈ ❞✐"'*✐❜✉'✐♦♥✳ ▲❡' Xi:n ❞❡♥♦'❡
'❤❡ i'❤ ♦*❞❡* "'❛'✐"'✐❝✳ ❚❤❡♥✱ '❤❡ ♣❞❢ ♦❢ Xi:n ❝❛♥ ❜❡ ❡①♣*❡""❡❞ ❛"

fi:n(x) =
n!

(i− 1)!(n− i)!
f(x)F (x)i−1 {1− F (x)}n−i

=
n!

(i− 1)!(n− i)!

n−i∑

j=0

(−1)j
(
n− i

j

)

f(x)F (x)j+i−1.

■♥"❡*'✐♥❣ ✭✷✳✶✮ ❛♥❞ ✭✷✳✷✮ ✐♥ '❤❡ ❧❛"' ❡M✉❛'✐♦♥ ❛♥❞ ❛❢'❡* "♦♠❡ ❛❧❣❡❜*❛✱ ✇❡ ♦❜'❛✐♥

fi:n(x) =

n−i∑

j=0

(−1)j Γ(n+ 1) (i+ j)−1

Γi Γ(j + 1)Γ(n− i− j + 1)

{
2

π σ Γ(α)βα
[
1 + (x/σ)2

]−1

×
(
− log

[
1− 2π−1 tan−1(x/σ)

])α−1 [
1− 2π−1 tan−1(x/σ)

] 1
β
−1

×




γ
(
α,−β−1 log

[
1− 2π−1 tan−1(x/σ)

])

Γ(α)





j+i−1 }

.

❍❡♥❝❡✱

fi:n(x) =

n−i∑

j=0

ηj fα,β,(j+i)(x),✭✹✳✶✮



✶✶✺✷

✇❤❡#❡

ηj =
(−1)j Γ(n+ 1)

(i+ j) Γ(i) Γ(j + 1)Γ(n− i− j + 1)

❛♥❞ fα,β,(j+i)(x) ✐( )❤❡ ❡①♣♦♥❡♥)✐❛)❡❞✲●❍❈ ❞❡♥(✐)② ✇✐)❤ ♣❛#❛♠❡)❡#(
(
α, β, (i+ j)

)
✳

❊5✉❛)✐♦♥ ✭✹✳✶✮ ✐( )❤❡ ♠❛✐♥ #❡(✉❧) ♦❢ )❤✐( (❡❝)✐♦♥✳ ■) #❡✈❡❛❧( )❤❛) )❤❡ ♣❞❢ ♦❢ )❤❡ ●❍❈

♦#❞❡# ()❛)✐()✐❝( ✐( ❛ ❧✐♥❡❛# ❝♦♠❜✐♥❛)✐♦♥ ♦❢ ❡①♣♦♥❡♥)✐❛)❡❞✲●❍❈ ❞❡♥(✐)✐❡(✳ ❙♦✱ (❡✈❡#❛❧ ♠❛)❤✲

❡♠❛)✐❝❛❧ 5✉❛♥)✐)✐❡( ♦❢ )❤❡(❡ ♦#❞❡# ()❛)✐()✐❝( ❧✐❦❡ ♦#❞✐♥❛#② ❛♥❞ ✐♥❝♦♠♣❧❡)❡ ♠♦♠❡♥)(✱ ❢❛❝✲

)♦#✐❛❧ ♠♦♠❡♥)(✱ ♠❣❢✱ ♠❡❛♥ ❞❡✈✐❛)✐♦♥( ❛♥❞ (❡✈❡#❛❧ ♦)❤❡#( ❝❛♥ ❜❡ ❞❡#✐✈❡❞ ❢#♦♠ )❤♦(❡

5✉❛♥)✐)✐❡( ♦❢ )❤❡ ●❍❈ ❞✐()#✐❜✉)✐♦♥✳

✺✳ ❊#$✐♠❛$✐♦♥ ❛♥❞ ✐♥❢♦,♠❛$✐♦♥ ♠❛$,✐①

■♥ "❤✐% %❡❝"✐♦♥✱ "❤❡ ♠❡"❤♦❞ ♦❢ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡%"✐♠❛"✐♦♥ ✐% ✉%❡❞ "♦ ❡%"✐♠❛"❡

"❤❡ ●❍❈ ❞✐%"5✐❜✉"✐♦♥ ♣❛5❛♠❡"❡5%✳ ❚❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡%"✐♠❛"❡% ✭▼▲❊%✮ ❡♥❥♦② ❞❡✲

%✐5❛❜❧❡ ♣5♦♣❡5"✐❡% "❤❛" ❝❛♥ ❜❡ ✉%❡❞ ✇❤❡♥ ❝♦♥%"5✉❝"✐♥❣ ❝♦♥✜❞❡♥❝❡ ✐♥"❡5✈❛❧% ❛♥❞ 5❡❣✐♦♥%

❛♥❞ ❞❡❧✐✈❡5 %✐♠♣❧❡ ❛♣♣5♦①✐♠❛"✐♦♥% "❤❛" ✇♦5❦ ✇❡❧❧ ✐♥ ✜♥✐"❡ %❛♠♣❧❡%✳ ❚❤❡ 5❡%✉❧"✐♥❣ ❛♣✲

♣5♦①✐♠❛"✐♦♥ ❢♦5 "❤❡ ▼▲❊% ✐♥ ❞✐%"5✐❜✉"✐♦♥ "❤❡♦5② ✐% ❡❛%✐❧② ❤❛♥❞❧❡❞ ❡✐"❤❡5 ❛♥❛❧②"✐❝❛❧❧② ♦5

♥✉♠❡5✐❝❛❧❧②✳ ▲❡" x1, . . . , xn ❜❡ ❛ %❛♠♣❧❡ ♦❢ %✐③❡ n ❢5♦♠ "❤❡ ●❍❈ ❞✐%"5✐❜✉"✐♦♥ ❣✐✈❡♥ ❜②

✭✷✳✷✮✳ ❚❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝"✐♦♥ ❢♦5 "❤❡ ✈❡❝"♦5 ♦❢ ♣❛5❛♠❡"❡5% Θ = (α, β, σ)⊤ ❝❛♥ ❜❡

❡①♣5❡%%❡❞ ❛%

ℓ = n log

[
2

π σ Γ(α)βα

]
−

n∑

i=1

log
[
1 + (xi/σ)

2]

+(α− 1)

n∑

i=1

log
(
− log

[
1− 2π−1 tan−1(xi/σ)

])

+
(

1
β
− 1

) n∑

i=1

log
[
1− 2π−1 tan−1(xi/σ)

]

❚❤❡ ❝♦♠♣♦♥❡♥"% ♦❢ "❤❡ %❝♦5❡ ✈❡❝"♦5 J(Θ) ❛5❡ ❣✐✈❡♥ ❜②

Jα = −nψ(α)− n log β +
n∑

i=1

log
(
− log

[
1− 2π−1 tan−1(xi/σ)

])
,

Jβ = −nαβ−1 − β−2
n∑

i=1

log
[
1− 2π−1 tan−1(xi/σ)

]
,

Jσ = −nσ−1 + 2σ−3
n∑

i=1

x2i
[
1 + (xi/σ)

2]−1

−2(α− 1)π−1 σ−2
n∑

i=1

{
xi tan

−1′(xi/σ)
[
1− 2π−1 tan−1(xi/σ)

]−1

− log
[
1− 2π−1 tan−1(xi/σ)

]
}

+2
(

1
β
− 1

)
π−1 σ−2

n∑

i=1

{
xi tan

−1′(xi/σ)[
1− 2π−1 tan−1(xi/σ)

]
}

.

❙❡""✐♥❣ "❤❡%❡ ❡I✉❛"✐♦♥% "♦ ③❡5♦ ❛♥❞ %♦❧✈✐♥❣ "❤❡♠ %✐♠✉❧"❛♥❡♦✉%❧② ②✐❡❧❞ "❤❡ ♠❛①✐♠✉♠ ❧✐❦❡✲

❧✐❤♦♦❞ ❡%"✐♠❛"❡% ✭▼▲❊%✮ ♦❢ "❤❡ ♠♦❞❡❧ ♣❛5❛♠❡"❡5%✳ ◆✉♠❡5✐❝❛❧ ♠❡"❤♦❞% ❝❛♥ ❜❡ ✉%❡❞ "♦

♦❜"❛✐♥ "❤❡ ▼▲❊ Θ̂✳ ❋♦5 ❡①❛♠♣❧❡✱ "❤❡ ◆❡✇"♦♥✲❘❛♣❤%♦♥ ✐"❡5❛"✐✈❡ "❡❝❤♥✐I✉❡ ❝♦✉❧❞ ❜❡ ❛♣✲

♣❧✐❡❞ "♦ %♦❧✈❡ "❤❡ ❧✐❦❡❧✐❤♦♦❞ ❡I✉❛"✐♦♥% ❛♥❞ ♦❜"❛✐♥ Θ̂ ♥✉♠❡5✐❝❛❧❧②✳ ❋♦5 ✐♥"❡5✈❛❧ ❡%"✐♠❛"✐♦♥

♦❢ "❤❡ ♣❛5❛♠❡"❡5%✱ ✇❡ 5❡I✉✐5❡ "❤❡ 3 × 3 ♦❜%❡5✈❡❞ ✐♥❢♦5♠❛"✐♦♥ ♠❛"5✐① J(Θ) = {−Jrs}
✭❢♦5 r, s = α, β, σ✮ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❚❤❡ ♦❜%❡5✈❡❞ ✐♥❢♦5♠❛"✐♦♥ ♠❛"5✐① ❝❛♥ ❜❡ ❞❡✲

"❡5♠✐♥❡❞ ♥✉♠❡5✐❝❛❧❧② ❢5♦♠ %"❛♥❞❛5❞ ♠❛①✐♠✐③❛"✐♦♥ 5♦✉"✐♥❡%✱ ✇❤✐❝❤ ♣5♦✈✐❞❡ "❤❡ ♦❜%❡5✈❡❞
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✐♥❢♦$♠❛'✐♦♥ ♠❛'$✐① ❛) ♣❛$' ♦❢ '❤❡✐$ ♦✉'♣✉'❀ ❡✳❣✳✱ ♦♥❡ ❝❛♥ ✉)❡ '❤❡ ❘ ❢✉♥❝'✐♦♥) ♦♣"✐♠ ♦$

♥❧♠✱ '❤❡ ❖① ❢✉♥❝'✐♦♥ ▼❛①❇❋●❙✱ '❤❡ ❙❆❙ ♣$♦❝❡❞✉$❡ ◆▲▼✐①❡❞✱ ❛♠♦♥❣ ♦'❤❡$)✱ '♦ ❝♦♠♣✉'❡

J(Θ) ♥✉♠❡$✐❝❛❧❧②✳

❯♥❞❡$ )'❛♥❞❛$❞ $❡❣✉❧❛$✐'② ❝♦♥❞✐'✐♦♥)✱ '❤❡ ♠✉❧'✐✈❛$✐❛'❡ ♥♦$♠❛❧ N3(0, J(Θ̂)−1) ❞✐)'$✐✲

❜✉'✐♦♥ ❝❛♥ ❜❡ ✉)❡❞ '♦ ❝♦♥)'$✉❝' ❛♣♣$♦①✐♠❛'❡ ❝♦♥✜❞❡♥❝❡ ✐♥'❡$✈❛❧) ❢♦$ '❤❡ ♠♦❞❡❧ ♣❛$❛♠✲

❡'❡$)✳ ❍❡$❡✱ J(Θ̂) ✐) '❤❡ '♦'❛❧ ♦❜)❡$✈❡❞ ✐♥❢♦$♠❛'✐♦♥ ♠❛'$✐① ❡✈❛❧✉❛'❡❞ ❛' Θ̂✳ ❚❤❡♥✱ '❤❡

100(1 − γ)% ❝♦♥✜❞❡♥❝❡ ✐♥'❡$✈❛❧) ❢♦$ α✱ β ❛♥❞ σ ❛$❡ ❣✐✈❡♥ ❜② α̂ ± zγ∗/2 ×
√
var(α̂)✱

β̂ ± zγ∗/2 ×

√
var(β̂) ❛♥❞ σ̂ ± zγ∗/2 ×

√
var(σ̂)✱ $❡)♣❡❝'✐✈❡❧②✱ ✇❤❡$❡ '❤❡ var(·)✬) ❞❡♥♦'❡

'❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥') ♦❢ J(Θ̂)−1
❝♦$$❡)♣♦♥❞✐♥❣ '♦ '❤❡ ♠♦❞❡❧ ♣❛$❛♠❡'❡$)✱ ❛♥❞ zγ∗/2 ✐)

'❤❡ ?✉❛♥'✐❧❡ ✭1− γ∗/2✮ ♦❢ '❤❡ )'❛♥❞❛$❞ ♥♦$♠❛❧ ❞✐)'$✐❜✉'✐♦♥✳

❚❤❡ ❧✐❦❡❧✐❤♦♦❞ $❛'✐♦ ✭▲❘✮ )'❛'✐)'✐❝ ❝❛♥ ❜❡ ✉)❡❞ '♦ ❝❤❡❝❦ ✐❢ '❤❡ ●❍❈ ❞✐)'$✐❜✉'✐♦♥ ✐)

)'$✐❝'❧② ✏)✉♣❡$✐♦$✑ '♦ '❤❡ ❍❈ ❞✐)'$✐❜✉'✐♦♥ ❢♦$ ❛ ❣✐✈❡♥ ❞❛'❛ )❡'✳ ❚❤❡ '❡)' ♦❢H0 : α = β = 1
✈❡$)✉) H1 : H0 ✐! ♥♦$ $%✉❡ ✐) ❡?✉✐✈❛❧❡♥' '♦ ❝♦♠♣❛$❡ '❤❡ ●❍❈ ❛♥❞ ❍❈ ❞✐)'$✐❜✉'✐♦♥) ❛♥❞

'❤❡ )'❛'✐)'✐❝ w = −2 log λ = 2{ℓ(α̂, β̂, σ̂) − ℓ(1, 1, σ̃)}✱ ✇❤❡$❡ α̂✱ β̂ ❛♥❞ σ̂ ❛$❡ '❤❡ ▼▲❊)

✉♥❞❡$ H1 ❛♥❞ σ̃ ✐) '❤❡ ▼▲❊ ✉♥❞❡$ H0✱ ✐) ❛)②♠♣'♦'✐❝❛❧❧② ❢♦❧❧♦✇) ❝❤✐✲)?✉❛$❡ ❞✐)'$✐❜✉'✐♦♥

✇✐'❤ ✷ ❞❡❣$❡❡) ♦❢ ❢$❡❡❞♦♠✳ ❙✐♠✐❧❛$❧②✱ '❤❡ '❡)' ♦❢ H0 : α = 1 ✈❡$)✉) H1 : α 6= 1 ✐)

❡?✉✐✈❛❧❡♥' '♦ ❝♦♠♣❛$❡ '❤❡ ●❍❈ ❛♥❞ ❡①♣♦♥❡♥'✐❛'❡❞ ❍❈ ❞✐)'$✐❜✉'✐♦♥) ✇✐'❤ '❤❡ )'❛'✐)'✐❝

w = 2{ℓ(α̂, β̂, σ̂) − ℓ(1, β̃, σ̃)}✱ ✇❤❡$❡ α̂✱ β̂ ❛♥❞ σ̂ ❛$❡ '❤❡ ▼▲❊) ✉♥❞❡$ H1 ❛♥❞ β̃ ❛♥❞ σ̃
❛$❡ '❤❡ ▼▲❊) ✉♥❞❡$ H0✳ ■♥ '❤✐) ❝❛)❡ w ✐) ❛)②♠♣'♦'✐❝❛❧❧② ❢♦❧❧♦✇) ❝❤✐✲)?✉❛$❡ ❞✐)'$✐❜✉'✐♦♥

✇✐'❤ ✶ ❞❡❣$❡❡) ♦❢ ❢$❡❡❞♦♠✳

✺✳✶✳ ❙✐♠✉❧❛)✐♦♥ ,)✉❞②✳ ❲❡ ❡✈❛❧✉❛'❡ '❤❡ ♣❡$❢♦$♠❛♥❝❡ ♦❢ '❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ♠❡'❤♦❞

❢♦$ ❡)'✐♠❛'✐♥❣ '❤❡ ●❍❈ ♣❛$❛♠❡'❡$) ✉)✐♥❣ ▼♦♥'❡ ❈❛$❧♦ )✐♠✉❧❛'✐♦♥ ❢♦$ ❛ '♦'❛❧ ♦❢ '✇❡♥'②

❢♦✉$ ♣❛$❛♠❡'❡$ ❝♦♠❜✐♥❛'✐♦♥) ❛♥❞ '❤❡ ♣$♦❝❡)) ✐) $❡♣❡❛'❡❞ ✷✵✵ '✐♠❡)✳ ❚✇♦ ❞✐✛❡$❡♥' )❛♠✲

♣❧❡ )✐③❡) n = 100 ❛♥❞ ✸✵✵ ❛$❡ ❝♦♥)✐❞❡$❡❞✳ ❚❤❡ ▼▲❊) ❛♥❞ '❤❡ )'❛♥❞❛$❞ ❞❡✈✐❛'✐♦♥) ♦❢ '❤❡

♣❛$❛♠❡'❡$ ❡)'✐♠❛'❡) ❛$❡ ❧✐)'❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ❚❤❡ ▼▲❊) ♦❢ α✱ β ❛♥❞ σ ❛$❡ ❞❡'❡$♠✐♥❡❞ ❜②

)♦❧✈✐♥❣ '❤❡ ♥♦♥❧✐♥❡❛$ ❡?✉❛'✐♦♥) U(Θ) = 0✳ ❋$♦♠ ❚❛❜❧❡ ✶✱ ✇❡ ♥♦'❡ '❤❛' '❤❡ ▼▲ ♠❡'❤♦❞

♣❡$❢♦$♠) ✇❡❧❧ ❢♦$ ❡)'✐♠❛'✐♥❣ '❤❡ ♠♦❞❡❧ ♣❛$❛♠❡'❡$)✳ ❆❧)♦✱ ❛) '❤❡ )❛♠♣❧❡ )✐③❡ ✐♥❝$❡❛)❡)✱

'❤❡ ❜✐❛)❡) ❛♥❞ '❤❡ )'❛♥❞❛$❞ ❞❡✈✐❛'✐♦♥) ♦❢ '❤❡ ▼▲❊) ❞❡❝$❡❛)❡ ❛) ❡①♣❡❝'❡❞✳
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❚❛❜❧❡ ✶✿ ▼▲❊* ❛♥❞ *-❛♥❞❛.❞ ❞❡✈✐❛-✐♦♥* ❢♦. ✈❛.✐♦✉* ♣❛.❛♠❡-❡. ✈❛❧✉❡*✳

❙❛♠♣❧❡ )✐③❡ ❆❝.✉❛❧ ✈❛❧✉❡) ❊).✐♠❛.❡❞ ✈❛❧✉❡) ❙.❛♥❞❛4❞ ❞❡✈✐❛.✐♦♥)

n α β σ α̃ β̃ σ̃ α̃ β̃ σ̃
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J(Θ) = −
∂2ℓ(Θ)

∂Θ ∂Θ⊤
= −




Jαα Jαβ Jασ
� Jββ Jβσ
� � Jσσ



 ,
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❋✐❣✉$❡ ✹✳ .❧♦%$ ♦❢ %❤❡ ❡$%✐♠❛%❡❞ ♣❞❢$ ❛♥❞ ❝❞❢$ ♦❢ %❤❡ ●❍❈✱ ❇❍❈✱

❑❍❈ ❛♥❞ ❊❍❈ ♠♦❞❡❧$ ❢♦9 ❞❛%❛ $❡% ✷✳

✇❤♦$❡ ❡❧❡♠❡♥%$ ❛9❡

Jαα = −nψ′(α) ,

Jαβ = −
n

β
,

Jασ =
2

π σ2

n∑

i=1

{
xi tan

−1′(xi/σ)
[
1− 2π−1 tan−1(xi/σ)

]−1

− log
[
1− 2π−1 tan−1(xi/σ)

]
}

,

Jββ =
nα

β
+

2

β3

n∑

i=1

log
[
1− 2π−1 tan−1(xi/σ)

]
,

Jβσ = −
2

π σ2β2

n∑

i=1

{
xi tan

−1′(xi/σ)[
1− 2π−1 tan−1(xi/σ)

]
}
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Jσσ =
2

σ2
+

n∑

i=1

{
4x4i

σ6 [1 + (xi/σ)2]
2 −

6x2i
σ4 [1 + (xi/σ)2]

}

−
(

1
β
− 1

) n∑

i=1

{
4xi tan

−1′(xi/σ)

π σ3
[
1− 2π−1 tan−1(xi/σ)

]

+
4x2i tan−1′(xi/σ)

2

π2 σ4
{[

1− 2π−1 tan−1(xi/σ)
]}2 +

2x2i tan−1′′(xi/σ)

π σ4
{[

1− 2π−1 tan−1(xi/σ)
]}

}

− (α− 1)
n∑

i=1

{
4xi tan

−1′(xi/σ)

π σ3 log
[
1− 2π−1 tan−1(xi/σ)

] (
1− 2π−1 tan−1(xi/σ)

)

+
4x2i tan−1′(xi/σ)

2

π2 σ4 log
{[

1− 2π−1 tan−1(xi/σ)
]}2

{(
1− 2π−1 tan−1(xi/σ)

)}2

+
4x2i tan−1′(xi/σ)

2

π2 σ4 log
[
1− 2π−1 tan−1(xi/σ)

] {(
1− 2π−1 tan−1(xi/σ)

)}2

+
2x2i tan−1′′(xi/σ)

π σ4 log
[
1− 2π−1 tan−1(xi/σ)

](
1− 2π−1 tan−1(xi/σ)

)
}

,

✇❤❡#❡ ψ(α) = ∂ log Γ(α)
∂α

= Γ(α)′

Γ(α)
✐% &❤❡ ♣♦❧②❣❛♠♠❛ ❢✉♥❝&✐♦♥ ❛♥❞ ψ′(α) = ∂2 log Γ(α)

(∂α)2
=

∂ ψ(α)
∂ α
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$❤❛$ $❤❡ ❡✈❡♥$ ❞♦❡1 ♥♦$ ♦❝❝✉) ✐♥ ❛ ♣❡)✐♦❞ ♦❢ $✐♠❡ ❜✉$ ❤❡✴1❤❡ ❞♦❡1 ♥♦$ ❦♥♦✇ ❤♦✇ ❧♦♥❣

$❤❡ ❡✈❡♥$ ✐1 ♥❡❡❞✐♥❣ $♦ ♦❝❝✉)✳ ❚❤❡1❡ 1✐$✉❛$✐♦♥1 ❛)❡ ❢)❡Q✉❡♥$❧② )❡♣❡❛$❡❞ ✐♥ $❤❡ ♥❛$✉)❡❀

♣❡)❤❛♣1 $❤❡ ❜✐♦✲1❛♥✐$❛)② ✭$❤❡ 1$✉❞② ♦❢ $✐♠❡ $♦ ❞❡❛$❤ ✐♥ ♣❛$✐❡♥$1 ✇✐$❤ 1♦♠❡ ♣❛)$✐❝✉❧❛)

❞✐1❡❛1❡✮ ✐1 ♦♥❡ ♦❢ $❤❡ ♠♦1$ ❦♥♦✇♥ ✜❡❧❞1✳ ❖❢ ❝♦✉)1❡✱ $❤❡)❡ ❡①✐1$1 ❛ ✈❛1$ ❧✐$❡)❛$✉)❡ ❛❜♦✉$

∗
❍♦"♣✐%❛❧ ❯♥✐✈❡,"✐%❛,✐♦ ❞❡ ❆"%✉,✐❛" ✭❍❯❈❆✮✱ ❊♠❛✐❧✿ ♣❛❜❧♦♠❝❅❢✐❝②+✳❡.

†
❯♥✐✈❡,"✐❞❛❞ ❆✉%♦♥♦♠❛ ❞❡ ❈❤✐❧❡✱ ❈❤✐❧❡

‡
8❛❜❧♦ ▼❛,%;♥❡③✲❈❛♠❜❧♦,✳ ❉♣%♦✳ ❊"%❛❞;"%✐❝❛ ❡ ■❖ ② ❉▼✱ ❋❛❝✉❧%❛❞ ❞❡ ❈✐❡♥❝✐❛"✱ ❝✴ ❈❛❧✈♦

❙♦%❡❧♦ "✴♥✱ ✸✸✵✵✺ ❖✈✐❡❞♦✱ ❆"%✉,✐❡"✱ ❙♣❛✐♥✳



✶✶✻✷

 !❛!✐ !✐❝❛❧  ✉'✈✐✈❛❧ ♠❡!❤♦❞ ✱ ❛♠♦♥❣ ❛❧❧✱ ✇❡ ✇❛♥! !♦ '❡♠❛'❦ !❤❡ ✐♥❞✐ ♣❡♥ ❛❜❧❡ ♠♦♥♦❣'❛♣❤

♦❢ ❑❛❧❜✢❡✐ ❤ ❛♥❞ 8'❡♥!✐❝❡ ✭✷✵✵✷✮✳

▲❡! T ❜❡ !❤❡ ♥♦♥✲♥❡❣❛!✐✈❡ '❛♥❞♦♠ ✈❛'✐❛❜❧❡ '❡♣'❡ ❡♥!✐♥❣ !❤❡ ❢❛✐❧✉'❡ !✐♠❡ ♦❢ ✐♥!❡'❡ !✱

❛ ✐ ✇❡❧❧✲❦♥♦✇♥✱ ✐♥  ✉'✈✐✈❛❧ ❛♥❛❧② ✐ ✱ !❤❡'❡ ❛'❡ ♠❛✐♥❧② !❤'❡❡ ❞✐✛❡'❡♥! ✇❛② !♦  ♣❡❝✐❢②

✐! ❞✐ !'✐❜✉!✐♦♥ ✭ ❡❡✱ ❢♦' ✐♥ !❛♥❝❡✱ ❑❛❧❜✢❡✐ ❤ ❛♥❞ 8'❡♥!✐❝❡ ✭✷✵✵✷✮✮✿ !❤❡  ✉'✈✐✈♦' ❢✉♥❝!✐♦♥✱

!❤❡ ♣'♦❜❛❜✐❧✐!② ❞❡♥ ✐!② ❢✉♥❝!✐♦♥✱ ❛♥❞ !❤❡ ❤❛③❛'❞ ❢✉♥❝!✐♦♥✳ ❚❤❡  ✉'✈✐✈♦' ❢✉♥❝!✐♦♥  !❛♥❞ 

❢♦' !❤❡ ♣'♦❜❛❜✐❧✐!② !❤❛! !❤❡ ❡✈❡♥! ♦❝❝✉' ❛❢!❡' ❛ ✜①❡❞ ✈❛❧✉❡ ♦❢ !✐♠❡✱ t✱ !❤❛! ✐ ✱

✭✶✳✶✮ S(t) = P{T > t}, 0 ≤ t < ∞.

◆♦!❡ !❤❛! ✐❢ F ❞❡♥♦!❡ !❤❡  !❛♥❞❛'❞ ❝✉♠✉❧❛!✐✈❡ ❞✐ !'✐❜✉!✐♦♥ ❢✉♥❝!✐♦♥ ✭❈❉❋✮ ❢♦' !❤❡

'❛♥❞♦♠ ✈❛'✐❛❜❧❡ T ✱ S(t) = 1 − F (t) ✭0 ≤ t < ∞✮✳ ❉✐'❡❝!❧②✱ ✇❤❡♥ T ✐ ❛♥ ❛❜ ♦❧✉!❡❧②

❝♦♥!✐♥✉♦✉ ✈❛'✐❛❜❧❡✱ !❤❡ ♣'♦❜❛❜✐❧✐!② ❞❡♥ ✐!② ❢✉♥❝!✐♦♥ ✭8❉❋✮ ✐ ❞❡✜♥❡❞ ✐♥ !❤❡  !❛♥❞❛'❞

❢♦'♠✱

✭✶✳✷✮ f(t) = d[1− S(t)]/dt = dF (t)/dt, 0 ≤ t < ∞.

❖❜✈✐♦✉ ❧②✱ ✐! ❤♦❧❞ S(t) =
∫∞

t
f(u)du✳ ❋✐♥❛❧❧②✱ !❤❡ ❤❛③❛'❞ ❢✉♥❝!✐♦♥  !❛♥❞ ❢♦' !❤❡ '❛!❡

♦❢ !❤❛! !❤❡ ❡✈❡♥! ♦❝❝✉' ✐♥ !❛♥!❛♥❡♦✉ ❧② ❛❢!❡' !❤❡ !✐♠❡ t ✇❤❡♥ ✐! ✐ ❦♥♦✇♥ !❤❛! ✐! ❞♦❡ 

♥♦! ❤❛♣♣❡♥ ❜❡❢♦'❡ t❀ !❤❛! ✐ ✱

λ(t) = lim
h→0+

P{T < t+ h|T ≥ t}/h

= f(t)/S(t) = −d log(S(t))/dt, 0 ≤ t < ∞.✭✶✳✸✮

■♥!❡❣'❛!✐♥❣ ✇✐!❤ '❡ ♣❡❝! !♦ t ❛♥❞ !❛❦✐♥❣ ✐♥!♦ ❛❝❝♦✉♥! !❤❛! S(0) = 1✱ ✐! ❤♦❧❞ !❤❡ ❡P✉❛❧✐!②

✭✶✳✹✮ S(t) = exp

{

−
∫ t

0

λ(u)du

}

= exp{−Λ(t)}, 0 ≤ t < ∞.

✇❤❡'❡ Λ(t) =
∫ t

0
λ(u)du ✐ ❦♥♦✇♥ ❛ !❤❡ ❝✉♠✉❧❛%✐✈❡ ❤❛③❛+❞ ❢✉♥❝!✐♦♥✳ ❙!❛♥❞❛'❞ ❛♥❛❧② ✐ ♦❢

 ✉'✈✐✈❛❧ ❞❛!❛ ✉ ✉❛❧❧② ✐♥❝❧✉❞❡ !❤❡ ♥♦♥✲♣❛'❛♠❡!'✐❝ ❑❛♣❧❛♥✲▼❡✐❡' ✭❑▼✮ ❡ !✐♠❛!♦' ✭❑❛♣❧❛♥

❛♥❞ ▼❡✐❡' ✭✶✾✺✽✮ ❢♦' !❤❡  ✉'✈✐✈♦' ❝✉'✈❡ ❡ !✐♠❛!✐♦♥ ❛♥❞ !❤❡  ❡♠✐✲♣❛'❛♠❡!'✐❝ ♣'♦♣♦'!✐♦♥❛❧

❤❛③❛'❞ ❈♦① '❡❣'❡  ✐♦♥ ✭❈♦① ✭✶✾✼✷✮✮ ✐♥ ♦'❞❡' !♦ ❡①♣❧♦'❡ ♣♦  ✐❜❧❡ ❝♦✈❛'✐❛!❡ ❡✛❡❝! ✳

❯♥❞❡' !❤❡ ✉ ✉❛❧ ❛  ✉♠♣!✐♦♥ ♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡ ❜❡!✇❡❡♥ !✐♠❡ !♦ ❡✈❡♥! ❛♥❞ ❝❡♥ ♦'✐♥❣

!✐♠❡✱ !❤❡ ❑▼ ❡ !✐♠❛!♦' ❤❛ '❡❛❧❧② ❣♦♦❞ ♣'♦♣❡'!✐❡ ✭✐♥ !❤❡ ❙❡❝!✐♦♥ ✷✱  ♦♠❡ ♣'♦♣❡'!✐❡ ♦❢

!❤❡ ❑▼ ❡ !✐♠❛!♦' ❛'❡ ♣♦✐♥!❡❞ ♦✉!✮❀ ✐♥ ❛❞❞✐!✐♦♥✱ ✐! ❤❛ ❛ ❞✐'❡❝! ❛♥❞  ✐♠♣❧❡ ♣'♦❜❛❜✐❧✐ !✐❝

✐♥!❡'♣'❡!❛!✐♦♥✳ ❍♦✇❡✈❡'✱ ✇❤❡♥ !❤❡  !✉❞✐❡❞ ❡✈❡♥! ♥♦! ♥❡❝❡  ❛'✐❧② ❤❛♣♣❡♥ ❀ ✐✳❡✳✱ !❤❡'❡ ❡①✲

✐ ! ♦♥❡ ✭♦' ♠♦'❡✮ ❡✈❡♥! ✇❤✐❝❤ ✐ ✐♥❝♦♠♣❛!✐❜❧❡ ✇✐!❤ !❤❡  !✉❞✐❡❞ ♦♥❡✱ !❤❡ ❑▼ ❡ !✐♠❛!♦'

♦✈❡'❡ !✐♠❛!❡❞ !❤❡ ♣'♦❜❛❜✐❧✐!② !❤❛! !❤❡ ❡✈❡♥! ❤❛♣♣❡♥ ✳ ■♥ ♣'❛❝!✐❝❡✱ !❤❡ ❡  ✐!✉❛!✐♦♥ ❛'❡

'❡❛❧❧② ❢'❡P✉❡♥!❀ ❢♦' ✐♥ !❛♥❝❡✱ ✇❤❡♥ !❤❡  !✉❞✐❡❞ ✈❛'✐❛❜❧❡ ✐ !❤❡ !✐♠❡ !♦ '❡❝✉''❡♥❝❡ ♦❢  ♦♠❡

❞✐ ❡❛ ❡❀ ♦❜✈✐♦✉ ❧②✱ ❞❡❛!❤ ✇✐!❤♦✉! '❡❝✉''❡♥❝❡ ♠❛❦❡ ♥♦! ♣♦  ✐❜❧❡ !❤❡ ❞✐ ❡❛ ❡ '❡❧❛♣ ❡ ♦'✱

✇❤❡♥ !❤❡ '❡ ❡❛'❝❤❡' ✐ ✐♥!❡'❡ !❡❞ ✐♥ !❤❡ !✐♠❡ !♦ ❞❡❛!❤ ❜② ❛ ♣❛'!✐❝✉❧❛' ❝❛✉ ❡❀ !❤❡ ❞❡❛!❤

❢♦' ♦!❤❡' ❝❛✉ ❡ ✐ ✱ ❧♦❣✐❝❛❧❧②✱ ♥♦! ❝♦♠♣❛!✐❜❧❡ ✇✐!❤ !❤❡ ❝♦♥ ✐❞❡'❡❞ ❡✈❡♥!✳ ■♥ !❤✐ ✇♦'❦✱ !❤❡

❛✉!❤♦' ❡①♣❧♦'❡ !❤❡  ✉'✈✐✈❛❧ ❝✉'✈❡ ❡ !✐♠❛!✐♦♥ ✐♥ !❤❡ ❝♦♠♣❡%✐♥❣ +✐1❦  ❡!!✐♥❣✳ 8❛'!✐❝✉❧❛'❧②✱

!❤❡ ❛❞✈❛♥!❛❣❡ ♦❢ ✉ ✐♥❣ !❤❡ ♠✉❧!✐♣❧❡ ❞❡❝'❡♠❡♥! ✭▼❉✮ ❡ !✐♠❛!♦' ✭❆❛❧❡♥ ✭✶✾✼✽✮✮ ❛'❡ ✐♥✈❡ ✲

!✐❣❛!❡❞ ✈✐❛ ▼♦♥!❡ ❈❛'❧♦  ✐♠✉❧❛!✐♦♥ ✭❙❡❝!✐♦♥ ✹✮✳ ❋'♦♠ ❛ '❡❛❧ ♣'♦❜❧❡♠ ❞❛!❛ ❡!✱ ✐♥ ❙❡❝!✐♦♥

✺✱ !❤❡ ❞✐✛❡'❡♥❝❡ ❜❡!✇❡❡♥ !❤❡ ❑▼ ❛♥❞ !❤❡ ▼❉ ❡ !✐♠❛!♦' ❛'❡ ♣♦✐♥!❡❞ ♦✉!❀ ♣❛'!✐❝✉❧❛'❧②✱

!❤❡ ❞✐ !'✐❜✉!✐♦♥ ♦❢ !❤❡ !✐♠❡✲❢'❡❡ ♦❢ ❧❡✉❦❡♠✐❛ ✐♥ ♣❛!✐❡♥! ✇✐!❤ ♠②❡❧♦❞② ♣❧❛ ✐❛ ✐ ❛♥❛❧②③❡❞✳

❋✐♥❛❧❧②✱ ✐♥ ❙❡❝!✐♦♥ ✻✱ !❤❡ ❛✉!❤♦' ♣'❡ ❡♥! ❤✐ ❝♦♥❝❧✉ ✐♦♥ ✳

✷✳ ❚❤❡ ❑❛♣❧❛♥✲▼❡✐❡- ❡./✐♠❛/♦-

❚❤❡ ✇❡❧❧✲❦♥♦✇♥ ❑❛♣❧❛♥✲▼❡✐❡' ♦' ♣'♦❞✉❝!✲❧✐♠✐! ❡ !✐♠❛!♦' ✇❛ ♣'♦♣♦ ❡❞ ✐♥ ✶✾✺✽ ✐♥

♦♥❡ ♦❢ !❤❡ ♠♦ ! ✭♦' !❤❡ ♠♦ !✱ ❞❡♣❡♥❞✐♥❣ ♦♥ !❤❡ ❝♦♥ ✉❧!❡❞  ♦✉'❝❡✮ ❝✐!❡❞ ❛♥❞ ♣♦♣✉❧❛'

 !❛!✐ !✐❝❛❧ ♣❛♣❡' ✭❑❛♣❧❛♥ ❛♥❞ ▼❡✐❡' ✭✶✾✺✽✮✮✳ ■♥ !❤❛! ✇♦'❦✱ !❤❡ ❛✉!❤♦' ♣'♦♣♦ ❡❞ ❛
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♥♦♥✲♣❛%❛♠❡(%✐❝ ♠❡(❤♦❞ ❢♦% (❤❡ ❡.(✐♠❛(✐♦♥ ♦❢ (❤❡ ❝✉♠✉❧❛(✐✈❡ ❞✐.(%✐❜✉(✐♦♥ ❢✉♥❝(✐♦♥ ❢%♦♠

✐♥❝♦♠♣❧❡(❡ ♦❜.❡%✈❛(✐♦♥.✳ ❚❤❡ .(❛♥❞❛%❞ ♠❛(❤❡♠❛(✐❝❛❧ ❢♦%♠✉❧❛(✐♦♥ ✐. ❛. ❢♦❧❧♦✇.✿ ❧❡( T =
{T1, . . . , TN} ❜❡ (❤❡ (✐♠❡. (♦ ❡✈❡♥( ❛♥❞ ❧❡( C = {C1, . . . , CN} ❜❡ (❤❡ ❝❡♥.♦% (✐♠❡.✱ ❧❡( F
❛♥❞ G ❜❡ (❤❡ ❈❉❋. ❢♦% (❤❡ (✐♠❡ (♦ ❡✈❡♥( ❛♥❞ (❤❡ ❝❡♥.♦% (✐♠❡✱ %❡.♣❡❝(✐✈❡❧②✳ ❚❤❡ ♦❜.❡%✈❡❞

(✐♠❡. ❛%❡ Z = {Z1, . . . , ZN} ✇❤❡%❡ Zj = min{Tj , Cj} ✭1 ≤ i ≤ N✮✳ ■♥ ❛❞❞✐(✐♦♥✱ ✐( ✐.

❛❧.♦ ❦♥♦✇♥ ✇❤❛( (✐♠❡ ✐. %❡❛❧❧② ♦❜.❡%✈❡❞❀ ✐✳❡✳✱ (❤❡ ✜♥❛❧ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦%♠❛(✐♦♥ ❛%❡ (❤❡ ♣❛✐%.

{(Z1, δ1), . . . , (ZN , δN )}✱ ✇❤❡%❡ δj = ITj
(Zj) ✭(❛❦❡. (❤❡ ✈❛❧✉❡ 1 ✐❢ (❤❡ (✐♠❡ (♦ ❡✈❡♥( ✐.

♦❜.❡%✈❡❞ ❛♥❞ 0 ♦(❤❡%✇✐.❡✮✳ ❚❤❡♥✱ (❤❡ ❑▼ ❡.(✐♠❛(♦% ❢♦% (❤❡ .✉%✈✐✈♦% ❢✉♥❝(✐♦♥ ✐. ❞❡✜♥❡❞

❜②

✭✷✳✶✮ ŜN (t) =
N
∏

j=1

{

1− δ(j) · I(−∞,t](Z(j))

N − j + 1

}

,

✇❤❡%❡ ❢♦% j ∈ 1 . . . , N ✱ (❤❡ ♣❛✐%. (Z(j), δ(j)) .❛(✐.❢② (❤❛( Z(1) ≤ Z(2) ≤ · · · ≤ Z(N)✳ ■♥

(❤✐. ❝♦♥(❡①(✱ (❤❡ ❑❛♣❧❛♥✲▼❡✐❡% ✐. (❤❡ ♠❛①✐♠✉♠✲❧✐❦❡❧✐❤♦♦❞ ❡.(✐♠❛(♦%✳ ■♥ ❛❞❞✐(✐♦♥✱ (❤❡✐%

♣%♦♣❡%(✐❡. ❤❛✈❡ ❜❡❡♥ ❞❡❡♣❧② .(✉❞✐❡❞❀ ❛.②♠♣(♦(✐❝ ♥♦%♠❛❧✐(② ❝❛♥ ❜❡ ❞❡%✐✈❡❞ ❢%♦♠ (❤❡ ✇♦%❦

♦❢ ❈.G%❣➤ ✭✶✾✾✻✮ ✐♥ ✇❤✐❝❤✱ ✉♥❞❡% ✉.✉❛❧ ❛♥❞ ♠✐❧❞ ❛..✉♠♣(✐♦♥.✱ (❤❡ .♦✲❝❛❧❧❡❞ ❍✉♥❣❛%✐❛♥

❡♠❜❡❞❞✐♥❣+ ✭❑♦♠❧L.✱ ▼❛❥♦% ❛♥❞ ❚✉.♥N❞② ✭✶✾✼✺✮✮ ❛♥❞ (❤❡ ❧❛✇ ♦❢ (❤❡ ✐(❡%❛(❡❞ ❧♦❣❛%✐(❤♠

❛%❡ ❣❡♥❡%❛❧✐③❡❞ (♦ (❤❡ %❛♥❞♦♠ %✐❣❤( ❝❡♥.♦%.❤✐♣ ❝❛.❡✳ ❆❧(❤♦✉❣❤ .♦♠❡ ❛❧(❡%♥❛(✐✈❡ ♠❡(❤♦❞.

❤❛✈❡ ❜❡❡♥ ♣%♦♣♦.❡❞ ✭.❡❡✱ ❢♦% ✐♥.(❛♥❝❡ S❡(♦ ❡( ❛❧✳ ✭✶✾✼✺✮ ♦% ❙✐♠♦♥ ❛♥❞ ▲❡❡ ✭✶✾✽✷✮✮✱ (❤❡

✈❛%✐❛♥❝❡ ♦❢ (❤❡ ❑▼ ❡.(✐♠❛(♦% ✐. ✉.✉❛❧❧② ❛♣♣%♦①✐♠❛(❡❞ ❢%♦♠ (❤❡ ●%❡❡♥✇♦♦❞✬. ❢♦%♠✉❧❛

✭●%❡❡♥✇♦♦❞ ✭✶✾✷✻✮✮✱

V[ŜN (t)] =
N
∑

j=1

δ(j) · I(−∞,t](Z(j))

N −∑N
j=1 I(−∞,t](Z(j))

.

❖♥ (❤❡ ♦(❤❡% ❤❛♥❞✱ ❇✐(♦✉③[ ❡( ❛❧✳ ✭✶✾✾✾✮ ♣%♦✈✐❞❡❞ ❛ ❉✈♦%❡(③❦②✲❑✐❡❢❡%✲❲♦❧❢♦✇✐(③ (②♣❡

✐♥❡]✉❛❧✐(② ❢♦% (❤❡ ❑❛♣❧❛♥✲▼❡✐❡% ❡.(✐♠❛(♦%❀ ✐♥ ♣❛%(✐❝✉❧❛%✱ (❤❡② ❡.(❛❜❧✐.❤❡❞ (❤❛( (❤❡%❡ ❡①✐.(.

❛♥ ❛❜.♦❧✉(❡ ❝♦♥.(❛♥( K .✉❝❤ (❤❛(✱

P

{

sup
t∈R

|(1−G(t)) · (ŜN (t)− S(t))| > λ/
√
n

}

≤ 2.5 · e−2λ2+Kλ,

❢♦% ❛♥② ♣♦.✐(✐✈❡ ✈❛❧✉❡ λ✳ ❋✐❣✉%❡ ✶ ❞❡♣✐❝(. (❤❡ ❑❛♣❧❛♥✲▼❡✐❡% ❡.(✐♠❛(✐♦♥ ❥♦✐♥( ✇✐(❤ ❛ ✾✺✪

❝♦♥✜❞❡♥❝❡ ❜❛♥❞ ✭❝♦♠♣✉(❡❞ ✉.✐♥❣ (❤❡ ●%❡❡♥✇♦♦❞✬. ❢♦%♠✉❧❛✮✱ ❢♦% (❤❡ (✐♠❡ (♦ ❞❡❛(❤ ✭❛(

❧❡❢(✮ ❛♥❞ (❤❡ (✐♠❡✲❢%❡❡ ♦❢ ❧❡✉❦❡♠✐❛ ✭%✐❣❤(✮ ❢♦% (❤❡ ▼②❡❧♦❞②+♣❧❛+1✐❝ ❞❛(❛.❡(✳ ❚❤✐. ❞❛(❛.❡(

✐. ❢%♦♠ ❛ %❡(%♦.♣❡❝(✐✈❡ .(✉❞② (❤❛( ✐♥❝❧✉❞❡❞ ❤✐❣❤✲%✐.❦ ♣❛(✐❡♥(. %❡♣♦%(❡❞ (♦ (❤❡ ❙♣❛♥✐.❤

●%♦✉♣ ♦❢ ▼②❡❧♦❞②.♣❧❛.(✐❝ ❙②♥❞%♦♠❡. ❘❡❣✐.(%② ✭❘❊❙▼❉✮ ❜❡(✇❡❡♥ ②❡❛%. ✷✵✵✵ ❛♥❞ ✷✵✶✸✳

❚❤✐. ❞❛(❛ ✇✐❧❧ ❜❡ ✉.❡❞ ✐♥ ♦%❞❡% (♦ ✐❧❧✉.(%❛(❡ (❤❡ ❝♦♥.✐❞❡%❡❞ ♣%♦❜❧❡♠ ✭.❡❡ ❙❡❝(✐♦♥ ✻✮✳

❆♥②✇❛②✱ ✐♥(❡%❡.(❡❞ %❡❛❞❡%. ❛%❡ %❡❢❡%%❡❞ (♦ ❇❡%♥❛❧ ❡( ❛❧✳ ✭✷✵✶✺✮ ❢♦% ❛❞❞✐(✐♦♥❛❧ ✐♥❢♦%♠❛(✐♦♥

❛❜♦✉( (❤✐. .(✉❞②✳ ❚❤❡ ❞❛(❛.❡( ✐♥❝❧✉❞❡. ❛ (♦(❛❧ ♦❢ ✾✻✽ ♣❛(✐❡♥(. ✭✶✱✷✼✸✳✼ ♣❡%.♦♥.✲②❡❛%✮✱ ✻✶✻

♦❢ (❤❡♠ ❞✐❡❞ ❞✉%✐♥❣ (❤❡ ❢♦❧❧♦✇✲✉♣✳ ❚✇♦✲❤✉♥❞%❡❞ .✐①(② ❡✐❣❤( ♣❛(✐❡♥(. ✭✷✼✳✼✪✮ ❞❡✈❡❧♦♣❡❞

❧❡✉❦❡♠✐❛ ❞✉%✐♥❣ (❤❡ ❢♦❧❧♦✇✲✉♣ ❛♥❞ ✹✵✸ ❞✐❡❞ ✇✐(❤♦✉( ❧❡✉❦❡♠✐❛✳ ■♥ .♣✐(❡ (❤❛(✱ ♦❢ ❝♦✉%.❡✱

(❤❡.❡ ✹✵✸ ♣❛(✐❡♥(. ❛%❡ ♥♦( ❣♦✐♥❣ (♦ ❞❡✈❡❧♦♣ ❧❡✉❦❡♠✐❛ ❛♥②♠♦%❡✱ (❤❡② ❛%❡ ❝♦♥.✐❞❡%❡❞ ❛.

❝❡♥.♦%❡❞ ❢♦% (❤❡ ❑▼ ❡.(✐♠❛(♦%❀ ✐✳❡✳✱ (❤❡✐% ✇❡✐❣❤(. ❛%❡ .♣%❡❛❞ ❛♠♦♥❣ (❤❡ .✉❜❥❡❝(. ✇❤♦ ❛%❡

.(✐❧❧ ❛( %✐.❦✳

❚❤❡ ❑❛♣❧❛♥✲▼❡✐❡% ❡.(✐♠❛(♦%✱ ❧✐❦❡ (❤❡ (%❛❞✐(✐♦♥❛❧ ❡♠♣✐%✐❝❛❧ ❡.(✐♠❛(♦% ❢♦% (❤❡ ❈❉❋✱

✐♥✐(✐❛❧❧② ❛..✐❣♥. (♦ ❡❛❝❤ .❛♠♣❧❡ ♣♦✐♥( ❛ ✇❡✐❣❤( ♦❢ 1/N ✭N .(❛♥❞. ❢♦% (❤❡ .❛♠♣❧❡ .✐③❡✮✳

❚❤❡ ♠❛✐♥ ♣❛%(✐❝✉❧❛%✐(② ✐. (❤❛(✱ ❛( (❤❡ (✐♠❡ (❤❛( ♦♥❡ .✉❜❥❡❝( ✐. ❝❡♥.♦%❡❞✱ ❑▼ ❛..✉♠❡.

(❤❛( ✐(. ✭❢✉(✉%❡✮ ❜❡❤❛✈✐♦% ✇✐❧❧ ❜❡ .✐♠✐❧❛% (♦ (❤❡ ❜❡❤❛✈✐♦% ♦❢ .✉❜❥❡❝(. ✇❤♦ ❛%❡ .(✐❧❧ ❛( %✐.❦❀

(❤❡%❡❢♦%❡✱ (❤❡.❡ .✉❜❥❡❝(. ✐♥❤❡%✐( (❤❡ ✇❡✐❣❤( ♦❢ (❤❡ ❝❡♥.♦%❡❞ .✉❜❥❡❝(✳ ❙✉♣♣♦.❡ (❤❛( (❤❡

♠✐♥✐♠✉♠ (✐♠❡ Z(1) ❝♦%%❡.♣♦♥❞. ✇✐(❤ ❛♥ ❡✈❡♥(✱ ❛( (❤✐. (✐♠❡ ❑▼ ♣%♦❞✉❝❡. ❛ ❥✉♠♣ ♦❢

1/N ✱ (❤❡ .❡❝♦♥❞ (✐♠❡ Z(2) ✐. ❛ ❝❡♥.♦%❡❞ .✉❜❥❡❝(❀ (❤❡♥✱ .✉❜❥❡❝(. ✇❤♦ ❛%❡ .(✐❧❧ ✐♥ (❤❡ .(✉❞②
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❋✐❣✉$❡ ✶✳ ❋♦" #❤❡ ▼②❡❧♦❞②*♣❧❛*#✐❝ ❞❛#❛*❡#✿ ❛# ❧❡❢#✱ ❑❛♣❧❛♥✲▼❡✐❡" ❡*#✐✲

♠❛#✐♦♥ ❢♦" #❤❡ #✐♠❡ #♦ ❞❡❛#❤✱ ❛# "✐❣❤#✱ ❑❛♣❧❛♥✲▼❡✐❡" ❡*#✐♠❛#✐♦♥ ❢♦" #❤❡

❧❡✉❦❡♠✐❛✲❢"❡❡ #✐♠❡✳ ■♥ ❜♦#❤ ♣❛♥❡❧*✱ ✾✺✪ ❝♦♥✜❞❡♥❝❡ ❜❛♥❞* ❛"❡ ✐♥❝❧✉❞❡❞

✭✐♥ ❣"❛②✮✳

0 2 4 6 8 10 12

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

Time (yrs.)

S
u
rv

iv
a
l 
p
ro

b
a
b
ili

ty

0 2 4 6 8 10 12

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

Time (yrs.)

F
re

e
−

le
u
k
e
m

ia
 p

ro
b
a
b
ili

ty

❚❛❜❧❡ ✶✳ ❑❛♣❧❛♥✲▼❡✐❡" ❝♦♥#"✉❝#✐♦♥ ❢♦" #❤❡ ❝❛*❡ ❞❡✲

*❝"✐❜❡❞ ✐♥ #❤❡ ♠❛♥✉*❝"✐♣#✿ ❝♦♥*✐❞❡"❡❞ *♦"#❡❞ *❛♠♣❧❡ ✐*✿

{(Z(1), 1), (Z(2), 0), (Z(3), 1), · · · , (Z(N), δ(N))}✳

❚✐♠❡ ❛- $✐.❦ δ .✉$✈✐✈❛❧

0 N 1
Z(1) N 1 1− [1/N ]
Z(2) N − 1 0 1− [1/N ]
Z(3) N − 2 1 1− [1/N ]− [(1/N) + 1/N(N − 2)]

✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳

✭N − 2✮ ✐♥❤❡"✐# ✐#* ✇❡✐❣❤# ✭1/N✮❀ #❤❡"❡❢♦"❡ #❤❡ ♥❡✇ ✇❡✐❣❤# ♦❢ #❤❡*❡ N − 2 *✉❜❥❡❝#* ✇✐❧❧
❜❡ 1/N + 1/N(N − 2)✳ ❍❡♥❝❡✱ ✐❢ #❤❡ #❤✐"❞ ♦❜*❡"✈❡❞ #✐♠❡✱ Z(3)✱ ✐* ❛❣❛✐♥ ❛♥ ❡✈❡♥#✱ ❑▼

✇✐❧❧ ♣"♦❞✉❝❡✱ ❛# #✐♠❡ Z(3)✱ ❛ ❥✉♠♣ ♦❢ 1/N + 1/N(N − 2)✳ ❚❛❜❧❡ ✶ ❞❡♣✐❝#* *❝❤❡♠❛#✐❝❛❧❧②
#❤❡ ❑▼ ❝♦♥*#"✉❝#✐♦♥✳

✸✳ ❚❤❡ ❝♦♠♣❡)✐♥❣ -✐.❦ ❝♦♥)❡①)

❚❤❡"❡ ❛"❡ ♠❛♥② "❡❛❧ *✐#✉❛#✐♦♥* ✐♥ ✇❤✐❝❤ #❤❡ ❡✈❡♥# ♦❢ ✐♥#❡"❡*# ❞♦❡* ♥♦# ❛❧✇❛②* ♦❝❝✉"❀

✐✳❡✳✱ #❤❡"❡ ❡①✐*# ♦#❤❡" ❡✈❡♥#*✱ ✐♥❝♦♠♣❛#✐❜❧❡ ✇✐#❤ #❤❡ *#✉❞✐❡❞ ♦♥❡✱ ✇❤✐❝❤ ❝❛♥ ❤❛♣♣❡♥ ❜❡❢♦"❡✳

❚❤❡ *#✉❞② ♦❢ #❤❡ #✐♠❡ #♦ ❞❡❛#❤ ❢♦" *♦♠❡ ♣❛"#✐❝✉❧❛" ❝❛✉*❡❀ ❞❡❛#❤ ❢♦" ♦#❤❡" ❝❛✉*❡* ♠❛❦❡*

♥♦# ♣♦**✐❜❧❡ #❤❡ *#✉❞✐❡❞ ❡✈❡♥# ✭*❡❡✱ ❢♦" ✐♥*#❛♥❝❡✱ ❱❡"❞✉✐❥♥ ❡# ❛❧✳ ✭✷✵✶✶✮✮✱ #❤❡ *#✉❞② ♦❢ #❤❡

#✐♠❡✲❢"❡❡ ♦❢ ♦♥❡ ♣❛"#✐❝✉❧❛" ❞✐*❡❛*❡❀ ❞❡❛#❤ ❢♦" ♦#❤❡" ❝❛✉*❡* ♠❛❦❡* ✐♠♣♦**✐❜❧❡ #❤❡ "❡❧❛♣*❡

♦❢ #❤❡ ❝♦♥*✐❞❡"❡❞ ❞✐*❡❛*❡ ✭❇♦♦ ❡# ❛❧✳ ✭✷✵✶✺✮✮✱ ♦" #❤❡ *#✉❞② ♦❢ #❤❡ #"❛♥*♣❧❛♥#❡❞ ♦"❣❛♥
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0Start 2Event 2 

1Event 1 

kEvent k 

P0,i = P0,i(t) = P{Ti ≤ t} Ti

j j ∈ 1, . . . , k

Zj = min{Cj , T1,j , . . . , Tk,j} Ti,j 1 ≤ j ≤ N j
i δj = i i ∈ 0, 1, . . . , k

j 0

i i 1, . . . , k

0

1 = P{T > t}+P{T ≤ t}
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■♥ "❤✐% ❝♦♥"❡①"✱ ✐" ❤♦❧❞% "❤❡ ❡-✉❛❧✐"②✱

1 =P{T > t}+ P{T ≤ t}
=P{T > t}+ P{T ≤ t ∧ δ = 1}+ · · ·+ P{T ≤ t ∧ δ = k}.✭✸✳✶✮

❚❤❡ (✉❛♥,✐,✐❡. P{T ≤ t ∧ δ = i} ✭1 ≤ i ≤ k✮ ❛/❡ ,❤❡ ❝✉♠✉❧❛%✐✈❡ ✐♥❝✐❞❡♥❝❡ ❢✉♥❝%✐♦♥-✳

❍♦✇❡✈❡/✱ ❆♥❞❡/.❡♥✱ ❆❜✐❧❞.,/♦♠ ❛♥❞ ❘♦.,❤♦❥ ✭✷✵✵✷✮ ❝❧❛✐♠❡❞ ,❤❛,✿ ✬,❤✐. ✐.✱ ✐♥ ❢❛❝,✱ ❛

/❛,❤❡/ ✉♥❢♦/,✉♥❛,❡ ♥❛♠❡ ❢♦/ ,❤✐. (✉❛♥,✐,② ❛. ✐, ♠❛② ❣✐✈❡ ,❤❡ ✐♥❝♦//❡❝, ✐♠♣/❡..✐♦♥ ,❤❛,

✐, ✐. ❛ ❝✉♠✉❧❛,✐✈❡ ✐♥,❡♥.✐,②✬✳ ❆❧,❡/♥❛,✐✈❡ ♣/♦♣♦.❡❞ ♥❛♠❡. ❛/❡ ♠❛/❣✐♥❛❧ ♦/ ❝/✉❞❡ ❢❛✐❧✉/❡

♣/♦❜❛❜✐❧✐,✐❡.✳

✹✳ ▼✉❧%✐♣❧❡ ❞❡❝+❡♠❡♥%. ♠❡%❤♦❞

❚❤❡ ♥♦♥♣❛/❛♠❡,/✐❝ ❑❛♣❧❛♥✲▼❡✐❡/ ❡.,✐♠❛,♦/ ❝❛♥ ❜❡ ❛❞❛♣,❡❞ ❢♦/ ,❤❡ ❝♦♠♣❡,✐♥❣ /✐.❦

.❡,,✐♥❣ ✐♥ ,❤❡ .♦✲❝❛❧❧❡❞ ♠✉❧,✐♣❧❡ ❞❡❝/❡♠❡♥, ✭▼❉✮ ♠❡,❤♦❞✳ ❚❤❡ ❝♦♥.✐❞❡/❡❞ ❡.,✐♠❛,♦/ ❢♦/

,❤❡ ❣❡♥❡/❛❧ %/❛♥-✐%✐♦♥ ♣/♦❜❛❜✐❧✐%✐❡- ✇❛. ♣/♦♣♦.❡❞ ❜② ❆❛❧❡♥ ✭✶✾✼✽✮✳ ❍♦✇❡✈❡/✱ ❛♥❞ ✐♥ .♣✐,❡

,❤❛, ❞✐✛❡/❡♥, ♣❛♣❡/. ❤❛✈❡ ,/✐❡❞ ,♦ ♣♦♣✉❧❛/✐③❡ ,❤✐. ♣/♦❝❡❞✉/❡ ✭.❡❡✱ ❢♦/ ✐♥.,❛♥❝❡✱ ▼❛/,O♥❡③✲

❈❛♠❜❧♦/ ❡, ❛❧✳ ✭✷✵✵✾✮ ❛♥❞ /❡❢❡/❡♥❝❡. ,❤❡/❡✐♥✮ ✐, ✐. .,✐❧❧ ❧✐,,❧❡ ✉.❡❞ ❜② ♣/❛❝,✐,✐♦♥❡/. ❛♥❞

✐, ✐. ✉♥❦♥♦✇♥ ❜② ,❤❡ ♣❤②.✐❝✐❛♥.✳ ❚❤❡ ▼❉ ♣/♦❝❡❞✉/❡ ❛..✉♠❡. ,❤❛, ,❤❡ ♣/♦❜❛❜✐❧✐,② ,❤❛,

,✇♦ ❞✐✛❡/❡♥, ❡✈❡♥,. ♦❝❝✉/ .✐♠✉❧,❛♥❡♦✉.❧② ✐. ③❡/♦ ✭✐✳❡✳✱ P{Ti = Tl} = 0 ❢♦/ 1 ≤ i 6= l ≤ k✮✳
❋/♦♠ ,❤✐. ♣/♦✈✐.♦✱ P0,l = P{T ≤ t, δ = l} ✭,/❛♥.✐,✐♦♥ ♣/♦❜❛❜✐❧✐,② ❜❡,✇❡❡♥ ,❤❡ .,❛,❡. 0
❛♥❞ l✱ 1 ≤ l ≤ k✮ ✐. ❡(✉✐✈❛❧❡♥, ,♦ ,❤❡ ♣/♦❜❛❜✐❧✐,② ,❤❛, ❛❧❧ ,❤❡ ✐♥✈♦❧✈❡❞ ,✐♠❡. ✇❡/❡ ❣/❡❛,❡/

♦/ ❡(✉❛❧ ,♦ t ❛♥❞ ,❤❡ .,✉❞✐❡❞ ♦♥❡ ✇❛. ❡①❛❝,❧② t✱ ,❤❛, ✐.

✭✹✳✶✮ P0,l =

∫ t

0

S(u)λl(u)dt =

∫ t

0

S(u)dΛl(u),

✇❤❡/❡ λl(u) ✐. ,❤❡ ❤❛③❛/❞ ❢✉♥❝,✐♦♥ /❡❢❡//❡❞ ,♦ ❡✈❡♥, l✳ ❆ ❞✐/❡❝, ♣❧✉❣✲✐♥ ♠❡,❤♦❞ ✉.✐♥❣

,❤❡ ❑▼ ❡.,✐♠❛,♦/ ❢♦/ ❡.,✐♠❛,❡ S(u)✱ ❛♥❞ ,❤❡ ◆❡❧.♦♥✲❆❛❧❡♥ ❡.,✐♠❛,♦/ ,♦ ❡.,✐♠❛,❡ ,❤❡

❝✉♠✉❧❛,✐✈❡ ✐♥❝✐❞❡♥❝❡ ❢✉♥❝,✐♦♥✱ ❧❡, ✉. ,♦ ♦❜,❛✐♥ ,❤❡ ▼❉ ❡.,✐♠❛,♦/ ❜②

✭✹✳✷✮ ▼❉l(t) =
∑

tj≤t

rl,j
Nj

∏

ti≤t

(

1−
∑k

l=1 rl,i

Ni

)

,

✇❤❡/❡ rl,j ✭1 ≤ l ≤ N✮ ❛♥❞ Nj ❛/❡ ,❤❡ ♥✉♠❜❡/ ♦❢ .✉❜❥❡❝,. ✇❤✐❝❤ ❤❛✈❡ .✉✛❡/❡❞ ,❤❡ ❡✈❡♥,

l ❛♥❞ ✇❤✐❝❤ ✇❡/❡ ❛, /✐.❦ ❥✉., ❜❡❢♦/❡ ♦❢ ♠♦♠❡♥, tj ✭1 ≤ j ≤ N✮✱ /❡.♣❡❝,✐✈❡❧②✳ ❖❢ ❝♦✉/.❡✱

,❤❡♦/❡,✐❝❛❧ ♣/♦♣❡/,✐❡. ♦❢ ,❤❡ ▼❉l(·) ❡.,✐♠❛,♦/ ❤❛✈❡ ❜❡❡♥ ❞❡❡♣❧② .,✉❞✐❡❞✳ ■♥ ❆❛❧❡♥ ✭✶✾✼✽✮

✐. ♣/♦✈❡❞ ✐,. ✉♥✐❢♦/♠ ❝♦♥.✐.,❡♥❝② ✭✇✐,❤ /❛,❡ log(N) ·N−1/2
✮ ❛♥❞ ✐,. ✇❡❛❦ ❝♦♥✈❡/❣❡♥❝❡ ,♦

❛♥ ❛❞❡(✉❛,❡ ●❛✉..✐❛♥ ♣/♦❝❡.. ✭✇✐,❤ ,❤❡ ✉.✉❛❧ /❛,❡ N−1/2
✮✳ ❘❡❝❡♥,❧②✱ ◆❥❛♠❡♥✲◆❥♦♠❡♥

❛♥❞ ◆❣❛,❝❤♦✉✲❲❛♥❞❥✐ ✭✷✵✶✹✮ ❞❡✈❡❧♦♣❡❞ ❛❞❛♣,❡❞ .,♦❝❤❛.,✐❝ ♣/♦❝❡..❡. ,♦ ,❤❡ ◆❡❧.♦♥✲❆❛❧❡♥

❛♥❞ ❑❛♣❧❛♥✲▼❡✐❡/ ❡.,✐♠❛,♦/.✳

■♥ ♦/❞❡/ ,♦ ✐❧❧✉.,/❛,❡ ,❤❡ ♣/♦❜❧❡♠ ✇❡ .✐♠✉❧❛,❡ ❛ ,❤/❡❡ ✐♥❞❡♣❡♥❞❡♥, ,✐♠❡. ❢/♦♠ ❛♥

❡①♣♦♥❡♥,✐❛❧ ❧❛✇ ✭✇✐,❤ ♠❡❛♥ 1✮✿ T1,j ✱ T2,j ❛♥❞ Cj ✱ ✐♥ ,❡♥ .✉❜❥❡❝,. ✭1 ≤ j ≤ 10✮✳ ❲❡

❝♦♠♣✉,❡ Zj = min{T1,j , T2,j , Cj} ❛♥❞ ❞❡✜♥❡ δj = i✱ ✇❤❡/❡ i = 1 ✐❢ Zj = T1,j ✱ i = 2 ✐❢

Zj = T2,j ❛♥❞ δj = 0 ✐❢ Zj = Cj ✭1 ≤ j ≤ 10✮✳ ❚❛❜❧❡ ✷ ❞❡♣✐❝,. ,❤❡ ❝♦♠♣✉,❡❞ ❡.,✐♠❛,✐♦♥.

❜② ✉.✐♥❣ ,❤❡ ❑▼ ❛♥❞ ,❤❡ ▼❉ ♠❡,❤♦❞. ❢♦/ ,❤❡ ❡✈❡♥,. ✶ ❛♥❞ ✷✳ ❘❡❛❧ ✈❛❧✉❡. ✭❢♦/ ❜♦,❤

❡✈❡♥,.✱ ,❤❡② ❛/❡ ,❤❡ ❈❉❋ ♦❢ ❛♥ ❡①♣♦♥❡♥,✐❛❧ ❞✐.,/✐❜✉,✐♦♥ ✇✐,❤ ♠❡❛♥ ✶✮ ❛/❡ ❛❧.♦ /❡♣♦/,❡❞✳

◆♦,❡ ,❤❛, ✐♥ ,❤✐. ❝❛.❡✱ ❛❧❧ ✐♥✈♦❧✈❡❞ .✉❜❞✐.,/✐❜✉,✐♦♥. ❛/❡ ,❤❡ .❛♠❡✳ ❋✐❣✉/❡ ✸ ❞❡♣✐❝,. ,❤❡

❝✉/✈❡.✳ ❙✐♥❝❡ ,❤❡ ❑▼ ❝♦♥.✐❞❡/. ❝❡♥.♦/❡❞ ❛❧❧ ❡✈❡♥,. ❞✐✛❡/❡♥, ,♦ ,❤❡ .,✉❞✐❡❞ ♦♥❡✱ ✐,. ✬❥✉♠♣.✬

❛/❡ ❢/❡(✉❡♥,❧② ❜✐❣❣❡/ ,❤❛♥ ,❤❡ ▼❉ ♦♥❡.✳ ❖❜✈✐♦✉.❧②✱ ❢♦/ ❛ ✜①❡❞ ♣♦✐♥, ♦❢ ,✐♠❡ t✱ ,❤❡ ▼❉

❡.,✐♠❛,♦/ ❝♦♥.✐❞❡/. ❛, /✐.❦ ♦♥❧② ,❤♦.❡ .✉❜❥❡❝,. ✇❤✐❝❤ ❛, ,❤✐. ,✐♠❡✱ ❤❛✈❡ ♥♦, .✉✛❡/ ❛♥②

❡✈❡♥,✳
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❚❛❜❧❡ ✷✳ ❘❡"✉❧%" ❢♦( ♦♥❡ "✐♠✉❧❛%✐♦♥ ❡①❛♠♣❧❡ ♦❢ ❝♦♠♣❡%✐♥❣ (✐"❦ "❡%%✐♥❣✳

❙❛♠♣❧❡ "✐③❡ ✇❛" 10 ❛♥❞ %✇♦ ❞✐✛❡(❡♥% ❡✈❡♥%" ✇❡(❡ "✐♠✉❧❛%❡❞ ✭δ = 1, 2❀
δ = 0 "%❛♥❞" ❢♦( ❝❡♥"♦(❡❞ ❞❛%❛✮✳ ❉✐(❡❝% ❑❛♣❧❛♥✲▼❡✐❡( ✭❑▼✮ ❛♥❞ ✐%"
♠♦❞✐✜❝❛%✐♦♥ ❢♦( %❤❡ ♠✉❧%✐♣❧❡ ❞❡❝(❡♠❡♥% ✭▼❉✮✳ ❘❡❛❧ ✈❛❧✉❡" ❛(❡ %❤❡ "❛♠❡

❢♦( ❜♦%❤ ❝♦♥"✐❞❡(❡❞ ❡✈❡♥%"✳

❙✉❜❥❡❝+, ❑▼ ▼❉

❚✐♠❡ ❛+ 2✐,❦ δ ❘❡❛❧ ✶ ✷ ✶ ✷
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✵✳✶✼✶ ✼ ✶ ✵✳✵✼✾ ✵✳✶✹✸ ✵✳✶✵✵ ✵✳✶✶✵ ✵✳✵✾✵

✵✳✷✸✺ ✻ ✵ ✵✳✶✵✺ ✵✳✶✹✸ ✵✳✶✵✵ ✵✳✶✶✵ ✵✳✵✾✵

✵✳✹✼✻ ✺ ✵ ✵✳✶✽✾ ✵✳✶✹✸ ✵✳✶✵✵ ✵✳✶✶✵ ✵✳✵✾✵

✵✳✺✶✻ ✹ ✷ ✵✳✷✵✷ ✵✳✶✹✸ ✵✳✸✷✺ ✵✳✶✶✵ ✵✳✷✸✹

✵✳✼✼✾ ✸ ✵ ✵✳✷✼✶ ✵✳✶✹✸ ✵✳✸✷✺ ✵✳✶✶✵ ✵✳✷✸✹

✵✳✽✷✽ ✷ ✷ ✵✳✷✽✶ ✵✳✶✹✸ ✵✳✻✻✷ ✵✳✶✶✵ ✵✳✸✼✾

✶✳✹✾✷ ✶ ✵ ✵✳✸✽✽ ✵✳✶✹✸ ✵✳✻✻✷ ✵✳✶✶✵ ✵✳✸✼✾

❋✐❣✉2❡ ✸✳ ❘❡❢❡((❡❞ %♦ %❤❡ ❞❛%❛ "❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷✳ ❆% ❧❡❢%✱ (❡❛❧ ✭❣(❛②✮✱

❑▼ ❛♥❞ ▼❉ ❡"%✐♠❛%✐♦♥" ❢♦( %❤❡ ❡✈❡♥% ✶✳ ❆% (✐❣❤%✱ (❡❛❧ ✭❣(❛②✮✱ ❑▼

❛♥❞ ▼❉ ❡"%✐♠❛%✐♦♥" ❢♦( %❤❡ ❡✈❡♥% ✷✳
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✺✳ ▼♦♥%❡ ❈❛)❧♦ +✐♠✉❧❛%✐♦♥ +%✉❞②

■♥ ♦(❞❡( %♦ "%✉❞② %❤❡ ❜❡❤❛✈✐♦( ♦❢ %❤❡ ❞✐(❡❝% ❑❛♣❧❛♥✲▼❡✐❡( ✭❑▼✮ ❛♥❞ %❤❡ ▼✉❧%✐♣❧❡

❞❡❝(❡♠❡♥% ✭▼❉✮ ❡"%✐♠❛%♦(" ♦♥ %❤❡ ❝♦♠♣❡%✐♥❣ (✐"❦ "❡%%✐♥❣✱ ❛ ▼♦♥%❡ ❈❛(❧♦ "✐♠✉❧❛%✐♦♥

"%✉❞② ✇❛" ❝❛((✐❡❞ ♦✉%✳ ❚❤❡ %✐♠❡ ♦❢ "%✉❞✐❡❞ ❡✈❡♥%✱ T1 = exp{D1}✱ ✇❤❡(❡ D1 ✇❛" ❞(❛✇♥

❢(♦♠ ❛ ♥♦(♠❛❧ ❞✐"%(✐❜✉%✐♦♥ ✇✐%❤ ♠❡❛♥ µ ✭✈❛❧✉❡" ♦❢ −1/2 ❛♥❞ 1/2 ✇❡(❡ ❝♦♥"✐❞❡(❡❞✮ ❛♥❞
✈❛(✐❛♥❝❡ ♦♥❡❀ %❤❡ %✐♠❡ %♦ %❤❡ ❝♦♠♣❡%✐♥❣ (✐"❦ ❡✈❡♥%✱ T2 = exp{D2}✱ ✇✐%❤ D2 ❣❡♥❡(❛%❡❞



✶✶✻✽

❚❛❜❧❡ ✸✳ ▼❡❛♥ ± $%❛♥❞❛'❞ ❞❡✈✐❛%✐♦♥ ♦❢ %❤❡ ✶✱✵✵✵ ▼♦♥%❡ ❈❛'❧♦ ✐%❡'❛✲
%✐♦♥$ ❢♦' %❤❡ 3✉❛♥%✐%② 100 · τ−1 ·

∫ τ

0
|Ŝ(t)−S(t)|dt ✇❤❡'❡ S(t) ✐$ %❤❡ '❡❛❧

$✉❜❞✐$%'✐❜✉%✐♦♥ ❢✉♥❝%✐♦♥ ❛♥❞ Ŝ(t) ✐%$ ❡$%✐♠❛%✐♦♥ ❜❛$❡❞ ♦♥ ❑▼ ❛♥❞ ♦♥
▼❉ ❡$%✐♠❛%♦'$ ❛♥❞ τ ✐$ %❤❡ ♠❛①✐♠✉♠ ♦❜$❡'✈❡❞ %✐♠❡ ❢♦' µ = −1/2✳

ρ = 0.0 ρ = 0.25
N c ❑▼ ▼❉ ❑▼ ▼❉

✺✵ ✶✵ ✼✳✵✺ ± ✷✳✸✾ ✷✳✶✵ ± ✶✳✸✾ ✺✳✾✵ ± ✷✳✷✻ ✶✳✼✾ ± ✶✳✶✾
✲✶✴✹ ✼✳✽✽ ± ✸✳✼✷ ✸✳✽✺ ± ✷✳✷✵ ✻✳✽✺ ± ✸✳✹✵ ✸✳✺✺ ± ✶✳✾✾
✲✶✴✷ ✼✳✾✾ ± ✸✳✽✼ ✹✳✶✾ ± ✷✳✸✼ ✼✳✶✺ ± ✸✳✻✼ ✹✳✶✶ ± ✷✳✷✽

✷✺✵ ✶✵ ✺✳✺✺ ± ✶✳✵✾ ✵✳✻✷ ± ✵✳✹✶ ✹✳✸✺ ± ✵✳✾✻ ✵✳✹✽ ± ✵✳✸✸
✲✶✴✹ ✻✳✻✼ ± ✶✳✺✷ ✶✳✷✸ ± ✵✳✼✹ ✺✳✻✼ ± ✶✳✹✷ ✶✳✶✺ ± ✵✳✻✺
✲✶✴✷ ✻✳✽✻ ± ✶✳✽✺ ✶✳✹✻ ± ✵✳✾✵ ✺✳✼✻ ± ✶✳✼✸ ✶✳✸✼ ± ✵✳✼✾

✶✵✵✵ ✶✵ ✹✳✻✵ ± ✵✳✽✶ ✵✳✷✸ ± ✵✳✶✼ ✸✳✹✼ ± ✵✳✼✷ ✵✳✶✻ ± ✵✳✶✶
✲✶✴✹ ✻✳✶✷ ± ✵✳✾✶ ✵✳✹✽ ± ✵✳✷✾ ✺✳✵✶ ± ✵✳✽✶ ✵✳✹✺ ± ✵✳✷✻
✲✶✴✷ ✻✳✷✼ ± ✵✳✾✼ ✵✳✺✼ ± ✵✳✸✸ ✺✳✷✹ ± ✵✳✾✵ ✵✳✺✹ ± ✵✳✸✶

ρ = 0.75 ρ = −0.50
✺✵ ✶✵ ✸✳✶✼ ± ✶✳✹✹ ✶✳✶✼ ± ✵✳✽✶ ✾✳✽✹ ± ✷✳✾✵ ✸✳✶✷ ± ✶✳✽✺

✲✶✴✹ ✹✳✻✾ ± ✷✳✻✼ ✸✳✶✼ ± ✶✳✽✶ ✶✵✳✵✸ ± ✸✳✾✾ ✹✳✹✸ ± ✷✳✹✽
✲✶✴✷ ✺✳✹✹ ± ✸✳✶✼ ✸✳✼✷ ± ✶✳✾✽ ✶✵✳✶✻ ± ✹✳✹✼ ✺✳✵✸ ± ✷✳✼✶

✷✺✵ ✶✵ ✷✳✶✶ ± ✵✳✻✷ ✵✳✷✾ ± ✵✳✷✶ ✽✳✼✾ ± ✶✳✶✹ ✶✳✵✺ ± ✵✳✻✽
✲✶✴✹ ✸✳✷✹ ± ✶✳✵✽ ✶✳✵✵ ± ✵✳✺✾ ✾✳✷✸ ± ✶✳✼✵ ✶✳✺✸ ± ✵✳✾✶
✲✶✴✷ ✸✳✺✷ ± ✶✳✸✶ ✶✳✷✹ ± ✵✳✻✻ ✾✳✸✻ ± ✷✳✵✹ ✶✳✽✷ ± ✶✳✵✸

✶✵✵✵ ✶✵ ✶✳✺✺ ± ✵✳✸✽ ✵✳✶✵ ± ✵✳✵✼ ✽✳✶✷ ± ✵✳✼✽ ✵✳✹✷ ± ✵✳✷✼
✲✶✴✹ ✷✳✾✶ ± ✵✳✺✾ ✵✳✸✾ ± ✵✳✷✷ ✽✳✾✾ ± ✵✳✾✹ ✵✳✻✻ ± ✵✳✸✽
✲✶✴✷ ✷✳✾✻ ± ✵✳✻✾ ✵✳✹✾ ± ✵✳✷✻ ✽✳✾✽ ± ✵✳✾✾ ✵✳✼✻ ± ✵✳✹✹

❢'♦♠ ❛ $%❛♥❞❛'❞ ♥♦'♠❛❧ ❞✐$%'✐❜✉%✐♦♥ ❛♥❞ E[D1 · D2] = ρ ✭✈❛❧✉❡$ ♦❢ 0✱ 1/4✱ 1/2 ❛♥❞
3/4 ✇❡'❡ ❝♦♥$✐❞❡'❡❞✮✳ ❋✐♥❛❧❧②✱ %❤❡ ❝❡♥$♦'✐♥❣ %✐♠❡✱ C = exp{N}✱ ✇❤❡'❡ N ✇❛$ ❞'❛✇♥✱

✐♥❞❡♣❡♥❞❡♥%❧②✱ ❢'♦♠ ❛ ♥♦'♠❛❧ ❞✐$%'✐❜✉%✐♦♥ ✇✐%❤ ♠❡❛♥ c ✭✈❛❧✉❡$ ♦❢ ✶✵✱ ✲✶✴✹ ❛♥❞ ✲✶✴✷
✇❡'❡ ❝♦♥$✐❞❡'❡❞✮ ❛♥❞ ✈❛'✐❛♥❝❡ ♦♥❡✳ ❚❤❡ ✭$✐♠✉❧❛%❡❞✮ ♦❜$❡'✈❡❞ ❞❛%❛ ✇❡'❡ %❤❡ ♣❛✐'$ (Z, δ)
✇❤❡'❡ Z = min{C, T1, T2} ❛♥❞ δ = i ✭i = 0 ✐❢ Z = C✱ i = 1 ✐❢ Z = T1✱ ❛♥❞ i = 2 ✐❢

Z = T2✮✳ ▼❡❛♥ ± $%❛♥❞❛'❞ ❞❡✈✐❛%✐♦♥ ♦❢ %❤❡ ❛✈❡'❛❣❡ ❡''♦'✱ 100 · τ−1
∫ τ

0
|Ŝ(t) − S(t)|dt

✇✐%❤ τ = max1≤j≤N Zj ❜❛$❡❞ ♦♥ ✶✱✵✵✵ ▼♦♥%❡ ❈❛'❧♦ ✐%❡'❛%✐♦♥$ ❛'❡ '❡♣♦'%❡❞ ✭N $%❛♥❞$ ❢♦'

%❤❡ $❛♠♣❧❡ $✐③❡✱ S(t) ❞❡♥♦%❡$ %❤❡ '❡❛❧ $✉❜❞✐$%'✐❜✉%✐♦♥ ❢✉♥❝%✐♦♥ ❛♥❞ Ŝ(t) ✐%$ ❡$%✐♠❛%✐♦♥✮✳

❚❛❜❧❡ ✸ ❞❡♣✐❝%$ %❤❡ ♦❜$❡'✈❡❞ '❡$✉❧%$ ✇❤❡♥ µ = −1/2✳ ■♥ %❤✐$ ❝❛$❡✱ %❤❡ ♣'♦❜❛❜✐❧✐%②
%❤❛% %❤❡ ❝♦♥$✐❞❡'❡❞ ❡✈❡♥% ❤❛♣♣❡♥$ ✐$✿ P{T1 < T2} = 0.638, 0.658✱ 0.761 ❛♥❞ 0.611 ❢♦'
ρ = 0, 1/4, 3/4 ❛♥❞ −1/2✱ '❡$♣❡❝%✐✈❡❧②✳ ❚❤❡ ❡①♣❡❝%❡❞ ❝❡♥$♦'$❤✐♣ ♣❡'❝❡♥%❛❣❡$ ✇❡'❡ ✵✪
✭c = 10✮❀ ✸✷✳✻✪✱ ✸✹✳✺✪✱ ✹✵✳✶✪ ❛♥❞ ✷✽✳✸✪ ✭c = −1/4✮ ❢♦' ρ = 0, 1/4, 3/4 ❛♥❞ −1/2✱
'❡$♣❡❝%✐✈❡❧②❀ ❛♥❞ ✸✾✳✼✪✱ ✹✶✳✾✪✱ ✹✼✳✷✪ ❛♥❞ ✸✼✳✺✪ ✭c = −1/2✮ ❢♦' ρ = 0, 1/4, 3/4 ❛♥❞
−1/2✱ '❡$♣❡❝%✐✈❡❧②✳ ❚❤❡ ▼❉ ♠❡%❤♦❞ ❝❧❡❛'❧② ♦❜%❛✐♥❡❞ ❜❡%%❡' '❡$✉❧%$ %❤❛♥ ❑▼✳

❚❛❜❧❡ ✹ $❤♦✇$ %❤❡ ❝♦✈❡'❛❣❡ ♣❡'❝❡♥%❛❣❡$ ❛♥❞ ♠❡❛♥±$❞ ✭$%❛♥❞❛'❞ ❞❡✈✐❛%✐♦♥$ ❜❡❧♦✇ ✵✳✵✵
✇❡'❡ ❞❡♥♦%❡❞ ❜② ✵✳✵✶✮ ♦❢ %❤❡ ❧❡♥❣%❤ ♦❢ %❤❡ ✾✺✪ $②♠♠❡%'✐❝ ❝♦♥✜❞❡♥❝❡ ✐♥%❡'✈❛❧$ ✭❝♦♠♣✉%❡❞

❜② ✉$✐♥❣ %❤❡ ♥❛✐✈❡ ❜♦♦%$%'❛♣ ♠❡%❤♦❞✮ ❢♦' %❤❡ $✉❜❞✐$%'✐❜✉%✐♦♥ ❢✉♥❝%✐♦♥ ❛% %✐♠❡$ t = 1/2
❛♥❞ t = 1 ✉$✐♥❣ %❤❡ ❑▼ ❛♥❞ ▼❉ ❡$%✐♠❛%♦'$✳ ❖❜$❡'✈❡❞ '❡$✉❧%$ ❡♥❞♦'$❡$ %❤❡ ♣'❡✈✐♦✉$
♦❜$%❛✐♥❡❞ ♦♥❡$✿ ❑▼ ✐$ ♥♦% ❛♥ ❡$%✐♠❛%♦' ❢♦' %❤❡ $✉❜❞✐$%'✐❜✉%✐♦♥ ❢✉♥❝%✐♦♥✱ ❡$♣❡❝✐❛❧❧②✱ ❢♦'

❧❛'❣❡' ❝❡♥$♦'$❤✐♣ ♣❡'❝❡♥%❛❣❡$✳ ❚❤❡ ❉▼ ❡$%✐♠❛%♦' ✇♦'❦$ ❛❞❡3✉❛%❡❧② ❛❧%❤♦✉❣❤ ✐% $❤♦✇$
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❚❛❜❧❡ ✹✳ ❈♦✈❡$❛❣❡ ♣❡$❝❡♥*❛❣❡+ ❛♥❞ ♠❡❛♥±+❞ ✭+*❛♥❞❛$❞ ❞❡✈✐❛*✐♦♥+ ❜❡✲
❧♦✇ ✵✳✵✵ ✇❡$❡ ❞❡♥♦*❡❞ ❜② ✵✳✵✶✮ ♦❢ *❤❡ ❧❡♥❣*❤ ♦❢ *❤❡ ✾✺✪ +②♠♠❡*$✐❝

❝♦♥✜❞❡♥❝❡ ✐♥*❡$✈❛❧+ ✭❝♦♠♣✉*❡❞ ❜② ✉+✐♥❣ *❤❡ ♥❛✐✈❡ ❜♦♦*+*$❛♣ ♠❡*❤♦❞

✇✐*❤ ✷✵✵ ✐*❡$❛*✐♦♥+✮ ❢♦$ *❤❡ +✉❜❞✐+*$✐❜✉*✐♦♥ ❢✉♥❝*✐♦♥ ❛* *✐♠❡+ t = 1/2
❛♥❞ t = 1 ✉+✐♥❣ *❤❡ ❑▼ ❛♥❞ ▼❉ ❡+*✐♠❛*♦$+ ✇❤❡♥ µ = −1/2✳

ρ = 0.0 t = 1/2 t = 1

N c ❑▼ ▼❉ ❑▼ ▼❉

✺✵ ✶✵ ✽✼✳✸✪ ✵✳✷✽✾ ± ✵✳✵✷ ✾✶✳✻✪ ✵✳✷✸✼ ± ✵✳✵✷ ✺✺✳✵✪ ✵✳✸✶✷ ± ✵✳✵✹ ✽✼✳✸✪ ✵✳✷✸✹ ± ✵✳✵✷

✲✶✴✷ ✾✵✳✽✪ ✵✳✸✹✽ ± ✵✳✵✹ ✾✶✳✹✪ ✵✳✷✻✺ ± ✵✳✵✷ ✼✺✳✹✪ ✵✳✹✺✷ ± ✵✳✶✵ ✽✺✳✶✪ ✵✳✷✻✻ ± ✵✳✵✷

✶✵✵✵ ✶✵ ✷✵✳✵✪ ✵✳✵✻✺ ± ✵✳✵✶ ✾✷✳✾✪ ✵✳✵✺✾ ± ✵✳✵✶ ✺✳✶✪ ✵✳✵✼✵ ± ✵✳✵✶ ✾✸✳✻✪ ✵✳✵✻✶ ± ✵✳✵✶

✲✶✴✷ ✸✼✳✶✪ ✵✳✵✼✼ ± ✵✳✵✶ ✾✻✳✵✪ ✵✳✵✻✾ ± ✵✳✵✶ ✸✳✷✪ ✵✳✶✵✺ ± ✵✳✵✶ ✾✹✳✾✪ ✵✳✵✽✵ ± ✵✳✵✶

ρ = 0.75 t = 1/2 t = 1

✺✵ ✶✵ ✾✷✳✹✪ ✵✳✷✼✺ ± ✵✳✵✷ ✾✷✳✽✪ ✵✳✷✸✽ ± ✵✳✵✷ ✼✼✳✹✪ ✵✳✷✽✺ ± ✵✳✵✸ ✾✶✳✷✪ ✵✳✷✸✸ ± ✵✳✵✷

✲✶✴✷ ✾✶✳✾✪ ✵✳✸✷✺ ± ✵✳✵✸ ✾✷✳✸✪ ✵✳✷✻✻ ± ✵✳✵✷ ✽✸✳✸✪ ✵✳✹✷✻ ± ✵✳✵✽ ✽✾✳✺✪ ✵✳✽✻✾ ± ✵✳✵✸

✶✵✵✵ ✶✵ ✼✶✳✷✪ ✵✳✵✻✷ ± ✵✳✵✶ ✾✸✳✾✪ ✵✳✵✺✾ ± ✵✳✵✶ ✶✳✹✪ ✵✳✵✻✺ ± ✵✳✵✶ ✾✸✳✵✪ ✵✳✾✻✶ ± ✵✳✵✶

✲✶✴✷ ✼✻✳✻✪ ✵✳✵✼✸ ± ✵✳✵✶ ✾✺✳✶✪ ✵✳✵✻✾ ± ✵✳✵✶ ✶✳✼✪ ✵✳✵✾✺ ± ✵✳✵✶ ✾✸✳✺✪ ✵✳✵✽✸ ± ✵✳✵✶

✐*+❡❧❢ ❛ ❧✐**❧❡ ❜✐* ✉♥❝♦♥+❡$✈❛*✐✈❡ ❢♦$ *❤❡ ❧❛$❣❡+* ❝❡♥+♦$+❤✐♣ ♣❡$❝❡♥*❛❣❡ ✭c = −1/2 ❛♥❞
t = 1✮✳

❚❛❜❧❡ ✺ ✐+ +✐♠✐❧❛$ *♦ ❚❛❜❧❡ ✸ ❢♦$ µ = 1/2✳ ■♥ *❤✐+ ❝❛+❡✱ *❤❡ ♣$♦❜❛❜✐❧✐*② *❤❛* *❤❡ ❝♦♥✲
+✐❞❡$❡❞ ❡✈❡♥* ❤❛♣♣❡♥+ ✐+✿ P{T1 < T2} = 0.361, 0.341✱ 0.239 ❛♥❞ 0.387 ❢♦$ ρ = 0, 1/4, 3/4
❛♥❞ −1/2✱ $❡+♣❡❝*✐✈❡❧②✳ ❚❤❡ ❡①♣❡❝*❡❞ ❝❡♥+♦$+❤✐♣ ♣❡$❝❡♥*❛❣❡+ ✇❡$❡ ✵✪ ✭❢♦$ c = 10✮❀ ❢♦$
c = −1/4✱ ❛♣♣$♦①✐♠❛*❡❧② ✹✼✳✷✪✱ ✹✾✳✸✪✱ ✺✹✳✸✪ ❛♥❞ ✹✸✳✺✪ ❢♦$ ρ = 0, 1/4, 3/4 ❛♥❞ −1/2✱
$❡+♣❡❝*✐✈❡❧②❀ ❛♥❞ ❢♦$ c = −1/2✱ ✺✹✳✽✪✱ ✺✻✳✼✪✱ ✻✶✳✷✪ ❛♥❞ ✺✶✳✺✪ ❢♦$ ρ = 0, 1/4, 3/4
❛♥❞ −1/2✱ $❡+♣❡❝*✐✈❡❧②✳ ❚❤❡ ♦❜+❡$✈❡❞ $❡+✉❧*+ ✇❡$❡ +✐♠✐❧❛$ *♦ *❤❡ ♦♥❡+ ♦❜+❡$✈❡❞ ✐♥ *❤❡
❚❛❜❧❡ ✸✳ ◆♦*✐❝❡ *❤❛*✱ ❞✉❡ *♦✱ ✐♥ *❤✐+ ❝❛+❡✱ *❤❡ ❡✛❡❝* ♦❢ *❤❡ ❝♦♠♣❡*✐♥❣ ❡✈❡♥* ✇❛+ ❤✐❣❤❡$

✭P{T1 < T2} < 1/2✮✱ *❤❡ ❞✐✛❡$❡♥❝❡ ❜❡*✇❡❡♥ *❤❡ ▼❉ ❛♥❞ *❤❡ ❑▼ ♠❡*❤♦❞+ ✇❛+ ❜✐❣❣❡$✳

❋✐♥❛❧❧②✱ ❚❛❜❧❡ ✻ ✐+ +✐♠✐❧❛$ *♦ ❚❛❜❧❡ ✹ ✇❤❡♥ µ = 1/2✳ ❆❧*❤♦✉❣❤ *❤❡ ❑▼ ❡+*✐♠❛*♦$

♦❜*❛✐♥❡❞ ❜❡**❡$ $❡+✉❧*+✱ ♦❜+❡$✈❡❞ $❡+✉❧*+ ❛$❡ ✐♥ *❤❡ +❛♠❡ ✇❛② *♦ *❤❡ ♣$❡✈✐♦✉+ ♦♥❡ ❛♥❞

❡♥❞♦$+❡ *❤❡ ❝♦♥❝❧✉+✐♦♥+✳

✻✳ ❘❡❛❧✲✇♦)❧❞ ♣)♦❜❧❡♠✿ /❤❡ ▼②❡❧♦❞②3♣❧❛3/✐❝ ❞❛/❛

❆+ ❤❛+ ❜❡❡♥ ❝❧❛✐♠❡❞ ❛❜♦✈❡✱ ❝♦♠♣❡*✐♥❣ $✐+❦ ❛♣♣❡❛$+ ❢$❡T✉❡♥*❧② ✐♥ ❜✐♦♠❡❞✐❝✐♥❡ $❡✲

+❡❛$❝❤❡+✱ ✐♥ ❢❛❝*✱ ✐* ✐+ ♠♦$❡ ❛ $✉❧❡ *❤❛♥ ❛♥ ❡①❝❡♣*✐♦♥✳ ❚❤❡ +*✉❞② ♦❢ ❛ +♣❡❝✐✜❝ ❝❛✉+❡

♦❢ ❞❡❛*❤ ❛♥❞ *❤❡ *✐♠❡✲❢$❡❡ ♦❢ ❞✐+❡❛+❡ ❛$❡✱ ♣$♦❜❛❜❧②✱ *❤❡ ♠♦+* $❡♣❡❛*❡❞ ❡①❛♠♣❧❡+✳ ❚❤❡

♠❛✐♥ ♦❜❥❡❝*✐✈❡+ ♦❢ *❤✐+ +❡❝*✐♦♥ ❛$❡ *❤❡ ❡+*✐♠❛*✐♦♥ ♦❢ *❤❡ *✐♠❡✲❢$❡❡ ♦❢ ❧❡✉❦❡♠✐❛ ❛♥❞ *❤❡

*✐♠❡ *♦ ❞❡❛*❤ ✇✐*❤♦✉* ❧❡✉❦❡♠✐❛ ✐♥ ❛ ❝♦❤♦$* ♦❢ ♣❛*✐❡♥*+ ✇✐*❤ ▼②❡❧♦❞②+♣❧❛+*✐❝ +②♥❞$♦♠❡+✳

❚❤❡ ▼②❡❧♦❞②&♣❧❛&)✐❝ ❞❛*❛ ✇❛+ ✉+❡❞ ✇✐*❤ *❤✐+ ❣♦❛❧✳ ❚❤✐+ ❞❛*❛+❡* ❤❛+ ❜❡❡♥ ♣$❡✈✐♦✉+❧②

✐♥*$♦❞✉❝❡❞ ✐♥ *❤❡ ❙❡❝*✐♦♥ ✷ ❛♥❞ ✇❡$❡ ❝♦❧❧❡❝*❡❞ ❜② *❤❡ ❙♣❛♥✐+❤ ●$♦✉♣ ♦❢ ▼②❡❧♦❞②+♣❧❛+*✐❝

❙②♥❞$♦♠❡+ ❘❡❣✐+*$② ✭❘❊❙▼❉✮✳ ❘❡♠❡♠❜❡$ *❤❛* ❛ *♦*❛❧ ♦❢ ✾✻✽ ♣❛*✐❡♥*+ ✭✶✱✷✼✸✳✼ ♣❡$+♦♥+✲

②❡❛$✮ ✇❡$❡ ✜♥❛❧❧② ✐♥❝❧✉❞❡❞ ✐♥ *❤❡ +*✉❞②✳ ❚❤❡$❡ ✇❡$❡ ✻✵✸ ♠❛❧❡+ ✭✻✷✳✸✪✮ ❛♥❞ ✸✻✺ ❢❡♠❛❧❡+

✭✸✼✳✼✪✮❀ *❤❡ ♠❡❞✐❛♥ ❛❣❡ ❛* ❞✐❛❣♥♦+✐+ ✇❛+ ♦❢ ✼✷✳✽ ✭$❛♥❣❡❞ ❜❡*✇❡❡♥ ✻✸✳✺ ❛♥❞ ✼✾✳✶✮ ②❡❛$+✳

❚✇♦✲❤✉♥❞$❡❞ +✐①*② ❡✐❣❤* ♣❛*✐❡♥*+ ✭✷✼✳✼✪✮ ❞❡✈❡❧♦♣❡❞ ❧❡✉❦❡♠✐❛ ❞✉$✐♥❣ *❤❡ ❢♦❧❧♦✇✲✉♣ ❛♥❞

✹✵✸ ❞✐❡❞ ✇✐*❤♦✉* ❧❡✉❦❡♠✐❛✳ ❋✐❣✉$❡ ✹ ❞❡♣✐❝*+ ❛ ✢♦✇❝❤❛$* ❢♦$ *❤❡ ▼②❡❧♦❞②+♣❧❛+*✐❝ ❞❛*❛✳

■♥*❡$❡+*❡❞ $❡❛❞❡$+ ❛$❡ $❡❢❡$$❡❞ *♦ ❇❡$♥❛❧ ❡* ❛❧✳ ✭✷✵✶✺✮ ❢♦$ ❝♦♠♣❧❡*❡ ✐♥❢♦$♠❛*✐♦♥ ❛❜♦✉*

*❤❡ ❝♦❤♦$* ❛♥❞ *❤❡ ♣$♦❜❧❡♠✳

❇② ✉+✐♥❣ *❤❡ ❑▼ ❡+*✐♠❛*♦$ ❛♥❞ ❛++✉♠✐♥❣ ❛+ ❝❡♥+♦$❡❞ *❤♦+❡ ❡✈❡♥*+ ❞✐✛❡$❡♥* *♦ *❤❡

+*✉❞✐❡❞ ♦♥❡✱ *❤❡ ♠❡❞✐❛♥ *✐♠❡ ❢♦$ ❞❡✈❡❧♦♣✐♥❣ ❧❡✉❦❡♠✐❛ ✇❛+ ✸✳✸✼ ②❡❛$+ ❛♥❞✱ ❞✉$✐♥❣ *❤❡



✶✶✼✵

❚❛❜❧❡ ✺✳ ▼❡❛♥ ± $%❛♥❞❛'❞ ❞❡✈✐❛%✐♦♥ ♦❢ %❤❡ ✶✱✵✵✵ ▼♦♥%❡ ❈❛'❧♦ ✐%❡'❛✲
%✐♦♥$ ❢♦' %❤❡ 3✉❛♥%✐%② 100 · τ−1 ·

∫ τ

0
|Ŝ(t)−S(t)|dt ✇❤❡'❡ S(t) ✐$ %❤❡ '❡❛❧

$✉❜❞✐$%'✐❜✉%✐♦♥ ❢✉♥❝%✐♦♥ ❛♥❞ Ŝ(t) ✐%$ ❡$%✐♠❛%✐♦♥ ❜❛$❡❞ ♦♥ ❑▼ ❛♥❞ ♦♥
▼❉ ❡$%✐♠❛%♦'$ ❛♥❞ τ ✐$ %❤❡ ♠❛①✐♠✉♠ ♦❜$❡'✈❡❞ %✐♠❡ ❢♦' µ = 1/2✳

ρ = 0.0 ρ = 0.25
N c ❑▼ ❉▼ ❑▼ ▼❉

✺✵ ✶✵ ✻✳✵✸ ± ✶✳✾✻ ✶✳✶✻ ± ✵✳✽✶ ✺✳✶✷ ± ✶✳✽✷ ✵✳✾✻ ± ✵✳✼✵
✲✶✴✹ ✻✳✸✵ ± ✸✳✺✼ ✷✳✻✼ ± ✶✳✼✷ ✺✳✾✸ ± ✸✳✶✽ ✷✳✷✶ ± ✶✳✸✹
✲✶✴✷ ✻✳✸✽ ± ✸✳✻✽ ✷✳✼✽ ± ✶✳✼✺ ✺✳✽✵ ± ✸✳✹✽ ✷✳✺✷ ± ✶✳✹✶

✷✺✵ ✶✵ ✺✳✷✾ ± ✵✳✾✾ ✵✳✸✹ ± ✵✳✷✹ ✹✳✸✹ ± ✵✳✽✽ ✵✳✷✽ ± ✵✳✷✵
✲✶✴✹ ✺✳✾✾ ± ✶✳✼✼ ✵✳✾✷ ± ✵✳✺✺ ✺✳✵✻ ± ✶✳✻✼ ✵✳✽✸ ± ✵✳✹✽
✲✶✴✷ ✺✳✽✻ ± ✷✳✵✽ ✶✳✵✻ ± ✵✳✻✶ ✺✳✵✶ ± ✷✳✵✶ ✶✳✵✷ ± ✵✳✻✶

✶✵✵✵ ✶✵ ✹✳✺✽ ± ✵✳✼✶ ✵✳✶✸ ± ✵✳✵✾ ✸✳✻✵ ± ✵✳✻✻ ✵✳✵✾ ± ✵✳✵✼
✲✶✴✹ ✺✳✾✷ ± ✵✳✾✾ ✵✳✸✽ ± ✵✳✷✸ ✺✳✵✹ ± ✵✳✾✹ ✵✳✸✺ ± ✵✳✷✶
✲✶✴✷ ✺✳✼✼ ± ✶✳✶✹ ✵✳✹✽ ± ✵✳✷✼ ✺✳✵✼ ± ✶✳✶✶ ✵✳✹✷ ± ✵✳✷✺

ρ = 0.75 ρ = −0.50
✺✵ ✶✵ ✸✳✹✶ ± ✶✳✹✾ ✵✳✺✻ ± ✵✳✹✸ ✽✳✸✽ ± ✷✳✶✾ ✶✳✻✽ ± ✶✳✵✽

✲✶✴✹ ✹✳✵✺ ± ✷✳✺✾ ✶✳✼✶ ± ✶✳✵✵ ✼✳✼✻ ± ✸✳✺✺ ✷✳✽✵ ± ✶✳✺✾
✲✶✴✷ ✹✳✷✵ ± ✷✳✾✵ ✶✳✾✾ ± ✶✳✷✸ ✼✳✼✽ ± ✸✳✼✾ ✸✳✵✽ ± ✶✳✼✵

✷✺✵ ✶✵ ✷✳✼✻ ± ✵✳✼✷ ✵✳✶✻ ± ✵✳✶✷ ✻✳✹✸ ± ✶✳✵✶ ✵✳✹✺ ± ✵✳✸✷
✲✶✴✹ ✸✳✸✺ ± ✶✳✺✾ ✵✳✻✸ ± ✵✳✸✽ ✼✳✾✸ ± ✶✳✵✸ ✵✳✺✾ ± ✵✳✹✵
✲✶✴✷ ✸✳✸✵ ± ✶✳✽✵ ✵✳✽✵ ± ✵✳✹✼ ✼✳✽✷ ± ✷✳✶✸ ✶✳✷✺ ± ✵✳✼✶

✶✵✵✵ ✶✵ ✷✳✷✺ ± ✵✳✺✶ ✵✳✵✺ ± ✵✳✵✹ ✼✳✹✸ ± ✵✳✼✸ ✵✳✷✸ ± ✵✳✶✺
✲✶✴✹ ✸✳✷✼ ± ✵✳✾✹ ✵✳✷✻ ± ✵✳✶✺ ✽✳✵✼ ± ✵✳✾✷ ✵✳✹✽ ± ✵✳✷✾
✲✶✴✷ ✸✳✷✻ ± ✶✳✵✼ ✵✳✸✹ ± ✵✳✷✵ ✼✳✾✽ ± ✶✳✵✹ ✵✳✺✹ ± ✵✳✸✵

❚❛❜❧❡ ✻✳ ❈♦✈❡'❛❣❡ ♣❡'❝❡♥%❛❣❡$ ❛♥❞ ♠❡❛♥±$❞ ✭$%❛♥❞❛'❞ ❞❡✈✐❛%✐♦♥$ ❜❡✲
❧♦✇ ✵✳✵✵ ✇❡'❡ ❞❡♥♦%❡❞ ❜② ✵✳✵✶✮ ♦❢ %❤❡ ❧❡♥❣%❤ ♦❢ %❤❡ ✾✺✪ $②♠♠❡%'✐❝

❝♦♥✜❞❡♥❝❡ ✐♥%❡'✈❛❧$ ✭❝♦♠♣✉%❡❞ ❜② ✉$✐♥❣ %❤❡ ♥❛✐✈❡ ❜♦♦%$%'❛♣ ♠❡%❤♦❞

✇✐%❤ ✷✵✵ ✐%❡'❛%✐♦♥$✮ ❢♦' %❤❡ $✉❜❞✐$%'✐❜✉%✐♦♥ ❢✉♥❝%✐♦♥ ❛% %✐♠❡$ t = 1/2
❛♥❞ t = 1 ✉$✐♥❣ %❤❡ ❑▼ ❛♥❞ ▼❉ ❡$%✐♠❛%♦'$ ✇❤❡♥ µ = 1/2✳

ρ = 0.0 t = 1/2 t = 1

N c ❑▼ ▼❉ ❑▼ ▼❉

✺✵ ✶✵ ✾✷✳✵✪ ✵✳✶✽✽ ± ✵✳✵✹ ✾✷✳✸✪ ✵✳✶✺✵ ± ✵✳✵✸ ✼✻✳✷✪ ✵✳✸✶✺ ± ✵✳✵✹ ✾✶✳✽✪ ✵✳✷✵✸ ± ✵✳✵✷

✲✶✴✷ ✾✶✳✷✪ ✵✳✷✷✸ ± ✵✳✵✼ ✾✵✳✻✪ ✵✳✶✻✽ ± ✵✳✵✺ ✽✼✳✸✪ ✵✳✹✾✵ ± ✵✳✶✹ ✽✾✳✹✪ ✵✳✷✹✸ ± ✵✳✵✹

✶✵✵✵ ✶✵ ✻✹✳✼✪ ✵✳✵✹✸ ± ✵✳✵✶ ✾✹✳✷✪ ✵✳✵✸✼ ± ✵✳✵✶ ✵✳✷✪ ✵✳✵✼✵ ± ✵✳✵✶ ✾✹✳✵✪ ✵✳✵✺✶ ± ✵✳✵✶

✲✶✴✷ ✼✾✳✶✪ ✵✳✵✺✶ ± ✵✳✵✶ ✾✺✳✷✪ ✵✳✵✹✹ ± ✵✳✵✶ ✺✳✺✪ ✵✳✶✵✼ ± ✵✳✵✶ ✾✺✳✶✪ ✵✳✵✼✶ ± ✵✳✵✶

ρ = 0.75 t = 1/2 t = 1

✺✵ ✶✵ ✾✷✳✼✪ ✵✳✶✸✼ ± ✵✳✵✺ ✾✷✳✻✪ ✵✳✶✶✵ ± ✵✳✵✹ ✽✽✳✾✪ ✵✳✷✹✵ ± ✵✳✵✺ ✾✶✳✻✪ ✵✳✶✺✾ ± ✵✳✵✸

✲✶✴✷ ✽✼✳✶✪ ✵✳✶✹✾ ± ✵✳✵✽ ✽✾✳✻✪ ✵✳✶✶✻ ± ✵✳✵✻ ✾✶✳✷✪ ✵✳✸✹✹ ± ✵✳✶✻ ✾✵✳✶✪ ✵✳✶✽✾ ± ✵✳✵✼

✶✵✵✵ ✶✵ ✽✶✳✾✪ ✵✳✵✸✶ ± ✵✳✵✶ ✾✷✳✻✪ ✵✳✵✷✼ ± ✵✳✵✶ ✶✶✳✹✪ ✵✳✵✺✸ ± ✵✳✵✶ ✾✺✳✶✪ ✵✳✵✸✾ ± ✵✳✵✶

✲✶✴✷ ✽✺✳✺✪ ✵✳✵✸✼ ± ✵✳✵✶ ✾✹✳✾✪ ✵✳✵✸✷ ± ✵✳✵✶ ✸✾✳✻✪ ✵✳✵✽✵ ± ✷✳✷✻ ✾✹✳✵✪ ✵✳✵✺✺ ± ✵✳✵✶

❢♦❧❧♦✇✲✉♣✱ %❤❡ ❡$%✐♠❛%❡❞ ♣❡'❝❡♥%❛❣❡ ♦❢ ❧❡✉❦❡♠✐❛ ✇❛$ ✻✵✳✹✪✱ ✇❤✐❧❡ %❤✐$ ❡$%✐♠❛%✐♦♥ ✇❛$

♦♥❧② %❤❡ ✸✹✳✾✪ ✇✐%❤ %❤❡ ▼❉ ♠❡%❤♦❞ ✭❜❡❝❛✉$❡ %❤✐$ ♣❡'❝❡♥%❛❣❡ ❞♦❡$ ♥♦% ❧❡❛❞ %❤❡ ✺✵✪✱ ✐%

✐$ ♥♦% ♣♦$$✐❜❧❡ %♦ ❡$%✐♠❛%❡ %❤❡ ♠❡❞✐❛♥ %✐♠❡✮✳ ■♥ %❤❡ $❛♠❡ ✇❛②✱ %❤❡ ♠❡❞✐❛♥ %✐♠❡ %♦ ❞✐'❡❝%

❞❡❛%❤ ✭✇✐%❤♦✉% ❞❡✈❡❧♦♣✐♥❣ ❧❡✉❦❡♠✐❛✮ ✇❛$ ✶✳✻✼ ②❡❛'$ ✇❤❡♥ ✐% ✇❛$ ❡$%✐♠❛%❡❞ ❜② ✉$✐♥❣ %❤❡



 

 

0Diagnostic 
N=968 

 
2Death (without leukemia) 
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♣❤②+✐❝✐❛♥+ ❛♥❞ ❜❛+✐❝ ✐♥✈❡+"✐❣❛"♦*+ ❛*❡ ✉+✉❛❧❧② *❡❧✉❝"❛♥" "♦ ❛♣♣❧② ✐♥ "❤❡✐* +"✉❞✐❡+ ♥❡✇

+"❛"✐+"✐❝❛❧ "❡❝❤♥✐7✉❡+ ❡✈❡♥ ✇❤❡♥ "❤❡② ♠❛② ❜❡ ♠♦*❡ ❛♣♣*♦♣*✐❛"❡ "♦ ❞❡❛❧ ✇✐"❤ "❤❡ ♣*♦❜❧❡♠

❛" ❤❛♥❞✳ ▼✉❧"✐✲+"❛"❡ ❛♥❞✱ ♣❛*"✐❝✉❧❛*✐"②✱ ❝♦♠♣❡"✐♥❣ *✐+❦ ♠❡"❤♦❞+ ❛*❡ ❡①❛♠♣❧❡+ ♦❢ "❤✐+

+✐"✉❛"✐♦♥❀ ✐♥ +♣✐"❡ ♦❢ "❤❡+❡ "❡❝❤♥✐7✉❡+ ❛*❡ "❤❡ ❛♣♣*♦♣*✐❛"❡ ♦♥❡+ ✐♥ ♦*❞❡* "♦ +"✉❞② ❝♦♠♣❧❡①
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❡✈❡♥ ✇❤❡♥ +♦♠❡ ♦❢ "❤❡ ♥❡❝❡++❛*② ❛++✉♠♣"✐♦♥+ ❛*❡ ✈✐♦❧❛"❡❞✳

❚❤✐+ ♣❛♣❡* ❝♦♥+✐❞❡*❡❞ "❤❡ ❑❛♣❧❛♥✲▼❡✐❡* ❡+"✐♠❛"♦* ❜❡❤❛✈✐♦* ✐♥ "❤❡ ❝♦♠♣❡"✐♥❣ *✐+❦

+❡""✐♥❣✳ ▼♦♥"❡ ❈❛*❧♦ +✐♠✉❧❛"✐♦♥+ +❤♦✇ "❤❛" "❤❡ ❞✐*❡❝" ✉+❡ ♦❢ "❤❡ ❑▼ ❡+"✐♠❛"♦* ♣*♦❞✉❝❡+

+❡*✐♦✉+ ♠✐+"❛❦❡+ ✐♥ "❤♦+❡ +❝❡♥❛*✐♦+ ✇❤❡*❡ "❤❡ ♣*♦❜❛❜✐❧✐"② ♦❢ "❤❡ ❝♦♠♣❡"✐♥❣ ❡✈❡♥" ✐+ ❤✐❣❤✳

❍♦✇❡✈❡*✱ ✐♥ "❤✐+ ❝♦♥"❡①"✱ "❤❡ ▼❉ ♣*♦❝❡❞✉*❡ ✇♦*❦+ ✜♥❡✳ ■♥ ♣❛*"✐❝✉❧❛*✱ ✉♥❞❡* ✉+✉❛❧

❛♥❞ ♠✐❧❞ ❝♦♥❞✐"✐♦♥+✱ ✐" ✐+ ❛♥ ❛+②♠♣"♦"✐❝❛❧❧② ✉♥❜✐❛+❡❞ ❡+"✐♠❛"♦* ❢♦* "❤❡ +✉❜❞✐+"*✐❜✉"✐♦♥

❢✉♥❝"✐♦♥+ ✭+❡❡✱ ❑❛❧❜ ✢❡✐+❝❤ ❛♥❞ F*❡♥"✐❝❡ ✭✷✵✵✷✮✮✳ ■♥ ❛❞❞✐"✐♦♥✱ ❛♥❞ ✐♥ +♣✐"❡ ♦❢ ▼❉ ✐+

♥♦" ✐♥❝❧✉❞❡ ✐♥ ♠♦+" ♣♦♣✉❧❛* +♦❢"✇❛*❡✱ "❤✐+ ♣*♦❝❡❞✉*❡ ✐+ ❡❛+② "♦ ✐♠♣❧❡♠❡♥" ❢*♦♠ "❤❡

❑▼ ♦✉"❝♦♠❡+✳ ■♥ ❛❞❞✐"✐♦♥✱ +❡✈❡*❛❧ +♣❡❝✐✜❝ ❛♥❞ ❢*✐❡♥❞❧② ❘ ♣❛❝❦❛❣❡' ❬✶✽❪ ✇❤✐❝❤ ❛*❡

❢*❡❡❧② ❛✈❛✐❧❛❜❧❡ ✐♥ "❤❡ ❈❘❆◆ ✭❤))♣✿✴✴❝,❛♥✳,✲♣,♦❥❡❝)✳♦,❣✴✇❡❜✴♣❛❝❦❛❣❡✮ ❤❛✈❡ ❜❡❡♥
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❛♥❛❧②+✐+ ♣*♦❝❡++✳ F❛*"✐❝✉❧❛*❧②✱ ♠♦+" ♦❢ "❤❡ ❝♦♠♠❡*❝✐❛❧ +♦❢"✇❛*❡ ✐♥❝❧✉❞❡+ *♦✉"✐♥❡+ ✇❤✐❝❤

♣❡*❢♦*♠ ❑❛♣❧❛♥✲▼❡✐❡* ❡+"✐♠❛"✐♦♥+ ❛♥❞ ♣*♦♣♦*"✐♦♥❛❧ ❤❛③❛*❞ ❈♦① ♠♦❞❡❧+✳ ❍♦✇❡✈❡*✱ ✉+✐♥❣

"❤❡+❡ "❡❝❤♥✐7✉❡+ ✇✐"❤♦✉" ❝❤❡❝❦✐♥❣ ✭❛♥❞✱ ♦❢ ❝♦✉*+❡✱ ❦♥♦✇✐♥❣✮ ❝♦♥❞✐"✐♦♥+ *❡7✉✐*❡❞ ❢♦* "❤❡✐*
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❩♦❣#❛❢♦% ❛♥❞ ❇❛❧❛❦#✐%❤♥❛♥ ❬✺✸❪ ❛♥❞ ❆♠✐♥✐ ❡+ ❛❧✳ ❬✻❪✱ ❣❛♠♠❛✲● +②♣❡ ✷ ❜② ❘✐%+✐➣ ❛♥❞

❇❛❧❛❦#✐%❤♥❛♥ ❬✹✹❪✱ ♦❞❞✲❣❛♠♠❛✲● +②♣❡ ✸ ❜② ❚♦#❛❜✐ ❛♥❞ ▼♦♥+❛③❛#✐ ❬✺✵❪✱ ❧♦❣✐%+✐❝✲● ❜②

❚♦#❛❜✐ ❛♥❞ ▼♦♥+❛③❛#✐ ❬✺✶❪✱ ♦❞❞ ❡①♣♦♥❡♥+✐❛+❡❞ ❣❡♥❡#❛❧✐③❡❞ ✭♦❞❞ ❡①♣✲●✮ ❜② ❈♦#❞❡✐#♦ ❡+

❛❧✳ ❬✶✷❪✱ +#❛♥%❢♦#♠❡❞✲+#❛♥%❢♦#♠❡# ✭❚✲❳✮ ✭❲❡✐❜✉❧❧✲❳ ❛♥❞ ❣❛♠♠❛✲❳✮ ❜② ❆❧③❛❛+#❡❤ ❡+ ❛❧✳

❬✸❪✱ ❡①♣♦♥❡♥+✐❛+❡❞ ❚✲❳ ❜② ❆❧③❛❣❤❛❧ ❡+ ❛❧✳ ❬✺❪✱ ♦❞❞ ❲❡✐❜✉❧❧✲● ❜② ❇♦✉#❣✉✐❣♥♦♥ ❡+ ❛❧✳

❬✼❪✱ ❡①♣♦♥❡♥+✐❛+❡❞ ❤❛❧❢✲❧♦❣✐%+✐❝ ❜② ❈♦#❞❡✐#♦ ❡+ ❛❧✳ ❬✶✸❪✱ ❧♦❣✐%+✐❝✲❳ ❜② ❚❛❤✐# ❡+ ❛❧✳ ❬✹✼❪✱

❚✲❳④❨⑥✲_✉❛♥+✐❧❡ ❜❛%❡❞ ❛♣♣#♦❛❝❤ ❜② ❆❧❥❛##❛❤ ❡+ ❛❧✳ ❬✷❪ ❛♥❞ ❚✲❘④❨⑥ ❜② ❆❧③❛❛+#❡❤ ❡+ ❛❧✳

❬✹❪✳

❚❤✐% ♣❛♣❡# ✐% ♦#❣❛♥✐③❡❞ ❛% ❢♦❧❧♦✇%✳ ■♥ ❙❡❝+✐♦♥ ✷✱ ✇❡ ❞❡✜♥❡ +❤❡ ❜❡"❛ ♦❞❞ ❧♦❣✲❧♦❣✐*"✐❝

❣❡♥❡-❛❧✐③❡❞ ✭❇❖▲▲✲●✮ ❢❛♠✐❧②✳ ❙♦♠❡ ♦❢ ✐+% %♣❡❝✐❛❧ ❝❛%❡% ❛#❡ ♣#❡%❡♥+❡❞ ✐♥ ❙❡❝+✐♦♥ ✸✳ ■♥

❙❡❝+✐♦♥ ✹✱ ✇❡ ❞❡#✐✈❡ %♦♠❡ ♦❢ ✐+% ♠❛+❤❡♠❛+✐❝❛❧ ♣#♦♣❡#+✐❡% %✉❝❤ ❛% +❤❡ ❛%②♠♣+♦+✐❝%✱ %❤❛♣❡%

♦❢ +❤❡ ❞❡♥%✐+② ❛♥❞ ❤❛③❛#❞ #❛+❡ ❢✉♥❝+✐♦♥%✱ ♠✐①+✉#❡ #❡♣#❡%❡♥+❛+✐♦♥ ❢♦# +❤❡ ❞❡♥%✐+②✱ _✉❛♥+✐❧❡

❢✉♥❝+✐♦♥ ✭_❢✮✱ ♠♦♠❡♥+%✱ ♠♦♠❡♥+ ❣❡♥❡#❛+✐♥❣ ❢✉♥❝+✐♦♥ ✭♠❣❢✮✱ ♠❡❛♥ ❞❡✈✐❛+✐♦♥%✱ ❡①♣❧✐❝✐+

❡①♣#❡%%✐♦♥% ❢♦# +❤❡ ❘d♥②✐ ❛♥❞ ❙❤❛♥♥♦♥ ❡♥+#♦♣✐❡% ❛♥❞ ♦#❞❡# %+❛+✐%+✐❝%✳ ❙❡❝+✐♦♥ ✺ ❞❡❛❧%

✇✐+❤ %♦♠❡ ❝❤❛#❛❝+❡#✐③❛+✐♦♥% ♦❢ +❤❡ ♥❡✇ ❢❛♠✐❧②✳ ❊%+✐♠❛+✐♦♥ ♦❢ +❤❡ ♠♦❞❡❧ ♣❛#❛♠❡+❡#% ❛♥❞

%✐♠✉❧❛+✐♦♥ ✉%✐♥❣ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❛♥❞ +❤❡ ♠❡+❤♦❞ ♦❢ ♠✐♥✐♠✉♠ %♣❛❝✐♥❣ ❞✐%+❛♥❝❡ ❛#❡

❞✐%❝✉%%❡❞ ✐♥ ❙❡❝+✐♦♥ ✻✳ ■♥ ❙❡❝+✐♦♥ ✼✱ ✇❡ ✐❧❧✉%+#❛+❡ +❤❡ ✐♠♣♦#+❛♥❝❡ ♦❢ +❤❡ ♥❡✇ ❢❛♠✐❧② ❜②

♠❡❛♥% ♦❢ +✇♦ ❛♣♣❧✐❝❛+✐♦♥% +♦ #❡❛❧ ❞❛+❛✳ ❚❤❡ ♣❛♣❡# ✐% ❝♦♥❝❧✉❞❡❞ ✐♥ ❙❡❝+✐♦♥ ✽✳

✷✳ ❚❤❡ ♦❞❞ ❧♦❣✲❧♦❣✐2$✐❝ ❛♥❞ ❜❡$❛ ♦❞❞ ❧♦❣✲❧♦❣✐2$✐❝ ❢❛♠✐❧✐❡2

❚❤❡ ❧♦❣✲❧♦❣✐%+✐❝ ✭▲▲✮ ❞✐%+#✐❜✉+✐♦♥ ✐% ✇✐❞❡❧② ✉%❡❞ ✐♥ ♣#❛❝+✐❝❡ ❛♥❞ ✐+ ✐% ❛♥ ❛❧+❡#♥❛+✐✈❡

+♦ +❤❡ ❧♦❣✲♥♦#♠❛❧ ♠♦❞❡❧ %✐♥❝❡ ✐+ ♣#❡%❡♥+% ❛ ❤❛③❛#❞ #❛+❡ ❢✉♥❝+✐♦♥ ✭❤#❢✮ +❤❛+ ✐♥❝#❡❛%❡%✱

#❡❛❝❤❡% ❛ ♣❡❛❦ ❛❢+❡# %♦♠❡ ✜♥✐+❡ ♣❡#✐♦❞ ❛♥❞ +❤❡♥ ❞❡❝❧✐♥❡% ❣#❛❞✉❛❧❧②✳ ■+% ♣#♦♣❡#+✐❡% ♠❛❦❡
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%❤♦✇❡❞ +❤❛+✿
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❝♦♠♣♦%✐+✐♦♥❀
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✕ ❡✈❡(② ❞✐$+(✐❜✉+✐♦♥ ✐♥ ❛♥ ❡/✉✐✈❛❧❡♥❝❡ ❝❧❛$$ ❤❛$ +❤❡ $❛♠❡ ♥✉♠❜❡( ♦❢ ♠♦♠❡♥+$❀

✕ ❡❛❝❤ ❡/✉✐✈❛❧❡♥❝❡ ❝❧❛$$ ✐$ ❧✐♥❡❛(❧② ♦(❞❡(❡❞ ❛❝❝♦(❞✐♥❣ +♦ +❤❡ +(❛♥$❢♦(♠❛+✐♦♥ ♣❛(❛♠❡+❡(✱

✇✐+❤ ❧❛(❣❡( ✈❛❧✉❡$ ♦❢ +❤✐$ ♣❛(❛♠❡+❡( ❝♦((❡$♣♦♥❞✐♥❣ +♦ $♠❛❧❧❡( ❞✐$♣❡($✐♦♥ ♦❢ +❤❡ ❞✐$+(✐❜✉+✐♦♥

❛❜♦✉+ +❤❡ ❝♦♠♠♦♥ ❝❧❛$$ ♠❡❞✐❛♥❀ ❛♥❞

✕ ✇✐+❤✐♥ ❛♥ ❡/✉✐✈❛❧❡♥❝❡ ❝❧❛$$✱ +❤❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡( ✐♥❢♦(♠❛+✐♦♥ ✐$ ❛♥ ✐♥❝(❡❛$✐♥❣ ❢✉♥❝+✐♦♥

♦❢ +❤❡ (❛+✐♦ ♦❢ +❤❡ +(❛♥$❢♦(♠❛+✐♦♥ ♣❛(❛♠❡+❡($✳

■♥ ❛❞❞✐+✐♦♥✱ ●❧❡❛+♦♥ ❛♥❞ ❘❛❤♠❛♥ ♦❜+❛✐♥❡❞ (❡$✉❧+$ ❛❜♦✉+ +❤❡ ❞✐$+(✐❜✉+✐♦♥$ ♦❢ +❤❡

▼▲❊✬$ ♦❢ +❤❡ ♣❛(❛♠❡+❡($ ♦❢ +❤❡ ❞✐$+(✐❜✉+✐♦♥✳ ●❧❡❛+♦♥ ❛♥❞ ❘❛❤♠❛♥ ❬✷✵✱ ✷✶❪ $❤♦✇❡❞

+❤❛+ ❢♦( ❞✐$+(✐❜✉+✐♦♥$ ❣❡♥❡(❛+❡❞ ❢(♦♠ ❡✐+❤❡( ❛ ✷✲♣❛(❛♠❡+❡( ❲❡✐❜✉❧❧ ❞✐$+(✐❜✉+✐♦♥ ♦( ❛ ✷✲

♣❛(❛♠❡+❡( ✐♥✈❡($❡ ●❛✉$$✐❛♥ ❞✐$+(✐❜✉+✐♦♥ ❜② ❛ ●▲▲ +(❛♥$❢♦(♠❛+✐♦♥✱ +❤❡ ❥♦✐♥+ ♠❛①✐♠✉♠

❧✐❦❡❧✐❤♦♦❞ ❡$+✐♠❛+♦($ ♦❢ +❤❡ ♣❛(❛♠❡+❡($ ❛(❡ ❛$②♠♣+♦+✐❝❛❧❧② ♥♦(♠❛❧ ❛♥❞ ❡✣❝✐❡♥+✱ ♣(♦✈✐❞❡❞

+❤❡ ●▲▲ +(❛♥$❢♦(♠❛+✐♦♥ ♣❛(❛♠❡+❡( ❡①❝❡❡❞$ ✸✳

●✐✈❡♥ ❛ ❝♦♥+✐♥✉♦✉$ ❜❛$❡❧✐♥❡ ❝✉♠✉❧❛+✐✈❡ ❞✐$+(✐❜✉+✐♦♥ ❢✉♥❝+✐♦♥ ✭❝❞❢✮ G(x; ξ) ✇✐+❤ ❛

♣❛(❛♠❡+❡( ✈❡❝+♦( ξ✱ +❤❡ ❝❞❢ ♦❢ +❤❡ ❖▲▲✲● ❢❛♠✐❧② ✭❜② ✐♥+❡❣(❛+✐♥❣ +❤❡ ▲▲ ❞❡♥$✐+② ❢✉♥❝+✐♦♥

✇✐+❤ ❛♥ ❛❞❞✐+✐♦♥❛❧ $❤❛♣❡ ♣❛(❛♠❡+❡( c > 0✮ ✐$ ❣✐✈❡♥ ❜②

F
❖▲▲✲●

(x) =

∫ G(x;ξ)/G(x;ξ)

0

c tc−1

(1 + tc)2
dt =

G(x; ξ)c

G(x; ξ)c +G(x; ξ)c
.✭✷✳✶✮

■❢ c > 1✱ (❤❡ ❤+❢ ♦❢ (❤❡ ❖▲▲✲● +❛♥❞♦♠ ✈❛+✐❛❜❧❡ ✐9 ✉♥✐♠♦❞❛❧ ❛♥❞ ✇❤❡♥ c = 1 ✐(

❞❡❝+❡❛9❡9 ♠♦♥♦(♦♥✐❝❛❧❧②✳ ❚❤❡ ❢❛❝( (❤❛( ✐(9 ❝❞❢ ❤❛9 ❝❧♦9❡❞✲❢♦+♠ ✐9 ♣❛+(✐❝✉❧❛+❧② ✐♠♣♦+(❛♥(

❢♦+ ❛♥❛❧②9✐9 ♦❢ 9✉+✈✐✈❛❧ ❞❛(❛ ✇✐(❤ ❝❡♥9♦+✐♥❣✳

❲❡ ❝❛♥ ✇+✐(❡

c =
log

[

F (x; ξ)/F (x; ξ)
]

log
[

G(x; ξ)/G(x; ξ)
]

❛♥❞ G(x; ξ) = 1−G(x; ξ).

❍❡+❡✱ (❤❡ ♣❛+❛♠❡(❡+ c +❡♣+❡9❡♥(9 (❤❡ C✉♦(✐❡♥( ♦❢ (❤❡ ❧♦❣✲♦❞❞9 +❛(✐♦ ❢♦+ (❤❡ ❣❡♥❡+❛(❡❞ ❛♥❞

❜❛9❡❧✐♥❡ ❞✐9(+✐❜✉(✐♦♥9✳

❚❤❡ ♣+♦❜❛❜✐❧✐(② ❞❡♥9✐(② ❢✉♥❝(✐♦♥ ✭♣❞❢✮ ❝♦++❡9♣♦♥❞✐♥❣ (♦ ✭✷✳✶✮ ✐9

f
❖▲▲✲●

(x) =
c g(x; ξ)

{

G(x; ξ)G(x; ξ)
}c−1

{

G(x; ξ)c +G(x; ξ)c
}2 .✭✷✳✷✮

■♥ (❤✐9 ♣❛♣❡+✱ ✇❡ ♣+♦♣♦9❡ ❛ ♥❡✇ ❡①(❡♥9✐♦♥ ♦❢ (❤❡ ❖▲▲✲● ❢❛♠✐❧②✳ ❇❛9❡❞ ♦♥ ❛ ❜❛9❡❧✐♥❡

❝❞❢ G(x; ξ) ❞❡♣❡♥❞✐♥❣ ♦♥ ❛ ♣❛+❛♠❡(❡+ ✈❡❝(♦+ ξ✱ 9✉+✈✐✈❛❧ ❢✉♥❝(✐♦♥ G(x; ξ) = 1 − G(x; ξ)
❛♥❞ ♣❞❢ g(x; ξ)✱ ✇❡ ❞❡✜♥❡ (❤❡ ❝❞❢ ♦❢ (❤❡ ❇❖▲▲✲● ❢❛♠✐❧② ♦❢ ❞✐9(+✐❜✉(✐♦♥9 ✭❢♦+ x ∈ R✮ ❜②

F (x) = F (x; a, b, c, ξ) =
1

B(a, b)
B

( G(x; ξ)c

G(x; ξ)c +G(x; ξ)c
; a, b

)

,✭✷✳✸✮

✇❤❡+❡ a > 0✱ b > 0 ❛♥❞ c > 0 ❛+❡ (❤+❡❡ ❛❞❞✐(✐♦♥❛❧ 9❤❛♣❡ ♣❛+❛♠❡(❡+9✱ B(z; a, b) =
∫ z

0
wa−1(1 − w)b−1dw ✐9 (❤❡ ✐♥❝♦♠♣❧❡(❡ ❜❡(❛ ❢✉♥❝(✐♦♥✱ B(a, b) = Γ(a)Γ(b)/Γ(a + b) ✐9

(❤❡ ❜❡(❛ ❢✉♥❝(✐♦♥ ❛♥❞ Γ(a) =
∫

∞

0
ta−1 e−t dt ✐9 (❤❡ ❣❛♠♠❛ ❢✉♥❝(✐♦♥✳ ❲❡ ❛❧9♦ ❛❞♦♣( (❤❡

♥♦(❛(✐♦♥ Iz(a, b) = B(z; a, b)/B(a, b)✳

❚❤❡ ♣❞❢ ❛♥❞ ❤+❢ ❝♦++❡9♣♦♥❞✐♥❣ (♦ ✭✷✳✸✮ ❛+❡✱ +❡9♣❡❝(✐✈❡❧②✱ ❣✐✈❡♥ ❜②

f(x) = f(x; a, b, c, ξ) =
c g(x; ξ)G(x; ξ)ac−1G(x; ξ)bc−1

B(a, b)
{

G(x; ξ)c +G(x; ξ)c
}a+b

✭✷✳✹✮

❛♥❞

h(x) =
c g(x; ξ)G(x; ξ)ac−1G(x; ξ)bc−1

{

G(x; ξ)c +G(x; ξ)c
}a+b

{

B(a, b)−B
(

G(x;ξ)c

G(x;ξ)c+G(x;ξ)c
; a, b

)} .✭✷✳✺✮



✶✶✼✽

❈❧❡❛$❧②✱ ✐❢ ✇❡ *❛❦❡ G(x) = x/(1 + x)✱ ❡,✉❛*✐♦♥ ✭✷✳✸✮ ❜❡❝♦♠❡8 *❤❡ ❜❡*❛ ❧♦❣✲❧♦❣✐8*✐❝
❞✐8*$✐❜✉*✐♦♥✳ ❚❤❡ ❢❛♠✐❧② ✭✷✳✹✮ ❝♦♥*❛✐♥8 8♦♠❡ 8✉❜✲❢❛♠✐❧✐❡8 ❧✐8*❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ❚❤❡ ❜❛8❡❧✐♥❡

● ❞✐8*$✐❜✉*✐♦♥ ✐8 ❛ ❜❛8✐❝ ❡①❡♠♣❧❛$ ♦❢ ✭✷✳✹✮ ✇❤❡♥ a = b = c = 1✳ ❍❡$❡❛❢*❡$✱ X ∼
❇❖▲▲✲●(a, b, c, ξ) ❞❡♥♦*❡8 ❛ $❛♥❞♦♠ ✈❛$✐❛❜❧❡ ❤❛✈✐♥❣ ❞❡♥8✐*② ❢✉♥❝*✐♦♥ ✭✷✳✹✮✳ ❲❡ ❝❛♥ ♦♠✐*

*❤❡ ♣❛$❛♠❡*❡$8 ✐♥ *❤❡ ♣❞❢✬8 ❛♥❞ ❝❞❢✬8✳

❚❛❜❧❡ ✶✿ ❙♦♠❡ 8♣❡❝✐❛❧ ♠♦❞❡❧8 ♦❢ *❤❡ ❇❖▲▲✲● ❢❛♠✐❧②✳

a b c G(x) ❘❡❞✉❝❡❞ ❞✐8*$✐❜✉*✐♦♥

✲ ✲ ✶ G(x) ❇❡*❛✲● ❢❛♠✐❧② ✭❊✉❣❡♥❡ ❡* ❛❧✳ ❬✶✺❪✮

✶ ✶ ✲ G(x) ❖❞❞ ❧♦❣✲❧♦❣✐8*✐❝ ❢❛♠✐❧② ✭●❧❡❛*♦♥ ❛♥❞ ▲②♥❝❤❬✶✾❪✮

✶ ✲ ✶ G(x) R$♦♣♦$*✐♦♥❛❧ ❤❛③❛$❞ $❛*❡ ❢❛♠✐❧② ✭●✉♣*❛ ❡* ❛❧✳ ❬✷✻❪✮

✲ ✶ ✶ G(x) R$♦♣♦$*✐♦♥❛❧ $❡✈❡$8❡❞ ❤❛③❛$❞ $❛*❡ ❢❛♠✐❧② ✭●✉♣*❛ ❛♥❞ ●✉♣*❛ ❬✷✺❪✮

✶ ✶ ✶ G(x) G(x)

❚❤❡ ❇❖▲▲✲● ❢❛♠✐❧② ❝❛♥ ❡❛8✐❧② ❜❡ 8✐♠✉❧❛*❡❞ ❜② ✐♥✈❡$*✐♥❣ ✭✷✳✸✮ ❛8 ❢♦❧❧♦✇8✿ ✐❢ V ❤❛8 ❛

❜❡*❛ (a, b) ❞✐8*$✐❜✉*✐♦♥✱ *❤❡♥ *❤❡ $❛♥❞♦♠ ✈❛$✐❛❜❧❡ X ❝❛♥ ❜❡ ♦❜*❛✐♥❡❞ ❢$♦♠ *❤❡ ❜❛8❡❧✐♥❡

,❢✱ 8❛② QG(u) = G−1(u)✳ ■♥ ❢❛❝*✱ *❤❡ $❛♥❞♦♠ ✈❛$✐❛❜❧❡

X = QG

[ V
1
c

V
1
c + (1− V )

1
c

]

✭✷✳✻✮

❤❛8 ❞❡♥8✐*② ❢✉♥❝*✐♦♥ ✭✷✳✹✮✳

✸✳ ❙♦♠❡ &♣❡❝✐❛❧ ♠♦❞❡❧&

❍❡$❡✱ ✇❡ ♣$❡8❡♥* 8♦♠❡ 8♣❡❝✐❛❧ ♠♦❞❡❧8 ♦❢ *❤❡ ❇❖▲▲✲● ❢❛♠✐❧②✳

✸✳✶✳ ❚❤❡ ❇❖▲▲✲❡①♣♦♥❡♥.✐❛❧ ✭❇❖▲▲✲❊✮ ❞✐6.7✐❜✉.✐♦♥✳ ❚❤❡ ♣❞❢ ❛♥❞ ❝❞❢ ♦❢ *❤❡ ❡①✲

♣♦♥❡♥*✐❛❧ ❞✐8*$✐❜✉*✐♦♥ ✇✐*❤ 8❝❛❧❡ ♣❛$❛♠❡*❡$ α > 0 ❛$❡ ❣✐✈❡♥ ❜② g(x;α) = α ❡−αx
❛♥❞

G(x;α) = 1− ❡−αx
✱ $❡8♣❡❝*✐✈❡❧②✳ ■♥8❡$*✐♥❣ *❤❡8❡ ❡①♣$❡88✐♦♥8 ✐♥ ✭✷✳✹✮ ❣✐✈❡8 *❤❡ ❇❖▲▲✲❊

♣❞❢

f(x; a, b, c, α) =
c α ❡

−α b x
{

1− ❡−αx
}ac−1

B(a, b) [{1− ❡−αx}c + ❡−cα x]a+b
.

✸✳✷✳ ❚❤❡ ❇❖▲▲✲♥♦7♠❛❧ ✭❇❖▲▲✲◆✮ ❞✐6.7✐❜✉.✐♦♥✳ ❚❤❡ ❇❖▲▲✲◆ ❞✐8*$✐❜✉*✐♦♥ ✐8 ❞❡✲

✜♥❡❞ ❢$♦♠ ✭✷✳✹✮ ❜② *❛❦✐♥❣ G(x; ξ) = Φ
(

x−µ
σ

)

❛♥❞ g(x; ξ) = σ−1 φ
(

x−µ
σ

)

❢♦$ *❤❡ ❝❞❢ ❛♥❞

♣❞❢ ♦❢ *❤❡ ♥♦$♠❛❧ ❞✐8*$✐❜✉*✐♦♥ ✇✐*❤ ♣❛$❛♠❡*❡$8 µ ❛♥❞ σ2
✱ ✇❤❡$❡ φ(·) ❛♥❞ Φ(·) ❛$❡ *❤❡ ♣❞❢

❛♥❞ ❝❞❢ ♦❢ *❤❡ 8*❛♥❞❛$❞ ♥♦$♠❛❧ ❞✐8*$✐❜✉*✐♦♥✱ $❡8♣❡❝*✐✈❡❧②✱ ❛♥❞ ξ = (µ, σ2)✳ ❚❤❡ ❇❖▲▲✲◆
♣❞❢ ✐8 ❣✐✈❡♥ ❜②

f(x; a, b, c, µ, σ2) =
c φ(x−µ

σ
)
{

Φ
(

x−µ
σ

)}ac−1 {

1− Φ
(

x−µ
σ

)}bc−1

σB(a, b)
[{

Φ
(

x−µ
σ

)}c
+

{

1− Φ
(

x−µ
σ

)}c]a+b
,✭✸✳✶✮

✇❤❡$❡ x ∈ R✱ µ ∈ R ✐8 ❛ ❧♦❝❛*✐♦♥ ♣❛$❛♠❡*❡$ ❛♥❞ σ > 0 ✐8 ❛ 8❝❛❧❡ ♣❛$❛♠❡*❡$✳

❲❡ ❝❛♥ ❞❡♥♦*❡ ❜② X ∼ ❇❖▲▲✲◆(a, b, c, µ, σ2) ❛ $❛♥❞♦♠ ✈❛$✐❛❜❧❡ ❤❛✈✐♥❣ ♣❞❢ ✭✸✳✶✮✳

✸✳✸✳ ❚❤❡ ❇❖▲▲✲▲♦♠❛① ✭❇❖▲▲✲▲①✮ ❞✐6.7✐❜✉.✐♦♥✳ ❚❤❡ ♣❞❢ ❛♥❞ ❝❞❢ ♦❢ *❤❡ ▲♦♠❛①

❞✐8*$✐❜✉*✐♦♥ ✇✐*❤ 8❝❛❧❡ ♣❛$❛♠❡*❡$ β > 0 ❛♥❞ 8❤❛♣❡ ♣❛$❛♠❡*❡$ α > 0 ❛$❡ ❣✐✈❡♥ ❜②



✶✶✼✾

g(x;α, β) = (α/β) [1 + (x/β)]−(α+1)
❛♥❞ G(x;α, β) = 1 − [1 + (x/β)]−α

✱ $❡&♣❡❝)✐✈❡❧②✳

❚❤❡ ❇❖▲▲✲▲① ♣❞❢ ❢♦❧❧♦✇& ❜② ✐♥&❡$)✐♥❣ )❤❡&❡ ❡①♣$❡&&✐♦♥& ✐♥ ✭✷✳✹✮ ❛&

f(x; a, b, c, α, β) =

c α
β

{

1 +
(

x
β

)}−(α+1) {

1 +
(

x
β

)}−α(ac−1)

B(a, b)

[{

1−
[

1 +
(

x
β

)]−α
}c

+
{

1 +
(

x
β

)}−α c
]a+b

.

✸✳✹✳ ❚❤❡ ❇❖▲▲✲❲❡✐❜✉❧❧ ✭❇❖▲▲✲❲✮ ❞✐234✐❜✉3✐♦♥✳ ❚❤❡ ♣❞❢ ❛♥❞ ❝❞❢ ♦❢ )❤❡ ❲❡✐❜✉❧❧

❞✐&)$✐❜✉)✐♦♥ ✇✐)❤ &❝❛❧❡ ♣❛$❛♠❡)❡$ α > 0 ❛♥❞ &❤❛♣❡ ♣❛$❛♠❡)❡$ β > 0 ❛$❡ ❣✐✈❡♥ ❜②

g(x;α, β) = αβxβ−1
❡

−αxβ

❛♥❞ G(x;α, β) = 1 − ❡

−αxβ

✱ $❡&♣❡❝)✐✈❡❧②✳ ■♥&❡$)✐♥❣ )❤❡&❡

❡①♣$❡&&✐♦♥& ✐♥ ✭✷✳✹✮ ②✐❡❧❞& )❤❡ ❇❖▲▲✲❲ ♣❞❢

f(x; a, b, c, α, β) =
c α β xβ−1

❡

−b c α xβ
{

1− ❡

−αxβ
}ac−1

B(a, b)
[{

1− ❡

−αxβ
}c

+
{

❡

−αxβ
}c]a+b

.

✸✳✺✳ ❚❤❡ ❇❖▲▲✲●❛♠♠❛ ✭❇❖▲▲✲●❛✮ ❞✐234✐❜✉3✐♦♥✳ ❈♦♥&✐❞❡$ )❤❡ ❣❛♠♠❛ ❞✐&)$✐❜✉✲

)✐♦♥ ✇✐)❤ &❤❛♣❡ ♣❛$❛♠❡)❡$ α > 0 ❛♥❞ &❝❛❧❡ ♣❛$❛♠❡)❡$ β > 0✱ ✇❤❡$❡ )❤❡ ♣❞❢ ❛♥❞ ❝❞❢ ✭❢♦$

x > 0✮ ❛$❡ ❣✐✈❡♥ ❜②

g(x;α, β) =
βα

Γ(α)
xα−1 e−βx

❛♥❞ G(x;α, β) =
γ(α, β x)

Γ(α)
,

✇❤❡$❡ γ(α, β x) =
∫ β x

0
tα−1 e−t dt ✐& )❤❡ ✐♥❝♦♠♣❧❡)❡ ❣❛♠♠❛ ❢✉♥❝)✐♦♥✳ ■♥&❡$)✐♥❣ )❤❡&❡

❡①♣$❡&&✐♦♥& ✐♥ ❡D✉❛)✐♦♥ ✭✷✳✹✮✱ )❤❡ ❇❖▲▲✲●❛ ❞❡♥&✐)② ❢✉♥❝)✐♦♥ ❢♦❧❧♦✇& ❛&

f(x; a, b, c, α, β) =
c βα xα−1 e−βx

{

γ(α,β x)
Γ(α)

}ac−1 {

1− γ(α,β x)
Γ(α)

}bc−1

Γ(α)B(a, b)
[{

γ(α,β x)
Γ(α)

}c

+
{

1− γ(α,β x)
Γ(α)

}c]a+b
.

■♥ ❋✐❣✉$❡& ✶ ❛♥❞ ✷✱ ✇❡ ❞✐&♣❧❛② &♦♠❡ ♣❧♦)& ♦❢ )❤❡ ♣❞❢ ❛♥❞ ❤$❢ ♦❢ )❤❡ ❇❖▲▲✲❊✱ ❇❖▲▲✲

◆ ❛♥❞ ❇❖▲▲✲▲① ❞✐&)$✐❜✉)✐♦♥& ❢♦$ &❡❧❡❝)❡❞ ♣❛$❛♠❡)❡$ ✈❛❧✉❡&✳ ❋✐❣✉$❡ ✶ $❡✈❡❛❧& )❤❛) )❤❡

❇❖▲▲✲❊✱ ❇❖▲▲✲◆ ❛♥❞ ❇❖▲▲✲▲① ❞❡♥&✐)✐❡& ❣❡♥❡$❛)❡ ✈❛$✐♦✉& &❤❛♣❡& &✉❝❤ ❛& &②♠♠❡)$✐❝❛❧✱

❧❡❢)✲&❦❡✇❡❞✱ $✐❣❤)✲&❦❡✇❡❞✱ $❡✈❡$&❡❞✲❏✱ ✉♥✐♠♦❞❛❧ ❛♥❞ ❜✐♠♦❞❛❧✳ ❆❧&♦✱ ❋✐❣✉$❡ ✷ &❤♦✇& )❤❛)

)❤❡&❡ ♠♦❞❡❧& ❝❛♥ ♣$♦❞✉❝❡ ❤❛③❛$❞ $❛)❡ &❤❛♣❡& &✉❝❤ ❛& ❝♦♥&)❛♥)✱ ✐♥❝$❡❛&✐♥❣✱ ❞❡❝$❡❛&✐♥❣✱ ❏

❛♥❞ ✉♣&✐❞❡✲❞♦✇♥ ❜❛)❤)✉❜✳ ❚❤✐& ❢❛❝) ✐♠♣❧✐❡& )❤❛) )❤❡ ❇❖▲▲✲● ❢❛♠✐❧② ❝❛♥ ❜❡ ✈❡$② ✉&❡❢✉❧

❢♦$ ✜))✐♥❣ ❞❛)❛ &❡)& ✇✐)❤ ✈❛$✐♦✉& &❤❛♣❡&✳
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✹✳ ▼❛$❤❡♠❛$✐❝❛❧ ♣,♦♣❡,$✐❡.

❍❡"❡✱ ✇❡ ♣"❡&❡♥( &♦♠❡ ♠❛(❤❡♠❛(✐❝❛❧ ♣"♦♣❡"(✐❡& ♦❢ (❤❡ ♥❡✇ ❢❛♠✐❧② ♦❢ ❞✐&("✐❜✉(✐♦♥&✳

✹✳✶✳ ❆$②♠♣(♦(✐❝$ ❛♥❞ $❤❛♣❡$✳ ❚❤❡ ❛&②♠♣(♦(❡& ♦❢ ❡7✉❛(✐♦♥& ✭✷✳✸✮✱ ✭✷✳✹✮ ❛♥❞ ✭✷✳✺✮ ❛&

x→ 0 ❛♥❞ x→ ∞ ❛"❡ ❣✐✈❡♥ ❜②

F (x) ∼ IG(x)c(a, b) ❛& x→ 0,

1− F (x) ∼ IḠ(x)c(b, a) as x→ ∞,

f(x) ∼
c

B(a, b)
g(x)G(x)a c−1

❛& x→ 0,

f(x) ∼
c

B(a, b)
g(x)Ḡ(x)b c−1

❛& x→ ∞,

h(x) ∼
c g(x)G(x)a c−1

1− IG(x)c(a, b)
❛& x→ 0,

h(x) ∼
c g(x)Ḡ(x)b c−1

IḠ(x)c(b, a)
❛& x→ ∞.

❚❤❡ &❤❛♣❡& ♦❢ (❤❡ ❞❡♥&✐(② ❛♥❞ ❤❛③❛"❞ "❛(❡ ❢✉♥❝(✐♦♥& ❝❛♥ ❜❡ ❞❡&❝"✐❜❡❞ ❛♥❛❧②(✐❝❛❧❧②✳ ❚❤❡

❝"✐(✐❝❛❧ ♣♦✐♥(& ♦❢ (❤❡ ❇❖▲▲✲● ❞❡♥&✐(② ❢✉♥❝(✐♦♥ ❛"❡ (❤❡ "♦♦(& ♦❢ (❤❡ ❡7✉❛(✐♦♥✿

✭✹✳✶✮

g′(x)

g(x)
+ (ac− 1)

g(x)

G(x)
+ (1− bc)

g(x)

G(x)
− c(a+ b)g(x)

G(x)c−1 −G(x)c−1

G(x)c +G(x)c
= 0.

❚❤❡"❡ ♠❛② ❜❡ ♠♦"❡ (❤❛♥ ♦♥❡ "♦♦( (♦ ✭✹✳✶✮✳ ▲❡( λ(x) = d2 log[f(x)]/d x2✳ ❲❡ ❤❛✈❡

λ(x) =
g′′(x)g(x)− [g′(x)]2

g(x)2
+ (ac− 1)

g′(x)G(x)− g(x)2

G(x)2

+ (1− bc)
g′(x)G(x) + g(x)2

G(x)2
− c(a+ b)g′(x)

G(x)c−1 −G(x)c−1

G(x)c +G(x)c

− c(c− 1)(a+ b)g(x)2
G(x)c−2 +G(x)c−2

G(x)c +G(x)c

− (a+ b)

{

cg(x)
G(x)c−1 −G(x)c−1

G(x)c +G(x)c

}2

.

■❢ x = x0 ✐& ❛ "♦♦( ♦❢ ✭✹✳✶✮ (❤❡♥ ✐( ❝♦""❡&♣♦♥❞& (♦ ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ✐❢ λ(x) > 0 ❢♦" ❛❧❧
x < x0 ❛♥❞ λ(x) < 0 ❢♦" ❛❧❧ x > x0✳ ■( ❝♦""❡&♣♦♥❞& (♦ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✐❢ λ(x) < 0 ❢♦"
❛❧❧ x < x0 ❛♥❞ λ(x) > 0 ❢♦" ❛❧❧ x > x0✳ ■( "❡❢❡"& (♦ ❛ ♣♦✐♥( ♦❢ ✐♥✢❡①✐♦♥ ✐❢ ❡✐(❤❡" λ(x) > 0
❢♦" ❛❧❧ x 6= x0 ♦" λ(x) < 0 ❢♦" ❛❧❧ x 6= x0✳
❚❤❡ ❝"✐(✐❝❛❧ ♣♦✐♥(& ♦❢ (❤❡ ❤"❢ h(x) ❛"❡ ♦❜(❛✐♥❡❞ ❢"♦♠ (❤❡ ❡7✉❛(✐♦♥

g′(x)

g(x)
+ (ac− 1)

g(x)

G(x)
+ (1− bc)

g(x)

G(x)
− c(a+ b)g(x)

G(x)c−1 −G(x)c−1

G(x)c +G(x)c

+
cg(x)G(x)ac−1G(x)bc−1

B(a, b)
{

G(x)c +G(x)c
}a+b

{

1− I G(x)c

Ḡ(x)c+G(x)c
(a, b)

} = 0.✭✹✳✷✮
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❚❤❡#❡ ♠❛② ❜❡ ♠♦#❡ )❤❛♥ ♦♥❡ #♦♦) )♦ ✭✹✳✷✮✳ ▲❡) τ(x) = d2 log[h(x)]/dx2✳ ❲❡ ❤❛✈❡

τ(x) =
g′′(x)g(x)− [g′(x)]2

g(x)2
+ (ac− 1)

g′(x)G(x)− g(x)2

G(x)2

+ (1− bc)
g′(x)G(x) + g(x)2

G(x)2
− c(a+ b)g′(x)

G(x)c−1 −G(x)c−1

G(x)c +G(x)c

+ c(c− 1)(a+ b)g(x)2
G(x)c−2 +G(x)c−2

G(x)c +G(x)c

− (a+ b)

{

cg(x)
G(x)c−1 −G(x)c−1

G(x)c +G(x)c

}2

+
cg′(x)G(x)ac−1G(x)bc−1

{

G(x)c +G(x)c
}a+b

{

B(a, b)−B
(

G(x;ξ)c

G(x;ξ)c+G(x;ξ)c
; a, b

)}

+
c(ac− 1)g(x)2G(x)ac−2G(x)bc−1

{

G(x)c +G(x)c
}a+b

{

B(a, b)−B
(

G(x;ξ)c

G(x;ξ)c+G(x;ξ)c
; a, b

)}

+
c(bc− 1)g(x)2G(x)ac−1G(x)bc−2

{

G(x)c +G(x)c
}a+b

{

B(a, b)−B
(

G(x;ξ)c

G(x;ξ)c+G(x;ξ)c
; a, b

)}

−
c2(a+ b)2g(x)G(x)ac−1G(x)bc−1

{

G(x)c−1 −G(x)c−1
}

{

G(x)c +G(x)c
}a+b+1

{

B(a, b)−B
(

G(x;ξ)c

G(x;ξ)c+G(x;ξ)c
; a, b

)}

+







cg(x)G(x)ac−1G(x)bc−1

{

G(x)c +G(x)c
}a+b

{

B(a, b)−B
(

G(x;ξ)c

G(x;ξ)c+G(x;ξ)c
; a, b

)}







2

.

■❢ x = x0 ✐6 ❛ #♦♦) ♦❢ ✭✹✳✷✮ )❤❡♥ ✐) #❡❢❡#6 )♦ ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ✐❢ τ(x) > 0 ❢♦# ❛❧❧ x < x0
❛♥❞ τ(x) < 0 ❢♦# ❛❧❧ x > x0✳ ■) ❝♦##❡6♣♦♥❞6 )♦ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✐❢ τ(x) < 0 ❢♦# ❛❧❧ x < x0
❛♥❞ τ(x) > 0 ❢♦# ❛❧❧ x > x0✳ ■) ❣✐✈❡6 ❛♥ ✐♥✢❡①✐♦♥ ♣♦✐♥) ✐❢ ❡✐)❤❡# τ(x) > 0 ❢♦# ❛❧❧ x 6= x0
♦# τ(x) < 0 ❢♦# ❛❧❧ x 6= x0✳

✹✳✷✳ ❯$❡❢✉❧ ❡①♣❛♥$✐♦♥$✳ ❋♦# ❛♥ ❛#❜✐)#❛#② ❜❛6❡❧✐♥❡ ❝❞❢ G(x)✱ ❛ #❛♥❞♦♠ ✈❛#✐❛❜❧❡ Z ❤❛6

)❤❡ ❡①♣✲● ❞✐6)#✐❜✉)✐♦♥ ✭6❡❡ ❙❡❝)✐♦♥ ✶✮ ✇✐)❤ ♣♦✇❡# ♣❛#❛♠❡)❡# c > 0✱ 6❛② Z ∼❡①♣✲●(c)✱
✐❢ ✐)6 ♣❞❢ ❛♥❞ ❝❞❢ ❛#❡ ❣✐✈❡♥ ❜② hc(x) = cG(x)c−1 g(x) ❛♥❞ Hc(x) = G(x)c✱ #❡6♣❡❝)✐✈❡❧②✳
❙♦♠❡ 6)#✉❝)✉#❛❧ ♣#♦♣❡#)✐❡6 ♦❢ )❤❡ ❡①♣✲● ❞✐6)#✐❜✉)✐♦♥6 ❛#❡ 6)✉❞✐❡❞ ❜② ▼✉❞❤♦❧❦❛# ❛♥❞

❙#✐✈❛6)❛✈❛ ❬✸✺❪✱ ▼✉❞❤♦❧❦❛# ❡) ❛❧✳ ❬✸✻❪✱ ▼✉❞❤♦❧❦❛# ❛♥❞ ❍✉)6♦♥ ❬✸✹❪✱ ●✉♣)❛ ❡) ❛❧✳ ❬✷✻❪✱

●✉♣)❛ ❛♥❞ ❑✉♥❞✉ ❬✷✼✱ ✷✽❪✱ ◆❛❞❛#❛❥❛❤ ❛♥❞ ❑♦)③ ❬✸✾❪✱ ◆❛❞❛#❛❥❛❤ ❛♥❞ ●✉♣)❛ ❬✹✵✱ ✹✶❪ ❛♥❞

◆❛❞❛#❛❥❛❤ ❬✸✼❪✳

❲❡ ❝❛♥ ♣#♦✈❡ )❤❛) )❤❡ ❝❞❢ ✭✷✳✸✮ ❛❞♠✐)6 )❤❡ ❡①♣❛♥6✐♦♥

F (x) =
∞
∑

l=0

(−1)l

B(a, b)(a+ l)

(

b− 1

l

)

G(x)c(a+l)

[G(x)c + Ḡ(x)c]a+l

=
∞
∑

l=0

(−1)l

B(a, b)(a+ l)

(

b− 1

l

)

∑

∞

k=0 α
(l)
k G(x)k

∑

∞

k=0 β
(l)
k G(x)k

.

❯6✐♥❣ )❤❡ ♣♦✇❡# 6❡#✐❡6 ❢♦# )❤❡ #❛)✐♦ ♦❢ )✇♦ ♣♦✇❡# 6❡#✐❡6✱ ✇❡ ❤❛✈❡

F (x) =
∞
∑

l=0

(−1)l

B(a, b)(a+ l)

(

b− 1

l

)

∞
∑

k=0

γ
(l)
k G(x)k,
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✇❤❡#❡ ✭❢♦# ❡❛❝❤ l✮ α
(l)
k = ak(c(a+ l))✱ β

(l)
k = hk(c, a+ l)✱ ak(c(a+ l)) ❛♥❞ hk(c, a+ l) ❛#❡

❞❡✜♥❡❞ ✐♥ /❤❡ ❆♣♣❡♥❞✐① ❆ ❛♥❞ γ
(l)
k ✐3 ❞❡/❡#♠✐♥❡❞ #❡❝✉#3✐✈❡❧② ❛3

γ
(l)
k = γk(a, c) =

1

β
(l)
0

(

α
(l)
k −

1

β
(l)
0

k
∑

r=1

β(l)
r γ

(l)
k−r

)

.

❚❤❡♥✱ ✇❡ ❤❛✈❡

F (x) =
∞
∑

k=0

bkHk(x),

✇❤❡#❡

bk =

∞
∑

l=0

(−1)l γ
(l)
k

B(a, b) (a+ l)

(

b− 1

l

)

,✭✹✳✸✮

❛♥❞ Hk(x) = G(x)k ❞❡♥♦/❡3 /❤❡ ❡①♣✲● ❝❞❢ ✇✐/❤ ♣♦✇❡# ♣❛#❛♠❡/❡# k✳ ❙♦✱ /❤❡ ❞❡♥3✐/②
❢✉♥❝/✐♦♥ ♦❢ X ❝❛♥ ❜❡ ❡①♣#❡33❡❞ ❛3

✭✹✳✹✮ f(x) = f(x; a, b, c, ξ) =
∞
∑

k=0

bk+1 hk+1(x; ξ),

✇❤❡#❡ hk+1(x) = hk+1(x; ξ) = (k+1) g(x; ξ)G(x; ξ)k ❞❡♥♦/❡3 /❤❡ ❡①♣✲● ❞❡♥3✐/② ❢✉♥❝/✐♦♥
✇✐/❤ ♣♦✇❡# ♣❛#❛♠❡/❡# k+1✳ ❍❡#❡❛❢/❡#✱ ❛ #❛♥❞♦♠ ✈❛#✐❛❜❧❡ ❤❛✈✐♥❣ ❞❡♥3✐/② ❢✉♥❝/✐♦♥ hk+1(x)
✐3 ❞❡♥♦/❡❞ ❜② Yk+1 ∼ ❡①♣✲●(k + 1)✳ ❊D✉❛/✐♦♥ ✭✹✳✹✮ #❡✈❡❛❧3 /❤❛/ /❤❡ ❇❖▲▲✲● ❞❡♥3✐/②

❢✉♥❝/✐♦♥ ✐3 ❛♥ ✐♥✜♥✐/❡ ♠✐①/✉#❡ ♦❢ ❡①♣✲● ❞❡♥3✐/✐❡3✳ ❚❤✉3✱ 3♦♠❡ ♠❛/❤❡♠❛/✐❝❛❧ ♣#♦♣❡#/✐❡3 ♦❢

/❤❡ ♥❡✇ ♠♦❞❡❧ ❝❛♥ ❜❡ ♦❜/❛✐♥❡❞ ❞✐#❡❝/❧② ❢#♦♠ /❤♦3❡ ❡①♣✲● ♣#♦♣❡#/✐❡3✳ ❋♦# ❡①❛♠♣❧❡✱ /❤❡

♦#❞✐♥❛#② ❛♥❞ ✐♥❝♦♠♣❧❡/❡ ♠♦♠❡♥/3✱ ❛♥❞ ♠❣❢ ♦❢X ❝❛♥ ❜❡ ❞❡/❡#♠✐♥❡❞ ❢#♦♠ /❤♦3❡ D✉❛♥/✐/✐❡3

♦❢ /❤❡ ❡①♣✲● ❞✐3/#✐❜✉/✐♦♥✳

❚❤❡ ❢♦#♠✉❧❛❡ ❞❡#✐✈❡❞ /❤#♦✉❣❤♦✉/ /❤❡ ♣❛♣❡# ❝❛♥ ❜❡ ❡❛3✐❧② ❤❛♥❞❧❡❞ ✐♥ ♠♦3/ 3②♠❜♦❧✐❝

❝♦♠♣✉/❛/✐♦♥ 3♦❢/✇❛#❡ ♣❧❛/❢♦#♠3 3✉❝❤ ❛3 ▼❛♣❧❡✱ ▼❛/❤❡♠❛/✐❝❛ ❛♥❞ ▼❛/❧❛❜✳ ❚❤❡3❡ ♣❧❛/✲

❢♦#♠3 ❤❛✈❡ ❝✉##❡♥/❧② /❤❡ ❛❜✐❧✐/② /♦ ❞❡❛❧ ✇✐/❤ ❛♥❛❧②/✐❝ ❡①♣#❡33✐♦♥3 ♦❢ ❢♦#♠✐❞❛❜❧❡ 3✐③❡

❛♥❞ ❝♦♠♣❧❡①✐/②✳ ❊3/❛❜❧✐3❤❡❞ ❡①♣❧✐❝✐/ ❡①♣#❡33✐♦♥3 /♦ ❝❛❧❝✉❧❛/❡ 3/❛/✐3/✐❝❛❧ ♠❡❛3✉#❡3 ❝❛♥ ❜❡

♠♦#❡ ❡✣❝✐❡♥/ /❤❛♥ ❝♦♠♣✉/✐♥❣ /❤❡♠ ❞✐#❡❝/❧② ❜② ♥✉♠❡#✐❝❛❧ ✐♥/❡❣#❛/✐♦♥✳ ❚❤❡ ✐♥✜♥✐/② ❧✐♠✐/

✐♥ /❤❡3❡ 3✉♠3 ❝❛♥ ❜❡ 3✉❜3/✐/✉/❡❞ ❜② ❛ ❧❛#❣❡ ♣♦3✐/✐✈❡ ✐♥/❡❣❡# 3✉❝❤ ❛3 20 ♦# 30 ❢♦# ♠♦3/
♣#❛❝/✐❝❛❧ ♣✉#♣♦3❡3✳

✹✳✸✳ ◗✉❛♥'✐❧❡ ❢✉♥❝'✐♦♥✳ ❚❤❡ D❢ ♦❢ X✱ 3❛② x = Q(u) = F−1(u)✱ ❝❛♥ ❜❡ ♦❜/❛✐♥❡❞ ❜②
✐♥✈❡#/✐♥❣ ✭✷✳✸✮✳ ▲❡/ z = Qa,b(u) ❜❡ /❤❡ ❜❡/❛ D❢✳ ❚❤❡♥✱

x = Q(u) = QG

{

[Qa,b(u)]
1
c

[Qa,b(u)]
1
c + [1−Qa,b(u)]

1
c

}

.

■/ ✐3 ♣♦33✐❜❧❡ /♦ ♦❜/❛✐♥ 3♦♠❡ ❡①♣❛♥3✐♦♥3 ❢♦# Qa,b(u) ❢#♦♠ /❤❡ ❲♦❧❢#❛♠ ✇❡❜3✐/❡

❤!!♣✿✴✴❢✉♥❝!✐♦♥+✳✇♦❧❢/❛♠✳❝♦♠✴✵✻✳✷✸✳✵✻✳✵✵✵✹✳✵✶ 3✉❝❤ ❛3

z = Qa,b(u) =
∞
∑

i=0

ei u
i/a,

✇❤❡#❡ ei = [aB(a, b)]1/a di ❛♥❞ d0 = 0✱ d1 = 1✱ d2 = (b− 1)/(a+ 1)✱

d3 =
(b− 1) (a2 + 3ab− a+ 5b− 4)

2(a+ 1)2(a+ 2)
,

d4 = (b− 1)[a4 + (6b− 1)a3 + (b+ 2)(8b− 5)a2 + (33b2 − 30b+ 4)a

+ b(31b− 47) + 18]/[3(a+ 1)3(a+ 2)(a+ 3)], . . .
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❚❤❡ ❡✛❡❝%& ♦❢ %❤❡ &❤❛♣❡ ♣❛+❛♠❡%❡+& a✱ b ❛♥❞ c ♦♥ %❤❡ &❦❡✇♥❡&& ❛♥❞ ❦✉+%♦&✐& ♦❢ X
❝❛♥ ❜❡ ❜❛&❡❞ ♦♥ 5✉❛♥%✐❧❡ ♠❡❛&✉+❡&✳ ❚❤❡ ❇♦✇❧❡② &❦❡✇♥❡&& ✭❑❡♥♥❡② ❛♥❞ ❑❡❡♣✐♥❣ ❬✸✵❪✮ ✐&

♦♥❡ ♦❢ %❤❡ ❡❛+❧✐❡&% &❦❡✇♥❡&& ♠❡❛&✉+❡& ❞❡✜♥❡❞ ❜② %❤❡ ❛✈❡+❛❣❡ ♦❢ %❤❡ 5✉❛+%✐❧❡& ♠✐♥✉& %❤❡

♠❡❞✐❛♥✱ ❞✐✈✐❞❡❞ ❜② ❤❛❧❢ %❤❡ ✐♥%❡+5✉❛+%✐❧❡ +❛♥❣❡✱ ♥❛♠❡❧②

B =
Q

(

3
4

)

+Q
(

1
4

)

− 2Q
(

1
2

)

Q
(

3
4

)

−Q
(

1
4

) .

❙✐♥❝❡ ♦♥❧② %❤❡ ♠✐❞❞❧❡ %✇♦ 5✉❛+%✐❧❡& ❛+❡ ❝♦♥&✐❞❡+❡❞ ❛♥❞ %❤❡ ♦✉%❡+ %✇♦ 5✉❛+%✐❧❡& ❛+❡ ✐❣♥♦+❡❞✱

%❤✐& ❛❞❞& +♦❜✉&%♥❡&& %♦ %❤❡ ♠❡❛&✉+❡✳ ❚❤❡ ▼♦♦+& ❦✉+%♦&✐& ✭▼♦♦+& ❬✸✸❪✮ ✐& ❜❛&❡❞ ♦♥ ♦❝%✐❧❡&

M =
Q

(

3
8

)

−Q
(

1
8

)

+Q
(

7
8

)

−Q
(

5
8

)

Q
(

6
8

)

−Q
(

2
8

) .

❚❤❡&❡ ♠❡❛&✉+❡& ❛+❡ ❧❡&& &❡♥&✐%✐✈❡ %♦ ♦✉%❧✐❡+& ❛♥❞ %❤❡② ❡①✐&% ❡✈❡♥ ❢♦+ ❞✐&%+✐❜✉%✐♦♥& ✇✐%❤♦✉%

♠♦♠❡♥%&✳

■♥ ❋✐❣✉+❡ ✸✱ ✇❡ ♣❧♦% %❤❡ ♠❡❛&✉+❡& B ❛♥❞ M ❢♦+ %❤❡ ❇❖▲▲✲◆ ❛♥❞ ❇❖▲▲✲▲① ❞✐&%+✐❜✉✲

%✐♦♥&✳ ❚❤❡ ♣❧♦%& ✐♥❞✐❝❛%❡ %❤❡ ✈❛+✐❛❜✐❧✐%② ♦❢ %❤❡&❡ ♠❡❛&✉+❡& ♦♥ %❤❡ &❤❛♣❡ ♣❛+❛♠❡%❡+&✳

0 1 2 3 4 5

−
0
.4

−
0
.2

0
.0

0
.2

0
.4

µ = 1.5   δ = 1

c

S
k
e
w
n
e
s
s

a=0.9,b=0.5

a=0.8,b=1.5

a=3,b=0.9

a=0.9,b=0.7

a=2.5,b=1.2

0 1 2 3 4 5

−
1
.0

−
0
.5

0
.0

0
.5

1
.0

1
.5

β = 2

α

S
k
e
w
n
e
s
s

a=0.8,b=0.6,c=0.4

a=0.5,b=0.5,c=2.5

a=2.5,b=2,c=0.5

a=5,b=1.5,c=2.5

a=0.5,b=5,c=3

✭❛✮ ✭❜✮

0 1 2 3 4 5

1
.1
5

1
.2
0

1
.2
5

1
.3
0

µ = 1.5   δ = 1

c

K
u
rt
o
s
is

a=0.8,b=0.3

a=0.8,b=1.5

a=3,b=0.9

a=0.7,b=0.3

a=2.5,b=1.2

0 1 2 3 4 5

2
4

6
8

1
0

β = 2

α

K
u
rt
o
s
is

a=0.8,b=0.6,c=0.4

a=0.5,b=0.5,c=2.5

a=2.5,b=1.5,c=0.5

a=5,b=1.5,c=1.5

a=0.5,b=2,c=1.3

✭❝✮ ✭❞✮

❋✐❣✉$❡ ✸✳ ❙❦❡✇♥❡%% ✭❛✮ ❛♥❞ ✭❜✮ ❛♥❞ ❦✉,-♦%✐% ✭❝✮ ❛♥❞ ✭❞✮ ♦❢X ❜❛%❡❞ ♦♥

-❤❡ 3✉❛♥-✐❧❡% ❢♦, -❤❡ ❇❖▲▲✲◆ ❛♥❞ ❇❖▲▲✲▲① ❞✐%-,✐❜✉-✐♦♥%✱ ,❡%♣❡❝-✐✈❡❧②✳
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✹✳✹✳ ▼♦♠❡♥'(✳ ❲❡ ❛##✉♠❡ &❤❛& Y ✐# ❛ )❛♥❞♦♠ ✈❛)✐❛❜❧❡ ❤❛✈✐♥❣ &❤❡ ❜❛#❡❧✐♥❡ ❝❞❢ G(x)✳
❚❤❡ ♠♦♠❡♥&# ♦❢ X ❝❛♥ ❜❡ ♦❜&❛✐♥❡❞ ❢)♦♠ &❤❡ (r, k)&❤ ♣)♦❜❛❜✐❧✐&② ✇❡✐❣❤&❡❞ ♠♦♠❡♥&
✭9❲▼✮ ♦❢ Y ❞❡✜♥❡❞ ❜② ●)❡❡♥✇♦♦❞ ❡& ❛❧✳ ❬✷✸❪ ❛#

τr,k = ❊[Y r G(Y )k] =

∫

∞

−∞

xr G(x)k g(x)dx.

❚❤❡ 9❲▼# ❛)❡ ✉#❡❞ &♦ ❞❡)✐✈❡ ❡#&✐♠❛&♦)# ♦❢ &❤❡ ♣❛)❛♠❡&❡)# ❛♥❞ C✉❛♥&✐❧❡# ♦❢ ❣❡♥❡)❛❧✲

✐③❡❞ ❞✐#&)✐❜✉&✐♦♥#✳ ❚❤❡ ♠❡&❤♦❞ ♦❢ ❡#&✐♠❛&✐♦♥ ✐# ❢♦)♠✉❧❛&❡❞ ❜② ❡C✉❛&✐♥❣ &❤❡ ♣♦♣✉❧❛&✐♦♥

❛♥❞ #❛♠♣❧❡ 9❲▼#✳ ❚❤❡#❡ ♠♦♠❡♥&# ❤❛✈❡ ❧♦✇ ✈❛)✐❛♥❝❡ ❛♥❞ ♥♦ #❡✈❡)❡ ❜✐❛#❡#✱ ❛♥❞ &❤❡②

❝♦♠♣❛)❡ ❢❛✈♦)❛❜❧② ✇✐&❤ ❡#&✐♠❛&♦)# ♦❜&❛✐♥❡❞ ❜② ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞✳ ❚❤❡ ♠❛①✐♠✉♠

❧✐❦❡❧✐❤♦♦❞ ♠❡&❤♦❞ ✐# ❛❞♦♣&❡❞ ✐♥ ❙❡❝&✐♦♥ ✻✳✶ #✐♥❝❡ ✐& ✐# ❡❛#✐❡) &♦ ❡#&✐♠❛&❡ &❤❡ ❇❖▲▲✲●

♣❛)❛♠❡&❡)# ❜❡❝❛✉#❡ ♦❢ #❡✈❡)❛❧ ❝♦♠♣✉&❡) )♦✉&✐♥❡# ❛✈❛✐❧❛❜❧❡ ✐♥ ✇✐❞❡❧② ❦♥♦✇♥ #♦❢&✇❛)❡#✳

❚❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡#&✐♠❛&♦)# ✭▼▲❊#✮ ❡♥❥♦② ❞❡#✐)❛❜❧❡ ♣)♦♣❡)&✐❡# ❛♥❞ ❝❛♥ ❜❡ ✉#❡❞

✇❤❡♥ ❝♦♥#&)✉❝&✐♥❣ ❝♦♥✜❞❡♥❝❡ ✐♥&❡)✈❛❧# ❛♥❞ )❡❣✐♦♥# ❛♥❞ ❛❧#♦ ✐♥ &❡#& #&❛&✐#&✐❝#✳

❲❡ ❝❛♥ ✇)✐&❡ ❢)♦♠ ❡C✉❛&✐♦♥ ✭✹✳✹✮

µ′

r = ❊(Xr) =
∞
∑

k=0

(k + 1) bk+1 τr,k,✭✹✳✺✮

✇❤❡)❡ τr,k =
∫ 1

0
QG(u)

r ukdu ❝❛♥ ❜❡ ❝♦♠♣✉&❡❞ ❛& ❧❡❛#& ♥✉♠❡)✐❝❛❧❧② ❢)♦♠ ❛♥② ❜❛#❡❧✐♥❡ C❢✳
❚❤✉#✱ &❤❡ ♠♦♠❡♥&# ♦❢ ❛♥② ❇❖▲▲✲● ❞✐#&)✐❜✉&✐♦♥ ❝❛♥ ❜❡ ❡①♣)❡##❡❞ ❛# ❛♥ ✐♥✜♥✐&❡

✇❡✐❣❤&❡❞ #✉♠ ♦❢ &❤❡ ❜❛#❡❧✐♥❡ 9❲▼#✳ ❲❡ ♥♦✇ ♣)♦✈✐❞❡ &❤❡ 9❲▼# ❢♦) &❤)❡❡ ❞✐#&)✐❜✉✲

&✐♦♥# ❞✐#❝✉##❡❞ ✐♥ ❙❡❝&✐♦♥ ✸✳ ❋♦) &❤❡ ❇❖▲▲✲◆ ❛♥❞ ❇❖▲▲✲●❛ ❞✐#&)✐❜✉&✐♦♥# ❞✐#❝✉##❡❞ ✐♥

#✉❜#❡❝&✐♦♥# ✸✳✷ ❛♥❞ ✸✳✺✱ &❤❡ C✉❛♥&✐&✐❡# τr,k ❝❛♥ ❜❡ ❡①♣)❡##❡❞ ✐♥ &❡)♠# ♦❢ &❤❡ ▲❛✉)✐❝❡❧❧❛
❢✉♥❝&✐♦♥# ♦❢ &②♣❡ ❆ ✭#❡❡ ❊①&♦♥ ❬✶✻❪ ❛♥❞ ❚)♦&& ❬✺✷❪✮ ❞❡✜♥❡❞ ❜②

F
(n)
A (a; b1, . . . , bn; c1, . . . , cn;x1, . . . , xn) =
∞
∑

m1=0

. . .
∞
∑

mn=0

(a)m1+...+mn(b1)m1 . . . (bn)mn

(c1)m1 . . . (cn)mn

xm1
1 . . . xmn

n

m1! . . .mn!
,

✇❤❡)❡ (a)i = a(a+ 1) . . . (a+ i− 1) ✐# &❤❡ ❛#❝❡♥❞✐♥❣ ❢❛❝&♦)✐❛❧ ✭✇✐&❤ &❤❡ ❝♦♥✈❡♥&✐♦♥ &❤❛&
(a)0 = 1✮✳
■♥ ❢❛❝&✱ ❈♦)❞❡✐)♦ ❛♥❞ ◆❛❞❛)❛❥❛❤ ❬✶✶❪ ❞❡&❡)♠✐♥❡❞ τr,k ❢♦) &❤❡ #&❛♥❞❛)❞ ♥♦)♠❛❧ ❞✐#&)✐✲

❜✉&✐♦♥ ❛#

τr,k = 2r/2 π−(k+1/2)
k

∑

l=0
(r+k−l) even

(

k

l

)

2−l πl Γ

(

r + k − l + 1

2

)

×

F
(k−l)
A

(

r + k − l + 1

2
;
1

2
, . . . ,

1

2
;
3

2
, . . . ,

3

2
;−1, . . . ,−1

)

.

❚❤✐# ❡C✉❛&✐♦♥ ❤♦❧❞# ✇❤❡♥ r + k − l ✐# ❡✈❡♥ ❛♥❞ ✐& ✈❛♥✐#❤❡# ✇❤❡♥ r + k − l ✐# ♦❞❞✳ ❙♦✱
❛♥② ❇❖▲▲✲◆ ♠♦♠❡♥& ❝❛♥ ❜❡ ❡①♣)❡##❡❞ ❛# ❛♥ ✐♥✜♥✐&❡ ✇❡✐❣❤&❡❞ ❧✐♥❡❛) ❝♦♠❜✐♥❛&✐♦♥ ♦❢

▲❛✉)✐❝❡❧❧❛ ❢✉♥❝&✐♦♥# ♦❢ &②♣❡ ❆✳

❋♦) &❤❡ ❣❛♠♠❛ ❞✐#&)✐❜✉&✐♦♥✱ &❤❡ C✉❛♥&✐&✐❡# τr,k ❝❛♥ ❜❡ ❡①♣)❡##❡❞ ❢)♦♠ ❡C✉❛&✐♦♥ ✭✾✮ ♦❢
❈♦)❞❡✐)♦ ❛♥❞ ◆❛❞❛)❛❥❛❤ ❬✶✶❪ ❛#

τr,k =
Γ(r + (k + 1)α)

αk βr Γ(α)k+1
F

(k)
A (r + (k + 1)α;α, . . . , α;α+ 1, . . . , α+ 1,−1, . . . ,−1).

❋✐♥❛❧❧②✱ ❢♦) &❤❡ ❇❖▲▲✲❲ ❞✐#&)✐❜✉&✐♦♥✱ &❤❡ C✉❛♥&✐&✐❡# τr,k ❛)❡ ❣✐✈❡♥ ❜②

τr,k =
Γ(r/β + 1)

αr/β

k
∑

s=0

(−1)s

(s+ 1)r/β+1

(

k

s

)

.



✶✶✽✼

✹✳✺✳ ●❡♥❡&❛(✐♥❣ ❢✉♥❝(✐♦♥✳ ❍❡"❡✱ ✇❡ ♣"♦✈✐❞❡ *✇♦ ❢♦"♠✉❧❛❡ ❢♦" *❤❡ ♠❣❢M(s) = E(esX)
♦❢ X✳ ❚❤❡ ✜"5* ❢♦"♠✉❧❛ ❢♦" M(s) ❝♦♠❡5 ❢"♦♠ ❡7✉❛*✐♦♥ ✭✹✳✹✮ ❛5

M(s) =
∞
∑

k=0

bk+1Mk+1(s),✭✹✳✻✮

✇❤❡"❡ Mk+1(s) ✐5 *❤❡ ❡①♣✲● ❣❡♥❡"❛*✐♥❣ ❢✉♥❝*✐♦♥ ✇✐*❤ ♣♦✇❡" ♣❛"❛♠❡*❡" k + 1✳
❊7✉❛*✐♦♥ ✭✹✳✻✮ ❝❛♥ ❛❧5♦ ❜❡ ❡①♣"❡55❡❞ ❛5

M(s) =
∞
∑

k=0

(k + 1) bk+1 ρk(s),✭✹✳✼✮

✇❤❡"❡ *❤❡ 7✉❛♥*✐*② ρk(s) =
∫ 1

0
exp [sQG(u)]u

kdu ❝❛♥ ❜❡ ❝♦♠♣✉*❡❞ ♥✉♠❡"✐❝❛❧❧②✳

✹✳✻✳ ▼❡❛♥ ❞❡✈✐❛(✐♦♥3✳ ■♥❝♦♠♣❧❡*❡ ♠♦♠❡♥*5 ❛"❡ ✉5❡❢✉❧ ❢♦" ♠❡❛5✉"✐♥❣ ✐♥❡7✉❛❧✐*②✱ ❢♦"

❡①❛♠♣❧❡✱ *❤❡ ▲♦"❡♥③ ❛♥❞ ❇♦♥❢❡""♦♥✐ ❝✉"✈❡5 ❛♥❞ H✐❡*"❛ ❛♥❞ ●✐♥✐ ♠❡❛5✉"❡5 ♦❢ ✐♥❡7✉❛❧✐*② ❛❧❧

❞❡♣❡♥❞ ✉♣♦♥ *❤❡ ✐♥❝♦♠♣❧❡*❡ ♠♦♠❡♥*5 ♦❢ *❤❡ ❞✐5*"✐❜✉*✐♦♥✳ ❚❤❡ n*❤ ✐♥❝♦♠♣❧❡*❡ ♠♦♠❡♥*
♦❢ X ✐5 ❞❡✜♥❡❞ ❜② mn(y) =

∫ y

−∞
xn f(x)dx✳ ❍❡"❡✱ ✇❡ ♣"♦♣♦5❡ *✇♦ ♠❡*❤♦❞5 *♦ ❞❡*❡"♠✐♥❡

*❤❡ ✐♥❝♦♠♣❧❡*❡ ♠♦♠❡♥*5 ♦❢ *❤❡ ♥❡✇ ❢❛♠✐❧②✳ ❋✐"5*✱ *❤❡ n*❤ ✐♥❝♦♠♣❧❡*❡ ♠♦♠❡♥* ♦❢ X ❝❛♥

❜❡ ❡①♣"❡55❡❞ ❛5

mn(y) =

∞
∑

k=0

bk+1

∫ G(y; ξ)

0

QG(u)
n uk du.✭✹✳✽✮

❚❤❡ ✐♥*❡❣"❛❧ ✐♥ ✭✹✳✽✮ ❝❛♥ ❜❡ ❝♦♠♣✉*❡❞ ❛* ❧❡❛5* ♥✉♠❡"✐❝❛❧❧② ❢♦" ♠♦5* ❜❛5❡❧✐♥❡ ❞✐5*"✐❜✉*✐♦♥5✳

❚❤❡ ♠❡❛♥ ❞❡✈✐❛*✐♦♥5 ❛❜♦✉* *❤❡ ♠❡❛♥ ✭δ1 = E(|X − µ′

1|)✮ ❛♥❞ ❛❜♦✉* *❤❡ ♠❡❞✐❛♥
✭δ2 = E(|X −M |)✮ ♦❢ X ❛"❡ ❣✐✈❡♥ ❜②

δ1 = 2µ′

1 F
(

µ′

1

)

− 2m1

(

µ′

1

)

❛♥❞ δ2 = µ′

1 − 2m1(M),✭✹✳✾✮

"❡5♣❡❝*✐✈❡❧②✱ ✇❤❡"❡ M = Q(0.5) ✐5 *❤❡ ♠❡❞✐❛♥ ♦❢ X✱ µ′

1 = ❊(X) ❝♦♠❡5 ❢"♦♠ ❡7✉❛*✐♦♥

✭✹✳✺✮✱ F (µ′

1) ❝❛♥ ❡❛5✐❧② ❜❡ ❝❛❧❝✉❧❛*❡❞ ❢"♦♠ ✭✷✳✸✮ ❛♥❞ m1(z) =
∫ z

−∞
x f(x)dx ✐5 *❤❡ ✜"5*

✐♥❝♦♠♣❧❡*❡ ♠♦♠❡♥*✳

◆❡①*✱ ✇❡ ♣"♦✈✐❞❡ *✇♦ ❛❧*❡"♥❛*✐✈❡ ✇❛②5 *♦ ❝♦♠♣✉*❡ δ1 ❛♥❞ δ2✳ ❆ ❣❡♥❡"❛❧ ❡7✉❛*✐♦♥ ❢♦"
m1(z) ❝❛♥ ❜❡ ❞❡"✐✈❡❞ ❢"♦♠ ❡7✉❛*✐♦♥ ✭✹✳✹✮ ❛5

m1(z) =
∞
∑

k=0

bk+1 Jk+1(z),✭✹✳✶✵✮

✇❤❡"❡

Jk+1(z) =

∫ z

−∞

xhk+1(x)dx.

❊7✉❛*✐♦♥ ✭✹✳✶✵✮ ✐5 *❤❡ ❜❛5✐❝ 7✉❛♥*✐*② *♦ ❝♦♠♣✉*❡ *❤❡ ♠❡❛♥ ❞❡✈✐❛*✐♦♥5 ✐♥ ✭✹✳✾✮✳ ❆ 5✐♠♣❧❡

❛♣♣❧✐❝❛*✐♦♥ ♦❢ ✭✹✳✶✵✮ "❡❢❡"5 *♦ *❤❡ ❇❖▲▲✲❲ ♠♦❞❡❧✳ ❚❤❡ ❡①♣♦♥❡♥*✐❛*❡❞ ❲❡✐❜✉❧❧ ❞❡♥5✐*②

❢✉♥❝*✐♦♥ ✭❢♦" x > 0✮ ✇✐*❤ ♣♦✇❡" ♣❛"❛♠❡*❡" k+1✱ 5❤❛♣❡ ♣❛"❛♠❡*❡" α ❛♥❞ 5❝❛❧❡ ♣❛"❛♠❡*❡"
β✱ ✐5 ❣✐✈❡♥ ❜②

hk+1(x) = (k + 1)αβα xα−1 exp {−(βx)α} [1− exp {−(βx)α}]k ,

❛♥❞ *❤❡♥

Jk+1(z) = c (k + 1)βα
∞
∑

r=0

(−1)r
(

k

r

)

∫ z

0

xα exp {−(r + 1)(βx)α} dx.

❚❤❡ ❧❛5* ✐♥*❡❣"❛❧ "❡❞✉❝❡5 *♦ *❤❡ ✐♥❝♦♠♣❧❡*❡ ❣❛♠♠❛ ❢✉♥❝*✐♦♥ ❛♥❞ *❤❡♥

Jk+1(z) = β−1
∞
∑

r=0

(−1)r (k + 1)
(

k
r

)

(r + 1)1+α−1 γ
(

1 + α−1, (r + 1)(βz)α
)

.
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❆ !❡❝♦♥❞ ❣❡♥❡(❛❧ ❢♦(♠✉❧❛ ❢♦( m1(z) ❝❛♥ ❜❡ ❞❡(✐✈❡❞ ❜② !❡22✐♥❣ u = G(x) ✐♥ ✭✹✳✹✮

m1(z) =
∞
∑

k=0

(k + 1) bk+1 Tk(z),

✇❤❡(❡ Tk(z) =
∫ G(z)

0
QG(u)u

kdu✳
❚❤❡ ♠❛✐♥ ❛♣♣❧✐❝❛2✐♦♥ ♦❢ 2❤❡ ✜(!2 ✐♥❝♦♠♣❧❡2❡ ♠♦♠❡♥2 (❡❢❡(! 2♦ 2❤❡ ❇♦♥❢❡((♦♥✐ ❛♥❞

▲♦(❡♥③ ❝✉(✈❡! ✇❤✐❝❤ ❛(❡ ✈❡(② ✉!❡❢✉❧ ✐♥ ❡❝♦♥♦♠✐❝!✱ (❡❧✐❛❜✐❧✐2②✱ ❞❡♠♦❣(❛♣❤②✱ ✐♥!✉(❛♥❝❡ ❛♥❞

♠❡❞✐❝✐♥❡✳ ❋♦( ❛ ❣✐✈❡♥ ♣(♦❜❛❜✐❧✐2② π✱ ❛♣♣❧✐❝❛2✐♦♥! ♦❢ 2❤❡!❡ ❡A✉❛2✐♦♥! ❝❛♥ ❜❡ ❛❞❞(❡!!❡❞ 2♦
♦❜2❛✐♥ 2❤❡!❡ ❝✉(✈❡! ❞❡✜♥❡❞ ❜② B(π) = m1(q)/(π µ

′

1) ❛♥❞ L(π) = m1(q)/µ
′

1✱ (❡!♣❡❝2✐✈❡❧②✱

✇❤❡(❡ q = Q(π) ✐! ❝❛❧❝✉❧❛2❡❞ ❢(♦♠ 2❤❡ ♣❛(❡♥2 A❢✳

✹✳✼✳ ❊♥%&♦♣✐❡+✳ ❆♥ ❡♥2(♦♣② ✐! ❛ ♠❡❛!✉(❡ ♦❢ ✈❛(✐❛2✐♦♥ ♦( ✉♥❝❡(2❛✐♥2② ♦❢ ❛ (❛♥❞♦♠ ✈❛(✐✲

❛❜❧❡ X✳ ❚✇♦ ♣♦♣✉❧❛( ❡♥2(♦♣② ♠❡❛!✉(❡! ❛(❡ 2❤❡ ❘D♥②✐ ❬✹✸❪ ❛♥❞ ❙❤❛♥♥♦♥ ❬✹✺❪✳ ❚❤❡ ❘D♥②✐
❡♥2(♦♣② ♦❢ ❛ (❛♥❞♦♠ ✈❛(✐❛❜❧❡ ✇✐2❤ ♣❞❢ f(x) ✐! ❞❡✜♥❡❞ ❜②

IR(γ) =
1

1− γ
log

(
∫

∞

0

fγ(x)dx

)

,

❢♦( γ > 0 ❛♥❞ γ 6= 1✳ ❚❤❡ ❙❤❛♥♥♦♥ ❡♥2(♦♣② ♦❢ ❛ (❛♥❞♦♠ ✈❛(✐❛❜❧❡ X ✐! ❣✐✈❡♥ ❜② IS =
E {− log [f(X)]}✳ ■2 ✐! 2❤❡ !♣❡❝✐❛❧ ❝❛!❡ ♦❢ 2❤❡ ❘D♥②✐ ❡♥2(♦♣② ✇❤❡♥ γ ↑ 1✳ ❉✐(❡❝2 ❝❛❧❝✉❧❛2✐♦♥
②✐❡❧❞!

IS = − log

[

c

B(a, b)

]

− E {log [g(X; ξ)]}+ (1− ac) E {log [G(x; ξ)]}

+ (1− bc) E
{

log
[

Ḡ(x; ξ)
]}

+ (a+ b) E
{

log
[

G(x; ξ)c + Ḡ(x; ξ)c
]}

.

❋✐(!2✱ ✇❡ ❞❡✜♥❡ ❛♥❞ ❝♦♠♣✉2❡

A(a1, a2, a3; a) =

∫ 1

0

ua1(1− u)a2

[ua + (1− u)a]a3
du

=
∞
∑

i=0

(−1)i
(

a2
i

)

∫ 1

0

ua1+i

[ua + (1− u)a]a3
du

=
∞
∑

i=0

(−1)i
(

a2
i

)

∫ 1

0

∑

∞

k=0 δ1,ku
k

∑

∞

k=0 δ2,k u
k
du

=

∞
∑

i=0

(−1)i
(

a2
i

)

∫ 1

0

∞
∑

k=0

δ3,ku
k

=
∞
∑

i=0

(−1)i δ3,k
(k + 1)

(

a2
i

)

,

✇❤❡(❡ δ1,k = ak(a1 + i)✱ δ2,k = hk(a, a3) ❛♥❞

δ3,k =
1

δ2,0

(

δ1,k −
1

δ2,0

k
∑

r=1

δ2,r δ3,k−r

)

.

❆❢2❡( !♦♠❡ ❛❧❣❡❜(❛✐❝ ♠❛♥✐♣✉❧❛2✐♦♥!✱ ✇❡ ♦❜2❛✐♥✿

✹✳✶✳ ❚❤❡♦&❡♠✳ ▲❡" X ❜❡ ❛ %❛♥❞♦♠ ✈❛%✐❛❜❧❡ ✇✐"❤ ♣❞❢ ✭✷✳✹✮✳ ❚❤❡♥✱

E {log [G(X)]} =
c

B(a, b)

∂

∂t
A(a c+ t− 1, b c− 1, a+ b; c)

∣

∣

∣

t=0
,

E
{

log
[

Ḡ(X)
]}

=
c

B(a, b)

∂

∂t
A(a c− 1, b c+ t− 1, a+ b; c)

∣

∣

∣

t=0
,



✶✶✽✾

E
{

G(x; ξ)a + Ḡ(X; ξ)a
}

=
c

B(a, b)

∂

∂t
A(a c− 1, b c− 1, a+ b− t; c)

∣

∣

∣

t=0
.

❚❤❡ #✐♠♣❧❡#( ❢♦+♠✉❧❛ ❢♦+ (❤❡ ❡♥(+♦♣② ♦❢ X ✐# ❣✐✈❡♥ ❜②

IS = − log
[ c

B(a, b)

]

− E {log [g(X; ξ)]}

+
c (1− a c)

B(a, b)

∂

∂t
A(a c+ t− 1, b c− 1, a+ b; c)

∣

∣

∣

t=0

+
c (1− b c)

B(a, b)

∂

∂t
A(a c− 1, b c+ t− 1, a+ b; c)

∣

∣

∣

t=0

+
c (a+ b)

B(a, b)

∂

∂t
A(a c− 1, b c− 1, a+ b− t; c)

∣

∣

∣

t=0
.

❆❢(❡+ #♦♠❡ ❛❧❣❡❜+❛✐❝ ❞❡✈❡❧♦♣♠❡♥(#✱ ✇❡ ❤❛✈❡ ❛♥ ❛❧(❡+♥❛(✐✈❡ ❡①♣+❡##✐♦♥ ❢♦+ IR(γ)✿

IR(γ) =
γ

1− γ
log

[

c

B(a, b)

]

+
1

1− γ
log





∞
∑

i,k=0

ti,k EVk
(gγ−1[G−1(Y )])



 .

❍❡+❡✱ Vk ❤❛# ❛ ❜❡(❛ ❞✐#(+✐❜✉(✐♦♥ ✇✐(❤ ♣❛+❛♠❡(❡+# k + 1 ❛♥❞ ♦♥❡✱

ti,k =
(−1)i γ3,k(a, b, c, i)

(k + 1)

(

c(a− 1)

i

)

,

γ1,k = ak
(

(a c− 1)γ + i
)

, γ2,k = hk

(

c, (a+ b)γ
)

❛♥❞

γ3,k =
1

γ2,0

(

γ1,k −
1

γ2,0

k
∑

r=1

γ2,rγ3,k−r

)

,

✇❤❡+❡ ak((a c − 1)γ + i) ❛♥❞ hk

(

c, (a+ b)γ
)

❛+❡ ❞❡✜♥❡❞ ✐♥ ❡<✉❛(✐♦♥ ✭✽✳✻✮ ❣✐✈❡♥ ✐♥ ❆♣✲

♣❡♥❞✐① ❆✳

✹✳✽✳ ❖$❞❡$ '(❛(✐'(✐❝'✳ ❖+❞❡+ #(❛(✐#(✐❝# ♠❛❦❡ (❤❡✐+ ❛♣♣❡❛+❛♥❝❡ ✐♥ ♠❛♥② ❛+❡❛# ♦❢ #(❛(✐#✲

(✐❝❛❧ (❤❡♦+② ❛♥❞ ♣+❛❝(✐❝❡✳ ❙✉♣♣♦#❡ X1, . . . , Xn ✐# ❛ +❛♥❞♦♠ #❛♠♣❧❡ ❢+♦♠ (❤❡ ❇❖▲▲✲●

❢❛♠✐❧② ♦❢ ❞✐#(+✐❜✉(✐♦♥#✳ ❲❡ ❝❛♥ ✇+✐(❡ (❤❡ ❞❡♥#✐(② ♦❢ (❤❡ i(❤ ♦+❞❡+ #(❛(✐#(✐❝✱ #❛② Xi:n✱ ❛#

fi:n(x) = K f(x)F i−1(x) {1− F (x)}n−i = K

n−i
∑

j=0

(−1)j
(

n− i

j

)

f(x)F (x)j+i−1,

✇❤❡+❡ K = n!/[(i− 1)! (n− i)!]✳

❋♦❧❧♦✇✐♥❣ #✐♠✐❧❛+ ❛❧❣❡❜+❛✐❝ ❞❡✈❡❧♦♣♠❡♥(# ♦❢ ◆❛❞❛+❛❥❛❤ ❡( ❛❧✳ ❬✸✽❪✱ ✇❡ ❝❛♥ ✇+✐(❡ (❤❡

❞❡♥#✐(② ❢✉♥❝(✐♦♥ ♦❢ Xi:n ❛#

fi:n(x) =
∞
∑

r,k=0

mr,k hr+k+1(x),✭✹✳✶✶✮

✇❤❡+❡ hr+k(x) ❞❡♥♦(❡# (❤❡ ❡①♣✲● ❞❡♥#✐(② ❢✉♥❝(✐♦♥ ✇✐(❤ ♣♦✇❡+ ♣❛+❛♠❡(❡+ r + k + 1 ✭❢♦+
r, k ≥ 0✮

mr,k =
n! (r + 1) (i− 1)! br+1

(r + k + 1)

n−i
∑

j=0

(−1)j fj+i−1,k

(n− i− j)! j!
,



✶✶✾✵

❛♥❞ bk ✐$ ❞❡✜♥❡❞ ✐♥ ❡'✉❛)✐♦♥ ✭✹✳✸✮✳ ❚❤❡ '✉❛♥)✐)✐❡$ fj+i−1,k ❝❛♥ ❜❡ ♦❜)❛✐♥❡❞ 4❡❝✉4$✐✈❡❧②

❜② fj+i−1,0 = bj+i−1
0 ❛♥❞

fj+i−1,k = (k b0)
−1

k
∑

m=1

[m(j + i)− k] bm fj+i−1,k−m, k ≥ 1.

❊'✉❛)✐♦♥ ✭✹✳✶✶✮ ✐$ )❤❡ ♠❛✐♥ 4❡$✉❧) ♦❢ )❤✐$ $❡❝)✐♦♥✳ ■) 4❡✈❡❛❧$ )❤❛) )❤❡ ♣❞❢ ♦❢ )❤❡

❇❖▲▲✲● ♦4❞❡4 $)❛)✐$)✐❝$ ✐$ ❛ ❧✐♥❡❛4 ❝♦♠❜✐♥❛)✐♦♥ ♦❢ ❡①♣✲● ❞❡♥$✐)② ❢✉♥❝)✐♦♥$✳ ❙♦✱ $❡✈❡4❛❧

♠❛)❤❡♠❛)✐❝❛❧ '✉❛♥)✐)✐❡$ ♦❢ )❤❡ ❇❖▲▲✲● ♦4❞❡4 $)❛)✐$)✐❝$ $✉❝❤ ❛$ ♦4❞✐♥❛4②✱ ✐♥❝♦♠♣❧❡)❡

❛♥❞ ❢❛❝)♦4✐❛❧ ♠♦♠❡♥)$✱ ♠❣❢✱ ♠❡❛♥ ❞❡✈✐❛)✐♦♥$ ❛♥❞ $❡✈❡4❛❧ ♦)❤❡4$ ❝❛♥ ❜❡ ❞❡)❡4♠✐♥❡❞ ❢4♦♠

)❤♦$❡ '✉❛♥)✐)✐❡$ ♦❢ )❤❡ ❡①♣✲● ❞✐$)4✐❜✉)✐♦♥✳

✺✳ ❈❤❛%❛❝'❡%✐③❛'✐♦♥- ♦❢ '❤❡ ♥❡✇ ❢❛♠✐❧② ❜❛-❡❞ ♦♥ '✇♦ '%✉♥❝❛'❡❞

♠♦♠❡♥'-

❚❤❡ ♣4♦❜❧❡♠ ♦❢ ❝❤❛4❛❝)❡4✐③✐♥❣ ❞✐$)4✐❜✉)✐♦♥$ ✐$ ❛♥ ✐♠♣♦4)❛♥) ♣4♦❜❧❡♠ ✇❤✐❝❤ ❤❛$ ❛)✲

)4❛❝)❡❞ )❤❡ ❛))❡♥)✐♦♥ ♦❢ ♠❛♥② 4❡$❡❛4❝❤❡4$ 4❡❝❡♥)❧②✳ ❆♥ ✐♥✈❡$)✐❣❛)♦4 ✇✐❧❧✱ ❣❡♥❡4❛❧❧②✱ ❜❡

✐♥)❡4❡$)❡❞ )♦ ❦♥♦✇ ✐❢ )❤❡✐4 ❝❤♦$❡♥ ♠♦❞❡❧ ✜)$ )❤❡ 4❡'✉✐4❡♠❡♥)$ ♦❢ ❛ ♣❛4)✐❝✉❧❛4 ❞✐$)4✐❜✉✲

)✐♦♥✳ ❍❡♥❝❡✱ ♦♥❡ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ )❤❡ ❝❤❛4❛❝)❡4✐③❛)✐♦♥$ ♦❢ )❤✐$ ❞✐$)4✐❜✉)✐♦♥ ✇❤✐❝❤ ♣4♦✈✐❞❡

❝♦♥❞✐)✐♦♥$ ✉♥❞❡4 ✇❤✐❝❤ ♦♥❡ ❝❛♥ ❝❤❡❝❦ )♦ $❡❡ ✐❢ )❤❡ ✉♥❞❡4❧②✐♥❣ ❞✐$)4✐❜✉)✐♦♥ ✐$ ✐♥❞❡❡❞ )❤❛)

♣❛4)✐❝✉❧❛4 ❞✐$)4✐❜✉)✐♦♥✳ ❱❛4✐♦✉$ ❝❤❛4❛❝)❡4✐③❛)✐♦♥$ ♦❢ ❞✐$)4✐❜✉)✐♦♥$ ❤❛✈❡ ❜❡❡♥ ❡$)❛❜❧✐$❤❡❞

✐♥ ♠❛♥② ❞✐✛❡4❡♥) ❞✐4❡❝)✐♦♥$✳ ■♥ )❤✐$ $❡❝)✐♦♥✱ ✇❡ ♣4❡$❡♥) ❝❤❛4❛❝)❡4✐③❛)✐♦♥$ ♦❢ )❤❡ ❇❖▲▲✲●

❞✐$)4✐❜✉)✐♦♥ ❜❛$❡❞ ♦♥ ❛ $✐♠♣❧❡ 4❡❧❛)✐♦♥$❤✐♣ ❜❡)✇❡❡♥ )✇♦ )4✉♥❝❛)❡❞ ♠♦♠❡♥)$✳ ❖✉4 ❝❤❛4✲

❛❝)❡4✐③❛)✐♦♥ 4❡$✉❧)$ ✇✐❧❧ ❡♠♣❧♦② ❛ )❤❡♦4❡♠ ❞✉❡ )♦ ●❧N♥③❡❧ ❬✷✹❪ ✭❚❤❡♦4❡♠ ✺✳✶✱ ❜❡❧♦✇✮✳ ❚❤❡

❛❞✈❛♥)❛❣❡ ♦❢ )❤❡ ❝❤❛4❛❝)❡4✐③❛)✐♦♥$ ❣✐✈❡♥ ❤❡4❡ ✐$ )❤❛) )❤❡ ❝❞❢ F ✐$ ♥♦) 4❡'✉✐4❡❞ )♦ ❤❛✈❡ ❛

❝❧♦$❡❞✲❢♦4♠ ❛♥❞ ✐$ ❣✐✈❡♥ ✐♥ )❡4♠$ ♦❢ ❛♥ ✐♥)❡❣4❛❧ ✇❤♦$❡ ✐♥)❡❣4❛♥❞ ❞❡♣❡♥❞$ ♦♥ )❤❡ $♦❧✉)✐♦♥

♦❢ ❛ ✜4$) ♦4❞❡4 ❞✐✛❡4❡♥)✐❛❧ ❡'✉❛)✐♦♥✱ ✇❤✐❝❤ ❝❛♥ $❡4✈❡ ❛$ ❛ ❜4✐❞❣❡ ❜❡)✇❡❡♥ ♣4♦❜❛❜✐❧✐)② ❛♥❞

❞✐✛❡4❡♥)✐❛❧ ❡'✉❛)✐♦♥✳ ❲❡ ❜❡❧✐❡✈❡ )❤❛) ♦)❤❡4 ❝❤❛4❛❝)❡4✐③❛)✐♦♥$ ♦❢ )❤❡ ❇❖▲▲✲● ❢❛♠✐❧② ♠❛②

♥♦) ❜❡ ♣♦$$✐❜❧❡✳

✺✳✶✳ ❚❤❡♦'❡♠✳ ▲❡" (Ω,Σ,P) ❜❡ ❛ ❣✐✈❡♥ ♣*♦❜❛❜✐❧✐"② .♣❛❝❡ ❛♥❞ ❧❡" H = [a, b] ❜❡ ❛♥ ✐♥"❡*✈❛❧
❢♦* .♦♠❡ a < b (a = −∞, b = ∞ ♠✐❣❤" ❛. ✇❡❧❧ ❜❡ ❛❧❧♦✇❡❞✮✳ ▲❡" X : Ω → H ❜❡ ❛

❝♦♥"✐♥✉♦✉. *❛♥❞♦♠ ✈❛*✐❛❜❧❡ ✇✐"❤ ❞✐."*✐❜✉"✐♦♥ ❢✉♥❝"✐♦♥ F (x) ❛♥❞ ❧❡" q1 ❛♥❞ q2 ❜❡ "✇♦ *❡❛❧
❢✉♥❝"✐♦♥. ❞❡✜♥❡❞ ♦♥ H .✉❝❤ "❤❛"

E [q1(X) |X ≥ x] = E [q2(X) |X ≥ x] η(x)✱ x ∈ H✱

✐. ❞❡✜♥❡❞ ✇✐"❤ .♦♠❡ *❡❛❧ ❢✉♥❝"✐♦♥ η✳ ❈♦♥.✐❞❡* "❤❛" q1✱ q2 ∈ C1(H)✱ η ∈ C2(H) ❛♥❞ F (x)
✐. "✇✐❝❡ ❝♦♥"✐♥✉♦✉.❧② ❞✐✛❡*❡♥"✐❛❜❧❡ ❛♥❞ ."*✐❝"❧② ♠♦♥♦"♦♥❡ ❢✉♥❝"✐♦♥ ♦♥ "❤❡ .❡" H✳ ❋✉*"❤❡*✱
✇❡ ❛..✉♠❡ "❤❛" "❤❡ ❡=✉❛"✐♦♥ q2η = q1 ❤❛. ♥♦ *❡❛❧ .♦❧✉"✐♦♥ ✐♥ "❤❡ ✐♥"❡*✐♦* ♦❢ H✳ ❚❤❡♥✱ F
✐. ✉♥✐=✉❡❧② ❞❡"❡*♠✐♥❡❞ ❜② "❤❡ ❢✉♥❝"✐♦♥. q1✱ q2 ❛♥❞ η✱ ♣❛*"✐❝✉❧❛*❧②

F (x) =

∫ x

a

C

∣

∣

∣

∣

η′ (u)

η (u) q2 (u)− q1 (u)

∣

∣

∣

∣

e−s(u) du ,

✇❤❡*❡ "❤❡ ❢✉♥❝"✐♦♥ s ✐. ❛ .♦❧✉"✐♦♥ ♦❢ "❤❡ ❞✐✛❡*❡♥"✐❛❧ ❡=✉❛"✐♦♥ s′ = η′ q2
η q2−q1

❛♥❞ C ✐. ❛

❝♦♥."❛♥" ❝❤♦.❡♥ "♦ ♠❛❦❡

∫

H
dF = 1✳

❲❡ ❤❛✈❡ )♦ ♠❡♥)✐♦♥ )❤❛) )❤✐$ ❦✐♥❞ ♦❢ ❝❤❛4❛❝)❡4✐③❛)✐♦♥ ❜❛$❡❞ ♦♥ )❤❡ 4❛)✐♦ ♦❢ )4✉♥❝❛)❡❞

♠♦♠❡♥)$ ✐$ $)❛❜❧❡ ✐♥ )❤❡ $❡♥$❡ ♦❢ ✇❡❛❦ ❝♦♥✈❡4❣❡♥❝❡✳ ■♥ ♣❛4)✐❝✉❧❛4✱ ❧❡) ✉$ ❛$$✉♠❡ )❤❛)

)❤❡4❡ ✐$ ❛ $❡'✉❡♥❝❡ {Xn} ♦❢ 4❛♥❞♦♠ ✈❛4✐❛❜❧❡$ ✇✐)❤ ❞✐$)4✐❜✉)✐♦♥ ❢✉♥❝)✐♦♥$ {Fn} $✉❝❤

)❤❛) )❤❡ ❢✉♥❝)✐♦♥$ q1,n✱ q2,n ❛♥❞ ηn (n ∈ N) $❛)✐$❢② )❤❡ ❝♦♥❞✐)✐♦♥$ ♦❢ ❚❤❡♦4❡♠ ✺✳✶ ❛♥❞ ❧❡)

q1,n → q1✱ q2,n → q2 ❢♦4 $♦♠❡ ❝♦♥)✐♥✉♦✉$❧② ❞✐✛❡4❡♥)✐❛❜❧❡ 4❡❛❧ ❢✉♥❝)✐♦♥$ q1 ❛♥❞ q2✳ ❋✐♥❛❧❧②✱
❧❡) X ❜❡ ❛ 4❛♥❞♦♠ ✈❛4✐❛❜❧❡ ✇✐)❤ ❞✐$)4✐❜✉)✐♦♥ F ✳ ❯♥❞❡4 )❤❡ ❝♦♥❞✐)✐♦♥ )❤❛) q1,n (X) ❛♥❞
q2,n (X) ❛4❡ ✉♥✐❢♦4♠❧② ✐♥)❡❣4❛❜❧❡ ❛♥❞ )❤❡ ❢❛♠✐❧② {Fn} ✐$ 4❡❧❛)✐✈❡❧② ❝♦♠♣❛❝)✱ )❤❡ $❡'✉❡♥❝❡

Xn ❝♦♥✈❡4❣❡$ )♦ X ✐♥ ❞✐$)4✐❜✉)✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ηn ❝♦♥✈❡4❣❡$ )♦ η✱ ✇❤❡4❡



✶✶✾✶

η (x) =
E [q1 (X) |X ≥ x]

E [q2 (X) |X ≥ x]
.

✺✳✷✳ ❘❡♠❛'❦✳ ✭❛✮ ■♥ ❚❤❡♦&❡♠ ✺✳✶✱ ,❤❡ ✐♥,❡&✈❛❧ H ♥❡❡❞ ♥♦, ❜❡ ❝❧♦4❡❞ 4✐♥❝❡ ,❤❡ ❝♦♥❞✐,✐♦♥

✐4 ♦♥❧② ♦♥ ,❤❡ ✐♥,❡&✐♦& ♦❢ H✳

✭❜✮❈❧❡❛&❧②✱ ❚❤❡♦&❡♠ ✺✳✶ ❝❛♥ ❜❡ 4,❛,❡❞ ✐♥ ,❡&♠4 ♦❢ ,✇♦ ❢✉♥❝,✐♦♥4 q1 ❛♥❞ η ❜② ,❛❦✐♥❣

q2 (x) = 1✱ ✇❤✐❝❤ ✇✐❧❧ &❡❞✉❝❡ ,❤❡ ❝♦♥❞✐,✐♦♥ ✐♥ ❚❤❡♦&❡♠ ✺✳✶ ,♦ E [q1 (X) |X ≥ x] = η (x)✳
❍♦✇❡✈❡&✱ ❛❞❞✐♥❣ ❛♥ ❡①,&❛ ❢✉♥❝,✐♦♥ ✇✐❧❧ ❣✐✈❡ ❛ ❧♦, ♠♦&❡ ✢❡①✐❜✐❧✐,②✱ ❛4 ❢❛& ❛4 ✐,4 ❛♣♣❧✐❝❛,✐♦♥

✐4 ❝♦♥❝❡&♥❡❞✳

✺✳✸✳ -'♦♣♦0✐2✐♦♥✳ ▲❡" X : Ω → R ❜❡ ❛ ❝♦♥"✐♥✉♦✉* +❛♥❞♦♠ ✈❛+✐❛❜❧❡ ❛♥❞ ❧❡" q1 (x) =

q2 (x) G (x; ξ)ac ❛♥❞ q2 (x) =
{

G (x; ξ)c +G (x; ξ)c
}−(a+b)

G (x; ξ)1−bc
❢♦+ x ∈ R✳ ❚❤❡

♣❞❢ ♦❢ X ✐* ✭✷✳✹✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ "❤❡ ❢✉♥❝"✐♦♥ η ❞❡✜♥❡❞ ✐♥ ❚❤❡♦+❡♠ ✺✳✶ ❤❛* "❤❡ ❢♦+♠

η (x) =
1

2
[1 +G (x; ξ)ac] , x ∈ R.

9+♦♦❢✳ ■❢ X ❤❛4 ♣❞❢ ✭✷✳✹✮✱ ,❤❡♥

[1− F (x)]E [q2 (X) |X ≥ x] =
1

aB (a, b)
[1−G (x; ξ)ac] , x ∈ R

❛♥❞

[1− F (x)]E [q1 (X) |X ≥ x] =
1

2aB (a, b)

[

1−G (x; ξ)2ac
]

, x ∈ R.

❋✐♥❛❧❧②✱

η (x) q2 (x)− q1 (x) =
1

2
q2 (x) [1−G (x; ξ)ac] > 0, ❢♦& x ∈ R.

❈♦♥✈❡&4❡❧②✱ ✐❢ η ✐4 ❣✐✈❡♥ ❛4 ❛❜♦✈❡✱ ,❤❡♥

s′ (x) =
η′ (x) q2 (x)

η (x) q2 (x)− q1 (x)
=
a c g (x) G (x; ξ)ac−1

[1−G (x; ξ)ac]
, x ∈ R,

❛♥❞ ❤❡♥❝❡

s (x) = − log [1−G (x; ξ)ac] , x ∈ R.

◆♦✇✱ ✐♥ ✈✐❡✇ ♦❢ ❚❤❡♦&❡♠ ✺✳✶✱ X ❤❛4 ♣❞❢ ✭✷✳✹✮✳ �

✺✳✹✳ ❈♦'♦❧❧❛'②✳ ▲❡" X : Ω → R ❜❡ ❛ ❝♦♥"✐♥✉♦✉* +❛♥❞♦♠ ✈❛+✐❛❜❧❡ ❛♥❞ ❧❡" q2 (x) ❜❡ ❛*
✐♥ 9+♦♣♦*✐"✐♦♥ ✺✳✸✳ ❚❤❡ ♣❞❢ ♦❢ X ✐* ✭✷✳✹✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ "❤❡+❡ ❡①✐*" ❢✉♥❝"✐♦♥* q1 ❛♥❞ η
❞❡✜♥❡❞ ✐♥ ❚❤❡♦+❡♠ ✺✳✶ *❛"✐*❢②✐♥❣ "❤❡ ❞✐✛❡+❡♥"✐❛❧ ❡B✉❛"✐♦♥

η′(x) q2(x)

η(x) q2(x)− q1(x)
=
a c g(x)G(x; ξ)ac−1

[1−G(x; ξ)ac]
, x ∈ R.

✺✳✺✳ ❘❡♠❛'❦✳ ✭❛✮ ❚❤❡ ❣❡♥❡&❛❧ 4♦❧✉,✐♦♥ ♦❢ ,❤❡ ❞✐✛❡&❡♥,✐❛❧ ❡G✉❛,✐♦♥ ✐♥ ❈♦&♦❧❧❛&② ✺✳✹ ✐4

η(x) = [1−G(x; ξ)ac]−1

[

−

∫

a c g(x)G(x; ξ)ac−) q1(x) q2(x)
−1 dx+D

]

,

❢♦& x ∈ R✱ ✇❤❡&❡ D ✐4 ❛ ❝♦♥4,❛♥,✳ ❖♥❡ 4❡, ♦❢ ❛♣♣&♦♣&✐❛,❡ ❢✉♥❝,✐♦♥4 ✐4 ❣✐✈❡♥ ✐♥ I&♦♣♦4✐,✐♦♥

✺✳✸ ✇✐,❤ D = 1/2✳
✭❜✮ ❈❧❡❛&❧② ,❤❡&❡ ❛&❡ ♦,❤❡& ,&✐♣❧❡,4 ♦❢ ❢✉♥❝,✐♦♥4 (q1, q2, η) 4❛,✐4❢②✐♥❣ ,❤❡ ❝♦♥❞✐,✐♦♥4 ♦❢

❚❤❡♦&❡♠ ✺✳✶✱ ❡✳❣✳✱

q1(x) = q2(x)G(x; ξ)bc



✶✶✾✷

❛♥❞

q2(x) =
[

G(x; ξ)c +G(x; ξ)c
]−(a+b)

G(x; ξ)1−ac, x ∈ R.

❚❤❡♥✱ η(x) = 1
2
G(x; ξ)bc ❛♥❞ s′(x) = η′(x) q2(x)

η(x) q2(x)−q1(x)
= b c g(x)G(x)−1, x ∈ R.

✻✳ ❉✐✛❡&❡♥( ♠❡(❤♦❞- ♦❢ ❡-(✐♠❛(✐♦♥

❍❡(❡✱ ✇❡ ❞✐+❝✉++ ♣❛(❛♠❡0❡( ❡+0✐♠❛0✐♦♥ ✉+✐♥❣ 0❤❡ ♠❡0❤♦❞+ ♦❢ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❛♥❞

♦❢ ♠✐♥✐♠✉♠ +♣❛❝✐♥❣ ❞✐+0❛♥❝❡ ❡+0✐♠❛0♦( ♣(♦♣♦+❡❞ ❜② ❚♦(❛❜✐ ❬✹✽❪✳

✻✳✶✳ ▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡/0✐♠❛0✐♦♥✳ ❲❡ ❝♦♥+✐❞❡( 0❤❡ ❡+0✐♠❛0✐♦♥ ♦❢ 0❤❡ ✉♥❦♥♦✇♥

♣❛(❛♠❡0❡(+ ♦❢ 0❤✐+ ❢❛♠✐❧② ❢(♦♠ ❝♦♠♣❧❡0❡ +❛♠♣❧❡+ ♦♥❧② ❜② 0❤❡ ♠❡0❤♦❞ ♦❢ ♠❛①✐♠✉♠ ❧✐❦❡❧✐✲

❤♦♦❞✳ ▲❡0 x1, . . . , xn ❜❡ ♦❜+❡(✈❡❞ ✈❛❧✉❡+ ❢(♦♠ 0❤❡ ❇❖▲▲✲● ❞✐+0(✐❜✉0✐♦♥ ✇✐0❤ ♣❛(❛♠❡0❡(+

a, b, c ❛♥❞ ξ✳ ▲❡0 Θ = (a, b, c, ξ)⊤ ❜❡ 0❤❡ r×1 ♣❛(❛♠❡0❡( ✈❡❝0♦(✳ ❚❤❡ 0♦0❛❧ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞

❢✉♥❝0✐♦♥ ❢♦( Θ ✐+ ❣✐✈❡♥ ❜②

ℓn = n log(c)− n log[B(a, b)] +
n

∑

i=1

log[g(xi; ξ)] + (ac− 1)
n

∑

i=1

log[G(xi; ξ)]

+ (bc− 1)
n

∑

i=1

log[Ḡ(xi; ξ)]− (a+ b)
n

∑

i=1

log
{

G(xi; ξ)
c + Ḡ(xi; ξ)

c} .✭✻✳✶✮

❚❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝0✐♦♥ ❝❛♥ ❜❡ ♠❛①✐♠✐③❡❞ ❡✐0❤❡( ❞✐(❡❝0❧② ❜② ✉+✐♥❣ 0❤❡ ❘ ✭❆❞❡L✉❛✲

❝②▼♦❞❡❧ ♦( ▼❛①❧✐❦✮ ✭+❡❡ ❘ ❉❡✈❡❧♦♣♠❡♥0 ❈♦(❡ ❚❡❛♠ ❬✹✷❪✮✱ ❙❆❙ ✭R❘❖❈ ◆▲▼■❳❊❉✮✱

❖① ♣(♦❣(❛♠ ✭+✉❜✲(♦✉0✐♥❡ ▼❛①❇❋●❙✮ ✭+❡❡ ❉♦♦(♥✐❦ ❬✶✹❪✮✱ ▲✐♠✐0❡❞✲▼❡♠♦(② L✉❛+✐✲◆❡✇0♦♥

❝♦❞❡ ❢♦( ❜♦✉♥❞✲❝♦♥+0(❛✐♥❡❞ ♦♣0✐♠✐③❛0✐♦♥ ✭▲✲❇❋●❙✲❇✮ ♦( ❜② +♦❧✈✐♥❣ 0❤❡ ♥♦♥❧✐♥❡❛( ❧✐❦❡❧✐✲

❤♦♦❞ ❡L✉❛0✐♦♥+ ♦❜0❛✐♥❡❞ ❜② ❞✐✛❡(❡♥0✐❛0✐♥❣ ✭✻✳✶✮✳

▲❡0 Un(Θ) = (∂ℓn/∂a, ∂ℓn/∂b, ∂ℓn/∂c, ∂ℓn/∂ξ)
⊤

❜❡ 0❤❡ +❝♦(❡ ❢✉♥❝0✐♦♥✳ ■0+ ❝♦♠♣♦✲

♥❡♥0+ ❛(❡ ❣✐✈❡♥ ❜②

∂ℓn
∂a

= −nψ(a) + nψ(a+ b) + c

n
∑

i=1

log[G(xi; ξ)]−

n
∑

i=1

log
{

G(xi; ξ)
c + Ḡ(xi; ξ)

c} ,

∂ℓn
∂b

= −nψ(b) + nψ(a+ b) + c
n

∑

i=1

log[Ḡ(xi; ξ)]−
n

∑

i=1

log
{

G(xi; ξ)
c + Ḡ(xi; ξ)

c} ,

∂ℓn
∂c

=
n

c
+ a

n
∑

i=1

log[G(xi; ξ)] + b
n

∑

i=1

log[Ḡ(xi; ξ)]

−(a+ b)
n

∑

i=1

G(xi; ξ)
c log[G(xi; ξ)] + Ḡ(xi; ξ)

c log[Ḡ(xi; ξ)]

G(xi; ξ)c + Ḡ(xi; ξ)c
,

∂ℓn
∂ξ

=

n
∑

i=1

g(xi; ξ)
(ξ)

g(xi; ξ)
+ (ac− 1)

n
∑

i=1

G(xi; ξ)
(ξ)

G(xi; ξ)
+ (1− bc)

n
∑

i=1

G(xi; ξ)
(ξ)

Ḡ(xi; ξ)

−c(a+ b)
n

∑

i=1

G(xi; ξ)
(ξ) G(xi; ξ)

c−1 − Ḡ(xi; ξ)
c−1

G(xi; ξ)c + Ḡ(xi; ξ)c
,

✇❤❡(❡ h(ξ)(·) ♠❡❛♥+ 0❤❡ ❞❡(✐✈❛0✐✈❡ ♦❢ 0❤❡ ❢✉♥❝0✐♦♥ h ✇✐0❤ (❡+♣❡❝0 0♦ ξ✳
❋♦( ✐♥0❡(✈❛❧ ❡+0✐♠❛0✐♦♥ ❛♥❞ ❤②♣♦0❤❡+✐+ 0❡+0+✱ ✇❡ ❝❛♥ ✉+❡ +0❛♥❞❛(❞ ❧✐❦❡❧✐❤♦♦❞ 0❡❝❤♥✐L✉❡+

❜❛+❡❞ ♦♥ 0❤❡ ♦❜+❡(✈❡❞ ✐♥❢♦(♠❛0✐♦♥ ♠❛0(✐①✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜0❛✐♥❡❞ ❢(♦♠ 0❤❡ ❛✉0❤♦(+ ✉♣♦♥

(❡L✉❡+0✳
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✻✳✷✳ ▼✐♥✐♠✉♠ (♣❛❝✐♥❣ ❞✐(.❛♥❝❡ ❡(.✐♠❛.♦1 ✭▼❙❉❊✮✳ ❚♦"❛❜✐ ❬✹✽❪ ✐♥+"♦❞✉❝❡❞ ❛ ❣❡♥✲

❡"❛❧ ♠❡+❤♦❞ ❢♦" ❡6+✐♠❛+✐♥❣ ♣❛"❛♠❡+❡"6 +❤"♦✉❣❤ 6♣❛❝✐♥❣ ❝❛❧❧❡❞ ♠❛①✐♠✉♠ 6♣❛❝✐♥❣ ❞✐6+❛♥❝❡

❡6+✐♠❛+♦" ✭▼❙❉❊✮✳ ❚♦"❛❜✐ ❛♥❞ ❇❛❣❤❡"✐ ❬✹✾❪ ❛♥❞ ❚♦"❛❜✐ ❛♥❞ ▼♦♥+❛③❡"✐ ❬✺✶❪ ✉6❡❞ ❞✐✛❡"✲

❡♥+ ▼❙❉❊6 +♦ ❝♦♠♣❛"❡ ✇✐+❤ +❤❡ ▼▲❊6✳ ❍❡"❡✱ ✇❡ ✉6❡❞ +✇♦ ▼❙❉❊6✱ ✏♠✐♥✐♠✉♠ 6♣❛❝✐♥❣

❛❜6♦❧✉+❡ ❞✐6+❛♥❝❡ ❡6+✐♠❛+♦"✑ ✭▼❙❆❉❊✮ ❛♥❞ ✏♠✐♥✐♠✉♠ 6♣❛❝✐♥❣ ❛❜6♦❧✉+❡✲❧♦❣ ❞✐6+❛♥❝❡ ❡6✲

+✐♠❛+♦"✑ ✭▼❙❆▲❉❊✮ ❛♥❞ ❝♦♠♣❛"❡❞ +❤❡♠ ✇✐+❤ +❤❡ ▼▲❊6 ♦❢ +❤❡ ❇❖▲▲✲❊ ❞✐6+"✐❜✉+✐♦♥✳

❋♦" ♠❛+❤❡♠❛+✐❝❛❧ ❞❡+❛✐❧6✱ +❤❡ "❡❛❞❡" ✐6 "❡❢❡""❡❞ +♦ ❚♦"❛❜✐ ❛♥❞ ❇❛❣❤❡"✐ ❬✹✾❪ ❛♥❞ ❚♦"❛❜✐

❛♥❞ ▼♦♥+❛③❡"✐ ❬✺✶❪✳

❚❛❜❧❡ ✷✿ ❚❤❡ ❆❊6✱ ❜✐❛6❡6 ❛♥❞ ▼❙❊6 ♦❢ +❤❡ ▼▲❊6✱ ▼❙❆❉❊6 ❛♥❞ ▼❙❆▲❉❊6 ♦❢ +❤❡

♣❛"❛♠❡+❡"6 ❜❛6❡❞ ♦♥ ✶✱✵✵✵ 6✐♠✉❧❛+✐♦♥6 ♦❢ +❤❡ ❇❖▲▲✲❊✭✷✱ ✶✳✺✱ ✵✳✺✱ ✶✮

❞✐6+"✐❜✉+✐♦♥ ❢♦" n ❂ ✶✵✵✱ ✷✵✵✱ ✸✵✵ ❛♥❞ ✹✵✵✳

▼▲❊ ▼❙❆❉❊ ▼❙❆▲❉❊

n ❆❊ ❇✐❛6 ▼❙❊ ❆❊ ❇✐❛6 ▼❙❊ ❆❊ ❇✐❛6 ▼❙❊

✶✵✵ a ✸✳✶✺✽ ✶✳✶✺✽ ✺✳✼✹✸ ✷✳✷✼✶ ✵✳✷✼✶ ✺✳✹✵✹ ✷✳✸✻✶ ✵✳✸✻✶ ✶✹✳✼✶✼

b ✷✳✽✷✻ ✶✳✸✷✻ ✺✳✾✸✸ ✶✳✽✼✵ ✵✳✸✼✵ ✺✳✷✵✻ ✷✳✵✺✸ ✵✳✺✺✸ ✶✹✳✽✺✹

c ✵✳✺✽✼ ✷✳✻✺✽ ✵✳✸✵✶ ✵✳✺✵✾ ✶✳✼✼✶ ✵✳✵✷✼ ✵✳✺✽✷ ✶✳✽✻✶ ✵✳✶✸✸

α ✶✳✷✵✸ ✵✳✷✵✸ ✵✳✽✶✼ ✶✳✵✼✹ ✵✳✵✼✹ ✵✳✸✵✸ ✶✳✶✹✺ ✵✳✶✹✺ ✵✳✹✽✺

✷✵✵ a ✷✳✽✻✷ ✵✳✽✻✷ ✸✳✾✶✺ ✷✳✶✼✾ ✵✳✶✼✾ ✷✳✼✼✶ ✷✳✵✼✷ ✵✳✵✼✷ ✷✳✼✶✺

b ✷✳✹✻✶ ✵✳✾✻✶ ✸✳✼✺✽ ✶✳✼✺✵ ✵✳✷✺✵ ✷✳✽✺✺ ✶✳✻✺✶ ✵✳✶✺✶ ✷✳✽✸✼

c ✵✳✺✸✾ ✷✳✸✻✷ ✵✳✶✷✻ ✵✳✺✸✺ ✶✳✻✼✾ ✵✳✵✹✽ ✵✳✺✽✷ ✶✳✺✼✷ ✵✳✵✽✶

α ✶✳✶✶✹ ✵✳✶✶✹ ✵✳✹✹✵ ✶✳✵✼✽ ✵✳✵✼✽ ✵✳✷✹✺ ✶✳✶✹✶ ✵✳✶✹✶ ✵✳✸✸✹

✸✵✵ a ✷✳✶✶✷ ✵✳✶✶✷ ✷✳✹✾✷ ✷✳✻✻✻ ✵✳✻✻✻ ✷✳✻✵✾ ✷✳✶✸✸ ✵✳✶✸✸ ✸✳✼✵✾

b ✶✳✻✾✺ ✵✳✶✾✺ ✷✳✸✸✶ ✷✳✷✶✼ ✵✳✼✶✼ ✷✳✹✼✺ ✶✳✻✾✺ ✵✳✶✾✺ ✸✳✸✻✽

c ✵✳✺✺✹ ✶✳✻✶✷ ✵✳✵✼✷ ✵✳✺✶✾ ✷✳✶✻✻ ✵✳✵✽✵ ✵✳✺✽✸ ✶✳✻✸✸ ✵✳✵✽✵

α ✶✳✵✺✶ ✵✳✵✺✶ ✵✳✶✼✻ ✶✳✵✾✼ ✵✳✵✾✼ ✵✳✸✶✵ ✶✳✶✸✵ ✵✳✶✸✵ ✵✳✷✹✽

✹✵✵ a ✷✳✺✽✼ ✵✳✺✽✼ ✶✳✾✺✻ ✷✳✵✹✽ ✵✳✵✹✽ ✵✳✾✺✻ ✷✳✶✹✸ ✵✳✶✹✸ ✸✳✺✽✽

b ✷✳✶✵✾ ✵✳✻✵✾ ✶✳✽✻✾ ✶✳✻✵✷ ✵✳✶✵✷ ✵✳✾✼✵ ✶✳✻✻✾ ✵✳✶✻✾ ✸✳✸✽✸

c ✵✳✹✾✽ ✷✳✵✽✼ ✵✳✵✹✾ ✵✳✺✸✹ ✶✳✺✹✽ ✵✳✵✷✻ ✵✳✺✺✽ ✶✳✻✹✸ ✵✳✵✸✾

α ✶✳✵✽✵ ✵✳✵✽✵ ✵✳✷✸✷ ✶✳✵✻✷ ✵✳✵✻✷ ✵✳✶✻✶ ✶✳✶✸✺ ✵✳✶✸✺ ✵✳✷✷✵

❲❡ 6✐♠✉❧❛+❡ +❤❡ ❇❖▲▲✲❊ ❞✐6+"✐❜✉+✐♦♥ ❢♦" n❂✶✵✵✱ ✷✵✵✱ ✸✵✵ ❛♥❞ ✹✵✵ ✇✐+❤ a = 2✱ b = 1.5✱
c = 0.5 ❛♥❞ α = 1✳ ❋♦" ❡❛❝❤ 6❛♠♣❧❡ 6✐③❡✱ ✇❡ ❝♦♠♣✉+❡ +❤❡ ▼▲❊6✱ ▼❙❆❉❊6 ❛♥❞ ▼❙❆▲❉❊6
♦❢ +❤❡ ♣❛"❛♠❡+❡"6✳ ❲❡ "❡♣❡❛+ +❤✐6 ♣"♦❝❡66 ✶✱✵✵✵ +✐♠❡6 ❛♥❞ ♦❜+❛✐♥ +❤❡ ❛✈❡"❛❣❡ ❡6+✐♠❛+❡6

✭❆❊6✮✱ ❜✐❛6❡6 ❛♥❞ ♠❡❛♥ 6W✉❛"❡ ❡""♦" ✭▼❙❊6✮✳ ❚❤❡ "❡6✉❧+6 ❛"❡ "❡♣♦"+❡❞ ✐♥ ❚❛❜❧❡ ✷✳ ❋"♦♠

+❤❡ ✜❣✉"❡6 ✐♥ +❤✐6 +❛❜❧❡✱ ✇❡ ♥♦+❡ +❤❛+ +❤❡ ♣❡"❢♦"♠❛♥❝❡6 ♦❢ +❤❡ ▼▲❊6 ❛♥❞ ▼❙❆❉❊6 ❛"❡

❜❡++❡" +❤❛♥ ▼❙❆▲❉❊6✳

✼✳ ❆♣♣❧✐❝❛(✐♦♥+

■♥ +❤✐6 6❡❝+✐♦♥✱ ✇❡ ♣"♦✈✐❞❡ +✇♦ ❛♣♣❧✐❝❛+✐♦♥6 +♦ "❡❛❧ ❞❛+❛ +♦ ✐❧❧✉6+"❛+❡ +❤❡ ✐♠♣♦"+❛♥❝❡

♦❢ +❤❡ ❇❖▲▲✲● ❢❛♠✐❧② +❤"♦✉❣❤ +❤❡ 6♣❡❝✐❛❧ ♠♦❞❡❧6✿ ❇❖▲▲✲❊✱ ❇❖▲▲✲◆ ❛♥❞ ❇❖▲▲✲▲①✳

❚❤❡ ▼▲❊6 ♦❢ +❤❡ ♣❛"❛♠❡+❡"6 ❛"❡ ❝♦♠♣✉+❡❞ ❛♥❞ +❤❡ ❣♦♦❞♥❡66✲♦❢✲✜+ 6+❛+✐6+✐❝6 ❢♦" +❤❡6❡

♠♦❞❡❧6 ❛"❡ ❝♦♠♣❛"❡❞ ✇✐+❤ ♦+❤❡" ❝♦♠♣❡+✐♥❣ ♠♦❞❡❧6✳
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✼✳✶✳ ❉❛%❛ &❡% ✶✿ ❙%*❡♥❣%❤ ♦❢ ❣❧❛&& ✜❜*❡&✳ ❚❤❡ ✜$%& ❞❛&❛ %❡& $❡♣$❡%❡♥&% &❤❡ %&$❡♥❣&❤

♦❢ ✶✳✺ ❝♠ ❣❧❛%% ✜❜$❡%✱ ♠❡❛%✉$❡❞ ❛& ◆❛&✐♦♥❛❧ ♣❤②%✐❝❛❧ ❧❛❜♦$❛&♦$②✱ ❊♥❣❧❛♥❞ ✭%❡❡✱ ❙♠✐&❤ ❛♥❞

◆❛②❧♦$ ❬✹✻❪✮✳ ❚❤❡ ❞❛&❛ ❛$❡✿ ✵✳✺✺✱ ✵✳✾✸✱ ✶✳✷✺✱ ✶✳✸✻✱ ✶✳✹✾✱ ✶✳✺✷✱ ✶✳✺✽✱ ✶✳✻✶✱ ✶✳✻✹✱ ✶✳✻✽✱ ✶✳✼✸✱

✶✳✽✶✱ ✷✳✵✵✱ ✵✳✼✹✱ ✶✳✵✹✱ ✶✳✷✼✱ ✶✳✸✾✱ ✶✳✹✾✱ ✶✳✺✸✱ ✶✳✺✾✱ ✶✳✻✶✱ ✶✳✻✻✱ ✶✳✻✽✱ ✶✳✼✻✱ ✶✳✽✷✱ ✷✳✵✶✱ ✵✳✼✼✱

✶✳✶✶✱ ✶✳✷✽✱ ✶✳✹✷✱ ✶✳✺✵✱ ✶✳✺✹✱ ✶✳✻✵✱ ✶✳✻✷✱ ✶✳✻✻✱ ✶✳✻✾✱ ✶✳✼✻✱ ✶✳✽✹✱ ✷✳✷✹✱ ✵✳✽✶✱ ✶✳✶✸✱ ✶✳✷✾✱ ✶✳✹✽✱
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McN : f
▼❝◆

(x; a, b, c, µ, σ) = c
σ B(a,b)

φ
(

x−µ
σ

)

Φ
(

x−µ
σ

)ac−1 [
1− Φ

(

x−µ
σ

)c]b−1
,

µ ∈ ℜ, a, b, c, σ > 0,

BN : f
❇◆

(x; a, b, µ, σ) = 1
σ B(a,b)

φ
(

x−µ
σ

)

Φ
(

x−µ
σ

)a−1 [
1− Φ

(

x−µ
σ

)]b−1
,

µ ∈ ℜ, a, b, σ > 0,

BE : f
❇❊

(x; a, b, α) = α
B(a,b)

e−α b x
(

1− e−αx
)a−1

, a, b, α > 0.
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❣♦♦❞♥❡%%✲♦❢✲✜& %&❛&✐%&✐❝%✳ ❚❤❡ ❞❡♥%✐&✐❡% ♦❢ &❤❡ ▼❝▲① ❛♥❞ ❇▲① ♠♦❞❡❧% ❛$❡✱ $❡%♣❡❝&✐✈❡❧②✱

❣✐✈❡♥ ❜②

McLx : f
▼❝▲①

(x; a, b, c, α, β) = c α
β B(a,b)

[

1 +
(

x
β

)]−(α+1)

×
{

1−
[

1 +
(

x
β

)]−α}ac−1 [

1−
{

1−
[

1 +
(

x
β

)]−α}c]b−1

,

a, b, c, α, β > 0,

BLx : f
❇▲①

(x; a, b, α, β) = α
β B(a,b)

[

1 +
(

x
β

)]−(αb+1){

1−
[

1 +
(

x
β

)]−α}a−1

×
[

1−
{

1−
[

1 +
(

x
β

)]−α}a]b−1

, a, b, α, β > 0.



✶✶✾✺

❋♦" ❛❧❧ ♠♦❞❡❧(✱ *❤❡ ▼▲❊( ❛"❡ ❝♦♠♣✉*❡❞ ✉(✐♥❣ *❤❡ ▲✐♠✐*❡❞✲▼❡♠♦"② ◗✉❛(✐✲◆❡✇*♦♥ ❈♦❞❡

❢♦" ❇♦✉♥❞✲❈♦♥(*"❛✐♥❡❞ ❖♣*✐♠✐③❛*✐♦♥ ✭▲✲❇❋●❙✲❇✮✳ ❋✉"*❤❡"✱ *❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝*✐♦♥

❡✈❛❧✉❛*❡❞ ❛* *❤❡ ▼▲❊( ✭ℓ̂✮✱ ❆❦❛✐❦❡ ✐♥❢♦"♠❛*✐♦♥ ❝"✐*❡"✐♦♥ ✭❆■❈✮✱ ❝♦♥(✐(*❡♥* ❆❦❛✐❦❡ ✐♥❢♦"✲
♠❛*✐♦♥ ❝"✐*❡"✐♦♥ ✭❈❆■❈✮✱ ❇❛②❡(✐❛♥ ✐♥❢♦"♠❛*✐♦♥ ❝"✐*❡"✐♦♥ ✭❇■❈✮✱ ❍❛♥♥❛♥✲◗✉✐♥♥ ✐♥❢♦"♠❛✲

*✐♦♥ ❝"✐*❡"✐♦♥ ✭❍◗■❈✮✱ ❆♥❞❡"(♦♥✲❉❛"❧✐♥❣ ✭A∗
✮✱ ❈"❛♠J"✕✈♦♥ ▼✐(❡( ✭W ∗

✮ ❛♥❞ ❑♦❧♠♦❣♦"♦✈✲

❙♠✐"♥♦✈ ✭❑✲❙✮ (*❛*✐(*✐❝( ❛"❡ ❝❛❧❝✉❧❛*❡❞ *♦ ❝♦♠♣❛"❡ *❤❡ ✜**❡❞ ♠♦❞❡❧(✳ ❚❤❡ (*❛*✐(*✐❝( A∗

❛♥❞ W ∗
❛"❡ ❞❡✜♥❡❞ ❜② ❈❤❡♥ ❛♥❞ ❇❛❧❛❦"✐(❤♥❛♥ ❬✽❪✳ ■♥ ❣❡♥❡"❛❧✱ *❤❡ (♠❛❧❧❡" *❤❡ ✈❛❧✉❡( ♦❢

*❤❡(❡ (*❛*✐(*✐❝(✱ *❤❡ ❜❡**❡" *❤❡ ✜* *♦ *❤❡ ❞❛*❛✳ ❚❤❡ "❡S✉✐"❡❞ ❝♦♠♣✉*❛*✐♦♥( ❛"❡ ❝❛""✐❡❞ ♦✉*

✐♥ ❘✲❧❛♥❣✉❛❣❡✳



✶✶✾✻

❚❛❜❧❡ ✸✿ ▼▲❊* ❛♥❞ -❤❡✐0 *-❛♥❞❛0❞ ❡00♦0* ✭✐♥ ♣❛0❡♥-❤❡*❡*✮ ❢♦0 -❤❡ ✜0*- ❞❛-❛ *❡-✳

❉✐*-0✐❜✉-✐♦♥ a b c µ σ α

❇❖▲▲✲❊ ✵✳✵✻✾✽ ✵✳✶✽✸✹ ✺✵✳✹✺✹✽ ✲ ✲ ✵✳✹✶✶✽

✭✵✳✵✾✸✶✮ ✭✵✳✷✼✶✷✮ ✭✻✻✳✾✼✻✻ ✲ ✲ ✭✵✳✵✶✷✺✮

❇❖▲▲✲◆ ✵✳✵✸✺✽ ✵✳✵✼✻✹ ✸✹✳✼✻✹✷ ✶✳✻✺✾✼ ✵✳✻✵✺✻ ✲

✭✵✳✵✻✻✵✮ ✭✵✳✶✸✽✹✮ ✭✻✺✳✻✹✶✵✮ ✭✵✳✵✸✽✶✮ ✭✵✳✺✸✷✸✮ ✲

▼❝◆ ✵✳✺✷✾✽ ✶✼✳✷✷✷✻ ✶✳✷✾✷✹ ✷✳✸✽✺✵ ✵✳✹✼✼✸ ✲

✭✵✳✺✷✹✾✮ ✭✹✽✳✽✵✼✽✮ ✭✻✳✷✺✾✺✮ ✭✶✳✽✶✶✷✮ ✭✵✳✾✽✷✵✮ ✲

❇◆ ✵✳✺✽✸✻ ✷✶✳✾✹✵✷ ✲ ✷✳✺✻✼✾ ✵✳✹✻✺✽ ✲

✭✵✳✻✹✹✹✮ ✭✼✾✳✽✷✸✹✮ ✲ ✭✶✳✸✹✺✶✮ ✭✵✳✹✺✹✻✮ ✲

❇❊ ✶✼✳✹✺✹✽ ✸✽✳✸✽✺✻ ✲ ✲ ✲ ✵✳✷✺✶✹

✭✸✳✶✸✷✸✮ ✭✻✺✳✽✷✾✼✮ ✲ ✲ ✲ ✭✵✳✸✻✽✹✮

❚❛❜❧❡ ✹✿ ❚❤❡ *-❛-✐*-✐❝* ℓ̂✱ ❆■❈✱ ❈❆■❈ ✱ ❇■❈ ✱ ❍◗■❈✱ A∗
❛♥❞ W ∗

❢♦0 -❤❡ ✜0*- ❞❛-❛ *❡-✳

❉✐*-0✐❜✉-✐♦♥ ℓ̂ ❆■❈ ❈❆■❈ ❇■❈ ❍◗■❈ A∗ W ∗

❇❖▲▲✲❊ −✶✵✳✹✽✺✷ ✷✽✳✾✼✵✸ ✷✾✳✻✺✾✾ ✸✼✳✺✹✷✾ ✸✷✳✸✹✶✾ ✵✳✸✾✷✸ ✵✳✵✻✽✶

❇❖▲▲✲◆ −✾✳✾✾✼✻ ✷✾✳✾✾✺✸ ✸✶✳✵✹✼✾ ✹✵✳✼✶✶✵ ✸✹✳✷✵✾✽ ✷✳✵✷✹✺ ✵✳✷✽✺✽

▼❝◆ −✶✹✳✵✺✼✼ ✸✽✳✶✶✺✹ ✸✾✳✶✻✽✵ ✹✽✳✽✸✶✶ ✹✷✳✸✷✾✾ ✵✳✾✷✽✾ ✵✳✶✻✺✾

❇◆ −✶✹✳✵✺✻✵ ✸✻✳✶✶✶✾ ✸✻✳✽✵✶✻ ✹✹✳✻✽✹✺ ✸✾✳✹✽✸✻ ✵✳✾✶✼✾ ✵✳✶✻✸✼

❇❊ −✷✹✳✵✷✺✻ ✺✹✳✵✺✶✶ ✺✹✳✹✺✼✾ ✻✵✳✹✽✵✺ ✺✻✳✺✼✾✽ ✸✳✶✸✵✼ ✵✳✺✼✵✽

❚❛❜❧❡ ✺✿ ❚❤❡ ❑✲❙ *-❛-✐*-✐❝* ❛♥❞ p✲✈❛❧✉❡* ❢♦0 -❤❡ ✜0*- ❞❛-❛ *❡-✳

❉✐*-0✐❜✉-✐♦♥ ❑✲❙ p✲✈❛❧✉❡ ✭❑✲❙✮

❇❖▲▲✲❊ ✵✳✶✶✷✻ ✵✳✹✵✶✸

❇❖▲▲✲◆ ✵✳✵✾✷✽ ✵✳✻✹✾✻

▼❝◆ ✵✳✶✸✻✾ ✵✳✶✽✽✻

❇◆ ✵✳✶✸✺✻ ✵✳✶✾✼✸

❇❊ ✵✳✷✶✻✽ ✵✳✵✵✺✸

❚❛❜❧❡ ✻✿ ▼▲❊* ❛♥❞ -❤❡✐0 *-❛♥❞❛0❞ ❡00♦0* ✭✐♥ ♣❛0❡♥-❤❡*❡*✮ ❢♦0 -❤❡ *❡❝♦♥❞ ❞❛-❛ *❡-✳

❉✐*-0✐❜✉-✐♦♥ a b c α β

❇❖▲▲✲❊ ✵✳✷✼✼✷ ✵✳✶✺✹✽ ✸✳✼✽✾✺ ✵✳✶✺✻✸ ✲

✭✵✳✷✺✷✾✮ ✭✵✳✶✹✹✶✮ ✭✸✳✶✾✾✻✮ ✭✵✳✵✹✶✸✮ ✲

❇❖▲▲✲▲① ✵✳✹✺✵✼ ✵✳✸✵✹✻ ✷✳✺✷✻✼ ✽✳✺✼✵✵ ✺✼✳✻✷✹✻

✭✵✳✹✷✼✾✮ ✭✵✳✸✺✼✸✮ ✭✷✳✵✶✽✸✮ ✭✶✹✳✹✶✸✺✮ ✭✽✽✳✹✷✺✷✮

▼❝▲① ✶✳✺✵✺✷ ✺✳✾✻✸✽ ✷✳✵✻✵✽ ✵✳✼✶✼✼ ✶✵✳✾✷✻✼

✭✵✳✷✽✸✶✮ ✭✸✵✳✶✻✶✻✮ ✭✷✳✾✾✹✹✮ ✭✸✳✵✻✾✽✮ ✭✶✻✳✻✽✾✻✮

❇▲① ✶✳✺✽✽✷ ✶✷✳✵✵✶✹ ✲ ✵✳✸✽✺✾ ✷✵✳✹✻✾✸

✭✵✳✷✽✸✵✮ ✭✸✶✾✳✷✸✼✷✮ ✲ ✭✶✵✳✵✻✾✼✮ ✭✶✹✳✵✻✺✼✮

❇❊ ✶✳✸✼✽✶ ✵✳✷✺✹✸ ✲ ✵✳✹✺✾✺ ✲

✭✵✳✷✶✻✷✮ ✭✵✳✵✷✺✶✮ ✲ ✭✵✳✵✵✷✽✮ ✲



✶✶✾✼

❚❛❜❧❡ ✼✿ ❚❤❡ ()❛)✐()✐❝( ℓ̂✱ ❆■❈✱ ❈❆■❈ ✱ ❇■❈ ✱ ❍◗■❈✱ A∗
❛♥❞ W ∗

❢♦7 )❤❡ (❡❝♦♥❞ ❞❛)❛ (❡)✳

❉✐()7✐❜✉)✐♦♥ ℓ̂ ❆■❈ ❈❆■❈ ❇■❈ ❍◗■❈ A∗ W ∗

❇❖▲▲✲❊ −✹✵✾✳✽✸✷✸ ✽✷✼✳✻✻✹✻ ✽✷✼✳✾✽✾✽ ✽✸✾✳✵✼✷✼ ✽✸✷✳✷✾✾✽ ✶✳✺✼✹✺ ✵✳✷✵✷✷

❇❖▲▲✲▲① −✹✵✾✳✷✷✺✻ ✽✷✽✳✹✺✶✸ ✽✷✽✳✾✹✸✶ ✽✹✷✳✼✶✶✺ ✽✸✹✳✷✹✺✸ ✵✳✵✽✵✵ ✵✳✵✶✷✻

▼❝▲① −✹✵✾✳✾✶✷✽ ✽✷✾✳✽✷✺✻ ✽✸✵✳✸✶✼✹ ✽✹✹✳✵✽✺✽ ✽✸✺✳✻✶✾✻ ✵✳✶✻✽✽ ✵✳✵✷✺✹

❇▲① −✹✶✵✳✵✽✶✸ ✽✷✽✳✶✻✷✻ ✽✷✽✳✹✽✼✽ ✽✸✾✳✺✼✵✽ ✽✸✷✳✼✾✼✽ ✵✳✶✾✶✼ ✵✳✵✷✽✺

❇❊ −✹✶✷✳✶✵✶✻ ✽✸✵✳✷✵✸✸ ✽✸✵✳✸✾✻✽ ✽✸✽✳✼✺✾✹ ✽✸✸✳✻✼✾✼ ✵✳✺✹✼✺ ✵✳✵✽✾✻

❚❛❜❧❡ ✽✿ ❚❤❡ ❑✲❙ ()❛)✐()✐❝( ❛♥❞ p✲✈❛❧✉❡( ❢♦7 )❤❡ (❡❝♦♥❞ ❞❛)❛ (❡)✳

❉✐()7✐❜✉)✐♦♥ ❑✲❙ p✲✈❛❧✉❡ ✭❑✲❙✮

❇❖▲▲✲❊ ✵✳✵✷✾✺ ✵✳✾✾✾✾

❇❖▲▲✲▲① ✵✳✵✸✹✶ ✵✳✾✾✽✹

▼❝▲① ✵✳✵✸✾✶ ✵✳✾✽✾✻

❇▲① ✵✳✵✹✵✼ ✵✳✾✽✹✵

❇❊ ✵✳✵✻✽✽ ✵✳✺✼✾✸

x

D
e
n
s
it
y

0.5 1.0 1.5 2.0

0
.0

0
.5

1
.0

1
.5

2
.0

2
.5

BOLLN

BOLLE

McN

BN

BE

0.5 1.0 1.5 2.0

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

x

c
d
f

BOLLN

BOLLE

McN

BN

BE

✭❛✮ ❊()✐♠❛)❡❞ ♣❞❢( ✭❜✮ ❊()✐♠❛)❡❞ ❝❞❢(

❋✐❣✉/❡ ✹✳ Q❧♦)( ✭❛✮ ❛♥❞ ✭❜✮ ♦❢ )❤❡ ❡()✐♠❛)❡❞ ♣❞❢( ❛♥❞ ❝❞❢( ♦❢ )❤❡

❇❖▲▲✲❊ ❛♥❞ ❇❖▲▲✲◆ ❛♥❞ ♦)❤❡7 ❝♦♠♣❡)✐)✐✈❡ ♠♦❞❡❧(✳

❚❛❜❧❡( ✸ ❛♥❞ ✻ ❧✐() )❤❡ ▼▲❊( ❛♥❞ )❤❡✐7 ❝♦77❡(♣♦♥❞✐♥❣ ()❛♥❞❛7❞ ❡77♦7( ✭✐♥ ♣❛7❡♥)❤❡(❡(✮

♦❢ )❤❡ ♣❛7❛♠❡)❡7(✳ ❚❤❡ ✈❛❧✉❡( ♦❢ )❤❡ ♠♦❞❡❧ (❡❧❡❝)✐♦♥ ()❛)✐()✐❝( ❆■❈✱ ❈❆■❈✱ ❇■❈✱ ❍◗■❈✱

A∗
✱ W ∗

❛♥❞ ❑✲❙ ❛7❡ ❧✐()❡❞ ✐♥ ❚❛❜❧❡( ✹✲✺ ❛♥❞ ✼✲✽✳ ❲❡ ♥♦)❡ ❢7♦♠ ❚❛❜❧❡( ✹ ❛♥❞ ✺ )❤❛) )❤❡

❇❖▲▲✲❊ ❛♥❞ ❇❖▲▲✲◆ ♠♦❞❡❧( ❤❛✈❡ )❤❡ ❧♦✇❡() ✈❛❧✉❡( ♦❢ )❤❡ ❆■❈✱ ❈❆■❈✱ ❇■❈✱ ❍◗■❈✱W ∗

❛♥❞ ❑✲❙ ()❛)✐()✐❝( ✭❢♦7 )❤❡ ✜7() ❞❛)❛ (❡)✮ ❛♠♦♥❣ )❤❡ ✜))❡❞ ▼❝◆✱ ❇◆ ❛♥❞ ❇❊ ♠♦❞❡❧(✱ )❤✉(

(✉❣❣❡()✐♥❣ )❤❛) )❤❡ ❇❖▲▲✲❊ ❛♥❞ ❇❖▲▲✲◆ ♠♦❞❡❧( ♣7♦✈✐❞❡ )❤❡ ❜❡() ✜)(✱ ❛♥❞ )❤❡7❡❢♦7❡

❝♦✉❧❞ ❜❡ ❝❤♦(❡♥ ❛( )❤❡ ♠♦() ❛❞❡W✉❛)❡ ♠♦❞❡❧( ❢♦7 )❤❡ ✜7() ❞❛)❛ (❡)✳ ❚❤❡ ❤✐()♦❣7❛♠ ♦❢

)❤❡(❡ ❞❛)❛ ❛♥❞ )❤❡ ❡()✐♠❛)❡❞ ♣❞❢( ❛♥❞ ❝❞❢( ♦❢ )❤❡ ❇❖▲▲✲❊ ❛♥❞ ❇❖▲▲✲◆ ♠♦❞❡❧( ❛♥❞ )❤❡✐7

❝♦♠♣❡)✐)✐✈❡ ♠♦❞❡❧( ❛7❡ ❞✐(♣❧❛②❡❞ ✐♥ ❋✐❣✉7❡ ✹✳ ❙✐♠✐❧❛7❧②✱ ✐) ✐( ❛❧(♦ ❡✈✐❞❡♥) ❢7♦♠ )❤❡ 7❡(✉❧)(

✐♥ ❚❛❜❧❡( ✼ ❛♥❞ ✽ )❤❛) )❤❡ ❇❖▲▲✲❊ ❛♥❞ ❇❖▲▲✲▲① ♠♦❞❡❧( ❣✐✈❡ )❤❡ ❧♦✇❡() ✈❛❧✉❡( ❢♦7 )❤❡

ℓ̂✱ ❆■❈✱ ❈❆■❈✱ ❇■❈✱ ❍◗■❈✱ A∗
✱ W ∗

❛♥❞ ❑✲❙ ()❛)✐()✐❝( ✭❢♦7 )❤❡ (❡❝♦♥❞ ❞❛)❛ (❡)✮ ❛♠♦♥❣

)❤❡ ✜))❡❞ ▼❝▲①✱ ❇▲①✱ ❑✇▲① ❛♥❞ ▲① ❞✐()7✐❜✉)✐♦♥(✳ ❚❤✉(✱ )❤❡ ❇❖▲▲✲❊ ❛♥❞ ❇❖▲▲✲▲①

♠♦❞❡❧( ❝❛♥ ❜❡ ❝❤♦(❡♥ ❛( )❤❡ ❜❡() ♠♦❞❡❧(✳ ❚❤❡ ❤✐()♦❣7❛♠ ♦❢ )❤❡ (❡❝♦♥❞ ❞❛)❛ (❡) ❛♥❞

)❤❡ ❡()✐♠❛)❡❞ ♣❞❢( ❛♥❞ ❝❞❢( ♦❢ )❤❡ ❇❖▲▲✲❊ ❛♥❞ ❇❖▲▲✲▲① ♠♦❞❡❧( ❛♥❞ ♦)❤❡7 ❝♦♠♣❡)✐)✐✈❡

♠♦❞❡❧( ❛7❡ ❞✐(♣❧❛②❡❞ ✐♥ ❋✐❣✉7❡ ✺✳



✶✶✾✽

x

D
e
n
s
it
y

0 20 40 60 80

0
.0

0
0
.0

2
0
.0

4
0
.0

6
0
.0

8
0
.1

0

BOLLLx

BOLLE

McLx

BLx

BE

0 20 40 60 80

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

x

c
d
f

BOLLN

BOLLE

McLx

BLx

BE

✭❛✮ ❊$%✐♠❛%❡❞ ♣❞❢$ ✭❜✮ ❊$%✐♠❛%❡❞ ❝❞❢$

❋✐❣✉$❡ ✺✳ .❧♦%$ ✭❛✮ ❛♥❞ ✭❜✮ ♦❢ %❤❡ ❡$%✐♠❛%❡❞ ♣❞❢$ ❛♥❞ ❝❞❢$ ♦❢ %❤❡

❇❖▲▲✲❊ ❛♥❞ ❇❖▲▲✲▲① ♠♦❞❡❧$ ❛♥❞ ♦%❤❡8 ❝♦♠♣❡%✐%✐✈❡ ♠♦❞❡❧$✳

■% ✐$ ❝❧❡❛8 ❢8♦♠ %❤❡ ✜❣✉8❡$ ✐♥ ❚❛❜❧❡$ ✹✲✺ ❛♥❞ ✼✲✽✱ ❛♥❞ ❋✐❣✉8❡$ ✹ ❛♥❞ ✺ %❤❛% %❤❡ ❇❖▲▲✲❊✱

❇❖▲▲✲◆ ❛♥❞ ❇❖▲▲✲▲① ♠♦❞❡❧$ ♣8♦✈✐❞❡ %❤❡ ❜❡$% ✜%$ %♦ %❤❡$❡ %✇♦ ❞❛%❛ $❡%$ ❛$ ❝♦♠♣❛8❡❞

%♦ ♦%❤❡8 ♠♦❞❡❧$✳

✽✳ ❈♦♥❝❧✉❞✐♥❣ +❡♠❛+❦0

❚❤❡ ❣❡♥❡8❛❧✐③❡❞ ❝♦♥%✐♥✉♦✉$ ✉♥✐✈❛8✐❛%❡ ❞✐$%8✐❜✉%✐♦♥$ ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② $%✉❞✐❡❞ ✐♥ %❤❡

❧✐%❡8❛%✉8❡✳ ❲❡ ♣8♦♣♦$❡ ❛ ♥❡✇ ❝❧❛$$ ♦❢ ❞✐$%8✐❜✉%✐♦♥$ ❝❛❧❧❡❞ %❤❡ ❜❡"❛ ♦❞❞ ❧♦❣✲❧♦❣✐*"✐❝✲●

❢❛♠✐❧②✳ ❲❡ $%✉❞② $♦♠❡ ♦❢ ✐%$ $%8✉❝%✉8❛❧ ♣8♦♣❡8%✐❡$ ✐♥❝❧✉❞✐♥❣ ❛♥ ❡①♣❛♥$✐♦♥ ❢♦8 ✐%$ ❞❡♥$✐%②

❢✉♥❝%✐♦♥ ❛♥❞ ❡①♣❧✐❝✐% ❡①♣8❡$$✐♦♥$ ❢♦8 %❤❡ ♠♦♠❡♥%$✱ ❣❡♥❡8❛%✐♥❣ ❢✉♥❝%✐♦♥✱ ♠❡❛♥ ❞❡✈✐❛%✐♦♥$✱

K✉❛♥%✐❧❡ ❢✉♥❝%✐♦♥ ❛♥❞ ♦8❞❡8 $%❛%✐$%✐❝$✳ ❚❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ♠❡%❤♦❞ ❛♥❞ %❤❡ ♠❡%❤♦❞

♦❢ ♠✐♥✐♠✉♠ $♣❛❝✐♥❣ ❞✐$%❛♥❝❡ ❛8❡ ❡♠♣❧♦②❡❞ %♦ ❡$%✐♠❛%❡ %❤❡ ♠♦❞❡❧ ♣❛8❛♠❡%❡8$✳ ❲❡ ✜%

%❤8❡❡ $♣❡❝✐❛❧ ♠♦❞❡❧$ ♦❢ %❤❡ ♣8♦♣♦$❡❞ ❢❛♠✐❧② %♦ %✇♦ 8❡❛❧ ❞❛%❛ $❡%$ %♦ ❞❡♠♦♥$%8❛%❡ ✐%$

✉$❡❢✉❧♥❡$$✳ ❲❡ ✉$❡ $♦♠❡ ❣♦♦❞♥❡$$✲♦❢✲✜% $%❛%✐$%✐❝$ ✐♥ ♦8❞❡8 %♦ ❞❡%❡8♠✐♥❡ ✇❤✐❝❤ ❞✐$%8✐❜✉%✐♦♥

✜%$ ❜❡%%❡8 %♦ %❤❡$❡ ❞❛%❛✳ ❲❡ ❝♦♥❝❧✉❞❡ %❤❛% %❤❡$❡ $♣❡❝✐❛❧ ♠♦❞❡❧$ ♣8♦✈✐❞❡ ❝♦♥$✐$%❡♥%❧②

❜❡%%❡8 ✜%$ %❤❛♥ ♦%❤❡8 ❝♦♠♣❡%✐♥❣ ♠♦❞❡❧$✳ ❲❡ ❤♦♣❡ %❤❛% %❤❡ ♥❡✇ ❢❛♠✐❧② ❛♥❞ ✐%$ ❣❡♥❡8❛%❡❞

♠♦❞❡❧$ ✇✐❧❧ ❛%%8❛❝% ✇✐❞❡8 ❛♣♣❧✐❝❛%✐♦♥$ ✐♥ $❡✈❡8❛❧ ❛8❡❛$ $✉❝❤ ❛$ 8❡❧✐❛❜✐❧✐%② ❡♥❣✐♥❡❡8✐♥❣✱

✐♥$✉8❛♥❝❡✱ ❤②❞8♦❧♦❣②✱ ❡❝♦♥♦♠✐❝$ ❛♥❞ $✉8✈✐✈❛❧ ❛♥❛❧②$✐$✳

❆♣♣❡♥❞✐① ❆

❲❡ ♣8❡$❡♥% ❢♦✉8 ♣♦✇❡8 $❡8✐❡$ ❡①♣❛♥$✐♦♥$ 8❡K✉✐8❡❞ ❢♦8 %❤❡ ♣8♦♦❢ ♦❢ %❤❡ ❣❡♥❡8❛❧ 8❡$✉❧% ✐♥

❙❡❝%✐♦♥ ✹✳ ❋✐8$%✱ ❢♦8 a > 0 8❡❛❧ ♥♦♥✲✐♥%❡❣❡8✱ ✇❡ ❤❛✈❡ %❤❡ ❜✐♥♦♠✐❛❧ ❡①♣❛♥$✐♦♥

✭✽✳✶✮ (1− u)a =
∞
∑

j=0

(−1)j
(

a

j

)

uj ,

✇❤❡8❡ %❤❡ ❜✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥% ✐$ ❞❡✜♥❡❞ ❢♦8 ❛♥② 8❡❛❧ a ❛$ a(a−1)(a−2), . . . , (a−j+1)/j!✳

❙❡❝♦♥❞✱ %❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❛♥$✐♦♥ ❤♦❧❞$ ❢♦8 ❛♥② α > 0 8❡❛❧ ♥♦♥✲✐♥%❡❣❡8

✭✽✳✷✮ G(x)α =
∞
∑

r=0

ar(α)G(x)r,



✶✶✾✾

✇❤❡#❡ ar(α) =
∑

∞

j=r(−1)r+j
(

α
j

) (

j
r

)

✳ ❚❤❡ ♣#♦♦❢ ♦❢ ✭✽✳✷✮ ❢♦❧❧♦✇. ❢#♦♠ G(x)α = {1− [1−

G(x)]}α ❜② ❛♣♣❧②✐♥❣ ✭✽✳✶✮ 7✇✐❝❡✳
❚❤✐#❞✱ ❜② ❡①♣❛♥❞✐♥❣ zλ ✐♥ ❚❛②❧♦# .❡#✐❡. ✭✇❤❡♥ k ✐. ❛ ♣♦.✐7✐✈❡ ✐♥7❡❣❡#✮✱ ✇❡ ❤❛✈❡

✭✽✳✸✮ zλ =
∞
∑

k=0

(λ)k (z − 1)k/k! =
∞
∑

i=0

fi z
i,

✇❤❡#❡

fi = fi(λ) =

∞
∑

k=0

(−1)k−i

k!

(

k

i

)

(λ)k

❛♥❞ (λ)k = λ(λ− 1) . . . (λ− k + 1) ✐. 7❤❡ ❞❡.❝❡♥❞✐♥❣ ❢❛❝7♦#✐❛❧✳
❋♦✉#7❤✱ ✇❡ ✉.❡ 7❤#♦✉❣❤♦✉7 ❛♥ ❡@✉❛7✐♦♥ ♦❢ ●#❛❞.❤7❡②♥ ❛♥❞ ❘②③❤✐❦ ❬✷✷❪ ❢♦# ❛ ♣♦✇❡#

.❡#✐❡. #❛✐.❡❞ 7♦ ❛ ♣♦.✐7✐✈❡ ✐♥7❡❣❡# i ❣✐✈❡♥ ❜②
(

∞
∑

j=0

aj v
j

)i

=
∞
∑

j=0

ci,j v
j ,✭✽✳✹✮

✇❤❡#❡ 7❤❡ ❝♦❡✣❝✐❡♥7. ci,j ✭❢♦# j = 1, 2, . . .✮ ❛#❡ ♦❜7❛✐♥❡❞ ❢#♦♠ 7❤❡ #❡❝✉##❡♥❝❡ ❡@✉❛7✐♦♥

✭❢♦# j ≥ 1✮

✭✽✳✺✮ ci,j = (ja0)
−1

j
∑

m=1

[m(j + 1)− j] am ci,j−m

❛♥❞ ci,0 = ai0✳ ❍❡♥❝❡✱ ci,j ❝❛♥ ❜❡ ❝❛❧❝✉❧❛7❡❞ ❞✐#❡❝7❧② ❢#♦♠ ci,0, . . . , ci,j−1 ❛♥❞✱ 7❤❡#❡❢♦#❡✱

❢#♦♠ a0, . . . , aj ✳
❲❡ ♥♦✇ ♦❜7❛✐♥ ❛♥ ❡①♣❛♥.✐♦♥ ❢♦# [G(x)c + Ḡ(x)c]a✳ ❲❡ ❝❛♥ ✇#✐7❡ ❢#♦♠ ❡@✉❛7✐♦♥. ✭✽✳✶✮

❛♥❞ ✭✽✳✷✮

[G(x)c + Ḡ(x)c] =

∞
∑

j=0

tj G(x)j ,

✇❤❡#❡

tj = (−1)j
[(

c

j

)

+

∞
∑

i=j

(−1)i
(

c

i

)(

c

j

)]

.

❚❤❡♥✱ ✉.✐♥❣ ✭✽✳✸✮✱ ✇❡ ❤❛✈❡

[G(x)c + Ḡ(x)c]a =
∞
∑

i=0

fi

(

∞
∑

j=0

tj G(x)j
)i

,

✇❤❡#❡ fi = fi(a) ✐. ❞❡✜♥❡❞ ❜❡❢♦#❡✳
❋✐♥❛❧❧②✱ ✉.✐♥❣ ❡@✉❛7✐♦♥. ✭✽✳✹✮ ❛♥❞ ✭✽✳✺✮✱ ✇❡ ♦❜7❛✐♥

[G(x)c + Ḡ(x)c]a =
∞
∑

j=0

hj G(x)j ,✭✽✳✻✮

✇❤❡#❡

hj = hj(c, a) =
∞
∑

i=0

fimi,j ,

mi,j = (j t0)
−1

j
∑

m=1

[m(j + 1)− j] tmmi,j−m (❢♦# j ≥ 1)

❛♥❞ mi,0 = ti0✳



✶✷✵✵

❆❝❦♥♦✇❧❡❞❣♠❡♥+,

❚❤❡ ❛✉%❤♦'( ❣'❛%❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡ %❤❡ ❤❡❧♣ ♦❢ 3'♦❢❡((♦' ❍❛♠③❡❤ ❚♦'❛❜✐ ✐♥ ❞❡✈❡❧♦♣✐♥❣

❘✲❝♦❞❡ ❢♦' %❤❡ ▼❙❉❊(✳ ❚❤❡ ❛✉%❤♦'( ❛'❡ ❛❧(♦ ❣'❛%❡❢✉❧ %♦ %❤❡ ❊❞✐%♦'✲✐♥✲❈❤✐❡❢ ✭3'♦❢❡((♦'

❈❡♠ ❑❛❞✐❧❛'✮ ❛♥❞ %✇♦ '❡❢❡'❡❡( ❢♦' %❤❡✐' ❤❡❧♣❢✉❧ ❝♦♠♠❡♥%( ❛♥❞ (✉❣❣❡(%✐♦♥(✳

❘❡❢❡/❡♥❝❡,

❬✶❪ ❆❧❡①❛♥❞❡*✱ ❈✳✱ ❈♦*❞❡✐*♦✱ ●✳▼✳✱ ❖*3❡❣❛✱ ❊✳▼✳▼✳ ❛♥❞ ❙❛*❛❜✐❛✱ ❏✳▼✳ ●❡♥❡#❛❧✐③❡❞ ❜❡*❛✲
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❬✷❪ ❆❧❥❛**❛❤✱ ▼✳❆✳✱ ▲❡❡✱ ❈✳ ❛♥❞ ❋❛♠♦②❡✱ ❋✳ ❖♥ ❣❡♥❡#❛*✐♥❣ ❚✲❳ ❢❛♠✐❧② ♦❢ ❞✐-*#✐❜✉*✐♦♥- ✉-✐♥❣
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✶✱ ❆*3✐❝❧❡ ✶✻✱ ✷✵✶✹✳
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❬✾❪ ❈♦*❞❡✐*♦✱ ●✳▼✳✱ ❈✐♥3*❛✱ ❘✳❏✳✱ ❘❡❣♦✱ ▲✳❈✳ ❛♥❞ ❖*3❡❣❛✱ ❊✳▼✳▼✳ ❚❤❡ ▼❝❉♦♥❛❧❞ ♥♦#♠❛❧ ❞✐-✲
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‡
✱

●❛♠③❡ ❖③❡❧

➓

❛♥❞ ▼❛(❝❡❧✐♥♦ ❆✳❘✳ :❛#❝♦❛

¶

❆❜"#$❛❝#

❙✐❣♥✐✜❝❛♥$ ♣)♦❣)❡11 ❤❛1 ❜❡❡♥ ♠❛❞❡ $♦✇❛)❞1 $❤❡ ❣❡♥❡)❛❧✐③❛$✐♦♥ ♦❢ 1♦♠❡

✇❡❧❧✕❦♥♦✇♥ ❧✐❢❡$✐♠❡ ♠♦❞❡❧1✱ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ 1✉❝❝❡11❢✉❧❧② ❛♣♣❧✐❡❞ $♦

♣)♦❜❧❡♠1 ❛)✐1✐♥❣ ✐♥ 1❡✈❡)❛❧ ❛)❡❛1 ♦❢ )❡1❡❛)❝❤✳ ■♥ $❤✐1 ♣❛♣❡)✱ 1♦♠❡ ♣)♦♣✲

❡)$✐❡1 ♦❢ $❤❡ ♥❡✇ ❑✉♠❛)❛1✇❛♠② ❡①♣♦♥❡♥$✐❛❧✲❲❡✐❜✉❧❧ ✭❑✇❊❲✮ ❞✐1$)✐❜✉✲

$✐♦♥ ❛)❡ ♣)♦✈✐❞❡❞✳ ❚❤✐1 ❞✐1$)✐❜✉$✐♦♥ ❣❡♥❡)❛❧✐③❡1 ❛ ♥✉♠❜❡) ♦❢ ✇❡❧❧✲❦♥♦✇♥

1♣❡❝✐❛❧ ❧✐❢❡$✐♠❡ ♠♦❞❡❧1 1✉❝❤ ❛1 $❤❡ ❲❡✐❜✉❧❧✱ ❡①♣♦♥❡♥$✐❛❧✱ ❘❛②❧❡✐❣❤✱ ♠♦❞✲

✐✜❡❞ ❘❛②❧❡✐❣❤✱ ♠♦❞✐✜❡❞ ❡①♣♦♥❡♥$✐❛❧ ❛♥❞ ❡①♣♦♥❡♥$✐❛$❡❞ ❲❡✐❜✉❧❧ ❞✐1✲

$)✐❜✉$✐♦♥1✱ ❛♠♦♥❣ ♦$❤❡)1✳ ❚❤❡ ❜❡❛✉$② ❛♥❞ ✐♠♣♦)$❛♥❝❡ ♦❢ $❤❡ ♥❡✇

❞✐1$)✐❜✉$✐♦♥ ❧✐❡1 ✐♥ ✐$1 ❛❜✐❧✐$② $♦ ♠♦❞❡❧ ♠♦♥♦$♦♥❡ ❛♥❞ ♥♦♥✲♠♦♥♦$♦♥❡

❢❛✐❧✉)❡ )❛$❡ ❢✉♥❝$✐♦♥1✱ ✇❤✐❝❤ ❛)❡ R✉✐$❡ ❝♦♠♠♦♥ ✐♥ ❡♥✈✐)♦♥♠❡♥$❛❧ 1$✉❞✲

✐❡1✳ ❲❡ ❞❡)✐✈❡ 1♦♠❡ ❜❛1✐❝ ♣)♦♣❡)$✐❡1 ♦❢ $❤❡ ❑✇❊❲ ❞✐1$)✐❜✉$✐♦♥ ✐♥✲

❝❧✉❞✐♥❣ ♦)❞✐♥❛)② ❛♥❞ ✐♥❝♦♠♣❧❡$❡ ♠♦♠❡♥$1✱ 1❦❡✇♥❡11✱ ❦✉)$♦1✐1✱ R✉❛♥$✐❧❡

❛♥❞ ❣❡♥❡)❛$✐♥❣ ❢✉♥❝$✐♦♥1✱ ♠❡❛♥ ❞❡✈✐❛$✐♦♥1 ❛♥❞ ❙❤❛♥♥♦♥ ❡♥$)♦♣②✳ ❚❤❡

♠❡$❤♦❞ ♦❢ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❛♥❞ ❛ ❇❛②❡1✐❛♥ ♣)♦❝❡❞✉)❡ ❛)❡ ✉1❡❞ ❢♦)

❡1$✐♠❛$✐♥❣ $❤❡ ♠♦❞❡❧ ♣❛)❛♠❡$❡)1✳ ❇② ♠❡❛♥1 ♦❢ ❛ )❡❛❧ ❧✐❢❡$✐♠❡ ❞❛$❛

1❡$✱ ✇❡ ♣)♦✈❡ $❤❛$ $❤❡ ♥❡✇ ❞✐1$)✐❜✉$✐♦♥ ♣)♦✈✐❞❡1 ❛ ❜❡$$❡) ✜$ $❤❛♥ $❤❡

❑✉♠❛)❛1✇❛♠② ❲❡✐❜✉❧❧✱ ▼❛)1❤❛❧❧✲❖❧❦✐♥ ❡①♣♦♥❡♥$✐❛❧✲❲❡✐❜✉❧❧✱ ❡①$❡♥❞❡❞

❲❡✐❜✉❧❧✱ ❡①♣♦♥❡♥$✐❛❧✲❲❡✐❜✉❧❧ ❛♥❞ ❲❡✐❜✉❧❧ ♠♦❞❡❧1✳ ❚❤❡ ❛♣♣❧✐❝❛$✐♦♥ ✐♥✲

❞✐❝❛$❡1 $❤❛$ $❤❡ ♣)♦♣♦1❡❞ ♠♦❞❡❧ ❝❛♥ ❣✐✈❡ ❜❡$$❡) ✜$1 $❤❛♥ ♦$❤❡) ✇❡❧❧✲

❦♥♦✇♥ ❧✐❢❡$✐♠❡ ❞✐1$)✐❜✉$✐♦♥1✳

❑❡②✇♦$❞"✿ ❊①♣♦♥❡♥>✐❛❧✕❲❡✐❜✉❧❧ ❞✐#>(✐❜✉>✐♦♥✱ ❋♦①✕❲(✐❣❤> ❣❡♥❡(❛❧✐③❡❞ pΨq ❢✉♥❝✲

>✐♦♥✱ ❣❡♥❡(❛❧✐③❡❞ ❞✐#>(✐❜✉>✐♦♥✱ ❧✐❢❡>✐♠❡ ❞❛>❛✱ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞✱ ♠♦♠❡♥>✳

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✻✷❊✶✺✱ ✻✵❊✵✺

∗
❉❡♣❛$%❛♠❡♥%♦ ❞❡ ❊+%❛%,+%✐❝❛✱ ❯♥✐✈❡$+✐❞❛❞❡ ❋❡❞❡$❛❧ ❞❡ 4❡$♥❛♠❜✉❝♦✱ ✺✵✼✹✵✲✺✹✵✱ ❇$❛③✐❧✱

❊♠❛✐❧✿ ❣❛✉##❝♦&❞❡✐&♦❅❣♠❛✐❧✳❝♦♠

†
❈♦$$❡+♣♦♥❞✐♥❣ ❆✉%❤♦$

❉❡♣❛$%♠❡♥% ♦❢ ▼❛%❤❡♠❛%✐❝+✱ ❑♦❤❛% ❯♥✐✈❡$+✐%② ♦❢ ❙❝✐❡♥❝❡& ❚❡❝❤♥♦❧♦❣②✱ ❑♦❤❛%✱ ✷✻✵✵✵✱ 4❛❦✐+%❛♥✱

❊♠❛✐❧✿ #❛❜♦♦&❤❛♥❣✉❅❣♠❛✐❧✳❝♦♠❀ ❞&✳❛❜❞✉##❛❜♦♦&❅❦✉#3✳❡❞✉✳♣❦

‡
❉❡♣❛$%♠❡♥% ♦❢ ▼❛%❤❡♠❛%✐❝+✱ ❑♦❤❛% ❯♥✐✈❡$+✐%② ♦❢ ❙❝✐❡♥❝❡ & ❚❡❝❤♥♦❧♦❣②✱ ❑♦❤❛%✱ ✷✻✵✵✵✱

4❛❦✐+%❛♥✱ ❊♠❛✐❧✿ ❩❛②❜❛#❞❢❅❣♠❛✐❧✳❝♦♠

➓

❉❡♣❛$%♠❡♥% ♦❢ ❙%❛%✐+%✐❝+✱ ❍❛❝❡%%❡♣❡ ❯♥✐✈❡$+✐%②✱ ✵✻✽✵✵✱ ❚✉$❦❡②✱ ❊♠❛✐❧✿ ❣❛♠③❡♦③❧❅❣♠❛✐❧✳❝♦♠

¶
❉❡♣❛$%❛♠❡♥%♦ ❞❡ ❊+%❛%,+%✐❝❛✱ ❯♥✐✈❡$+✐❞❛❞❡ ❋❡❞❡$❛❧ ❞❡ ▼❛%♦ ●$♦++♦✱ ✼✽✵✼✺✲✽✺✵✱ ❇$❛③✐❧✱

❊♠❛✐❧✿ ♠❛&❝❡❧✐♥♦✳♣❛#❝♦❛❅❣♠❛✐❧✳❝♦♠



✶✷✵✹

❘❡❝❡✐✈❡❞ ✿ ✶✷✳✶✷✳✷✵✶✹ ❆❝❝❡♣(❡❞ ✿ ✶✸✳✵✼✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✺✼✻✶✷✵✽✸

✶✳ ■♥$%♦❞✉❝$✐♦♥

■♥ ♠❛♥② ❛♣♣❧✐❡❞ ❛:❡❛; ❧✐❦❡ ❧✐❢❡>✐♠❡ ❛♥❛❧②;✐;✱ ✜♥❛♥❝❡✱ ✐♥;✉:❛♥❝❡ ❛♥❞ ❜✐♦❧♦❣②✱ >❤❡:❡

✐; ❛ ❝❧❡❛: ♥❡❡❞ ❢♦: ❡①>❡♥❞❡❞ ❢♦:♠; ♦❢ >❤❡ ❝❧❛;;✐❝❛❧ ❞✐;>:✐❜✉>✐♦♥;✱ ✐✳❡✳✱ ♥❡✇ ❞✐;>:✐❜✉>✐♦♥;

♠♦:❡ ✢❡①✐❜❧❡ >♦ ♠♦❞❡❧ :❡❛❧ ❞❛>❛ >❤❛> ♣:❡;❡♥> ❛ ❤✐❣❤ ❞❡❣:❡❡ ♦❢ ;❦❡✇♥❡;; ❛♥❞ ❦✉:>♦;✐;

✐♥ >❤❡;❡ ❛:❡❛;✳ ❘❡❝❡♥> ❞❡✈❡❧♦♣♠❡♥>; ❢♦❝✉; ♦♥ ♥❡✇ >❡❝❤♥✐L✉❡; ❜② ❛❞❞✐♥❣ ♣❛:❛♠❡>❡:; >♦

❡①✐;>✐♥❣ ❞✐;>:✐❜✉>✐♦♥; ❢♦: ❜✉✐❧❞✐♥❣ ❝❧❛;;❡; ♦❢ ♠♦:❡ ✢❡①✐❜❧❡ ❞✐;>:✐❜✉>✐♦♥;✳ ❋♦❧❧♦✇✐♥❣ >❤✐;

✐❞❡❛✱ ❈♦:❞❡✐:♦ ❡> ❛❧✳ ❬✻❪ ✐♥>:♦❞✉❝❡❞ ❛♥ ✐♥>❡:❡;>✐♥❣ ♠❡>❤♦❞ ❜② ❛❞❞✐♥❣ >✇♦ ♥❡✇ ♣❛:❛♠❡>❡:;

>♦ ❛ ♣❛:❡♥> ❞✐;>:✐❜✉>✐♦♥ >♦ ♠♦❞❡❧ ❞❛>❛ ✇✐>❤ ❛ ❤✐❣❤ ❞❡❣:❡❡ ♦❢ ;❦❡✇♥❡;; ❛♥❞ ❦✉:>♦;✐;✳ ❚❤❡

❣❡♥❡:❛>❡❞ ❢❛♠✐❧② ❝❛♥ ♣:♦✈✐❞❡ ♠♦:❡ ✢❡①✐❜✐❧✐>② >♦ ♠♦❞❡❧ ✈❛:✐♦✉; >②♣❡; ♦❢ ❞❛>❛✳ ■❢ G(x) ✐;

>❤❡ ❝✉♠✉❧❛>✐✈❡ ❞✐;>:✐❜✉>✐♦♥ ❢✉♥❝>✐♦♥ ✭❝❞❢✮ ♦❢ ❛ ❜❛;❡❧✐♥❡ ♠♦❞❡❧✱ >❤❡♥ >❤❡ ❑✉♠❛/❛0✇❛♠②

❣❡♥❡/❛❧✐③❡❞ ✭❑✇✲●✮ ❢❛♠✐❧② ❤❛; ❝❞❢ ❣✐✈❡♥ ❜②

F (x) = 1− {1−Gα(x)}γ .✭✶✳✶✮

❚❤❡ ♣:♦❜❛❜✐❧✐>② ❞❡♥;✐>② ❢✉♥❝>✐♦♥ ✭♣❞❢✮ ❝♦::❡;♣♦♥❞✐♥❣ >♦ ✭✶✳✶✮ ✐; ❣✐✈❡♥ ❜②

f(x) = αγ g(x)Gα−1(x) {1−Gα(x)}γ−1 .✭✶✳✷✮

❊❛❝❤ ♥❡✇ ❑✇✲● ❞✐;>:✐❜✉>✐♦♥ ❝❛♥ ❜❡ ♦❜>❛✐♥❡❞ ❢:♦♠ ❛ ;♣❡❝✐✜❡❞ ● ❞✐;>:✐❜✉>✐♦♥✳ ❋♦: α =
γ = 1✱ >❤❡ ● ❞✐;>:✐❜✉>✐♦♥ ✐; ❛ ❜❛;✐❝ ❡①❡♠♣❧❛: ♦❢ >❤❡ ❑✇✲● ❢❛♠✐❧② ✇✐>❤ ❛ ❝♦♥>✐♥✉♦✉;

❝:♦;;♦✈❡: >♦✇❛:❞; ❝❛;❡; ✇✐>❤ ❞✐✛❡:❡♥> ;❤❛♣❡; ✭❡✳❣✳✱ ❛ ♣❛:>✐❝✉❧❛: ❝♦♠❜✐♥❛>✐♦♥ ♦❢ ;❦❡✇♥❡;;

❛♥❞ ❦✉:>♦;✐;✮✳ ❖♥❡ ♠❛❥♦: ❜❡♥❡✜> ♦❢ ❡L✉❛>✐♦♥ ✭✶✳✷✮ ✐; ✐>; ❛❜✐❧✐>② ♦❢ ✜>>✐♥❣ ;❦❡✇❡❞ ❞❛>❛

>❤❛> ❝❛♥ ♥♦> ❜❡ ♣:♦♣❡:❧② ✜>>❡❞ ❜② ❡①✐;>✐♥❣ ❞✐;>:✐❜✉>✐♦♥;✳ ❋✉:>❤❡:✱ ✐> ❛❧❧♦✇; ❢♦: ❣:❡❛>❡:

✢❡①✐❜✐❧✐>② ♦❢ ✐>; >❛✐❧; ❛♥❞ ❝❛♥ ❜❡ ✇✐❞❡❧② ❛♣♣❧✐❡❞ ✐♥ ♠❛♥② ❛:❡❛; ♦❢ :❡❧✐❛❜✐❧✐>② ❛♥❞ ❜✐♦❧♦❣②✳

❚❤❡ ❲❡✐❜✉❧❧ ❞✐;>:✐❜✉>✐♦♥ ✐; ❛ ✈❡:② ♣♦♣✉❧❛: ❞✐;>:✐❜✉>✐♦♥ ❢♦: ♠♦❞❡❧✐♥❣ ❧✐❢❡>✐♠❡ ❞❛>❛✳

❲❤❡♥ ♠♦❞❡❧✐♥❣ ♠♦♥♦>♦♥❡ ❤❛③❛:❞ :❛>❡;✱ ✐> ♠❛② ❜❡ ❛♥ ✐♥✐>✐❛❧ ❝❤♦✐❝❡ ❜❡❝❛✉;❡ ♦❢ ✐>; ;❦❡✇❡❞

❞❡♥;✐>② ;❤❛♣❡;✳ ❍♦✇❡✈❡:✱ ✐> ❞♦❡; ♥♦> ❤❛✈❡ ❛ ❜❛>❤>✉❜ ♦: ✉♣;✐❞❡✕❞♦✇♥ ❜❛>❤>✉❜ ;❤❛♣❡❞

❤❛③❛:❞ :❛>❡ ❢✉♥❝>✐♦♥ ✭❤:❢✮ ❛♥❞ ❝❛♥ ♥♦> ❜❡ ✉;❡❞ >♦ ♠♦❞❡❧ >❤❡ ❧✐❢❡>✐♠❡ ♦❢ ❝❡:>❛✐♥ ;②;>❡♠;✳

❙✉❝❤ ❜❛>❤>✉❜ ❤❛③❛:❞ ❝✉:✈❡; ❤❛✈❡ ♥❡❛:❧② ✢❛> ♠✐❞❞❧❡ ♣♦:>✐♦♥; ❛♥❞ >❤❡ ❝♦::❡;♣♦♥❞✐♥❣

❞❡♥;✐>✐❡; ❤❛✈❡ ❛ ♣♦;✐>✐✈❡ ❛♥>✐✲♠♦❞❡✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ >❤❡ ❜❛>❤>✉❜✲;❤❛♣❡❞ ❢❛✐❧✉:❡ :❛>❡ ✐;

>❤❡ ❤✉♠❛♥ ♠♦:>❛❧✐>② ❡①♣❡:✐❡♥❝❡ ✇✐>❤ ❛ ❤✐❣❤ ✐♥❢❛♥> ♠♦:>❛❧✐>② :❛>❡ ✇❤✐❝❤ :❡❞✉❝❡; :❛♣✐❞❧②

>♦ :❡❛❝❤ ❛ ❧♦✇ ❧❡✈❡❧✳ ❯♥✐♠♦❞❛❧ ❢❛✐❧✉:❡ :❛>❡; ❝❛♥ ❜❡ ♦❜;❡:✈❡❞ ✐♥ ❝♦✉:;❡ ♦❢ ❛ ❞✐;❡❛;❡ ✇❤♦;❡

♠♦:>❛❧✐>② :❡❛❝❤❡; ❛ ♣❡❛❦ ❛❢>❡: ;♦♠❡ ✜♥✐>❡ ♣❡:✐♦❞ ❛♥❞ >❤❡♥ ❞❡❝❧✐♥❡; ❣:❛❞✉❛❧❧②✳ ❚❤✉;✱ ✐>

❝❛♥♥♦> ❜❡ ✉;❡❞ >♦ ♠♦❞❡❧ ❧✐❢❡>✐♠❡ ❞❛>❛ ✇✐>❤ ❛ ❜❛>❤>✉❜ ;❤❛♣❡❞ ❤❛③❛:❞ ❢✉♥❝>✐♦♥✱ ;✉❝❤ ❛;

❤✉♠❛♥ ♠♦:>❛❧✐>② ❛♥❞ ♠❛❝❤✐♥❡ ❧✐❢❡ ❝②❝❧❡;✳ ❚❤❡:❡❢♦:❡✱ ;❡✈❡:❛❧ :❡;❡❛:❝❤❡:; ❤❛✈❡ ❞❡✈❡❧♦♣❡❞

✈❛:✐♦✉; ❡①>❡♥;✐♦♥; ❛♥❞ ♠♦❞✐✜❡❞ ❢♦:♠; ♦❢ >❤❡ ❲❡✐❜✉❧❧ ❞✐;>:✐❜✉>✐♦♥ ❤❛✈✐♥❣ ❛ ♥✉♠❜❡: ♦❢

♣❛:❛♠❡>❡:; :❛♥❣✐♥❣ ❢:♦♠ >✇♦ >♦ ✜✈❡ ♣❛:❛♠❡>❡:;✳

■♥ >❤❡ ❧❛;> ❢❡✇ ②❡❛:;✱ ♥❡✇ ❝❧❛;;❡; ♦❢ ❞✐;>:✐❜✉>✐♦♥; ❛✐♠ >♦ ❞❡✜♥❡ ❣❡♥❡:❛❧✐③❡❞ ❲❡✐❜✉❧❧

❞✐;>:✐❜✉>✐♦♥; >♦ ❝♦♣❡ ✇✐>❤ ❜❛>❤>✉❜ ;❤❛♣❡❞ ❢❛✐❧✉:❡ :❛>❡;✳ ▼✉❞❤♦❧❦❛: ❛♥❞ ❙:✐✈❛;>❛✈❛ ❬✶✼❪

❛♥❞ ▼✉❞❤♦❧❦❛: ❡> ❛❧✳ ❬✶✽❪ ♣✐♦♥❡❡:❡❞ ❛♥❞ ;>✉❞✐❡❞ >❤❡ ❡①♣♦♥❡♥>✐❛>❡❞ ❲❡✐❜✉❧❧ ✭❊①♣❲✮

❞✐;>:✐❜✉>✐♦♥ >♦ ❛♥❛❧②③❡ ❜❛>❤>✉❜ ❢❛✐❧✉:❡ ❞❛>❛✳ ❆ ❣♦♦❞ :❡✈✐❡✇ ♦❢ ;♦♠❡ ♦❢ >❤❡;❡ ❡①>❡♥❞❡❞

♠♦❞❡❧; ✐; ♣:❡;❡♥>❡❞ ✐♥ `❤❛♠ ❛♥❞ ▲❛✐ ❬✷✺❪✳ ❆❧;♦✱ >❤❡ ❛❞❞✐>✐✈❡ ❲❡✐❜✉❧❧ ❞✐;>:✐❜✉>✐♦♥ ✇❛;

♣:♦♣♦;❡❞ ❜② ❳✐❡ ❛♥❞ ▲❛✐ ❬✷✼❪✱ >❤❡ ♠♦❞✐✜❡❞ ❲❡✐❜✉❧❧ ❞✐;>:✐❜✉>✐♦♥ ❜② ▲❛✐ ❡> ❛❧✳ ❬✶✷❪ ❛♥❞ >❤❡

❣❡♥❡:❛❧✐③❡❞ ♠♦❞✐✜❡❞ ❲❡✐❜✉❧❧ ❞✐;>:✐❜✉>✐♦♥ ❜② ❈❛::❛;❝♦ ❡> ❛❧✳ ❬✷❪✳ ❋✉:>❤❡:✱ ▲❡❡ ❡> ❛❧✳ ❬✶✸❪

❛♥❞ ❙✐❧✈❛ ❡> ❛❧✳ ❬✷✸❪ ❞❡✜♥❡❞ >✇♦ ❡①>❡♥;✐♦♥; ♦❢ >❤❡ ❲❡✐❜✉❧❧ ♠♦❞❡❧ ❝❛❧❧❡❞ >❤❡ ❜❡>❛ ❲❡✐❜✉❧❧

✭❇❲✮ ❛♥❞ ❜❡>❛ ♠♦❞✐✜❡❞ ❲❡✐❜✉❧❧ ✭❇▼❲✮ ❞✐;>:✐❜✉>✐♦♥;✱ :❡;♣❡❝>✐✈❡❧②✳



✶✷✵✺

❚❤❡ ❡①♣♦♥❡♥%✐❛❧✕❲❡✐❜✉❧❧ ✭❊❲✮ ❞✐)*+✐❜✉*✐♦♥ ♣+♦♣♦)❡❞ ❜② ❈♦+❞❡✐+♦ ❡% ❛❧✳ ❬✺❪ ❤❛) ❝❞❢

❛♥❞ ♣❞❢ ❣✐✈❡♥ ❜②

G(x) = 1− e−λ x−β xk
1R+

(x), λ > 0, β > 0, k > 0✭✶✳✸✮

❛♥❞

g(x) = (λ+ β k xk−1) e−λ x−β xk
1R+

(x),✭✶✳✹✮

+❡)♣❡❝*✐✈❡❧②✱ ✇❤❡+❡ λ > 0 ❛♥❞ k > 0 ❛+❡ )❤❛♣❡ ♣❛+❛♠❡*❡+)✱ β > 0 ✐) ❛ )❝❛❧❡ ♣❛+❛♠❡*❡+
❛♥❞ 1A(x) ❞❡♥♦*❡) *❤❡ ❝❤❛+❛❝*❡+✐)*✐❝ ❢✉♥❝*✐♦♥ ♦❢ *❤❡ )❡* A✱ ✐✳❡✳ 1A(x) = 1 ✇❤❡♥ x ∈ A
❛♥❞ ❡C✉❛❧) 0 ❡❧)❡✇❤❡+❡✳
❲❡ ❣❡♥❡+❛❧✐③❡ *❤❡ ❊❲ ♠♦❞❡❧ ❜② ❞❡✜♥✐♥❣ *❤❡ ❑✉♠❛0❛1✇❛♠② ❡①♣♦♥❡♥%✐❛❧✕❲❡✐❜✉❧❧

✭❑✇❊❲✮ ❞✐)*+✐❜✉*✐♦♥✳ ❚❤❡ ❝❞❢ ❛♥❞ ♣❞❢ ♦❢ *❤❡ ❑✇❊❲ ❞✐)*+✐❜✉*✐♦♥✱ ❢♦+ ✇❤✐❝❤ *❤❡ ❊❲ ✐)

*❤❡ ❜❛)❡❧✐♥❡ ♠♦❞❡❧✱ ❛+❡ ❣✐✈❡♥ ❜②

F (x) = 1−
{
1−

(
1− e−λ x−β xk

)α}γ

1R+
(x)✭✶✳✺✮

❛♥❞

f(x) = αγ
(
λ+ kβxk−1

)
e−λ x−β xk

(
1− e−λ x−β xk

)−1+α

×
{
1−

(
1− e−λ x−β xk

)α}−1+γ

1R+
(x),✭✶✳✻✮

+❡)♣❡❝*✐✈❡❧②✱ ✇❤❡+❡ λ > 0, β > 0, k > 0, α > 0 ❛♥❞ γ > 0✳ ❍❡+❡❛❢*❡+✱ ✇❡ ❞❡♥♦*❡ ❜②
X ∼ KwEWα,γ(λ, β, k) ❛ +❛♥❞♦♠ ✈❛+✐❛❜❧❡ ❤❛✈✐♥❣ *❤❡ ♣❞❢ ✭✶✳✻✮✳

❚❤❡ ❞❡♥)✐*② ✭✶✳✻✮ ✐) ♠✉❝❤ ♠♦+❡ ✢❡①✐❜❧❡ *❤❛♥ *❤❡ ❊❲ ❞❡♥)✐*② ❛♥❞ ❝❛♥ ❛❧❧♦✇ ❢♦+ ❣+❡❛*❡+

✢❡①✐❜✐❧✐*② ♦❢ *❤❡ *❛✐❧)✳ ■* ❝❛♥ ❡①❤✐❜✐* ❞✐✛❡+❡♥* ❜❡❤❛✈✐♦+ ❞❡♣❡♥❞✐♥❣ ♦♥ *❤❡ ♣❛+❛♠❡*❡+

✈❛❧✉❡)✳ ■♥ ❢❛❝*✱ ❋✐❣✉+❡ ✶ ✭❛✱❝✮ ❛♥❞ ❋✐❣✉+❡ ✷ ✭❞✮ +❡✈❡❛❧ *❤❛* *❤❡ ♠♦❞❡ ♦❢ *❤❡ ♣❞❢ ✐♥❝+❡❛)❡)

❛) α ❛♥❞ λ ✐♥❝+❡❛)❡)✱ +❡)♣❡❝*✐✈❡❧②✳ ❋✐❣✉+❡ ✷ ✭❡✮ ❛❧)♦ )❤♦✇) *❤❛* *❤❡ ♠♦❞❡ ♦❢ *❤❡ ♣❞❢
✐♥❝+❡❛)❡) ❛) k ✐♥❝+❡❛)❡)✳ ❚❤❡ ♥❡✇ ♣❛+❛♠❡*❡+ γ ❜❡❤❛✈❡) )♦♠❡✇❤❛* ❛) ❛ )❝❛❧❡ ♣❛+❛♠❡*❡+
❛) )❤♦✇♥ ✐♥ ❋✐❣✉+❡ ✶✭❜✮✳ ❚❤❡ )*+✉❝*✉+❡ ♦❢ *❤❡ ❞❡♥)✐*② ❢✉♥❝*✐♦♥ ✭✶✳✻✮ ❝❛♥ ❜❡ ♠♦*✐✈❛*❡❞

❛) ✐* ♣+♦✈✐❞❡) ♠♦+❡ ✢❡①✐❜❧❡ ❞✐)*+✐❜✉*✐♦♥ *❤❛♥ *❤❡ *✇♦✲♣❛+❛♠❡*❡+ ❲❡✐❜✉❧❧ ❛♥❞ ♠❛♥② ♦*❤❡+

❡①*❡♥❞❡❞ ❲❡✐❜✉❧❧ ❞✐)*+✐❜✉*✐♦♥) ✭)❡❡ ❚❛❜❧❡ ✶✮✳

❚❤❡ +❡)* ♦❢ *❤❡ ♣❛♣❡+ ✐) ♦+❣❛♥✐③❡❞ ❛) ❢♦❧❧♦✇)✳ ■♥ ❙❡❝*✐♦♥ ✷✱ *✇❡❧✈❡ ✇✐❞❡❧②✲❦♥♦✇♥ )♣❡❝✐❛❧

♠♦❞❡❧) ♦❢ *❤❡ ♣+♦♣♦)❡❞ ❞✐)*+✐❜✉*✐♦♥ ❛+❡ ♣+❡)❡♥*❡❞✳ ❆ ✉)❡❢✉❧ ❡①♣❛♥)✐♦♥ ❢♦+ *❤❡ ❑✇❊❲

❞❡♥)✐*② ❛♥❞ ❡①♣❧✐❝✐* ❡①♣+❡))✐♦♥) ❢♦+ ❝❡+*❛✐♥ ♠❛*❤❡♠❛*✐❝❛❧ C✉❛♥*✐*✐❡) ♦❢ X ❛+❡ ♦❜*❛✐♥❡❞ ✐♥

❙❡❝*✐♦♥ ✸✳ ❲❡ ❞❡♠♦♥)*+❛*❡ ✐♥ ❙❡❝*✐♦♥ ✹ *❤❛* *❤❡ ❑✇❊❲ ❞❡♥)✐*② ✐) ❛♥ ✐♥✜♥✐*❡ ♠✐①*✉+❡ ♦❢

❊❲ ❞❡♥)✐*✐❡)✳ ❋✉+*❤❡+✱ ✇❡ ♦❜*❛✐♥ ❛❧*❡+♥❛*✐✈❡ ❡①♣+❡))✐♦♥) ❢♦+ *❤❡ ♠♦♠❡♥*) ❛♥❞ ❣❡♥❡+❛*✐♥❣

❢✉♥❝*✐♦♥✳ ❚❤❡ ❡)*✐♠❛*✐♦♥ ♦❢ *❤❡ ♠♦❞❡❧ ♣❛+❛♠❡*❡+) ❜② ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❛♥❞ ❛ ❇❛②❡)✐❛♥

♣+♦❝❡❞✉+❡ ❛+❡ ❛❞❞+❡))❡❞ ✐♥ ❙❡❝*✐♦♥ ✺✳ ❲❡ ♣+♦✈❡ ✐♥ ❙❡❝*✐♦♥ ✻ *❤❡ ✢❡①✐❜✐❧✐*② ♦❢ *❤❡ ♥❡✇

❞✐)*+✐❜✉*✐♦♥ ❢♦+ ♠♦❞❡❧✐♥❣ ❧✐❢❡*✐♠❡ ❞❛*❛ ❜② ♠❡❛♥) ♦❢ ❛ +❡❛❧ ❞❛*❛ )❡*✳ ❆ ❜✐✈❛+✐❛*❡ ❡①*❡♥)✐♦♥

✐) ❣✐✈❡♥ ✐♥ ❙❡❝*✐♦♥ ✼✳ ❚❤❡ ♣❛♣❡+ ✐) ❝♦♥❝❧✉❞❡❞ ✐♥ ❙❡❝*✐♦♥ ✽✳

✷✳ ❙♣❡❝✐❛❧ ❉✐*+,✐❜✉+✐♦♥*

❲❡ ♣♦✐♥* ♦✉* )♦♠❡ )♣❡❝✐❛❧ ❝❛)❡) ♦❢ *❤❡KwEWα,γ(λ, β, k) ❞✐)*+✐❜✉*✐♦♥ ❜② )♣❡❝✐❢②✐♥❣ ✐*)
♣❛+❛♠❡*❡+) ✈❛❧✉❡)✳ ❚❛❜❧❡ ✶ ❧✐)*) *✇❡❧✈❡ ✐♠♣♦+*❛♥* )♣❡❝✐❛❧ ♠♦❞❡❧) ♦❢ *❤❡ ♥❡✇ ❞✐)*+✐❜✉*✐♦♥✳

❋♦+ ❡①❛♠♣❧❡✱ *❤❡ KwEWα,γ(0, β, k) ♠♦❞❡❧ +❡❞✉❝❡) *♦ *❤❡ ❑✇✲♠♦❞✐✜❡❞ ❲❡✐❜✉❧❧ ❬✶✷❪✱ *❤❡

KwEW1,1(λ, β, k) +❡❢❡+) *♦ *❤❡ ❡①♣♦♥❡♥%✐❛❧✕❲❡✐❜✉❧❧ ❬✺❪✱ *❤❡ KwEW1,1(λ, β, 2) ✐) *❤❡ ♠♦❞✲

✐✜❡❞ ❘❛②❧❡✐❣❤✱ *❤❡ KwEW1,1(λ, β, 1) ✐) *❤❡ ♠♦❞✐✜❡❞ ❡①♣♦♥❡♥%✐❛❧ ❛♥❞ *❤❡ KwEW1,1(0, β, k)
❜❡❝♦♠❡) *❤❡ ❝❧❛))✐❝❛❧ *✇♦✲♣❛+❛♠❡*❡+ ❲❡✐❜✉❧❧✳ ■❢ k = 1 ❛♥❞ k = 2 ✐♥ ❛❞❞✐*✐♦♥ *♦

α = 1 , γ = 1 ❛♥❞ λ = 0✱ ✐* ❝♦✐♥❝✐❞❡) ✇✐*❤ *❤❡ ❡①♣♦♥❡♥*✐❛❧ ❛♥❞ ❘❛②❧❡✐❣❤ ❞✐)*+✐❜✉✲
*✐♦♥)✱ +❡)♣❡❝*✐✈❡❧②✳ ❋✐♥❛❧❧②✱ *❤❡ KwEW1,γ(0, β, k) ♠♦❞❡❧ ❜❡❝♦♠❡) *❤❡ ❊①♣❲ ❞✐)*+✐❜✉*✐♦♥

♣✐♦♥❡❡+❡❞ ❜② ❬✶✼✱ ✶✽❪✳
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❋✐❣✉$❡ ✶✳ %❧♦() ♦❢ (❤❡ ❑✇❊❲ ❞❡♥)✐(② ❢✉♥❝(✐♦♥✳ ✭❛✮ λ = 0.5, β =
0.6, k = 2, γ = 1.5 ❛♥❞ α = 1.4 ✭❞♦((❡❞ ❧✐♥❡✮✱ α = 3 ✭❞❛)❤❡❞ ❧✐♥❡✮✱

α = 5 ✭)♦❧✐❞ ❧✐♥❡✮✱ α = 10 ✭(❤✐❝❦ ❧✐♥❡✮✳ ✭❜✮ λ = 3.5, β = 1.6, k = 2, α =
1.5 ❛♥❞ γ = 1 ✭❞♦((❡❞ ❧✐♥❡✮✱ γ = 1.5 ✭❞❛)❤❡❞ ❧✐♥❡✮✱ γ = 2 ✭)♦❧✐❞ ❧✐♥❡✮✱

γ = 2.5 ✭(❤✐❝❦ ❧✐♥❡✮✳ ✭❝✮ β = 2.6, k = 1.2, α = 3.5, γ = 1.7 ❛♥❞ λ = 1
✭❞♦((❡❞ ❧✐♥❡✮λ = 2✱ ✭❞❛)❤❡❞ ❧✐♥❡✮✱ λ = 3 ✭)♦❧✐❞ ❧✐♥❡✮✱λ = 4 ✭(❤✐❝❦ ❧✐♥❡✮✳

✸✳ ▼❛✐♥ &'♦♣❡'+✐❡,

❲❡ ❞❡9✐✈❡ ❝♦♠♣✉(❛(✐♦♥❛❧ )✉♠✕9❡♣9❡)❡♥(❛(✐♦♥) ❛♥❞ ❡①♣❧✐❝✐( ❡①♣9❡))✐♦♥) ❢♦9 (❤❡ ♦9❞✐♥❛9②

❛♥❞ ❝❡♥(9❛❧ ♠♦♠❡♥()✱ )❦❡✇♥❡))✱ ❦✉9(♦)✐)✱ ❣❡♥❡9❛(✐♥❣ ❛♥❞ @✉❛♥(✐❧❡ ❢✉♥❝(✐♦♥)✱ ❙❤❛♥♥♦♥

❡♥(9♦♣② ❛♥❞ ♠❡❛♥ ❞❡✈✐❛(✐♦♥) ♦❢ X✳ ❚❤❡)❡ ❡①♣9❡))✐♦♥) ❝❛♥ ❜❡ ❡✈❛❧✉❛(❡❞ ❛♥❛❧②(✐❝❛❧❧②

♦9 ♥✉♠❡9✐❝❛❧❧② ✉)✐♥❣ ♣❛❝❦❛❣❡) )✉❝❤ ❛) ▼❛"❤❡♠❛"✐❝❛✱ ▼❛"❧❛❜ ❛♥❞ ▼❛♣❧❡✳ ■♥ ♥✉♠❡9✐❝❛❧

❛♣♣❧✐❝❛(✐♦♥)✱ (❤❡ ✐♥✜♥✐(❡ )✉♠) ❝❛♥ ❜❡ (9✉♥❝❛(❡❞ ✇❤❡♥❡✈❡9 ❝♦♥✈❡9❣❡♥❝❡ ✐) ♦❜)❡9✈❡❞✳
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❋✐❣✉$❡ ✷✳ $❧♦'( ♦❢ '❤❡ ❑✇❊❲ ❞❡♥(✐'② ❢✉♥❝'✐♦♥✳ ✭❞✮ λ = 1.3, k =
3, α = 5, γ = 1.3 ❛♥❞ β = 0.5 ✭❞♦''❡❞ ❧✐♥❡✮✱ β = 2 ✭❞❛(❤❡❞ ❧✐♥❡✮✱ β = 4
✭(♦❧✐❞ ❧✐♥❡✮✱ β = 6 ✭'❤✐❝❦ ❧✐♥❡✮✳ ✭❡✮ λ = 1, β = 1.5, α = 3, γ = 1.3
❛♥❞ k = 1 ✭❞♦''❡❞ ❧✐♥❡✮, k = 1.5 ✭❞❛(❤❡❞ ❧✐♥❡✮✱ k = 2 ✭(♦❧✐❞ ❧✐♥❡✮✱

k = 3 ✭'❤✐❝❦ ❧✐♥❡✮✳

❚❛❜❧❡ ✶✳ ❙♦♠❡ (♣❡❝✐❛❧ ❞✐(';✐❜✉'✐♦♥(

▼♦❞❡❧ λ β ❦ α γ

❑✇✲▼♦❞✐✜❡❞ ❲❡✐❜✉❧❧ ✵ ✕ ✕ ✕ ✕

❑✇✲❊①♣♦♥❡♥'✐❛❧ ✕ ✵ ✕ ✕ ✕

❑✇✲❘❛②❧❡✐❣❤ ✵ ✕ ✷ ✕ ✕

❊①♣♦♥❡♥'✐❛'❡❞ ❲❡✐❜✉❧❧ ✵ ✕ ✕ ✶ ✕

❑✇✲▲✐♥❡❛; ❋❛✐❧✉;❡ ❘❛'❡ ✕ ✕ ✷ ✕ ✕

❊①♣♦♥❡♥'✐❛❧ ❲❡✐❜✉❧❧ ✕ ✕ ✕ ✶ ✶

❚✇♦ $❛;❛♠❡'❡; ❲❡✐❜✉❧❧ ✵ ✕ ✕ ✶ ✶

❊①♣♦♥❡♥'✐❛❧ ✵ ✕ ✶ ✶ ✶

❘❛②❧❡✐❣❤ ✵ ✕ ✷ ✶ ✶

▼♦❞✐✜❡❞ ❘❛②❧❡✐❣❤ ✕ ✕ ✷ ✶ ✶

▼♦❞✐✜❡❞ ❊①♣♦♥❡♥'✐❛❧ ✕ ✕ ✶ ✶ ✶

▲✐♥❡❛; ❋❛✐❧✉;❡ ❘❛'❡ ✕ ✕ ✷ ✶ ✶

✸✳✶✳ ❆ ❯0❡❢✉❧ ❊①♣❛♥0✐♦♥✳ ❍❡;❡✱ ✇❡ ♣;♦✈✐❞❡ ❛ ✉(❡❢✉❧ ❡①♣❛♥(✐♦♥ ❢♦; '❤❡ ❑✇❊❲ ♣❞❢

✭✶✳✻✮✳ ❇② ✉(✐♥❣ '❤❡ ♣♦✇❡; (❡;✐❡(

(1− z)β−1 =

∞∑

n=0

an zn, |z| < 1, β > 0,✭✸✳✶✮

✇❡ ♦❜'❛✐♥

f(x) = αγ
(
λ+ kβxk−1

) ∞∑

m=0

Wm

(
e−λ x−β xk

)m+1

,✭✸✳✷✮
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✇❤❡#❡

an =
(−1)nΓ(β)

Γ(β − n)n!
, Wm =

∞∑

n=0

(−1)n+m Γ(γ) Γ{(n+ 1)γ}
Γ(γ − n)Γ{(n+ 1)γ −m}m!n!

.

✸✳✷✳ ▼♦♠❡♥()✳ ❙♦♠❡ ❦❡② ❢❡❛+✉#❡- ♦❢ ❛ ❞✐-+#✐❜✉+✐♦♥ -✉❝❤ ❛- -❦❡✇♥❡-- ❛♥❞ ❦✉#+♦-✐- ❝❛♥

❜❡ -+✉❞✐❡❞ +❤#♦✉❣❤ ✐+- ♠♦♠❡♥+-✳ ❲❡ ❞❡#✐✈❡ ❝❧♦-❡❞✲❢♦#♠ ❡①♣#❡--✐♦♥- ❢♦# +❤❡ ♦#❞✐♥❛#② ❛♥❞

❝❡♥+#❛❧ ♠♦♠❡♥+-✱ ❣❡♥❡#❛+✐♥❣ ❢✉♥❝+✐♦♥✱ -❦❡✇♥❡-- ❛♥❞ ❦✉#+♦-✐- ♦❢ X✳
❋✐#-+✱ ✇❡ ✐♥+#♦❞✉❝❡ +❤❡ ❋♦①✲❲#✐❣❤+ ❢✉♥❝+✐♦♥ pΨq✱ ✇❤✐❝❤ ✐- ❛♥ ❡①+❡♥-✐♦♥ ♦❢ +❤❡ ✉-✉❛❧

❣❡♥❡#❛❧✐③❡❞ ❤②♣❡#❣❡♦♠❡+#✐❝ ❢✉♥❝+✐♦♥ pFq✱ ✇✐+❤ p ∈ N0 ♥✉♠❡#❛+♦# ♣❛#❛♠❡+❡#- a1, · · · , ap ∈
C ❛♥❞ q ∈ N0 ❞❡♥♦♠✐♥❛+♦# ♣❛#❛♠❡+❡#- b1, · · · , bq ∈ C \ Z−

0 ✱ ❞❡✜♥❡❞ ❜②

pΨq

[ (a1, A1) , · · · , (ap, Ap)

(b1, B1) , · · · , (bq, Bq)

∣∣∣∣∣ z

]

=
∑

n≥0

Γ(a1 +A1n) · · ·Γ(ap +Apn)

Γ(b1 +B1n) · · ·Γ(bq +Bqn)

zn

n!
,

✇❤❡#❡ +❤❡ ❡♠♣+② ♣#♦❞✉❝+- ❛#❡ ❝♦♥✈❡♥+✐♦♥❛❧❧② +❛❦❡♥ +♦ ❜❡ ❡?✉❛❧ +♦ ♦♥❡✱ ❛♥❞

Aj > 0, j = 1, p, Bk > 0, k = 1, q, ∆ = 1 +

q∑

j=1

Bj −
p∑

j=1

Aj ≥ 0,

✭-❡❡✱ ❢♦# ✐♥-+❛♥❝❡ ❬✶✶✱ ♣✳ ✺✻❪✮✳ ❚❤❡ ❝♦♥✈❡#❣❡♥❝❡ ✇✐❧❧ ♦❝❝✉# ❢♦# -✉✐+❛❜❧② ❜♦✉♥❞❡❞ ✈❛❧✉❡- ♦❢

|z| -✉❝❤ +❤❛+

|z| < ∇ =

(
p∏

j=1

A
−Aj

j

) (
q∏

j=1

B
Bj

j

)

.

❲❡ ❞❡#✐✈❡ ❝❧♦-❡❞✲❢♦#♠ ❡①♣#❡--✐♦♥- ❢♦# +❤❡ #❡❛❧ ♦#❞❡# ♠♦♠❡♥+- ♦❢ X✳ ❲❡ ❤❛✈❡

E(Xr) = αγ

∞∑

m=0

Wm

∫ ∞

0

xr
(
λ+ β k xk−1

)
e−λ (m+1) x e−β (m+1) xk dx

= αγ λ

∞∑

m=0

Wm

∫ ∞

0

xr e−λ (m+1) x e−β (m+1) xk dx

+ αγβk
∞∑

m=0

Wm

∫ ∞

0

xr+k−1e−λ(m+1)xe−β(m+1)xkdx.

❚❤❡ r+❤ ♠♦♠❡♥+ ✐- ❛ ❧✐♥❡❛# ❝♦♠❜✐♥❛+✐♦♥ ♦❢ ✐♥+❡❣#❛❧- ♦❢ +❤❡ +②♣❡ I(ω) ❜❛-❡❞ ♦♥ ❛ -✐♠✐❧❛#
❛♣♣#♦❛❝❤ ❜② ❬✶✾✱ ❊?✳ ✭✷✳✶✮❪✱ ✇❤❡#❡ ω = (κ, µ, a, η) ❛♥❞ ❛❧❧ ❝♦♠♣♦♥❡♥+- ❛#❡ ♣♦-✐+✐✈❡
♣❛#❛♠❡+❡#-✱

I(ω) =

∫ ∞

0

xκ−1 e−(µx+axη).

❆ #❡♣#❡-❡♥+❛+✐♦♥ ❢♦# +❤✐- ✐♥+❡❣#❛❧ ✐- ❣✐✈❡♥ ❜② ❬✷✶✱ ♣✳ ✺✶✺✱ ❈♦#♦❧❧❛#② ✶✳✶❪✿

I(ω) =






µ−κ
1Ψ0

[
(κ, η)

∣∣∣∣∣−
a

µη

]

, 0 < η < 1,

Γ(κ)

(µ+ a)κ
, η = 1,

1

ηaκ/η 1Ψ0

[ (κ

η
,
1

η

) ∣∣∣∣∣−
µ

a1/η

]

, η > 1.

✭✸✳✸✮
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❚❤✉#✱ ❢♦' ❛❧❧ k ∈ (0, 1)✱ ✇❡ ❝❛♥ ✇'✐/❡

E(Xr) = αγ λ
∞∑

m=0

Wm I(r + 1, λ (m+ 1), β (m+ 1), k)

+ αγβk
∞∑

m=0

Wm I(r + k − 1, λ(m+ 1), β(m+ 1), k)

=
∞∑

m=0

Wm
γ α

λr (m+ 1)r+1 1Ψ0

[
(r + 1, k)

∣∣∣∣∣−
β

λk (m+ 1)k−1

]

+

∞∑

m=0

Wm
αγ β k

(λ (m+ 1))r+k 1Ψ0

[
(r + k, k)

∣∣∣∣∣−
β

λk(m+ 1)k−1

]

.✭✸✳✹✮

❋♦' k = 1✱ ✇❡ ❤❛✈❡

✭✸✳✺✮ E(Xr) =
λαγ Γ(r + 1)

(λ+ β)r+1

∞∑

m=0

Wm

(m+ 1)r+1
.

❚❤❡ '❡♠❛✐♥✐♥❣ ✈❛❧✉❡# ♦❢ /❤❡ ♣❛'❛♠❡/❡' k > 1 ❧❡❛❞ /♦

E(Xr) =
∞∑

m=0

Wm
αγ λ

k{β(m+ 1)} r+1
k

1Ψ0

[ (r + 1

k
,
1

k

) ∣∣∣∣∣−
(m+ 1)1−

1
k λ

β
1
k

]

+
∞∑

m=0

Wm
αγ β k

{β(m+ 1)} r+k
k

1Ψ0

[ ( r

k
+ 1,

1

k

) ∣∣∣∣∣−
(m+ 1)1−

1
k λ

β
1
k

]

.✭✸✳✻✮

❍❡♥❝❡✱ ✇❡ ❤❛✈❡ /❤❡ ❢♦❧❧♦✇✐♥❣ '❡#✉❧/✿
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✸✳✶✳ ❚❤❡♦'❡♠✳ ■❢ X ∼ KwEWα,γ (λ, β, k)✱ #❤❡♥ ✭❢♦) ❛❧❧ r > −1✮ ✇❡ ❤❛✈❡

E(Xr) =






∞∑

m=0

Wm
γ α

λr (m+ 1)r+1

× 1Ψ0

[
(r + 1, k)

∣∣∣∣∣−
β

λk (m+ 1)k−1

]

+

∞∑

m=0

Wm
αγ β k

{λ (m+ 1)}r+k

× 1Ψ0

[
(r + k, k)

∣∣∣∣∣−
β

λk(m+ 1)k−1

]

, 0 < k < 1,

∞∑

m=0

Wm
λαγ Γ(r + 1)

(λ+ β)r+1 (m+ 1)r+1
, k = 1,

∞∑

m=0

Wm
αγ λ

k{β(m+ 1)} r+1
k

× 1Ψ0

[ (r + 1

k
,
1

k

) ∣∣∣∣∣−
(m+ 1)1−

1
k λ

β
1
k

]

+

∞∑

m=0

Wm
αγ β k

{β(m+ 1)} r+k
k

× 1Ψ0

[ ( r

k
+ 1,

1

k

) ∣∣∣∣∣−
(m+ 1)1−

1
k λ

β
1
k

]

, k > 1.

✭✸✳✼✮

/)♦♦❢✳ ■& ♦♥❧② +❡♠❛✐♥0 &♦ ✈❡+✐❢② &❤❡ ❝♦♥✈❡+❣❡♥❝❡ ❝♦♥❞✐&✐♦♥0 ♦❢ &❤❡ ❋♦①✕❲+✐❣❤& 0❡+✐❡0✱

✇❤✐❝❤ ❞❡♣❡♥❞0 ♦♥❧② ♦♥ &❤❡ ♣❛+❛♠❡&❡+ k✳ ◆♦&❡ &❤❛&✱ ✇❤❡♥ k ∈ (0, 1)✱ ∆ = 1 − k > 0✱ 0♦

&❤❛& ❜♦&❤ 0❡+✐❡0 ✐♥ ✭✸✳✹✮ ❝♦♥✈❡+❣❡✳ ❙♦✱ ✐& ❞♦❡0 ✇❤❡♥ k = 1✳ ❋✐♥❛❧❧②✱ ❢♦+ k > 1✱ &❤❡ ✈❛❧✉❡

∆ = 1− 1
k
> 0 ❡♥0✉+❡0 &❤❛& &❤❡ ♠♦♠❡♥& E(Xr) ✐0 ✜♥✐&❡ ❢♦+ ❛♥② r > −1✳ �

✸✳✷✳ ❘❡♠❛'❦✳ ❋♦+ ❝❡+&❛✐♥ ✐♥&❡❣❡+ ❛♥❞ +❛&✐♦♥❛❧ ✈❛❧✉❡0 ♦❢ &❤❡ ♣❛+❛♠❡&❡+ k✱ ✇❡ ❛❞♦♣& ❛

+❡♣+❡0❡♥&❛&✐♦♥ ♦❢ &❤❡ ❋♦①✕❲+✐❣❤& 1Ψ0 ❢✉♥❝&✐♦♥ ✐♥ &❡+♠0 ♦❢ &❤❡ ❣❡♥❡+❛❧✐③❡❞ ❤②♣❡+❣❡♦♠❡&+✐❝

pFq ❢✉♥❝&✐♦♥0✱ ✇❤✐❝❤ ✐0 ❞✐0❝✉00❡❞ ✐♥ ❞❡&❛✐❧ ✐♥ ❬✶✻❪✳ ❇② &❤❡✐+ ❊K✳ ✭✸✳✸✮✱ ❢♦+ ❛❧❧ ♣♦0✐&✐✈❡

+❛&✐♦♥❛❧ A = m
M

✱ ♦♥❡ ❤❛0

1Ψ0

[
(a, m

M
)
∣∣∣∣∣z

]

= Γ(a) +

M∑

j=1

Γ(a+ m
M
j) zj

j!

× m+1FM

[
1, j

M
+ a

m
, · · · , j

M
+ a+m−1

m

∣∣∣∣∣
mm zM

MM

]

,

✇❤❡+❡ pFq 0&❛♥❞0 ❢♦+ &❤❡ ❣❡♥❡+❛❧✐③❡❞ ❤②♣❡+❣❡♦♠❡&+✐❝ ❢✉♥❝&✐♦♥ ✇❤✐❝❤ ✐0 ❛ ❜✉✐❧&✕✐♥ ▼❛#❤✲

❡♠❛#✐❝❛ ❢✉♥❝&✐♦♥ 0♣❡❝✐✜❡❞ ❜②

❍②♣❡$❣❡♦♠❡($✐❝+❋◗❬④❛❴✶✱❭❧❞♦(7✱ ❛❴♣⑥✱④❜❴✶✱❭❧❞♦(7✱ ❜❴:⑥✱③❪✳

❖♥ &❤❡ ♦&❤❡+ ❤❛♥❞✱ &❤❡ 0❛♠❡ ❛✉&❤♦+0 ❛❧0♦ ❣✐✈❡ ❛♥ ✐♥0✐❣❤& ✐♥&♦ &+❛♥0❢♦+♠✐♥❣ ❋♦①✕❲+✐❣❤&

Ψ ❢✉♥❝&✐♦♥0 ✐♥&♦ ▼❡✐❥❡+ ●✕❢✉♥❝&✐♦♥0 ❢♦+ +❛&✐♦♥❛❧ ❛+❣✉♠❡♥&0✳ ❘❡❢❡++✐♥❣ &♦ ❬✶✻✱ ❊K✳ ✭✺✳✶✮❪✱
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♦♥❡ ❤❛%

1Ψ0

[
(a, m

M
)
∣∣∣∣∣z

]

=
2
√
M ma

Γ(a)
√
mπ

M+m−1
2

× GM,m
m,M

(
mm (−z)M

MM

∣∣∣∣∣
1− a

m
, · · · , 1− a+m−1

m

0, 1
M
, · · · , M−1

M

)

.

❙❡❡✱ ❢♦) ❡①❛♠♣❧❡✱ .❤❡ ♠♦♥♦❣)❛♣❤% ❬✶✹✱ ❈❤✳ ❱❪ ❛♥❞ ❬✶✶❪ ❢♦) ❛♥ ✐♥.)♦❞✉❝.✐♦♥ .♦ .❤❡ ●✕

❢✉♥❝.✐♦♥✳ �

✸✳✸✳ ❘❡♠❛&❦✳ ❚❤❡ n.❤ ❢❛❝.♦)✐❛❧ ♠♦♠❡♥. ♦❢ ♦)❞❡) ♦❢ X ✐% ❣✐✈❡♥ ❜②

Φn = E[X(X − 1)(X − 2) · · · (X − n+ 1)] =
dn
[
E(tX)

]

dtn

∣∣∣∣∣
t=1

.

❇❛%❡❞ ♦♥ .❤❡ ❱✐B.❡✕●✐)❛)❞ ❢♦)♠✉❧❛ ❢♦) ❡①♣❛♥❞✐♥❣ .❤❡ ♣♦❧②♥♦♠✐❛❧X(X−1)(X−2) · · · (X−
n+ 1)✱ ✇❡ ♦❜.❛✐♥

Φn =
n∑

r=1

(−1)n−r





∑

1≤ℓ1<···<ℓr≤n−1

ℓ1 · · · ℓr




 E(Xr),

✇❤❡)❡ .❤❡ %❡❝♦♥❞ %✉♠ )❡♣)❡%❡♥.% ❡❧❡♠❡♥.❛)② %②♠♠❡.)✐❝ ♣♦❧②♥♦♠✐❛❧%✿

er = er(ℓ1, · · · , ℓr) =
∑

1≤ℓ1<···<ℓr≤n−1

ℓ1 · · · ℓr, r = 0, n− 1.

❚❤✐% ✐♥ ❝♦♥❥✉♥❝.✐♦♥ ✇✐.❤ ♣♦%✐.✐✈❡ ✐♥.❡❣❡) r.❤ ♦)❞❡) ♠♦♠❡♥. ❡①♣)❡%%✐♦♥ ❣✐✈❡♥ ✐♥ ❡F✉❛.✐♦♥

✭✸✳✼✮ ♣)♦✈✐❞❡% ❛♥ ❡①❛❝. ♣♦✇❡) %❡)✐❡% ❢♦) .❤❡ ❢)❛❝.✐♦♥❛❧ ♦)❞❡) ♠♦♠❡♥.%✳ �

✸✳✹✳ ❘❡♠❛&❦✳ ❚❤❡ ♠♦♠❡♥. ❣❡♥❡)❛.✐♥❣ ❢✉♥❝.✐♦♥ ✭♠❣❢✮ M(t) = E(et X) ♦❢ X ❝❛♥ ❜❡

♦❜.❛✐♥❡❞ ❜② %❡..✐♥❣ r = 0 ❛♥❞ )❡♣❧❛❝✐♥❣ [λ (m+1)] ❜② [λ (m+1)− t] ✐♥ ❡F✉❛.✐♦♥ ✭✸✳✼✮✳�

✸✳✺✳ ❘❡♠❛&❦✳ ❚❤❡ ❝❡♥.)❛❧ ♠♦♠❡♥.% ✭µn✮ ❛♥❞ ❝✉♠✉❧❛♥.% ✭κn✮ ♦❢ X ❛)❡ ❡❛%✐❧② ♦❜.❛✐♥❡❞

❢)♦♠ ✭✸✳✼✮ ❛%

µn =
n∑

k=0

(−1)k
(
n

k

)

µ′k
1 µ′

n−k and κn = µ′
n −

n−1∑

k=1

(
n− 1

k − 1

)

κk µ
′
n−k,

)❡%♣❡❝.✐✈❡❧②✱ ✇❤❡)❡ κ1 = µ′
1✳ ❚❤✉%✱ κ2 = µ′

2 − µ′2
1 ✱ κ3 = µ′

3 − 3µ′
2µ

′
1 + 2µ′3

1 ✱ ❡.❝✳ ❈❧❡❛)❧②✱

.❤❡ %❦❡✇♥❡%% ❛♥❞ ❦✉).♦%✐% ♠❡❛%✉)❡% ❝❛♥ ❜❡ ❝❛❧❝✉❧❛.❡❞ ❢)♦♠ .❤❡ ♦)❞✐♥❛)② ♠♦♠❡♥.% ✉%✐♥❣

✇❡❧❧✲❦♥♦✇♥ )❡❧❛.✐♦♥%❤✐♣%✳�

❙♦♠❡ ♥✉♠❡)✐❝❛❧ ✈❛❧✉❡% ❢♦) .❤❡ %❦❡✇♥❡%% ❛♥❞ ❦✉).♦%✐% ♦❢ X ❛)❡ ❧✐%.❡❞ ✐♥ ❚❛❜❧❡ ✷✳ ❚❤❡

✜❣✉)❡% ✐♥ .❤✐% .❛❜❧❡ ✐♥❞✐❝❛.❡ ❛ ❧❛)❣❡ )❛♥❣❡ ❢♦) .❤❡ %❦❡✇♥❡%% ♦❢ X✱ ❛❧.❤♦✉❣❤ .❤❡ ❦✉).♦%✐%

❞♦❡% ♥♦. ✈❛)② ♠✉❝❤✳

◆❡①.✱ ✇❡ ❞✐%❝✉%% %♦♠❡ ♦.❤❡) %.)✉❝.✉)❛❧ ♣)♦♣❡).✐❡% ♦❢ X✱ ✐✳❡✳✱ %✉)✈✐✈❛❧✱ ❤❛③❛)❞ )❛.❡✱

♠❡❛♥ )❡%✐❞✉❛❧ ❧✐❢❡✱ ❡♥.)♦♣②✱ ♠❡❛♥ ❞❡✈✐❛.✐♦♥% ❛♥❞ F✉❛♥.✐❧❡ ❢✉♥❝.✐♦♥ ✭F❢✮✳

✸✳✸✳ ❙✉&✈✐✈❛❧✱ ❍❛③❛&❞ &❛3❡✱ ◗✉❛♥3✐❧❡ ❢✉♥❝3✐♦♥✱ ❙❦❡✇♥❡:: ❛♥❞ ❑✉&3♦:✐:✳ ❈❡♥.)❛❧

)♦❧❡ ✐% ♣❧❛②✐♥❣ ✐♥ .❤❡ )❡❧✐❛❜✐❧✐.② .❤❡♦)② ❜② .❤❡ )❛.✐♦ ♦❢ .❤❡ ♣❞❢ ❛♥❞ %✉)✈✐✈❛❧ ❢✉♥❝.✐♦♥✳ ❚❤❡

%✉)✈✐✈❛❧ ❢✉♥❝.✐♦♥ ♦❢ X ✐% ❣✐✈❡♥ ❜②

S(x) =
{
1−

(
1− e−λ x−β xk

)α}γ

1R+
(x) .✭✸✳✽✮

❚❤❡♥✱ .❤❡ ❤)❢ ♦❢ X )❡❞✉❝❡% .♦

h(x) =
αγ
(
kx−1+kβ + λ

)
e−λ x−β xk

(
1− e−λ x−β xk

)−1+α

{
1−

(
1− e−λ x−β xk

)α}γ 1R+
(x) .✭✸✳✾✮
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❚❛❜❧❡ ✷✳ ❙❦❡✇♥❡%% ❛♥❞ ❦✉)*♦%✐% ♦❢ *❤❡ ❑✇❊❲ ❞✐%*)✐❜✉*✐♦♥ ❢♦) %❡❧❡❝*❡❞

♣❛)❛♠❡*❡) ✈❛❧✉❡%✳

λ β ❦ α γ ❙❦❡✇♥❡'' ❑✉*+♦'✐'
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✶✳✸ ✻✳✵ ✷✳✺ ✷✺ ✶✽ ✲✵✳✵✵✷ ✶✳✷✸✹

✕ ✕ ✕ ✕ ✕ ✕ ✕

✵✳✷ ✸✳✹ ✶✳✵ ✷✳✵ ✸✳✵ ✵✳✶✺✵ ✶✳✷✺✶

✵✳✷ ✸✳✹ ✶✳✺ ✷✳✵ ✸✳✵ ✵✳✶✺✵ ✶✳✷✺✶

✵✳✷ ✸✳✹ ✷✳✵ ✷✳✵ ✸✳✵ ✵✳✶✺✵ ✶✳✷✺✶

✵✳✷ ✸✳✹ ✸✳✵ ✷✳✵ ✸✳✵ ✵✳✶✺✵ ✶✳✷✺✶

✕ ✕ ✕ ✕ ✕ ✕ ✕

✵✳✼ ✵✳✼ ✷✳✵ ✵✳✷ ✺✳✵ ✵✳✾✶✹ ✺✳✷✽✸

✵✳✼ ✵✳✼ ✷✳✵ ✶✳✷ ✺✳✵ ✵✳✷✶✽ ✶✳✷✼✺

✵✳✼ ✵✳✼ ✷✳✵ ✶✳✽ ✺✳✵ ✵✳✶✹✾ ✶✳✷✹✺

✵✳✼ ✵✳✼ ✷✳✵ ✶✵ ✺✳✵ ✵✳✵✹✾ ✶✳✷✸✽

✕ ✕ ✕ ✕ ✕ ✕ ✕

✸✳✺ ✶✳✻ ✸✳✵ ✺✳✵ ✵✳✺ ✵✳✶✾✵ ✶✳✸✵✻

✸✳✺ ✶✳✻ ✸✳✵ ✺✳✵ ✶✳✵ ✵✳✶✹✻ ✶✳✷✼✼

✸✳✺ ✶✳✻ ✸✳✵ ✺✳✵ ✶✳✺ ✵✳✶✷✸ ✶✳✷✻✸

✸✳✺ ✶✳✻ ✸✳✵ ✺✳✵ ✷✳✵ ✵✳✶✵✽ ✶✳✷✺✹

❋✐❣✉)❡% ✸ ✭❛✮✱ ✭❜✮ ❛♥❞ ✭❝✮ ❞✐%♣❧❛② %♦♠❡ ♣❧♦*% ♦❢ h(x)✳
❚❤❡ A❢ ♦❢ X ✐% ❞❡*❡)♠✐♥❡❞ ❜② ✐♥✈❡)*✐♥❣ ✭✶✳✺✮ ❛%

Q(u) = F−1(u) = − log[1− {1− (1− u)1/γ}1/α]
λ+ β

.✭✸✳✶✵✮

❙✐♠✉❧❛*✐♥❣ ❑✇❊❲ )❛♥❞♦♠ ✈❛)✐❛❜❧❡ ✐% %*)❛✐❣❤*❢♦)✇❛)❞✳ ▲❡* U ❜❡ ❛ ✉♥✐❢♦)♠ ✈❛)✐❛❜❧❡

♦♥ *❤❡ ✉♥✐* ✐♥*❡)✈❛❧ (0, 1)✳ ❚❤✉%✱ ❜② ♠❡❛♥% ♦❢ *❤❡ ✐♥✈❡)%❡ *)❛♥%❢♦)♠❛*✐♦♥ ♠❡*❤♦❞✱ *❤❡

)❛♥❞♦♠ ✈❛)✐❛❜❧❡ X ❣✐✈❡♥ ❜②

X = − log[1− {1− (1− U)1/γ}1/α]
(λ+ β)

✭✸✳✶✶✮

❢♦❧❧♦✇% *❤❡ ❞❡♥%✐*② ✭✶✳✻✮✳ ■♥ ♣❛)*✐❝✉❧❛)✱ *❤❡ ♠❡❞✐❛♥ ♦❢ X ✐%

M = − log[1− {1− 0.51/γ}1/α]
(λ+ β)

.

❋✉)*❤❡)✱ *❤❡ ♠♦❞❡ ♦❢ f(x) ✐% ♦❜*❛✐♥❡❞ ❛%

MO = −
log

{
1−

(
2−α
1−αγ

)1/α}

(λ+ β)

❚❤❡ %❤♦)*❝♦♠✐♥❣% ♦❢ *❤❡ ❝❧❛%%✐❝❛❧ ❦✉)*♦%✐% ♠❡❛%✉)❡ ❛)❡ ✇❡❧❧✲❦♥♦✇♥✳ ❚❤❡)❡ ❛)❡ ♠❛♥②

❤❡❛✈② *❛✐❧❡❞ ❞✐%*)✐❜✉*✐♦♥% ❢♦) ✇❤✐❝❤ *❤✐% ♠❡❛%✉)❡ ✐% ✐♥✜♥✐*❡✳ ❙♦✱ ✐* ❜❡❝♦♠❡% ✉♥✐♥❢♦)♠❛✲

*✐✈❡ ♣)❡❝✐%❡❧② ✇❤❡♥ ✐* ♥❡❡❞% *♦ ❜❡✳ ■♥❞❡❡❞✱ ♦✉) ♠♦*✐✈❛*✐♦♥ *♦ ✉%❡ A✉❛♥*✐❧❡✲❜❛%❡❞ ♠❡❛%✉)❡%

%*❡♠♠❡❞ ❢)♦♠ *❤❡ ♥♦♥✲❡①✐%*❡♥❝❡ ♦❢ *❤❡ ❝❧❛%%✐❝❛❧ ❦✉)*♦%✐% ❢♦) ♠❛♥② ♦❢ *❤❡ ❑✇✲● ❞✐%*)✐❜✉✲

*✐♦♥%✳ ❚❤❡ ❇♦✇❧❡②✬% %❦❡✇♥❡%% ✐% ❜❛%❡❞ ♦♥ A✉❛)*✐❧❡%

S =
Q(3/4)− 2Q(1/2) +Q(1/4)

Q(3/4)−Q(1/4)



✶✷✶✸

❛♥❞ #❤❡ ▼♦♦()✬ ❦✉(#♦)✐) ✐) ❜❛)❡❞ ♦♥ ♦❝#✐❧❡)

K =
{Q(7/8)−Q(5/8)}+ {Q(3/8)−Q(1/8)}

Q(6/8)−Q(2/8)
,

✇❤❡(❡ Q(·) ✐) ❣✐✈❡♥ ❜② ✭✸✳✶✵✮✳

❛✳ ✭■♥❝(❡❛)✐♥❣ ❤(❢✮ ❜✳ ✭❯♣)✐❞❡✲❞♦✇♥ ❜❛#❤#✉❜ ❤(❢✮
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❋✐❣✉$❡ ✸✳ ✭❛✮ α = 2.5, γ = 3, λ = 4, β = 1.2, k = 1.8 ✭❜✮

α = 2.3, γ = 1.3, λ = 1.8, β = 9, k = 0.7✳

❝✳ ✭❇❛#❤#✉❜✲)❤❛♣❡❞ ❤(❢✮
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5

10

15

❋✐❣✉$❡ ✹✳ ✭❝✮ α = 0.8, γ = 0.5, λ = 2.3, β = 10, k = 2.4✳

✸✳✹✳ ▼❡❛♥ $❡,✐❞✉❛❧ ❧✐❢❡ ❢✉♥❝1✐♦♥✳ ❚❤❡ ♠❡❛♥ (❡)✐❞✉❛❧ ❧✐❢❡ ❢✉♥❝#✐♦♥ ✭♠(❧❢✮ ✐) ❞❡✜♥❡❞

❜②

K(x) =
1

S(x)
[E(X)−m1(x)]− x,
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✇❤❡#❡ f(x)✱ E(X) ❛♥❞ S(x) ❛#❡ ❣✐✈❡♥ ✐♥ ✭✶✳✻✮✱ ✭✸✳✼✮ ❛♥❞ ✭✸✳✽✮✱ #❡3♣❡❝6✐✈❡❧②✱ ❛♥❞

m1(x) =

∫ x

0

y f(y) dy = αγ
∞∑

m=0

Wm

×
∫ x

0

y
(
λ+ β k yk−1

)
e−λ (m+1) y e−β (m+1) yk

dy

✐3 6❤❡ ✜#36 ✐♥❝♦♠♣❧❡6❡ ♠♦♠❡♥6 ♦❢X✳ ❇② ❡①♣❛♥❞✐♥❣ 6❤❡ ❡①♣♦♥❡♥6✐❛❧ ✐♥ 6❤❡ ❧❛36 ❡①♣#❡33✐♦♥✱
✇❡ ♦❜6❛✐♥

m1(x) = αγ
∞∑

m=0

Wm

∞∑

j=0

(−1)j [λ (m+ 1)]j

j!

×
∫ x

0

yj+1
(
λ+ β k yk−1

)
e−β (m+1) yk

dy

= αγ
∞∑

m=0

Wm

∞∑

j=0

(−1)j [λ (m+ 1)]j

j!

×
(

λ

∫ x

0

yj+1 G1,0
0,1

(

β (m+ 1)yp/q

∣∣∣∣∣
−
0

)

dy

+ β
p

q

∫ x

0

yj+p/q G1,0
0,1

(

β (m+ 1) yp/q

∣∣∣∣∣
−
0

)

dy

)

,✭✸✳✶✷✮

✇❤❡#❡ e−g(x) = G1,0
0,1

(

g(x)

∣∣∣∣∣
−
0

)

✱ k = p/q ❛♥❞ p ≥ 1 ❛♥❞ q ≥ 1 ❛#❡ ♥❛6✉#❛❧ ❝♦✲♣#✐♠❡

♥✉♠❜❡#3 ❛♥❞

∫ x

0

yt G1,0
0,1

(

β (m+ 1) yp/q

∣∣∣∣∣
−
0

)

dy

=
q xp (t+1)

p(2π)(q−1)/2
Gq,p

p,p+q

(
{β (m+ 1)}q xp

qq

∣∣∣∣∣

−t
p
, 1−t

p
, . . . , p−t−1

p
,−

0 , −t−1
p

, t
p
, . . . , p−t−2

p

)

.✭✸✳✶✸✮

❊D✉❛6✐♦♥ ✭✸✳✶✸✮ ✐3 ♦❜6❛✐♥❡❞ ❜② ✉3✐♥❣ ✭✶✸✮ ♦❢ ❬✺❪✳ ❙♦✱ 6❤❡ ✜#36 ✐♥❝♦♠♣❧❡6❡ ♠♦♠❡♥6 ♦❢ X ✐3

❡❛3✐❧② ♦❜6❛✐♥❡❞ ❢#♦♠ ✭✸✳✶✷✮ ❛♥❞ ✭✸✳✶✸✮✳

❙♦♠❡ ❛♣♣❧✐❝❛6✐♦♥3 ♦❢ m1(x) #❡❢❡# 6♦ 6❤❡ ❇♦♥❢❡##♦♥✐ ❛♥❞ ▲♦#❡♥③ ❝✉#✈❡3 ♦❢ X ❞❡✜♥❡❞✱

❢♦# ❛ ❣✐✈❡♥ ♣#♦❜❛❜✐❧✐6② π✱ ❜② B(π) = m1(q)/(πµ
′
1) ❛♥❞ L(π) = m1(q)/µ

′
1✱ #❡3♣❡❝6✐✈❡❧②✱

✇❤❡#❡ µ′
1 = E(X) ❛♥❞ q = Q(π) ✐3 6❤❡ ✈❛❧✉❡ ♦❢ ✭✸✳✶✵✮ ❛6 u = π✳

✸✳✺✳ ❊♥%&♦♣②✳ ❆♥ ❡♥6#♦♣② ✐3 ❛ ❝♦♥❝❡♣6 ❡♥❝♦✉♥6❡#❡❞ ✐♥ ♣❤②3✐❝3 ❛♥❞ ❡♥❣✐♥❡❡#✐♥❣✳ ■6 ✐3 ❛

♠❡❛3✉#❡ ♦❢ ✈❛#✐❛6✐♦♥ ♦# ✉♥❝❡#6❛✐♥6② ♦❢ ❛ #❛♥❞♦♠ ✈❛#✐❛❜❧❡ X✳ ❆♥ ❡①6❡♥3✐♦♥ ♦❢ ❙❤❛♥♥♦♥✬3
❡♥6#♦♣② ❢♦# 6❤❡ ❝♦♥6✐♥✉♦✉3 ❝❛3❡ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛3 ❢♦❧❧♦✇3✿

H(f) = −
∫ ∞

0

log[f(x)] f(x) dx .✭✸✳✶✹✮



✶✷✶✺

❈♦♠❜✐♥✐♥❣ ✭✶✳✻✮ ❛♥❞ ✭✸✳✶✹✮✱ ✇❡ ❝❛♥ ✇4✐5❡

H(f) = −αγ

∞∑

m=0

Wm log

(

αγ
∞∑

m=0

Wm

)

×
∫ ∞

0

(
λ+ β k xk−1

)
e−λ (m+1) x e−β (m+1) xk dx

− αγ

∞∑

m=0

Wm

×
∫ ∞

0

(
λ+ β k xk−1

)
log
(
λ+ β k xk−1

)
e−λ (m+1) x e−β (m+1) xkdx

+ λαγ

∞∑

m=0

(m+ 1)Wm

×
∫ ∞

0

x
(
λ+ β k xk−1

)
e−λ (m+1) x e−β (m+1) xk dx

+ β α γ

∞∑

m=0

(m+ 1)Wm

×
∫ ∞

0

xk
(
λ+ β k xk−1

)
e−λ (m+1) x e−β (m+1) xk dx.✭✸✳✶✺✮

◆♦5❡ 5❤❛5 5❤❡ ✜4:5✱ 5❤✐4❞ ❛♥❞ ❢♦✉45❤ ✐♥5❡❣4❛❧: ♦♥ 5❤❡ 4✐❣❤5✕❤❛♥❞ :✐❞❡ ♦❢ ✭✸✳✶✺✮ ❝❛♥ ❜❡

❞❡5❡4♠✐♥❡❞ ❜② ✉:✐♥❣ ✭✸✳✼✮ ❢♦4 r = 0, 1 ❛♥❞ k✱ 4❡:♣❡❝5✐✈❡❧②✳ ❚❤❡ :❡❝♦♥❞ ♦♥❡ ❝❛♥ ❜❡

❡✈❛❧✉❛5❡❞ ❜② ♥✉♠❡4✐❝❛❧ ✐♥5❡❣4❛5✐♦♥✳

✸✳✻✳ ❖$❞❡$ '(❛(✐'(✐❝'✳ ▲❡5 X1, X2, . . . , Xn ❜❡ ❛ 4❛♥❞♦♠ :❛♠♣❧❡ ❢4♦♠ 5❤❡ ❑✇❊❲ ❞✐:✲

54✐❜✉5✐♦♥ ❛♥❞ X1:n ≤ X2:n ≤ . . . ≤ Xn:n ❞❡♥♦5❡ 5❤❡ ❝♦44❡:♣♦♥❞✐♥❣ ♦4❞❡4 :5❛5✐:5✐❝:✳ ▲❡5

fi:n (x) ❛♥❞ Fi:n (x) ❞❡♥♦5❡✱ 4❡:♣❡❝5✐✈❡❧②✱ 5❤❡ ♣❞❢ ❛♥❞ 5❤❡ ❝❞❢ ♦❢ 5❤❡ i5❤ ♦4❞❡4 :5❛5✐:5✐❝
Xi:n✳ ❲❡ ❝❛♥ ✇4✐5❡

fi:n (x) =
n!f (x)

(i− 1)! (n− i)!

n−i∑

l=0

(
n− i

l

)

(−1)l F (x)i−1+l ,

❛♥❞

Fi:n (x) =
n!

(i− 1)! (n− i)!

n−i∑

l=0

(−1)l

i+ l

(
n− i

l

)

F (x)i+l ,

✇❤❡4❡ F (x) ❛♥❞ f (x) ❛4❡ ❣✐✈❡♥ ❜② ❡I✉❛5✐♦♥: ✭✶✳✺✮ ❛♥❞ ✭✶✳✻✮✱ 4❡:♣❡❝5✐✈❡❧②✳ ❯:✐♥❣ ✭✸✳✶✮
❛♥❞ ❛❢5❡4 :♦♠❡ ❛❧❣❡❜4❛✱ ✇❡ ♦❜5❛✐♥

fi:n (x) =
n!αγ

(
λ+ β k xk−1

)

(i− 1)! (n− i)!

n−i∑

l=0

∞∑

u=0

(
n− i

l

)

Wu e−λ(u+1) x e−β(u+1) xk

❛♥❞

Fi:n (x) =
n!

(i− 1)! (n− i)!

n−i∑

l=0

∞∑

s=0

(
n− i

l

)
Γ(i+ l) (−1)l+s

Γ(i+ l − s)s! (i+ l)

×
{
1−

(
1− e−λ x−β xk

)α}γ s

,

✇❤❡4❡

Wu =
∞∑

t=0

∞∑

s=0

(−1)l+s+t+u Γ(i+ l) Γ{(s+ 1)γ}Γ{(t+ 1)α}
Γ(i+ l − s) Γ{(s+ 1)γ − t}Γ{(t+ 1)α− u}s! t!u! .



✶✷✶✻

❚❤❡ s#❤ ♠♦♠❡♥# ♦❢ Xi:n ✐) ❣✐✈❡♥ ❜②

E (Xs
i:n) =

∫ ∞

0

xs fi:n (x) dx.

❇② ✉)✐♥❣ fi:n (x) ❛♥❞ ❡2✉❛#✐♦♥ ✭✸✳✸✮✱ #❤❡ ♠♦♠❡♥#) ♦❢ Xi:n ❝❛♥ ❜❡ ❡❛)✐❧② ♦❜#❛✐♥❡❞✳

✸✳✼✳ ▼❡❛♥ ❞❡✈✐❛*✐♦♥,✳ ❚❤❡ ♠❡❛♥ ❞❡✈✐❛#✐♦♥) ♣;♦✈✐❞❡ ✐♠♣♦;#❛♥# ✐♥❢♦;♠❛#✐♦♥ ❛❜♦✉#

❝❤❛;❛❝#❡;✐)#✐❝) ♦❢ ❛ ♣♦♣✉❧❛#✐♦♥ ❛♥❞ #❤❡② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛#❡❞ ❢;♦♠ #❤❡ ✜;)# ✐♥❝♦♠♣❧❡#❡

♠♦♠❡♥#✳ ■♥❞❡❡❞✱ #❤❡ ❛♠♦✉♥# ♦❢ ❞✐)♣❡;)✐♦♥ ✐♥ ❛ ♣♦♣✉❧❛#✐♦♥ ♠❛② ❜❡ ♠❡❛)✉;❡❞ #♦ )♦♠❡

❡①#❡♥# ❜② #❤❡ ❞❡✈✐❛#✐♦♥) ❢;♦♠ #❤❡ ♠❡❛♥ ❛♥❞ ♠❡❞✐❛♥✳ ❚❤❡ ♠❡❛♥ ❞❡✈✐❛#✐♦♥) ♦❢X ❛❜♦✉# #❤❡

♠❡❛♥ µ′
1 = E(X) ❛♥❞ ❛❜♦✉# #❤❡ ♠❡❞✐❛♥M ❝❛♥ ❜❡ ❡①♣;❡))❡❞ ❛) δ1 = 2µF (µ′

1)−2m1(µ
′
1)

❛♥❞ δ2 = µ′
1 − 2m1(M)✱ ✇❤❡;❡ F (µ′

1) ✐) ❝❛❧❝✉❧❛#❡❞ ❢;♦♠ ✭✶✳✺✮ ❛♥❞ m1(z) =
∫ z

0
x f(x)dx

❝❛♥ ❜❡ ❞❡#❡;♠✐♥❡❞ ❢;♦♠ ✭✸✳✶✷✮ ❛♥❞ ✭✸✳✶✸✮✳

✹✳ ❆❧$❡&♥❛$✐✈❡ +&♦♣❡&$✐❡.

■♥ #❤✐) )❡❝#✐♦♥✱ ✇❡ ♣;♦✈✐❞❡ ❛♥ ❛❧#❡;♥❛#✐✈❡ ♠✐①#✉;❡ ;❡♣;❡)❡♥#❛#✐♦♥ ❢♦; #❤❡ ♣❞❢ ♦❢X✳ ❇②
❝♦♠❜✐♥✐♥❣ ✭✶✳✹✮ ❛♥❞ ✭✸✳✷✮✱ ✇❡ ❝❛♥ ✇;✐#❡

f(x) =

∞∑

m=0

Vm gm+1(x),✭✹✳✶✮

✇❤❡;❡ ✭❢♦; m ≥ 0✮ Vm = αγWm/(m+ 1) ❛♥❞ gm+1(x) ✐) #❤❡ ♣❞❢ ♦❢ #❤❡ ❊❲ ♠♦❞❡❧ ✇✐#❤

♣❛;❛♠❡#❡;) λ⋆ = (m + 1)λ✱ β⋆ = (m + 1)β ❛♥❞ k✳ ❙♦✱ #❤❡ ❑✇❊❲ ❞❡♥)✐#② ❢✉♥❝#✐♦♥ ✐) ❛

♠✐①#✉;❡ ♦❢ ❊❲ ❞❡♥)✐#✐❡)✳

❇❛)❡❞ ♦♥ ❡2✉❛#✐♦♥ ✭✹✳✶✮ ❛♥❞ #❤❡ ;❡)✉❧#) ❜② ❈♦;❞❡✐;♦ ❡! ❛❧✳ ❬✺❪✱ ✇❡ ❝❛♥ ♦❜#❛✐♥ #❤❡

❢♦❧❧♦✇✐♥❣ ♣;♦♣❡;#✐❡) ♦❢ X✳

✹✳✶✳ ▼♦♠❡♥*,✳ ❚❤❡ ❝❛❧❝✉❧❛#✐♦♥) ✐♥ #❤✐) )❡❝#✐♦♥ ✐♥✈♦❧✈❡ )♦♠❡ )♣❡❝✐❛❧ ❢✉♥❝#✐♦♥)✳ ■♥ ♣❛;✲

#✐❝✉❧❛;✱ #❤❡ ❣❛♠♠❛ ❢✉♥❝#✐♦♥ Γ(r) =
∫∞

0
wr−1e−wdw ✭r > 0✮✱ ❛♥❞ ♦#❤❡; ❢✉♥❝#✐♦♥) ❣✐✈❡♥

✐♥ ❆♣♣❡♥❞✐❝❡) ❆ ❛♥❞ ❇✳ ■♥ ♦;❞❡; #♦ ♦❜#❛✐♥ µ′
s✱ ✇❡ ;❡2✉✐;❡ ❛♥ ✐♥#❡❣;❛❧ ♦❢ #❤❡ #②♣❡

✭✹✳✷✮ I(s;λ⋆, β⋆, k) =

∫ ∞

0

xs e−(λ⋆x+β⋆xk) dx.

❲❡ ♣;♦✈✐❞❡ ❢♦✉; ;❡♣;❡)❡♥#❛#✐♦♥) ❢♦; ✭✹✳✷✮✳ ❋✐;)#✱ ❜② ❡①♣❛♥❞✐♥❣ e−λ⋆x
✐♥ ❚❛②❧♦; )❡;✐❡)✱ ✇❡

♦❜#❛✐♥

I(s;λ⋆, β⋆, k) =
∞∑

j=0

(−λ⋆)j

j!

∫ ∞

0

xs+j e−β⋆xkdx

=
1

kβ⋆(s+1)/k

∞∑

j=0

(−1)j

j!

(
λ⋆

β⋆1/k

)j

Γ

(
s+ 1 + j

k

)
.

❚❤❡ ❛❜♦✈❡ )✉♠ ❝❛♥ ❜❡ ❡①♣;❡))❡❞ ✐♥ ❛ )✐♠♣❧❡ ❢♦;♠ ❢♦; k > 1 ✉)✐♥❣ #❤❡ ❋♦①✕❲;✐❣❤#
❣❡♥❡;❛❧✐③❡❞ ❤②♣❡;❣❡♦♠❡#;✐❝ ❢✉♥❝#✐♦♥ ❞❡✜♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❲❡ ❤❛✈❡

✭✹✳✸✮ I(s;λ⋆, β⋆, k) =
1

kβ⋆(s+1)/k 1Ψ0

[ (
s+1
k

, 1
k

)

− ;− λ⋆

β⋆1/k

]
.

❆♣♣❧②✐♥❣ ✭✹✳✸✮ #♦ ✭✹✳✶✮✱ ✇❡ ❝❛♥ ✇;✐#❡

✭✹✳✹✮ µ′
s = E(Xs) =

∞∑

m=0

Vm [λ⋆ I(s;λ⋆, β⋆, k) + β⋆ k I(s+ λ⋆ − 1;λ⋆, β⋆, k)] .

❙❡❝♦♥❞❧②✱ ✇❡ ♦✛❡; #✇♦ ❢♦;♠✉❧❛❡ ❢♦; #❤❡ ✐♥#❡❣;❛❧ ✭✹✳✷✮ ♣;♦✈✐❞❡❞ #❤❛# k = p/q✱ ✇❤❡;❡
p ≥ 1 ❛♥❞ q ≥ 1 ❛;❡ ;❡❧❛#✐✈❡❧② ♥❛#✉;❛❧ ❝♦✲♣;✐♠❡ ♥✉♠❜❡;)✳ ❲❡ ✉)❡ ❡2✉❛#✐♦♥ ✭✷✳✸✳✷✳✶✸✮ ✐♥
❬✷✻✱ ♣✳ ✸✷✶❪ #♦ ♦❜#❛✐♥ ❢♦;♠✉❧❛❡ ❢♦; I(s;λ⋆, β⋆, k) ✇❤❡♥ 0 < k < 1 ❛♥❞ k > 1✳ ❲❡ ❡①❝❧✉❞❡



✶✷✶✼

 ❤❡ ❝❛%❡ k = 1 %✐♥❝❡  ❤❡ ♠♦❞❡❧ ✐% ♥♦♥✲✐❞❡♥ ✐✜❛❜❧❡✳ ❋♦1 ✐11❛ ✐♦♥❛❧ k✱ ❛♥ ❛♣♣1♦①✐♠❛ ✐♦♥ ♦❢

✈❛♥✐%❤✐♥❣❧② %♠❛❧❧ ❡11♦1 ❝❛♥ ❜❡ ♠❛❞❡ ✉%✐♥❣ ✐♥❝1❡❛%✐♥❣❧② ❛❝❝✉1❛ ❡ 1❛ ✐♦♥❛❧ ❛♣♣1♦①✐♠❛ ✐♦♥%

❢♦1 k✳ ▲❡ z = (ppβ⋆q)/(qqλ⋆p)✱ pFq(a1, . . . , ap; b1, . . . , bq;x) ❜❡  ❤❡ ✇❡❧❧✲❦♥♦✇♥ ❣❡♥❡1✲

❛❧✐③❡❞ ❤②♣❡1❣❡♦♠❡ 1✐❝ ❢✉♥❝ ✐♦♥ ❛♥❞ ∆(τ, a) = (a/τ, (a + 1)/τ, . . . , (a + τ − 1)/τ)✳ ❚❤❡

❣❡♥❡1❛❧✐③❡❞ ❤②♣❡1❣❡♦♠❡ 1✐❝ ❢✉♥❝ ✐♦♥% ❛1❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ▼❛"❤❡♠❛"✐❝❛✳ ❋♦1 0 < k < 1✱ ✇❡

♦❜ ❛✐♥

I(s;λ⋆, β⋆, k) =

q−1∑

j=0

(−β⋆)j Γ(s+ 1 + jp/q)

λ⋆(s+1+jp/q) j!

× p+1Fq (1,∆(p, s+ 1 + jp/q);∆(q, 1 + j); (−1)qz) .

✭✹✳✺✮

❋♦1 γ > 1✱ ✇❡ ❤❛✈❡

I(s;λ⋆, β⋆, k) =

p−1∑

j=0

(−1)j q Γ ([s+ 1 + j]q/p)

p β⋆(s+1+j)q/p j!

× q+1Fp

(
1,∆(q, [s+ 1 + j]q/p);∆(p, 1 + j);

(−1)p

z

)
.

✭✹✳✻✮

❆ ❢♦✉1 ❤ 1❡♣1❡%❡♥ ❛ ✐♦♥ ❢♦1  ❤❡ ✐♥ ❡❣1❛❧ ✭✹✳✷✮ ❛❧%♦ ❤♦❧❞% ✇❤❡♥ k = p/q✱ ✇❤❡1❡ p ≥ 1
❛♥❞ q ≥ 1 ❛1❡ ♥❛ ✉1❛❧ ❝♦✲♣1✐♠❡ ♥✉♠❜❡1%✳ ■ ❢♦❧❧♦✇% ✐♥  ❡1♠% ♦❢  ❤❡ ▼❡✐❥❡1 Gm,n

p,q ❢✉♥❝ ✐♦♥

❞❡✜♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇ ❛♥❞ ❛❧%♦ ❛✈❛✐❧❛❜❧❡ ✐♥▼❛"❤❡♠❛"✐❝❛✳ ❋♦1 ❛♥ ❛1❜✐ 1❛1② ❢✉♥❝ ✐♦♥ g(·)✱
✇❡ ✉%❡  ❤❡ 1❡%✉❧ 

exp{−g(x)} = G1,0
0,1

(
g(x)

∣∣ −
0

)
,✭✹✳✼✮

❛♥❞  ❤❡♥ ❡K✉❛ ✐♦♥ ✭✹✳✷✮ ❝❛♥ ❜❡ ❡①♣1❡%%❡❞ ✐♥  ❤❡ %❛♠❡ ❢♦1♠ ♦❢ ❡K✉❛ ✐♦♥ ✭✷✳✷✹✳✸✳✶✮ ❣✐✈❡♥

❜② ❬✷✻✱ ♣✳ ✸✺✵❪✳ ❍❡♥❝❡✱ ✇❡ ♦❜ ❛✐♥

I(s;λ⋆, β⋆, k) =
ps+1/2

(2π)(p+q)/2−1 λ⋆s+1 Gq,p
p,q

(
β⋆q pp

λ⋆p qq

∣∣∣∣
−s
p
, 1−s

p
, . . . , p−s−1

p

0

)
.✭✹✳✽✮

❋✉1 ❤❡1✱ ✐❢ q = 1✱ ✉%✐♥❣ ❡K✉❛ ✐♦♥ ✭✾✳✸✶✳✷✮ ✐♥ ❬✶✵❪

Gm,n
p,q

(
z−1| ar

bs

)
= Gn,m

q,p

(
z
∣∣ 1− bs
1− ar

)
,

✇❡ ❤❛✈❡✱ ❛% ❛ %♣❡❝✐❛❧ ❝❛%❡ ♦❢ ✭✹✳✽✮✱  ❤❡ ❢♦❧❧♦✇✐♥❣ 1❡%✉❧ ❬✸❪

I(s;λ⋆, β⋆, k) =
ps+1/2

(2π)(p−1)/2 λ⋆s+1 Gp,1
1,p

(
λ⋆p

β⋆ pp

∣∣∣∣
1

(s+1)
p

, (s+2)
p

, . . . , (s+p)
p

)

.

❊K✉❛ ✐♦♥% ✭✹✳✸✮✱ ✭✹✳✹✮✱ ✭✹✳✺✮✱ ✭✹✳✻✮ ❛♥❞ ✭✹✳✽✮ ❛1❡  ❤❡ ♠❛✐♥ 1❡%✉❧ % ♦❢  ❤✐% %❡❝ ✐♦♥✳

✹✳✷✳ ■♥❝♦♠♣❧❡+❡ ▼♦♠❡♥+-✳ ❋♦1 ❧✐❢❡ ✐♠❡ ♠♦❞❡❧%✱ ✐ ✐% ✉%❡❢✉❧  ♦ ♦❜ ❛✐♥  ❤❡ s ❤ ✐♥❝♦♠✲

♣❧❡ ❡ ♠♦♠❡♥ ♦❢ X ❣✐✈❡♥ ❜② Ts(y) =
∫ y

0
xs f(x)dx✳ ❲❡ ❞❡✜♥❡ J(s, a) = J(s, a;β, γ) =∫ a

0
xs e−βxγdx✳ ▼♦1❡♦✈❡1✱ ✐ ✐% %✐♠♣❧❡  ♦ ✈❡1✐❢② ❢1♦♠ ✭✶✳✻✮  ❤❛ Ts(y) ❝❛♥ ❜❡ ❡①♣1❡%%❡❞ ❛%

Ts(y) =

∫ y

0

xs (λ⋆ + β⋆ k xk−1) e−(λ⋆x+β⋆xk)dx.

❇② ❡①♣❛♥❞✐♥❣  ❤❡ ❡①♣♦♥❡♥ ✐❛❧ ✐♥  ❤❡ ❧❛% ❡①♣1❡%%✐♦♥✱ ✇❡ ❤❛✈❡

✭✹✳✾✮ Ts(y) =
∞∑

j=0

(−1)jλ⋆j

j!
[λ⋆ J(s+ j, y) + β⋆k J(s+ k − 1, y)] .



✶✷✶✽

❲❡ ♥♦✇ ♣&♦✈✐❞❡ ❛ ❢♦&♠✉❧❛ ❢♦& Ts(y) ✐♥ /❡&♠0 ♦❢ /❤❡ ▼❡✐❥❡&G
m,n
p,q ❢✉♥❝/✐♦♥ ✭0❡❡ ❆♣♣❡♥❞✐①

❇✮ ✇❤✐❝❤ ❤♦❧❞0 ♦♥❧② ✇❤❡♥ k = p/q✱ ✇❤❡&❡ p ≥ 1 ❛♥❞ q ≥ 1 ❛&❡ ♥❛/✉&❛❧ ❝♦✲♣&✐♠❡ ♥✉♠❜❡&0✳
❇② ✉0✐♥❣ ✭✹✳✼✮✱ ✇❡ ❝❛♥ ✇&✐/❡

J(s, a) =

∫ a

0

xs G1,0
0,1

(
β⋆xp/q | −

0

)
dx.

❇② ✉0✐♥❣ ❡B✉❛/✐♦♥ ✭✷✳✷✹✳✷✳✷✮ ✐♥ ❬✷✻✱ ♣✳ ✸✹✽❪✱ ✇❡ ❝❛♥ ❡①♣&❡00 J(s, a) ❛0

✭✹✳✶✵✮ J(s, a) =
q ap(s+1)

p (2π)(q−1)/2
Gq,p

p,p+q

(
β⋆q ap

qq

∣∣∣∣
−s
p
, 1−s

p
, . . . , p−s−1

p
,−

0, −s−1
p

, s
p
, . . . , p−s−2

p

)

.

❈♦♠❜✐♥✐♥❣ ❡B✉❛/✐♦♥0 ✭✹✳✾✮ ❛♥❞ ✭✹✳✶✵✮✱ ✇❡ ♦❜/❛✐♥ /❤❡ ✐♥❝♦♠♣❧❡/❡ ♠♦♠❡♥/0 ♦❢ X✳

✹✳✸✳ ●❡♥❡&❛(✐♥❣ ❋✉♥❝(✐♦♥✳ ❋♦& t < λ⋆
✱ /❤❡ ♠❣❢ ♦❢ X ❢♦❧❧♦✇0 ❢&♦♠ ✭✹✳✶✮ ❛0

M(t) =
∞∑

m=0

Vm I(s;λ⋆ − t, β⋆, k).

❚❤✉0✱ ✇❡ ❝❛♥ ✉0❡ /❤❡ &❡0✉❧/0 ✐♥ ❙❡❝/✐♦♥ ✹✳✶ /♦ ♦❜/❛✐♥ ❛♥ ❡①♣❧✐❝✐/ ❡①♣&❡00✐♦♥ ❢♦&M(t)

M(t) =
∞∑

m=0

Vm

[
1

kβ⋆(s+1)/k

∞∑

j=0

(−1)j

j!

(
λ⋆ − t

β⋆1/k

)j

Γ

(
s+ 1 + j

k

)]

.

✺✳ "❛$❛♠❡'❡$ ❊)'✐♠❛'✐♦♥

✺✳✶✳ ▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡8(✐♠❛(✐♦♥✳ ❙❡✈❡&❛❧ ❛♣♣&♦❛❝❤❡0 ❢♦& ♣❛&❛♠❡/❡& ❡0/✐♠❛/✐♦♥

✇❡&❡ ♣&♦♣♦0❡❞ ✐♥ /❤❡ ❧✐/❡&❛/✉&❡ ❜✉/ /❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ♠❡/❤♦❞ ✐0 /❤❡ ♠♦0/ ❝♦♠✲

♠♦♥❧② ❡♠♣❧♦②❡❞✳ ❚❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡0/✐♠❛/❡0 ✭▼▲❊0✮ ❡♥❥♦② ❞❡0✐&❛❜❧❡ ♣&♦♣❡&/✐❡0

❛♥❞ ❝❛♥ ❜❡ ✉0❡❞ ✇❤❡♥ ❝♦♥0/&✉❝/✐♥❣ ❝♦♥✜❞❡♥❝❡ ✐♥/❡&✈❛❧0 ❛♥❞ /❡0/ 0/❛/✐0/✐❝0✳ ▲❛&❣❡ 0❛♠♣❧❡

/❤❡♦&② ❢♦& /❤❡0❡ ❡0/✐♠❛/❡0 ❞❡❧✐✈❡&0 0✐♠♣❧❡ ❛♣♣&♦①✐♠❛/✐♦♥0 /❤❛/ ✇♦&❦ ✇❡❧❧ ✐♥ ✜♥✐/❡ 0❛♠✲

♣❧❡0✳ ❍♦✇❡✈❡&✱ ✇❡ ❝❛♥ ❛♣♣&♦①✐♠❛/❡ B✉❛♥/✐/✐❡0 0✉❝❤ ❛0 /❤❡ ❞❡♥0✐/② ♦❢ /❡0/ 0/❛/✐0/✐❝0 /❤❛/

❞❡♣❡♥❞ ♦♥ /❤❡ 0❛♠♣❧❡ 0✐③❡ ✐♥ ♦&❞❡& /♦ ♦❜/❛✐♥ ❜❡//❡& ❛♣♣&♦①✐♠❛/✐♦♥ ❢♦& /❤❡ ▼▲❊0✱ ✇❤✐❝❤

❝❛♥ ❜❡ ❡❛0✐❧② ❤❛♥❞❧❡❞ ❡✐/❤❡& ❛♥❛❧②/✐❝❛❧❧② ♦& ♥✉♠❡&✐❝❛❧❧②✳

▲❡/ θ = (λ, β, k, α, γ) ❜❡ /❤❡ ♣❛&❛♠❡/❡& ✈❡❝/♦& ♦❢ /❤❡ ❑✇❊❲ ❞✐0/&✐❜✉/✐♦♥✳ ❚❤❡ ❧♦❣✲
❧✐❦❡❧✐❤♦♦❞ ❢♦& θ ❣✐✈❡♥ /❤❡ ❞❛/❛ 0❡/ x1, . . . , xn ♦❜/❛✐♥❡❞ ❢&♦♠ ✭✶✳✻✮ ✐0 ❣✐✈❡♥ ❜②

ℓ(θ) = n [log(α) + log(γ)] +
n∑

i=1

log
(
e− xki β−xiλ

)

− (1− α)

n∑

i=1

log
(
1− e−xki β−xiλ

)
+

n∑

i=1

log
(
kxk−1

i β + λ
)

− (1− γ)

n∑

i=1

log
{
1−

(
1− e−xki β−xiλ

)α}
.✭✺✳✶✮



✶✷✶✾

❚❤❡ ❛$$♦❝✐❛(❡❞ ♥♦♥❧✐♥❡❛, ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❡0✉❛(✐♦♥$

∂ℓ(θ)
∂θ

= 0 ❛,❡ ❣✐✈❡♥ ❜②

∂ℓ(θ)

∂λ
=

n∑

i=1

−xi + (α− 1)
n∑

i=1

e−λxi−βxki xi

1− e−λxi−βxk
i

+
n∑

i=1

1

λ+ kβx−1+k
i

− (γ − 1)

n∑

i=1

e−λxi−βxki

(
1− e−λxi−βxki

)
−1+ααxi

1−
(
1− e−λxi−βxk

i

)α = 0,

∂ℓ(θ)

∂β
=

n∑

i=1

−xk
i + (α− 1)

n∑

i=1

e−λxi−βxki xk
i

1− e−λxi−βxk
i

+

n∑

i=1

kx−1+k
i

λ+ kβx−1+k
i

− (γ − 1)

n∑

i=1

e−λxi−βxki

(
1− e−λxi−βxki

)
−1+ααxk

i

1−
(
1− e−λxi−βxk

i

)
α

= 0,

∂ℓ(θ)

∂k
=

n∑

i=1

−β log (xi)x
k
i + (α− 1)

n∑

i=1

e−λxi−βxki β log (xi) x
k
i

1− e−λxi−βxk
i

− (γ − 1)

n∑

i=1

e−λxi−βxki

(
1− e−λxi−βxki

)−1+α

αβ log (xi) x
k
i

1−
(
1− e−λxi−βxk

i

)α

+

n∑

i=1

β x−1+k
i + k β log (xi) x

−1+k
i

λ+ k β x−1+k
i

= 0,

∂ℓ(θ)

∂α
=

n

α
+

n∑

i=1

log
(
1− e−λxi−βxki

)
− (γ − 1)

×
n∑

i=1

(
1− e−λxi−βxki

)α
log
(
1− e−λxi−βxki

)

1−
(
1− e−λxi−βxk

i

)α = 0 ,

∂ℓ(θ)

∂γ
=

n

γ
+

n∑

i=1

▲♦❣

{
1−

(
1− e−λxi−βxki

)α}
= 0.✭✺✳✷✮

❋♦, ❡$(✐♠❛(✐♥❣ (❤❡ ♠♦❞❡❧ ♣❛,❛♠❡(❡,$✱ ♥✉♠❡,✐❝❛❧ ✐(❡,❛(✐✈❡ (❡❝❤♥✐0✉❡$ $❤♦✉❧❞ ❜❡ ❡♠✲

♣❧♦②❡❞ (♦ $♦❧✈❡ (❤❡$❡ ❡0✉❛(✐♦♥$✳ ❲❡ ❝❛♥ ✐♥✈❡$(✐❣❛(❡ (❤❡ ❣❧♦❜❛❧ ♠❛①✐♠✉♠ ♦❢ (❤❡ ❧♦❣✲

❧✐❦❡❧✐❤♦♦❞ ❜② $❡((✐♥❣ ❞✐✛❡,❡♥( $(❛,(✐♥❣ ✈❛❧✉❡$ ❢♦, (❤❡ ♣❛,❛♠❡(❡,$✳ ❚❤❡ ✐♥❢♦,♠❛(✐♦♥ ♠❛✲

(,✐① ✇✐❧❧ ❜❡ ,❡0✉✐,❡❞ ❢♦, ✐♥(❡,✈❛❧ ❡$(✐♠❛(✐♦♥✳ ❚❤❡ ❡❧❡♠❡♥($ ♦❢ (❤❡ 5 × 5 (♦(❛❧ ♦❜$❡,✈❡❞
✐♥❢♦,♠❛(✐♦♥ ♠❛(,✐① J(θ) = {Jrs(θ)} ✭❢♦, r, s = λ, β, k, α, γ✮ ❝❛♥ ❜❡ ♦❜(❛✐♥❡❞ ❢,♦♠ (❤❡

❛✉(❤♦,$ ✉♣♦♥ ,❡0✉❡$(✳ ❚❤❡ ❛$②♠♣(♦(✐❝ ❞✐$(,✐❜✉(✐♦♥ ♦❢ (θ̂ − θ) ✐$ N5(O,K(θ)−1)✱ ✉♥❞❡,
$(❛♥❞❛,❞ ,❡❣✉❧❛,✐(② ❝♦♥❞✐(✐♦♥$✱ ✇❤❡,❡ K(θ) = E{J(θ)} ✐$ (❤❡ ❡①♣❡❝(❡❞ ✐♥❢♦,♠❛(✐♦♥ ♠❛✲
(,✐① ❛♥❞ J(θ̂) ✐$ (❤❡ ♦❜$❡,✈❡❞ ✐♥❢♦,♠❛(✐♦♥ ♠❛(,✐① ❡✈❛❧✉❛(❡❞ ❛( θ̂✳ ❚❤❡ ♠✉❧(✐✈❛,✐❛(❡ ♥♦,♠❛❧

N5(O, J(θ̂)−1) ❞✐$(,✐❜✉(✐♦♥ ❝❛♥ ❜❡ ✉$❡❞ (♦ ❝♦♥$(,✉❝( ❛♣♣,♦①✐♠❛(❡ ❝♦♥✜❞❡♥❝❡ ✐♥(❡,✈❛❧$ ❢♦,
(❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛,❛♠❡(❡,$✳

✺✳✷✳ ❇❛②❡'✐❛♥ ❛♥❛❧②'✐'✳ ■♥ (❤❡ ❇❛②❡$✐❛♥ ❛♣♣,♦❛❝❤✱ (❤❡ ✐♥❢♦,♠❛(✐♦♥ ,❡❢❡,,✐♥❣ (♦ (❤❡

♠♦❞❡❧ ♣❛,❛♠❡(❡,$ ✐$ ♦❜(❛✐♥❡❞ (❤,♦✉❣❤ ❛ ♣♦$(❡,✐♦, ♠❛,❣✐♥❛❧ ❞✐$(,✐❜✉(✐♦♥✳ ❍❡,❡✱ ✇❡ ✉$❡ (❤❡

$✐♠✉❧❛(✐♦♥ ♠❡(❤♦❞ ♦❢ ▼❛,❦♦✈ ❈❤❛✐♥ ▼♦♥(❡ ❈❛,❧♦ ✭▼❈▼❈✮ ❜② (❤❡ ▼❡(,♦♣♦❧✐$✲❍❛$(✐♥❣$

❛❧❣♦,✐(❤♠✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ♥♦ ♣,✐♦, ✐♥❢♦,♠❛(✐♦♥ ❢,♦♠ ❤✐$(♦,✐❝❛❧ ❞❛(❛ ♦, ❢,♦♠ ♣,❡✈✐♦✉$

❡①♣❡,✐♠❡♥(✱ ✇❡ ❛$$✐❣♥ ❝♦♥❥✉❣❛(❡ ❜✉( ✇❡❛❦❧② ✐♥❢♦,♠❛(✐✈❡ ♣,✐♦, ❞✐$(,✐❜✉(✐♦♥$ (♦ (❤❡ ♣❛✲

,❛♠❡(❡,$✳ ❲❡ ❛$$✉♠❡ ✐♥❢♦,♠❛(✐✈❡ ✭❜✉( ✇❡❛❦❧②✮ ♣,✐♦, ❞✐$(,✐❜✉(✐♦♥ ❛♥❞ (❤❡♥ (❤❡ ♣♦$(❡,✐♦,

❞✐$(,✐❜✉(✐♦♥ ✐$ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ♣,♦♣❡, ❞✐$(,✐❜✉(✐♦♥✳ ❲❡ ❛❧$♦ ❛$$✉♠❡ (❤❛( (❤❡ ❡❧❡♠❡♥($ ♦❢ (❤❡



✶✷✷✵

♣❛"❛♠❡%❡" ✈❡❝%♦" ❛"❡ ✐♥❞❡♣❡♥❞❡♥% ❛♥❞ %❤❛% %❤❡ ❥♦✐♥% ♣"✐♦" ❞✐.%"✐❜✉%✐♦♥ ❢♦" ❛❧❧ ✉♥❦♥♦✇♥

♣❛"❛♠❡%❡". ❤❛. ❛ ♣❞❢ ❣✐✈❡♥ ❜②

π(λ, β, k, α, γ) ∝ π(λ)× π(β)× π(k)× π(α)× π(γ).✭✺✳✸✮

❍❡"❡✱ λ ∼ Γ(a1, b1)✱ β ∼ Γ(a2, b2)✱ k ∼ Γ(a3, b3)✱ α ∼ Γ(a4, b4) ❛♥❞ γ ∼ Γ(a5, b5)✱
✇❤❡"❡ Γ(ai, bi) ❞❡♥♦%❡. ❛ ❣❛♠♠❛ ❞✐.%"✐❜✉%✐♦♥ ✇✐%❤ ♠❡❛♥ ai/bi✱ ✈❛"✐❛♥❝❡ ai/b

2
i ❛♥❞ ❞❡♥.✐%②

❢✉♥❝%✐♦♥ ❣✐✈❡♥ ❜②

f(υ; ai, bi) =
bai
i υai−1 exp(−υbi)

Γ(ai)
,

✇❤❡"❡ υ > 0✱ ai > 0 ❛♥❞ bi > 0✳ ❆❧❧ ❤②♣❡"✲♣❛"❛♠❡%❡". ❛"❡ .♣❡❝✐✜❡❞✳ ❈♦♠❜✐♥✐♥❣ %❤❡

❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝%✐♦♥ ✭✺✳✶✮ ❛♥❞ %❤❡ ♣"✐♦" ❞✐.%"✐❜✉%✐♦♥ ✭✺✳✸✮✱ %❤❡ ❥♦✐♥% ♣♦.%❡"✐♦" ❞✐.%"✐❜✉%✐♦♥

❢♦" λ✱ β✱ k✱ α ❛♥❞ γ "❡❞✉❝❡. %♦

π(λ, β, k, α, γ|x) ∝ (αγ)n e−λ
∑n

i=1 xi−β
∑n

i=1 xki

n∏

i=1

{(
λ+ kβxk−1

i

)

×
(
1− e−λxi−βxki

)−1+α {
1−

(
1− e−λxi−βxki

)α}−1+γ
}

× π(λ, β, k, α, γ).✭✺✳✹✮

❚❤❡ ❥♦✐♥% ♣♦.%❡"✐♦" ❞❡♥.✐%② ❛❜♦✈❡ ✐. ❛♥❛❧②%✐❝❛❧❧② ✐♥%"❛❝%❛❜❧❡ ❜❡❝❛✉.❡ %❤❡ ✐♥%❡❣"❛%✐♦♥ ♦❢

%❤❡ ❥♦✐♥% ♣♦.%❡"✐♦" ❞❡♥.✐%② ✐. ♥♦% ❡❛.② %♦ ♣❡"❢♦"♠✳ ■♥ %❤✐. ❞✐"❡❝%✐♦♥✱ ✇❡ ✜".% ♦❜%❛✐♥ %❤❡

❢✉❧❧ ❝♦♥❞✐%✐♦♥❛❧ ❞✐.%"✐❜✉%✐♦♥. ♦❢ %❤❡ ✉♥❦♥♦✇♥ ♣❛"❛♠❡%❡". ❣✐✈❡♥ ❜②

π(λ|x, β, k, α, γ) ∝ e−λ
∑n

i=1 xi

n∏

i=1

{(
λ+ kβxk−1

)(
1− e−λxi−βxki

)−1+α

×
{
1−

(
1− e−λxi−βxki

)α}−1+γ
}
× π(λ),

π(β|x, λ, k, α, γ) ∝ e−β
∑n

i=1 xki

n∏

i=1

{(
λ+ kβxk−1

i

)(
1− e−λxi−βxki

)−1+α

×
{
1−

(
1− e−λxi−βxki

)α}−1+γ
}
× π(β),

π(k|x, λ, β, α, γ) ∝ e−β
∑n

i=1 xki

n∏

i=1

{(
λ+ kβxk−1

i

)(
1− e−λxi−βxki

)−1+α

×
{
1−

(
1− e−λxi−βxki

)α}−1+γ
}
× π(k),

π(α|x, λ, β, k, γ) ∝ αn
n∏

i=1

{(
1− e−λxi−βxki

)α

×
{
1−

(
1− e−λxi−βxki

)α}−1+γ
}
× π(α)

❛♥❞

π(γ|x, λ, β, k, α) ∝ γn
n∏

i=1

{
1−

(
1− e−λxi−βxki

)α}γ

× π(γ).

❙✐♥❝❡ %❤❡ ❢✉❧❧ ❝♦♥❞✐%✐♦♥❛❧ ❞✐.%"✐❜✉%✐♦♥. ❢♦" λ✱ β✱ k✱ α ❛♥❞ γ ❞♦ ♥♦% ❤❛✈❡ ❡①♣❧✐❝✐%

❡①♣"❡..✐♦♥.✱ ✇❡ "❡H✉✐"❡ %❤❡ ✉.❡ ♦❢ %❤❡ ▼❡%"♦♣♦❧✐.✲❍❛.%✐♥❣. ❛❧❣♦"✐%❤♠✳



✶✷✷✶

❚❛❜❧❡ ✸✳ ❊♠♣✐$✐❝❛❧ ♠❡❛♥* ❛♥❞ ,❤❡ ❘▼❙❊* ✐♥ ♣❛$❡♥,❤❡*❡* ❢♦$ β = 1

♥ λ̂ β̂ k̂ α̂ γ̂

λ = 2.3 k = 1.6 α = 1.5 γ = 1

✷✺✵ ✶✳✷✶✽ ✶✳✻✽✾ ✶✳✹✻✼ ✶✳✼✵✷ ✶✳✸✹✻

✭✵✳✾✺✹✮ ✭✵✳✺✶✼✮ ✭✵✳✾✼✽✮ ✭✶✳✺✾✼✮ ✭✶✳✺✶✵✮

✸✺✵ ✶✳✷✶✹ ✶✳✺✼✹ ✶✳✹✷✽ ✶✳✺✵✸ ✶✳✸✸✺

✭✵✳✽✾✼✮ ✭✵✳✺✵✶✮ ✭✵✳✽✸✹✮ ✭✶✳✹✺✸✮ ✭✶✳✹✼✽✮

✹✺✵ ✶✳✷✶✸ ✶✳✺✼✷ ✶✳✸✹✻ ✶✳✺✹✽ ✶✳✷✶✼

✭✵✳✽✾✺✮ ✭✵✳✹✾✽✮ ✭✵✳✼✹✵✮ ✭✶✳✹✵✹✮ ✭✶✳✶✺✻✮

λ = 3.4 k = 1.8 α = 2 γ = 2.3

✷✺✵ ✶✳✹✶✹ ✶✳✵✷✸ ✶✳✶✵✶ ✷✳✹✼✶ ✷✳✻✵✶

✭✶✳✷✷✶✮ ✭✵✳✼✹✷✮ ✭✵✳✹✺✻✮ ✭✷✳✶✵✷✮ ✭✷✳✶✵✷✮

✸✺✵ ✶✳✸✻✼ ✶✳✸✻✼ ✶✳✵✽✹ ✷✳✹✾✺ ✷✳✹✾✺

✭✵✳✾✶✽✮ ✭✵✳✾✵✹✮ ✭✵✳✷✽✺✮ ✭✷✳✶✵✹✮ ✭✷✳✶✵✹✮

✹✺✵ ✶✳✷✼✽ ✶✳✷✼✽ ✶✳✵✺✸ ✷✳✸✹✽ ✷✳✸✹✽

✭✶✳✵✶✷✮ ✭✵✳✽✹✸✮ ✭✵✳✸✷✹✮ ✭✶✳✾✹✺✮ ✭✶✳✾✹✺✮

λ = 0.4 k = 2 α = 2.5 γ = 1.4

✷✺✵ ✷✳✷✵✸ ✶✳✶✹✻ ✷✳✶✹✷ ✷✳✶✵✹ ✶✳✾✷✺

✭✵✳✾✻✷✮ ✭✵✳✼✻✺✮ ✭✵✳✾✼✽✮ ✭✶✳✷✸✶✮ ✭✶✳✵✷✹✮

✸✺✵ ✷✳✹✺✽ ✶✳✶✵✼ ✷✳✶✺✹ ✷✳✶✶✻ ✶✳✽✷✸

✭✵✳✼✽✹✮ ✭✵✳✹✺✷✮ ✭✵✳✹✺✵✮ ✭✶✳✶✶✹✮ ✭✵✳✾✼✽✮

✹✺✵ ✶✳✵✻✼ ✶✳✵✹✼ ✷✳✵✹✺ ✷✳✶✷✸ ✶✳✹✺✵

✭✵✳✹✺✷✮ ✭✵✳✺✾✻✮ ✭✵✳✷✺✽✮ ✭✶✳✵✽✵✮ ✭✵✳✽✺✻✮

λ = 3.2 k = 2.5 α = 1.5 γ = 3

✷✺✵ ✶✳✽✺✹ ✶✳✷✺✻ ✶✳✹✼✽ ✶✳✶✹✾ ✶✳✽✺✸

✭✵✳✾✷✼✮ ✭✵✳✹✺✶✮ ✭✵✳✸✵✶✮ ✭✵✳✽✺✻✮ ✭✶✳✹✷✵✮

✸✺✵ ✶✳✼✹✺ ✶✳✵✷✹ ✶✳✷✵✶ ✶✳✶✸✶ ✶✳✼✹✶

✭✵✳✽✹✼✮ ✭✵✳✷✸✼✮ ✭✵✳✷✶✹✮ ✭✵✳✼✷✸✮ ✭✶✳✷✵✹✮

✹✺✵ ✶✳✻✽✵ ✶✳✸✹✺ ✶✳✻✸✺ ✶✳✵✽✺ ✶✳✻✺✽

✭✵✳✼✽✹✮ ✭✵✳✹✼✽✮ ✭✵✳✹✽✶✮ ✭✵✳✹✺✻✮ ✭✶✳✵✵✹✮

✺✳✸✳ ❙✐♠✉❧❛,✐♦♥ /,✉❞②✳ ❲❡ ❛❧*♦ ❛**❡** ,❤❡ ♣❡$❢♦$♠❛♥❝❡ ♦❢ ,❤❡ ▼▲❊* ✐♥ ,❡$♠* ♦❢ ,❤❡

*❛♠♣❧❡ *✐③❡ n✳ ❚❤❡ *✐♠✉❧❛,✐♦♥ ✐* ♣❡$❢♦$♠❡❞ ✉*✐♥❣ ,❤❡ ❖① ♠❛,$✐① ♣$♦❣$❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✳
❚❤❡ ♥✉♠❜❡$ ♦❢ ▼♦♥,❡ ❈❛$❧♦ $❡♣❧✐❝❛,✐♦♥* ✐* 10, 000✳ ❋♦$ ♠❛①✐♠✐③✐♥❣ ,❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞
❢✉♥❝,✐♦♥✱ ✇❡ ✉*❡ ,❤❡ ▼❛①❇❋●❙ *✉❜$♦✉,✐♥❡ ✇✐,❤ ❛♥❛❧②,✐❝❛❧ ❞❡$✐✈❛,✐✈❡*✳ ❚❤❡ ❡✈❛❧✉❛,✐♦♥

♦❢ ,❤❡ ❡*,✐♠❛,❡* ✐* ♣❡$❢♦$♠❡❞ ❜❛*❡❞ ♦♥ ,❤❡ ❢♦❧❧♦✇✐♥❣ S✉❛♥,✐,✐❡* ❢♦$ ❡❛❝❤ *❛♠♣❧❡ *✐③❡✿ ,❤❡

❡♠♣✐$✐❝❛❧ ♠❡❛♥ *S✉❛$❡❞ ❡$$♦$* ✭▼❙❊*✮ ❛♥❞ ,❤❡ $♦♦, ▼❙❊* ✭❘▼❙❊*✮ ✉*✐♥❣ ,❤❡ ❘ ♣❛❝❦❛❣❡

❢$♦♠ ,❤❡ ▼♦♥,❡ ❈❛$❧♦ $❡♣❧✐❝❛,✐♦♥*✳ ❚❤❡ ✐♥✈❡$*✐♦♥ ♠❡,❤♦❞ ✐* ✉*❡❞ ,♦ ❣❡♥❡$❛,❡ *❛♠♣❧❡*✱

✐✳❡✳✱ ,❤❡ ✈❛$✐❛,❡* ❤❛✈✐♥❣ ,❤❡ ❑✇❊❲ ❞✐*,$✐❜✉,✐♦♥ ❛$❡ ❣❡♥❡$❛,❡❞ ✉*✐♥❣ ✭✸✳✶✵✮✳ ❚❤❡ ▼▲❊*

❛$❡ ❡✈❛❧✉❛,❡❞ ❢♦$ ❡❛❝❤ *✐♠✉❧❛,❡❞ ❞❛,❛✱ *❛② (λ̂i, β̂i, k̂i, α̂i, γ̂i) ✭❢♦$ i = 1, . . . , 10, 000✮ ❛♥❞
,❤❡ ❜✐❛*❡* ❛♥❞ ▼❙❊* ❛$❡ ❝♦♠♣✉,❡❞ ❜②

biash(n) =
1

10000

10000∑

i=1

(ĥi − h) ❛♥❞ MSEh(n) =
1

10000

10000∑

i=1

(ĥi − h)2

❢♦$ h = λ, β, k, α, γ✳
▲❡, ,❤❡ *❛♠♣❧❡ *✐③❡ ❜❡ n = 250, 350 ❛♥❞ 450 ❛♥❞ ❝♦♥*✐❞❡$ ❞✐✛❡$❡♥, ✈❛❧✉❡* ❢♦$ ,❤❡ *❤❛♣❡
♣❛$❛♠❡,❡$* λ✱ k✱α ❛♥❞ γ✱ ✇❤❡$❡❛* ,❤❡ *❝❛❧❡ ♣❛$❛♠❡,❡$ β ✐* ✜①❡❞ ❛, ♦♥❡✳ ❚❤❡ ❡♠♣✐$✐❝❛❧

$❡*✉❧,* ❛$❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✸✳



✶✷✷✷

❚❛❜❧❡ ✹✳ ▼▲❊# ♦❢ &❤❡ ♣❛+❛♠❡&❡+# ✭#&❛♥❞❛+❞ ❡++♦+# ✐♥ ♣❛+❡♥&❤❡#❡#✮ ❢♦+

&❤❡ ❆❛+#❡& ❞❛&❛

❉✐$%&✐❜✉%✐♦♥$ ❊$%✐♠❛%❡$

❲❡✐❜✉❧❧✭k , λ✮ ✸✳✹✹✶✶✾✼ ✹✼✳✵✺✵✺✹

✭✵✳✵✵✵✷✹✽✮ ✭✵✳✵✸✻✵✹✼✮

❊✲❲✭λ, β, k✮ ✵✳✵✶✽✻✷✵ ✵✳✵✹✵✹✽✸ ✵✳✸✼✸✻✸✺

✭✵✳✵✵✸✼✼✶✮ ✭✵✳✵✸✶✶✹✸✮ ✭✵✳✶✽✽✻✾✸✮

❊①%❲✭ a , b , c✮ ✵✳✵✷✼✽✸✻ ✵✳✾✹✷✶✸✼ ✵✳✵✷✵✷✼✽

✭✵✳✵✸✸✶✾✻✮ ✭✵✳✷✽✺✵✷✻✮ ✭✵✳✸✶✾✹✻✸✮

▼❖✲❊❲✭a , b , c , α✮ ✵✳✵✷✼✵✽✸ ✵✳✶✻✶✽✷✾ ✵✳✸✷✽✽✷✾ ✸✳✺✾✾✾✾✾

✭✵✳✵✵✻✶✽✹✮ ✭✵✳✶✷✹✶✾✻✮ ✭✵✳✶✹✸✽✹✹✮ ✭✶✳✽✼✶✵✷✮

❑✇✲❲✭a , b , c , λ✮ ✵✳✸✹✵✷✶✶ ✵✳✶✹✺✻✾✻ ✶✳✷✵✾✾✾✾ ✵✳✵✽✾✼✺✻

✭✵✳✷✵✶✻✾✾✮ ✭✵✳✶✵✻✼✼✷✮ ✭✵✳✷✾✹✸✺✺✮ ✭✵✳✵✼✾✽✼✸✮

❑✇❊❲✭λ , β , k , α , γ✮ ✵✳✵✵✹✸✻✻ ✵✳✷✵✾✾✾✾ ✵✳✶✶✻✼✻✹ ✸✳✺✶✻✹✸✷ ✶✽✳✾✾✾✾✾

✭✵✳✵✵✶✽✼✾✮ ✭✵✳✶✼✺✻✹✹✮ ✭✵✳✵✺✼✸✻✺✮ ✭✶✳✻✶✷✽✼✮ ✭✶✺✳✸✺✾✻✮

❚❤❡ ✜❣✉+❡# ✐♥ &❤✐# &❛❜❧❡ ✐♥❞✐❝❛&❡ &❤❛& &❤❡ ❡#&✐♠❛&❡# ❛+❡ :✉✐&❡ #&❛❜❧❡ ❛♥❞✱ ♠♦+❡ ✐♠♣♦+✲

&❛♥&❧②✱ ❛+❡ ❝❧♦#❡ &♦ &❤❡ &+✉❡ ✈❛❧✉❡# ❢♦+ &❤❡#❡ #❛♠♣❧❡ #✐③❡#✳ ❆❞❞✐&✐♦♥❛❧❧②✱ ❛# &❤❡ #❛♠♣❧❡ #✐③❡

✐♥❝+❡❛#❡#✱ &❤❡ ❘▼❙❊# ❞❡❝+❡❛#❡ ❛# ❡①♣❡❝&❡❞✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ &❤❛& &❤❡ ▼▲❊# ❛+❡ +♦❜✉#&✳

✻✳ ❆♣♣❧✐❝❛(✐♦♥

❍❡+❡✱ ✇❡ ♣+♦✈❡ &❤❡ ♣♦&❡♥&✐❛❧✐&② ♦❢ &❤❡ ❑✇❊❲ ❞✐#&+✐❜✉&✐♦♥ ❜② ♠❡❛♥# ♦❢ ❛ +❡❛❧ ❞❛&❛ #❡&

✉#✐♥❣ ❜♦&❤ ▼▲❊# ❛♥❞ ❇❛②❡#✐❛♥ ❛♣♣+♦❛❝❤❡#✳

✻✳✶✳ ❚❤❡ ▼▲❊- ❛♣♣/♦❛❝❤✳ ❇② ✉#✐♥❣ ▼▲❊# ♠❡&❤♦❞✱ ✇❡ ✜& &❤❡ &✇♦✲♣❛+❛♠❡&❡+ ❲❡✐❜✉❧❧

✭❲❡✐❜✉❧❧✮✱ ❡①♣♦♥❡♥&✐❛❧✲❲❡✐❜✉❧❧ ✭❊❲✮ ❬✺❪✱ ❡①&❡♥❞❡❞ ❲❡✐❜✉❧❧ ✭❊①&❲✮ ❬✷✵❪✱ ▼❛+#❤❛❧❧✲❖❧❦✐♥

❡①♣♦♥❡♥&✐❛❧✲❲❡✐❜✉❧❧ ✭▼❖✲❊❲✮ ❬✷✷❪✱ ❑✉♠❛+❛#✇❛♠② ❲❡✐❜✉❧❧ ✭❑✇✲❲✮ ❬✹❪ ❛♥❞ ❑✇❊❲ ❞✐#✲

&+✐❜✉&✐♦♥# &♦ &❤❡ ❆❛+#❡& ❞❛&❛ ❬✶❪ ♦♥ ❧✐❢❡&✐♠❡# ♦❢ ✺✵ ❝♦♠♣♦♥❡♥&#✱ ✇❤✐❝❤ ♣♦##❡## ❛ ❜❛&❤&✉❜✲

#❤❛♣❡❞ ❢❛✐❧✉+❡ +❛&❡ ♣+♦♣❡+&②✳ ❚❤❡ ❞❡♥#✐&② ❢✉♥❝&✐♦♥# ♦❢ &❤❡#❡ ♠♦❞❡❧# ❛+❡ ❣✐✈❡♥ ❜❡❧♦✇ ✭❢♦+

x > 0✮✿

• ❚❤❡ ❲❡✐❜✉❧❧ ❞❡♥#✐&② ❢✉♥❝&✐♦♥

f(x) =
k

λ

(x
λ

)k−1

e−(x/λ)k , k > 0, λ > 0;

• ❚❤❡ ❊❲ ❞❡♥#✐&② ❢✉♥❝&✐♦♥

f(x) =
(
λ+ β k xk−1

)
e−λ x−β xk , λ, β, k > 0;

• ❚❤❡ ❊①&❲ ❞❡♥#✐&② ❢✉♥❝&✐♦♥

f(x) = a (c+ b x)x−2+b e−c/x−axbe−c/x

, a, b > 0, c ≥ 0;

• ❚❤❡ ▼❖✲❊❲ ❞❡♥#✐&② ❢✉♥❝&✐♦♥

f(x) =
α
(
a+ b c x−1+c

)
e−(ax+bxc)

[1− (1− α) e−(ax+bxc)]
2 , λ, β, k, α > 0;

• ❚❤❡ ❑✇✲❲ ❞❡♥#✐&② ❢✉♥❝&✐♦♥

f(x) = a b c λc xc−1 e−(xλ)c
{
1− e−(xλ)c

}a−1 [
1−

{
1− e−(xλ)c

}a]b−1

,

a, b, c, λ > 0.

❚❤❡ ♣❛+❛♠❡&❡+# ♦❢ &❤❡ ❛❜♦✈❡ ❞✐#&+✐❜✉&✐♦♥# ❛+❡ ❡#&✐♠❛&❡❞ ❜② ♠❛①✐♠✐③✐♥❣ &❤❡ ❧♦❣✲

❧✐❦❡❧✐❤♦♦❞# ✉#✐♥❣ &❤❡ ◆▼❛①✐♠✐③❡ ❝♦♠♠❛♥❞ ✐♥ &❤❡ #②♠❜♦❧✐❝ ❝♦♠♣✉&❛&✐♦♥❛❧ ♣❛❝❦❛❣❡▼❛(❤✲

❡♠❛(✐❝❛✳ ❚❛❜❧❡ ✹ ❧✐#&# &❤❡ ▼▲❊# ✭❛♥❞ &❤❡ ❝♦++❡#♣♦♥❞✐♥❣ #&❛♥❞❛+❞ ❡++♦+# ✐♥ ♣❛+❡♥&❤❡#❡#✮

♦❢ &❤❡ ♣❛+❛♠❡&❡+#✳ ❚❛❜❧❡ ✺ ❣✐✈❡# &❤❡ ✈❛❧✉❡# ♦❢ ♠✐♥✉# &❤❡ ♠❛①✐♠✐③❡❞ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ✭−ℓ̂✮✱
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❉✐%&'✐❜✉&✐♦♥% −ℓ̂ ❆■❈ ❇■❈ A∗ W∗

❲❡✐❜✉❧❧✭k, λ✮ ✷✹✵✳✾✽ ✹✽✺✳✾✺✾ ✹✽✾✳✼✽✸ ✸✳✺✸✺✻✻ ✵✳✺✸✷✾✽✹

❊✲❲✭λ, β, k✮ ✷✸✾✳✹✻✸ ✹✽✹✳✾✷✼ ✹✾✵✳✻✻✸ ✷✳✾✷✽✼✸ ✵✳✺✶✸✵✸✻

❊①:❲✭a, b, c✮ ✷✹✵✳✾✺✼ ✹✽✼✳✾✶✹ ✹✾✸✳✻✺ ✸✳✺✹✷✺ ✵✳✺✸✺✹✾

▼❖✲❊❲✭a, b, c, α✮ ✷✸✺✳✺✶✺ ✹✼✾✳✵✸ ✹✽✻✳✻✼✽ ✷✳✷✶✼✵✻ ✵✳✸✹✺✷✹

❑✇✲❲✭a, b, c, λ✮ ✷✸✺✳✾✷✺ ✹✼✾✳✽✺✶ ✹✽✼✳✹✾✾ ✷✳✹✽✵✹✸ ✵✳✹✷✹✻✷✾

❑✇❊❲✭λ, β, k, α, γ✮ ✷✸✸✳✵✽✼ ✹✼✻✳✶✼✺ ✹✽✺✳✼✸✺ ✷✳✶✶✽✾✹ ✵✳✸✷✼✻✽
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❋✐❣✉$❡ ✺✳ ✭❢✮ ❚❤❡ ❡'(✐♠❛(❡❞ ❑✇❊❲ ❞❡♥'✐(② '✉♣❡5✐♠♣♦'❡❞ ♦♥ (❤❡ ❤✐'✲

(♦❣5❛♠ ❢♦5 (❤❡ ❆❛5'❡( ❞❛(❛ ✇✐(❤ ♦(❤❡5 ♠♦❞❡❧'✳ ✭❣✮ ❚❤❡ ❡♠♣✐5✐❝❛❧ ❝❞❢

❛♥❞ (❤❡ ❡'(✐♠❛(❡❞ ❝❞❢✬' ♦❢ ♦(❤❡5 ♠♦❞❡❧'✱ ✇❤❡5❡ ❑✇✲❊✇ ✐' 5❡♣5❡'❡♥(❡❞

❜② ✭❚❤✐❝❦ ❧✐♥❡✮✱ ❑✇✲❲ ❜② ✭❚❤✐♥ ❧✐♥❡✮✱ ▼❖✲❊❲ ❜② ✭▲♦♥❣ ❛♥❞ '❤♦5(

❞❛'❤❡❞ ❧✐♥❡✮✱ ❊①(❲ ❜② ✭▲♦♥❣ ❞❛'❤❡❞ ❧✐♥❡✮✱ ❊✲❲ ❜② ✭❞❛'❤❡❞ ❧✐♥❡✮ ❛♥❞

❲❡✐❜✉❧❧ ❜② ✭❉♦((❡❞ ❧✐♥❡✮

❆❦❛✐❦❡ ■♥❢♦5♠❛(✐♦♥ ❈5✐(❡5✐♦♥ ✭❆■❈✮✱ ❇❛②❡'✐❛♥ ■♥❢♦5♠❛(✐♦♥ ❈5✐(❡5✐♦♥ ✭❇■❈✮✱ ❆♥❞❡5'♦♥✲

❉❛5❧✐♥❣ ✭A∗
✮ ❛♥❞ ❈5❛♠H5✲✈♦♥ ▼✐'❡' ✭W ∗

✮ ❣♦♦❞♥❡''✲♦❢✲✜( '(❛(✐'(✐❝' ❢♦5 '♦♠❡ ✜((❡❞ ♠♦❞✲

❡❧'✳ ❙✐♥❝❡ (❤❡ ✈❛❧✉❡' ♦❢ (❤❡'❡ '(❛(✐'(✐❝' ❛5❡ '♠❛❧❧❡5 ❢♦5 (❤❡ ❑✇❊❲ ❞✐'(5✐❜✉(✐♦♥ ❝♦♠♣❛5❡❞

(♦ (❤♦'❡ ✈❛❧✉❡' ♦❢ (❤❡ ❲❡✐❜✉❧❧✱ ❊❲✱ ❊①(❲✱ ▼❖✲❊❲ ❛♥❞ ❑✇✲❲ ❞✐'(5✐❜✉(✐♦♥'✱ (❤❡ ♣5♦✲

♣♦'❡❞ ❞✐'(5✐❜✉(✐♦♥ ✐' ❛ ✈❡5② ❝♦♠♣❡(✐(✐✈❡ ♠♦❞❡❧ ❢♦5 ❧✐❢❡(✐♠❡ ❞❛(❛ ❛♥❛❧②'✐'✳ L❧♦(' ♦❢ (❤❡

✜((❡❞ ❑✇❊❲✱ ❲❡✐❜✉❧❧✱ ❊✲❲✱ ❊①(❲✱ ▼♦✲❊❲ ❛♥❞ ❑✇✲❲ ❞❡♥'✐(✐❡' ❛♥❞ (❤❡ ❤✐'(♦❣5❛♠ ♦❢

(❤❡ ❞❛(❛ ❛5❡ ❞✐'♣❧❛②❡❞ ✐♥ ❋✐❣✉5❡ ✺✭❢✮✳ ■♥ ❋✐❣✉5❡ ✺✭❣✮✱ ✇❡ ♣❧♦( (❤❡ ❡♠♣✐5✐❝❛❧ ❝✉♠✉❧❛(✐✈❡

❢✉♥❝(✐♦♥ ❛♥❞ (❤❡ ❡'(✐♠❛(❡❞ ❝❞❢✬' ❢♦5 (❤❡ ❑✇❊❲ ❛♥❞ ♦(❤❡5 ❞✐'(5✐❜✉(✐♦♥'✱ ✇❤✐❝❤ '❤♦✇' ❛

'❛(✐'❢❛❝(♦5② ✜( ♦❢ (❤❡ ♥❡✇ ♠♦❞❡❧✳

✻✳✷✳ ❇❛②❡-✐❛♥ ❛♣♣$♦❛❝❤✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❞❡♣❡♥❞❡♥( ♣5✐♦5' ❛5❡ ❝♦♥'✐❞❡5❡❞ (♦ ♣❡5❢♦5♠

(❤❡ ▼❡(5♦♣♦❧✐'✲❍❛'(✐♥❣' ❛❧❣♦5✐(❤♠✿ λ∼ Γ(0.01, 0.01)✱ β ∼ Γ(0.01, 0.01)✱ k ∼ Γ(0.01, 0.01)✱
α ∼ Γ(0.01, 0.01) ❛♥❞ γ ∼ Γ(0.01, 0.01)✱ '♦ (❤❛( ✇❡ ❤❛✈❡ ✈❛❣✉❡ ♣5✐♦5 ❞✐'(5✐❜✉(✐♦♥'✳ ❈♦♥✲

'✐❞❡5✐♥❣ (❤❡'❡ ♣5✐♦5 ❞❡♥'✐(② ❢✉♥❝(✐♦♥'✱ ✇❡ ❣❡♥❡5❛(❡ (✇♦ ♣❛5❛❧❧❡❧ ✐♥❞❡♣❡♥❞❡♥( 5✉♥' ♦❢ (❤❡

▼❡(5♦♣♦❧✐'✲❍❛'(✐♥❣' ✇✐(❤ '✐③❡ ✶✺✵✱✵✵✵ ❢♦5 ❡❛❝❤ ♣❛5❛♠❡(❡5✱ ❞✐'5❡❣❛5❞✐♥❣ (❤❡ ✜5'( ✶✺✳✵✵✵

✐(❡5❛(✐♦♥' (♦ ❡❧✐♠✐♥❛(❡ (❤❡ ❡✛❡❝( ♦❢ (❤❡ ✐♥✐(✐❛❧ ✈❛❧✉❡' ❛♥❞✱ (♦ ❛✈♦✐❞ ❝♦55❡❧❛(✐♦♥ ♣5♦❜❧❡♠'✱

✇❡ ❝♦♥'✐❞❡5 ❛ '♣❛❝✐♥❣ ♦❢ '✐③❡ ✶✵✱ ♦❜(❛✐♥✐♥❣ ❛ '❛♠♣❧❡ ♦❢ '✐③❡ ✶✸✱✺✵✵ ❢5♦♠ ❡❛❝❤ ❝❤❛✐♥✳ ❚♦

♠♦♥✐(♦5 (❤❡ ❝♦♥✈❡5❣❡♥❝❡ ♦❢ (❤❡ ▼❡(5♦♣♦❧✐'✲❍❛'(✐♥❣'✱ ✇❡ ♣❡5❢♦5♠ (❤❡ ♠❡(❤♦❞' '✉❣❣❡'(❡❞

❜② ❈♦✇❧❡' ❛♥❞ ❈❛5❧✐♥ ❬✼❪✳ ❚♦ ♠♦♥✐(♦5 (❤❡ ❝♦♥✈❡5❣❡♥❝❡ ♦❢ (❤❡ ▼❡(5♦♣♦❧✐'✲❍❛'(✐♥❣'✱ ✇❡ ✉'❡
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❋✐❣✉$❡ ✻✳ ❆♣♣"♦①✐♠❛(❡ ♣♦*(❡"✐♦" ♠❛"❣✐♥❛❧ ❞❡♥*✐(✐❡* ❢♦" (❤❡ ♣❛"❛♠❡✲

(❡"* ❢"♦♠ (❤❡ ❑✇❊❲ ♠♦❞❡❧ ❢♦" (❤❡ ❆❛"*❡( ❞❛(❛✳

(❤❡ ❜❡(✇❡❡♥ ❛♥❞ ✇✐(❤✐♥ *❡8✉❡♥❝❡ ✐♥❢♦"♠❛(✐♦♥✱ ❢♦❧❧♦✇✐♥❣ (❤❡ ❛♣♣"♦❛❝❤ ❞❡✈❡❧♦♣❡❞ ✐♥ ●❡❧✲

♠❛♥ ❛♥❞ ❘✉❜✐♥ ❬✾❪✱ (♦ ♦❜(❛✐♥ (❤❡ ♣♦(❡♥(✐❛❧ *❝❛❧❡ "❡❞✉❝(✐♦♥✱ R̂✳ ■♥ ❛❧❧ ❝❛*❡*✱ (❤❡*❡ ✈❛❧✉❡*
✇❡"❡ ❝❧♦*❡ (♦ ♦♥❡✱ ✐♥❞✐❝❛(✐♥❣ (❤❡ ❝♦♥✈❡"❣❡♥❝❡ ♦❢ (❤❡ ❝❤❛✐♥✳ ❚❤❡ ❛♣♣"♦①✐♠❛(❡ ♣♦*(❡"✐♦"
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(❤❡ ♣❛"❛♠❡(❡"* ❛♥❞ ❍O❉ "❡♣"❡*❡♥(* (❤❡ ✾✺✪ ❤✐❣❤❡*( ♣♦*(❡"✐♦" ❞❡♥*✐(② ✭❍O❉✮ ✐♥(❡"✈❛❧*✳

❚❛❜❧❡ ✻✳ O♦*(❡"✐♦" *✉♠♠❛"✐❡* ❢♦" (❤❡ ♣❛"❛♠❡(❡"* ❢"♦♠ (❤❡ ❑✇❊❲

♠♦❞❡❧ ❢♦" (❤❡ ❆❛"*❡( ❞❛(❛✳

O❛"❛♠❡(❡" ▼❡❛♥ ❙❉ ❍O❉ (95%) R̂

λ 0.0044 0.0007 (0.0031; 0.0057) 1.0052
β 0.2102 0.0050 (0.2005; 0.2200) 1.0002
k 0.1175 0.0227 (0.0740; 0.1630) 1.0018
α 3.5188 0.0934 (3.3338; 3.7012) 0.9999
γ 19.0003 0.2027 (18.6049; 19.3974) 1.0008

✼✳ ❇✐✈❛&✐❛'❡ ❑✇❊❲ ❉✐.'&✐❜✉'✐♦♥

❙✉♣♣♦*❡ U1 ∼ KwEW(γ1, α, λ, β, k)✱ U2 ∼ KwEW(γ2, α, λ, β, k) ❛♥❞
U3 ∼ KwEW(γ3, α, λ, β, k) ❛"❡ ✐♥❞❡♣❡♥❞❡♥(❧② ❞✐*("✐❜✉(❡❞✳ ❉❡✜♥❡ X1 = max(U1, U3) ❛♥❞



✶✷✷✺

X2 = max(U2, U3)✳ ❚❤❡♥ %❤❡ ❜✐✈❛*✐❛%❡ ✈❡❝%♦* (X1, X2) ∼ KwEW
(γ1, γ2, γ3, α, λ, β, k)✳

◆♦✇✱ ✇❡ ❝♦♥0%*✉❝% %❤❡ ❥♦✐♥% ❈❉❋ ♦❢ X1 ❛♥❞ X2✳ ❙✐♥❝❡

F (x1, x2) = P (X1 ≤ x1, X2 ≤ x2) ,

✇❡ ❤❛✈❡

F (x1, x2) = P (max(U1, U3) ≤ x1, (max(U2, U3) ≤ x2)

= P (U1 ≤ x1, U3 ≤ x1, U2 ≤ x2, U3 ≤ x2)

= P (U1 ≤ x1, U2 ≤ x2, U3 ≤ min(x1, x2) .

❙✐♥❝❡ Ui, i = 1, 2, 3 ❛*❡ ✐♥❞❡♣❡♥❞❡♥%✱ ♦♥❡ ❣❡%0

F (x1, x2) = P (U1 ≤ x1, U2 ≤ x2, U3 ≤ min(x1, x2)

= F (x1, γ1, α, λ, β, k)F (x2, γ2, α, λ, β, k)F (z, γ3, α, λ, β, k)

=
[
1−

{
1−

(
1− e−λ x1−β xk1

)α}γ1
]

[
1−

{
1−

(
1− e−λ x2−β xk2

)α}γ2
]

× 1−
{
1−

(
1− e−λ z−β zk

)α}γ3

,✭✼✳✶✮

✇❤❡*❡ z = min(x1, x2) .
❈♦♠❜✐♥✐♥❣ ✭✶✳✺✮ ❛♥❞ ✭✼✳✶✮✱ ✇❡ ♦❜%❛✐♥ %❤❡ ❥♦✐♥% ❝❞❢ ♦❢ %❤❡ ❜✐✈❛*✐❛%❡ ❑✇❊❲ ❞✐0%*✐❜✉%✐♦♥

❛0✿

F (x1, x2) =






[
1−

{
1−

(
1− e−λ x1−β xk1

)α}γ1+γ3

]

×
[
1−

{
1−

(
1− e−λ x2−β xk2

)α}γ2
]
, x1 ≤ x2

[
1−

{
1−

(
1− e−λ x1−β xk1

)α}γ1
]

×
[
1−

{
1−

(
1− e−λ x2−β xk2

)α}γ2+γ3

]
, x2 ≤ x1

1−
{
1−

(
1− e−λ x1−β xk1

)α}γ1+γ2+γ3

, x1 = x2 = x

.✭✼✳✷✮

❚❤❡ ❥♦✐♥% ♣❞❢ ♦❢ (X1, X2) ✐0 ❣✐✈❡♥ ❜②

f(x1, x2) =






f1(x1, x2) , x1 ≤ x2

f2(x1, x2) , x2 ≤ x1

f3(x1, x2) , x1 = x2 = x

.

◆♦✇✱ f1(x1, x2) ❛♥❞ f2(x1, x2) ❝❛♥ ❡❛0✐❧② ❜❡ ♦❜%❛✐♥❡❞ ❜② %❛❦✐♥❣ 0❡❝♦♥❞ ♦*❞❡* ♣❛*%✐❛❧

❞✐✛❡*❡♥%✐❛%✐♦♥ ✭✐✳❡ f(x1, x2) =
∂2F (x1,x2)

∂x1∂x2
✮ ♦❢ %❤❡ ❜✐✈❛*✐❛%❡ ❑✇❊❲ ❝❞❢ ❣✐✈❡♥ ✐♥ ✭✼✳✷✮ ❛♥❞

♦❜%❛✐♥ %❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦*♠0✿



✶✷✷✻

f1(x1, x2) = α2γ2(γ1 + γ3)
(
β(−k)xk−1

1 − λ
)(

β(−k)xk−1
2 − λ

)

×
(
1− e−λx1−βxk1

)α−1

e−λ(x1+x2)−β(xk1+xk2)
(
1− e−λx2−βxk2

)α−1

×
(
1−

(
1− e−λx2−βxk2

)α)γ2−1 (
1−

(
1− e−λx1−βxk1

)α)γ1+γ3−1

✭✼✳✸✮

❛♥❞

f2(x1, x2) = α2γ1(γ2 + γ3)
(
β(−k)xk−1

1 − λ
)(

β(−k)xk−1
2 − λ

)

×
(
1− e−λx1−βxk1

)α−1

e−λ(x1+x2)−β(xk1+xk2)
(
1− e−λx2−βxk2

)α−1

×
(
1−

(
1− e−λx2−βxk2

)α)γ1−1 (
1−

(
1− e−λx1−βxk1

)α)γ2+γ3−1

.✭✼✳✹✮

❇✉+ f3(x1, x2) ❝❛♥ ♥♦+ ❜❡ ❞❡0✐✈❡❞ ✐♥ +❤❡ 4✐♠✐❧❛0 ✇❛②✳ ❋♦0 +❤✐4✱ ✇❡ ✉4❡ +❤❡ ❢♦❧❧♦✇✐♥❣

✐❞❡♥+✐+②

∫ ∞

0

∫ x2

0

f1(x1, x2) dx1dx2 +

∫ ∞

0

∫ x1

0

f2(x1, x2) dx1dx2

+

∫ ∞

0

f3(x, x) dx = 1

= I1 + I2 +

∫ ∞

0

f3(x, x) dx = 1 .

▲❡+

I1 = αγ2

∫ ∞

0

(
β(−k)xk−1

2 − λ
)
e−λ x2−β xk2

(
1− e−λ x2−β xk2

)α−1

×
(
1−

(
1− e−λ x2−β xk2

)α)γ2−1

dx2

× α (γ1 + γ3)

∫ x2

0

(
β(−k)xk−1

1 − λ
)
e−λ x1−β xk1

(
1− e−λ x1−β xk1

)α−1

×
(
1−

(
1− e−λ x1−β xk1

)α)γ1+γ3−1

dx1 ,

+❤❡♥

I1 = αγ2

∫ ∞

0

(
β(−k)xk−1

2 − λ
)
e−λ x2−β xk2

(
1− e−λ x2−β xk2

)α−1

×
(
1−

(
1− e−λ x2−β xk2

)α)γ1+γ2+γ3−1

dx2 .✭✼✳✺✮

❙✐♠✐❧❛0❧②✱

I2 = αγ1

∫ ∞

0

(
β(−k)xk−1

1 − λ
)
e−λ x1−β xk1

(
1− e−λ x1−β xk1

)α−1

×
(
1−

(
1− e−λ x1−β xk1

)α)γ1−1

dx2

× α (γ2 + γ3)

∫ x1

0

(
β(−k)xk−1

2 − λ
)
e−λ x2−β xk2

(
1− e−λ x2−β xk2

)α−1

×
(
1−

(
1− e−λ x2−β xk2

)α)γ2+γ3−1

dx2 ,



✶✷✷✼

 ❤❡♥

I2 = αγ1

∫ ∞

0

(
β(−k)xk−1 − λ

)
e−λ x1−β xk1

(
1− e−λ x1−β xk1

)α−1

×
(
1−

(
1− e−λ x1−β xk1

)α)γ1+γ2+γ3−1

dx2 .✭✼✳✻✮

❋*♦♠ ✭✼✳✺✮ ❛♥❞ ✭✼✳✻✮✱ ♦♥❡ ♦❜ ❛✐♥3

∫ ∞

0

f3(x, x) dx = αγ3

∫ ∞

0

(
β(−k) xk−1 − λ

)
e−λ x−β xk

×
(
1− e−λ x−β xk

)α−1 (
1−

(
1− e−λ x−β xk

)α)γ1+γ2+γ3−1

dx .

❚❤✉3✱

f3(x, x) = αγ3

∫ ∞

0

(
β(−k)xk−1 − λ

)
e−λ x−β xk

(
1− e−λ x−β xk

)α−1

×
(
1−

(
1− e−λ x−β xk

)α)γ1+γ2+γ3−1

.✭✼✳✼✮

✽✳ ❈♦♥❝❧✉(✐♦♥(
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3❝✐❡♥❝❡3✱ *❡❧✐❛❜✐❧✐ ②  ❤❡♦*②✱ ❤②❞*♦❧♦❣②✱ ♠❡❞✐❝✐♥❡✱ ♠❡ ❡♦*♦❧♦❣②✱ ❡♥❣✐♥❡❡*✐♥❣ ❛♥❞ 3✉*✈✐✈❛❧

❛♥❛❧②3✐3✳

❆♣♣❡♥❞✐① ❆✳ ❚❤❡ ✉♥✐✜❡❞ ❋♦①✕❲5✐❣❤7 ❣❡♥❡5❛❧✐③❡❞ ❤②♣❡5❣❡♦♠❡75✐❝

❢✉♥❝7✐♦♥

❍❡*❡✱

✭✽✳✶✮ pΨ
∗
q

[ (a,A)p
(b, B)q

∣∣∣ z
]
=

∞∑

n=0

∏p
j=1(aj)Ajn∏q
j=1(bj)Bjn

zn

n!

3 ❛♥❞3 ❢♦*  ❤❡ ✉♥✐✜❡❞ ✈❛+✐❛♥! ♦❢ !❤❡ ❋♦①✕❲+✐❣❤! ❣❡♥❡+❛❧✐③❡❞ ❤②♣❡+❣❡♦♠❡!+✐❝ ❢✉♥❝!✐♦♥ ✇✐ ❤

p ✉♣♣❡* ❛♥❞ q ❧♦✇❡* ♣❛*❛♠❡ ❡*3❀ (a,A)p ❞❡♥♦ ❡3  ❤❡ ♣❛*❛♠❡ ❡* p✕ ✉♣❧❡ (a1, A1), · · · , (ap, Ap)
❛♥❞ aj ∈ C✱ bi ∈ C \ Z−

0 ✱ Ai, Bj > 0 ❢♦* ❛❧❧ j = 1, p, i = 1, q✳ ❚❤❡ ♣♦✇❡* 3❡*✐❡3 ❝♦♥✈❡*❣❡3

❢♦* 3✉✐ ❛❜❧② ❜♦✉♥❞❡❞ ✈❛❧✉❡3 ♦❢ |z| ✇❤❡♥

∆p,q = 1−
p∑

j=1

Aj +

q∑

j=1

Bj > 0 .
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■♥ "❤❡ ❝❛'❡ ∆ = 0✱ "❤❡ ❝♦♥✈❡+❣❡♥❝❡ ❤♦❧❞' ✐♥ "❤❡ ♦♣❡♥ ❞✐'❝ |z| < β =
∏q

j=1 B
Bj

j ·
∏p

j=1 A
−Aj

j ✳

❚❤❡ ❢✉♥❝"✐♦♥ 1Ψ
∗
0 ✐' ❝❛❧❧❡❞ ❝♦♥✢✉❡♥&✳ ❚❤❡ ❝♦♥✈❡+❣❡♥❝❡ ❝♦♥❞✐"✐♦♥ ∆1,0 = 1−A1 > 0 ✐'

♦❢ '♣❡❝✐❛❧ ✐♥"❡+❡'" ❢♦+ ✉'✳

❲❡ ♣♦✐♥" ♦✉" "❤❛" "❤❡ ♦+✐❣✐♥❛❧ ❞❡✜♥✐"✐♦♥ ♦❢ "❤❡ ❋♦①✕❲+✐❣❤" ❢✉♥❝"✐♦♥ pΨq[z] ✭❝♦♥'✉❧"

❢♦+♠✉❧❛ ❝♦❧❧❡❝"✐♦♥ ❬✽❪ ❛♥❞ "❤❡ ♠♦♥♦❣+❛♣❤' ❬✶✶❪✱ ❬✶✺❪✮ ❝♦♥"❛✐♥' ❣❛♠♠❛ ❢✉♥❝"✐♦♥' ✐♥'"❡❛❞

♦❢ "❤❡ ❣❡♥❡+❛❧✐③❡❞ C♦❝❤❤❛♠♠❡+ '②♠❜♦❧' ✉'❡❞ ❤❡+❡✳ ❍♦✇❡✈❡+✱ "❤❡'❡ "✇♦ ❢✉♥❝"✐♦♥' ❞✐✛❡+

♦♥❧② ✉♣ "♦ ❝♦♥'"❛♥" ♠✉❧"✐♣❧②✐♥❣ ❢❛❝"♦+✱ "❤❛" ✐'

pΨq

[ (a,A)p
(b, B)q

∣∣∣ z
]
=

∏p
j=1 Γ(aj)∏q
j=1 Γ(bj)

pΨ
∗
q

[ (a,A)p
(b, B)q

∣∣∣ z
]
.

❚❤❡ ✉♥✐✜❝❛"✐♦♥✬' ♠♦"✐✈❛"✐♦♥ ✐' ❝❧❡❛+ ✲ ❢♦+ A1 = · · · = Ap = B1 = · · · = Bq = 1✱ "❤❡

❢✉❝♥"✐♦♥ pΨ
∗
q [z] +❡❞✉❝❡' ❡①❛❝"❧② "♦ "❤❡ ✇❡❧❧✲❦♥♦✇♥ ❣❡♥❡+❛❧✐③❡❞ ❤②♣❡+❣❡♦♠❡"+✐❝ ❢✉♥❝"✐♦♥

pFq[z]✳

❆♣♣❡♥❞✐① ❇✳ ▼❡✐❥❡+ G✕❢✉♥❝0✐♦♥

❚❤❡ '②♠❜♦❧ Gm,n
p,q (·| ·) ❞❡♥♦"❡' ▼❡✐❥❡+✬' G−❢✉♥❝"✐♦♥ ❬✷✹❪ ❞❡✜♥❡❞ ✐♥ "❡+♠' ♦❢ "❤❡ ▼❡❧❧✐♥✕

❇❛+♥❡' ✐♥"❡❣+❛❧ ❛'

✭✽✳✷✮ Gm,n
p,q

(
z
∣∣∣ a1, · · · , ap

b1, · · · , bq
)
=

1

2πi

∮

C

∏m
j=1 Γ(bj − s)

∏n
j=1 Γ(1− aj + s) zs

∏q
j=m+1 Γ(1− bj + s)

∏p
j=n+1 Γ(aj − s)

ds,

✇❤❡+❡ 0 ≤ m ≤ q, 0 ≤ n ≤ p ❛♥❞ "❤❡ ♣♦❧❡' aj , bj ❛+❡ '✉❝❤ "❤❛" ♥♦ ♣♦❧❡ ♦❢ Γ(bj−s), j = 1,m
❝♦✐♥❝✐❞❡' ✇✐"❤ ❛♥② ♣♦❧❡ ♦❢ Γ(1 − aj + s), j = 1, n❀ ✐✳❡✳ ak − bj 6∈ N✱ ✇❤✐❧❡ z 6= 0✳ C ✐' ❛

'✉✐"❛❜❧❡ ✐♥"❡❣+❛"✐♦♥ ❝♦♥"♦✉+ ✇❤✐❝❤ '"❛+"❡' ❛" −i∞ ❛♥❞ ❣♦❡' "♦ i∞ '❡♣❛+❛"✐♥❣ "❤❡ ♣♦❧❡' ♦❢

Γ(bj −s), j = 1,m ✇❤✐❝❤ ❧✐❡ "♦ "❤❡ +✐❣❤" ♦❢ "❤❡ ❝♦♥"♦✉+✱ ❢+♦♠ ❛❧❧ ♣♦❧❡' ♦❢ Γ(1−aj +s), j =
1, n✱ ✇❤✐❝❤ ❧✐❡ "♦ "❤❡ ❧❡❢" ♦❢ C✳ ❚❤❡ ✐♥"❡❣+❛❧ ❝♦♥✈❡+❣❡' ✐❢ δ = m + n − 1

2
(p + q) > 0 ❛♥❞

|arg(z)| < δπ✱ '❡❡ ❬✶✹✱ ♣✳ ✶✹✸❪ ❛♥❞ ❬✷✹❪✳

❚❤❡ G ❢✉♥❝"✐♦♥✬' ▼❛"❤❡♠❛"✐❝❛ ❝♦❞❡ +❡❛❞'

▼❡✐❥❡$●❬{{a1, ..., an}, {an+1, ..., ap}}, {{b1, ..., bm}, {bm+1, ..., bq}}, z❪.

❆❝❦♥♦✇❧❡❞❣❡♠❡♥0

❚❤❡ +❡'❡❛+❝❤ ♦❢ ●❛✉'' ▼✳ ❈♦+❞❡✐+♦ ❛♥❞ ❆❜❞✉' ❙❛❜♦♦+ ❤❛✈❡ ❜❡❡♥ '✉♣♣♦+"❡❞ ❜② ❈◆CX

❛❣❡♥❝②✱ ❇+❛③✐❧ ❛♥❞ ✐♥ ♣❛+" ❜② "❤❡ ❍✐❣❤❡+ ❊❞✉❝❛"✐♦♥ ❈♦♠♠✐''✐♦♥ ♦❢ C❛❦✐'"❛♥ ✉♥❞❡+ ◆❘C❯

♣+♦❥❡❝" ◆♦✳ ✸✶✵✹✱ +❡'♣❡❝"✐✈❡❧②✳ ❆❧❧ "❤❡ ❛✉"❤♦+' ❛+❡ ❣+❛"❡❢✉❧ "♦ ❜♦"❤ +❡❢❡+❡❡' ❢♦+ "❤❡✐+

✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥"'✱ ✇❤✐❝❤ ✐♠♣+♦✈❡ "❤❡ X✉❛❧✐"② ♦❢ "❤❡ ♣❛♣❡+✳

❘❡❢❡+❡♥❝❡8
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✶✵✻✕✶✵✽✱ ✭✶✾✽✼✮✳
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♣♦♣✉❧❛$✐♦♥ ♣❛)❛♠❡$❡)✳ ❚❤♦♠♣1♦♥ ❬✶✱ ✷❪ ❝♦♥1✐❞❡)❡❞ ❛ $❡❝❤♥✐I✉❡ ♦❢ 1❤)✐♥❦✐♥❣ ❜❡1$ ❧✐♥❡❛)

✉♥❜✐❛1❡❞ ❡1$✐♠❛$♦) ✭❇▲❯❊✮ ❜② ♠✉❧$✐♣❧②✐♥❣ ✐$ ❜② ❛ 1❤)✐♥❦✐♥❣ ❢❛❝$♦) $♦ ♦❜$❛✐♥ ❛♥ ❡1$✐♠❛$♦)

✇❤✐❝❤ ❤❛1 ❛ 1♠❛❧❧❡) ▼❙❊ $❤❛♥ $❤❛$ ♦❢ ❇▲❯❊✳ ❖$❤❡) ✐♠♣♦)$❛♥$ 1$✉❞✐❡1 ❛❜♦✉$ $❤✐1 ✐11✉❡

❛)❡ ♠❛❞❡ ❜② ▼❡$❤❛ ❛♥❞ ❙)✐♥✐✈❛1❛♥ ❬✸❪✱ ●♦✈✐♥❞❛)❛❥✉❧✉ ❛♥❞ ❙❛❤❛✐ ❬✹❪✱ ❉❛1 ❬✺❪✱ ❙)✐✈❛1$❛✈❛

❡$✳ ❛❧✳ ❬✻❪✱ ❘❛♦ ❛♥❞ ❙✐♥❣❤ ❬✼❪✱ ❇❤❛$♥❛❣❛) ❬✽❪✱ ❙✐♥❣❤ ❛♥❞ ❑❛$②❛) ❬✾❪✱ ❙✐♥❣❤ ❬✶✵❪✱ ❏❛♥✐ ❬✶✶❪✱

❑♦✉)♦✉❦❧✐1 ❬✶✷❪✱ ❙✐♥❣❤ ❡$✳ ❛❧✳ ❬✶✸❪✱ ❙✐♥❣❤ ❛♥❞ ❙✐♥❣❤ ❬✶✹❪✱ ❙✐♥❣❤ ❛♥❞ ❙❤✉❦❧❛ ❬✶✺❪✱ ❙✐♥❣❤

❛♥❞ ❙❛①❡♥❛ ❬✶✻❪✱ C)❛❦❛1❤ ❡$✳ ❛❧✳ ❬✶✼❪✱ C)❛❦❛1❤ ❬✶✽❪✳

∗
❉❡♣❛$%♠❡♥% ♦❢ ❙%❛%✐,%✐❝, ●❛③✐ ❯♥✐✈❡$,✐%② ❆♥❦❛$❛ ❚✉$❦✐②❡✱ ❊♠❛✐❧✿ ♠❞❡♠✐$❡❧❅❣❛③✐✳❡❞✉✳,$

†
❈♦$$❡,♣♦♥❞✐♥❣ ❆✉%❤♦$✳

‡
❉❡♣❛$%♠❡♥% ♦❢ ❙%❛%✐,%✐❝, ❆❢②♦♥ ❑♦❝❛%❡♣❡ ❯♥✐✈❡$,✐%② ❆❢②♦♥❦❛$❛❤✐,❛$ ❚✉$❦✐②❡✱

❊♠❛✐❧✿ -❡♥❛②♦③❞❡♠✐$❅❛❦✉✳❡❞✉✳,$
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 ❛"❡$♦ ❞✐($"✐❜✉$✐♦♥ ✇❛( ✜"($ ✉(❡❞ ❜②  ❛"❡$♦ ❬✶✾❪ $♦ ❞❡(❝"✐❜❡ ❛♥ ✐♥❝♦♠❡ ❞✐($"✐❜✉$✐♦♥✳

❘②$❣❛❛"❞ ❬✷✵❪ ($✉❞✐❡❞ ♦♥ $❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡($✐♠❛$♦" ✭▼▲❊✮ ❛♥❞ $❤❡ ♠♦♠❡♥$

❡($✐♠❛$♦" ❢♦" $❤❡ (❤❛♣❡ ♣❛"❛♠❡$❡" ♦❢ $❤❡  ❛"❡$♦ ❞✐($"✐❜✉$✐♦♥✳ ❋✉"$❤❡"♠♦"❡✱ ❤❡ ❢♦✉♥❞

❛ ♠✐♥✐♠✉♠ ✈❛"✐❛♥❝❡ ✉♥❜✐❛(❡❞ ✭▼❱❯✮ ❡($✐♠❛$♦" ❢♦" $❤❡ (❤❛♣❡ ♣❛"❛♠❡$❡" ♦❢ $❤❡  ❛"❡$♦

❞✐($"✐❜✉$✐♦♥ ✉(✐♥❣ $❤❡ ♦❜$❛✐♥❡❞ ▼▲❊✳ ❙✐♥❣ ❡$✳ ❛❧✳ ❬✶✸❪ ♣"♦♣♦(❡❞ ♥❡✇ (❤"✐♥❦❛❣❡ ❡($✐♠❛$♦"(

❢♦" (❝❛❧❡ ♣❛"❛♠❡$❡" ♦❢ $❤❡  ❛"❡$♦ ❞✐($"✐❜✉$✐♦♥ ✉(✐♥❣ $❤❡ ▼▲❊ ❛♥❞ $❤❡ ✉♥❜✐❛(❡❞ ❡($✐♠❛$♦"✳

❚❤❡♥ $❤❡② ❝♦♠♣❛"❡❞ $❤❡ ♣"♦♣♦(❡❞ ❡($✐♠❛$♦"( ✇✐$❤ $❤❡ ▼▲❊ ❛♥❞ $❤❡ ✉♥❜✐❛(❡❞ ❡($✐♠❛$♦"

❜② $❤❡ ♠❡❛♥( ♦❢ $❤❡✐" ▼❙❊✳  "❛❦❛(❤ ❡$✳ ❛❧✳ ❬✶✼❪ ♦❜$❛✐♥❡❞ $❤❛$ (♦♠❡ $❡($ ❡($✐♠❛$♦"( ❢♦"

$❤❡ (❝❛❧❡ ♣❛"❛♠❡$❡" ♦❢ ❛ ❝❧❛((✐❝❛❧  ❛"❡$♦ ❞✐($"✐❜✉$✐♦♥ ❛"❡ ❝♦♥(✐❞❡"❡❞ ✇❤❡♥ ❛ ♣"✐♦" ♣♦✐♥$

❣✉❡(( ✈❛❧✉❡ ♦❢ $❤❡ (❤❛♣❡ ♣❛"❛♠❡$❡" ✐( ❛✈❛✐❧❛❜❧❡✳ ❚❤❡♥ $❤❡② (❤♦✇❡❞ $❤❛$ $❤❡✐" ♣"♦♣♦(❡❞

❜✐❛(❡❞ $❡($ ❡($✐♠❛$♦"( ✇❡"❡ ❜❡$$❡" $❤❛♥ ♦$❤❡" ❡($✐♠❛$♦"( $❤"♦✉❣❤ ❛ (N✉❛"❡❞ ❡""♦" ❧♦((

❢✉♥❝$✐♦♥✳  "❛❦❛(❤ ❬✶✽❪ ❞❡"✐✈❡❞ (♦♠❡ (❤"✐♥❦❛❣❡ $❡($ ❡($✐♠❛$♦"( ❛♥❞ $❤❡ ❇❛②❡( ❡($✐♠❛$♦"(

❢♦" $❤❡ (❤❛♣❡ ♣❛"❛♠❡$❡" ♦❢ $❤❡  ❛"❡$♦ ❞✐($"✐❜✉$✐♦♥ ✉♥❞❡" $❤❡ ❣❡♥❡"❛❧ ❡♥$"♦♣② ❧♦(( ❢✉♥❝$✐♦♥✳

■♥ $❤✐( ($✉❞②✱ $✇♦ ❞✐✛❡"❡♥$ ❡($✐♠❛$♦" ❝❧❛((❡( ❛"❡ ♦❜$❛✐♥❡❞ ❢♦" $❤❡ (❤❛♣❡ ♣❛"❛♠❡$❡"

♦❢ $❤❡  ❛"❡$♦ ❞✐($"✐❜✉$✐♦♥✳ ❚❤❡(❡ ❡($✐♠❛$♦" ❝❧❛((❡( ❛"❡ ❝♦♠♣❛"❡❞ ✇✐$❤ $❤❡ ✉♥❜✐❛(❡❞

❡($✐♠❛$♦" ❜② $❤❡ ♠❡❛♥( ♦❢ $❤❡✐" ▼❙❊✳ ❆❢$❡" $❤❛$✱ ✐$ ✐( $"✐❡❞ $♦ ✜♥❞ ♦✉$ ✐♥ ✇❤✐❝❤ ❝❛(❡

♦❜$❛✐♥❡❞ ❡($✐♠❛$♦" ❝❧❛((❡( ❛"❡ ❜❡$$❡" $❤❛♥ $❤❡ ✉♥❜✐❛(❡❞ ❡($✐♠❛$♦"✳

✷✳ ❙❤$✐♥❦❛❣❡ ❊,-✐♠❛-♦$, ❈❧❛,,❡,

❏❛♥✐ ❬✶✶❪ ❛♥❞ ❙✐♥❣❤ ❛♥❞ ❙✐♥❣❤ ❬✶✹❪ ♣"♦♣♦(❡❞ $✇♦ ❞✐✛❡"❡♥$ (❤"✐♥❦❛❣❡ ❡($✐♠❛$♦" ❝❧❛((❡(

❢♦" (❝❛❧❡ ♣❛"❛♠❡$❡"( ♦❢ ❡①♣♦♥❡♥$✐❛❧ ❛♥❞ ♥♦"♠❛❧ ❞✐($"✐❜✉$✐♦♥✳

❋✐"($✱ ❏❛♥✐ ❬✶✶❪ ♣"♦♣♦(❡❞ ❛ (❤"✐♥❦❛❣❡ ❡($✐♠❛$♦" ❝❧❛(( ❢♦" $❤❡ (❝❛❧❡ ♣❛"❛♠❡$❡" ♦❢ $❤❡

❡①♣♦♥❡♥$✐❛❧ ❞✐($"✐❜✉$✐♦♥ ✐( ❣✐✈❡♥ ❛(

✭✷✳✶✮ T(p) = θ0[1 + k(θ0/θ̂)
p]

✇❤❡"❡ θ0 ✐( ❛ ♣"✐♦"✐ ✈❛❧✉❡ ♦❢ θ ♣❛"❛♠❡$❡"✱ k ✐( ❛ (❤"✐♥❦✐♥❣ ❢❛❝$♦" ♠✐♥✐♠✐③✐♥❣ ▼❙❊ ✈❛❧✉❡✱

p ✐( ❛ ♥♦♥③❡"♦ "❡❛❧ ♥✉♠❜❡" ❛♥❞ θ̂ ✐( $❤❡ ✉♥❜✐❛(❡❞ ❡($✐♠❛$♦" ♦❢ θ ♣❛"❛♠❡$❡"✳

❙❡❝♦♥❞✱ ❙✐♥❣❤ ❛♥❞ ❙✐♥❣❤ ❬✶✹❪ ($✉❞✐❡❞ ♦♥ $❤❡ ❡($✐♠❛$✐♦♥ ♣"♦❜❧❡♠ ♦❢ ♣♦♣✉❧❛$✐♦♥ ✈❛"✐❛♥❝❡

σ2
❜② ❛❞❛♣$✐♥❣ $❤❡ ❡($✐♠❛$✐♦♥ ❝❧❛(( ❞❡✜♥❡❞ ❡N✉❛$✐♦♥ ✭✷✳✶✮ $♦ ❛ ♥♦"♠❛❧ ♣♦♣✉❧❛$✐♦♥✳ ❚❤✐(

❡($✐♠❛$✐♦♥ ❝❧❛(( ✐( ❣✐✈❡♥ ❛( $❤❡ ❢♦❧❧♦✇✐♥❣✿

✭✷✳✷✮ σ̃2
(p) = σ2

0

[
1 + w

(
s2

σ2
0

)p]

✇❤❡"❡ σ2
0 ✐( ❛ ♣"✐♦" ✈❛❧✉❡ ♦❢ σ

2
♣❛"❛♠❡$❡"✱ w ✐( ❛ (❤"✐♥❦✐♥❣ ❢❛❝$♦" ♠✐♥✐♠✐③✐♥❣ ▼❙❊ ✈❛❧✉❡✱

p ✐( ❛ ♥♦♥③❡"♦ "❡❛❧ ♥✉♠❜❡" ❛♥❞ s2 ✐( $❤❡ ✉♥❜✐❛(❡❞ ❡($✐♠❛$♦" ♦❢ σ2
♣❛"❛♠❡$❡"✳

❚❤❡ ❜✐❛(❡❞ ❡($✐♠❛$♦"(✱ ✇❤✐❝❤ ❤❛✈❡ ❛ (♠❛❧❧❡" ▼❙❊ $❤❛♥ $❤❡ ✉♥❜✐❛(❡❞ ❡($✐♠❛$♦" ❢♦" $❤❡

(❤❛♣❡ ♣❛"❛♠❡$❡" ♦❢  ❛"❡$♦ ❞✐($"✐❜✉$✐♦♥✱ ❛"❡ ♦❜$❛✐♥❡❞ ✉(✐♥❣ $❤❡ ❡($✐♠❛$♦" ❝❧❛((❡( ❞❡✜♥❡❞

✐♥ ❡N✉❛$✐♦♥ ✭✷✳✶✮ ❛♥❞ ❡N✉❛$✐♦♥ ✭✷✳✷✮✳

✸✳ ❚❤❡ ❖❜-❛✐♥❡❞ ❊,-✐♠❛-♦$, ❢♦$ -❤❡ ❙❤❛♣❡ 9❛$❛♠❡-❡$ ♦❢ -❤❡ 9❛$❡-♦

❉✐,-$✐❜✉-✐♦♥ ❛♥❞ ❚❤❡✐$ 9$♦♣❡$-✐❡,

■♥ $❤✐( (❡❝$✐♦♥✱ $❤❡ (❤❛♣❡ ♣❛"❛♠❡$❡" ♦❢ $❤❡  ❛"❡$♦ ❞✐($"✐❜✉$✐♦♥✬( ▼❱❯ ❡($✐♠❛$♦"✱

✇❤✐❝❤ ✐( ♣"♦♣♦(❡❞ ❜② ❘②$❣❛❛"❞ ❬✷✵❪✱ ✐( ✐♥$"♦❞✉❝❡❞✳ ❚❤❡♥ $❤❡ ❜✐❛(❡❞ ❡($✐♠❛$♦" ❝❧❛((❡(✱

✇❤✐❝❤ ❤❛✈❡ (♠❛❧❧❡" ▼❙❊ $❤❛♥ $❤❡ ✉♥❜✐❛(❡❞ ❡($✐♠❛$♦"✱ ✐( ♦❜$❛✐♥❡❞ ✉(✐♥❣ ✈❛"✐♦✉( (❤"✐♥❦✐♥❣
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❢❛❝#♦%& ❛♥❞ ▼❙❊ ✈❛❧✉❡& ♦❢ #❤❡&❡ ❡&#✐♠❛#♦%& ❛%❡ ❝❛❧❝✉❧❛#❡❞✳

▲❡#✬& ❝♦♥&✐❞❡%✱ ❳ ✐& ❛ 8❛%❡#♦ ❞✐&#%✐❜✉#❡❞ %❛♥❞♦♠ ✈❛%✐❛❜❧❡✳ ❚❤❡ ♣%♦❜❛❜✐❧✐#② ❞❡♥&✐#②

❢✉♥❝#✐♦♥ ✭♣❞❢✮ ✐& ❛& ✐♥ ❡?✉❛#✐♦♥ ✭✸✳✶✮

✭✸✳✶✮ fX(x) =

{
(βαβ)/x(β+1) ;x > α

0 ;x ≤ α

✇❤❡%❡ α ✐& #❤❡ &❝❛❧❡ ♣❛%❛♠❡#❡%✱ β ✐& #❤❡ &❤❛♣❡ ♣❛%❛♠❡#❡%✳

■❢ ❳ %❛♥❞♦♠ ✈❛%✐❛❜❧❡ ❤❛& #❤❡ ♣❞❢ ❞❡✜♥❡❞ ✐♥ ❡?✉❛#✐♦♥ ✭✸✳✶✮✱ #❤❡ ▼▲❊ ❢♦% #❤❡ &❤❛♣❡

♣❛%❛♠❡#❡% ♦❢ #❤❡ 8❛%❡#♦ ❞✐&#%✐❜✉#✐♦♥ ✐&

✭✸✳✷✮ β̂ =
n∑n

i=1 ln
xi

α

.

❯&✐♥❣ ❡?✉❛#✐♦♥ ✭✸✳✷✮ ❡&#✐♠❛#♦%✱ ❘②#❣❛❛%❞ ❬✷✵❪ ♦❜#❛✐♥❡❞ ❛♥ ✉♥❜✐❛&❡❞ ❡&#✐♠❛#♦% ✇❤✐❝❤

✐& ❞❡✜♥❡❞ ❛&

✭✸✳✸✮ β̃ =
n− 1

n
β̂.

■# ❝❛♥ ❜❡ ❢♦✉♥❞ #❤❛# #❤❡ ❡①♣❡❝#❡❞ ✈❛❧✉❡ ♦❢ #❤✐& ❡&#✐♠❛#♦% ✐&

E[β̃] = β✳

❱❛%✐❛♥❝❡ ♦❢ β̃ ❡&#✐♠❛#♦% ✐&

V ar(β̃) = 1
(n−2)

β2
✇❤❡%❡ E[β̃2] = (n−1)

(n−2)
β2

✳

✸✳✶✳ ❈♦%♦❧❧❛%②✳ ❚❤❡ #❤$✐♥❦❛❣❡ ❡#*✐♠❛*♦$ ❝❧❛## ❢♦$ *❤❡ #❤❛♣❡ ♣❛$❛♠❡*❡$ ♦❢ 1❛$❡*♦ ❞✐#*$✐✲

❜✉*✐♦♥✱ ✇❤✐❝❤ ✐# ♦❜*❛✐♥❡❞ ❜② ❤❡❧♣ ♦❢ ❡9✉❛*✐♦♥✭✷✳✶✮✱ ❣✐✈❡♥ ❛#

✭✸✳✹✮ β⋆
(p) = β0 + (β̃ − β0)k(p)

✇❤❡$❡

✭✸✳✺✮ k(p) = (n− 1)p
(n+ p− 1)!

(n+ 2p− 1)!

❛♥❞ p ✐# ❛ ♥♦♥③❡$♦ $❡❛❧ ♥✉♠❜❡$✳ ▼❙❊ ♦❢ β⋆
(p) ❡#*✐♠❛*♦$ ❝❧❛## ✐#

✭✸✳✻✮ MSE(β⋆
(p)) = β2

[
k2
(p)

(n− 2)
+ (k(p) − 1)2(1− λ)2

]

✇❤❡$❡ λ = β0/β✳ ❋✉$*❤❡$♠♦$❡ ❜✐❛# ♦❢ β
⋆
(p) ❡#*✐♠❛*♦$# ❝❧❛## ❣✐✈❡♥ ❜②

✭✸✳✼✮ Bias(β⋆
(p)) = (1− k(p))(β0 − β).

1$♦♦❢✳ ❚❤❡ &❤%✐♥❦❛❣❡ ❡&#✐♠❛#♦% ❝❧❛&& ❢♦% #❤❡ &❤❛♣❡ ♣❛%❛♠❡#❡% ♦❢ 8❛%❡#♦ ❞✐&#%✐❜✉#✐♦♥ ✐&

❞❡&❝%✐❜❡❞ ❛&

✭✸✳✽✮ β⋆
(p) = β0

[
1 + k

(
β0

β̃

)p]

✇❤✐❝❤ ✐& ♦❜#❛✐♥❡❞ ❜② ♠❡❛♥& ♦❢ ❡?✉❛#✐♦♥ ✭✷✳✶✮✳



✶✷✸✹

E

[(
1

β̃

)jp
]
= K1(jp)(1/β)

jp , (j = 1, 2)

❛♥❞

K1(jp) = (n− 1)−jp (n+ jp− 1)!

(n− 1)!
❢✉♥❝&✐♦♥) ❛*❡ ✉)❡❞ &♦ ❝❛❧❝✉❧❛&❡ &❤❡ ▼❙❊ ♦❢ β⋆

(p) ❡)&✐♠❛&♦* ❝❧❛))✳ ❆) ✐& ✐) ❦♥♦✇♥ &❤❡ ✈❛❧✉❡

♦❢ MSE
(
β⋆
(p)

)
✐)

✭✸✳✾✮ MSE
(
β⋆
(p)

)
= E

[
β⋆
(p) − β

]2
.

■❢ *❡<✉✐*❡❞ ✐♥❢♦*♠❛&✐♦♥ ✐) ✇*✐&&❡♥ ✐♥ ❡<✉❛&✐♦♥ ✭✸✳✾✮ ✇❤❡*❡ λ = β0/β✱ &❤❡ ▼❙❊ ✈❛❧✉❡ ✐)

♦❜&❛✐♥❡❞ ❛)

MSE(β⋆
(p)) = β2

[
k2(λ)2(1+p)K1(2p) + 2k(λ)(1+p) (λ− 1)K1(p) + (λ− 1)2

]
.

❉✐✛❡*❡♥&✐❛&✐♥❣ &❤✐) ❡<✉❛&✐♦♥ ✇✐&❤ *❡)♣❡❝& &♦ ❦ ❛♥❞ )❡&&✐♥❣ &❤❡ ❞❡*✐✈❛&✐✈❡ ❡<✉❛❧ &♦ ③❡*♦✱

✇❡ ✜♥❞

✭✸✳✶✵✮ k = (λ)−p

(
1

λ
− 1

)
K1(p)/K1(2p)

✇❤✐❝❤ ♠✐♥✐♠✐③❡) &❤❡ ▼❙❊ ✈❛❧✉❡✳ ■❢ &❤❡ *❡<✉✐*❡❞ ✈❛❧✉❡) ❛*❡ ✐♥)❡*&❡❞ ✐♥&♦ ❡<✉❛&✐♦♥ ✭✸✳✶✵✮✱

&❤❡ ❦ ✈❛❧✉❡ ✐) ♦❜&❛✐♥❡❞ ❛) ❣✐✈❡♥ ✐♥ ❡<✉❛&✐♦♥ ✭✸✳✶✶✮❀

✭✸✳✶✶✮ k =

(
β − β0

β0

)(
β

β0

)p

(n− 1)p
(n+ p− 1)!

(n+ 2p− 1)!

❚❤❡ )❤*✐♥❦✐♥❣ ♣❛*❛♠❡&❡* ❦ ✐) ♦❜&❛✐♥❡❞ ❛) ❛ ❢✉♥❝&✐♦♥ ♦❢ β ♣❛*❛♠❡&❡*✳ ■♥ ♣*❛❝&✐❝❡✱ ✐& ✐)

✐♠♣♦))✐❜❧❡ &♦ ❛&&❛✐♥ ♣❛*❛♠❡&❡* β✳ ❚❤❡*❡❢♦*❡ &❤❡ ✉♥❦♥♦✇♥ ♣❛*❛♠❡&❡*) ✐♥ ❡<✉❛&✐♦♥ ✭✸✳✶✶✮

❛*❡ *❡♣❧❛❝❡❞ ❜② &❤❡✐* ✉♥❜✐❛)❡❞ ❡)&✐♠❛&♦*)✳ ❙♦ ❛♥ ❡)&✐♠❛&♦* ❢♦* ❦ ✐) ♦❜&❛✐♥❡❞ ❛)

k̂ =

(
β̃ − β0

β0

)(
β

β0

)p

(n− 1)p
(n+ p− 1)!

(n+ 2p− 1)!
.

❖♥ ❝♦♥❝❧✉)✐♦♥✱ ✇❤❡♥ ♥❡❝❡))❛*② ❛❞❥✉)&♠❡♥& ✐) ♠❛❞❡✱ &❤❡ ❡)&✐♠❛&♦* ❝❧❛)) ❢♦* &❤❡ )❤❛♣❡

♣❛*❛♠❡&❡* ♦❢ L❛*❡&♦ ❞✐)&*✐❜✉&✐♦♥ ✐) ♦❜&❛✐♥❡❞ ❛)

β⋆
(p) = β0 +

(
β̃ − β0

)
k(p)

✇❤❡*❡ k(p) = (n− 1)p
(n+ p− 1)!

(n+ 2p− 1)!
.❚❤✉)✱ &❤❡ ▼❙❊ ✈❛❧✉❡ ♦❢ β⋆

(p) ✐) ♦❜&❛✐♥❡❞ ❛)

✭✸✳✶✷✮ MSE
(
β⋆
(p)

)
=

k2
(p)β

2

(n− 2)
+

(
k(p) − 1

)2
(β − β0)

2

❜② ♠❛❦✐♥❣ ♥❡❝❡))❛*② ❛❞❥✉)&♠❡♥& ✐♥ ❡<✉❛&✐♦♥ ✭✸✳✾✮✳ ■❢ λ = β0/β ✐) ✇*✐&&❡♥ ♦♥ ✐&) ♣❧❛❝❡✱

❡<✉❛&✐♦♥ ✭✸✳✶✷✮ ✐) ✇*✐&&❡♥ ❛)

✭✸✳✶✸✮ MSE
(
β⋆
(p)

)
= β2

[
k2
(p)

(n− 2)
+

(
k(p) − 1

)2
(1− λ)2

]
.

❚❤❡ ❜✐❛) ♦❢ β⋆
(p) ❡)&✐♠❛&♦*) ❝❧❛)) ✐) ♦❜&❛✐♥❡❞ ❛)



✶✷✸✺

Bias
(
β⋆
(p)

)
= E

(
β⋆
(p)

)
− β =

(
1− k(p)

)
(β0 − β) .

❚❤✉# $❤❡ ♣'♦♦❢ ✐# ❝♦♠♣❧❡$❡❞✳ �

❚❤❡ '❡❧❛$✐✈❡ ❡✣❝✐❡♥❝② ♦❢ β⋆
(p) ❡#$✐♠❛$♦' ❝❧❛## ✇✐$❤ '❡#♣❡❝$ $♦ β̃ ❡#$✐♠❛$♦' ✐# ❝❛❧❝✉❧❛$❡❞

❜② ♠❡❛♥# ♦❢

✭✸✳✶✹✮

MSE
(
β⋆
(p)

)

V ar
(
β̃
) = k2

(p) + (n− 2)
(
k(p) − 1

)2
(1− λ)2 .

■❢ ❡=✉❛$✐♦♥ ✭✸✳✶✹✮ ✐# #♠❛❧❧❡' $❤❛♥ ✶✱ ✐$ ✐# ❝❧❡❛' $❤❛$ MSE(β⋆
(p)) < V ar(β̃)✳

❈❛"❡ ❙%✉❞② ✶✿ ❈♦♥#✐❞❡' $❤❛$ ♣❂✶✳ ❇② ✉#✐♥❣ ❡=✉❛$✐♦♥✭✸✳✹✮ ❛♥❞ ❡=✉❛$✐♦♥✭✸✳✺✮ ❛♥ ❡#$✐✲

♠❛$♦' ✐# ♦❜$❛✐♥ ❛#

β⋆
(1) = β0 +

(
β̃ − β0

) (n− 1)

(n+ 1)
.

❚❤❡ ▼❙❊ ✈❛❧✉❡ ♦❢ $❤✐# ❡#$✐♠❛$♦' ✐#

MSE
(
β⋆
(1)

)
= β2

[
(n− 1)2

(n− 2) (n+ 1)2
+

(
(n− 1)

(n+ 1)
− 1

)2

(1− λ)2
]
.

❚❤❡ '❡❧❛$✐✈❡ ❡✣❝✐❡♥❝② ♦❢ β⋆
(1) ❡#$✐♠❛$♦' ✇✐$❤ '❡#♣❡❝$ $♦ β̃ ❡#$✐♠❛$♦' ✐#

MSE(β⋆
(1))

V ar(β̃)
=

(n− 1)2

(n+ 1)2
+ (n− 2)

(
(n− 1)

(n+ 1)
− 1

)2

(1− λ)2

=
(n− 1)2

(n+ 1)2
+

4 (n− 2)

(n+ 1)2
(1− λ)2.

■$ ✐# ❝❧❡❛' $❤❛$ β⋆
(1) ❡#$✐♠❛$♦' ✐# ❜❡$$❡' $❤❛♥ β̃ ❡#$✐♠❛$♦' ✐❢

MSE
(
β⋆
(1)

)

V ar(β̃)
< 1 ✐♥❡=✉❛❧✐$②

✐# $'✉❡✳ ❚❤✉#

✭✸✳✶✺✮

(n− 1)2

(n+ 1)2
+

4 (n− 2)

(n+ 1)2
(1− λ)2 < 1

✐♥❡=✉❛❧✐$② ❝❛♥ ❜❡ ✇'✐$$❡♥✳ ■❢ $❤❡ ♥❡❝❡##❛'② ❛❞❥✉#$♠❡♥$ ✐# ♠❛❞❡ ✐♥ ❡=✉❛$✐♦♥ ✭✸✳✶✺✮✱ ✐$ ✐#

♦❜$❛✐♥❡❞ $❤❛$

0 < λ < 1 +

(
n

n− 2

)1/2

.

■♥ ❝❛#❡ $❤✐# ✐♥❡=✉❛❧✐$② ✐# $'✉❡✱ ✐$ ❝❛♥ ❜❡ #❛✐❞ $❤❛$ β⋆
(1) ❡#$✐♠❛$♦' ✐# ❜❡$$❡' $❤❛♥ β̃ ❡#$✐✲

♠❛$♦'✳ ❋✉'$❤❡'✱ ✇❤❡♥ n ✐# ✈❡'② ❧❛'❣❡ ✭✐✳❡✳ n → ∞ ✮

(1− λ)2 <
n

n− 2

✐♥❡=✉❛❧✐$② '❡❞✉❝❡# $♦ 0 < λ < 2✳

❈❛"❡ ❙%✉❞② ✷✿ ❈♦♥#✐❞❡' $❤❛$ p = 2✳ ❇② ✉#✐♥❣ ❡=✉❛$✐♦♥✭✸✳✹✮ ❛♥❞ ❡=✉❛$✐♦♥✭✸✳✺✮ ❛♥
❡#$✐♠❛$♦' ✐# ♦❜$❛✐♥❡❞ ❛#
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β⋆
(2) = β0 +

(
β̃ − β0

) (n− 1)2

(n+ 1) (n+ 2)
.

❚❤❡ ▼❙❊ ✈❛❧✉❡ ♦❢ ,❤✐. ❡.,✐♠❛,♦0 ✐.

MSE
(
β⋆
(2)

)
= β2

[
(n−1)4

(n+1)2(n+2)2(n−2)
+

(
(n−1)2

(n+1)(n+2)
− 1

)2

(1− λ)2
]
.

❚❤❡ 0❡❧❛,✐✈❡ ❡✣❝✐❡♥❝② ♦❢ β⋆
(2) ❡.,✐♠❛,♦0 ✇✐,❤ 0❡.♣❡❝, ,♦ β̃ ❡.,✐♠❛,♦0 ✐.

MSE(β⋆
(2))

V ar(β̃)
=

[
(n− 1)2

(n+ 1) (n+ 2)

]2

+ (n− 2)

[
(n− 1)2

(n+ 1) (n+ 2)
− 1

]2

(1− λ)2

=
(n− 1)4

(n+ 1)2(n+ 2)2
+

(n− 2) (5n+ 1)2

(n+ 1)2(n+ 2)2
(1− λ)2.

■, ✐. ❝❧❡❛0 ,❤❛, β⋆
(2) ❡.,✐♠❛,♦0 ✐. ❜❡,,❡0 ,❤❛♥ β̃ ❡.,✐♠❛,♦0 ✐❢

MSE
(
β⋆
(2)

)

V ar(β̃)
< 1 ✐♥❡9✉❛❧✐,②

✐. ,0✉❡✳ ❚❤✉.

✭✸✳✶✻✮

(n− 1)4

(n+ 1)2(n+ 2)2
+

(n− 2) (5n+ 1)2

(n+ 1)2(n+ 2)2
(1− λ)2 < 1

✐♥❡9✉❛❧✐,② ❝❛♥ ❜❡ ✇0✐,,❡♥✳ ■❢ ,❤❡ ♥❡❝❡..❛0② ❛❞❥✉.,♠❡♥, ✐. ♠❛❞❡ ✐♥ ❡9✉❛,✐♦♥ ✭✸✳✶✻✮✱ ✐, ✐.

♦❜,❛✐♥❡❞ ,❤❛,

1−

(
2n2 + n+ 3

(n− 2 ) (5n+ 1)

)1/2

< λ < 1 +

(
2n2 + n+ 3

(n− 2 ) (5n+ 1)

)1/2

.

■♥ ❝❛.❡ ,❤✐. ✐♥❡9✉❛❧✐,② ✐. ,0✉❡✱ ✐, ❝❛♥ ❜❡ .❛✐❞ ,❤❛, β⋆
(2) ❡.,✐♠❛,♦0 ✐. ❜❡,,❡0 ,❤❛♥ β̃

❡.,✐♠❛,♦0✳ ❋✉0,❤❡0♠♦0❡✱ ✇❤❡♥ n ✐. ✈❡0② ❧❛0❣❡ ✭✐✳❡✳ n → ∞ ✮

(1− λ)2 <
2n2 + n+ 3

(n− 2 ) (5n+ 1)

✐♥❡9✉❛❧✐,② 0❡❞✉❝❡. ,♦ 0.37 < λ < 1.63✳

✸✳✷✳ ❈♦%♦❧❧❛%②✳ ❚❤❡ #❤$✐♥❦❛❣❡ ❡#*✐♠❛*♦$ ❝❧❛## ❢♦$ *❤❡ #❤❛♣❡ ♣❛$❛♠❡*❡$ ♦❢ 1❛$❡*♦ ❞✐#*$✐✲

❜✉*✐♦♥✱ ✇❤✐❝❤ ✐# ♦❜*❛✐♥❡❞ ❜② ♠❡❛♥# ♦❢ ❡9✉❛*✐♦♥✭✷✳✷✮✱ ✐# ❣✐✈❡♥ ❛#

✭✸✳✶✼✮ β∗

(p) = β0 +
(
β̃ − β0

)
w(p)

✇❤❡$❡

✭✸✳✶✽✮ w(p) = (n− 1)−p (n− p− 1)!

(n− 2p− 1)!
.

♦❢ β∗

(p) ❡#*✐♠❛*♦$ ❝❧❛## ✐#

MSE
(
β∗

(p)

)
= β2

[
w2

(p)

(n−2)
+

(
w(p) − 1

)2
(1− λ)2

]

✇❤❡$❡ λ = β0/β✳❋✉$*❤❡$♠♦$❡ ❜✐❛# ♦❢ β
∗

(p)❡#*✐♠❛*♦$ ❝❧❛## ✐# ❣✐✈❡♥ ❜②

✭✸✳✶✾✮ Bias
(
β∗

(p)

)
=

(
1− w(p)

)
(β0 − β) .



✶✷✸✼

 !♦♦❢✳ ❚❤❡ #❤$✐♥❦❛❣❡ ❡#*✐♠❛*♦$ ❝❧❛## ❢♦$ *❤❡ #❤❛♣❡ ♣❛$❛♠❡*❡$ ♦❢ 1❛$❡*♦ ❞✐#*$✐❜✉*✐♦♥ ✐#

❞❡#❝$✐❜❡❞ ❛#

β∗

(p) = β0

[
1 + w

(
β̃

β0

)p]

✇❤✐❝❤ ✐# ♦❜*❛✐♥❡❞ ❜② ♠❡❛♥# ♦❢ ❡7✉❛*✐♦♥✭✷✳✷✮✳

E
(
β̃jp

)
= K2(jp)(β)

jp , (j = 1, 2)

❛♥❞

K2(jp) = (n− 1)jp
(n− jp− 1)!

(n− 1)!

❢✉♥❝*✐♦♥# ❛$❡ ✉#❡❞ *♦ ❝❛❧❝✉❧❛*❡ *❤❡ ▼❙❊ ♦❢ β∗

(p) ❡#*✐♠❛*♦$ ❝❧❛##✳ ❚❤❡ ✈❛❧✉❡ ♦❢MSE
(
β∗

(p)

)

✐#

✭✸✳✷✵✮ MSE(β∗

(p) = E
[
β∗

(p) − β
]2

■❢ ♥❡❝❡##❛$② ✐♥❢♦$♠❛*✐♦♥ ✐# ✇$✐**❡♥ ✐♥ ❡7✉❛*✐♦♥ ✭✸✳✷✵✮ ✇❤❡$❡ λ = β0
β
✱ *❤❡ ▼❙❊ ✈❛❧✉❡ ✐#

♦❜*❛✐♥❡❞ ❛#

MSE
(
β∗

(p)

)
= β2

[
w2(λ)2(1−p)K2(2p) + 2w(λ)1−p (λ− 1)K2(p) + (λ− 1)2

]
.

❉✐✛❡$❡♥*✐❛*✐♥❣ *❤✐# ❡7✉❛*✐♦♥ ✇✐*❤ $❡#♣❡❝* *♦ ✇ ❛♥❞ #❡**✐♥❣ *❤❡ ❞❡$✐✈❛*❡ ❡7✉❛❧ *♦ ③❡$♦✱ ✇❡

✜♥❞

✭✸✳✷✶✮ w =

(
1

λ
− 1

)
(λ)p

(
K2(p)

K2(2p)

)

✇❤✐❝❤ ✐# ❛ ❝♦♥#*❛♥* ♠✐♥✐♠✐③✐♥❣ *❤❡ ▼❙❊ ✈❛❧✉❡✳ ■❢ ♥❡❝❡##❛$② ✐♥❢♦$♠❛*✐♦♥ ✐# ✇$✐**❡♥ ✐♥

❡7✉❛❧✐*② ✇❤✐❝❤ ✐# ✐♥*$♦❞✉❝❡❞ ❡7✉❛*✐♦♥ ✭✸✳✷✶✮ w ✐# ♦❜*❛✐♥❡❞ ❛# ❢♦❧❧♦✇#✿

✭✸✳✷✷✮ w =

(
β − β0

β0

)(
β0

β

)p

(n− 1)−p (n− p− 1)!

(n− 2p− 1)!
.

❚❤❡ #❤$✐♥❦✐♥❣ ♣❛$❛♠❡*❡$ ❦ ✐# ♦❜*❛✐♥❡❞ ❛# ❛ ❢✉♥❝*✐♦♥ ♦❢ β♣❛$❛♠❡*❡$✳ ■♥ ♣$❛❝*✐❝❡✱ ✐* ✐#
✐♠♣♦##✐❜❧❡ *♦ ❛**❛✐♥ ♣❛$❛♠❡*❡$ β✳ ❚❤❡$❡❢♦$❡ *❤❡ ✉♥❦♥♦✇♥ ♣❛$❛♠❡*❡$ ✐♥ ❡7✉❛*✐♦♥ ✭✸✳✷✷✮
✐# $❡♣❧❛❝❡❞ ❜② ✐*# ✉♥❜✐❛#❡❞ ❡#*✐♠❛*♦$✳ ❙♦ ❛♥ ❡#*✐♠❛*♦$ ❢♦$ ✇ ✐# ♦❜*❛✐♥❡❞ ❛#

ŵ =

(
β̃ − β0

β0

)(
β0

β̃

)p

(n− 1)−p (n− p− 1)!

(n− 2p− 1)!
.

❖♥ ❝♦♥❝❧✉#✐♦♥✱ ✇❤❡♥ ♥❡❝❡##❛$② ❛❞❥✉#*♠❡♥* ✐# ♠❛❞❡✱ *❤❡ ❡#*✐♠❛*♦$ ❝❧❛## ❢♦$ *❤❡ #❤❛♣❡

♣❛$❛♠❡*❡$ ♦❢ 1❛$❡*♦ ❞✐#*$✐❜✉*✐♦♥ ✐# ♦❜*❛✐♥❡❞ ❛#

β∗

(p) = β0 +
(
β̃ − β0

)
w(p)

✇❤❡$❡ w(p) = (n− 1)−p (n−p−1)!
(n−2p−1)!

.❚❤✉#✱ *❤❡ ▼❙❊ ✈❛❧✉❡ ♦❢ β∗

(p) ✐# ♦❜*❛✐♥❡❞ ❛#

✭✸✳✷✸✮ MSE
(
β∗

(p)

)
=

w2
(p)β

2

(n− 2)
+

(
w(p) − 1

)2
(β − β0)

2
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❜② ♠❛❦✐♥❣ ♥❡❝❡**❛+② ❛❞❥✉*/♠❡♥/ ✐♥ ❡0✉❛/✐♦♥ ✭✸✳✷✵✮✳ ■❢ λ = β0/β ✐* ✇+✐//❡♥ ♦♥ ✐/* ♣❧❛❝❡✱

❡0✉❛/✐♦♥ ✭✸✳✷✸✮ ✐* ✇+✐//❡♥ ❛*

MSE
(
β∗

(p)

)
= β2

[
w2

(p)

(n− 2)
+

(
w(p) − 1

)2
(1− λ)2

]
.

❋✉+/❤❡+♠♦+❡ /❤❡ ❜✐❛* ♦❢ β⋆
(p)❡*/✐♠❛/♦+ ❝❧❛** ❝❛♥ ❜❡ ♦❜/❛✐♥❡❞ ❛*

Bias
(
β∗

(p)

)
= E

(
β∗

(p)

)
− β =

(
1− w(p)

)
(β0 − β) .

❚❤✉* /❤❡ ♣+♦♦❢ ✐* ❝♦♠♣❧❡/❡❞✳ �

❚❤❡ +❡❧❛/✐✈❡ ❡✣❝✐❡♥❝② ♦❢ β∗

(p) ❡*/✐♠❛/♦+ ❝❧❛** ✇✐/❤ +❡*♣❡❝/ /♦ β̃ ❡*/✐♠❛/♦+ ✐* ❝❛❧❝✉❧❛/❡❞

❜② ♠❡❛♥* ♦❢

✭✸✳✷✹✮

MSE
(
β∗

(p)

)

V ar
(
β̃
) = w2

(p) + (n− 2)
(
w(p) − 1

)2
(1− λ)2.

■❢ ❡0✉❛/✐♦♥ ✭✸✳✷✹✮ ✐* *♠❛❧❧❡+ /❤❛♥ ✶✱ ✐/ ✐* ❝❧❡❛+ /❤❛/ MSE
(
β∗

(p)

)
< V ar

(
β̃
)
✳

❈❛"❡ ❙%✉❞② ✸✿ ❈♦♥*✐❞❡+ /❤❛/ ♣❂✶✳ ❆♥ ❡*/✐♠❛/♦+ ✐* ♦❜/❛✐♥❡❞ ❛*

β∗

(1) = β0 +
(
β̃ − β0

) (n− 2)

(n− 1)

❜② ✉*✐♥❣ ❡0✉❛/✐♦♥ ✭✸✳✶✼✮ ❛♥❞ ❡0✉❛/✐♦♥ ✭✸✳✶✽✮✳ ❚❤❡ ▼❙❊ ✈❛❧✉❡ ♦❢ /❤✐* ❡*/✐♠❛/♦+ ✐*

MSE
(
β∗

(1)

)
= β2

[
(n− 2)2

(n− 2) (n− 1)2
+

(
(n− 2)

(n− 1)
− 1

)2

(1− λ)2
]
.

❚❤❡ +❡❧❛/✐✈❡ ❡✣❝✐❡♥❝② ♦❢ β∗

(1) ❡*/✐♠❛/♦+ ✇✐/❤ +❡*♣❡❝/ /♦ β̃ ❡*/✐♠❛/♦+ ✐*

MSE(β∗

(1))

V ar(β̃)
=

(n− 2)2

(n− 1)2
+ (n− 2)

[
(n− 2)

(n− 1)
− 1

]2

(1− λ)2

=
(n− 2)2

(n− 1)2
+

(n− 2)

(n− 1)2
(1− λ)2.

■/ ✐* ❝❧❡❛+ /❤❛/ β∗

(1) ❡*/✐♠❛/♦+ ✐* ❜❡//❡+ /❤❛♥ β̃ ❡*/✐♠❛/♦+ ✐❢

MSE
(
β∗

(1)

)

V ar(β̃)
< 1 ✐♥❡0✉❛❧✐/② ✐*

/+✉❡✳ ❚❤✉*

(n− 2)2

(n− 1)2
+

(n− 2)

(n− 1)2
(1− λ)2 < 1

✐♥❡0✉❛❧✐/② ❝❛♥ ❜❡ ✇+✐//❡♥✳ ■❢ /❤❡ ♥❡❝❡**❛+② ❛❞❥✉*/♠❡♥/ ✐* ♠❛❞❡ ✐♥ ❛❜♦✈❡ ✐♥❡0✉❛❧✐/②✱ ✐/ ✐*

♦❜/❛✐♥❡❞ /❤❛/

0 < λ < 1 +

(
2n− 3

n− 2

)1/2

.

■♥ ❝❛*❡ /❤✐* ✐♥❡0✉❛❧✐/② ✐* /+✉❡✱ ✐/ ❝❛♥ ❜❡ *❛✐❞ /❤❛/ β∗

(1)❡*/✐♠❛/♦+ ✐* ❜❡//❡+ /❤❛♥ β̃ ❡*/✐♠❛/♦+✳

❋✉+/❤❡+✱ ✇❤❡♥ n ✐* ✈❡+② ❧❛+❣❡ ✭✐✳❡✳ n → ∞ ✮

(1− λ)2 <
2n− 3

n− 2

✐♥❡0✉❛❧✐/② +❡❞✉❝❡* /♦ 0 < λ < 2.41✳



✶✷✸✾

❈❛"❡ ❙%✉❞② ✹✿ ❈♦♥#✐❞❡' (❤❛( p = 2✳ ❇② ✉#✐♥❣ ❡0✉❛(✐♦♥ ✭✸✳✶✼✮ ❛♥❞ ❡0✉❛(✐♦♥ ✭✸✳✶✽✮ ❛♥
❡#(✐♠❛(♦' ✐# ♦❜(❛✐♥❡❞ ❛#

β∗

(2) = β0 +
(
β̃ − β0

) (n− 3) (n− 4)

(n− 1)2
.

❚❤❡ ▼❙❊ ✈❛❧✉❡ ♦❢ (❤✐# ❡#(✐♠❛(♦' ✐#

MSE
(
β∗

(2)

)
= β2

[
(n−3)2(n−4)2

(n−2)(n−1)4
+

(
(n−3)(n−4)

(n−1)2
− 1

)2

(1− λ)2
]
.

❚❤❡ '❡❧❛(✐✈❡ ❡✣❝✐❡♥❝② ♦❢ β∗

(2) ❡#(✐♠❛(♦' ✇✐(❤ '❡#♣❡❝( (♦ β̃ ❡#(✐♠❛(♦' ✐#

MSE(β∗

(2))

V ar(β̃)
=

(n− 3)2(n− 4)2

(n− 1)4
+ (n− 2)

(
(n− 3) (n− 4)

(n− 1)2
− 1

)2

(1− λ)2

=
(n− 3)2(n− 4)2

(n− 1)4
+

(n− 2) (5n− 11)2

(n− 1)2
.

■( ✐#

❝❧❡❛' (❤❛( β∗

(2) ❡#(✐♠❛(♦' ✐# ❜❡((❡' (❤❛♥ β̃ ❡#(✐♠❛(♦' ✐❢
MSE

(
β∗

(2)

)

V ar(β̃)
< 1 ✐♥❡0✉❛❧✐(② ✐# ('✉❡✳

❚❤✉#

(n− 3)2(n− 4)2

(n− 1)4
+

(n− 2) (5n− 11)2

(n− 1)2
(1− λ)2 < 1

✐♥❡0✉❛❧✐(② ❝❛♥ ❜❡ ✇'✐((❡♥✳ ■❢ (❤❡ ♥❡❝❡##❛'② ❛❞❥✉#(♠❡♥( ✐# ♠❛❞❡ ✐♥ ❛❜♦✈❡ ✐♥❡0✉❛❧✐(②✱ ✐( ✐#

♦❜(❛✐♥❡❞ (❤❛(

1−

(
2n2

− 9n+ 13

(n− 2 ) (5n− 11)

) 1
2

< λ < 1 +

(
2n2

− 9n+ 13

(n− 2 ) (5n− 11)

) 1
2

.

■♥ ❝❛#❡ (❤✐# ✐♥❡0✉❛❧✐(② ✐# ('✉❡✱ ✐( ❝❛♥ ❜❡ #❛✐❞ (❤❛( β∗

(2)❡#(✐♠❛(♦' ✐# ❜❡((❡' (❤❛♥ β̃ ❡#(✐♠❛(♦'✳

❋✉'(❤❡'✱ ✇❤❡♥ ♥ ✐# ✈❡'② ❧❛'❣❡ ✭✐✳❡✳ n → ∞ ✮

(1− λ)2 <
2n2

− 9n+ 13

(n− 2 ) (5n− 11)

✐♥❡0✉❛❧✐(② '❡❞✉❝❡# (♦ 0.37 < λ < 1.63✳

◆♦%❡✿ ■( ❝❛♥ ❜❡ #❡❡♥ (❤❛( (❤❡ ❡#(✐♠❛(♦' ❝❧❛## ♣'♦♣♦#❡❞ ❜② ❏❛♥✐ ❬✶✶❪ ✐# ❞✐'❡❝(❧② '❡❧❛(❡❞

✇✐(❤ (❤❛( ♦❢ ❙✐♥❣❤ ❛♥❞ ❙✐♥❣❤ ❬✶✹❪ ❢♦' (❤❡ #❤❛♣❡ ♣❛'❛♠❡(❡' ♦❢ (❤❡ L❛'❡(♦ ❞✐#('✐❜✉(✐♦♥✳

❚❤✐# '❡❧❛(✐♦♥#❤✐♣ ✐# ❡①♣'❡##❡❞ ❛# k(p) = w(−p)✳

✹✳ ❈♦♠♣❛'✐)♦♥) ♦❢ ,❤❡ ❡),✐♠❛,♦')

❍❡'❡✱ (❤❡ '❡❧❛(✐✈❡ ❡✣❝✐❡♥❝② ♦❢ (❤❡ ♦❜(❛✐♥❡❞ ❡#(✐♠❛(♦' ❝❧❛##❡# ✇✐(❤ '❡#♣❡❝( (♦ (❤❡ ✉♥✲

❜✐❛#❡❞ ❡#(✐♠❛(♦' ❢♦' (❤❡ #❤❛♣❡ ♣❛'❛♠❡(❡' ♦❢ (❤❡ L❛'❡(♦ ❞✐#('✐❜✉(✐♦♥ ✐# ❝❛❧❝✉❧❛(❡❞ ✉#✐♥❣

❞✐✛❡'❡♥( ✈❛❧✉❡# ♦❢ ♥✱ ♣ ❛♥❞ λ✳ ❚❤❡ ❤❛♥❞❧❡❞ λ ✈❛❧✉❡# ❛'❡ #❡❧❡❝(❡❞ ❜② ❝♦♥#✐❞❡'✐♥❣ (❤❡

❡✣❝✐❡♥❝② '❛♥❣❡ ❢♦' ❧❛'❣❡ ♥ ✈❛❧✉❡# ✐♥ ❝❛#❡ #(✉❞✐❡#✳

❚❤❡ '❡❧❛(✐✈❡ ❡✣❝✐❡♥❝② ♦❢ (❤❡ ❡#(✐♠❛(♦' ❝❧❛## ✐♥('♦❞✉❝❡❞ ✐♥ ❡0✉❛(✐♦♥ ✭✸✳✹✮ ✇✐(❤ '❡#♣❡❝(

(♦ (❤❡ ❡#(✐♠❛(♦' ❣✐✈❡♥ ✐♥ ❡0✉❛(✐♦♥ ✭✸✳✸✮ ✐# ❝❛❧❝✉❧❛(❡❞ ❢♦' (❤❡ ❞✐✛❡'❡♥( ✈❛❧✉❡ ♦❢ ♥✱ ♣ ❛♥❞ λ
❜② (❤❡ ❤❡❧♣ ♦❢ ❡0✉❛(✐♦♥ ✭✸✳✶✹✮✳ ❚❤❡#❡ ❝❛❧❝✉❧❛(❡❞ ✈❛❧✉❡# ❛'❡ #✉♠♠❛'✐③❡❞ ✐♥ ❚❛❜❧❡ ✶✳



✶✷✹✵

❚❛❜❧❡ ✶✳ ❚❤❡ #❡❧❛&✐✈❡ ❡✣❝✐❡♥❝② ♦❢ &❤❡ ❡/&✐♠❛&♦# ❝❧❛// ♣#♦♣♦/❡❞ ❡3✉❛✲

&✐♦♥ ✭✸✳✹✮ ✇✐&❤ #❡/♣❡❝& &♦ ❡/&✐♠❛&♦# ❣✐✈❡♥ ❜② ❡3✉❛&✐♦♥ ✭✸✳✸✮

❙❛♠♣❧❡ ❙✐③❡ ♥

λ ❊./✐♠❛/♦1 ✺ ✶✵ ✶✺ ✷✺ ✺✵

✵✳✶✷✺

β⋆
(−1) ✵✳✽✻✺✼ ✵✳✾✶✸✵ ✵✳✾✸✺✼ ✵✳✾✹✾✵ ✵✳✾✼✹✾

β⋆
(−1/2) ✵✳✾✼✸✽ ✵✳✾✽✸✶ ✵✳✾✽✼✺ ✵✳✾✾✵✶ ✵✳✾✾✺✶

β⋆
(1/2) ✵✳✾✵✷✷ ✵✳✾✸✺✹ ✵✳✾✺✶✽ ✵✳✾✻✶✺ ✵✳✾✽✵✾

β⋆
(1) ✵✳✽✼✶✾ ✵✳✾✷✶✶ ✵✳✾✹✸✻ ✵✳✾✺✻✸ ✵✳✾✼✾✻

β⋆
(3/2) ✶✳✶✶✸✾ ✶✳✶✸✻✾ ✶✳✶✸✵✹ ✶✳✶✶✾✵ ✶✳✵✼✻✶

β⋆
(2) ✶✳✻✽✺✸ ✶✳✻✾✻✺ ✶✳✻✹✵✼ ✶✳✺✼✽✽ ✶✳✸✻✽✼

β⋆
(5/2) ✷✳✹✽✾✵ ✷✳✺✾✺✺ ✷✳✺✷✷✽ ✷✳✹✶✶✶ ✶✳✾✺✸✸

✵✳✺✵

β⋆
(−1) ✵✳✽✶✹✽ ✵✳✽✼✽✽ ✵✳✾✶✵✵ ✵✳✾✷✽✹ ✵✳✾✻✹✻

β⋆
(−1/2) ✵✳✾✼✸✵ ✵✳✾✽✷✻ ✵✳✾✽✼✶ ✵✳✾✽✾✽ ✵✳✾✾✺✵

β⋆
(1/2) ✵✳✽✽✺✽ ✵✳✾✷✸✻ ✵✳✾✹✷✻ ✵✳✾✺✹✶ ✵✳✾✼✼✵

β⋆
(1) ✵✳✼✸✺✺ ✵✳✽✶✻✹ ✵✳✽✺✾✹ ✵✳✽✽✻✶ ✵✳✾✹✶✻

β⋆
(3/2) ✵✳✻✻✻✼ ✵✳✼✻✹✼ ✵✳✽✶✽✷ ✵✳✽✺✶✾ ✵✳✾✷✸✶

β⋆
(2) ✵✳✼✸✶✾ ✵✳✽✸✵✷ ✵✳✽✼✽✺ ✵✳✾✵✻✺ ✵✳✾✺✽✶

β⋆
(5/2) ✵✳✾✶✵✼ ✶✳✵✷✼✵ ✶✳✵✻✾✼ ✶✳✵✽✺✽ ✶✳✵✽✷✸

✶✳✵✵

β⋆
(−1) ✵✳✼✾✵✶ ✵✳✽✻✷✷ ✵✳✽✾✼✺ ✵✳✾✶✽✹ ✵✳✾✺✾✻

β⋆
(−1/2) ✵✳✾✼✷✻ ✵✳✾✽✷✸ ✵✳✾✽✻✾ ✵✳✾✽✾✻ ✵✳✾✾✹✾

β⋆
(1/2) ✵✳✽✼✼✽ ✵✳✾✶✼✾ ✵✳✾✸✽✷ ✵✳✾✺✵✹ ✵✳✾✼✺✶

β⋆
(1) ✵✳✻✻✾✹ ✵✳✼✻✺✻ ✵✳✽✶✽✻ ✵✳✽✺✷✶ ✵✳✾✷✸✶

β⋆
(3/2) ✵✳✹✹✾✾ ✵✳✺✽✹✷ ✵✳✻✻✻✽ ✵✳✼✷✷✹ ✵✳✽✹✾✵

β⋆
(2) ✵✳✷✻✾✻ ✵✳✹✶✵✸ ✵✳✺✵✾✵ ✵✳✺✽✵✺ ✵✳✼✺✾✵

β⋆
(5/2) ✵✳✶✹✺✺ ✵✳✷✻✻✺ ✵✳✸✻✺✷ ✵✳✹✹✸✷ ✵✳✻✻✵✵

✶✳✺✵

β⋆
(−1) ✵✳✽✶✹✽ ✵✳✽✼✽✽ ✵✳✾✶✵✵ ✵✳✾✷✽✹ ✵✳✾✻✹✻

β⋆
(−1/2) ✵✳✾✼✸✵ ✵✳✾✽✷✻ ✵✳✾✽✼✶ ✵✳✾✽✾✽ ✵✳✾✾✺✵

β⋆
(1/2) ✵✳✽✽✺✽ ✵✳✾✷✸✻ ✵✳✾✹✷✻ ✵✳✾✺✹✶ ✵✳✾✼✼✵

β⋆
(1) ✵✳✼✸✺✺ ✵✳✽✶✻✹ ✵✳✽✺✾✹ ✵✳✽✽✻✶ ✵✳✾✹✶✻

β⋆
(3/2) ✵✳✻✻✻✼ ✵✳✼✻✹✼ ✵✳✽✶✽✷ ✵✳✽✺✶✾ ✵✳✾✷✸✶

β⋆
(2) ✵✳✼✸✶✾ ✵✳✽✸✵✷ ✵✳✽✼✽✺ ✵✳✾✵✻✺ ✵✳✾✺✽✶

β⋆
(5/2) ✵✳✾✶✵✼ ✶✳✵✷✼✵ ✶✳✵✻✾✼ ✶✳✵✽✺✽ ✶✳✵✽✷✸

✷✳✺✵

β⋆
(−1) ✶✳✵✶✷✸ ✶✳✵✶✶✺ ✶✳✵✵✾✼ ✶✳✵✵✽✷ ✶✳✵✵✹✻

β⋆
(−1/2) ✵✳✾✼✻✵ ✵✳✾✽✹✻ ✵✳✾✽✽✼ ✵✳✾✾✶✵ ✵✳✾✾✺✻

β⋆
(1/2) ✵✳✾✹✾✹ ✵✳✾✻✾✸ ✵✳✾✼✽✶ ✵✳✾✽✸✵ ✵✳✾✾✷✵

β⋆
(1) ✶✳✷✻✹✺ ✶✳✷✷✷✼ ✶✳✶✽✺✾ ✶✳✶✺✽✸ ✶✳✵✽✾✷

β⋆
(3/2) ✷✳✹✵✶✸ ✷✳✷✵✽✺ ✷✳✵✷✾✵ ✶✳✽✽✽✵ ✶✳✺✶✻✹

β⋆
(2) ✹✳✹✸✵✶ ✹✳✶✾✵✶ ✸✳✽✸✹✼ ✸✳✺✶✹✷ ✷✳✺✺✵✾

β⋆
(5/2) ✼✳✵✸✷✼ ✼✳✶✶✵✾ ✻✳✼✵✻✵ ✻✳✷✷✻✺ ✹✳✹✻✵✻

❚❛❜❧❡ ✶ /❤♦✇/ &❤❛& β⋆
(−1/2) ❛♥❞ β⋆

(1/2) ❡/&✐♠❛&♦#/ ❛#❡ ❜❡&&❡# &❤❛♥ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛✲

&♦#/ ❢♦# ❛❧❧ ✈❛❧✉❡/ ♦❢ λ✳ ❋✉#&❤❡# ✇❤❡♥ 0.50 ≤ λ ≤ 1.50✱ &❤❡ ❛❧❧ ♣#♦♣♦/❡❞ ❜✐❛/❡❞ ❡/&✐♠❛&♦#/
❛#❡ ❜❡&&❡# &❤❛♥ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦#/✳ ❍❡♥❝❡ &❤❡ ❡✣❝✐❡♥❝② ♦❢ &❤❡ ♣#♦♣♦/❡❞ ❜✐❛/❡❞ ❡/✲

&✐♠❛&♦# ❝❧❛// ✇✐&❤ #❡/♣❡❝& &♦ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦# ❞❡❝#❡❛/❡/ ❛/ λ ✈❛❧✉❡/ ❞✐✛❡# ❢#♦♠ ✶✳

❇❡/✐❞❡/ ✐♥❝#❡❛/❡❞ ♣ ✈❛❧✉❡/ ❝❛✉/❡ ❛ ❞❡❝#❡❛/❡ ✐♥ ❡✣❝✐❡♥❝② ♦❢ &❤❡ ♣#♦♣♦/❡❞ ❜✐❛/❡❞ ❡/&✐♠❛&♦#

❝❧❛// ✇✐&❤ #❡/♣❡❝& &♦ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦#✳



✶✷✹✶

❚❛❜❧❡ ✷✳ ❚❤❡ #❡❧❛&✐✈❡ ❡✣❝✐❡♥❝② ♦❢ &❤❡ ❡/&✐♠❛&♦# ❝❧❛// ♣#♦♣♦/❡❞ ❡3✉❛✲

&✐♦♥ ✭✸✳✶✼✮ ✇✐&❤ #❡/♣❡❝& &♦ ❡/&✐♠❛&♦# ❣✐✈❡♥ ❜② ❡3✉❛&✐♦♥ ✭✸✳✸✮

❙❛♠♣❧❡ ❙✐③❡ ♥

λ ❊./✐♠❛/♦1 ✺ ✶✵ ✶✺ ✷✺ ✺✵

✵✳✶✷✺

β∗

(−1) ✵✳✽✼✶✾ ✵✳✾✷✶✶ ✵✳✾✹✸✻ ✵✳✾✺✻✸ ✵✳✾✼✾✻

β∗

(−1/2) ✵✳✾✵✷✷ ✵✳✾✸✺✹ ✵✳✾✺✶✽ ✵✳✾✻✶✺ ✵✳✾✽✵✾

β∗

(1/2) ✵✳✾✼✸✽ ✵✳✾✽✸✶ ✵✳✾✽✼✺ ✵✳✾✾✵✶ ✵✳✾✾✺✶

β∗

(1) ✵✳✽✻✺✼ ✵✳✾✶✸✵ ✵✳✾✸✺✼ ✵✳✾✹✾✵ ✵✳✾✼✹✾

β∗

(3/2) ✵✳✾✾✹✽ ✵✳✾✾✽✼ ✵✳✾✾✾✼ ✶✳✵✵✵✵ ✶✳✵✵✵✸

β∗

(2) ✶✳✻✽✽✽ ✶✳✺✶✹✽ ✶✳✹✵✺✸ ✶✳✸✸✸✶ ✶✳✶✼✺✵

β∗

(5/2) ✷✳✾✷✽✵ ✷✳✻✶✸✸ ✷✳✸✸✺✹ ✷✳✶✷✽✾ ✶✳✻✷✺✷

✵✳✺✵

β∗

(−1) ✵✳✼✸✺✺ ✵✳✽✶✻✹ ✵✳✽✺✾✹ ✵✳✽✽✻✶ ✵✳✾✹✶✻

β∗

(−1/2) ✵✳✽✽✺✽ ✵✳✾✷✸✻ ✵✳✾✹✷✻ ✵✳✾✺✹✶ ✵✳✾✼✼✵

β∗

(1/2) ✵✳✾✼✸✵ ✵✳✾✽✷✻ ✵✳✾✽✼✶ ✵✳✾✽✾✽ ✵✳✾✾✺✵

β∗

(1) ✵✳✽✶✹✽ ✵✳✽✼✽✽ ✵✳✾✶✵✵ ✵✳✾✷✽✹ ✵✳✾✻✹✻

β∗

(3/2) ✵✳✻✼✺✽ ✵✳✼✼✻✽ ✵✳✽✸✵✷ ✵✳✽✻✸✵ ✵✳✾✸✵✹

β∗

(2) ✵✳✼✸✷✺ ✵✳✽✵✵✶ ✵✳✽✹✶✷ ✵✳✽✻✽✻ ✵✳✾✷✾✼

β∗

(5/2) ✶✳✵✷✺✹ ✶✳✵✸✶✹ ✶✳✵✷✺✵ ✶✳✵✶✾✼ ✶✳✵✵✽✸

✶✳✵✵

β∗

(−1) ✵✳✻✻✾✹ ✵✳✼✻✺✻ ✵✳✽✶✽✻ ✵✳✽✺✷✶ ✵✳✾✷✸✶

β∗

(−1/2) ✵✳✽✼✼✽ ✵✳✾✶✼✾ ✵✳✾✸✽✷ ✵✳✾✺✵✹ ✵✳✾✼✺✶

β∗

(1/2) ✵✳✾✼✷✻ ✵✳✾✽✷✸ ✵✳✾✽✻✾ ✵✳✾✽✾✻ ✵✳✾✾✹✾

β∗

(1) ✵✳✼✾✵✶ ✵✳✽✻✷✷ ✵✳✽✾✼✺ ✵✳✾✶✽✹ ✵✳✾✺✾✻

β∗

(3/2) ✵✳✺✷✶✷ ✵✳✻✻✾✷ ✵✳✼✹✽✵ ✵✳✼✾✻✻ ✵✳✽✾✻✻

β∗

(2) ✵✳✷✻✽✾ ✵✳✹✺✸✻ ✵✳✺✻✼✼ ✵✳✻✹✸✸ ✵✳✽✶✵✽

β∗

(5/2) ✵✳✶✵✸✵ ✵✳✷✻✹✹ ✵✳✸✽✾✼ ✵✳✹✽✶✾ ✵✳✼✵✾✷

✶✳✺✵

β∗

(−1) ✵✳✼✸✺✺ ✵✳✽✶✻✹ ✵✳✽✺✾✹ ✵✳✽✽✻✶ ✵✳✾✹✶✻

β∗

(−1/2) ✵✳✽✽✺✽ ✵✳✾✷✸✻ ✵✳✾✹✷✻ ✵✳✾✺✹✶ ✵✳✾✼✼✵

β∗

(1/2) ✵✳✾✼✸✵ ✵✳✾✽✷✻ ✵✳✾✽✼✶ ✵✳✾✽✾✽ ✵✳✾✾✺✵

β∗

(1) ✵✳✽✶✹✽ ✵✳✽✼✽✽ ✵✳✾✶✵✵ ✵✳✾✷✽✹ ✵✳✾✻✹✻

β∗

(3/2) ✵✳✻✼✺✽ ✵✳✼✼✻✽ ✵✳✽✸✵✷ ✵✳✽✻✸✵ ✵✳✾✸✵✹

β∗

(2) ✵✳✼✸✷✺ ✵✳✽✵✵✶ ✵✳✽✹✶✷ ✵✳✽✻✽✻ ✵✳✾✷✾✼

β∗

(5/2) ✶✳✵✷✺✹ ✶✳✵✸✶✹ ✶✳✵✷✺✵ ✶✳✵✶✾✼ ✶✳✵✵✽✸

✷✳✺✵

β∗

(−1) ✶✳✷✻✹✺ ✶✳✷✷✷✼ ✶✳✶✽✺✾ ✶✳✶✺✽✸ ✶✳✵✽✾✷

β∗

(−1/2) ✵✳✾✹✾✹ ✵✳✾✻✾✸ ✵✳✾✼✽✶ ✵✳✾✽✸✵ ✵✳✾✾✷✵

β∗

(1/2) ✵✳✾✼✻✵ ✵✳✾✽✹✻ ✵✳✾✽✽✼ ✵✳✾✾✶✵ ✵✳✾✾✺✻

β∗

(1) ✶✳✵✶✷✸ ✶✳✵✶✶✺ ✶✳✵✵✾✼ ✶✳✵✵✽✷ ✶✳✵✵✹✻

β∗

(3/2) ✶✳✾✶✸✵ ✶✳✻✸✼✹ ✶✳✹✽✼✼ ✶✳✸✾✹✻ ✶✳✷✵✶✹

β∗

(2) ✹✳✹✹✶✼ ✸✳✺✼✷✸ ✸✳✵✷✾✸ ✷✳✻✼✵✹ ✶✳✽✽✶✵

β∗

(5/2) ✽✳✹✵✺✶ ✼✳✶✻✼✷ ✻✳✶✵✼✽ ✺✳✸✷✷✷ ✸✳✹✵✶✷

❙✐♠✐❧❛#❧②✱ &❤❡ #❡❧❛&✐✈❡ ❡✣❝✐❡♥❝② ♦❢ &❤❡ ❡/&✐♠❛&♦# ❝❧❛// ♣#♦♣♦/❡❞ ✐♥ ❡3✉❛&✐♦♥ ✭✸✳✶✼✮ ✇✐&❤

#❡/♣❡❝& &♦ ❡/&✐♠❛&♦# ❣✐✈❡♥ ✐♥ ❡3✉❛&✐♦♥ ✭✸✳✸✮ ✐/ ❝❛❧❝✉❧❛&❡❞ ❢♦# ❞✐✛❡#❡♥& ✈❛❧✉❡/ ♦❢ ♥✱ ♣ ❛♥❞

λ ✇✐&❤ &❤❡ ❤❡❧♣ ♦❢ ❡3✉❛&✐♦♥ ✭✸✳✷✹✮✳ ❚❤❡/❡ ❝❛❧❝✉❧❛&❡❞ ✈❛❧✉❡/ ❛#❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳

❚❛❜❧❡ ✷ /❤♦✇/ &❤❛& β∗

(−1/2) ❛♥❞ β∗

(1/2) ❡/&✐♠❛&♦#/ ❛#❡ ❜❡&&❡# &❤❛♥ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐✲

♠❛&♦#/ ❢♦# ❛❧❧ λ ✈❛❧✉❡/✳ ❋✉#&❤❡#♠♦#❡✱ ✇❤❡♥ 0.50 ≤ λ ≤ 1.50✱ &❤❡ ❛❧❧ ♣#♦♣♦/❡❞ ❜✐❛/❡❞
❡/&✐♠❛&♦#/ ❜❡&&❡# &❤❛♥ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦#/✳ ❇✉& &❤❡ ❡✣❝✐❡♥❝② ♦❢ &❤❡ ♣#♦♣♦/❡❞ ❜✐✲

❛/❡❞ ❡/&✐♠❛&♦# ❝❧❛// ✇✐&❤ #❡/♣❡❝& &♦ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦# ❞❡❝#❡❛/❡ ❛/ λ ✈❛❧✉❡/ ❞✐✛❡#



✶✷✹✷

❚❛❜❧❡ ✸✳ ❚❤❡ #❡❧❛&✐✈❡ ❜✐❛*❡* ♦❢ ❡-✉❛&✐♦♥ ✭✸✳✹✮ ❛♥❞ ❡-✉❛&✐♦♥ ✭✸✳✶✼✮

❡*&✐♠❛&♦#* ❢♦# ❞✐✛❡#❡♥& ♥ ❛♥❞ ♣ ✈❛❧✉❡*

♣ ❙❛♠♣❧❡ ❙✐③❡ ♥

✶✵ ✶✺ ✷✵ ✷✺ ✺✵

✲✶ ✵✳✻✶✶✶ ✵✳✺✼✶✹ ✵✳✺✺✷✻ ✵✳✺✹✶✼ ✵✳✺✷✵✹

✲✶✴✷ ✵✳✷✶✽✺ ✵✳✷✶✷✵ ✵✳✷✵✽✾ ✵✳✷✵✼✵ ✵✳✷✵✸✺

✶✴✷ ✹✳✺✼✻✾ ✹✳✼✶✼✺ ✹✳✼✽✽✵ ✹✳✽✸✵✸ ✹✳✾✶✺✶

✶ ✶✳✻✸✻✹ ✶✳✼✺✵✵ ✶✳✽✵✾✺ ✶✳✽✹✻✷ ✶✳✾✷✶✻

✸✴✷ ✶✳✶✽✹✶ ✶✳✷✾✺✷ ✶✳✸✺✻✾ ✶✳✸✾✻✶ ✶✳✹✼✾✾

✷ ✵✳✾✾✽✺ ✶✳✶✵✵✾ ✶✳✶✻✷✸ ✶✳✷✵✸✵ ✶✳✷✾✹✵

✺✴✷ ✵✳✾✶✵✽ ✵✳✾✾✺✽ ✶✳✵✺✸✵ ✶✳✵✾✸✶ ✶✳✶✽✽✷

❢#♦♠ ✶✳ ■♥ ❛❞❞✐&✐♦♥ ✐♥❝#❡❛*❡❞ ♣ ✈❛❧✉❡* ❝❛✉*❡ ❛ ❞❡❝#❡❛*❡❞ ❡✣❝✐❡♥❝② ♦❢ &❤❡ ♣#♦♣♦*❡❞ ❜✐❛*❡❞

❡*&✐♠❛&♦# ❝❧❛** ✇✐&❤ #❡*♣❡❝& &♦ &❤❡ ✉♥❜✐❛*❡❞ ❡*&✐♠❛&♦#✳ ▼♦#❡♦✈❡#✱ ✇❤❡♥ &❤❡ ❡*&✐♠❛&♦#*

❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶ ❛#❡ ❝♦♠♣❛#❡❞ &♦ &❤❡ ❡*&✐♠❛&♦#* ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✱ ✐& ✐* ♦❜*❡#✈❡❞ &❤❛& &❤❡

❡✣❝✐❡♥❝② #❛♥❣❡ ♦❢ &❤❡ ❡*&✐♠❛&♦# ❝❧❛** ✐♥&#♦❞✉❝❡❞ ✐♥ ❡-✉❛&✐♦♥ ✭✸✳✶✼✮ ✇✐&❤ #❡*♣❡❝& &♦ &❤❡

❡*&✐♠❛&♦# ❣✐✈❡♥ ✐♥ ❡-✉❛&✐♦♥ ✭✸✳✸✮ ✐* ❧❛#❣❡# &❤❛♥ &❤❛& ♦❢ &❤❡ ❡*&✐♠❛&♦# ❝❧❛** ✐♥&#♦❞✉❝❡❞ ✐♥

❡-✉❛&✐♦♥ ✭✸✳✹✮ ✇✐&❤ #❡*♣❡❝& &♦ ❡*&✐♠❛&♦# ❣✐✈❡♥ ✐♥ ❡-✉❛&✐♦♥ ✭✸✳✸✮✳

■♥ ❛❞❞✐&✐♦♥ &♦ &❤❡ ▼❙❊ ❝#✐&❡#✐❛✱ ❜✐❛* ❤❛* ❛♥ ✐♠♣♦#&❛♥& #♦❧❡ ✐♥ ❝♦♠♣❛#✐*♦♥ ♦❢ ❡*&✐♠❛&♦#*✳

❆ #❡❧❛&✐✈❡ ❜✐❛* ❝❛♥ ❜❡ ❝❛❧❝✉❧❛&❡❞ ❜② ❞✐✈✐❞✐♥❣ ❡-✉❛&✐♦♥ ✭✸✳✼✮ &♦ ❡-✉❛&✐♦♥ ✭✸✳✶✾✮✳ ❚❤❡

#❡❧❛&✐✈❡ ❜✐❛* ✐* ❣✐✈❡♥ ✐♥ ❡-✉❛&✐♦♥ ✭✹✳✶✮✳

✭✹✳✶✮

Bias(β⋆
(p))

Bias(β∗

(p))
=

1− k(p)
1− w(p)

.

❚❤❡ #❡❧❛&✐✈❡ ❜✐❛* ✈❛❧✉❡* ❛#❡ ❝❛❧❝✉❧❛&❡❞ ❜② ♠❡❛♥* ♦❢ ❡-✉❛&✐♦♥ ✭✹✳✶✮ ❢♦# ❞✐✛❡#❡♥& ♥ ❛♥❞

♣ ✈❛❧✉❡* ❛♥❞ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✸✳

■♥ ❚❛❜❧❡ ✸✱ ✐& ✐* *❡❡♥ &❤❛& &❤❡ ❜✐❛*❡* ♦❢ β⋆
(p) ❡*&✐♠❛&♦#* ❛#❡ *♠❛❧❧❡# &❤❛♥ &❤♦*❡ ♦❢

β∗

(p) ❡*&✐♠❛&♦#* ✇❤❡♥ p ❤❛* ❛ ♥❡❣❛&✐✈❡ ✈❛❧✉❡✳ ❋✉#&❤❡#♠♦#❡✱ ✐& ❝❛♥ ❜❡ ♠❡♥&✐♦♥❡❞ &❤❛&

Bias(β⋆
(p))/Bias(β∗

(p)) ✈❛❧✉❡* ❞❡❝#❡❛*❡ ✇❤❡♥ &❤❡#❡ ✐* ❛♥ ✐♥❝#❡❛*❡ ♦♥ ♣♦*✐&✐✈❡ ✈❛❧✉❡* ♦❢ p✳

❍♦✇❡✈❡#✱ ✐& ❝❛♥ ❜❡ ♥♦&❡❞ &❤❛&β∗

(p) ❡*&✐♠❛&♦#* ❤❛✈❡ *♠❛❧❧❡# ❜✐❛* &❤❛♥ β⋆
(p)❡*&✐♠❛&♦#* ✐❢ p

✐* ♥❡❛# ✶✳

✺✳ ❙✐♠✉❧❛(✐♦♥ ❙(✉❞②

■♥ &❤✐* *❡❝&✐♦♥✱ ✇❡ ❣❡♥❡#❛&❡❞ ❛ ❞❛&❛ *❡& ❢♦# &❤❡ N❛#❡&♦ ❞✐*&#✐❜✉&✐♦♥ ✇✐&❤ &❤❡ *❤❛♣❡

♣❛#❛♠❡&❡# β = 5 ❛♥❞ &❤❡ *❝❛❧❡ ♣❛#❛♠❡&❡# α = 1✳ ❚❤❡ *❝❛❧❡ ♣❛#❛♠❡&❡# α ✇❛* &❛❦❡♥ ❛*

✶ ❜❡❝❛✉*❡ &❤❡ *❛♠❡ #❡*✉❧&* ✇❡#❡ ♦❜&❛✐♥❡❞ ❢#♦♠ ❡①♣❡#✐♠❡♥&* ❢♦# α = 1, 1.5, 2, . . . ✳ ❚❤❡
*❤❛♣❡ ♣❛#❛♠❡&❡# *❤♦✉❧❞ ❜❡ ❣#❡❛&❡# &❤❛♥ ✷ *♦ &❤❛& &❤❡ ✈❛#✐❛♥❝❡ ♦❢ ❛ ❞❛&❛ *❡& ❢#♦♠ &❤❡

N❛#❡&♦ ❞✐*&#✐❜✉&✐♦♥ ❝♦✉❧❞ ❜❡ ❝❛❧❝✉❧❛&❡❞✳ ❆❧*♦ ❚❤♦♠♣*♦♥ ❬✶✱✷❪ ✉*❡❞ &❤❡ ♣#♦♣♦#&✐♦♥ ✶✴✺

❜❡&✇❡❡♥ &✇♦ ❞❡*❝#✐♣&✐✈❡ ♣❛#❛♠❡&❡#* ♦❢ &❤❡ ♥♦#♠❛❧ ❞✐*&#✐❜✉&✐♦♥ ✐♥ ❤✐* *&✉❞②✳ ❚❤❡ #❡❧❛&✐✈❡

❡✣❝✐❡♥❝② ♦❢ &❤❡ ♦❜&❛✐♥❡❞ ❡*&✐♠❛&♦# ❝❧❛**❡* ✇✐&❤ #❡*♣❡❝& &♦ &❤❡ ✉♥❜✐❛*❡❞ ❡*&✐♠❛&♦# ❢♦# &❤❡

*❤❛♣❡ ♣❛#❛♠❡&❡# ♦❢ &❤❡ N❛#❡&♦ ❞✐*&#✐❜✉&✐♦♥ ✐* ❝❛❧❝✉❧❛&❡❞ ✉*✐♥❣ ❞✐✛❡#❡♥& ✈❛❧✉❡* ♦❢ ♥✱ ♣ ❛♥❞

λ✳ ❋✐#*& ✇❡ ❝❛❧❝✉❧❛&❡❞ &❤❡ ▼❙❊ ✈❛❧✉❡* &♦ ♦❜&❛✐♥ &❤❡ #❡❧❛&✐✈❡ ❡✣❝✐❡♥❝②✳ ❚❤❡*❡ ▼❙❊ ✈❛❧✲
✉❡* ✇❡#❡ ❝❛❧❝✉❧❛&❡❞ ❜② &❤❡ ♠❡❛♥* ♦❢ ▼♦♥&❡ ❈❛#❧♦ ❙✐♠✉❧❛&✐♦♥ *&✉❞② ✇❤❡#❡ &❤❡ ♥✉♠❜❡# ♦❢

✐&❡#❛&✐♦♥* ✇❛* ✷✺✵✵✵✳ ❲❡ ♦❜&❛✐♥❡❞ #❡❧❛&✐✈❡ ❡✣❝✐❡♥❝✐❡* *✐♠✐❧❛# &♦ &❤❛& ♦❢ ♣#❡✈✐♦✉* *❡❝&✐♦♥✳

❚❤❡ *✐♠✉❧❛&✐♦♥ *&✉❞② #❡*✉❧&* ✇❤✐❝❤ ❛#❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✹ *✉♣♣♦#& &♦ &❤❡ &❤❡♦#❡&✐❝❛❧ #❡*✉❧&*✳



✶✷✹✸

❚❛❜❧❡ ✹✳ ❚❤❡ #❡❧❛&✐✈❡ ❡✣❝✐❡♥❝② ♦❢ &❤❡ ❡/&✐♠❛&♦# ❝❧❛// ♣#♦♣♦/❡❞ ❡3✉❛✲

&✐♦♥✭✸✳✹✮ ❛♥❞ ❡3✉❛&✐♦♥✭✸✳✶✼✮ ✇✐&❤ #❡/♣❡❝& &♦ ❡/&✐♠❛&♦# ❣✐✈❡♥ ❜② ❡3✉❛✲

&✐♦♥ ✭✸✳✸✮

❙❛♠♣❧❡ ❙✐③❡ ♥

λ ❊./✐♠❛/♦1 ✺ ✶✺ ✺✵

✵✳✺✵

β⋆
(−1) ✵✳✼✼✾✼ ✵✳✾✸✸✾ ✵✳✾✽✵✽

β∗

(−1) ✵✳✼✶✷✹ ✵✳✽✽✺✼ ✵✳✾✻✸✸

β⋆
(−1/2) ✵✳✾✼✶✺ ✵✳✾✾✶✻ ✵✳✾✾✼✻

β∗

(−1/2) ✵✳✽✽✹✶ ✵✳✾✻✵✾ ✵✳✾✽✽✷

β⋆
(1) ✵✳✼✶✷✸ ✵✳✽✽✺✼ ✵✳✾✻✸✸

β∗

(1) ✵✳✼✼✾✻ ✵✳✾✸✸✾ ✵✳✾✽✵✽

✶✳✵✵

β⋆
(−1) ✵✳✺✻✷✺ ✵✳✼✾✵✶ ✵✳✾✺✾✻

β∗

(−1) ✵✳✹✹✹✹ ✵✳✻✻✾✹ ✵✳✾✷✸✶

β⋆
(−1/2) ✵✳✾✸✾✻ ✵✳✾✼✷✻ ✵✳✾✾✹✾

β∗

(−1/2) ✵✳✼✻✶✵ ✵✳✽✼✼✽ ✵✳✾✼✺✶

β⋆
(1) ✵✳✹✹✹✹ ✵✳✻✻✾✹ ✵✳✾✷✸✶

β∗

(1) ✵✳✺✻✷✺ ✵✳✼✾✵✶ ✵✳✾✺✾✻

✷✳✺✵

β⋆
(−1) ✵✳✶✷✹✷ ✵✳✻✻✹✻ ✵✳✽✾✼✸

β∗

(−1) ✵✳✵✶✾✺ ✵✳✹✺✼✺ ✵✳✽✵✼✺

β⋆
(−1/2) ✵✳✽✹✼✶ ✵✳✾✺✹✺ ✵✳✾✽✻✾

β∗

(−1/2) ✵✳✹✹✼✺ ✵✳✼✾✹✽ ✵✳✾✸✻✸

β⋆
(1) ✵✳✵✶✾✺ ✵✳✹✺✼✺ ✵✳✽✵✼✺

β∗

(1) ✵✳✶✷✹✷ ✵✳✻✻✹✻ ✵✳✽✾✼✸

✻✳ ❈♦♥❝❧✉(✐♦♥ ❛♥❞ ❙✉❣❣❡(/✐♦♥(

❲❤❡♥ &❤❡ ❜✐❛/❡❞ ❡/&✐♠❛&♦#/ ❣✐✈❡ /♠❛❧❧❡# ▼❙❊ &❤❛♥ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦#/✱ &❤❡ ❜✐❛/❡❞

❡/&✐♠❛&♦#/ ❝❛♥ ❜❡ ♣#❡❢❡##❡❞ &♦ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦#/✳ ■♥ &❤✐/ /&✉❞②✱ ❝♦♥/✐❞❡#✐♥❣ &❤✐/

❝❛/❡✱ &✇♦ ❞✐✛❡#❡♥& ❜✐❛/❡❞ ❡/&✐♠❛&♦# ❝❧❛//❡/ ❛#❡ ♣#♦♣♦/❡❞✳ ❚❤❡/❡ ❡/&✐♠❛&♦#/ ❛#❡ ❣❡♥❡#❛&❡❞

❜② ♠✐♥✐♠✐③✐♥❣ ▼❙❊✳

■♥ /❡❝&✐♦♥ ✹✱ &❤❡ ❝❛/❡/ ✐♥ ✇❤✐❝❤ &❤❡ ❜✐❛/❡❞ ❡/&✐♠❛&♦#/ ❤❛✈❡ /♠❛❧❧❡# ▼❙❊ &❤❛♥ &❤❡

✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦# ❛#❡ ❛//❡//❡❞✳ ❲❤❡♥ 0.50 ≤ λ ≤ 1.50✱ &❤❡ ❜✐❛/❡❞ ❡/&✐♠❛&♦# ❝❧❛// ✇❤✐❝❤
✐/ ❣✐✈❡♥ ✐♥ ❡3✉❛&✐♦♥✭✸✳✹✮ ✐/ ❜❡&&❡# &❤❛♥ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦#✳ ❍♦✇❡✈❡# &❤❡ ❡✣❝✐❡♥❝②

♦❢ &❤❡ ♣#♦♣♦/❡❞ ❜✐❛/❡❞ ❡/&✐♠❛&♦# ❝❧❛// ✇✐&❤ #❡/♣❡❝& &♦ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦# ❞❡❝#❡❛/❡/

❛/ &❤❡ λ ✈❛❧✉❡/ ❞✐✛❡# ❢#♦♠ ✶✳ ■♥❝#❡❛/❡❞ p ✈❛❧✉❡/ ❝❛✉/❡ ❛ ❞❡❝#❡❛/❡ ✐♥ ❡✣❝✐❡♥❝② ♦❢ &❤❡
♣#♦♣♦/❡❞ ❜✐❛/❡❞ ❡/&✐♠❛&♦# ❝❧❛// ✇✐&❤ #❡/♣❡❝& &♦ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦#✳ ❙✐♠✐❧❛#❧②✱ ✇❤❡♥

0.50 ≤ λ ≤ 1.50✱ &❤❡ ❜✐❛/❡❞ ❡/&✐♠❛&♦# ❝❧❛// ❣✐✈❡♥ ✐♥ ❡3✉❛&✐♦♥ ✭✸✳✶✼✮ ✐/ ❜❡&&❡# &❤❛♥ &❤❡
✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦#/✳ ❍♦✇❡✈❡# &❤❡ ❡✣❝✐❡♥❝② ♦❢ &❤❡ ♣#♦♣♦/❡❞ ❜✐❛/❡❞ ❡/&✐♠❛&♦# ❝❧❛// ✇✐&❤

#❡/♣❡❝& &♦ &❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦# ❞❡❝#❡❛/❡/ ❛/ λ ✈❛❧✉❡/ ❞✐✛❡# ❢#♦♠ ✶✳ ❋✉#&❤❡# ✐♥❝#❡❛/❡❞ p
✈❛❧✉❡/ ❝❛✉/❡ ❞❡❝#❡❛/❡ ✐♥ ❡✣❝✐❡♥❝② ♦❢ &❤❡ ♣#♦♣♦/❡❞ ❜✐❛/❡❞ ❡/&✐♠❛&♦# ❝❧❛// ✇✐&❤ #❡/♣❡❝& &♦

&❤❡ ✉♥❜✐❛/❡❞ ❡/&✐♠❛&♦#✳ ❲❤❡♥ &❤❡ #❡❧❛&✐✈❡ ❡✣❝✐❡♥❝② ✈❛❧✉❡/ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶ ❛♥❞ ❚❛❜❧❡ ✷

❛#❡ ❝♦♥/✐❞❡#❡❞✱ ✐& ✐/ /❤♦✇♥ &❤❛& &❤❡ ❜♦&❤ ❜✐❛/❡❞ ❡/&✐♠❛&♦#/ ❝❧❛//❡/ ❤❛✈❡ ❛❧♠♦/& &❤❡ /❛♠❡

❡✣❝✐❡♥❝② #❛♥❣❡✳ ❇❡/✐❞❡/✱ ✐❢ ❜♦&❤ ❜✐❛/❡❞ ❡/&✐♠❛&♦# ❝❧❛//❡/ ❛#❡ ❝♦♥/✐❞❡#❡❞ ❛/ ❛♥ ❡✣❝✐❡♥&

#❛♥❣❡✱ ✐& ✐/ ♦❜/❡#✈❡❞ &❤❛& &❤❡ ❡✣❝✐❡♥❝✐❡/ ♦❢ ❜✐❛/❡❞ ❡/&✐♠❛&♦#/ ✇✐&❤ #❡/♣❡❝& &♦ ❜✐❛/❡❞ ❡/✲

&✐♠❛&♦#/ ❞❡❝#❡❛/❡ ✇❤❡♥ ♥ ✐♥❝#❡❛/❡/✳ ■♥ ❛❞❞✐&✐♦♥ &♦ &❤❡ #❡❧❛&✐✈❡ ❡✣❝✐❡♥❝② ✈❛❧✉❡/ ✐♥ ❜♦&❤

&❛❜❧❡/✱ &❤❡ ❡✣❝✐❡♥❝② #❛♥❣❡ ♦❢ &❤❡ ❡/&✐♠❛&♦# ❝❧❛// ✐♥&#♦❞✉❝❡❞ ✐♥ ❡3✉❛&✐♦♥ ✭✸✳✶✼✮ ✐/ ❣#❡❛&❡#

&❤❛♥ &❤❛& ♦❢ &❤❡ ❡/&✐♠❛&♦# ❝❧❛// ❣✐✈❡♥ ✐♥ ❡3✉❛&✐♦♥ ✭✸✳✹✮ ❛/ /❤♦✇♥ ✐♥ ❝❛/❡ /&✉❞② ✶ ❛♥❞ ✸✳

■& ✐/ ♦❜/❡#✈❡❞ &❤❛& &❤❡ ❡/&✐♠❛&♦# ❝❧❛// ❣✐✈❡♥ ✐♥ ❡3✉❛&✐♦♥ ✭✸✳✹✮ ✐/ ♠♦#❡ ❡✣❝✐❡♥& &❤❛♥ &❤❡



✶✷✹✹

♦!❤❡$% ✇❤❡♥ ♣ ✐% ❛ ♥❡❣❛!✐✈❡ $❡❛❧ ♥✉♠❜❡$✱ ✇❤✐❧❡ !❤❡ ❡%!✐♠❛!♦$ ❝❧❛%% ❣✐✈❡♥ ❡3✉❛!✐♦♥ ✭✸✳✶✼✮

✐% ♠♦$❡ ❡✣❝✐❡♥! !❤❛♥ ♦!❤❡$% ✇❤❡♥ ♣ ✐% ❛ ♣♦%✐!✐✈❡ $❡❛❧ ♥✉♠❜❡$✳

■♥ ❝♦♥❝❧✉%✐♦♥✱ ✐! ✐% ♣♦%%✐❜❧❡ !♦ ♦❜!❛✐♥ ❡%!✐♠❛!♦$% !❤❛! ❣✐✈❡ ❛ %♠❛❧❧❡$ ▼❙❊ !❤❛♥ !❤❡

✉♥❜✐❛%❡❞ ❡%!✐♠❛!♦$ ❢♦$ !❤❡ %❤❛♣❡ ♣❛$❛♠❡!❡$ ♦❢ A❛$❡!♦ ❞✐%!$✐❜✉!✐♦♥ ✉%✐♥❣ !❤❡ ❡%!✐♠❛!♦$

❝❧❛%% ❣✐✈❡♥ ✐♥ ❡3✉❛!✐♦♥ ✭✸✳✹✮ ✐❢ ♣ ✐% ❛ ♥❡❣❛!✐✈❡ ♥✉♠❜❡$ ♥❡❛$ ③❡$♦✱ ✇❤✐❧❡ ✐! ✐% $❡❛%♦♥❛❜❧❡ !♦

✉%❡ !❤❡ ❡%!✐♠❛!♦$ ❝❧❛%% ❣✐✈❡♥ ✐♥ ❡3✉❛!✐♦♥ ✭✸✳✶✼✮ ✐❢ ♣ ✐% ❛ ♣♦%✐!✐✈❡ ♥✉♠❜❡$ ♥❡❛$ ③❡$♦✱ ✇❤❡♥

λ ✈❛❧✉❡% ❛$❡ ♥❡❛$ ✶✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥+

❆✉!❤♦$% ❛$❡ ❣$❛!❡❢✉❧ !♦ !❤❡ $❡❢❡$❡❡% ❢♦$ !❤❡ ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥!% ❛♥❞ %✉❣❣❡%!✐♦♥% !❤❡②

♠❛❞❡ ✐♥ ♦$❞❡$ !♦ ✐♠♣$♦✈❡ !❤✐% ♣❛♣❡$✳

❘❡❢❡#❡♥❝❡&

❬✶❪ ❚❤♦♠♣(♦♥✱ ❏✳❘✳ ❙♦♠❡ $❤&✐♥❦❛❣❡ ,❡❝❤♥✐.✉❡$ ❢♦& ❡$,✐♠❛,✐♥❣ ,❤❡ ♠❡❛♥✱ ❏♦✉/✳ ❆♠❡/✳ ❙3❛3✐(3✳

❆((♦❝✳ ✻✸✱ ✶✶✸✲✶✷✷✱ ✶✾✻✽✳

❬✷❪ ❚❤♦♠♣(♦♥✱ ❏✳❘✳ ❆❝❝✉&❛❝② ❜♦&&♦✇✐♥❣ ✐♥ ,❤❡ ❡$,✐♠❛,✐♦♥ ♦❢ ,❤❡ ♠❡❛♥ ❜② $❤&✐♥❦❛❣❡ ,♦ ❛♥

✐♥,❡&✈❛❧✱ ❏♦✉/✳ ❆♠❡/✳ ❙3❛3✐(3✳ ❆((♦❝✳ ✻✸ ✱ ✾✺✸✲✾✻✸✱ ✶✾✻✽✳

❬✸❪ ▼❡❤3❛✱ ❏✳❙✳ ❛♥❞ ❙/✐♥✐✈❛(❛♥✱ ❙✳❘✳ ❊$,✐♠❛,✐♦♥ ♦❢ ,❤❡ ♠❡❛♥ ❜② $❤&✐♥❦❛❣❡ ,♦ ❛ ♣♦✐♥,✱ ❏♦✉/✳
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✐❞❡♥$✐✜❡❞ ❛♥❞ ❛11❡11❡❞ ❛$ ❛❧❧ ❧❡✈❡❧1 ♦❢ $❤❡ ❤✐❡)❛)❝❤②✳

❑❡②✇♦$❞"✿ ▼✉❧6✐✲❛66&✐❜✉6❡ ❞❡❝✐:✐♦♥ ♠❛❦✐♥❣ ✭▼❆❉▼✴▼❈❉▼✮✱ ▲❛♥❞✲❯:❡ ❈♦♥✲

✢✐❝6 ■❞❡♥6✐✜❝❛6✐♦♥ ❙6&❛6❡❣② ✭▲❯❈■❙✮✱ ❞❡6❡&♠✐♥✐:♠✱ ✉♥❝❡&6❛✐♥6②✱ ♣&♦❜❛❜✐❧✐6②✱ ❢✉③③②

❧♦❣✐❝✳

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✻✷❈✾✾

❘❡❝❡✐✈❡❞ ✿ ✵✺✳✵✽✳✷✵✶✹ ❆❝❝❡♣%❡❞ ✿ ✷✷✳✵✻✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✺✼✼✶✷✵✽✹

∗
❉❡♣❛$%♠❡♥% ♦❢ ❯$❜❛♥ ❛♥❞ ❘❡❣✐♦♥❛❧ 1❧❛♥♥✐♥❣✱ ❑❛$❛❞❡♥✐③ ❚❡❝❤♥✐❝❛❧ ❯♥✐✈❡$9✐%②❀ ❙❤✐♠❜❡$❣

❈❡♥%❡$ ❢♦$ ❍♦✉9✐♥❣ ❙%✉❞✐❡9✱ ❯♥✐✈❡$9✐%② ♦❢ ❋❧♦$✐❞❛✱ ❊♠❛✐❧✿ ❛②❣✉♥❅❦'✉✳❡❞✉✳'+

†
❈♦$$❡9♣♦♥❞✐♥❣ ❆✉%❤♦$✳

‡
❉❡♣❛$%♠❡♥% ♦❢ ❯$❜❛♥ ❛♥❞ ❘❡❣✐♦♥❛❧ 1❧❛♥♥✐♥❣❀ ❙❝❤♦♦❧ ♦❢ ▲❛♥❞9❝❛♣❡ ❆$❝❤✐%❡❝%✉$❡ ❛♥❞

1❧❛♥♥✐♥❣✱ ❈♦❧❧❡❣❡ ♦❢ ❉❡9✐❣♥✱ ❈♦♥9%$✉❝%✐♦♥ ❛♥❞ 1❧❛♥♥✐♥❣✱ ❯♥✐✈❡$9✐%② ♦❢ ❋❧♦$✐❞❛✱ ❊♠❛✐❧✿

♣❞③✇✐❝❦❅✉❢❧✳❡❞✉



✶✷✹✻

✶✳ ■♥$%♦❞✉❝$✐♦♥

❚❤❡ ❧✐♠✐&❛&✐♦♥* ❛**♦❝✐❛&❡❞ ✇✐&❤ &❤❡ ❝❧❛**✐❝❛❧ ❇♦♦❧❡❛♥ ❧♦❣✐❝ 0❡♣0❡*❡♥&❛&✐♦♥ ♦❢ *♣❛&✐❛❧

❞❛&❛ ✐♥ *&❛♥❞❛0❞ ❣❡♦❣0❛♣❤✐❝ ✐♥❢♦0♠❛&✐♦♥ *②*&❡♠* ✭●■❙✮ ❬✹✶❀ ✻❀ ✶❪✱ ✇❤✐❝❤ ✐* ✏❝0✐*♣✱ ❞❡&❡0✲

♠✐♥✐*&✐❝✱ ❛♥❞ ♣0❡❝✐*❡ ✐♥ ♥❛&✉0❡✑ ❬✶✿✶✹✸❪✱ ❤❛* 0❡*✉❧&❡❞ ✐♥ &❤❡ ✐♥&❡❣0❛&✐♦♥ ♦❢ ♠✉❧&✐✲❛&&0✐❜✉&❡

❞❡❝✐*✐♦♥ ♠❛❦✐♥❣ ✭▼❆❉▼✮ &❡❝❤♥✐K✉❡* ✭0❡❢❡00❡❞ &♦ ✐♥ ❣❡♥❡0❛❧ ❛* ♠✉❧&✐✲❝0✐&❡0✐❛ ❞❡❝✐*✐♦♥

♠❛❦✐♥❣ ✕ ▼❈❉▼ ✕ ✐♥ ▼❆❉▼ ❧✐&❡0❛&✉0❡✮ ✇✐&❤ ●■❙ ❬✷✾❪✳ ❚❤✐* ❛♣♣0♦❛❝❤ ❢❛❝✐❧✐&❛&❡* ❛ ✇✐❞❡

0❛♥❣❡ ♦❢ ❛♥❛❧②&✐❝❛❧ ♣0♦❝❡❞✉0❡* ❬✼❪✱ ❛♥❞ ❤❛* ❣❛✐♥❡❞ ✐♥❝0❡❛*✐♥❣ ✐♥&❡0❡*& ❛♠♦♥❣ ♠♦❞❡❧❡0*

♦✈❡0 &❤❡ ❧❛*& &✇♦ ❞❡❝❛❞❡*✱ ❜❛*❡❞ ♦♥ ✐&* ❛❜✐❧✐&② &♦ ❛**❡** ✉♥❝❡0&❛✐♥&② ✐♥ *♣❛&✐❛❧ ▼❈❉▼

♣0♦❝❡**✳

●■❙✲❜❛*❡❞ ♦0 *♣❛&✐❛❧ ▼❆❉▼ ✐* ❜❛*❡❞ ♦♥ &❤❡ ❞✐*❝0❡&❡ 0❡♣0❡*❡♥&❛&✐♦♥ ♦❢ *♣❛&✐❛❧ ❞❛&❛✱

❣❡♥❡0❛❧❧② ✐♥ &❤❡ ❢♦0♠ ♦❢ ❛ ❤✐❡0❛0❝❤✐❝❛❧ *&0✉❝&✉0❡ ❬✷✽❪✳ ❯♥❧✐❦❡ &❤❡ ♠✉❧&✐✲♦❜❥❡❝&✐✈❡ ♣0♦❝❡** ♦❢

▼❈❉▼ ❬✷✽❀ ✶✺❪✱ ❛* ✐♥ ❛❧❧ ♠✉❧&✐✲❛&&0✐❜✉&❡ ❞❡❝✐*✐♦♥ ♠❛❦✐♥❣ ❛♣♣0♦❛❝❤❡* &❤✐* ♣0♦❝❡** ✐♥✈♦❧✈❡*

&❤❡ ❞❡✜♥✐&✐♦♥ ♦❢ ♦❜❥❡❝&✐✈❡*✱ &❤❡ ❝❤♦✐❝❡ ♦❢ ❝0✐&❡0✐❛ ❢♦0 ♠❡❛*✉0✐♥❣ &❤❡*❡ ♦❜❥❡❝&✐✈❡* ❛♥❞ &❤❡✐0

*&❛♥❞❛0❞✐③❛&✐♦♥✱ &❤❡ ❝0✐&❡0✐❛ ✇❡✐❣❤&✐♥❣ &❤❛& 0❡✢❡❝&* &❤❡ ❞❡❝✐*✐♦♥✲♠❛❦❡0*✬ ♣0❡❢❡0❡♥❝❡*✱ ❛♥❞

❛♥ ❛❣❣0❡❣❛&✐♦♥ ♦❢ &❤❡ ✇❡✐❣❤&❡❞ *&❛♥❞❛0❞✐③❡❞ ❝0✐&❡0✐♦♥ ✈❛❧✉❡*✱ ❛❧❧♦✇✐♥❣ &❤❡ ❛❧&❡0♥❛&✐✈❡* &♦

❜❡ 0❛♥❦❡❞✱ ❛❢&❡0 ✇❤✐❝❤ &❤❡ ❜❡*& ❛❧&❡0♥❛&✐✈❡ ✇✐❧❧ ❜❡ *❡❧❡❝&❡❞ ❬✷✾❀ ✸✵❀ ✷✼❪✳

✶✳✶✳ ❯♥❝❡&'❛✐♥'② ❛♥❛❧②,✐, ✐♥ ❧❛♥❞✲✉,❡ ♣❧❛♥♥✐♥❣ ❛♥❞ ❡♥✈✐&♦♥♠❡♥'❛❧ ♠❛♥❛❣❡✲

♠❡♥' ✐♥ ,♣❛'✐❛❧ ▼❈❉▼ ❧✐'❡&❛'✉&❡✱ ❛♥❞ ❝♦♥'❡①' ♦❢ '❤❡ ❝✉&&❡♥' ,'✉❞②✳ ❚❤❡

✉♥❝❡0&❛✐♥&✐❡* ✐♥ &❤❡ ❞❡❝✐*✐♦♥✲♠❛❦✐♥❣ ♣0♦❝❡** 0❡❧❛&❡❞ &♦ ♣❧❛♥♥✐♥❣ ♦0 ❡♥✈✐0♦♥♠❡♥&✲0❡❧❛&❡❞

♣0♦❜❧❡♠*✱ ✐♥❝❧✉❞✐♥❣ ❧❛♥❞✲✉*❡ *✉✐&❛❜✐❧✐&②✱ ❛0❡ ❞✐*&✐♥❣✉✐*❤❛❜❧❡ ✐♥ &❤0❡❡ ❞✐♠❡♥*✐♦♥*✱ &❤❛& ✐*✱

✭✶✮ ❧♦❝❛&✐♦♥✱ ✭✷✮ ❧❡✈❡❧✱ ❛♥❞ ✭✸✮ ♥❛&✉0❡ ♦❢ &❤❡ ✉♥❝❡0&❛✐♥&② ❬✸✵❪✳ ■♥ &❤❡✐0 0❡✈✐❡✇ ♦❢ *♦♠❡

❜❛*✐❝ ✇♦0❦* ✭*❡❡ ❬✹✺❀ ✸✻❀ ✹✻❪✮ ▼♦*❛❞❡❣❤✐ ❡& ❛❧✳ ❬✸✵❪ *✉❣❣❡*& ❛ ❧✐♥❦❛❣❡ ❜❡&✇❡❡♥ ✉♥❝❡0&❛✐♥&②

❛♥❛❧②*✐* ✐♥ ▼❈❉▼ ❛♥❞ &❤❡ ❞✐♠❡♥*✐♦♥* ♦❢ ✉♥❝❡0&❛✐♥&② ✇✐&❤ 0❡*♣❡❝& &♦ ✉♥❝❡0&❛✐♥&② ✐♥ ❡♥✲

✈✐0♦♥♠❡♥&❛❧ ❞❡❝✐*✐♦♥ ♠❛❦✐♥❣ ✭❋✐❣✉0❡ ✶✮✳ ❆* ❝❛♥ ❜❡ *❡❡♥ ✐♥ &❤❡ ✜❣✉0❡✱ ✉♥❝❡0&❛✐♥&✐❡* &❤❛&

❛0❡ *&♦❝❤❛*&✐❝ ✐♥ ♥❛&✉0❡ ❛0❡ ❢♦✉♥❞ ✐♥ &❤❡ ❝♦♥&❡①& ❛♥❞ ♠♦❞❡❧ *&0✉❝&✉0❡✱ ❛♥❞ ❛0❡ 0❡❧❛&❡❞ &♦

&❤❡ ❞❡❝✐*✐♦♥ ♠❛❦❡0*✬ ♣0❡❢❡0❡♥❝❡* ❛♥❞ ❦♥♦✇❧❡❞❣❡ ♦❢ &❤❡ ▼❈❉▼ ♣0♦❝❡**✱ ✇❤✐❧❡ ❡♣✐*&❡♠✐❝

✉♥❝❡0&❛✐♥&✐❡* ❛0❡ ❢♦✉♥❞ ✐♥ &❤❡ ❝♦♥&❡①&✱ ♠♦❞❡❧✐♥❣ &❡❝❤♥✐K✉❡ ❛♥❞ ✐♥♣✉&✱ ❛♥❞ ❛0❡ 0❡❧❛&❡❞ &♦

♠♦❞❡❧ ✉♥❝❡0&❛✐♥&②✳ ❇② ❞❡✜♥✐&✐♦♥✱ *&♦❝❤❛*&✐❝ ✉♥❝❡0&❛✐♥&②✱ ✇❤✐❝❤ ✐* ✐♥❤❡0❡♥& ✐♥ &❤❡ ❝♦♥&❡①&

♦❢ ♥❛&✉0❛❧✱ ❜❡❤❛✈✐♦0❛❧✱ *♦❝✐❛❧✱ ❡❝♦♥♦♠✐❝✱ ❛♥❞ ❝✉❧&✉0❛❧ *②*&❡♠*✱ ✐* 0❛♥❞♦♠ ✐♥ ♥❛&✉0❡ ❛♥❞

❝❛♥♥♦& ❜❡ ❡❧✐♠✐♥❛&❡❞ ❬✶✽❀ ✸✵❪✳ ❖♥ &❤❡ ♦&❤❡0 ❤❛♥❞✱ ❡♣✐*&❡♠✐❝ ✉♥❝❡0&❛✐♥&✐❡* ❛0❡ ❛ 0❡*✉❧&

♦❢ ✐♠♣❡0❢❡❝& ♦0 ✐♥❝♦♠♣❧❡&❡ ❦♥♦✇❧❡❞❣❡✱ ❛♥❞ ❝❛♥ ❜❡ 0❡❞✉❝❡❞ &❤0♦✉❣❤ ❡♠♣✐0✐❝❛❧ ❡✛♦0&* ❛♥❞

❤✐❣❤✲K✉❛❧✐&② ❞❛&❛✱ ♠♦♥✐&♦0✐♥❣ ❛♥❞ ❧♦♥❣❡0 &✐♠❡ *❡0✐❡* ❬✶✽❀ ✸✵❀ ✸✷❪✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐*& ❡①♣❧❛✐♥* &❤❡ *♦✉0❝❡* ♦❢ ✉♥❝❡0&❛✐♥&② ❢♦✉♥❞ ✐♥ ♠♦❞❡❧✐♥❣ &❤❛& ♠❛②

❜❡ ❞❡❛❧& ✇✐&❤ ✐♥ ❛♥ ✉♥❝❡0&❛✐♥&② ❛♥❛❧②*✐* ✐♥ ✇❤✐❝❤ *&♦❝❤❛*&✐❝ ✉♥❝❡0&❛✐♥&✐❡* ❛0❡ ❡①❝❧✉❞❡❞✳

❯♥❝❡0&❛✐♥&② ✐♥ &❤❡ ✜♥❛❧ 0❡*✉❧& ♠❛② ♦0✐❣✐♥❛&❡ ❢0♦♠ ❛♥② ♦❢ &❤❡*❡ *&❛❣❡* ❬✹✶❪✱ ♦0 ♠❛② ❜❡

❢♦✉♥❞ ✐♥ ♦♥❡ ♦0 ♠♦0❡ ♦❢ &❤❡ ❞✐✛❡0❡♥& *&❛❣❡* ♦❢ &❤❡ *♣❛&✐❛❧ ✭●■❙✲❜❛*❡❞✮ ▼❈❉▼ ♣0♦❝❡**

&❤❛& ♠❛② ♣0♦♣❛❣❛&❡ ✐♥ &❤❡ ✜♥❛❧ 0❡*✉❧& ❬✸✷❪✳ ❆* ✐* ❝♦♠♠♦♥ ✐♥ ♠❛♥② ✇♦0❦* ❬✹✶❀ ✶✽❀ ✶✷❀
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✉*❡✳ ❆* ▲✐❣♠❛♥♥✲❩✐❡❧✐♥*❦❛ ❛♥❞ ❏❛♥❦♦✇*❦✐ ❬✷✼❪ ♣♦✐♥" ♦✉"✱ ❯❆ ✐* ✉*❡❞ "♦ N✉❛♥"✐❢② "❤❡

✈❛$✐❛❜✐❧✐"② ♦❢ ♦✉"❝♦♠❡* ✐♥ ❛ ♠✉❧"✐✲❝$✐"❡$✐❛ ❡✈❛❧✉❛"✐♦♥✱ ❣✐✈❡♥ "❤❡ ♠♦❞❡❧ ✐♥♣✉" ✉♥❝❡$"❛✐♥"②✱

✇❤❡$❡❛* ❙❆ ✐* ✉*❡❞ "♦ ✐❞❡♥"✐❢② ✇❤✐❝❤ ❝$✐"❡$✐❛ ♦$ ❝$✐"❡$✐❛ ✇❡✐❣❤"* ❛$❡ ♠♦*" $❡*♣♦♥*✐❜❧❡ ❢♦$

"❤✐* ✈❛$✐❛❜✐❧✐"②✳

■♥ *♣❛"✐❛❧ ▼❈❉▼✱ ✇♦$❦* ♦♥ ❧❛♥❞✲✉*❡ *✉✐"❛❜✐❧✐"② ♦$ ❡♥✈✐$♦♥♠❡♥"❛❧ ♠❛♥❛❣❡♠❡♥" ✉♥❝❡$✲

"❛✐♥"② ❛$❡ ❞❡❛❧" ✇✐"❤ ✉*✐♥❣ ❞✐✛❡$❡♥" ♠❡"❤♦❞*✱ ❜❛*❡❞ ♦♥ ❞✐✛❡$❡♥" "❤❡♦$❡"✐❝❛❧ ❜❛❝❦❣$♦✉♥❞*✱

❛**✉♠♣"✐♦♥* ❛♥❞ ❞✐✛❡$❡♥" ❧❡✈❡❧*✴"②♣❡* ♦❢ ❞❛"❛ $❡N✉✐$❡♠❡♥"✳ ❲✐"❤ $❡❢❡$❡♥❝❡ "♦ *♦♠❡

❜❛*✐❝ ✇♦$❦* ❬✷✺❀ ✽❀ ✷✽❀ ✹✶❀ ✷✾❀ ✸✺❀ ✶✻❀ ✶✶❀ ✸✵❀ ✸✶❪ ❛ *✉♠♠❛$② "❛❜❧❡ ❝❤❛$"✐♥❣ "❤❡*❡ ✉♥✲

❝❡$"❛✐♥"②✴*❡♥*✐"✐✈✐"② ❛♥❛❧②*✐* ♠❡"❤♦❞*✱ ✐♥ ❛❞❞✐"✐♦♥ "♦ "❤♦*❡ "❤❛" ❛$❡ ❞❡"❡$♠✐♥✐*"✐❝✱ ✐*

♣$❡*❡♥"❡❞✱ ✇✐"❤ $❡*♣❡❝" "♦ "❤❡✐$ ♠♦❞❡❧✐♥❣ "②♣❡✴✉♥❞❡$❧②✐♥❣ "❤❡♦$②✱ "②♣♦❧♦❣②✱ ✉♥❝❡$"❛✐♥"②

❤❛♥❞❧✐♥❣✱ ♠❡"❤♦❞ ♦❢ ❝$✐"❡$✐♦♥ ♠❛♣ ❝♦♠❜✐♥❛"✐♦♥✱ ❧❡✈❡❧ ♦❢ ♦❜❥❡❝"✐✈❡♥❡** ❛♥❞ ❡❛*❡ ♦❢ ❝♦♠✲

♠✉♥✐❝❛"✐♦♥ "♦ "❤❡ ❞❡❝✐*✐♦♥ ♠❛❦❡$* ✭❚❛❜❧❡ ✶✮✳

❚❤❡ ♣✉$♣♦*❡ ♦❢ ❛♥ ✉♥❝❡$"❛✐♥"② ❛♥❛❧②*✐* ✐♥ ❞❡❝✐*✐♦♥ ♠❛❦✐♥❣ ✐* "♦ ❞❡"❡$♠✐♥❡ "❤❡ $✐*❦

✐♥ ❝❤♦♦*✐♥❣ ❛ ♣❛$"✐❝✉❧❛$ ❛❧"❡$♥❛"✐✈❡ ❬✶✶❪✳ ❇❛*❡❞ ♦♥ "❤❡ ❛❜♦✈❡✲❧✐*"❡❞ ❜❛*✐❝ ✇♦$❦*✱ ✐" ❝❛♥

❜❡ *"❛"❡❞ "❤❛" ✐♥ "✉$♥✐♥❣ "❤❡ ✉♥❝❡$"❛✐♥"② ✐♥"♦ ❵$✐*❦✬✱ ✐♥ ❛❞❞✐"✐♦♥ "♦ ❡✐"❤❡$ ❞❛"❛✲❞$✐✈❡♥

"$❛❞✐"✐♦♥❛❧ ✭❛ ♣#✐♦#✐✮ ♣$♦❜❛❜✐❧✐*"✐❝ ✭❡✳❣✳✱ ❧♦❣✐*"✐❝ $❡❣$❡**✐♦♥ ❛♥❞ ▼♦♥"❡ ❈❛$❧♦ *✐♠✉❧❛"✐♦♥✮✱

❞❛"❛ ❛♥❞ ❦♥♦✇❧❡❞❣❡✲❞$✐✈❡♥ ❝♦♥❞✐"✐♦♥❛❧ ✭❛ ♣♦'(❡#✐♦#✐✮ ♣$♦❜❛❜✐❧✐*"✐❝ ✭❡✳❣✳✱ ❇❛②❡*✐❛♥ ♥❡"✲

✇♦$❦✮ ❛♥❞ "❤❡✐$ ❡①"❡♥*✐♦♥* ✭❡✳❣✳✱ ❉❡♠♣*"❡$✲❙❤❛❢❡$ ❇❡❧✐❡❢ ❢✉♥❝"✐♦♥*✮ ♦$ ❛$"✐✜❝✐❛❧ ✐♥"❡❧❧✐✲

❣❡♥❝❡ ✭❡✳❣✳✱ ♥❡✉$❛❧ ♥❡"✇♦$❦ ❛♥❞ ❢✉③③② *❡"*✮ ♠❡"❤♦❞*✱ "❤❡$❡ ❛$❡ ♠❛♥② ♦"❤❡$ ❛♣♣$♦❛❝❤❡*✱

✐♥❝❧✉❞✐♥❣ ❛♥❛❧②"✐❝❛❧ ❡$$♦$ ♣$♦♣❛❣❛"✐♦♥✱ ♦♥❡✲❛"✲❛✲"✐♠❡ ✭❖❆❚✮✱ ✐♥❞✐❝❛"♦$✲❜❛*❡❞ ✭❞✐*"❛♥❝❡✲

❜❛*❡❞✮ ❛♥❛❧②*✐*✱ ✈❛$✐❛♥❝❡✲❜❛*❡❞ ❛♥❛❧②*✐*✱ ♠❡"❤♦❞* ✉*✐♥❣ $❛♥❞♦♠ *❡"* "❤❡♦$② ❛♥❞ ❣❛♠❡

"❤❡♦$② ✭❚❛❜❧❡ ✶✮✳

■♥ *♣❛"✐❛❧ ▼❈❉▼ ❧✐"❡$❛"✉$❡✱ ✇❤✐❝❤ ❞❡❛❧* ♠❛✐♥❧② ✇✐"❤ *✉❜❥❡❝"* ♦❢ ❧❛♥❞✲✉*❡ *✉✐"❛❜✐❧✐"② ✐♥

❧❛♥❞✲✉*❡ ♣❧❛♥♥✐♥❣ ❛♥❞ ❡♥✈✐$♦♥♠❡♥"❛❧ ♠❛♥❛❣❡♠❡♥"✱ ✉♥❝❡$"❛✐♥"② ✐* ❤❛♥❞❧❡❞ ♠❛✐♥❧② ✇✐"❤✐♥

"❤❡ 5th ❛♥❞ 6th *"❛❣❡* ♦❢ "❤❡ ♠♦❞❡❧✐♥❣ ♣$♦❝❡** ❞❡*❝$✐❜❡❞ ❡❛$❧✐❡$✳
■♥ ❡♥✈✐$♦♥♠❡♥"❛❧ ●■❙✲❜❛*❡❞ ▼❈❉▼ *"✉❞✐❡*✱ ❋❛❧❦ ❡" ❛❧✳ ❬✶✽❪ ❛**❡** "❤❡ ✉♥❝❡$"❛✐♥"②

❡*"✐♠❛"❡* ♦❢ "❤❡ ♦✉"❝♦♠❡* ♦❢ ❛ ❞❡"❡$♠✐♥✐*"✐❝ ❡♥✈✐$♦♥♠❡♥"❛❧ ♠♦❞❡❧ ✭❘❡✈✐*❡❞ ❯♥✐✈❡$*❛❧

❙♦✐❧ ❊N✉❛"✐♦♥✲❘❯❙▲❊✮✱ ❛❧♦♥❣ ✇✐"❤ ✐"* ✐♥♣✉" ♣❛$❛♠❡"❡$*❀ ✇❤✐❧❡ ❙"♦$❡ ❛♥❞ ❑❛♥❣❛* ❬✹✶❪

✐♥"❡❣$❛"❡ ❡①♣❡$" ❦♥♦✇❧❡❞❣❡ ✇✐"❤ ❛ *♣❛"✐❛❧ ♠✉❧"✐✲❝$✐"❡$✐❛ ❡✈❛❧✉❛"✐♦♥ "♦ ♠♦❞❡❧ ●■❙ ❤❛❜✐"❛"

*✉✐"❛❜✐❧✐"②✳ ❆* ❛ $❡*♦❧✉"✐♦♥ "♦ "❤❡ ❝❧❛**✐❝❛❧ ❇♦♦❧❡❛♥ $❡♣$❡*❡♥"❛"✐♦♥ ♦❢ ●■❙ ✐♥ ✉♥❝❡$"❛✐♥"②

♠♦❞❡❧✐♥❣✱ ❛♥❞ "♦ ♠❛❦❡ ❡♠♣✐$✐❝❛❧ ❞❛"❛ ❝♦*" *❛✈✐♥❣*✱ ❙"♦$❡ ❛♥❞ ❑❛♥❣❛* ❬✹✶❪ ✉"✐❧✐③❡ ❡①♣❡$"

❦♥♦✇❧❡❞❣❡ "❤❛" ✐* ❜❛*❡❞ ♦♥ "❤❡ "❤❡♦$❡"✐❝❛❧ ❜❛❝❦❣$♦✉♥❞ ♦❢ ▼❆❯❚ ✐♥ ❤❛❜✐"❛" *✉✐"❛❜✐❧✐"②✳

❋♦$ ❝♦*" *❛✈✐♥❣ ♣✉$♣♦*❡*✱ ❈❛*"$✐❣♥❛♥d ❡" ❛❧✳ ❬✶✵❪ ♦♣"❡❞ ❢♦$ ♠✉❧"✐✈❛$✐❛"❡ ❣❡♦*"❛"✐*"✐❝* ✐♥

●■❙✱ ✉"✐❧✐③✐♥❣ ❛♥❝✐❧❧❛$② ❧❡**✲❡①♣❡♥*✐✈❡ ✐♥❢♦$♠❛"✐♦♥ "♦ ✐♠♣$♦✈❡ "❤❡ ❡*"✐♠❛"❡ ✉♥❝❡$"❛✐♥"②

♦❢ ❛ *♦✐❧ N✉❛❧✐"② ✐♥❞❡①✳ ❋❛❝✐♥❣ "❤❡ *❛♠❡ ●■❙ $❡♣$❡*❡♥"❛"✐♦♥ ♣$♦❜❧❡♠✱ ❆✈❞❛❣✐❝ ❡" ❛❧✳ ❬✻❪

❛♥❞ ❘❡*❤♠✐❞❡✈✐ ❡" ❛❧✳ ❬✸✼❪ ❞❡✈❡❧♦♣❡❞ ❛ ♠❡"❤♦❞♦❧♦❣② "♦ ✐♥"❡❣$❛"❡ ❛ ▼❛♠❞❛♥✐✲"②♣❡ ❢✉③③②

✐♥❢❡$❡♥❝❡ $✉❧❡ ❜❛*❡ ✐♥ ●■❙ ✐♥ ❧❛♥❞ ✈❛❧♦$✐③❛"✐♦♥ ❢♦$ ❧❛♥❞✲✉*❡ ♣❧❛♥♥✐♥❣ ❛♥❞ ❧❛♥❞ *✉✐"❛❜✐❧✐"②

❢♦$ ♣❛$"✐❝✉❧❛$ ❝$♦♣*✱ $❡*♣❡❝"✐✈❡❧②✳ ■♥ ❛❞❞✐"✐♦♥✱ ❘❡*❤♠✐❞❡✈✐ ❡" ❛❧✳ ❬✸✼❪ ✉*❡❞ "❤❡ ❧♦❝❛❧

❦♥♦✇❧❡❞❣❡ ♦❢ ❢❛$♠❡$* ❛♥❞ ❡①♣❡$"*✱ ❛♥❞ ❝♦♠♣❛$❡❞ "✇♦ ❞✐✛❡$❡♥" ❛❣❣$❡❣❛"✐♦♥ ♠❡"❤♦❞*✿

❲▲❈ ❛♥❞ ❨❛❣❡$✬* ❛❣❣$❡❣❛"✐♦♥✳ ❇❛*❡❞ ♦♥ "❤❡ *❛♠❡ ●■❙ ❧✐♠✐"❛"✐♦♥✱ ❜✉" ❝$✐"✐❝✐③✐♥❣ "❤❡

✐♥"❡❣$❛"✐♦♥ ♦❢ ▼❛♠❞❛♥✐✲"②♣❡ ❢✉③③② ❧♦❣✐❝ ✐♥ ●■❙✱ ❆❞❤✐❦❛$✐ ❛♥❞ ▲✐ ❬✶❪ ✉"✐❧✐③❡ ❛ ❙✉❣❡♥♦✲

"②♣❡ ❢✉③③② ✐♥❢❡$❡♥❝❡✳ ❙✐♠✐❧❛$ "♦ ❋❛❧❦ ❡" ❛❧✳ ❬✶✽❪✱ ✇❤♦ ✉"✐❧✐③❡❞ ❇❛②❡*✐❛♥ ♠❡❧❞✐♥❣ ✐♥ ❛

❝❡❧❧✲❜❛*❡❞ ●■❙ ❡♥✈✐$♦♥♠❡♥"✱ ❖✬❇$✐❡♥ ❡" ❛❧✳ ❬✸✺❪ ❞❡✈❡❧♦♣❡❞ ❛ "♦♦❧ ❝❛❧❧❡❞ ❈❛◆❛❙❚❆ ✭❈$♦♣

◆✐❝❤❡ ❙❡❧❡❝"✐♦♥ ✐♥ ❚$♦♣✐❝❛❧ ❆❣$✐❝✉❧"✉$❡✮ "♦ ❞❡✜♥❡ *✐"❡ *✉✐"❛❜✐❧✐"② ❢♦$ ♣❛$"✐❝✉❧❛$ ❝$♦♣* ❛♥❞

❢♦$❛❣❡* ✉*✐♥❣ *♣❛$*❡ ❛♥❞ ✉♥❝❡$"❛✐♥ ❞❛"❛ ❜❛*❡❞ ♦♥ ❇❛②❡*✐❛♥ ♠♦❞❡❧✐♥❣✳ ■♥ "❤❡✐$ "♦♦❧✱ ❝❛❧❧❡❞

"❤❡ ❈❛"❝❤♠❡♥" ❊✈❛❧✉❛"✐♦♥ ❉❡❝✐*✐♦♥ ❙✉♣♣♦$" ❙②*"❡♠ ✭❈❊❉❙❙✮✱ ✇❤✐❝❤ ❡♥❛❜❧❡* "❤❡ ❡①♣❧✐❝✐"
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❚❛❜❧❡ ✶✳ ❉❡"❡#♠✐♥✐'"✐❝ ✈'✳ ✉♥❝❡#"❛✐♥"② ♦# '❡♥'✐"✐✈✐"② ❛♥❛❧②'✐' ♠❡"❤♦❞'

✐♥ ♠✉❧"✐✲❛""#✐❜✉"❡ ♠♦❞❡❧✐♥❣ "❤❛" ✉"✐❧✐③❡ ●■❙ ❛♥❞ ♦"❤❡# '♣❛"✐❛❧ ❛♥❛❧②'✐'

'♦❢"✇❛#❡ ✐♥ ❧❛♥❞✲✉'❡ '✉✐"❛❜✐❧✐"② ♦# ❡♥✈✐#♦♥♠❡♥"❛❧ ♠❛♥❛❣❡♠❡♥"

❙♦✉#❝❡✿ ❈♦♠♣✐❧❡❞ ❢#♦♠ "❤❡ ❡①♣❧❛♥❛"✐♦♥' ❢♦✉♥❞ ✐♥ ❬✷✺❀ ✽❀ ✷✽❀ ✹✶❀ ✷✾❀ ✸✺❀ ✶✻❀ ✶✶❀ ✸✵❀ ✸✶❪

✈✐'✉❛❧ ❡①♣❧♦#❛"✐♦♥ ♦❢ ✉♥❝❡#"❛✐♥"✐❡' ✐♥ ❞❡❝✐'✐♦♥ ♠❛❦✐♥❣ #❡'✉❧"✐♥❣ ❢#♦♠ ❜♦"❤ ✇❡✐❣❤"' ❛♥❞

❛""#✐❜✉"❡ ✭❝#✐"❡#✐♦♥✮ ✈❛❧✉❡' ✐♥ ●■❙✲❜❛'❡❞ ❝❛"❝❤♠❡♥" ♠❛♥❛❣❡♠❡♥"✱ ❈❤❡♥ ❡" ❛❧✳ ❬✶✶❪ ✉"✐❧✐③❡

❛♥ ✐♥❞✐❝❛"♦# ✭❞✐'"❛♥❝❡✮✲❜❛'❡❞ ♠❡"❤♦❞ ❢❛❝✐❧✐"❛"❡❞ ❜② ❛♥ ❖❆❚ ❛♣♣#♦❛❝❤✳ ❖♥ "❤❡ ♦"❤❡#

❤❛♥❞✱ ▲✐❣♠❛♥♥✲❩✐❡❧✐♥'❦❛ ❛♥❞ ❏❛♥❦♦✇'❦✐ ❬✷✼❪ ✉'❡ ❛ ▼♦♥"❡ ❈❛#❧♦ '✐♠✉❧❛"✐♦♥ ✐♥ ❛❞❞✐"✐♦♥ "♦ ❛

✈❛#✐❛♥❝❡✲❜❛'❡❞ ❛♥❛❧②'✐' ✐♥ ❛♥ ✉♥❝❡#"❛✐♥"② ❛♥❛❧②'✐' ✐♥ "❤❡✐# ❯❆✲❙❆ ✐♥"❡❣#❛"❡❞ ♠❡"❤♦❞♦❧♦❣②

❛✐♠❡❞ ❛" ❞❡✜♥✐♥❣ ❤❛❜✐"❛" '✉✐"❛❜✐❧✐"② ❢♦# ❛ ✇❡"❧❛♥❞ ♣❧❛♥"✳

▼♦#❡ "#❛♥'♣❛#❡♥" ❣#❛♣❤✐❝❛❧ ❞✐'♣❧❛② ❢❛❝✐❧✐"✐❡' ♦❢ ●■❙✱ '✉❝❤ ❛' "❤❡ ✇♦#❦ ❜② ❈❤❡♥ ❡" ❛❧✳

❬✶✶❪✱ ❤❛✈❡ "❛❦❡♥ ❛ ♥♦✈❡❧ ❛♣♣#♦❛❝❤✱ ✈✐'✉❛❧✐③✐♥❣ "❤❡ ✉♥❝❡#"❛✐♥"✐❡' ✐♥ ❝#✐"❡#✐♦♥ ✇❡✐❣❤"✐♥❣

❜❛'❡❞ ❡'♣❡❝✐❛❧❧② ♦♥ "❤❡ ❆❍Z ♠❡"❤♦❞✱ ❛♥❞ "❤✉' ✐"' ♣❛✐#✇✐'❡ ❝♦♠♣❛#✐'♦♥'✳ ■♥ "❤✐' #❡'♣❡❝"✱
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 ♦ ❡✈❛❧✉❛ ❡ ❡♣✐) ❡♠✐❝ ✉♥❝❡- ❛✐♥ ✐❡) ✐♥ ❝♦❛) ❛❧ ❧❛♥❞✲✉)❡ ♣❧❛♥♥✐♥❣ ❞❡❝✐)✐♦♥) ▼♦)❛❞❡❣❤✐ ❡ 

❛❧✳ ❬✸✶❪ ❡①❛♠✐♥❡  ❤❡ )❡♥)✐ ✐✈✐ ② ♦❢ ❆❍= ✇❡✐❣❤ ✐♥❣ ❞❡❝✐)✐♦♥)  ♦ ✐♥♣✉ ✉♥❝❡- ❛✐♥ ✐❡)✱ ❛♥❞

 ♦  ❤✐) ❡♥❞✱ ❝♦♠❜✐♥❡  ❤❡ ❝♦♥✈❡♥ ✐♦♥❛❧ ❯❆ ✇✐ ❤  ❤❡ ✈✐)✉❛❧✐③❛ ✐♦♥ ❝❛♣❛❜✐❧✐ ② ♦❢ ●■❙ ❛♥❞

 ❤❡ ▼♦♥ ❡ ❈❛-❧♦ )✐♠✉❧❛ ✐♦♥ ❛❧❣♦-✐ ❤♠✳ ❙✐♠✐❧❛-❧②✱ ❈❤❡♥ ❡ ❛❧✳ ❬✶✷❪ ❞❡✈❡❧♦♣❡❞ ❛ ●■❙✲❜❛)❡❞

❆❍=✲❙❆  ♦♦❧  ❤❛ ✉ ✐❧✐③❡)  ❤❡ ❖❆❚ ♠❡ ❤♦❞  ♦ ❛))❡))  ❤❡ ❜❡❤❛✈✐♦- ❛♥❞ ❧✐♠✐ ❛ ✐♦♥) ♦❢ ❛

●■❙✲❜❛)❡❞ ✐--✐❣❛ ❡❞ ❝-♦♣♣✐♥❣ ❧❛♥❞✲✉)❡ )✉✐ ❛❜✐❧✐ ② ♠♦❞❡❧✳ ❚❤❡  ♦♦❧ ♣-♦✈✐❞❡) ❛❝❝❡))  ♦ ❛♥

✐♥ ❡-❛❝ ✐✈❡ -❛♥❣❡ ♦❢ ✉)❡-✲❞❡✜♥❡❞ )✐♠✉❧❛ ✐♦♥)  ♦ ❡✈❛❧✉❛ ❡  ❤❡ ❞❡♣❡♥❞❡♥❝② ♦❢  ❤❡ ♠♦❞❡❧

♦✉ ♣✉ ♦♥  ❤❡ ✇❡✐❣❤ ) ♦❢  ❤❡ ✐♥♣✉ ♣❛-❛♠❡ ❡-)✱ ✐❞❡♥ ✐❢②✐♥❣  ❤❡ ❝-✐ ❡-✐❛  ❤❛ ❛-❡ )❡♥)✐ ✐✈❡

 ♦ ✇❡✐❣❤ ❝❤❛♥❣❡)✳ ■♥ ❢✉- ❤❡- ❞❡✈❡❧♦♣✐♥❣  ❤❡✐- ✇♦-❦ ✭❆❍=✲❙❆✮✱ ❈❤❡♥ ❡ ❛❧✳ ❬✶✸❪ ❞❡✈❡❧✲

♦♣❡❞  ❤❡ ❆❍=✲❙❆✷  ♦ ✐♥❝-❡❛)❡  ❤❡  ♦♦❧✬) ❡✣❝✐❡♥❝②✱ ✇❤✐❧❡ ❛❧)♦ ✐♠♣-♦✈✐♥❣ ✐ ) ✢❡①✐❜✐❧✐ ②

❛♥❞ ❡♥❤❛♥❝✐♥❣ ✐ ) ✈✐)✉❛❧✐③❛ ✐♦♥ ❝❛♣❛❜✐❧✐ ②  ♦ ❛♥❛❧②③❡  ❤❡ ✇❡✐❣❤ )❡♥)✐ ✐✈✐ ② -❡)✉❧ ✐♥❣ ❢-♦♠

❜♦ ❤ ❞✐-❡❝ ❛♥❞ ✐♥❞✐-❡❝ ✇❡✐❣❤ ❝❤❛♥❣❡) ✉)✐♥❣  ❤❡ ❖❆❚  ❡❝❤♥✐Q✉❡✳ ▲✐❦❡✇✐)❡✱ ❜❛)❡❞ ♦♥

 ❤❡ )✉❜❥❡❝ ✐✈✐ ② ❧✐♠✐ ❛ ✐♦♥ ♦❢ ❆❍=✱ ❆❤♠❛❞ ❡ ❛❧✳ ❬✸❪ ❞❡✈❡❧♦♣❡❞ ❛ ♥❡✇  ❡❝❤♥✐Q✉❡ ❝❛❧❧❡❞

 ❤❡ ✏❖❜❥❡❝ ✐✈❡ ❙♣❛ ✐❛❧ ❆♥❛❧② ✐❝ ❍✐❡-❛-❝❤② =-♦❝❡)) ✭❖❙❆❍=✮✑✱ ❝♦♠❜✐♥✐♥❣ ❆❍= ✇✐ ❤ -❡✲

❣-❡))✐♦♥ ♠♦❞❡❧✐♥❣  ♦ ✐❞❡♥ ✐❢② ♣♦ ❡♥ ✐❛❧ ❛❣-♦❢♦-❡) -② ❛-❡❛) ✉)✐♥❣ ●■❙✳ ❲✐ ❤  ❤❡ ❛✐♠ ♦❢

)✉) ❛✐♥❛❜❧❡ ❞❡✈❡❧♦♣♠❡♥ ❛♥❞ ❝♦♥)❡♥)✉) ❜✉✐❧❞✐♥❣✱ ❛♥❞ ❝♦♥)✐❞❡-✐♥❣  ❤❡ ✉♥❝❡- ❛✐♥ ✐❡) ✐♥

 ❤❡ ❧❛♥❞✲✉)❡ ♣❧❛♥♥✐♥❣ ♣-♦❝❡))✱ ❙♦❧ ❛♥✐ ❡ ❛❧✳ ❬✹✵❪ ✉ ✐❧✐③❡ ❛ ●■❙✲❜❛)❡❞ ✉-❜❛♥ ❧❛♥❞✲✉)❡

♠♦❞❡❧ ❝♦♠❜✐♥❡❞ ✇✐ ❤ ❯❆✳ ■♥  ❤❡✐- ●■❙✲❜❛)❡❞ ▼❈❉▼  ❤❡② ✉)❡❞ ❆❍=✱ )❡♥)✐ ✐✈✐ ② ❛♥❛❧✲

②)✐)✱ ▼♦♥ ❡ ❈❛-❧♦ )✐♠✉❧❛ ✐♦♥ ❛♥❞ ♣-♦❜❛❜✐❧✐ ② ❝❧❛))✐✜❝❛ ✐♦♥ ♠❡ ❤♦❞)✱ ❛♥❞ ♠❛❞❡ ✉)❡ ♦❢

 ❤❡ ✈✐)✉❛❧ )♣❛ ✐❛❧ -❡♣-❡)❡♥ ❛ ✐♦♥ ♦❢  ❤❡ -❡)✉❧ ) ❢♦- ❞✐✛❡-❡♥ ) ❛❣❡) ♦❢  ❤❡ ❞❡❝✐)✐♦♥✲♠❛❦✐♥❣

♣-♦❝❡)) ✉♥❞❡- ❞✐✛❡-❡♥ ❝♦♥❞✐ ✐♦♥)✳

❆) ✐♥  ❤❡ ❛❜♦✈❡✲♠❡♥ ✐♦♥❡❞ ❧✐ ❡-❛ ✉-❡✱  ❤✐) ) ✉❞② ❞❡❛❧) ♠❛✐♥❧② ✇✐ ❤  ❤❡ ✉♥❝❡- ❛✐♥ ② ✐♥

 ❤❡ 5th ❛♥❞ 6th ) ❛❣❡) ✭❞❡❝✐)✐♦♥ ♠❛❦✐♥❣ ♦♥ ❝-✐ ❡-✐❛ ) ❛♥❞❛-❞✐③❛ ✐♦♥ ❛♥❞ ✇❡✐❣❤ ❛))✐❣♥✲

♠❡♥ ✮ ♦❢  ❤❡ )♣❛ ✐❛❧ ▼❈❉▼ ♠♦❞❡❧✐♥❣ ♣-♦❝❡)) ❧✐) ❡❞ ❡❛-❧✐❡-✱ ❛♥❞ ✇✐ ❤  ❤❡ 7th ) ❛❣❡  ♦  ❤❡

❡① ❡♥ ♦❢ ❞✐)❝✉))✐♥❣  ❤❡ ♣♦))✐❜✐❧✐ ② ♦❢ ❞✐✛❡-❡♥ -❡)✉❧ ) ❜❛)❡❞ ♦♥ ❞✐✛❡-❡♥ ✐♥ ❡-♣-❡ ❛ ✐♦♥)

♦❢  ❤❡ -❡)✉❧ ) ♦❢  ❤❡ ♠♦❞❡❧✐♥❣✳

■♥ ❞♦✐♥❣  ❤✐)✱ -❛ ❤❡-  ❤❛♥ ❝❛--②✐♥❣ ♦✉ ❝❧❛))✐❝❛❧ )❡♥)✐ ✐✈✐ ② ❛♥❛❧②)✐) ♣-♦❝❡❞✉-❡) ♦♥ ❝-✐ ❡✲

-✐♦♥ ✈❛❧✉❡) ❛♥❞ ✇❡✐❣❤ )✱  ❤❡ ✐♥ ❡♥ ✐♦♥ ✐)  ♦ ❡①❛♠✐♥❡  ❤❡ ❞✐✛❡-❡♥❝❡) ❜❡ ✇❡❡♥  ❤❡ -❡)✉❧ ) ♦❢

❛ ❞❡ ❡-♠✐♥✐) ✐❝ ❛♣♣-♦❛❝❤ ❛♥❞ ❛♥ ✉♥❝❡- ❛✐♥ ② ❛♣♣-♦❛❝❤ ✉)✐♥❣ ) ❛♥❞❛-❞✐③❡❞ ❝-✐ ❡-✐♦♥ ♠❛♣)

❛ ❧♦✇❡- ❧❡✈❡❧) ♦❢ ❛ ❤✐❡-❛-❝❤✐❝❛❧ ●■❙✲❜❛)❡❞ ♠✉❧ ✐✲❝-✐ ❡-✐❛ ♠♦❞❡❧✱ ❛♥❞  ❤♦)❡ ♦❢ ✇❡✐❣❤ ❡❞ ❛♥❞

❛❣❣-❡❣❛ ❡❞ ♠❛♣) ❛ ❤✐❣❤❡- ❧❡✈❡❧)✳ ❇② ❛))❡))✐♥❣  ❤❡ ❞✐✛❡-❡♥❝❡) ❛ ❡❛❝❤ ❧❡✈❡❧ ✭♠✉❧ ✐ ❧❡✈❡❧)✮

✐♥  ❤❡  ✇♦ ♠♦❞❡❧✐♥❣ ❛♣♣-♦❛❝❤❡)✱ ❛♥❞ ❜❡ ✇❡❡♥  ❤❡✐- ❡Q✉✐✈❛❧❡♥ ♦✈❡-❛❧❧ ❣♦❛❧ ✭♣-❡❢❡-❡♥❝❡✮

♠❛♣)✱  ❤✐) ) ✉❞② ❛✐♠)  ♦ )❤♦✇  ❤❛ ✉♥❝❡$%❛✐♥%② ♠❛❦❡+ ❛ ❞✐✛❡$❡♥❝❡ ✐♥  ❤❡ -❛♥❦✐♥❣ ❛♥❞  ❤❡

)♣❛ ✐❛❧ ♣❛  ❡-♥ ♦❢  ❤❡ ❛❧ ❡-♥❛ ✐✈❡) ✐♥ ❧❛♥❞✲✉)❡ ❞❡❝✐)✐♦♥ ♠❛❦✐♥❣✱ ❛♥❞ ♣-❡)❡♥ ) ❡♠♣✐-✐❝❛❧

♣-♦♦❢ ♦❢  ❤❡ ✐♠♣♦- ❛♥❝❡ ♦❢ ✉♥❝❡- ❛✐♥ ② ❛))❡))♠❡♥ ✐♥ )♣❛ ✐❛❧ ♠✉❧ ✐✲❝-✐ ❡-✐❛ ♠♦❞❡❧✐♥❣✳

■♥  ❤✐) -❡)♣❡❝ ✱  ❤❡ ) ✉❞② ❞♦❡) ♥♦ ❞❡❛❧ ✇✐ ❤  ❤❡ Q✉❡) ✐♦♥ ♦❢ ✉♥❝❡- ❛✐♥ ② ✐♥  ❡-♠) ♦❢

 ❤❡ ♣♦ ❡♥ ✐❛❧❧② )✉❜❥❡❝ ✐✈❡ ❞❡❝✐)✐♦♥) ❣✐✈❡♥ ❜②  ❤❡ ❞❡❝✐)✐♦♥ ♠❛❦❡-)✱ ✐♥  ❤✐) ❝❛)❡✱  ❤❡  ✇♦

♠♦❞❡❧❡-)✳ ■♥ ♦ ❤❡- ✇♦-❞)✱  ❤❡ ) ✉❞② ❞♦❡) ♥♦ ♠❛❦❡ ❛ )❡♥)✐ ✐✈✐ ② ❛♥❛❧②)✐) ♦❢  ❤❡ ❝-✐ ❡-✐♦♥

✈❛❧✉❡) ❛♥❞ ✇❡✐❣❤ ✐♥❣ ♦❢  ❤❡  ✇♦ ♠♦❞❡❧)✱ ❜✉ -❛ ❤❡- )❤♦✇)  ❤❛  ❤❡ ❞❡ ❡-♠✐♥✐) ✐❝ -❡)✉❧ )

)❤♦✉❧❞ ♥♦ ❜❡ )❡❡♥ ❛)  ❤❡ ♦♥❧② )♦❧✉ ✐♦♥ )❡ ✇✐ ❤ ❛ ♣❛- ✐❝✉❧❛- -❛♥❦✐♥❣ ❛♥❞ )♣❛ ✐❛❧ ♣❛  ❡-♥

♦❢ ❛❧ ❡-♥❛ ✐✈❡) ✐♥ ❧❛♥❞✲✉)❡ )✉✐ ❛❜✐❧✐ ②✱ ❛♥❞ -❡✈❡❛❧)  ❤❛  ❤❡② ❛-❡ )✉❜❥❡❝  ♦ ❝❤❛♥❣❡ ✉♥❞❡-

❞✐✛❡-❡♥ ❝♦♥❞✐ ✐♦♥) ♦❢ ❞❡❝✐)✐♦♥ ♠❛❦✐♥❣✱ ✇❤✐❝❤ ✐) ❝❤❛-❛❝ ❡-✐③❡❞ ❜② ✉♥❝❡- ❛✐♥ ②✳

❆) ♠❡♥ ✐♦♥❡❞ ❡❛-❧✐❡-✱ ❛❧ ❤♦✉❣❤  ❤❡-❡ ✐) ❛♥ ✐♥❝-❡❛)✐♥❣ ♥✉♠❜❡- ♦❢ ✇♦-❦) ♦♥ ✉♥❝❡- ❛✐♥ ②

❛))❡))♠❡♥ ✱ -❡❧❛ ❡❞ ❡)♣❡❝✐❛❧❧②  ♦  ❤❡ 5th ❛♥❞ 6th ) ❛❣❡) ♦❢ )♣❛ ✐❛❧ ♠✉❧ ✐✲❝-✐ ❡-✐❛ ♠♦❞❡❧✐♥❣✱

 ❤❡-❡ ❤❛)  ♦ ❞❛ ❡ ❜❡❡♥ ♥♦ ♦♥❡✲ ♦✲♦♥❡ ❝♦♠♣❛-✐)♦♥ ♦❢  ❤❡ ❞❡ ❡-♠✐♥✐) ✐❝ ❛♥❞ ✉♥❝❡- ❛✐♥ ②

♠❛♣) ❛ ❡❛❝❤ ❧❡✈❡❧ ♦❢ ❛♥ ▼❈❉▼ ❧❛♥❞✲✉)❡ )✉✐ ❛❜✐❧✐ ② ♠♦❞❡❧ ✐♥ ❛ ●■❙ ❡♥✈✐-♦♥♠❡♥ ✳

❲✐ ❤  ❤✐) ) ✉❞②✱  ✇♦ ♠❛✐♥  ②♣❡) ♦❢ ✉♥❝❡- ❛✐♥ ② ♠❡ ❤♦❞✱ ❜❡✐♥❣ ♣-♦❜❛❜✐❧✐ ② ❛♥❞ ❢✉③③②

)❡  ❤❡♦-✐❡)✱ ✐♥ ❛❞❞✐ ✐♦♥  ♦ ▼❆❯❚ ✭❚❛❜❧❡ ✶✮✱ ✇❡-❡ ✉)❡❞  ♦ ♦❜ ❛✐♥ ) ❛♥❞❛-❞✐③❡❞ ❝-✐ ❡-✐♦♥

♠❛♣) ❛  ❤❡ ❧♦✇❡) ❧❡✈❡❧) ♦❢  ❤❡ ❤✐❡-❛-❝❤✐❝❛❧ ) -✉❝ ✉-❡ ♦❢  ❤❡ ❡①✐) ✐♥❣ ❞❡ ❡-♠✐♥✐) ✐❝ ♠♦❞❡❧✳

❚❤❡♥✱ ❛ ✇❡✐❣❤ ✐♥❣ ♣-♦❝❡)) ✇❛) ❝❛--✐❡❞ ♦✉ ✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡❞  -❛❞❡✲♦✛) ❛ ❧❡✈❡❧) ✉♥❞❡-  ❤❡

❣♦❛❧ ❧❡✈❡❧ ❛♥❞ ❡♥ -♦♣② ❛  ❤❡ ❣♦❛❧ ❧❡✈❡❧ ❝♦♠♣❛-❡❞  ♦ ❡①✐) ✐♥❣ ♠♦❞❡❧✬) ❆❍= ❛ ❛❧❧ ❧❡✈❡❧) ♦❢
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❤✐❡#❛#❝❤② ✇✐(❤ (✇♦ ❡①❝❡♣(✐♦♥- ✭✐✳❡✳✱ ❢♦# ♦♥❡ ❧♦✇❡# ❧❡✈❡❧ -✉❜✲♦❜❥❡❝(✐✈❡ ❛♥❞ ❢♦# ❣♦❛❧-✮✳ ❆❢(❡#

✇❡✐❣❤(✐♥❣✱ ❡❛❝❤ ❝#✐(❡#✐♦♥ ♠❛♣ ❛( (❤❡ ❧♦✇❡# ❧❡✈❡❧- ✇❛- ❛❣❣#❡❣❛(❡❞ ❛( (❤❡ ❤✐❣❤❡# ❧❡✈❡❧- (♦

♦❜(❛✐♥ (❤❡ ♣#❡❢❡#❡♥❝❡ ✭♦✈❡#❛❧❧ ❣♦❛❧✮ ♠❛♣ ❢♦# ❛ ♣❛#(✐❝✉❧❛# ❧❛♥❞✲✉-❡ (②♣❡ ✈✐❛ ❡✐(❤❡# ♠♦❞❡❧✐♥❣

❛♣♣#♦❛❝❤ ✭❞❡(❡#♠✐♥✐-(✐❝ ✈-✳ ✉♥❝❡#(❛✐♥(②✮✳ ■♥ (❤❡-❡ -(❛❣❡-✱ ❡❛❝❤ ♠❛♣ ♣❛✐# ❢#♦♠ ❡✐(❤❡# ♦❢

(❤❡ ♠♦❞❡❧✐♥❣ ❛♣♣#♦❛❝❤❡- ❛( ❡❛❝❤ ❧❡✈❡❧ ♦❢ (❤❡ ❤✐❡#❛#❝❤② ✇❛- ❝♦♠♣❛#❡❞ ❢♦# (❤❡ ❝❛-❡ -(✉❞②

❛#❡❛✱ ❜❡✐♥❣ ❍✐❧❧-❜♦#♦✉❣❤ ❈♦✉♥(② ✐♥ (❤❡ -(❛(❡ ♦❢ ❋❧♦#✐❞❛✳

❚❤❡ ❞❡(❡#♠✐♥✐-(✐❝ ♠♦❞❡❧ ✉-❡❞ ✐♥ (❤✐- -(✉❞② ✐- (❤❡ ▲❛♥❞✲❯-❡ ❈♦♥✢✐❝( ■❞❡♥(✐✜❝❛(✐♦♥

❙(#❛(❡❣② ✭▲❯❈■❙✮✱ (❤❡ -(#✉❝(✉#❡ ♦❢ ✇❤✐❝❤ ✐- ❞❡-❝#✐❜❡❞ ✐♥ ❜#✐❡❢ ✐♥ (❤❡ ❢♦❧❧♦✇✐♥❣ -❡❝(✐♦♥✳

✶✳✷✳ ❉❡%❡&♠✐♥✐*%✐❝ *♣❛%✐❛❧ ♠✉❧%✐✲❛%%&✐❜✉%❡ ❧❛♥❞✲✉*❡ ♠♦❞❡❧✐♥❣✿ ▲❛♥❞✲❯*❡ ❈♦♥✲

✢✐❝% ■❞❡♥%✐✜❝❛%✐♦♥ ❙%&❛%❡❣② ✭▲❯❈■❙✮✳ ❚❤❡ ▲❛♥❞✲❯-❡ ❈♦♥✢✐❝( ■❞❡♥(✐✜❝❛(✐♦♥ ❙(#❛(✲

❡❣② ✭▲❯❈■❙✮ ✐- ❛ ❞❡(❡#♠✐♥✐-(✐❝ ▼❆❉▼ ♣#♦❝❡-- ❛♥❞ ✏❛ ❣♦❛❧✲❞#✐✈❡♥ ●■❙ ♠♦❞❡❧ (❤❛( ♣#♦✲

❞✉❝❡- ❛ -♣❛(✐❛❧ #❡♣#❡-❡♥(❛(✐♦♥ ♦❢ ♣#♦❜❛❜❧❡ ♣❛((❡#♥- ♦❢ ❢✉(✉#❡ ❧❛♥❞ ✉-❡✑ ❬✾✿✾❪✳ ■♥ ♦#❞❡#

(♦ ❛--❡-- (❤❡ ❝♦♥✢✐❝(- ❜❡(✇❡❡♥ (❤❡ (❤#❡❡ ♠❛✐♥ ❧❛♥❞✲✉-❡ (②♣❡- ✭❛❣#✐❝✉❧(✉#❛❧✱ ✉#❜❛♥✱ ❛♥❞

❡❝♦❧♦❣✐❝❛❧❧② -❡♥-✐(✐✈❡✮ ❛♥❞ ♣♦--✐❜❧❡ ❢✉(✉#❡ ❧❛♥❞✲✉-❡ ♣❛((❡#♥-✱ ♠♦❞❡❧- ❛#❡ ❡-(❛❜❧✐-❤❡❞ (♦

♦❜(❛✐♥ ♣#❡❢❡#❡♥❝❡ ♠❛♣- #❡❧❛(❡❞ (♦ ❡❛❝❤ ♦❢ (❤❡-❡ ❧❛♥❞ ✉-❡- ✭❋✐❣✉#❡ ✷✮✳ ❊✈❡♥ (❤♦✉❣❤ (❤❡

❝♦♠♣❧❡(❡ ▲❯❈■❙ ❞❡❛❧- ✇✐(❤ ❝♦♥✢✐❝( ✐❞❡♥(✐✜❝❛(✐♦♥ ❜❛-❡❞ ♦♥ (❤#❡❡ ❞✐✛❡#❡♥( ❧❛♥❞ ✉-❡-✱ ❛♥❞

✐♥ (♦(❛❧ ✐♥✈♦❧✈❡- ❛ 6th ❧❡✈❡❧ ❛( (❤❡ (♦♣ ♦❢ (❤❡ ❤✐❡#❛#❝❤✐❝❛❧ -(#✉❝(✉#❡✱ (❤❡ -❝♦♣❡ ♦❢ (❤✐- -(✉❞②

✐- ❧✐♠✐(❡❞ ✉♣ (♦ 5th ❧❡✈❡❧✱ ❛♥❞ (♦ (❤❡ ❛❣#✐❝✉❧(✉#❛❧ ❧❛♥❞ ✉-❡ ✭❋✐❣✉#❡ ✷✮✳ ■♥ (❤✐- #❡-♣❡❝(✱ (❤❡

✉♥❝❡#(❛✐♥(② ♠❛♣- ♦❜(❛✐♥❡❞ ✐♥ (❤✐- -(✉❞②✱ ❧✐❦❡ (❤❡✐# ❝♦##❡-♣♦♥❞✐♥❣ ❞❡(❡#♠✐♥✐-(✐❝ ❡T✉✐✈❛✲

❧❡♥(- ❢#♦♠ ❡①✐-(✐♥❣ ♠♦❞❡❧-✱ ❝♦♥-✐-( ♦❢ (❤❡ ♦✈❡#❛❧❧ ❣♦❛❧ ♠❛♣✱ #❡❢❡##❡❞ (♦ ❛- (❤❡ ♣#❡❢❡#❡♥❝❡

♠❛♣ ❤❡#❡❛❢(❡#✱ ❛( (❤❡ (♦♣ ♦❢ (❤❡ ❤✐❡#❛#❝❤✐❝❛❧ -(#✉❝(✉#❡✱ ❢♦❧❧♦✇❡❞ ❜② ♠❛♣- ❝❤❛#(✐♥❣ (❤❡

❣♦❛❧-✱ ♦❜❥❡❝(✐✈❡-✱ -✉❜✲♦❜❥❡❝(✐✈❡- ❛♥❞ ❧♦✇❡# ❧❡✈❡❧ -✉❜✲♦❜❥❡❝(✐✈❡- ❛( (❤❡ ❧♦✇❡# ❧❡✈❡❧-✳

❋✐❣✉&❡ ✷✳ ❙②♠❜♦❧✐❝ #❡♣#❡-❡♥(❛(✐♦♥ ♦❢ ♠✉❧(✐✲❧❡✈❡❧ ▲❯❈■❙ ❤✐❡#❛#❝❤✐❡-

✭-(✉❞② ❝♦✈❡#- (❤❡ ❧❡✈❡❧- ❝♦♥❝❡#♥✐♥❣ ❛❣#✐❝✉❧(✉#❛❧ ❧❛♥❞ ✉-❡ ♦♥ (❤❡ ❧❡❢(✱

(❤❡ ♣#❡❢❡#❡♥❝❡ ♠❛♣ ❜❡✐♥❣ ❛( (❤❡ (♦♣✮

❙♦✉#❝❡✿ ❆❞❛♣(❡❞ ❢#♦♠ ❬✾✿✷✸✶✱✷✸✸✱✷✸✻❪

❚❤❡ #❡❧❛(❡❞ ♥✉♠❜❡#✐♥❣✱ ♥❛♠✐♥❣ ❛♥❞ ❛ -❤♦#( ❞❡-❝#✐♣(✐♦♥ ♦❢ (❤❡ ▲❯❈■❙ ❤✐❡#❛#❝❤✐❝❛❧

❧❡✈❡❧- ❢♦# (❤❡ ❛❣#✐❝✉❧(✉#❛❧ ❧❛♥❞✲✉-❡ ♣#❡❢❡#❡♥❝❡ ♠❛♣ -❡❡♥ ♦♥ (❤❡ ❧❡❢( ♣❛#( ♦❢ ❋✐❣✉#❡ ✷ ✐-
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❚❛❜❧❡ ✷✳ ◆✉♠❜❡%✐♥❣✱ ♥❛♠✐♥❣✱ ❛♥❞ ❛ ,❤♦%/ ❞❡,❝%✐♣/✐♦♥ ♦❢ /❤❡ ▲❯❈■❙

❤✐❡%❛%❝❤✐❝❛❧ ❧❡✈❡❧, ❢♦% /❤❡ ❛❣%✐❝✉❧/✉%❛❧ ❧❛♥❞✲✉,❡ ♣%❡❢❡%❡♥❝❡ ♠❛♣

♣%❡,❡♥/❡❞ ✐♥ ❚❛❜❧❡ ✷✱ ✐♥ ✇❤✐❝❤ ❛❧❧ ♦❢ /❤❡ ❣♦❛❧, ❛♥❞ ♦❜❥❡❝/✐✈❡, ❛/ ❛❧❧ ❧❡✈❡❧, ❛%❡ ♣❤%❛,❡❞

✐♥ ,✉❝❤ ❛ ✇❛② /❤❛/ /❤❡② ❛%❡ /%✐❡❞ /♦ ❜❡ ♠❛①✐♠✐③❡❞ ✐♥ /❤❡ ❞❡❝✐,✐♦♥✲♠❛❦✐♥❣ ♣%♦❝❡,,✳ ❆,

✐, ❝❧❡❛%❧② ❛♣♣❛%❡♥/ ✐♥ ❚❛❜❧❡ ✷✱ /❤❡ ▲❯❈■❙ ❛❣%✐❝✉❧/✉%❛❧ ❧❛♥❞✲✉,❡ ❤✐❡%❛%❝❤✐❝❛❧ ❧❡✈❡❧,✱ ❡❛❝❤

♦❢ ✇❤✐❝❤ ✐, ✐♥ ❢❛❝/ ❛ ●■❙ ♠❛♣ ❧❛②❡%✱ ❢♦❧❧♦✇ ❛ ♥❛♠✐♥❣ ❝♦♥✈❡♥/✐♦♥ /❤❛/ ✐, ❝♦♠♣♦,❡❞ ♦❢ ❛♥

❛❧♣❤❛♥✉♠❡%✐❝ ❝♦❞❡ ❢♦% ❡❛❝❤ ❞✐✛❡%❡♥/ ❧❡✈❡❧✳ ❋♦% ❡①❛♠♣❧❡✱ ▲❡✈❡❧ ✹✿ ●♦❛❧ ♠❛♣ ✶✱ ▲❡✈❡❧

✸✿ ❖❜❥❡❝/✐✈❡ ✶✶✱ ▲❡✈❡❧ ✷✿ ❙✉❜✲♦❜❥❡❝/✐✈❡ ✶✶✶ ❛♥❞ ▲❡✈❡❧ ✶✿ ▲♦✇❡% ▲❡✈❡❧ ❙✉❜✲♦❜❥❡❝/✐✈❡

❝%✐/❡%✐♦♥ ♠❛♣, ✉♥❞❡% ,✉❜✲♦❜❥❡❝/✐✈❡ ✶✶✶ ❛%❡ ♥❛♠❡❞ %❡,♣❡❝/✐✈❡❧② ✇✐/❤ ❝♦❞❡, ❛❣✶❀ ❛❣✶♦✶✶❀

❛❣✶♦✶✶♦✶✶✶❀ ❛♥❞ ❝%✐/❡%✐♦♥ ♠❛♣, ✉♥❞❡% ,✉❜✲♦❜❥❡❝/✐✈❡ ❛❣✶♦✶✶,♦✶✶✶✱ ✇❤✐❝❤ ❛%❡ ♥❛♠❡❞ ✇✐/❤

❛ ❧❡//❡% ❛✕❦ /♦ ❡♥,✉%❡ ❡❛,❡ ✐♥ ❢♦❧❧♦✇✐♥❣✱ ❛♥❞ ,✐♥❝❡ /❤❡ ♠❛♣, ❛/ /❤❡,❡ ❧❡✈❡❧, ❛%❡ ♦♥❧② ❛ ❢❡✇

✐♥ ♥✉♠❜❡%✳
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✷✳ ❙#✉❞② ❛(❡❛ ❛♥❞ ❞❛#❛

❍✐❧❧#❜♦&♦✉❣❤ ❈♦✉♥,② ✐# ❧♦❝❛,❡❞ ♦♥ ,❤❡ ✇❡#, ❝♦❛#, ♦❢ ❝❡♥,&❛❧ ❋❧♦&✐❞❛ ✭❋✐❣✉&❡ ✸✮✳ ■, ❤❛#

,♦,❛❧ ♦❢ #✉&❢❛❝❡ ❛&❡❛ ♦❢ ✶✱✵✼✷ #?✉❛&❡ ♠✐❧❡# ✭✶✱✵✹✽ #? ♠✐ ♦❢ ❧❛♥❞ ❛♥❞ ✷✹ #? ♠✐ ♦❢ ✐♥❧❛♥❞

✇❛,❡&✮✳ ❚❛♠♣❛ ✐# ,❤❡ ❈♦✉♥,② #❡❛, ❛♥❞ ,❤❡ ❧❛&❣❡#, ❝✐,② ✐♥ ❍✐❧❧#❜♦&♦✉❣❤✱ ✐♥ ✇❤✐❝❤ ,❤❡&❡ ❛&❡

,✇♦ ♠♦&❡ ♠✉♥✐❝✐♣❛❧ ❝✐,✐❡#✿ ❚❡♠♣❧❡ ❚❡&&❛❝❡ ❛♥❞ F❧❛♥, ❈✐,② ❬✷✸❪✳ ■, ✐# ❛ &❛♣✐❞❧② ✉&❜❛♥✐③✐♥❣

❝♦✉♥,② ❬✹✹❪ ✇✐,❤ ❛ ♣♦♣✉❧❛,✐♦♥ ✐♥❝&❡❛#❡ ♦❢ ✷✸✳✷ ♣❡&❝❡♥, ✭❢&♦♠ ✾✾✼✱✾✸✻ ,♦ ✶✱✷✷✾✱✷✷✻✮ ❛♥❞ ❛

♣♦♣✉❧❛,✐♦♥ ❞❡♥#✐,② ✐♥❝&❡❛#❡ ❢&♦♠ ✽✼✾ ,♦ ✶✵✽✷ ♣❡&#♦♥#✴#? ♠✐ ❜❡,✇❡❡♥ ✷✵✵✵ ❛♥❞ ✷✵✶✵ ❬✹✸❪✳

❚❤❡ &❛♣✐❞ ❛♥❞ ❝♦♥,✐♥✉♦✉# ✉&❜❛♥ ❞❡✈❡❧♦♣♠❡♥,✱ ✇❤✐❝❤ ❤❛# ❜❡❡♥ ♠❛✐♥❧② ✐♥ ,❤❡ ❢♦&♠ ♥❡✇

#✉❜✉&❜❛♥ ❝♦♥#,&✉❝,✐♦♥✱ ❡#♣❡❝✐❛❧❧② ✐♥,♦ ,❤❡ ♠♦&❡ &✉&❛❧✱ ✉♥✐♥❝♦&♣♦&❛,❡❞ ♣❛&, ♦❢ ,❤❡ ❝♦✉♥,②

❬✷✸❪✱ ❤❛# ❝❛✉#❡❞ ❜♦,❤ ,❤❡ ❡♥✈✐&♦♥♠❡♥,❛❧ ❞❡❣&❛❞❛,✐♦♥ ♦❢ ♥❛,✉&❛❧ &❡#♦✉&❝❡#✱ #✉❝❤ ❛# #♦✐❧

❡&♦#✐♦♥ ❛♥❞ ❝♦♠♣❛❝,✐♦♥✱ ❞❡❢♦&❡#,❛,✐♦♥ ❛♥❞ ❞✐#,✉&❜❛♥❝❡ ,♦ ❛?✉✐❢❡&# ❬✹✹❪✱ ❛♥❞ ❛ ❞❡❝&❡❛#❡

✐♥ ✈❛❧✉❛❜❧❡ ❛❣&✐❝✉❧,✉&❛❧ ❧❛♥❞#✱ ✇❤✐❝❤ ♠❛❦❡# ✉♣ ♦♥❡ ♦❢ ,❤❡ ♠♦#, ✐♠♣♦&,❛♥, ♣&♦❞✉❝,✐♦♥

❝❛♣❛❝✐,✐❡# ✐♥ ,❤❡ #,❛,❡ ,♦,❛❧ ❬✸✽❪✳

❋✐❣✉$❡ ✸✳ ❚❤❡ #,✉❞② ❛&❡❛✱ ❍✐❧❧#❜♦&♦✉❣❤ ❈♦✉♥,② ✐♥ ,❤❡ #,❛,❡ ♦❢ ❋❧♦&✐❞❛

❙♦✉&❝❡✿ ▼❛♣ ❞❛,❛ ❝♦♠♣✐❧❡❞ ❢&♦♠ ❬✶✾❪❀ ❚❛❜✉❧❛& ❞❛,❛ ❝♦♠♣✐❧❡❞ ❢&♦♠

❬✷✸❀✹✸❪

❚❤❡ #,&♦♥❣ ❝♦♠♣❡,✐,✐♦♥ ✇✐,❤ ❛♥ ❡##❡♥,✐❛❧❧② ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❞❡❝✐#✐♦♥✲♠❛❦✐♥❣ ✉♥❝❡&,❛✐♥,②

❛♠♦♥❣ ,❤❡ ✉&❜❛♥✱ ❛❣&✐❝✉❧,✉&❛❧ ❛♥❞ ♥❛,✉&❛❧ ❧❛♥❞ ✉#❡# ✐♥ ❍✐❧❧#❜♦&♦✉❣❤ ❈♦✉♥,② ✇❛# ,❤❡

♠❛✐♥ &❡❛#♦♥ ❢♦& ,❤❡ #❡❧❡❝,✐♦♥ ♦❢ ,❤✐# ❛&❡❛ ❢♦& ❛ #,✉❞② ♦❢ ,❤❡ ✐♠♣❛❝, ♦❢ ✉♥❝❡&,❛✐♥,② ♦♥

❛ ❞❡,❡&♠✐♥✐#,✐❝ ♠✉❧,✐✲❝&✐,❡&✐❛ ❧❛♥❞✲✉#❡ ♠♦❞❡❧✐♥❣✱ ❛✐♠✐♥❣ ,♦ ✐❞❡♥,✐❢② ❧❛♥❞✲✉#❡ ❝♦♥✢✐❝,#

✭▲❯❈■❙✮ ❛♠♦♥❣ ,❤❡ ,❤&❡❡ ❧❛♥❞ ✉#❡#✳

❆#✐❞❡ ❢&♦♠ ,❤❡ ❛♥♥✉❛❧ ❛❣&✐❝✉❧,✉&❛❧ #❛❧❡# ♦❢ ❍✐❧❧#❜♦&♦✉❣❤ ❈♦✉♥,②✱ ♦❜,❛✐♥❡❞ ❢&♦♠ ❈❡♥#✉#

♦❢ ❆❣&✐❝✉❧,✉&❡ ❞❛,❛✱ ❛♥❞ ,❤❡ ❵❈&✐,✐❝❛❧ ▲❛♥❞# ❛♥❞ ❲❛,❡&# ■❞❡♥,✐✜❝❛,✐♦♥ F&♦❥❡❝, ✭❈▲■F✮✿

❱❡&#✐♦♥ ✷✳✵ ❞❛,❛ ❬✷✶❪✱ ❛❧❧ ♦,❤❡& ❞❛,❛ ✉#❡❞ ✐♥ ,❤❡ #,✉❞② ❛, ❜♦,❤ ,❤❡ ❝♦✉♥,② ❛♥❞ #,❛,❡ ❧❡✈❡❧

✇❡&❡ ♦❜,❛✐♥❡❞ ❢&♦♠ ,❤❡ ❵❋❧♦&✐❞❛ ●❡♦❣&❛♣❤✐❝ ❉❛,❛ ▲✐❜&❛&②✬ ✭❋●❉▲✮ ✇❡❜#✐,❡ ❬✶✾❪✱ ❛# ,❤❡

#♦✉&❝❡ ♦❢ ,❤❡ ♠♦#, &❡❝❡♥, ❛✈❛✐❧❛❜❧❡ ❞❛,❛ ❛, ,❤❡ ,✐♠❡ ♦❢ ✇&✐,✐♥❣✳
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■♥ "❤✐% %"✉❞②✱ ❛❧❧ "❤❡ ♠♦❞❡❧% ❢♦0 "❤❡ ❞❡"❡0♠✐♥✐%"✐❝ ❛♣♣0♦❛❝❤ ✇❡0❡ ❜✉✐❧" ❛♥❞ 0✉♥ ✉%✲

✐♥❣ ❆0❝●■❙

❘© %♦❢"✇❛0❡✳ ❚❤❡ %❛♠❡ %♦❢"✇❛0❡ ✇❛% ✉%❡❞ ❛❧%♦ ❢♦0 "❤❡ ✉♥❝❡0"❛✐♥"② ❛♣♣0♦❛❝❤✱

❛❧"❤♦✉❣❤ ❢♦0 %♦♠❡ ♠♦❞❡❧%✱ ❛❞❞✐"✐♦♥❛❧ %♦❢"✇❛0❡ ✇❛% ♥❡❡❞❡❞✱ %✉❝❤ ❛%✱ %♣0❡❛❞%❤❡❡" ❡♥✈✐0♦♥✲

♠❡♥" ✭▼❙ ❊①❝❡❧

❘©✮ ❛♥❞ %♣❛"✐❛❧ ❞❛"❛ ❛♥❛❧②%✐% ✭❈0✐♠❡❙"❛"

❘©✮✳

✸✳ ▼❡$❤♦❞♦❧♦❣② ❛♥❞ ❛♣♣❧✐❝❛$✐♦♥

■♥ "❤✐% %❡❝"✐♦♥✱ "❤❡ ♠❡"❤♦❞♦❧♦❣② ❛♥❞ ✐"% ❛♣♣❧✐❝❛"✐♦♥% "♦ "❤❡ %"✉❞② ❛0❡❛ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞

✐♥ "❤0❡❡ %✉❜%❡C✉❡♥" %"❛❣❡%✳ ❚❤❡ ✜0%" %"❛❣❡ ✐♥❝❧✉❞❡% "❤❡ ❞❡✈❡❧♦♣♠❡♥" ♦❢ ✉♥❝❡0"❛✐♥"②

♠♦❞❡❧% ❢♦0 ▲❯❈■❙ ❛♥❞ "❤❡ ❝♦♠♣❛0✐%♦♥% ✇✐"❤ "❤❡✐0 ❞❡"❡0♠✐♥✐%"✐❝ ❡C✉✐✈❛❧❡♥"% ✐♥ "❡0♠% ♦❢ "❤❡

%"❛♥❞❛0❞✐③❛"✐♦♥ ♦❢ ❝0✐"❡0✐♦♥ ♠❛♣% ✭❡❛❝❤ ❞✐✛❡0❡♥" ●■❙ ❧❛②❡0✮ ❛" "❤❡ ❞✐✛❡0❡♥" ❤✐❡0❛0❝❤✐❝❛❧

❧❡✈❡❧% ✭❧❡✈❡❧% ✶✱ ✷ ❛♥❞ ✸✮ ♣0✐♦0 "♦ ❛♥② ✇❡✐❣❤"✐♥❣ ❜❡✐♥❣ ❛♣♣❧✐❡❞✳ ❚❤❡ %❡❝♦♥❞ %"❛❣❡ ✐♥✈♦❧✈❡%

❛ ❝♦♠♣❛0✐%♦♥ ♦❢ "❤❡ ❞❡❝✐%✐♦♥ 0✉❧❡% ♦❢ "❤❡ "✇♦ ❞✐✛❡0❡♥" ❛♣♣0♦❛❝❤❡% ✭❞❡"❡0♠✐♥✐%"✐❝ ✈%✳

✉♥❝❡0"❛✐♥"②✮ ❢♦0 ❝♦♠❜✐♥✐♥❣ "❤❡ ❝0✐"❡0✐♦♥ ♠❛♣% ✉♥❞❡0 ❡❛❝❤ 0❡❧❡✈❛♥" ❧❡✈❡❧ ♦❢ ❤✐❡0❛0❝❤②

✭❧❡✈❡❧% ✶✱ ✷✱ ✸✱ ✸✬ ❛♥❞ ✹✮✳ ■♥ "❤❡ ✜♥❛❧ %"❛❣❡✱ ❛ ❝♦♠♣❛0✐%♦♥ ✐% ♠❛❞❡ ❢♦0 "❤❡ ♣0❡❢❡0❡♥❝❡

♠❛♣% ♦❢ "❤❡ "✇♦ ♠♦❞❡❧✐♥❣ ❛♣♣0♦❛❝❤❡% ✭❧❡✈❡❧ ✺✮✳ ❚❤❡ 0❡%✉❧"% ♦❢ "❤❡ "✇♦ ♠♦❞❡❧✐♥❣% ♦❢ "❤❡%❡

"❤0❡❡ %"❛❣❡%✱ ❝♦♥%✐❞❡0✐♥❣ ❛❧❧ ❤✐❡0❛0❝❤✐❝❛❧ ❧❡✈❡❧% ♦❢ ▲❯❈■❙ ✭✉♣ "♦ "❤❡ 5th✮✱ ❛0❡ ❡①♣❧❛✐♥❡❞

✐♥ ❙❡❝"✐♦♥ ✹✳

✸✳✶✳ ❈♦♠♣❛(✐*♦♥ ♦❢ ♥❡✇❧② ❞❡✈❡❧♦♣❡❞ ✉♥❝❡(5❛✐♥5② ♠♦❞❡❧* ❛♥❞ 5❤❡✐( ❡①✐*5✐♥❣

❞❡5❡(♠✐♥✐*5✐❝ ❡9✉✐✈❛❧❡♥5* ✐♥ ❝(✐5❡(✐❛ *5❛♥❞❛(❞✐③❛5✐♦♥ ✭❧❡✈❡❧* ✶✱ ✷ ❛♥❞ ✸✮✳ ❚❤❡

❝0✐"❡0✐❛ %"❛♥❞❛0❞✐③❛"✐♦♥ ✐♥ ✉♥❝❡0"❛✐♥"② ♠♦❞❡❧✐♥❣ ✇❛% ❝❛00✐❡❞ ♦✉" ✉%✐♥❣ %❡✈❡♥ ❞✐✛❡0❡♥"

❣0♦✉♣% ♦❢ ♠❡"❤♦❞%✱ ❡❛❝❤ ❛♣♣❧✐❡❞ "♦ ❛ ❞✐✛❡0❡♥" ❣0♦✉♣ ♦❢ ♠❛♣% ♣0✐♦0 "♦ ❛♥② ✇❡✐❣❤"✐♥❣ ✭✐✳❡✳✱

"❤❡ ♠❛♣% ❤❛✈❡ ♥♦ ♦"❤❡0 %✉❜✲❧❡✈❡❧ ♠❛♣%✮ ✭❚❛❜❧❡ ✷✮✳ ❚❤❡ %❡✈❡♥ ❣0♦✉♣% ♦❢ ♠❡"❤♦❞% ❛0❡

❧✐%"❡❞ ✐♥ ❚❛❜❧❡ ✸ ❛❝❝♦0❞✐♥❣ "♦ "❤❡ ❣0♦✉♣% ♦❢ ❝0✐"❡0✐♦♥ ♠❛♣% ✭●■❙ ❧❛②❡0%✮ "♦ ✇❤✐❝❤ "❤❡②

✇❡0❡ ❛♣♣❧✐❡❞✱ ✇❤✐❝❤ ❛0❡ 0❡❢❡00❡❞ ✉%✐♥❣ "❤❡✐0 ❛❧♣❤❛♥✉♠❡0✐❝ ♥❛♠❡% ❞❡%❝0✐❜❡❞ ❡❛0❧✐❡0✳

■♥ ❣❡♥❡0❛❧✱ "❤❡ ●■❙✲❜❛%❡❞ ✉♥❝❡0"❛✐♥"② ♠♦❞❡❧% ✐♥ ❝0✐"❡0✐❛ %"❛♥❞❛0❞✐③❛"✐♦♥ ✇❡0❡ ❞❡✈❡❧✲

♦♣❡❞ ✇✐"❤ 0❡❢❡0❡♥❝❡ "♦ "❤❡ ❝❤❛0❛❝"❡0✐%"✐❝% ♦❢ "❤❡ ❞❡❝✐%✐♦♥ ✈❛0✐❛❜❧❡✿ ✇❤❡♥❡✈❡0 "❤❡② ❛0❡

♥✉♠❡0✐❝✱ "❤❡ ✉♥❝❡0"❛✐♥"② ✐% ❛%%✉♠❡❞ "♦ ❜❡ ❛ 0❡%✉❧" ♦❢ ❧✐♠✐"❡❞ ✐♥❢♦0♠❛"✐♦♥ 0❡❧❛"❡❞ "♦ "❤❡

❞❡❝✐%✐♦♥✲♠❛❦✐♥❣ ♣0♦❝❡%% ✐♥ ❛ ♣❛0"✐❝✉❧❛0 %♣❛"✐❛❧ %②%"❡♠ ❛♥❞ ❞❡❛❧" ✇✐"❤ "0❛❞✐"✐♦♥❛❧ ♣0♦❜✲

❛❜✐❧✐"② ❬✷✺❀ ✹❀ ✷✽❪ ✭❚❛❜❧❡ ✶✮✱ ❝♦♥"0❛0② "♦ "❤❡ ✉♥✐" ♣0♦❜❛❜✐❧✐"② ♦❢ ❛♥ ❛❧"❡0♥❛"✐✈❡ ✐♥ "❤❡

❞❡"❡0♠✐♥✐%"✐❝ ❉▼ ♣0♦❝❡%% ❬✷✵❀ ✷✷❪✳ ❍♦✇❡✈❡0✱ ✐❢ "❤❡ ✈❛0✐❛❜❧❡% ❛0❡ ❝❛"❡❣♦0✐❝❛❧✱ ❛♥❞ ✐♠♣❧②

"❤❛" "❤❡ ✉♥❝❡0"❛✐♥"② ✐% ❛ 0❡%✉❧" ♦❢ "❤❡ ✐♠♣0❡❝✐%✐♦♥ ♦0 ❛♠❜✐❣✉✐"② ♦❢ "❤❡ ✐♥❢♦0♠❛"✐♦♥ ♦0✱ ✐♥

♦"❤❡0 ✇♦0❞%✱ ✐❢ "❤❡ ✈❛0✐❛❜❧❡% ❛0❡ ❧✐♥❣✉✐%"✐❝ ♦0 ❢✉③③②✱ "❤❡ ❢✉③③② %❡" ♠❡♠❜❡0%❤✐♣ ♠❡"❤♦❞%

❬✷✽❪ ❛0❡ ✉%❡❞ "♦ ♦❜"❛✐♥ "❤❡ ❝0✐"❡0✐♦♥ ♠❛♣%✳ ❇♦"❤ ♦❢ "❤❡%❡ "✇♦ "②♣❡% ♦❢ ♠❛♣% ❛0❡ "❤❡♥

❝♦♠♣❛0❡❞ ✇✐"❤ "❤♦%❡ ♦❜"❛✐♥❡❞ ❢0♦♠ "❤❡ ❞❡"❡0♠✐♥✐%"✐❝ ✈❛0✐❛❜❧❡% ✇✐"❤ ❜✐♥❛0②✱ ❞✐%❝0❡"❡ ♦0

❝♦♥"✐♥✉♦✉% ✈❛❧✉❡% ❛" ❡❛❝❤ ❧❡✈❡❧ ♦❢ "❤❡ ❤✐❡0❛0❝❤②✳

■♥ "❤❡ ❢♦0♠❡0 "②♣❡ ♦❢ ✈❛0✐❛❜❧❡%✱ ♣0♦❜❛❜✐❧✐%"✐❝ ♠❛♣% ❛0❡ ♦❜"❛✐♥❡❞ ✇✐"❤ ❞✐%❝0❡"❡✱ ❝♦♥"✐♥✲

✉♦✉% ♦0 ♠✐①❡❞ ✈❛0✐❛❜❧❡ ✈❛❧✉❡%✱ ❛♥❞ "❤❡ "0❛♥%❢♦0♠❛"✐♦♥ ♣0♦❝❡%%❡% ❛0❡ ❜❛%❡❞ ♦♥ ♣0♦❜❛❜✐❧✐"②

❞❡♥%✐"② ♦0 ❝✉♠✉❧❛"✐✈❡ ♣0♦❜❛❜✐❧✐"② ❞❡♥%✐"② ❢✉♥❝"✐♦♥%✱ ✐♥ ✇❤✐❝❤ ♠♦%" ♦❢ "❤❡ ♠❛♣% ❝❛♥ ❜❡

❝♦♥%✐❞❡0❡❞ "♦ ❜❡ ❞❛"❛✲❞0✐✈❡♥✱ ❜❛%❡❞ ♦♥ ♦❜❥❡❝"✐✈❡ ♣0♦❜❛❜✐❧✐%"✐❝ ♠❡"❤♦❞% ✭❚❛❜❧❡ ✶✮ ✉%✐♥❣

0❡❧❛"✐✈❡ ❢0❡C✉❡♥❝② ✭♦0 ❛0❡❛✮ ❞✐%"0✐❜✉"✐♦♥%✳ ❚❤❡ ♦♥❧② ❡①❝❡♣"✐♦♥% "♦ "❤✐% ❛0❡ "❤❡ "✇♦ ❧♦✇❡0

❧❡✈❡❧ %✉❜✲♦❜❥❡❝"✐✈❡% ❤❛♥❞❧❡❞ ❜② ▼❆❯❚✱ ✐♥ ✇❤✐❝❤ "❤❡ ❞❡0✐✈❛"✐♦♥ ♦❢ ✉"✐❧✐"② ❢✉♥❝"✐♦♥% ✐♥✲

❝❧✉❞❡% "❤❡ ❛%%❡%%♠❡♥" ♦❢ "❤❡ ❞❡❝✐%✐♦♥ ♠❛❦❡0✬% ❡①♣❡❝"❡❞ ✉"✐❧✐"②✳ ❚❤❡ 0❡♠❛✐♥✐♥❣ ❛%%❡%%♠❡♥"%

♦❢ ✉♥❝❡0"❛✐♥"② ✐♥✈♦❧✈❡ "❤❡ ✉%❡ ♦❢ ❢✉③③② ❧♦❣✐❝ ✭❚❛❜❧❡ ✶✮ ❜② ♠❡❛♥% ♦❢ ❧✐♥❣✉✐%"✐❝ ✈❛0✐❛❜❧❡%✳

■♥ ❚❛❜❧❡ ✹ ❜❡❧♦✇ "❤❡ ❞❡"❛✐❧❡❞ ♠❡"❤♦❞♦❧♦❣② ❛♣♣❧✐❡❞ "♦ "❤❡ %❡✈❡♥ ❞✐✛❡0❡♥" ❣0♦✉♣% ♦❢ ❝0✐✲

"❡0✐♦♥ ♠❛♣% ❛0❡ ❡①♣❧❛✐♥❡❞ ✐♥ "❡0♠% ♦❢ ❜♦"❤ "❤❡ ❞❡"❡0♠✐♥✐%"✐❝ ❛♥❞ ✉♥❝❡0"❛✐♥"② ❛♣♣0♦❛❝❤❡%✳

✸✳✷✳ ❈♦♠♣❛(✐*♦♥ ♦❢ ❞❡❝✐*✐♦♥ (✉❧❡* ✐♥ ❝(✐5❡(✐❛ ❛❣❣(❡❣❛5✐♦♥ ❛♥❞ ✇❡✐❣❤5✐♥❣ ✐♥ 5❤❡

❞❡5❡(♠✐♥✐*5✐❝ ❛♥❞ ✉♥❝❡(5❛✐♥5② ♠♦❞❡❧* ✭❧❡✈❡❧* ✶✱ ✷✱ ✸✱ ✸✬ ❛♥❞ ✹✮✳ ■♥ "❤❡ ❞❡"❡0✲

♠✐♥✐%"✐❝ ♠♦❞❡❧✐♥❣✱ "❤❡ ❞❡❝✐%✐♦♥ 0✉❧❡ ❢♦0 ❝♦♠❜✐♥✐♥❣ "❤❡ ❝0✐"❡0✐♦♥ ♠❛♣% ❛" ❡❛❝❤ ✇❡✐❣❤"✐♥❣
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❚❛❜❧❡ ✸✳ ❙❡✈❡♥ ❣%♦✉♣) ♦❢ ✉♥❝❡%,❛✐♥,② ♠❡,❤♦❞) ❢♦% ❝%✐,❡%✐❛ ),❛♥❞❛%❞✲

✐③❛,✐♦♥✱ ❛♥❞ ,❤❡ ❝%✐,❡%✐♦♥ ♠❛♣) ✭●■❙ ❧❛②❡%)✮ ,♦ ✇❤✐❝❤ ,❤❡② ✇❡%❡ ❛♣♣❧✐❡❞
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❚❛❜❧❡ ✹✳ ❉❡"❛✐❧❡❞ ❞❡"❡'♠✐♥✐*"✐❝ ❛♥❞ ✉♥❝❡'"❛✐♥"② ♠❡"❤♦❞♦❧♦❣② ❛♣♣❧✐❡❞

"♦ "❤❡ *❡✈❡♥ ❞✐✛❡'❡♥" ❣'♦✉♣* ♦❢ ❝'✐"❡'✐♦♥ ♠❛♣*



✶✷✺✼

❚❛❜❧❡ ✹✳ ✭❝♦♥+✳✮

❧❡✈❡❧ ✭✶✱ ✷✱ ✸✱ ✸✬ ❛♥❞ ✹✮ ✐5 +❤❡ ✇❡✐❣❤+❡❞ 5✉♠♠❛+✐♦♥ ♦❢ +❤❡ 5+❛♥❞❛<❞✐③❡❞ ♠❛♣ 5❝♦<❡5 ✉5✐♥❣

❊@✉❛+✐♦♥ ✸✳✶✳

✭✸✳✶✮ Ai =
∑

j

wjxij

■♥ +❤✐5 ❡@✉❛+✐♦♥✱ xij ✐5 +❤❡ 5❝♦<❡ ♦❢ +❤❡ i
th
❛❧+❡<♥❛+✐✈❡ ✇✐+❤ <❡5♣❡❝+ +♦ +❤❡ jth ❛++<✐❜✉+❡

✭❝<✐+❡<✐♦♥✮✱ ❛♥❞ +❤❡ ✇❡✐❣❤+ wj ✐5 ❛ ♥♦<♠❛❧✐③❡❞ ✇❡✐❣❤+✱ 5♦ +❤❛+

∑

j

wj = 1 ❬✷✽❪✳

❙✐♠✐❧❛< +♦ +❤✐5✱ ✐♥ +❤❡ ✉♥❝❡<+❛✐♥+② ❛♣♣<♦❛❝❤ +❤❡ ✇❡✐❣❤+❡❞ 5✉♠♠❛+✐♦♥ +✉<♥❡❞ ♦✉+ +♦ ❜❡

♦❢ +❤❡ ❧✐♥❡❛< ✉+✐❧✐+② ❢✉♥❝+✐♦♥ ❬✸✸❪✱ ✇❤❡<❡ +❤❡ 5❝♦<❡5 ❛<❡ <❡♣❧❛❝❡❞ ❜② ✉+✐❧✐+✐❡5 ❬✷✽❪ ✭❊@✉❛+✐♦♥

✸✳✷✮✳

✭✸✳✷✮ Ui =
∑

j

wjuij
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■♥ "❤❡ ❞❡"❡&♠✐♥✐)"✐❝ ♠♦❞❡❧)✱ "❤❡ ❝♦♠❜✐♥✐♥❣ ♠❡"❤♦❞) ❛❧)♦ ✐♥✈♦❧✈❡❞ )♦♠❡ ♦"❤❡& ♦♣❡&❛✲

"✐♦♥)✱ ✐♥❝❧✉❞✐♥❣ ❝♦♥❞✐"✐♦♥❛❧ ♠❛♣ ❛❧❣❡❜&❛ ♦& ❝❡❧❧ )"❛"✐)"✐❝)✱ ✇❤❡&❡❜② "❤❡ &❡❧❛"❡❞ ❧❛♥❞✲✉)❡

❧❛②❡&) ♦& ✉&❜❛♥ ❧❛♥❞✲✉)❡ ❧❛②❡&) ✇❡&❡ ✉)❡❞ ❛) ❝♦♥)"&❛✐♥" ♠❛♣)✳ ■♥ "❤❡)❡ ♦♣❡&❛"✐♦♥)✱ "❤❡

❡①✐)"❡♥❝❡ ♦❢ ✉&❜❛♥ ✉)❡) ✇❡&❡ ❣✐✈❡♥ "❤❡ ♠✐♥✐♠✉♠ )✉✐"❛❜✐❧✐"② ❛" "❤❡ ✜♥❛❧ ❧❡✈❡❧ ✭❢♦& "❤❡
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*❤❡ ❞❡*❡"♠✐♥✐$*✐❝ ❛♥❞ ✉♥❝❡"*❛✐♥*② ❛♣♣"♦❛❝❤❡$ ✇❡"❡ ❢♦✉♥❞ *♦ ❜❡ ❞✐✛❡"❡♥* ✐♥ *❡"♠$ ♦❢ *❤❡

❧❡✈❡❧ ♦❢ $✉✐*❛❜✐❧✐*② ❛$$✐❣♥❡❞ *♦ ❛"❡❛$ ♦❢ $✐♠✐❧❛" $❤❛♣❡$✱ ✐♥ *❤❛* *❤❡ ❧❛**❡" ❛♣♣"♦❛❝❤ ✭✐♥ *❤✐$

❝❛$❡✱ *❤❡ ♣"♦❜❛❜✐❧✐$*✐❝ ♦♥❡✮ ❝♦♥$✐❞❡"❡❞ ♥♦* ♦♥❧② ②✐❡❧❞ ✈❛❧✉❡$✱ ❜✉* ❛❧$♦ *❤❡✐" ♦❝❝✉""❡♥❝❡$

✐♥ $♣❛❝❡✳ ❙✐♥❝❡ *❤❡ ❢"❡@✉❡♥❝✐❡$ ❤❛✈❡ ❛ ♠✉❝❤ ❣"❡❛*❡" ✐♥✢✉❡♥❝❡ ✐♥ *❤❡ ♠✉❧*✐♣❧✐❝❛*✐♦♥ *❤❛♥

②✐❡❧❞ ✈❛❧✉❡$✱ *❤❡ ❧❛"❣❡" ❛"❡❛$ ❛$$✉♠❡❞ ❤✐❣❤❡" ✉*✐❧✐*✐❡$ ❢♦" $♦✐❧ $✉✐*❛❜✐❧✐*②✱ ❡✈❡♥ *❤♦✉❣❤ *❤❡②

❤❛❞ ❧♦✇❡" ②✐❡❧❞ ✈❛❧✉❡$✳ ❲❤❡♥ ❝♦♥$✐❞❡"✐♥❣ ❧♦♥❣✲*❡"♠ ❧❛♥❞✲✉$❡ ♣❧❛♥♥✐♥❣✱ *❤✐$ "❡$✉❧* ❝❛♥ ❜❡

$❡❡♥ ❛$ ❛ ♣♦$✐*✐✈❡ ✐♠♣❛❝* ♦♥ *❤❡ ♣"❡$❡"✈❛*✐♦♥ ♦❢ ❧❛"❣❡ "♦✇ ❝"♦♣ ❛"❡❛$✱ ❞❡$♣✐*❡ *❤❡✐" ❧♦✇

②✐❡❧❞$✳

▼❡0❤♦❞ ✷✿ ❚❤❡ ✉♥❝❡"*❛✐♥*② ♠❡*❤♦❞ ✭✐♥ *❤✐$ ❝❛$❡✱ *❤❡ ♣"♦❜❛❜✐❧✐$*✐❝ ♦♥❡✮ ❛❞♦♣*❡❞ ✐♥

*❤❡$❡ *✇♦ ❧❡✈❡❧✲✶ ❝"✐*❡"✐♦♥ ♠❛♣$✱ "❡@✉✐"❡❞ $✉❜❥❡❝*✐✈❡ ❡✈❛❧✉❛*✐♦♥$ ♦❢ *❤❡ ❞❡❝✐$✐♦♥ ♠❛❦❡"$

✭❤❡"❡✱ *❤❡ ♠♦❞❡❧❡"✮ ❜② ♠❡❛♥$ ♦❢ ✉*✐❧✐*② ❢✉♥❝*✐♦♥$ *❤❛* "❡$✉❧* ❢"♦♠ *❤❡ ✐♥❞✐✛❡"❡♥❝❡ *❡❝❤✲

♥✐@✉❡ ✭$❡❡ ❆♣♣❡♥❞✐① ✶✮✳ ❚❤✐$ ❛♥❞ *❤❡ ♦*❤❡" ❞✐✛❡"❡♥❝❡$ ✐♥ ❞❛*❛ ♣"♦❝❡$$✐♥❣ ✭$✉❝❤ ❛$ ❦"✐❣✐♥❣

❛♥❞ ❛❞❞✐*✐♦♥❛❧ ♣"♦❝❡$$❡$ ♦♥ ✐*$ "❡$✉❧*$ ❛$ ♦♣♣♦$❡❞ *♦ ■❉❲ ✐♥ *❤❡ ❞❡*❡"♠✐♥✐$*✐❝ ❛♣♣"♦❛❝❤✮

②✐❡❧❞❡❞ ❤✐❣❤❧② ❞✐✛❡"❡♥* "❡$✉❧*$ ✐♥ *❡"♠$ ♦❢ ♣❛**❡"♥$ ❛♥❞ *❤❡ ❧❡✈❡❧$ ♦❢ $✉✐*❛❜✐❧✐*② ❢♦" *❤❡

❝✐*✐❡$✬ ♣♦♣✉❧❛*✐♦♥ ♠❛♣✳ ■♥ ❝♦♥*"❛$*✱ *❤❡ ❞❡*❡"♠✐♥✐$*✐❝ ♠♦❞❡❧✬$ ❧✐♥❡❛" ✈❛❧✉❡ ❛$$✐❣♥♠❡♥* ❢♦"

*❤❡ ❊✉❝❧✐❞✐❛♥ ❞✐$*❛♥❝❡ ♠❛♣ ❛♥❞ *❤❡ ♥♦♥✲❧✐♥❡❛" ✉*✐❧✐*② ❢✉♥❝*✐♦♥✬$ ✉*✐❧✐*② ❛$$✐❣♥♠❡♥* ✐♥ *❤❡

✉♥❝❡"*❛✐♥*② ❛♣♣"♦❛❝❤ ♣"♦❞✉❝❡❞ "❛*❤❡" $✐♠✐❧❛" "❡$✉❧*$ ✐♥ *❡"♠$ ♦❢ *❤❡ "❡❧❛*✐✈❡ ♣❧❛❝❡♠❡♥*

♦❢ ❤✐❣❤❡" ✈❛❧✉❡$ *♦ ❛❧*❡"♥❛*✐✈❡$ ❝❧♦$❡" *♦ "♦✇ ❝"♦♣ ❛"❡❛$ ✭❢♦" ❛♥ ✐❧❧✉$*"❛*✐✈❡ ❝♦♠♣❛"✐$♦♥ ♦❢

*❤❡ "❡$✉❧*$ ♦❢ *❤❡ *✇♦ ❛♣♣"♦❛❝❤❡$ ❤❛✈✐♥❣ ❞✐✛❡"❡♥* ❛♥❞ $✐♠✐❧❛" ♣❛**❡"♥$ ❛♥❞✴♦" $✉✐*❛❜✐❧✐*②

$❝♦"❡$✱ "❡❢❡" *♦ ❋✐❣✉"❡ ✹ ✐♥ ❙❡❝*✐♦♥ ✹✳✷✮✳

▼❡0❤♦❞ ✸✿ ❚❤❡ "❡$✉❧*❛♥* ♠❛♣$ ❢"♦♠ *❤❡ *✇♦ ❛♣♣"♦❛❝❤❡$ ✇❡"❡ ❢♦✉♥❞ *♦ ❜❡ $✐♠✐❧❛" ✐♥

*❡"♠$ ♦❢ ♣❛**❡"♥$✱ ❛❧*❤♦✉❣❤ *❤❡ ❧❡✈❡❧$ ♦❢ $✉✐*❛❜✐❧✐*② *❤❛* *❤❡② "❡✢❡❝*❡❞ ✇❡"❡ ❢♦✉♥❞ *♦ ❜❡

❞✐✛❡"❡♥* *♦ *❤❡ ❡①*❡♥* *❤❛* *❤❡✐" "❛✇ ❞❛*❛ ✈❛❧✉❡ "❛♥❣❡$ ✇❡"❡ ❡✐*❤❡" ❞✐✛❡"❡♥* ✭❛$ ✐♥ $♦✷✶✸✱

$♦✷✸✸✱ $♦✸✶✸ ❛♥❞ $♦✺✶✸✮ ♦" ❛$ ❛ ♥❛*✉"❛❧ "❡$✉❧* ♦❢ ♥♦♥❧✐♥❡❛" ❢✉③③② ♠❡♠❜❡"$❤✐♣ ❢✉♥❝*✐♦♥$

✭❛$ ✐♥ $♦✶✶✷✱ $♦✷✶✹✱ $♦✷✸✹✱ $♦✸✶✹✱ $♦✺✶✹ ❛♥❞ $♦✹✶✷✮ ✭$❡❡ ❆♣♣❡♥❞✐① ✷✮✳ ❚❤❡ "❡♠❛✐♥✐♥❣

❣"♦✉♣ ♦❢ $✉❜✲♦❜❥❡❝*✐✈❡ ❝"✐*❡"✐♦♥ ♠❛♣$ ✭$♦✹✶✶✱ $♦✺✶✶ ❛♥❞ $♦✺✶✺✮ ❞✐$♣❧❛②❡❞ $✐♠✐❧❛"✐*✐❡$ ❜♦*❤

✐♥ *❡"♠$ ♦❢ *❤❡✐" ♣❛**❡"♥$✱ ❛♥❞ ✐♥ *❤❡✐" ❧❡✈❡❧ ♦❢ $✉✐*❛❜✐❧✐*②✱ ❛$ ❛♥ ❡$$❡♥*✐❛❧ "❡$✉❧* ♦❢ *✇♦

❞✐$❝"❡*❡ ❣"♦✉♣✐♥❣$ ♦❢ *❤❡ $❛♠❡ $❡❧❡❝*✐♦♥$ ❢"♦♠ *❤❡ "❛✇ ❞❛*❛✳

▼❡0❤♦❞ ✹✿ ❚❤❡ "❡$✉❧*❛♥* ♠❛♣$ ❢"♦♠ *❤❡ *✇♦ ❛♣♣"♦❛❝❤❡$ ✇❡"❡ ❢♦✉♥❞ *♦ ❜❡ ❞✐✛❡"✲

❡♥*✱ ✇❤✐❝❤ "❡$✉❧*❡❞ ❢"♦♠ *❤❡ ✉♥❝❡"*❛✐♥*② ❛♣♣"♦❛❝❤✬$ ❛$$❡$$♠❡♥* ♦❢ ♠❛❥♦" "♦❛❞$ ♦" ❧♦❝❛❧

♠❛"❦❡*$ ♣"♦①✐♠✐*✐❡$✱ ❜❛$❡❞ ♦♥ *❤❡ *✇♦✲❣"♦✉♣ ❝❛*❡❣♦"✐③❛*✐♦♥ ♦❢ *❤❡ $*✉❞② ❛"❡❛ ✭$❡❡ ❆♣♣❡♥✲

❞✐① ✸✮✳ ■♥ ❛❞❞✐*✐♦♥ *♦ *❤❡ ✈❛"✐❛*✐♦♥$ ❜❡*✇❡❡♥ ❞✐✛❡"❡♥* ❧❡✈❡❧$ ❢♦" *❤❡ ❧❛♥❞✲✉$❡ $✉✐*❛❜✐❧✐*②

❣"♦✉♣$✱ *❤❡ "❡$✉❧*$ $❤♦✇❡❞ ❛❧$♦ ✐♥*❡"♥❛❧ ✈❛"✐❛*✐♦♥$ ✇✐*❤✐♥ ❡❛❝❤ ❣"♦✉♣✳ ❋♦" ❡❛❝❤ "❡❧❛*❡❞

❞✐$*❛♥❝❡ ♠❛♣✱ *❤❡ ✉♥❝❡"*❛✐♥*② ❛♣♣"♦❛❝❤ ♣"♦✈✐❞❡❞ ❞✐✛❡"❡♥* $❡"✐❡$ ♦❢ $✉✐*❛❜✐❧✐*② ❧❡✈❡❧$ ❢♦"

❡❛❝❤ ❞✐✛❡"❡♥* ♣❛"❝❡❧ ♦❢ *❤❡ ❤✐❣❤❧② $✉✐*❛❜❧❡ ❧❛♥❞ ✉$❡$✱ ❛♥❞ ❢♦" *❤❡ ❛"❡❛$ ❤❛✈✐♥❣ ❧♦✇❡" ❧❛♥❞✲

✉$❡ $✉✐*❛❜✐❧✐*② ❜❛$❡❞ ♦♥ ❛ ❝♦♥$*❛♥* ♠❡❛♥ ❛♥❞ $*❛♥❞❛"❞ ❞❡✈✐❛*✐♦♥✳ ❖♥ *❤❡ ♦*❤❡" ❤❛♥❞✱

*❤❡ ❞❡*❡"♠✐♥✐$*✐❝ ❝"✐*❡"✐♦♥ ♠❛♣$ ✇❡"❡ ❞✐$*✐♥❣✉✐$❤❡❞ ❜② $♠❛❧❧ @✉❛"*❡" $*❛♥❞❛"❞ ❞❡✈✐❛*✐♦♥

✐♥❝"❡♠❡♥*$ ❛"♦✉♥❞ *❤❡ ♠♦$* $✉✐*❛❜❧❡ ❛"❡❛ ❞✐$*❛♥❝❡ ❜✉✛❡"✱ ❛$ ❞❡✜♥❡❞ ❜② *❤❡ ♠❡❛♥ ③♦♥❛❧

❞✐$*❛♥❝❡ ♦❢ *❤❡ ❡①✐$*✐♥❣✴ ♠♦$* $✉✐*❛❜❧❡ ❧❛♥❞ ❢♦" ❡❛❝❤ "❡$♣❡❝*✐✈❡ ❛❣"✐❝✉❧*✉"❛❧ ❣♦❛❧✱ ✐✳❡✳✱ ❣♦❛❧

✶ ✭"♦✇ ❝"♦♣$✮✱ ❣♦❛❧ ✹ ✭♥✉"$❡"②✮ ❛♥❞ ❣♦❛❧ ✺ ✭*✐♠❜❡"✮✳
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▼❡"❤♦❞ ✺✿❲❤❡♥ $❤❡ %❡&✉❧$& ♦❢ $❤❡ $✇♦ ❛♣♣%♦❛❝❤❡& ✇❡%❡ ❝♦♠♣❛%❡❞✱ ❛ ♠♦%❡ &✐❣♥✐✜❝❛♥$

✈❛%✐❡$② ✇❛& ♦❜&❡%✈❡❞ ♦♥ $❤❡ ✵✲✶ ✉♥❝❡%$❛✐♥$② ♠❛♣& $❤❛♥ ♦♥ $❤❡ ✶✲✾ ❞❡$❡%♠✐♥✐&$✐❝ ♠❛♣&✳ ❚❤❡

♣%♦❜❛❜✐❧✐$✐❡& ❝♦♠♣✉$❡❞ ✐♥ $❤❡ ❢♦%♠❡% ♠❛♣& ❛❧❧♦✇❡❞ $❤❡ ❛&&✐❣♥♠❡♥$ ♦❢ ✉$✐❧✐$✐❡& ❢♦% ❧❛♥❞✲✉&❡

&✉✐$❛❜✐❧✐$② ✇✐$❤ %❡&♣❡❝$ $♦ $❤❡✐% ♦❝❝✉%%❡♥❝❡& ✐♥ &♣❛❝❡ ❢♦% $❤❡ $❤%❡❡ ❞✐✛❡%❡♥$ ❛❣%✐❝✉❧$✉%❛❧

❛❝$✐✈✐$✐❡& ✭❤✐❣❤✲ ❛♥❞ ❧♦✇✲✐♥$❡♥&✐$② ❧✐✈❡&$♦❝❦✱ ❛♥❞ &♣❡❝✐❛❧$② ❢❛%♠✐♥❣✮ $❤❛$ ✇❡%❡ ❡✈❛❧✉❛$❡❞

✭&❡❡ ❆♣♣❡♥❞✐① ✹✮✳ ❚❤❡ $%❛♥&❢♦%♠❛$✐♦♥ ♦❢ &♠❛❧❧❡% ♣%♦❜❛❜✐❧✐$✐❡& $♦ ❤✐❣❤❡% ✉$✐❧✐$✐❡& ❢♦% ❤✐❣❤✲

✐♥$❡♥&✐$② ❧✐✈❡&$♦❝❦ ✭&♦✷✶✶✮ ❛♥❞ &♣❡❝✐❛❧$② ❢❛%♠✐♥❣ ✭&♦✸✶✶✮✱ ❛♥❞ ♦❢ ❤✐❣❤❡% ♣%♦❜❛❜✐❧✐$✐❡&

$♦ ❤✐❣❤❡% ✉$✐❧✐$✐❡& ❢♦% ❧♦✇✲✐♥$❡♥&✐$② ❧✐✈❡&$♦❝❦ ✭&♦✷✸✶✮✱ ✇❡%❡ ❜❛&❡❞ ♦♥ $❤❡ ✐♥❝%❡❛&✐♥❣ ❛♥❞

❞❡❝%❡❛&✐♥❣ %❡✈❡♥✉❡& ♣❡% ✉♥✐$ ❛%❡❛ ❢♦% $❤❡ %❡&♣❡❝$✐✈❡ ❛❣%✐❝✉❧$✉%❛❧ ❛❝$✐✈✐$✐❡&✳

▼❡"❤♦❞ ✻✿ ❚❤❡ ❡✈❛❧✉❛$✐♦♥& ♦❢ $❤❡ %❡&✉❧$& ♦❢ $❤❡ $✇♦ ❛♣♣%♦❛❝❤❡& ✇❡%❡ ❢♦✉♥❞ $♦ ❜❡

G✉✐$❡ &✐♠✐❧❛% $♦ $❤♦&❡ ♠❛❞❡ ✐♥ $❤❡ ❙❡❝$✐♦♥ ▼❡$❤♦❞ ✹✱ ❛❧$❤♦✉❣❤ ❞✐✛❡%❡♥❝❡& ❡①✐&$❡❞ ✐♥ $❤❡

❤✐❣❤❡% ❧❡✈❡❧ ♦❢ ✈❛%✐❡$② ✐♥ $❤❡ ✉♥❝❡%$❛✐♥$② ♠❛♣&✳ ❚❤✐& ✇❛& ❞✉❡ $♦ $❤❡ ❣%♦✉♣✐♥❣ ♦❢ $❤❡

%❡&♣❡❝$✐✈❡ ❧❛♥❞✲✉&❡ ♠❛♣& ✐♥$♦ $❤%❡❡ %❛$❤❡% $❤❛♥ $✇♦✱ ✐♥ ✇❤✐❝❤ $❤❡ &$✉❞② ❛%❡❛ ✇❛& ❞✐✈✐❞❡❞

✐♥$♦ ❛%❡❛& ♦❢ ❤✐❣❤✲✱ ♠♦❞❡%❛$❡✲ ❛♥❞ ❧♦✇✲❧❡✈❡❧ ❧❛♥❞✲✉&❡ ♣♦$❡♥$✐❛❧✳ ❆♥♦$❤❡% ❞✐✛❡%❡♥❝❡ ✇❛&

❢♦✉♥❞ ✐♥ $❤❡ ✐♥$❡%❢❡%✐♥❣ ❢✉③③② %❛♥❦✐♥❣ ✐♥ ♠♦❞❡❧& &♦✷✶✷✱ &♦✷✸✷ ❛♥❞ &♦✸✶✷✱ ✇❤✐❝❤ ✇❡%❡ &❡$

✐♥ &✉❝❤ ❛ ✇❛② $❤❛$ $❤❡ ♥❡❛%❡% ❛♥❞ $❤❡♥ $❤❡ ♥❡❛%❡&$ ❛%❡❛& $♦ $❤❡ ✇❛$❡% %❡&♦✉%❝❡& ✇❡%❡ ❧❡❢$

$♦ ❜❡ ❣✐✈❡♥ $❤❡ ❧❡❛&$ &✉✐$❛❜❧❡ %❛♥❦✐♥❣ ✐♥ ❡❛❝❤ ♦❢ $❤❡ $❤%❡❡ ❣%♦✉♣& ♦❢ ❧❛♥❞✲✉&❡ ♣♦$❡♥$✐❛❧&✱

✐✳❡✳✱ ❤✐❣❤✲ ❛♥❞ ❧♦✇✲✐♥$❡♥&✐$② ❧✐✈❡&$♦❝❦ ❛♥❞ &♣❡❝✐❛❧$② ❢❛%♠✐♥❣ ✭&❡❡ ❆♣♣❡♥❞✐① ✺✮✳ ❋✐♥❛❧❧②✱ ✐♥

❝♦♥$%❛&$ $♦ $❤❡ ♦♥❧② ♣%♦①✐♠✐$② ♠❛①✐♠✐③❛$✐♦♥ ♣%♦❜❧❡♠& ❤❛♥❞❧❡❞ ✐♥ $❤❡ ▼❡$❤♦❞ ✹ ♠♦❞❡❧&✱

❜♦$❤ ❛♣♣%♦❛❝❤❡& ❞❡❛❧$ ✇✐$❤ ❜♦$❤ $❤❡ ❛✐♠& ♦❢ ♠❛①✐♠✐③❛$✐♦♥ ♦❢ ♣%♦①✐♠✐$② ❛♥❞ ❞✐&$❛♥❝❡

✭✐✳❡✳✱ ♠✐♥✐♠✐③❛$✐♦♥ ♦❢ ♣%♦①✐♠✐$②✮ ♦♥ $❤❡ ❊✉❝❧✐❞✐❛♥ ❞✐&$❛♥❝❡ ♠❛♣&✳

▼❡"❤♦❞ ✼✿ ■♥ ❝♦♠♣❛%✐♥❣ $❤❡ %❡&✉❧$& ❢%♦♠ $❤❡ $✇♦ ❛♣♣%♦❛❝❤❡&✱ ❛❧$❤♦✉❣❤ ❛$ ✜%&$ ❧♦♦❦✱

$❤❡ ♥♦♥✲&♣❛$✐❛❧ ❝♦♠♣♦♥❡♥$ ♦❢ $❤❡ %❡&✉❧$❛♥$ ❝♦%%❡&♣♦♥❞✐♥❣ ♦❜❥❡❝$✐✈❡ ❝%✐$❡%✐♦♥ ♠❛♣& ❢%♦♠

$❤❡ ✉♥❝❡%$❛✐♥$② ❛♣♣%♦❛❝❤ &❡❡♠& $♦ %❡&❡♠❜❧❡ $❤❡ ❞❡$❡%♠✐♥✐&$✐❝ ♠❛♣&✱ $❤❡ ✜♥❛❧ ✉♥❝❡%$❛✐♥$②

♠❛♣& ✇❡%❡ ❢♦✉♥❞ $♦ ❤❛✈❡ ❞✐✛❡%❡♥$ ♣❛$$❡%♥& ❛♥❞ ❧❡✈❡❧& ♦❢ &✉✐$❛❜✐❧✐$②✳ ❚❤✐& ✇❛& ❞✉❡ $♦ ❛

✈❛%✐❡$② ♦❢ ❢❛❝$♦%&✱ ✐♥❝❧✉❞✐♥❣ ✭✶✮ $❤❡ ❡①✐&$❡♥❝❡ ♦❢ $❤❡✐% &♣❛$✐❛❧ ❝♦♠♣♦♥❡♥$&✱ ✭✷✮ $❤❡ ♦✈❡%❛❧❧

❢✉③③② ❤❡❞❣❡ ♦%❞❡%✐♥❣ ✐♥ ❡❛❝❤ ♦❢ $❤❡ ❝♦♠♣♦♥❡♥$& ❛❢$❡% $❤❡ ❡♥✉♠❡%❛$✐♦♥ ♣%♦❝❡&& ❝❛%%✐❡❞

♦✉$ ❢♦% ❜♦$❤ $②♣❡&✱ ❛♥❞ ✭✸✮ $❤❡ %❡&♣❡❝$✐✈❡ ❢✉③③② &❡$ ♠❡♠❜❡%&❤✐♣ ✈❛❧✉❡& ✭&❡❡ ❆♣♣❡♥❞✐① ✻✮✳

✹✳✷✳ ❈♦♠♣❛1✐3♦♥ ♦❢ 1❡3✉❧"3 ❢♦1 ❝1✐"❡1✐❛ ❛❣❣1❡❣❛"✐♦♥ ❛❢"❡1 ✇❡✐❣❤"✐♥❣ ❢1♦♠ "❤❡

"✇♦ ♠♦❞❡❧✐♥❣ ❛♣♣1♦❛❝❤❡3 ✭❧❡✈❡❧3 ✶✱ ✷✱ ✸✱ ✸✬ ❛♥❞ ✹✮✳ ❚❤❡ %❡&✉❧$& ♦❢ $❤❡ $✇♦ ❛♣✲

♣%♦❛❝❤❡& ❛❢$❡% ❛♥② ✇❡✐❣❤$✐♥❣ ♣%♦❝❡&& ❛$ ❧❡✈❡❧& ♦❢ ✶✱ ✷✱ ✸✱ ✸✬ ❛♥❞ ✹ $✉%♥❡❞ ♦✉$ $♦ ❜❡ ❞✐✛❡%❡♥$

❢%♦♠ ❡❛❝❤ ♦$❤❡%✱ $♦ $❤❡ ❡①$❡♥$ $❤❛$ $❤❡✐% ❝♦♠♣♦♥❡♥$ ♠❛♣& ❛%❡ ❞✐✛❡%❡♥$✳ ❚❤❡ ❧❡✈❡❧ ♦❢ ❞✐❢✲

❢❡%❡♥❝❡& ✇✐$❤ %❡&♣❡❝$ $♦ $❤❡ &❛♠❡ ❛❧$❡%♥❛$✐✈❡& ✭♣✐①❡❧&✮ ❜❡$✇❡❡♥ $❤❡ $✇♦ ❣%♦✉♣& ♦❢ %❡&✉❧$&

❛$ $❤❡ &❛♠❡ ❧❡✈❡❧ ❝❛♥ ❜❡ ❝❛$❡❣♦%✐③❡❞ ✐♥$♦ ❢♦✉% ❣%♦✉♣&✱ &✉❝❤ $❤❛$ $❤❡② ❤❛✈❡ ❡✐$❤❡%✿

✶✳ ✈❡%② ❞✐✛❡%❡♥$ ♣❛$$❡%♥&✴&❤❛♣❡&✴❢♦%♠& ❛♥❞ ❞✐✛❡%❡♥$ ❧❡✈❡❧& ♦❢ &✉✐$❛❜✐❧✐$②❀

✷✳ ♣❛%$✐❛❧❧② ❞✐✛❡%❡♥$ ♣❛$$❡%♥&✴&❤❛♣❡&✴❢♦%♠& ❛♥❞ ❞✐✛❡%❡♥$ ❧❡✈❡❧& ♦❢ &✉✐$❛❜✐❧✐$②❀

✸✳ &✐♠✐❧❛% ♣❛$$❡%♥&✴&❤❛♣❡&✴❢♦%♠& ❛♥❞ ❞✐✛❡%❡♥$ ❧❡✈❡❧& ♦❢ &✉✐$❛❜✐❧✐$②❀ ♦%

✹✳ &✐♠✐❧❛% ♣❛$$❡%♥&✴&❤❛♣❡&✴❢♦%♠& ❛♥❞ &✐♠✐❧❛% ❧❡✈❡❧& ♦❢ &✉✐$❛❜✐❧✐$②✳

❊❛❝❤ ♦❢ $❤❡ ❛❜♦✈❡✲❧✐&$❡❞ ❣%♦✉♣& ♦❢ ❛❣❣%❡❣❛$❡❞ ✇❡✐❣❤$❡❞ ♠❛♣ %❡&✉❧$ ❞✐✛❡%❡♥❝❡& ❛%❡ ✐❧✲

❧✉&$%❛$❡❞ ❜② &♦♠❡ ♦❢ $❤❡ ❧❡✈❡❧ ✷ ❛♥❞ ❧❡✈❡❧ ✸ %❡&✉❧$& ✐♥ ❋✐❣✉%❡ ✹✬& ✶❛✲✹❛ ✭❞❡$❡%♠✐♥✐&$✐❝✮ ✈&✳

✶❜✲✹❜ ✭✉♥❝❡%$❛✐♥$②✮ &❡❝$✐♦♥&✳

✹✳✸✳ ❈♦♠♣❛1✐3♦♥ ❛♥❞ ✐♥"❡1♣1❡"❛"✐♦♥ ♦❢ ❛❣1✐❝✉❧"✉1❛❧ ♣1❡❢❡1❡♥❝❡ ♠❛♣3 ❢1♦♠ "❤❡

"✇♦ ♠♦❞❡❧✐♥❣ ❛♣♣1♦❛❝❤❡3 ✭❧❡✈❡❧ ✺✮✳ ❋♦% ❛ ❝♦♠♣❛%✐&♦♥ ♦❢ $❤❡ ♣%❡❢❡%❡♥❝❡ ♠❛♣& ✭♦✈❡%❛❧❧

❣♦❛❧✮ ♦❜$❛✐♥❡❞ ❢%♦♠ $❤❡ $✇♦ ♠♦❞❡❧✐♥❣ ❛♣♣%♦❛❝❤❡& ❛$ ❧❡✈❡❧ ✺ ♦❢ $❤❡ ❤✐❡%❛%❝❤✐❝❛❧ &$%✉❝$✉%❡

♦❢ ▲❯❈■❙✱ $❤❡ ③✲&❝♦%❡& ♦❢ ❡❛❝❤ ♣❛✐% ♦❢ ♠❛♣& ✭✐♥❝❧✉❞✐♥❣ ❛♥❞ ❡①❝❧✉❞✐♥❣ $❤❡ ❡①✐&$✐♥❣ ✉%❜❛♥✲

&✉❜✉%❜❛♥ ❛%❡❛&✮ ❛♥❞ $❤❡ ③✲&❝♦%❡ ❞✐✛❡%❡♥❝❡& ✇❡%❡ ❝♦♠♣✉$❡❞✳ ❚❤❡ ♠❛♣&✱ $❤❡✐% ❞✐&$%✐❜✉$✐♦♥&

❛♥❞ $❤❡ &✉♠♠❛%② &$❛$✐&$✐❝& ♦❢ $❤❡&❡ ❝♦♠♣❛%✐&♦♥& ❛%❡ &❤♦✇♥ ✐♥ ❋✐❣✉%❡ ✺✳

❲❤❡♥ $❤❡ ✜%&$ ❝❛&❡ ✇❛& ❡✈❛❧✉❛$❡❞ ✐♥ $❡%♠& ♦❢ ✐$& ③✲&❝♦%❡&✱ $❤❡ ❞❡$❡%♠✐♥✐&$✐❝ %❡&✉❧$

✇❛& ❢♦✉♥❞ $♦ ✈❛%② ❜❡$✇❡❡♥ ✲✶✳✶✺✸ ❛♥❞ ✶✳✼✽✸✱ ❛♥❞ $❤❡ ✉♥❝❡%$❛✐♥$② ❜❡$✇❡❡♥ ✲✶✳✶✺✼ ❛♥❞

✶✳✾✼✽ ✭❋✐❣✉%❡ ✺✮✳ ❍♦✇❡✈❡%✱ ✇❤❡♥ $❤❡ ❣✐✈❡♥ ✉%❜❛♥✲&✉❜✉%❜❛♥ ❛%❡❛& ✇❡%❡ ❡①❝❧✉❞❡❞ ❢%♦♠



✶✷✻✶

❋✐❣✉$❡ ✹✳ ❉❡"❡#♠✐♥✐'"✐❝ ✭✶❛✱ ✷❛✱ ✸❛✱ ✹❛✮ ❛♥❞ ✉♥❝❡#"❛✐♥"② ✭✶❜✱ ✷❜✱ ✸❜✱

✹❜✮ ❛❣❣#❡❣❛"❡❞ ♠❛♣' ❢♦# '✉❜✲♦❜❥❡❝"✐✈❡ ✶✷✷ ✭✶❛ ❛♥❞ ✶❜✮✱ ♦❜❥❡❝"✐✈❡ ✹✷

✭✷❛ ❛♥❞ ✷❜✮✱ ♦❜❥❡❝"✐✈❡ ✸✶ ✭✸❛ ❛♥❞ ✸❜✮✱ ❛♥❞ ♦❜❥❡❝"✐✈❡ ✹✶ ✭✹❛ ❛♥❞ ✹❜✮

"❤❡ ❛♥❛❧②'✐'✱ ✇❤✐❝❤ ❝♦♠♣♦'❡❞ "❤❡ ♠♦❞❡' ✭✐✳❡✳✱ "❤❡ ♠♦'" #❡♣❡❛"❡❞ ❧❛♥❞✲✉'❡ "②♣❡✮ ❢♦# ❜♦"❤

❞✐'"#✐❜✉"✐♦♥' ✭'❡❡ "❤❡ 1st ❛♥❞ 3rd ❣#❛♣❤ ✐♥ "❤❡ 2nd
#♦✇ ♦❢ ❋✐❣✉#❡ ✺✮✱ "❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡'

♦❢ "❤❡ ♠❛♣' ✐♥❝#❡❛'❡❞ "♦ ✲✵✳✽✷✺ ❛♥❞ ✲✵✳✾✹✻✱ #❡'♣❡❝"✐✈❡❧②✳ ■♥ "❤❡ '❡❝♦♥❞ ❝❛'❡✱ "❤❡ ❣#❛♣❤

♦❢ "❤❡ ❞❡"❡#♠✐♥✐'"✐❝ #❡'✉❧" #❡✈❡❛❧❡❞ ❛ ❜✐✲♠♦❞❛❧ ❞✐'"#✐❜✉"✐♦♥✱ ✇✐"❤ ♦♥❡ ♥❡❛# "♦ ✐"' ♠❡❛♥

✭✵✳✼✹✷✮✱ ❛♥❞ "❤❡ ♦"❤❡# "♦✇❛#❞' "❤❡ ❡♥❞ ♦❢ ✐"' ❧♦✇❡# "❛✐❧ ✭❛" ❛❜♦✉" ✶✳✺✸✮✳ ❆❝❝♦#❞✐♥❣❧②✱

✐" '✉❣❣❡'"❡❞ ❛ ❞❛"❛ '♣#❡❛❞ "❤❛" ❝❛♥♥♦" ❜❡ ❛""#✐❜✉"❡❞ "♦ ❛ ♥♦#♠❛❧ ❞✐'"#✐❜✉"✐♦♥ ✭'❡❡ "❤❡

2nd
❣#❛♣❤ ✐♥ "❤❡ 2nd

#♦✇ ♦❢ ❋✐❣✉#❡ ✺✮❀ ❤♦✇❡✈❡#✱ ❧♦♦❦✐♥❣ ❛" "❤❡ ❣#❛♣❤ ♦❢ "❤❡ ✉♥❝❡#"❛✐♥"②

#❡'✉❧" ✭'❡❡ "❤❡ 4th ❣#❛♣❤ ✐♥ "❤❡ 2nd
#♦✇ ♦❢ ❋✐❣✉#❡ ✺✮✱ ✐" ✐' '❡❡♥ "❤❛" ✐" ✇❛' ♠♦#❡ ♦# ❧❡''

♥♦#♠❛❧❧② ❞✐'"#✐❜✉"❡❞ ❛❜♦✉" ✐"' ♦✇♥ ♠❡❛♥ ✭✵✳✼✹✹✮✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡#❡♥❝❡ ❜❡"✇❡❡♥ "❤❡ "✇♦

#❡'✉❧"' ✇❛' ♦❜'❡#✈❡❞ ✐♥ "❤❡ ✉♥❝❡#"❛✐♥"② #❡'✉❧" ✜❧❧✐♥❣ "❤❡ ❣❛♣ ❜❡"✇❡❡♥ "❤❡ "✇♦ ♠♦❞❡' ♦❢

"❤❡ ❞❡"❡#♠✐♥✐'"✐❝ ❛♣♣#♦❛❝❤✳ ❚❤✐' ❝♦♠♣❛#✐'♦♥ ❝❛♥ ❜❡ ✐❧❧✉'"#❛"❡❞ ❜② ♦✈❡#❧❛②✐♥❣ "❤❡ "✇♦

❣#❛♣❤' ❛❢"❡# ❝♦♥✈❡#"✐♥❣ "❤❡♠ "♦ "❤❡ '❛♠❡ '❝❛❧❡✱ ❛❢"❡# ✇❤✐❝❤ "❤❡ ❞✐✛❡#❡♥❝❡ ❝❛♥ ❜❡ '❡❡♥ ✐♥

"❤❡ ❧✐❣❤" ❣#❡② "♦♥❡ ❢#❡N✉❡♥❝② ❞✐'"#✐❜✉"✐♦♥ ✐♥ "❤❡ 2nd
❣#❛♣❤ ♦♥ "❤❡ ❜♦""♦♠ #♦✇ ♦❢ ❋✐❣✉#❡

✺✳ ■" ❝❛♥ ❛❧'♦ ❜❡ '❡❡♥ ✐♥ "❤✐' ❣#❛♣❤ "❤❛" ❢♦❧❧♦✇✐♥❣ "❤❡ ❡①❝❧✉'✐♦♥ ♦❢ ✉♥'✉✐"❛❜❧❡ ❛#❡❛' ❢#♦♠

"❤❡ ❛♥❛❧②'✐'✱ ❛ '✉❜'"❛♥"✐❛❧ ♣❛#" ♦❢ ❛❧❧ ❛❧"❡#♥❛"✐✈❡' ✭♣✐①❡❧'✮ ✐♥ ❜♦"❤ #❡'✉❧"' ✐' ♦❜'❡#✈❡❞ ♦♥

"❤❡ ♣♦'✐"✐✈❡ '✐❞❡ ♦❢ "❤❡ ③✲'❝♦#❡ ❞✐'"#✐❜✉"✐♦♥✳

❚❤❡ ③✲'❝♦#❡ ❞✐✛❡#❡♥❝❡ ♠❛♣' ❢♦# "❤❡ "✇♦ ❝❛'❡' ✭✐✳❡✳✱ ✐♥❝❧✉❞✐♥❣ ❛♥❞ ❡①❝❧✉❞✐♥❣ ✉#❜❛♥ ❛♥❞

'✉❜✲✉#❜❛♥ ❛#❡❛'✮ ✇❛' ❢♦✉♥❞ "♦ ✈❛#② ❜❡"✇❡❡♥ ❛ ♠✐♥✐♠✉♠ ♦❢ ✲✶✳✻✷✾ ❛♥❞ ❛ ♠❛①✐♠✉♠ ♦❢

✶✳✷✻✸✱ '✉❣❣❡'"✐♥❣ ❛ ♥♦♥✲'"❛"✐'"✐❝❛❧❧② '✐❣♥✐✜❝❛♥" ❞✐✛❡#❡♥❝❡ ❜❡"✇❡❡♥ "❤❡ "✇♦ #❡'✉❧"' ✐♥ ❛

♦♥❡✲"♦✲♦♥❡ ❝♦♠♣❛#✐'♦♥ ♦❢ ❡❛❝❤ ♣✐①❡❧ ✭❛❧"❡#♥❛"✐✈❡✮ ❛" ❛ ✾✺ ♣❡#❝❡♥" ❝♦♥✜❞❡♥❝❡ ✐♥"❡#✈❛❧ ✭'❡❡

"❤❡ '✉♠♠❛#② '"❛"✐'"✐❝' ✐♥ "❤❡ 3rd ❛♥❞ 4th #♦✇' ♦❢ ❋✐❣✉#❡ ✺✮✳ ▼♦#❡♦✈❡#✱ ✐♥ "❤❡ '❡❝♦♥❞
❝❛'❡✱ ✇❤❡♥ "❤❡ ❣✐✈❡♥ ✉#❜❛♥✲'✉❜✉#❜❛♥ ❛#❡❛' ✇❡#❡ ❡①❝❧✉❞❡❞✱ ❛' ✇♦✉❧❞ ❜❡ ❡①♣❡❝"❡❞✱ "❤❡

❞✐'"#✐❜✉"✐♦♥ ♦❢ "❤❡ ❞✐✛❡#❡♥❝❡ ♠❛♣ ✇❛' ❢♦✉♥❞ "♦ ❜❡ ❛♣♣#♦①✐♠❛"✐♥❣ ❛ ♥♦#♠❛❧ ❞✐'"#✐❜✉"✐♦♥

❛#♦✉♥❞ ❛ ♠❡❛♥ ✈❛❧✉❡✱ ✇❤✐❝❤ ✇❛' ✈❡#② ❝❧♦'❡ "♦ ③❡#♦ ✭✲✵✳✵✵✽✽✮ ✭'❡❡ "❤❡ 1st ❣#❛♣❤ ❛♥❞ "❤❡
'✉♠♠❛#② '"❛"✐'"✐❝' ♦♥ "❤❡ ❜♦""♦♠ #♦✇ ♦❢ ❋✐❣✉#❡ ✺✮✳ ❆❝❝♦#❞✐♥❣❧②✱ ❜❛'❡❞ ♦♥ "❤❡ ❝♦♠♣❛#✐'♦♥

♦❢ ❛❣#✐❝✉❧"✉#❛❧ ♣#❡❢❡#❡♥❝❡ ♠❛♣' ✐♥ "❡#♠' ♦❢ "❤❡✐# ③✲'❝♦#❡ ♣✐①❡❧ ✈❛❧✉❡'✱ ✐" ❝❛♥ ❜❡ '"❛"❡❞ "❤❛"
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 ❤❡ ♥❡✇❧② ❞❡✈❡❧♦♣❡❞ ✉♥❝❡- ❛✐♥ ② ♠♦❞❡❧1 ❞✐❞ ♥♦ -❡1✉❧ ✐♥ ❛ 1✐❣♥✐✜❝❛♥ ❞✐✛❡-❡♥❝❡ ♦✈❡-  ❤❡

❡①✐1 ✐♥❣ ❞❡ ❡-♠✐♥✐1 ✐❝ ♠♦❞❡❧1 ♦❢ ▲❯❈■❙✳

❋✐❣✉$❡ ✺✳ ❩✲1❝♦-❡ ❛❣-✐❝✉❧ ✉-❛❧ ♣-❡❢❡-❡♥❝❡ ♠❛♣1 ♦❢ ❞❡ ❡-♠✐♥✐1 ✐❝ ❛♥❞

✉♥❝❡- ❛✐♥ ② ❛♣♣-♦❛❝❤❡1 ❛♥❞  ❤❡✐- ③✲1❝♦-❡ ❞✐✛❡-❡♥❝❡ ♠❛♣1✱ ✐♥❝❧✉❞✐♥❣ ❛♥❞

❡①❝❧✉❞✐♥❣  ❤❡ ❡①✐1 ✐♥❣ ✉-❜❛♥✲1✉❜✉-❜❛♥ ❛-❡❛1✱ ❞✐1 -✐❜✉ ✐♦♥1 ❛♥❞ 1✉♠✲

♠❛-② 1 ❛ ✐1 ✐❝1 ♦❢ ♠❛♣1

❖♥  ❤❡ ♦ ❤❡- ❤❛♥❞✱ ❛1 1 ❛ ❡❞ ❡❛-❧✐❡-✱ ❜② ♠❡❛♥1 ♦❢  ❤-❡❡ ❞✐✛❡-❡♥ ❧❛♥❞✲✉1❡ ♣-❡❢❡-❡♥❝❡

♠❛♣1 ✭❛❣-✐❝✉❧ ✉-❛❧✱ ✉-❜❛♥ ❛♥❞ ❡❝♦❧♦❣✐❝❛❧❧② 1❡♥1✐ ✐✈❡✮✱  ❤❡ ✉❧ ✐♠❛ ❡ ❛✐♠ ✐♥ ▲❯❈■❙ ♠♦❞❡❧✲

✐♥❣ ✐1  ♦ ❛❝❤✐❡✈❡ ❛ ❧❛♥❞✲✉1❡ ❝♦♥✢✐❝ ♠❛♣ ✭❋✐❣✉-❡ ✷✮✱ ❛♥❞ ❜❛1❡❞ ♦♥  ❤✐1✱  ♦ ❞❡✈❡❧♦♣ ♣♦11✐❜❧❡

❢✉ ✉-❡ ❧❛♥❞✲✉1❡ 1❝❡♥❛-✐♦1✳ ❚❤❡ ✜-1 1 ❡♣ ✐♥  ❤❡ ❝♦♥✢✐❝ ❛♥❛❧②1✐1 -❡I✉✐-❡1  ❤❡  ❤-❡❡ ♣-❡❢✲

❡-❡♥❝❡ ♠❛♣1  ♦ ❜❡ ❝♦❧❧❛♣1❡❞ ✐♥ ♦  ❤-❡❡ ❝❧❛11❡1✱ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ♠❛♣ ✐1 ❞✐✛❡-❡♥ ✐❛ ❡❞ ❜②

❧♦✇✱ ♠♦❞❡-❛ ❡ ❛♥❞ ❤✐❣❤ ❧❡✈❡❧1 ♦❢ ♣-❡❢❡-❡♥❝❡1 ❬✾❪✳ ❚❤❡-❡❢♦-❡✱  ♦ ❜❡ ❡✈❛❧✉❛ ❡❞ ❛1 ❛ ❜❛1❡



✶✷✻✸

♠❛♣ ✐♥ %❤❡ ❝♦♥✢✐❝% ❛♥❛❧②-✐-✱ %❤❡ %✇♦ ❛❣1✐❝✉❧%✉1❛❧ ♣1❡❢❡1❡♥❝❡ ♠❛♣- ❢1♦♠ ❞❡%❡1♠✐♥✐-%✐❝ ❛♥❞

✉♥❝❡1%❛✐♥%② ♠♦❞❡❧✐♥❣ ✇❡1❡ ❛❧-♦ ❝♦♠♣❛1❡❞ ❛❢%❡1 ❜❡✐♥❣ ❝♦❧❧❛♣-❡❞ ✐♥%♦ %❤1❡❡ ❡6✉❛❧ ✐♥%❡1✈❛❧

1❛♥❦ ❣1♦✉♣-✱ ❧❛❜❡❧❡❞ ✶ ❢♦1 ❧♦✇✱ ✷ ❢♦1 ♠♦❞❡1❛%❡ ❛♥❞ ✸ ❢♦1 ❤✐❣❤ ♣1❡❢❡1❡♥❝❡-✱ ✐✳❡✳✱ %❤❡✐1 ❛❣1✐✲

❝✉❧%✉1❛❧ ❧❛♥❞✲✉-❡ -✉✐%❛❜✐❧✐%②✳ ❚❤❡ 1❡-✉❧%- ♦❢ %❤❡-❡ ❛♥❛❧②-❡- ❢♦1 ❜♦%❤ ❝❛-❡-✱ ✐✳❡✳✱ ✐♥❝❧✉❞✐♥❣

❛♥❞ ❡①❝❧✉❞✐♥❣ %❤❡ ❣✐✈❡♥ ✉1❜❛♥✲-✉❜✉1❜❛♥ ❛1❡❛-✱ ❛1❡ -❤♦✇♥ ✐♥ ❋✐❣✉1❡ ✻✳

■♥ %❤❡ ✜1-% ❝❛-❡✱ ❛- ❡①♣❡❝%❡❞✱ %❤❡ %♦%❛❧ ♥✉♠❜❡1 ♦❢ ❛❧%❡1♥❛%✐✈❡- ✭♣✐①❡❧-✮ ♦♥ %❤❡ %✇♦

♣1❡❢❡1❡♥❝❡ ♠❛♣- ✇❛- ❢♦✉♥❞ %♦ ❤❛✈❡ ❛ ❝♦11❡-♣♦♥❞❡♥❝❡ ❧❡✈❡❧ ❛- ❤✐❣❤ ❛- ✽✸✳✼✷ ♣❡1❝❡♥%✱

❛❜♦✉% ✹✵ ♣❡1❝❡♥% ♦❢ ✇❤✐❝❤ ✇❛- ❛ 1❡-✉❧% ♦❢ %❤❡ -❛♠❡ ❣✐✈❡♥ ✉1❜❛♥✲-✉❜✉1❜❛♥ ❛1❡❛- ❤❛✈✐♥❣

%❤❡ -❛♠❡ ♣1❡❢❡1❡♥❝❡ ❧❡✈❡❧ ♦❢ ✶ ✭-❡❡ %❤❡ %❛❜❧❡ ♦♥ %❤❡ ❧❡❢% ✐♥ ❋✐❣✉1❡ ✻✮✳ ❆❝❝♦1❞✐♥❣❧②✱ %❤❡

❈♦❤❡♥✬- ❑❛♣♣❛✱ ✇❤✐❝❤ ✐- ❛ ♠❡❛-✉1❡ ♦❢ ❛❣1❡❡♠❡♥% ❜❡%✇❡❡♥ %❤❡ %✇♦ ♦1❞❡1❡❞ ♣1❡❢❡1❡♥❝❡

❣1♦✉♣- ❬✸✹❪ ♦❢ %❤❡ %✇♦ ♠❛♣-✱ ✇❛- ❢♦✉♥❞ %♦ ❜❡ ✵✳✼✺ ✭❋✐❣✉1❡ ✻✮✳ ❙✐♥❝❡ %❤❡ ✉-❡❞ ❞❛%❛

✇❛- %❤❡ ♣♦♣✉❧❛%✐♦♥ ✐%-❡❧❢✱ ✐%- -✐❣♥✐✜❝❛♥❝❡ ✇❛- ♥♦% ❛--❡--❡❞✳ ◆❡✈❡1%❤❡❧❡--✱ %❤❡ 1❡-✉❧%- ❢♦1

%❤❡ -❡❝♦♥❞ ❝❛-❡ -✉❣❣❡-%❡❞ ❛ ❤✐❣❤❡1 ❧❡✈❡❧ ♦❢ ❞✐✛❡1❡♥❝❡ ❜❡%✇❡❡♥ %❤❡ %✇♦ ♠❛♣-✳ ❲❤❡♥ %❤❡

❡①✐-%✐♥❣ ✉1❜❛♥✲-✉❜✉1❜❛♥ ❛1❡❛- ✇❡1❡ ❡①❝❧✉❞❡❞✱ %❤❡ %♦%❛❧ ❞✐✛❡1❡♥❝❡ ✐♥ ♦♥❡ ❧❡✈❡❧ ♦❢ ♣1❡❢❡1❡♥❝❡

❢1♦♠ ✶ %♦ ✷ ♦1 ✷ %♦ ✶✱ ❛♥❞ ❢1♦♠ ✷ %♦ ✸ ♦1 ✸ %♦ ✷✱ ✐♥❝1❡❛-❡❞ ❜② ❛❧♠♦-% %✇♦ %✐♠❡-✱ ✐✳❡✳✱ ❢1♦♠

✶✻✳✷✽ ♣❡1❝❡♥% %♦ ✸✷✳✵✹ ♣❡1❝❡♥% ✭-❡❡ %❤❡ %✇♦ %❛❜❧❡- ✐♥ ❋✐❣✉1❡ ✻✮✳ ■♥ ❛❞❞✐%✐♦♥✱ ❛❧%❤♦✉❣❤

♥❡❣❧✐❣✐❜❧❡✱ %❤❡ ❞✐✛❡1❡♥❝❡ ✐♥ %✇♦ ❧❡✈❡❧- ♦❢ ♣1❡❢❡1❡♥❝❡ ❢1♦♠ ✶ %♦ ✸ ♦1 ✸ %♦ ✶ ✐♥❝1❡❛-❡❞ %♦ ✵✳✶✽

♣❡1❝❡♥% ❢1♦♠ ✵✳✵✵✵✺✽ ♣❡1❝❡♥%✱ ✇❤✐❝❤ ✇❛- %❤❡ 1❡-✉❧% ♦❢ ♦♥❧② ♦♥❡ ❝❛%❡❣♦1② ♦❢ %❤❡ ❝♦❧❧❛♣-❡❞

♠❛♣ ❤❛✈✐♥❣ ❛ ✈❛❧✉❡ ♦❢ ✶ ✐♥ %❤❡ ❞❡%❡1♠✐♥✐-%✐❝ ❛♥❞ ✸ ✐♥ %❤❡ ✉♥❝❡1%❛✐♥%② ❝♦♠♣♦♥❡♥%-✳ ❚❤❛%

✐-✱ ✐♥ %❤❡ -❡❝♦♥❞ ❝❛-❡✱ %❤❡ ❝♦❧❧❛♣-❡❞ ♠❛♣ ❤❛❞ ❛ ♥❡✇❧② ❡♠❡1❣❡❞ ❝❛%❡❣♦1② ❢♦1 %✇♦ ❧❡✈❡❧- ♦❢

♣1❡❢❡1❡♥❝❡ ❞✐✛❡1❡♥❝❡ ✇✐%❤ ❛ ✈❛❧✉❡ ♦❢ ✸ ❢1♦♠ %❤❡ ❞❡%❡1♠✐♥✐-%✐❝ ❝♦♠♣♦♥❡♥% ❛♥❞ ✶ ❢1♦♠ %❤❡

✉♥❝❡1%❛✐♥%② ♠❛♣✳ ❆- ❛ 1❡-✉❧% ♦❢ %❤❡ -❡❝♦♥❞ ❝❛-❡ ❛♥❛❧②-✐-✱ ❛- ❡①♣❡❝%❡❞✱ %❤❡ ❈♦❤❡♥✬- ❑❛♣♣❛

✈❛❧✉❡ ❞❡❝1❡❛-❡❞ %♦ ✵✳✸✾ ✭❋✐❣✉1❡ ✻✮✱ ✇❤✐❝❤ -✉❣❣❡-%❡❞ ♦♥❧② ❛ ♠♦❞❡1❛%❡ ❧❡✈❡❧ ♦❢ ❛❣1❡❡♠❡♥%

❜❡%✇❡❡♥ %❤❡ %✇♦ ♦1❞❡1❡❞ ♣1❡❢❡1❡♥❝❡ ❣1♦✉♣- ♦❢ %❤❡ %✇♦ ♠❛♣- 1❛%❤❡1 %❤❛♥ ❛ -%1♦♥❣ ♦♥❡ ❬✸✹❪✳

✺✳ ❈♦♥❝❧✉(✐♦♥

❘❡❝♦❣♥✐③✐♥❣ %❤❡ ♥❡❡❞ ❢♦1 -%✉❞✐❡- 1❡❧❛%✐♥❣ %♦ %❤❡ ♣1♦♣❡1 ❡①♣1❡--✐♦♥ ♦❢ ✉♥❝❡1%❛✐♥%② ✐♥

●■❙✲❜❛-❡❞ ♠✉❧%✐✲❝1✐%❡1✐❛ ✐♥ ❧❛♥❞✲✉-❡ ♣❧❛♥♥✐♥❣✱ %❤✐- -%✉❞② ❤❛- ❝♦♥❝❡♥%1❛%❡❞ ♦♥ ❡♣✐-%❡♠✐❝

✉♥❝❡1%❛✐♥%✐❡-✱ ❝♦♥❝❡1♥✐♥❣ ♣❛1%✐❝✉❧❛1❧② %❤❡ ❧❛-% %❤1❡❡ -%❛❣❡- ♦❢ %❤❡ -♣❛%✐❛❧ ♠✉❧%✐✲❝1✐%❡1✐❛

♠♦❞❡❧✐♥❣ ♣1♦❝❡-- ❝♦♠♠♦♥❧② ❞❡✜♥❡❞ ✐♥ -♣❛%✐❛❧ ▼❈❉▼ ❧✐%❡1❛%✉1❡✱ ❜❡✐♥❣ ❞❡❝✐-✐♦♥ ♠❛❦✐♥❣

♦♥ ❝1✐%❡1✐❛ -%❛♥❞❛1❞✐③❛%✐♦♥✱ ❝1✐%❡1✐❛ ✇❡✐❣❤%✐♥❣ ❛♥❞ %❤❡ ✐♥%❡1♣1❡%❛%✐♦♥ ♦❢ %❤❡ ✜♥❛❧ 1❡-✉❧%-✳

■♥ ❣❡♥❡1❛❧✱ %❤❡ ✉♥❝❡1%❛✐♥%② ❛--♦❝✐❛%❡❞ ✇✐%❤ ❝1✐%❡1✐❛ -%❛♥❞❛1❞✐③❛%✐♦♥ ❛♥❞ ✇❡✐❣❤%✐♥❣ ♣1♦✲

❝❡--❡- ✐- ❛--❡--❡❞ ❜② ✇❛② ♦❢ ❝❧❛--✐❝❛❧ ❡11♦1 ♣1♦♣❛❣❛%✐♦♥ ♦1 -❡♥-✐%✐✈✐%② ❛♥❛❧②-❡-✱ ✇❤✐❝❤

♠❡❛-✉1❡ %❤❡ ✐♠♣❛❝% ♦❢ %❤❡ ❡11♦1- ❢♦✉♥❞ ✐♥✱ ♦1 ♣❡1%✉1❜❛%✐♦♥- ♠❛❞❡ %♦ %❤❡ ❝1✐%❡1✐♦♥ ✈❛❧✲

✉❡- ❛♥❞ %❤❡✐1 ✇❡✐❣❤%- ♦♥ %❤❡ ♦✉%♣✉%- ✐♥ %❡1♠- ♦❢ %❤❡ -✉✐%❛❜✐❧✐%② 1❛♥❦✐♥❣ ♦❢ ❛❧%❡1♥❛%✐✈❡-✳

■♥-%❡❛❞ ♦❢ ✉%✐❧✐③✐♥❣ %❤❡-❡ ✐♥❞✐1❡❝% ♠❡%❤♦❞- ♦❢ ✉♥❝❡1%❛✐♥%② ❛--❡--♠❡♥% ❛% %❤❡ ✜♥❛❧ ♦✉%♣✉%

❧❡✈❡❧ ✐♥ ❞❡❝✐-✐♦♥ ♠❛❦✐♥❣ ❬✷✽❪✱ %❤✐- -%✉❞② -❡% ♦✉% ✇✐%❤ %❤❡ ♠❛✐♥ ♣1❡♠✐-❡ %❤❛% ✉♥❝❡$%❛✐♥%②

♠❛❦❡+ ❛ ❞✐✛❡$❡♥❝❡ ✐♥ %❡1♠- ♦❢ ❜♦%❤ %❤❡ ♣❛%%❡1♥ ❛♥❞ ❧❡✈❡❧ ♦❢ -✉✐%❛❜✐❧✐%② ♦❢ %❤❡ ❛❧%❡1♥❛%✐✈❡-

❛% ❡❛❝❤ ❤✐❡1❛1❝❤✐❝❛❧ ❧❡✈❡❧ ♦❢ ♠✉❧%✐✲❝1✐%❡1✐❛ ❧❛♥❞✲✉-❡ ♣❧❛♥♥✐♥❣✳ ■♥ ❞♦✐♥❣ %❤✐-✱ ♥♦ ❝♦♥-✐❞❡1✲

❛%✐♦♥ ✇❛- ❣✐✈❡♥ %♦ ❤♦✇ ✏♦❜❥❡❝%✐✈❡✑ ♦1 ✏-❡♥-✐%✐✈❡✑ %❤❡ ❞❡❝✐-✐♦♥- ✇❡1❡✱ ❛♥❞ ❜② ✇❤♦♠ %❤❡②

✇❡1❡ %❛❦❡♥ ✐♥ %❤❡ ❞❡❝✐-✐♦♥✲♠❛❦✐♥❣ ♣1♦❝❡--✱ ✇❤❡%❤❡1 ✐♥❞✐✈✐❞✉❛❧ ♠♦❞❡❧❡1-✱ ❛ ❣1♦✉♣ ♦❢ ❡①✲

♣❡1%- ✇✐%❤ ❞✐✛❡1❡♥% ❜❛❝❦❣1♦✉♥❞- ✕ -✉❝❤ ❛- ♣❧❛♥♥❡1- ❬✹✷❪ ✕✱ ❝♦♠♠✉♥✐%② ♣❛1%✐❝✐♣❛♥%- ❬✾❀

✶✼❪ ❛♥❞✴♦1 ♣♦❧✐%✐❝✐❛♥-✳

❚♦ %❤✐- ❡♥❞✱ %❤❡ -%✉❞② %1✐❡❞ %♦ -❤♦✇ %❤❡ ✐♠♣♦1%❛♥❝❡ ♦❢ ❞❡%❡1♠✐♥✐♥❣ %❤❡ 1✐-❦ ✐♥ ❝❤♦♦-✲

✐♥❣ ❛ ♣❛1%✐❝✉❧❛1 ❛❧%❡1♥❛%✐✈❡ ❬✶✶❪ ✐♥ ❧❛♥❞✲✉-❡ ♣❧❛♥♥✐♥❣✱ ❛♥❞ ❢♦1 %❤✐- ♣✉1♣♦-❡ ✐% ♠❛❞❡ ✉-❡ ♦❢

▲❯❈■❙ ✭▲❛♥❞✲❯-❡ ❈♦♥✢✐❝% ■❞❡♥%✐✜❝❛%✐♦♥ ❙%1❛%❡❣②✮✱ ✇❤✐❝❤ ✐- ❛ ❞❡%❡1♠✐♥✐-%✐❝ ●■❙✲❜❛-❡❞

♠✉❧%✐✲❝1✐%❡1✐❛ ❞❡❝✐-✐♦♥ ♣1♦❝❡--✱ ❛♥❞ ❝♦♠♣❛1❡❞ ✐% ✇✐%❤ ❛ ♥❡✇❧② ❞❡✈❡❧♦♣❡❞ ❡6✉✐✈❛❧❡♥% ✉♥✲

❝❡1%❛✐♥%② ♠♦❞❡❧✐♥❣ ❛% ❡❛❝❤ ❧❡✈❡❧ ♦❢ %❤❡ ❤✐❡1❛1❝❤✐❝❛❧ -%1✉❝%✉1❡✳ ❆❧%❤♦✉❣❤ %❤❡ ✉❧%✐♠❛%❡ ❛✐♠

♦❢ ▲❯❈■❙ ✐- %♦ 1❡♣1❡-❡♥% %❤❡ ♣1♦❜❛❜❧❡ ♣❛%%❡1♥- ♦❢ ❢✉%✉1❡ ❧❛♥❞ ✉-❡ ❜❛-❡❞ ♦♥ ❛ ❝♦♥✢✐❝% ♠❛♣

♦❜%❛✐♥❡❞ ❢1♦♠ %❤❡ ♦✈❡1❧❛②✐♥❣ ♦❢ ❧♦✇✱ ♠♦❞❡1❛%❡ ❛♥❞ ❤✐❣❤ ❧❡✈❡❧- ♦❢ ♣1❡❢❡1❡♥❝❡- ♦1 -✉✐%❛❜✐❧✐%②



✶✷✻✹

❋✐❣✉$❡ ✻✳ ❆❣"✐❝✉❧'✉"❛❧ ♣"❡❢❡"❡♥❝❡ ♠❛♣. ❛♥❞ ❞✐.'"✐❜✉'✐♦♥. ♦❢ '❤"❡❡✲

❝❧❛.. ❡4✉❛❧ ✐♥'❡"✈❛❧ ③✲.❝♦"❡ ❛❣"✐❝✉❧'✉"❛❧ ♣"❡❢❡"❡♥❝❡ ♠❛♣.✱ ✐♥❝❧✉❞✐♥❣

❛♥❞ ❡①❝❧✉❞✐♥❣ '❤❡ ❡①✐.'✐♥❣ ✉"❜❛♥ ❛♥❞ .✉❜✉"❜❛♥ ❛"❡❛.✱ '❤❡✐" ❝"♦..✲

'❛❜✉❧❛'✐♦♥. ❛♥❞ ❈♦❤❡♥✬. ❑❛♣♣❛ ✈❛❧✉❡.



✶✷✻✺

❢♦" #❤❡ #❤"❡❡ ❧❛♥❞ ✉+❡+ ✭❛❣"✐❝✉❧#✉"❛❧✱ ✉"❜❛♥✱ ❛♥❞ ❡❝♦❧♦❣✐❝❛❧❧② +❡♥+✐#✐✈❡✮ ❛# #❤❡ 6th ❧❡✈❡❧ ♦❢

#❤❡ ❤✐❡"❛"❝❤②✱ #❤❡ +❝♦♣❡ ♦❢ #❤✐+ +#✉❞② ✇❛+ ❧✐♠✐#❡❞ #♦ #❤❡ ❛❣"✐❝✉❧#✉"❛❧ ♣"❡❢❡"❡♥❝❡ ✭♦✈❡"❛❧❧

❣♦❛❧✮ ♠❛♣ ❛# #❤❡ 5th ❧❡✈❡❧✱ +#❛"#✐♥❣ ❢"♦♠ #❤❡ ♠❛♣+ ✐♥ #❤❡ 1st ❧❡✈❡❧✱ ❝♦""❡+♣♦♥❞✐♥❣ #♦ ❧♦✇❡"

❧❡✈❡❧ +✉❜✲♦❜❥❡❝#✐✈❡+✳

❚❤❡ #✇♦ ♠♦❞❡❧✐♥❣ ❛♣♣"♦❛❝❤❡+ ✇❡"❡ ❛♣♣❧✐❡❞ #♦ #❤❡ ❝❛+❡ ♦❢ ❍✐❧❧+❜♦"♦✉❣❤ ❈♦✉♥#② ✐♥ #❤❡

+#❛#❡ ♦❢ ❋❧♦"✐❞❛✱ ✇❤✐❝❤ ✐+ ❝❤❛"❛❝#❡"✐③❡❞ ❜② ❤❡❛✈② ✉"❜❛♥✐③❛#✐♦♥ ❛♥❞ ❛♥ ✉"❜❛♥ ❢♦♦#♣"✐♥#

❬✹✹❪ #❤❛# ❝♦♥#✐♥✉❡+ #♦ ❡①♣❛♥❞ ✐♥#♦ #❤❡ ✈❛❧✉❛❜❧❡ ♥❛#✉"❛❧ ❛♥❞ ❛❣"✐❝✉❧#✉"❛❧ ❛"❡❛+✳ ❚❤❡

❝♦♠♣❛"✐+♦♥ ♦❢ #❤❡ ♠❡#❤♦❞♦❧♦❣✐❡+ ❛♥❞ "❡+✉❧#+ ♦❢ #❤❡ #✇♦ ♠♦❞❡❧✐♥❣ ✇❡"❡ ♠❛❞❡ ✐♥ #❤"❡❡

+#❛❣❡+ ♦❢ #❤❡ ❛♥❛❧②+✐+✿ ✭✶✮ ✐♥ ❝"✐#❡"✐❛ +#❛♥❞❛"❞✐③❛#✐♦♥✱ ♣"✐♦" #♦ #❤❡ ❛♣♣❧✐❝❛#✐♦♥ ♦❢ ❛♥②

✇❡✐❣❤#✐♥❣ ❛# ❧❡✈❡❧+ ✶✱ ✷ ❛♥❞ ✸❀ ✭✷✮ ✐♥ ❝"✐#❡"✐❛ ✇❡✐❣❤#✐♥❣ ❛♥❞ ❛❣❣"❡❣❛#✐♦♥ ❛# ❧❡✈❡❧+ ✶✱ ✷✱ ✸✱

✸✬ ❛♥❞ ✹❀ ❛♥❞ ✭✸✮ ✐♥ ♦❜#❛✐♥✐♥❣ #❤❡ ♣"❡❢❡"❡♥❝❡ ♠❛♣+ ❛♥❞ #❤❡ ✐♥#❡"♣"❡#❛#✐♦♥ ♦❢ #❤❡+❡ ♠❛♣+

❛# ❧❡✈❡❧ ✺✳

❚❤❡ ✜"+# +#❛❣❡ ❛# ✇❤✐❝❤ ✉♥❝❡"#❛✐♥#② ✐+ ❛++❡++❡❞ ❜② ♠❡❛♥+ ♦❢ ♣"♦❜❛❜✐❧✐#②✱ ❢✉③③② +❡#+

❛♥❞ ♠✉❧#✐✲❛##"✐❜✉#❡ ✉#✐❧✐#② #❤❡♦"✐❡+ ✉♥❞❡" +❡✈❡♥ ❞✐✛❡"❡♥# ❣"♦✉♣✐♥❣+ ♦❢ #❤❡ ✉♥✇❡✐❣❤#❡❞

❝"✐#❡"✐♦♥ ♠❛♣+ ♦❢ #❤❡ ♠♦❞❡❧ "❡✈❡❛❧❡❞✿

✲ ❞✐✛❡"❡♥# +✉✐#❛❜✐❧✐#② ❧❡✈❡❧+ ❛♥❞ ♠♦"❡ ✈❛"✐❛❜✐❧✐#② ✐♥ #❤❡ ❛❧#❡"♥❛#✐✈❡+ ❢♦" +✐♠✐❧❛"

♣❤②+✐❝❛❧ ❜♦✉♥❞❛"✐❡+ ✭♠❡#❤♦❞ ✶ ❛♥❞ ♠❡#❤♦❞ ✺✱ "❡+♣❡❝#✐✈❡❧②✮❀

✲ ❞✐✛❡"❡♥# +✉✐#❛❜✐❧✐#② ❧❡✈❡❧+ ✇✐#❤ +✐♠✐❧❛" ♣❛##❡"♥+ ✭♣❛"# ♦❢ ♠❡#❤♦❞ ✸✮❀

✲ ❞✐✛❡"❡♥# +✉✐#❛❜✐❧✐#② ❧❡✈❡❧+ ✇✐#❤ ❞✐✛❡"❡♥# ♣❛##❡"♥+ ✭♣❛"# ♦❢ ♠❡#❤♦❞ ✷✱ ♠❡#❤♦❞ ✹✱

♠❡#❤♦❞ ✼✮ ✇✐#❤ ♠♦"❡ ✈❛"✐❛❜✐❧✐#② ✭♠❡#❤♦❞ ✻✮❀ ❛♥❞

✲ +✐♠✐❧❛" +✉✐#❛❜✐❧✐#② ❧❡✈❡❧+ ✇✐#❤ +✐♠✐❧❛" ♣❛##❡"♥+ ✭♣❛"# ♦❢ ♠❡#❤♦❞ ✷✱ ♣❛"# ♦❢ ♠❡#❤♦❞ ✸✮✳

❙✐♠✐❧❛"❧②✱ #❤❡ ❝♦♠♣❛"✐+♦♥+ ♦❢ #❤❡ ♠❛♣+ ❛# #❤❡ ❛❣❣"❡❣❛#✐♦♥ ❧❡✈❡❧+ ❛❢#❡" #❤❡ ✇❡✐❣❤#✐♥❣

✇❤✐❝❤ ✇❡"❡ ❤❛♥❞❧❡❞ ❜② ❆♥❛❧②#✐❝ ❍✐❡"❛"❝❤② Q"♦❝❡++ ✐♥ #❤❡ ❞❡#❡"♠✐♥✐+#✐❝ ♠♦❞❡❧✐♥❣ ❛♥❞ ✉+✲

✐♥❣ #❤❡ #"❛❞❡✲♦✛ ♠❡#❤♦❞✱ ❡①❝❡♣# ❢♦" #❤❡ ✇❡✐❣❤#+ ♦❢ ❣♦❛❧ ♠❛♣+ ✐♥ #❤❡ ✉♥❝❡"#❛✐♥#② ♠♦❞❡❧✐♥❣✱

✇❡"❡ ❢♦✉♥❞ #♦ ❤❛✈❡ ❞✐✛❡"❡♥#✐❛#✐♥❣ ❧❡✈❡❧+ ♦❢ ❞✐✛❡"❡♥❝❡+ ✐♥ #❡"♠+ ♦❢ ♣❛##❡"♥✴+❤❛♣❡✴❢♦"♠

❛♥❞ #❤❡ ❞❡❣"❡❡ ♦❢ ❧❛♥❞✲✉+❡ +✉✐#❛❜✐❧✐#②✳

■♥ #❤❡ ✜♥❛❧ +#❛❣❡ ♦❢ #❤❡ ❛♥❛❧②+✐+✱ ✇❤✐❝❤ ❛❞❞"❡++❡+ ❞✐"❡❝#❧② #❤❡ ❛❣"✐❝✉❧#✉"❛❧ ❧❛♥❞✲✉+❡

♣"❡❢❡"❡♥❝❡+ ✐♥ #❤❡ ❞❡❝✐+✐♦♥✲♠❛❦✐♥❣ ♣"♦❝❡++✱ ❛ ♠♦❞❡"❛#❡ ❧❡✈❡❧ ♦❢ ❞✐✛❡"❡♥❝❡ ✇❛+ ✐❞❡♥#✐✜❡❞

❜❡#✇❡❡♥ #❤❡ #✇♦ ❛♣♣"♦❛❝❤❡+ ✇❤❡♥ #❤❡ ❣✐✈❡♥ ✉"❜❛♥✲+✉❜✉"❜❛♥ ❛"❡❛+ ❛"❡ ❡①❝❧✉❞❡❞ ❢"♦♠ #❤❡

❛♥❛❧②+✐+ ❛♥❞ ✇❤❡♥ #❤❡ ❛❣"✐❝✉❧#✉"❛❧ ♣"❡❢❡"❡♥❝❡ ♠❛♣ ✐+ ❝♦❧❧❛♣+❡❞ ✐♥#♦ #❤"❡❡ ❞✐✛❡"❡♥# ❧❡✈❡❧+ ♦❢

♣"❡❢❡"❡♥❝❡ ✭❧♦✇✱ ♠♦❞❡"❛#❡ ❛♥❞ ❤✐❣❤✮✱ ✇❤✐❝❤ ✐+ ❛ ❝"✐#✐❝❛❧✱ ❛♥❞ ✐♥ ❢❛❝# ❛♥ ✉♥❝❡"#❛✐♥✱ ♣"♦❝❡++

✐♥ ❞❡✜♥✐♥❣ ❛♥❞ ✐♥#❡"♣"❡#✐♥❣ #❤❡ "❡+✉❧#+ ♦❢ ♠♦❞❡❧✐♥❣✳ ❚❤✐+ ♣"♦❝❡++ ♥❡❡❞+ +♣❡❝✐❛❧ ❛##❡♥#✐♦♥

✇❤❡♥ #❤❡ ♣"❡❢❡"❡♥❝❡ ♠❛♣+ "❡+✉❧#+ ❛"❡ ♥♦# ✉#✐❧✐③❡❞ ♦♥ #❤❡ ❜❛+✐+ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❛❧#❡"♥❛#✐✈❡+

✭♣✐①❡❧+✮✱ ❜✉# "❛#❤❡" ♦♥ #❤❡ ❜❛+✐+ ♦❢ ❞❛#❛ #❤❛# ✐+ ❝♦❧❧❛♣+❡❞ ✐♥#♦ ♦♥❧② ❛ ❢❡✇ ❜"♦❛❞ ❝❛#❡❣♦"✐❡+✳

❚❤❡ ♠❛✐♥ ❞✐✛❡"❡♥❝❡ ✐♥ #❤❡+❡ ❜"♦❛❞ ❝❛#❡❣♦"✐❡+ ✇❛+ "❡✢❡❝#❡❞ ✐♥ #❤❡ ❝❤❛♥❣❡ ❜❡#✇❡❡♥ #❤❡

♠♦❞❡"❛#❡ ❛♥❞ ❤✐❣❤ ❧❡✈❡❧+ ♦❢ +✉✐#❛❜✐❧✐#② ❜❡#✇❡❡♥ #❤❡ #✇♦ ❛♣♣"♦❛❝❤❡+ ✐♥ ❛❜♦✉# ✶✸ ♣❡"❝❡♥#

♦❢ #❤❡ ❛❧#❡"♥❛#✐✈❡+ ✐♥ ❡✐#❤❡" ❞✐"❡❝#✐♦♥✱ #❤❛# ✐+ ❢"♦♠ ♠♦❞❡"❛#❡ #♦ ❤✐❣❤ ❛♥❞ ✈✐❝❡ ✈❡"+❛✱ ❛♥❞

#❤❡✐" ❧♦❝❛#✐♦♥+ ✐♥ #❤❡ +♦✉#❤❡❛+# ❛♥❞ ♥♦"#❤ ❡❛+# ♣❛"#+ ♦❢ #❤❡ ❝♦✉♥#②✳ ❚❤❡ ✉+❡ ♦❢ ❞✐✛❡"❡♥#

❛❧❣♦"✐#❤♠+ ❢♦" ♠♦❞❡❧✐♥❣ ✉♥❝❡"#❛✐♥#② ✐♥ ❞❡❝✐+✐♦♥ ♠❛❦✐♥❣ ✐♥ #❤❡ +#❛♥❞❛"❞✐③❛#✐♦♥ ♦❢ ❝"✐#❡"✐❛

✈❛❧✉❡+ ❛♥❞ ❝"✐#❡"✐❛ ✇❡✐❣❤#✐♥❣ ✇♦✉❧❞ ❤❛✈❡ ❣✐✈❡♥ "✐+❡ #♦ ❛ ❞✐✛❡"❡♥# +❡# ♦❢ +♦❧✉#✐♦♥+ ✐♥

#❡"♠+ ♦❢ #❤❡ "❛♥❦✐♥❣ ❛♥❞ +♣❛#✐❛❧ ♣❛##❡"♥ ♦❢ ❛❣"✐❝✉❧#✉"❛❧ ❧❛♥❞✲✉+❡ +✉✐#❛❜✐❧✐#②✳ ❚❤✐+ +#✉❞②

❤❛+ ❛✐♠❡❞ #♦ +❤♦✇ #❤✐+ ♣♦++✐❜✐❧✐#②✱ ❛♥❞ #♦ ❝❧❛"✐❢② #❤❛# #❤❡ ✉♥✐V✉❡ +♦❧✉#✐♦♥ +❡# ♦❜#❛✐♥❡❞

#❤"♦✉❣❤ ❛ ❞❡#❡"♠✐♥✐+#✐❝ ❛♣♣"♦❛❝❤ +❤♦✉❧❞ ♥♦# ❜❡ ❝♦♥+✐❞❡"❡❞ ❛+ #❤❡ ♦♥❧② ♦♥❡✱ ❛♥❞ ❛❧+♦ #❤❛#

✉♥❝❡"#❛✐♥#② ❛++❡++♠❡♥#+ ❛"❡ ❛♥ ✐♥❞✐+♣❡♥+❛❜❧❡ ♣❛"# ♦❢ ❧❛♥❞✲✉+❡ ♣❧❛♥♥✐♥❣✱ +✐♥❝❡ #❤❡② ♠❛❦❡

❛ ❞✐✛❡"❡♥❝❡✳ ❚❤✐+ ♣♦✐♥# +❤♦✉❧❞ ❜❡ ❝♦♥+✐❞❡"❡❞ ✇❤❡♥ ❡♥❣❛❣❡❞ ✐♥ ✐♥❢♦"♠❡❞ ❞❡❝✐+✐♦♥ ❛♥❞

♣♦❧✐❝② ♠❛❦✐♥❣ #♦ ❛❧❧♦❝❛#❡ ❧✐♠✐#❡❞ ❧❛♥❞ "❡+♦✉"❝❡+ #♦ #❤❡✐" ♠♦+# ❛♣♣"♦♣"✐❛#❡ ❧❛♥❞ ✉+❡+ ✐♥

❢✉#✉"❡✱ ❜❡✐♥❣ ❛✇❛"❡ ♦❢ #❤❡ ❧✐♠✐#❛#✐♦♥+ ❛♥❞ ❛++✉♠♣#✐♦♥+ ♦❢ #❤❡ ✉#✐❧✐③❡❞ ♠♦❞❡❧✐♥❣✳
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥+

❚❤✐# #$✉❞② ✇❛# ❝❛++✐❡❞ ❜② ❆②❣0♥ ❊+❞♦➜❛♥ ✭6❤❉✮ ❜❡$✇❡❡♥ ❋❡❜ ✶✱ ✷✵✶✷ ❛♥❞ ❋❡❜ ✶✱ ✷✵✶✸

✇❤✐❧❡ #❤❡ ✇❛# ❛ ✈✐#✐$✐♥❣ +❡#❡❛+❝❤ #❝❤♦❧❛+ ✐♥ $❤❡ ❉❡♣$✳ ♦❢ ❯+❜❛♥ ❛♥❞ ❘❡❣✐♦♥❛❧ 6❧❛♥♥✐♥❣✱

❈♦❧❧❡❣❡ ♦❢ ❉❡#✐❣♥✱ ❈♦♥#$+✉❝$✐♦♥ ❛♥❞ 6❧❛♥♥✐♥❣✱ ❯♥✐✈❡+#✐$② ♦❢ ❋❧♦+✐❞❛✳ ❚❤❡ ❛✉$❤♦+# ♦✇❡

❣+❡❛$ $❤❛♥❦# $♦ ❇✐❧❧ ❖✬❉❡❧❧✱ $❤❡ ❉✐+❡❝$♦+ ♦❢ $❤❡ ❙❝❤✐♠❜❡+❣ ❈❡♥$❡+ ❢♦+ ❍♦✉#✐♥❣ ❙$✉❞✐❡#

✐♥ $❤❡ ❯♥✐✈❡+#✐$② ♦❢ ❋❧♦+✐❞❛✱ ❢♦+ ♣+♦✈✐❞✐♥❣ $❤❡ ♦✣❝❡ #♣❛❝❡✱ ❤❛+❞✇❛+❡ ❛♥❞ #♦❢$✇❛+❡ $❤❛$

❛❧❧♦✇❡❞ $❤❡♠ $♦ ❝❛++② ♦✉$ $❤❡ #$✉❞②✳ ❆♣♣+❡❝✐❛$✐♦♥ ❛❧#♦ ❣♦❡# $♦ $❤❡ $✇♦ +❡#❡❛+❝❤❡+# ❢+♦♠

$❤❡ ❈❡♥$❡+✱ ❆❜❞✉❧♥❛#❡+ ❆+❛❢❛$ ✭6❤❉✮ ❛♥❞ ▲✐③ ❚❤♦♠♣#♦♥✱ ❢♦+ $❤❡✐+ ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥$#

♦♥ $❤❡ #$✉❞② ❛♥❞ ❢♦+ $❤❡✐+ ❤❡❧♣ ✐♥ ❡✈❛❧✉❛$✐♥❣ #♦♠❡ ♦❢ $❤❡ ❞❛$❛✱ ❛♥❞ ❛❧#♦ $♦ $❤❡ ❛♥♦♥②♠♦✉#

+❡✈✐❡✇❡+# ❢♦+ $❤❡✐+ ❝♦♥#$+✉❝$✐✈❡ ❝♦♠♠❡♥$# ❛♥❞ #✉❣❣❡#$✐♦♥#✳

❆♣♣❡♥❞✐❝❡.

❆✳✶✳ ❉❡%❛✐❧) ♦❢ ✉♥❝❡/%❛✐♥%② ♠❡%❤♦❞ ✷✳ ❚❤❡ ♣+♦❜❛❜✐❧✐$② +❛#$❡+ ♦❢ $❤❡ #$❛♥❞❛+❞ ❞❡✈✐✲

❛$✐♦♥ ♦❢ ♣+❡❞✐❝$✐♦♥ ❢♦+ ✏❝✐$✐❡#✬ ♣♦♣✉❧❛$✐♦♥✑ ✇❛# ♦❜$❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❛ ♣+♦❜❛❜✐❧✐$② ❞✐#$+✐✲

❜✉$✐♦♥ ✭❡①♣♦♥❡♥$✐❛❧✮ ❢✉♥❝$✐♦♥ ♦❜#❡+✈❡❞ ❢♦+ ✐$# ❞✐#$+✐❜✉$✐♦♥ ❣✐✈❡♥ ✐♥ ❊U✉❛$✐♦♥ ❆✳✶✳✶✳

✭❆✳✶✳✶✮ f(x;λ) = λe
−λx

■♥ $❤✐# ❡U✉❛$✐♦♥✱ $❤❡ ✈❛❧✉❡ ♦❢ λ✱ ✇❤✐❝❤ ✐# ❛ #❝❛❧❡ ♣❛+❛♠❡$❡+✱ ✐# ❡#$✐♠❛$❡❞ ❜② ❝❛❧❝✉❧❛$✐♥❣

$❤❡ ♦❜#❡+✈❡❞ ♠❡❛♥ ♥❡❛+❡#$ ♥❡✐❣❤❜♦+ ❞✐#$❛♥❝❡ ♦❢ $❤❡ ✉#❡❞ ❝✐$✐❡#✬ ❞✐#$+✐❜✉$✐♦♥✳ ❚❤❡ ✜♥❛❧

❝+✐$❡+✐♦♥ ♠❛♣ ✇❛# ♦❜$❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❛ ❝✉♠✉❧❛$✐✈❡ ❡①♣♦♥❡♥$✐❛❧ ❞✐#$+✐❜✉$✐♦♥ ✇✐$❤ $❤❡

❢♦+♠✉❧❛ ❣✐✈❡♥ ✐♥ ❊U✉❛$✐♦♥ ❆✳✶✳✷ ♦♥ $❤❡ ♠✉❧$✐♣❧✐❡❞ +❛#$❡+✳

✭❆✳✶✳✷✮ f(x;λ) = 1− e
−λx

❚❤❡ ✈❛❧✉❡ ♦❢ λ✱ ✇❤✐❝❤ ✐# ♥♦✇ ❛ +❛$❡ ♣❛+❛♠❡$❡+ ❛♥❞ ✐# $❤❡ +❡❝✐♣+♦❝❛❧ ♦❢ $❤❡ #❝❛❧❡

♣❛+❛♠❡$❡+✱ ❢♦✉♥❞ ❜② ❞✐✈✐❞✐♥❣ ✶ ❜② ❛ ❞❡♥♦♠✐♥❛$♦+ $❤❛$ ✇❛# ❛##✉♠❡❞ $♦ ❜❡ $❤❡ ♠❡❛♥ ♦❢

$❤❡ ❞✐#$+✐❜✉$✐♦♥ ♦❢ $❤❡ ✇❡✐❣❤$❡❞ ❝✐$✐❡#✬ ♣♦♣✉❧❛$✐♦♥ ♠❛♣ ♦❜$❛✐♥❡❞ ❜② ❊U✉❛$✐♦♥ ❆✳✶✳✶✳

❋✐❣✉+❡ ❆✳✶✳✶ ❜❡❧♦✇ #❤♦✇# $❤❡ ❡#$✐♠❛$❡❞ ✉$✐❧✐$② ❢✉♥❝$✐♦♥ ♦❜$❛✐♥❡❞ ✐♥ $❤❡ #♣+❡❛❞#❤❡❡$

❡♥✈✐+♦♥♠❡♥$ ❛♣♣❧✐❡❞ ♦♥ $❤❡ ✏+♦✇ ❝+♦♣#✑ ❊✉❝❧✐❞✐❛♥ ❞✐#$❛♥❝❡ +❛#$❡+✳

❋✐❣✉/❡ ❆✳✶✳✶✳ ❯$✐❧✐$② #❝♦+❡# ❛♥❞ ❝✉+✈❡ ❡#$✐♠❛$❡❞ $❤+♦✉❣❤ $❤❡ ✐♥❞✐❢✲

❢❡+❡♥❝❡ $❡❝❤♥✐U✉❡ ❢♦+ ❞✐#$❛♥❝❡ $♦ +♦✇ ❝+♦♣ ❛+❡❛# $♦ ♦❜$❛✐♥ $❤❡ +♦✇ ❝+♦♣#

❞✐#$❛♥❝❡ ❝+✐$❡+✐♦♥ ♠❛♣



✶✷✻✼

❆✳✷✳ ❉❡%❛✐❧) ♦❢ ✉♥❝❡/%❛✐♥%② ♠❡%❤♦❞ ✸✳ ❋✉③③② ❧❛&❣❡ ♦& *♠❛❧❧ ,&❛♥*❢♦&♠❛,✐♦♥ ❢✉♥❝✲

,✐♦♥* ✇✐,❤ ,❤❡✐& ❞❡❢❛✉❧, ♠✐❞✲♣♦✐♥, ❛♥❞ *♣&❡❛❞ ✈❛❧✉❡* ✇❡&❡ ✉*❡❞✱ ✇❤❡&❡❜② ,❤❡ ❧❛&❣❡& ❛♥❞

*♠❛❧❧❡& ✐♥♣✉, ✈❛❧✉❡* ❛&❡ ♠♦&❡ ❧✐❦❡❧② ,♦ ❜❡ ❛ ♠❡♠❜❡& ♦❢ ,❤❡ *❡,✱ &❡*♣❡❝,✐✈❡❧② ❬✺❪✳ ❚❤❡ ♦♥❧②

,✇♦ ❡①❝❡♣,✐♦♥* ,♦ ,❤❡ ✉*❡ ♦❢ ♠✐❞✲♣♦✐♥, ❞❡❢❛✉❧, ✈❛❧✉❡* ✇❡&❡ ,❤❡ ✉*❡ ♦❢ ,❤❡ ♠❡❛♥ ♦❢ ,❤❡

❞✐*,&✐❜✉,✐♦♥ ♦❢ ,❤❡ &❛*,❡& ✈❛❧✉❡* ❛* ❢♦& *♦✷✶✸✱ *♦✷✸✸✱ *♦✸✶✸ ❛♥❞ *♦✺✶✸✱ ❛♥❞ ,❤❡ ♠❡❛♥ ♦❢

♣❛&❝❡❧* ❤❛✈✐♥❣ ❛ *✐③❡ ♦❢ ❡C✉❛❧ ♦& ❣&❡❛,❡& ,❤❛♥ ✶✵ ❛❝&❡* ❢♦& *♦✹✶✷✳ ❆❢,❡& ,❤❡ &❛*,❡&✐③❛,✐♦♥

♦❢ ,❤✐* ♠❛♣✱ ,❤❡ ✈❛❧✉❡* ❢♦& ◆♦❞❛,❛ ✭♥✉❧❧✮ ♣✐①❡❧* ✇❡&❡ ❝♦♠♣✉,❡❞ ✉*✐♥❣ ❛ ❝♦♥❞✐,✐♦♥❛❧ ♠❛♣

❛❧❣❡❜&❛✱ ❛**✐❣♥✐♥❣ ,❤❡♠ ❛ ✈❛❧✉❡ ,❤&♦✉❣❤ ,❤❡ ♠✉❧,✐♣❧✐❝❛,✐♦♥ ♦❢ ,❤❡ ♥✉♠❜❡& ♦❢ ❝❡❧❧* ❜② ✶✵✵

,♦ ✜♥❞ ,❤❡✐& ❛&❡❛ ✐♥ *C✉❛&❡ ♠❡,❡&*✱ ✇❤✐❝❤ ✇❛* ,❤❡♥ ❝♦♥✈❡&,❡❞ ,♦ ❛❝&❡*✳ ❙✐♠✐❧❛&❧②✱ ✐♥ ,❤❡

♠♦❞❡❧ ❢♦& ,❤❡ ,✐♠❜❡& ♣❛&❝❡❧ *✐③❡ *✉❜✲♦❜❥❡❝,✐✈❡ ✭*♦✺✶✺✮✱ ❛ ❝♦♥❞✐,✐♦♥❛❧ ♠❛♣ ❛❧❣❡❜&❛ ✇❛* &✉♥

*♦ ,❤❛, ,❤❡ ♥✉❧❧ ♣✐①❡❧* ❤❛❞ ❛ ✈❛❧✉❡ ♦❢ ✶ ✐♥ ❝♦♥,&❛*, ,♦ ♦,❤❡& *❡❧❡❝,❡❞ ❛♥❞ &❛*,❡&✐③❡❞ ♣✐①❡❧

✈❛❧✉❡* ♦❢ ✾ ❜❡❢♦&❡ ,❤❡ ❢✉③③② ♠❡♠❜❡&*❤✐♣ ♦♣❡&❛,✐♦♥✳ ▼♦&❡♦✈❡&✱ ✐♥ ,❤❡ ❛C✉✐❢❡& &❡❝❤❛&❣❡

♠♦❞❡❧*✱ ❛ ❝♦♥❞✐,✐♦♥❛❧ ♠❛♣ ❛❧❣❡❜&❛ ✇❛* &✉♥ ✐♥ ✇❤✐❝❤ ,❤❡ ♥✉❧❧ ✈❛❧✉❡* ✭♦&✐❣✐♥❛❧❧② ✇❛,❡&

*✉&❢❛❝❡*✮ ✇❡&❡ *❡, ,♦ ❛ ♠❡♠❜❡&*❤✐♣ ✈❛❧✉❡ ♦❢ ✵✳ ❆ ✜♥❛❧ ❛❞❞✐,✐♦♥❛❧ ♦♣❡&❛,✐♦♥ ✐♥ ,❤❡ &♦✇

❝&♦♣* ❧❛♥❞✲✉*❡ ♠♦❞❡❧ ✭*♦✶✶✷✮ ✇❛* ❛ ❢✉③③② ❖❘ ♦✈❡&❧❛② ♦♥ ,❤❡ ❢✉③③② ♠❡♠❜❡&*❤✐♣ ♠❛♣*✳

❆✳✸✳ ❉❡%❛✐❧) ♦❢ ✉♥❝❡/%❛✐♥%② ♠❡%❤♦❞ ✹✳ ❚❤❡ ♠♦❞❡❧* ❢♦❧❧♦✇❡❞ ,❤❡ ❝♦✉&*❡ ♦❢ ❛❝,✐♦♥*

❜❡❧♦✇✳

✶✳ ❚✇♦ ③♦♥❛❧ *,❛,✐*,✐❝* &❛*,❡& ♠❛♣* ✇❡&❡ ♦❜,❛✐♥❡❞ ❢♦& ,❤❡ &❡❣✐♦♥* ❤❛✈✐♥❣ ❛ ❢✉③③② *❡,

♠❡♠❜❡&*❤✐♣ ✈❛❧✉❡ ♦❢ 0.5 < x ≤ 1 ✭❤✐❣❤❡& ❧❡✈❡❧ ♦❢ *✉✐,❛❜✐❧✐,② ❢&♦♠ *♦✶✶✷✱ *♦✹✶✶

❛♥❞ *♦✺✶✶✮✿ ♦♥❡ ❢♦& ,❤❡ ♠❡❛♥✱ ❛♥❞ ,❤❡ ♦♥❡ ❢♦& ,❤❡ *,❛♥❞❛&❞ ❞❡✈✐❛,✐♦♥✱ ❜❛*❡❞

♦♥ ,❤❡ ✜✈❡ &❡*♣❡❝,✐✈❡ ❊✉❝❧✐❞✐❛♥ ❞✐*,❛♥❝❡ ♠❛♣* ♦❜,❛✐♥❡❞ ❢♦& ,❤❡ ❞❡,❡&♠✐♥✐*,✐❝

❛♣♣&♦❛❝❤✳

✷✳ ❚♦ ❛**✐❣♥ ,❤❡ ✉,✐❧✐,✐❡* ♦❢ ❞✐*,❛♥❝❡* ,♦ ♠❛❥♦& &♦❛❞* ❛♥❞✴♦& ❧♦❝❛❧ ♠❛&❦❡,* ❢♦& ,❤❡

,❤&❡❡ ❣♦❛❧*✬ ❧❛♥❞✲✉*❡ ✈❛❧✉❡* ✇✐,❤ ❛ *✉✐,❛❜✐❧✐,② ❧❡✈❡❧ ♦❢ 0.5 < x ≤ 1✱ ,✇♦ ❝♦♥❞✐,✐♦♥❛❧
♠❛♣ ❛❧❣❡❜&❛ ✇❡&❡ ♦♣❡&❛,❡❞ &❡*♣❡❝,✐✈❡❧② ♦♥ ❡❛❝❤ ♦❢ ,❤❡*❡ *,❛,✐*,✐❝❛❧ &❛*,❡& ♠❛♣*

❞❡*❝&✐❜❡❞ ❛❜♦✈❡✱ ❛♥❞ ♦♥ ,❤❡ &❡*♣❡❝,✐✈❡ ❊✉❝❧✐❞✐❛♥ ❞✐*,❛♥❝❡ ♠❛♣*✳ ❆* ❛ &❡*✉❧,✱

,✇♦ ♥❡✇ &❛*,❡& ♠❛♣* ✇❡&❡ ♦❜,❛✐♥❡❞ *❤♦✇✐♥❣ ,❤❡ &❛♥❦✐♥❣* *❡❡♥ ✐♥ ❚❛❜❧❡ ❆✳✸✳✶✳

❚❛❜❧❡ ❆✳✸✳✶✳ ❘❛♥❦* ❛**✐❣♥❡❞ ,♦ ❝♦♥❞✐,✐♦♥❛❧ &❛*,❡&*

✸✳ ❋♦& ,❤❡ ❛&❡❛* ✇✐,❤ ❛ ✈❛❧✉❡ ♦❢ ✹ ✐♥ ,❤❡ 2nd
❝♦♥❞✐,✐♦♥❛❧ &❛*,❡&✱ ,❤❡ ✈❛❧✉❡* ♦❢ ,❤❡ 1st

❝♦♥❞✐,✐♦♥❛❧ &❛*,❡& ✇❡&❡ ❝♦♠♣✉,❡❞ ✭♦,❤❡&✇✐*❡ ,❤❡ ✈❛❧✉❡* ♦❢ ,❤❡ 1st ✇❡&❡ ,❛❦❡♥✮
♦♥ ❛ ♥❡✇ &❛*,❡& ,❤❛, ❝♦♠❜✐♥❡❞ ,❤❡ ,✇♦✳ ❚❤❡ ❛**✐❣♥♠❡♥,* ✐♥ ,❤❡ ✜&*, ❛♥❞ *❡❝♦♥❞

❝♦♥❞✐,✐♦♥❛❧ &❛*,❡& ♠❛♣* ❛♥❞ ,❤❡ ❝♦♠❜✐♥❡❞ &❛*,❡& ❛&❡ ✐❧❧✉*,&❛,❡❞ ♦♥ ❛ ♥♦&♠❛❧

❝✉&✈❡ ✐♥ ❋✐❣✉&❡ ❆✳✸✳✶✳

✹✳ ■♥ ❛ *✐♠✐❧❛& ✇❛②✱ ,❤❡ &❡❣✐♦♥* ✇✐,❤ ❛ ❢✉③③② *❡, ♠❡♠❜❡&*❤✐♣ ✈❛❧✉❡ ♦❢ 0 ≤ x ≤ 0.5
✭❧♦✇❡& ❧❡✈❡❧ ♦❢ *✉✐,❛❜✐❧✐,② ❢&♦♠ *♦✶✶✷✱ *♦✹✶✶ ❛♥❞ *♦✺✶✶✮ ✇❡&❡ &❡❝❧❛**✐✜❡❞ ✇✐,❤ ,❤❡

*❛♠❡ &❛♥❣❡ ♦❢ ✶✲✽ ❜② ♠❡❛♥* ♦❢ ,❤❡ ❝♦♥*,❛♥, &❛*,❡&*✳ ❚❤❡*❡ &❛*,❡&* ✇❡&❡ ❝&❡❛,❡❞

✉*✐♥❣ ,❤❡ ♠❡❛♥ ✈❛❧✉❡* ♦❢ ,❤❡ ♠❡❛♥ ❛♥❞ *,❛♥❞❛&❞ ❞❡✈✐❛,✐♦♥ ③♦♥❛❧ *,❛,✐*,✐❝* ♠❛♣*

♦❢ ,❤❡ ❝♦♠♣❧❡♠❡♥,❛&② ❛&❡❛* ✭✐✳❡✳✱ ✇❤❡&❡ 0.5 < x ≤ 1✮✳



✶✷✻✽

❋✐❣✉$❡ ❆✳✸✳✶✳ ❚❤❡ #❛♥❦ ❛''✐❣♥♠❡♥+' ❢♦# #♦✇ ❝#♦♣'✱ ♥✉#'❡#② ❛♥❞ +✐♠✲

❜❡# ❧❛♥❞✲✉'❡ '✉✐+❛❜✐❧✐+② ❧❡✈❡❧' ♦❢ 0.5 < x ≤ 1 ✇✐+❤ #❡'♣❡❝+ +♦ +❤❡✐#
♠❡❛♥ ❛♥❞ '+❛♥❞❛#❞ ❞❡✈✐❛+✐♦♥' ❢♦✉♥❞ ❢#♦♠ +❤❡✐# ❞✐'+❛♥❝❡' +♦ ♠❛❥♦#

#♦❛❞' ❛♥❞✴♦# ❧♦❝❛❧ ♠❛#❦❡+'

✺✳ ❚❤❡ ✜♥❛❧ #❛♥❦✐♥❣ ♦❢ +❤❡ ✉+✐❧✐+✐❡' ❢♦# '✉✐+❛❜✐❧✐+②✱ ✇❤✐❝❤ ❣❛✈❡ ❤✐❣❤❡# ♣#✐♦#✐+② +♦ +❤❡

♠♦#❡ '✉✐+❛❜❧❡ ❛#❡❛'✱ ✇❡#❡ ✉'❡❞ ✐♥ ❛ ❢✉③③② '❡+ ♠❡♠❜❡#'❤✐♣ ♦♣❡#❛+✐♦♥ ❛❢+❡# +❤❡

#❡❝❧❛''✐✜❝❛+✐♦♥ ♦❢ +❤❡ ❝♦♠❜✐♥❡❞ ❝♦♥❞✐+✐♦♥❛❧ ♠❛♣' ❢♦# ❤✐❣❤❡#✲+♦✲❧♦✇❡# '✉✐+❛❜✐❧✐+②

#❛♥❦ ❣#♦✉♣'✱ ♦♥❡ ❛❢+❡# +❤❡ ♦+❤❡#✳ ❚❤❛+ ✐'✱ ❢#♦♠ ✶✲✼ +♦ ✽✲✶✺ ✭❢♦# '♦✶✷✸✱ '♦✹✷✸ ❛♥❞

'♦✺✷✷✮ ♦# ❢#♦♠ ✶✲✽ +♦ ✾✲✶✻ ✭❢♦# '♦✹✷✶ ❛♥❞ '♦✺✷✶✮✱ ❛♥❞ ♠❡#❣✐♥❣ +❤❡ +✇♦ #❡'✉❧+❛♥+

❝♦♠❜✐♥❡❞ #❛'+❡#'✳ ❚❤✐' ✇❛' ❛❝❤✐❡✈❡❞ +❤#♦✉❣❤ ❛ ♠❛①✐♠✉♠ ❝❡❧❧ '+❛+✐'+✐❝ ♦♣❡#❛+✐♦♥

+♦ ♦❜+❛✐♥ #❛'+❡# ♠❛♣' ❤❛✈✐♥❣ ✈❛❧✉❡' ♦❢ ✶✲✶✺ ♦# ✶✲✶✻ ✐♥ ❞✐✛❡#❡♥+ #❛♥❦✐♥❣' ❢♦# +❤❡

❞✐'+❛♥❝❡'✳ ❋✐♥❛❧❧②✱ +❤❡ #❡'✉❧+❛♥+ ♠❛♣' ❢♦# +❤❡ ✜✈❡ '✉❜✲♦❜❥❡❝+✐✈❡' ✇❡#❡ ♦❜+❛✐♥❡❞

+❤#♦✉❣❤ ❛ ❢✉③③② ❧❛#❣❡ +#❛♥'❢♦#♠❛+✐♦♥ ❢✉♥❝+✐♦♥ ✇✐+❤ ❞❡❢❛✉❧+ ♠✐❞✲♣♦✐♥+ ❛♥❞ '♣#❡❛❞

✈❛❧✉❡'✳

❆✳✹✳ ❉❡,❛✐❧/ ♦❢ ✉♥❝❡$,❛✐♥,② ♠❡,❤♦❞ ✺✳ ■♥ +❤❡ ✉♥❝❡#+❛✐♥+② ♠♦❞❡❧'✱ +❤❡ ♦❜❥❡❝+' ✇✐+❤

'✉✐+❛❜✐❧✐+② '❝♦#❡' ❣#❡❛+❡# +❤❛♥ ✶ ✐♥ +❤❡ ❞❡+❡#♠✐♥✐'+✐❝ ♠♦❞❡❧' ✇❡#❡ '❡❧❡❝+❡❞✳ ❙✐♥❝❡ +❤❡

❤✐❣❤✲✐♥+❡♥'✐+② ❧✐✈❡'+♦❝❦ ✭'♦✷✶✶✮ ❛♥❞ '♣❡❝✐❛❧+② ❢❛#♠✐♥❣ ✭'♦✸✶✶✮ ❛❝+✐✈✐+✐❡' ✇❡#❡ ❝❛##✐❡❞ ♦✉+

♠❛✐♥❧② ♦♥ '♠❛❧❧❡# ❢❛#♠❧❛♥❞ ❛#❡❛' ❛♥❞ ❧♦✇✲✐♥+❡♥'✐+② ❧✐✈❡'+♦❝❦ ✭'♦✷✸✶✮ ♦♥ ❧❛#❣❡# ❢❛#♠❧❛♥❞

❛#❡❛'✱ +❤❡✐# ♣#♦❜❛❜✐❧✐+✐❡' ✇❡#❡ ❝♦♠♣✉+❡❞ ❢#♦♠ +❤❡ ❛#❡❛ ♦❢ ❡❛❝❤ '❡❧❡❝+❡❞ ♦❜❥❡❝+ ❞✐✈✐❞❡❞

❜② +❤❡ +♦+❛❧ ❛#❡❛ ♦❢ ❛❧❧ +❤❡ '❡❧❡❝+❡❞ ♦❜❥❡❝+'✳ ❋♦# +❤❡ ❢♦#♠❡# +✇♦ '✉❜✲♦❜❥❡❝+✐✈❡' ✭'♦✷✶✶

❛♥❞ '♦✸✶✶✮✱ +❤❡ ♣#♦❜❛❜✐❧✐+② ✈❛❧✉❡' ✇✐+❤ ❛ ✈❛❧✉❡ ♦❢ ✵ ❛+ ❛ ✶✴✶✱✵✵✵✱✵✵✵ ♣#❡❝✐'✐♦♥ ❧❡✈❡❧

✇❡#❡ ❛''✉♠❡❞ +♦ ❜❡ '❧✐✈❡#'✱ ❛♥❞ ✇❡#❡ +❤✉' ❡①❝❧✉❞❡❞ ❢#♦♠ ❛♥② ❢✉#+❤❡# ❛♥❛❧②'✐'✳ ❚❤✐'

✇❛' +♦ ♣#❡✈❡♥+ +❤❡♠ ❢#♦♠ ❤❛✈✐♥❣ ❤✐❣❤❡# ✉+✐❧✐+✐❡' ❢♦# '✉✐+❛❜✐❧✐+② ❜❛'❡❞ ♦♥ +❤❡ '✉❜'❡O✉❡♥+

+#❛♥'❢♦#♠❛+✐♦♥ ♦❢ +❤❡✐# ♣#♦❜❛❜✐❧✐+✐❡'✳ ❚❤❡ ♣#♦❜❛❜✐❧✐+✐❡' ✇❡#❡ +❤❡♥ #❡❝❛❧❝✉❧❛+❡❞ ✐♥ +❤❡

'❛♠❡ ✇❛②✱ ✇✐+❤ +❤❡ #❡'✉❧+' ♣#♦❝❡''❡❞ ♦♥ ❛ '♣#❡❛❞'❤❡❡+✱ ❛❢+❡# ✇❤✐❝❤ ❛ +#❛♥'❢♦#♠❛+✐♦♥

❢✉♥❝+✐♦♥ ♦❢ ❛ ❧♦❣❛#✐+❤♠ ♦❢ ❜❛'❡ ✵✳✵✵✵✵✵✶ ✇❛' ❝❛##✐❡❞ ♦✉+✱ #❡'✉❧+✐♥❣ ✐♥ ❛ ♠❛①✐♠✉♠ ✉+✐❧✐+②

♦❢ ✶ ❢♦# +❤❡ '♠❛❧❧❡'+ ♣#♦❜❛❜✐❧✐+✐❡' ❢♦# '♦✷✶✶ ❛♥❞ '♦✸✶✶✳ ❚❤❡ #❡'✉❧+' ♦❢ +❤❡'❡ ❢✉♥❝+✐♦♥❛❧

+#❛♥'❢♦#♠❛+✐♦♥' ✇❡#❡ ♠❡#❣❡❞ ✇✐+❤ +❤❡ ♦#✐❣✐♥❛❧ ✈❡❝+♦# ❞❛+❛ ✐♥ +❤❡ ♠♦❞❡❧✱ ❛♥❞ #❛'+❡# ♠❛♣'

✇❡#❡ ❝#❡❛+❡❞ ❜❛'❡❞ ♦♥ +❤❡'❡ ✉+✐❧✐+✐❡' ❜② ✇❛② ♦❢ ❛ ♣♦❧②❣♦♥✲+♦✲#❛'+❡# ♦♣❡#❛+✐♦♥✱ ❢♦❧❧♦✇❡❞

❜② +❤❡ ❛''✐❣♥♠❡♥+ ♦❢ ✵ +♦ ❛♥② ♣✐①❡❧' ❤❛✈✐♥❣ ♥✉❧❧ ✈❛❧✉❡' ❜② ❛ ♠❛♣ ❛❧❣❡❜#❛ ♦♣❡#❛+✐♦♥✳ ■♥

+❤❡ ♠♦❞❡❧ ❢♦# ❧♦✇✲✐♥+❡♥'✐+② ❧✐✈❡'+♦❝❦ ❧❛♥❞ ✉'❡ ✭'♦✷✸✶✮✱ ❛❢+❡# ♦❜+❛✐♥✐♥❣ ❛ #❛'+❡# ♠❛♣ ♦❢ +❤❡

❝♦♠♣✉+❡❞ ♣#♦❜❛❜✐❧✐+✐❡' ✐♥ +❤❡ ✜#'+ '+❡♣✱ +❤❡ ❝✉♠✉❧❛+✐✈❡ ❡①♣♦♥❡♥+✐❛❧ ❞✐'+#✐❜✉+✐♦♥ ❢✉♥❝+✐♦♥

❣✐✈❡♥ ✐♥ ❊O✉❛+✐♦♥ ❆✳✶✳✷ ✇❛' ❛♣♣❧✐❡❞✳ ❚❤❡ ✈❛❧✉❡ ♦❢ +❤❡ #❛+❡ ♣❛#❛♠❡+❡# ♦❢ λ ✇❛' ❢♦✉♥❞

❜② ❞✐✈✐❞✐♥❣ ✶ ❜② +❤❡ ♠❡❛♥ ♦❢ +❤❡ ♣#♦❜❛❜✐❧✐+② ❞✐'+#✐❜✉+✐♦♥✱ ✇❤✐❝❤ ✇❛' ❛''✉♠❡❞ +♦ ❜❡ +❤❡
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 ❝❛❧❡ ♣❛&❛♠❡(❡&✳ ❚❤❡ ♠♦❞❡❧ ❢♦&  ♦✷✸✶ ✇❛ (❤❡♥ ✜♥❛❧✐③❡❞ ❜② (❤❡ ❛  ✐❣♥♠❡♥( ♦❢ ✵ (♦ ❛♥②

♣✐①❡❧ ❤❛✈✐♥❣ ♥✉❧❧ ✈❛❧✉❡ ✳

❆✳✺✳ ❉❡%❛✐❧) ♦❢ ✉♥❝❡/%❛✐♥%② ♠❡%❤♦❞ ✻✳ ❆❧(❤♦✉❣❤ (❤❡ ✉♥❝❡&(❛✐♥(② ♠♦❞❡❧ ✉(✐❧✐③❡❞

(❤❡  ❛♠❡ ❊✉❝❧✐❞✐❛♥ ❞✐ (❛♥❝❡ ♠❛♣ ❛ ❛ ❜❛ ❡ ✐♥ (❤❡ ❝♦&&❡ ♣♦♥❞✐♥❣ ❞❡(❡&♠✐♥✐ (✐❝ ♠♦❞❡❧ ✱

(❤❡✐& &❡ ✉❧( ✇❡&❡ ❞✐✛❡&❡♥( ❞✉❡ (♦ (❤❡ ✉♥❝❡&(❛✐♥(✐❡ ✐♥ (❤❡ ❡ ♠♦❞❡❧ ✱ ✇❤✐❝❤ ✇❡&❡ ❛  ❡  ❡❞

✐♥ ❛  ✐♠✐❧❛& ✇❛② (♦ (❤❛( ❡①♣❧❛✐♥❡❞ ✐♥ ▼❡(❤♦❞ ✹✳ ❚❤❡ ❞✐✛❡&❡♥❝❡ ❤❡&❡ ✇❛ (❤❡ ❡✈❛❧✉❛(✐♦♥

♦❢ (❤&❡❡ &❛(❤❡& (❤❛♥ (✇♦ ♠❡❛♥✲ (❛♥❞❛&❞ ❞❡✈✐❛(✐♦♥ ♣❛✐& ♦❢ ③♦♥❛❧  (❛(✐ (✐❝ &❛ (❡& ♠❛♣ 

✭(♦(❛❧ ♦❢ ✻ &❛ (❡& ✮ ❜② ♠❡❛♥ ♦❢ (❤❡ (❤&❡❡ ❞✐✛❡&❡♥(  ❡❧❡❝(✐♦♥ ✳ ❚❤❡ ❡ ✇❡&❡ ❜❛ ❡❞ ♦♥ (❤❡

♣✐①❡❧ ❢&♦♠ (❤❡ &❡ ✉❧(❛♥( ❧❛♥❞✲✉ ❡  ✉✐(❛❜✐❧✐(② ♠❛♣ ❢&♦♠  ♦✷✶✶✱  ♦✷✸✶ ❛♥❞  ♦✸✶✶ ❢♦&  ✉❜✲

♦❜❥❡❝(✐✈❡ ❣&♦✉♣ ♦❢ ✭✶✮  ♦✷✶✷✱  ♦✷✶✺✱  ♦✷✷✶ ❛♥❞  ♦✷✷✸ &❡❧❛(❡❞ (♦ ❤✐❣❤✲✐♥(❡♥ ✐(② ❧✐✈❡ (♦❝❦

❛❝(✐✈✐(✐❡ ❀ ✭✷✮  ♦✷✸✷✱  ♦✷✹✶ ❛♥❞  ♦✷✹✸ &❡❧❛(❡❞ (♦ ❧♦✇✲✐♥(❡♥ ✐(② ❧✐✈❡ (♦❝❦ ❛❝(✐✈✐(✐❡ ❀ ❛♥❞ ✭✸✮

 ♦✸✶✷✱  ♦✸✷✶ ❛♥❞  ♦✸✷✸ &❡❧❛(❡❞ (♦  ♣❡❝✐❛❧(② ❢❛&♠✐♥❣✱ &❡ ♣❡❝(✐✈❡❧②✳ ■♥ ❛❞❞✐(✐♦♥✱ ✐♥ (❡❛❞

♦❢ (✇♦ ❣&♦✉♣ ✱ (❤❡  ❡❧❡❝(✐♦♥ ♦❢ (❤&❡❡ ❣&♦✉♣ ❢&♦♠ (❤❡ &❛ (❡& ♠❛♣ ❤❡&❡ ✐♥❝❧✉❞❡❞ (❤❡

 ❡❧❡❝(✐♦♥ ♦❢ ❛❧(❡&♥❛(✐✈❡ ✭①✮ ❤❛✈✐♥❣ ✉(✐❧✐(② ❧❡✈❡❧ ❜❛ ❡❞ ♦♥ (❤❡ ❢✉♥❝(✐♦♥❛❧ (&❛♥ ❢♦&♠❛(✐♦♥ 

♦❢ (❤❡ ♣&♦❜❛❜✐❧✐(✐❡ ❢♦✉♥❞ ❢♦& (❤❡ &❡ ♣❡❝(✐✈❡ ❧❛♥❞✲✉ ❡ ♣❛&❝❡❧ ✱ ✇❤✐❝❤ ✇❡&❡ 0.5 < x ≤ 1❀
0 < x ≤ 0.5 ❛♥❞ ①❂✵✳ ❆♥♦(❤❡& ❞✐✛❡&❡♥❝❡ ✇❛ ❢♦✉♥❞ ✐♥ (❤❡ ✐♥(❡&❢❡&✐♥❣ ❧✐♥❣✉✐ (✐❝ ❤❡❞❣❡ ✭❛ 

✐♥  ♦✷✶✷✱  ♦✷✸✷ ❛♥❞  ♦✸✶✷✮ ❢♦& (❤❡ ❡ ❣&♦✉♣ ♦❢ ♣&♦❜❛❜✐❧✐(✐❡ ✭❛♥ ❡①❛♠♣❧❡ ✐ ❣✐✈❡♥ ✐♥ ❋✐❣✉&❡

❆✳✺✳✶✮✱ &❛(❤❡& (❤❛♥ (❤❡✐& ♦♥❡✲❛❢(❡&✲(❤❡✲♦(❤❡& ♦&❞❡&✐♥❣ ✭❛ ✐♥  ♦✷✶✺✱  ♦✷✷✶✱  ♦✷✹✶✱  ♦✸✷✶✱

 ♦✷✷✸✱  ♦✷✹✸ ❛♥❞  ♦✸✷✸✮✳ ▼♦&❡♦✈❡&✱ (❤❡ ❝♦♥ (❛♥( &❛ (❡& ✇❡&❡ ❝&❡❛(❡❞ ✉ ✐♥❣ (❤❡ ♠❡❛♥

✈❛❧✉❡ ♦❢ (❤❡ ♠❡❛♥ ❛♥❞  (❛♥❞❛&❞ ❞❡✈✐❛(✐♦♥ ③♦♥❛❧  (❛(✐ (✐❝ ♠❛♣ ♦❢ (❤❡ ❝♦♠♣❧❡♠❡♥(❛&②

❧❛♥❞✲✉ ❡ ♣&♦❜❛❜✐❧✐(② ❣&♦✉♣ ❤❛✈✐♥❣ ❛ ✈❛❧✉❡ ♦❢ 0 < x ≤ 0.5 ❢♦& ♠♦❞❡❧  ♦✷✶✷✱  ♦✸✶✷✱  ♦✷✶✺✱

 ♦✷✷✶✱  ♦✸✷✶✱  ♦✷✷✸✱  ♦✸✷✸✱ ❛♥❞ ❜② (❤❡ ♦♥❡ ❤❛✈✐♥❣ ❛ ✈❛❧✉❡ ♦❢ 0.5 < x ≤ 1 ❢♦& ♠♦❞❡❧  ♦✷✸✷✱

 ♦✷✹✶ ❛♥❞  ♦✷✹✸✳ ❋✐♥❛❧❧②✱ (❤❡ ♠♦❞❡❧ ❡♥❞❡❞ ✇✐(❤ ❛ ❢✉③③②  ♠❛❧❧ ✭❢♦&  ♦✷✶✷✱  ♦✷✸✷✱  ♦✸✶✷✱

 ♦✷✶✺✮ ♦& ❧❛&❣❡ ✭❢♦&  ♦✷✷✶✱  ♦✷✹✶✱  ♦✸✷✶✱  ♦✷✷✸✱  ♦✷✹✸✱  ♦✸✷✸✮ (&❛♥ ❢♦&♠❛(✐♦♥ ❢✉♥❝(✐♦♥

✇✐(❤ ❞❡❢❛✉❧( ♠✐❞✲♣♦✐♥( ❛♥❞  ♣&❡❛❞ ✈❛❧✉❡ ✳

❋✐❣✉/❡ ❆✳✺✳✶✳ ❙✐♠♣❧✐✜❡❞ ❢✉③③② &❡♣&❡ ❡♥(❛(✐♦♥ ❛♥❞ ❝♦♠❜✐♥❡❞ &❛ (❡& ✱

❛♥❞ (❤❡ &❡ ✉❧(❛♥( ❢✉③③② &❛♥❦❡❞  ✉❜✲♦❜❥❡❝(✐✈❡ ✷✶✷ ❝&✐(❡&✐♦♥ ♠❛♣

❆✳✻✳ ❉❡%❛✐❧) ♦❢ ✉♥❝❡/%❛✐♥%② ♠❡%❤♦❞ ✼✳ ■♥ ♦&❞❡& (♦ ❤❛♥❞❧❡ ❛♥② ✉♥❝❡&(❛✐♥(✐❡ ✐♥ (❤❡

❢✉③③②  ❡( ♠❡♠❜❡& ❤✐♣ ❢✉♥❝(✐♦♥ ❜❛ ❡❞ ♦♥ ❜♦(❤ (❤❡  ♣❛(✐❛❧ ❛♥❞ ♥♦♥✲ ♣❛(✐❛❧ ❛ ♣❡❝( ♦❢ (❤❡

❛❧(❡&♥❛(✐✈❡ ✱ ✐✳❡✳✱ ♣❛&❝❡❧ ✱ (❤❡ ✉♥❝❡&(❛✐♥(② ♠♦❞❡❧ ✐♥✈♦❧✈❡❞ (❤❡ ❢♦❧❧♦✇✐♥❣  (❡♣ ✿



✶✷✼✵

✶✳ ❚♦ ♦❜%❛✐♥ %❤❡ +♣❛%✐❛❧ ❝♦♠♣♦♥❡♥% ♦❢ %❤❡ ♠♦❞❡❧✱ %❤❡ ♣❛3❝❡❧ ♦❜❥❡❝%+ ❤❛✈✐♥❣ %❤❡

❧❛♥❞ ✉+❡+ %❤❛% ✇❡3❡ +❡❧❡❝%❡❞ ✐♥ %❤❡ ❞❡%❡3♠✐♥✐+%✐❝ ♠♦❞❡❧ ✇❡3❡ +❡❧❡❝%❡❞ ❜❛+❡❞ ♦♥

%❤❡ +❛♠❡ +❧✐✈❡3 ❛++✉♠♣%✐♦♥ ❝3✐%❡3✐❛ ❢♦3 ❡❛❝❤ 3❡+♣❡❝%✐✈❡ ♦❜❥❡❝%✐✈❡✳

✷✳ ❚❤❡ ❳✲❨ ❝♦♦3❞✐♥❛%❡+ ♦❢ %❤❡ +❡❧❡❝%❡❞ ❞❛%❛ ❝❡♥%3♦✐❞+ ✇❡3❡ ❝♦♠♣✉%❡❞ ✐♥ %❤❡ ●■❙✱

❛♥❞ %❤❡ ❞❛%❛ ✇❛+ ✐♥♣✉%%❡❞ ✐♥%♦ %❤❡ +♣❛%✐❛❧ ❞❛%❛ ❛♥❛❧②+✐+ +♦❢%✇❛3❡ ✐♥ ♦3❞❡3 %♦ 3✉♥

❛ ❑✲♠❡❛♥+ ❝❧✉+%❡3✐♥❣ 3♦✉%✐♥❡✱ ❢♦3 ✇❤✐❝❤ %❤❡ +❡♣❛3❛%✐♦♥ ♣❛3❛♠❡%❡3 ✇❛+ +❡% ❛+ ✺✳

❙✐♥❝❡ %❤❡ ♠❛✐♥ ❝❧✉+%❡3✐♥❣ 3❡❣✐♦♥+ ✇❡3❡ ♦❜+❡3✈❡❞ %♦ ❜❡ ✸ ❢♦3 ♦❜❥❡❝%✐✈❡+ ✶✸✱ ✷✻✱ ✸✸

❛♥❞ ✹✸✱ ❛♥❞ ✷ ❢♦3 ♦❜❥❡❝%✐✈❡+ ✷✺ ❛♥❞ ✺✸✱ %❤❡ ❑✲❧♦❝❛%✐♦♥ ✈❛❧✉❡+ ✇❡3❡ +❡% ❛+ ✸ ❛♥❞

✷ ❢♦3 %❤❡ 3❡+♣❡❝%✐✈❡ ♦❜❥❡❝%✐✈❡+✳

✸✳ ❚❤❡ ✜3+% ❛♥❞ +❡❝♦♥❞ +%❛♥❞❛3❞ ❞❡✈✐❛%✐♦♥ ❡❧❧✐♣+❡+ ♦❢ %❤❡ ❝♦♠♣✉%❡❞ %❤3❡❡ ♦3 %✇♦

3❡+♣❡❝%✐✈❡ ❑✲♠❡❛♥+ ❝❧✉+%❡3+ ✇❡3❡ ✈✐+✉❛❧✐③❡❞ ✐♥ %❤❡ ●■❙✱ ❛♥❞ %❤❡✐3 ♣❛3❛♠❡%❡3+

✇❡3❡ ✉+❡❞ %♦ ❝♦♠♣✉%❡ %❤❡ %❤✐3❞ +%❛♥❞❛3❞ ❞❡✈✐❛%✐♦♥ ❡❧❧✐♣+❡+ %❤3♦✉❣❤ ❛ %❛❜❧❡ %♦

❡❧❧✐♣+❡ ♦♣❡3❛%✐♦♥✳

✹✳ ❚❤❡ ♠♦❞❡❧ ❝♦♥%✐♥✉❡❞ ✇✐%❤ ❞✐++♦❧✈✐♥❣✱ ❡3❛+✐♥❣ ❛♥❞ ♠❡3❣✐♥❣ ♦♣❡3❛%✐♦♥+ ✭❛♥❞ ❣❡✲

♦♠❡%3② 3❡♣❛✐3♠❡♥% ♦♣❡3❛%✐♦♥+ ✇❤❡♥ ♥❡❡❞❡❞ %♦ 3❡♠♦✈❡ +❧✐✈❡3+ ❡%❝✳✮ %♦ ♦❜%❛✐♥

❝♦♠❜✐♥❡❞ ❝♦♥❝❡♥%3❛%❡❞ ③♦♥❡+ ♦❢ %❤3❡❡ +%❛♥❞❛3❞ ❞❡✈✐❛%✐♦♥ ❡❧❧✐♣+❡+ ✇✐%❤ ♥♦ +❡❧❢✲

✐♥%❡3+❡❝%✐♥❣ ❛3❡❛+✳ ❙✉❜+❡J✉❡♥%❧②✱ %❤❡+❡ ❛3❡❛+ ✇❡3❡ 3❛+%❡3✐③❡❞ ❛♥❞ 3❡❝❧❛++✐✜❡❞

✇✐%❤ 3❡+♣❡❝% %♦ %❤❡✐3 +%❛♥❞❛3❞ ❞❡✈✐❛%✐♦♥ ❡❧❧✐♣+❡ ♥✉♠❜❡3+ ❛♥❞ ❛+ ◆♦❞❛%❛ ❛3♦✉♥❞

%❤❡ %❤✐3❞ ❡❧❧✐♣+❡+ %♦ ❜❡ ❝♦♠❜✐♥❡❞ ✇✐%❤ %❤❡ ♥♦♥✲+♣❛%✐❛❧ ❝♦♠♣♦♥❡♥% ♦❢ %❤❡ ♠♦❞❡❧✳

✺✳ ❆+ ❢♦3 %❤❡ ♥♦♥✲+♣❛%✐❛❧ ❝♦♠♣♦♥❡♥%✱ %❤❡ ♣❛3❝❡❧ ♦❜❥❡❝%+ ❤❛✈✐♥❣ ❞❡+❝3✐♣%✐♦♥+ ♦%❤❡3

%❤❛♥ ❵❤❡❛❞❡3✬ ❛♥❞ ❵♥♦%❡✬ ✇❡3❡ +❡❧❡❝%❡❞✱ ❛♥❞ ❛ 3❛+%❡3 ❧❛②❡3 ✇❛+ ♦❜%❛✐♥❡❞ ❢3♦♠

%❤❡+❡ ♦❜❥❡❝%+ ❜❛+❡❞ ♦♥ ❥✉+% ✈❛❧✉❡ ♣❡3 ❛❝3❡ ✜❡❧❞✳ ❚❤✐+ 3❛+%❡3 ✇❛+ 3❡❝❧❛++✐✜❡❞ ✇✐%❤

%❤❡ ❧✐+%❡❞ 3❛♥❦+ ❜❡❧♦✇ ❢♦3 %❤❡ ✸ ❑✲♠❡❛♥+ ❝❧✉+%❡3 ♦❜❥❡❝%✐✈❡+ ♦❢ ✶✸✱ ✷✻✱ ✸✸ ❛♥❞ ✹✸✱

❛♥❞ ✇✐%❤♦✉% 3❛♥❦ ✹ ❢♦3 %❤❡ ✷ ❑✲♠❡❛♥+ ❝❧✉+%❡3 ♦❜❥❡❝%✐✈❡+ ♦❢ ✷✺ ❛♥❞ ✺✸✳

✲ 0 ❛♥❞ ♠❡❛♥ (x) ❛+ 3❛♥❦ 1❀
✲ (x) ❛♥❞ (x)+ ♦♥❡ +%❛♥❞❛3❞ ❞❡✈✐❛%✐♦♥ (s) ❛+ 3❛♥❦ 2❀
✲ (x) + (s) ❛♥❞ (x) + 2(s) ❛+ 3❛♥❦ 3❀
✲ (x) + 2(s) ❛♥❞ ❛ ✈❛❧✉❡ %❤❛% ✐+ ♠♦3❡ %❤❛♥ %❤❡ ❧❛3❣❡+% ❥✉+% ✈❛❧✉❡✴❛❝3❡ ✈❛❧✉❡ ✐♥

%❤❡ ❞❛%❛ +❡% ❛+ 3❛♥❦ ✹❀

✲ ◆♦❞❛%❛ ❛+ ◆♦❞❛%❛

✻✳ ❚✇♦ +❡♣❛3❛%❡ ♠❛♣ ❛❧❣❡❜3❛ %♦♦❧+ ✇❡3❡ ✉+❡❞ ✐♥ ❛♥ ❡♥✉♠❡3❛%✐♦♥ ♣3♦❝❡++ ♦❢ %❤❡ %✇♦

❝❧❛++✐✜❡❞ +%❛♥❞❛3❞ ❞❡✈✐❛%✐♦♥ 3❛+%❡3 ♠❛♣+✱ ✇✐%❤ ♦♥❡ ❜❛+❡❞ ♦♥ %❤❡ +♣❛%✐❛❧ ✭❝❧✉+%❡3

❧♦❝❛%✐♦♥✮ ♣3♦♣❡3%✐❡+ ♦❢ %❤❡ +❡❧❡❝%❡❞ ♣❛3❝❡❧+✱ ❛♥❞ %❤❡ ♦%❤❡3 ♦♥ %❤❡ ❥✉+% ✈❛❧✉❡✴❛❝3❡

✈❛❧✉❡+ ♦❢ ❛❧❧ %❤❡ ♣❛3❝❡❧+ ✇✐%❤ 3❡+♣❡❝% %♦ %❤❡ ♠❡❛♥ ❛♥❞ %❤❡ +%❛♥❞❛3❞ ❞❡✈✐❛%✐♦♥

+%❛%✐+%✐❝+ ♦❢ %❤❡ +❡❧❡❝%❡❞ ♣❛3❝❡❧+✳ ❚❤❡ ❡♥✉♠❡3❛%✐♦♥ ♣3♦❝❡++❡+ ✐♥✈♦❧✈❡❞ %❤❡ ♠✉❧✲
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✹✸✱ ❛♥❞ ❛ ✈❛❧✉❡ ♦❢ ✼ ❢♦3 ♦❜❥❡❝%✐✈❡+ ✷✺ ❛♥❞ ✺✸✱ ❛♥❞ %❤❡♥ ♠❡3❣❡❞ ✇✐%❤ %❤❡ ✜♥❛❧

3❛+%❡3 ♠❛♣ ♦❜%❛✐♥❡❞ ✐♥ %❤❡ ♣3❡✈✐♦✉+ +%❡♣ ❛❧3❡❛❞② ❤❛✈✐♥❣ ❛ ✶✲✶✵ ♦3 ✶✲✻ 3❛♥❦✐♥❣✱

3❡+♣❡❝%✐✈❡❧②✳
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♣❛)$✐❝✉❧❛)❧② ✐♥ ●✐❜❜1 1❛♠♣❧✐♥❣ ❛❧❣♦)✐$❤♠✳

❑❡②✇♦$❞"✿ ◗✉❡✉❡✱ ●✉♠❜❡❧ ❞✐4-%✐❜✉-✐♦♥✱ ❇❛②❡4✐❛♥ ❡4-✐♠❛-✐♦♥✱ ●✐❜❜4 4❛♠♣❧✐♥❣✱

▼❛%❦♦✈ ❈❤❛✐♥ ▼♦♥-❡ ❈❛%❧♦ -❡❝❤♥✐?✉❡✳

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✻✵❑✷✺✱ ✻✷❈✶✵✱ ✻✷❈✶✷✱ ✶✶❑✹✺

❘❡❝❡✐✈❡❞ ✿ ✶✽✳✵✶✳✷✵✶✺ ❆❝❝❡♣(❡❞ ✿ ✵✷✳✵✼✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✺✼✺✶✷✵✶✺

∗
❉❡♣❛$%♠❡♥% ♦❢ ❙%❛%✐,%✐❝,✱ ▼❛❞$❛, ❈❤$✐,%✐❛♥ ❈♦❧❧❡❣❡✱ ❈❤❡♥♥❛✐✲✻✵✵ ✵✺✾✱ ❚❛♠✐❧ ◆❛❞✉✱ ■♥❞✐❛✳

❊♠❛✐❧✿  !❛!❥❛❢❛%❅❣♠❛✐❧✳❝♦♠

†
❈♦$$❡,♣♦♥❞✐♥❣ ❆✉%❤♦$✳

‡
❉❡♣❛$%♠❡♥% ♦❢ ❙%❛%✐,%✐❝,✱ ▼❛♥♦♥♠❛♥✐❛♠ ❙✉♥❞❛$❛♥❛$ ❯♥✐✈❡$,✐%②✱ ❚✐$✉♥❡❧✈❡❧✐ ✲ ✻✷✼ ✵✶✷✱ ❚❛♠✐❧

◆❛❞✉✱ ■♥❞✐❛✳ ❊♠❛✐❧✿  ❡♥❦❛♥♥❛♥✷✵✵✷❅❣♠❛✐❧✳❝♦♠



✶✷✼✻

✶✳ ■♥$%♦❞✉❝$✐♦♥

❙!❛!✐$!✐❝❛❧ ✐♥❢❡*❡♥❝❡ ✐♥ +✉❡✉❡✐♥❣ !❤❡♦*② ❤❛$ ❞*❛✇♥ !❤❡ ❛!!❡♥!✐♦♥ ♦❢ *❡$❡❛*❝❤❡* ✐♥ !❤❡

♣❛$! ❢❡✇ ❞❡❝❛❞❡$✳ ❚❤❡ ♣*♦❜❧❡♠ ♦❢ ❡$!✐♠❛!✐♦♥ ✐$ ❝♦♥❝❡*♥❡❞ ✇✐!❤ !❤❡ ♣❛*❛♠❡!❡*$ ♦❢ !❤❡

+✉❡✉❡✐♥❣ ♣*♦❝❡$$ $✉❝❤ ❛$ ❛**✐✈❛❧ *❛!❡✱ $❡*✈✐❝❡ *❛!❡ ❛♥❞ !*❛✣❝ ✐♥!❡♥$✐!②✳ ■! ✐$ !❤❡ ♠♦$!

✐♠♣♦*!❛♥! !❤✐♥❣ ✐♥ !❤❡ +✉❡✉❡✐♥❣ $②$!❡♠$ ❬✻❪✳ ❚❤❡ ♣✐♦♥❡❡* ✐♥✈❡$!✐❣❛!♦*$ ❤❛✈❡ ❞❡*✐✈❡❞

!❤❡ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❊$!✐♠❛!❡$ ✭▼▲❊✮ ❢♦* !❤❡ ❛**✐✈❛❧ ❛♥❞ $❡*✈✐❝❡ ♣❛*❛♠❡!❡*$ ♦❢ ❛♥

▼✴▼✴✶ +✉❡✉❡✐♥❣ ♠♦❞❡❧ ❬✾❪ ❛♥❞ ❛♥ ✐♥✜♥✐!❡ $❡*✈❡* +✉❡✉❡✐♥❣ ♠♦❞❡❧ ❬✹❪✳ ❚❤❡ ❤②♣♦!❤❡$✐$

!❡$!✐♥❣ ❢♦* !❤❡ ♣♦✐♥! ❛♥❞ !❤❡ ✐♥!❡*✈❛❧ ❡$!✐♠❛!✐♦♥$ ♦❢ !❤❡ ▼✴▼✴✶ +✉❡✉❡✐♥❣ ♠♦❞❡❧ ✉$✐♥❣

❇❛②❡$✐♥ ❛♣♣*♦❛❝❤❡$ ❬✼❪ ❛♥❞ !❤❡ ♥♦♥✲③❡*♦ ✇❛✐!✐♥❣ !✐♠❡ ♦❢ !❤❡ ♠♦❞❡❧ ❤❛$ ❜❡❡♥ ❞✐$$❝✉$$❡❞

❜② ✉$✐♥❣ !❤❡ ❝♦♥✈❡♥!✐❛❧ ❛♥❞ !❤❡ ❇❛②❡$✐❛♥ ❛♣♣*♦❛❝❤❡$ ❛❧♦♥❣ ✇✐!❤ !❤❡ *✐$❦ ❢❛❝!♦*$ ❬✽❪✳ ❚❤❡

✜✈❡ ❞✐✛❡*❡♥! ❛♣♣*♦❛❝❤❡$ ❤❛$ ❜❡❡♥ ❛♣♣❧✐❡❞ ❢♦* !❤❡ ❝♦♥$!*✉❝!❡❞ ✶✵✵✭✶✲α✮ ✪ ♦❢ !❤❡ ❈♦♥✲

✜❞❡♥❝❡ ■♥!❡*✈❛❧ ✭❈■✮ ♦❢ !❤❡ ✐♥!❡♥$✐!② ♦❢ !❤❡ +✉❡✉✐♥❣ $②$!❡♠ ❬✷✷❪✳ ❊①❛♠✐♥✐♥❣ !❤❡ ▼▲❊

❛♥❞ ▼♦♠❡♥! ❊$!✐♠❛!❡ ✭▼❊✮ ♦❢ !❤❡ ♣❛*❛♠❡!❡*$ ♦❢ !❤❡ ✐♥!❡*✲❛**✐✈❛❧ ❛♥❞ !❤❡ $❡*✈✐❝❡ !✐♠❡

❞✐$!*✐❜✉!✐♦♥$ ♦❢ ●■✴●✴✶ +✉❡✉❡✐♥❣ ♠♦❞❡❧ ❛*❡ ❞✐$❝✉$$❡❞ ❬✸❪✳ ❈♦♥$❡+✉❡♥!❧②✱ !❤❡ ✐♥❢❡*❡♥!✐❛❧

♣*♦❝❡❞✉*❡$ ❛*❡ ❝♦♥❝❡*♥❡❞ ✇✐!❤ !❤❡ !*❛✣❝ ✐♥!❡♥$✐!② ♦❢ ▼✴Ek✴✶ +✉❡✉❡✐♥❣ ♠♦❞❡❧ ✇❤✐❝❤

❞✐$❝✉$$❡❞ ❬✶✻❪✳ ❚❤❡ $!❛!✐♦♥❛*② $♦❧✉!✐♦♥ ♦❢ ▼▲❊ ♦❢ ▼❛*❦♦✈✐❛♥ !✇♦ $❡*✈❡* +✉❡✉❡✐♥❣ ♠♦❞❡❧

♣❛*❛♠❡!❡*$ ❤❛✈❡ ❜❡❡♥ ♦❜!❛✐♥❡❞ ✐♥ !❤❡ ❝❛$❡ ♦❢ !❤❡ ♥♦♥✲✐❞❡♥!✐❝❛❧ $❡*✈❡*$ ❬✶✶❪✳ ▲❛!❡*✱ !❤❡

$!❛!✐♦♥❛*② $♦❧✉!✐♦♥ ♦❢ !❤❡ ▼▲❊ ♦❢ !❤❡ ❣❡♥❡*❛❧✐③❡❞ ❢♦*♠ ♦❢ !❤❡ ♠✉❧!✐✲$❡*✈❡* +✉❡✉❡✐♥❣ ♠♦❞❡❧

✐♥ !❤❡ ♣*❡$❡♥❝❡ ♦❢ !❤❡ ♥♦♥✲✐❞❡♥!✐❝❛❧ $❡*✈❡*$ ❛♥❞ $♦♠❡ ♦❢ !❤❡ ❈■ ♦❢ !❤❡$❡ ♠♦❞❡❧ ♣❛*❛♠❡!❡*$

❛*❡ ♦❜!❛✐♥❡❞ ❬✷✽❪✳ ▼❡❛♥✇❤✐❧❡✱ !❤❡ ▼▲❊ ❛♥❞ !❤❡ ❇❛②❡$✐❛♥ ❡$!✐♠❛!❡$ ♦❢ !❤❡ ▼✴▼✴✶✴✶

+✉❡✉❡✐♥❣ ♠♦❞❡❧ ♣❛*❛♠❡!❡*$ ❛*❡ ❡①♣❧❛✐♥❡❞ ❛♥❞ !❤❡ ❧❛*❣❡ $❛♠♣❧❡ !❡$! ❢♦* !❤❡ ♠♦❞❡❧ ♣❛✲

*❛♠❡!❡*$ ❛*❡ ❛❧$♦ ❞✐$❝✉$$❡❞ ❬✶✼❪✳ ❚❤❡ ✐♥❢❡*❡♥!✐❛❧ ♣*♦❝❡$$ ❢♦* !❤❡ ♣❛*❛♠❡!❡*$ ♦❢ !❤❡ ❜✉❧❦

$❡*✈✐❝❡ +✉❡✉❡$ ✐$ ❞❡*✐✈❡❞ ❜② ✉$✐♥❣ !❤❡ ❇❛②❡$✐❛♥ ❤✐❡*❛*❝❤✐❝❛❧ ♠♦❞❡❧ ❛♣♣*♦❛❝❤❡$ ❬✶❪✳ ❘❡✲

❝❡♥!❧②✱ !❤❡ $✐♥❣❧❡ $❡*✈❡* +✉❡✉❡✐♥❣ ♠♦❞❡❧ ✇✐!❤ ✇♦*❦✐♥❣ ✈❛❝❛!✐♦♥$ ❤❛$ ❝♦♥$✐❞❡*❡❞ ❜❛$❡❞ ♦♥

▼▲❊ ❛♣♣*♦❛❝❤❡$ ❛♥❞ $✐♠✉❧❛!✐♦♥ $!✉❞✐❡$ ❛*❡ ❝❛**✐❡❞ ♦✉! ❜② !❤❡ ♣❡*❢♦*♠❛♥❝❡ ♠❡❛$✉*❡$ ♦❢

!❤❡ ♠♦❞❡❧ ❬✷✶❪✳

❚❤❡ $❡*✈✐❝❡ !✐♠❡$ ❛♥❞ !❤❡ ✐♥!❡*✲❛**✐✈❛❧ !✐♠❡$ ♦❢ +✉❡✉❡✐♥❣ ♠♦❞❡❧ ❛*❡ ♥♦! ❢♦❧❧♦✇❡❞ ❜②

!❤❡ ❡①♣♦♥❡♥!✐❛❧ ❞✐$!*✐❜✉!✐♦♥ ❜❡❝❛✉$❡ ♦❢ !❤❡ ❤✐❣❤ ✈❛*✐❛❜✐❧✐!② ✐$ ♦❜$❡*✈❡❞ ✐♥ !❤❡ ✐♥!❡*✲❛**✐✈❛❧

!✐♠❡ ❛♥❞ !❤❡ $❡*✈✐❝❡ !✐♠❡✱ ♠♦$! ♦❢ !❤❡ !✐♠❡$ ❛*❡ $♠❛❧❧❡* !❤❛♥ !❤❡ ♠✐♥♦* ♣*♦♣♦*!✐♦♥ ♦❢

!❤❡ !✐♠❡ ❛♥❞ !❤✐$ ❧❡❛❞$ !♦ !❤❡ ❝❤❛*❛❝!❡*✐$❛!✐♦♥ ♦❢ !❤❡ ❤❡❛✈② !❛✐❧$ ♥♦! ♦♥❧② ❜② !❤❡ ❡①♣♦✲

♥❡♥!✐❛❧❧② ❞✐$!*✐❜✉!❡❞ ❬✷✺❪✳ ■♥ !❤✐$ *❡❣❛*❞✱ $❡*✈❡*❛❧ ❛✉!❤♦*$ ❤❛✈❡ ❜❡❡♥ ❞❡✈♦!❡❞ ❜② +✉❡✉❡✐♥❣

♠♦❞❡❧$ ❜❛$❡❞ ♦♥ !❤❡ ❤❡❛✈② !❛✐❧❡❞ ❞✐$!*✐❜✉!✐♦♥ ❬✶✸❪✱ ❬✶✺❪✱ ❬✷✻❪✳ ❲❡✐❜✉❧❧✱ Z❛*❛!♦✱ ❧♦❣✲

♥♦*♠❛❧✱ ❇✉** !②♣❡ ■■■✱ ❇✉** !②♣❡ ❳■■ ❛♥❞ ●✉♠❜❡❧ ❞✐$!*✐❜✉!✐♦♥$ ❛*❡ $♦♠❡ ❤❡❛✈② !❛✐❧❡❞

❜❡❤❛✈✐♦✉* ❞✐$!*✐❜✉!✐♦♥$ ❬✶✾❪✳ ❚❤❡ ❇❛②❡$✐❛♥ ❡$!✐♠❛!✐♦♥ ❢♦* !❤❡ ❞♦✉❜❧❡ Z❛*❡!♦ ❧♦❣♥♦*♠❛❧

✭❞Z❧◆✮ ❞✐$!*✐❜✉!✐♦♥ ✇❤✐❝❤ ❤❛$ ❜❡❡♥ ♣*♦♣♦$❡❞ ❜② !❤❡ ♠♦❞❡❧ ✐♥ !❤❡ +✉❡✉❡✐♥❣ $②$!❡♠ ❢♦* !❤❡

❤❡❛✈②✲!❛✐❧❡❞ ♣❤❡♥♦♠❡♥❛ ❬✶✵❪✳ ❚❤❡ ❡✈❛❧✉❛!✐♦♥ ♦❢ ▼✴●✴✶ +✉❡✉❡✐♥❣ ♠♦❞❡❧ ✇✐!❤ !❤❡ $❡*✈✐❝❡

!✐♠❡ ❛$ ❛$$✉♠❡❞ !♦ ●✉♠❜❡❧ ❞✐$!*✐❜✉!✐♦♥✱ ✇❤✐❝❤ ❤❛$ ❜❡❡♥ ❡①♣❧❛✐♥❡❞ ❜② ♥✉♠❡*✐❝❛❧❧② ❛♥❞

❣*❛♣❤✐❝❛❧❧② ❜❛$❡❞ ♦♥ !❤❡ ✈❛*✐♦✉$ ❝♦♠❜✐♥❛!✐♦♥$ ♦❢ !❤❡ ❛*❜✐!*❛*② ✈❛❧✉❡$ ❬✷✵❪✳ ❚❤❡ ❡①!❡♥❞❡❞

+✉❡✉❡✐♥❣ ♠♦❞❡❧ ✇❤❡♥ $❡*✈✐❝❡ !✐♠❡ ❞✐$!*✐❜✉!❡❞ ❛❝❝♦*❞✐♥❣ !♦ ●✉♠❜❡❧ ❞✐$!*✐❜✉!✐♦♥ ✉♥❞❡*

♠✉❧!✐♣❧❡ ✇♦*❦✐♥❣ ✈❛❝❛!✐♦♥$ $❝❡♥❛*✐♦ ❛♥❞ !❤❡ ♠♦❞❡❧ ♣❛*❛♠❡!❡*$ ❤❛$ ❜❡❡♥ ❡$!✐♠❛!❡❞ ❜❛$❡❞

♦♥ ❇❛②❡$✐❛♥ ❛♣♣*♦❛❝❤❡$ ✇✐!❤ ●✐❜❜$ $❛♠♣❧✐♥❣ ❛❧❣♦*✐!❤♠ !❤*♦✉❣❤ ▼❛*❦♦✈ ❈❤❛✐♥ ▼♦♥!❡

❈❛*❧♦ ✭▼❈▼❈✮ !❡❝❤♥✐+✉❡ ❬✶✽❪✳

❚❤✐$ ❛*!✐❝❧❡ ✐♥!*♦❞✉❝❡$ !❡❧❡✲!*❛✣❝ ❛♥❞ ✐♥$✉*❛♥❝❡ ❞❛!❛ ❛♥❞ $♦♠❡ ♦❢ !❤❡ ✉♥✉$✉❛❧ ❝❤❛*✲

❛❝!❡*✐$!✐❝$ ♦❢ !❤❡$❡ !②♣❡$ ♦❢ ❞❛!❛ ✇❤✐❝❤ ♠♦!✐✈❛!❡ $♦♠❡ ♦❢ !❤❡ ✐♥!❡*✲❛**✐✈❛❧ ❛♥❞ $❡*✈✐❝❡

!✐♠❡ ♠♦❞❡❧ !❤❛! ❛*❡ ❛♥❛❧②③❡❞ !❤*♦✉❣❤ ❤❡❛✈② !❛✐❧❡❞ ♥❛!✉*❡✱ ♣❛*!✐❝✉❧❛*❧② ✐♥ ●✉♠❜❡❧ ❞✐$✲

!*✐❜✉!✐♦♥✳ ■♥ ✐♥$✉*❛♥❝❡ ❝♦♥!❡①!✱ !❤❡ ❝❧❛✐♠ $✐③❡$ ❝❛♥ !❛❦❡ ♦♥ ❡①!*❡♠❡❧② ❧❛*❣❡ ✈❛❧✉❡$ $♦

!❤❡② ❝❛♥ ❜❡ ✇❡❧❧ ♠♦❞❡❧❡❞ ❜② ❤❡❛✈②✲!❛✐❧❡❞ ❞✐$!*✐❜✉!✐♦♥✳ ❍♦✇❡✈❡*✱ ♦♥❡ ❞✐✛❡*❡♥❝❡ ❜❡!✇❡❡♥

!❤❡ ✐♥$✉*❛♥❝❡ ❞❛!❛ ❛♥❞ !❤❡ ✐♥!❡*♥❡! !*❛✣❝ ❞❛!❛ ✐$ !❤❛! ✐♥ !❤❡ ✐♥$✉*❛♥❝❡ ❝♦♥!❡①!✱ ❤✐❣❤
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❛✉"♦❝♦%%❡❧❛"✐♦♥* ❛%❡ ♥♦" ♦❜*❡%✈❡❞ "♦ *✉❝❤ ❛♥ ❡①"❡♥" ❛* ✇✐"❤ "❤❡ "❡❧❡✲"%❛✣❝ ❞❛"❛ ❛♥❞ "❤❛"

"❤❡ ✐♥*✉%❛♥❝❡ ❝❧❛✐♠* ♣%♦❝❡**❡* ❞♦ ♥♦" ❡①❤✐❜✐" ❜✉%*"✐♥❡** *♦ ♠✉❝❤ ❛* "❤❡ "❡❧❡✲"%❛✣❝ ❞❛"❛✱

✇❤✐❝❤ *✉❣❣❡*"* "❤❛" ❤❡❛✈②✲"❛✐❧❡❞✱ ❜✉" ✐♥❞❡♣❡♥❞❡♥" ❞✐*"%✐❜✉"✐♦♥* ♠❛② ❜❡ %❡❛*♦♥❛❜❧❡ ❢♦%

♠♦❞❡❧✐♥❣ ✐♥*✉%❛♥❝❡ ❝❧❛✐♠* ❞❛"❛ ✐♥ ♠❛♥② ❝♦♥"❡①"* ❬✶✷❪✳

❚❤✐* ♣❛♣❡% ♣%♦♣♦*❡* "❤❡ ♥❡✇ ?✉❡✉❡✐♥❣ ♠♦❞❡❧ ✇❤❡♥ ❡①♣♦♥❡♥"✐❛❧ "✐♠❡* ♦❢ "❤❡ ✐♥"❡%✲

❛%%✐✈❛❧ "✐♠❡ ❛♥❞ *❡%✈✐❝❡ "✐♠❡ ❛%❡ ❞✐*❛♣♣❡❛%❡❞ ❞✉❡ "♦ ✉♥✉*✉❛❧ ❝❤❛%❛❝"❡%✐*"✐❝*✳ ❚❤❡%❡❢♦%❡✱

"❤❡ ✐♥"❡%✲❛%%✐✈❛❧ "✐♠❡* ♦❢ "✇♦ *✉❝❝❡**✐✈❡ ❛%%✐✈❛❧ ♦❢ ❝✉*"♦♠❡%* ❛♥❞ *❡%✈✐❝❡ "✐♠❡* ❜❡❝♦♠❡*

❛ ❤❡❛✈② "❛✐❧❡❞✳ ❋♦% "❤✐* %❡❛*♦♥✱ ❤❡%❡ "❤❡ ✐♥"❡%✲❛%%✐✈❛❧ "✐♠❡* ❛♥❞ *❡%✈✐❝❡ "✐♠❡* ♦❢ "❤❡ *②*✲

"❡♠ ❢♦❧❧♦✇* ●✉♠❜❡❧ ❞✐*"%✐❜✉"✐♦♥✳ ◆♦ ❛""❡♠♣"* ❛%❡ ❢♦✉♥❞ ✐♥ "❤❡ ❧✐"❡%❛"✉%❡ ♦♥ ❡✈❛❧✉❛"✐♥❣

"❤❡ ?✉❡✉❡✐♥❣ ♠♦❞❡❧* ✉♥❞❡% ●✉♠❜❡❧ ❞✐*"%✐❜✉"✐♦♥ ❜❛*❡❞ ♦♥ ❇❛②❡*✐❛♥ ❛♣♣%♦❛❝❤❡*✳ ❉❡"❡%✲

♠✐♥❛"✐♦♥ ♦❢ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ ?✉❡✉❡✐♥❣ ♠♦❞❡❧ ✉*✐♥❣ ❇❛②❡*✐❛♥ ❛♣♣%♦❛❝❤ ✐* ❞✐*❝✉**❡❞✳

❚❤❡ ♣♦*"❡%✐♦% ❞✐*"%✐❜✉"✐♦♥ ♦❢ "❤❡ ?✉❡✉❡✐♥❣ ♠♦❞❡❧ ✐* ❞❡%✐✈❡❞ ✐♥❝♦%♣♦%❛"✐♥❣ "❤❡ ♥❛"✉%❛❧

❝♦♥❥✉❣❛"❡ ♣%✐♦% ❛♥❞ ♥♦♥✲✐♥❢♦%♠❛"✐✈❡ ♣%✐♦% "♦ "❤❡ ♣❛%❛♠❡"❡%* ♦❢ "❤❡ ●✉♠❜❡❧ ❞✐*"%✐❜✉"✐♦♥✳

❚❤❡ ♦❜❥❡❝"✐✈❡ ♦❢ "❤✐* ♣❛♣❡% ✐* "♦ ❛♥❛❧②*❡ "❤❡ "%❛✣❝ ❝♦♥❣❡*"✐♦♥ ♦❢ "❤❡ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶

?✉❡✉❡✐♥❣ ♠♦❞❡❧ *❛"✐*❢②✐♥❣ "❤❡ *"❛❜✐❧✐"② ❝♦♥❞✐"✐♦♥ ♦❢ "❤❡ *②*"❡♠✳

❚❤❡ ♣%♦❜❛❜✐❧✐"② ❣❡♥❡%❛"✐♥❣ ❢✉♥❝"✐♦♥ ❛♥❞ ❝✉♠✉❧❛"✐✈❡ ❞✐*"%✐❜✉"✐♦♥ ❢✉♥❝"✐♦♥ ♦❢ "❤❡ ●✉♠✲

❜❡❧ ❞✐*"%✐❜✉"✐♦♥ ❛%❡ ❜❛*❡❞ ♦♥ "❤❡ ❧♦❝❛"✐♦♥ ♣❛%❛♠❡"❡%✱ α ❛♥❞ "❤❡ *❝❛❧❡ ♣❛%❛♠❡"❡%✱ β✱
%❡*♣❡❝"✐✈❡❧②✱

✭✶✳✶✮ f(x : α, β) =
1

β
e
−

(x−α)
β e−e

−

(x−α)
β

for x ∈ ℜ, α ∈ ℜ;β > 0 and

✭✶✳✷✮ F (x) = e−e
−

(x−α)
β

✇✐"❤ "❤❡ ♠❡❛♥ α+ βγ ✇❤❡%❡ γ = 0.5722... ✐* "❤❡ ❊✉❧❡%✬* ❝♦♥*"❛♥"✳

❚❤✐* ♣❛♣❡% ✐* ♦%❣❛♥✐③❡❞ ✐♥"♦ "❤❡ ✜✈❡ *❡❝"✐♦♥*✱ "❤✐* ✐* ❜❡✐♥❣ "❤❡ ✜%*"✳ ❙❡❝"✐♦♥ ✷ ❝♦♥"❛✐♥*

♠♦❞❡❧ ❞❡*❝%✐♣"✐♦♥*✳ ❚❤❡ ❢%❛♠❡ ✇♦%❦ ♦❢ ❇❛②❡*✐❛♥ ❡*"✐♠❛"✐♦♥ ♦❢ ♠♦❞❡❧ ♣❛%❛♠❡"❡%* ✐*

♣%❡*❡♥"❡❞ ✐♥ *❡❝"✐♦♥ ✸✳ ❚❤❡ ❝♦♠♣✉"❛"✐♦♥❛❧ *"✉❞✐❡* ❢♦% "❤❡ ❡♠♣✐%✐❝❛❧ ❇❛②❡*✐❛♥ ❡*"✐♠❛"❡*

❜② ✉*✐♥❣ ●✐❜❜* *❛♠♣❧✐♥❣ ❛❧❣♦%✐"❤♠ ✐♥ ▼❈▼❈ "❡❝❤♥✐?✉❡ ♦❢ "❤❡ ♠♦❞❡❧ ❛%❡ ❞✐*❝✉**❡❞ ✐♥

*❡❝"✐♦♥ ✹ ❛♥❞ *❡❝"✐♦♥ ✺ ♣%♦✈✐❞❡* "❤❡ *✉♠♠❛%② ❛♥❞ ❝♦♥❝❧✉*✐♦♥ ♦❢ "❤✐* ✇♦%❦✳

✷✳ ▼♦❞❡❧ ❞❡'❝)✐♣,✐♦♥'

❈♦♥*✐❞❡% ❛♥ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ ?✉❡✉❡✐♥❣ ♠♦❞❡❧✱

• ❚❤❡ ✐♥"❡%✲❛%%✐✈❛❧ "✐♠❡ ♦❢ "✇♦ ❝♦♥*❡❝✉"✐✈❡ ❛%%✐✈❛❧ ♦❢ "❤❡ ❝✉*"♦♠❡%* ✇❤✐❝❤ ❢♦❧❧♦✇*

●✉♠❜❡❧ ❞✐*"%✐❜✉"✐♦♥ (α, β) ✇✐"❤ ♠❡❛♥ ✐♥"❡%✲❛%%✐✈❛❧ "✐♠❡✱

1/λ = 1/[α+ βζ] ✇❤❡%❡ ❊✉❧❡%✬* ❝♦♥*"❛♥"✱ ζ❂ ✵✳✺✷✼✼✳✳✳✳

• ❚❤❡ *❡%✈✐❝❡ "✐♠❡ ♦❢ "❤❡ *②*"❡♠ ✐* ❞✐*"%✐❜✉"❡❞ ❛❝❝♦%❞✐♥❣ "♦ ●✉♠❜❡❧ ❞✐*"%✐❜✉"✐♦♥

(γ, δ) ✇✐"❤ ♠❡❛♥ *❡%✈✐❝❡ "✐♠❡✱ 1/µ = 1/[γ + δζ] ✇❤❡%❡ ❊✉❧❡%✬* ❝♦♥*"❛♥"✱ ζ❂
✵✳✺✷✼✼✳✳✳✳

• ❚❤❡ ✐♥"❡%✲❛%%✐✈❛❧ "✐♠❡* ❛♥❞ "❤❡ *❡%✈✐❝❡ "✐♠❡* ❛%❡ ♠✉"✉❛❧❧② ✐♥❞❡♣❡♥❞❡♥" ♦❢ ❡❛❝❤

♦"❤❡%✳

• ❚❤❡ *❡%✈❡% ❣✐✈❡* "❤❡ *❡%✈✐❝❡* "❤❡ *✐♥❣❧❡ *"❛❣❡ *❡%✈✐❝❡ ✇✐"❤ ❋✐%*" ■♥ ❋✐%*" ❖✉"

✭❋■❋❖✮ ❞✐*❝✐♣❧✐♥❡✳

• ■♥ ♦%❞❡% "♦ ❧❡❛%♥ ❛❜♦✉" "❤❡ ❝♦♥❣❡*"✐♦♥ ♦❢ "❤❡ *②*"❡♠✱ "❤❡ ✐♥❢❡%❡♥❝❡ ❛❜♦✉" "❤❡

♣❛%❛♠❡"❡%* ❣♦✈❡%♥✐♥❣ "❤❡ ✇❤♦❧❡ *②*"❡♠ θ = {α, β, γ, δ} ✐* ❝♦♥*✐❞❡%❡❞✳
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• ❚❤❡ #✉❡✉❡✐♥❣ (②(*❡♠ ✐( ❝♦♥(♦❧✐❞❛*❡❞ ❛♥❞ ♦♣❡2❛*❡❞ ❢♦2 *❤❡ ❧♦♥❣ *✐♠❡ ✇❤✐❝❤ ✐♥❞✐✲

❝❛*❡( *❤❛* ✐* ✐( ✇♦2❦✐♥❣ ❛* ❡#✉✐❧✐❜2✐✉♠ ❛♥❞ (❛*✐(✜❡( *❤❡ ❡2❣♦❞✐❝ ❝♦♥❞✐*✐♦♥✳

• ◆♦*❡ *❤❛*✱ *❤❡ ❡2❣♦❞✐❝ ❛((✉♠♣*✐♦♥ ✐♠♣❧✐❡( *❤❛* *❤❡ ♣❛2❛♠❡*❡2( ❝❛♥ ♦♥❧② ♠♦✈❡

❢2❡❡❧② ✐♥ *❤❡ 2❡❞✉❝❡❞ ♣❛2❛♠❡*2✐❝ (♣❛❝❡ Θe = {θ : λ < µ, λ, µ > 0}✳ ❍❡♥❝❡✱ *❤❡

*2❛✣❝ ✐♥*❡♥(✐*② ♦❢ *❤❡ ♠♦❞❡❧ ✐( ρ = γ+δζ
α+βζ

< 1✳

✸✳ ❊#$✐♠❛$✐♦♥ ♦♥ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ ♠♦❞❡❧

❚❤❡ ❇❛②❡(✐❛♥ ♠❡*❤♦❞♦❧♦❣② ❝♦♥(✐(*( ♦❢ *❤❡ (❛♠♣❧❡ ✐♥❢♦2♠❛*✐♦♥ ❛❧♦♥❣ ✇✐*❤ *❤❡ ♣2✐♦2

✐♥❢♦2♠❛*✐♦♥ ❛✈❛✐❧❛❜❧❡ ❛❜♦✉* *❤❡ ♣❛2❛♠❡*❡2 ❜❡❢♦2❡ *❤❡ (❛♠♣❧❡ ❤❛( ❜❡❡♥ ♦❜(❡2✈❡❞✳ ❚❤❡

❇❛②❡(✐❛♥ ❛♣♣2♦❛❝❤ *2❡❛*( *❤❛* *❤❡ ♠♦❞❡❧ ♣❛2❛♠❡*❡2( ❛2❡ *❤❡ 2❛♥❞♦♠ ✈❛2✐❛❜❧❡(✳ ❚❤❡ (✉✐*✲

❛❜❧❡ ♣2♦❜❛❜✐❧✐*② ❞✐(*2✐❜✉*✐♦♥ ✐( ❞❡*❡2♠✐♥❡❞ ❢♦2 *❤❡ ♠♦❞❡❧( ♣❛2❛♠❡*❡2( ❢♦2 *❤❡ #✉❡✉❡✐♥❣

(②(*❡♠ (❛② τ(θ) ✇✐*❤ 2❡❢❡2❡♥❝❡ *♦ *❤❡ ♣2✐♦2 ✐♥❢♦2♠❛*✐♦♥✳ ❚❤❡ ✐♥❢♦2♠❛*✐♦♥ ❛❜♦✉* *❤❡ ♣❛✲
2❛♠❡*❡2 ❣✐✈❡♥ ❜② *❤❡ (❛♠♣❧❡ x ✐( ♦❜*❛✐♥❡❞ ❢2♦♠ *❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝*✐♦♥✱ L(θ|x)✳ ❆ ♣2✐♦2

♣2♦❜❛❜✐❧✐*② ❞✐(*2✐❜✉*✐♦♥ *❤❛* 2❡♣2❡(❡♥*( ♣❡2❢❡❝* ✐❣♥♦2❛♥❝❡ ♦2 ✐♥❞✐✛❡2❡♥❝❡ ✇♦✉❧❞ ♣2♦❞✉❝❡

*❤❡ ♣♦(*❡2✐♦2 ♣2♦❜❛❜✐❧✐*② ❞✐(*2✐❜✉*✐♦♥ *❤❛* 2❡♣2❡(❡♥*( *❤❛* ♦♥❡ (❤♦✉❧❞ ♥❡❡❞ ❛❜♦✉* *❤❡

♣❛2❛♠❡*❡2 ♦♥ *❤❡ ❜❛(✐( ♦❢ *❤❡ ❡✈✐❞❡♥❝❡ ❛❧♦♥❡✳ ❚❤❡ ♣2✐♦2 ❞✐(*2✐❜✉*✐♦♥( ❝❛♥ ❜❡ ❝❧❛((✐✜❡❞

✐♥*♦ *✇♦ ♠❛✐♥ ❝❛*❡❣♦2✐❡( ❧✐❦❡ *❤❡ ✐♥❢♦2♠❛*✐✈❡ ♣2✐♦2 ❛♥❞ ♥♦♥✲✐♥❢♦2♠❛*✐✈❡ ♣2✐♦2 ✭✈❛❣✉❡✱

♦❜❥❡❝*✐✈❡✱ ❛♥❞ ❞✐✛✉(❡✮✳ ❚❤❡ ✐♥❢♦2♠❛*✐✈❡ ♣2✐♦2 ❡①♣2❡((❡( *❤❡ ♣2❡✈✐♦✉( ❦♥♦✇❧❡❞❣❡ ❛❜♦✉*

♣❛2❛♠❡*❡2 ❛♥❞ *❤❡ ♥♦♥✲✐♥❢♦2♠❛*✐✈❡ ♣2✐♦2 ♣2♦✈✐❞❡( *❤❡ ❢♦2♠❛❧ ✇❛② ♦❢ ❡①♣2❡((✐♥❣ ✐❣♥♦2❛♥❝❡

♦❢ *❤❡ ✈❛❧✉❡ ♦❢ *❤❡ ♣❛2❛♠❡*❡2 ♦✈❡2 *❤❡ ♣❡2♠✐**❡❞ 2❛♥❣❡✳ ❚❤❡ ❡✛♦2*( *♦ ❝♦♥(*2✉❝* *❤❡ ♣2✐♦2(

♠❛② ❜❡ 2❡♣2❡(❡♥*❡❞ ❜② *❤❡ ❛❜(❡♥❝❡ ♦❢ *❤❡ ❦♥♦✇❧❡❞❣❡✳ ❚❤❡② ❤❛✈❡ ❢❛✐❧❡❞ ❜❡❝❛✉(❡ ♥♦ ♣2♦❜✲

❛❜✐❧✐*② ❞✐(*2✐❜✉*✐♦♥ *♦ 2❡♣2❡(❡♥* *❤❡ ♣✉2❡ ✐❣♥♦2❛♥❝❡✳ ❈♦♠❜✐♥✐♥❣ *❤❡(❡ *✇♦ ✐♥❢♦2♠❛*✐♦♥✱

*❤❡ ✉♣❞❛*❡❞ ✐♥❢♦2♠❛*✐♦♥ ❛❜♦✉* *❤❡ ♣❛2❛♠❡*❡2 ✐( ♦❜*❛✐♥❡❞ ❛( *❤❡ ♣♦(*❡2✐♦2 ❞✐(*2✐❜✉*✐♦♥✱

τ(θ|x)✳ ❚❤❡ ✐♥❢❡2❡♥❝❡ ❛❜♦✉* *❤❡ ♣❛2❛♠❡*❡2✱ θ ✐( ❞2❛✇♥ ❢2♦♠ *❤✐( ♣♦(*❡2✐♦2 ❞✐(*2✐❜✉*✐♦♥✳

▼♦2❡ ❞❡*❛✐❧( ❛❜♦✉* *❤❡ ❇❛②❡(✐❛♥ ♠❡*❤♦❞( ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷❪✱ ❬✷✼❪✳

■♥ *❤❡ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ #✉❡✉❡✐♥❣ ♠♦❞❡❧✱ *❤❡ na ✐♥*❡2✲❛22✐✈❛❧ *✐♠❡(

xa = (x1a , x2a , ..., xna) ❛2❡ ❛ 2❛♥❞♦♠ (❛♠♣❧❡( ❞✐(*2✐❜✉*❡❞ ❛❝❝♦2❞✐♥❣ *♦ ●✉♠❜❡❧ (α, β) ❛♥❞
*❤❡ ns 2❡❝♦2❞❡❞ (❡2✈✐❝❡ *✐♠❡ xs = (x1s , x2s , ..., xns) ❝♦♥(*✐*✉*❡ ❛

2❛♥❞♦♠ (❛♠♣❧❡ ❢2♦♠ ●✉♠❜❡❧ (γ, δ)✳ ❚❤❡ ❥♦✐♥* ♣2♦❜❛❜✐❧✐*② ❣❡♥❡2❛*✐♥❣ ❢✉♥❝*✐♦♥ ♦❢ *❤✐(
♠♦❞❡❧ ✐(

✭✸✳✶✮ f(x|θ) =
1

β
e

(xa−α)
β ee

(xa−α)
β 1

δ
e

(xs−γ)
δ ee

(xs−γ)
δ

∀ xa, xs > 0

✇❤❡2❡ θ = {λ < µ; α, β, γ and δ > 0}✳

❋"♦♠ ❊&♥✳ ✸✳✶✱ +❤❡ ❝♦""❡/♣♦♥❞✐♥❣ ❧✐❦❡❧✐❤♦♦❞ ❡&✉❛+✐♦♥ ❛"❡ ❛/ ❢♦❧❧♦✇/✱

✭✸✳✷✮ L(θ|x) = Πn
i=1

1

βna
e

(xia
−α)

β ee
(xia

−α)

β

Πn
j=1

1

δns
e

(xjs
−γ)

δ ee
(xjs

−γ)

δ

✇❤❡"❡✱ xa =
∑n

i=1 xia ✐/ +❤❡ +♦+❛❧ +✐♠❡ ✉♥+✐❧ +❤❡ ❛""✐✈❛❧ ♦❢ na ❝✉/+♦♠❡" ❝♦♥/✐❞❡"❡❞ ✐♥ +❤❡

&✉❡✉❡ ❛♥❞ xs =
∑n

j=1 xjs ✐/ +❤❡ +♦+❛❧ +✐♠❡ +❛❦❡♥ ❜② +❤❡ /❡"✈❡" +♦ ❝♦♠♣❡❧❡+❡ +❤❡ /❡"✈✐❝❡

✉♥❞❡" ❝♦♥/✐❞❡"❛+✐♦♥✳ ◆♦+❡ +❤❛+✱ +❤❡ "❡/+"✐❝+✐♦♥ ✐♥ +❤❡ ❞♦♠❛✐♥ ♦❢ +❤❡ ❧✐❦❡❧✐❤♦♦❞ ✐♥ ❊&♥✳ ✸✳✷

❝♦""❡/♣♦♥❞✐♥❣ +♦ +❤❡ ❡"❣♦❞✐❝ ❝♦♥❞✐+✐♦♥ ♦❢ +❤❡ &✉❡✉❡✐♥❣ ♠♦❞❡❧✳

❙✉♣♣♦/❡ +❤❛+✱ +❤❡ ✐♥✈❡"+❡❞ ●❛♠♠❛ ❞✐/+"✐❜✉+✐♦♥ ✐/ ❡♠♣❧♦②❡❞ ❛/ ❛ ♣"♦❜❛❜✐❧✐+② ♠♦❞❡❧

❢♦" +❤❡ ✐♥+❡"✲❛""✐✈❛❧ ❛♥❞ /❡"✈✐❝❡ ♣❛"❛♠❡+❡"/ ❜❛/❡❞ ♦♥ +❤❡ ✐♥❢♦"♠❛+✐♦♥ ♦❜+❛✐♥❡❞ ❢"♦♠ +❤❡

❤✐/+♦"② ♦❢ ♣"❡✈✐♦✉/ ♣"♦❝❡// ♦❢ +❤❡ &✉❡✉❡/ "❡/♣❡❝+✐✈❡❧②✳ ❚❤❡ ✐♥✈❡"+❡❞ ●❛♠♠❛ ❞✐/+"✐❜✉+✐♦♥

✐/ ❛ ♥❛+✉"❛❧ ❝♦♥❥✉❣❛+❡ ♣"✐♦" ❢♦" /❛♠♣❧✐♥❣ ❢"♦♠ +❤❡ ❣✉♠❜❡❧ ❞✐/+"✐❜✉+✐♦♥ ❢♦" +❤❡ ✐♥+❡"✲❛""✐✈❛❧
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❛♥❞ #❡%✈✐❝❡ ♣❛%❛♠❡+❡%#✳ ❚❤❡ ♣%♦❜❛❜✐❧✐+② ❞❡♥#✐+② ❢✉♥❝+✐♦♥ ♦❢ ✐♥✈❡%+❡❞ ●❛♠♠❛ ❞✐#+%✐❜✉+✐♦♥

✐# ❣✐✈❡♥ ✐♥ ❊8♥✳ ✸✳✸✳

τ(c, d) =

{

d
Γ(c)

x−(c+1)e−c/x
❝✱❞❃✵❀ ①❃✵

0 ♦+❤❡%✇✐#❡

✭✸✳✸✮

■♥ ❝❡%+❛✐♥ #✐+✉❛+✐♦♥#✱ ❡#♣❡❝✐❛❧❧② ✐♥ +❤❡ ✐♥✈❡#+✐❣❛+✐♦♥ ♦❢ ♥❡✇ ♣%♦❜❧❡♠# ♦❢ ❛ ♣✐♦♥❡❡%✐♥❣

♥❛+✉%❡✱ ✉#❡❢✉❧ ♣%✐♦% ✐♥❢♦%♠❛+✐♦♥ ♠❛② ♥♦+ ❜❡ ❛✈❛✐❧❛❜❧❡✳ ■♥ #✉❝❤ #✐+✉❛+✐♦♥#✱ +❤❡ #+❛+✐#+✐❝✐❛♥

✇✐❧❧ ❜❡ ❢♦%❝❡❞ +♦ #❡❧❡❝+ ❛ ♣%✐♦% ❞✐#+%✐❜✉+✐♦♥ ✇❤✐❝❤ ✇✐❧❧ %❡✢❡❝+ ❛ #✐+✉❛+✐♦♥ ♦❢ ♥♦ ♣%✐♦% ✐♥❢♦%✲

♠❛+✐♦♥✳ ❚❤✐# ❧❡❞ +♦ +❤❡ ♥♦+✐♦♥ ♦❢ ✈❛❣✉❡ ♦% ❞✐✛✉#❡❞ ♦% ♥♦♥✲✐♥❢♦%♠❛+✐✈❡ ♣%✐♦% ❞✐#+%✐❜✉+✐♦♥#✳

❚❤❡ ♣❛%❛♠❡+❡%# ✐# ❝♦♥+✐♥✉♦✉# ❛♥❞ ❝❛♥ +❛❦❡ ❛♥② ✈❛❧✉❡ ✐♥ ❛ ✜♥✐+❡ ✐♥+❡%✈❛❧✱ +❤❡♥ ♦♥❡ ❝❛♥

✉#❡ ❛ ❝♦♥+✐♥✉♦✉# ✉♥✐❢♦%♠ ❞✐#+%✐❜✉+✐♦♥ ❛# +❤❡ ♣%✐♦% ❞✐#+%✐❜✉+✐♦♥ ❢♦% +❤❡ ♣❛%❛♠❡+❡%✳ ❙✉❝❤

♣%✐♦% ❞✐#+%✐❜✉+✐♦♥# ❛%❡ ❝❛❧❧❡❞ ♥♦♥✲✐♥❢♦%♠❛+✐✈❡ ♣%✐♦%# ❛♥❞ #♦♠❡+✐♠❡# ❛# ✈❛❣✉❡ ♣%✐♦%# ✭#❡❡

♠♦%❡ ❬✺❪✱ ❬✷❪✱ ❬✷✼❪✮✳ ❋✉%+❤❡%♠♦%❡✱ ✐+ ♠❛② ❜❡ ❝♦♥#✐❞❡%❡❞ +❤❛+ +❤❡ ✉♥✐❢♦%♠ ❞✐#+%✐❜✉+✐♦♥

✐# ❛ ♥♦♥✲✐♥❢♦%♠❛+✐✈❡ ♣%✐♦% ❦♥♦✇❧❡❞❣❡ ❛❜♦✉+ +❤❡ ♠♦❞❡❧ ♣❛%❛♠❡+❡%# α✱ β✱ γ ❛♥❞ δ✳ ❚❤❡

♣%♦❜❛❜✐❧✐+② ❞❡♥#✐+② ❢✉♥❝+✐♦♥ ♦❢ ✉♥✐❢♦%♠ ❞✐#+%✐❜✉+✐♦♥ ✐#

✭✸✳✹✮ τ3(φ) =
1

q − p
; 0 < p ≤ φ ≤ q

❚❤❡ ✉♣❞❛+❡❞ ✐♥❢♦%❛♠+✐♦♥# ♦❢ ♣♦#+❡%✐♦% ❞✐#+%✐❜✉+✐♦♥ ✐# ♦❜+❛✐♥❡❞ ❢♦% +❤❡ ♠♦❞❡❧ ♣❛%❛♠✲

❡+❡%# ✐# ❣✐✈❡♥ ❜②

τI (α, β, γ, δ|data) ∝
d1d2d3d4

βnaδnsΓ (c1) Γ (c2) Γ (c3) Γ (c4)
α−(c1+1)β−(c2+1) ×

γ−(c3+1)δ−(c4+1)e−(c1/α+c2/β+c3/γ+c4/δ) ×

Πn
i=1e

(xia
−α)

β ee
(xia

−α)

β

Πn
j=1e

(xjs
−γ)

δ ee
(xjs

−γ)

δ
✭✸✳✺✮

✭✸✳✻✮ τNI (α, β, γ, δ|data) ∝
1

βnaδns
Πn

i=1e
(tia

−α)

β ee
(xia

−α)

β

Πn
j=1e

(xjs
−γ)

δ ee
(xjs

−γ)

δ

❙✐♥❝❡✱ +❤❡ ♣♦#+❡%✐♦% ❞✐#+%✐❜✉+✐♦♥# ♦❢ +❤❡ ✐♥❢♦%♠❛+✐✈❡ ❛♥❞ +❤❡ ♥♦♥✲✐♥❢♦%♠❛+✐✈❡ ♣%✐♦%

❦♥♦✇❧❡❞❣❡# ❛%❡ ♥♦+ ❛++❛✐♥❡❞ ✐♥ +❤❡ ❝❧♦#❡❞ ❢♦%♠ ❡①♣%❡##✐♦♥✳ ❍❡♥❝❡✱ ▼❈▼❈ #✐♠✉❧❛+✐♦♥

+❡❝❤♥✐8✉❡ ✐# ♠♦%❡ ❛♣♣%♦♣%✐❛+❡ +♦ ❞❡❛❧ ✇✐+❤ +❤❡ ❡♠♣✐%✐❝❛❧ ❡#+✐♠❛+❡# ♦❢ +❤❡ ♠♦❞❡❧ ♣❛✲

%❛♠❡+❡%#✳ ❚❤❡ ❡♠♣✐%✐❝❛❧ ❇❛②❡#✐❛♥ ❡#+✐♠❛+❡# ❛%❡ ❝♦♠♣✉+❡❞ ♣❛%+✐❝✉❧❛%❧② +❤%♦✉❣❤ ●✐❜❜#

#❛♠♣❧✐♥❣ ❛❧❣♦%✐+❤♠ ❬✷✹❪ ✉#✐♥❣ ❖♣❡♥❇✉❣# #♦❢+✇❛%❡✳

✹✳ ●✐❜❜% %❛♠♣❧✐♥❣ ❛❧❣♦-✐.❤♠ ✐♥ ▼❈▼❈ .❡❝❤♥✐4✉❡

❚❤❡ ▼❛%❦♦✈ ❝❤❛✐♥# ❤❛✈❡ #✐❣♥✐✜❝❛♥+ %♦❧❡ ✐♥ ❇❛②❡#✐❛♥ #+❛+✐#+✐❝# ❜❡❝❛✉#❡ ✐+ ✐# ❣❡♥❡%❛❧❧②

♣♦##✐❜❧❡ +♦ ❝♦♥#+%✉❝+ +❤❡ ▼❛%❦♦✈ ❝❤❛✐♥ ✐♥ #✉❝❤ ❛ ✇❛② +❤❛+ +❤❡ +❛%❣❡+ ❞✐#+%✐❜✉+✐♦♥ ✐# +❤❡

❥♦✐♥+ ♣♦#+❡%✐♦% ❞✐#+%✐❜✉+✐♦♥ ♦❢ ❛❧❧ +❤❡ ✉♥❦♥♦✇♥ ♣❛%❛♠❡+❡%# ✐♥ +❤❡ ❇❛②❡#✐❛♥ ♠♦❞❡❧✳ ❚❤✉#✱

+❤❡ ▼❛%❦♦✈ ❝❤❛✐♥ ▼♦♥+❡ ❈❛%❧♦ ♠❡+❤♦❞# ♣%♦✈✐❞❡ ❛ ✇❛② ♦❢ ❣❡♥❡%❛+✐♥❣ #❛♠♣❧❡# ❢%♦♠ +❤❡

❥♦✐♥+ ♣♦#+❡%✐♦% ❞✐#+%✐❜✉+✐♦♥ ✐♥ +❤❡ %❡❛❧✐#+✐❝ ❛♥❞ ❤✐❣❤✲❞✐♠❡♥#✐♦♥❛❧ ❇❛②❡#✐❛♥ ♠♦❞❡❧#✳ ❚❤❡

●✐❜❜# #❛♠♣❧✐♥❣ ❛❧❣♦%✐+❤♠ ✐# ❛ #♣❡❝✐❛❧ ❝❛#❡ ♦❢ ▼❡+%♦♣♦❧✐#✲❍❛#+✐♥❣# #❛♠♣❧✐♥❣ ❛❧❣♦%✐+❤♠

✇❤✐❝❤ ♦♥❡ ♣❛%+✐❝✉❧❛% ✇❛② ♦❢ ❝♦♥#+%✉❝+✐♥❣ +❤❡ +%❛♥#✐+✐♦♥ ❦❡%♥❡❧ +♦ ♣%♦❞✉❝❡ +❤❡ ▼❛%❦♦✈

❝❤❛✐♥ ✇✐+❤ +❤❡ ❞❡#✐%❡❞ +❛%❣❡+ ❞✐#+%✐❜✉+✐♦♥✳ ❚❤❡ ●✐❜❜# #❡8✉❡♥❝❡ ❝♦♥✈❡%❣❡# +♦ +❤❡ #+❛✲

+✐♦♥❛%②✭❡8✉✐❧✐❜%✐✉♠✮ ❞✐#+%✐❜✉+✐♦♥ +❤❛+ ✐# ✐♥❞❡♣❡♥❞❡♥+ ♦❢ +❤❡ ✐♥✐+✐❛❧ ✈❛❧✉❡#✱ ❛♥❞ ❜② +❤❡

❛++❛✐♥✐♥❣ +❤✐# #+❛+✐♦♥❛%② ❞✐#+%✐❜✉+✐♦♥ ✐# +❤❡ +❛%❣❡+ ❞✐#+%✐❜✉+✐♦♥✳ ❚❤❡ #+❡♣✲❜②✲#+❡♣ ♣%♦❝❡✲

❞✉%❡ ✐♥ ●✐❜❜# #❛♠♣❧✐♥❣ ❛❧♦❣%✐+❤♠ ❢♦% +❤❡ ♣%♦♣♦#❡❞ 8✉❡✉❡✐♥❣ ♠♦❞❡❧ ❛# ❢♦❧❧♦✇#✿



✶✷✽✵

✭✶✮ ❙❡% ✐♥✐%✐❛❧ ✈❛❧✉❡, α(0)
✱ β(0)

✱ γ(0)
✱ δ(0)

✭✷✮ ❋♦1 %❂✶✱✳✳✳✱❚

✭❛✮ ❋♦1 ✐❂✶✱✷✱✳✳✳✱♥

✭✐✮ ●❡♥❡1❛%❡ x
(t)
i ❢1♦♠ f

(

x|α(t−1), β(t−1), γ(t−1), δ(t−1)
)

✭❜✮ ●❡♥❡1❛%❡ α(t) ∼ τ
(

α|x(t)
)

✭❝✮ ●❡♥❡1❛%❡ β(t) ∼ τ
(

β|x(t)
)

✭❞✮ ●❡♥❡1❛%❡ γ(t) ∼ τ
(

γ|x(t)
)

✭❡✮ ●❡♥❡1❛%❡ δ(t) ∼ τ
(

δ|x(t)
)

❚❤❡ ▼❈▼❈ ,❛♠♣❧❡, ❛1❡ ❣❡♥❡1❛%❡❞ %❤1♦✉❣❤ ●✐❜❜, ,❛♠♣❧✐♥❣ ❛❧❣♦1✐%❤♠ ❢1♦♠ %❤❡ ♣♦,%❡✲

1✐♦1 ❞✐,%1✐❜✉%✐♦♥ ♦❢ ♠♦❞❡❧ ♣❛1❛♠❡%❡1, ❢♦1 %❤❡ ❣✐✈❡♥ ,❡% ♦❢ %❤❡ ✐♥❢♦1♠❛%✐✈❡ ♣1✐♦1, ❊B♥✳ ✸✳✸

❛♥❞ ♥♦♥✲✐♥❢♦1♠❛%✐✈❡ ♣1✐♦1 ❊B♥✳ ✸✳✹ ❢♦1 ♦❜%❛✐♥✐♥❣ %❤❡ ❇❛②❡, ❡,%✐♠❛%❡, ♦❢ %❤❡ ♠♦❞❡❧✳ ❚❤❡

♠❛1❦♦✈ ❝❤❛✐♥ ✐, 1✉♥ ✐♥ ❖♣❡♥❇✉❣, ❢♦1 ✶✵✱✵✵✵ ♥✉♠❜❡1 ♦❢ ✐%❡1❛%✐♦♥, ❢♦1 ✈❛1✐♦✉, ❛1❜✐%1❛1②

✈❛❧✉❡, ❛♥❞ ,❛♠♣❧❡,✳

✹✳✶✳ ❈♦♥✈❡(❣❡♥❝❡ ❞✐❛❣♥♦./✐❝. ♦❢ ▼❈▼❈✳ ❋1♦♠ %❤❡ ♦✉%♣✉%, ♦❢ ❖♣❡♥❇✉❣,✱ %❤❡ ❞✐❛❣✲

♥♦,%✐❝ ❝❤❡❝❦✐♥❣ ♣❧♦%, ❢♦1 ❡❛❝❤ ♠♦❞❡❧ ♣❛1❛♠❡%❡1, ❛1❡ ♣1❡,❡♥%❡❞ ✐♥ ❆♣♣❡♥❞✐①✳ ❚❤❡ ▼❛1❦♦✈

❝❤❛✐♥ ❤❛, ❝♦♥✈❡1❣❡❞ ✐♥ ❜♦%❤ ✐♥❢♦1♠❛%✐✈❡ ❛♥❞ ♥♦♥✲✐♥❢♦1♠❛%✐✈❡ ♣1✐♦1, ,✐♥❝❡ ✐% ❧✐❦❡❧② %♦ ❜❡

,❛♠♣❧✐♥❣ ❢1♦♠ %❤❡ ,%❛%✐♦♥❛1② ❞✐,%1✐❜✉%✐♦♥ ❛♥❞ ❤♦1✐③♦♥%❛❧ ❜❛♥❞✱ ✇✐%❤ ♥♦ ❧♦♥❣ ✉♣✇❛1❞ ♦1

❞♦✇♥✇❛1❞ %1❡♥❞, ❛, ,❤♦✇♥ ✐♥ ❋✐❣✉1❡ ❬✶✺✱ ✶✻✱ ✶✼✱ ✶✽❪✳ ▼♦1❡♦✈❡1✱ %❤❡ ❛✉%♦❝♦11❡❧❛%✐♦♥ ✐,

❛❧♠♦,% ♥❡❣❧✐❣✐❜❧❡ ❢♦1 ❛❧❧ %❤❡ ♠♦❞❡❧ ♣❛1❛♠❡%❡1, ✭,❡❡ ❋✐❣✉1❡❬✶✾✱ ✷✵✱ ✷✶✱ ✷✷❪✮✳ ❚❤❡1❡❢♦1❡✱ %❤❡

❣❡♥❡1❛%❡❞ ,❛♠♣❧❡,✱ ✐♥ ❡❛❝❤ ✐%❡1❛%✐♦♥ ❢1♦♠ ♣♦,%❡1✐♦1 ❞❡♥,✐%✐❡, ✉♥❞❡1 ✐♥❢♦1♠❛%✐✈❡ ❛♥❞ ♥♦♥✲

✐♥❢♦1♠❛%✐✈❡ ♣1✐♦1, ❛1❡ ✐♥❞❡♣❡♥❞❡♥% %♦ ❡❛❝❤ ♦%❤❡1✳ ❋✉1%❤❡1✱ %❤❡ ❦❡1♥❛❧ ❞❡♥,✐%✐❡, ♦❢ ♠♦❞❡❧

♣❛1❛♠❡%❡1, α✱ β✱ γ✱ δ ❢♦1 ✈❛1✐♦✉, ,❛♠♣❧❡, ✺✵✱ ✶✵✵✱ ✶✺✵✱ ✷✵✵✱ ✷✺✵ ❛♥❞ α ❂ ✵✳✷✱ ✵✳✸✱ ✵✳✹✱ ✵✳✺✱

β ❂ ✵✳✸✱ ✵✳✹✱ ✵✳✺✱ ✵✳✻✱ γ ❂ ✵✳✶✱ ✵✳✷✱ ✵✳✸✱ ✵✳✹✱ ✫ δ ❂ ✵✳✷✱ ✵✳✸✱ ✵✳✹✱ ✵✳✺ ✉♥❞❡1 ✐♥❢♦1♠❛%✐✈❡ ❛♥❞

♥♦♥✲✐♥❢♦1♠❛%✐✈❡ ♣1✐♦1, ❛1❡ ❞✐,♣❧❛②❡❞ ✭,❡❡ ❋✐❣✉1❡❬✷✸✱ ✷✹✱ ✷✺✱ ✷✻❪✮ ❢♦1 ❝❤❡❝❦✐♥❣ %❤❡ ❝♦♥✈❡1✲

❣❡♥❝❡ ♦❢ %❤❡ ❛❧❣♦1✐%❤♠✳ ❆❧,♦✱ %❤❡ ▼♦♥%❡ ❈❛1❧♦ ❊11♦1 ✭▼❈✳❊✮ ♦❢

●✉♠❜❡❧✴●✉♠❜❡❧✴✶ B✉❡✉❡✐♥❣ ♠♦❞❡❧ ✐, ♣1❡,❡♥%❡❞ ❚❛❜❧❡✳✶ ✫ ❚❛❜❧❡✳✸✳ ■% ✐, %♦ ❜❡ ♦❜,❡1✈❡❞

%❤❛%✱ ▼❈ ❡11♦1 ✐, ♠✐♥✐♠✉♠ ❢♦1 ❡❛❝❤ ❡,%✐♠❛%❡, ✐♥ ♠♦❞❡❧ ♣❛1❛♠❡%❡1,✳

✹✳✷✳ ◆✉♠❡(✐❝❛❧ (❡.✉❧/. ♦❢ ❇❛②❡.✐❛♥ ❡./✐♠❛/✐♦♥✳ ❚❤❡ ♣♦,%❡1✐♦1 ♠❡❛♥ ❛♥❞ ✾✺ ✪ ❝1❡❞✲

✐❜❧❡ 1❡❣✐♦♥ ♦❢ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ B✉❡✉❡✐♥❣ ♠♦❞❡❧ ♣❛1❛♠❡%❡1, ❛1❡ ♣1❡,❡♥%❡❞ ✐♥ ❚❛❜❧❡✳✶ ✲

❚❛❜❧❡✳✹✳ ▼❡❛♥✇❤✐❧❡✱ %❤❡ ❡♠♣✐1✐❝❛❧ ❇❛②❡,✐❛♥ ❡,%✐♠❛%❡, ♦❢ %1❛✣❝ ✐♥%❡♥,✐%② ♦❢ %❤❡ ♠♦❞❡❧

❛1❡ ❝♦♠♣✉%❡❞ ❢1♦♠ %❤❡ ♣♦,%❡1✐♦1 ♠❡❛♥ ♦❢ ❝♦11❡,♣♦♥❞✐♥❣ ♣❛1❛♠❡%❡1 ❛♥❞ ✐% ✐, %♦ ❜❡ ♦❜✲

,❡1✈❡❞ %❤❛% ✐♥ ❋✐❣✉1❡ ❬✶✱ ✷❪ ✱ %❤❡ ,%❛❜❧❡ ✐♥%❡♥,✐%② ❧❡✈❡❧ ❤❛, ❜❡❡♥ ♠❛✐♥%❛✐♥❡❞ ✇❤❡♥ ,❛♠♣❧❡

♦❜,❡1✈❛%✐♦♥, ❛♥❞ ✈❛❧✉❡, ♦❢ ♠♦❞❡❧ ♣❛1❛♠❡%❡1, ✐♥❝1❡❛,❡ ✐♥ ❜♦%❤ ♣1✐♦1 ✐♥❢♦1♠❛%✐♦♥,✳ ❚❤❡

❝♦♥❣❡♥,%✐♦♥ ❧❡✈❡❧ ♦❢ %❤❡ ❡❛❝❤ ♠♦❞❡❧ ❜❡❧♦♥❣, %♦ %❤❡ ✐♥%❡1✈❛❧ ♦❢ ✵✳✺ ✲ ✵✳✾✺✳

✺✳ ❙✉♠♠❛&② ❛♥❞ ❝♦♥❝❧✉-✐♦♥

■♥ %❤✐, ♣❛♣❡1✱ %❤❡ ❇❛②❡,✐❛♥ ❡,%✐♠❛%❡, ♦❢ ❛♥ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ B✉❡✉❡✐♥❣ ♠♦❞❡❧ ✉♥✲

❞❡1 %❤❡ ✐♥❢♦1♠❛%✐✈❡ ❛♥❞ ♥♦♥✲ ✐♥❢♦1♠❛%✐✈❡ ♣1✐♦1 ❦♥♦✇❧❡❞❣❡, ✐, ❝♦♥,✐❞❡1❡❞✳ ❚❤❡ ❡♠♣✐1✐❝❛❧

♣♦,%❡1✐♦1 ♠❡❛♥✱ ✾✺ ✪ ❝1❡❞✐❜❧❡ 1❡❣✐♦♥ ❛♥❞ %❤❡ ❞✐❛❣♦♥♦,%✐❝ ❝❤❡❝❦✐♥❣ ♣❧♦%, ❛1❡ ❝❛11✐❡❞ ♦✉%

❢♦1 ✈❛1✐♦✉, ,✐③❡ ♦❢ %❤❡ ,❛♠♣❧❡ ♦❜,❡1✈❛%✐♦♥, ❛♥❞ ❞✐✛❡1❡♥% ,❡%, ♦❢ ❛1❜✐%1❛1② ✈❛❧✉❡, ❜❛,❡❞ ♦♥

●✐❜❜, ,❛♠♣❧❡1 %❤1♦✉❣❤ %❤❡ ▼❈▼❈ ,✐♠✉❧❛%✐♦♥ %❡❝❤♥✐B✉❡ ✉,✐♥❣ %❤❡ ❖♣❡♥❇✉❣, ,♦❢%✇❛1❡✳

❋1♦♠ %❤♦,❡ 1❡,✉❧%,✱ %❤❡ %1❛✣❝ ✐♥%❡♥,✐%② ♦❢ %❤❡ ♠♦❞❡❧ ❤❛, ❜❡❡♥ ✐♥❝1❡❛,❡❞ ✇❤❡♥ %❤❡ ♠♦❞❡❧

♣❛1❛♠❡%❡1, ♦❢ ✐♥%❡1✲❛11✐✈❛❧ %✐♠❡ ❛♥❞ ,❡1✈✐❝❡ %✐♠❡ ❛1❡ ✐♥❝1❡❛,❡❞ ❜✉% ♥♦% ✐♥ %❤❡ ✐♥❝1❡❛,✲

✐♥❣ ,✐③❡ ,❛♠♣❧❡ ♦❜,❡1✈❛%✐♦♥,✳ ▼❡❛♥✇❤✐❧❡✱ %❤❡ ,%❛❜❧❡ ✐♥%❡♥,✐%② ❧❡✈❡❧ ❤❛, ❜❡❡♥ ♠❛✐♥%❛✐♥❡❞

✇❤❡♥ %❤❡ ,❛♠♣❧❡ ♦❜,❡1✈❛%✐♦♥, ❛♥❞ %❤❡ ✈❛❧✉❡, ♦❢ ♠♦❞❡❧ ♣❛1❛♠❡%❡1, ❛1❡ ✐♥❝1❡❛,❡❞ ✐♥ ❜♦%❤



✶✷✽✶

❚❛❜❧❡ ✶✳ ❊♠♣✐$✐❝❛❧ ❇❛②❡+✐❛♥ ❡+-✐♠❛-❡+ ♦❢ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ 5✉❡✉❡✲

✐♥❣ ♠♦❞❡❧ ❢♦$ ✈❛$✐♦✉+ ❛$❜✐-$❛$② ✈❛❧✉❡+ ❛♥❞ +❛♠♣❧❡+ ❜❛+❡❞ ♦♥ ✐♥❢♦$♠❛-✐✈❡

♣$✐♦$+

❆!❜✐$!❛!② ❙❛♠♣❧❡, α̂ ▼❈✳❊ β̂ ▼❈✳❊ γ̂ ▼❈✳❊ δ̂ ▼❈✳❊

α ❂ ✵✳✷✱ ✺✵ ✵✳✷✺✼ ✵✳✵✵✵✹✵ ✵✳✷✸✸ ✵✳✵✵✵✸✽ ✵✳✶✾✺ ✵✳✵✵✵✷✻ ✵✳✷✶✷ ✵✳✵✵✵✷✾

β ❂ ✵✳✸✱ ✶✵✵ ✵✳✸✸✶ ✵✳✵✵✵✸✵ ✵✳✷✻✽ ✵✳✵✵✵✷✼ ✵✳✶✼✽ ✵✳✵✵✵✶✼ ✵✳✶✺✹ ✵✳✵✵✵✶✺

γ ❂ ✵✳✶✱ ✶✺✵ ✵✳✸✸✶ ✵✳✵✵✵✷✹ ✵✳✷✺✽ ✵✳✵✵✵✶✽ ✵✳✷✶✽ ✵✳✵✵✵✶✻ ✵✳✶✽✾ ✵✳✵✵✵✶✹

δ ❂ ✵✳✷ ✷✵✵ ✵✳✷✾✹ ✵✳✵✵✵✶✾ ✵✳✷✺✵ ✵✳✵✵✵✶✼ ✵✳✶✾✸ ✵✳✵✵✵✶✹ ✵✳✶✺✻ ✵✳✵✵✵✶✶

✷✺✵ ✵✳✷✾✾ ✵✳✵✵✵✷✵ ✵✳✷✻✹ ✵✳✵✵✵✶✹ ✵✳✶✽✸ ✵✳✵✵✵✶✶ ✵✳✶✺✹ ✵✳✵✵✵✾✸

α ❂ ✵✳✸✱ ✺✵ ✵✳✸✺✾ ✵✳✵✵✵✺✵ ✵✳✷✾✵ ✵✳✵✵✵✹✶ ✵✳✷✾✼ ✵✳✵✵✵✹✺ ✵✳✸✸✽ ✵✳✵✵✵✺✵

β ❂ ✵✳✹✱ ✶✵✵ ✵✳✸✸✶ ✵✳✵✵✵✷✾ ✵✳✷✻✽ ✵✳✵✵✵✷✺ ✵✳✷✼✾ ✵✳✵✵✵✷✺ ✵✳✷✸✽ ✵✳✵✵✵✷✶

γ ❂ ✵✳✷✱ ✶✺✵ ✵✳✹✵✷ ✵✳✵✵✵✸✺ ✵✳✸✸✸ ✵✳✵✵✵✷✺ ✵✳✸✶✽ ✵✳✵✵✵✷✷ ✵✳✷✺✾ ✵✳✵✵✵✶✾

δ ❂ ✵✳✸ ✷✵✵ ✵✳✹✵✼ ✵✳✵✵✵✷✹ ✵✳✸✹✺ ✵✳✵✵✵✷✷ ✵✳✸✶✹ ✵✳✵✵✵✶✾ ✵✳✷✹✼ ✵✳✵✵✵✶✼

✷✺✵ ✵✳✹✷✽ ✵✳✵✵✵✷✵ ✵✳✸✶✶ ✵✳✵✵✵✶✽ ✵✳✷✾✽ ✵✳✵✵✵✶✼ ✵✳✷✺✸ ✵✳✵✵✵✶✸

α ❂ ✵✳✹✱ ✺✵ ✵✳✺✼✹ ✵✳✵✵✵✺✼ ✵✳✹✶✶ ✵✳✵✵✵✺✵ ✵✳✹✸✺ ✵✳✵✵✵✺✹ ✵✳✺✽✼ ✵✳✵✵✵✻✷

β ❂ ✵✳✺✱ ✶✵✵ ✵✳✹✻✹ ✵✳✵✵✵✸✽ ✵✳✸✼✾ ✵✳✵✵✵✸✷ ✵✳✸✹✼ ✵✳✵✵✵✸✻ ✵✳✸✹✷ ✵✳✵✵✵✷✼

γ ❂ ✵✳✸✱ ✶✺✵ ✵✳✺✵✽ ✵✳✵✵✵✹✸ ✵✳✹✼✸ ✵✳✵✵✵✸✸ ✵✳✸✽✻ ✵✳✵✵✵✷✻ ✵✳✸✶✻ ✵✳✵✵✵✷✶

δ ❂ ✵✳✹ ✷✵✵ ✵✳✺✶✺ ✵✳✵✵✵✸✽ ✵✳✹✹✻ ✵✳✵✵✵✷✽ ✵✳✹✷✽ ✵✳✵✵✵✷✻ ✵✳✸✺✸ ✵✳✵✵✵✷✺

✷✺✵ ✵✳✹✽✹ ✵✳✵✵✵✸✵ ✵✳✹✶✾ ✵✳✵✵✵✷✺ ✵✳✹✷✽ ✵✳✵✵✵✷✸ ✵✳✸✸✶ ✵✳✵✵✵✶✾

α ❂ ✵✳✺✱ ✺✵ ✵✳✻✽✼ ✵✳✵✵✵✼✸ ✵✳✺✽✺ ✵✳✵✵✵✻✶ ✵✳✹✻✽ ✵✳✵✵✵✻✾ ✵✳✹✹✵ ✵✳✵✵✵✺✺

β ❂ ✵✳✻✱ ✶✵✵ ✵✳✹✻✹ ✵✳✵✵✵✸✺ ✵✳✸✼✾ ✵✳✵✵✵✸✵ ✵✳✹✻✵ ✵✳✵✵✵✺✵ ✵✳✸✾✹ ✵✳✵✵✵✸✾

γ ❂ ✵✳✹✱ ✶✺✵ ✵✳✺✽✷ ✵✳✵✵✵✹✺ ✵✳✹✽✼ ✵✳✵✵✵✸✽ ✵✳✺✻✵ ✵✳✵✵✵✹✶ ✵✳✹✼✸ ✵✳✵✵✵✸✷

δ ❂ ✵✳✺ ✷✵✵ ✵✳✻✼✵ ✵✳✵✵✵✸✾ ✵✳✺✺✶ ✵✳✵✵✵✸✼ ✵✳✺✼✶ ✵✳✵✵✵✸✼ ✵✳✹✼✸ ✵✳✵✵✵✷✽

✷✺✵ ✵✳✻✵✽ ✵✳✵✵✵✸✺ ✵✳✺✶✸ ✵✳✵✵✵✷✸ ✵✳✺✹✶ ✵✳✵✵✵✸✶ ✵✳✹✶✺ ✵✳✵✵✵✷✸

❚❛❜❧❡ ✷✳ ✾✺✪ ❈$❡❞✐❜❧❡ $❡❣✐♦♥ ♦❢ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ 5✉❡✉❡✐♥❣ ♠♦❞❡❧

❢♦$ ✈❛$✐♦✉+ ❛$❜✐-$❛$② ✈❛❧✉❡+ ❛♥❞ +❛♠♣❧❡+ ❜❛+❡❞ ♦♥ ✐♥❢♦$♠❛-✐✈❡ ♣$✐♦$+

❆!❜✐$!❛!② ❙❛♠♣❧❡, α β γ δ
❱❛❧✉❡2 ▲❇ ❯❇ ▲❇ ❯❇ ▲❇ ❯❇ ▲❇ ❯❇

α ❂ ✵✳✷✱ ✺✵ ✵✳✶✾✵✽ ✵✳✸✷✻✻ ✵✳✶✽✷✸ ✵✳✸✵✵✷ ✵✳✶✺✼✽ ✵✳✷✻✾✼ ✵✳✶✺✹✶ ✵✳✷✹✾✶

β ❂ ✵✳✸✱ ✶✵✵ ✵✳✷✼✼✽ ✵✳✸✽✽✵ ✵✳✷✷✻✽ ✵✳✸✶✻✹ ✵✳✶✹✼✶ ✵✳✷✵✾✾ ✵✳✶✸✶✵ ✵✳✶✽✶✶

γ ❂ ✵✳✶✱ ✶✺✵ ✵✳✷✽✽✼ ✵✳✸✼✻✷ ✵✳✷✷✼✵ ✵✳✷✾✺✻ ✵✳✶✽✼✷ ✵✳✷✺✵✵ ✵✳✶✻✺✹ ✵✳✷✶✺✽

δ ❂ ✵✳✷ ✷✵✵ ✵✳✷✺✽✹ ✵✳✸✸✷✷ ✵✳✷✷✸✺ ✵✳✷✽✵✷ ✵✳✶✼✵✾ ✵✳✷✶✺✻ ✵✳✶✸✾✼ ✵✳✶✼✹✾

✷✺✵ ✵✳✷✻✺✸ ✵✳✸✸✸✼ ✵✳✷✸✽✺ ✵✳✷✾✸✹ ✵✳✶✻✸✷ ✵✳✷✵✸✺ ✵✳✶✸✽✽ ✵✳✶✼✵✼

α ❂ ✵✳✸✱ ✺✵ ✵✳✷✼✼✼ ✵✳✹✹✺✾ ✵✳✷✷✾✼ ✵✳✸✻✽✺ ✵✳✷✸✼✸ ✵✳✸✼✻✸ ✵✳✷✺✸✾ ✵✳✹✷✼✷

β ❂ ✵✳✹✱ ✶✵✵ ✵✳✷✼✼✹ ✵✳✸✽✻✺ ✵✳✷✷✻✼ ✵✳✸✶✻✻ ✵✳✷✸✶✸ ✵✳✸✷✽✵ ✵✳✷✵✹ ✵✳✷✼✾✼

γ ❂ ✵✳✷✱ ✶✺✵ ✵✳✸✹✺✽ ✵✳✹✺✾ ✵✳✷✾✸✷ ✵✳✸✽✶ ✵✳✷✼✻✺ ✵✳✸✻✶✾ ✵✳✷✷✼✾ ✵✳✷✾✺✽

δ ❂ ✵✳✸ ✷✵✵ ✵✳✸✺✽✾ ✵✳✹✺✽✵ ✵✳✸✵✼✶ ✵✳✸✽✼✸ ✵✳✷✼✾✷ ✵✳✸✺✵✼ ✵✳✷✷✶✼ ✵✳✷✼✻✾

✷✺✵ ✵✳✸✽✽✽ ✵✳✹✻✽✽ ✵✳✹✻✽✽ ✵✳✸✹✹✹ ✵✳✷✻✺✽ ✵✳✸✸✵✾ ✵✳✷✷✽✻ ✵✳✷✽✵✵

α ❂ ✵✳✹✱ ✺✵ ✵✳✹✺✺✶ ✵✳✻✾✶✺ ✵✳✸✷✾✸ ✵✳✺✶✸✹ ✵✳✸✺✵✸ ✵✳✺✹✺✻ ✵✳✹✻✺✺ ✵✳✼✶✷✹

β ❂ ✵✳✺✱ ✶✵✵ ✵✳✸✽✼✾ ✵✳✺✹✶✵ ✵✳✸✷✹✷ ✵✳✹✹✸✾ ✵✳✷✼✻✼ ✵✳✹✶✾✼ ✵✳✷✾✵✵ ✵✳✹✵✹✵

γ ❂ ✵✳✸✱ ✶✺✵ ✵✳✹✸✷✷ ✵✳✺✽✻✵ ✵✳✹✶✺✷ ✵✳✺✹✷✷ ✵✳✸✸✺✷ ✵✳✹✸✾✻ ✵✳✷✼✽✷ ✵✳✸✻✷✼

δ ❂ ✵✳✹ ✷✵✵ ✵✳✹✺✶✻ ✵✳✺✽✵✷ ✵✳✸✾✾✾ ✵✳✺✵✵✵ ✵✳✸✼✻✻ ✵✳✹✽✵✾ ✵✳✸✶✹✵ ✵✳✸✾✺✽

✷✺✵ ✵✳✹✷✾✼ ✵✳✺✸✽✷ ✵✳✸✼✾✵ ✵✳✹✻✸✼ ✵✳✸✽✻✺ ✵✳✹✼✶✻ ✵✳✷✾✾✺ ✵✳✸✻✻✺

α ❂ ✵✳✺✱ ✺✵ ✵✳✺✷✺✽ ✵✳✽✸✷✽ ✵✳✹✼✸✽ ✵✳✼✶✾✼ ✵✳✸✺✵✸ ✵✳✺✺✽✷ ✵✳✸✹✷✷ ✵✳✺✾✸✼

β ❂ ✵✳✻✱ ✶✵✵ ✵✳✸✽✼✼ ✵✳✺✹✸✵ ✵✳✸✷✸✽ ✵✳✹✹✸✼ ✵✳✸✽✷✸ ✵✳✺✹✶✺ ✵✳✸✸✺✽ ✵✳✹✻✸✷

γ ❂ ✵✳✹✱ ✶✺✵ ✵✳✺✵✶✻ ✵✳✻✻✷✽ ✵✳✹✷✻✺ ✵✳✺✺✺✾ ✵✳✹✽✶✾ ✵✳✻✸✾✶ ✵✳✹✶✻✸ ✵✳✺✸✽✶

δ ❂ ✵✳✺ ✷✵✵ ✵✳✺✾✷✺ ✵✳✼✹✾✻ ✵✳✹✾✸✻ ✵✳✻✶✺✺ ✵✳✺✵✸✶ ✵✳✻✹✷✷ ✵✳✹✷✷✹ ✵✳✺✸✵✸

✷✺✵ ✵✳✺✹✶✼ ✵✳✻✼✹✾ ✵✳✹✻✹✼ ✵✳✺✻✽✸ ✵✳✹✽✽✵ ✵✳✺✾✻✹ ✵✳✸✼✺✻ ✵✳✹✺✽✾

♣$✐♦$ ✐♥❢♦$♠❛-✐♦♥+✳ ❍❡♥❝❡✱ -❤✐+ ♠♦❞❡❧ ✐+ ❛♣♣$♦♣$✐❛-❡ ❢♦$ +-✉❞②✐♥❣ -❤❡ 5✉❡✉❡✐♥❣ +②+-❡♠

✇❤❡♥ -❤❡ ✐♥-❡$✲❛$$✐✈❛❧ -✐♠❡ ❛♥❞ +❡$✈✐❝❡ -✐♠❡ ❢♦❧❧♦✇+ ❤❡❛✈② -❛✐❧❡❞ ♣❛$-✐❝✉❧❛$❧② ✐♥ ●✉♠❜❡❧

❞✐+-$✐❜✉-✐♦♥✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥12✳ ❚❤❡ ❛✉-❤♦$+ ❛$❡ ❣$❛-❡❢✉❧ -♦ -❤❡ ♠❡♠❜❡$ ♦❢ ❊❞✐-♦$✐❛❧ ❇♦❛$❞ ❛♥❞

❛♥♦♥②♠♦✉+ $❡❢❡$❡❡+ ✇❤♦ ♠❛❞❡ +✐❣♥✐✜❝❛♥- +✉❣❣❡+-✐♦♥+ ❢♦$ ✐♠♣$♦✈❡♠❡♥- ♦❢ -❤❡ ♣❛♣❡$✳ ❚❤❡

✇$✐-❡$+ ❡①♣$❡++ -❤❡✐$ ❣$❛-✐-✉❞❡ -♦ -❤❡ ❯●❈✲❙❆I✭❉❘❙✲■✮ ❢♦$ ♣$♦✈✐❞✐♥❣ -❤❡ ✜♥❛♥❝✐❛❧ +✉♣✲

♣♦$- -♦ ❝❛$$② ♦✉- -❤✐+ ✇♦$❦✳

❘❡❢❡#❡♥❝❡&

❬✶❪ ❆$♠❡$♦✱ ❈✳ ❛♥❞ ❈♦♥❡.❛✱ ❉✳ ❇❛②❡$✐❛♥ ❤✐❡(❛(❝❤✐❝❛❧ ♠♦❞❡❧$ ✐♥ ♠❛♥✉❢❛❝0✉(✐♥❣ ❜✉❧❦ $❡(✈✐❝❡

5✉❡✉❡$✱ ❏♦✉$♥❛❧ ♦❢ ❙5❛5✐.5✐❝❛❧ 8❧❛♥♥✐♥❣ ❛♥❞ ■♥❢❡$❡♥❝❡✱ ✶✸✻✱ ✸✸✺✲✸✺✹✱ ✷✵✵✻✳



✶✷✽✷

❚❛❜❧❡ ✸✳ ❊♠♣✐$✐❝❛❧ ❇❛②❡+✐❛♥ ❡+-✐♠❛-❡+ ♦❢ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ 5✉❡✉❡✲

✐♥❣ ♠♦❞❡❧ ❢♦$ ✈❛$✐♦✉+ ❛$❜✐-$❛$② ✈❛❧✉❡+ ❛♥❞ +❛♠♣❧❡+ ❜❛+❡❞ ♦♥ ♥♦♥✲

✐♥❢♦$♠❛-✐✈❡ ♣$✐♦$+

❆!❜✐$!❛!② ❙❛♠♣❧❡, α̂ ▼❈✳❊ β̂ ▼❈✳❊ γ̂ ▼❈✳❊ δ̂ ▼❈✳❊

α ❂ ✵✳✷✱ ✺✵ ✵✳✷✺✶ ✵✳✵✵✵✸✺ ✵✳✷✷✼ ✵✳✵✵✵✸✵ ✵✳✷✶✵ ✵✳✵✵✵✷✾ ✵✳✶✾✸ ✵✳✵✵✵✷✼

β ❂ ✵✳✸✱ ✶✵✵ ✵✳✸✷✾ ✵✳✵✵✵✷✽ ✵✳✷✻✻ ✵✳✵✵✵✷✹ ✵✳✶✼✼ ✵✳✵✵✵✶✽ ✵✳✶✺✸ ✵✳✵✵✵✶✹

γ ❂ ✵✳✶✱ ✶✺✵ ✵✳✸✺✶ ✵✳✵✵✵✸✵ ✵✳✷✻✶ ✵✳✵✵✵✷✸ ✵✳✷✶✺ ✵✳✵✵✵✶✽ ✵✳✶✽✻ ✵✳✵✵✵✶✽

δ ❂ ✵✳✷ ✷✵✵ ✵✳✷✾✸ ✵✳✵✵✵✶✾ ✵✳✷✹✽ ✵✳✵✵✵✶✻ ✵✳✶✾✷ ✵✳✵✵✵✶✸ ✵✳✶✺✺ ✵✳✵✵✵✶✷

✷✺✵ ✵✳✷✾✽ ✵✳✵✵✵✶✽ ✵✳✷✻✹ ✵✳✵✵✵✶✸ ✵✳✶✽✷ ✵✳✵✵✵✶✵ ✵✳✶✺✸ ✵✳✵✵✵✾✸

α ❂ ✵✳✸✱ ✺✵ ✵✳✸✺✼ ✵✳✵✵✵✹✹ ✵✳✷✽✼ ✵✳✵✵✵✹✶ ✵✳✸✸✾ ✵✳✵✵✵✺✸ ✵✳✷✾✼ ✵✳✵✵✵✹✸

β ❂ ✵✳✹✱ ✶✵✵ ✵✳✹✶✵ ✵✳✵✵✵✸✻ ✵✳✸✸✸ ✵✳✵✵✵✸✷ ✵✳✷✼✽ ✵✳✵✵✵✷✾ ✵✳✷✸✽ ✵✳✵✵✵✷✷

γ ❂ ✵✳✷✱ ✶✺✵ ✵✳✹✶✾ ✵✳✵✵✵✹✹ ✵✳✸✸✾ ✵✳✵✵✵✸✺ ✵✳✸✶✸ ✵✳✵✵✵✷✽ ✵✳✷✻✷ ✵✳✵✵✵✷✼

δ ❂ ✵✳✸ ✷✵✵ ✵✳✹✵✼ ✵✳✵✵✵✸✵ ✵✳✸✹✺ ✵✳✵✵✵✷✷ ✵✳✸✶✸ ✵✳✵✵✵✷✵ ✵✳✷✹✼ ✵✳✵✵✵✶✻

✷✺✵ ✵✳✹✷✽ ✵✳✵✵✵✷✸ ✵✳✸✶✵ ✵✳✵✵✵✶✺ ✵✳✷✾✼ ✵✳✵✵✵✷✶ ✵✳✷✺✷ ✵✳✵✵✵✶✽

α ❂ ✵✳✹✱ ✺✵ ✵✳✺✾✵ ✵✳✵✵✵✼✽ ✵✳✹✶✺ ✵✳✵✵✵✻✺ ✵✳✻✵✷ ✵✳✵✵✵✵✻ ✵✳✹✹✶ ✵✳✵✵✵✺✼

β ❂ ✵✳✺✱ ✶✵✵ ✵✳✹✻✻ ✵✳✵✵✵✹✺ ✵✳✸✼✾ ✵✳✵✵✵✸✼ ✵✳✸✹✼ ✵✳✵✵✵✸✾ ✵✳✸✹✷ ✵✳✵✵✵✷✾

γ ❂ ✵✳✸✱ ✶✺✵ ✵✳✺✶✷ ✵✳✵✵✵✹✸ ✵✳✹✼✻ ✵✳✵✵✵✸✼ ✵✳✸✽✼ ✵✳✵✵✵✷✼ ✵✳✸✶✼ ✵✳✵✵✵✷✹

δ ❂ ✵✳✹ ✷✵✵ ✵✳✺✶✽ ✵✳✵✵✵✹✺ ✵✳✹✹✽ ✵✳✵✵✵✸✵ ✵✳✹✷✽ ✵✳✵✵✵✷✻ ✵✳✸✺✸ ✵✳✵✵✵✷✷

✷✺✵ ✵✳✹✽✺ ✵✳✵✵✵✸✶ ✵✳✹✶✾ ✵✳✵✵✵✷✺ ✵✳✹✸✵ ✵✳✵✵✵✷✷ ✵✳✸✸✷ ✵✳✵✵✵✷✵

α ❂ ✵✳✺✱ ✺✵ ✵✳✼✺✵ ✵✳✵✵✶✵✷ ✵✳✻✶✻ ✵✳✵✵✵✾✶ ✵✳✹✼✺ ✵✳✵✵✵✵✼ ✵✳✹✹✻ ✵✳✵✵✵✻✾

β ❂ ✵✳✻✱ ✶✵✵ ✵✳✼✼✵ ✵✳✵✵✵✻✺ ✵✳✺✽✾ ✵✳✵✵✵✺✼ ✵✳✹✻✷ ✵✳✵✵✵✹✾ ✵✳✸✾✻ ✵✳✵✵✵✸✻

γ ❂ ✵✳✹✱ ✶✺✵ ✵✳✺✽✽ ✵✳✵✵✵✹✸ ✵✳✹✾✵ ✵✳✵✵✵✸✻ ✵✳✺✻✻ ✵✳✵✵✵✺✶ ✵✳✹✼✺ ✵✳✵✵✵✸✻

δ ❂ ✵✳✺ ✷✵✵ ✵✳✻✽✷ ✵✳✵✵✵✹✼ ✵✳✺✺✼ ✵✳✵✵✵✸✽ ✵✳✺✼✺ ✵✳✵✵✵✸✺ ✵✳✹✼✻ ✵✳✵✵✵✸✵

✷✺✵ ✵✳✻✶✸ ✵✳✵✵✵✸✼ ✵✳✺✶✻ ✵✳✵✵✵✷✾ ✵✳✺✹✸ ✵✳✵✵✵✸✵ ✵✳✹✶✺ ✵✳✵✵✵✷✸

❚❛❜❧❡ ✹✳ ✾✺✪ ❈$❡❞✐❜❧❡ $❡❣✐♦♥ ♦❢ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ 5✉❡✉❡✐♥❣ ♠♦❞❡❧

❢♦$ ✈❛$✐♦✉+ ❛$❜✐-$❛$② ✈❛❧✉❡+ ❛♥❞ +❛♠♣❧❡+ ❜❛+❡❞ ♦♥ ♥♦♥✲✐♥❢♦$♠❛-✐✈❡ ♣$✐✲

♦$+

❆!❜✐$!❛!② ❙❛♠♣❧❡, α β γ δ
❱❛❧✉❡2 ▲❇ ❯❇ ▲❇ ❯❇ ▲❇ ❯❇ ▲❇ ❯❇

α ❂ ✵✳✷✱ ✺✵ ✵✳✶✽✹✻ ✵✳✸✶✼✽ ✵✳✶✼✽✶ ✵✳✷✾✷✺ ✵✳✶✺✹✻ ✵✳✷✻✽✶ ✵✳✶✺✷✺ ✵✳✷✹✺✷

β ❂ ✵✳✸✱ ✶✵✵ ✵✳✷✼✺✾ ✵✳✸✽✺✹ ✵✳✷✷✻✽ ✵✳✸✶✷✼ ✵✳✶✹✻✵ ✵✳✷✵✾✵ ✵✳✶✸✵✼ ✵✳✶✽✵✵

γ ❂ ✵✳✶✱ ✶✺✵ ✵✳✷✾✼✶ ✵✳✹✵✻✵ ✵✳✷✷✸✵ ✵✳✸✵✻✸ ✵✳✶✼✽✹ ✵✳✷✺✸✼ ✵✳✶✺✽✼ ✵✳✷✷✶✷

δ ❂ ✵✳✷ ✷✵✵ ✵✳✷✺✼✸ ✵✳✸✷✾✺ ✵✳✷✷✶✻ ✵✳✷✼✾✺ ✵✳✶✼✵✶ ✵✳✷✶✺✷ ✵✳✶✸✾✶ ✵✳✶✼✹✽

✷✺✵ ✵✳✷✻✸✹ ✵✳✸✸✷✺ ✵✳✷✸✽✹ ✵✳✷✾✷✺ ✵✳✶✻✷✼ ✵✳✷✵✷✼ ✵✳✶✸✽✻ ✵✳✶✼✵✷

α ❂ ✵✳✸✱ ✺✵ ✵✳✷✼✷✺ ✵✳✹✹✶✺ ✵✳✷✷✽✷ ✵✳✸✻✷✷ ✵✳✷✺✶✻ ✵✳✹✷✾✷ ✵✳✷✸✻✻ ✵✳✸✼✻✻

β ❂ ✵✳✹✱ ✶✵✵ ✵✳✸✹✷✹ ✵✳✹✼✽✽ ✵✳✷✽✷✷ ✵✳✸✾✹✶ ✵✳✷✷✾✻ ✵✳✸✷✼✹ ✵✳✷✵✸✸ ✵✳✷✼✽✽

γ ❂ ✵✳✷✱ ✶✺✵ ✵✳✸✹✾✺ ✵✳✹✽✾✹ ✵✳✷✽✾✵ ✵✳✸✾✽✾ ✵✳✷✻✵✼ ✵✳✸✻✼✺ ✵✳✷✷✸✺ ✵✳✸✵✾✸

δ ❂ ✵✳✸ ✷✵✵ ✵✳✸✺✼✻ ✵✳✹✺✽✸ ✵✳✸✵✼✺✶ ✵✳✸✽✽✸ ✵✳✷✼✽✶ ✵✳✸✺✵✻ ✵✳✷✷✶✼ ✵✳✷✼✻✹

✷✺✵ ✵✳✸✽✼✼ ✵✳✹✻✾✷ ✵✳✷✽✵✾ ✵✳✸✹✸✵ ✵✳✷✻✹✸ ✵✳✸✸✵✼ ✵✳✷✷✽✵ ✵✳✷✼✾✺

α ❂ ✵✳✹✱ ✺✵ ✵✳✹✻✸✹ ✵✳✼✶✻✾ ✵✳✸✷✼✾ ✵✳✺✷✺✻ ✵✳✹✼✹✹ ✵✳✼✸✶✸ ✵✳✸✺✶✼ ✵✳✺✺✹

β ❂ ✵✳✺✱ ✶✵✵ ✵✳✸✽✼✽ ✵✳✺✹✸✵ ✵✳✸✷✸✺ ✵✳✹✹✺✶ ✵✳✷✼✼✽ ✵✳✹✶✾✽ ✵✳✷✾✵✹ ✵✳✹✵✺✻

γ ❂ ✵✳✸✱ ✶✺✵ ✵✳✹✸✸✷ ✵✳✺✾✺✵ ✵✳✹✶✻✹ ✵✳✺✹✼✵ ✵✳✸✸✹✸ ✵✳✹✹✵✼ ✵✳✷✼✼✺ ✵✳✸✻✷✻

δ ❂ ✵✳✹ ✷✵✵ ✵✳✹✺✺✶ ✵✳✺✽✺✺ ✵✳✸✾✾✾ ✵✳✺✵✹✷ ✵✳✸✼✻✼ ✵✳✹✽✶✺ ✵✳✸✶✸✼ ✵✳✸✾✻✻

✷✺✵ ✵✳✹✸✶✹ ✵✳✺✹✵✽ ✵✳✸✼✾✸ ✵✳✹✻✸✽ ✵✳✸✽✻✹ ✵✳✹✼✸✶ ✵✳✷✾✾✾ ✵✳✸✻✽✻

α ❂ ✵✳✺✱ ✺✵ ✵✳✺✼✶✷ ✵✳✾✷✾✼ ✵✳✹✽✾✸ ✵✳✼✼✾✵ ✵✳✸✹✺✶ ✵✳✻✵✽✼ ✵✳✸✺✷✼ ✵✳✺✻✾✸

β ❂ ✵✳✻✱ ✶✵✵ ✵✳✻✹✽✶ ✵✳✽✾✷✷ ✵✳✺✵✵✶ ✵✳✻✾✺✸ ✵✳✸✽✶✻ ✵✳✺✹✽ ✵✳✸✸✼✻ ✵✳✹✻✺✹

γ ❂ ✵✳✹✱ ✶✺✵ ✵✳✺✵✻✹ ✵✳✻✼✶✵ ✵✳✹✸✵✻ ✵✳✺✻✷✵ ✵✳✹✽✻✷ ✵✳✻✹✾✼ ✵✳✹✶✽✸ ✵✳✺✹✷✽

δ ❂ ✵✳✺ ✷✵✵ ✵✳✻✵✶✵ ✵✳✼✻✺✹ ✵✳✹✾✼✾ ✵✳✻✷✻✵ ✵✳✺✵✻✺ ✵✳✻✹✼✶ ✵✳✹✷✺✼ ✵✳✺✸✹✵

✷✺✵ ✵✳✺✹✼✹ ✵✳✻✽✵✼ ✵✳✹✻✻✶ ✵✳✺✼✶✸ ✵✳✹✾✵✷ ✵✳✺✾✽ ✵✳✸✼✻✶ ✵✳✹✻✵✵

❬✷❪ ❇❛♥&❛❧✱ ❆✳ ❑✳ ❇❛②❡$✐❛♥ ♣❛(❛♠❡*(✐❝ ✐♥❢❡(❡♥❝❡✱ ◆❛-♦&❛ /✉❜❧✐&❤✐♥❣ ❍♦✉&❡✱ ✷✵✵✼✳

❬✸❪ ❇❛&❛✈❛✱ ■✳ ❱✳ ❛♥❞ /-❛❜❤✉✱ ◆✳ ❯✳❊$*✐♠❛*✐♦♥ ✐♥ $✐♥❣❧❡ $❡(✈❡( 3✉❡✉❡$✱ ◆❛✈❛❧ ❘❡&❡❛-❝❤ ▲♦❣✐&B✐❝&

◗✉❛-B✳✱ ✷✽✭✸✮✱ ✹✼✺✲✹✽✼✱ ✶✾✽✶✳

❬✹❪ ❇❡♥❡&✱ ❱✳ ❊✳ ❆ &✉✣❝✐❡♥B &❡B ♦❢ &B❛B✐&B✐❝& ❢♦- ❛ &✐♠♣❧❡ B❡❧❡♣❤♦♥❡ ❡①❝❤❛♥❣❡ ♠♦❞❡❧✱ ❇❡❧❧ ❙②&B❡♠

❚❡❝❤♥♦❧♦❣② ❏♦✉-♥❛❧✱ ✸✻✱ ✾✸✾✲✾✻✹✱ ✶✾✺✼✳

❬✺❪ ❇❡-❣❡-✱ ❏✳ ❖✳ ❙*❛*✐$*✐❝❛❧ ❞❡❝✐$✐♦♥ *❤❡♦(② ❛♥❞ ❇❛②❡$✐❛♥ ❛♥❛❧②$✐$✱ ❙❡❝♦♥❞ ❊❞✐B✐♦♥✱ ❙♣-✐♥❣❡-✱

◆❡✇ ❨♦-❦✱ ✶✾✽✵✳

❬✻❪ ❇❤❛B✱ ❯✳ ◆✳ ❆♥ ✐♥B-♦❞✉❝B✐♦♥ B♦ [✉❡✉❡✐♥❣ B❤❡♦-②✲♠♦❞❡❧✐♥❣ ❛♥❛❧②&✐& ✐♥ ❛♣♣❧✐❝❛B✐♦♥&✱

❇✐-❦❤❛✉&❡- ❇♦&B♦♥✱ ❯❙❆✱ ✷✵✵✽✳

❬✼❪ ❈❤♦✉❞❤✉-②✱ ❆✳ ❛♥❞ ❇♦-B❤❛❦✉-✱ ❆✳ ❈✳ ❇❛②❡$✐❛♥ ✐♥❢❡(❡♥❝❡ ❛♥❞ ♣(❡❞✐❝*✐♦♥ ✐♥ *❤❡ $✐♥❣❧❡ $❡(✈❡(

♠❛(❦♦✈✐❛♥ 3✉❡✉❡✱ ▼❡B-✐❦❛✱ ✻✼✱ ✸✼✶✲✸✽✸✱ ✷✵✵✽✳



✶✷✽✸

❋✐❣✉$❡ ✶✳ ❚!❛✣❝ ✐♥'❡♥)✐'② ♦❢ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ 4✉❡✉❡✐♥❣ ♠♦❞❡❧ ❢♦!

✈❛!✐♦✉) ❛!❜✐'!❛!② ✈❛❧✉❡) ❛♥❞ )❛♠♣❧❡) ✉♥❞❡! ✐♥❢♦!♠❛'✐✈❡ ♣!✐♦!

❋✐❣✉$❡ ✷✳ ❚!❛✣❝ ✐♥'❡♥)✐'② ♦❢ ●✉♠❜❡❧✴●✉♠❜❡❧✴✶ 4✉❡✉❡✐♥❣ ♠♦❞❡❧ ❢♦!

✈❛!✐♦✉) ❛!❜✐'!❛!② ✈❛❧✉❡) ❛♥❞ )❛♠♣❧❡) ✉♥❞❡! ♥♦♥✲✐♥❢♦!♠❛'✐✈❡ ♣!✐♦!

❬✽❪ ❈❤♦✇❞❤✉)②✱ ❙✳ ❛♥❞ ▼✉❦❤❡)❥❡❡✱ ❙✳ 4✳ ❊!"✐♠❛"✐♦♥ ♦❢ ✇❛✐"✐♥❣ "✐♠❡ ❞✐!"-✐❜✉"✐♦♥ ✐♥ ❛♥ ▼✴▼✴✶

3✉❡✉❡✱ ❖♣7❡❛)❝❤✱ ✹✽✭✹✮✱ ✸✵✻✲✸✶✼✱ ✷✵✶✶✳

❬✾❪ ❈❧❛❦❡✱ ❆✳ ❇✳ ▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡!"✐♠❛"❡! ✐♥ ❛ !✐♠♣❧❡ 3✉❡✉❡✱ ❆♥♥❛❧7 ♦❢ ▼❛H❤❡♠❛H✐❝❛❧

❙H❛H✐7H✐❝7✱ ✷✽✱ ✶✵✸✻✲✶✵✹✵✱ ✶✾✺✼✳

❬✶✵❪ ❈♦❜♦✱ 4✳ ❘✳✱ ▲✐❧❧♦✱ ❘✳ ❊✳✱ ❲✐❧7♦♥✱ ❙✳ ❛♥❞ ❲✐♣❡)✱ ▼✳ 4✳ ❇❛②❡!✐❛♥ ✐♥❢❡-❡♥❝❡ ❢♦- ❞♦✉❜❧❡ <❛-❡"♦

❧♦❣♥♦-♠❛❧ 3✉❡✉❡!✱ ❚❤❡ ❆♥♥❛❧7 ♦❢ ❆♣♣❧✐❡❞ ❙H❛H✐7H✐❝7✱ ✹✭✸✮✱ ✶✺✸✸✲✶✺✺✼✱ ✷✵✶✵✳

❬✶✶❪ ❉❛✈❡✱ ❆✳ ❇✳ ❛♥❞ ❙❤❛❤✱ ❨✳ ❑✳ ▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡!"✐♠❛"❡! ✐♥ ❛♥ ▼✴▼✴✷ 3✉❡✉❡ ✇✐"❤

❤❡"❡-♦❣❡♥❡♦✉! !❡-✈❡-!✱ ❏♦✉)♥❛❧ ♦❢ ❖♣❡)❛H✐♦♥❛❧ ❘❡7❡❛)❝❤ ❙♦❝✐❡H②✱ ✸✶✱ ✹✷✸✲✹✸✻✱ ✶✾✽✵✳

❬✶✷❪ ❊♠❜)❡❝❤H7✱ 4✳✱ ❈✳ ❑❧✉♣❡)❧❜❡)❣ ❛♥❞ ❚✳ ▼✐❦♦7❝❤ ✭✶✾✾✼✮✳ ▼♦❞❡❧❧✐♥❣ ❊①"-❡♠❛❧ ❊✈❡♥"! ❢♦- ■♥✲

!✉-❛♥❝❡ ❛♥❞ ❋✐♥❛♥❝❡✱ ❙♣)✐♥❣❡)✲❱❡)❧❛❣✱ ❇❡)❧✐♥✱ ❍❡✐❞❡❧❜❡)❣✳

❬✶✸❪ ❋❡❧❞♠❛♥♥✱ ❆ ❛♥❞ ❲❤✐H✱ ❲✳ ❋✐""✐♥❣ ♠✐①"✉-❡! ♦❢ ❡①♣♦♥❡♥"✐❧❛! "♦ ❧♦♥❣✲"❛✐❧ ❞✐!"-✐❜✉"✐♦♥! "♦

❛♥❛❧②③❡ ♥❡"✇♦-❦ ♣❡-❢♦-♠❛♥❝❡ ♠♦❞❡❧✱ 4❡)❢♦)♠❛♥❝❡ ❊✈❛❧✉❛H✐♦♥✱ ✸✶✱ ✷✹✺✲✷✼✾✱ ✶✾✾✽✳
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❬✶✹❪ ●%♦''✱ ❉✳✱ ❙❤♦%-❧❡✱ ❏✳ ❋✳✱ ❚❤♦♠♣'♦♥✱ ❏✳ ▼✳ ❛♥❞ ❍❛%%✐'✱ ❈✳ ▼✳ ❋✉♥❞❛♠❡♥'❛❧) ♦❢ ,✉❡✉❡✐♥❣

'❤❡♦0②✱ ❲✐❧❡② ❙❡%✐❡' ✐♥ >%♦❜❛❜✐❧✐-② ❛♥❞ ❙-❛-✐'-✐❝'✱ ❯❙❆✱ ✷✵✵✽✳

❬✶✺❪ ●❧②♥♥✱ >✳ ❲✳ ❛♥❞ ❲❤✐--✱ ❲✳ ❍❡❛✈②✲'0❛✣❝ ❡①'0❡♠❡✲✈❛❧✉❡ ❧✐♠✐') ❢♦0 ,✉❡✉❡✱ ❖♣❡%❛-✐♦♥' ❘❡✲

'❡❛%❝❤ ▲❡--❡%'✱ ✶✽✱ ✶✵✼✲✶✶✶✱ ✶✾✾✺✳

❬✶✻❪ ❍❛%✐'❤❝❤❛♥❞%❛✱ ❑✳ ❛♥❞ ❙✉❜❜❛ ❘❛♦✱ ❙✳ ❆ ♥♦'❡ ♦♥ )'❛'✐)'✐❝❛❧ ✐♥❢❡0❡♥❝❡ ❛❜♦✉' '❤❡ '0❛✣❝ ✐♥✲

'❡♥)✐'② ♣❛0❛♠❡'❡0 ✐♥ ▼✴Ek✴✶ ,✉❡✉❡✱ ❚❤❡ ■♥❞✐❛♥ ❏♦✉%♥❛❧ ♦❢ ❙-❛-✐'-✐❝'✱ ✺✵✭✶✮✱ ✶✹✹✲✶✹✽✱ ✶✾✽✽✳

❬✶✼❪ ❍❛%✐'❤❝❤❛♥❞%❛✱ ❑ ❛♥❞ ▲❛❦'❤♠✐✱ ❙✳ ❑✳ ▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❛♥❞ ❇❛②❡)✐❛♥ ❡)'✐♠❛'✐♦♥ ♦❢ '❤❡

♣❛0❛♠❡'❡0) ♦❢ '❤❡ ▼✴▼✴✶✴✶ ,✉❡✉❡✐♥❣ )②)'❡♠✱ ❈❛%♠❡❧✐❣❤-✱ ✼✱ ✶✶✺✲✶✷✹✱ ✷✵✶✵✳

❬✶✽❪ ❏❛❜❛%❛❧✐✱ ❆✳ ❛♥❞ ❑❛♥♥❛♥✱ ❑✳ ❙✳ ❇❛②❡)✐❛♥ ,✉❡✉❡✐♥❣ ♠♦❞❡❧ ✇✐'❤ ♠✉❧'✐♣❧❡ ✇♦0❦✐♥❣ ✈❛❝❛'✐♦♥)

✉♥❞❡0 ●✉♠❜❡❧ ❞✐)'0✐❜✉'✐♦♥✱ ❆♣♣❧✐❡❞ ▼❛-❤❡♠❛-✐❝❛❧ ❙❝✐❡♥❝❡'✱ ✾✭✹✽✮✱ ✷✸✻✸✲✷✸✻✾✱ ✷✵✶✺✳

❬✶✾❪ ❏♦❤♥'♦♥✱ ◆✳ ▲✳✱ ❑♦-③✱ ❙ ❛♥❞ ❇❛❧❛❦%✐'❤♥❛♥✱ ❑✳ ❈♦♥'✐♥✉♦✉) ✉♥✐✈❛0✐❛'❡ ❞✐)'0✐❜✉'✐♦♥)✱ ❙❡❝♦♥❞

❊❞✐-✐♦♥✱ ❏♦❤♥ ❲✐❧❡② ❛♥❞ ❙♦♥'✱ ■♥❝✳✱ ◆❡✇ ❨♦%❦✱ ✶✾✾✺✳

❬✷✵❪ ❑❛♥♥❛♥✱ ❑✳ ❙✳ ❛♥❞ ❏❛❜❛%❛❧✐✱ ❆✳ ◗✉❡✉❡✐♥❣ ♠♦❞❡❧ ✇✐'❤ ●✉♠❜❡❧ )❡0✈✐❝❡ '✐♠❡ ❞✐)'0✐❜✉'✐♦♥ ✐♥

'❡❧❡'0❛✣❝✱ >%♦❝❡❡❞✐♥❣ ♦❢ -❤❡ ■♥-❡%♥❛-✐♦♥❛❧ ❈♦♥❢❡%❡♥❝❡ ♦♥ ▼❛-❤❡♠❛-✐❝❛❧ ❙❝✐❡♥❝❡'✱ ❊❧'❡✈✐❡%✱

✼✻✼✲✼✼✶✱ ✷✵✶✹❛✳

❬✷✶❪ ❑❛♥♥❛♥✱ ❑✳ ❙✳ ❛♥❞ ❏❛❜❛%❛❧✐✱ ❆✳ ❊)'✐♠❛'✐♦♥ ♦♥ )✐♥❣❧❡ )❡0✈❡0 ,✉❡✉❡✐♥❣ ♠♦❞❡❧ ✇✐'❤ ✇♦0❦✐♥❣

✈❛❝❛'✐♦♥)✱ ❘❡'❡❛%❝❤ ❛♥❞ ❘❡✈✐❡✇'✿ ❏♦✉%♥❛❧ ♦❢ ❙-❛-✐'-✐❝'✭❙♣❡❝✐❛❧ ■''✉❡ ♦♥ ❘❡❝❡♥- ❙-❛-✐'-✐❝❛❧

▼❡-❤♦❞♦❧♦❣✐❡' ❛♥❞ ❆♣♣❧✐❝❛-✐♦♥'✮✱ ✷✱ ✾✹✲✾✽✱ ✷✵✶✹❜✳

❬✷✷❪ ❑❡✱ ❏✳ ❈ ❛♥❞ ❈❤✉✱ ❨✳ ❑✳ ❈♦♠♣❛0✐)♦♥ ♦❢ ✜✈❡ ❡)'✐♠❛'✐♦♥ ❛♣♣0♦❛❝❤❡) ♦❢ ✐♥'❡♥)✐'② ❢♦0 ❛

,✉❡✉❡✐♥❣ )②)'❡♠ ✇✐'❤ )❤♦0' 0✉♥✱ ❈♦♠♣✉-❛-✐♦♥❛❧ ❙-❛-✐'-✐❝'✱ ✷✹✱ ✺✻✼✲✺✽✷✱ ✷✵✵✾✳

❬✷✸❪ ❑✉♠❛%✱ ❘✳✱ ❆✳ ❑✳ ❙%✐✈❛'-❛✈❛ ❛♥❞ ❱✳ ❑✉♠❛%✳ ❆♥❛❧②)✐) ♦❢ ●✉♠❜❡❧ ♠♦❞❡❧ ❢♦0 )♦❢'✇❛0❡ 0❡❧✐✲

❛❜✐❧✐'② ✉)✐♥❣ ❇❛②❡)✐❛♥ ♣❛0❛❞✐❣♠✱ ■♥-❡%♥❛-✐♦♥❛❧ ❏♦✉%♥❛❧ ♦❢ ❆❞✈❛♥❝❡❞ ❘❡'❡❛%❝❤ ✐♥ ❆%-✐✜❝✐❛❧

■♥-❡❧❧✐❣❡♥❝❡✱ ✶✭✷✮✱ ✸✾✲✹✺✱ ✷✵✶✷✳

❬✷✹❪ ◆-③♦✉❢%❛'✳ ■✳ ❇❛②❡)✐❛♥ ▼♦❞❡❧✐♥❣ ❯)✐♥❣ ❲✐♥❇✉❣)✱ ❲✐❧❡② ❙❡%✐❡' ✐♥ ❈♦♠♣✉-✐♦♥❛❧ ❙-❛-✐'-✐❝'✱

❯❙❆✱ ✷✵✵✾✳

❬✷✺❪ >❛①'♦♥✱ ❱ ❛♥❞ ❋❧♦②❞✱ ❙✳ ❲✐❞❡✲❛0❡❛ '0❛✣❝✲'❤❡ ❢❛✐❧✉0❡ ♦❢ ♣♦✐))♦♥ ♠♦❞❡❧✐♥❣✱ ■❊❊❊ ❚%❛♥'❛❝✲

-✐♦♥'✐♥ ◆❡-✇♦%❦✐♥❣✱ ✸✱ ✷✷✻✲✷✹✹✱ ✶✾✾✺✳

❬✷✻❪ >'♦✉♥✐'✱ ❑✳✱ ▼♦❧✐♥❡%♦✲❢❡%♥❛♥❞❡③✱ >✳✱ >%❛❜❤❛❦❛%%✱ ❇✳ ❛♥❞ >❛♣❛❞♦♣♦✉❧♦'✱ ❋✳ ❙②)'❡♠) ✇✐'❤

♠✉❧'✐♣❧❡ )❡0✈❡0) ✉♥❞❡0 ❤❡❛✈②✲'❛✐❧❡❞ ✇♦0❦❧♦❛❞)✱ >❡%❢♦%♠❛♥❝❡ ❊✈❛❧✉❛-✐♦♥✱ ✻✷✱ ✹✺✻✲✹✼✹✱ ✷✵✵✺✳

❬✷✼❪ ❘❛❥❛❣♦♣❛❧❛♥✱ ▼ ❛♥❞ >✳ ❉❤❛♥❛✈❛♥-❤❛♥ ❙'❛'✐)'✐❝❛❧ ■♥❢❡0❡♥❝❡✱ >❍■ ▲❡❛%♥✐♥❣ >%✐✈❛-❡ ▲✐♠✐-❡❞✱

◆❡✇ ❉❡❧❤✐✱ ✷✵✶✷✳

❬✷✽❪ ❚'✉♥❣✲❨✐♥ ❲❛♥❞ ❛♥❞ ❲❛♥❣✳ ▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡)'✐♠❛'❡) ❛♥❞ ❝♦♥✜❞❡♥❝❡ ✐♥'❡0✈❛❧) ♦❢ ❛♥

▼✴▼✴❘ ,✉❡✉❡ ✇✐'❤ ❤❡'❡0♦❣❡♥❡♦✉) )❡0✈❡0)✳ ▼❛-❤❡♠❛-✐❝❛❧ ▼❡-❤♦❞' ❖♣❡%❛-✐♦♥❛❧ ❘❡'❡❛%❝❤✱

✻✸✱ ✸✼✶✲✸✽✹✱ ✷✵✵✻✳
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❆♣♣❡♥❞✐❝❡'

❉✐❛❣♥♦&'✐❝& ❝❤❡❝❦✐♥❣ ♣❧♦'&

✭❛✮ ✺✵ ❙❛♠♣❧❡+ ✭❜✮ ✶✵✵ ❙❛♠♣❧❡+ ✭❝✮ ✶✺✵ ❙❛♠♣❧❡+

✭❞✮ ✷✵✵ ❙❛♠♣❧❡+ ✭❡✮ ✷✺✵ ❙❛♠♣❧❡+

❋✐❣✉$❡ ✸✳ ❍✐+.♦0② ♣❧♦.+ ♦❢ ♠♦❞❡❧ ♣❛0❛♠❡.❡0 α ✉♥❞❡0 ✐♥❢♦0♠❛.✐✈❡ ♣0✐♦0 ❢♦0 ✈❛0✐♦✉+

+❛♠♣❧❡+ ❛♥❞ ❛0❜✐.0❛0② ✈❛❧✉❡+

✭❛✮ ✺✵ ❙❛♠♣❧❡+ ✭❜✮ ✶✵✵ ❙❛♠♣❧❡+ ✭❝✮ ✶✺✵ ❙❛♠♣❧❡+

✭❞✮ ✷✵✵ ❙❛♠♣❧❡+ ✭❡✮ ✷✺✵ ❙❛♠♣❧❡+

❋✐❣✉$❡ ✹✳ ❍✐+.♦0② ♣❧♦.+ ♦❢ ♠♦❞❡❧ ♣❛0❛♠❡.❡0 β ✉♥❞❡0 ✐♥❢♦0♠❛.✐✈❡ ♣0✐♦0 ❢♦0 ✈❛0✐♦✉+

+❛♠♣❧❡+ ❛♥❞ ❛0❜✐.0❛0② ✈❛❧✉❡+
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✭❛✮ ✺✵ ❙❛♠♣❧❡, ✭❜✮ ✶✵✵ ❙❛♠♣❧❡, ✭❝✮ ✶✺✵ ❙❛♠♣❧❡,

✭❞✮ ✷✵✵ ❙❛♠♣❧❡, ✭❡✮ ✷✺✵ ❙❛♠♣❧❡,

❋✐❣✉$❡ ✺✳ ❍✐,/♦1② ♣❧♦/, ♦❢ ♠♦❞❡❧ ♣❛1❛♠❡/❡1 γ ✉♥❞❡1 ✐♥❢♦1♠❛/✐✈❡ ♣1✐♦1 ❢♦1 ✈❛1✐♦✉,

,❛♠♣❧❡, ❛♥❞ ❛1❜✐/1❛1② ✈❛❧✉❡,

✭❛✮ ✺✵ ❙❛♠♣❧❡, ✭❜✮ ✶✵✵ ❙❛♠♣❧❡, ✭❝✮ ✶✺✵ ❙❛♠♣❧❡,

✭❞✮ ✷✵✵ ❙❛♠♣❧❡, ✭❡✮ ✷✺✵ ❙❛♠♣❧❡,

❋✐❣✉$❡ ✻✳ ❍✐,/♦1② ♣❧♦/, ♦❢ ♠♦❞❡❧ ♣❛1❛♠❡/❡1 δ ✉♥❞❡1 ✐♥❢♦1♠❛/✐✈❡ ♣1✐♦1 ❢♦1 ✈❛1✐♦✉,

,❛♠♣❧❡, ❛♥❞ ❛1❜✐/1❛1② ✈❛❧✉❡,
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✭❛✮ ✺✵ ❙❛♠♣❧❡, ✭❜✮ ✶✵✵ ❙❛♠♣❧❡, ✭❝✮ ✶✺✵ ❙❛♠♣❧❡,

✭❞✮ ✷✵✵ ❙❛♠♣❧❡, ✭❡✮ ✷✺✵ ❙❛♠♣❧❡,

❋✐❣✉$❡ ✼✳ ❆✉/♦ ❝♦22❡❧❛/✐♦♥ ♣❧♦/, ♦❢ ♠♦❞❡❧ ♣❛2❛♠❡/❡2 α ✉♥❞❡2 ✐♥❢♦2♠❛/✐✈❡ ♣2✐♦2

❢♦2 ✈❛2✐♦✉, ,❛♠♣❧❡, ❛♥❞ ❛2❜✐/2❛2② ✈❛❧✉❡,

✭❛✮ ✺✵ ❙❛♠♣❧❡, ✭❜✮ ✶✵✵ ❙❛♠♣❧❡, ✭❝✮ ✶✺✵ ❙❛♠♣❧❡,

✭❞✮ ✷✵✵ ❙❛♠♣❧❡, ✭❡✮ ✷✺✵ ❙❛♠♣❧❡,

❋✐❣✉$❡ ✽✳ ❆✉/♦ ❝♦22❡❧❛/✐♦♥ ♣❧♦/, ♦❢ ♠♦❞❡❧ ♣❛2❛♠❡/❡2 β ✉♥❞❡2 ✐♥❢♦2♠❛/✐✈❡ ♣2✐♦2

❢♦2 ✈❛2✐♦✉, ,❛♠♣❧❡, ❛♥❞ ❛2❜✐/2❛2② ✈❛❧✉❡,
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✭❛✮ ✺✵ ❙❛♠♣❧❡+ ✭❜✮ ✶✵✵ ❙❛♠♣❧❡+ ✭❝✮ ✶✺✵ ❙❛♠♣❧❡+

✭❞✮ ✷✵✵ ❙❛♠♣❧❡+ ✭❡✮ ✷✺✵ ❙❛♠♣❧❡+

❋✐❣✉$❡ ✾✳ ❆✉.♦ ❝♦11❡❧❛.✐♦♥ ♣❧♦.+ ♦❢ ♠♦❞❡❧ ♣❛1❛♠❡.❡1 γ ✉♥❞❡1 ✐♥❢♦1♠❛.✐✈❡ ♣1✐♦1

❢♦1 ✈❛1✐♦✉+ +❛♠♣❧❡+ ❛♥❞ ❛1❜✐.1❛1② ✈❛❧✉❡+

✭❛✮ ✺✵ ❙❛♠♣❧❡+ ✭❜✮ ✶✵✵ ❙❛♠♣❧❡+ ✭❝✮ ✶✺✵ ❙❛♠♣❧❡+

✭❞✮ ✷✵✵ ❙❛♠♣❧❡+ ✭❡✮ ✷✺✵ ❙❛♠♣❧❡+

❋✐❣✉$❡ ✶✵✳ ❆✉.♦ ❝♦11❡❧❛.✐♦♥ ♣❧♦.+ ♦❢ ♠♦❞❡❧ ♣❛1❛♠❡.❡1 δ ✉♥❞❡1 ✐♥❢♦1♠❛.✐✈❡ ♣1✐♦1

❢♦1 ✈❛1✐♦✉+ +❛♠♣❧❡+ ❛♥❞ ❛1❜✐.1❛1② ✈❛❧✉❡+
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✭❛✮ ✺✵ ❙❛♠♣❧❡, ✭❜✮ ✶✵✵ ❙❛♠♣❧❡, ✭❝✮ ✶✺✵ ❙❛♠♣❧❡,

✭❞✮ ✷✵✵ ❙❛♠♣❧❡, ✭❡✮ ✷✺✵ ❙❛♠♣❧❡,

❋✐❣✉$❡ ✶✶✳ ❑❡.♥❛❧ ❞❡♥,✐2✐❡, ♦❢ ♠♦❞❡❧ ♣❛.❛♠❡2❡. α ✉♥❞❡. ✐♥❢♦.♠❛2✐✈❡ ♣.✐♦. ❢♦.

✈❛.✐♦✉, ,❛♠♣❧❡, ❛♥❞ ❛.❜✐2.❛.② ✈❛❧✉❡,

✭❛✮ ✺✵ ❙❛♠♣❧❡, ✭❜✮ ✶✵✵ ❙❛♠♣❧❡, ✭❝✮ ✶✺✵ ❙❛♠♣❧❡,

✭❞✮ ✷✵✵ ❙❛♠♣❧❡, ✭❡✮ ✷✺✵ ❙❛♠♣❧❡,

❋✐❣✉$❡ ✶✷✳ ❑❡.♥❛❧ ❞❡♥,✐2✐❡, ♦❢ ♠♦❞❡❧ ♣❛.❛♠❡2❡. β ✉♥❞❡. ✐♥❢♦.♠❛2✐✈❡ ♣.✐♦. ❢♦.

✈❛.✐♦✉, ,❛♠♣❧❡, ❛♥❞ ❛.❜✐2.❛.② ✈❛❧✉❡,
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✭❛✮ ✺✵ ❙❛♠♣❧❡+ ✭❜✮ ✶✵✵ ❙❛♠♣❧❡+ ✭❝✮ ✶✺✵ ❙❛♠♣❧❡+

✭❞✮ ✷✵✵ ❙❛♠♣❧❡+ ✭❡✮ ✷✺✵ ❙❛♠♣❧❡+

❋✐❣✉$❡ ✶✸✳ ❑❡-♥❛❧ ❞❡♥+✐1✐❡+ ♦❢ ♠♦❞❡❧ ♣❛-❛♠❡1❡- γ ✉♥❞❡- ✐♥❢♦-♠❛1✐✈❡ ♣-✐♦- ❢♦-

✈❛-✐♦✉+ +❛♠♣❧❡+ ❛♥❞ ❛-❜✐1-❛-② ✈❛❧✉❡+

✭❛✮ ✺✵ ❙❛♠♣❧❡+ ✭❜✮ ✶✵✵ ❙❛♠♣❧❡+ ✭❝✮ ✶✺✵ ❙❛♠♣❧❡+

✭❞✮ ✷✵✵ ❙❛♠♣❧❡+ ✭❡✮ ✷✺✵ ❙❛♠♣❧❡+

❋✐❣✉$❡ ✶✹✳ ❑❡-♥❛❧ ❞❡♥+✐1✐❡+ ♦❢ ♠♦❞❡❧ ♣❛-❛♠❡1❡- δ ✉♥❞❡- ✐♥❢♦-♠❛1✐✈❡ ♣-✐♦- ❢♦-

✈❛-✐♦✉+ +❛♠♣❧❡+ ❛♥❞ ❛-❜✐1-❛-② ✈❛❧✉❡+
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✭❛✮ ✺✵ ❙❛♠♣❧❡+ ✭❜✮ ✶✵✵ ❙❛♠♣❧❡+ ✭❝✮ ✶✺✵ ❙❛♠♣❧❡+

✭❞✮ ✷✵✵ ❙❛♠♣❧❡+ ✭❡✮ ✷✺✵ ❙❛♠♣❧❡+

❋✐❣✉$❡ ✶✺✳ ❍✐+.♦0② ♣❧♦.+ ♦❢ ♠♦❞❡❧ ♣❛0❛♠❡.❡0 α ✉♥❞❡0 ♥♦♥✲✐♥❢♦0♠❛.✐✈❡ ♣0✐♦0 ❢♦0

✈❛0✐♦✉+ +❛♠♣❧❡+ ❛♥❞ ❛0❜✐.0❛0② ✈❛❧✉❡+

✭❛✮ ✺✵ ❙❛♠♣❧❡+ ✭❜✮ ✶✵✵ ❙❛♠♣❧❡+ ✭❝✮ ✶✺✵ ❙❛♠♣❧❡+

✭❞✮ ✷✵✵ ❙❛♠♣❧❡+ ✭❡✮ ✷✺✵ ❙❛♠♣❧❡+

❋✐❣✉$❡ ✶✻✳ ❍✐+.♦0② ♣❧♦.+ ♦❢ ♠♦❞❡❧ ♣❛0❛♠❡.❡0 β ✉♥❞❡0 ♥♦♥✲✐♥❢♦0♠❛.✐✈❡ ♣0✐♦0 ❢♦0

✈❛0✐♦✉+ +❛♠♣❧❡+ ❛♥❞ ❛0❜✐.0❛0② ✈❛❧✉❡+
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✭❞✮ ✷✵✵ ❙❛♠♣❧❡+ ✭❡✮ ✷✺✵ ❙❛♠♣❧❡+

❋✐❣✉$❡ ✶✼✳ ❍✐+.♦0② ♣❧♦.+ ♦❢ ♠♦❞❡❧ ♣❛0❛♠❡.❡0 γ ✉♥❞❡0 ♥♦♥✲✐♥❢♦0♠❛.✐✈❡ ♣0✐♦0 ❢♦0

✈❛0✐♦✉+ +❛♠♣❧❡+ ❛♥❞ ❛0❜✐.0❛0② ✈❛❧✉❡+

✭❛✮ ✺✵ ❙❛♠♣❧❡+ ✭❜✮ ✶✵✵ ❙❛♠♣❧❡+ ✭❝✮ ✶✺✵ ❙❛♠♣❧❡+

✭❞✮ ✷✵✵ ❙❛♠♣❧❡+ ✭❡✮ ✷✺✵ ❙❛♠♣❧❡+

❋✐❣✉$❡ ✶✽✳ ❍✐+.♦0② ♣❧♦.+ ♦❢ ♠♦❞❡❧ ♣❛0❛♠❡.❡0 δ ✉♥❞❡0 ♥♦♥✲✐♥❢♦0♠❛.✐✈❡ ♣0✐♦0 ❢♦0

✈❛0✐♦✉+ +❛♠♣❧❡+ ❛♥❞ ❛0❜✐.0❛0② ✈❛❧✉❡+
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✭❞✮ ✷✵✵ ❙❛♠♣❧❡, ✭❡✮ ✷✺✵ ❙❛♠♣❧❡,

❋✐❣✉$❡ ✶✾✳ ❆✉/♦ ❝♦22❡❧❛/✐♦♥ ♣❧♦/, ♦❢ ♠♦❞❡❧ ♣❛2❛♠❡/❡2 α ✉♥❞❡2 ♥♦♥✲✐♥❢♦2♠❛/✐✈❡

♣2✐♦2 ❢♦2 ✈❛2✐♦✉, ,❛♠♣❧❡, ❛♥❞ ❛2❜✐/2❛2② ✈❛❧✉❡,

✭❛✮ ✺✵ ❙❛♠♣❧❡, ✭❜✮ ✶✵✵ ❙❛♠♣❧❡, ✭❝✮ ✶✺✵ ❙❛♠♣❧❡,

✭❞✮ ✷✵✵ ❙❛♠♣❧❡, ✭❡✮ ✷✺✵ ❙❛♠♣❧❡,

❋✐❣✉$❡ ✷✵✳ ❆✉/♦ ❝♦22❡❧❛/✐♦♥ ♣❧♦/, ♦❢ ♠♦❞❡❧ ♣❛2❛♠❡/❡2 β ✉♥❞❡2 ♥♦♥✲✐♥❢♦2♠❛/✐✈❡

♣2✐♦2 ❢♦2 ✈❛2✐♦✉, ,❛♠♣❧❡, ❛♥❞ ❛2❜✐/2❛2② ✈❛❧✉❡,
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❋✐❣✉$❡ ✷✶✳ ❆✉"♦ ❝♦%%❡❧❛"✐♦♥ ♣❧♦", ♦❢ ♠♦❞❡❧ ♣❛%❛♠❡"❡% γ ✉♥❞❡% ♥♦♥✲✐♥❢♦%♠❛"✐✈❡
♣%✐♦% ❢♦% ✈❛%✐♦✉, ,❛♠♣❧❡, ❛♥❞ ❛%❜✐"%❛%② ✈❛❧✉❡,
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❋✐❣✉$❡ ✷✷✳ ❆✉"♦ ❝♦%%❡❧❛"✐♦♥ ♣❧♦", ♦❢ ♠♦❞❡❧ ♣❛%❛♠❡"❡% δ ✉♥❞❡% ♥♦♥✲✐♥❢♦%♠❛"✐✈❡
♣%✐♦% ❢♦% ✈❛%✐♦✉, ,❛♠♣❧❡, ❛♥❞ ❛%❜✐"%❛%② ✈❛❧✉❡,



✶✷✾✺

✭❛✮ ✺✵ ❙❛♠♣❧❡+ ✭❜✮ ✶✵✵ ❙❛♠♣❧❡+ ✭❝✮ ✶✺✵ ❙❛♠♣❧❡+

✭❞✮ ✷✵✵ ❙❛♠♣❧❡+ ✭❡✮ ✷✺✵ ❙❛♠♣❧❡+

❋✐❣✉$❡ ✷✸✳ ❑❡-♥❛❧ ❞❡♥+✐1✐❡+ ♦❢ ♠♦❞❡❧ ♣❛-❛♠❡1❡- α ✉♥❞❡- ♥♦♥✲✐♥❢♦-♠❛1✐✈❡ ♣-✐♦-

❢♦- ✈❛-✐♦✉+ +❛♠♣❧❡+ ❛♥❞ ❛-❜✐1-❛-② ✈❛❧✉❡+
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❋✐❣✉$❡ ✷✹✳ ❑❡-♥❛❧ ❞❡♥+✐1✐❡+ ♦❢ ♠♦❞❡❧ ♣❛-❛♠❡1❡- β ✉♥❞❡- ♥♦♥✲✐♥❢♦-♠❛1✐✈❡ ♣-✐♦-

❢♦- ✈❛-✐♦✉+ +❛♠♣❧❡+ ❛♥❞ ❛-❜✐1-❛-② ✈❛❧✉❡+
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❋✐❣✉$❡ ✷✺✳ ❑❡.♥❛❧ ❞❡♥,✐2✐❡, ♦❢ ♠♦❞❡❧ ♣❛.❛♠❡2❡. γ ✉♥❞❡. ♥♦♥✲✐♥❢♦.♠❛2✐✈❡ ♣.✐♦.

❢♦. ✈❛.✐♦✉, ,❛♠♣❧❡, ❛♥❞ ❛.❜✐2.❛.② ✈❛❧✉❡,

✭❛✮ ✺✵ ❙❛♠♣❧❡, ✭❜✮ ✶✵✵ ❙❛♠♣❧❡, ✭❝✮ ✶✺✵ ❙❛♠♣❧❡,

✭❞✮ ✷✵✵ ❙❛♠♣❧❡, ✭❡✮ ✷✺✵ ❙❛♠♣❧❡,

❋✐❣✉$❡ ✷✻✳ ❑❡.♥❛❧ ❞❡♥,✐2✐❡, ♦❢ ♠♦❞❡❧ ♣❛.❛♠❡2❡. δ ✉♥❞❡. ♥♦♥✲✐♥❢♦.♠❛2✐✈❡ ♣.✐♦.

❢♦. ✈❛.✐♦✉, ,❛♠♣❧❡, ❛♥❞ ❛.❜✐2.❛.② ✈❛❧✉❡,
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✱ ❏❛✈✐❞ ❙❤❛❜❜✐,

‡
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)✐❡❞ ♦✉$ $♦ ❥✉❞❣❡ $❤❡ ♠❡)✐$1 ♦❢ ♣)♦♣♦1❡❞ ❡1$✐♠❛$♦)1✳

❑❡②✇♦$❞"✿ ▼✉❧/✐✲♣❤❛%❡ %❛♠♣❧✐♥❣✱ ♠❡❛%✉,❡♠❡♥/ ❡,,♦,✱ ♠❡❛♥ %6✉❛,❡ ❡,,♦,✱ ❡✣✲

❝✐❡♥❝②✳

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✻✷❉✵✺

❘❡❝❡✐✈❡❞ ✿ ✷✽✳✵✶✳✷✵✶✹ ❆❝❝❡♣(❡❞ ✿ ✵✻✳✵✹✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✻✶✷✶✶✻✸✺✷

✶✳ ■♥$%♦❞✉❝$✐♦♥

■♥ 1❛♠♣❧❡ 1✉)✈❡②1✱ ✐$ ✐1 ❝✉1$♦♠❛)② $♦ ❡①♣❧♦✐$ $❤❡ ❛✉①✐❧✐❛)② ✐♥❢♦)♠❛$✐♦♥ $♦ ❡♥❤❛♥❝❡ $❤❡

♣)❡❝✐1✐♦♥ ♦❢ ❡1$✐♠❛$♦)1✳ ❘❛$✐♦ ❛♥❞ )❡❣)❡11✐♦♥ ❡1$✐♠❛$♦)1 ♣)♦✈✐❞❡ ♦♥❡ $②♣❡ ♦❢ ❡①❛♠♣❧❡✳

❙♦♠❡$✐♠❡1 $❤❡ 1❛♠♣❧❡ ✉♥✐$1 ❛)❡ ❝❤♦1❡♥ ✇✐$❤ ♣)♦❜❛❜✐❧✐$② ♣)♦♣♦)$✐♦♥❛$❡ $♦ 1♦♠❡ ♠❡❛1✉)❡

♦❢ 1✐③❡ ❜❛1❡❞ ♦♥ $❤❡ ❛✉①✐❧✐❛)② ✈❛)✐❛$❡✳ ■♥ ❛❧❧ $❤❡1❡ ❝❛1❡1 ✐$ ✐1 ✐♥❢♦)♠❛$✐♦♥ ♦♥ ❥✉1$ ♦♥❡

❛✉①✐❧✐❛)② ✈❛)✐❛$❡ $❤❛$ ✐1 ✉1❡❞ ❢♦) )❡❛1♦♥1 ♦❢ 1❛♠♣❧❡ 1❡❧❡❝$✐♦♥ ♦) ❡1$✐♠❛$✐♦♥✳ T)❡$$② ♦❢$❡♥

✇❡ $❛❦❡ ✐♥❢♦)♠❛$✐♦♥ ♦♥ 1❡✈❡)❛❧ ✈❛)✐❛$❡1 ❛♥❞ ✐$ ♠❛② ❜❡ ❝♦♥1✐❞❡)❡❞ ✐♠♣♦)$❛♥$ $♦ ♠❛❦❡ ✉1❡

♦❢ $❤❡ ✇❤♦❧❡ ♦❢ $❤❡ ❛✈❛✐❧❛❜❧❡ ♠❛$❡)✐❛❧ $♦ ✐♠♣)♦✈❡ $❤❡ ♣)❡❝✐1✐♦♥ ♦❢ ❛$ ❧❡❛1$ 1♦♠❡ ♦❢ $❤❡ ❦❡②

✐$❡♠1 ✐♥ $❤❡ 1✉)✈❡② ✭1❡❡ ❘❛❥ ❬✶✵❪✮✳ ■1❛❦✐ ❬✼❪ ❤❛1 ❞✐1❝✉11❡❞ ♠✉❧$✐✲✈❛)✐❛$❡ )❛$✐♦ ❡1$✐♠❛$♦)1
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y ✳ ❙✐♥❣❤ ❛♥❞ ❙♦❧❛♥❦✐ ✭❬✶✻❪✱ ❬✶✼❪✮ ❛♥❞ ❙♦❧❛♥❦✐ ❛♥❞

❙✐♥❣❤ ❬✶✾❪ ♣)♦♣♦1❡❞ $❤❡ ♣)♦❝❡❞✉)❡ ❢♦) ✈❛)✐❛♥❝❡ ❡1$✐♠❛$✐♦♥ ✉1✐♥❣ ❛✉①✐❧✐❛)② ✐♥❢♦)♠❛$✐♦♥

✉♥❞❡) 1✐♠♣❧❡ )❛♥❞♦♠ 1❛♠♣❧✐♥❣✳

❚✇♦✲♣❤❛1❡ 1❛♠♣❧✐♥❣ ♦❢ ❛ ✜♥✐$❡ ♣♦♣✉❧❛$✐♦♥ ♦❝❝✉)1 ✇❤❡♥ ❛ 1❛♠♣❧❡ ❢)♦♠ $❤❡ ♣♦♣✉❧❛$✐♦♥

✐1 ✐$1❡❧❢ 1❛♠♣❧❡❞✱ ✇✐$❤ $❤❡ ❣♦❛❧ ♦❢ ❞❡$❡)♠✐♥✐♥❣ ✈❛)✐❛$❡1 ✐♥ $❤❡ 1✉❜✲1❛♠♣❧❡ ♥♦$ ❛❧)❡❛❞②

∗
❉❡♣❛$%♠❡♥% ♦❢ ❙%❛%✐,%✐❝, ◗✉❛✐❞✲✐✲❆③❛♠ ❯♥✐✈❡$,✐%②✱ ■,❧❛♠❛❜❛❞✱ ;❛❦✐,%❛♥✱

❊♠❛✐❧✿  ❛❛❞✐❛✷♠❛ ♦♦❞❅②❛❤♦♦✳❝♦♠

†
❈♦$$❡,♣♦♥❞✐♥❣ ❆✉%❤♦$✿ ❙❛❛❞✐❛ ▼❛,♦♦❞✳

‡
❉❡♣❛$%♠❡♥% ♦❢ ❙%❛%✐,%✐❝, ◗✉❛✐❞✲✐✲❆③❛♠ ❯♥✐✈❡$,✐%②✱ ■,❧❛♠❛❜❛❞✱ ;❛❦✐,%❛♥✱

❊♠❛✐❧✿ ❥❛✈✐❞ ❤❛❜❜✐/❅❣♠❛✐❧✳❝♦♠



✶✷✾✽

❛✈❛✐❧❛❜❧❡ ✐♥ '❤❡ )❛♠♣❧❡✳ ❆♥ ✐♠♣♦/'❛♥' ❡①❛♠♣❧❡ ✐) '❤❡ /❡❣/❡))✐♦♥ ❡)'✐♠❛'♦/ ❢♦/ ♠❡❛♥)

♦/ '♦'❛❧)✱ ✇❤✐❝❤ ✉)❡) ✈❛❧✉❡) ♦❢ ❛♥ ❛✉①✐❧✐❛/② ✈❛/✐❛❜❧❡ ❢/♦♠ '❤❡ ❢✉❧❧ )❛♠♣❧❡ '♦ ❡)'✐♠❛'❡

'❤❡ ♠❡❛♥ ♦❢ ❛ ✈❛/✐❛❜❧❡ ♦❢ ✐♥'❡/❡)' '❤❛' ✐) ❛✈❛✐❧❛❜❧❡ ♦♥❧② ♦♥ '❤❡ )✉❜)❛♠♣❧❡✳ ▼✉❧'✐✲♣❤❛)❡

)❛♠♣❧✐♥❣ ✐) ♥♦' ✇✐❞❡❧② ❞✐)❝✉))❡❞ ✐♥ ❧✐'❡/❛'✉/❡✳ ▼✉❦❡/❥❡❡ ❡' ❛❧✳ ❬✾❪ ❝♦♥)✐❞❡/❡❞ ♠❛✐♥❧②

'❤/❡❡ ♣❤❛)❡)✳ ❙✐♥❣❤ ❬✶✽❪ ♣/♦♣♦)❡❞ ❛ ❝❧❛)) ♦❢ ❡)'✐♠❛'♦/) ❢♦/ ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡ ✉♥❞❡/ '✇♦✲

♣❤❛)❡ )❛♠♣❧✐♥❣✱ ✇❤♦)❡ ❝♦♠♣♦)✐'✐♦♥ ✇❛) ♣❛/'✐❛❧❧② ❞❡✜♥❡❞ ❢♦/ '❤❡ )✐♥❣❧❡ ❛✉①✐❧✐❛/② ✈❛/✐❛❜❧❡✳

❉♦/❢♠❛♥ ❬✺❪ ♣/♦♣♦)❡❞ /❡❣/❡))✐♦♥ ❡)'✐♠❛'♦/ ❢♦/ ❡)'✐♠❛'✐♦♥ ♦❢ ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡ ✉♥❞❡/

'✇♦✲♣❤❛)❡ )❛♠♣❧✐♥❣ )❝❤❡♠❡✳ ❆❧❧❡♥ ❡' ❛❧✳ ❬✶❪ ♣/♦♣♦)❡❞ ❛ ❢❛♠✐❧② ♦❢ ❡)'✐♠❛'♦/) ♦❢ ♣♦♣✉❧❛'✐♦♥

♠❡❛♥ ✉)✐♥❣ ♠✉❧'✐✲❛✉①✐❧✐❛/② ✐♥❢♦/♠❛'✐♦♥ ✐♥ ♣/❡)❡♥❝❡ ♦❢ ♠❡❛)✉/❡♠❡♥' ❡//♦/)✳

■♥ ♠♦)' ♦❢ '❤❡ )'❛'✐)'✐❝❛❧ )'✉❞✐❡)✱ ✐' ✐) ♦♥❡ ♦❢ '❤❡ ❝♦♠♠♦♥ ❜❡❧✐❡✈❡) '❤❛' '❤❡ ❞❛'❛ ❛/❡

❡//♦/✲❢/❡❡ ❜✉' ✉)✉❛❧❧② ✐♥ /❡❛❧✐)'✐❝ ❝✐/❝✉♠)'❛♥❝❡) '❤✐) )'❛'❡♠❡♥' ✐) ♥♦' ❛❜)♦❧✉'❡❧② ♠❡' ❛♥❞

'❤❡ ❞❛'❛ ❛/❡ ✐♥❢❡❝'❡❞ ❜② ❡//♦/)✳ ❚❤❡ ❝♦♥)❡H✉❡♥❝❡) ♠❛❞❡ ❢♦/ '❤❡ ❡//♦/ ❢/❡❡ ❞❛'❛ ❜❡❝♦♠❡

✐♥✈❛❧✐❞ ❢♦/ '❤❡ ♠❡❛)✉/❡♠❡♥' ❡//♦/ )✐'✉❛'✐♦♥✳ ❙♦♠❡ ✐♠♣♦/'❛♥' )♦✉/❝❡) ♦❢ ♠❡❛)✉/❡♠❡♥'

❡//♦/ ❛/❡ ❞✐)❝✉))❡❞ ✐♥ ❈♦❝❤/❛♥ ❬✸❪✳ ■♥ )❛♠♣❧✐♥❣ '❤❡♦/②✱ '❤❡ ✉)❡ ♦❢ )✉✐'❛❜❧❡ ❛✉①✐❧✐❛/② ✐♥❢♦/✲

♠❛'✐♦♥ /❡)✉❧') ✐♥ ❝♦♥)✐❞❡/❛❜❧❡ /❡❞✉❝'✐♦♥ ✐♥ ♠❡❛♥ )H✉❛/❡ ❡//♦/✳ ❙❤✉❦❧❛ ❡' ❛❧✳ ✭❬✶✶❪✱❬✶✷❪✮

❝♦♥'/✐❜✉'❡❞ ❜② )✉❣❣❡)'✐♥❣ ❛ ♠❡❛♥ ❡)'✐♠❛'♦/ ❛) ✇❡❧❧ ❛) ❝❧❛))✭❡)✮ ♦❢ ❢❛❝'♦/✲'②♣❡ ❡)'✐♠❛✲

'♦/✭)✮ ✐♥ '❤❡ ♣/❡)❡♥❝❡ ♦❢ ♠❡❛)✉/❡♠❡♥' ❡//♦/✳ ❙✐♥❣❤ ❛♥❞ ❑❛/♣❡ ❬✶✸❪ ❤❛✈❡ ♣❛✐❞ ❛''❡♥'✐♦♥

'♦✇❛/❞) '❤❡ ❡)'✐♠❛'✐♦♥ ♦❢ ♣♦♣✉❧❛'✐♦♥ ♠❡❛♥ ♦❢ '❤❡ )'✉❞② ✈❛/✐❛❜❧❡ y ✉)✐♥❣ '❤❡ ❛✉①✐❧✐❛/②

✐♥❢♦/♠❛'✐♦♥ ✐♥ ♣/❡)❡♥❝❡ ♦❢ ♠❡❛)✉/❡♠❡♥' ❡//♦/✳ ❙✐♥❣❤ ❛♥❞ ❑❛/♣❡ ❬✶✹❪ ❝♦♥)✐❞❡/❡❞ '❤❡

♣/♦❜❧❡♠ ♦❢ ❡)'✐♠❛'✐♦♥ ♦❢ ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡ S2
y ✉♥❞❡/ '❤❡ ❛))✉♠♣'✐♦♥)✿ ✭✐✮ ✇❤❡♥ '❤❡

)'✉❞② ✈❛/✐❛❜❧❡ y ✐) ♠❡❛)✉/❡❞ ✇✐'❤♦✉' ❡//♦/ ❛♥❞ ❛✉①✐❧✐❛/② ✈❛/✐❛❜❧❡ x ✐) ❛✛❡❝'❡❞ ❜② ❡//♦/

✇✐'❤ ❦♥♦✇♥ ❡//♦/ ✈❛/✐❛♥❝❡ S2
v ✱ ✭✐✐✮ ✇❤❡♥ '❤❡ )'✉❞② ✈❛/✐❛❜❧❡ y ✐) ❛✛❡❝'❡❞ ❜② ❡//♦/ ✇✐'❤

❦♥♦✇♥ ❡//♦/ ✈❛/✐❛♥❝❡ S2
u ❛♥❞ '❤❡ ❛✉①✐❧✐❛/② ✈❛/✐❛❜❧❡ x ✐) ❢/❡❡ ❢/♦♠ ❡//♦/✳ ❋✉/'❤❡/♠♦/❡✱ ✉♥✲

❞❡/ '❤❡ ❛))✉♠♣'✐♦♥ ♦❢ ♠❡❛)✉/❡♠❡♥' ❡//♦/ ✐♥ )'✉❞② ✈❛/✐❛❜❧❡y✱ ❙✐♥❣❤ ❛♥❞ ❑❛/♣❡ ❬✶✺❪ ♣❛✐❞

❛''❡♥'✐♦♥ '♦✇❛/❞) '❤❡ ❡)'✐♠❛'✐♦♥ ♦❢ ✜♥✐'❡ ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡ S2
y ✳ ❇❤✉)❤❛♥ ❡' ❛❧✳ ❬✷❪

♣/♦♣♦)❡❞ '✇♦✲♣❤❛)❡ ❣❡♥❡/❛❧✐③❡❞ ❝❧❛)) ♦❢ /❡❣/❡))✐♦♥✲'②♣❡ ❡)'✐♠❛'♦/) ✉)✐♥❣ ❛✉①✐❧✐❛/② ✐♥❢♦/✲

♠❛'✐♦♥✳ ❉✐❛♥❛ ❛♥❞ ●✐♦/❞❛♥ ❬✹❪ ❤❛✈❡ ♣/♦♣♦)❡❞ ❛ ❢❛♠✐❧② ♦❢ ❡)'✐♠❛'♦/) ❢♦/ '❤❡ ♣♦♣✉❧❛'✐♦♥

✈❛/✐❛♥❝❡ S2
y ❜② ❛))✉♠✐♥❣ ❡//♦/ ✐♥ ❜♦'❤ ✈❛/✐❛❜❧❡) y❛♥❞ x ✉♥❞❡/ '❤❡ /❡❣/❡))✐♦♥ ❛♣♣/♦❛❝❤✳ ■♥

♣/❛❝'✐❝❛❧ ❛♣♣❧✐❝❛'✐♦♥✱ ❧❡' ❛ ♣)②❝❤✐❛'/✐)' ✇❛♥') '♦ ❡)'✐♠❛'❡ '❤❡ ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡ ♦❢ ❧❡✈❡❧

♦❢ ♣❛'❤♦❧♦❣② ✐♥ ❝❡/'❛✐♥ ❝❧❛)) ♦❢ ♣❛'✐❡♥') ✇❤✐❝❤ ❞❡♣❡♥❞) ✉♣♦♥ '❤❡ '❤✐♥❦✐♥❣ ❞✐)'✉/❜❛♥❝❡ ✱

❛❣❣/❡))✐✈❡ ❛''✐'✉❞❡✱ ♥✉♠❜❡/ ♦❢ ♠❛❥♦/ ♠✐))✲❤❛♣) ✐♥ ❧✐❢❡✱ ❡❝'✳

■♥ ❧✐'❡/❛'✉/❡✱ '❤❡ ✇♦/❦ ♦♥ ❡)'✐♠❛'✐♦♥ ♦❢ ✜♥✐'❡ ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡ ✉)✐♥❣ ♠✉❧'✐✲❛✉①✐❧✐❛/②

✈❛/✐❛❜❧❡) ✉♥❞❡/ ♠✉❧'✐✲♣❤❛)❡ )❛♠♣❧✐♥❣ ✐) ❧❛❝❦✐♥❣ ❡)♣❡❝✐❛❧❧② ✇❤❡♥ '❤❡ )'✉❞② ✈❛/✐❛❜❧❡ ② ✐)

❛))✉♠❡❞ '♦ ❜❡ ❝♦♥'❛♠✐♥❛'❡❞ ✇✐'❤ ♠❡❛)✉/❡♠❡♥' ❡//♦/✱ )♦ '❤❡ ♣/❡)❡♥' ❛/'✐❝❧❡ ✐) ♦♥❡ ♦❢ '❤❡

)'❡♣) '♦ '❤❡ )♦❧✉'✐♦♥ ♦❢ )✉❝❤ )✐'✉❛'✐♦♥✳

 !♦♣♦$❡❞ ❙❡(✲✉♣✿ ■♥ '❤❡ ♣/❡)❡♥' )'✉❞②✱ ✇❡ ❝♦♥)✐❞❡/ '❤❡ ❢♦❧❧♦✇✐♥❣ )❡'✲✉♣✿

✭✶✮ ❈♦♠♣❧❡'❡ ■♥❢♦/♠❛'✐♦♥ ❈❛)❡ ✭❈■❈✮✿ ❲❤❡♥ ✐♥❢♦/♠❛'✐♦♥ ♦♥ ❛❧❧ ! ❛✉①✐❧✐❛/② ✈❛/✐❛❜❧❡)

✐) ❦♥♦✇♥ ✭✇❡ ✉)❡ )✐♥❣❧❡ ♣❤❛)❡ )❛♠♣❧✐♥❣✮✳

✭✷✮ ■♥❝♦♠♣❧❡'❡ ■♥❢♦/♠❛'✐♦♥ ❈❛)❡ ✭■■❈✮✿ ❲❤❡♥ ✐♥❢♦/♠❛'✐♦♥ ♦♥ )♦♠❡ ❛✉①✐❧✐❛/② ✈❛/✐✲

❛❜❧❡) ✐) ❦♥♦✇♥✳

✭✸✮ ◆♦ ■♥❢♦/♠❛'✐♦♥ ❈❛)❡ ✭◆■❈✮✿ ❲❤❡♥ ✐♥❢♦/♠❛'✐♦♥ ♦♥ ❛❧❧ ! ❛✉①✐❧✐❛/② ✈❛/✐❛❜❧❡) ✐)

✉♥❦♥♦✇♥✳

■♥ ❙❡❝'✐♦♥ ✷✱ '❤❡ )②♠❜♦❧) ❛♥❞ ♥♦'❛'✐♦♥) ✉)❡❞ ✐♥ '❤✐) ❛/'✐❝❧❡ ❛/❡ ❞✐)❝✉))❡❞✳ ❙❡❝'✐♦♥ ✸

♣/❡)❡♥') '❤❡ ❣❡♥❡/❛❧✐③❡❞ /❡❣/❡))✐♦♥✲'②♣❡ ✈❛/✐❛♥❝❡ ❡)'✐♠❛'♦/ ❜❛)❡❞ ♦♥ ❝♦♠♣❧❡'❡ ✐♥❢♦/♠❛✲

'✐♦♥ ♦❢ '❤❡ ♠✉❧'✐✲❛✉①✐❧✐❛/② ✈❛/✐❛❜❧❡) ❛❜♦✉' ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡✱ ✇❤❡♥ '❤❡ )'✉❞② ✈❛/✐❛❜❧❡

✐) ❝♦♥'❛♠✐♥❛'❡❞ ✇✐'❤ ♠❡❛)✉/❡♠❡♥' ❡//♦/✳ ❙❡❝'✐♦♥ ✹ ♣/❡)❡♥' '❤❡ ❣❡♥❡/❛❧✐③❡❞ /❡❣/❡))✐♦♥✲

'②♣❡ ✈❛/✐❛♥❝❡ ❡)'✐♠❛'♦/ ✇❤❡♥ ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡ ♦❢ ❢❡✇ ❛✉①✐❧✐❛/② ✈❛/✐❛❜❧❡) ✐) ❦♥♦✇♥✳ ■♥
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❙❡❝#✐♦♥ ✺✱ #❤❡ ❣❡♥❡+❛❧✐③❡❞ +❡❣+❡00✐♦♥✲#②♣❡ ✈❛+✐❛♥❝❡ ❡0#✐♠❛#♦+ ✐0 ♣+♦♣♦0❡❞ ✇❤❡♥ #❤❡ ♣♦♣✲

✉❧❛#✐♦♥ ✈❛+✐❛♥❝❡ ♦❢ ❛❧❧ ♠✉❧#✐✲❛✉①✐❧✐❛+② ✈❛+✐❛❜❧❡ ✐0 ✉♥❦♥♦✇♥✳ ❙❡❝#✐♦♥0 ✻✱ ✼ ❛♥❞ ✽ ♣+❡0❡♥#

#❤❡ ❡✣❝✐❡♥❝② ❝♦♠♣❛+✐0♦♥✱ ♥✉♠❡+✐❝❛❧ ❛♥❛❧②0✐0 ❛♥❞ ❝♦♥❝❧✉❞✐♥❣ +❡♠❛+❦0 +❡0♣❡❝#✐✈❡❧②✳

✷✳ ❙②♠❜♦❧( ❛♥❞ ♥♦,❛,✐♦♥(

▲❡# U = {1, 2, ....., j, ...., N} ❜❡ ❛ ✜♥✐#❡ ♣♦♣✉❧❛#✐♦♥ ♦❢ ◆ ❞✐0#✐♥❝# ❛♥❞ ✐❞❡♥#✐✜❛❜❧❡ ✉♥✐#0✳

▲❡# ② ❛♥❞ xi (i = 1, 2, ..., r, r + 1, ..., q) , ❜❡ #❤❡ 0#✉❞② ❛♥❞ #❤❡ " ❛✉①✐❧✐❛+② ✈❛+✐❛❜❧❡0 +❡✲

0♣❡❝#✐✈❡❧②✱ #❛❦✐♥❣ ✈❛❧✉❡0 yj ❛♥❞ xij ❢♦+ #❤❡ ❥ ✲#❤ ♣♦♣✉❧❛#✐♦♥ ✉♥✐#✳ ❲❡ ❛+❡ ✐♥#❡+❡0#❡❞

✐♥ ❡0#✐♠❛#✐♥❣ #❤❡ ✜♥✐#❡ ♣♦♣✉❧❛#✐♦♥ ✈❛+✐❛♥❝❡

(

S2
y

)

✉♥❞❡+ ♠✉❧#✐✲♣❤❛0❡ 0❛♠♣❧✐♥❣ 0❝❤❡♠❡0✳

❙♣❡❝✐✜❝❛❧❧② ✇❡ ❛00✉♠❡ #❤❛# ❛ ♣+❡❧✐♠✐♥❛+② ❧❛+❣❡ 0❛♠♣❧❡ n(1) ✐0 ❞+❛✇♥ ✇✐#❤ 0✐♠♣❧❡ +❛♥❞♦♠

0❛♠♣❧✐♥❣ ✇✐#❤♦✉# +❡♣❧❛❝❡♠❡♥# ✭❙❘❙❲❖❘✮ ❢+♦♠ ❛ ♣♦♣✉❧❛#✐♦♥ ❛♥❞ ✐♥❢♦+♠❛#✐♦♥ ♦♥ #❤❡

❛✉①✐❧✐❛+② ✈❛+✐❛❜❧❡ x1 ✐0 #❛❦❡♥✳ ■♥ 0❡❝♦♥❞ ♣❤❛0❡✱ ❛ +❡❧❛#✐✈❡❧② 0♠❛❧❧ 0❛♠♣❧❡ ♦❢ 0✐③❡ n(2) ✐0

❞+❛✇♥ ❢+♦♠ n(1)

(

n(2) < n(1)

)

❛♥❞ ✐♥❢♦+♠❛#✐♦♥ ♦♥ ❜♦#❤ ❛✉①✐❧✐❛+② ✈❛+✐❛❜❧❡0 x1 ❛♥❞ x2 ✐0

#❛❦❡♥✳ ❚❤✐0 ♣+♦❝❡❞✉+❡ ❣♦❡0 ✉♣ #♦ #❤❡ ❧❛0# ♣❤❛0❡ ✇❤❡♥ #❤❡ 0♠❛❧❧❡0# 0❛♠♣❧❡ ♦❢ 0✐③❡ n(q+1)
(

n(q+1) < n(q) < .... < n(1)

)

✐0 ❞+❛✇♥✳ ❆# #❤✐0 ♣❤❛0❡✱ ❛❧❧ #❤❡ " ❛✉①✐❧✐❛+② ✈❛+✐❛❜❧❡0 ❛0 ✇❡❧❧

❛0 #❤❡ ✈❛+✐❛❜❧❡ ♦❢ ✐♥#❡+❡0# y ❛+❡ ❛❧0♦ ♦❜0❡+✈❡❞✳ ❆❝❝♦+❞✐♥❣ #♦ ❛00✉♠♣#✐♦♥✱ #❤❡ ♠❡❛0✉+❡✲

♠❡♥# ❡++♦+ ✐0 ♣+❡0❡♥# ✐♥ #❤❡ ✈❛+✐❛❜❧❡ ♦❢ ✐♥#❡+❡0# ② ❞❡♥♦#❡❞ ❜② y⊗
✇✐#❤ ❦♥♦✇♥ ✈❛+✐❛♥❝❡ S2

u✳

▼♦+❡♦✈❡+✱ ❧❡# S2
xi

❛♥❞ s2xi(l)
❞❡♥♦#❡ #❤❡ ❦♥♦✇♥ ♣♦♣✉❧❛#✐♦♥ ✈❛+✐❛♥❝❡ ❛♥❞ 0❛♠♣❧❡ ✈❛+✐❛♥❝❡

♦❢ #❤❡ ✐✲#❤ ❛✉①✐❧✐❛+② ✈❛+✐❛❜❧❡ (i = 1, 2, ..., r, r + 1, ..., q) ❛# ❧✲#❤ ♣❤❛0❡ (l = i, ..., q, q + 1) ,
+❡0♣❡❝#✐✈❡❧②✳ ❲❡ ❧✐♠✐# ♦✉+ ♥✉♠❡+✐❝❛❧ 0#✉❞② #♦ #✇♦✲♣❤❛0❡ 0❛♠♣❧✐♥❣ ✉0✐♥❣ &❤(❡❡ ❛✉①✐❧✐❛+②

✈❛+✐❛❜❧❡0✳

❚❤❡ ♦❜0❡+✈❛#✐♦♥❛❧ ♦+ ♠❡❛0✉+❡♠❡♥# ❡++♦+0 ❛+❡ ❞❡✜♥❡❞ ❛0

uj(l) = y⊗
j(l) − yj(l) ❛♥❞ vij(l) = x⊗

ij(l) − xij(l) (i = 1, 2, ..., r, r + 1, ..., q) ,

✇❤❡+❡ uj(l) ❛♥❞ vij(l)❛+❡ ❛00✉♠❡❞ #♦ ❜❡ 0#♦❝❤❛0#✐❝ ✇✐#❤ ③❡+♦ ♠❡❛♥ ❛♥❞ ❝♦♥0#❛♥# ✈❛+✐❛♥❝❡0

S2
u ❛♥❞ S2

vi
✳ ❆0 ȳ(l) ❛♥❞ x̄i(l) ❛+❡ ✉♥❜✐❛0❡❞ ❡0#✐♠❛#♦+0 ❜✉# s2y(l)❛♥❞ s2xi(l)

❛+❡ ❜✐❛0❡❞ ❡0#✐✲

♠❛#♦+0✳

▲❡#

(

Ȳ , X̄i

)

❛♥❞

(

S2
y , S

2
xi

)

❜❡ #❤❡ ♣♦♣✉❧❛#✐♦♥ ♠❡❛♥0 ❛♥❞ ♣♦♣✉❧❛#✐♦♥ ✈❛+✐❛♥❝❡0 ♦❢ #❤❡ #+✉❡

✈❛❧✉❡0 ♦❢ yj(l) ❛♥❞ xij(l) +❡0♣❡❝#✐✈❡❧② ✇✐#❤ ❝♦++❡0♣♦♥❞✐♥❣ 0❛♠♣❧❡ ♠❡❛♥0

(

ȳ(l), x̄i(l)

)

❛♥❞

0❛♠♣❧❡ ✈❛+✐❛♥❝❡0

(

s2y(l) , s
2
xi(l)

)

❛# l✲#❤ ♣❤❛0❡✳ ❲❡ ❦♥♦✇ #❤❛# ȳ⊗
(l) = 1

n(l)

∑n(l)

j=1 y
⊗
i(l)✐0 ✉♥✲

❜✐❛0❡❞ ❡0#✐♠❛#♦+ ❜✉# s⊗2
y(l)

= 1
n(l)−1

∑n(l)

j=1

(

y⊗
j(l) − ȳ⊗

(l)

)2

✐0 ❜✐❛0❡❞ ❡0#✐♠❛#♦+ ♦❢ S2
y ❞✉❡

#♦ ♠❡❛0✉+❡♠❡♥# ❡++♦+✳ ❙✐♠✐❧❛+❧② x̄⊗
ij(l) = 1

n(l)

∑n(l)

j=1 x
⊗
ij(l) ✐0 ✉♥❜✐❛0❡❞ ❡0#✐♠❛#♦+ ❜✉#

s⊗2
xi

= 1
n(l)−1

∑n(l)

j=1

(

x⊗
ij(l) − x̄⊗

i(l)

)2

(i = 1, 2, ..., r, r + 1, ..., q) ✐0 ❜✐❛0❡❞ ❡0#✐♠❛#♦+ ♦❢ S2
xi

❞✉❡ #♦ ♠❡❛0✉+❡♠❡♥# ❡++♦+ ❛# l✲#❤ ♣❤❛0❡✳

❚❤❡ ❡①♣❡❝#❡❞ ✈❛❧✉❡0 ♦❢ s⊗2
y(l)

❛♥❞ s⊗2
xi
❛+❡ ❣✐✈❡♥ ❜②

E
(

s⊗2
y(l)

)

= S2
y + S2

u ❛♥❞ E
(

s⊗2
xi(l)

)

= S2
xi

+ S2
vi
,

✇❤❡+❡ S2
u ❛♥❞ S2

vj
❛+❡ ❦♥♦✇♥✱ #❤❡♥ #❤❡ ✉♥❜✐❛0❡❞ ❡0#✐♠❛#♦+0 ♦❢ S2

y ❛♥❞ S2
xj
❛+❡

Ŝ2
y(l)

= s⊗2
y(l)

− S2
u ❛♥❞ Ŝ2

xi(l)
= s⊗2

xi(l)
− S2

vi
(i = 1, 2, ..., r, r + 1, ..., q)✳

❚♦ ♦❜#❛✐♥ #❤❡ ♣+♦♣❡+#✐❡0 ♦❢ ♣+♦♣♦0❡❞ ❡0#✐♠❛#♦+0✱ ✇❡ ✉0❡ #❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣+♦①✐♠❛#✐♦♥0✳

❋♦+ l✲#❤ ❛♥❞ (l + 1)✲#❤ ♣❤❛0❡✱ ✇❡ ❞❡✜♥❡ #❤❡ ♥♦#❛#✐♦♥0 ❛0

▲❡# s⊗2
y(l)

= S2
y

(

1 + e⊗y(l)

)

, s⊗2
y(l+1)

= S2
y

(

1 + e⊗y(l+1)

)

, s2y(l) = S2
y

(

1 + ey(l)

)

,

s⊗2
xi(l)

= S2
xi

(

1 + e⊗xi(l)

)

✱ s2xi(l)
= S2

xi

(

1 + exi(l)

)

✱ s2xi(l+1)
= S2

xi

(

1 + exi(l+1)

)

✱
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 ✉❝❤ $❤❛$ E
(

e⊗2
y(l)

)

= ϕ(l)S
4
yA

∗
yy, E

(

e⊗2
y(l+1)

)

= ϕ(l+1)S
4
yA

∗
yy, E

(

e2y(l)

)

= ϕ(l)S
4
yλ

∗
yy,

E
(

e2xi(l)

)

= ϕ(l)S
4
xi
λ∗
xixi

, E
(

e2xi(l+1)

)

= E
(

exi(l)
exi(l+1)

)

= ϕ(l+1)S
4
xi
λ∗
xixi

,

E
(

e⊗y(l)exi(l)

)

= ϕ(l)S
2
yS

2
xi
λ∗
yxi

, E
(

e⊗y(l)exi(l+1)

)

= ϕ(l+1)S
2
yS

2
xi
λ∗
yxi

,

✇❤❡(❡ A∗
yy = γ2y +

2+γ2u(1−θy)
2

θ2y
✱ θy =

S2
y

S2
y+S2

u
✱ γ2y = β2(y) − 3 ❛♥❞ γ2u = β2(u) − 3,

❤❡(❡ β2(y) ❛♥❞ β2(u) ❛(❡ $❤❡ ♣♦♣✉❧❛$✐♦♥ ❝♦✲❡✣❝✐❡♥$ ♦❢ ❦✉($♦ ✐ ❢♦( $❤❡ ✈❛(✐❛❜❧❡ ② ❛♥❞ ✉✳

▲❡$ λ∗
xixi

= λxixi
− 1, λ∗

yxi
= λyxi

− 1, µ∗
yxi

= µyxi
− µyµxi

✱ µy = S2
y , µxi

= S2
xi

❛♥❞

ϕ(l) =
1

n(l)
.

❆❧ ♦ λts =
µ22(t,s)

µ20(t,s)µ02(t,s)
= µts

µtµs
♦( t = y, xi ❛♥❞ s = y, xi (i = 1, 2, ...., r, r + 1, ...., q) ,

✇❤❡(❡ µab(t,s) =
∑N

i=1(ti−T̄)a(si−S̄)b

N−1
✳

❋♦( a = 2 ❛♥❞ b = 2⇒ µ22(t,s) =
∑N

i=1(ti−T̄)2(si−S̄)2

N−1
✳

❋♦( a = 0 ❛♥❞ b = 2⇒ µ02(t,s) =
∑N

i=1(si−S̄)2

N−1
✳

❋♦( a = 2 ❛♥❞ b = 0⇒ µ20(t,s) =
∑N

i=1(ti−T̄)2

N−1
✳

✸✳ ●❡♥❡%❛❧✐③❡❞ ❘❡❣%❡--✐♦♥✲❚②♣❡ ❊-4✐♠❛4♦%- ❯-✐♥❣ ▼✉❧4✐✲❆✉①✐❧✐❛%②

❱❛%✐❛❜❧❡-

■♥ $❤✐  ❡❝$✐♦♥✱ $❤❡ ❡ $✐♠❛$♦( ❛(❡ ❢♦(♠✉❧❛$❡❞ ✉♥❞❡( $❤❡ ♣(♦♣♦ ❡❞  ❡$✉♣✳

✸✳✶✳ ●❡♥❡&❛❧✐③❡❞ &❡❣&❡--✐♦♥✲0②♣❡ ❡-0✐♠❛0♦&- ✉-✐♥❣ ♠✉❧0✐✲❛✉①✐❧✐❛&② ✈❛&✐❛❜❧❡-

✉♥❞❡& ♠✉❧0✐✲♣❤❛-❡ -❛♠♣❧✐♥❣ ✐♥ 0❤❡ ♣&❡-❡♥❝❡ ♦❢ ▼❊ ✉♥❞❡& ❈■❈✳ ▲❡$ s⊗2
y(l)

❛♥❞

s2xi(l)
❜❡ $❤❡  ❛♠♣❧❡ ✈❛(✐❛♥❝❡ ♦❢ $❤❡  $✉❞② ✈❛(✐❛❜❧❡ ② ✉♥❞❡( ♠❡❛ ✉(❡♠❡♥$ ❡((♦( ❛♥❞ $❤❡

✐✲$❤ ❛✉①✐❧✐❛(② ✈❛(✐❛❜❧❡ (i = 1, 2, ..., r, r + 1, ..., q) (❡ ♣❡❝$✐✈❡❧②✳ ❚❤❡ ♣♦♣✉❧❛$✐♦♥ ✈❛(✐❛♥❝❡

S2
xi

(i = 1, 2, ..., r, r + 1, ..., q) ♦❢ ❛❧❧ ♠✉❧$✐✲❛✉①✐❧✐❛(② ✈❛(✐❛❜❧❡ ✐ ❦♥♦✇♥✳ ❲❡ ❝♦♥ ✐❞❡( $❤❡

❢♦❧❧♦✇✐♥❣ ❣❡♥❡(❛❧✐③❡❞ ♠✉❧$✐✲♣❤❛ ❡ (❡❣(❡  ✐♦♥✲$②♣❡ ❡ $✐♠❛$♦( ❢♦( ♣♦♣✉❧❛$✐♦♥ ✈❛(✐❛♥❝❡ S2
y

✉ ✐♥❣ αi (i = 1, 2, ..., r, r + 1, ..., q) ❛ ✉♥❦♥♦✇♥ ❝♦♥ $❛♥$ ✳

✭✸✳✶✮ Ŝ
⊗2
y1 = s

⊗2
y(l)

+

q
∑

i=1

αi

(

S
2
xi

− s
2
xi(l)

)

.

■♥ $❡(♠ ♦❢ ❡✬ ✱ ✇❡ ❤❛✈❡

✭✸✳✷✮ Ŝ
⊗2
y1 − S

2
y = S

2
ye

⊗
y(l)

−

q
∑

i=1

αiS
2
xi
exi(l)

.

❙I✉❛(✐♥❣ ✭✸✳✷✮ ❛♥❞ $❤❡♥ $❛❦✐♥❣ ❡①♣❡❝$❛$✐♦♥✱ ✇❡ ❣❡$ MSE
(

Ŝ⊗2
y1

)

❛ 

✭✸✳✸✮ MSE
(

Ŝ
⊗2
y1

)

= E

(

S
2
ye

⊗
y(l)

−

q
∑

i=1

αiS
2
xi
exi(l)

)2

.

❋♦( ♦♣$✐♠✉♠ ✈❛❧✉❡ ♦❢ αi = (−1)i+1
|Λyxi |(yx̃q)

|Λxx(q×q)|
(i = 1, 2, ..., q)✱ $❤❡ (❡ ✉❧$✐♥❣ ♠✐♥✐♠✉♠

MSE
(

Ŝ⊗2
y1

)

✱ $♦ ✜( $ ♦(❞❡( ♦❢ ❛♣♣(♦①✐♠❛$✐♦♥✱ ✐ ❣✐✈❡♥ ❜②



✶✸✵✶

✭✸✳✹✮ MSE
(

Ŝ
⊗2
y1

)

min
= ϕ(l)S

4
y

[

A
∗
yy −

q
∑

i=1

(−1)i+1
|Λyxi

|(yx̃q)

|Λxx(q×q)|

µxi
λ∗
yxi

µy

]

.

▲❡' ℜ2
s2y.s

2
x̃q

=
∑q

i=1 (−1)i+1
|Λyxi |(yx̃q)

|Λxx(q×q)|

µ∗

yxi

µ2
y

✱ '❤❡♥ ✭✸✳✹✮ ❝❛♥ ❜❡ ✇/✐''❡♥ ❛1

✭✸✳✺✮ MSE
(

Ŝ
⊗2
y1

)

min
= ϕ(l)S

4
y

[

A
∗
yy −ℜ2

s2y .s
2
x̃q

]

.

❘❡♠❛$❦ ✸✳✶✳✶✿ ❙✐♥❣❧❡✲♣❤❛2❡ 2❛♠♣❧✐♥❣ ✉2✐♥❣  ❛✉①✐❧✐❛$② ✈❛$✐❛❜❧❡2

❋♦/ ❢✉❧❧ ✐♥❢♦/♠❛'✐♦♥ ❝❛1❡ ✉1✐♥❣ q ♠✉❧'✐✲❛✉①✐❧✐❛/② ✈❛/✐❛❜❧❡1✱ ✇❡ /❡♣❧❛❝❡ l ❜② ✶✱ ✇❤✐❝❤ ✐1 '❤❡

❝❛1❡ ♦❢ 1✐♠♣❧❡ /❛♥❞♦♠ 1❛♠♣❧✐♥❣✳ ❚❤❡ ❡1'✐♠❛'♦/ ❣✐✈❡♥ ✐♥ ✭✸✳✶✮ ❜❡❝♦♠❡1

✭✸✳✻✮ Ŝ
⊗2†
y1 = s

⊗2
y(1)

+

q
∑

i=1

αi

(

S
2
xi

− s
2
xi(1)

)

.

❋♦/ '❤❡ ♦♣'✐♠✉♠ ✈❛❧✉❡1 ♦❢ αi = (−1)i+1
|Λyxi |(yx̃q)

|Λxx(q×q)|
(i = 1, 2, ..., q) , '❤❡ /❡1✉❧'✐♥❣ ♠✐♥✐✲

♠✉♠ MSE
(

Ŝ
⊗2†
y1

)

✱ '♦ ✜/1' ♦/❞❡/ ♦❢ ❛♣♣/♦①✐♠❛'✐♦♥✱ ✐1 ❣✐✈❡♥ ❜②

✭✸✳✼✮ MSE
(

Ŝ
⊗2†
y1

)

min
= ϕ(1)S

4
y

[

A
∗
yy −ℜ2

s2y .s
2
x̃q

]

.

❍❡/❡ |Λyxi
|(yx̃q) ✐1 '❤❡ ❞❡'❡/♠✐♥❛♥' ♦❢ ♠❛'/✐① ♦❢ ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡1 ♦❢ '❤❡ ✈❛/✐❛❜❧❡1

y, x1, ...., xq ❛♥❞ |Λxx(q×q)| ✐1 '❤❡ ❞❡'❡/♠✐♥❛♥' ♦❢ ♠❛'/✐① ♦❢ ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡1 ♦❢ '❤❡

✈❛/✐❛❜❧❡1 x1, ...., xq.

❘❡♠❛$❦ ✸✳✶✳✷✿ ❙✐♥❣❧❡✲♣❤❛2❡ 2❛♠♣❧✐♥❣ ✉2✐♥❣  ❛✉①✐❧✐❛$② ✈❛$✐❛❜❧❡2 ✐♥ 9❤❡

❛❜2❡♥❝❡ ♦❢ ♠❡❛2✉$❡♠❡♥9 ❡$$♦$

▲❡' '❤❡ ♦❜1❡/✈❛'✐♦♥1 ♦❢ ✈❛/✐❛❜❧❡ ♦❢ ✐♥'❡/❡1' y ❜❡ /❡❝♦/❞❡❞ ✇✐'❤♦✉' ❛♥ ❡//♦/✳ ❙✉❜1'✐'✉'✐♥❣

S2
u = 0 ✐♥ ✭✸✳✺✮✱ ✇❡ ❣❡' A∗

yy = λ∗
yy✱

✭✸✳✽✮ MSE
(

Ŝ
2
y1

)

min
= ϕ(1)S

4
y

[

λ
∗
yy −ℜ2

s2y.s
2
x̃q

]

.

✸✳✷✳ ●❡♥❡$❛❧✐③❡❞ $❡❣$❡22✐♦♥✲9②♣❡ ❡29✐♠❛9♦$2 ✉2✐♥❣ ♠✉❧9✐✲❛✉①✐❧✐❛$② ✐♥❢♦$♠❛9✐♦♥

✉♥❞❡$ ♠✉❧9✐✲♣❤❛2❡ 2❛♠♣❧✐♥❣ ✐♥ 9❤❡ ♣$❡2❡♥❝❡ ♦❢ ▼❊ ✉♥❞❡$ ■■❈✳ ▲❡' s2xi(l)
❛♥❞

s2xi(l+1)
❜❡ 1❛♠♣❧❡ ✈❛/✐❛♥❝❡1 ♦❢ '❤❡ ❛✉①✐❧✐❛/② ✈❛/✐❛❜❧❡1 xi (i = 1, 2, . . . , r, r+1, . . . , q) ❛' l✲

'❤ ❛♥❞ (l + 1)✲'❤ ♣❤❛1❡1 /❡1♣❡❝'✐✈❡❧② ✇✐'❤ '❤❡ 1❛♠♣❧❡ 1✐③❡ n(l) ❛♥❞ n(l+1) ❤❛✈✐♥❣ '❤❡ ♣♦♣✲

✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡ S2
xi

✳ ❆❧1♦ s⊗2
y(l+1)

❜❡ '❤❡ 1❛♠♣❧❡ ✈❛/✐❛♥❝❡1 ♦❢ '❤❡ 1'✉❞② ✈❛/✐❛❜❧❡ y ♦❢ 1✐③❡

n(l+1) 1❡❧❡❝'❡❞ ❛' (l + 1)✲'❤ ♣❤❛1❡✳ ❚❤❡ ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡ S2
xi

(i = 1, 2, ..., r, r + 1, ..., q)
♦♥ 1♦♠❡ ❛✉①✐❧✐❛/② ✈❛/✐❛❜❧❡1 ✐1 ❦♥♦✇♥✳ ❲❡ ❢♦/♠✉❧❛'❡ '❤❡ ❣❡♥❡/❛❧✐③❡❞ /❡❣/❡11✐♦♥✲'②♣❡

❡1'✐♠❛'♦/ ❢♦/ '❤❡ ❡1'✐♠❛'✐♦♥ ♦❢ ✉♥❦♥♦✇♥ ✜♥✐'❡ ♣♦♣✉❧❛'✐♦♥ ✈❛/✐❛♥❝❡ S2
y ✉1✐♥❣ αi✱ δi

(i = 1, 2, ..., r) ❛♥❞ γi (i = r + 1, r + 2, ..., q) ❛1 ✉♥❦♥♦✇♥ ❝♦♥1'❛♥'1✳

Ŝ
⊗2
y2 =s

⊗2
y(l+1)

+

r
∑

i=1

αi

(

S
2
xi

− s
2
xi(l)

)

+

r
∑

i=1

δi

(

S
2
xi

− s
2
xi(l+1)

)

+

q
∑

i=r+1

γi

(

s
2
xi(l)

− s
2
xi(l+1)

)

.✭✸✳✾✮
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■♥ "❡$♠& ♦❢ ❡✬&✱ ✇❡ ❤❛✈❡

✭✸✳✶✵✮

Ŝ
⊗2
y2 −S

2
y =

[

S
2
ye

⊗
y(l+1)

−

r
∑

i=1

αiS
2
xi
exi(l)

−

r
∑

i=1

δiS
2
xi
exi(l+1)

+

q
∑

i=r+1

γiS
2
xi

(

exi(l)
− exi(l+1)

)

]

.

❙6✉❛$✐♥❣ ✭✸✳✶✵✮ ❛♥❞ "❤❡♥ "❛❦✐♥❣ ❡①♣❡❝"❛"✐♦♥✱ ✇❡ ❣❡"

MSE
(

Ŝ
⊗2
y2

)

=E

[

S
2
ye

⊗
y(l+1)

−
r

∑

i=1

αiS
2
xi
exi(l)

−
r

∑

i=1

δiS
2
xi
exi(l+1)

+

q
∑

i=r+1

γiS
2
xi

(

exi(l)
− exi(l+1)

)

]2

.✭✸✳✶✶✮

❋♦$ "❤❡ ♦♣"✐♠✉♠ ✈❛❧✉❡& ♦❢ αi = (−1)i+1

(

|Λyxi |(yx̃q)

|Λxx(q×q)|
−

|Λyxi |(yx̃r)

|Λxx(r×r)|

)

, δi = (−1)i+1 |Λyxi |(yx̃r)

|Λxx(r×r)|

(i = 1, 2, ..., r) ❛♥❞ γi = (−1)i+1
|Λyxi |(yx̃q)

|Λxx(q×q)|
(i = r + 1, r + 2, ..., q) , "❤❡ $❡&✉❧"✐♥❣ ♠✐♥✐✲

♠✉♠ MSE
(

Ŝ⊗2
y2

)

✱ "♦ ✜$&" ♦$❞❡$ ♦❢ ❛♣♣$♦①✐♠❛"✐♦♥✱ ✐& ❣✐✈❡♥ ❜②

MSE
(

Ŝ
⊗2
y2

)

min
=S

4
y

[

ϕ(l+1)A
∗
yy − ϕ(l)

r
∑

i=1

(−1)i+1
|Λyxi

|(yx̃r)

|Λxx(q×q)|

µ∗
yxi

µ2
y

+
(

ϕ(l) − ϕ(l+1)

)

q
∑

i=1

(−1)i+1
|Λyxi

|(yx̃q)

|Λxx(q×q)|

µ∗
yxi

µ2
y

]

.✭✸✳✶✷✮

▲❡" ℜ2
s2y.s

2
x̃r

=
∑r

i=1 (−1)i+1
|Λyxi |(yx̃q)

|Λxx(q×q)|

µ∗

yxi

µ2
y

✳ "❤❡♥ ✭✸✳✶✷✮ ❝❛♥ ❜❡ ✇$✐""❡♥ ❛&

✭✸✳✶✸✮ MSE
(

Ŝ
⊗2
y2

)

min
= S

4
y

[

ϕ(l+1)A
∗
yy − ϕ(l)ℜ

2
s2y .s

2
x̃r

+
(

ϕ(l) − ϕ(l+1)

)

ℜ2
s2y .s

2
x̃q

]

.

❘❡♠❛$❦ ✸✳✷✳✶✿ ❚✇♦✲♣❤❛1❡ 1❛♠♣❧✐♥❣ ✉1✐♥❣  ❛✉①✐❧✐❛$② ✈❛$✐❛❜❧❡1

❋♦$ "❤❡ ❝❛&❡ ♦❢ "✇♦✲♣❤❛&❡ &❛♠♣❧✐♥❣ ✉&✐♥❣ q ♠✉❧"✐✲❛✉①✐❧✐❛$② ✈❛$✐❛❜❧❡&✱ ✇❡ $❡♣❧❛❝❡ l ❜②

✶✳ ❚❤❡ ❡&"✐♠❛"♦$ ❣✐✈❡♥ ✐♥ ✭✸✳✾✮ ❜❡❝♦♠❡&

✭✸✳✶✹✮

Ŝ
⊗2†
y2 = s

⊗2
y(2)

+

r
∑

i=1

αi

(

S
2
xi

− s
2
xi(1)

)

+

r
∑

i=1

δi

(

S
2
xi

− s
2
xi(2)

)

+

q
∑

i=r+1

γi

(

s
2
xi(1)

− s
2
xi(2)

)

.

❋♦$ ♦♣"✐♠✉♠ ✈❛❧✉❡& ♦❢ αi = (−1)i+1

(

|Λyxi |(yx̃q)

|Λxx(q×q)|
−

|Λyxi |(yx̃r)

|Λxx(r×r)|

)

, δi = (−1)i+1
|Λyxi |(yx̃q)

|Λxx(q×q)|

(i = 1, 2, ..., r) ❛♥❞ γi = (−1)i+1
|Λyxi |(yx̃q)

|Λxx(q×q)|
(i = r + 1, r + 2, ..., q) , "❤❡ ♠✐♥✐♠✉♠

MSE
(

Ŝ
⊗2†
y2

)

✱ "♦ ✜$&" ♦$❞❡$ ♦❢ ❛♣♣$♦①✐♠❛"✐♦♥✱ ✐& ❣✐✈❡♥ ❜②

✭✸✳✶✺✮

MSE
(

Ŝ
⊗2†
y2

)

min
= S

4
y

[

ϕ(2)

(

A
∗
yy −ℜ⊗2

s2y .s
2
x̃r

)

+
(

ϕ(1) − ϕ(2)

)

(

ℜ⊗2

s2y.s
2
x̃q

−ℜ⊗2

s2y .s
2
x̃r

)]

.
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❘❡♠❛$❦ ✸✳✷✳✷✿ ❚✇♦✲♣❤❛0❡ 0❛♠♣❧✐♥❣ ✉0✐♥❣  ❛✉①✐❧✐❛$② ✈❛$✐❛❜❧❡0 ✐♥ :❤❡ ❛❜✲

0❡♥❝❡ ♦❢ ♠❡❛0✉$❡♠❡♥: ❡$$♦$

▲❡" "❤❡ ♦❜&❡'✈❛"✐♦♥& ♦❢ ✈❛'✐❛❜❧❡ ♦❢ ✐♥"❡'❡&" y ❜❡ '❡❝♦'❞❡❞ ✇✐"❤♦✉" ❛♥ ❡''♦'✳ ❙✉❜&"✐"✉"✐♥❣

S2
u = 0 ✐♥ ✭✸✳✶✸✮✱ ✇❡ ❣❡" A∗

yy = λ∗
yy✱ &♦

✭✸✳✶✻✮ MSE
(

Ŝ
2
y2

)

min
= S

4
y

[

ϕ(2)λ
∗
yy − ϕ(1)ℜ

2
s2y.s

2
x̃r

+
(

ϕ(1) − ϕ(2)

)

ℜ2
s2y.s

2
x̃q

]

.

✸✳✸✳ ●❡♥❡$❛❧✐③❡❞ $❡❣$❡00✐♦♥✲:②♣❡ ❡0:✐♠❛:♦$0 ✉0✐♥❣ ♠✉❧:✐✲❛✉①✐❧✐❛$② ✐♥❢♦$♠❛:✐♦♥

✉♥❞❡$ ♠✉❧:✐✲♣❤❛0❡ 0❛♠♣❧✐♥❣ ✐♥ :❤❡ ♣$❡0❡♥❝❡ ♦❢ ▼❊ ✉♥❞❡$ ◆■❈✳ ▲❡" s⊗2
y(l+1)

❛♥❞

s2xi(l+1)
❜❡ "❤❡ &❛♠♣❧❡ ✈❛'✐❛♥❝❡& ♦❢ "❤❡ &"✉❞② ✈❛'✐❛❜❧❡ ② ✉♥❞❡' ♠❡❛&✉'❡♠❡♥" ❡''♦' ❛♥❞ "❤❡

✐✲"❤ ❛✉①✐❧✐❛'② ✈❛'✐❛❜❧❡ (i = 1, 2, ..., r, r + 1, ..., q) '❡&♣❡❝"✐✈❡❧② ❛" (l + 1)✲"❤ ♣❤❛&❡✱ ✇❤❡'❡❛&
s2xi(l)

❜❡ "❤❡ &❛♠♣❧❡ ✈❛'✐❛♥❝❡ ♦❢ ✐✲"❤ ❛✉①✐❧✐❛'② ✈❛'✐❛❜❧❡ ❛" l✲"❤ ♣❤❛&❡✳ ❚❤❡ ♣♦♣✉❧❛"✐♦♥

✈❛'✐❛♥❝❡ S2
xi

(i = 1, 2, ..., r, r + 1, ..., q) ♦❢ ❛❧❧ ♠✉❧"✐✲❛✉①✐❧✐❛'② ✈❛'✐❛❜❧❡& ✐& ✉♥❦♥♦✇♥✳ ❲❡

❝♦♥&✐❞❡' "❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡'❛❧✐③❡❞ '❡❣'❡&&✐♦♥✲"②♣❡ ❡&"✐♠❛"♦' ❢♦' ♣♦♣✉❧❛"✐♦♥ ✈❛'✐❛♥❝❡ S2
y

✉♥❞❡' ♥♦ ✐♥❢♦'♠❛"✐♦♥ ❝❛&❡ ✉&✐♥❣ αi (i = 1, 2, ..., r, r + 1, ..., q) ❛& ✉♥❦♥♦✇♥ ❝♦♥&"❛♥"✳

✭✸✳✶✼✮ Ŝ
⊗2
y3 = s

⊗2
y(l+1)

+

q
∑

i=1

αi

(

s
2
xi(l)

− s
2
xi(l+1)

)

.

❚♦ "❤❡ ✜'&" ♦'❞❡' ♦❢ ❛♣♣'♦①✐♠❛"✐♦♥✱ ✇❡ ✇'✐"❡ ✭✸✳✶✼✮ ❛&

✭✸✳✶✽✮ Ŝ
⊗2
y3 − S

2
y = S

2
ye

⊗
y(l+1)

+

q
∑

i=1

S
2
xi
αi

(

exi(l)
− exi(l+1)

)

.

❙G✉❛'✐♥❣ ✭✸✳✶✽✮ ❛♥❞ "❤❡♥ "❛❦✐♥❣ ❡①♣❡❝"❛"✐♦♥✱ ✇❡ ❣❡" ▼❙❊ ❛&

✭✸✳✶✾✮ MSE
(

Ŝ
⊗2
y3

)

= S
4
yE

[

e
⊗
y(l+1)

+

q
∑

i=1

αi

(

exi(l)
− exi(l+1)

)

]2

.

❋♦' ♦♣"✐♠✉♠ ✈❛❧✉❡ ♦❢ αi = (−1)i+1
|Λyxi |(yx̃q)

|Λxx(q×q)|
(i = 1, 2, ..., q) ,"❤❡ '❡&✉❧"✐♥❣ ♠✐♥✐♠✉♠

MSE
(

Ŝ⊗2
y3

)

✱ "♦ ✜'&" ♦'❞❡' ♦❢ ❛♣♣'♦①✐♠❛"✐♦♥✱ ✐& ❣✐✈❡♥ ❜②

MSE
(

Ŝ
⊗2
y3

)

min
=S

4
y

[

ϕ(l+1)

(

A
∗
yy −

q
∑

i=1

(−1)i+1
|Λyxi

|(yx̃q)

|Λxx(q×q)|

µ∗
yxi

µ2
y

)

+ϕ(l)

q
∑

i=1

(−1)i+1
|Λyxi

|(yx̃q)

|Λxx(q×q)|

µ∗
yxi

µ2
y

]

.✭✸✳✷✵✮

❲❡ ❝❛♥ ✇'✐"❡ ✭✸✳✷✵✮ ✐♥ ❝♦♠♣❛❝" ❢♦'♠ ❛&

✭✸✳✷✶✮ MSE
(

Ŝ
⊗2
y3

)

min
= S

4
y

[

ϕ(l+1)A
∗
yy +

(

ϕ(l) − ϕ(l+1)

)

ℜ2
s2y.s

2
x̃q

]

.

❘❡♠❛$❦ ✸✳✸✳✶✿ ❚✇♦✲♣❤❛0❡ 0❛♠♣❧✐♥❣ ✉0✐♥❣  ❛✉①✐❧✐❛$② ✈❛$✐❛❜❧❡0

❋♦' ♥♦ ✐♥❢♦'♠❛"✐♦♥ ❝❛&❡ ✉&✐♥❣ q ❛✉①✐❧✐❛'② ✈❛'✐❛❜❧❡&✱ ✇❡ '❡♣❧❛❝❡ l ❜② ✶✱ ✇❤✐❝❤ ✐& "❤❡ ❝❛&❡

♦❢ "✇♦✲♣❤❛&❡ &❛♠♣❧✐♥❣✳ ❚❤❡ ❡&"✐♠❛"♦' ❣✐✈❡♥ ✐♥ ✭✸✳✶✼✮ ❜❡❝♦♠❡&

✭✸✳✷✷✮ Ŝ
⊗2†
y3 = s

⊗2
y(2)

+

q
∑

i=1

αi

(

s
2
xi(1)

− s
2
xi(2)

)

.



✶✸✵✹

❋♦" ♦♣$✐♠✉♠ ✈❛❧✉❡ ♦❢ αi = (−1)i+1
|Λyxi |(yx̃q)

|Λxx(q×q)|
(i = 1, 2, ..., q)✱ $❤❡ "❡/✉❧$✐♥❣ ♠✐♥✐♠✉♠

MSE
(

Ŝ
⊗2†
y3

)

✱ $♦ ✜"/$ ♦"❞❡" ♦❢ ❛♣♣"♦①✐♠❛$✐♦♥✱ ✐/ ❣✐✈❡♥ ❜②

✭✸✳✷✸✮ MSE
(

Ŝ
⊗2†
y3

)

min
= S

4
y

[

ϕ(2)A
∗
yy +

(

ϕ(1) − ϕ(2)

)

ℜ⊗2

s2y.s
2
x̃q

]

.

❘❡♠❛$❦ ✸✳✸✳✷✿ ❚✇♦✲♣❤❛0❡ 0❛♠♣❧✐♥❣ ✉0✐♥❣  ❛✉①✐❧✐❛$② ✈❛$✐❛❜❧❡0 ✐♥ :❤❡ ❛❜0❡♥❝❡

♦❢ ♠❡❛0✉$❡♠❡♥: ❡$$♦$

▲❡$ $❤❡ ♦❜/❡"✈❛$✐♦♥/ ♦❢ ✈❛"✐❛❜❧❡ ♦❢ ✐♥$❡"❡/$ y ❜❡ "❡❝♦"❞❡❞ ✇✐$❤♦✉$ ❛♥ ❡""♦"✳ ❙✉❜/$✐$✉$✐♥❣

S2
u = 0 ✐♥ ✭✸✳✷✶✮✱ ✇❡ ❣❡$ A∗

yy = λ∗
yy✱

✭✸✳✷✹✮ MSE
(

Ŝ
2
y3

)

min
= S

4
y

[

ϕ(2)λ
∗
yy +

(

ϕ(1) − ϕ(2)

)

ℜ2
s2y.s

2
x̃q

]

.

✹✳ ❊✣❝✐❡♥❝② ❈♦♠♣❛.✐/♦♥

❚♦ ♦❜$❛✐♥ $❤❡ ❡✣❝✐❡♥❝② ♦❢ ♣"♦♣♦/❡❞ ❡/$✐♠❛$♦"/✱ ✇❡ ❝♦♠♣❛"❡ $❤❡ ♠❡❛♥ /D✉❛"❡ ❡""♦"/ ♦❢

♣"♦♣♦/❡❞ ♠✉❧$✐✲♣❤❛/❡ "❡❣"❡//✐♦♥✲$②♣❡ ✈❛"✐❛♥❝❡ ❡/$✐♠❛$♦"/ ✉♥❞❡" ♠❡❛/✉"❡♠❡♥$ ❡""♦" ✇✐$❤

$❤❡ ❡/$✐♠❛$♦"/ ❛//✉♠❡❞ $♦ ❜❡ ❢"❡❡ ♦❢ ❡""♦"✳

❇② ✭✸✳✼✮ ❛♥❞ ✭✸✳✽✮✱ ✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✻✮✱ ✭✸✳✷✸✮ ❛♥❞ ✭✸✳✷✹✮✱ ✐$ ✐/ ❡✈✐❞❡♥$ $❤❛$

✭✹✳✶✮ λ
∗
yy < A

∗
yy.

◆♦$❡✿ ❚❤❡ ❈♦♥❞✐$✐♦♥ ✭✹✳✶✮ ✐/ ❛❧✇❛②/ $"✉❡✳

❘❡♠❛$❦✿ ❚❤❡ ♥✉♠❡"✐❝❛❧ ❝♦♠♣❛"✐/♦♥ ✐/ ♠❛❞❡ ✉♥❞❡" $❤❡ ❡✣❝✐❡♥❝② ❝♦♥❞✐$✐♦♥/ ❣✐✈❡♥ ❛❜♦✈❡✳

✺✳ ❉❛2❛ ❉❡/❝.✐♣2✐♦♥

=♦♣✉❧❛:✐♦♥ ✶✿ ✭❙♦✉"❝❡✿ ▼✉❦❤❡"❥❡❡ ❡$ ❛❧✳ ❬✽❪✮

❚❤❡ ❢❡"$✐❧✐$② ❞❛$❛ ✐/ ❜❛/❡❞ ♦♥ ✻✹ ❝♦✉♥$"✐❡/✳ ▲❡$ y =❚♦$❛❧ ❢❡"$✐❧✐$② "❛$❡✱ ✶✾✽✵✕✶✾✽✺✱ $❤❡
❛✈❡"❛❣❡ ♥✉♠❜❡" ♦❢ ❝❤✐❧❞"❡♥ ❜♦"♥ $♦ ❛ ✇♦♠❛♥✱ ✉/✐♥❣ ❛❣❡ /♣❡❝✐✜❝ ❢❡"$✐❧✐$② "❛$❡/ ❢♦" ❛ ❣✐✈❡♥

②❡❛"✱ x1 = ❈❤✐❧❞ ♠♦"$❛❧✐$②✱ $❤❡ ♥✉♠❜❡" ♦❢ ❞❡❛$❤/ ♦❢ ❝❤✐❧❞"❡♥ ✉♥❞❡" ❛❣❡ ✺ ✐♥ ❛ ②❡❛" ♣❡"

✶✵✵✵ ❧✐✈❡ ❜✐"$❤/✱ x2 =❋❡♠❛❧❡ ❧✐$❡"❛❝② "❛$❡✱ ✭♣❡"❝❡♥$✮ ❛♥❞ x3 =V❡" ❝❛♣✐$❛ ●◆V ✭✐♥ ❜✐❧❧✐♦♥/✮
✐♥ ✶✾✽✵✳

N = 64, S2
y = 2.277, S2

x1
= 5772.670, S2

x2
= 676.409, S2

x3
= 7429417.00,

Ȳ = 5.549, X̄1 = 141.500, X̄2 = 51.188, X̄3 = 1401.250, S2
u = 1.255,

λyy = 2.773, λx1x1 = 2.341, λx2x2 = 1.631, λx3x3 = 34.046,

λyx1 = 1.458, λyx2 = 1.069, λyx3 = 0.540, λx1x2 = 1.415,

λx1x3 = 1.921, λx2x3 = 0.372, Ayy = 1.234.

=♦♣✉❧❛:✐♦♥ ✷✿✭❙♦✉"❝❡✿ ●✉❥❛"❛$✐ ❬✻❪✮

❚❤❡ ❞❛$❛ ✐/ ❜❛❡/❞ ♦♥ $❤❡ ❞❡♠❛♥❞ ❢♦" ❝❤✐❝❦❡♥ ✐♥ ❯❙❆✱ ✶✾✻✵✲✶✾✽✷✳ ▲❡$ y = V❡" ❝❛♣✐$❛

❝♦♥/✉♠♣$✐♦♥ ♦❢ ❝❤✐❝❦❡♥/ ✐♥ ♣♦✉♥❞/✱ x1 = ❘❡❛❧ ❞✐/♣♦/❛❜❧❡ ✐♥❝♦♠❡ ♣❡" ❝❛♣✐$❛ ✐♥ ❞♦❧❧❛"/✱

x2 = ❘❡❛❧ "❡$❛✐❧ ♣"✐❝❡ ♦❢ ❝❤✐❝❦❡♥ ♣❡" ♣♦✉♥❞ ✭✐♥ ❝❡♥$/✮ ❛♥❞ x3 = ❘❡❛❧ "❡$❛✐❧ ♣"✐❝❡ ♦❢ ♣♦"❦

♣❡" ♣♦✉♥❞ ✭✐♥ ❝❡♥$/✮✳

N = 23, S2
y = 54.360, S2

x1
= 381735.00, S2

x2
= 123.592, S2

x3
= 1240.710,

Ȳ = 39.669, X̄1 = 1035.065, X̄2 = 47.995, X̄3 = 90.400, S2
u = 3.987,

λyy = 2.03, λx1x1 = 2.696, λx2x2 = 1.756, λx3x3 = 1.951, λyx1 = 2.094,

λyx2 = 1.541, λyx3 = 1.758, λx1x2 = 1.997, λx1x3 = 2.145, λx2x3 = 1.755,



✶✸✵✺

Ayy = 1.033.

 ♦♣✉❧❛&✐♦♥ ✸✿✭❙♦✉$❝❡✿ ❱❛♥❞❛❡❧❡ ❬✷✵❪✮

❚❤❡ ❞❛4❛ ✐6 ❜❛6❡❞ ♦♥ 4❤❡ ❝$✐♠❡ $❛4❡ ❞❛4❛ ♦❢ ❯❙❆ ✐♥ ✶✾✻✵✳ ▲❡4 y =◆✉♠❜❡$ ♦❢ ♦✛❡♥6❡6

$❡♣♦$4❡❞ 4♦ ♣♦❧✐❝❡ ♣❡$ ♠✐❧❧✐♦♥ ♣♦♣✉❧❛4✐♦♥✱ x1 =◆✉♠❜❡$ ♦❢ ♠❛❧❡6 ♦❢ ❛❣❡ ✶✹✲✷✹ ♣❡$ ✶✵✵✵

♣♦♣✉❧❛4✐♦♥✱ x2 =■♥❞✐❝❛4♦$ ✈❛$✐❛❜❧❡ ❢♦$ 6♦✉4❤❡$♥ 64❛4❡6 ❛♥❞ x3 =▼❡❛♥ ♥✉♠❜❡$ ♦❢ ②❡❛$6 ♦❢

6❝❤♦♦❧✐♥❣ 4✐♠❡6 ✶✵ ❢♦$ ♣❡$6♦♥6 ❛❣❡ ✷✺ ♦$ ♦❧❞❡$✳

N = 47, S2
y = 1495.853, S2

x1
= 151.516, S2

x2
= 0.229, S2

x3
= 124.076,

Ȳ = 90.508, X̄1 = 137.511, X̄2 = 0.340, X̄3 = 105.406, S2
u = 1428.881,

λyy = 3.859, λx1x1 = 3.684, λx2x2 = 1.423, λx3x3 = 1.896, λyx1 = 0.456,

λyx2 = 0.743, λyx3 = 1.041, λx1x2 = 1.354, λx1x3 = 1.356, λx2x3 = 1.220,
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⊗2†
y2 ❛♥❞ Ŝ
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Ŝ
⊗2†
y3

✵✳✺✺✹ ✷✽✵✳✷✼✵ ✶✾✳✷✽✷

✵✳✸✼✾ ✷✳✵✺✵ ✹✷✳✶✵✻

✯❚❤❡ $❡6✉❧46 ✇$✐44❡♥ ✐♥ ❚❛❜❧❡ ✶ ✐♥ ❜♦❧❞ ❢♦$♠❛4 ❛$❡ 4❤❡ ❛❜6♦❧✉4❡ ✈❛❧✉❡6 ♦❢ ♠❡❛6✉$❡♠❡♥4

❡$$♦$✳

✻✳ ❈♦♥❝❧✉(✐♦♥

■♥ ❣❡♥❡$❛❧✱ 4❤❡ ♣$❡6❡♥❝❡ ♦❢ ♠❡❛6✉$❡♠❡♥4 ❡$$♦$ ✐♥ 4❤❡ 6✉$✈❡② ❞❛4❛ ✐♥✈❛❧✐❞❛4❡6 4❤❡ $❡6✉❧46✳

❚❤❡ ❣♦❛❧ ♦❢ 4❤✐6 64✉❞② ✇❛6 4♦ 6❤♦✇ ❤♦✇ ♠❡❛6✉$❡♠❡♥4 ❡$$♦$ ✐6 4♦ ❜❡ 6❡♣❡$❛4❡❞ ✐♥ ❝❛6❡ ♦❢

♠✉❧4✐✲♣❤❛6❡ 6❛♠♣❧✐♥❣ ✉6✐♥❣ ♠✉❧4✐✲❛✉①✐❧✐❛$② ✈❛$✐❛❜❧❡6 ❢♦$ ❡64✐♠❛4✐♦♥ ♦❢ ♣♦♣✉❧❛4✐♦♥ ✈❛$✐✲

❛♥❝❡ S2
y ✳ ❚❤❡ ✈❛❧✉❡6 ♦❢ ❛❜6♦❧✉4❡ ♠❡❛6✉$❡♠❡♥4 ❡$$♦$ ❛$❡ 6❤♦✇♥ ✐♥ ❚❛❜❧❡ ✶✳ ■4 ✐6 ❛❧6♦ ❡✈✐❞❡♥4

4❤❛4 4❤❡ ❝♦♥❞✐4✐♦♥ ✭✹✳✶✮ ❤♦❧❞6 ❢♦$ ❛❧❧ 4❤❡ ♣♦♣✉❧❛4✐♦♥6✳ ❍❡♥❝❡✱ 4❤❡ ✉6❡ ♦❢ ♣$♦♣♦6❡❞ ❡64✐✲

♠❛4♦$6 ❛$❡ ❤✐❣❤❧② ♣$❡❢❡$$❡❞ ✐♥ 4❤❡ ❝❛6❡6 ♦❢ ♠✉❧4✐✲♣❤❛6❡ 6❛♠♣❧✐♥❣ ✉♥❞❡$ ❈■❈✱ ■■❈ ❛♥❞ ◆■❈✳

❆❝❦♥♦✇❧❡❞❣♠❡♥&7

❚❤❡ ❛✉4❤♦$6 ✇✐6❤ 4♦ 4❤❛♥❦ 4❤❡ ❡❞✐4♦$ ❛♥❞ 4❤❡ ❛♥♦♥②♠♦✉6 $❡❢❡$❡❡6 ❢♦$ 4❤❡✐$ 6✉❣❣❡64✐♦♥6

✇❤✐❝❤ ❧❡❞ 4♦ ✐♠♣$♦✈❡♠❡♥4 ✐♥ 4❤❡ ❡❛$❧✐❡$ ✈❡$6✐♦♥ ♦❢ 4❤❡ ♠❛♥✉6❝$✐♣4✳



✶✸✵✻

❘❡❢❡#❡♥❝❡&

❬✶❪ ❆❧❧❡♥✱ ❏✳✱ ❙✐♥❣❤✱ ❍✳/✳ ❛♥❞ ❙♠❛3❛♥❞❛❝❤❡✱ ❋✳ ❆ ❢❛♠✐❧② ♦❢ ❡)*✐♠❛*♦+) ♦❢ ♣♦♣✉❧❛*✐♦♥ ♠❡❛♥

✉)✐♥❣ ♠✉❧*✐✲❛✉①✐❧✐❛+② ✐♥❢♦+♠❛*✐♦♥ ✐♥ ♣+❡)❡♥❝❡ ♦❢ ♠❡❛)✉+❡♠❡♥* ❡++♦+✱ ■♥7❡3♥❛7✐♦♥❛❧ ❏♦✉3♥❛❧

♦❢ ❙♦❝✐❛❧ ❊❝♦♥♦♠✐❝<✱ ✸✵ ✭✼✮✿ ✽✸✼✲✽✹✾✱ ✷✵✵✸✳

❬✷❪ ❇❤✉<❤❛♥✱ ❙✳✱ ❙✐♥❣❤✱ ❘✳ ❑✳ ❛♥❞ /❛♥❞❡②✱ ❆✳ ❙♦♠❡ ❣❡♥❡+❛❧✐③❡❞ ❝❧❛))❡) ♦❢ ❞♦✉❜❧❡ )❛♠♣❧✐♥❣

+❡❣+❡))✐♦♥ *②♣❡ ❡)*✐♠❛*♦+) ✉)✐♥❣ ❛✉①✐❧✐❛+② ✐♥❢♦+♠❛*✐♦♥✱ ❙❝✐❡♥❝❡ ❱✐<✐♦♥✱ ✶✶ ✭✶✮✿ ✷✲✻✱ ✷✵✶✶✳

❬✸❪ ❈♦❝❤3❛♥ ❲✳●✳ ❊33♦3< ♦❢ ♠❡❛<✉3❡♠❡♥7 ✐♥ <7❛7✐<7✐❝<✳ ❚❡❝❤♥♦♠❡*+✐❝)✱ ✶✵✿ ✻✸✼✲✻✻✻✱ ✶✾✻✽✳

❬✹❪ ❉✐❛♥❛✱ ❚✳ ❛♥❞ ●✐♦3❞❛♥✱ ▼✳ ❋✐♥✐*❡ ♣♦♣✉❧❛*✐♦♥ ✈❛+✐❛♥❝❡ ❡)*✐♠❛*✐♦♥ ✐♥ ♣+❡)❡♥❝❡ ♦❢ ♠❡❛)✉+❡✲

♠❡♥* ❡++♦+✱ ❈♦♠♠✉♥✐❝❛7✐♦♥< ✐♥ ❙7❛7✐<7✐❝<✲❚❤❡♦3② ❛♥❞ ▼❡7❤♦❞<✱ ✹✶✿ ✹✸✵✷✲✹✸✶✱ ✷✵✶✷✳

❬✺❪ ❉♦3❢♠❛♥✱ ❆✳ ❍✳ ❆ ♥♦*❡ ♦♥ ✈❛+✐❛♥❝❡ ❡)*✐♠❛*✐♦♥ ❢♦+ +❡❣+❡))✐♦♥ ❡)*✐♠❛*♦+ ❢♦+ ❞♦✉❜❧❡ )❛♠♣❧✐♥❣✱

❏♦✉3♥❛❧ ♦❢ ❆♠❡3✐❝❛♥ ❙7❛7✐<7✐❝❛❧ ❆<<♦❝✐❛7✐♦♥✱ ✽✾✿ ✶✸✼✲ ✶✹✵✱ ✶✾✾✹✳

❬✻❪ ●✉❥❛3❛7✐✱ ❉✳ ▼✳ ❇❛)✐❝ ❊❝♦♥♦♠❡*+✐❝)✳ ❚❤❡ ▼❝●+❛✇✲❍✐❧❧ ❈♦♠♣❛♥✐❡)✱ ✷✵✵✹✳

❬✼❪ ■<❛❦✐✱ ❈✳❚✳ ❱❛+✐❛♥❝❡ ❡)*✐♠❛*✐♦♥ ✉)✐♥❣ ❛✉①✐❧✐❛+② ✐♥❢♦+♠❛*✐♦♥✱❏♦✉3♥❛❧ ♦❢ ❆♠❡3✐❝❛♥ ❙7❛7✐<7✐❝❛❧

❆<<♦❝✐❛7✐♦♥✱ ✸✽✶✿ ✶✶✼✕✶✷✸✱ ✶✾✽✸✳

❬✽❪ ▼✉❦❤❡3❥❡❡✱ ❈✳✱ ❲❤✐7❡✱ ❍✳ ❛♥❞ ❲❤②7❡✱ ▼✳ ❊❝♦♥♦♠❡*+✐❝) ❛♥❞ ❉❛*❛ ❆♥❛❧②)✐) ❢♦+ ❉❡✈❡❧♦♣✐♥❣

❈♦✉♥*+✐❡)✱ ❘♦✉*❧❡❞❣❡✱ ▲♦♥❞♦♥✱ ✶✾✾✽✳

❬✾❪ ▼✉❦❡3❥❡❡ ❘✳✱ ❘❛♦ ❚✳❏✳ ❛♥❞ ❱✐❥❛②❛♥ ❑✳ ❘❡❣+❡))✐♦♥✲*②♣❡ ❡)*✐♠❛*♦+) ✉)✐♥❣ ♠✉❧*✐♣❧❡ ❛✉①✐❧✐❛+②

✐♥❢♦+♠❛*✐♦♥✱ ❆✉<73❛❧✐❛♥ ❏♦✉3♥❛❧ ♦❢ ❙7❛7✐<7✐❝<✱ ✷✾ ✭✸✮✿ ✷✹✹✕✷✺✹✱ ✶✾✾✽✳

❬✶✵❪ ❘❛❥✱ ❉✳ ❖♥ ❛ ♠❡*❤♦❞ ♦❢ ✉)✐♥❣ ♠✉❧*✐✲❛✉①✐❧✐❛+② ✐♥❢♦+♠❛*✐♦♥ ✐♥ )❛♠♣❧❡ )✉+✈❡②)✱ ❏♦✉3♥❛❧ ♦❢

❆♠❡3✐❝❛♥ ❙7❛7✐<7✐❝❛❧ ❆<<♦❝✐❛7✐♦♥✱ ✻✵✿ ✷✼✵✲✷✼✼✱ ✶✾✻✺✳

❬✶✶❪ ❙❤✉❦❧❛✱ ❉✳✱ /❛7❤❛❦✱ ❙✳ ❛♥❞ ❚❤❛❦✉3✱ ◆✳ ❙✳ ❆♥ ❡)*✐♠❛*♦+ ❢♦+ ♠❡❛♥ ❡)*✐♠❛*✐♦♥ ✐♥ ♣+❡)❡♥❝❡ ♦❢

♠❡❛)✉+❡♠❡♥* ❡++♦+✱ ❘❡<❡❛3❝❤ ❛♥❞ ❘❡✈✐❡✇<✿ ❆ ❏♦✉3♥❛❧ ♦❢ ❙7❛7✐<7✐❝<✱ ✷ ✭✶✮✱ ✶✲✽✱ ✷✵✶✷ ❛✳

❬✶✷❪ ❙❤✉❦❧❛✱ ❉✳✱ /❛7❤❛❦✱ ❙✳ ❛♥❞ ❚❤❛❦✉3✱ ◆✳ ❙✳ ❈❧❛))✭❡)✮ ♦❢ ❢❛❝*♦+✲*②♣❡ ❡)*✐♠❛*♦+✭)✮ ✐♥ ♣+❡)❡♥❝❡

♦❢ ♠❡❛)✉+❡♠❡♥* ❡++♦+✱ ❏♦✉3♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ❙7❛7✐<7✐❝❛❧ ▼❡7❤♦❞<✱ ✶✶ ✭✷✮✱ ✸✸✻✲ ✸✹✼✱ ✷✵✶✷ ❜✳

❬✶✸❪ ❙✐♥❣❤✱ ❍✳/✳ ❛♥❞ ❑❛3♣❡✱ ◆✳ ❘❛*✐♦✲♣+♦❞✉❝* ❡)*✐♠❛*♦+ ❢♦+ ♣♦♣✉❧❛*✐♦♥ ♠❡❛♥ ✐♥ *❤❡ ♣+❡)❡♥❝❡ ♦❢

♠❡❛)✉+❡♠❡♥* ❡++♦+)✱ ❏♦✉3♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ❙7❛7✐<7✐❝❛❧ ❙❝✐❡♥❝❡✱ ✶✻✿ ✹✾✲✻✹✱ ✷✵✵✽ ❛✳

❬✶✹❪ ❙✐♥❣❤✱ ❍✳/✳ ❛♥❞ ❑❛3♣❡✱ ◆✳ ❊)*✐♠❛*✐♦♥ ♦❢ ♣♦♣✉❧❛*✐♦♥ ✈❛+✐❛♥❝❡ ✉)✐♥❣ ❛✉①✐❧✐❛+② ✐♥❢♦+♠❛*✐♦♥

✐♥ *❤❡ ♣+❡)❡♥❝❡ ♦❢ ♠❡❛)✉+❡♠❡♥* ❡++♦+)✱ ❙7❛7✐<7✐❝< ✐♥ ❚3❛♥<✐7✐♦♥✱ ✾ ✭✸✮✿ ✹✹✸✲✹✼✵✱ ✷✵✵✽❜✳

❬✶✺❪ ❙✐♥❣❤✱ ❍✳/✳ ❛♥❞ ❑❛3♣❡✱ ◆✳ ❆ ❝❧❛)) ♦❢ ❡)*✐♠❛*♦+) ✉)✐♥❣ ❛✉①✐❧✐❛+② ✐♥❢♦+♠❛*✐♦♥ ❢♦+ ❡)*✐♠❛*✐♥❣

✜♥✐*❡ ♣♦♣✉❧❛*✐♦♥ ✈❛+✐❛♥❝❡ ✐♥ ♣+❡)❡♥❝❡ ♦❢ ♠❡❛)✉+❡♠❡♥* ❡++♦+)✱ ❈♦♠♠✉♥✐❝❛7✐♦♥< ✐♥ ❙7❛7✐<7✐❝<✲

❚❤❡♦3② ❛♥❞ ▼❡7❤♦❞<✱ ✸✽✿ ✼✸✹✲✼✹✶✱ ✷✵✵✾✳

❬✶✻❪ ❙✐♥❣❤ ❍✳ /✳ ❛♥❞ ❙♦❧❛♥❦✐✱ ❘✳❙✳ ■♠♣+♦✈❡❞ ❡)*✐♠❛*✐♦♥ ♦❢ ✜♥✐*❡ ♣♦♣✉❧❛*✐♦♥ ✈❛+✐❛♥❝❡ ✉)✐♥❣ ❛✉①✲

✐❧✐❛+② ✐♥❢♦+♠❛*✐♦♥✱ ❈♦♠♠✉♥✐❝❛7✐♦♥< ✐♥ ❙7❛7✐<7✐❝<✲❚❤❡♦3② ❛♥❞ ▼❡7❤♦❞<✱ ✹✷ ✭✶✺✮✱ ✷✼✶✽✲✷✼✸✵✱

✷✵✶✸ ❛✳

❬✶✼❪ ❙✐♥❣❤ ❍✳ /✳ ❛♥❞ ❙♦❧❛♥❦✐✱ ❘✳❙✳ ❆ ♥❡✇ ♣+♦❝❡❞✉+❡ ❢♦+ ✈❛+✐❛♥❝❡ ❡)*✐♠❛*✐♦♥ ✐♥ )✐♠♣❧❡ +❛♥❞♦♠

)❛♠♣❧✐♥❣ ✉)✐♥❣ ❛✉①✐❧✐❛+② ✐♥❢♦+♠❛*✐♦♥✱ ❙7❛7✐<7✐❝❛❧ /❛♣❡3<✱ ✺✹ ✭✷✮✱ ✹✼✾✲✹✾✼✱ ✷✵✶✸ ❜✳

❬✶✽❪ ❙✐♥❣❤✱ ❙✳ ❊)*✐♠❛*✐♦♥ ♦❢ ✜♥✐*❡ ♣♦♣✉❧❛*✐♦♥ ✈❛+✐❛♥❝❡ ✉)✐♥❣ ❞♦✉❜❧❡ )❛♠♣❧✐♥❣✱ ❆❧✐❣❛3❤ ❏♦✉3♥❛❧

♦❢ ❙7❛7✐<7✐❝<✱ ✶✶✿ ✺✸✲✺✻✱ ✶✾✾✶✳

❬✶✾❪ ❙♦❧❛♥❦✐ ❘✳ ❙✳ ❛♥❞ ❙✐♥❣❤ ❍✳ /✳ ❆♥ ✐♠♣+♦✈❡❞ ❝❧❛)) ♦❢ ❡)*✐♠❛*♦+) ❢♦+ *❤❡ ♣♦♣✉❧❛*✐♦♥ ✈❛+✐❛♥❝❡✱

▼♦❞❡❧ ❆<<✐<7❡❞ ❙7❛7✐<7✐❝< ❛♥❞ ❆♣♣❧✐❝❛7✐♦♥<✱ ✽ ✭✸✮✱ ✷✷✾✲✷✸✽✱ ✷✵✶✸✳

❬✷✵❪ ❱❛♥❞❛❡❧❡✱ ❲✳ M❛+*✐❝✐♣❛*✐♦♥ ✐♥ ■❧❧❡❣✐*✐♠❛*❡ ❆❝*✐✈✐*✐❡)✿ ❊+❧✐❝❤ ❘❡✈✐)*❡❞✳ ❉❡*❡++❡♥❝❡ ❛♥❞ ■♥✲

❝❛♣❛❝✐*❛*✐♦♥✱ ◆❛7✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡<✳ ✷✼✵✕✸✸✺✱ ✶✾✼✽✳



❍❛❝❡$$❡♣❡ ❏♦✉)♥❛❧ ♦❢ ▼❛$❤❡♠❛$✐❝1 ❛♥❞ ❙$❛$✐1$✐❝1

❱♦❧✉♠❡ ✹✺ ✭✹✮ ✭✷✵✶✻✮✱ ✶✸✵✼ ✕ ✶✸✷✵

❊!✉✐✈❛&✐❛♥( ❡*(✐♠❛(✐♦♥ ♦❢ ❝♦♠♠♦♥ ❧♦❝❛(✐♦♥

♣❛&❛♠❡(❡& ♦❢ (✇♦ ❡①♣♦♥❡♥(✐❛❧ ♣♦♣✉❧❛(✐♦♥* ✉*✐♥❣

❝❡♥*♦&❡❞ *❛♠♣❧❡*

▼❛♥❛# ❘❛♥❥❛♥ ❚'✐♣❛*❤②

∗†

❆❜"#$❛❝#

■♥ $❤✐1 ♣❛♣❡)✱ ✇❡ ❝♦♥1✐❞❡) $❤❡ ♣)♦❜❧❡♠ ♦❢ ❡1$✐♠❛$✐♥❣ ❝♦♠♠♦♥ ❧♦❝❛$✐♦♥

♣❛)❛♠❡$❡) ♦❢ $✇♦ ❡①♣♦♥❡♥$✐❛❧ ♣♦♣✉❧❛$✐♦♥1 ✉1✐♥❣ $②♣❡✲■■ ❝❡♥1♦)❡❞ 1❛♠✲

♣❧❡1 ✇❤❡♥ $❤❡ 1❝❛❧❡ ♣❛)❛♠❡$❡)1 ❛)❡ ✉♥❦♥♦✇♥✳ ❚❤❡ ❧♦11 ❢✉♥❝$✐♦♥ ✐1 $❛❦❡♥

❛1 $❤❡ K✉❛❞)❛$✐❝ ❧♦11✳ ❋✐)1$✱ ✇❡ ❞❡)✐✈❡ ❛ ❝❧❛11 ♦❢ ❛✣♥❡ ❡K✉✐✈❛)✐❛♥$ ❡1$✐✲

♠❛$♦)1✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡1 $❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡1$✐♠❛$♦) ✭▼▲❊✮ ❛♥❞

$❤❡ ✉♥✐❢♦)♠❧② ♠✐♥✐♠✉♠ ✈❛)✐❛♥❝❡ ✉♥❜✐❛1❡❞ ❡1$✐♠❛$♦) ✭❯▼❱❯❊✮✳ ❆ 1✉❢✲

✜❝✐❡♥$ ❝♦♥❞✐$✐♦♥ ❢♦) ✐♠♣)♦✈✐♥❣ ❡1$✐♠❛$♦)1 ✐♥ $❤❡ ❝❧❛11 ✐1 ❞❡)✐✈❡❞✳ ❈♦♥✲

1❡K✉❡♥$❧②✱ ❡1$✐♠❛$♦)1 ❞♦♠✐♥❛$✐♥❣ $❤❡ ▼▲❊ ❛♥❞ $❤❡ ❯▼❱❯❊ ✐♥ $❡)♠1

♦❢ $❤❡ )✐1❦ ✈❛❧✉❡1 ❛)❡ ♦❜$❛✐♥❡❞✳ ❆♥ ❡①❛♠♣❧❡ ✐1 ❣✐✈❡♥ $♦ ❝♦♠♣✉$❡ $❤❡

❡1$✐♠❛$❡1 ✉1✐♥❣ ♦✉) )❡1✉❧$✳ ❋✐♥❛❧❧② ❛ 1✐♠✉❧❛$✐♦♥ 1$✉❞② ❤❛1 ❜❡❡♥ ❝❛))✐❡❞

♦✉$ $♦ ♥✉♠❡)✐❝❛❧❧② ❝♦♠♣❛)❡ $❤❡ )✐1❦ ❢✉♥❝$✐♦♥1 ♦❢ ❛❧❧ $❤❡ ❡1$✐♠❛$♦)1✳

❑❡②✇♦$❞"✿ ❇'❡✇#*❡' ✲ ❩✐❞❡❦ *❡❝❤♥✐5✉❡✱ ❊5✉✐✈❛'✐❛♥* ❡#*✐♠❛*♦'#✱ ■♥❛❞♠✐##✐❜✐❧✐*②✱

◗✉❛❞'❛*✐❝ ❧♦## ❢✉♥❝*✐♦♥✱ ❘❡❧❛*✐✈❡ '✐#❦ ♣❡'❢♦'♠❛♥❝❡#✱ ❚②♣❡✲■■ ❝❡♥#♦'✐♥❣✳

✷✵✵✵ ❆▼❙ ❈❧❛((✐✜❝❛,✐♦♥✿ ✻✷❋✶✵✱ ✻✷❈✶✺

❘❡❝❡✐✈❡❞ ✿ ✶✹✳✵✾✳✷✵✶✹ ❆❝❝❡♣(❡❞ ✿ ✸✵✳✵✻✳✷✵✶✺ ❉♦✐ ✿ ✶✵✳✶✺✻✼✷✴❍❏▼❙✳✷✵✶✺✼✹✶✶✻✵✵

✶✳ ■♥$%♦❞✉❝$✐♦♥

❙✉♣♣♦1❡ X(1) ≤ X(2) ≤ · · · ≤ X(r) (2 ≤ r ≤ m) ❛♥❞ Y(1) ≤ Y(2) ≤ · · · ≤ Y(s) (2 ≤ s ≤
n) ❜❡ %❤❡ ♦(❞❡(❡❞ ♦❜)❡(✈❛%✐♦♥) %❛❦❡♥ ❢(♦♠ %✇♦ ❡①♣♦♥❡♥%✐❛❧ ♣♦♣✉❧❛%✐♦♥) Ex(µ, σ1) ❛♥❞

Ex(µ, σ2) (❡)♣❡❝%✐✈❡❧②✳ ❍❡(❡ Ex(µ, σi) ❞❡♥♦%❡) %❤❡ ❡①♣♦♥❡♥%✐❛❧ ❞✐)%(✐❜✉%✐♦♥ ✇✐%❤ ❞❡♥)✐%②

❢✉♥❝%✐♦♥

f(t, µ, σi) =
1

σi

exp{−(t− µ)/σi}, t > µ, σi > 0,✭✶✳✶✮

−∞ < µ < ∞; i = 1, 2.

∗
❉❡♣❛$%♠❡♥% ♦❢ ▼❛%❤❡♠❛%✐❝.✱ ◆❛%✐♦♥❛❧ ■♥.%✐%✉%❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❘♦✉$❦❡❧❛✲✼✻✾✵✵✽✱ ■♥❞✐❛✱

❊♠❛✐❧✿ ♠❛♥❛#♠❛$❤❅②❛❤♦♦✳❝♦✳✐♥

†
❈♦$$❡.♣♦♥❞✐♥❣ ❆✉%❤♦$✳



✶✸✵✽

❚❤❡ ♣$♦❜❧❡♠ ✐* +♦ ❡*+✐♠❛+❡ +❤❡ ❝♦♠♠♦♥ ❧♦❝❛+✐♦♥ ♣❛$❛♠❡+❡$ µ ✭♠✐♥✐♠✉♠ ❣✉❛$❛♥+❡❡

+✐♠❡✮ ✇❤❡♥ +❤❡ *❝❛❧❡ ♣❛$❛♠❡+❡$* σ1, σ2 ✭$❡*✐❞✉❛❧ ❧✐❢❡ +✐♠❡*✮ ❛$❡ ✉♥❦♥♦✇♥✱ ✇✐+❤ $❡*♣❡❝+

+♦ +❤❡ ❧♦** ❢✉♥❝+✐♦♥✱

L(d, α) =
(d− µ

σ1

)2

,✭✶✳✷✮

✇❤❡$❡ d ✐* ❛♥ ❡*+✐♠❛+❡ ❢♦$ µ ❛♥❞ α = (µ, σ1, σ2).
❚❤❡ ♠♦❞❡❧ ✭✶✳✶✮ ✉♥❞❡$ ❝♦♥*✐❞❡$❛+✐♦♥ ❛$✐*❡* ♥❛+✉$❛❧❧② ✐♥ +❤❡ *+✉❞② ♦❢ $❡❧✐❛❜✐❧✐+②✱ ❧✐❢❡

+❡*+✐♥❣ ❛♥❞ *✉$✈✐✈❛❧ ❛♥❛❧②*✐* ❛♥❞ ❤❛* ❛♣♣❧✐❝❛+✐♦♥* ✐♥ ✐♥❞✉*+$②✱ ❡♥❣✐♥❡❡$✐♥❣✱ ❜✉*✐♥❡** ❛♥❞

*♦❝✐❛❧ *❝✐❡♥❝❡✳ ❋♦$ ❡①❛♠♣❧❡✱ +✇♦ ❜$❛♥❞* ♦❢ ❡❧❡❝+$♦♥✐❝ ❞❡✈✐❝❡* ❤❛✈✐♥❣ m(≥ 2✮ ❛♥❞ n(≥ 2)
♥✉♠❜❡$ ♦❢ ✉♥✐+* $❡*♣❡❝+✐✈❡❧② ♣✉+ ❢♦$ ❛ ❧✐❢❡ +❡*+✐♥❣ ❡①♣❡$✐♠❡♥+✳ ❉✉❡ +♦ *♦♠❡ ❝♦♥*+$❛✐♥+*

✭♠❛② ❜❡ +✐♠❡ ♦$ ❝♦*+✮ +❤❡ ❡①♣❡$✐♠❡♥+❡$ ❝♦✉❧❞ ❛❜❧❡ +♦ ♦❜*❡$✈❡ ♦♥❧② +❤❡ r(≤ m) ❛♥❞ s(≤ n)
❢❛✐❧✉$❡ +✐♠❡* $❡*♣❡❝+✐✈❡❧②✳ ■+ ✐* ❛**✉♠❡❞ +❤❛+✱ +❤❡ ❧✐❢❡ +✐♠❡* ♦❢ ❡❛❝❤ ✉♥✐+* ❛$❡ $❛♥❞♦♠ ❛♥❞

❢♦❧❧♦✇ ❡①♣♦♥❡♥+✐❛❧ ❞✐*+$✐❜✉+✐♦♥* ❤❛✈✐♥❣ *❛♠❡ ♠✐♥✐♠✉♠ ❣✉❛$❛♥+❡❡ +✐♠❡✳ ❚❤❡ ♣$♦❜❧❡♠ ✇❡

❝♦♥*✐❞❡$✱ ❝♦♠❡* ✉♥❞❡$ +❤❡ ✉♠❜$❡❧❧❛ ♦❢ ❡*+✐♠❛+✐♦♥ ♣$♦❜❧❡♠* ✏❡*+✐♠❛+✐♦♥ ♦❢ ♣❛$❛♠❡+❡$*

♦❢ ❛ ❞✐*+$✐❜✉+✐♦♥ ❢✉♥❝+✐♦♥ ✉*✐♥❣ ❝❡♥*♦$❡❞ *❛♠♣❧❡*✑✳ ❋♦$ *♦♠❡ ♠♦$❡ ❡①❛♠♣❧❡* ♦♥ $❡❧❛+❡❞

♠♦❞❡❧ ♦♥❡ ♠❛② $❡❢❡$ +♦ ❙✉$❡*❤ ❬✶✸❪✳ ❇❛*✐❝❛❧❧②✱ +❤❡ ❝❡♥*♦$✐♥❣ *❝❤❡♠❡* ❛✈❛✐❧❛❜❧❡ ❛$❡ +②♣❡✲■

✭♥✉♠❜❡$ ♦❢ ❢❛✐❧✉$❡* ❛$❡ $❛♥❞♦♠✮✱ +②♣❡✲■■ ✭❝❡♥*♦$✐♥❣ +✐♠❡ ✐* $❛♥❞♦♠✮ ❛♥❞ $❛♥❞♦♠ ❝❡♥*♦$✲

✐♥❣ ✭❜♦+❤ ♠❛② ❜❡ $❛♥❞♦♠✮ ♦$ *♦♠❡ ♠♦❞✐✜❝❛+✐♦♥* ♦❢ +❤❡*❡✳ ❲❡ ❝♦♥*✐❞❡$ +❤❡ ❝♦♥✈❡♥+✐♦♥❛❧

+②♣❡✲■■ $✐❣❤+ ❝❡♥*♦$✐♥❣ *❛♠♣❧✐♥❣ *❝❤❡♠❡ ✇❤✐❝❤ ✐* ❛ ♣❛$+✐❝✉❧❛$ ❝❛*❡ ♦❢ ♣$♦❣$❡**✐✈❡ +②♣❡✲■■

❝❡♥*♦$✐♥❣ *❝❤❡♠❡✳ ❋♦$ *♦♠❡ $❡*✉❧+* ♦♥ ❡*+✐♠❛+✐♦♥ ♦❢ ♣❛$❛♠❡+❡$* ♦❢ ❡①♣♦♥❡♥+✐❛❧ ❞✐*+$✐✲

❜✉+✐♦♥* ✉*✐♥❣ ✈❛$✐♦✉* *✉❝❤ ❝♦♥✈❡♥+✐♦♥❛❧ ❝❡♥*♦$✐♥❣ *❝❤❡♠❡* ♦♥❡ ♠❛② $❡❢❡$ +♦ ▲❛✇❧❡** ❬✾❪

❛♥❞ ❏♦❤♥*♦♥ ❡+ ❛❧✳ ❬✽❪✳ ❋♦$ *♦♠❡ $❡❢❡$❡♥❝❡ ♦♥ ❡*+✐♠❛+✐♦♥ ♦❢ ♣❛$❛♠❡+❡$* ✉*✐♥❣ ♣$♦❣$❡**✐✈❡

+②♣❡✲■■ ❝❡♥*♦$❡❞ *❛♠♣❧❡* ♦♥❡ ♠❛② $❡❢❡$ +♦ ❈❤❛♥❞$❛*❡❦❛$ ❡+ ❛❧✳ ❬✹❪✱ ▼❛❞✐ ❬✶✷❪ ❛♥❞ ❲❛♥❣

❡+ ❛❧✳ ❬✶✹❪ ❛♥❞ +❤❡ $❡❢❡$❡♥❝❡* ❝✐+❡❞ +❤❡$❡ ✐♥✳ ❙♦♠❡ ❛♣♣❧✐❝❛+✐♦♥* ♦❢ +❤❡*❡ +②♣❡* ♦❢ ♠♦❞❡❧*

❤❛✈❡ ❜❡❡♥ ❞✐*❝✉**❡❞ ✐♥ ❇❛❧❛❦$✐*❤♥❛♥ ❛♥❞ ❆❣❣❛$✇❛❧❛ ❬✶❪ ❛♥❞ ❇❛❧❛❦$✐*❤♥❛♥ ❛♥❞ ❈$❛♠❡$

❬✷❪✳ ■+ ✐* ✈❡$② *✉$♣$✐*✐♥❣ +♦ *❡❡ ✐♥ +❤❡ ❧✐+❡$❛+✉$❡ +❤❛+✱ ❛ ✈❡$② ❧✐++❧❡ ❛++❡♥+✐♦♥ ❤❛* ❜❡❡♥

♣❛✐❞ ❢♦$ ❡*+✐♠❛+✐♦♥ ♦❢ ❛ ❝♦♠♠♦♥ ♠❡❛♥✴❧♦❝❛+✐♦♥ ✭♦$ ✐♥ ❣❡♥❡$❛❧ ❝♦♠♠♦♥ ♣❛$❛♠❡+❡$✮ ✇❤❡♥

✐♥❝♦♠♣❧❡+❡ ❞❛+❛ ✭❝❡♥*♦$❡❞ *❛♠♣❧❡*✮ ❛$❡ ❛✈❛✐❧❛❜❧❡ ❢$♦♠ +❤❡ ♣♦♣✉❧❛+✐♦♥✳ ■♥ +❤❛+ $❡❣❛$❞✱

❈❤✐♦✉ ❛♥❞ ❈♦❤❡♥ ❬✺❪ ❝♦♥*✐❞❡$❡❞ +❤❡ ♠♦❞❡❧ ✐♥ ✭✶✳✶✮ ✉♥❞❡$ +②♣❡✲■■ ❝❡♥*♦$✐♥❣ *❝❤❡♠❡ ❛♥❞

❡*+✐♠❛+❡ +❤❡ ❝♦♠♠♦♥ ❧♦❝❛+✐♦♥ ♣❛$❛♠❡+❡$ µ, ✇❤❡♥ +❤❡ *❝❛❧❡ ♣❛$❛♠❡+❡$* ❛$❡ ✉♥❦♥♦✇♥✳
❚❤❡② ♦❜+❛✐♥❡❞ +❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡*+✐♠❛+❡ ✭▼▲❊✮ ❛♥❞ +❤❡ ✉♥✐❢♦$♠❧② ♠✐♥✐♠✉♠

✈❛$✐❛♥❝❡ ✉♥❜✐❛*❡❞ ❡*+✐♠❛+❡ ✭❯▼❱❯❊✮ ❢♦$ µ. ❚❤❡② ❤❛✈❡ ❛❧*♦ ❣❡♥❡$❛❧✐③❡❞ +❤❡ $❡*✉❧+* +♦
k = 3 ❡①♣♦♥❡♥+✐❛❧ ♣♦♣✉❧❛+✐♦♥*✳ ❊❧❢❡**✐ ❛♥❞ Y❛❧ ❬✻❪ ❝♦♥*✐❞❡$❡❞ +❤❡ ♣$♦❜❧❡♠ ♦❢ ❡*+✐♠❛+✐♦♥

♦❢ ❝♦♠♠♦♥ *❝❛❧❡ ♣❛$❛♠❡+❡$ ♦❢ *❡✈❡$❛❧ ❡①♣♦♥❡♥+✐❛❧ ♣♦♣✉❧❛+✐♦♥* ✉♥❞❡$ +②♣❡✲■■ ❝❡♥*♦$✐♥❣

*❝❤❡♠❡✳ ❚❤❡② ♣$♦✈✐❞❡❞ *+❡✐♥ +②♣❡ +❡*+✐♠❛+♦$* ❢♦$ +❤❡ ❝♦♠♠♦♥ *❝❛❧❡ ♣❛$❛♠❡+❡$ ❛♥❞ ✉*❡❞

+❤✐* +♦ ❝♦♥*+$✉❝+ ❡*+✐♠❛+♦$* ❢♦$ +❤❡ ❧♦❝❛+✐♦♥ ♣❛$❛♠❡+❡$*✳

■♥ +❤❡ ❝❛*❡ ♦❢ ❢✉❧❧ *❛♠♣❧❡ ✭+❤❛+ ✐* r = m ❛♥❞ s = n✮ ♣$♦❜❛❜❧②✱ ●❤♦*❤ ❛♥❞ ❘❛③♠♣♦✉$
❬✼❪ ✇❛* +❤❡ ✜$*+ +♦ ❝♦♥*✐❞❡$ +❤❡ ♣$♦❜❧❡♠ ♦❢ ❡*+✐♠❛+✐♦♥ ♦❢ µ. ❚❤❡② ♦❜+❛✐♥❡❞ +❤❡ ▼▲❊✱ ❛
♠♦❞✐✜❝❛+✐♦♥ +♦ +❤❡ ▼▲❊ ✭▼▼▲❊✮ ❛♥❞ +❤❡ ❯▼❱❯❊ ❢♦$ µ. ❆*②♠♣+♦+✐❝ ❛♥❞ ♥✉♠❡$✐❝❛❧
❝♦♠♣❛$✐*♦♥* ♦❢ +❤❡*❡ ❡*+✐♠❛+♦$* ✇❡$❡ ❞♦♥❡ ✐♥ +❡$♠* ♦❢ ❜✐❛* ❛♥❞ ♠❡❛♥ *^✉❛$❡❞ ❡$$♦$✳

❚❤❡✐$ *✐♠✉❧❛+✐♦♥ *+✉❞② *❤♦✇* +❤❛+✱ +❤❡ ▼▲❊ ✐* ❞♦♠✐♥❛+❡❞ ❜② ❜♦+❤ +❤❡ ▼▼▲❊ ❛♥❞ +❤❡

❯▼❱❯❊✳ ❏✐♥ ❛♥❞ Y❛❧ ❬✶✶❪ ❝♦♥*✐❞❡$❡❞ +❤❡ ♣$♦❜❧❡♠ ♦❢ ❡*+✐♠❛+✐♦♥ ♦❢ ❝♦♠♠♦♥ ❧♦❝❛+✐♦♥

♣❛$❛♠❡+❡$ ♦❢ *❡✈❡$❛❧ ❡①♣♦♥❡♥+✐❛❧ ♣♦♣✉❧❛+✐♦♥* ❛♥❞ *✉❣❣❡*+❡❞ ❛ ❝❧❛** ♦❢ ❡*+✐♠❛+♦$* ✇❤✐❝❤

❞♦♠✐♥❛+❡* +❤❡ ▼▲❊ ✉♥❞❡$ ❛ ❝❧❛** ♦❢ ❝♦♥✈❡① ❧♦** ❢✉♥❝+✐♦♥*✳ ❋♦$ *♦♠❡ ❡❛$❧② $❡*✉❧+* ♦♥ +❤❡

❡*+✐♠❛+✐♦♥ ♦❢ ❝♦♠♠♦♥ ❧♦❝❛+✐♦♥ ♦❢ ❡①♣♦♥❡♥+✐❛❧ ♣♦♣✉❧❛+✐♦♥* ✇❡ $❡❢❡$ +♦ ❏✐♥ ❛♥❞ ❈$♦✉*❡

❬✶✵❪ ❛♥❞ +❤❡ $❡❢❡$❡♥❝❡* +❤❡$❡ ✐♥✳

■♥ +❤✐* ❛$+✐❝❧❡✱ ✇❡ ❝♦♥*✐❞❡$ +❤❡ ♠♦❞❡❧ ✐♥ ✭✶✳✶✮ ✉♥❞❡$ +❤❡ ❝♦♥✈❡♥+✐♦♥❛❧ +②♣❡✲■■ ❝❡♥*♦$✐♥❣✱

✇❤✐❝❤ ✇❛* ❝♦♥*✐❞❡$❡❞ ❡❛$❧✐❡$ ❜② ❈❤✐♦✉ ❛♥❞ ❈♦❤❡♥ ❬✺❪ ❛♥❞ ❡*+✐♠❛+❡❞ +❤❡ ❝♦♠♠♦♥ ❧♦❝❛+✐♦♥

♣❛$❛♠❡+❡$ µ ✇✐+❤ $❡*♣❡❝+ +♦ ❛ ^✉❛❞$❛+✐❝ ❧♦** ❢✉♥❝+✐♦♥✳ ❚❤❡ ❛✐♠ ♦❢ +❤❡ ♣$❡*❡♥+ ✇♦$❦ ✐*

+✇♦❢♦❧❞✱ ♦♥❡ ✐* +♦ ♣$♦♣♦*❡ ❛ ✇✐❞❡ ❝❧❛** ♦❢ ❡*+✐♠❛+♦$* ✇❤✐❝❤ ✐♥❝❧✉❞❡ +❤❡ ▼▲❊✱ +❤❡ ▼▼▲❊



✶✸✵✾

✭✇❡ ♣$♦♣♦&❡ ✐♥ ♥❡①* &❡❝*✐♦♥✮ ❛♥❞ *❤❡ ❯▼❱❯❊ ❢♦$ µ. ❙❡❝♦♥❞❧②✱ ✇❡ ❞❡$✐✈❡ ❛ &✉✣❝✐❡♥*

❝♦♥❞✐*✐♦♥ *❤❛* ❤❡❧♣& ✐♥ ♦❜*❛✐♥✐♥❣ ❡&*✐♠❛*♦$& ✇❤✐❝❤ ❞♦♠✐♥❛*❡ ❡&*✐♠❛*♦$& ❜❡❧♦♥❣✐♥❣ *♦

*❤✐& ❝❧❛&&✳ ❚❤❡ $❡&* ♦❢ *❤❡ ✇♦$❦ ✐& ♦$❣❛♥✐③❡❞ ❛& ❢♦❧❧♦✇&✳ ■♥ ❙❡❝*✐♦♥ ✷✱ ✇❡ ♣$❡&❡♥* *❤❡

♠♦❞❡❧ ❛♥❞ ❞✐&❝✉&& &♦♠❡ ❜❛&✐❝ $❡&✉❧*&✳ ■♥ ❙❡❝*✐♦♥ ✸✱ ❛ ❣❡♥❡$❛❧ ❝❧❛&& ♦❢ ❡&*✐♠❛*♦$& ❤❛&

❜❡❡♥ ♣$♦♣♦&❡❞ ❛♥❞ &✉✣❝✐❡♥* ❝♦♥❞✐*✐♦♥& ❢♦$ ✐♠♣$♦✈✐♥❣ ❡&*✐♠❛*♦$& ✐♥ *❤❡ ❝❧❛&& ❤❛& ❜❡❡♥

❞❡$✐✈❡❞✳ ❚❤✐& ❝❧❛&& ❝♦♥*❛✐♥& *❤❡ ▼▲❊✱ ▼▼▲❊ ❛♥❞ *❤❡ ❯▼❱❯❊ ❢♦$ µ. ❯&✐♥❣ *❤❡ $❡&✉❧*&

♦❢ &❡❝*✐♦♥ ✸✱ ❡&*✐♠❛*♦$& ❞♦♠✐♥❛*✐♥❣ *❤❡ ▼▲❊ ❛♥❞ *❤❡ ❯▼❱❯❊ ❤❛✈❡ ❜❡❡♥ ♦❜*❛✐♥❡❞✳ ■♥

❙❡❝*✐♦♥ ✹✱ ❛ ♠❛&&✐✈❡ &✐♠✉❧❛*✐♦♥ &*✉❞② ❤❛& ❜❡❡♥ ❝❛$$✐❡❞ ♦✉* *♦ ♥✉♠❡$✐❝❛❧❧② ❝♦♠♣❛$❡ *❤❡

$✐&❦ ♣❡$❢♦$♠❛♥❝❡& ♦❢ ❛❧❧ *❤❡&❡ ❡&*✐♠❛*♦$&✳

✷✳ ❙♦♠❡ ❇❛(✐❝ ❘❡(✉❧.(

■♥ *❤✐& &❡❝*✐♦♥✱ ✇❡ ❞✐&❝✉& *❤❡ ♠♦❞❡❧ ❛♥❞ ❞❡$✐✈❡ &♦♠❡ ❜❛&✐❝ ❡&*✐♠❛*♦$& &✉❝❤ ❛& *❤❡

▼▲❊✱ ❛ ♠♦❞✐✜❝❛*✐♦♥ *♦ *❤❡ ▼▲❊ ✭▼▼▲❊✮ ❛♥❞ *❤❡ ✉♥✐❢♦$♠❧② ♠✐♥✐♠✉♠ ✈❛$✐❛♥❝❡ ✉♥❜✐❛&❡❞

❡&*✐♠❛*♦$ ✭❯▼❱❯❊✮ ❢♦$ *❤❡ ❝♦♠♠♦♥ ❧♦❝❛*✐♦♥ ♣❛$❛♠❡*❡$ µ, ✇❤❡♥ *❤❡ &❝❛❧❡ ♣❛$❛♠❡*❡$&

❛$❡ ✉♥❦♥♦✇♥✳

❙♣❡❝✐✜❝❛❧❧②✱ ❧❡* X(1) ≤ X(2) ≤ · · · ≤ X(r), ✭2 ≤ r ≤ m✮ ❜❡ *❤❡ r ♦$❞❡$❡❞ ♦❜&❡$✈❛*✐♦♥&

*❛❦❡♥ ❢$♦♠ ❛ $❛♥❞♦♠ &❛♠♣❧❡ ♦❢ &✐③❡ m ✇❤✐❝❤ ❢♦❧❧♦✇& Ex(µ, σ1) ❛& ✐♥ ✭✶✳✶✮✳ ❙✐♠✐❧❛$❧②✱

❧❡* Y(1) ≤ Y(2) ≤ · · · ≤ Y(s), ✭2 ≤ s ≤ n✮ ❜❡ *❤❡ s ♦$❞❡$❡❞ ♦❜&❡$✈❛*✐♦♥& ❢$♦♠ ❛ $❛♥❞♦♠

&❛♠♣❧❡ ♦❢ &✐③❡ n ✇❤✐❝❤ ❢♦❧❧♦✇& Ex(µ, σ2) ❛& ✐♥ ✭✶✳✶✮✳ ❲❡ ❛&&✉♠❡ *❤❛* *❤❡ *✇♦ $❛♥❞♦♠

&❛♠♣❧❡& ❞$❛✇♥ ❛$❡ &*♦❝❤❛&*✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥*✳ ❚❤❡ ❥♦✐♥* ♣$♦❜❛❜✐❧✐*② ❞❡♥&✐*② ❢✉♥❝*✐♦♥ ♦❢

Xr = (X(1), X(2), · · · , X(r)) ❛♥❞ Y s = (Y(1), Y(2), · · · , Y(s)) ✐& ❣✐✈❡♥ ❜②

f(xr, ys
) = M exp

{

−

∑r

i=1(x(i) − µ) + (m− r)(x(r) − µ)

σ1

−

∑s

j=1(y(j) − µ) + (n− s)(y(s) − µ)

σ2

}

,✭✷✳✶✮

✇❤❡$❡✱ µ ≤ x(1) ≤ x(2) · · · ≤ x(r); µ ≤ y(1) ≤ y(2) · · · ≤ y(s); −∞ < µ < ∞, σ1 > 0,
σ2 > 0 ❛♥❞

M =
m(m− 1) · · · (m− r + 1)n(n− 1) · · · (n− s+ 1)

σr
1σ

s
2

.

■* ❝❛♥ ❜❡ ♦❜&❡$✈❡❞ *❤❛*✱ *❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡&*✐♠❛*♦$ ✭▼▲❊✮ ♦❢ µ ✐&

Z = min(X(1), Y(1)) = dML ✭&❛②✮✳ ❚❤❡ ▼▲❊& ♦❢ ❜♦*❤ σ1 ❛♥❞ σ2 ❝❛♥ ❜❡ ♦❜*❛✐♥❡❞ ❜②

❞✐✛❡$❡♥*✐❛*✐♥❣ *❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝*✐♦♥ ✇✐*❤ $❡&♣❡❝* *♦ σi ✭i = 1, 2✮ ❛♥❞ ❡N✉❛*✐♥❣ *♦

③❡$♦✳ ❚❤❡&❡ ❛$❡ ♦❜*❛✐♥❡❞ ❛&✱

σ̂1 =

∑r

i=1(X(i) − Z) + (m− r)(X(r) − Z)

r
,

σ̂2 =

∑s

j=1(Y(j) − Z) + (n− s)(Y(s) − Z)

s
.

▲❡* ✉& ✐♥*$♦❞✉❝❡ *❤❡ ♥❡✇ $❛♥❞♦♠ ✈❛$✐❛❜❧❡&

U1 =

∑r

i=1 X(i) + (m− r)X(r)

m
, ❛♥❞ U2 =

∑s

j=1 Y(j) + (n− s)Y(s)

n
.

❋♦$ ♦✉$ ♠♦❞❡❧✱ ❛ &✉✣❝✐❡♥* &*❛*✐&*✐❝ ✐& (U1, U2, Z) ✭&❡❡ ❈❤✐♦✉ ❛♥❞ ❈♦❤❡♥ ❬✺❪✮✳ ❋✉$*❤❡$✱

*❤❡ ❥♦✐♥* ♣$♦❜❛❜✐❧✐*② ❞❡♥&✐*② ❢✉♥❝*✐♦♥ ♦❢ (U1, U2, Z) ✐& ❣✐✈❡♥ ❜②✱

fU1,U2,Z(u1, u2, z) = K
[ (u1 − z)r−2(u2 − z)s−1

ΓsΓ(r − 1)
+

(u1 − z)r−1(u2 − z)s−2

ΓrΓ(s− 1)

]

exp

{

−
m(u1 − µ)

σ1
−

n(u2 − µ)

σ2

}

, u1 > x(1), u2 > y(1), z > µ✭✷✳✷✮



✶✸✶✵

✇❤❡#❡

K =
mrns

σr
1σ

s
2

.

■% &❤♦✉❧❞ ❜❡ ♥♦%❡❞ %❤❛% %❤❡ ❞❡%❛✐❧& ♦❢ ❞❡#✐✈❛%✐♦♥ ♦❢ %❤❡ ❥♦✐♥% ♣#♦❜❛❜✐❧✐%② ❞❡♥&✐%② ❢✉♥❝%✐♦♥

♦❢ (U1, U2, Z) ❤❛& ❜❡❡♥ ♦♠✐%%❡❞ ❤❡#❡ ❢♦# ❜#❡✈✐%②✱ ❤♦✇❡✈❡# ❢♦# ❡7✉❛❧ &❛♠♣❧❡ &✐③❡& ♦♥❡ ♠❛②
#❡❢❡# %♦ ❈❤✐♦✉ ❛♥❞ ❈♦❤❡♥ ❬✺❪✳

❚❤❡ ♣#♦❜❛❜✐❧✐%② ❞❡♥&✐%② ❢✉♥❝%✐♦♥ ♦❢ Z ✐& ❣✐✈❡♥ ❜②

fZ(z) = p exp{−p(z − µ)}, z > µ,✭✷✳✸✮

✇❤❡#❡ p = m

σ1
+ n

σ2
. ■% ❝❛♥ ❜❡ ♥♦%❡❞ %❤❛%✱ E(Z) = µ + 1

p
. ▼♦%✐✈❛%❡❞ ❜② ●❤♦&❤ ❛♥❞

❘❛③♠♣♦✉# ❬✼❪✱ ✇❡ ♣#♦♣♦&❡ ❛ ♠♦❞✐✜❝❛%✐♦♥ %♦ %❤❡ ▼▲❊ dML ❛&✱

dMM = Z −
1

p̂
,✭✷✳✹✮

✇❤❡#❡✱ ✇❡ ❤❛✈❡ %❤❡ ▼▲❊ ❢♦# p ❛& p̂ = m
σ̂1

+ n
σ̂2

. ■% ❝❛♥ ❜❡ ❢✉#%❤❡# ♥♦%✐❝❡❞ %❤❛% %❤❡

&%❛%✐&%✐❝& (U1 − Z,U2 − Z) ❛♥❞ Z ❛#❡ ✐♥❞❡♣❡♥❞❡♥%✳ ❯&✐♥❣ %❤❡ ❝♦♠♣❧❡%❡ ❛♥❞ &✉✣❝✐❡♥%

&%❛%✐&%✐❝ (U1 − Z,U2 − Z,Z), ✐% ✐& ❡❛&② %♦ ♦❜&❡#✈❡ %❤❛% %❤❡ ❯▼❱❯❊ ♦❢ µ ✐& ❣✐✈❡♥ ❜②✱

dMV = Z −
(U1 − Z)(U2 − Z)

(r − 1)(U2 − Z) + (s− 1)(U1 − Z)
,✭✷✳✺✮

✭&❡❡ ❈❤✐♦✉ ❛♥❞ ❈♦❤❡♥ ❬✺❪ ❢♦# m = n ❛♥❞ r = s✮✳
■♥ %❤❡ ♥❡①% &❡❝%✐♦♥✱ ✇❡ ♣#♦✈❡ ❛ ❣❡♥❡#❛❧ ✐♥❛❞♠✐&&✐❜✐❧✐%② #❡&✉❧% ❢♦# ❛✣♥❡ ❡7✉✐✈❛#✐❛♥%

❝❧❛&& ♦❢ ❡&%✐♠❛%♦#& ❛♥❞ ❛& ❛ ❝♦♥&❡7✉❡♥❝❡✱ ❡&%✐♠❛%♦#& ❞♦♠✐♥❛%✐♥❣ %❤❡ ▼▲❊ dML ❛♥❞ %❤❡

❯▼❱❯❊ dMV ✐♥ %❡#♠& ♦❢ #✐&❦ ✈❛❧✉❡& ❤❛✈❡ ❜❡❡♥ ♦❜%❛✐♥❡❞✳

✸✳ ❆ ❙✉✣❝✐❡♥* ❈♦♥❞✐*✐♦♥ ❢♦/ ■♠♣/♦✈✐♥❣ ❊6✉✐✈❛/✐❛♥* ❊8*✐♠❛*♦/8

■♥ %❤✐& &❡❝%✐♦♥✱ ✇❡ ✐♥%#♦❞✉❝❡ %❤❡ ❝♦♥❝❡♣% ♦❢ ✐♥✈❛#✐❛♥❝❡ %♦ ♦✉# ♣#♦❜❧❡♠ ❛♥❞ ♦❜%❛✐♥ &♦♠❡

✐♥❛❞♠✐&&✐❜✐❧✐%② ❝♦♥❞✐%✐♦♥& ❢♦# ❡&%✐♠❛%♦#& ❜❡❧♦♥❣✐♥❣ %♦ %❤❡ ❛✣♥❡ ❡7✉✐✈❛#✐❛♥% ❝❧❛&&✳

▲❡% G = {ga,b : ga,b(x) = ax+ b, a > 0,−∞ < b < ∞} ❜❡ ❛♥ ❛✣♥❡ ❣#♦✉♣ ♦❢ %#❛♥&❢♦#✲
♠❛%✐♦♥&✳ ▲❡% ✉& ✉&❡ %❤❡ ♥♦%❛%✐♦♥ V1 = U1 − Z, V2 = U2 − Z. ❯♥❞❡# %❤❡ %#❛♥&❢♦#♠❛%✐♦♥
ga,b, %❤❡ &✉✣❝✐❡♥% &%❛%✐&%✐❝&✱ V1 → aV1, V2 → aV2 ❛♥❞ Z → aZ+b. ❚❤❡ &❡% ♦❢ ♣❛#❛♠❡%❡#&
❜❡✐♥❣ %#❛♥&❢♦#♠❡❞ ❛& µ → aµ+ b, σi → aσi, i = 1, 2. ■♥ ♦#❞❡# %❤❛%✱ %❤❡ ❧♦&& ❢✉♥❝%✐♦♥ ✭✷✳✶✮
%♦ ❜❡ ✐♥✈❛#✐❛♥%✱ %❤❡ ❞❡❝✐&✐♦♥ #✉❧❡ d ♠✉&% &❛%✐&❢② %❤❡ ❡7✉❛%✐♦♥✱

d(aZ + b, aV1, aV2) = ad(Z, V1, V2) + b.

❚❛❦✐♥❣ ❝❤♦✐❝❡ ❢♦# b = −aZ, ✇❤❡#❡ a = 1
V1

, ❛♥❞ #❡❛##❛♥❣✐♥❣ %❤❡ %❡#♠&✱ ✇❡ ♦❜%❛✐♥ %❤❡ ❢♦#♠

♦❢ ❛♥ ❛✣♥❡ ❡7✉✐✈❛#✐❛♥% ❡&%✐♠❛%♦# ❜❛&❡❞ ♦♥ (Z, V1, V2) ❢♦# ❡&%✐♠❛%✐♥❣ µ ❛&✱

d(Z, V1, V2) = Z + V1Ψ(V ),

= dΨ, ✭&❛②✮,✭✸✳✶✮

✇❤❡#❡ Ψ(V ) ✐& ❛♥② ❢✉♥❝%✐♦♥ ♦❢ V = V2

V1
.

❋✉#%❤❡#✱ ❞❡✜♥❡ ❛ ❢✉♥❝%✐♦♥ Ψ0, ❢♦# %❤❡ ❛✣♥❡ ❡7✉✐✈❛#✐❛♥% ❡&%✐♠❛%♦# dΨ ✭❛& ❣✐✈❡♥ ✐♥

✭✸✳✶✮✮ ❛&✱

✭✸✳✷✮ Ψ0(v) =







− 1
r+s

max(v, 1), ✐❢ Ψ(v) < − 1
r+s

max(v, 1)

Ψ(v), ✐❢ − 1
r+s

max(v, 1) ≤ Ψ(v) ≤ − 1
r+s

min(v, 1),

− 1
r+s

min(v, 1), ✐❢ Ψ(v) > − 1
r+s

min(v, 1)

◆❡①%✱ ✇❡ ♣#❡&❡♥% %❤❡ ♠❛✐♥ #❡&✉❧% ♦❢ %❤✐& &❡❝%✐♦♥ ✇❤✐❝❤ ❤❡❧♣& ✐♥ ♦❜%❛✐♥✐♥❣ %❤❡ ✐♠♣#♦✈❡❞

❡&%✐♠❛%♦#& ❢♦# µ.
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✸✳✶✳ ❚❤❡♦'❡♠✳ ❋♦" #❤❡ ❛✣♥❡ ❡)✉✐✈❛"✐❛♥# ❡-#✐♠❛#♦" dΨ ❣✐✈❡♥ ✐♥ ✭✸✳✶✮✱ ❞❡✜♥❡ #❤❡ ❢✉♥❝#✐♦♥

Ψ0 ❛- ❣✐✈❡♥ ✐♥ ✭✸✳✷✮ ❛♥❞ #❤❡ ❧♦-- ❢✉♥❝#✐♦♥ ❜❡ #❤❡ ❛✣♥❡ ✐♥✈❛"✐❛♥# ❧♦-- ✭✶✳✷✮✳ ❚❤❡ ❡-#✐♠❛#♦"

dΨ ✐- ✐♥❛❞♠✐--✐❜❧❡ ❛♥❞ ✐- ✐♠♣"♦✈❡❞ ❜② dΨ0
, ✐❢ #❤❡"❡ ❡①✐-# -♦♠❡ ✈❛❧✉❡- ♦❢ ♣❛"❛♠❡#❡"-

(µ, σ1, σ2) -✉❝❤ #❤❛#✱ P (dΨ 6= dΨ0
) > 0.

A"♦♦❢✳ ❚❤❡ ♣$♦♦❢ ♦❢ '❤✐) '❤❡♦$❡♠ ❝❛♥ ❜❡ ❞♦♥❡ ❜② ✉)✐♥❣ ❛ $❡)✉❧' ♦❢ ❇$❡✇)'❡$ ❛♥❞ ❩✐❞❡❦

❬✸❪✳ ❙♦✱ ❝♦♥)✐❞❡$ '❤❡ ❝♦♥❞✐'✐♦♥❛❧ $✐)❦ ❢✉♥❝'✐♦♥ ♦❢ dΨ ❣✐✈❡♥ V = v.

R((dΨ, α)|V = v) =
1

σ2
1

E[(dΨ − µ)2|V = v],

=
1

σ2
1

E[(Z + V1Ψ(V )− µ)2|V = v].✭✸✳✸✮

❚❤❡ ❛❜♦✈❡ $✐)❦ ❢✉♥❝'✐♦♥ ✭✸✳✸✮ ✐) ❛ ❝♦♥✈❡① ❢✉♥❝'✐♦♥ ✐♥ Ψ. ❍❡♥❝❡✱ '❤❡ ♠✐♥✐♠✐③✐♥❣ ✈❛❧✉❡ ♦❢
Ψ(V ) ❢♦$ ✜①❡❞ ✈❛❧✉❡) ♦❢ V ✐) ♦❜'❛✐♥❡❞ ❛)✱

Ψ̂(v, σ1, σ2) = −
1

p

E(V1|V = v)

E(V 2
1 |V = v)

.✭✸✳✹✮

❚♦ ❡✈❛❧✉❛'❡ '❤❡ ❛❜♦✈❡ ❡①♣$❡))✐♦♥ ✐♥ ✭✸✳✹✮✱ ✇❡ ❤❛✈❡ '❤❡ ❥♦✐♥' ♣$♦❜❛❜✐❧✐'② ❞❡♥)✐'② ❢✉♥❝'✐♦♥

♦❢ (U1, U2, Z) ❛) ❣✐✈❡♥ ✐♥ ✭✷✳✷✮✳ ▲❡' ✉) ✉)❡ '❤❡ '$❛♥)❢♦$♠❛'✐♦♥ V1 = U1 −Z, V2 = U2 −Z
❛♥❞ Z = Z. ❚❤❡ ✐♥✈❡$)❡ '$❛♥)❢♦$♠❛'✐♦♥ ✐) ❣✐✈❡♥ ❜② U1 = V1 + Z, U2 = V2 + Z, ❛♥❞
Z = Z. ❚❤❡ ❥❛❝♦❜✐❛♥ ✐) ♦❜'❛✐♥❡❞ ❛) J = 1. ❍❡♥❝❡✱ '❤❡ ❥♦✐♥' ♣$♦❜❛❜✐❧✐'② ❞❡♥)✐'② ❢✉♥❝'✐♦♥
♦❢ (Z, V1, V2) ✐) ♦❜'❛✐♥❡❞ ❛)✱

fV1,V2,Z(v1, v2, z) =
mrns

σr
1σ

s
2

[ vr−1
1 vs−2

2

ΓrΓ(s− 1)
+

vr−2
1 vs−1

2

ΓsΓ(r − 1)

]

exp{−
m

σ1
(v1 + z − µ)−

n

σ2
(v2 + z − µ)},

v1 > 0, v2 > 0, z > µ.

❯)✐♥❣ '❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ (V1, V2) ❛♥❞ Z ♦♥❡ ❝❛♥ ❡❛)✐❧② ✇$✐'❡ '❤❡ ❥♦✐♥' ♣$♦❜❛❜✐❧✐'② ❞❡♥)✐'②
❢✉♥❝'✐♦♥ ♦❢ (V1, V2) ❛♥❞ ✐) ❣✐✈❡♥ ❜②✱

fV1,V2
(v1, v2) =

mrnsp−1

σr
1σ

s
2

[ vr−1
1 vs−2

2

ΓrΓ(s− 1)
+

vr−2
1 vs−1

2

ΓsΓ(r − 1)

]

exp
{

−
m

σ1
v1 −

n

σ2
v2
}

,

v1 > 0, v2 > 0.

❲❡ ♥❡❡❞ '♦ ❝❛❧❝✉❧❛'❡ '❤❡ ❝♦♥❞✐'✐♦♥❛❧ ❞❡♥)✐'② ♦❢ V1 ❣✐✈❡♥ V. ▲❡' ✉) ✉)❡ '❤❡ '$❛♥)❢♦$✲
♠❛'✐♦♥✱ V = V2

V1
, V1 = V1. ❚❤❡ ✐♥✈❡$)❡ '$❛♥)❢♦$♠❛'✐♦♥ ✐) ❣✐✈❡♥ ❜② V2 = V V1, V1 = V1.

❚❤❡ ❥❛❝♦❜✐❛♥ ♦❢ '❤✐) '$❛♥)❢♦$♠❛'✐♦♥ ✐) ♦❜'❛✐♥❡❞ ❛) V1. ❍❡♥❝❡ '❤❡ ❥♦✐♥' ♣$♦❜❛❜✐❧✐'② ❞❡♥)✐'②
❢✉♥❝'✐♦♥ ♦❢ (V1, V ) ✐) ♦❜'❛✐♥❡❞ ❛)✱

fV1,V (v1, v) =
mrnsp−1

σr
1σ

s
2

[vr+s−2
1 vs−2

ΓrΓ(s− 1)
+

vr+s−2
1 vs−1

ΓsΓ(r − 1)

]

exp
{

−
m

σ1
v1 −

n

σ2
vv1

}

,

v1 > 0, v > 0.

❚❤❡ ♠❛$❣✐♥❛❧ ❞❡♥)✐'② ❢✉♥❝'✐♦♥ ♦❢ V ✐) ❣✐✈❡♥ ❜②

fV (v) =
mrnsp−1Γ(r + s− 1)

σr
1σ

s
2

(m

σ1
+

n

σ2
v
)1−r−s[ vs−2

ΓrΓ(s− 1)
+

vs−1

ΓsΓ(r − 1)

]

,

v > 0.

■' ✐) ❡❛)② '♦ ♦❜)❡$✈❡ '❤❛'✱ '❤❡ ❝♦♥❞✐'✐♦♥❛❧ ♣$♦❜❛❜✐❧✐'② ❞❡♥)✐'② ❢✉♥❝'✐♦♥ ♦❢ V1 ❣✐✈❡♥ V = v,
✐) ❛ ❣❛♠♠❛ ❞✐)'$✐❜✉'✐♦♥ ✇✐'❤ )❤❛♣❡ ♣❛$❛♠❡'❡$ r + s− 1 ❛♥❞ )❝❛❧❡ ♣❛$❛♠❡'❡$ σ1σ2

mσ2+nσ1v
.



✶✸✶✷

❍❡"❡ #❤❡ ❣❛♠♠❛ ♣"♦❜❛❜✐❧✐#② ❞❡♥0✐#② ❢✉♥❝#✐♦♥ ✇✐#❤ ❛ 0❤❛♣❡ ♣❛"❛♠❡#❡" α ❛♥❞ ❛ 0❝❛❧❡

♣❛"❛♠❡#❡" β ✐0 ❞❡✜♥❡❞ ❛0✱

g(x, α, β) =
1

Γ(α)βα
xα−1e

−

x
β , x > 0, α > 0, β > 0.

❙♦✱ #❤❡ ❝♦♥❞✐#✐♦♥❛❧ ❡①♣❡❝#❛#✐♦♥0 ❛"❡ ❝❛❧❝✉❧❛#❡❞ ❛♥❞ ♦❜#❛✐♥❡❞ ❛0

E(V1|V = v) =
(r + s− 1)σ1σ2

mσ2 + nσ1v
,✭✸✳✺✮

❛♥❞

E(V 2
1 |V = v) = (r + s− 1)(r + s)

( σ1σ2

mσ2 + nσ1v

)2

.✭✸✳✻✮

❙✉❜0#✐#✉#✐♥❣ #❤❡0❡ ❝♦♥❞✐#✐♦♥❛❧ ❡①♣❡❝#❛#✐♦♥0 ❢"♦♠ ✭✸✳✺✮ ❛♥❞ ✭✸✳✻✮ ✐♥ ✭✸✳✹✮✱ ❛♥❞ 0✐♠♣❧✐❢②✐♥❣✱

✇❡ ❤❛✈❡ #❤❡ ♠✐♥✐♠✐③✐♥❣ ❝❤♦✐❝❡ ♦❢ Ψ̂(τ, v) ❢♦" ✜①❡❞ v ❛0✱

Ψ̂(τ, v) = −
m+ nτv

(r + s)(m+ nτ)
,✭✸✳✼✮

✇❤❡"❡ τ = σ1

σ2
> 0, ❛♥❞ v > 0.

■♥ ♦"❞❡" #♦ ❛♣♣❧② #❤❡ ❇"❡✇0#❡" ❩✐❞❡❦ ♦"❜✐#✲❜②✲♦"❜✐# ✐♠♣"♦✈❡♠❡♥# #❡❝❤♥✐H✉❡ ✭0❡❡ ❇"❡✇✲

0#❡" ❛♥❞ ❩✐❞❡❦ ❬✸❪✮✱ ✇❡ ♥❡❡❞ #♦ ✜♥❞ #❤❡ 0✉♣"❡♠✉♠ ❛♥❞ ✐♥✜♠✉♠ ♦❢ Ψ̂(τ, v) ✇✐#❤ "❡0♣❡❝#
#♦ τ ❢♦" ✜①❡❞ v. ▲❡# h(τ) = −m+nτv

m+nτ
. ■# ❝❛♥ ❜❡ ❡❛0✐❧② 0❡❡♥ #❤❛#✱ h(τ) ✐0 ❛♥ ✐♥❝"❡❛0✐♥❣

❢✉♥❝#✐♦♥ ✐♥ τ ✐❢ ❛♥❞ ♦♥❧② ✐❢ v < 1 ❛♥❞ ❞❡❝"❡❛0✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ v ≥ 1. ❲❡ ❝♦♥0✐❞❡" #✇♦

0❡♣❛"❛#❡ ❝❛0❡0 ❢♦" ♦❜#❛✐♥✐♥❣ #❤❡ 0✉♣"❡♠✉♠ ❛♥❞ ✐♥✜♠✉♠ ♦❢ Ψ̂(v), ❞❡♣❡♥❞✐♥❣ ✉♣♦♥ v < 1
♦" v ≥ 1.
❈❛0❡✲■✿ v < 1. ■♥ #❤✐0 ❝❛0❡✱ #❤❡ 0✉♣"❡♠✉♠ ❛♥❞ ✐♥✜♠✉♠ ♦❢ #❤❡ ❢✉♥❝#✐♦♥ Ψ(τ, v) ❢♦" ✜①❡❞
✈❛❧✉❡0 ♦❢ v, ❛"❡ ♦❜#❛✐♥❡❞ ❛0✱

sup
τ>0

Ψ̂(v, τ) = −
v

r + s
, ❛♥❞ inf

τ>0
Ψ̂(v, τ) = −

1

r + s
.

❈❛0❡✲■■✿ v ≥ 1. ❋♦" #❤✐0 ❝❛0❡ ✇❡ ❤❛✈❡ #❤❡ 0✉♣"❡♠✉♠ ❛♥❞ ✐♥✜♠✉♠ ♦❢ Ψ(τ, v) ❛0✱

sup
τ>0

Ψ̂(v, τ) = −
1

r + s
, ❛♥❞ inf

τ>0
Ψ̂(v, τ) = −

v

r + s
.

❯#✐❧✐③✐♥❣ #❤❡ "❡0✉❧#0 ❢"♦♠ ❈❛0❡✲■ ❛♥❞ ■■✱ ✇❡ ❝❛♥ ❡❛0✐❧② ❞❡✜♥❡ #❤❡ ❢✉♥❝#✐♦♥ Ψ0(v) ❛0 ✐♥
✭✸✳✷✮✳ ◆♦✇ ❛♣♣❧②✐♥❣ #❤❡ ♦"❜✐# ❜② ♦"❜✐# ✐♠♣"♦✈❡♠❡♥# #❡❝❤♥✐H✉❡ ♦❢ ❬✸❪ ✭0❡❡ ❚❤❡♦"❡♠ ✸✳✶✳✶

✐♥ ❇"❡✇0#❡" ❛♥❞ ❩✐❞❡❦ ❬✸❪✮✱ #❤❡ ♣"♦♦❢ ❢♦❧❧♦✇0✳ �

◆❡①#✱ ♦✉" #❛"❣❡# ✐0 #♦ ❛♣♣❧② #❤❡ "❡0✉❧#0 ♦❢ ❚❤❡♦"❡♠ ✸✳✶✱ ❛♥❞ ♣"♦✈✐❞❡ ✐♠♣"♦✈❡❞ ❡0#✐♠❛✲

#♦"0 ❢♦" µ ✇❤✐❝❤ ✇✐❧❧ ♣❡"❢♦"♠ ❜❡##❡" #❤❛♥ #❤❡ ▼▲❊ dML ❛♥❞ #❤❡ ❯▼❱❯❊ dMV ✐♥ #❡"♠0

♦❢ "✐0❦ ✈❛❧✉❡0✳ ❚❤❡ ❝❧❛00 ❝♦♥0✐❞❡"❡❞ ❛❜♦✈❡ ❝♦♥#❛✐♥0 #❤❡ ▼▲❊ dML, #❤❡ ♠♦❞✐✜❡❞ ▼▲❊
dMM ❛♥❞ #❤❡ ❯▼❱❯❊ dMV . ❍❡♥❝❡✱ ❡①♣"❡00✐♥❣ dML ❛♥❞ dMV ✐♥ #❤❡ ❢♦"♠ ✭✸✳✶✮✱ ✇❡ ❤❛✈❡

dML = Z + V1ΨML(V ),✇❤❡"❡ ΨML(V ) = 0,

dMV = Z + V1ΨMV (V ),✇❤❡"❡ ΨMV (V ) = −
V

(r − 1)V + (s− 1)
.

▲❡# ✉0 ❞❡✜♥❡ #❤❡ ♥❡✇ ❡0#✐♠❛#♦"0 ❢♦" µ ❛0✱

✭✸✳✽✮ dMLI =

{

Z − V2

r+s
, ✐❢ V1 > V2,

Z − V1

r+s
, ✐❢ V1 ≤ V2

❛♥❞

✭✸✳✾✮ dMV I =

{

Z − V1

r+s
max(V, 1), ✐❢ ΨMV (V ) < − 1

r+s
max(V, 1),

dMV , ♦#❤❡"✇✐0❡✳



✶✸✶✸

◆❡①#✱ ✇❡ ♣'❡(❡♥# #❤❡ '❡(✉❧# ✐♥ #❤❡ ❢♦'♠ ♦❢ ❛ #❤❡♦'❡♠✱ '❡❣❛'❞✐♥❣ ✐♠♣'♦✈❡♠❡♥# ♦✈❡' #❤❡

▼▲❊ dML ❛♥❞ #❤❡ ❯▼❱❯❊ dMV , ❢♦' ❡(#✐♠❛#✐♥❣ µ.

✸✳✷✳ ❚❤❡♦'❡♠✳ ▲❡" "❤❡ ❧♦&& ❢✉♥❝"✐♦♥ ❜❡ "❤❡ -✉❛❞0❛"✐❝ ❧♦&& ❛& ✐♥ ✭✶✳✷✮✳

• ❚❤❡ ❡&"✐♠❛"♦0 dML ✭▼▲❊✮ ✐& ✐♥❛❞♠✐&&✐❜❧❡ ❛♥❞ ✐& ✐♠♣0♦✈❡❞ ❜② dMLI .
• ❚❤❡ ❡&"✐♠❛"♦0 dMV I ✐♠♣0♦✈❡& ✉♣♦♥ dMV ✭❯▼❱❯❊✮✱ ✐❢ "❤❡0❡ ❡①✐&"& &♦♠❡ ✈❛❧✉❡&

♦❢ ♣❛0❛♠❡"❡0& (µ, σ1, σ2) &✉❝❤ "❤❛"✱ P (dMV 6= dMV I) > 0.

A0♦♦❢✳ ❚❤❡ ♣'♦♦❢ ❢♦❧❧♦✇( ❜② ❛♥ ❛♣♣❧✐❝❛#✐♦♥ ♦❢ ❚❤❡♦'❡♠ ✸✳✶✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ΨML = 0 >
− v

r+s
✭✇❤❡♥ v < 1✮ ❛♥❞ ❛❧(♦ ΨML = 0 > − 1

r+s
✭✇❤❡♥ v ≥ 1✮✳ ❍❡♥❝❡✱ '❡♣❧❛❝✐♥❣

#❤❡(❡ ❝❤♦✐❝❡( ❜② #❤❡✐' '❡(♣❡❝#✐✈❡ (✉♣'❡♠✉♠ ✈❛❧✉❡(✱ ✇❡ ❣❡# #❤❡ ❡(#✐♠❛#♦' ❞❡✜♥❡❞ ✐♥ ✭✸✳✽✮✱

✇❤✐❝❤ ❤❛( (♠❛❧❧❡' '✐(❦ ✈❛❧✉❡( #❤❛♥ dML ❜② ❛♥ ❛♣♣❧✐❝❛#✐♦♥ ♦❢ ❚❤❡♦'❡♠ ✸✳✶✳ ❆❧(♦ ✇❡

♥♦#❡ #❤❛#✱ ❢♦' ❡(#✐♠❛#♦' dMV , #❤❡ ❝❤♦✐❝❡ P (ΨMV (V ) < − 1
r+s

) > 0 ✭✇❤❡♥ v < 1✮ ❛♥❞

P (ΨMV (V ) < − v
r+s

) > 0 ✭✇❤❡♥ v ≥ 1✮✳ ❘❡♣❧❛❝✐♥❣ ΨMV (V ) ❜② #❤❡(❡ ❡①#'❡♠❡ ✈❛❧✉❡( ✐♥

dMV ✇❡ ❣❡# #❤❡ '❡I✉✐'❡❞ ❡(#✐♠❛#♦' dMV I ❛( ❣✐✈❡♥ ✐♥ ✭✸✳✾✮✱ ✇❤✐❝❤ ❤❛( (♠❛❧❧❡' '✐(❦ ✈❛❧✉❡(

#❤❛♥ dMV . �

▲❡# ✉( ❞❡✜♥❡ Ψ1 = − 1
r+s

max(v, 1) ❛♥❞ Ψ2 = − 1
r+s

min(v, 1).

✸✳✶✳ ❘❡♠❛'❦✳ ❚❤♦✉❣❤ #❤❡ ❡(#✐♠❛#♦' dMM ✐( ❛ ♠❡♠❜❡' ♦❢ #❤❡ ❝❧❛(( ❝♦♥(✐❞❡'❡❞ ✐♥ ✭✸✳✶✮

✭✇❡ ❝❛♥ ✇'✐#❡ dMM = Z+V1ΨMM (V ), ✇❤❡'❡ΨMM (V ) = − V
rV +s

✮✱ ✐# ❝❛♥ ♥♦# ❜❡ ✐♠♣'♦✈❡❞

❜② ✉(✐♥❣ ♦✉' '❡(✉❧# ✐♥ ❚❤❡♦'❡♠ ✸✳✶✱ ❛( ✐# ❝❛♥ ❜❡ (❡❡♥ #❤❛#✱ P (ΨMM (V ) ∈ [Ψ1,Ψ2]) = 1.

✸✳✷✳ ❘❡♠❛'❦✳ ❚❤❡ ❝❧❛(( ♦❢ ❡(#✐♠❛#♦'( DΨ = {dΨ : Ψ1 ≤ Ψ ≤ Ψ2} ❢♦'♠ ❛ ❝♦♠♣❧❡#❡ ❝❧❛((
❢♦' ❡(#✐♠❛#✐♥❣ ❝♦♠♠♦♥ ❧♦❝❛#✐♦♥ ♣❛'❛♠❡#❡' µ ✇❤❡♥ #❤❡ ❧♦(( ✐( ✭✶✳✷✮✳

◆❡①#✱ ✇❡ ♣'❡(❡♥# ❛♥ ❡①❛♠♣❧❡ ✇❤❡'❡ ♦✉' ♠♦❞❡❧ ✜#( ✇❡❧❧ ❛♥❞ ❝♦♠♣✉#❡ #❤❡ ❡(#✐♠❛#❡( ❢♦'

#❤❡ ♠✐♥✐♠✉♠ ❣✉❛'❛♥#❡❡ #✐♠❡✳

✸✳✶✳ ❊①❛♠♣❧❡✳ ✭❙✐♠✉❧❛#❡❞ ❉❛#❛✮ ❙✉♣♣♦(❡ #✇♦ ❜'❛♥❞( ♦❢ ❡❧❡❝#'♦♥✐❝ ❞❡✈✐❝❡( ❡❛❝❤ ❤❛✈✐♥❣

30 ✉♥✐#( ❛'❡ ♣❧❛❝❡❞ ❢♦' ❛ ❧✐❢❡ #❡(#✐♥❣ ❡①♣❡'✐♠❡♥#✳ ■# ✐( ❦♥♦✇♥ #❤❛#✱ #❤❡ ❧✐❢❡#✐♠❡( ✭✐♥ ❤♦✉'(✮
♦❢ ❡❛❝❤ ✉♥✐# ❢♦❧❧♦✇( ❛♥ ❡①♣♦♥❡♥#✐❛❧ ❞✐(#'✐❜✉#✐♦♥ ✇✐#❤ (❛♠❡ ♠✐♥✐♠✉♠ ❣✉❛'❛♥#❡❡ #✐♠❡✳ ❚❤❡

❡①♣❡'✐♠❡♥#❡' ❝♦✉❧❞ ❛❜❧❡ #♦ ♦❜(❡'✈❡ ♦♥❧② 15 ❢❛✐❧✉'❡( ✭✐♥ ❤♦✉'(✮ ❢'♦♠ ❡❛❝❤ ❜'❛♥❞( ♦❢ ❞❡✈✐❝❡(
❜❡❝❛✉(❡ ♦❢ (♦♠❡ ❝♦♥(#'❛✐♥#(✳ ❚❤❡ ❞❛#❛ ❢♦' ❜♦#❤ #❤❡ ❜'❛♥❞( ❛'❡ ♦❜#❛✐♥❡❞ ❛(✱

❇'❛♥❞ ✶✿ ✶✹✶✼✳✼✵✱ ✶✹✺✽✳✹✾✱ ✷✾✻✸✳✼✻✱ ✸✾✻✾✳✸✾✱ ✺✾✾✺✳✹✹✱ ✻✾✸✾✳✼✻✱ ✼✵✹✽✳✽✺✱ ✼✼✻✽✳✺✾✱ ✼✽✹✹✳✽✼✱

✽✽✷✹✳✾✻✱ ✾✶✾✵✳✸✹✱ ✾✸✷✶✳✸✹✱ ✾✹✸✹✳✵✹✱ ✶✵✼✾✸✳✵✸✱ ✶✷✽✽✶✳✷✷✳

❇'❛♥❞ ✷✿ ✹✻✷✳✼✶✱ ✻✺✾✳✽✻✱ ✶✶✽✼✳✸✺✱ ✶✷✾✺✳✾✾✱ ✶✸✼✵✳✻✾✱ ✷✵✺✵✳✸✻✱ ✷✸✵✺✳✹✻✱ ✷✻✸✸✳✷✼✱ ✸✶✼✻✳✹✶✱

✸✷✾✼✳✻✸✱ ✸✹✶✸✳✾✺✱ ✸✽✵✻✳✵✶✱ ✹✺✼✶✳✵✹✱ ✹✻✸✾✳✼✶✱ ✻✵✺✾✳✵✾✳

❖♥ #❤❡ ❜❛(✐( ♦❢ ❛❜♦✈❡ ❞❛#❛✱ ✇❡ ❤❛✈❡ ❝♦♠♣✉#❡❞ #❤❡ (#❛#✐(#✐❝ ✈❛❧✉❡( ❛( Z = 462.7199,
T1 = 9506.285, ❛♥❞ T2 = 3931.15. ❚❤❡ ✈❛'✐♦✉( ❡(#✐♠❛#❡( ❢♦' µ ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉#❡❞ ❛(
dML = 462.7199, dMLI = 331.6816✱ dMM = 277.3143✱ dMV = 264.0711 ❛♥❞ dMV I =
264.0711. ■# ❝❛♥ ❜❡ ♥♦#❡❞ #❤❛# #❤❡ ❝♦♥❞✐#✐♦♥ ❢♦' ✐♠♣'♦✈❡♠❡♥# ♦✈❡' dMV ✭#❤❛# ✐( ΨMV <
− 1

r+s
max(w, 1)✮ ✐( ♥♦# (❛#✐(✜❡❞✳ ❙♦✱ ✐♥ #❤✐( ❝❛(❡ ✇❡ ✇✐❧❧ ♥♦# ❣❡# ✐♠♣'♦✈❡❞ ❡(#✐♠❛#♦' ❢♦'

dMV . ■♥ #❤✐( (✐#✉❛#✐♦♥✱ ✇❡ '❡❝♦♠♠❡♥❞ #♦ ✉(❡ dMM .

✹✳ ◆✉♠❡&✐❝❛❧ ❈♦♠♣❛&✐.♦♥.

■♥ #❤✐( (❡❝#✐♦♥✱ ✇❡ ❝♦♠♣❛'❡ ♥✉♠❡'✐❝❛❧❧② #❤❡ (✐♠✉❧❛#❡❞ '✐(❦ ✈❛❧✉❡( ♦❢ ❛❧❧ #❤❡ ❡(#✐♠❛#♦'(

♣'♦♣♦(❡❞ ✐♥ ♣'❡✈✐♦✉( (❡❝#✐♦♥( ❢♦' ❡(#✐♠❛#✐♥❣ µ✳ ❋♦' #❤✐( ♣✉'♣♦(❡✱ ✇❡ ❤❛✈❡ ❣❡♥❡'❛#❡❞
✷✵✱✵✵✵ #②♣❡✲■■ ❝❡♥(♦'❡❞ '❛♥❞♦♠ (❛♠♣❧❡( ❡❛❝❤ ❢'♦♠ #✇♦ ❡①♣♦♥❡♥#✐❛❧ ♣♦♣✉❧❛#✐♦♥( ✭✶✳✶✮

✇✐#❤ ❛ ❝♦♠♠♦♥ ❧♦❝❛#✐♦♥ ♣❛'❛♠❡#❡' µ ❛♥❞ ❞✐✛❡'❡♥# (❝❛❧❡ ♣❛'❛♠❡#❡'( σ1, σ2. ❚❤❡ ❧♦((



✶✸✶✹

❢✉♥❝$✐♦♥ ✐' $❛❦❡♥ ❛' ✭✶✳✷✮✳ ❲❡ ✉'❡ ▼♦♥$❡✲❈❛4❧♦ '✐♠✉❧❛$✐♦♥ ♠❡$❤♦❞ $♦ ❝♦♠♣✉$❡ $❤❡ 4✐'❦

✈❛❧✉❡' ♦❢ ❡❛❝❤ ❡'$✐♠❛$♦4✳ ❚❤❡ ❛❝❝✉4❛❝② ♦❢ '✐♠✉❧❛$✐♦♥ ❤❛' ❜❡❡♥ ❝❤❡❝❦❡❞ ❛♥❞ $❤❡ ❡44♦4 ✐'

♦❢ $❤❡ ♦4❞❡4 ♦❢ 10−3. ■$ ❝❛♥ ❜❡ ❡❛'✐❧② '❡❡♥ $❤❛$ ✇✐$❤ 4❡'♣❡❝$ $♦ $❤❡ ❧♦'' ✭✶✳✷✮✱ $❤❡ 4✐'❦

❢✉♥❝$✐♦♥' ♦❢ ❛❧❧ $❤❡ ❡'$✐♠❛$♦4' ❛4❡ ❢✉♥❝$✐♦♥ ♦❢ τ ✭> 0✮ ❢♦4 ✜①❡❞ '❛♠♣❧❡ '✐③❡'✳ ❚❤♦✉❣❤ $❤❡

✈❛❧✉❡' ♦❢ τ ❝❛♥ ❧✐❡ ✐♥ $❤❡ ✐♥$❡4✈❛❧ (0,∞) $❤❡♦4❡$✐❝❛❧❧②✱ $♦ ❛✈♦✐❞ '✐♠✉❧❛$✐♦♥ ❡44♦4 ✇❡ ♣4❡'❡♥$

$❤❡ 4✐'❦ ✈❛❧✉❡' ❢♦4 τ ✉♣ $♦ 4. ▲❡$ ✉' ❞❡✜♥❡ $❤❡ ♣❡4❝❡♥$❛❣❡ ♦❢ 4❡❧❛$✐✈❡ 4✐'❦ ✐♠♣4♦✈❡♠❡♥$'

✭❘❘■✮ ♦❢ ❛❧❧ ❡'$✐♠❛$♦4' ✇✐$❤ 4❡'♣❡❝$ $♦ $❤❡ ▼▲❊ ❛'✱

R(MLI) =
dML − dMLI

dML

× 100, R(MM) =
dML − dMM

dML

× 100

R(MV ) =
dML − dMV

dML

× 100, R(MV I) =
dML − dMV I

dML

× 100.

❋✉4$❤❡4 ✇❡ ❞❡✜♥❡ $❤❡ ❝❡♥'♦4✐♥❣ ❢❛❝$♦4' ✭CF1, CF2✮ ❢♦4 ❜♦$❤ $❤❡ ♣♦♣✉❧❛$✐♦♥' ❛' $❤❡ 4❛$✐♦

♦❢ ♥✉♠❜❡4 ♦❢ ♦❜'❡4✈❡❞ '❛♠♣❧❡' $♦ $♦$❛❧ ♥✉♠❜❡4 ♦❢ '❛♠♣❧❡'✳ ❚❤❛$ ✐' ❢♦4 ✜4'$ ♣♦♣✉❧❛$✐♦♥

CF1 = r/m ❛♥❞ ❢♦4 '❡❝♦♥❞ ♣♦♣✉❧❛$✐♦♥ CF2 = s/n. ■$ ❝❛♥ ❜❡ ♥♦$✐❝❡❞ $❤❛$ $❤❡ ❝❡♥'♦4✐♥❣

❢❛❝$♦4' CF1 ❛♥❞ CF2 ❛❧✇❛②' ❧✐❡ ❜❡$✇❡❡♥ 0 ❛♥❞ 1. ❆ ♠❛''✐✈❡ '✐♠✉❧❛$✐♦♥ '$✉❞② ❤❛' ❜❡❡♥

❝❛44✐❡❞ ♦✉$ ❜② ❝♦♥'✐❞❡4✐♥❣ ✈❛4✐♦✉' ❝♦♠❜✐♥❛$✐♦♥' ♦❢ '❛♠♣❧❡ '✐③❡'✳ ❍♦✇❡✈❡4✱ ❢♦4 ✐❧❧✉'$4❛$✐♦♥

♣✉4♣♦'❡✱ ✇❡ ♣4❡'❡♥$ ✭✐♥ ❚❛❜❧❡ ✹✳✶✲✹✳✸✮ $❤❡ ♣❡4❝❡♥$❛❣❡ ♦❢ 4❡❧❛$✐✈❡ 4✐'❦ ♣❡4❢♦4♠❛♥❝❡' ♦❢

dMLI , dMM , dMV ❛♥❞ dMV I ♦✈❡4 dML ❢♦4 ❡M✉❛❧ ❛♥❞ ✉♥❡M✉❛❧ '❛♠♣❧❡ '✐③❡'✳ ❙♣❡❝✐✜❝❛❧❧② ✐♥

❚❛❜❧❡ ✹✳✶ ✇❡ ♣4❡'❡♥$ $❤❡ ♣❡4❝❡♥$❛❣❡ ♦❢ 4❡❧❛$✐✈❡ 4✐'❦ ♣❡4❢♦4♠❛♥❝❡' ❢♦4 '❛♠♣❧❡ '✐③❡' (16, 16)
❛♥❞ (24, 24). ❚❤❡ ✜4'$ ❝♦❧✉♠♥ ❣✐✈❡' $❤❡ ✈❛❧✉❡' ♦❢ τ. ❈♦44❡'♣♦♥❞✐♥❣ $♦ ♦♥❡ ✈❛❧✉❡ ♦❢ τ,
$❤❡4❡ ❝♦44❡'♣♦♥❞' $❤4❡❡ ✈❛❧✉❡' ♦❢ 4❡❧❛$✐✈❡ 4✐'❦ ♣❡4❢♦4♠❛♥❝❡' ❢♦4 ❛♥ ❡'$✐♠❛$♦4'✳ ❚❤❡'❡

$❤4❡❡ ✈❛❧✉❡' ❛4❡ ♦❜$❛✐♥❡❞ ❢♦4 CF1 = CF2 = 0.25, 0.50, 0.75 4❡'♣❡❝$✐✈❡❧②✳ ❙✐♠✐❧❛4❧② ✐♥

❚❛❜❧❡' ✹✳✷✲✹✳✸ $❤❡ 4❡❧❛$✐✈❡ 4✐'❦ ♣❡4❢♦4♠❛♥❝❡' ❤❛✈❡ ❜❡❡♥ ♣4❡'❡♥$❡❞ ❢♦4 ✉♥❡M✉❛❧ '❛♠♣❧❡

'✐③❡'✳ ❲❡ ❤❛✈❡ ❛❧'♦ ♣❧♦$$❡❞ $❤❡ ❣4❛♣❤ ♦❢ $❤❡ ❘❘■ ✈❛❧✉❡' ♦❢ $❤❡ ✐♠♣4♦✈❡❞ ❡'$✐♠❛$♦4' ✇✐$❤

4❡'♣❡❝$ $♦ ▼▲❊ ✐♥ ❋✐❣✉4❡' ✶ ❛♥❞ ✷ ❢♦4 CF1 = CF2 = 0.25 ❛♥❞ CF1 = CF2 = 0.5
4❡'♣❡❝$✐✈❡❧②✳ ■$ ❝❛♥ ❜❡ '❡❡♥ $❤❛$✱ ❛' $❤❡ ✈❛❧✉❡' ♦❢ CF1 ❛♥❞ CF2 ❜❡❝♦♠❡ ❝❧♦'❡ $♦ ✶✱ $❤❡

❛♠♦✉♥$ ♦❢ ✐♠♣4♦✈❡♠❡♥$' ❢♦4 dMV I ♦✈❡4 dMV ✐' ♠❛4❣✐♥❛❧✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉'✐♦♥' ❝❛♥ ❜❡ ♠❛❞❡ ❢4♦♠ ♦✉4 '✐♠✉❧❛$✐♦♥ '$✉❞② ❛♥❞ ❚❛❜❧❡ ✹✳✶✲✹✳✸✳

✭✐✮ ❚❤❡ 4✐'❦ ✈❛❧✉❡' ♦❢ ❛❧❧ $❤❡ ❡'$✐♠❛$♦4' ❛4❡ ❞❡❝4❡❛'✐♥❣ ❛' τ ✐♥❝4❡❛'❡'✱ ✇✐$❤ 4❡'♣❡❝$

$♦ $❤❡ ❧♦'' ❢✉♥❝$✐♦♥ ✭✶✳✷✮✳ ❋✉4$❤❡4✱ ❛' τ ❜❡❝♦♠❡' ❧❛4❣❡ $❤❡ 4✐'❦ ✈❛❧✉❡' ♦❢ ❛❧❧

$❤❡ ❡'$✐♠❛$♦4' ❝♦♥✈❡4❣❡ $♦ '♦♠❡ ❝♦♥'$❛♥$ ✈❛❧✉❡✳ ❚❤❡ ♣❡4❝❡♥$❛❣❡ ♦❢ 4❡❧❛$✐✈❡

4✐'❦ ♣❡4❢♦4♠❛♥❝❡' ♦❢ ❡❛❝❤ ❡'$✐♠❛$♦4 ✇✐$❤ 4❡'♣❡❝$ $♦ ▼▲❊ ✐♥❝4❡❛'❡' ❛' ❝❡♥'♦4✐♥❣

❢❛❝$♦4' ✭CF1 ❛♥❞ CF2✮ ✐♥❝4❡❛'❡ ❢♦4 ✜①❡❞ '❛♠♣❧❡ '✐③❡'✳

✭✐✐✮ ❲❤❡♥ $❤❡ '❛♠♣❧❡ '✐③❡' ❛4❡ '♠❛❧❧✱ ❛♥❞ ❢♦4 '♠❛❧❧ ✈❛❧✉❡' ♦❢ τ, $❤❡ ♣❡4❝❡♥$❛❣❡ ♦❢

4❡❧❛$✐✈❡ 4✐'❦ ✐♠♣4♦✈❡♠❡♥$ ❢♦4 dMM ✐' ♠❛①✐♠✉♠ ✭♥❡❛4 ❛❜♦✉$ 46%✮✳ ❋♦4 ♠♦❞❡4❛$❡

✈❛❧✉❡' ♦❢ τ $❤❡ ❡'$✐♠❛$♦4 dMV I ❤❛' $❤❡ ❜❡'$ ♣❡4❝❡♥$❛❣❡ ♦❢ 4❡❧❛$✐✈❡ 4✐'❦ ♣❡4❢♦4✲

♠❛♥❝❡ ✭♥❡❛4 ❛❜♦✉$ ✹✻✳✺✪✮✳ ❋♦4 ❧❛4❣❡ ✈❛❧✉❡' ♦❢ τ $❤❡ ❡'$✐♠❛$♦4 dMM ♣❡4❢♦4♠'

$❤❡ ❜❡'$ ✭♥❡❛4 ❛❜♦✉$ ✹✺✪✮✳

✭✐✐✐✮ ❋♦4 ♠♦❞❡4❛$❡ '❛♠♣❧❡ '✐③❡'✱ ❛♥❞ ❢♦4 '♠❛❧❧ ✈❛❧✉❡' ♦❢ τ $❤❡ ❡'$✐♠❛$♦4 dMM ♣❡4❢♦4♠'

$❤❡ ❜❡'$✭❛❜♦✉$ ✹✼✪✮✳ ❲❤❡♥ τ ✈❛❧✉❡' ❛4❡ ♠♦❞❡4❛$❡ $❤❡ ❡'$✐♠❛$♦4' dMM ❛♥❞

dMV I ❛4❡ ❣♦♦❞ ❝♦♠♣❡$✐$♦4' ♦❢ ❡❛❝❤ ♦$❤❡4✳ ❋♦4 ❧❛4❣❡ ✈❛❧✉❡' ♦❢ τ $❤❡ ❡'$✐♠❛$♦4

dMM ♣❡4❢♦4♠' $❤❡ ❜❡'$ ✭❛❜♦✉$ ✹✽✳✺✪✮✳

✭✐✈✮ ❋♦4 ❧❛4❣❡ '❛♠♣❧❡ '✐③❡'✱ ❛♥❞ ❢♦4 '♠❛❧❧ ✈❛❧✉❡' ♦❢ τ $❤❡ ❡'$✐♠❛$♦4 dMV I ❤❛' $❤❡ ❜❡'$

♣❡4❢♦4♠❛♥❝❡ ✭✹✽✪✮✳ ❋♦4 ♠♦❞❡4❛$❡ ✈❛❧✉❡' ♦❢ τ $❤❡ ❡'$✐♠❛$♦4' dMM ❛♥❞ dMV I

❛4❡ ❝♦♠♣❡$✐♥❣ ❡❛❝❤ ♦$❤❡4✳ ❋♦4 ❧❛4❣❡ ✈❛❧✉❡' ♦❢ τ $❤❡ ❡'$✐♠❛$♦4 dMM ❤❛' $❤❡ ❜❡'$

♣❡4❝❡♥$❛❣❡ ♦❢ 4❡❧❛$✐✈❡ 4✐'❦ ♣❡4❢♦4♠❛♥❝❡ ✭✹✽✪✮✳

✭✈✐✮ ❆' $❤❡ '❛♠♣❧❡ '✐③❡' ✐♥❝4❡❛'❡ ❢♦4 ✜①❡❞ ❝❡♥'♦4✐♥❣ ❢❛❝$♦4' ✭CF1 ❛♥❞ CF2✮ $❤❡

❛♠♦✉♥$ ♦❢ ♣❡4❝❡♥$❛❣❡ ♦❢ ✐♠♣4♦✈❡♠❡♥$' ♦❢ dMLI ♦✈❡4 dML ✐♥❝4❡❛'❡'✳ ❆❧'♦ $❤❡

❛♠♦✉♥$ ♦❢ ✐♠♣4♦✈❡♠❡♥$ ♦❢ dMV I ♦✈❡4 dMV ✐♥❝4❡❛'❡' ❛' '❛♠♣❧❡ '✐③❡' ✐♥❝4❡❛'❡✳

❚❤❡ ♣❡4❝❡♥$❛❣❡ ♦❢ 4✐'❦ ✐♠♣4♦✈❡♠❡♥$ ♦❢ dMV I ♦✈❡4 dMV ✐' ♥❡❛4 ❛❜♦✉$ 2.5% ❛♥❞
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 ❤✐# ✈❛❧✉❡ ❞❡❝+❡❛#❡# ❛# CF1 ❛♥❞ CF2 ❜❡❝♦♠❡ ❝❧♦#❡  ♦ ✶✳ ❚❤❡ ♣❡+❝❡♥ ❛❣❡ ♦❢

✐♠♣+♦✈❡♠❡♥ ❢♦+ dMLI ♦✈❡+ dML ❤❛# ❜❡❡♥ #❡❡♥ ♥❡❛+ ❛❜♦✉ 45.5%. ❚❤✐# ✈❛❧✐❞❛ ❡#

 ❤❡ ✜♥❞✐♥❣# ♦❢  ❤❡♦+❡ ✐❝❛❧ +❡#✉❧ # ✐♥ ❙❡❝ ✐♦♥ ✸✳

✭✈✐✐✮ ■ ❤❛# ❜❡❡♥ ❛❧#♦ ♥♦ ✐❝❡❞  ❤❛ ❢♦+ #♠❛❧❧ ❛♥❞ ❧❛+❣❡ ✈❛❧✉❡# ♦❢ τ ✭ ❤❛ ✐# ✇❤❡♥  ❤❡

# ❛♥❞❛+❞ ❞❡✈✐❛ ✐♦♥# ✈❛+② #✐❣♥✐✜❝❛♥ ❧②✮  ❤❡ ♣❡+❝❡♥ ❛❣❡ ♦❢ +❡❧❛ ✐✈❡ +✐#❦ ✐♠♣+♦✈❡✲

♠❡♥ # ❢♦+ dMV I ✐# ✈❡+② ♠❛+❣✐♥❛❧✳ ❆ #✐♠✐❧❛+  ②♣❡ ♦❢ ♦❜#❡+✈❛ ✐♦♥# ✇❡+❡ ♠❛❞❡ ❢♦+

♦ ❤❡+ ❝♦♠❜✐♥❛ ✐♦♥# ♦❢ m,n ❛♥❞ r, s ❛♥❞ ✇❡ ♦♠✐  ❤❡  ❛❜❧❡# ❤❡+❡✳

✭✈✐✐✐✮ ❈♦♠❜✐♥✐♥❣  ❤❡ ❢❛❝ # ✭✐✐✮✲✭✐✈✮✱ ✇❡ +❡❝♦♠♠❡♥❞ ✉#✐♥❣ dMM ❢♦+ ❛❧❧ #❛♠♣❧❡ #✐③❡#✳

❚❤♦✉❣❤  ❤❡ ❡# ✐♠❛ ♦+ ♣❡+❢♦+♠# ❜❡  ❡+  ❤❡♦+❡ ✐❝❛❧❧② ✭❛+♦✉♥❞ 2.5% ✐♠♣+♦✈❡♠❡♥ 

❢+♦♠ #✐♠✉❧❛ ✐♦♥ # ✉❞②✮  ❤❛♥ dMM ✱ ✇❡ ❞♦ ♥♦ +❡❝♦♠♠❡♥❞ ✉#✐♥❣ ✐ ❛# ✐ ✐# ♥♦ ❛

#♠♦♦ ❤ ❡# ✐♠❛ ♦+✳

✺✳ ❈♦♥❝❧✉(✐♦♥(

■♥  ❤✐# ❛+ ✐❝❧❡✱ ✇❡ ❤❛✈❡ ❝♦♥#✐❞❡+❡❞  ❤❡ ♠♦❞❡❧  ❤❛ ✇❛# ❡❛+❧✐❡+ ❝♦♥#✐❞❡+❡❞ ❜② ❈❤✐♦✉ ❛♥❞

❈♦❤❡♥ ❬✺❪ ❢♦+ ❡①♣♦♥❡♥ ✐❛❧ ♣♦♣✉❧❛ ✐♦♥#✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❤❛✈❡ ❝♦♥#✐❞❡+❡❞  ❤❡ ❡# ✐♠❛ ✐♦♥

♦❢ ❝♦♠♠♦♥ ❧♦❝❛ ✐♦♥ ♣❛+❛♠❡ ❡+ µ ♦❢  ✇♦ ❡①♣♦♥❡♥ ✐❛❧ ♣♦♣✉❧❛ ✐♦♥# ✇❤❡♥  ❤❡ #❛♠♣❧❡# ❛+❡

 ②♣❡✲■■ +✐❣❤ ❝❡♥#♦+❡❞ ✐♥ ❛ ❞❡❝✐#✐♦♥  ❤❡♦+❡ ✐❝ ❛♣♣+♦❛❝❤✳ ❋✐+# ✇❡ ♣+♦♣♦#❡ ❛ ❜+♦❛❞ ❝❧❛## ♦❢

❡# ✐♠❛ ♦+# ✭✇❤✐❝❤ ❛+❡ ❡I✉✐✈❛+✐❛♥ ✉♥❞❡+ ❛♥ ❛✣♥❡ ❣+♦✉♣ ♦❢  +❛♥#❢♦+♠❛ ✐♦♥#✮ ❢♦+  ❤❡ ❝♦♠✲

♠♦♥ ❧♦❝❛ ✐♦♥ ♣❛+❛♠❡ ❡+ µ. ■♥ ❡+❡# ✐♥❣❧②✱  ❤✐# ❝❧❛## ❝♦♥ ❛✐♥#  ❤❡ ▼▲❊ ❛♥❞  ❤❡ ❯▼❱❯❊

❢♦+ µ. ❚❤❡♥ ✇❡ ♣+♦✈✐❞❡ ❛ #✉✣❝✐❡♥ ❝♦♥❞✐ ✐♦♥ ✇❤✐❝❤ ♠❛② ❜❡ ✉#❡❢✉❧ ❢♦+ ✐♠♣+♦✈✐♥❣ ❝❡+ ❛✐♥

❡# ✐♠❛ ♦+# ✐♥  ❤✐# ❝❧❛##✳ ❯#✐♥❣ ♦✉+ +❡#✉❧ # ♦❢ ❚❤❡♦+❡♠ ✸✳✶✱ ✇❡ ❤❛✈❡ ♦❜ ❛✐♥❡❞ ❛♥ ❡# ✐♠❛ ♦+

✇❤✐❝❤ ❞♦♠✐♥❛ ❡#  ❤❡ ▼▲❊ #✐❣♥✐✜❝❛♥ ❧② ✭ ❤❡ ♣❡+❝❡♥ ❛❣❡ ♦❢ +❡❧❛ ✐✈❡ +✐#❦ ✐♠♣+♦✈❡♠❡♥ ✐#

❜❡ ✇❡❡♥ ✷✽✪  ♦ ✹✻✪✮✳ ❍♦✇❡✈❡+✱  ❤❡ ✐♠♣+♦✈❡❞ ❡# ✐♠❛ ♦+ ♦❜ ❛✐♥❡❞ ❢♦+  ❤❡ ❯▼❱❯❊ ❤❛#

♠❛+❣✐♥❛❧ ♣❡+❝❡♥ ❛❣❡ ♦❢ +✐#❦ ✐♠♣+♦✈❡♠❡♥ #✳ ❚❤❡  ❤❡♦+❡ ✐❝❛❧ +❡#✉❧ # ❛+❡ ✇❡❧❧ #✉♣♣♦+ ❡❞ ❜②

❛ #✐♠✉❧❛ ✐♦♥ # ✉❞②✳ ■ #❤♦✉❧❞ ❜❡ ♥♦ ❡❞  ❤❛ ✱ ❛ ✈❡+② ❧✐  ❧❡ ❛  ❡♥ ✐♦♥ ❤❛# ❜❡❡♥ ❣✐✈❡♥ ❜②  ❤❡

+❡#❡❛+❝❤❡+# ✐♥  ❤❡ +❡❝❡♥ ♣❛# ❢♦+  ❤❡ ♣+♦❜❧❡♠ ❝♦♥#✐❞❡+❡❞ ✐♥  ❤✐# ❛+ ✐❝❧❡✳ ❖✉+ ✇♦+❦ +❡✈✐#✐ #

 ❤❡ ♣+♦❜❧❡♠ ❛♥❞ ✇✐❧❧ ❞❡✜♥✐ ❡❧② ❤❡❧♣  ❤❡ +❡#❡❛+❝❤❡+#  ♦ #❡❛+❝❤ ♥❡✇ ❡# ✐♠❛ ♦+# ✇❤✐❝❤ ♠❛②

✇♦+❦ ❜❡  ❡+  ❤❛♥  ❤❡ ✉#✉❛❧ ♦♥❡✳



✶✸✶✻

❚❛❜❧❡ ✹✳✶✿ ❘❡❧❛*✐✈❡ -✐.❦ ♣❡-❢♦-♠❛♥❝❡. ♦❢ ❞✐✛❡-❡♥* ❡.*✐♠❛*♦-. ❢♦- µ

✇✐*❤ ❈❋✶❂❈❋✷❂✵✳✷✺✱✵✳✺✵✱✵✳✼✺

τ ↓ ♠❂♥❂✶✻ ❛♥❞ '❂(❂✹✱✽✱✶✷ ♠❂♥❂✷✹ ❛♥❞ '❂(❂✻✱✶✷✱✶✽

R(MLI) R(MM) R(MV ) R(MV I) R(MLI) R(MM) R(MV ) R(MV I)

✸✸✳✺✸ ✹✵✳✹✺ ✸✼✳✽✾ ✸✽✳✷✽ ✸✻✳✾✺ ✹✹✳✹✸ ✹✸✳✼✸ ✹✸✳✼✽

✵✳✷✺ ✸✽✳✵✼ ✹✺✳✸✸ ✹✹✳✽✽ ✹✹✳✾✵ ✸✾✳✻✷ ✹✼✳✵✶ ✹✻✳✾✵ ✹✻✳✾✵

✸✾✳✼✹ ✹✼✳✵✹ ✹✻✳✾✷ ✹✻✳✾✷ ✹✵✳✺✹ ✹✼✳✼✺ ✹✼✳✼✵ ✹✼✳✼✵

✸✻✳✶✹ ✹✶✳✺✶ ✹✵✳✷✷ ✹✶✳✸✹ ✹✵✳✸✸ ✹✹✳✾✸ ✹✹✳✸✽ ✹✹✳✻✸

✵✳✺✵ ✹✷✳✸✷ ✹✻✳✼✼ ✹✻✳✻✵ ✹✻✳✼✵ ✹✸✳✹✽ ✹✼✳✹✷ ✹✼✳✷✾ ✹✼✳✸✵

✹✷✳✽✶ ✹✼✳✵✻ ✹✼✳✵✸ ✹✼✳✵✼ ✹✹✳✼✶ ✹✽✳✸✵ ✹✽✳✷✶ ✹✽✳✷✷

✸✻✳✾✺ ✹✶✳✶✾ ✸✾✳✽✹ ✹✶✳✷✽ ✹✶✳✵✻ ✹✹✳✼✺ ✹✹✳✼✶ ✹✺✳✵✽

✵✳✼✺ ✹✸✳✸✼ ✹✻✳✹✵ ✹✻✳✸✽ ✹✻✳✺✽ ✹✹✳✼✻ ✹✼✳✶✷ ✹✼✳✷✶ ✹✼✳✷✺

✹✺✳✹✵ ✹✼✳✻✻ ✹✼✳✺✻ ✹✼✳✻✹ ✹✻✳✾✶ ✹✽✳✼✹ ✹✽✳✼✸ ✹✽✳✼✻

✸✻✳✾✶ ✹✶✳✶✸ ✹✵✳✺✹ ✹✶✳✽✹ ✹✶✳✸✻ ✹✹✳✻✶ ✹✹✳✷✹ ✹✹✳✽✵

✶✳✵✵ ✹✸✳✵✺ ✹✺✳✺✼ ✹✺✳✸✷ ✹✺✳✻✶ ✹✺✳✻✽ ✹✼✳✺✹ ✹✼✳✻✷ ✹✼✳✻✼

✹✻✳✷✹ ✹✽✳✵✼ ✹✽✳✵✸ ✹✽✳✶✶ ✹✼✳✶✼ ✹✽✳✹✵ ✹✽✳✸✼ ✹✽✳✹✶

✸✼✳✵✹ ✹✶✳✶✶ ✸✾✳✾✶ ✹✶✳✹✵ ✹✶✳✻✾ ✹✺✳✶✺ ✹✹✳✾✺ ✹✺✳✸✺

✶✳✷✺ ✹✸✳✸✶ ✹✻✳✵✼ ✹✻✳✵✽ ✹✻✳✷✷ ✹✺✳✻✻ ✹✼✳✻✾ ✹✼✳✻✼ ✹✼✳✼✶

✹✺✳✻✻ ✹✼✳✼✼ ✹✼✳✼✹ ✹✼✳✽✶ ✹✼✳✵✵ ✹✽✳✻✵ ✹✽✳✻✷ ✹✽✳✻✸

✸✻✳✾✹ ✹✶✳✹✼ ✹✵✳✺✷ ✹✶✳✼✽ ✹✵✳✽✶ ✹✹✳✻✹ ✹✹✳✺✶ ✹✹✳✽✹

✶✳✺✵ ✹✸✳✸✵ ✹✻✳✺✺ ✹✻✳✹✶ ✹✻✳✺✻ ✹✺✳✽✺ ✹✽✳✺✽ ✹✽✳✺✼ ✹✽✳✻✶

✹✹✳✵✽ ✹✻✳✼✸ ✹✻✳✼✶ ✹✻✳✼✻ ✹✺✳✾✸ ✹✽✳✹✸ ✹✽✳✹✽ ✹✽✳✹✾

✸✻✳✺✺ ✹✶✳✷✾ ✹✵✳✵✵ ✹✶✳✵✾ ✹✵✳✶✾ ✹✹✳✸✺ ✹✸✳✽✹ ✹✹✳✷✸

✶✳✼✺ ✹✷✳✼✽ ✹✻✳✻✷ ✹✻✳✸✽ ✹✻✳✺✹ ✹✹✳✶✾ ✹✼✳✸✾ ✹✼✳✷✾ ✹✼✳✸✶

✹✹✳✵✻ ✹✼✳✹✻ ✹✼✳✹✸ ✹✼✳✹✻ ✹✺✳✵✻ ✹✽✳✷✷ ✹✽✳✷✹ ✹✽✳✷✺

✸✻✳✸✶ ✹✶✳✻✼ ✹✵✳✷✽ ✹✶✳✹✽ ✸✾✳✽✺ ✹✹✳✺✺ ✹✹✳✶✼ ✹✹✳✹✺

✷✳✵✵ ✹✶✳✸✹ ✹✺✳✼✾ ✹✺✳✻✻ ✹✺✳✽✵ ✹✸✳✺✽ ✹✼✳✹✹ ✹✼✳✸✺ ✹✼✳✸✻

✹✸✳✶✷ ✹✼✳✵✹ ✹✻✳✾✹ ✹✻✳✾✻ ✹✸✳✼✾ ✹✼✳✼✻ ✹✼✳✽✹ ✹✼✳✽✹

✸✺✳✺✻ ✹✶✳✺✻ ✹✵✳✽✹ ✹✶✳✻✺ ✸✾✳✵✺ ✹✹✳✷✹ ✹✸✳✽✽ ✹✹✳✶✵

✷✳✷✺ ✹✶✳✶✺ ✹✻✳✷✷ ✹✻✳✵✽ ✹✻✳✶✸ ✹✷✳✸✹ ✹✻✳✽✻ ✹✻✳✼✻ ✹✻✳✼✼

✹✷✳✶✾ ✹✼✳✶✶ ✹✼✳✶✹ ✹✼✳✶✹ ✹✹✳✺✸ ✹✽✳✽✶ ✹✽✳✼✹ ✹✽✳✼✹

✸✺✳✹✾ ✹✶✳✹✸ ✹✵✳✵✶ ✹✵✳✼✷ ✸✽✳✼✼ ✹✹✳✻✵ ✹✹✳✹✷ ✹✹✳✺✻

✷✳✺✵ ✹✵✳✶✽ ✹✺✳✾✶ ✹✺✳✾✷ ✹✺✳✾✺ ✹✷✳✷✻ ✹✼✳✺✵ ✹✼✳✹✷ ✹✼✳✹✷

✹✷✳✷✷ ✹✼✳✷✻ ✹✼✳✶✷ ✹✼✳✶✷ ✹✸✳✸✷ ✹✽✳✸✽ ✹✽✳✸✺ ✹✽✳✸✺

✸✹✳✻✾ ✹✵✳✽✾ ✸✾✳✺✷ ✹✵✳✶✼ ✸✽✳✷✾ ✹✹✳✶✷ ✹✸✳✺✼ ✹✸✳✻✻

✷✳✼✺ ✹✵✳✹✷ ✹✻✳✸✵ ✹✻✳✵✺ ✹✻✳✵✽ ✹✶✳✵✹ ✹✻✳✼✶ ✹✻✳✻✹ ✹✻✳✻✹

✹✶✳✽✹ ✹✼✳✹✽ ✹✼✳✸✸ ✹✼✳✸✹ ✹✷✳✼✻ ✹✽✳✷✽ ✹✽✳✷✹ ✹✽✳✷✹

✸✹✳✻✾ ✹✶✳✷✺ ✸✾✳✸✼ ✹✵✳✵✶ ✸✼✳✻✺ ✹✹✳✵✷ ✹✸✳✹✾ ✹✸✳✻✶

✸✳✵✵ ✸✾✳✸✾ ✹✺✳✼✽ ✹✺✳✻✷ ✹✺✳✻✺ ✹✶✳✸✶ ✹✼✳✸✸ ✹✼✳✶✾ ✹✼✳✶✾

✹✶✳✹✸ ✹✼✳✼✵ ✹✼✳✻✻ ✹✼✳✻✻ ✹✷✳✸✵ ✹✼✳✾✵ ✹✼✳✼✽ ✹✼✳✼✽

✸✸✳✼✻ ✹✵✳✸✶ ✸✽✳✼✸ ✸✾✳✶✽ ✸✼✳✹✶ ✹✸✳✽✶ ✹✸✳✵✼ ✹✸✳✶✻

✸✳✷✺ ✸✾✳✵✶ ✹✺✳✹✾ ✹✺✳✵✽ ✹✺✳✶✷ ✹✶✳✶✵ ✹✼✳✹✷ ✹✼✳✸✵ ✹✼✳✸✵

✹✵✳✺✽ ✹✻✳✻✾ ✹✻✳✹✻ ✹✻✳✹✻ ✹✶✳✷✻ ✹✼✳✻✸ ✹✼✳✻✷ ✹✼✳✻✷

✸✸✳✻✵ ✹✵✳✺✾ ✸✾✳✷✹ ✸✾✳✼✸ ✸✻✳✹✾ ✹✸✳✻✻ ✹✸✳✸✾ ✹✸✳✹✻

✸✳✺✵ ✸✽✳✽✽ ✹✺✳✼✻ ✹✺✳✹✺ ✹✺✳✹✻ ✹✵✳✼✼ ✹✼✳✻✵ ✹✼✳✹✹ ✹✼✳✹✺
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✸✸✳✸✼ ✹✵✳✷✾ ✸✽✳✺✼ ✸✽✳✾✺ ✸✻✳✷✻ ✹✸✳✷✽ ✹✷✳✺✽ ✹✷✳✻✺

✸✳✼✺ ✸✽✳✸✾ ✹✺✳✷✷ ✹✹✳✼✶ ✹✹✳✼✷ ✹✵✳✶✸ ✹✼✳✸✸ ✹✼✳✷✻ ✹✼✳✷✻

✹✵✳✸✼ ✹✼✳✺✹ ✹✼✳✹✶ ✹✼✳✹✶ ✹✶✳✶✸ ✹✼✳✾✺ ✹✼✳✽✽ ✹✼✳✽✽

✸✸✳✷✺ ✹✵✳✺✺ ✸✽✳✼✼ ✸✾✳✶✼ ✸✻✳✷✺ ✹✸✳✼✷ ✹✸✳✶✷ ✹✸✳✶✼

✹✳✵✵ ✸✽✳✽✹ ✹✺✳✽✾ ✹✺✳✸✺ ✹✺✳✸✻ ✸✾✳✾✶ ✹✼✳✵✷ ✹✻✳✽✷ ✹✻✳✽✷

✹✵✳✶✾ ✹✼✳✺✶ ✹✼✳✸✺ ✹✼✳✸✺ ✹✵✳✼✼ ✹✼✳✽✾ ✹✼✳✽✷ ✹✼✳✽✷



✶✸✶✼

❚❛❜❧❡ ✹✳✷✿ ❘❡❧❛*✐✈❡ -✐.❦ ♣❡-❢♦-♠❛♥❝❡. ♦❢ ❞✐✛❡-❡♥* ❡.*✐♠❛*♦-. ❢♦- µ

✇✐*❤ ❈❋✶❂❈❋✷❂✵✳✷✺✱✵✳✺✵✱✵✳✼✺

τ ↓ ♠❂✶✷✱ ♥❂✶✻ ❛♥❞ )❂✸✱✻✱✾❀-❂✹✱✽✱✶✷ ♠❂✶✻✱♥❂✷✹ ❛♥❞ )❂✹✱✽✱✶✷❀-❂✻✱✶✷✱✶✽

R(MLI) R(MM) R(MV ) R(MV I) R(MLI) R(MM) R(MV ) R(MV I)

✷✾✳✷✺ ✸✼✳✽✾ ✸✹✳✺✵ ✸✺✳✸✽ ✸✶✳✹✺ ✹✶✳✹✾ ✹✵✳✹✺ ✹✵✳✻✸

✵✳✷✺ ✸✺✳✵✹ ✹✹✳✻✵ ✹✹✳✷✼ ✹✹✳✷✾ ✸✻✳✷✸ ✹✻✳✺✸ ✹✻✳✷✼ ✹✻✳✷✽

✸✻✳✾✼ ✹✻✳✶✽ ✹✺✳✾✹ ✹✺✳✾✹ ✸✼✳✶✹ ✹✼✳✻✺ ✹✼✳✻✷ ✹✼✳✻✷

✸✷✳✼✹ ✸✾✳✵✾ ✸✼✳✺✷ ✸✾✳✶✶ ✸✻✳✵✼ ✹✷✳✽✸ ✹✷✳✺✷ ✹✸✳✶✵

✵✳✺✵ ✸✾✳✹✷ ✹✹✳✾✼ ✹✹✳✽✵ ✹✹✳✽✾ ✹✵✳✼✾ ✹✻✳✾✵ ✹✻✳✾✹ ✹✼✳✵✵
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✵✳✼✺ ✹✷✳✷✸ ✹✺✳✽✽ ✹✺✳✻✵ ✹✺✳✾✶ ✹✸✳✹✺ ✹✻✳✾✹ ✹✼✳✵✹ ✹✼✳✶✶
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✶✳✵✵ ✹✷✳✼✷ ✹✺✳✾✷ ✹✺✳✾✵ ✹✻✳✷✹ ✹✹✳✻✽ ✹✻✳✾✺ ✹✻✳✽✻ ✹✼✳✵✶
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✸✻✳✷✸ ✹✵✳✻✻ ✸✾✳✸✶ ✹✶✳✸✹ ✸✾✳✼✻ ✹✸✳✷✺ ✹✷✳✽✵ ✹✸✳✹✾
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✹✺✳✻✻ ✹✼✳✻✸ ✹✼✳✹✺ ✹✼✳✺✼ ✹✻✳✹✶ ✹✼✳✾✾ ✹✼✳✾✾ ✹✽✳✵✹
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✸✺✳✺✻ ✹✵✳✷✼ ✸✽✳✹✹ ✹✵✳✷✵ ✸✾✳✻✹ ✹✸✳✷✷ ✹✷✳✹✸ ✹✷✳✽✺

✷✳✵✵ ✹✶✳✽✻ ✹✺✳✹✾ ✹✺✳✷✵ ✹✺✳✸✷ ✹✹✳✹✺ ✹✼✳✸✶ ✹✼✳✷✷ ✹✼✳✷✹

✹✸✳✽✹ ✹✼✳✵✻ ✹✼✳✵✶ ✹✼✳✵✹ ✹✹✳✽✻ ✹✼✳✹✷ ✹✼✳✸✼ ✹✼✳✸✼
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✷✳✷✺ ✹✶✳✸✾ ✹✺✳✹✸ ✹✺✳✷✺ ✹✺✳✸✺ ✹✸✳✶✻ ✹✻✳✹✼ ✹✻✳✸✾ ✹✻✳✹✷

✹✸✳✻✹ ✹✼✳✸✸ ✹✼✳✷✻ ✹✼✳✷✽ ✹✺✳✶✺ ✹✽✳✸✶ ✹✽✳✸✺ ✹✽✳✸✺
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✷✳✺✵ ✹✶✳✵✵ ✹✺✳✷✻ ✹✹✳✾✹ ✹✺✳✵✸ ✹✷✳✾✺ ✹✻✳✷✽ ✹✻✳✵✶ ✹✻✳✵✷

✹✸✳✸✹ ✹✼✳✷✹ ✹✼✳✵✽ ✹✼✳✶✵ ✹✹✳✼✺ ✹✼✳✾✹ ✹✼✳✽✹ ✹✼✳✽✹
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✷✳✼✺ ✹✶✳✶✺ ✹✺✳✼✵ ✹✺✳✸✹ ✹✺✳✹✶ ✹✷✳✽✻ ✹✻✳✻✶ ✹✻✳✸✾ ✹✻✳✹✵
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❋✐❣✉$❡ ✶✳ ❈♦♠♣❛%✐'♦♥ ♦❢ ❘❘■ ✐♥ ✪ ♦❢ ✐♠♣%♦✈❡❞ ❡'0✐♠❛0♦%' ❢♦% µ ✇❤❡♥
m = n = 16 ❛♥❞ r = s = 4.
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m = n = 24 ❛♥❞ r = s = 12.
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