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Some properties of ordered 0-minimal
(0,2)-bi-I'-ideals in po-I'-semigroups

M. Y. Abbasi* and Abul Basar

Abstract

In this paper, we introduce ordered (generalized) (m,n)-I'-ideals in po-
I'-semigroups. Then we characterize the po-I'-semigroup through or-
dered (generalized) (0, 2)-I'-ideals, ordered (generalized) (1,2)-T-ideals
and ordered (generalized) O-minimal (0,2)-I-ideals. Also, we inves-
tigate the notion of ordered (generalized) (0,2)-bi-I-ideals, ordered
0-(0,2) bisimple po-I'-semigroups and ordered O-minimal (general-
ized) (0,2)-bi-I-ideals in po-I-semigroups. It is proved that a po-T-
semigroup S with a zero 0 is 0-(0, 2)-bisimple if and only if it is left
0-simple.

2000 AMS Classification: 06F99, 06F05.

Keywords: po-I'-semigroup, ordered bi-T-ideal, ordered (m,n)-I'-ideal, ordered
(0, 2)-T'-ideal.
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1. Introduction and Preliminaries

The notion of the I'-semigroup was introduced by M. K. Sen in [9] as a generalization
of semigroups and ternary semigroups and the concept of the po-I'-semigroup was given
by Y. I. Kwon and S. K. Lee in [5]. Thereafter different aspects of ideal-theoretic results
have been extensively studied in semigroups and po-I’-semigroups in [1-4, 6].

The concept of the (m,n)-ideal in semigroups was given by S. Lajos in [8] as a gen-
eralization of one-sided ideals of semigroups. Thereafter, the notion of the generalized
bi-ideal [(or generalized (1,1)-ideal] was introduced in semigroups by S. Lajos in [7] as
a generalization of bi-ideals of semigroups. In this paper, we define and use the notion
of ordered (generalized) (m,n)-I'-ideals in po-I'-semigroups to examine some important
classical results and properties in po-I'-semigroups. As an application of the results of

*Department of Mathematics, Jamia Millia Islamia, New Delhi-110 025, India.
Email: yahya_alig@yahoo.co.in

tDepartment of Mathematics, Jamia Millia Islamia, New Delhi-110 025, India.
Email:basar. jmi@gmail.com Corresponding Author.
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this paper, the corresponding results of I'-semigroups (without order) and semigroups
(without order) can also be obtained.

Let S and I" be two nonempty sets. Then a system (S,T’,-) is called a I'-semigroup,
where - is a ternary operation S x I' x S — S such that (z-a-y)-8-z2=z-a-(y-B-2), for
all z,y,z € S and all a, B € T'. Let A be a nonempty subset of (S,T’,-). Then A is called
a sub-I'-semigroup of (S,T",-)ifa-v-b € A, for all a,b € A and v € I'. Furthermore, a
I’-semigroup S is said to be commutative if a-y-b=>b-v-a, for all a,b € S and vy € T".

A po-T-semigroup is an ordered set (S, <) at the same time a I'-semigroup (S,T, ")
suchthat a <b=a-a-z<b-a-zandzxz-f-a<z-B-b,forall a,b,z € Sand a,5 €T.

Notation 1: For subsets A, B of a po-I'-semigroup S, the product set A - B of the pair
(A, B) relative to S is defined as A-T'-B={a-vy-b|a € Abe B and v € I'} and for
A C S, the product set A - A relative to S is defined as A2=A-A=A.T- A.

Notation 2: For M C S, (M] = {s € S| s < m, for some m € M}. Also, we write (s]
instead of ({s}] for s € S.

Notation 3: Let B C S. Then for a non-negative integer m, the power of B™ =
BTI'BI'BI'B---, where B occurs m times. Note that the power is suppressed when
m = 0. So BT'S = S = STB°.

In what follows we denote the po-I'-semigroup (S, T, -, <) by S unless otherwise spec-
ified. Throughout the paper, for the sake of brevity, we denote a - v - b by a~b.

1.1. Example. Let S be the set of all m xn matrices with entries from a field, where m,
n are positive integers. Let P(S) be the power set of S. Then it is easy to see that P(.S)
is not a semigroup under multiplication of matrices because for A, B € P(.S), the product
AB is not defined. Let I" be the set of n X m matrices with entries from the same field.
Then for A, B, C € P(S) and P, Q € I, we have APB € P(S), AQB € P(S) and since
the matrix multiplication is associative, we get that S is a I'-semigroup. Furthermore,
define A < B if and only if A C B for all A, B € P(S), then P(S) is a po-I'-semigroup.

Suppose A and B are two nonempty subsets of S. Then we have the following (see [3]).
(1) (AJT(B] C (AT'BJ;

(2)AC B = (A] € (B];

(3) ((Al] = (4.

Suppose S is a po-I'-semigroup and [ is a nonempty subset of S. Then I is called an
ordered right (resp. left) I'-ideal of S if

(i) IT'S C I(rep. STI C I),

(i) ael,b<aforbe S=bel.

Equivalent definition:
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(i) ITS C I (resp. ST'I C I).
(ii) (11 = 1.

An ordered T'-ideal I of S is both a right and a left ordered I'-ideal of a po-I'-semigroup
S. A right, left or (two-sided) ordered I'-ideal I of S is called proper if I # S.

Let S be a semigroup and A be a nonempty subset of S then A is called a generalized
(m,n)-ideal of S if A™SA™ C A, where m, n are arbitrary non-negative integers. Note
that if A is a subsemigroup of S, then A is called an (m, n)-ideal of S. We now introduce
the following definition.

1.2. Definition. Suppose B is a sub-I'-semigroup (resp. nonempty subset) of a
po-T'-semigroup S. Then B is called an (resp. generalized) (m,n)-I-ideal of S if (i)
B™T'SI'B™ C B and (ii) forbe B, s€ S, s<b=s € B.

Note that in the above Definition 1.2, if we set m = n = 1, then B is called a (gen-
eralized) bi-T-ideal of S. Moreover, if m = 0 and n = 2, then we obtain an ordered
(generalized) (0, 2)-T-ideal of S. In a similar fashion, we can obtain an ordered (general-
ized) (1,2)-I-ideal and an ordered (generalized) (2,1)-T-ideal of S.

If B is a nonempty subset of S, then to see that (B® U BI'ST'B?] is an ordered
(generalized) bi-I'-ideal of S, we present the verification of it as follows:

((B*U BT'STB?|] B?U BT'STB?] and(B* U BI'SI'B*|I'ST'(B* U BI'ST'B?]
B? U BTSTB?|I(S|T'(B* U BI'ST B?]

(
(
(B*I'STB? U B’I'STBI'STB? U BTSTB’T'ST'B® U BI'ST B’T'ST BI'ST B?]
(
(

BI'STB?]
B?U BT'STB?].

N 1NN

2. Main Results

We now develop ideal theory for po-I'-semigroups. We begin our study with proving
the following Lemma.

2.1. Lemma. The following assertions are equivalent for a subset B of a po-I"-semigroup
S.
(i) B is an ordered (generalized) (0,2)-I-ideal of S;

(if) B is an ordered left I'-ideal of some ordered left I-ideal of S.

Proof. (i) = (i%). Suppose B is an ordered (generalized) (0, 2)-I'-ideal of a po-I-semigroup
S. Then we obtain (BU ST'B|TB = (B>U ST'B? C (B] = B and ((B]] = (B] and so B
is an ordered left I'-ideal of the ordered left I'-ideal (B U ST'B] of S.

(41) = (4). Suppose L is an ordered left I’-ideal of S and B is an ordered left I'-ideal
of L. Then, STB? C STLTB C LT'B C B. Suppose b € B and s € S are such that
s<b. Asbe L, wegetsec L andsosée B. Consequently, B is an ordered (generalized)
(0,2)-I'-ideal of S.
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2.2. Theorem. Suppose B is a subset of a po-I'-semigroup S. Then the following
results are equivalent:

(i) B is an ordered (generalized) (1, 2)-I-ideal of S;

(ii) B is an ordered left I'-ideal of some ordered (generalized) bi-I-ideal of S;

(iii) B is an ordered (generalized) bi-I-ideal of some left ordered I'-ideal of S;

(iv) B is an ordered (generalized) (0, 2)-I'-ideal of some ordered right I'-ideal of S,

(v) B is an ordered right-I'-ideal of some ordered (generalized) (0,2)-I-ideal of S.

Proof. (1) = (ii). Suppose B is an ordered (generalized) (1, 2)-I-ideal of S. This means B
is a sub-T'-semigroup (nonempty subset) of S and BT'STB? C B. So (B*UBT'STB*|I'B =
(B? U BTSTB?|I'(B] C (B® U BI'STB?] C (B> U BI'SI'B?] C (B] = B. Obviously, if
b€ B, s € (S?UBTSTB?] so that s < b then s € B. Hence, B is an ordered left T-ideal
of the ordered (generalized) bi- T-ideal (B? U BT'ST'B?] of S.

(i1) = (4i1). Suppose B is an ordered left I'-ideal of some ordered (generalized) bi-T-ideal
A of S. Recall that (B U ST B] is an ordered left I'-ideal of S. According to our hypoth-
esis, BT'(B U ST'B|T'B C (B]T(B U STB|T'(B] C (B* U BI'ST'B?| C (BU AT'STAT'B] C
(BUAT'B] C (B] = B. Suppose b € B, s € (BUST'B] such that s <b. Asbe€ B, be A.
So s € A and therefore, s € B. Hence, B is an ordered (generalized) bi-I'-ideal of the left
ordered I'-ideal (BU ST'B] of S.

(#i1) = (iv). Suppose B is an ordered (generalized) bi-I-ideal of some left ordered
I-ideal L of S. This implies that B C L, BI'L'T'B C B and ST'L C L. There-
fore (B U BTS|I'B* C (B U BTS|I'(B? C (B*uU BT'STB?| C (BUBTSTLI'B] C
(BUBTLT'B] C (B] = B. Furthermore, suppose that b € B, s € (B U BI'S] such
that s < b, so b € L. Then s € L, therefore s € B. Hence, B is an ordered (generalized)
(0,2)-I'-ideal of the ordered right I'-ideal (B U BI'S] of S.

(iv) = (v). Suppose B is an ordered (generalized) (0, 2)-I'-ideal of some ordered right I'-
ideal R of S. This implies that B C R, RT'B? C B and RT'S C R. Then BT(BUSTB?| C
(BIT(BUSTB? C (B*U BI'STB? C (BURI'STB? C (BURTB? C (B] = B. Let
b€ B, s € (BUSTB? such that s <b. Then b € R, so s € R, thus s € B. Hence, B is
an ordered right T-ideal of the (generalized) (0,2)-T-ideal (B U STB?] of S.

(v) = (4). Suppose B is an ordered right I'-ideal of an ordered (generalized) (0,2)-I'-
ideal R of S. This further implies that B C R, BTR C B and STR?> C R. Then
BT'ST'B? C BI'STR? C BI'R C B. Suppose b € B, s € S such that s <b. Asb € R, so
s € B. Hence B is an ordered (generalized) (1,2)-I'-ideal of S. Hence, B is an ordered
(generalized) bi-T'-ideal of S.

2.3. Lemma. A sub-I-semigroup (nonempty subset) A of a po-I-semigroup S such
that A = (A] is an ordered (generalized) (1,2)-I-ideal of S if and only if there exists an
ordered (generalized) (0,2)-I-ideal L of S and an ordered right I'-ideal R of S so that
RI'L*CACRNL.

Proof. Suppose A is an ordered (generalized)(1, 2)-T'-ideal of S. We know that (AUST A?]
and (A U AI'S] are an ordered (generalized) (0,2)-I-ideal and an ordered right I’-ideal
of S, respectively. Furthermore, assume L = (AU STA?] and R = (AU AT'S]. Then
RTIL? C (AU A’T'STA? U ATSTA? U ATSTATSTA?] C (A% U ATSTA?] C (4] = A.
Hence, RC RN L.
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Conversely, suppose R is an ordered right I'-ideal of S and L is an ordered (generalized)
(0,2)-T-ideal of S so that RT'L?> C A C RNL. Then ATSTA? C (RNL)T'ST(RNL)T(RN
L) C RT'STL? C RI'L? C A. Hence, A is an ordered (generalized) (1,2)-T-ideal of S.

2.4. Definition. An ordered (generalized) (0, 2)-bi-I-ideal B of S is called 0-minimal if
(i) B # {0} and (ii) {0} is the only ordered (generalized) (0, 2)-bi-I-ideal of S properly
contained in B.

2.5. Lemma. Suppose L is an ordered 0-minimal left I'-ideal of a po-I'-semigroup S
with 0 and I is a sub-I'-semigroup (nonempty subset) of L such that I = (I]. Then I is
an ordered (generalized) (0,2)-I-ideal of S contained in L if and only if (IT'I] = {0} or
I1=1L.

Proof. Suppose I is an ordered (generalized) (0,2)-I-ideal of S contained in L. As
(ST'I?] is an ordered left T-ideal of S and (STI?] C I C L, we obtain (STT?] = {0} or
(STI?] = {L}. If (STI?] = L, then L = (ST'I?] C (I]. So I = L. Suppose (STI?] = {0}.
As ST(I?] C (STI?] = {0} C (I?], then (I?] is an ordered left T-ideal of S contained in
L. By the minimality of L, we obtain (I*] = {0} or (I?] = L. If (I*] = L, then I = L.
Therefore, I* = {0} or I = L.

The converse part is straightforward.

2.6. Lemma. Suppose M is an ordered 0-minimal (generalized) (0, 2)-I'-ideal of a po-T'-
semigroup S with a zero 0. Then (M?] = {0} or M is an ordered 0-minimal left T-ideal
of S.

Proof. As M? C M and ST(M?)*> = ST(M?|T(M?] C (STM?|T(M?] C (M]T'(M?] C
(M?]. Then we obtain (M?] is an ordered (generalized) (0,2)-T-ideal of S contained in
M. Therefore (M?] = {0} or (M?] = M. Suppose (M?] = M. As STM = ST'(M?] C
(STM?) C (M] = M, it follows that M is an ordered left T-ideal of S. Suppose B is an
ordered left T-ideal of S contained in M. Therefore, STB?> C B2 C B C M. Hence, B is
an ordered (generalized) (0, 2)-T-ideal of S contained in M and so B = {0} or B = M.

2.7. Corollary. Suppose S is a po-I'-semigroup without a zero 0. Then M is an or-
dered minimal (generalized) (0,2)-I'-ideal of S if and only if M is an ordered minimal
left I'-ideal of S.

Proof. 1t follows by Lemma 2.5 and Lemma 2.6.

2.8. Lemma. Suppose S is a po-I'-semigroup without a zero 0. Further suppose that
M is a nonempty subset of S. Then the following results are equivalent:

(i) M is an ordered (generalized) minimal (2, 1)-I-ideal of S;

(ii) M is an ordered (generalized) minimal bi-I-ideal of S.

Proof. Suppose S is a po-I'-semigroup without zero and M is an ordered minimal (gen-
eralized) (2,1)-T-ideal of S. Then (M2TSTM] C M and so (M?T'STM] is an ordered
(generalized) (2, 1)-T-ideal of S. Therefore, we obtain (M?T'STM] = M.

As MTSTM = (M*T'STM|T'STM C (M*I'STMTSTM] C (M?*TSTM] = M, we have
that M is an ordered (generalized) bi-I-ideal of S. Let there exist an ordered (general-
ized) bi-I'-ideal B of S contained in M. Then B?T'ST'B C B? C B C M, therefore, B is
an ordered (generalized) (2,1)-T-ideal of S contained in M. Applying the minimality of
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M, we obtain B = M.

Conversely, suppose M is an ordered minimal (generalized) bi-T-ideal of S. Then M is
an ordered (generalized) (2, 1)-T-ideal of S. Suppose T is an ordered (generalized) (2,1)-
I'-ideal of S contained in M. As (T?*T'STT|TST(T?*T'STT] C (T*T'(STTTSTTT'S)I'T] C
(T°T'ST'T], we obtain (T?T'ST'T] is an ordered (generalized) bi-T-ideal of S. This shows
that (T?T'STT] = M. As M = (T?*T'ST'T) C (T] =T, M = T. Hence, M is an ordered
minimal (generalized) (2, 1)-I-ideal of S.

2.9. Definition. A sub-I-semigroup (nonempty subset) B of a po-I'-semigroup S is
called an ordered (generalized) (0, 2)-bi-T-ideal of S if B is an ordered (generalized) bi-
I'-ideal of S and also an ordered (generalized) (0, 2)-I'-ideal of S.

2.10. Lemma. Suppose B is a subset of a po-I'-semigroup S. Then the following con-
ditions are equivalent :

(i) B is an ordered (generalized) (0,2)-bi-I-ideal of S;

(ii) B is an ordered I'-ideal of some ordered left I'-ideal of S.

Proof. (i) = (ii). Suppose B is an ordered (generalized) (0,2)-bi-I-ideal of S. This
implies that BT'STB C B and STB? C B. Then ST(B?U STB?] C (STB*U S°T'B?] C
(STB?] C (B? U ST B?] Therefore, (B> U STB?] is an ordered left T-ideal of S. As
BT(B?USTB?| C (B*UBTSTB?| C (B] = B, (B*UST'BI'B C (B*UST'B®] C (B] = B.
Hence B is an ordered T-ideal of the left T-ideal (B* U ST B?] of S.

(i1) = (¢). Suppose B is an ordered I'-ideal of some ordered left I'-ideal L of S. By
Lemma 2.1, B is an ordered (generalized) (0,2)-I-ideal of S and hence B is an ordered
(generalized) bi-T'-ideal of S.

2.11. Theorem. Suppose B is an ordered 0-minimal (generalized) (0, 2)-bi-I-ideal of a
po-T'-semigroup S with a zero 0. Then exactly one of the followings cases arises:

(i) B = {0,b}, (bI"S'T'b] = {0};
(ii) B = ({0,b}], b* = 0, (bT'STH] = B;

(iii) (ST®?] = B for all b € B\ {0}.

Proof. Suppose B is an ordered 0-minimal (generalized) (0,2)-bi-I-ideal of a po-T-
semigroup S. Furthermore, suppose b € B\ {0}. Then (STb?] C B and (STbI'}] is
an ordered left T-ideal of S, therefore (ST'b?] is an ordered (generalized) (0, 2)-bi-T-ideal
of S. Hence (STb?] = {0} or (STH*] = B.

Let (STH?] = {0}. As b*> € B, we obtain either 4> = b or b> = 0 or b* € B\ {0,b}.
b* = b, then b = 0. This is a contradiction. Let b*> € B\ {0,b}. Then S'T'({0,?}]?
({0, STB*}] = ({0}] U (STH] = {0} C ({0} U], ({0} U B2JTST ({0} U b2) C (b*TSTH?) C
(STH?] = {0} C {0,b%}. So ({0} Ub?] is an ordered (generalized) (0,2)-bi-T-ideal of S
contained in B and we notice that ({0} Ub%] # {0}, ({0} Ub?] # B. This is too not
possible since B is an ordered 0-minimal (generalized) (0, 2)-bi-T-ideal of S. So b* = {0}
and hence by Lemma 2.10, B = ({0, b}]. Now since we have (bI'ST?] is an ordered (gen-
eralized) (0,2)-bi-I-ideal of S contained in B, we get (bI'STb] = {0} or (bI'STb] = B.
So, (STb?] = {0} and it follows that either B = {0,b} and (b['S'T'd] = {0} or B = {0, b},

NN =
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b*> = {0} and (bI'STH] = B. If (ST'b?] # {0}, then (SI'b’] = B.

2.12. Corollary. Suppose B is an ordered 0-minimal (generalized) (0, 2)-bi-I-ideal of
a po-T-semigroup S with a zero 0 so that (B*] # {0}. Then B = (STb?], for every
b e B\ {0}.

2.13. Definition. A po-I-semigroup S with a zero 0 is called 0-(0,2)- bisimple if (i)
(S?] # {0} and {0} is the only ordered proper (generalized) (0, 2)-bi-T-ideal of S.

2.14. Corollary. A po-I'-semigroup S with a zero 0 is 0-(0,2)-bisimple if and only if
(ST's?] = S, for every s € S\ {0}.

Proof. If S is 0-(0, 2)-bisimple, then (ST'S] # {0} and S is an ordered 0-minimal (gener-
alized) (0,2)-bi-T-ideal. By Corollary 2.12, we have S = (ST's?], for every s € S\ {0}.
Conversely, suppose S = (ST's?], for every element s € S\ {0} and further suppose
that B is an ordered (generalized) (0,2)-bi-I-ideal of S such that B # {0}. Sup-
pose b € B\ {0}. Then S = (ST'b?] C (STB?| C (B] = B, therefore, S = B. As
S = (STb?] C (ST'S] = (S?], we obtain {0} # S = (ST'S] = (S?]. Hence S is 0-(0, 2)-bi-
simple.

2.15. Theorem. A po-I'-semigroup S with a zero 0 is 0-(0, 2)-bisimple if and only if S
is left O-simple.

Proof. We recall that every ordered left I'-ideal B of a po-I'-semigroup S is an ordered
0-(0, 2)-bi-I'-ideal of S. So B = {0} or B = S. Therefore, if S is 0-(0, 2)-bisimple then S
is left O-simple.

Conversely, if S is left 0-simple then (ST's] = S, for every s € S\ {0} from which it follows
that S = (ST's] = ((ST's]I's] C ((STs?]] = (ST's?]. Therefore, using Corollary 2.14, S is
0-(0, 2)-bisimple.

2.16. Theorem. Suppose B is an ordered 0-minimal (generalized) (0, 2)-bi-I'-ideal of a
po-I-semigroup S. Then either (BI'B] = {0} or B is left 0-simple.

Proof. Suppose (BT'B] # {0}. Then, by Corollary 2.12, we obtain (STb*] = B, for every
be B\{0}. Asb* € B\ {0}, for every b € B\ {0}, we obtain b* = (b*)> € B\ {0}.
Suppose b € B\ {0}. As (BTWT'S'T(BIb?] C (BTBTb?] C (BI'V?] and ST(BTb?)* C
(STBTH’T'BTH?] C (ST BTb?] C (BT'b?], we get that (BT'b%] is an ordered (generalized)
(0,2)-bi-T-ideal of S contained in B. Therefore, (BTH?] = {0} or (BI'V*] = B. As
b* € BTbH? C (BT'b?] and bv* € B\ {0}, we obtain (BT'b?] = B. By Corollary 2.14 and
Theorem 2.15, it follows that B is left 0-simple.
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Abstract

In this paper, by making use of the convolution and subordination
principals, we obtain some subordination results for certain family of
meromorphic p-valent functions defined by using a new linear operator.
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1. Introduction

Let }_, be the class of functions of the form:

(1.1)  f(2) :z_p—l—Zakzk (peN=1{1,2,..}),
k=0

which are analytic and p-valent in the punctured unit disk U* = U\{0}, where U =
{z:2€C, |2/ <1}.If f and g are analytic functions in U, we say that f is subordinate
to g, written f < g if there exists a Schwarz function w, which (by definition) is analytic
in U with w(0) = 0 and |w(2)] < 1 for all z € U, such that f(z) = g(w(z)), z € U.
Furthermore, if the function g is univalent in U, then we have the following equivalence
( [5] and [10]):

f(z) = 9(2) & f(0) = g(0) and f(U) C g(U).
For functions f, g € X,, Aouf et al. [3] defined the linear operator DY ,(f * g)(z) :
Sy — %, (A>0, peN, neNy=NU{0}) by
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DY, (f*9)(2) = (f *9)(2),

Dip(fx9)(z) = Dap(f*g)(z) = (1=N(f*9)(z)+Az"" "F(f % 9)(2))
= 2P+ [1+Ak+p)arbrz® (A >0; peN),
k=0
D3,(f*9)(2) = Dxp(Dap(f*9))(2)
= 274> 1+ Ak+p) axbrz” (A>0; peN)
k=0

and ( in general )
Dip(f*9)(2) = Dap(D3,'(f*9)(2))

2P ) [+ Ak +p)]"arbez® (A >0; p€N; n € No).
k=0

(1.2)
From (1.2) it is easy to verify that [3]:

(13)  =(D3,(f*9)(2)) = ; DES (7 #0)(2) — (o + )DR,(F *)(=) (A > 0).

Specializing the parameters n,l,p, A and g in (1.2), we have:
(¢) For n =0 and g(z) is in the form:

- 041 k+p-- aq)k+p k
1.4 g(z)=2""+ z",
(1.4) Z B)sp(B)rip(Ditn

a1, Qz,...,aq and fi, B2,..., Bs are complex or real (8; ¢ Z; = {0,-1,-2,..}, j =
1,2,...,5), we have, DY ,(f*g)(2) = Hp,q,s(01) f(2),where the linear operator Hp, 4 s(a1) was
investigated recently by Liu and Srivastava [9] and Aouf [2] and contains in turn the op-
erator Ly(a,c) (see [8] ) for g =2, s=1, a1 =a >0, f1 =c (¢ #0,-1,...) and
az = 1 and also contains the operator D¥TP~! (see [13] ) for ¢ = 2, s = 1,
ar=v+pwv>-p peEN)andar =01 =p

(#¢) For n = 0 and g(z) is in the form:

- — L+ Ak
(15)  gz)=2"4 > [#]makbkz’“ (A1 >0;m € No),
k=1—p
we have DS ,(f * g)(2) = I]*(I,\) f(2), where the operator I;*(I,\) was introduced and
studied by El-Ashwah [6] and El-Ashwah and Aouf [7];
(#i¢) For n =0 and g(z) is in the form:

_ (k
(1.6)  g(z) =27+ ‘”ﬂ Zrk+;f;f)a)2k (@>0;8> -1),

we have DY (f * g)(z) = Q}B’pf(z) where the operator Q3 , was introduced and studied
by Aglan et al.[4].

To prove our main results we need the next lemmas.
Lemma 1 [11]. Let ¢(z) be univalent in U and let ©(z) be analytic in a domain
containing q(U). If 2q'(2)¢(q(2)) is starlike and

2 (2)p(Y(2)) < 24 (2)¢(a(2)),
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then ¥(z) < q(z) and q(z) is the best dominant.
Lemma 2 [12]. Let 8, v be any complex numbers, v #0 and q(z) = 14+ q1z +q22° + ...
be univalent in U, q(z) # 0. Suppose that Q(z) = vzq'(2)/q(z) be starlike, and

R {gq(z) + ZQ’(Z)} > 0.

Q(z)
If (z)=1+c1z+ coz® + ... is analytic in U and satisfies
L2 ( ) ZQ'(Z)

then ¥(z) < q(z) and q(z) is the best dominant.

2. Main Results

Unless otherwise mentioned, we assume throughout this paper that, y € C,A > 0,p €
NyneNo, f, g € ZP and the powers are the principal ones.

2.1. Theorem. Let q(z) # 0 be univalent in U and zq'(2)/q(z), be starlike. If f satisfies:
(

1 n“(f*g)(z) Dn+2(f*g)( ) 11— v 2q'(2)
A DR (f*9)(2) /\Dﬁl(f*g)( ) A q(z)

(2.1)

then
SUIDIEN(f % g)(2)
(02,7 +9)2)]

and q(z) 1is the best dominant.

q(2)

Proof. Let the function p(z) defined by

A=) pntlr 2
22)  plz) = Y G (. cv
D3,/ 9)(2)]

Differentiating (2.2) logarithmically with respect to z and using the identity (1.3), we
have

() 1D x9)(x) A DR (Fro)(z) L
p(z) ~ ADYIN(f*g9)(2) X Dy (fxg)z) A
that is, that
() 1, 1DV xg)(z) 4 DI *9)(2)
o) AT SR () A DL, ()

Therefore, in view of (2.3), the subordination (2.1) becomes

(2.3)

() _ 2(2)
p(z)  alz)

By an application of Lemma 1, with p(w) = L+, w € C* = C\{0}, we have p(z) < q(z)

and ¢(z) is the best dominant.

Taking n = 0 and g(z) of the form (1.4) and using the identity (see [9]):
(2.4) 2 (Hp,q,s(01)f(2)) = a1Hp,g.s(a1 + 1) f(2) — (a1 + p)Hp,q.s(a1) f(2),

we have the following corollary. 0
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2.2. Corollary. Let q(z) # 0 be univalent in U and zq'(2)/q(z) , be starlike . If f
satisfies

Hp,qys(al + 2)f(z) Hp,q,S(al + 1)f(z) zq’(z)
Ot D o+ D) ™ Hygo(an)fz) T IE T A
then
Zp(li’Y)prqvS(al + 1)f(z) =< q(z)

[Hp.q,s(a1) f(2)]”
and q(z) is the best dominant.
Taking ¢ = 2,s = 1,1 = a > 0,81 =c¢c >0 and oz = 1, in Corollary 1, we have

the following result which correctes the result obtained by Ali and Ravichandran [1,
Theorems 2.3].

2.3. Corollary. Let q(z) # 0 be univalent in U and zq'(2)/q(2) , be starlike. If f satisfies

L(a+20f() _ Lla+LafG) |
@D @t Lof 1" L@orz 0T NLE

2q'(2)
q(z) ’

then
0 Ly(a+ 10)f(2)
[Lp(a;c) f(2)]”

and q(z) is the best dominant.

< q(z)

Taking ¢(z) = %igz (-1 < B< A<1)in Theorem 1, we have

2.4. Corollary. Let -1 <B<A<L If fe ) satisfies
IDIAS () 4 DI £ 9)(2)
ADYEN(frg)(z) A DX ,(f*9)(2)

(A—-B)z
Ot G A By

<

> =

then
FEVDUN(fxg)(2) 14 Az
a .
ENrE

Taking n =0 and g(z) in the form (1.4) with ¢ =2,s =1,a1 = a,p1 =c,a,¢ >0 and
az = 1, in Corollary 3, we have the following result which corrects the result obtained by
Ali and Ravichandran [1, Corollary 2.4].

2.5. Corollary. Let -1 <B <A< If fe ) satisfies

a Lp(a+2;0)f(2) _ aLp(a+1§C)f(Z)
@) @t nof) " Ly@ai)
(A-B)z

<l =N+ 1+ G a0+ By

then
AL (a+1;0)f(z) 1+ Az
[Lp(a; c) f(2)]" 1+ Bz

By appealing to Lemma 2, we prove the following theorem.
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2.6. Theorem. Lety #0 and q(z) be univalent in U, q(z) # 0, Q(2) = v2¢'(2)/q(2)
be starlike and

(2.5) @R{iq(z) + ZQ'(Z)} >0 (ze).

Ay Q(2)
If f(2) € 3=, satisfies
Dy (f9)(2)  DIPA(f *9)(2)

- 2q'(2)
Dy (f*g)(2) Dy (f*9)(2)

<q(z) + My

then
DYEY(f # g)(2)
D} (f *9)(2)

and q(z) is the best dominant.

=<q(2)

Proof. Let the function p(z) defined by
DP(feg)()
B0 = e

Differentiating (2.6) logarithmically with respect to z and using the identity (1.3), we
have

(z€U).

DY (f * 9)(2) = p(2) )\zp’(z)

DS *9)(2) p(z)
therefore, we have
n+1 n+2 ,
@B | PO )
Sp(fx9)(z) DY (f*9)(2) p(z)
From (2.5), we have
p(z) + My 2z q(z) + Ay 20 (2)
p(2) q(z)
By an application of Lemma 2, it follows that p(z) < ¢(z) and ¢(z) is the best dominant.

O

Taking n = 0 and g(z) of the form (1.4) and using the identity (2.4) we have the
following corollary.

2.7. Corollary. Let vy # 0,01 # —1 and q(z) be univalent in U, q(z) # 0, Q(z) =
~v2q'(2)/q(z) be starlike and

artl-y 2Q'(2) .
%{77 q(z) + }>0( eU).

Q(2)
If f(2) € 32, satisfies
Hp.g.s(oa +1)f(2)

Hp,q,s(an +2)f(2)

Q=)o) Hyyslor + D)
zq'(2)
27 < a1 [’y+(1+a1 —7)a(2) + a(z) } )
then

Hp,qys(al + 1)f(z)
Hpgolan)f(z) 90

and q(z) is the best dominant.
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Re

marks. (i) Taking n = 0 and g(z) in the form (1.4) with ¢ = 2,s = 1,a1 =

a>0,61 =c>0 and az = 1, in Corollary 5, we have the result obtained by Ali and
Ravichandran [1, Theorem 2.5];

(i1) Taking n =0 and g(z) of the form (1.5) and using the identity [6]:
Az (IO f(2)) = 7D £(2) — Qo+ DI D F(2), A > 0,

in our results, we have the results corresponding to the operator I, (X, 1);

(4it) Taking n =0 and g(z) of the form (1.6) and using the identity [4]:
AQpf(2) = (@t B=1)Q5, () = (a4 B+p = 1)Q5 ,f(2), 0 2 0,8 > -1,

in our results, we have the results corresponding to the operator QF .
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Abstract

The authors consider the notions of near compactness, near cocompact-
ness, near stability, near costability and near dicompactness in the set-
ting of ditopological texture spaces. In particular preservation of these
properties under surjective R-dimaps, co-R-dimaps and bi- R-dimaps
is investigated and non-trivial characterizations of near dicompactness
are given which generalize those for dicompactness. The notions of
semiregularization, semicoregularization and semibiregularization are
defined and used to give generalizations of Mréwka’s Theorem for near
compactness and near cocompactness, and of Tychonoff’s Theorem for
near compactness, near cocompactness and near dicompactness. Also,
results related to pseudo-open and pseudo-closed sets are presented.
Finally, examples are given of co-T7 nearly dicompact ditopologies on
textures which are not nearly plain and an open question is posed.
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1. Introduction

The investigation of various types of generalized open set and generalized continuous
function is a rich area of research in general topology, and there are interesting appli-
cations in various areas, particularly computer science. An early notion in this area is
the now well known concept of regular-open set, and its counterpart regular-closed set.
Closely related with this notion is the property of near compactness introduced by Singal
and Mathur [16, 17|, which has been studied by several other authors (see, for example,
[11]). Important in this context is the notion of R-map, see [7]. In this paper these and
related notions will be studied in the wider context of ditopological texture spaces.

Textures and ditopological texture spaces were first introduced by the first author as
a point-based setting for the study of fuzzy sets, and work continues in this direction,
see for example [1, 2, 3, 4, 5], and the recent work of Tiryaki [18], Ozcag and Brown [15],
Yildiz and Brown [22]. On the other hand, textures provide a very convenient setting for
the investigation of complement-free concepts in general, so much of the recent work does
not involve fuzzy sets explicitly. In particular, the notions of diuniformity and dimetric
have been introduced in [14], while a textural analogue of the notion of proximity, called
a diextremity, is given in [23].

Compactness in ditopological texture spaces was introduced in [1], its study continued
in [6, 20], and extended to real compactness in [20] and to strong compactness in [10]. In
this paper we place near compactness in a ditopological setting. All the arguments for
studying properties related to regular-openness and regular-closedness in the topological
setting apply equally well to this case, and since bitopologies and L-topologies, for L a
Hutton algebra, are special cases of ditopologies, the new concepts of near cocompactness,
near stability, near costability, and near dicompactness introduced here, may easily be
carried over to these settings also.

To complete this introduction we recall various concepts from [3, 4] that will be needed

later on in this paper.
Ditopological Texture Spaces: If S is a set, a texturing 8 of S is a subset of P(S)
which is a point-separating, complete, completely distributive lattice with respect to
containment containing S and @, and for which meet coincides with intersection and
finite joins with union. The pair (S,8) is then called a tezture.

For a texture (S,8), most properties are conveniently defined in terms of the p-sets
and g¢-sets

Pi=({AesS|scA}, Q. =\/{Ae8|s¢ A}
The following are some basic examples of textures that we will need.

1.1. Examples. (1) If X is a set and P(X) the powerset of X, then (X,P(X)) is the
discrete texture on X. For x € X, P, = {z} and Q, = X \ {z}.

(2) Setting I = [0,1], 3 = {[0,7),[0,7] | € I} gives the unit interval texture (I,J). For
rel, P.=[0,r] and Q» = [0,r).
(3) The texture (L,L) is defined by L = (0,1], £ = {(0,7] | » € I}. For r € L,
PT = (077‘} :QT~
(4) The real texture (R,R) has R = {(—o0,r), (—o0,7] | r € R} U{R,0}. For r € R,
P, = (—o0,r] and Q, = (—o0,T).

Since a texturing 8 need not be closed under the operation of taking set complement,

the notion of topology is replaced by that of dichotomous topology or ditopology, namely
a pair (7, k) of subsets of 8, where the set of open sets T satisfies
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(1) S, 0er,
( ) G1,G2€7‘ = G1 NGy €7 and
(3) Gier,iel = V. Gier,
the set of closed sets k satisfies
(1) S, 0¢€r,

) K1, K € k = K1 UK3 € k and

(3) K,er,iel = ﬂKiEH.

We assume no a priori relation between the open and closed sets. Note that in a ditopol-
ogy, equal emphasis is placed on the open and closed sets.

For A € 8 we define the closure [A] and the interior JA[ of A under (7,x) by the
equalities

[A]=(|{K er|ACK}and A =\/{Ger|GC A}

On the other hand, suppose that (S,8) has a complementation o, that is an inclusion
reversing involution ¢ : 8§ — 8. Then if 7 and « are related by k = o(7) we say that
(7, k) is a complemented ditopology on (5,8, ). In this case we have o([A]) = Jo(A)[ and
o(JA]) = [o(A)].

We recall the product of textures and of ditopological texture spaces. Let (S;,8;),
Jj € J, be textures and S =[];.; S;. If Ax € S for some k € J we write

E(k, Ay) = HYJ where Y; = {A]’ ity _k.
jed S otherwise.

Then the product texturing § = ®j€ ;85 of S consists of arbitrary intersections of ele-
ments of the set

SZ{UE(j,Aj)|AjESj fOI“jEJ}.

jes
Let (S;,8;), j € J be textures and (5, 8) their product. Then for s = (s;) € S,
P = ﬂ E(j,st) = Hst: and Qs = U E(j?Qsj)‘

jer jed jed
It is easy to verify that for A; € §;, j € J we have [[;_; 4; € 8.

In case (15,k;) is a ditopology on (S},8;), j € J, the product ditopology on the
product texture (S, 8) has subbase {E(j,G) | G € 75,7 € J}, cosubbase v = {E(j, K) |
K ek;,je J}.

Let (5,8),(T,7T) be textures. In the following definition we consider the product

texture P(S) ® T, and denote by ﬁ(s,t), Q(s,1)» respectively the p-sets and g-sets for the
product texture (S x T, P(S) ® 7).

Direlations: Let (S,8), (T,7) be textures. Then
(1) 7 € P(S) ® T is called a relation from (S,8) to (T,7) if it satisfies
RI 1€ Q1 P £ Qs = 7L Qg -
R2 rZ Q4 = 3s' € Ssuchthat Py € Qu and r € Q(,/ -
(2) Re€P(S)®T is called a corelation from (S,8) to (T,7) if it satisfies
CRI1 P(S,w R, P ZQy = P(s’,t) Z R.
CR2 P4y £ R = 3s’ € S such that Py Z Q, and Py ) Z R.
(3) A pair (r, R), where r is a relation and R a corelation from (5,8) to (T,7), is
called a direlation from (S,8) to (T,7).
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One of the most useful notions of (ditopological) texture spaces is that of difunction. A
difunction is a special type of direlation.

Difunctions: Let (f, F) be a direlation from (S,8) to (T,7). Then (f, F) is called a
difunction from (S,8) to (T,7) if it satisfies the following two conditions.

DF1 For s,8 € S, Ps € Qy = 3t €T with f € @(s,t) and Py ) C F.
DF2 For t,t' e Tand s € S, f £ Q(,, and Py L F = Pu Qs

Image and Inverse Image: Let (f, F) : (S,8) — (T, 7) be a difunction.
(1) For A € 8, the image f~ A and the co-image F~ A are defined by

FTA={Q: |Vs, LR, = ACQs},
F7A= \/{Pt | VS, ﬁ(s,t) g F = P g A}
(2) For B € T, the inverse image f B and the inverse co-image F*~ B are defined
by
fTB=\V{Pr:|Vt, FLQuy = P C B},
FoB={Qs |Vt F(s,t) ZF = BCQ}.

For a difunction, the inverse image and the inverse co-image are equal, but the image
and co-image are generally different. A difunction is called surjective if it satisfies

SUR. For t,t' € T, P, € Qv =—> ds€ S with f € @(s,t’) and ﬁ(s,t) g F.

Bicontinuity: The difunction (f, F) : (S,8,7s,ks)) = (T, 7T, 7r, k) is called continuous
if Be r = F*“ B € 15, cocontinuous if B € ky = f B € ks, and bicontinuous if
it is both continuous and cocontinuous.

On the other hand (f, F') is open (co-open) if A€ s = f7Aerm (F7A€ 7).
Also, (f, F) is closed (coclosed) if A € ks = f7A€rr (F7AE kr).

If (S;,8;,75,k;), J € J, are ditopological texture spaces and (S, 8, 7, k) their product,
the projection difunctions (m;,11;) : (S,8,7,k) — (5,85, 7, kj) are important examples
of surjective bicontinouous difunctions that satisfy 7;"B = E(j, B) =II Bforall B € §;
(see [4] and [6]).

Separation Axioms A comprehensive treatment is given in [5], and the definitions will
not be repeated here.

The layout of the paper is as follows. In Section 2 the concepts of near compact-
ness and near cocompactness are given in the setting of ditopological texture spaces,
while Section 3 deals with near stability and near costability, which are analogues for
near compactness of the notion of stability in bitopological spaces introduced by Ralph
Kopperman [12]. Section 4 deals with the preservation of these properties under surjec-
tive continuous difunctions via the notions of R-dimap and co-R-dimap, while Section 5
combines them in the notion of near dicompactness and provides important characteri-
zations of this important concept. Finally Section 6 introduces the semibiregularization
of a ditopological texture space, gives generalizations of the Mréwka characterization of
compactness for near compactness and near cocompactness, discuses characterizations of
near compact and near cocompact sets in near compact and near cocompact spaces using
the notions of pseudo open and pseudo closed set, and gives versions of the Tychonoff
product theorem for near compactness and near cocompactness. Here also we look at
near dicompactness in the presence of point separation axioms.

This work includes results, many reformulated, from an unpublished section of the
PhD thesis of the second author [9] together with interesting new material.

For terms from lattice theory not defined here the reader is referred to [8].
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2. Near compactness and near cocompactness

The notion of nearly compact topological space was introduced by Singal and Mathur
[16, 17], and has been studied by several other authors (see, for example, [11]). The
definition of near compactness requires the concepts of regular-open and regular-closed
sets in a topological space. We recall the definitions below:

2.1. Definition. Let (X, T) be a topological space.

(1) If A C X satisfies A = int(cl(A)) then A is called a regular-open set.
(2) If B C X satisfies B = cl(int(B))) then B is called a regular-closed set.

2.2. Examples. (1) Every regular-open set is open and every regular-closed set is closed.
Moreover the complement of a regular-closed set is regular-open and the complement of
a regular-open set is regular-closed.

(2) Let X = {a,b} and let the topology on X be T = {0, X, {a}}. Here {b} is a closed
set but cl(int({b})) = 0, so {b} is not regular-closed.

2.3. Lemma. Let (X,T) be a topological space, A, B C X. Then int(cl(A)) is a regular-
open set and cl(int(B)) a regular-closed set O

In case of ditopological texture spaces we may give corresponding definitions, as fol-
lows.

2.4. Definition. Let (7, k) be a ditopology on the texture (S, 8).

(1) An element A € 8§ will be called regular-open if ][A]] = A.
(2) An element B € 8 will be called regular-closed if [|A[] = A

It is clear that sets of the form ][A][, A € 8, are regular-open and those of the form
[JA[], A € 8 are regular-closed. In general there is no relation between regular-open and
regular-closed sets in a ditopological texture space, but for complemented ditopological
texture spaces we do have the following result.

2.5. Proposition. Let (S,8,0,7,k) be a complemented ditopological texture space and
A€8. Then

(1) A € 8 is regular-open if and only if 0(A) is regular-closed.

(2) A € 8 is regular-closed if and only if o(A) is reqular-open .
Proof. Straightforward. O

Now let us recall the definition of nearly compact topological space.

2.6. Definition. A topological space (X, 7) is said to be nearly compact if every open
cover {U; | i € I} of X admits a finite subfamily such that X = |J._, int(cl(U;)). That
is, X is nearly compact if and only if every regular-open cover of X has a finite subcover.

The set R with its usual topology and R with the discrete topology are not nearly
compact. However the indiscrete topology and the left ray topology {(—oco,r) | r €
R} U{R,0} on R are examples of nearly compact topological spaces.

In the case of ditopological texture spaces we may give a corresponding definition of
near compactness, and a dual notion of near cocompactness, as follows.

2.7. Definition. Let (S,8, 7, k) be a ditopological texture space and A € 8.

(1) A will be called nearly compact in S if whenever A C \/,.; Gi, G; € 7, there
exists I’ C I finite, so that A C |J,,][Gi][. The ditopological texture space
(S,8, 7, k) will be called nearly compact if S is nearly compact in S.
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(2) A will be called nearly cocompact in S if whenever (\,.; F; C A, F; € &, there
exists I’ C I finite, so that (,c, [JF:[] € A. The ditopological texture space
(S, 8,7, k) will be called nearly cocompact if § is nearly cocompact in S.

As in the topological case we have the following characterizations.

2.8. Proposition. Let (5,8, 7, k) be a ditopological texture space and A € 8.

(1) A is nearly compact in S if and only if every cover of A by regular-open sets in
8 has a finite subcover.

(2) A is nearly cocompact in S if every cocover of A by regular-open sets in 8 has a
finite sub-cocover.

Proof. (1). Let A be nearly compact in S and suppose G, i € I is cover of A by regular-
open sets. Since in particular G; € 7, we have I’ finite with A C U, /][G:][= U,err Gi
since the sets G; are regular-open. Hence {G; | ¢ € I} has a finite subcover.

Conversely, suppose every regular-open cover of A has a finite subcover, and let {G; |
i € I} be an open cover of A. For each i € I, G; C |[G;][, so {][G;][ | i € I} is a cover of
A by regular-open sets. By hypothesis there exists I" C I finite with A C U, ][Gi]],
which shows that A is nearly compact.

(2). The proof is dual to the above, and is therefore omitted. O

2.9. Corollary. Let (S,8,7,k) be a ditopological texture space and A € 8.

(1) If A is compact in S it is nearly compact in S.
(2) If A is cocompact in S it is nearly cocompact in S.

Proof. Clear from Proposition 2.8 since every regular-open set is open and every regular-
closed set is closed. O

The following examples show that the converse of Corollary 2.9 is false. Also, in
general, the properties of near compactness and near cocompactness are independent of
one another.

2.10. Examples. Consider the texture (L,£) as in Examples 1.1.

(1) Let 7 = £ and k = {L,0}. If we take r with 0 < r < 1 and set A = (0, 7], then
[A] = L and so ][A][ = |L[ # A, from which we see that A is not regular-open. It
follows that the only regular-open sets are () and L, so (7, k) is nearly compact
because any regular-open cover of L is finite. On the other hand (7, k) is not
compact by [6, Example 2.2 (2)].

(2) In just the same way, 7 = {0, L} and x = £ define a ditopology which is nearly
cocompact but not cocompact.

(3) Take 7 = {(0,7] | 0 <r <1/2} U{L} and x = £. This ditopology (7, ) is not
nearly co-compact, since for example € = {(0,1/n] | n = 1,2...} is a regular-
closed co-cover of §) which has no finite sub co-cover. However (7, k) is nearly
compact because it is compact.

(4) In just the same way 7 = £ and x = {(0,7] | 1/2 < r < 1} U {0} defines a
ditopology which is nearly co-compact but not nearly compact.

For complemented ditopologies, however, near compactness and near cocompactness
are equivalent.

2.11. Proposition. Let (S,8,0,7,k) be a complemented ditopological texture space.
Then (7, k) is nearly compact if and only if (T,K) is nearly cocompact.

Proof. Straightforward. O
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3. Near stability and near costability

We now wish to generalize the notions of stability and costability. The following
definition would appear to be appropriate.

3.1. Definition. Let (7,x) be a ditopology on the texture space (S5, 8).

(1) (7,k) will be called nearly stable if every set F € 8\ {S} of the form F =
Naca Ko, Ko regular-closed for each o € A, is nearly compact in S.

(2) (7,x) will be called nearly costable if every set G € 8\ of the form G = \/ ., Ga,
G regular-open for each o € A, is nearly cocompact in S.

3.2. Example. Consider the texture (L, L), as in previous examples,

(1) Take T =L and k = {0, (0,1/2], L}. As we have noted earlier, (7, ) is not stable
because (0,1/2] is a closed set which is not compact. On the other hand the
only regular-open sets in this space are ), (0,1/2] and L, so it is nearly stable.

(2) Dually, (7, k) defined by 7 = {0, (0,1/2], L} and x = £ is nearly costable but
not costable.

(3) Let 7 = x = {(0,1/2 —=1/n] | n > 2} U {(0,1/2],L}. The regular-closed set
(0,1/2] is not nearly compact since {(0,1/2—1/n] | n > 2} is a cover by regular-
open sets which has no finite subcover, so (7, ) is not nearly stable. On the
other hand it is clearly nearly costable.

(4) Dually, (7, k) defined by 7 = x = {(0,1/2+1/n] | n > 2} U {0, (0,1/2]} is nearly
stable but not nearly costable.

The last two examples show that in general near stability and near costability are
independent of one another. However for complemented ditopological texture spaces
these concepts are equivalent, as we now show.

3.3. Proposition. Let (S,8,0) be a texture with complementation o and (T,K) a com-
plemented ditopology on (S,8,0). Then (1, k) is nearly stable if and only if (7, k) is nearly
costable.

Proof. Suppose that (7, k) is nearly stable. Let § # G = \/ . 4, Ga with G, regular-open

for each a.. Also, let D be a regular-closed cocover of G, i.e.,

If we let Ko = 0(Ga) then K, is regular-closed and K = o(G) = o(\/ Ga) = 0(Ga) =
ﬂaeA K, satisfies K # S. Also,

C={o(F)| FeD}
is a cover of K by regular-open sets. By hypothesis K is nearly compact so there exists
ai,. ..o, € A such that

K Co(Fo,)U0o(Fay)U...U0d(Fo,) =0(Fa, NFayN...NFa,),
s0 Foy NFuay N...NF,, Co(K)= G, which proves that G is nearly cocompact. Hence,
(7, ) is nearly costable.

Conversely, if (7, ) is nearly costable it is nearly stable. The proof is dual to the
above, and is omitted. O

4. R-dimaps and co-R-dimaps

Now let us consider the preservation of the above properties under surjective difunc-
tions. It is known [7] that near compactness of topological spaces is preserved under
R-maps, so we begin by recalling the definition of R-map.
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4.1. Definition. Let (X1,71), (X2,72) be topological spaces and f : X1 — X2 a func-
tion. If for every regular-open set B C X, the set f~*(B) is regular-open in X; the
function f is called an R-map.

We make corresponding definitions for ditopological texture spaces.

4.2. Definition. Let (S1,81,71, k1), (S2,82, 72, k2) be ditopological texture spaces and
(f,F) : (S1,81) = (S2, 82) a difunction.
(1) (f, F) will be said to be an R-dimap if for every regular-open set B € 8, the set
F<(B) € 8 is regular-open .
(2) (f,F) will be said to be a co-R-dimap if for every regular-closed set B € 82 the
set f7(B) € 8 is regular-closed.
(3) (f, F) will be said to be a bi-R-dimap if it is an R-dimap and a co-R-dimap.

Now we may state and prove the following theorems, which generalize the topological
case.

4.3. Theorem. Let (f,F): (S1,81,71,K1) — (S2,82, 72, Kk2) be a surjective R-dimap. If
(S1, 81,71, K1) is nearly compact then (Sz, 82,72, Kk2) is nearly compact.

Proof. Assume S; = \/aeA Ga, where the sets Go € 82 are regular-open . Since (f, F)
is a difunction we have F* (S2) = S1 by [3, Proposition 2.28 (1¢c)], so

S1 = F(Sy) = F‘_( \/ Ga) =\ F(Ga),
acA acA
by [3, Corollary 2.12(2)]. Also, F*(G.) is regular-open for each o € A since (f, F) is

a R-bimap. Hence, by the near compactness of (S1, 81,71, 1) there exists A’ C A finite
such that S; = F<(G.). Hence

acA’
Sy =5=J F“(Ga):F“( U Ga).
acA’ acA’
Since (f, F) is surjective fT(S2) € F™ (U,car Ga) implies that S2 C (J,c4 Ga by
[3, Corollary 2.33 (1ii)]. Therefore, So = U,c Ga, and so (S2,82,72, k2) is nearly
compact. 0

As expected, we have a dual theorem for near cocompactness.

4.4. Theorem. Let (f, F): (S1,81,71,k1) — (S2, 82, T2, k2) be a surjective co R-dimap.
If (51,81, 71, K1) s nearly cocompact then (S2, 82,72, k2) is nearly cocompact.

Proof. This is dual to the proof of Theorem 4.3, and is omitted. O

Next let us investigate the preservation of near stability and near costability under
surjective difunctions.

4.5. Theorem. Let (S1,8171,k1), (S2,82,72,K2) be ditopological texture spaces with
(11,K1) nearly stable, and (f,F) : (S1,81,71,k1) — (S2,82,72,k2) a surjective bi-R-
dimap. Then (12, k2) is nearly stable.

Proof. Take K € Sy \ {S2} of the form K = ﬂaGA K, with K, regular-closed for each
a € A. We must prove that K is nearly compact for the ditopology (72, k2) so take
regular-open sets G;, i € I, satisfying

(41) Kc\/{GilieI}.

Since (f, F') is a co-R-dimap, f(K) = f7 (Naca Ka) = Naca [ (Ka) is an intersection
of regular-closed sets in (S1,81). As in the proof of [6, Theorem 3.17], f<(K) # Si.
Hence f(K) is nearly compact in (51,81, 71, k1), since this space is nearly stable.
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From (4.1) we have

FO(K) C f*(\/{Gi lie 1}) - F‘_(\/{Gi lie 1}) =\{F (@) lien

by [3, Corollary 2.12(2)], and F* (G;) is regular-open since (f, F') is an R-dimap. By
near compactness we have 41,142, ...,i, € I with

FouE) | F@)
k=1

- () =r-(Ue).

k=1

Since (f, F') is surjective we have
K=r(f ) cF(r(Ucu)) = UG
k=1 k=1

This shows that K is nearly compact and completes the proof that (72, k2) is nearly
stable. O

4.6. Theorem. Let (S1,8171,k1), (S2,82,72,k2) be ditopological texture spaces with
(11,K1) nearly costable, and (f,F) : (S1,81,71,61) — (S2,82,72,k2) a surjective bi-
R-dimap. Then (72, k2) is nearly costable.

Proof. The proof is dual to that of Theorem 4.5, and is omitted. O

5. Near dicompactness
The notion of dicompactness may be generalized for near compactness as follows.

5.1. Definition. A ditopological texture space will be called nearly dicompact if it is
nearly compact, nearly cocompact, nearly stable and nearly costable.

As a consequence of Theorems 4.3, 4.4, 4.5 and 4.6 we may state the following:
5.2. Theorem. Near dicompactness is preserved under a surjective bi-R-dimap.

To give non-trivial characterizations of near dicompactness analogous to those for di-
compact ditopological texture spaces we require the following definitions that are adapted
from [1, 6].

5.3. Definition. Let (7, x) be a ditopology on (.5, 8).

(1) AsetD C 8x8is called a difamily on (S, 8). A difamily D is called regular-closed,
co-reqular-open if AD B implies A is regular-closed and B is regular-open, while
it is called regular-open, co-reqular-closed if A is regular-open and B is regular-
closed.

(2) A difamily D has the finite exclusion property (fep) if whenever (F;,G;) € D,
i=1,2,...,n we have N, F; Z U, G:.

(3) A regular-closed, co-regular-open difamily D with ({F | F € dom D} Z \/{G |
G € ran D} is said to be bound in (S, 8,7, k).

(4) A difamily D = {(G;, F;) | i € I} is called a dicover of (5,8) if for all partitions
I, I of I (including the trivial partitions) we have

ﬂ F, C \/ Gi.
i€l i€ly

(5) A difamily D is called finite (co-finite) if dom D (resp. ran D) is finite.
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5.4. Theorem. The following are equivalent for a ditopological texture space (S,8, T, k).
(1) (S,8,7,kK) is nearly dicompact.
(2) Ewvery regular-closed, co-regular-open difamily with the finite exclusion property
is bound.
(3) Every regular-open, co-regular-closed dicover has a sub-dicover which is finite
and co-finite.

Proof. (1) = (2). Suppose that (1) holds, but that we have a regular-closed, co-regular-
open difamily B = {(F;,G;) | ¢ € I} with the fep, which is not bound in (5,8, 7, k). Let
F = ﬂie[ F;. Then F is an intersection of regular-closed sets, and F' C \/ie[ G; since B is
not bound. According as F' # S or F' = S we may use near stability or near compactness,
respectively, to show the existence of a finite subset J1 of I with I C ;. G;. Now
let G = \/jeJ1 Gj. Then G is a join of regular-open sets and [),.; F; € G. Hence,
according as G # 0 or G = (), we may use near costability or near cocompactness,
respectively, to show that (., Fj C G for some finite subset J2 of I. Since now
Njerur Fi € Ujes 00, Gi we have a contradiction to the fact that B has the fep.

(2) = (3). Suppose that € = {(G;, F;) | ¢ € I} is a regular-open, co-regular-closed
dicover with no finite, co-finite sub-dicover. As in the proof of [1, Theorem 3.5] we
consider the set F of functions f satisfying

(a) dom f is a set of finite subsets of I.

(b) VJ edom f, f(J) = (f1(J), f2(J)) € PF".
(¢) Ji,...,Jpn €Edomf = J1U...UJ, € dom f.
(d) J, Kedomf, JCK = fi(J)=JnN fi(K),l=1,2.
Here
Py ={(J1,J2) € P} | VK finite,J C K C I, 3 (K1, K2) € Pk
with JNK; = J;, 1 =1,2}.
where

P;= {(Jl,.]z) | J=Ji1U JQ}, and
Py ={(. L) ePs| (VK¢ G}
Jj€J1 JEJ2
and J = Ji U J2 denotes that {Ji,J2} is a partition of J. Just as in the proof of [1,
Theorem 3.5] we may establish that F contains an element g satisfying |Jdom g = I.

Now consider the family B = {(F},Gx) | 7 € 1(J), k € g2(J),J € domg}. It is easy
to show that B has the fep. Also F} is regular-closed and Gy, is regular-open, so by (2)

we have
NN gweg V (U 6.

Jedomg jegi(J) Jedomg jega(J)

Let I = U{g:1(J) | J € domg}, Io = I\ I;. Then (I1,I:) is a partition of I, and
I, CU{g2(J) | J € domg}. This gives us

NN Bm=NrcVac V (U G,
Jedomg jegy(J) iely i€l Jedomg jega(J)

which is a contradiction.

(3) = (1). First take regular-open sets G, i € I, with S =\/,.; G;. Fori € I let
F; = (. Then € = {(G,, F;) | i € I} is a regular-open , co-regular-closed dicover, so has
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a finite, co-finite sub-dicover {(G;, F};) | j € J}. For the partition J; =0, Jo» = J of J,
s=Fmcla,
Jje1 JjeJ2

whence S = {J,¢;
an analogous way.

To establish near stability let F' # S have the form F = ﬂaeA F, where each F, is
regular-closed and let G, i € I, be regular-open sets with /' C \/,.; G;. Define

C={(S,F.) |ae A} U{(G:,0) | i eI}

It is clear that C is a regular-open , co-regular-closed dicover, and hence has a finite,
co-finite sub-dicover C;. Without loss of generality we may assume

€1 ={(5,Fp) | B€ BtU{(G,,0) |j € J},
where B C A and J C [ are finite. Now we obtain

FgﬂFﬁQUGj,

BeB jeJ

Gj, and (8,7, k) is nearly compact. Near cocompactness is proved in

which shows that F' is nearly compact in S. Hence (7,k) is nearly stable, and near
costability can be proved in a similar way.

Hence (7, k) is nearly dicompact. O

6. Semibiregulization and the Tychonoff Theorems

As we have noted before, for any topological space (X, T) the intersection of a finite
number of regular-open sets is regular-open . It follows that the regular-open sets in any
topological space (X, T) form a base for a topology on X. This gives rise to the following
definition.

6.1. Definition. The topology generated by the regular-open sets in the topological
space (X, 7T) is called the semiregularization topology of (X,T) and is denoted by (X, T*).

It is clear that T* C T, but the converse is not true in general. Topologies for which
T = T* are given a special name.

6.2. Definition. The topological space (X, T) is called semiregular if the regular-open
sets form a base for the topology. Equivalently, if 7% = 7.

6.3. Example. For any set X, all the open sets in the discrete topology on X and in
the indiscrete topology on X are regular-open . Hence these spaces are semiregular. For
the usual topology on R the basic open sets (a, b) are also regular-open , so this topology
is semiregular. However the only regular-open sets for the finite complement topology
on an infinite set X are () and X, which generate the indiscrete topology on X. Hence
this space is not semiregular.

In the case of ditopological texture spaces we may define analogous concepts.

6.4. Definition. Let (5,8, 7, k) be a ditopological texture space.

(1) Denote by 7* the topology generated by the regular-open sets of (7, k). Then
(7%, k) is called the semiregularization of (7, k). The ditopology (7, k) is called
semiregular if 7% = 7.

(2) Denote by k* the cotopology generated by the regular-closed sets of (7, k). Then
(7, k") is called the semicoregularization of (1, k). The ditopology (7, k) is called
semicoreqular if K* = k.
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(3) The ditopology (7, k) is called the semibiregularization of (7, k) and (7,k) is
called semibiregular if (7*,k*) = (1, k).

An important result for topological spaces is that a topological space is nearly compact
if and only if the semiregularization topology is compact. For ditopological texture spaces
we have the following results.

6.5. Theorem. Let (1,k) be a ditopology on (S8).
(1) The following are equivalent:
(a) (7,k) is nearly compact.
(b) (7%, k) is compact.
(¢) (7%,K) is compact.
(2) The following are equivalent:
(a) (7, k) is nearly cocompact.
(b) (r,K*) is cocompact.
(¢) (7*,Kk") is cocompact.
Proof. (1) (a) = (b). Let € be a cover of S by members of 7*. Then € is also a cover
of S by members of 7 so there exists a finite subfamily of C, say C;, ¢ = 1...n, such that

S = _U][Ci}[-

Since |[Ci][ = Ci we obtain S = [J;_, Ci, so (7%, k) is compact.
(b) = (c). Clear since compactness depends only on the topology.

(¢) = (a). Let € be a cover of S by member of 7. Then C C ][C][VC € €, where
the interior and closure are taken in (7, k), and therefore {][C][ | C € €} is a covering of
S by members of 7*. By (c) there exists a finite subfamily of €, say C;, i =1...n, such
that

s=U e

Hence (7, k) is nearly compact.

(2). The proof is dual to (1), and is omitted. O

We may present the following generalization of Mréwka’s characterization of compact
topological spaces [13].

6.6. Theorem. Let (S1,81,71,K1) be a ditopological texture space. The following are
equivalent:
(1) (S1,81,71,k1) is nearly compact.
(2) For all ditopological spaces (S2,82, T2, Kk2) the projection difunction
(2, 2) : (S1, 81,71, k1) X (S2,82, T2, k2) — (S2, 82, T2, k2)
1S co-open.
(3) Condition (2) holds for all normal ditopological spaces (S2,82, T2, K2).

Proof. In view of Theorem 6.5 (1b) it is sufficient to apply [6, Corollary 2.18] with 77 in
place of 7. O

Dually,

6.7. Theorem. Let (S1,81,71,K1) be a ditopological texture space. The following are
equivalent:

(1) (S1,81,71,k1) is nearly cocompact.
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(2) For all ditopological spaces (S2,82, T2, Kk2) the projection difunction
(w2, II2) : (S1,81, 71, k1%) X (S2,82, T2, k2) — (S2, 82, T2, k2)
is closed.
(3) Condition (2) holds for all normal ditopological spaces (S2,82, T2, K2). O
6.8. Theorem. Let (1,k) be a ditopology on (S,8). Then:
(1) (1,k) is nearly stable iff (7™, k™) is stable.

(2) (1,k) 1s nearly costable iff (7%, k") is costable.

Proof. (1). Suppose (7, ) is nearly stable. Take F' € k* with F' # S. Then F = ) Ka,
where the K, are regular-closed sets. By near stability F' is nearly compact in (7, k).
However, as in the proof of Theorem 6.5 this means that F' is compact in (7%, x*). Hence
(7, k) is stable.

The converse is proved is exactly the same way.

(2). This is dual to (1), and the proof is omitted. O

6.9. Corollary. The ditopological texture space (S,8,7,k) is nearly dicompact if and
only if (S,8,7*, k") is dicompact. O

We recall the following notions from [6, Definition 3.10]:

6.10. Definition. Let (5,8, 7, k) be a ditopological texture space and A € 8.
(1) (a) Q(A) =N{]Qs[| Ps £ A}.
(b) A is called pseudo open if Q(A) =]A[.
(2) (a) P(A)=V{[P]|AZQ.}
(b) A is called pseudo closed if P(A) = [A].
It is shown in [6, Lemma 3.11] that JA[C Q(A) C A and A C P(A) C [4] for all
A € 8. Now we have:

6.11. Theorem. Let (S,8,7,k) be a nearly compact nearly stable ditopological space for
which (7%,K*) is Ro. Then every pseudo closed set in (7%, k") is nearly compact in (1,kK).

Proof. By Theorem 6.5(1c) we have that (S,8,7",k") is compact, while by
Theorem 6.8 it is stable. Hence by [6, Theorem 3.14 (1)] a pseudo closed set F' in
(S,8,7",k") is compact. It follows as in the proof of Theorem 6.5 that F' is nearly
compact in (5,8, T, k). O

Dually,

6.12. Theorem. Let (S,8, 7, k) be a nearly cocompact nearly costable ditopological space
for which (77,Kk") is co-Ro. Then every pseudo open set in (7*,K") is nearly cocompact
in (T,K). O

In the opposite direction the following is an immediate consequence of [6, Theo-
rem 3.15].

6.13. Theorem. Let (S,8,7,k) be a ditopological texture space.
(1) Suppose (77,K") is co-R1. Then if A is nearly compact in (7,K) it is pseudo
closed in (7%, K").
(2) Suppose (7%,k*) is R1. Then if A is cocompact in (7,K) it is pseudo open in
(7", K").
Now we may give Tychonoff Theorems for near compactness, near cocompactness and
near dicompactness.
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6.14. Theorem. Let (S;,8:,7i, ki), © € I, be non-empty ditopological texture spaces and
(S,8, 7, k) their product.
(i) (S,8,7, k) is nearly compact if and only if (Si, Si, 74, ki) is nearly compact for all
iel.
(ii) (S,8,7,k) is nearly cocompact if and only if (Si,8:,7i, ki) is nearly cocompact
forallieI.
(iii) (S,8,7, k) is nearly dicompact if and only if (Si, 8, Ti, ki) is nearly dicompact
foralli € 1.

Proof. We will need the following lemma.

6.15. Lemma. Let (S;,8:,7:,k:), ¢ € I, be ditopological texture spaces and (S,8,T, k)
their product. Let (S,8,7',k’) denote the product of the spaces (S:,8:, 77,k}). Then
(T, 65%) = (7', k).

Proof. The sets E(i,G), i € I, G € 7}, form a subbase for the topology 7’. Since the
regular-open sets in 7; are a base for the topology 7, it follows that the family

§={E(,G) | i€ I,G regular-open in 7;}

is also a subbase for 7. However E(i,G) is regular-open in 7 if and only if G is regular-
open in 7, so it is not difficult to verify that G is also a subbase for the topology 7*.
Hence 7" = 7*, and the proof of ¥’ = k* is dual to this. O

We now turn to the proof of the theorem.

(i). Suppose that (7, x) is nearly compact. Then, by Theorem 6.5 (1 ¢), the ditopology
(7, k") is compact. However, by Lemma 6.15, (S,8,7*, k") is the product of the spaces
(Si, 84,75, k7) so by [6, Theorem 2.15 (i)] (S;, 8:, 77, x;) is compact for all ¢ € I. Hence,
by Theorem 6.5 (1c¢), (Si,8:,7i, ki) is nearly compact for all ¢ € I.

Conversely, suppose that the spaces (Si,8;, T, k;) are nearly compact for all i €
I. Then by Theorem 6.5 (1c¢) the spaces (5;,8:,7;, k) are compact, so by [6, Theo-
rem 2.15 (i), (7', &’) = (7%, ") is a compact ditopology on (S,8). The product ditopo-
logical texture (S, 8,7, k) is therefore nearly compact, again by Theorem 6.5 (1¢).

(ii). The proof is dual to (i), and is omitted.
(iii). Straightforward from (i) and (ii). O

We end by recalling an important result from [20]. First we will require the following
definition.

6.16. Definition. Let (S, 8) be a texture.

(1) s € S will be called a plain point if Ps Z Q5. The set of plain points of S will
be denoted by Sp.

(2) The texture (S,8) will be called nearly-plain if given s € S there exists a point
in S, with the same g-set as s.

It is shown in [20, Proposition 4.1] that every dicompact bi-T> ditopological texture
space has a nearly plain texture. This restriction rules out the possibility of a dicompact
bi-T5 ditopology on, for example, the texture (L, L) of Examples 1.1 (1) for this texture
has no plain points. Indeed, this texture does not even have the weaker almost plain
property discussed in [21]. It is natural to ask if similar restrictions hold for near com-
pactness. This is currently an open question, but the following examples show that there
can exist co-T1 nearly dicompact ditopologies on such textures.
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6.17. Example. Consider (L, L) with the ditopology (7,x) defined by 7 = £, k =
{L,0}. As in Examples 2.10 (1) we see that the only regular-open sets are L, ), whence
7% =k ={L,0} and so (L, L, T, k) is nearly dicompact. With regard to separation we
see that Qs € Q¢+ = ¢ < s so we may choose t < 7 < s and then G = (0,r] € 7,
P, Z G Z Qq,s0 (L,L,7,K) is co-T1 by [5, Theorem 4.11 (2ii)]. On the other hand by [5,
Theorem 4.11 (11)] it is clear that this space is not 71 and hence, in particular not bi-T%.

6.18. Example. Consider the Hutton texture of the real texture (R,R) given in Ex-
amples 1.1(4). As shown in [22] this may be represented by (Mg, Mg) where Mg =
(Rx{0})U R x {1})U{co} and Mg = {U, | r € R} U{V;. | r € R} U {Mg}, where

U, = (—o0,7] X {0,1}, V; = (=00, 7) x {0} U (—o0,7] x {1}.

Moreover, P 0y = Ur, Qr0) = Vi; Pr1) = Qr1) = Vis Poo = Qoo = Mg. As noted in
[22] this texture is not nearly plain since oo is a non-plain point whose g-set is not equal
to the g-set of any of the plain points. If we take 7 = {V,. | r € R}U{ Mg, 0}, k = { Mg, 0}
then much as in the above example we see that 7* = k* = { Mg, 0}, whence (Mg, Mg, T, k)
is nearly dicompact. Again, this space is co-T1. To see this using [5, Theorem 4.11 (2ii)]
note that we have Qoo € Qs,x) for any s € R, k = 0,1, and Qs,m) = Vs € Vi = Q(t,n)
for t < s and m,n = 0,1. In the first case we may take r > s, G = V. € 7 to give
Py € G Z Qs,r) and in the second case t <1 < s, G =V, to give Py .m) € G € Qt,n)-

As in the above example this space also is not T1 and hence in particular not bi-T5.
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Abstract

We develop a theory of universal central extensions of Hom-Lie alge-
bras. Classical results of universal central extensions of Lie algebras
cannot be completely extended to Hom-Lie algebras setting, because
of the composition of two central extensions is not central. This fact
leads to introduce the notion of universal a-central extension. Classi-
cal results as the existence of a universal central extension of a perfect
Hom-Lie algebra remains true, but others as the central extensions of
the middle term of a universal central extension is split only holds for
a-central extensions. A homological characterization of universal («)-
central extensions is given.
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1. Introduction

The Hom-Lie algebra structure was initially introduced in [4] motivated by examples
of deformed Lie algebras coming from twisted discretizations of vector fields. Hom-Lie
algebras are K-vector spaces endowed with a bilinear skew-symmetric bracket satisfying a
Jacobi identity twisted by a map. When this map is the identity map, then the definition
of Lie algebra is recovered.

The study of this algebraic structure was the subject of several papers [4, 7, 8,9, 11]. In
particular, a (co)homology theory for Hom-Lie algebras, which generalizes the Chevalley-
Eilenberg (co)homology for a Lie algebra, was the subject of [1, 2, 3, 10, 12].
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In the classical setting, homology theory is closely related with universal central ex-
tensions. Namely, the second homology with trivial coefficients group is the kernel of the
universal central extension and universal central extensions are characterized by means
of the first and second homologies with trivial coefficients.

Our goal in the present paper is to investigate if the homology for Hom-Lie algebras
introduced in [10, 12] allows the characterization of universal central extensions of Hom-
Lie algebras in terms of Hom-Lie homologies. A similar study for Hom-Leibniz algebras
homology can be seen in [3]. But when we try to generalize the classical results of
universal central extensions theory of Lie algebras to Hom-Lie algebras an important
problem occurs, namely the composition of central extensions is not central in general,
as Example 4.9 shows. This fact doesn’t allow a complete generalization of classical
results, however requires the introduction of a new concept of centrality for Hom-Lie
algebra extensions.

To show our results, we organize the paper as follows: in Section 2 we recall some
basic needed material on Hom-Lie algebras, the notions of center, commutator and mod-
ule. In order to have examples, we include the classification of two-dimensional complex
Hom-Lie algebras. In section 3 we recall the chain complex given in [12] and we prove
its well-definition by means of the Generalized Cartan’s formulas; the interpretation of
low-dimensional homologies is given. In section 4 we present our main results on univer-
sal central extensions, namely we extend classical results and present a counter-example
showing that the composition of two central extension is not a central extension (see
Example 4.9). This fact lead us to define a-central extensions as extensions for which
the image by the twisting endomorphism « of the kernel is included in the center of the
middle Hom-Lie algebra. We can extend classical results as: a Hom-Lie algebra is perfect
if and only if admits a universal central extension and the kernel of the universal central
extension is the second homology with trivial coefficients of the Hom-Lie algebra. Nev-
ertheless, other result as: if a central extension 0 — (M, an) = (K, ax) = (L,ar) = 0
is universal, then (K, ak) is perfect and every central extension of (K, ak) is split only
holds for universal a-central extensions, which means that only lifts on a-central ex-
tensions. Other relevant result, which cannot be extended in the usual way, is: if
0 = (M,an) > (K,ax) = (L,ar) — 0 is a universal a-central extension, then
HY(K) = H$(K) = 0. Of course, when the twisting endomorphism is the identity
morphism, then all the new notions and all the new results coincide with the classical
ones.

2. Hom-Lie algebras

2.1. Definition. [4] A Hom-Lie algebra is a triple (L, [—, —], &) consisting of a K-vector
space L, a bilinear map [—,—] : L x L — L and a K-linear map ar, : L — L satisfying:
a) [z,y] = —[y, ] (skew-symmetry)

b) [ar(x), [y, 2]] + [ar(2), [z, y]] + [aL(y), [z,z]] =0 (Hom-Jacobi identity)
for all z,y,z € L.

In terms of the adjoint representation ad, : L — L, ad.(y) = [z,y], the Hom-Jacobi
identity can be written as follows [7]:

ada; (z) 0 ady = adq; (y) © adz + ad[, ) 0 oL

2.2. Definition. [10] A Hom-Lie algebra (L,[—, —],ar) is said to be multiplicative if
the linear map «ar preserves the bracket.

2.3. Example.
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a) Taking a; = Id in Definition 2.1 we obtain the definition of a Lie algebra.
Hence Hom-Lie algebras include Lie algebras as a subcategory, thereby motivat-
ing the name "Hom-Lie algebras" as a deformation of Lie algebras twisted by
an endomorphism. Moreover it is a multiplicative Hom-Lie algebra.

b) Let (A, pa,aa) be a multiplicative Hom-associative algebra [7]. Then H Lie(A)

= (A,[—, =], @a) is a multiplicative Hom-Lie algebra in which [z,y] = pa(z,y)—
wa(y,z), for all z,y € A [7, 10].

¢) Let (L,[—,—]) be a Lie algebra and a : L — L be a Lie algebra endomor-
phism. Define [—, —]o : L ® L — L by [z,y]a = «a[z,y], for all x,y € L. Then
(L, [—, —]a, @) is a multiplicative Hom-Lie algebra [10, Th. 5.3|.

d) Abelian or commutative Hom-Lie algebras are K-vector spaces V with trivial
bracket and any linear map a: V. — V [4].

e) The Jackson Hom-Lie algebra sl3(K) is a Hom-Lie deformation of the classical
Lie algebra sl>(K) defined by [h, f] = —2f, [h,e] = 2e, [e, f] = h. The Jackson
5l3(K) is related to derivations. As a K-vector space is generated by e, f, h with
multiplication given by [h,j]: = —2f — 2tf,[h,e]s = 2e,[e, fl: = h + %h and

the linear map oy is defined by a¢(e) = 2(21++tt)€ =e+ Z %tke,at(h) =
k=0

hoaa(f) = f+ 3 f 18]

f) For examples coming from deformations we refer to [10].

2.4. Definition. A homomorphism of Hom-Lie algebras f : (L,[—, —],ar) = (L, [—, =], ar/)

is a K-linear map f : L — L’ such that

a) f([zy]) = [f(2), f(W)]
b) foar(z)=aw o f(z)
for all z,y € L.
The Hom-Lie algebras (L, [—, —],ar) and (L',[—, =)', ar/) are isomorphic if there is
a Hom-Lie algebras homomorphism f : (L,[—,—],ar) — (L',[—,—],ars) such that
f: L — L' is bijective.

A homomorphism of multiplicative Hom-Lie algebras is a homomorphism of the un-
derlying Hom-Lie algebras.

So we have defined the category Hom — Lie (respectively, Hom — Liemuit) whose objects
are Hom-Lie (respectively, multiplicative Hom-Lie) algebras and whose morphisms are
the homomorphisms of Hom-Lie (respectively, multiplicative Hom-Lie) algebras. There
is an obvious inclusion functor ¢nc : Hom — Lieput — Hom — Lie. This functor has as left
adjoint the multiplicative functor (—)mui : Hom — Lie — Hom — Liep,ir which assigns
to a Hom-Lie algebra (L, [—, —], ar) the Hom-Lie multiplicative algebra (L/I,[—, —], @),
where [ is the ideal of L spanned by the elements ar[z,y] —[ar(z), ar(y)], forallz,y € L
and @ is induced by a.

In the sequel we refer Hom-Lie algebra to a multiplicative Hom-Lie algebra and we
will use the short notation (L, ar) when there is not confusion with the bracket.

Let (L,[—,—],ar) be an n-dimensional Hom-Lie algebra with basis {a1,az,..., an}
and endomorphism «j, represented by the matrix A = («;) with respect to the given

basis. To determine its algebraic structure is enough to know its structure constants,
n

i.e. the scalars cfj such that [a;, a;] = Z cfjak, and the entries «;; corresponding to the
k=1
matrix A. These terms are related according to the following
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2.5. Proposition. (see also [7]) Let (L,[—,—],ar) be a Hom-Lie algebra with basis
{a1,a2,...,an}. Let cfj, 1 < 1,j,k < n be the structure constants relative to this basis
and «;;,1 < 4,5 < n the entries of the matrix A associated to the endomorphism ar,
with respect to the given basis. Then (L,[—, —], ar) is a Hom-Lie algebra if and only if
the structure constants and the entries a;; satisfy the following properties:

a) i +cb=0,1<4,5,k<n; cf=0,1<ik<n,char(K) # 2.

b) Z Qpi <Z Cﬁd}q) + Z Qpk (Z ngd@q) + Z Qpj <Z CZiéq) =0,
p=1 q=1 p=1 q=1 p=1 q=1
1 < iaj7kalv <n.
Proof.
a) There is not difference with Lie-algebras case [6].
b) Applying Hom-Jacobi identity 2.1 b):
[a(a’i)7 [a‘jv CLk” + [a(ak)v [a’iv aj” + [a(a’j)7 [ak7 a’b” =0

n n

n n n n
m S
[E Qiiay, E ciram] + [E QpkQp, E ngaq} + [E Qrj Qo E crias] =0
=1 m=1 p=1 gq=1 r=1 s=1
n n n n n n
] a q . a —
E Qpi Cjk[a’ZHaCJ + E Qpk § ciilap, aq] | + § Qpj Crilap,aql | =0
p=1 1 p=1 q=1 p=1 q=1

q=

n n n n n n n
. q 1 q 1 ) q 1 _
E Qpi E CikCpq | + E Qpk E CiiCpq | T E Qpj CriCpq a; =0
p=1 g=1 p=1 q=1 P 1

=1 =1 q=

O

2.6. Lemma. The Hom-Lie algebras (L, [—, —]|,ar) and (L, [—, =], azs) with same un-
derlying K-vector space are isomorphic if and only if there exists a regular matrix P
such that A’ = P™'.A.P and P.[a;,a;] = [P.a;, P.a;]’, where A, A" and P denote the cor-

responding matrices representing ar,«rs and f with respect to the basis {a1,...,an},
respectively.
Proof. The fact comes directly from Definition 2.4. ad

2.7. Proposition. The 2-dimensional complex multiplicative Hom-Lie algebras with
basis {a1, a2} are isomorphic to one in the following isomorphism classes:

a) Abelian.
b) [a1,a2] = —[az,a1] = a1 and «; is represented by the matrix ( 8 312 )
22
¢) [a1,a2] = —[a2,a1] = a1 and ar is represented by the matrix ( 031 04112 ),
With Q11 75 0.
Proof. From the skew-symmetry condition we have that [a1,a1] = [a2,a2] = 0 and
[a1,a2] = —[a2,a1] = x.a1 + y.a2. The Hom-Jacobi identity 2.1 b) is satisfied indepen-
dently of the homomorphism «y. So we only have restrictions coming from the fact that

a1 Q12

the C-linear map ar, : L — L represented by the matrix (
Q21 (22

) must preserve

the bracket.

[
First at all, we apply the change of basis given by the equations { Z,l B xl'il ty-az Jif
2 = a2
r_
x # 0, and { Z,l . a21 a if x =0 and y # 0, to normalize the bracket, obtaining the
2 = —y-01
bracket [a1, al] = [ah, ay] = 0, [a},a3] = —[ah,al] = p.al, for p =0, 1.
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From the fact that ay, : L — L preserves the bracket, we derive the following equations:

(a11a22 — 0210112).17 = p.o11 }
p.21 = 0
which reduces to the following system:
p.aii.(ae —1) = 0 }
p.21 = 0
Hence, for p = 0 the system is trivially satisfied. All the matrices representing oy, are
valid and the bracket is trivial, so (L, [—, —],ar) is an abelian Hom-Lie algebra. In case

p = 1, we derive the matrices corresponding to the cases b) and c).
The different classes obtained are not pairwise isomorphic thanks to Lemma 2.6. O

2.8. Remark.

a) Two algebras of the class b) in Proposition 2.7, with endomorphisms given by the

matrices ( 0 oz ) and ( 0 B ), are isomorphic if and only if aes = B2
0 a 0 P22
and B12 = p.ai12 + q.a22,p,q € C,p # 0.

b) Two algebras of the class c¢) in Proposition 2.7, with endomorphisms given by
the matrices ( a(;l allz ) and ( ﬂél ﬁlm ), are isomorphic if and only if
a11 = P11 and Pi2 = p.auz — q.a11 +¢,p,q¢ € C,p # 0.

c) Obviously if & : (L,[—, —],ar) — (L,[—, —]', ar/) is an isomorphism of Hom-Lie
algebras, then det(ar) = det(al,). Consequently, if det(ar) # det(al,), then the
Hom-Lie algebras are not isomorphic.

d) The following table shows by means of its algebraic properties that the classes
given in Proposition 2.7 are not pairwise isomorphic.

Abelian | det(a)

2.7 a) Yes

2.7 b) Non 0

2.7 ¢) Non #0

Complex two-dimensional Hom-Lie algebras

2.9. Definition. Let (L,[—,—],ar) be a Hom-Lie algebra. A Hom-Lie subalgebra
(H,am) of (L,[—,—],ar) is a linear subspace H of L, which is closed for the bracket
and invariant by ap, that is,

a) [z,y] € H, for all z,y € H.

b) ar(z) € H, for all z € H (g = ay)).

A Hom-Lie subalgebra (H, am) of (L, [—, —], ar) is said to be a Hom-ideal if [z,y] € H
forall z € Hyy € L.

If (H,an) is a Hom-ideal of (L, [—, —],ar), then (L/H,[—, —],@r) naturally inherits
a structure of Hom-Lie algebra, which is said to be the quotient Hom-Lie algebra.
2.10. Definition. Let (H, an) and (K, ak) be Hom-ideals of a Hom-Lie algebra (L, [—, —], ar).
The commutator Hom-Lie subalgebra of (H, azr) and (K, axc ), denoted by ([H, K], oy, k1),
is the Hom-subalgebra of (L, [—, —], ar) spanned by the brackets [h,k],h € H,k € K.
2.11. Lemma. Let (H, an) and (K, ax) be Hom-ideals of a Hom-Lie algebra (L, [—, —|, ar).

The following statements hold:
a) (HNK,annk) and (H + K, ap+x) are Hom-ideals of (L, ar).
b) [H,K]C HNK.
c) ([H,K],an, k) is a Hom-ideal of (L, ar) when ar, is surjective.
d) ([H, K], an,k)) is a Hom-ideal of (H, am) and (K, ak), respectively.
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f) If H=K = L, then ([L, L], 1,1)) is a Hom-ideal of (L, arz.).

2.12. Lemma. Let (H, an) and (K, ak) be Hom-ideals of a Hom-Lie algebra (L, [—, —], ar)
such that H, K C ar(L), then ([H, K], am, k) is a Hom-ideal of (ar(L),[—, -], ar,).
2.13. Definition. The center of a Hom-Lie algebra (L, [—, —], ar) is the K-vector sub-
space

Z(L)={zx€L|[z,y]=0,forall yc L}

2.14. Remark. When ar, : L — L is a surjective endomorphism, then (Z(L), az) is a
Hom-ideal of (L, [—, —], ar).

2.15. Definition. Let (L, [—, —],ar) and (M, [—, —], an) be Hom-Lie algebras. A Hom-
L-action from (L, [—, —],ar) over (M, [—, —], @a) consists in a bilinear map p: LQ M —
M, given by p(z ® m) = z.m, satisfying the following properties:

8) [2,4] - e (m) = a1 (z) « (y+m) — Az () « (z - )

b) ar(@).[m,m'] = [x.m,an(m)] + [an(m), z.m]

¢) apm(z.m)=ar(z).am(m)
for all z,y € L and m,m’ € M.

Under these circumstances, we say that (L, o) Hom-acts over (M, aar).

2.16. Remark. When (M, aas) is an abelian Hom-Lie algebra, Definition 2.15 goes back
to the definition of Hom-L-module in [10].

2.17. Example.

a) (L,[—,—],ar) acts on itself by the action given by the bracket.

b) Let g and m be Lie algebras with a Lie action from g over m. Then (g, Id,)
Hom-acts over (m, Idw).

c) Let g be a Lie algebra, a : g — g an endomorphism and M a g-module in
the usual sense, such that the action from g over M satisfies the condition
a(x).m=x.m, for all z € g and m € M. Then (M, Id) is a Hom-g-module.

An example of this situation is given by the 2-dimensional Lie algebra L gener-
ated by {e, f} with bracket [e, f] = —[f, ¢] = e and endomorphism « represented

(1) } , where M is the ideal spanned by {e}.

d) An abelian sequence of Hom-Lie algebras is an exact sequence of Hom-Lie al-

by the matrix

gebras 0 — (M, an) = (K, ax) = (L,ar) — 0, where (M, aar) is an abelian
Hom-Lie algebra, ax oi =4ioay and moax = ar o.
The abelian sequence induces a Hom-L-module structure on (M, aar) by
means of the action given by p: L ® M — M, p(I,m) = [k, m], (k) = L.
e) For other examples we refer to Example 6.2 in [10].

3. Homology

Following [10, 12], for a Hom-Lie algebra (L, az) and a (left) Hom-L-module (M, aar),
one denotes by
Co(L,M):=M®A"L, n>0
the n-chain module of (L, ar) with coefficients in (M, ).
For n > 1, one defines the K-linear map,

dn : C'r? (LvM) — 07?71 (LvM)
by

n
—

dn(m®x1/\-~~/\xn):Z(fl)iﬂxi.m@cm(xl)/\-~~/\ozL(x¢)/\~~~/\aL(xn)+

=1
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Z (=)™ anr (m) @ [ziyzj] Aar () A Aag () A Aap () A Aag ()
1<i<j<n

Although in [10, 12] is proved that (CLy (L, M) ,d,) is a well-defined chain complex,
we present an alternative proof by means of a generalization of Cartan’s formulas. Firstly,
we define for all y € L and n € N, two linear maps,

0 (y) : CY (L,M) — Cy (L, M)

by
On (y) (M1 A ANzp) =y.mar (x1) N+ Ao (zn) +
Z(—l)iaM(m)®[m,y]/\aL(:Bl)/\---/\oz?—(E)/\~~/\aL ()
and
in (arL(y)) : Cp (L, M) — Cpyy (L, M)
by

in(aL (W) (M1 A Azp)=(-1)"MQQz1 A Axn Ay

3.1. Proposition. (Generalized Cartan’s formulas)
The following identities hold:
a) dpt10in (ar (v)) + zn 1 (aF (y)) odn = —0, (y), for all n > 1.
b) 6 (ot (2)) 00 (3) — O (01, (4)) 06 () = O ([, 5]} (cras © @), for all m > 0.
¢) O (2)0in-1 (ar. (4))—in-1 (0 (1)) 01 (2) = in-1 (0 [z, y))o (an @ ) "1,
for all n > 1.
d) 0nh—1(ar (y)) odn = dn 00, (y), for all n > 1.
e) dnodny1 =0, for all n > 1.

Proof. The proof follows with a routine induction, so we omit it. O

In case ap = Idy,an = Idys, the above formulas become Cartan’s formulas for the
Chevalley-Eilenberg homology [5].

Thanks to Proposition 3.1, (Cy (L, M), d,) is a well-defined chain complex (an alter-
native proof can be seen in [12]). Its homology is said to be the homology of the Hom-Lie
algebra (L, ar) with coefficients in the Hom-L-module (M, apr) and it is denoted by:

HE (L, M) := H, (C2 (L, M), d.)

An easy computation in low-dimensional cycles and boundaries provides the following
results:
HE (L, M) = Ker Eldo) M

Im(d) LM

where “M = {l.m :m € M,l € L}.

Now let us consider M as a trivial Hom-L-module, i.e. [ .m = 0, then
Ker (di) M®L
Im(d2)  am (M)Q[L, L]

In particular, if M =K, then HY (L,K) = [L -

Hy' (L, M) =
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4. Universal central extensions

Through this section we will deal with universal central extensions of Hom-Lie al-
gebras. We will generalize classical results of universal central extensions theory of Lie
algebras, but here an important problem appears, namely the composition of central
extensions is not central in general, as Example 4.9 shows. This fact doesn’t allow a
complete generalization of classical results, however requires the introduction of a new
concept of centrality for Hom-Lie algebra extensions.

4.1. Definition. A short exact sequence of Hom-Lie algebras (K) : 0 — (M, o) —
(K,ax) = (L,ar) — 0 is said to be central if [M, K] = 0. Equivalently, M C Z(K).

The sequence (K) is said to be a-central if [y (M), K] = 0. Equivalently, ans (M) C
Z(K).

4.2. Remark. Let us observe that both notions coincide when axr = Idy. Obviously,
every central extension is an a-central extension, but the converse doesn’t hold as the
following counter-example shows:

Consider the two-dimensional Hom-Lie algebra L with basis {a1, a2}, bracket given
by

[a1,a2] = —[az,a1] = a1,

and endomorphism ay = 0.

Let K be the three-dimensional Hom-Lie algebra with basis {b1, b2, b3}, bracket given
by

[b1,b2] = —[b2,b1] = by, [b1, bs] = —[bs, b1] = b1, [ba, bs] = —[bs, b2] = ba,

and endomorphism ax = 0.

The surjective homomorphism 7 : (K,0) — (L, 0) given by

7T(b1) = O,ﬂ'(bg) = 1,7T(b3) = az,

a
is an a-central extension, since Ker (7) = ({b1}) and [ax (Ker(n)), K] = 0, but is not a
central extension, since [Ker(w), K| = ({b1}).

4.3. Definition. A central extension (K) : 0 — (M, aar) 5 (K,arx) 5 (Lyar) — 0 is
said to be universal if for every central extension (K'): 0 — (M', apsr) L (K', k) LK
(L,ar) — 0 there exists a unique homomorphism of Hom-Lie algebras h : (K,ax) —
(K', aer) such that 7’ o h = 7.

A central extension (K) : 0 — (M,anm) - (K,ax) = (L,ar) — 0 is said to be
universal a-central if for every a-central extension (K'): 0 — (M', anr) LA (K', agr) L
(L,ar) — 0 there exists a unique homomorphism of Hom-Lie algebras h : (K,ax) —
(K', akr) such that 7’ o h = 7.

4.4. Remark. Obviously, every universal a-central extension is a universal central ex-
tension. Let us observe that both notions coincide when an = Idy.

4.5. Definition. A Hom-Lie algebra (L, «r) is said to be perfect if L = [L, L].

4.6. Lemma. Let 7 : (K,ax) — (L,ar) be a surjective homomorphism of Hom-Lie
algebras. If (K,ax) is a perfect Hom-Lie algebra, then (L,ar) is a perfect Hom-Lie
algebra as well.

4.7. Lemma. Let 0 — (M, an) EN (K,ax) = (L,ar) — 0 be a central extension and
(K, ax) a perfect Hom-Lie algebra. If there exists a homomorphism of Hom-Lie algebras
f:(K,ax) — (A aa)such that 7o f = 7, where 0 — (N, an) % (A, aa) = (L,ar) = 0
is a central extension, then f is unique.
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The proofs of these two last Lemmas use classical arguments, so we omit them.

4.8. Lemma. If 0 — (M, an) R (K,ax) = (L,ar) — 0 is a universal central exten-
sion, then (K, ax) and (L, ar) are perfect Hom-Lie algebras.

Proof. Let us assume that (K, ax) is not a perfect Hom-Lie algebra, then [K, K] ¢
K. Hence (K/[K, K],&), where & is the induced homomorphism, is an abelian Hom-
Lie algebra, consequently, it is a trivial Hom-L-module. Let us consider the central
extension 0 — (K/[K,K],a) — (K/[K,K] x L,a x ar) 2 (L,ar) — 0. Then the
homomorphisms of Hom-Lie algebras ¢,v : (K,ax) — (K/[K,K] X L,& x ar) given
by ¢(k) = (k,n(k)) and (k) = (0,7(k)),k € K, verify that pro¢ = 7 = pr o, so
0— (M,am) > (K,ax) = (L,ar) — 0 cannot be a universal central extension.

Lemma 4.6 ends the proof. a

Classical categories as groups, Lie algebras, Leibniz algebras and other similar ones
share the following property: the composition of two central extensions is a central
extension, which is absolutely necessary in order to obtain characterizations of the uni-
versal central extensions. Unfortunately this property doesn’t remain for the category of
Hom-Lie algebras as the following counter-example 4.9 shows. This problem lead us to
introduce the notion of a-central extensions in Definition 4.1, whose properties relative
to the composition are given in Lemma 4.10.

4.9. Example. Consider the four-dimensional Hom-Lie algebra (L, az,) with basis {a1, az,
as, as}, bracket operation given by

[a1,a3] = —[as,a1] = a4, [a1,a4] = —[a4,a1] = a3,

laz,as] = —[as, az] = a1, [a2,a4] = —[a4,a2] = a2,
(the non-written brackets are equal to zero) and endomorphism aj, = 0.

Let (K,ak) be the five-dimensional Hom-Lie algebra with basis {b1, b2, b3, ba, b5},
bracket operation given by

[b2763] = _[b37b2] :b17 [b27b4] :_[b4>b2] :b57
[bz, bs] = —[b57 b2] = by, [bS» b4] = _[b4» b3] = b2,
[b37b5] = 7[b57b3] = b3a
(the non-written brackets are equal to zero) and endomorphism ax = 0.
Obviously (K, ax) is a perfect Hom-Lie algebra since K = [K, K|. On the other hand,
Z([(7 aK) =< {bl} >.
The linear map 7 : (K, ax) — (L,ar) given by
’/T(bl) =0, ﬂ—(bQ) = ar, ﬂ—(b:’)) = az, ﬂ—(b‘l) = as, ﬂ-(b5) = A4,
is a central extension since 7 is a surjective homomorphism of Hom-Lie algebras and
Ker(m) =< {b1} >C Z(K, ak).
Now let us consider the six-dimensional Hom-Lie algebra (F, ar) with basis {61, e2, €3,
ea, es, €6}, bracket operation given by

[e2,e3] = —[es, e2] = e1, [ez,es] = —[es,e2] = e,
[e2,e5] = —[es,e2] = e1, [e3,eq] = —[eq, €3] = e2,
[es,e5] = —[es,e3] = es, [es,e6] = —[es, €3] = es,
[ea,e5] = —[es,eq] = e3, [ea,e6] = —[es, €a] = ea,
les, es] = —[es, e5] = e1,

(the non-written brackets are equal to zero) and endomorphism ar = 0.
The linear map p: (F,ar) — (K, ax) given by

pler) = 0, p(e2) = bi, p(es) = bz, p(ea) = bs, p(es) = ba, p(eg) = bs,
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is a central extension since p is a surjective homomorphism of Hom-Lie algebras and
Ker(p) =< {e1} >= Z(F, ar).
The composition wo p: (F,ar) — (L,ar) is given by
7TOP(€1) :7’1’(0):0, ﬂop(eg):ﬂ'(bl):Q 7TOp(€3) :71'([)2) =a,
wop(es) =w(b3) = a2, wop(es)=m(bs) =as, wop(es)=m(bs)=aa,
Consequently, mo p : (F,ar) — (L,ar) is a surjective homomorphism, but is not a
central extension, since Z(F,ar) =< {e1} > and Ker(m o p) = < {er,ea} >, 1. e.
Ker(mop) € Z(F,ar).

4.10. Lemma. Let 0 — (M, an) & (K,ak) = (L,ar) — 0 and 0 — (N, an) EN
(F,ar) % (K,ax) — 0 be central extensions with (K, ar) a perfect Hom—Lie algebra.
Then the composition extension 0 — (P, ap) = Ker (10 p) — (F,ar) = (L,ar) — 0 is
an a-central extension.

Moreover, if 0 — (M, a) 5 (K,ax) = (L,ar) — 0 is a universal a-central ex-
tension, then 0 — (N, an) EN (F ar) & (K,ax) — 0 is split, that is, there exists a
Hom-Lie algebra homomorphism o : (K, ax) — (F,ar) such that poo = Idxk.

Proof. We must prove that [ap(P), F] = 0.

Since (K, ax) is a perfect Hom-Lie algebra, then every element f € F can be written
as f = Z)‘i[fimfw} +n,mne NN €K, fi; € F,j =1,2since p(f) € K, then p(f) =

D Ailkis s hia) = ZA (f); p(fi2)] —p<ZA[fn,fu>,hencef—ZAi[fil,fi2]e

Ker (p).
So, for all p € P, f € F we have that

[ap(p Z)‘ (I, fir], o (i)l + [[fizs P), 0 (fir)]) + [p(p), 7] = 0

since [p, fi;] € Ker (p) C Z(F).

For the second statement, if 0 — (M, arr) — (K,ax) = (L,ar) — 0 is a universal
a-central extension, then by the first statement, 0 — (P, ap) = Ker (7m0p) — (F,ap) =
(Lyar) — 0 is an a-central extension, then there exists a unique homomorphism of
Hom-Lie algebras o : (K,ax) — (F,ar) such that 7 o poo = m. On the other hand,
mopoo =7 =moldand (K,axk) is perfect, then Lemma 4.7 implies that poo = Id. O

4.11. Theorem.

a) If a central extension 0 — (M, an) - (K,ax) — (L,ar) — 0 is a universal
a-central extension, then (K, ax) is a perfect Hom-Lie algebra and every central
extension of (K, ak) is split.

b) Let 0 — (M, an) = (K, ax) = (L,ar) — 0 be a central extension.

If (K, ak) is a perfect Hom-Lie algebra and every central extension of (K, ax)
is split, then 0 — (M, anr) = (K,ax) = (L,ar) — 0 is a universal central
extension.

¢) A Hom-Lie algebra (L, «r) admits a universal central extension if and only if
(L, ar) is perfect.

d) The kernel of the universal central extension is canonically isomorphic to H5'(L).

Proof.
a) If0 = (M, aum) > (K,arx) = (L,ar) — 0 is a universal a-central extension, then it
is a universal central extension by Remark 4.4, so (K, axk) is a perfect Hom-Lie algebra
by Lemma 4.8 and every central extension of (K, ak) is split by Lemma 4.10.
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b) Consider a central extension 0 — (N, an) EA (A,aa) = (L,ar) — 0. Construct
the pull-back extension 0 — (N,an) = (P,ap) = (K,ax) — 0, where P = {(a,k) €
Ax K| 71(a) = w(k)} and ap(a, k) = (aa(a),ax(k)), which is central, consequently is

split, i.e. there exists a homomorphism o : (K, ax) — (P,ap) such that Too = Id.
Then 7 o o, where 7 : (P,ap) — (A,aa) is induced by the pull-back construction,
satisfies 7 o7 0o 0 = m. Lemma 4.8 ends the proof.

c) and d) For a Hom-Lie algebra (L, ar) consider the homology chain complex C¢ (L),
which is CY (L, K) where K is endowed with the trivial Hom-L-module structure.

As K-vector spaces, let I, be the subspace of L A L spanned by the elements of the
form —[z1,z2] A arp(zs) + [z1, 23] A ap(z2) — [z2, 23] A ap(x1), 21, z2,23 € L. That is,
I =Im (ds3: C5(L) — C5(L)).

Now we denote the quotient K-vector space ﬂ by uce(L). Every class 1 A za + I,
is denoted by {z1,z2}, for all z1,x2 € L.

By construction, the following identity holds:

4.1)  Alz1,z2], an(@s)} + {[z2, 23], ar (1)} + {[zs, 21], ar(22)} =0

for all x1, 22,23 € L.

Now d2(I1) = 0, so it induces a K-linear map uy, : uce(L) — L, given by ur ({z1,z2}) =
[z1,z2]. Moreover (uce(L),a), where & : uce(L) — uce(L) is defined by a({z1,z2}) =
{ar(z1),ar(x2)}, is a Hom-Lie algebra with respect to the bracket [{z1,z2}, {y1,y2}] =
{[z1, z2], [y1, y2]} and ur, : (uce(L), @) — (L, ar) is @ homomorphism of Hom-Lie algebras.
Actually, Im wr, = [L, L], but (L, «r) is a perfect Hom-Lie algebra, so uy, is a surjective
homomorphism.

From the construction, it follows that Ker(ur) = H$ (L), so we have the extension

0 — (H5(L),a)) — (uce(L),a&) =5 (L,ar) — 0
which is central, since [Ker(ur), uce(L)] = 0, and universal, since for any central extension
0 = (M,an) = (K,ax) = (L,ar) — 0 there exists the homomorphism of Hom-Lie
algebras ¢ : (uce(L), @) — (K, ax) given by o({z1,22}) = [k1, k2], 7(ki) = 5,1 = 1,2,
such that 7o ¢ = ur. Moreover, (uce(L), &) is a perfect Hom-Lie algebra, so by Lemma
4.7, ¢ is unique. O

4.12. Corollary.

a) Let 0 = (M, an) = ( ,a ) 5 (L,ar) — 0 be a universal a-central extension,
then H{*(K) = HS(K) =

i

b) Let 0 — (M, anm) — (K, aK) 5 (L,ar) — 0 be a central extension such that
H{(K) = H§(K) = 0, then 0 = (M,anm) = (K,ax) = (L,ar) — 0is a
universal central extension.

Proof.

a) If 0 — (M, an) 5 (K,arx) = (L,ar) — 0 is a universal a-central extension, then
(K, ar) is perfect by Remark 4.4 and Lemma 4.8, so H{'(K) = 0. By Lemma 4.10 and
Theorem 4.11 ¢) and d) the universal central extension corresponding to (K, ax) is split,
so HS(K) = 0.

b) H*(K) = 0 implies that (K, ax) is a perfect Hom-Lie algebra.

H$(K) = 0 implies that (uce(K), &) = (K, ax). Theorem 4.11 b) ends the proof. O

4.13. Definition. An a-central extension 0 — (M, aar) 5 (K,ax) = (Lyar) — 0 is

said to be universal if for every central extension 0 — (R, ar) % (A,aa) = (L,ar) — 0
there exists a unique homomorphism ¢ : (K, ax) — (A, aa) such that 7o p = 7.
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4.14. Proposition. Let 0 — (M, an) 5 (K,ax) = (L,ar) — 0 and 0 — (N, an) EN
(F,ar) 5 (K,ax) — 0 be central extensions. If 0 — (N, an) 2 (F,ar) 2 (K,ax) =0
is a universal a-central extension, then 0 — (P, ap) = Ker(wop) = (F,ar) = (L, ar) —
0 is an a-central extension which is universal in the sense of Definition 4.13.

Proof. 0 = (P,ap) = Ker(r o p) > (F,ar) = (L,ar) — 0 is an a-central extension
by Lemma 4.10.

In order to obtain the universality, for any central extension 0 — (S, as) — (A, aa) >
(L, ar) — 0 construct the pull-back extension corresponding to o and mop, then Theorem
4.11 and Lemma 4.7 end the proof. a
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Abstract

The aim of this paper is to study hyperconnectedness and extremal dis-
connectedness in a space equipped with a countable number of topolo-
gies.
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1. Introduction

A bitopological space [7] is a nonempty set with two topologies. Kovar [8, 9] also
studied the properties of a nonempty set equipped with three topologies. Datta and
Roy Choudhuri [5], and Raut and Datta [13] introduced nontrivial infinitesimally small
elements. With this, they defined a number system as an extension of real number
system. Their study offers a natural framework for dealing with an infinite sequence of
distinct topologies on a set. Also emergence of chaos in a deterministic system, in the
theory of dynamical system, relates to an interplay of finite or infinite number of different
topologies in the underlining set. All these matters motivated the authors to consider
a countable number of topologies in (w)topological spaces [2, 3, 4] and (Xg)topological
spaces [1]. In this paper, we introduce the notion of (a)topological spaces which is a set
equipped with countable number of topologies. The notion of (a)topological spaces is
more general than both the notions of (w)topological spaces and (X¢)topological spaces.
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Sarma [14] introduced the notion of pairwise extremal disconnectedness in bitopo-
logical spaces [7]. Among other results, she proved a result on pairwise extremal dis-
connectedness which is parallel to Urysohn’s lemma on pairwise normal spaces. In [12],
Mathew studied the hyperconnected topological spaces (Steen and Seebach [15]). In this
paper, we study hyperconnectedness and extremal disconnectedness in the context of
(a)topological spaces.

2. (a)topological spaces

2.1. Definition. If {7,} is a sequence of topologies on a set X, then the pair (X, {7})
is called an (a)topological space.

If there is no scope of confusion, we denote the (a)topological space (X, {7, }), simply
by X. Throughout the paper, N denotes the set of natural numbers. The elements of
N are denoted by i, j, k, I, m, n etc. If a set G is open with respect to the topology 7,
ie., if G € 7, then we say G is (7n)open. (7)closed set, (7,,)closure have the obvious
meaning. The (7,)closure (resp. (75)interior) of a set E is denoted by (7»)clE (resp.
(mn)intE). Following Levine [11], we now introduce the following definitions.

2.2. Definition. Let X be an (a)topological space and let m # n. A set A C X is said
to be (m, n)semiopen if there exists a U € 7,, such that U C A C (7p)clU.

Thus any (7m)open set is an (m,n)semiopen set for any n # m. The class of all
(m,n)semiopen sets with m # n, is denoted by SO, n)(X). We write SO(X) =
Utm,nySOmn) (X). A set belonging to SO(X) is called an (a)semiopen set.

2.3. Definition. An (a)topology {o.} on X is said to be stronger (resp. weaker) than
an (a)topology {mn} if 7. C o (resp. on C 7o) for each n. If, in addition, 7, # o, for
at least one n, then {0} is said to be strictly stronger (resp. weaker) than {7, }.

2.4. Definition. An (a)topological space (X, {7,}) with property P is said to be maxi-
mal (resp. minimal) with respect to P if for any other (a)topology {on,} strictly stronger
(resp. weaker) than {7}, the space (X, {0,}) can not have this property.

3. Hyperconnected spaces

Recall that a topological space (X, .7) is hyperconnected if the intersection of any two
nonempty open sets is nonempty.

3.1. Definition. An (a)topological space (X, {7.}) is said to be hyperconnected if for
any two nonempty sets U and V with U € 7,,,, V € 7, and m # n, we have U NV # (.

It follows that if X is hyperconnected, then for any nonempty set U € 7, (75)clU = X
for any n # m.

3.2. Theorem. Suppose for any (Tm)open set G and (7,)open set H, GNH € 7, for
some l. Then the (a)topological space (X, {1n}) and the topological spaces (X, ), n € N
are hyperconnected iff the set D of all nonempty (a)semiopen sets is a filter.

Proof. Let the (a)topological space (X, {7»}) and the topological spaces (X, 7.), n € N
be hyperconnected and A, B € D. Then there exist two pairs (m,n) and (k,l) with
m # n and k # [ such that for some U € 7, and V € 73, U C A C (70)clU, V C B C
(r)clV. Since (X,{mn}) and (X,7,), n € N are hyperconnected, we have U NV # (.
Also UNV € 7; for some i. Therefore (r;)cl(U NV) = X for any j # i. Hence
UNV C ANB C (73)cl(UNV). Thus ANB € D. Now let A be a nonempty (a)semiopen
set and B D A. Then for some (m,n) with m # n, there exists U € 7, such that
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U C A C (tn)clU. But (75)clU = X. Therefore U C B C (7,)clU. Hence B is a
nonempty (a)semiopen set. Thus D is a filter.
Since for any n, a (7,)open set is an (a)semiopen set, the converse follows. O

For a pair (m,n), the union of an arbitrary number of (m,n)semiopen sets is an
(m,n)semiopen set. If X is hyperconnected, then the intersection of a finite number of
(m, n)semiopen sets is (m, n)semiopen. Hence in this case, the class SOy, »)(X) forms a
topology on X. Since the class {SO(,n)(X) | m,n € N} is countable, and any countable
class can be represented as a sequence, we rewrite the class {SOp,n)(X) | m,n € N} as
a sequence {Sk}. So (X, {Sk}) is an (a)topological space. From Theorem 3.2, it follows
that if (X, {7»}) is hyperconnected and if for G € 7, and H € 7,, GN H € 7; for some
I, then (X, {Sk}) is hyperconnected.

3.3. Corollary. If (X,{mn}) is mazimal hyperconnected, then {Tn} = {Sk}.

Levine [10] introduced the concept of a simple extension of a topological space. Let
(X, Z) be a topological space. A family 2 of subsets of X is a simple extension of & if
2 contains & and there exists a P ¢ & such that 2={GU (HNP) |G, H € Z}.

3.4. Theorem. If for any (1m)open set G and (7n)open set H, G N H € 7, for some |
and if the space (X,{tn}) is mazimal hyperconnected and the space (X, ), n € N are
hyperconnected, then the set D of all nonempty (a)semiopen sets is an ultrafilter.

Proof. Since by Theorem 3.2, D is a filter, it is sufficient to show that for a nonempty
set £, X —FE € Dif E¢ D. Let us suppose that £ ¢ D. Then E ¢ |J, 7. Let 7,(E)
denote a simple extension of 7,,. Then the space (X, {r,(E)}) which is stronger than
(X, {7 }) is not hyperconnected. So for some nonempty set U € 7,,(E) and nonempty
set V € 7,(E) with m # n we have U NV = (. By the definition of simple extension,
U=U1UUz:NE)and V =V, U (VaNE) for some U; € 7, and V; € 7,, ¢ = 1,2. Since
UnNnvV =0,U:NVy = 0. But (X, {7.}) is hyperconnected and so either Uy = @) or V1 = {.
Suppose without loss of generality, U1 = (). Now we consider the cases (i) V1 = 0, and
(it) Vi # 0.

Case (i): Vi = (. Since U,V # 0, we have Us # 0, Vo # (. Therefore Us N Vo # 0,
since (X, {7n}) is hyperconnected. Now

unv =190
= UNVenE =10
= UsNVoCX - F
= X — FE € D, since D is a filter.
Case (13): Vi # 0. Since Us # (), we have Us N V; # (. Therefore Uz N'V; € D. Again

since UNV =0, we have (UoNE)NVI =0 = U>NVi C X — E. Therefore X — F € D.
Thus D is an ultrafilter. O

Recall that a topological space (X, .7) is a door space if for each A C X, either A €
or X —AeJ.

3.5. Definition. The space (X, {7,}) is said to be a door space if for every subset E of

X, there exists an ng such that either £ € 7,, or X — E € |J Tn.

n#ng
3.6. Theorem. If the (a)topological space (X,{7}) is door and hyperconnected, then
N7 — {0} is a filter.

Proof. Let A,B € (,,7n — {0}. Then A, B are nonempty (7, )open sets for all n and so
ANB €, Tn. Since (X, {n}) is hyperconnected, ANB # (. Thus ANB € (N, 7n — {0}
Now suppose B D A € (,,7n — {0}. Suppose that B ¢ (), 7n — {0}. Then B ¢ 1., — {0}
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for some no and so X — B € U, 4, T, since (X, {7n}) is door. So we have A € 7,
and AN (X — B) = 0, which contradicts the hyperconnectivity of (X, {r.}). Hence
B e, 7 — {0}. Therefore, N, 7 — {0} is a filter. O

3.7. Theorem. If the (a)topological space (X,{Tn}) is door and hyperconnected and the
topological spaces (X, Tn), n € N are door (6], then (N, 7n — {0} is an ultrafilter.

Proof. By Theorem 3.6, (), 7»—{0} is a filter. If E is a nonempty set with E ¢ (" 7,—{0},
then E ¢ 7,, — {0} for some ng. Then X — E € 7y, since (X, 7y, ) is door. Therefore, E
¢ Un;m0 Tn, since (X{7,}) is hyperconnected. Andso E ¢ 7, foralln #no = X—-FE €1,
for all n # no, since (X,7,), n € N are door. Therefore X — E € (1,7, — {0}. Hence
N, 7 — {0} is an ultrafilter. O

3.8. Theorem. If (X,{7.}) is door and hyperconnected, then (X,{mn}) is minimal door
and mazimal hyperconnected.

Proof. Let (X,{on}) be a door space which is weaker than (X, {7.}). Suppose that
G € Tm —om. Then X — G € U, 4,,0n C U,,,7n- But this is not possible, since
(X,{mn}) is hyperconnected. Hence o, = 7, for all n.

Now let (X, {pn}) be a hyperconnected space stronger than (X, {7,}). Suppose that
G € pm — Tm. Then X — G € U,,,,7n C U,,,,,pn Which is not possible, since (X, {pn})
is hyperconnected. Thus p,, = 7, for all n. O

The following example shows that for an (a)topological door space (X,{7.}), the
topological space (X, 7,) may not be door even for a single n.

3.9. Example. Suppose R is the set of real numbers. Let 7, be the topology on R, gener-
ated by the subbase {§}U{F C (—oo,n) |0 € E}U{F C R|0 € E and F is not bounded
above}. Then the (a)topological space (X, {7m»}) is door but for no n, the topological
space (X, 7y) is door.

3.10. Definition. A set F in an (a)topological space (X, {r.}) is said to be (n #
np)dense if ) (Tn)clE = X.

n#ng

3.11. Definition. The space (X, {7.}) is said to be submaximal if for any no, every
(n # no)dense subset is (75, )open.

3.12. Theorem. If the space (X,{mn}) is hyperconnected and submazimal, then it is
mazximal hyperconnected.

Proof. Let (X,{on}) be a hyperconnected space stronger than (X,{r,}). Let G be a
nonempty set belonging to oy, for some ng. Then (0,)clG = X for all n # no. Hence
Mnstng (0n)elG = X =, (Tn)clG = X. Therefore G is (n # no)dense in (X, {n})
and so G € T,,. Hence 7, = 0pny. Thus 7, = o, for all n. O

4. Extremally disconnected spaces

4.1. Definition. An (a)topological space (X, {7, }) is said to be extremally disconnected
if for any G € 7., and H € 7, with GN H = () and m # n, there exist k,l € N with
m # k, n # 1 and k # [ such that for some (74)closed set F' and (7;)closed set K, we
have G C F, HC K and FNK = .

If the sequence {7, } consists of two topologies & and 2 only, and if the bitopological
space (X, Z,2) is pairwise extremally disconnected [14], then the space (X, {7,}) is
extremally disconnected.
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4.2. Theorem. The (a)topological space (X,{tn}) is extremally disconnected iff for any
(Tm)open set G and (my)closed set C' with G C C and m # n, there exist k,l € N with
m#k, n#1 and k # 1 such that for some (1) closed set F' and (1;)open set U, we have
GCFcUCcCC.

Proof. Suppose the space X is extremally disconnected. Let us consider a (7, )open set
G and a (7p)closed set C with G C C and m # n. Then X — C is a (7,)open set
and GN (X — C) = 0. Therefore there exist k,I with m # k, n # [ and k # [ such
that for some (7x)closed set F and (7;)closed set K, we have G C F, X — C C K,
FNK=0=GCFcUcCC whereU=X-KeT.

To prove the converse, suppose G € 7, and H € 7, with GNH = () and m # n.
Then G C X — H and X — H is (7y)closed. Therefore there exist k, [ with m # k,
n # 1l and k # [ such that for some (7;)closed set F' and (7;)open set U, we have
GCFCUCX-H.If K=X-U,then K is (r;)closed, H C K and FNK = (. Thus
the space is extremally disconnected. O

4.3. Theorem. The space (X,{7.}) is extremally disconnected if for every m and for
every G € Tm, we have (1) clG € Tm for all k # m.

Proof. Let G € 7oy and H € 7, with GNH = () and m # n. Then ((7,)clG)NH = . Since
m # n, by the given condition we have (7,)clG € Tp,. Therefore ((7,)clG) N ((Tm)clH) =
0.

Let .7 denote the smallest topology on X containing 7, for all n.

4.4. Theorem. Let (X,{7n}) be extremally disconnected. Then for any G € T, and
H € 7, withm #n and GN H =0, there exists a function f: X — [0,1] such that
(4) f(G) {0}, f(H) ={1}

1) f is (T )continuous.

Proof. Since G C X — H and C = X — H is (7n)closed, by Theorem 4.2, there exist
k(3), l(3) € N with k(3) # m and I(3) # n such that for some (7',C )closed set F'(3)

2
and (Tl(%))open set U(%) we have G C F(3) C U(3) C C. Again applylng Theorem

4.2 to the pair (G,F (%)) and (U(l) C) there exist k(1), (), k(2), {(3) € N such

2 1 1
that for some (Tk(%))CIOSGd set F(3), (7, k(3 y)closed set F(3), (Tl(%))open set U(%) and
(Tl(%))open set U(3) we have G C F(3) CU(3) CF(3) cU((Z) CcFE)cUB)cC
and k($) #m, I(3) # k(3), k(2) #1(3), I(3) # n. By repeating the process, we obtain
teD={%|0<i<2,ije N}, a (ruu)closed set F(t) and a (r))open set U(t)
with k(t), I[(t) € N such that if s,t € D with s < ¢, then F(s) C U(s) C F(t) C U(t)
and k(t) # I(s). If we take F(0) = @ and U(1) = X, then the above relation is true
when s,t coincide with 0 or 1. For ¢ # 0,1, we have, G C F(t) C U(t) C C. Now we
define the function f : X — [0,1] by f(z) = sup{t | = ¢ U(t)}. Then f(z) = 0 for
z € G and f(z) =1 for x € H. It is easy to verify that for a € (0,1),{z € X | f(z) <
a} = U, U(t) and {z € X | f(z) > a} = U5 (X — F(t)). Since U(t) € 1yry C 7 and
X — F(t) € 7oy C 7, it follows that f is (J7)continuous. O
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Abstract

The length of the sequence of join spaces and Atanassov’s intuitionistic
fuzzy sets associated with a hypergroupoid H is called the intuitionistic
fuzzy grade of H. In this paper, we consider the class of the complete
hypergroups of order less than or equal to 6, determining their intu-
itionistic fuzzy grade.
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1. Introduction

The study of the connections between hyperstructures and fuzzy sets [31] (or Atanassov’s
intuitionistic fuzzy sets [1, 2]) opens a new field of research in fuzzy algebraic structures
theory, theory initiated by Rosenfeld [28]: he showed that many results concerning groups
may be extended in a natural way to fuzzy groups. The notion of fuzzy group has been
generalized by Davvaz [19], introducing the concept of fuzzy subhypergroup of a hyper-
group. Later on, this subject has been studied in depth also in connection with other
structures, like rings [22], modules [20], n-ary hypergroups [21], complete hypergroups,
etc. For example, Cristea and Darafsheh [16, 17], investigating a particular fuzzy subhy-
pergroup of a complete hypergroup, have found a new decomposition of the group Z,,
when n € {p,p?, pq}, for p and ¢ prime numbers. The books [3, 10, 23, 30] are surveys
of the theory of algebraic hyperstructures and their applications.
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Two fundamental relations between hyperstructures and fuzzy sets were considered
by P.Corsini; he associated a join space with a fuzzy set [4], and then a fuzzy set with
a hypergroupoid H [5]. These connections lead to a sequence of fuzzy sets and join
spaces, which ends if two consecutive join spaces are isomorphic. The length of this
sequence is called the fuzzy grade of the hypergroupoid H. Till now, one determined
the fuzzy grade of the i.p.s. hypergroups of order less than or equal to 7 [6, 7], of the
complete hypergroups or 1-hypergroups which are not complete [8, 14]. Moreover, several
properties of the above sequence has been determined in the general case [29], and also for
the direct product of two hypergroupoids [15]. Corsini et al. studied the same sequence
associated with a hypergraph [11, 12|, and with multivalued functions [13]. Cristea and
Davvaz [18] extended the notion of fuzzy grade of a hypergroupoid to that of intuitionistic
fuzzy grade.

The study of the fuzzy grade and intuitionistic fuzzy grade of remarkable classes
of finite hypergroups helps us to identify some important properties which could be
generalized for any finite hypergroup. For example, calculating intuitionistic fuzzy grade
of the i.p.s. hypergroups of order 7, we noticed that, some times, the sequence of join
spaces associated with an i.p.s. hypergroup is cyclic (see [24, 25]).

The study conducted in this note shows that the intuitionistic fuzzy grade of a com-
plete hypergroup H of cardinality n depends, not only on the decomposition of n, as in
the case of the fuzzy grade of a complete hypergroup, but also on the group used in the
construction of H. We believe that the aspects treated in this particular case serve as
a foundation, starting point for further research on the intuitionistic fuzzy grade of an
arbitrary finite complete hypergroup.

Inspired and motivated by the above achievements, in this paper, we will construct
the sequences of join spaces and Atanassov’s intuitionistic fuzzy sets associated with
the complete hypergroups of order less than or equal to 6. Our aim is to determine
their intuitionistic fuzzy grades in order to make a comparison with their fuzzy grades
determined by Cristea [14].

To do so, the paper is organized in the following way. In Section 2 we present some
basic notions concerning hypergroups and a short description of the complete hyper-
groups. In Section 3 we present a brief introduction about the sequence of join spaces
and Atanassov’s intuitionistic fuzzy sets associated with a hypergroupoid. Section 4 in-
cludes the sequences of the intuitionistic fuzzy grades of the complete hypergroups of
order less than or equal to 6. Finally, Section 5 concludes the paper, giving also some
future lines of our research.

2. Preliminaries

In this paper, we adopt the terminology and notation used in [4, 5, 14, 18, 24, 25]. We
consider (H, o) to be a hypergroupoid, where H denotes a non-empty set, P*(H) stands
for the set of all non-empty subsets of H and o : H?> — P*(H) is a hyperoperation. The
image of the pair (z,y) € H x H is denoted by z oy. If A and B are nonempty subsets
of H, then Ao B= | Jaob.

acA
beB

For the sake of convenience and completeness of our presentation, we recall some basic
definitions and properties concerning hypergroups. More details on this argument can
be found in the books [3, 10].

2.1. Definition. A hypergroup is a hypergroupoid (H, o) which satisfies the following
conditions:

(i) For any (a,b,c) € H*,(aob)oc=ao (boc) (the associativity),
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(#¢) For any a € H Hoa =ao H = H (the reproducibility).
If, for any (x,y) € H? z oy = H, then the hypergroup H is called total hypergroup.

For each pair (a,b) € H?, we denote: a/b={x € H|a€2zob} and b\a={yc H|
a€boy}.

2.2. Definition. A commutative hypergroup (H, o) is called a join space if, for any four
elements a,b,c,d € H, such that a/bNc¢/d # 0, it follows that aodNboc # .

The notion of join space, introduced by Prenowitz, was used by Prenowitz and Jan-
tosciak [27] for the reconstruction, from an algebraic point of view, of several branches
of geometry: the projective, the descriptive and the spherical geometry.

2.3. Definition. Let (H,o) and (H’,o’) be two hypergroups and f : H — H' an
application from H in H'. We say that

(i) f is a homomorphism if, for all (x,y) € H?, f(zoy) C f(z) o f(y).

(i) f is a good homomorphism if, for all (x,y) € H?, f(zoy) = f(z) o f(y).
We say that the two hypergroups are isomorphic, and we write H ~ H’, if there is a
good homomorphism between them which is also a bijection.

The relation 8 on a hypergroupoid (H, o) is defined as follows:
aBb <= In € N*, I(z1,22,...,2,) E H" 1 a € Ha:l 5 0.
=1

Notice that B is a reflexive and a symmetric relation on H, but generally, not a
transitive one. Let us denote by 8* the transitive closure of 8. It is well known that, if
H is a hypergroup, then 8* = 8 and H/3 is a group|3].

One of the most important notions in hypergroup theory is that of the heart of a
hypergroup H. Studying its properties one determines completely the structure of the
hypergroup H.

2.4. Definition. The heart of a hypergroup H is wy = {x € H | ¢u(xz) = 1}, where
wu : H — H/p is the canonical projection and 1 is the identity of the group H/p.

2.5. Definition. A hypergroup H is called 1-hypergroup if the cardinality of its heart
equals 1.

2.6. Definition. Let (H, o) be a hypergroup and A be a non-empty subset of H. We
say that A is a complete part of H if the following implication holds:

Vn € N*,V(z1,x2,...,Tn) € H",Hwi NA#)= l_IavZ C A.
i=1 i=1
The complete closure of A in H is the intersection of all the complete parts of H, con-
taining A; it is denoted by C(A).

2.7. Definition. A hypergroup (H, o) is called complete if, for any (x,y) € H?, C(xoy) =
xoy.

The following result concerning the complete hypergroups will be used in the sequel.

2.8. Theorem. Any complete hypergroup may be constructed as the union H = U Ag,
geG
where:
(2) G is a group.
(1) The family {Ay | g € G} is a partition of G.
(z3) If (a,b) € Ay, X Ag,, then aob = Ay, 4,.
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For a complete hypergroup H, it is known that wy = A., where e is the identity of
the group G, and it coincides with the set of identities of H. Therefore, by the above
representation, we say that any complete hypergroup of order n is characterized by an
m-tuple denoted [k1, k2, ..., kn], where m = |G|, 2 <m <n—-1,G ={g1,92,.--,9m}
and, for any ¢ € {1,2,...,m},k; = |Ag,|. With other words, for determining all the
non-isomorphic complete hypergroups of order n, it is enough to know the structure of
the non-isomorphic groups of order m, 2 < m < n — 1, and all the m-decompositions
of n, i.e. all the ordered systems of natural numbers [k1, k2, ..., k] such that k; > 1,
kit+ke+...+kn=nand ks < ks <...<kpn, for 1 <i<m.(see [14])

3. Intuitionistic fuzzy grade of hypergroups

In this section, first we recall the construction of the sequence of join spaces and
Atanassov’s intuitionistic fuzzy sets associated with a hypergroupoid H, and then the
formulas for the membership functions associated with a complete hypergroup. In this
paper H denotes a finite hypergroupoid.

For simplicity, we denote an Atanassov’s intuitionistic fuzzy set (by short intuition-
istic fuzzy set) A = {(z, pa(z), Aa(z)) | z € X}, where, for any x € X, the degree of
membership of x (namely pa(z)) and the degree of non-membership of x (namely Aa(x))
verify the relation 0 < pa(z) + Aa(z) <1, by A = (u, \).

For any hypergroupoid (H, o), Cristea and Davvaz [18] defined an intuitionistic fuzzy

set A = (@1, A) in the following way: for any u € H, one considers:

1 1
2 oy ( %H\xoy\
(31) i) L Afw) = EE

_ (@y)eQ(w)

N n? n?
where Q(u) = {(a,b) € H? | u € aob}, Qu) = {(a,b) € H? | u ¢ aob}. If Q(u) = 0, we
set fi(u) = 0 and similarly, if Q(u) = 0 we set A(u) = 0. It is clear that, for any u € H,
0 < fi(u) + A(u) < 1.

Now, let A = (i, A) be an intuitionistic fuzzy set on H. One may associate with H two

join spaces (o H,0,,5) and <0H, oavx), where, for any fuzzy set o on H, the hyperproduct
7, introduced by Corsini [4], is defined as

(32) zogy={ue Hl|alx)Naly) <alu) <az)Valy)}

)

«
Oa

Using repeatedly the formulas (3.1) and (3.2), one obtains two sequences of join spaces
and intuitionistic fuzzy sets associated with H, denoted by (;H = (iH, o5 ,5,); i =
(i, Ai))izo and ("H = ("H,04,yx,); Ai = (fi, Ai))izo-

The lengths of these sequences are called the lower, and respectively, the upper intu-
itionistic fuzzy grade of H, more exactly:

3.1. Definition. (see [18]) A set H endowed with an intuitionistic fuzzy set A = (p, A)
has the lower (upper) intuitionistic fuzzy grade m, m € N*, and we write l.i.f.g.(H) =m
(resp. w.i.f.g.(H) = m) if, for any 4,0 < i < m — 1, the join spaces (;H,0; ,5,) and
(i+1H, 05, Ax,p,) (tesp. ("H,o;.yx,) and ("T'H, % 41VA4, ) associated with H are not
isomorphic (where oH = (0H,0,,5) and °H = (°H,0,,5)) and for any s, s > m, .H is
isomorphic with ,,_1 H (resp. *H is isomorphic with ™~ H).

It is important to know that, if we start the construction of the above sequences with
a hypergroupoid (H, o), and not with a set H endowed with an intuitionistic fuzzy set,
then we obtain only one sequence of join spaces because, in this case, the join spaces
(0H,0z55) and ("H,o,,5) are isomorphic (see [18]). In order to explain this situation,
one introduces a new concept.
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3.2. Definition. (see [18]) We say that a hypergroupoid H has the intuitionistic fuzzy
grade m,m € N*, and we write i.f.g.(H) = m, if l.i.f.g.(H) = m.

A natural question appears: When are these join spaces non-isomorphic? It is clear
that it has to be answered for two consecutive join spaces in the built sequence, since in
the case of isomorphism, the sequence ends. In order to solve this problem one introduces
some notations. Let (il = (;H,0,,,x,); Ai = (fii, Ai))i>0 be the sequence of join spaces
and intuitionistic fuzzy sets associated with a hypergroupoid H. Then, for any ¢, there
are r, namely r = r;, and a partition IT = {*C;};_; of ;H such that, for any j > 1,z,y €
0y = fi(z) Adi(z) = Ri(y) A Xi(y). For € H, we denote A\(x) = ij, when = € ‘Cj.
On the set of the classes {'C};}}_; we define the following ordering relation:

i; < iy if, for elements x € iCj and y € iCk,

Fi(x) A Xi(z) < fi(y) A Xi(y) (therefore A(z) < A(y)).
With any ordered chain (*Cj,," Cj,, e ,5C;,) one associates an ordered r-tuple of the
type (kjy,kjs,-- -, kj,.), where kj, = °Cj, |, for all [,1 <1 <.

3.3. Theorem. (see [9]) Let ;H and ,+1H be the join spaces associated with H deter-

1
mined by the membership functions fi; N\ X; and Hit1 A ;\i+1, where *H = U Cy, il —
1=1

r2
U C| and (k1, ks, ..., ky ) is the r1-tuple associated with ;H, (ki, k5, ..., ky.,) is the ra-
=1

tuple associated with ;41 H. The join spaces ;H and ;41 H are isomorphic if and only if

1T =T2 and (k1,k’2,...,k7-1) I( /17]{’2,...,]6;1) or (kl,k27...,/€7»1) = (]{,‘417]{:11,17...,]{:/1).

Now we recall the formulas for the membership functions fi and X associated with a
complete hypergroup.
Let H = U Ay be a complete hypergroup of cardinality n. By Theorem 2.8, it is

geG
obvious that, for any u € H, there exists a unique g, € G such that u € Ay4,. Moreover,

we define on H the following equivalence v ~ v <= 3g € G : u,v € Ay. Thereby one
obtains that

el 1 g (s leml) | 1
(3.3) A(u) [A,.] n2’ Aw) (1%‘ |Agu|> n2’

We end this section with a useful result concerning the complete hypergroups gener-
ated by a group G isomorphic with the additive group Za.

3.4. Proposition. (see [18]) H = U Ag be a complete hypergroup of cardinality n. If
geG
the group G is isomorphic with the additive group Zs, then i.f.g.(H) = 1.

4. Intuitionistic fuzzy grade of the complete hypergroups of order
less than or equal to 6

Cristea [14] listed all the forty complete hypergroups of order less than or equal to 6,
calculating their fuzzy grade. In this section we determine the intuitionistic fuzzy grade
of them. When the group which generates the complete hypergroup is isomorphic with
the additive group Zs, by Proposition 3.4 it follows that i.f.g.(H) = 1 and in this case
we do not list the table of the complete hypergroups (the reader may see it in [14]).

4.1. Theorem. Let H be a complete hypergroup of order n < 6.
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There are two non-isomorphic complete hypergroups of order 3 havingi.f.g.(H) =
1.

There are five non-isomorphic complete hypergroups of order 4: for three of them,
one finds that i.f.g.(H) = 1, and for other two that i.f.g.(H) = 2.

There are twelve non-isomorphic complete hypergroups of order 5: nine of them
have i.f.g.(H) = 1, and three of them have i.f.g.(H) = 3.

There are twenty one non-isomorphic complete hypergroups of order 6: sixteen
of them with i.f.g.(H) = 1, three of them with i.f.g.(H) = 2 and for two of them
one finds that i.f.g.(H) = 3.

Proof. We will denote, in the following tables, for any s € {1,2,...,5},Bs = H \ {as}
and Bo = H \ {e}. Let H be a complete hypergroup of order n < 6, denoted by
H=/{e,a1,...,an}, with 3 <n <5, that is H = U Ag.
geG

(7) If the hypergroup H is of order 3, then it is obvious that G ~ (Z2,+), so there
are only two complete hypergroups with the associated 2-tuple of the form [1,2] or [2, 1].
Thus, by Proposition 3.4, it follows that i.f.g.(H;) = 1, for i € {1,2}.

(7t) Let us suppose H of order 4.

(a) Setting G ~ (Z2,+), we obtain three complete hypergroups Hs, Ha, Hs, and by
Proposition 3.4, it follows that i.f.g.(H;) = 1, for ¢ € {3,4,5}.

(b) Setting G ~ (Zs,+), we distinguish two hypergroups, denoted by He, H7.

(b1) For Hg represented here bellow

[e] al a2 as
e al A2 A2
a1 Az | e e

a al al
as ai

where Ag = {e}, A1 = {a1}, A2 = {a2,as}, we calculate that

A(e) =10/32, p(ar) =12/32, f[i(az2) = fi(as) = 5/32,
Ae) =17/32, Aa1) =15/32, A(az2) = A(az) = 22/32.
Therefore the associated join space o(Hg) is as follows:
Op/\X al a2 as
e {e;a1} | B1 | B:
a1 ai H | H
az Ay | Ay
as A2

and thus we obtain that

fa(e) = i (az)
)\1 (6) = Al (az)

) = 13/48,

= 91((13
= Ai(as) = 9/48,

/}1(0,1) 29/48,
)\1(0,1) = 13/48.

Therefore the associated join space 1(Hs) is the total hypergroup. Then, for any r > 2,

r(Hg) ~ 1(Hs) and thereby i.f.g.(Hs) = 2.
(b2) Taking the complete hypergroup Hz
€ al az as
AO AO az as
a1 Ao | a2 | as
az as | Ao
as as
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with Ao = {e,a1}, A1 = {az2}, A2 = {as}, one gets that

pe) = fi(ar) = 3/16,  fi(az) = fi(as) = 5/16,
Ae) = Aa1) =10/16, A(a2) = A(az) = 8/16.

Therefore the associated join space o(Hr7) is as follows:

op,AX e ail a2z as
e Ao Ao H H
a Ao H H
a {ag, a3} {az, (13}
as {az, a3}

and
fir(e) = pn(ar) = fir(az) = fir (az) = 4/16,
)\1(6) = )\1(&1) = /\1(a2) = )\1(&3) = 2/16
Therefore the associated join space 1(H7) is the total hypergroup and, for any r > 2,
T(H7) ~ 1(H7), SO ng(H7) = 2.
(717) We consider now the complete hypergroups of order 5.
(a) There are five complete 1-hypergroups of order 5, denoted here by Hsg,. .., Hi2.
(a1) For the first one Hg generated by the group G ~ (Z2,+), by Proposition 3.4, it
follows that i.f.g.(Hs) = 1.
(a2) For Hy represented by the table

o el ar a2 as aq
al AQ A2 A2
a1 Az | e e e
a2 al al ail
as ai ai
aq ai

with AO = {e}, Al = {al},Ag = {ag, as, CL4}, we find that
file) = 21/75, filar) = 33/75, filaz) = filas) = fias) = 7/75,
A

Xe) =40/75, Xai1) =28/75, M az) = Aas) = A(as) = 54/75.

Therefore the associated join space o(Hg) is as follows:

oﬂ/\;\ e al as as a4
e e|{e,a1} | B1 | B1 | B:
ai al H H H
a2 A2 Ag Ag
as Ag A2
Qa4 Az

then

Mi(e) =40/250, Ai(a1) =55/250, Ai(az) =

Then, for any r > 1, »(Hy) ~ o(Ho) and therefore i.f.g.(Ho) = 1.
(a3) Set the complete hypergroup Hio as

ﬂl(e) = 47/250, ﬂ1(a1) = 32/2507 1 (ag) = ﬂlEaS

e ail a2 as a4

e |e| A1 | A1 | Az | A2
ai As | Ao | e e
as As | e e
as A1 A1

as Ay
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where Ao = {e}, A1 = {a1,a2}, A2 = {as, as}. Then, for any i € {1,2,3,4}, we calculate
that fi(e) = 9/25, fi(a;) = 4/25, Ae) =8/25, A(a;) = 13/25.

It result the following join space o(H1o)

Oﬂ/\;\ al a2 as a4
e H|H | H|H
al Bo Bo Bo Bo
as Bo | Bo | Bo
as Bo | Bo
aq By

and, for any i € {1,2,3,4}, i1 (e) = 13/125, fi1(a;) = 28/125, i(e) = 20/125, Ai(a;)

5/125. Therefore, we have, for any r > 1, »(H1o) =~ o(H1o) and i.f.g.(H10) = 1.

(as) Let us consider Hip as

ai a2 as a4

al a2 A3 A3
ai ax | Az | e | e
as e ay ai
as a2 asz
aq az

where Ag = {e}, A1 = {a1}, A2 = {a2}, A3 = {as,asa} (i.e. the 4-tuple associated with

His [1,1,1,2]) and G ~ (Z4,+), for which we calculate

ple) = fpla1) = 6/25,  pla2) =7/25,  fi(as) = fi(as) = 3/25,
Ae) = Aa1) =16/25, A(az2) =15/25, X(as) = A(asa) = 19/25.
Therefore the associated join space o(H11) is as follows:
X € ai a2 as a4
e {e,a1} | {e,a1} | {e,a1,a2} | B2 | B2
al {6,(11} {e,al,ag} BQ BQ
az asz H | H
as Az | As
Qa4 AS
then
[}1(6) = ,1:1,1 (a1) = 92/3757 /}1(0,2) = 47/375, /:1,1(0,3) = /__1,1(0,4) = 72/375,
)\1(6) = )\1(@1) = 45/3757 )\1((12) = 90/3757 )\1((13) = )\1((14) = 65/375
Therefore the associated join space 1(Hi1) is as follows:
Oni AN e ai as as aq
e {e,a1} | {e,ar} | {e,a1,a2} H H
ay {e,a1} | {e,a1,a2} H H
a2 a2 {az,a3,a4} | {az,a3,a4}
a4 A3
for which we find that
HQ(@) = /}2(&1) = ELQ(CL;;) = ELQ(CML) = 74/375, ,L:LQ(GQ) = 79/375,
)\2(6) = /\2(a1) = )\2(0,3) = /\2(a4) = 65/375, )\2(@2) = 60/375
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Therefore the associated join space 2(Hi1) is as follows:

Ofig AXg € ai | a2 | a3 | a4

e BQ Bz H Bz Bz
H

a1 B3 By | By
az az H H
as B> | By
a4 BQ

then
fs(e) = fis(a1) = fis(as) = fa(aa) # fis(az),
Asz(e) = Az(ar) = Az(az) = As(as) # As(az).
Then, for any r > 3, »(H11) ~ 2(Hi11) and therefore i.f.g.(H11) = 3.
(as) For the same 4-tuple [1, 1, 1, 2] associated with H, i.e. A9 = {e}, A1 ={a1}, A2 =
{az2}, As = {as,as}, but with G ~ (K, -) the Klein four-group, it results the following
complete hypergroup Hi2

a1 az as a4
ail a2 A3 A3
ai e | As | a2 | ao
as e al ai
as e
a4

with
f(e) =7/25,  flar) = fila2) = 6/25,  fi(as) = fi(as) = 3/25,
Xe) =15/25, Ma1) = AMa2) = 16/25, X asz) = A(as) = 19/25.
Therefore the associated join space o(Hi2) is isomorphic with o(H11) and thereby we
have that i.f.g.(H12) = 3.
(b) The following complete hypergroups, denoted by His, . .., Hig, are not 1-hypergroups.
(b1) There exist three complete hypergroups of order 5 (which are not 1-hypergroups)
such that G ~ (Z2,+), (corresponding to the 2-tuples [2, 3], [3,2], and [4, 1]); for each of
them we obtain, by Proposition 3.4, that i.f.g.(H;) = 1, with ¢ € {13,14,15}.
(b2) Let us consider Hig as the following complete hypergroup

e ai az as a4

Ao | Ao | Ao | a3 | au

a1 Ao | Ao | a3 | aa
a2 Ao | a3 | aa
as as | Ao
Qay as

where Ao = {e,a1,a2}, A1 = {as}, A2 = {aa}, for which we find that

pe) = fi(ar) = fi(az) = 11/75, [i(a3) = fi(as) = 21/75,
Ae) = AMar) = Aaz) =42/75, A az) = Maq) = 32/75.

Therefore the associated join space o(Hig) is as follows:

Oﬁ/\;\ e al as as a4
e Ao AO Ao H H
al Ao Ao H H
az AU H H
as {ag, a4} {ag, a4}
a4 {as, a4}
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and
pa(e) = fin(a1) = fir(az) # fir(as) = fir(aa),
)\1(6) = A1(a1) = )\1(@2) 75 )\1(a3) = )\1(a4).
Then, for any r > 1, »(Hie) ~ o(Hie) and therefore i.f.g.(H1is) = 1.
(bs) There exist two complete hypergroups Hi7r and His of order 5 generated by a
group of order 4 and characterized by the 4-tuple [2,1,1,1]. Setting Ao = {e,a1}, A1 =
{az2}, Ay = {as}, As = {aa}, if G ~ (Za4,+), then the hypergroup Hi7 is the following
one

e al az as Qg

Ao Ao az as a4

ai A() az as aq
as a3z | as | Ao
as Ao | a2
Qa4 as

and if G ~ (K,-) the Klein four-group, then the hypergroup His is represented by the
table

e al a2 as a4

Ao A(] az as Qa4

a1 Ao | a2 | as | as
as Ao | as | a3
as Ao | a2
Qa4 AO

In both cases one finds that

(e) = i) = 7/50,  fi(as) = fi(as) = fi(as) = 12/50,
Ale) = A(a1) = 36/50, A(az2) = A(as) = A(as) = 31/50.
Therefore the associated join space o(H17) =0 (His) is as follows:
OaAX e al as as Qaq
e Ao Ao H H H
ai Ao H H H
az {a27 asz, a4} {a27 a3,a4} {a27 a3,a4}
a3 {az,a3,a4} | {as, a3, a4}
a4 {az, ag,a4}
and then
pa(e) = fa(ar 1(a2) = p(as) = f1(as),

fn(ar) # i
)\1(6) = /\1(a1) 75 )\1(&2) = /\1(a3) = )\1(&4).
It follows that, for any r > 1, »(H;) ~ o(H;), with i € {17, 18}, and therefore i.f.g.(H17) =
(b4) For H1g

[¢] e al az as a4
e Ao Ao a2 AQ A2
a1 Ao | a2 | As | Az
as As | Ao | Ao
as asz a2
aa az

where Ag = {e, a1}, A1 = {a2}, A2 = {as,as}, one finds the following membership func-
tions

fi(e) = fi(a1) = 8/50,  fi(az) = 16/50, fi(as) = fi(as) = 9/50,
A A Xaz) = 17/50, X A
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Therefore the associated join space o(Hig) is as follows:

OﬁA;\ e ai az as a4
e Ao Ao H BQ BQ
ai Ao H B> B>
az a2 | {a2,a3,04} | {a2,a3,a4}
as As A
a4 A2
and
/:Ll(e) = /}1 (al) = 72/3757 /}1(0,2) = 47/375, /:1,1 (ag) = /:11(0,4) = 92/3757
)\1(6) = )\1(&1) = 65/3757 )\1(&2) = 90/375, )\1((13) = )\1(@4) = 45/375.

It is clear that the associated join space 1(H19) is isomorphic with 1(H11) and thus we
obtain that i.f.g.(H19) = 3.

(iv) Now we study the complete hypergroups of order 6. We denote the twenty one
non-isomorphic complete hypergroups of order 6 by Hso, Ha1, ..., Hao.

There are sixteen complete hypergroups of order 6 with the intuitionistic fuzzy grade
equal to 1, listed in the sequel.

(a1) Let us consider the complete hypergroup Hao

ai | a2 as a4 as

al az A3 A3 A3
a1 az | Az | e e e
az e al ai ai
as az az asz
a4 az as
as az

where Ag = {e}, A1 = {a1}, A2 = {a2}, As = {as, a4,a5} and G ~ (Z4,+). In particular,
Hyp is an 1-hypergroup. Then

(a1) =24/108, f( as) = fi(as) = fi(as) = 8/108,
(al) = 68/108, ( a3) =\ A

Therefore the associated join space o(Hazo) is as follows:

) =36/108, j(
p)

=p flaz
= Xaz) = 56/108,  X(

Oﬁ/\;\ € al a2 as a4 as
e {e,a1} | {e,a1} | {e,a1,a2} | B2 | B2 | B2
ax {e,a1} | {e,a1,a2} | B2 | B2 | B2
az asz H | H| H
as Az | As | As
as Asz | As
as As

We obtain that

fi(e) = fir(ar) = 101/540, fir(az) = 50/540,  fi(as) = f
)\1 al A

Mi(e) = Mi(a1) = 60/540,  Ai(a2) = 111/540, Xi(a3) =

Then, for any r > 1, »(H20) ~ o(H20) and therefore i.f.g.(Hz0) = 1.

1(CL5) = 96/540,
1(0,5) = 65/540.



306

(a2) Let us see the complete hypergroup Ha1

ai az as a4 as
a1 | az | Az | Az | A3
a1 e | As | a2 | a2 | a2
az e al ai ai
as e
a4
as

with G ~ (K, -) the Klein four-group, Ao = {e}, A1 = {a1}, A2 = {a2}, As = {as,a4,as5}.
H>; is an 1-hypergroup, too. Then

fi(e) = 36/108,
A

j al) = ;__J,(ag) = 24/108, ;_L((Ig) = /:L(a4) = ;_Z(a5) = 8/108,
(e) =56/108, A(a1) = A A A

(az) = 68/108, N as) =

It follows that the associated join space o(Ha21) is isomorphic to o(Hz2o) and thereby we
have that i.f.g.(H21) = 1.

(a3) Setting now G =~ (Z2,+), it results five non-isomorphic complete hypergroups
Hss, ..., Ha corresponding to the 2-tuples [1, 5], [2,4], [3, 3], [4, 2], [5, 1]. By Proposition
3.4, it follows immediately that i.f.g.(H;) = 1, for ¢ € {22,...,26}.

(a4) For the complete hypergroup Hs7, which is also an 1-hypergroup,

al az as a4 as

as Al A1 Al A1
ai A | e e e e
a2 as | as | a5 | Aas
asz as | as | as
Q4 as as
as as

where Ao = {e}, A1 = {a1,a2,as3,a4}, A2 = {as}, we calculate that

file) = 36/144, fi(a1) = fi(az) = fi(as) = f(as) = 9/144,  fi(as) = 72/144,
A A Mas) = Mas) = 108/144, X(as) = 45/144.

(e) =81/144, X(a1) =
Therefore the associated join space o(Hz7) is as follows:

oﬁ/\j\ e al a2z as a4 as
e e B5 B5 B5 B5 {e, a5}
ax A | Ar | Ar | Ay H
az Al | A | Ay H
as Al A1 H
a4 A1 H
as as

We find

fii(e) = 74/540, fin(ar) = fi (as) = 104/540, [i1(as) = 50,540,
)

1
1(as) = 45/540,  Ai(as) = 99/540.

Xi(e) = 75/540, Xi(ar) =

Then, for any r > 1, »(H27) ~ o(Ha27) and therefore i.f.g.(Ha27) = 1.
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(as) For the complete hypergroup Hag represented here bellow

a1 as as aq as
e Al Al A2 A2 AQ
ai A2 AQ € e €
as As | e e e
as A1 Al A1
Qa4 Al Al
as Aq

with Ag = {e}, A1 = {a1,a2}, A2 = {as, a4, a5} (in particular, Hog is an 1-hypergroup),
we obtain that

A(e) = 78/216, [i(a1) = fi(az2) = 39/216, fi(as) = fi(
= A(az) = 98/216, A(as) = A(
Therefore the associated join space o(Hazs) is as follows:

as) = filas) = 20/216,
Ae) =59/216, A ay as) = A

) = Mas) = 117/216.

Op/\X e al az as a4 as

e e | {e,a1,a2} | {e,a1,a2} | H | H | H

ax Ay Ay Bo | Bo | Bo

az Ay Bo | Bo | Bo

asz Az | As | Ag

a4 Ag AQ

as A2

and

/}1 (6) = 50/540, /}1 (a1) = /}1((12) = 101/5407 /}1(@3) = [}1(@4) = /:11((15) = 96/5407
/\1(6) = 111/540, )\1 (al) = Al(CLQ) = 60/540, )\1(&3) = A1(6L4) = )\1 (a5) = 65/540

Then, for any r > 1, ,(Has) ~ o(H2s) and therefore i.f.g.(Has) = 1.
(ag) Taking the complete hypergroup Hag

e al az as a4 as
(& Ao AQ az AQ Ag A2
a Ao | az | Az | Az | Az
as Az | Ao | Ao | Ao
as az az az
a4 az az
as a2

with Ag = {e,a1}, A1 = {az2}, A2 = {as, a4, a5}, we calculate that

;;(e) = ji(a1) = 15/108, fi(az) = 39/108, ji(as) = ji(as) = g( ) = 13/108,

(e) = Ma1) = 52/108, A(a2) = 28/108, A(as) = A(a4) (ZE) = 54/108.

Therefore the associated join space o(Hag) is as follows:

OﬂAX e al a2 as a4 as
e A() AU {6, ai, a2} BQ BQ BQ
al Ao {6, ai, a2} BQ B2 Bz
a2 a2 H H H
as A2 AQ AQ
aq A2 A2
as A2
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We obtain that

/:1,1 (6) = /}1(0,1) = 101/540, /}1(0,2) = 50/5407 [}1(0,3) = [:11(0,4) = ;_7,1 (a5) = 96/5407
)\1(6) = )\1((11) = 60/540, )\1(@2) = 111/5407 )\1(@3) = /\1(a4) = )\1(@5) = 65/540.

Then, for any r > 1, »(H29) ~ o(Ha29) and therefore i.f.g.(Hag9) = 1.
(a7) If we take the complete hypergroup Hsp as

e ai asz as a4 | as
e | Ao | Ao | A1 | A1 | Az | Az
a1 Ao | A1 | A1 | Ay | Ao
az Az | As | Ag | Ao
as Az | Ag | Ao
a4 Al | Ay
as Ar

with Ag = {e,a1}, A1 = {a2,a3}, A2 = {a4, as}, then it results that

fi(e) = fi(ar) = filaz) = fias) = fias) = fi(as) = 6/36,
p) p) ) A as) = Mas) = 12/36.

Therefore o(Hso) is a total hypergroup. Then, for any r > 1, (Hso) ~ o(Hso) and
therefore i.f.g.(Hso) = 1.
(as) Let us consider Hs; given by the following table

e ai as as a4 as
e Ao AO Ao as Ag AQ
al Ao | Ao | as | Az | Az
as Ao | as | As | Ao
as Az | Ao | Ao
Q4 as as
as as

with Ao = {e,a1,a2}, A1 = {as}, A2 = {a4, a5}. We calculate that
) = 26/216, [i(as) = 60/216,

(a1) = fi(az T (as) = fi(as) = 39/216,
(a1) = Maz) = 99/216, X(as) = 65/216, A(as) = A(as) = 86/216.

Therefore the associated join space o(Hs1) is as follows:

>IEI

a
A

Oanx | € ap | az | as aq as
e AO Ao AO H B3 B3
ail Ao Ao H B3 B3
a2 A() H B3 Bg
as as | {as,as,as5} | {as,as,as5}
a4 A2 A2
as A

1(a2) = 96/540, ﬂ1(a3) = 50/5407 ﬂ1(a4) = /}1(0,5) = 101/540,
=\

fin(e) = pn(a1) = L z
) )\1 1(&2) = 65/5407 )\1(&3) = 111/540, )\1(@4) ((15) = 60/540.

(a1) =
Then, for any r > 1, »(Hs1) ~ o(Hs1) and therefore i.f.g.(Hs1) = 1.



(ag) Let us consider the following complete hypergroup Hss

[ al a2 as a4 as

Ao | Ao | Ao | Ao | aa | as

ar Ao | Ao | Ao | aa | as
as Ao | Ao | asa | as
as Ao | as | as
aq as | Ao
as aq

with Ao = {e,a1,a2,as}, A1 = {as}, A2 = {as}. One gets that

f(e) = fi(a1) = fi(az) = fi(as) = 9/72,

Xe) = May) = Maz2) = Maz) = 36/72,

a(

Therefore the associated join space o(Hsz) is as follows:

with

Then, for any r > 1, »(Hs2) ~ o(Hs2) and therefore i.f.g.(Hsz

a
Aa

a) = i(
)=

Oﬂ/\S\ e al a2z as a4 as
e AO AO Ao AO H H
al Ao Ao Ao H H
az Ao Ao H H
as Ao H H
a4 {a4,a5} {61,47 a5}
as {as, a5}
pa(e) = pa(ar) = pa(az) = fir(as) # pa(as) = pa(as),
Ar(e) = Ai(a1) = Ai(az) = Ai(as) # Ai(as) = Ai(as)

(a10) Let us consider Hsz given by the following table

NS
I
=

ai az as a4 as
ai A2 A2 AS AS
al e A3 Ag A2 A2
a2 e e ai ai
as ai ai
a4 (&
as
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as) = 18/72,
(a5) = 27/72.

with Ag = {e}, A1 = {a1}, A2 = {a2,a3},As = {a4,as5} and G ~ (K,-) the Klein
four-group. It is obvious that Hss is an 1-hypergroup. It results that

fi(e) = f(a1) = 10/36,
Xe) = Mas) = 18/36,

Therefore the associated join space o(Hss) is as follows:

fi(az) = fi(as) = fi(as) = fi(as) = 4/36,
)\(az) = A(a3) = /\(a4) = )\((15) = 24/36.

oﬁ/\;\ e ail a2 as a4 as
e {e;a1} | {e,a1} H H H H
a1 {e,a1} H H H H
az {a2,a3,a4,as5} | {az,a3,04,a5} | {a2,a3,a4,a5} | {a2,a3,04,0as5}
a3 {a2,a3,a4,0a5} | {az2,a3,a4,0a5} | {az,a3,a4,a5}
a4 {az,a3,a4,as} | {a2,as,a4,a5}
as {a2,a3,a4, a5}
and
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Then, for any r > 1, »(Hss) ~ o(Hs3) and therefore i.f.g.(Hss) = 1.
(a11) Let us consider the following complete hypergroup Hsy

e al as as aq as

Ao AO az as A3 A3

a1 Ao | a2 | a3 | Az | A3
a2 Ao | Az | as | a3
as Ao | az | a2
a4 Ao | Ao
as Ao

with Ag = {e,a1}, A1 = {a2}, A2 = {as}, Az = {as,a5} and G ~ (K,-) the Klein
four-group. We calculate that

(e) =
(e)

>R

A(
A(

a1
ai

) =
)=

Therefore the associated join space o(Hza) is as follows:

oﬁ/\;\ e al a2 as a4 as
e {e,a1,a4,a5} | {e,a1,a4,as5} H H {e,a1,a4,as5} | {e,a1,a4,as5}
a1 {e,a1,a4,as5} H H {e,a1,a4,a5} | {e,a1,a4,as5}
az {az,as} | {a2,as} H H
as {az2,a3} H H
a4 {e,a1,a4,a5} | {e,a1,a4,as5}
as {e,a1,a4,as5}
then
pa(e) = p1(a1) = fir(as) = pa(as) # fa1(az) = 1 (as),
Ar(e) = Ai(a1) = Ai(as) = Ai(as) # Ai(az) = Ai(as)

Then, for any r > 1, »(Hs4) ~ o(H34) and therefore i.f.g.(Hsa)

(a12) For the complete hypergroup Hss

e al az | as aq as

Ao Ao az as a4 as

al Ao | a2 | a3z | aq as
as az | as | as | Ao
as as | Ao | a2
aq az as
as a4

with Ao = {e,a1}, A1 = {a2}, A2 = {as}, As = {aa}, As = {as}, we calculate that

We notice that o(Hss) is isomorphic to o(Hss) and therefore, for any r > 1, »(Hss)

o(Hss) and so i.f.g.(Hss) = 1.

a4
Gaq

)
)

(

= H
=2

(15) = 7/367
(as) = 25/36.

~

Now we present the complete hypergroups of order 6 which have the intuitionistic

fuzzy grade equal to 2.



(b1) The complete hypergroup Hse is the following one

e | a1 | a2 |as| as | as
Ao Ao Ao as aq as
ax Ao | Ao | as | as | as
a2 Ao | a3 | a4 | as
as as | as | Ao
a4 Ao | a3
as a4
where Ag = {e,a1,a2}, A1 = {az}, A2 = {as}, A3 = {as}, and G
f(e) = ) = plaz) = 4/36,  fla) = ilas) =

[
)\( ) = )\(al) = )\(az) = 24/36 )\((13) = )\(a4) 5\

Therefore the associated join space o(Hsg) is as follows:
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~ (Z4,+). Then

as) = 8/36,

(
(as) = 20/36.

Oﬂ/\j\ e al az as as as
e Ao Ao Ao H H H
ail Ao Ao H H H
as Ao H H H
as {az,as,as5} | {as,a4,as5} | {as,a4,as5}
as {as,a4,a5} | {as,a4,a5}
as {as, a4, a5}

We find that

pa(e) = fir(ar) = fir(az) = fia(as) = fa(as) = fa(as) = 6/36,
)\1(6) = )\1(&1) = )\1((12) = )\1((13) = )\1((14) = )\1((15) = 3/36

It follows that 1(Hse) is a total hypergroup. Then, for any r > 2

therefore i.f.g.(Hsg) = 2.
(b2) The complete hypergroup Hsz has the following table

e al as as aq as

Ao | Ao | Ao | a3 a4 | as

ax Ao | Ao | a3 | asa | as
a2 Ao | a3 | as | as
as Ao | as a4
aq Ao | a3
as AO

with G =~ (

r(H36) = 1(H36) and

K, .) the Klein four-group, Ao = {e,a1, a2}, A1 = {as}, A2 = {aa}, As = {as}.

We obtain the same membership functions as in the previous case. So, i.f.g.(Hs7) = 2.
(b3) Taking the complete hypergroup Hss as the following 1-hypergroup

aip | a2 as a4 as

al a2 as A4 A4

ar as | a3 | A4 | e e

as As | e | a1 | a1

as a1 | a2 | a2

aq as | as

as as
where Ao = {6},A = { 1} A2 = {a2}7A3 = {a3},A4 = {a4,a5},
Ale) = plar) = fi(az) = 14/72, [i(as) = 16/72, fi(as) =
Ale) = Aar) = Aaz) =51/72, A as) =49/72, Aas) =

then
/j‘(a5) = 7/725

Aas) = 58/72.
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Therefore the associated join space o(Hss) is as follows:

oﬁ/\i e al a2z as Qa4 as
e {e,a1,a2} | {e,a1,a2} | {e,a1,a2} | {e,a1,az2,a3} | Bs | Bs
a1 {e,a1,a2} | {e,a1,a2} | {e,a1,a2,a3} | B3 | Bs
a2 {e,al,ag} {e,al,az,ag} 33 33
as as H | H
a4 Ay | Ay
as A4

and we obtain that

[}1(6) = /_7,1 (a1) = /_7,1(&2) = 227/1080, ELl(a3) = 95/1080, /}1((14) = /}1(&5) = 152/1080,
)\1(6) = )\1((11) = )\1((12) = 90/1080, )\1((13) = 222/1080, )\1((14) = )\1(@5) = 165/1080.
Therefore the associated join space 1(Hzss) is as follows:
OniAX € ay a2 as a4 as
e {6,&1,&2} {670417042} {6,&17042} {67a17a27a‘3} H H
a {e;a1,a2} | {e,a1,a2} | {e,a1,a2,a3} H H
as {e,a1,a2} | {e,a1,a2,a3} H H
as as {ag,a4,a5} {ag,a4,a5}
a4 A4 A4
as A4
for which we find
/:1,2(6) = /}2(0,1) = /:12((12) = 39/216, /}2((13) = 35/2167 ,1:1/2((14) = /}2(@5) = 32/216,
)\2(6) = Az(al) = 2(&2) = 26/2167 )\2(@3) = 30/216, /\2(a4) = )\2((15) = 33/216

Then, for any r > 2, »(Hss) ~ 1(Hss) and therefore i.f.g.(Hss) = 2.

The last two complete hypergroups of order 6 have the intuitionistic fuzzy grade equal
to 3.
(1) For the 1-hypergroup Hsg

ai az as a4 as

ar | As | As | Az | As
ai Az | As | As e e
as e al ai
as a1 ai
Qa4 A2 A2
as A2

where Ag = {e}, Ay = {a1}, A2 = {a2,as}, A3 = {a4,as}, and G ~ (Z4,+), we find that

ple) =18/72,  p(a1) =20/72, ji(az) = i(as) =9/72,  [(as) = fi(as) = 8/72,
Ne) = 37/72, Aa1) = 35/72, Aaz) = Aas) = 46/72, Aas) = A(as) = 47/72.
Therefore the associated join space o(Hsg) is as follows:

OnAX ai as as a4 as
e e| {e,a1} | {e,az2,as} {e,az2,as3} B B
a1 a1 {e,a1,a2,a3} | {e,a1,a2,as} H H
a2 A2 A2 {a27a3,a4,a5} {ag,ag,a4,a5}
as Ay {az,a3,a4,a5} | {az,as,a4,as5}
Qa4 Ag Ag
as A3




and
/}1(6) = 87/5407 [}1(@1) = 55/540, [}1(@2) = /ZL1((13) = 117/540,
A1(e) =105/540, Ai(a1) = 1737/5407 ~ Ai(az2) = Mi(a3) = 75/540,
ﬂl(a4) = ﬁ1(a5) = 82/540, )\1(0,4) =)\ (a5) = 110/540.
Therefore the associated join space 1(Hsg) is as follows:
Oﬁl/\;1 al az as a4 as
e H B B {e,as,as5} {e,as,as5}
al ay | {a1,a2,a3} | {a1,a2,a3} Bo Bo
a2 A2 A2 {az,ag,a4,a5} {az,ag,a4,a5}
as Az {ag,ag,a47a5} {az,a37a47a5}
a4 A3 A3
as Ag
and
,L:I,Q(e) = /}2(@1) = 52/540, /.:1,2((12) = /}2(&3) = /}2((14) = /}2(@5) = 109/5407
/\2(6) = Ag(al) = 137/540, Az(ag) = )\2(0,3) = /\2(a4) = )\2((15) = 80/540.
Therefore the associated join space 2(Hsg) is as follows:
Oﬁz/\xz e al az as a4 as
e {e,a1} | {e,a1} H H H H
a1 {e,a1} H H H H
az {az,a3,a4,a5} | {a2,a3,a4,a5} | {a2,a3,a4,a5} | {a2,a3,04,05}
as {az,a3,a4,a5} | {a2,a3,0a4,a5} | {a2,a3,0a4,a5}
Qa4 {a2,a3,a4,0a5} | {a2,a3,0a4,0a5}
as {az,ag,a47a5}

for which we calculate

fs(e) =
)\3 (6) =

Then, for any 7 > 3, »(Hsg) ~ 2(Hs9) and therefore i.f.g.(Hsg) =
(c2) Let us consider Hao as the following complete hypergroup

M3
A

e ai | a2 | as a4 as

Ao Ao az as A3 AS

al AO as as Ad A3
az as A3 Ao Ao
as Ao a2 as
a4 as as
as as

with Ag = {e, a1}, A1 = {a2}, A2 = {as}, As = {as,as5}, and G ~ (Z4,+) (the 4-tuple
associated with Hag is [2,1,1,2]). Then, we obtain the following membership functions

le) = Blan) =9/72, - az) = 16/72, - ias) = 18/72
Xe) = Mai) = 44/72, X a2) = 37/72, M as) = 35/72,
f(as) = fi(as) = 10/72, M as) = Mas) = 43/72.

It is clear that the associated join space o(Haio) is isomorphic to the join space o(Hsg)
and therefore i.f.g.(Hao) = 3.
O
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Making a short comparison with the fuzzy grade of the same hypergroups, we notice
that there are no complete hypergroups of order less than or equal to 6 with the fuzzy
grade equal to 3, instead there are 5 such hypergroups with the intuitionistic fuzzy grade
equal to 3. Moreover, for the complete hypergroups of order 3 or 4, the fuzzy grade
coincides with the intuitionistic fuzzy grade.

5. Conclusions and future work

In this paper, we have presented the join spaces and the membership functions of the
intuitionistic fuzzy sets associated with all forty non-isomorphic complete hypergroups
of order less than or equal to 6, determining their intuitionistic fuzzy grades. A similar
work has been done by Cristea [14], regarding the fuzzy grades of the same hypergroups.

The fuzzy grade of a complete hypergroup H constructed from a group G does not
depend on the group G, but only on the m-decomposition of n = |H|. More exactly,
if G1 and G2 are non-isomorphic groups of the same order m, and H; and Hy are
the correspondent complete hypergroups of order n, then f.g.(Hi) = f.g.(Hz2). This
is an immediate consequence of Theorem 2.3 [14]. In this paper, we noticed that the
intuitionistic fuzzy grade of a complete hypergroup does not have the same property. For
example, let H be a complete hypergroup of order 6 such that [1,1,2,2] is the 4-tuple
associated with it. Therefore, there exist two non-isomorphic hypergroups of such type:
the hypergroup denoted in this article with Hsg (obtained with the group G ~ (Z4,+))
and the hypergroup Hss (obtained with the group G ~ (K, -) the Klein four group). We
have obtained that i.f.g.(Hsg) = 3 and i.f.g.(Hss) = 1. Thereby the intuitionistic fuzzy
grade of a complete hypergroup depends also on the group G. It seems interesting to
find conditions connected with the group G ( with |G| = m) such that i.f.¢g.(H) depends
only on the m-decomposition of n = |H|. This theme will be discussed in a future work.
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In this paper representations and characterizations of the class of
rapidly varying functions in the sense of de Haan, for index +oc0, will
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1. Introduction and Results

Karamata’s theory of regular variation (see e.g. [6]) was appeared during the thirties
of last century as a result of the first serious study of Tauberian type theorems for integral
transformations (see e.g. [7] and [8]). The main object in this theory is the class of slowly
varying functions in the sense of Karamata which is denoted by SV.

A measurable function f : [a,00) — (0,00) (a > 0) is called slowly varying in the
sense of Karamata if it satisfies the following condition

) um L0
M@
for every A > 0,

L. de Haan in [5] introduced the class of rapidly varying functions (denoted by R ),
with the index of variability 4+oco. In fact, this notion has already appeared in some
Karamata’s papers (see e.g. [11]), but in a less distinctly form. In recent years, the
Theory of rapid variability and its generalizations have experienced great development
in asymptotic analysis and in mathematics in general (see e.g. [1], [2], [3], [4] and [10]),
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simultaneously with Karamata’s theory of regular variability (see [1]). Important prop-
erties of the class Roo can be seen in [4].

A measurable function f : [a,00) — (0,00) (@ > 0) is called rapidly varying in the
sense of de Haan with the index of variability oo, if it satisfies the following condition

(1.2)  fim LO%) _ o

A @)
for every A > 1.

1.1. Remark. In this paper we will consider a function f € R. defined on the interval
(0, 00). Analogous results can be obtained if the domain of a function f is interval [a, 00),
a> 0.

According to results from [1], rapidly varying function f satisfies condition

oo flpx)
(L3 o My =

for every A > 1 and it follows that for some zo > 0 function f is bounded on every
interval (xo,x). Also, f(z) — oo for £ — oo holds.

Now, we give the representation of a functions from functional class R in Karamata’s
form.

1.2. Remark. In the following theorem, operator D is lower Dini derivative (see [9])

Dg(x) = lim &) —9@)
y—oe YT

forg:R—R, z € R,

and denotation ~ represents strong asymptotic equivalence relation.
1.3. Theorem. For a function f : (0,00) — (0,00) the next assertions are mutually
equivalent:

(a) function f belongs to the class Roo;

(b) there is a non-decreasing, absolutely continuous function g : R — R such that
lim Dg(z) = oo and there is a measurable function j : (0,00) — (0,00) such
T —r 00

that j(x) ~ x for © — oo, so that

f(z) = exp(g(log(j()))),
for all x > 0;
(c) there are a measurable functions j : (0,00) — (0,00) and h : (0,00) — [0, 00),
such that lim h(z) = oo and j(x) ~ x for x — oo, for which holds
T —r 00

J(z)
du

flx)=exp{c+ h(u)— 3,

ot

for all x > 0 and for some c € R.

Now, we give the characterization of a elements from the class R. in Karamata’s
form.

1.4. Theorem. Let f: (0,00) — (0,00) be a measurable function. Then f € R if
and only if for all a > 0 there is a measurable function jo : (0,00) — (0,00) such that
j(x) ~ x, for x — oo, and there is a non-decreasing function kq : (0,00) — (0,00), so
that

f(@) = 2% ka(jalz)), for z > 0.
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The following theorem gives a few characterization of elements of one proper subclass
of class Rso, which could be called class of normalized rapidly varying functions (see,

e.g., [1]).

1.5. Theorem. For a measurable function f : (0,00) — (0,00) the following assertions
are mutually equivalent:

(a) [lim logy f00) _ o,
A=l f(:C)
(b) @ =o0 (Df(x)), for x — oo (0 is Landau symbol [1]);
c) there exists a function g : R — R such that lim Dg(x) = co so that holds:
h f R—R h that lim D hat hold
T —r 00

f(z) = exp(g(log(z)))

for all x > 05
(d) for all @ € R function % is increasing on some interval [Tq, 00).

1.6. Remark. 1) Theorem 1.5 holds even without assumption that the function f
is measurable, but this assumption should be included because in Theorem 1.5
one important subclass of class R is characterized.

2) The fact that for a measurable function f : (0, 00) — (0, c0) exists a measurable
function h : (0,00) — R such that zli)nolo h(z) = oo, and for which is f(z) =
exp{c+ [ h(u)9:} for all > 0 and some ¢ € R, implicates (c) from Theorem
1.5 (and, also implicates (a), (b) and (d) from Theorem 1.5). The proof is analog
to the proof (¢) = (a) = (b) from Theorem 1.3. The opposite direction need
not to be true without additional conditions.

3) If f is absolutely continuous function, opposite direction in 2) is true. That can
be proved analogously to the proof (b) = (c) from Theorem 1.3.

2. Proofs

Proof of Theorem 1.3. (a) = (b) Let f € Ro. Let construct sequence (z,) of positive
real numbers with the following properties:

1° () is strictly increasing sequence and lim z, = oo,

n— oo
2° lim InFL — 1, and
n—oo Ip
3° % > 2 for all x > 0 and all y > 0, for which > x,4+1 > x, > y > x1, where
n € N.

Let 1 > 0 so that f is locally bounded on the interval [z1,00) and let zpy1 =
(A + %)xn for n € N, where A, = sup{A > 1| f(Azn) <2 sup f(¢t)}. Clearly, for

z1<t<zpn

all n € N there exists A, in R and z,, < A\pzn, < Tpg1. f 2 > 2p41 > 0 >y > 0,
then > Anzn for n € N, and according to the definition of the sequence (\,) it is
flx) > 2f(y) for z1 <y < z,. Especially, f(znt1) > 2f(zn) for n € N, which yields
lim f(xz,) = oo. As f is locally bounded function on the interval [z1,00), it follows
n—oo
lim z,, = co.
n—oo

According to the definition of sequence ()\,) it can be concluded that sequences (tn)
and (yn) are such that, for every n € N, it follows that u, € ()\n—%, An) and yn € [z1, Zn],
f(pnzn)
fyn)

for which it is < 2. Then, according to the theorem of uniform convergence for
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rapidly varying functions (see (1.3) or [1]), it follows lim sup HnZn <1, ie., limsup p, <

n—oo Yn n—oo

1, so it follows that lim A, = 1. Thus, lim Tntl _ g
n—oo n—oo Ip

Let g : R — R be a linear function on [t,,tn+1] such that g(¢t») = In f(z,), where
tn = Inx,, for every n € N. Also, g(t) = e’ — x1 + g(t1), for t < t;. Now, we have that
g is a continuous, piecewise smooth and strictly increasing (hence, absolutely continuous
and non-decreasing) function, and (from 1° and 3°) it satisfies

g/(t) _ g(tn+1) - g(t") _ lnf(‘r""rl) —1In f(x")

= > 0,
tnt1 — tn Inzpt1 — Inz,

for any t € (tn,tn+1), n € N. Furthermore, (from 2° and 3°) it satisfies

f(@ng1)
In In2
i / ; f(n) ; n
= > —_— =
An o 0= rma 2 M o =

for R 5t # tn, for every n € N. Thus, lim Dg(z) = co.
Tr—>00

Now, let j(z) = e‘fl(lnf(z)), for z > 0. A function j(z) is measurable, because f(x) is
a measurable function, and exp (gfl(log(t))) is a piecewise smooth function (and hence
it is absolutely continuous function), for ¢ > 0.

Now, we will show that j(z) ~ =z, for z — oco. From condition 3° it follows that

f(@) > 92 and f(@n+2)
f(@n-1) f(z)

and n we obtain

f(@n-1) < f(z) < f(@n+2),

so, we have

97 (Inf(zn-1)) < g~ ' (Inf(x)) < g™ ' (In f(znt2)).

Furthermore, for those z and n, we have

> 2, for some x € [Zn,Zny1) and n € N, n > 2. For those z

th—1 = lna:n_1 < ln](x) < lna:n+2 = tn+2,
and finally we obtain that

Tl _ Tn-1 _ j(z) < In42 _ Tnt2

Tt x x T Tn
Hence, from 2° it is satisfied that j(x) ~ z, for z — oo, and f(z) = exp(g(log(j(x)))) for
x> 0.
(b) = (c) Let functions g and j have properties given in (b). Let

_ Jg(=), forxz>0,

9= g(0), for z <0.

Let h(z) = Dgo(Inz) for z > 0. Then h is measurable, locally integrable, and lim h(x) =
r—r00

oo holds. Also, it is

J(x) J(x) In j(x)
[ nw® = [ Do = [ Dooterar -
0 0 —o0

In j(x)

= [ Dottt = glinj()) - 9(0) =In f(z) -
0
for a constant ¢ = g(0) € R, and for all z > 0.
Thus, f(z) = exp {c + foj(x) h(u)%“}, for all x > 0 and for mentioned ¢ € R.
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(¢) = (a) Let A > 1 and M € R. Then, there is zo > 0 such that h(z) > M and
)

In A
ATE < % < )\%, for z > %. Hence, it follows
FOw) i) i J(z) i 7(Az) i
x U u u
1 = - — -~ = ==
n 70) / h(u) " / h(u) " / h(u) e
0 0 i(=)
2M ) . _2M jAz)
>N (Inj(Az) —Inj(z)) = X In ()\ 3@ >
2M S
> m-ln()\-)\ D\ 4) - M,
f(Az)

for x > xo. Therefore, it holds that lim

a measurable function, as a composition of three function: a measurable function j,

= oo, for every A > 1. Also, f is

& du
an absolutely continuous function [ h(u)— and an exponential function. Hence, f €
0 u

Re. O

Proof of Theorem 1.4. (=) If f € R, then f(z) € Roo, for x > 0, and every fixed
xot

a > 0. From Theorem 1.3, it follows that £2) = exp {ga(log(ja (z))) }, for that a and

every > 0, where go : R — R is a non-decreasing function and j, : (0,00) +— (0, 00)
is a measurable function such that jo(x) ~ z, for x — oo. If we take that kq(t) =
exp {ga(log(t))}, for t > 0, we obtain that Theorem holds for this direction.

(«=) For arbitrary a > 0, if there is a measurable function j : (0,00) — (0,00) such
that lim Jalz) = 1 and a non-decreasing function kq : (0,00) — (0, 00), that is satisfied

xTr—ro0

x
flz) =2z ka(ja(x)), for > 0 we obtain that
f(Ax) _y«@ ka(]@(Ax)) @
=A== > A,
f(x) ka (ja(z))
for A > 1 and sufficiently large x. The previous inequality holds because jo(Az) >
VAz > jo(x) for mentioned «, A and sufficiently large z. Therefore, it follows that

. fQz)
Jm Ty =

oo, for A > 1. Also, f is a measurable function. Finally, f € Rw. O

Proof of Theorem 1.5. (a) < (c) Let introduce function f in the following way: f(z) =
exp(g(log(z))), for z > 0. Then, equivalence (a) < (c) follows from:

SO _ L gt +8) —gt)

lim log =
T—>00 A f(l') t—o00 5 t— o0
A—=1y §—04

(b) & (c) Again, let introduce function f as f(z) = exp(g(log(x))), for =z > 0.

D
Then, from the fact that Dg(x) = D(In f(e®)) = *JJZ((ZZ))@ , for all € R, it follows
lim Dg(z) = oo is equal to the fact that @ = o(Dyg(t)), for ¢ — oo. This proves the
Tr—r0o0

equivalence (b) < (c).
(¢) < (d) Once more, let introduce function f by f(z) = exp(g(log(z))), for > 0.
Then the function f(z), xz > 0 and a € R, is increasing on an interval [z, c0) if and only

o

f(e)

eat

if the function In = g(t) — at, for t € R and the same « € R, is increasing on an



322

interval [tq,00), and this last condition is equivalent to the fact that lim Dg(t) > « for

t— o0
all & € R. The last fact is equivalent to the fact that tlim Dg(t) = 0. O
—00
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Notes on near-ring ideals with (o, 7)-derivation
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Abstract

In the present paper, we extend some well known results concerning
derivations of prime near-rings in [4], [5] and [13] to (o, 7)—derivations
and semigroup ideals of prime near-rings.
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1. Introduction

An additively written group (IV,+) equipped with a binary operation . : N x N —
N, (z,y) — xy, such that z(yz) = (xy)z and z(y + 2) = zy + zz for all z,y,z € N is
called a left near-ring. A near-ring N is called zero symmetric if Ox = 0 for all x € N
(recall that left distributive yields 20 = 0). An element = of N is said to be distributive if
(y 4+ 2) z = yx + zz for all z,y,z € N. In what follows all near-rings are zero symmetric
left near-rings. A near-ring N is said to be 3—prime if t Ny = {0} implies z = 0 or y = 0.
For any z,y € N, as usual [z,y] = zy — yx and zoy = xy + yz will denote the well-known
Lie and Jordan products respectively, while the symbol (z,y) will denote the additive
commutator  +y — z — y. Given an element a of N, we put C(a) = {z € N | ax = za}.
The set Z = {& € N | yz = zy for all y € N} is called multiplicative center of N.
A nonempty subset U of N will be said a semigroup right ideal (resp. a semigroup
left ideal) if UN C U (resp. NU C U) and U is both a semigroup right ideal and a
semigroup left ideal, it will be called a semigroup ideal. An additive mappingd: N — N
is said to be a derivation if d(zy) = zd(y) + d(z)y for all z,y € N or equivalently,
as noted in [13, Proposition 1], if d(zy) = d(x)y + zd(y) for all z,y € N. An element
x € N for which d(z) = 0 is called constant. Following [8], an additive mapping d
of N is called (o, 7)—derivation if there exist automorphisms o,7 : N — N such that

*Cumbhuriyet University, Faculty of Science, Department of Mathematics, 58140 Sivas,
TURKEY.
Email: ogolbasi@cumhuriyet.edu.tr Corresponding Author.

fCumhuriyet University, Faculty of Science, Department of Mathematics, 58140 Sivas,
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Email:hyazarli@cumhuriyet.edu.tr



324

d(zy) = 7(x)d(y) + d(x)o (y) for all z,y € N or equivalently, as noted in [8, Lemma
1], if d(zy) = d(z)o(y) + 7(z)d(y) for all z,y € N. Of course a (1,1)—derivation where 1
is the identity map on N is a derivation.

As well known that derivations or (o, 7)—derivations are important both in algebra
and ring theory. These topics have many implications such as generalizations of Lie
algebra, differantial and homological algebra. Some researchers have studied on these
topics.(see [6], [7], [10] and [12] ). Since E. C. Posner published his paper [11] in 1957,
many authors have investigated properties of derivations of prime and semiprime rings.
In view of these results it is natural to look for comparable results on near-rings. The
study of derivations of near-rings was initiated by H. E. Bell and G. Mason in 1987
[3], but thus far only few papers on this subject in near-rings have been published (see
refererences for a partial bibliography).

In the present paper, we shall attempt to generalize some known results for deriva-
tions to (o, 7)—derivations and semigroup ideals of a left prime near-ring N. In Theorem
3.3, we extend [13, Theorem 1]. Theorem 3.7 is a generalization of [4, Lemma 3.2] to
(o, 7)—derivation and semigroup ideals of N. Finally, it is shown that under appropria-
tiate additional hypothesis near-ring N must be a commutative ring.

2. Preliminaries
We begin with the following known results.

2.1. Lemma. [3, Lemma 3]|Let N be a prime near-ring.
(2) If z € Z\ {0}, then z is not a zero divisor.
(i) If Z contains a nonzero element z for which z + z € Z, then (N, +) is abelian.
(#it) Let d be a nonzero derivation on N. Then xzd(N) = (0) implies x = 0, and
d(N)z = (0) implies x = 0.
(v) If N is 2—torsion free and d is a derivation on N such that d?> =0, then d = 0.

2.2. Lemma. [4, Lemma 1.3|Let N be a 3—prime near-ring and d be a nonzero derivation
on N.

(?) If U is a nonzero semigroup right ideal (resp. semigroup left ideal) and x € N such
that Uz = (0) (resp. zU = (0)), then x = 0.

(#3) If U is a nonzero semigroup right ideal or semigroup left ideal, then d(U) # (0).

(42) If U is a monzero semigroup right ideal and x € N which centralizes U, then
x € Z.

2.3. Lemma. [4, Lemma 1.4|Let N be a 3—prime near-ring and U be a nonzero semi-
group ideal of N. Let d be a nonzero derivation on N.

(4) If z,y € N and zUy = (0), then x =0 or y = 0.

(43) If x € N and d(U)x = (0), then = = 0.

(#3t) If x € N and zd(U) = (0), then z = 0.

2.4. Lemma. [4, Theorem 2.1]Let N be a 3—prime near-ring and U be a nonzero semi-
group right ideal or a nonzero semigroup left ideal of N. If N admits a nonzero derivation
d for which d(U) C Z, then N is a commutative ring.

2.5. Lemma. [4, Lemma 3.2|Let N be a 3—prime near-ring and U a nonzero semigroup
ideal of N. Let d be a nonzero derivation on N such that d*(U) # (0). If a € N and
[a,d(U)] = (0), then a € Z.

2.6. Lemma. [5, Lemma 1.8|Let N be a 3—prime near-ring with 2N # (0), and U a
nonzero semigroup ideal. If d is a derivation on N such that d*(U) = (0), then d = 0.



325

2.7. Lemma. [5, Lemma 2.4|Let N be an arbitrary near-ring. Let S and T' be nonempty
subsets of N such that st = —ts for alls € S andt € T. If a,b € S and c is an element
of T for which —c € T, then (ab) c = c(ab).

2.8. Lemma. [8, Lemma 1|Let N be a 3—prime near-ring and d be a (o, 7)-derivation

on N. Then d(zy) =d(z)o (y) + 7 (x)d(y), for all z,y € N.

2.9. Lemma. [9, Lemma 4]|Let N be a 3—prime near-ring, d a (o, 7)-derivation of N
and U a nonzero semigroup right ideal (resp. semigroup left ideal). If d (U) = (0), then
d=0.

2.10. Lemma. [9, Theorem 1]Let N be a 3-prime near-ring, d a nonzero (o, 7)-derivation
of N and U a nonzero semigroup right ideal of N. If d(U) C Z, then N is a commutative
ring.

2.11. Lemma. [9, Theorem 3|Let N be a 3-prime near-ring, d a nonzero (o, 7)-derivation
of N such that od = do,7d = dr and U a nonzero semigroup ideal of N. If d* (U) = (0),
then d = 0.

2.12. Lemma. [1, Lemma 2.2|Let d be a (o, 7)-derivation on the near-ring N. Then N
satisfies the following partial distributive laws:

(@) (r(x)d(y) +d(z)o (y)) z =7 (z)d(y) 2+ d(z)o (y) 2, for all z,y,z € N.

(@) (d@)o(y)+7(x)d(y)z=d(x)o(y)z+ 7 (x)d(y) z for all x,y,z € N.

3. The Main Results

3.1. Theorem. Let N be a 3—prime near-ring and U a nonzero semigroup ideal of
N. If di is a nonzero (o,7)-derivation and dz a nonzero derivation of N such that
dy (z) o (d2 (y)) = —7 (d2 (x)) d1 (y) for all z,y € U, then (N, +) is abelian.

Proof. Writing yr, y € U, r € N instead of y, we have
di (z) o (da (y) 7+ ydz (r)) = =7 (d2 (2)) (7 (y) d1 (r) + d1 (y) o (1))
and so
di (z) o (d2 (y))o(r) +di (z) o(y)o(dz (1)) = =7 (d2 (x)) d1 (y) o (r)—7 (d2 (x)) T (y) du (7)
Using the hypothesis, we get
(31) di(z)o(y)o(da(r))=—7(d2(x))7(y)di(r), for all z,y € U,r € N.
Replacing r by r + ¢, t € N in (3.1), we get
di (z) o (y) o (d2 (r)) + di (x) o (y) o (d2 ()
= —7(d2 (2)) 7 (y) (d1 (r) + da (1))
Using —(a + b) = (=b) + (—a), for all a,b € N, we have
di (z) o (y) o (d2 (r)) + di (z) o (y) o (d2 ()
=—7(d2 (2)) 7 (y) da (t) — 7 (d2 (2)) 7 (y) d1 (1)
and so
di (z) o (y) o (d2 (r))+di (z) o (y) o (da (t))+7 (d2 (x)) 7 (y) du (r)+7 (d2 () 7 (y) da (t) = 0.
Using the (3.1) and (r,t) = r +t — r — t in the last equation, we arrive at
di(z)o (y)o (da (r,t)) =0, for all z,y € U,r,t € N.
That is
(3.2) o (d1 (x))Uda (r,t) = (0), for all x € U,r,t € N.
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By Lemma 2.3 (i), we get di (U) = (0) or d2 (r,t) =0, for all r,t € N. If di (U) = (0),
then di = 0 by Lemma 2.9. This is a contradiction. So that dz (r,t) = 0 for all r,t € N.
For any w € N, we have dz (wr,wt) = 0. Hence we obtain that d (w) (r,t) = 0, for all
w,r,t € N. From Lemma 2.1 (iii) and d2 # 0, we get (r,t) = 0, for all r,¢ € N. Thus the
proof is completed. 0

3.2. Theorem. Let N be a 2—torsion free 3—prime near-ring and U a nonzero semigroup
ideal of N. If di is a (o, T)-derivation and d2 a derivation of N such that di (x) o (d2 (y)) =
—7(dz2 (z)) d1 (y) for all x,y € U, then di =0 or d2 = 0.

Proof. Assume that dz # 0. Using the same method as in the proof of Theorem 3.1, we
have

(3.3) di(z)o(y)o(da(r)) =—7(d2(x)) 7 (y)di (1), for all z,y,r € U.
Replacing y by yd2 (2) in (3.3), we have

(3.4)
di(z) o (y) o (d2(2)) o (d2 (r)) = =7 (d2 () 7 (y) 7(d2 (2))d (r), for all z,y,7,z € U.
Using (3.3) in (3.4), we arrive at
7 (d2 (1) 7 (1) di () 0 (d2 () = —7 (da (2)) 7 () 7(dz (2))d ()
and so
7 (dz2 (2)) 7 (y) (d1 (2) o(d2 (1)) — 7(d2 (2))d1 (r)) = 0, for all z,y,r,z € U.
Since 7 is an automorphism of N, we get
(3.5)  do(z)Ur ™" (di (2) 0(da(r)) — 7(d2 (2))d1 (r)) = (0), for all z,7,z € U.

By Lemma 2.3 (i), we get d2(z) = 0 or di (2)o(d2(r)) = 7(d2(2))d1 (r), for all
x,r,z € U. The first case contradicts U # (0) by Lemma 2.2 (ii). So we must have
dy (z) o(d2(r)) = 7(d2 (2))d1 (r) , for all 7, z € U. Hence we obtain that 2d; (z) o (d2 (r)) =
0 by the hypothesis. Since N is 2—torsion free, we have o~ '(d1(2))dz (r) = 0, for all
r,z € U. Hence d; (U) = (0) by Lemma 2.3 (iii) . This gives us d; = 0 by Lemma 2.9.
This completes the proof. O

3.3. Theorem. Let N be a 2—torsion free 3—prime near-ring and U a nonzero semigroup
ideal of N. If d1 is a (o, T)-derivation and d2 a derivation of N such that did2 acts as a
(o, 7)-derivation on U, then di =0 or d2 = 0.

Proof. By calculating did2(xy) in two different ways, we see that
dida(zy) = dida(z)o(y) + 7(x)dida(y)
and
dhda(wy) = dida(2)o(y) + 7 (d2 (2)) dr (4) + i (2) 0 (d2 (1)) + 7(2)dada(y).
Equating these two expressions for did2(zy), we obtain that
di(z)o (d2 (y)) = —7 (d2 (z)) d1 (y) for all z,y € U.
Then di1 = 0 or d2 = 0 by Theorem 3.2. O

3.4. Theorem. Let N be a 3—prime near-ring and U a nonzero semigroup ideal of N. If
d is a (o, 7)-derivation of N such that d(z)o(y) = 7(z)d(y) for all z,y € U, then d = 0.
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Proof. Assume that
(3.6) d(z)o(y) = 7(z)d(y), for all z,y € U.
Replacing y by yz,z € U in (3.6), we have

d(z)o(y)o(z) = 7(x)(d(y)o(z) + 7(y)d(2))

and so
d(z)o(y)o(z) = 7(x)d(y)o(z) + 7(x)7(y)d(2), for all z,y,z € U.

Applying (3.6) in this equation, we get 7(z)7(y)d(z) = 0, for all z,y, z € U. Hence
xUt " (d(2)) = (0), for all z,z € U.

By Lemma 2.3 (i) and U # (0), we get d (z) =0, for all z € U, and so d = 0 by Lemma
2.9. O

In [4], Bell and Argag studied commutativity in 3—prime near-rings with a nonzero
derivation d for which d(zy) = d(yx) for all z,y in some nonzero one sided ideal. Ashraf
and Ali showed this result for (o, o)-derivation on N in [2]. Now, we continue this study
for a (o, 7)-derivation d and a semigroup ideal U of near-rings without any restriction on

U.

3.5. Theorem. Let N be a 3—prime near-ring and U a nonzero semigroup ideal of N.
If d is a (o,7)-derwation of N such that d([z,y]) = 0 for all x,y € U, then N is a
commutative ring.

Proof. In the view of our hypothesis, we have
(3.7  d(z,y]) =0, for all z,y € U.
Replacing y by zy in (3.7), we get
0 = d([z, zy]) = d(zz, 4])
= d(z)o([z,y]) + 7(z)d([z, y]),
Using (3.7) in this equation, we have
d(z)o([z,y]) =0, for all z,y € U.
That is
(38)  d@)o(@o) = dz)oy)o(),
Writing yr, 7 € N instead of y in (3.8), we get
d(z)o(z)o(y)o(r) = d(z)o(y)o(r)o(x), for all z,y € U.
Using (3.8) in this equation, we arrive at
d(@)o(y)o(2)o(r) = d@)o(y)o(r)o(x)
and so
d(@)o(y)o ([, 7]) = 0.
That is
o~ (d(z))U[z,7] = (0), for all z € U,r € N.

This yields that for each fixed « € U either d(z) = 0 or z € Z by Lemma 2.3 (i). But
x € Z also implies that d(x) € Z. Therefore, for any cases we find that d(z) € Z, for any
x € U. By Lemma 2.10, we obtain that IV is a commutative ring. This completes proof
of our theorem. O

for all z,y € U.
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3.6. Theorem. Let N be a 3—prime near-ring and U a monzero semigroup ideal of
N. If d is a (o, 7)-derivation of N such that d(zoy) = 0 for all xz,y € U, then N 1is a
commutative ring.

Proof. Replacing = by yz in the hypothesis, we get
0 = d(ywoy) = d(y(woy)
= d(y)o(zoy) + 7(y)d(zoy).
Using the hypothesis, we find that
d(y)o(zoy) = 0.
That is
(3.9)  d(y)o(z)o(y) = —d(y)o(y)o(z), for all z,y € U.
Taking zr,r € N instead of x in (3.9) and using (3.9), we obtain
o N(d(y))U[r,y] = (0), for all y € U, € N.

Now using the same arguments in the last paragraph of the proof of Theorem 3.5, we
get the required result. O

3.7. Theorem. Let N be a 3—prime near-ring and U be a monzero semigroup ideal of
N. If a € N,d is a nonzero (o,7)-deriwation on N such that od = do,7d = dr and
[a,d (U)] = (0), then a € Z.

Proof. Note that d (U) C C (a) by the hypothesis. Assume that 7 (y) € C (a). Then it is
obvious that 7 (y) d (z),d (z) € C (a). Also, we get ad(yz) = d(yz)a by the hypothesis.
That is

0 (7 (5) d(2) +d(y) o () = (7 (5) d(x) + d(y) 7 (x)) o, for all 3 € T.
We can apply Lemma 2.12 (i) to get

at (y)d(x) +ad(y)o(z) =7(y)d(z)a+d(y)o(x)a, for all z € U.
Since 7 (y) d (z) € C (a), we get
(3.10) ad(y)o(z)=d(y)o(x)a, for all z € U.
Thus we obtain d (y) o (x) € C(a), for all x € U. That is
(3.11) d(y)o(U)CC(a), forall 7(y) € C(a).

On the other hand, if d*(U) = (0), then d = 0 by Lemma 2.11. Since d # 0, we can
choose any z € U such that d* (z) # 0. Let 7 (y) = d (2). Since d (y) o (x) € C (a), for all
x € UT(y) € C(a), we have d(y)o(zr) = d(y)o (z)o(r) € C(a) for all x € U,r € N.
Thus

ad(y)o (z)o(r) =d(y)o(z)o(r)a, for all z € U,r € N.
Using the equation (3.10), we have
d(y)o(z)ao(r) =d(y)o(z)o(r)a,
and so
d(y)o (z)[a,o(r)] =0, for all z € U,r € N.
That is
o Nd(y))U[o " (a),r]) = (0), for all r € N.
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This yields d(y) = 0 or @ € Z by Lemma 2.3 (i). If d(y) = 0, then d(7~*(d(z)) = 0.
Using 7d = dr, we have d” (z) = 0. But this contradicts d” (z) # 0. Thus we must have
a € Z. This completes the proof. O

As immediate corollaries of Theorem 3.7 and Lemma 2.10 we give the following theo-
rem.

3.8. Theorem. Let N be a 3—prime near-ring and U be a monzero semigroup ideal of
N. If a € N,d is a nonzero (o,7)-deriwation on N such that od = do,7d = dr and
[d(U),d(U)] = (0), then N is a commutative ring.

3.9. Theorem. Let N be a 2—torsion free 3—prime near-ring and U be a nonzero semi-
group ideal of N. If di is a derivation and d2 is a (o,T)-derivation on N such that
dot = 7d2,d2o = odz and di (z) d2 (y) = —d2 (y) di (z), for all x,y € U, then d1 =0 or
d2 = 0.

Proof. Assume that d; # 0 and d2 # 0. By the hypothesis, we have
(3.12) di(z)d2(y) = —d2 (y)di (), for all z,y € U.

We may assume di (U) # (0) # d5 (U?) by Lemma 2.6 and Lemma 2.11. Let w €
da (U?) . It is easy to see w, —w € da (U) . If we take T =da (U),S = d1 (U), then [uv,
dz2 (U?)] = (0), for all u,v € d1 (U) by Lemma 2.7. Thus uv € Z for all u,v € d1 (U) by
Theorem 3.7. Also we have di (z)d1 (y) € Z, for all z,y € U. It follows that

di (z)di (z) di (y) = da (z) d1 (y) d1 (@) -

Multipliying this equation by di (y) from right hand, we have

di (z)d1 (z)di (y) di (y) = di (x) d1 (y) da (z) da (y) -
Using di (z) d1 (y

).d

di (z)di (y) di (z) di (y) = di (y) du (z) da (z) da ().
)
(

1 (y) di (z) € Z respectively in the last equation, we find that

d
Again using di (y) di (z),d1 (z) d1 (y) € Z respectively, we arrive at
d

di (y) di () di (x) d1 (y) = di (y) di (z) d1 (y) d1 (x)

and so

di (y) di (z) (di (z) di1 (y) — di (y) d1 (x)) = 0.

Since di (y) d1 () is central, Lemma 2.1 (i) shows that for any =,y € U, either d1 (z) d1 (y)—
dy (y)dy () =0 or di (y) d1 (x) = 0. Hence we get di (z) d1 (y) = di (y) d1 () = 0, for all
x,y € U. That is [d1 (U),d1 (U)] = (0). By Lemma 2.5, we get d3 (U) =0 or d1 (U) C Z.
In the first case, we find that di = 0 by Lemma 2.6. In the second case, we have N is
a commutative ring by Lemma 2.4. But this fact that together with (3.12) shows that
2d2 (y)dy () = 0 for all z,y € U, i.e. d2(U)dy (U) = (0). Therefore we get d; = 0 or
d2 = 0 from Lemma 2.1 (iii) and Lemma 2.9. Thus we must have di =0 or d2 =0. O

3.10. Theorem. Let N be a 2—torsion free 3—prime near-ring and U be a nonzero
semigroup ideal of N. If di is a nonzero derivation and dz is a nonzero (o, T)-derivation
on N such that doT = Td2,d20 = oda.

(2) If di (z)d2 (y) + d2 (y) d1 (z) € Z, for all x,y € U and at least one of di (U)N Z
and d2 (U) N Z is nonzero, then N is a commutative ring.

(%) If xda (y)+d2 (y) x € Z, for allz,y € U, and UNZ # (0), then N is a commutative
ring.
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Proof. (i) Let di (U) N Z # (0). Let z € U such that di (z) € Z\ {0} and y € U. Then
di (z)d2 (y) + d2 (y) d1 () = 2d1 (z)d2 (y) € Z. Since N is a 2—torsion free 3—prime
near-ring and d; (z) € Z\ {0}, we have d2 (U) C Z. Hence N is a commutative ring by

= =

Lemma 2.10.
(#9) Let x € UNZ and y € U. Then, zdz (y)+d2 (y) x = 2xd2 (y) € Z. Thus, d2 (U) C Z.
As in the proof of (i), we get N is a commutative ring. O

3.11. Theorem. Let N be a 2—torsion free 3—prime near-ring, U be a nonzero semi-
group ideal of N which is closed under addition. Suppose that N has nonzero derivation
d1 and nonzero (o,7)-derivation da such that di (z)d2 (y) + d2 (y)di (z) € Z for all
z,y €U anddi (U)NZ # (0) ord2 (U) N Z # (0). Then N is a commutative ring.

Proof. By Theorem 3.9, we cannot have di () dz () + dz2 (y) d1 (z) = 0 for all z,y € U
Since di (U?) C U, there exist zo,yo € U? such that ug = d1 (z0) d2 (yo) + d2 (o) d1 (z0)
is a nonzero central element in U. If either of di (ug) and da (uo) is nonzero, our con-
clusion follows from Theorem 3.10. On the other hand, if di (uo) = d2 (ug) = 0, then
dy (uoz) da (uoy) +da (uoy) di (uozx) = uody () 7 (uo) d2 (y) + 7 (uo) d2 (y) uod: (z) . Using
uo € Z,7 (uo) € Z in the last equation, we get

uoT (uo) (d1 (z) d2 (y) + d2 (y) di1 (2)) € Z.

Since 0 # uoT (ug) € Z, we obtain that di (x)d2 (y) + d2 (y) d1 () € Z. Hence N is a
commutative ring by Theorem 3.10. O
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Oscillation of fourth-order nonlinear neutral delay
dynamic equations
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Abstract

In this work we establish some new sufficient conditions for oscillation
of fourth-order nonlinear neutral delay dynamic equations of the form

(a(t)([z(t) = p(B)(h(E)]*2)*)% +q()2” (9(t) = 0, ¢ € [to, 00)r,

where o and (8 are quotients of positive odd integers with 8 < a.
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1. Introduction

In this work we investigate the oscillatory behaviour of solutions of fourth order half-
linear and sub-half-linear neutral delay dynamic equations of the form

(L1 (a®)((z(t) = pO)x(h)) )M +q()2” (g() =0, ¢ € [to,00)n

on an arbitrary time scale T with the property that 0 < top € T and sup T = oo.

A time scale T is a nonempty closed subset of R, introduced by Hilger [12] in order to
unify the continuous and discrete analysis. By a time scale interval [t., o)t it is meant
[t«,00) NT.

We assume that the following conditions are satisfied:

(i) a, B are quotients of positive odd integers with 8 < «,
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(ii) a: [to,c0)r = Ry := (0, 00) satisfies a®(t) > 0 and

oo
(1.2) / a V() At = oo,
to

(iii) p,q : [to, 00)r — Ry are rd-continous,

(iv) g,h: T — T satisfy g(t) < t, h(t) < t, g™ (t) > 0, h2(t) > 0, and lim;— o g(t) =

lim; 00 h(t) = o0,
(v) U(t) := h~' o g(t) satisfies [ (t) > 0 and lim—o [(t) = c0.

By a solution of (1.1), we mean a nontrivial at infinity function « € Crg[t—1,00)r
that satisfies (1.1), where t_1 = inf{g(¢) : ¢ > to} Ninf{h(t) : t > to}. We tacitly
assume that (1.1) possesses such solutions. Recall that such a solution of Eq. (1.1) is
called nonoscillatory if there exists a t§ > to such that z(¢t)z? (t) > 0 for all ¢t € [t5, 00)r;
otherwise, it is said to be oscillatory. Eq. (1.1) is oscillatory if all its solutions are
oscillatory.

We note that there is an extensive study concerning the oscillation of second-order
dynamic equations on time scales [1, 3, 7, 11, 14]. For some works on oscillation and
asymptotic behaviour of third-order dynamic equations, see [5, 10]. Fourth-order dy-
namic equations are rarely considered in the literature due to difficulties peculiar to such
equations [8, 13]. Our aim in this paper is to make a contribution to the oscillation of
fourth-order equations of the form (1.1).

2. Preliminaries

To start, we first provide some notations of the time scale calculus to be used in this
work. For more details we refer the reader to [3].

2.1. Definition. Let T be a time scale and t € T. The forward and backward jump
operators o,p : T — T are defined by o(t) := inf{s € T : s > t} and p(t) :=sup{s € T :
s < t}.

2.2. Definition. A point ¢ € T with ¢ > inf T is called right-scattered, right-dense, left-
scattered and left-dense if o(t) > t, o(t) = t, p(t) < t and p(t) = ¢t holds, respectively.
Points that are left-dense and right-dense at the same time are called dense. The set T"
is derived from T as follows: If T has a left-scattered maximum m, then T® = T — {m};
otherwise, T" = T.

2.3. Definition. Let f: T — R. The delta derivative of f at ¢ € T*, denoted by f=(t),
to be the number (provided it exists) with the property such that for every ¢ > 0, there
exists a neighbourhood U of ¢ with

F7(6) — £(s) — FA(0) [o(t) — )| < clo(t) — 5| for all s € U,
where and in the sequel f7(¢) := f(o(t)) is used.

2.4. Definition. A function f: T — R is called right-dense continuous (rd-continuous)
if f is continuous at right-dense points in T and its left-sided limit exists (finite) at
left-dense points in T.

Every rd-continuous function has an antiderivative. A function F' : T — R is called
an antiderivative of a function f : T® — R if F2(t) = f(t) holds for all + € T*. In this
case the integral of f is defined by
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Riemann and Lebesque integrals on an arbitrary time scale as well as improper integrals
are introduced in [2, 9].

2.5. Definition. Taylor monomials hy(t,s) : T x T — R are defined [3] by

t
hnt1(t,s) :/ hn(T,8)AT, n=12,...
ho(t,s) =1.

We need the following lemmas.
2.6. Lemma. Let (1.2) hold and
(2.1) 0<p(t) <1 eventually.
If z is an eventually positive solution of (1.1), then for z(t) = z(t) — p(t)x(h(t)) there

are only the following three possibilities:
(a) z(t) >0, 22(t) > 0, 222(t) > 0, 2222(¢) > 0, 22" (t) < 0;
(b) 2(t) >0, 22(t) > 0, 222(1) < 0, 2222(1) > 0, 22" (¢) < 0;
(c) 2(t) <0, 22(t) > 0, 222(t) < 0, 2222(1) > 0, 22 (1) < 0

or t sufficiently large.

f [ficiently larg

Proof. We see from Eq. (1.1) that (a(t)(z22%)*)® < 0 eventually. So, a (222%)* is
eventually monotone. Suppose that z222(t) < 0 for ¢ sufficiently large. By using (1.2)
we see that 222 (t) — —oo as t — oo and hence z(t) — —oco as t — co. In particular, we
have

z(t) < p)z(h(t)) < z(h(t))
and so x is bounded. But this implies that z is also bounded, a contradiction.
Thus we must have 2224 (t) > 0. Since a®(t) > 0, it follows from

(a()(A22)%)> =a” (=52 + a* () (=24

that ((z222(t))*)® < 0 eventually. Now using the time scales chain rule [3] with y =
2888 we obtain

(™)) = ozyA(t)/O (hy” (1) + (1 = h)y(£))* " 'dh

Since the integral is nonnegative, we have y*(t) < 0, i.e.,
2:2) 20 <o.

If z(t) > 0, then in view of (2.2) it follows from Kiguradze’s lemma, see [4, 6], that
either (a) or (b) holds. In case z(t) < 0, we see as above that z(t) is bounded, and hence
(c) holds.

O

2.7. Lemma. Let (1.2) hold and

(2.3) —1<p(t) <0 eventually.

If x is an eventually positive solution of (1.1), then for z(t) = z(t) — p(t)x(h(t)) there
are only two possibilities (a) and (b) of Lemma 2.6.

Proof. 1t suffices to note that z(¢) is eventually positive due to z(t) > z(t). O
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2.8. Lemma. [5, Lemma 4]. If a function y satisfies
y(t) >0, y2(t) > 0, y>2(t) > 0, y*24 <0
eventually for t € T, then

R NSO

2.9. Lemma. [5]. Suppose that |y|* is of one sign on [to,00)r and 0 < X\ < 1. Then

('™ _ lw®
=X = [y

3. Main Results

(2.5) on [to, co)T.

Our first result is as follows.

3.1. Theorem. Let (i)-(v) be satisfied, and (2.1) hold. Suppose that

im su ; ' s$)h2(g(s 0)As
1) tmsw o [ aiate) 08 > 1,

imsutit —sBBsssl/au
62 maw [ | [ a0 -0 @aas] - sus 1,
and

i # ' s)h? s s
83 tmsw e [ g (o)as > 1
when B = a, while
(3.4) /too a P (s)q(s)hE (g(s), to) As = oo,

oo t 1/«

)t [ [ a0 @ueas] - au=c,
and ’
(3.6) /t 0 B/% (s)q(s)hE (5, 1(5)) As = 00
when < a.

Then Eq. (1.1) is oscillatory.

Proof. Let z(t) be a nonoscillatory solution of equation (1.1). We may assume that
z(t) > 0, z(g(t)) > 0, and z(h(t)) > 0 eventually. Let z(t) = z(t) — p(t)z(h(t)). By
Lemma 2.6, we need to consider three possible cases.

Suppose (a) holds. For any given c1 € (0,1) there exists t1 > to such that

(3.7)  22%(t) > citz®22(t), t € [tr,00)r.
From (2.4) with y = 22, for any given ca, 0 < ¢z < 1, there exists ¢ > t; such that

ha(t, t
Myﬁ(t), t € [th, 00)r.

(3:8) () = e
Combining (3.7) and (3.8) we get
(3.9)  2%(t) > cha(t, to)2™22(t), t e [th,o0)r,

where ¢ := cic2 € (0,1) is an arbitrary constant. In view of the monotonicity of z
it follows from (3.9) that there is a t2 > t] such that

(3.10)  z(g(t)) = cha(g(t),t0)z"(g(t)), ¢ € [t2,00)r.

AAA
’
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Using (3.10) and the fact that z(¢) > 2(¢) in Eq. (1.1), we obtain
(3.11)  (a()w ()™ + a(t)h5 (9(t), to)w” (g(1)) <O, t € [t2,00)r,
where w = 2222, Integrating (3.11) from g(t) to t leads to

a(g(t))w(9(t)) ¢ /(t) a(s)h3 (9(s), to)w” (g(s)) As

\Y

t

fﬁ@wﬁﬂuw&mﬂmm
g(t)

A%

and hence
(glt) [ aemae).t0)
w* P (g(t > 7/ q(s)h5 (g(s),to)As,
a(g(®)) S ?
which contradicts (3.1) when 8 = a by taking the limsup of both sides as ¢ — oo and
then letting ¢ — 17. Let 8 < a. Setting v(t) = a(t)w*(¢) in (3.11) and increasing the
size of to if necessary we have
v+ Pa” N ()q(t)hE (g(t), to)v™/* <0, t € [t 00)r

or

A
— a7 2 a N 0a0hS (9(0),10), 1€ [t2,00)r

Integrating this inequality from ¢2 to ¢ and applying Lemma 2.9 we get

A ) B R () NG AR Sy 8
1—B/a © 1-Pja - /tha (s)a(s)hz(9(s), to) As.

Letting t — oo we obtain a contradiction to (3.4).
Suppose (b) holds. For any given k € (0, 1) there exists t1 > to such that

(3.12)  2(g(t) = kg(t)="(g(1)), t € [t1,00)r.

Using z(t) > z(t) and (3.12) in Eq. (1.1) leads to

(3.13)  (a(®)(y ) + K¢ (t)a(t)y’ (9(t) <0, € [t1,00)r,

where y = 2. In view of y(t) > 0, y*(t) < 0, and y>2(t) > 0, we have from (3.13)
kB

a(u)

1/«

10 20 2 [ 2 [P e eas] L zuzn

Clearly,

g(t)
(3.15)  —y(g(s)) < / y> (W) Au < (g(t) — g(s)y> (g(t), t>s>t.

g(s)

From (3.14) and (3.15) we get

B t 1/a
ym¥Mz[géyﬁg%@wm—y@»%@xﬂﬁ@@»WA% ,
and hence
t t 1/o
—y®(g(t)) > K7 /g(t) {ﬁ/ﬂ 9 (s)(g(t) —9(8))%(8)&9] Au(—y>(g(t)"*
or

(=¥ (g(t))' 7" = kﬁ/o‘/ {i/ gB(S)(g(t)*g(S))Bq(S)AS] Au,

oty La(u

~
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which as in case (a) results in a contradiction with (3.2) when 8 = a. Let 8 < a. From
(3.15) we have

—y(9(s)) < (t—g())y> (1), t>s5>t0.
Using this inequality in (3.14) and setting v = —y* we have

v2(u B t 1/a
*vﬁ/af(,i) = {L/u ()t —q(s)’As| , t>u>t.

The rest is similar to that of case (a) above and hence is omitted.
Suppose (c) holds. It follows that

2(g(t)) > y(h™" o g(t)), tE€ [tr,00)r,
where y = —z. By Eq. (1.1), we may write that
(3.16)  (a(t)(y™)M)® = g()y” (1)), t € [tr,00)r.
In view of

yA(t) <0, yAA(t) >0, yAAA(t) <0, te [th OO)T

a(u)

and
y>2 () = ha(t5)(—y 22 (1)),
we see that
y(s) > ha(t, s)(—y>22(1U1)), t>s>t.
Replacing s by I(s) and ¢ by [(¢) in the above inequality leads to

(3.17)  y(U(s)) = ha(1(t),U())(—y™ 22 (1)), U(t) 2 U(s) = ta.
Integrating (3.16)) and using (3.17) we obtain

a(l(t))w® (I(1)) Z/zu) a(s)hg (1(t), U(s))w” (L) As,  w = —y~52,

and hence

WP U(t) > / a()hE(U(8), U(s)) As.

a(l(t)) ®)
This inequality contradicts (3.3) when 8 = « by taking the limsup of both sides as t — oo.
It remains to consider 8 < a. Set v = a(t)w® and w = —y>>* in (3.16). Then we have

—v™(t) = q()y” (I(t)), ¢ € [ta, 00)r.
As in (3.17) we can obtain
y(U(1)) = ha(t, () w(t), t =8>t
Thus
—v™(t) > q(t)h5 (¢, 1(t)w’ (t), t € [t1,00)r.

The remainder is similar to that of cases (a) and (b) and hence is omitted.
0

3.2. Theorem. Let (i)-(v) be satisfied, and (2.1) hold. In addition to (3.3) and (3.6),
suppose that for k € {1,3},

(3.18) li?lsolip hf(g(t),to)héﬁk(t,g(t))ﬁ /too q(s)As>1 when =«
and
(3.19) /00 B2 (g(t), to)hl_,.(t, g(£))a™ "/ *(t)q(t) At = 0o when B < a.

to
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Then Eq. (1.1) is oscillatory.

Proof. Let z(t) be a nonoscillatory solution of equation (1.1), say z(t) > 0, z(g(t)) > 0,
and z(h(t)) > 0 for t € [to,c0)T, and let z(¢t) = x(¢t) — p(¢t)xz(h(t)). As in the proof of
Theorem 3.1 we need to distinguish three possible cases.

We may claim that

(3.20)  2(g(t)) > hi(g(t), t1)hs_k(t, g(t)2z"22(t) for k € {1,3} and g(t) > t;
when (a) and (b) are satisfied.
Indeed, if (a) holds, then integrating the inequality
28(0) 2 222 (0) — 22 (w) = [ 228(5)As 2 0,402 )
uy

twice leads to
(3.21)  2(v) > ha(v,u1)z*22(v), v >up >ty.
Also

I \/

gives
(3.22)  2%(v) > ha(v,u)z>22 (v).
Putting v = g(t) > t1 and v = ¢ into (3.22), we have
(1) > halt, 9(6) 222 1),
ie.,
(3.23) 2% (g(t)) > ha_w(t, g(t)z>22(t) for k € {1,3} and g(t) > t;.
If (b) holds, then

v

(3.24)  z(v) > 2(v) — z(w1) :/ 22(5)As > hi(v,u1)2™ (v).

1

Clearly, (3.21) and (3.24) can be written at once

z(v) > hk(v,ul)zAk (v) for ke {1,3} and v > uy > t1,
and hence
(3.25)  z(g(t)) > hk(g(t),tl)zAk (g(t)) for k€ {1,3} and g(t) > t1

when ¢(t) > t1. From (3.23) and (3.25) the claim follows.
Now by using z(t) > z(t) in (1.1) and integrating the resulting inequality from ¢ to u
and then letting u — co, we have

(3.26) w"(t) > {ﬁ /too q(s)As] Slelt)), >t
where w = 2242, Using (3.20) in (3.26) leads to

a— 1 o
w P (t) > he(g(t), t1)ha—(t, g(t)) [@/ q(S)AS} , t>t,
t
which contradicts (3.18) when 8 = a. If § < a, we first write from (1.1) that

(327)  (a(t)w™ (1) +q(t)="(9(1)) <0, ¢ € [to,00)r.
Using (3.20) and v = a(t)w® in (3.27), we have

—v® > W (g(t), t)hs_ (8, g(t))a™ " (H)g(t)o™,  t € [to,00)r.
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The rest of the proof is similar to that above and hence is omitted.
Finally, we need to consider the case (¢). Since the proof for this case is similar to
that of Theorem 3.1-case (c), we omit the details.
O

In case (2.3) holds, we have the following similar theorems.

3.3. Theorem. Let (i)-(v) be satisfied, and (2.3) hold. Suppose that

(328) limsup s / RCIEVOHICDINESE
and

imsutit —g(s))? S/Bssl/au
320 tma [ P KCCRCIN OO R

when [ = «, while

(3.30) /0o a1 (s)[1 + p(s)]”a(s)h5 (9(s), to) As = oo

and

) t 1/
a1 tmsw [ | [ g 00 e s du=o
when B < a.

Then Eq. (1.1) is oscillatory.

Proof. Let z(t) be a nonoscillatory solution of (1.1), say z(t) > 0, z(g(¢)) > 0, and
z(7(t)) > 0 for t € [to,00)r. It is clear that

2(t) = z(t) — p(t)z(h(t)) = x(t).
By Lemma 2.7, 22 (¢) is eventually positive, and so
z(t) = 2(t) + p(t)z(h(t) = 2(t) + p(t)z(h(t)) = [1 + p(t)]2(t)
for ¢ € [t1,00)7 for some ¢1 > to. In view of this inequality and Eq. (1.1) we get

(332)  (a(t)(z22(0)")" + ()L + plg(t))2" (9(8) <0, t € [to, 00)r.

The remainder of the proof proceeds from (3.32) similarly as in the cases (a) and (b) of
that of Theorem 3.1. 0

3.4. Theorem. Let (i)-(v) be satisfied, and (2.3) hold. Suppose that for k € {1,3},

(3.33) limsup hi(g(t),to)hg_k(t,g(t)) /too[l +p(g(s)]Pa(s)As > 1 when B =«

t— o0 w

and
(3.34) / TR (g(0). to)hE (£, g(8))a= (DL + plg(t) q(H)AL = o0 when § < o

4]

Then Eq. (1.1) is oscillatory.

The results of this paper are presented in a form which is essentially new and of high
degree of generality. We note that the obtained results when S = « (half-linear case)
are not applicable to equations of type (1.1) with g(¢) = ¢t. This means that the delays
generate oscillation.
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It is possible to formulate the corresponding theorems and give illustrative examples
for special time scales such as T =R, T =Z, T = hZ with h > 0, T = ¢~ with ¢ > 1,
T = N2. The details are left to the reader.

It would be of interest to study the oscillatory behaviour of all solutions of (1.1) when
B > a (super half-linear case) or p(t) < —1 or p(t) > 1.
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Abstract

In this study we introduce a new type generalization of Chebyshev
matrix polynomials of second kind by using the integral representa-
tion. We obtain their matrix recurrence relations, matrix differential
equation and generating matrix functions. We investigate operational
rules associated with operators corresponding to Chebyshev-type ma-
trix polynomials of second kind. Furthermore, in order to give qualita-
tive properties of this integral transform, we introduce the Chebyshev-
type matrix polynomials of first kind.
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1. Introduction

Matrix generalization of special functions has become important in the last two
decades. Extension of the matrix framework of the classical families of Hermite, La-
guerre, Jacobi, Bessel, Gegenbauer and Pincherle matrix polynomials are introduced in
[11, 14, 15, 19, 25, 21] and some generalized forms are studied in [1, 20, 22, 26, 28]. More-
over, some properties of the these matrix polynomials are given in [3, 4, 6, 7, 16, 24].
Chebyshev matrix polynomials of first kind are introduced by Defez and Jédar starting
from the hypergeometric matrix function. Some properties such as Rodrigues formula,
three-term recurrences relation and orthogonality property are studied in [10]. Second
kind Chebyshev matrix polynomials are defined in [5] by using integral representation
method. Furthermore generating matrix function and some families of bilinear and bilit-
eral generating matrix functions for Chebyshev matrix polynomials of the second kind
are derived in [2].
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Throughout this paper, the zero matrix and identity matrix will be denoted by O
and I, respectively. If A is a matrix in C™™", its spectrum o(A) denotes the set of all
eigenvalues of A. Its 2-norm is denoted by ||A|| and defined by

|| Az||
Al = 2
220 |1zl

where for a vector y in C", ||y, = (y", y)% is the Euclidean norm of y. If f () and g(z)
are holomorphic functions of the complex variable z, which are defined in an open set §2 of
the complex plane and A is a matrix in C"*" such that o(A) C €, then from the properties
of matrix functional calculus in [13, p. 558], it follows that f(A)g(A) = g(A)f(A). Hence,
if B € C™" is a matrix for which o(B) C Q and AB = BA, then f(A)g(B) = g(B)f(A).
Let A be a matrix in C™*" such that Re (z) > 0 for every eigenvalues z € o(A). Then we
say that A is a positive stable matrix.

Let A be a positive stable matrix. Then two-variable Hermite matrix polynomials are
defined in [5] by

ki

T
-
N
ol
s
—~
8
ﬁ
b
~—
<
£

(1.1) H, (z,y,A) =

k!l (n — 2k)! ’

k=0
which satisfy the recurrences

(12) %H’ﬂ ({L’,y,A) =V2AnHy 1 (xay7A)a

(13) %Hn (2,9, A) = —n(n — 1) Hy_s (2,9, A),

(14)  Hpyo (z,y,A) = (m 24 — 2 (ﬁ)fly%) Hy (z,y, A).

Also, second order matrix differential equation

2

0 7]
(1.5) [wa — xA% +nA} Hy(z,y,A)=0

and the expression

- HTL (.Z’,y,A) n __ 2
(1.6) Z;)Tt = exp (xt\/QA—yt I)
are given in [5].
For a positive stable matrix A, the second kind Chebyshev matrix polynomials with
two variables are defined in [5] by

3] (—1)f (n =yt (2v2R) "
(L7)  Un(zy,A) =3 k! (n(2k)! )

k=0

These matrix polynomials satisfy integral representation

7iooftn g
(1.8)  Un(z,y,A) = n!/e t"Hy (:p, t’A) dt.
0

It has already been shown that most of the properties of U, (z,y, A), linked to the
ordinary case by

n X
Uy, (z,y,A) =y2U, <f7A>7
( ) NG
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can be directly inferred from those of the H, (z,y, A) and from the integral representation
given in (1.8).

The aim of this paper is to introduce a generalization for Chebyshev matrix polyno-
mials by modifiying the integral transform. The organization of this paper is as follows.
In section 2, we define Chebyshev-type matrix polynomials of second kind and give an
explicit expression, recurrence relations, matrix differential equation and generating ma-
trix functions. Besides, we focus on two index two variable second kind Chebyshev-type
matrix polynomials. Section 3 deals with operational identities which yield different view
for Chebyshev-type matrix polynomials of second kind. Finally in section 4, we give the
definition of the Chebyshev-type matrix polynomials of the first kind.

2. Second Kind Chebyshev-type Matrix Polynomials with Two-
Variable

As already remarked, integral transform relating Chebyshev and Hermite matrix poly-
nomials are not new. Therefore we can introduce a new generalization for the second kind
Chebyshev matrix polynomials with two variables by modifiying the integral transfrom
as:

oo

_ i —Btyn y
(2.1) Un (z,y,A,B) = o /e t"H, (:r, t,A) dt,

0

where A and B are positive stable matrices in C™*" and AB = BA.

We note that for the case A = [2],,, and B = [1],,,, the expression (2.1) coincides
with the formula which was proved by Dattoli ([8]) for the scalar second kind Chebyshev
polynomials with two variables.

The use of the identity (1.1) allows us the explicit expression for U, (z,y, A, B) in the
form

n—2k

8] (—1)" (n— k)BE ! (2v2A)"
k! (n — 2k)! ’

k=0

It is clear from (2.2) that
U_i(z,9,A,B) =0, Uy(z,y,A,B)=B"", U (z,y,A B)=azvV2AB>
In addition, we can write
Un (z,y, A, I) = Uy (z,y,A), Un (2,1,A,I) = Uy (z,A),
Uy (2,0, A, B) = B~("D (x 2A>", Usn (0,, A, B) = (—1)" B~ "Dy
In order to investigate some important properties, we give the generating matrix

function of second kind Chebyshev-type matrix polynomials with two variables in the
following proposition.

2.1. Proposition. Let A and B be positive stable matrices in C"*" and AB = BA. Then
the second kind Chebyshev-type matrix polynomials with two variables have the generating
matrix function

(2.3) iUn (z,y,A,B) 2" = (B—a:zx/ﬂ—&—yzQI)_l,

n=0

where H:Uz\/ZA - yzQIH <||B]l-
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Proof. Multiplying both sides of (2.1) by 2", summing up over n, using (1.6) and then
integrating over ¢, we have (2.3). O

2.2. Theorem. Let A and B be positive stable matrices in C"*" and AB = BA. Then
the second kind Chebyshev-type matrix polynomials with two variables have the generating
matrixz function

> !
Z MU”‘FW (137%147 B) Zn

nlm!
n=0
(m+1) 1\
= (B —x 2Az—|—yz21) U (a:[ — (\/Z) Yz, (B —xV2Az +yz21> Y, A) ,
where ’wz\/QA — yz2l‘ <||B|-

Proof. From (2.1) we have,

= (n+m)! SN G T y ) "
Z ~——Untm (z,y, A, B) 2" = il t ZOH”_H” (m, ;,A) dt.
0 n=

‘ nlm! n!
n—

By using generalized form of the identity [18]:

o] n -1
Z Hyym (z,9,A) i—' = exp (x\/QA — thI) Hy, (m] — <1/;1> yt,y,A) ,
n=0 '

we have

> !
S OEIR (. A, B) 2"

nlm!
—1
_t(B—z\/ﬂz+yz2I)thm (m[— <\/§> yz7Z:,A> dt.

This completes the proof. O

n=0

oo

i
=— e
m!

0

2.3. Corollary. Let A be a positive stable matriz in C"*". Then the second kind Cheby-
shev matriz polynomials with two variables have the generating matriz function

= (n4m)! n
Z%Un-km (z,y,A) 2
n=0 o

-1
—(m+1)
= (I - mz\/2A+y221) Un <xl - ( g) Yz, (I - szQA—i—yzQI) y,A) ,

where Hmzv 2A — y2°I

‘<1.

Now, let us get matrix recurrence relations for Chebyshev-type matrix polynomials
with two-variable by using the integral representation.

2.4. Proposition. Let A and B be positive stable matrices in C™*" and AB = BA.
Then the second kind Chebyshev-type matriz polynomials with two variables satisfy

1o} A ad
(24) y%Un—l (.I,’,y,A,B) - E <$% - n) Un (x7y7A7 B)

and

0 0
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Proof. From (2.1) and (1.2), we have

0
y%Unq( Yy, A |/e Bty Hn,l (:v, Q,A) dt

Using (1.5), we get (2.4). (2.5) can be proved similarly. O
2.5. Proposition. Let A and B be positive stable matrices in C™*" and AB = BA.

Then the second kind Chebyshev-type matrix polynomials with two variables satisfy the
three-term recurrence relation

(2.6) BUpt1 (z,y, A, B) = 2V2AU, (z,y, A, B) — yUn—1 (z,y, A, B) .

Proof. Equation (2.6) follows from differentiating both side of (2.3) with respect to z,
making the necessary arrangements and identification of the coefficients of z". 0

Now, let us get the matrix differential equation of second kind Chebyshev-type matrix

polynomials with two variables. The recurrences given by (2.4) and (2.6) can be expressed
as the definition of rising and lowering operators for U, (z,y, A, B) . We can write

Al~_ | 0
2. n— s 7A7B = —-D; a. n \T, 7A7B
@D Vi@ A B) = \[§ 105" o5 = n| U (@0 4.5)

B W24 — 371\/ éf);l mg -n
2 ox

where f); ! denotes the inverse derivative operator and is defined by

and

(2.8) Un+t1(z,y,A,B) = Un (z,y,A, B),

x

/ (x— )" £ (€) d.

0

(see [12] for details). So that for f (z) =1, we have

b [f (=) = gy

Equations (2.7) and (2.8) allow us to introduce of the rising and lowering operators

xB_I\/Q—B_I\/éEQI xﬁ—ﬁ ,
2 ox

Al ~ o

VayPs {aH

where 7 is a number operator in the sense nus (z,y, A, B) = sus (z,y, A4, B) . Using (2.9)
U, (z,y, A, B) can be rewriten as

(29) M=

P=

J/\ZﬁUn(xayvA7B) :Un(x?y7AaB)7
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namely,

U, (z,y,A,B) = Hgiﬁ;l {m% — (n+1)]

x {xB_I\/QA - B! ?B;l [m% - n:| } Un (z,y, A, B).

After some arrangements and use of the obvious identity
6xﬁ; = i
we arrive at the following theorem.

2.6. Theorem. Let A and B be positive stable matrices in C"™™" and AB = BA. Then
the second kind Chebyshev-type matrix polynomials with two variables are a solution of
the second order matriz differential equation of the form:
0? 0
2
[(2yB —z”A) Frcie 3A1’% + An (n+ 2)] U, (z,y,A,B) =0.

2.7. Corollary. Let A be a positive stable matriz in C"*". Then the second kind Cheby-
shev matrixz polynomials are a solution of the second order matrix differential equation of
the form:

2

9 d d B
(2.10) [(2] -z A) TE 3Azdw + An (n+2)} U, (z,A) = 0.

It is now interesting to extend the above results to generalized forms of Chebyshev-
type matrix polynomials with two-variable. We define generalized Chebyshev-type
matrix polynomials with two-variable by

n—mk

] (<) (0= b+ Bt (g A) T
k! (n — mk)! ’

Un,m (x7yaAaB) =

k=0
which can be written in terms of Hy m (2,y, A) as

o]

(211) U”ym (xvyv Aa B) = i|/673t1€711-—1-'r7.,171 (:Ea til’ A) dta
n! m—
0
where Hyp m (2,y,A) is two-index two-variable Hermite matrix polynomials, defined by

[23]:
[%]

(2.12) Hym (2,9, A) = Z
k=0

(—1)*n! (xm)"fmk y*
k! (n — mk)! '

Since Hp,m (z,y, A) has the generating matrix function as

')

(2.13) Z Wt" = exp (xt\/mA — ytmI) ,
n=0 '

we find from (2.11) that the generating matrix function of U, m (z,y, A, B) is
> -1

(2.14) Z Un,m (z,y,A,B) 2" = (B —zzVmA + yzml) ,
n=0

where A, B are positive stable matrices in C"™*", AB = BA and Ha:z\/H— yzmIH <
1B -
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Taking A = [m],,; and B = [b],,in (2.14), the polynomials Unm (z,y, m,b) reduce
to the special case of the generalized Humbert polynomials (see [27]). The properties of
this special matrix polynomials can be studied in further research.

3. Different Considerations for Chebyshev-type Matrix Polyno-
mials of Second Kind

We will try to understand more deeply the role played by the integral transform
connecting Hermite and the second kind Chebyshev matrix polynomials. It is obvious
that both H, (z,y, A) and U, (z,y, A, B) reduce to ordinary form for y = 1.

It is easy to find that
(3.1)  Un(z,A B) = %/ e B H, (N{e, A) dt.

n! Jo
After suitable change of variable, (3.1) yields
oo 2
U, (z,A,B) = L/ 5" exp (—B—i) H, (s, A)ds.
0 x

nlgn+2
So, Uy (z, A, B) can be viewed as a kind of Mellin transform of the function

2
rean) —eo (-2 ) 1 4),

Let us now consider the problem from an operational point of view. Let f (z) be an
appropriate function. Then one can easily get

exp <m%) f(x)=f(vexp)).

So, we obtain from (3.1) that
1 [ n

(32) Un (JZ‘,A,B) = E/ 678tt7t%ac%dtHn (JZ‘,A)
“Jo

Using the well-known definition of the I'- function
I (s) 2/ e e,
0

we can rewrite (3.2) in the form
U, (z, A, B) = B~OT (@) H, (z, A),

where @ = [1 + % (n—|—:r%)] .

We conclude this section giving another representation for the second kind Chebyshev-
type matrix polynomials. The use of the identities (1.2) and (1.3) in (2.1) for B = o
allow to conclude that

%Un (z,y,A,al) = %U,PZ (z,y,A,al),
gUn (z,y,A,al) = —VQAQUn,l (z,y,A,al)
ax ’ ) ) aa ) ) )
which can be combined to give
0? 0?
ZAMUn (z,y, A, al) = @Un (z,y,A,al).

Last identity and the fact that

U, (2,0,A,al) = @7
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allow to define U, (z,y, A, al) as

-1 -1 82 (x 2A)n
Un (o Aad) = exp [y (24) " D 5|

where A is a positive stable matrix in C"*" and « is a complex number such that Re (a) >
0.

4. First Kind Chebyshev-type Matrix Polynomials with Two-Variable

The two-variable Hermite matrix polynomials will be used here to define Chebyshev-
type matrix polynomials of first kind. The Chebyshev polynomials of the first kind are
defined by [9]:

2] (=% (n— k — 1) (22)" 2"

(4.1) T, (.’E) = k! (n — 2k‘)'

N3

k=0
Let A and B be positive stable matrices in C"*" and AB = BA. Then the first kind
Chebyshev-type matrix polynomials can be defined by
n n—2k
LBl BR (- k- 1) (:C\/QA)
k! (n — 2k)! ’

(42)  Tu(z,4,B) =n(V24)

k=0

or by using (1.1)

-1
(\/2A) o )
(4.3) Tn(z,A B)= 7/( el (x g,A) dt.
0

For the case A = [2],,; and B = [1],,,, (4.2) coincides with (4.1).
In a similar way, we define the Chebyshev-type matrix polynomials of the first kind
with two variables as

Bl (crPBET (- k- 1) (;c\/ﬂ)”_% y*
k! (n — 2k)! ’

T, (z,y, A, B) :n(\/27)_

k=0

or

Vaa) %
((n_)l)!/eBttann (x, %,A) dt.

0

T” (m7y7A7B) =

In this article, new special polynomials are introduced using integral representation.
The possibility of combining these two approaches in order to study new families of
special matrix polynomials is a problem for further research.
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1. Introduction

Existence of periodic solutions of higher-order differential equations has been the subject
of many investigations [8,19-21,34,38,39]. By using various methods and techniques, such
as fixed point theory, the Kaplan-Yorke method, critical point theory, coincidence degree
theory, bifurcation theory and dynamical system theory etc., a series of existence results
for periodic solutions have been obtained in the literature. Difference equations, the
discrete analogs of differential equations, occur widely in numerous settings and forms,
both in mathematics itself and in its applications to statistics, computing, electrical
circuit analysis, dynamical systems, economics, biology and other fields. For the general
background of difference equations, one can refer to monographs [1,3,4,31]. Since the last
decade, there has been much progress on the qualitative properties of difference equations,
which included results on stability and attractivity [22,31,33,48] and results on oscillation
and other topics [1-4,7,11-15,17,18,28-30,32,44-47|. Only a few papers discuss the periodic
solutions of higher-order difference equations. Therefore, it is worthwhile to explore this
topic.

Let N, Z and R denote the sets of all natural numbers, integers and real numbers
respectively. For a, b € Z, define Z(a) = {a,a+1,---}, Z(a,b) = {a,a+1,--- ,b} when
a < b. * denotes the transpose of a vector.

In this paper, we consider the following forward and backward difference equation

(1.1) A" (re—nA"ug—rn) = (-1)" f(k, uk+1,ur, ux—1), n € Z(3), k € Z,

where A is the forward difference operator Auy = ugy1 — uk, A"ur = A(A"fluk), T is
real valued for each k € Z, f € C(Z x R* R), v, and f(k,v1,v2,v3) are T-periodic in k
for a given positive integer T'.

We may think of (1.1) as a discrete analogue of the following 2nth-order functional
differential equation

mn mn
(1.2) ;t—n {r(t)ddqzrgt)} =(—D)"ft,u(t+1),ut),u(t —1)), t € R.
Equations similar in structure to (1.2) arise in the study of the existence of solitary waves
of lattice differential equations, see Smets and Willem [42].

The widely used tools for the existence of periodic solutions of difference equations
are the various fixed point theorems in cones [1,3,4,27]. It is well known that critical
point theory is a powerful tool that deals with the problems of differential equations
[8,10,16,25,26,43]. Only since 2003, critical point theory has been employed to estab-
lish sufficient conditions on the existence of periodic solutions of difference equations.
By using the critical point theory, Guo and Yu [28-30] and Shi et al.[41] established
sufficient conditions on the existence of periodic solutions of second-order nonlinear dif-
ference equations. Compared to first-order or second-order difference equations, the
study of higher-order equations has received considerably less attention (see, for exam-
ple, [1,5,6,11-15,17,18,23,31,35,37] and the references contained therein). Ahlbrandt and
Peterson [5] in 1994 studied the 2nth-order difference equation of the form,

(1.3) i A (n-(k — ) Ak — i)) -0

in the context of the discrete calculus of variations, and Peil and Peterson [37] studied
the asymptotic behavior of solutions of (1.3) with r;(k) =0 for 1 < <n — 1. In 1998,
Anderson [6] considered (1.3) for k € Z(a), and obtained a formulation of generalized
zeros and (n,n)-disconjugacy for (1.3). Migda [35] in 2004 studied an mth-order linear
difference equation. In 2007, Cai and Yu [9] have obtained some criteria for the existence
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of periodic solutions of a 2nth-order difference equation
(1.4) A" (rp—nA"ug—n)+ f(k,ur) =0, n € Z(3), k € Z,

for the case where f grows superlinearly at both 0 and co. However, to the best of our
knowledge, the results on periodic solutions of higher-order nonlinear difference equations
are very scarce in the literature. Furthermore, since (1.1) contains both advance and
retardation, there are very few manuscripts dealing with this subject. The main purpose
of this paper is to give some sufficient conditions for the existence and multiplicity of
periodic and subharmonic solutions to a 2nth-order nonlinear difference equation. The
main approach used in our paper is a variational technique and the Linking Theorem.
Particularly, our results not only generalize the results in the literature [9], but also
improve them. In fact, one can see the following Remarks 1.2 and 1.4 for details. The
motivation for the present work stems from the recent papers in [13,24].
Let

r= kerél(llr}T>{rk}, r= kerg(al}’(T){’f'k}.

Our main results are as follows.
Theorem 1.1. Assume that the following hypotheses are satisfied:
(r) rx > 0,Vk € Z;
(Fy) there exists a functional F(k,vi,v2) € C*(Z x R?, R) with F(k,v1,v2) > 0 and it
satisfies
F(k‘ +T,’U1,’U2) = F(k},’l}h’l}z),

aF(k—l,’Ug,Ug) aF(k,’Uh’Uz) o .
50 + 90s = f(k,v1,v2,v3);

(F2) there exist constants 61 > 0, a € (O, iﬁx\ﬁnin) such that

F(k,v1,v2) <a (v% + v%) , for k € Z and v? + 03 < §%;
(F3) there exist constants p1 >0, ( >0, B € (if)\ﬁ,ax, +oo) such that
F(k,v1,v2) > B (vf —H}%) — ¢, fork € Z and v¥ +v3 > p3,
where Amin, Amax are constants which can be referred to (2.7).
Then for any given positive integer m > 0, (1.1) has at least three mT -periodic solutions.
Remark 1.1. By (F3) it is easy to see that there exists a constant ¢’ > 0 such that
(F3) F(k,v1,v2) > B (vi +v3) =, V(k,v1,v2) € ZXR>.

As a matter of fact, let (; = max{|F(k,v1,v2) - B (vf +v§) + §| ckeZ, vl 403 < p?},
¢ = ¢ + (1, we can easily get the desired result.

Corollary 1.1. Assume that (r) and (F1) — (F3) are satisfied. Then for any given posi-
tive integer m > 0, (1.1) has at least two nontrivial mT-periodic solutions.

Remark 1.2. Corollary 1.1 reduces to Theorem 1.1 in [9].

Theorem 1.2. Assume that (r), (F1) and the following conditions are satisfied:
(Fa) lim EEov2) — 0 p = /o7 £ 03, V(k,v1,02) € Z x R;

p—0
(F5) there exist constants Ry > 0 and 6 > 2 such that for k € Z and v} + v3 > R},

8F(k,’U1,’U2)vl + BF(k,vl,vQ)vz
ov1 Ova

0< 0F(k,v1,v2) <
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Then for any given positive integer m > 0, (1.1) has at least three mT -periodic solutions.

Remark 1.3. Assumption (F5) implies that there exist constants a1 > 0 and a2 > 0
such that

6

(F%) F(k,vi,v2) > a1 (\/vf —|—v§) —az, Y(k,v1,v2) € Z x R
Corollary 1.2. Assume that (r) and (F1),(F4),(F5) are satisfied. Then for any given
positive integer m > 0, (1.1) has at least two nontrivial mT -periodic solutions.

If f(k, ukt1, uk, uk—1) = qxg (ur), (1.1) reduces to the following 2nth-order nonlinear
equation,
(1.5) A" (Tk,nA"uk,n) = (—1)nqu (uk), ke Z,
where g € C(R,R), qe+17 = qr > 0, for all k € Z. Then, we have the following results.

Theorem 1.3. Assume that (r) and the following hypotheses are satisfied:
(G1) there ezists a functional G(v) € C*(R, R) with G(v) > 0 and it satisfies

G'(v) = g(v),
(G2) there exist constants 62 > 0, o € (0, %Z)\Znn) such that
G(v) < alvf?, for [v] < 62;
(G3) there exist constants p2 >0, (>0, 8 € (%FA&ax,Jroo) such that
G(v) = Blof* = ¢, for |v] > p2,
where Amin, Amax are constants which can be referred to (2.7).
Then for any given positive integer m > 0, (1.5) has at least three mT -periodic solutions.

Corollary 1.3. Assume that (r) and (G1) — (G3) are satisfied. Then for any given
positive integer m > 0, (1.5) has at least two nontrivial mT -periodic solutions.

Remark 1.4. Corollary 1.3 reduces to Corollary 1.1 in [9].

The rest of the paper is organized as follows. First, in Section 2, we shall establish the
variational framework associated with (1.1) and transfer the problem of the existence of
periodic solutions of (1.1) into that of the existence of critical points of the corresponding
functional. Some related fundamental results will also be recalled. Then, in Section 3,
we shall complete the proof of the results by using the critical point method. Finally, in
Section 4, we shall give an example to illustrate the main result.

For the basic knowledge of variational methods, the reader is referred to [27,34,36,40].

2. Variational structure and some lemmas

In order to apply the critical point theory, we shall establish the corresponding variational
framework for (1.1) and give some lemmas which will be of fundamental importance in
proving our main results. First, we state some basic notations.

Let S be the set of sequences u = (-« ,U_g, + ,U—1,U0, U1, " , Uk, ) = {Uk}
that is

“+o0

k=—o00?
S ={{ur}ur € R, k € Z}.
For any u,v € S, a,b € R, au + bv is defined by

au + bv = {aug + b }32° ..
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Then S is a vector space.
For any given positive integers m and T, E,,,r is defined as a subspace of S by

Enr = {u S S|uk+mT = Uk, Vk € Z}.

Clearly, E, is isomorphic to R™T. E,,r can be equipped with the inner product

mT

(2.1)  (u,v) = ZUj'l)j, Yu,v € Enr,

Jj=1

by which the norm || - || can be induced by

1
mT 2
(2.2)  |ull = (Zui) , Yu € Epr.
j=1

It is obvious that E,,r with the inner product (2.1) is a finite dimensional Hilbert space
and linearly homeomorphic to R™7.

On the other hand, we define the norm || - |[|s on E,,7 as follows:
mT %
(2:3)  lulls = (Z |u]'|3> ;
j=1

for all w € E,,7 and s > 1.
Since ||ul|s and ||u||2 are equivalent, there exist constants c1, ¢z such that co > ¢1 > 0,
and

24)  allul < llulls < callullz, Vu € Enr.

Clearly, ||u|| = |lu||2. For all u € Ey,r, define the functional J on E,,r as follows:

mT mT
1 n
(25)  Jw =3 kE:ITk—l (A"ug_1)? — k§—1 F(k, uk41,ur),

where
aF(k—l,’Ug,’Ug) aF(k‘,’Uh’Uz)
+
8'1)2 8U2
Clearly, J € C*(Emr,R) and for any u = {ug trez € Emr, by using uo = umr, u1 =
UmT+1, We can compute the partial derivative as
oJ
Oour
Thus, u is a critical point of J on E,,r if and only if

A" (Tk,nA"uk,n) = (—1)"f(k:,uk+17uk,uk,1), Vk € Z(l,mT).

= f(k,v1,v2,v3).

(—1)”An (rk_nAnuk_n) — f(]f7 Uk+1, Uk, uk_l).

Due to the periodicity of u = {ux}rez € Emr and f(k, v1,v2,v3) in the first variable k,
we reduce the existence of periodic solutions of (1.1) to the existence of critical points of
J on E,r. That is, the functional J is just the variational framework of (1.1).

Let P be the mT x mT matrix defined by

2 -1 0 0 -1
-1 2 -1 0 0
p_ 0 -1 2 0 0
0 0 0 2 -1
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By matrix theory, we see that the eigenvalues of P are
92
(2.6) )\j:Z(l—cosm—ZFﬂ>,j:0,1,2,--~,mT—l.

Thus, Ao =0,A1 > 0,2 >0,--- , Apur—1 > 0. Therefore,

Amin = min{)\1>)\27 e 7)‘mT*1} =2 (1 — Cos %ﬂ’) ’

(2.7) A = max{A, Az, A }— 4, when mT is even,
max T LAz T AmT=15 = 9 (1+cos —=m), when mT is odd.
Let
W =ker P = {u € Epr|Pu=0¢cR"}.
Then

W ={u € Enrlu={c}, c€ R}.
Let V' be the direct orthogonal complement of E,,r to W, i.e., E,,v =V & W. For
convenience, we identify u € Ep,r with u = (u1,u2, -+, umr)”.
Let E be a real Banach space, J € Cl(E, R), ie., J is a continuously Fréchet-
differentiable functional defined on E. J is said to satisfy the Palais-Smale condition

(P.S. condition for short) if any sequence {u(i)} C E for which {J (u(i))} is bounded

and J’ (u(i)> — 0(7 — o) possesses a convergent subsequence in E.
Let B, denote the open ball in E about 0 of radius p and let 9B, denote its boundary.

Lemma 2.1 (Linking Theorem [40]). Let E be a real Banach space, E = E\ © E3, where
E is finite dimensional. Suppose that J € C*(E, R) satisfies the P.S. condition and
(J1) there exist constants a > 0 and p > 0 such that J|op,nE, > a;

(J2) there exists an e € OB1 N E2 and a constant Ry > p such that J]lag < 0, where
Q= (BRD n El) D {Selo <s < Ro}

Then J possesses a critical value ¢ > a, where

— inf
¢ = juf sup J(h(u)),

and T' = {h € C(Q, E) | hlag = id}, where id denotes the identity operator.

Lemma 2.2. Assume that (r), (F1) and (F3) are satisfied. Then the functional J is
bounded from above in Ep,1.

Proof. By (F3) and (2.4), for any u € Eu,7,

mT mT

1 n n
J(u) = 2 Z""k—l (A up—1, A up_1) — ZF(k,Uk+1,Uk)
k=1 k=1
1 mT mT
=5 Zrk (A" up, A"ug) — Z F(k,upt1,ur)
k=1 k=1
7 mT
< TP =) [B(ui +ui) — (']
k=1

7
< SAmaxllallz = 28]ullz + mTC,

where x = (A"flul, A" g, - ,A”flumT)*. Since

mT mT
213 =D (A" urgs — A" 2ur)” < Amax D (A" i) < Ak [[ul 3,

k=1 k=1
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we have B
J(u) < (gAl‘nax —28) [[ull3 + mT¢ < mT¢.
The proof of Lemma 2.2 is complete. a

Remark 2.1. The case mT =1 is trivial. For the case mT = 2, P has a different form,

namely,
2 =2
p= ( 2 )

However, in this special case, the argument need not to be changed and we omit it.

Lemma 2.3. Assume that (r), (F1) and (F3) are satisfied. Then the functional J satisfies
the P.S. condition.

Proof. Let {J (u(”)} be a bounded sequence from the lower bound, i.e., there exists a

positive constant M; such that
M, <J (u“’)) , VieN.
By the proof of Lemma 2.2, it is easy to see that

M <J (u(”) < (g,\gax _ 25) Hu“’) z +mT¢, VieN.

Therefore,
T n 7
(2/3 - iAmax) Hu( )

Since 8 > if/\:;ax, it is not difficult to know that {u(i)} is a bounded sequence in E,,T.

2
< M +mT¢.
2

As a consequence, {u(“} possesses a convergence subsequence in F,,r. Thus the P.S.

condition is verified. ]

3. Proof of the main results
In this Section, we shall prove our main results by using the critical point theory.

3.1. Proof of Theorem 1.1

Assumptions (F1) and (F») imply that F(k,0) = 0 and f(k,0) = 0 for k € Z. Then
u =0 is a trivial mT-periodic solution of (1.1).
By Lemma 2.2, J is bounded from the upper on E,,r. We define ¢co = sup J(u).

uwEE T

The proof of Lemma 2.2 implies | Hlim J(u) = —oo. This means that —J(u) is coercive.
ul|2——+o0

By the continuity of J(u), there exists & € Enr such that J(a) = co. Clearly, @ is a
critical point of J.
We claim that cg > 0. Indeed, by (F2), for any u € V, |Jull2 < §1, we have

mT mT

1 n n
J(u): Ezrk_l (A uk_l,A ’lLk—l)*ZF(kauk’-Fl?uk)
k=1 k=1
1 mT mT
=3 E?‘k (A up, Aug) — Z F(k, up+1,ur)
k=1 k=1
1 mT
> Qﬁx*Px - QZ(UiH +uj)

k=1
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1
> 5w ol — 20ful?

where © = (A"flul, A gy, - 7A"flumT)*. Since
mT mT
213 = D (A" Pupr = A" u)” > Ain D (A" 2un)* > Ay 3,
k=1 k=1
we have

50 2 (¥ 20 Il
Take o = (gggm - 2a) 52. Then
J(u) > o, Yu € VNOBs,.
Therefore, co = sup J(u) > o > 0. At the same time, we have also proved that there

u€EE T

exist constants o > 0 and d; > 0 such that J|3351m/ > o. That is to say, J satisfies the
condition (J1) of the Linking Theorem.

mT
Noting that > rr_1 (A"us_1)? = 0, for all u € W, we have
k=1

mT mT mT
1 n
J(u) = 3 E re—1 (A uk_1)2 — E F(k,ups1,ur) = — E F(k,ugs1,ur) <O0.
k=1 k=1 k=1

Thus, the critical point @ of J corresponding to the critical value ¢g is a nontrivial mT-
periodic solution of (1.1).

In order to obtain another nontrivial mT-periodic solution of (1.1) different from ,
we need to use the conclusion of Lemma 2.1. We have known that J satisfies the P.S.
condition on Ey,r. In the following, we shall verify the condition (Jz).

Take e € 9B1 NV, for any z € W and s € R, let u = se + z. Then

mT mT
1 n n
J(u) = §§m (A" up, A™ug) _§F(k‘,uk+17’u1€)

_mT mT
< %52 Z (A"ek, A"e) — Z F(k, sext1 + zkt1, sex + 2x)
k=1 k=1
_ mT
< 2821/*1[’2/ = {B [(sert1 + zri1)? + (sex + 21)%] = ¢’}
k=1
_ mT
< S5 Mmallyl — 28 (sex + )% + mI¢’
k=1

,,7
= 55 Amaxllyl3 — 285 — 28|13 + mT¢',

where y = (A" e, A" tey, -, A" e, )", Since
mT mT
Iyl = 3" (A" 2erin — A" 2er)” < Amax D (A" 2e1)” < At
k=1 k=1
we have

J(w) < (GAmax = 28) 8° = 28|12I13 +mT¢ < ~28]l23 + mT¢'.
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Thus, there exists a positive constant Rz > d1 such that for any u € 9Q, J(u) <0, where
Q = (Br, "W) @ {se|0 < s < R2}. By the Linking Theorem, .J possesses a critical value
¢ > o > 0, where

= 1 f S
¢ = jnf sup J(h(u)),

and I' = {h S C(Q,EWT) | h|aQ = id}‘

Let @ € Enr be a critical point associated to the critical value ¢ of J, i.e., J(u) = c.
If @ # u, then the conclusion of Theorem 1.1 holds. Otherwise, & = @. Then ¢y =
J(@) = J(a) = ¢, that is sup J(u) = inf sup J(h(u)). Choosing h = id, we have

wEE, hel yeqQ

sup J(u) = co. Since the choice of e € 9B1 NV is arbitrary, we can take —e € 9B1 NV.
ueQ
Similarly, there exists a positive number R3 > d1, for any v € 9Q1, J(u) < 0, where

Ql = (BR:; M W) D {—86|0 < s < Rg}.
Again, by the Linking Theorem, .J possesses a critical value ¢’ > o > 0, where

"= inf J(h ,
¢ = inf usgugl (h(uw))

and 'y = {h S C(Qh EmT) ‘ h|aQ1 = id}.

If ¢’ # co, then the proof is finished. If ¢’ = cp, then sup J(u) = co. Due to the fact
ueEQ1

Jlog <0 and J|ag, <0, J attains its maximum at some points in the interior of sets @
and Q1. However, QN Q1 C W and J(u) < 0 for any u € W. Therefore, there must be

a point v’ € Epr, u' # @ and J(u') = ¢ = co. The proof of Theorem 1.1 is complete. O

Remark 3.1. Similarly to above argument, we can also prove Theorems 1.2 and 1.3.
For simplicity, we omit their proofs.

Remark 3.2. Due to Theorems 1.1, 1.2 and 1.3, the conclusion of Corollaries 1.1, 1.2
and 1.3 is obviously true.

4. Example
As an application of Theorem 1.1, we give an example to illustrate our main result.
Example 4.1. For all n € Z(3), k € Z, assume that

A" (rg—n A" ug_pn) =

(4.1)

where 7, is real valued for each k € Z and riy7 = 1 > 0, > 2, T is a given positive
integer.
We have

f(k,v1,v2,v3) =

o [ (55 () ) (240854 (s (TE20) ) 03 442

and
. 7k L&
F(k,v1,v2) = [8 + sin? (?>] (v% + vg) 2.
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Then

OF (k — 1,v2,v3) n OF (k,v1,v2)

Ove Ova

= pve KS + sin? (%)) (P +03)2 "+ (8 + sin? <7r(kT_1))> (v2 + vi)%*l} .

It is easy to verify all the assumptions of Theorem 1.1 are satisfied. Consequently, for
any given positive integer m > 0, (4.1) has at least three mT-periodic solutions.
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Abstract

In this paper, we define the incomplete h(x)-Fibonacci and h(z)-Lucas
polynomials, we study the recurrence relations, some properties of these
polynomials and the generating function of the incomplete Fibonacci
and Lucas polynomials.
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1. Introduction

Fibonacci numbers and their generalizations have many interesting properties and
applications in many fields of science and art (see, e.g., [7]). The Fibonacci numbers F;,
are defined by the recurrence relation

FOZO, F1:17 Fn: n71+Fn72a ’I’L}l

The incomplete Fibonacci and Lucas numbers were introduced by Filipponi [6]. The
incomplete Fibonacci numbers Fy, (k) and the incomplete Lucas numbers L, (k) are de-

fined by
k .
nol-g (n=1,2,3,“.;0§k§v—1D,
= j 2

F,.(k)

and
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Is is easily seen that [7]

Fn Q”;lJ) =F, and L, ({%J) = Ln.

Pintér and Srivastava [9] determined the generating functions of the incomplete Fibonacci
and Lucas numbers. Djordjevi¢ [1] introduced the incomplete generalized Fibonacci and
Lucas numbers. Djordjevi¢ and Srivastava [2]| defined incomplete generalized Jacobsthal
and Jacobsthal-Lucas numbers. Tasci and Cetin Firengiz [14] defined the incomplete
Fibonacci and Lucas p-numbers. Tasci et al. [15] defined the incomplete bivariate Fi-
bonacci and Lucas p-polynomials. Ramirez [11] introduced the incomplete k-Fibonacci
and k-Lucas numbers, the bi-periodic incomplete Fibonacci sequences [10]. Ramirez and
Sirvent introduced the incomplete tribonacci numbers and polynomials [12].

A large classes of polynomials can also be defined by Fibonacci-like recurrence relations
such yield Fibonacci numbers. Such polynomials are called Fibonacci polynomials [7].
They were studied in 1883 by Catalan and Jacobsthal. The polynomials F,(x) studied
by Catalan are defined by the recurrence relation

Fo(z) =0, Fi(z)=1, Fopi(z)=aF,(z)+ Fo-1(z), n> 1.

The Fibonacci polynomials studied by Jacobsthal are defined by
Jo(z) =1, Ji(z)=1, Jpt1(x)=Jn(x)+xJp-1(z), n>1.

The Lucas polynomials Ly (x), originally studied in 1970 by Bicknell, are defined by
Lo(z) =2, Li(z) ==, Lnyi(x) =xLn(x)+ Ln-1(z), n > 1.

Nalli and Haukkanen [8] introduced the h(z)-Fibonacci polynomials that generalize Cata-
lan’s Fibonacci polynomials F),(z) and the k-Fibonacci numbers Fj ,, [5]. Let h(z) be
a polynomial with real coefficients. The h(z)-Fibonacci polynomials {F »(z)}nen are
defined by the recurrence relation

(1.1) Fro(z) =0, Fri(z) =1, Fhnt1(z) = h(x)Fpn(x) + Fop-1(z), n > 1.

For h(x) = = we obtain Catalan’s Fibonacci polynomials, and for h(z) = k we obtain
k-Fibonacci numbers. For k = 1 and k£ = 2 we obtain the usual Fibonacci numbers and
the Pell numbers.

Let h(x) be a polynomial with real coefficients. The h(z)-Lucas polynomials { Lp, () }nen
are defined by the recurrence relation

Lh’o(m) = 2, Lh,l(m) = h({E)7 Lh,n+1(m) = h(m)Lh,n(;r) + Lh7n71(:v),n 2 1.

For h(z) = x we obtain the Lucas polynomials, and for h(z) = k we have the k-Lucas
numbers [3]. For k = 1 we obtain the usual Lucas numbers. Nalli and Haukkanen [8]
obtained some relations for these polynomials sequences. In particular, they found an
explicit formula to h(x)-Fibonacci polynomials and h(z)-Lucas polynomials respectively

L= n—1—1 i
(12)  Fun(@)= < | )h“’%w),

. i
i=0

15] .
n n—=11),n-2i
1.3 Lpn(z) = - .|k .
(1) L) =3 n( Z ) (x)
From Equations (1.2) and (1.3), we introduce the incomplete h(z)-Fibonacci and h(z)-
Lucas polynomials and we obtain new recurrence relations, new identities and the gen-

erating function of the incomplete h(x)-Fibonacci and h(z)-Lucas polynomials.



365

2. Some Properties of h(z)-Fibonacci and h(z)-Lucas Polynomials

The characteristic equation associated with the recurrence relation (1.1) is v*> =
h(z)v 4+ 1. The roots of this equation are

R TG VG S 2

Then we have the following basic identities:
a(z) + B(z) = h(z), a(z) = B(z) = Vh(z)* +4, a(z)B(x) = —1.

The h(x)-Fibonacci polynomials and the h(x)-Lucas numbers verify the following prop-
erties (see [8] for the proofs).

e Binet formula: Fj .(z) = (a(z)” — B(z)")/(a(z) — B(z)), Lun(z) = alz)” +

Bla)™.
e Cenerating function: g;(t) = t/(1 — h(z)t — t?).
e Relation with h(z)-Fibonacci polynomials:

Lh,n(x) = Fh,n—l(x) + Fh,7l+l(x)7 n > 1.

3. The incomplete h(z)-Fibonacci Polynomials

3.1. Definition. The incomplete h(x)-Fibonacci polynomials are defined by

31 Fiae) =2, <n_:_i>h"2”(w), 0<i< V‘;lJ

i=0

In Table 1, some polynomials of incomplete h(z)-Fibonacci polynomials are provided.

n\l| 0 1 2 3

1 1

2 h

3 | A2 R?P+1

4 || K +2h

5 | h*| R*+3R%| R*+3R%2+1

6 | h® | h®+4h® | B® +4h® + 3k

7 | h® | RS +5h* | RS +5h* +6R? | KO +5h* +6R%2 + 1

Table 1. The polynomials F}, ,,(z), for 1 <n < 7.

Note that

n—1

Fl T @y = .

,n

For h(z) = 1, we get incomplete Fibonacci numbers [6]. If h(z) = k we obtained
incomplete k-Fibonacci numbers [11].
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Some special cases of (3.1) are
Fin() =h"""(z), (n21);
Fin(z) = k" (@) + (n = 2h"*(2), (n > 3);

F;f W(@) =h" ) + (n—2)R" P (z) + ————

n—1

V@) = Fun(@), (0> 1);

FL" SJ( ) = Fyon(z) — "hi,(z), if n > 3 and even;
Fin (@) =1, if n > 3 and odd.

FL

3.2. Proposition. The recurrence relation of the incomplete h(x)-Fibonacci polynomials
Fi () is

(32)  Fplla(e) = h(@) Pl (@) + Fro(z), 0<1< Vﬂ'

The relation (3.2) can be transformed into the non-homogeneous recurrence relation

(33)  Floia(@) = h(@)F s (@) + F (@) - (” - ll - l) 12 ().

Proof. From Definition 3.1 we get

h(@)Fyl e (@) + Fy ()

L n—1 ; L n—1 ;
— ] hn72z+1($) + ' hn722+1(x)
i=0 ¢ = \' " 1

1+1 . .
_ pn—2i+1 n—1 n—1 n+41 n
=t (S0 (53] )
I+1
_ i: ( —1 + 1) h'n72i+1($) —0

= Fh,n+2 (ZU)

3.3. Proposition. The following equality holds:

5.0 z()F,z+;+,< (a) = Fitt(e), <1< mmim

=0



367

Proof. We proceed by induction on s. The sum (3.4) clearly holds for s = 0 and s = 1;
see (3.2). Now suppose that the result is true for all j < s + 1. We prove it for s + 1:

s+1 s+1

}jﬁjﬁﬁﬁmmﬁm—ij@)+QfJ

Z__ &= I+ i Hfl_ S I+ i
Z Bl @hi(@) +> i B @)k (@)

=0

;lﬁ,ergs( )+ <s+ 1) Fflfr:j:sil hs+1 )+ Z ( > }Ll+nzill+l( )hi+1(m)

i=—1

s . s 2 i
= F){L-,Fn+2s(x) +O+Z (i>F}lL+nIZI+1( )h +1($) + ( 1> Fh n( )
=0

o)+ 3 (§) @ 4o

=0

l+s l+s l+s
= Fh-;l-us(l’) + h( )thz-:—21e+1( ) thz—:’;s—&-?( )

O

3.4. Proposition. Forn > 2]+ 2,
(3.5) ZFMM T T (@) = Bt (@) — B @) B ().

Proof. We proceed by induction on s. The sum (3.5) clearly holds for s = 1; see (3.2).
Now suppose that the result is true for all 7 < s. We prove it for s:

Zth+z h's Z Zth-H hs - 1( )+F}ll,n+9(‘r)

= h( >(F,iti+s+1( ) - h%w)F,iT:H(x)) + Fhns(2)
= (@) P 1 (@) + Fhga()) = R (@) L ()
+1 s+1 +1
hn+s+2( ) h ( )Fh n+1( )

O

3.5. Lemma. The following equality holds:

(36) Ff/L,n(x) _ h/(w) (nLh,n(xhl(—w;lleh,n(l’)) )

Proof. By deriving into the Binet’s formula it is obtained:

n[a" (@) — (—a(@) "] o/ ()

Fhnla) = o) T a(z) T

[o"(z) = (—a(x)) "] (1 — a~*(2))e/ (x)
[a(z) + a1 (2)]? ’
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where a(z) = (h(z) + /h2(z) +4)/2. Then o' (z) = (W (z)a(x))/(a(z) + " (x)), 1 —
a”%(z) = h(z)/a(z). Therefore

;o [a"(z) + (—a(z)) "] K (2)
o) o) + a1 (@)
0" = (—a@) ] k@ ()
a(z) +at(z) [a(z) + a~1(x)]*
On t(he; other hand, Fp ny1(z) + Fhn-1(z) = a™(z) + 8" (z) = a"(z) + (—a(z)) ™" =
Lh,n x).
From where, after some algebra Equation (3.6) is obtained. O

Lemma 3.5 generalizes Proposition 13 of [4].

3.6. Lemma. The following equality holds:

L=z :
67 i(” —- Z) R ()

7

((h(x)* + 4)n — 4) Fyn(x) — nh(z)Lyn(z)
2(h2(z) + 4) '

Proof. From Equation (1.2) we have
n—1
h(z) P (@) = ij SR P ®
o B =0 L .

By deriving into the above equation:

%2 .
B (z)Fpon(z) + h(z)Fy, (2 Z n—2z< Z,l_Z)h""’“(m)h’(m)

e n—1—i ;
= nFyn(2)h (z) — 2 Z z( . )h"‘zl_l(az)h'(a:).

From Lemma 3.5

B (x) Fyn(z) + h(z)h () (”Lh’n(fﬂ) — h(z)Fhn (x)>

h%(z) +4

n— 1

z( ? - 7’) R () ().

From where, after some algebra Equation (3.7) is obtained.

|
—thn 72

3.7. Proposition. The following equality holds:

4F} n(x) + nh(z)Lpn(z)

. 2(h?(z) +4 ’
(3.8) Z Fyn(z) = (h?(z) _|(_ 8)(F;)Ln+(50)) + nh(x)Lhn(x)

2(h2(z) + 4) ’

if n is even;

if n is odd.
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Proof. We have

L=z*]
> Fia@)

T
1=0

_ Q” - 1J + 1) Fhn(@) — L% (” o ) R ).

1=0

From Lemma 3.6 the Equation (3.8) is obtained. O

4. The incomplete h(z)-Lucas Polynomials

4.1. Definition. The incomplete h(z)-Lucas polynomials are defined by

IA
—
N3
| I

' m —q 7
=0

l .
41)  Lha(2)=> - (”.‘Z>h"—2i(x), 0<1i

In Table 2, some polynomials of incomplete h(z)-Lucas polynomials are provided.
Note that



370

n\l| 0 1 2 3
R
K| hr42
h® + 3h

h* | h* + 4h? h* +4h% + 2
h® | K5 +5h% | h®+5h®+5h
he | K8 +6h* | h® +6R* +9R2 h® +6h* +9R% +2
BT | BT+ 7h° | BT 4+ 7h® + 14k | BT + Th° + 14h° + Th
Table 2. The polynomials Lj, ,,(z), for 1 <n < 7.

N O U WN |
>
w

Some special cases of (4.1) are
L n(@) = W7 (2), (n > 1);
Lin(x) = h™(2) + nh"*(z), (n > 2);

n(n —3)

Liyn(x) = h" (@) + nh" (@) + ==

h" @), (n > 4);

LL%J (z) = Ly n(x) — 2, if n > 2 and even;
) —nh(z), ifn>2andodd.

4.2. Proposition. The following equality holds:
(42)  Lha(@) = Fi L@+ Fhaa(@; 0<i< |2,

Proof. Applying Definition 3.1 to the right-hand side (RHS) of (4.2) results

-1 9 _ l o _
(RHS) = <” _ ’) R () 4 ("l Z) h" % ()

<n Z—j 1— ’L> hn72i(x) i Z <n Z— z> h"72i(m)

O

4.3. Proposition. The recurrence relation of the incomplete h(x)-Lucas polynomials
L}, . (z) is
l l l n
(43)  Lifla@) = h@)L b @) + Lha@), 0<1< |2
The relation (4.3) can be transformed into the non-homogeneous recurrence relation

(44) Lé’L,n—O—Z (-T) = h(CL‘)LzﬂH_l(i’) + LéL,n (x) — % <Tl l_ l) hn72l(x)‘

Proof. 1t is clear from (4.2) and (3.2). O
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4.4. Proposition. The following equality holds:

W(@)Lh o (2) = Ffya(@) — Fi2 (@), 0<1< V‘ - 1J .
Proof. By (4.2),
1 o -1 1—2 - -1
Fimt2(2) = L1 (2) = Fyo (2) and - Fyomo(2) = Ly (2) = By (2),

whence, from (4.3)

Fhny2(z) = Fyolo(@) = Lhnsa (2) = Li 1 (2) = h(@) L, (2)-

4.5. Proposition. The following equality holds:

n—s
O”ﬁiﬂ (@) = Ifan(e), 0515 5%
i=0

Proof. Using (4.2) and (3.4), we get

Z j) Llfb+,2+i(x)hi(m) = Z <Z) [Fétfﬂl () + FflLtZ‘+z+1( )} hi(2)

=0

. i— [ - S i i
3 (1)o@ s 3 () e o
i i=0
fl;nlj15+2s (z) + F}lz+vf+1+2s( ) = Lth,rSJrzs ().
O

4.6. Proposition. Forn > 2l +1,
ZLh (@B @) = L @) — B @)L (@),

The proof can be done by using (4.3) and induction on s.

4.7. Lemma. The following equality holds:

2] .
it <“ - ) W () = 5 [Lin(@) = h(z)Fan (@)

, n-—1
=0

The proof is similar to Lemma 3.6.

4.8. Proposition. The following equality holds:

! _J Law(z) + 255 Fuon(2), if n is even;
(49 Z; Fnle) = {; (Lhn(x) +nh(z)Fhn(x)), if n is odd.

Proof. An argument analogous to that of the proof of Proposition 3.7 yields

[5]
S Lha(a) = ([SJ +1) L (z Zan( )h" % (2).
=0

From Lemma 4.7 the Equation (4.5) is obtained. O




372

5. Generating functions of the incomplete h(z)-Fibonacci and h(z)-
Lucas polynomials

In this section, we give the generating functions of incomplete h(z)-Fibonacci and
h(z)-Lucas polynomials.

5.1. Lemma. (See [9], p. 592). Let {sn} ., be a complex sequence satisfying the
followin non-homogeneous recurrence relation:

Sn = aSn—1 + bSp—2+ 71, n>1,

where a and b are complex numbers and {rn} is a given complex sequence. Then the
generating function U(t) of the sequence {sn} is
G(t) + so —ro+ (s1 — soa — r1)t
1— at — bt? ’
where G(t) denotes the generating function of {rn}.

U(t) =

5.2. Theorem. The generating function of the incomplete h(x)-Fibonacci polynomials
F} . (z) is given by

Rpu(x) = Fpi(x)t’
=0

= 7 [Fu i1 (@) + (Fh2is2(2) — h() Froia (@) ¢
2 97—1
R O

Proof. Let | be a fixed positive integer. From (3.1) and (3.3), F} ,(z) = 0for 0 < n <
20+ 1, Fp p141(x) = Froi41(2), and Fj g1 5(2) = Fi2i12(2), and that

n—3—1\, ,_3_
Fi () = h(z)Fh a1 (2) + Fh o) — ( l )h ),
Now let

S0 = Fii,21+1(5€)781 = Fill,21+2(55)7 and s, = F}lz,n+21+1(m)‘

Also let 1o =71 = 0, and

_ TL+Z—1 n—2
Tn—( n—2 )h (Ll’)

The generating function of the sequence {r,} is G(t) = t*/(1 — h(z)t)'"?; see [13, p. 355].
Thus, from Lemma 5.1, we get the generating function Ry ;(z) of sequence {s,}. O

5.3. Theorem. The generating function of the incomplete h(x)-Lucas polynomials Lil,n(x)
is given by

Spa(z) =Y Li ()t
1=0

= t*' [Ln21(z) + (Ln2is1(x) — h(z)Ln 2 ()t

—% [1—h@)t—13] ",
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Proof. The proof is similar to the proof of Theorem 5.2. Let [ be a fixed positive integer.
From (4.1) and (4.4), L}, ,,(z) = 0 for 0 < n < 2l, Lj, 5() = Lu,2(z), and L}, 51 (z) =
Ly 2141(x), and that

l _ i i . n—2 n—2-1 n—2-21
Lhin(@) = h(@)Liy 1 (2) + Ly (@) = —15= (n S, Ql) B @),

Now let
s0=Lha(x), $1=Lhawi(x), and s, =Lj (@)

Also let 7o = r1 =0, and

Tn = (n +20- 2) h"+2172(:c).

n+1l—2

The generating function of the sequence {r,} is G(t) = t2(2 — t)/(1 — h(z)t)'"?; see
[13, p. 355]. Thus, from Lemma 5.1, we get the generating function S ;(x) of sequence
{sn}. O
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Feckly reduced rings
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Abstract

Let R be a ring with identity and J(R) denote the Jacobson radical of
R. In this paper, we introduce a new class of rings called feckly reduced
rings. The ring R is called feckly reduced if R/J(R) is a reduced ring.
We investigate relations between feckly reduced rings and other classes
of rings. We obtain some characterizations of being a feckly reduced
ring. It is proved that a ring R is feckly reduced if and only if every
cyclic projective R-module has a feckly reduced endomorphism ring.
Among others we show that every left Artinian ring is feckly reduced
if and only if it is 2-primal, R is feckly reduced if and only if T'(R, R)
is feckly reduced if and only if R[z]/ < z* > is feckly reduced.
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1. Introduction

Throughout this paper, all rings are associative with identity unless otherwise stated.
A ring is reduced if it has no nonzero nilpotent elements. It is well known that the
structure of rings with Jacobson radical zero is easy to handle with, namely Artinian
rings with Jacobson radical zero are direct sums of matrix rings. For any ring R, the ring
R/J(R) has zero Jacobson radical. Therefore it will be useful to study the rings with
Jacobson radical zero. Some properties of rings are common with a ring R and R/J(R),
such as being Dedekind finite, stably finite, right (left) quasi-duo, and having stable
range one. Invertible elements in R/J(R) have invertible preimages in R and vice versa.
Also, R and R/J(R) have the same simple modules. By this motivation we introduce
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a class of rings, namely, feckly reduced rings. We supply some examples to show that
there is no implication between the classes of reduced rings and feckly reduced rings. We
show that a ring R is feckly reduced if and only if every cyclic projective R-module has
a feckly reduced endomorphism ring. Apart from this, we obtain a characterization of
feckly reduced rings in terms of its Jacobson radical. On the other hand, we prove that
being a feckly reduced ring is not Morita invariant. In addition to these, we study trivial
extensions and Dorroh extensions of feckly reduced rings.

Throughout this paper, Z and QQ denote the ring of integers and the ring of rational
numbers and for a positive integer n, Z,, is the ring of integers modulo n. We write R[z],
R[[z]], N(R) and J(R) for the polynomial ring, the power series ring over a ring R, the
set of all nilpotent elements and the Jacobson radical of R, respectively.

2. Feckly Reduced Rings

In this section, we introduce the concept of a feckly reduced ring. We show that there
is no implication between the classes of reduced rings and feckly reduced rings.

2.1. Definition. A ring R is called feckly reduced if R/J(R) is a reduced ring.

Note that feckly reduced rings need not be reduced and reduced rings may not be
feckly reduced as the following examples show.

2.2. Example. Let F' be a field. Consider the ring R = [
0 F | F 0
{ O I and BY(R) { o

reduced but it is not reduced.

S

" ] Then J(R) =

] Since R/J(R) is a reduced ring, R is feckly

2.3. Example. Let R denote the localization of Z at 3Z, that is, R = {%Z* | m,n €
Z,3 1 n}. Let Q denote the set of quaternions over the ring R, that is, a free R-
module with basis 1,4, j, k. Then @ is a noncommutative domain, and so it is reduced.
On the other hand, J(Q) = 3Q, and Q/J(Q) is isomorphic to 2 x 2 full matrix ring
over Z3 via an isomorphism f defined by f((ao/bo)1 + (a1/b1)i+ (a2/b2)j + (as/bs)k +

-1 -1 -1 -1 -1 -1
30) = | Bt Lot pabet b bt 1ot | Foreny (ao/to) 1 (an/n)ik
(az2/b2)j + (as/bs)k + 3Q € Q/3Q where the entries of the matrix are read modulo the
ideal (3) of Z. Hence @/ J(Q) has a nonzero nilpotent element. Therefore @ is not feckly
reduced.

Note that obviously, being a reduced ring and a feckly reduced ring coincide when the
ring is semisimple.

2.4. Remark. Let R be a ring with R/J(R) semisimple. By Weddernburn-Artin The-
orem, R/J(R) is isomorphic to Ay X -+ X A, where A; is isomorphic to the ring of all
(m; x m;)-matrices over division rings D; (¢ = 1,--- ,n). If the aforementioned matrix
rings’ types are m; X m; with m; > 2, then R/J(R) is not reduced. Therefore R is not
feckly reduced. If m; = 1 for all 4, then this is not true. For example, let R denote the
localization of Z at 3Z, i.e., R ={z/y € Q:3ty}. Then J(R) ={z/y € R:3 |z}, and
so R/J(R) is a semisimple reduced ring, also R/J(R) is isomorphic to Zs. Therefore R
is feckly reduced.

Let J#(R) denote the subset {x € R | 3 n € N such that z" € J(R)} of R. It is
obvious that J(R) C J#(R), but the following example shows that the reverse inclusion
does not hold in general.
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2.5. Example. Let R denote the ring M2(Z2). Then

# . 0 0 0 1 0 0 1 1
J(R)_{{O O]’[OO I e N R | ’
while J(R) = 0.
We now give a characterization of feckly reduced rings in terms of its Jacobson radical.

2.6. Proposition. A ring R is feckly reduced if and only if J(R) = J*(R).

Proof. Let R be a feckly reduced ring. We always have J(R) C J#(R). For the converse
inclusion, if z € J#(R), then 2" € J(R) for some n > 1 and so = € J(R). Thus
J(R) = J#(R). For the sufficiency, let z € R such that z™ € J(R) for some positive
integer n. Then z € J#(R). Since J(R) = J*(R), = € J(R) and so R is feckly
reduced. O

By 2.6. Proposition, we can say that commutative rings and local rings are feckly
reduced. The following result is an easy consequence of 2.6. Proposition.

2.7. Corollary. Let R be a feckly reduced ring. Then all nilpotent elements of R belong
to J(R).

In a ring R, N(R) C J(R) is not an adequate condition in order that R being feckly
reduced as is seen from 2.3. Example.

2.8. Lemma. Let R be a ring with N(R) = J(R). Then it is feckly reduced.

Proof. Since R/N(R) does not have any nonzero nilpotent elements, R/J(R) is reduced.
0

3. Examples

The purpose of this section is to supply several examples of feckly reduced rings. We
see that feckly reduced rings are abundant.

3.1. Example. Let N2(R) be the set of all nilpotent elements of index two of a ring R.
Assume that J(R) contains N2(R). By [2, Corollary 4], we have the following.

(1) If R is a semiperfect ring, then it is feckly reduced.

(2) If R is a right or left self-injective ring, then it is feckly reduced.

(3) If R is an I-ring, i.e., every non-nil right ideal of R contains a nonzero idempo-
tent, then it is feckly reduced.

3.2. Proposition. Every semi-abelian m-regular ring is feckly reduced.

Proof. Let R be a semi-abelian m-regular ring. According to [1, Corollary 3.13|, J(R) =
N(R), and so R is feckly reduced by 2.8. Lemma. O

Recall that a left ideal L of a ring R is called G W-ideal if for any a € L, there exists a
positive integer n such that a™ R C L and the ring R is called left WQD if every maximal
left ideal of R is a GW-ideal.

3.3. Example. Every left WQD ring is feckly reduced by [12, Theorem 2.7].
3.4. Proposition. FEvery locally finite abelian ring is feckly reduced.

Proof. Let R be a locally finite abelian ring. Due to [4, Proposition 2.5], we have N(R)
J(R). Then 2.8. Lemma completes the proof.

ol
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Recall that a ring R is called semicommutative if for any a,b € R, ab = 0 implies
aRb = 0. Let R be a left morphic ring, that is, for any a € R there exists b € R such
that Ra = 1(b) and I(a) = Rb. Then J(R) = Z(Rr) ([8]).

3.5. Theorem. FEvery semicommutative left and right morphic ring is feckly reduced.

Proof. Let R be a semicommutative left and right morphic ring. By [8, Theorem 24|, R
being right morphic implies that it is left p-injective. We first note that R is right duo.
In fact, for any a € R, in view of left p-injectivity aR = rl(a). By semicommutativity,
l(a) is a two sided ideal and so is ri(a) = aR. Because of this fact, every right ideal
of R is also a left ideal. On the other hand, again by [8, Theorem 24|, R being left
morphic implies that Z(Rgr) = J(R). To complete the proof it is enough to show that
a® € J(R) implies a € J(R). Otherwise, since Z(Rr) = J(R), 7(a?) is essential in R but
r(a) is neither essential in R nor in 7(a?). There exists a right ideal K < r(a?) such that

r(a) ® K is essential in 7(a?). Since K is also a left ideal, a K < K. Hence a(aK) = 0
since K < r(a?), and then aK < r(a) N K. Tt follows that K < r(a) N K = 0. Thus
K =0 and r(a) is essential in R. This is the required contradiction. O

3.6. Theorem. FEvery semicommutative left morphic ring with ACC on right annihila-
tors is feckly reduced.

Proof. Let R be a semicommutative left morphic ring with ACC on right annihilators.
Then R is right p-injective and so it is left duo. Also we have Z(rR) = J(R) by [8,
Theorem 31]. The rest is similar to the proof of 3.5. Theorem. O

A ring R with involution * is called a *-ring. An element p in a *-ring R is called a
projection if p> = p = p*. A x-ring R is said to be x-clean if each of its elements is the
sum of a unit and a projection, and R is called strongly *-clean if each of its elements
is the sum of a unit and a projection that commute with each other. If the preceding
projection is unique, we call R uniquely strongly *-clean.

We call a *-ring R strongly nil-x-clean if every element of R is the sum of a nilpotent
element and a projection that commute with each other.

3.7. Theorem. Let R be a strongly nil-«x-clean ring. Then

) Every idempotent in R is a projection.
) N(R) forms an ideal.
3) R/N(R) is Boolean.
1) N(R) = J(R),
) R is feckly reduced.

Proof. Let ¢ = e € R. There exist a projection p and a nilpotent v in R such that
e = p+v and pv = vp. Then it is easily proved that e is also projection, that is e = e* = 2
and e is central. For any z € R, there exist an idempotent g € R and a nilpotent v € N(R)
such that + = g +v. Thus 2°> = g+ (2g +v)v, and so z — 2> = (=29 + 1 —v)v € R
is nilpotent. Write (z — ?)™ = 0, and so ™ € ™' R and 2™ = 2™y = g™
Clearly, xy = yx and x"y" is an idempotent. This shows that R is strongly mw-regular. It
is well known that N(R) forms an ideal of R. Hence N(R) C J(R) since J(R) contains
all nil left or nil right ideals. Further, x —z? € N(R), and so R/N(R) is Boolean. Let
xz € J(R). There exists an idempotent e € R such that z —e € N(R) C J(R). Hence
e € J(R). Thus e = 0 and so x € N(R). It follows that J(R) = N(R). Therefore R is
feckly reduced. O

Recall that R is called a gsr-ring [10] if for any & € R, there exists some integer
n(z) > 2 such that Rz = z™® Rz™®.
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3.8. Proposition. FEvery gsr-ring is feckly reduced.

Proof. Let R be a gsr-ring and = € R with 22 € J(R). Then zRz = z"® Rz™® for
some integer n(z) with n(x) > 2. This implies that Rz = 2° R2?. Hence 2Rz C J(R),
and so (RzR)? C J(R). Also J(R) is a semiprime ideal of R by [6, Ex. 10.20]. Tt follows
that RzR C J(R), thus € J(R). This completes the proof. O

4. Further Results

A ring R is said to be right continuous [11] if (1) every right ideal of R isomorphic to
a direct summand of R is a direct summand of R and (2) every complement right ideal
of R is a direct summand of R. Thus if R is right continuous, then J(R) = Z(Rg) and
R/Z(RR) is von Neumann regular.

4.1. Theorem. Let R be a ring with J(R) = Z(Rr). If R is reduced, then it is feckly
reduced.

Proof. To complete the proof it is enough to show that 2*> € J(R) implies € J(R).
Let z € R with 22 € J(R) = Z(Rgr) and so r(z?) is an essential right ideal of R. Let
t € r(z%). So x*t = 0. Since R is reduced, we have zt = 0. Hence t € 7(z). It follows
that r(z) = r(2z?) and r(z) is an essential right ideal of R and so x € Z(Rg) = J(R).
This completes the proof. O

An ideal of a feckly reduced ring need not be feckly reduced, as the following example
shows.

a b c
4.2. Example. Let F' be a field and R the ring 0 a d|:abecdecF
0 0 e
0 b c
and I an ideal 0 0 d|:becdecF 3 of R. Then it can be shown J(R) =
0 0 e
0 b ¢ 0 0 ¢
0 0 d|:bcdeF ) and J{I) = 0 0 d|:¢c,deF . Since F is a
0 0 0 0 0 0
field, R/J(R) is reduced, and so R is feckly reduced. On the other hand, consider the
0 1 0
element = | 0 0 0 | €. Since « is nilpotent, we have x € J#(I), but = ¢ J(I).
0 0 0

Hence J#(I) # J(I). By 2.6. Proposition, I is not feckly reduced.

4.3. Theorem. Let I be an ideal of a ring R with I C J(R). Then R is feckly reduced
if and only if R/I is feckly reduced.

Proof. Let R = R/I. Since I C J(R), J(R) = J(R)/I. Suppose that R is feckly
reduced. Since R/J(R) = R/J(R), R is feckly reduced. Conversely, assume that Ris

feckly reduced and a € R with a® € J(R). Then @* € J(R)/I = J(R) and so @ € J(R).
Hence a € J(R), as desired. O

4.4. Theorem. If R is feckly reduced, then eRe is also feckly reduced for any e* = e € R.

Proof. Assume that a € eRe with @°

=0. Then a® € J(eRe) = eJ(R)e C J(R) and so
a € J(R). Thus eae = a € eJ(R)e, so a =

0 in eRe/J(eRe). O

4.5. Corollary. Let M be a module with its endomorphism ring feckly reduced. Then
every direct summand of M has a feckly reduced endomorphism ring.
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We now give a characterization of feckly reduced rings.

4.6. Theorem. A ring R is feckly reduced if and only if every cyclic projective R-module
has a feckly reduced endomorphism ring.

Proof. Let R be a feckly reduced ring and mR a projective R-module. Then mR is
isomorphic to a direct summand I of R as an R-module. 4.5. Corollary implies that
the endomorphism ring of mR is feckly reduced. The sufficiency is clear due to R =
Endgr(R). O

4.7. Proposition. Let My and Mz be R-modules for a ring R. If My and Mz have
feckly reduced endomorphism rings and Hom(Mi, M2) = 0, then M = M1 & M2 has a
feckly reduced endomorphism ring.

Proof. Let S; = Endgr(M;) for ¢ = 1,2 and S = Endg(M). We may write S as
51 Hom(Mg,Ml) _ J(51) HOm(M27M1) o~
0 S, Then J(S) = 0 J(S2) Thus S/J(S) =
S1/J(S1) x S2/J(S2). By assumption, Si and S2 are feckly reduced. This implies that
S is also feckly reduced. O

Note that every field is feckly reduced and every matrix ring over any field contains
nilpotent elements. Therefore feckly reduced property is not Morita invariant. Also, the
full matrix ring M, (R) over a ring R is never feckly reduced for all n > 2 because of
Mn(R)/J(Mn(R)) = Mn(R)/Mn(J(R)) = Mn(R/J(R)).

If R is feckly reduced, then it need not be abelian, semicommutative, symmetric,
reversible, and reduced (see 2.2. Example). In this direction we have the following.

4.8. Proposition. FEvery feckly reduced ring is directly finite.

Proof. Let R be a feckly reduced ring and z,y € R with xy = 1. Then yz is an
idempotent. Since all nilpotents belong to J(R), yxy — yryyr = y — y’z € J(R).
Multiplying the latter from the left by x, zy — zy*z = 1 —yz € J(R). Hence yz = 1. O

Recall that a ring R is called 2-primal if P(R) = N(R) where P(R) is the prime
radical of R.

4.9. Proposition. Let R be a left Artinian ring. Then R is feckly reduced if and only if

it is 2-primal.

Proof. By [5, p.449], we have P(R) = J(R). If R is feckly reduced, then J(R) = N(R),
and so it is 2-primal. If R is 2-primal, then N(R) = P(R), and so it is feckly reduced
due to 2.8. Lemma. This completes the proof. O

Note that direct products of reduced ring is again reduced.
4.10. Proposition. Let {R;}icr be a class of rings for an index set I. Then [] R; is

i€l
feckly reduced if and only if for each i € I, R; is feckly reduced.

Proof. If R; is feckly reduced for each i € I, then [] R; is a feckly reduced ring since

icl
[T Ri/J(IT Ri) =[] (R:/J(R:)). Suppose that [T R; is feckly reduced and let a; € R;
icl icl icl i€l
with a € J(R;) for i € I. Then (0,...,a3,...,0) = (0,...,a:,...,0)% € J([[ R;) =
el
[T J(R:), and so (0,...,as,...,0) € J(I] Rs). Hence a; € J(R;), as asserted. O

iel iel
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Let S and T be any rings, M an S-T-bimodule and R the formal triangular matrix ring
S M . 1 Js) M ~
0 T } It is well-known that J(R) = { 0 J(T) } and R/J(R) = S/J(S) x
T/J(T).
. S M . . .
4.11. Proposition. Let R = R Then R is feckly reduced if and only if S and
T are feckly reduced.

Proof. The necessity is obvious from 4.10. Proposition. Assume that S and T are
feckly reduced. Then S/J(S) and T/J(T) are feckly reduced, by the remark above,
R/J(R) = S/J(S) x T/J(T). Since a direct product of reduced rings is again reduced,
R/J(R) is reduced and so R is feckly reduced. O

For a ring R, let R o R denote the ring { { a

0
Hg H |a € J(R), beR}.

4.12. Theorem. Let R be a ring. Then R x R is feckly reduced if and only if R is feckly
reduced.

Z } |a,b€R}. Then J(R x R) =

2 2
Proof. Let R be a feckly reduced ring and [ a b ] = { " ab+ba

0 a 0 ag :| € J(R X R)
By the remark above, a®> € J(R) and so a € J(R). Hence [ g Z } € J(R « R). Assume

a® 0
0 a?

that R o« R is feckly reduced and let a € R with a® € J(R). Then {

2
{ 8 2 } € J(R x R). Therefore, [ 8 2 ] € J(R x R) and so a € J(R), as

asserted. O

For a ring R, let T(R, R) = {(a,b) | a,b € R} with the addition componentwise and
multiplication defined by (a1, b1)(az,b2) = (a1a2,a1b2 + braz). Then T(R, R) is a ring
which is called the trivial extension of R by R. Clearly, T(R, R) is isomorphic to the
ring R oc R and T(R, R) is also isomorphic to the ring R[z]/ < 2® >. Hence by 4.12.
Theorem, we have the following.

4.13. Corollary. The following conditions are equivalent for a ring R.

(1) R is feckly reduced.
(2) T(R,R) is feckly reduced.
(3) R[z]/ < 2® > is feckly reduced.

4.14. Theorem. Let R be a ring. Then the following are equivalent.

(1) R is feckly reduced.
(2) Tw(R) is feckly reduced for all n € N.

Proof. Let I = {[ai;] € Ta(R) : as = 0,i = 1,2,...,n}. Then I C J(T,(R)) and

T.(R)/I = @ R; where each R; = R. So by 4.3. Theorem and 4.10. Proposition, we
=1

have (1) < (2). Therefore the proof is completed. O

Let R be a ring and V an R-R-bimodule which is a general ring (possibly with no
unity) in which (vw)r = v(wr), (vr)w = v(rw) and (rv)w = r(vw) hold for all v,w € V
and r € R. Then ideal-extension (it is also called Dorroh extension) I(R; V) of R by
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V is defined to be the additive abelian group I(R;V) = R @& V with multiplication
(r,v)(s,w) = (rs, 7w + vs + vw).

4.15. Proposition. Suppose that for anyv € V there exists w € V such that v+w+ovw =
0. Then the following are equivalent for a Ting R.

(1) R is feckly reduced.

(2) An ideal-extension S = I(R;V) is feckly reduced.

Proof. (1) = (2) Let s = (r,v) € S with s* = (r?, rvdvr+v?) € J(S). It is easy to verify
that > € J(R) and so r € J(R) by (1). Note that (0,V) C J(S) by hypothesis. Since
s = (r,v) = (r,0)4(0,v), it suffices to show that (r,0) € J(S). For any (z,y) € S, (1,0)—
(r,0)(z,y) = (1—rx, —ry) € U(S) because (1 —rz, —ry) = (1—rz,0)(1, (1 —rz) "' (=ry))
and (1, (1 — rz) " (=ry)) = (1,0) + (0, (1 — rz) " (=ry)) € U(S) by (0,V) C J(S). Thus
s=(r,v) € J(5).

(2) = (1) Suppose that S is feckly reduced and let a € R with a®> € J(R). Then
(a,0)* = (a?,0) € S. By the preceding discussion, (a,0) € J(S) and so (a,0) € J(S) by
(2). Therefore a € J(R), as desired. O

4.16. Example. Let R be a feckly reduced ring, n a positive integer and S = {[ai;] €
Tn(R) ‘ ayj] = - = ann}. fVv = {[ai]’] c Tn(R) | ai] = -+ = Anpn = O}, then S =
I(R; V). Since V C J(S), S is feckly reduced by 4.15. Proposition and noncommutative
if n > 3.

If Ris aring and o : R — R is a ring homomorphism, let R[[z,c]] denote the ring
of skew formal power series over R; that is all formal power series in = with coefficients
from R with multiplication defined by zr = o(r)x for all » € R. In particular, R[[z]] =
R[]z, 1g]] is the ring of formal power series over R. Note that J(R[[z,c]]) = J(R)+ < = >.
Since R|[[z,0]] 2 I(R; < = >) where < z > is the ideal generated by z, 4.15. Proposition
gives the next result.

4.17. Corollary. Let R be a ring and 0 : R — R a ring homomorphism. Then the
following are equivalent.

(1) R is feckly reduced.

(2) R[[z,0]] is feckly reduced.

4.18. Remark. Let R be a ring. Then the ring R][[z]] of formal power series is feckly
reduced if and only if R is feckly reduced.

We now investigate some relations between clean rings, exchange rings and feckly
reduced rings.

4.19. Proposition. FEvery clean ring is exchange. The converse holds for feckly reduced
Tings.

Proof. By [7], it is known that every clean ring is exchange. Let R be a feckly reduced
exchange ring. Then R/J(R) is exchange and abelian. Hence it is clean. On the other
hand, since R is exchange, by [7], idempotents lift modulo J(R). Therefore R is clean. O

Recall that a ring R is called J-clean (nil clean) if for every a € R, there exist
e?=e€ Rand be J(R)(be€ N(R)) such that a = e + b.
4.20. Theorem. Consider the following conditions for a ring R.

(1) R is an abelian exchange ring.
(2) R is a J-clean ring.
(3) R is a feckly reduced ring.
Then (1) = (3) and (2) = (3). The converse statements hold if R is nil-clean.
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Proof. (1) = (3) Let R be an abelian exchange ring. Since R is exchange, R/J(R) is also
exchange and idempotents lift modulo J(R). Then R/J(R) is abelian. The rest follows
from [14, Corollary 3.12].
(2) = (3) Clear from [9].
The converse statements hold by noting that every nil-clean ring is clean and abelian,
and every clean ring is exchange. O

The converse statements (3) = (1) and (3) = (2) do not hold in general.

4.21. Examples. (1) Let F' be a field. Then M>(F) is an exchange ring which is not
feckly reduced.

(2) Consider the ring Z of integers. For 3 € Z, there is no any idempotent e of 3Z such
that 1 — e € 2Z. Therefore Z is not exchange. But clearly, it is feckly reduced.

(3) Let R be the ring {m/n € Q : gcd(m,n) =1, 2{n, 3tn}. Then R/J(R) = Z; & Zs.
This implies that R is feckly reduced. On the other hand, 4 € R can not be written as
the sum of an idempotent and a unit in R. Hence R is not clean.

(4) The ring Zs is feckly reduced but not J-clean.

4.22. Proposition. FEvery semiregular feckly reduced ring is clean.

Proof. Let R be a semiregular feckly reduced ring. Then R/J(R) is strongly regular.
Hence it is clean and idempotents of R lift modulo J(R). This implies that R is clean. O

4.23. Proposition. Every right (left) quasi-duo ring is feckly reduced.

Proof. Let R be a right (left) quasi-duo ring and a € R with a®> € J(R). Every factor ring
of aright (left) quasi-duo ring is again right (left) quasi-duo and by [13, Lemma 2.3] every
nilpotent element of a right (left) quasi-duo ring is in Jacobson radical. Accordingly, we
have a € J(R). Therefore R is feckly reduced. O

On the contrary of 4.23. Proposition, there is a feckly reduced ring which is not right
quasi-duo, for example, consider the Hamilton quaternion over the field of real numbers
and let R denote this ring. Since R is a division ring, we have J(R) = 0, and so J(R[z]) =
0 due to J(R[z]) C J(R)[z]. Also R[z] is a domain and so it is reduced. This implies
that R[z] is a feckly reduced ring. On the other hand, consider the maximal right ideal
I = (14iz)R|z] of R[z]. If I were a left ideal, then ((1+iz)k+k(1+ix))(2k)" " =1€ 1,
this is a contradiction. Therefore R[z] is not right quasi-duo. Nevertheless, for exchange
rings these notions are equivalent as the following theorem shows.

4.24. Theorem. Let R be an exchange ring. Then the following are equivalent.

1) R is feckly reduced.
2) N(R) C J(R).

3) No(R) C J(R).

)

4) R s right quasi-duo.

(
(
(
(
Proof. (1) = (2) From 2.7. Corollary. (2) = (3) Clear. (3) < (4) From [3, Proposition
2.3]. (3) = (1) Since R is exchange, R/J(R) is also exchange. Then R/J(R) is reduced
by [2, Theorem 2]. O

We say that B is a subring of a ring A if ) # B C A and for any z,y € B, z —y,xy €
B and 14 € B. Let A be a ring and B a subring of A and R[A, B] denote the set
{(a1,a2, -+ ,an,b,b,--):a; € A,b€ Byn>1,1<i<n}. Then R[A, B] is a ring under
the componentwise addition and multiplication. Also J(R[A, B]) = R[J(A), J(A)NJ(B)].

4.25. Proposition. Consider the following conditions for a ring A and a subring B of
A.
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(1) A and B are feckly reduced.

(2) R[A, B] is feckly reduced.

(3) A is feckly reduced and N(B) C J(B).
Then (1) = (2) = (3).

Proof. (1) = (2) Let (a1,--- ,an,b,b,--+) € R[A, B] with (a1,--- ,an,b,b,---)* € J(R[A, B])
for some n > 1. Then (af,---,a2,b%,b% ---) € J(R[A, B]). This implies that a?,b* €
J(A) for i = 1,...,n and b* € J(B). By assumption, a;,b € J(A) for i = 1,...,n and

b € J(B). Therefore (a1, ,an,b,b,---) € J(R[A, B]).

(2) = (3) Let a € A with a® € J(A). Then (a,0,0,---)*> = (a*,0,0,---) € J(R[A, B)).
By (1), we have (a,0,0,---) € J(R[A, B]), and so a € J(A). Therefore A is feckly
reduced. In order to show N(B) C J(B), let b € B with b" = 0 for some positive integer
n. Then (0,b,b,---)" = (0,0,0,---) € J(R[A, B]). Since R[A, B] is feckly reduced,
(0,b,b,---) € J(R[A, B]). Hence b € J(B), as desired. O

The following result is an immediate consequence of 4.24. Theorem and 4.25. Propo-
sition.

4.26. Corollary. Let B be a subring of a ring A. If B is an exchange ring, then the
following are equivalent.

(1) R[A, B] is feckly reduced.
(2) A and B are feckly reduced.
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The notion of soft topological space which is defined over an initial
universe with a fixed set of parameters was introduced by Shabir and
Naz. In this paper, the concept of soft continuous mapping between
two soft topological spaces is first proposed. Then the main properties
of soft continuous mappings are studied. Finally, the notion of soft
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1. Introduction

Uncertainty is an attribute of information. To solve the complicated problems in
economics, engineering and environment, we cannot successfully use classical methods
because of various uncertainties. A wide range of theories such as probability theory,
fuzzy set theory, intuitionistic fuzzy set theory, rough set theory, vague set theory and
the interval mathematics are well known and often useful mathematical approaches for
modeling uncertainties. Each of these theories has its inherent difficulties as pointed out
by Molodtsov [29]. The reason for these difficulties is, possibly, the inadequacy of the
parametrization tool of the theories. Molodtsov [29] initiated the concept of soft set as
a new mathematical tool for dealing with uncertainties that is free from the difficulties
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that have troubled the existing theoretical approaches. This theory has proven useful in
many fields such as decision making [8,14,26,32,38|, data analysis [50], forecasting [44]
and simulation [28].

The concept and basic properties of soft set theory were presented in [29,33]. In the
classical soft set theory, a situation may be complex in the real world because of the
fuzzy nature of the parameters. With this point of view, the classical soft sets have been
extended to fuzzy soft sets [30,34], intuitionistic fuzzy soft sets [31], vague soft sets [46],
interval-valued fuzzy soft sets [47] and interval-valued intuitionistic fuzzy soft sets [23].

Algebraic nature of soft sets has been studied by some authors. Maji et al. [33]
presented some definitions on soft sets such as a soft subset, the complement of a soft
set. Based on the analysis of several operations on soft sets introduced in [33], Ali et
al. [3] presented some new algebraic operations for soft sets and proved that certain De
Morgan’s laws hold in soft set theory with respect to these new definitions. Qin and Hong
introduced the concept of soft equality and some related properties were derived in [37].
Kharal and Ahmad [27] introduced the notion of a mapping on the classes of soft sets
which is a pivotal notion for the advanced development of any new area of mathematical
sciences. Babitha and Sunil [7] studied soft set relations and many related concepts were
discussed. As a continuation of [7], kernels and closures of soft set relations, and soft set
relation mappings were studied in [49]. In [39], Sezgin and Atagiin presented a detailed
theoretical study of operations on soft sets. Ali et al. [4] discussed algebraic structures
of soft sets associated with new operations.

Up to the present, soft set theory has also been applied to several algebra structures:
groups [1,2,40], semirings [12], rings [5,6,10], BCK/BCI-algebras [17-19], BCH-algebras
[25], d-algebras [20], Hilbert algebras [21], ordered semigroups [22], BL-algebras [51] and
fuzzy semigroup [48]. Xiao et al. [45] proposed the notions of exclusive disjunctive soft
sets and studied some of its operations. Gong et al. [15] studied the bijective soft set with
its operations. Ontology-based (or DL-based) soft set theory was presented in [24]. An
idea of soft mappings is given and some of their properties are studied in [35]. Ge et al.
[16] characterized some properties of topological spaces by using soft set theory. Recently,
in [41], Shabir and Naz proposed the notion of soft topological space (defined over an
initial universe with a fixed set of parameters) and investigated the basic properties.
Tanay and Kandemir [42] studied topological structure of fuzzy soft sets. Cagman et al.
defined the soft topology on a soft set, and presented its related properties in [9]. Shabir
and Naz [41] pointed out that it will be necessary to carry out more theoretical research
to establish a general framework for the practical application of soft topological spaces.
In the present paper, we attempt to make some efforts in this aspect.

This paper will attempt to construct the basic theories about soft continuous mappings
and soft connectedness of soft topological spaces. The rest of this paper is organized as
follows. The next section briefly recalls the notions of soft set, topology and soft topology.
In Section 3, based on soft set mapping, we define soft continuous mapping from one soft
topological space to another soft topological space and give some equivalence character-
izations of soft continuous mapping. Section 4 gives the concept of soft connectedness,
and in Section 4, some related properties are discussed. The last section summarizes the
conclusions and presents some topics for future research.

2. Preliminaries

In this section we will briefly recall the notions of soft set, topology and soft topology.
See especially [11,29,33,41] for further details and background.
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2.1. Definition. [29] Let U be a common universe and E be a set of parameters. Let
P(U) denote the power set of U and A C E. A pair (F, A) is called a soft set over U,
where F is a mapping given by F': A — P(U).

In other words, a soft set over U is a parameterized family of subsets of the universe
U. For each € € A, F(e) may be considered as the set of e-approximate elements of the
soft set (F, A).

2.2. Definition. [13] For two soft sets (F, A) and (G, B) over a common universe U we
say that (F, A) is a soft subset of (G, B) if

(1) AcCB,

(2) Ve e A, F(e) C G(e).

We write (F, A)C(G, B).

(F, A) is said to be a soft superset of (G, B) if (G, B) is a soft subset of (F, A). We
denote it by (F, A)D(G, B).

2.3. Remark. In [41], Shabir and Naz cited another notion of a soft subset as follows:
(F,A) is a soft subset of (G,B) iff (1) A C B and (2) Ve € A, F(e) and G(e) are

identical approximations [33].

However, by the analysis of Definition 23, Theorem 1, Proposition 7 and Example 4 et al.

in [41], all of these were obtained based on Definition 2.2 instead of the notion of a soft

subset in [33]. Therefore, in the present paper, we will use the notion given in Definition

2.2.

2.4. Definition. [3,41] The relative complement of a soft set (¥, A) is denoted by (F, A)’
and is defined by (F,A)’ = (F',A) where F' : A — P(U) is a mapping given by
F'(a) =U — F(a) for all « € A.

Obviously, (F') = F and ((F, A)") = (F, A).

2.5. Definition. [33] A soft set (F, A) over U is said to be a NULL soft set and is
denoted by @, if F(¢) =0 for all € € A.

2.6. Definition. [33] The union of two soft sets (F,A) and (G, B) over a common
universe U is the soft set (H,C), where C = AU B and Ve € C,
F(e), ifee A— B,
H(e) =< Gle), ifee B—A,
F(e)UG(e), ifeec ANB.
We write (F, A) U (G, B) = (H,C).

2.7. Definition. [36] The intersection of two soft sets (F, A) and (G, B) over a common
universe U is the soft set (H,C), where C = AN B and Ve € C, H(e) = F(e) N G(e).
We write (F, A) N (G, B) = (H,C).

2.8. Proposition. Let (F,A), (G,B) and (H,C) be three soft sets over a common
universe U. Then

(1) (F,A)U((G,B)N(H,C)) = ((F,A)U(G,B))N((F,A)U(H,C))
(2) (F,A)N(G,B))U (H,C) = ((F,A)U(H,C)N((G,B)U(H,C))
(3) (F,A)N((G,B) U(H,C)) = ((F,A) N (G, B)) U ((F,A) N (H,C))
(4) (F,A)U(G,B))N(H,C) = ((F,A)n(H,C) U((G,B)N(H,C))
(5) (F,A)n((G,B)N(H,C)) = ((F,A)n (G, B)) N (H,C)
(6) (F,A)U((G,B)U(H,C)) = ((F,A)U(G,B))U(H,C)

Here the first five statements are from [36] and

(6) is from [33]. It is easy to see
that (F, 4) 0 (N, (Gor Bi)) = Miey((F A) N (G, B)) and (F, A) U (Uye,(Gr, B:)) =
Ui, ((F, A) U (Gi, Bi)), where J is an index set, (F, A) and (Gt,B ), @ € J are soft sets
over a common universe U.
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2.9. Definition. [11,43] Let X be an initial universe set and 7 be the collection of
subsets of X then 7 is said to be a topology on X if
(1) 0, X belong to T,
(2) the union of any number of soft sets in 7 belongs to T,
(3) the intersection of any two soft sets in 7 belongs to 7.

The pair (X, 7) is called a topological space. The members of T are said to be open
sets in X.

2.10. Definition. [11] (1) Let (X, 7) be a topological space. A subset A of X is said
to be a closed set in X, if its complement A’ belongs to 7, where A’ = X — A.

(2) Let (X, 1), (Y, 72) be two topological spaces and f be a mapping from X to Y. If
f~Y(B) € 7 for all B € 7 then f is called a continuous mapping from (X, 1) to (Y,
72), where f~1(B) = {x € X | f(z) € B}.

2.11. Proposition. [43] Let (X, 7) be a topological space. Then (X,T) is connected if
and only if there exists no A, B € 7 — {0} such that ANB =0 and AUB = X.

In the following, let X be an initial universe set and E be a non-empty set of param-
eters.

2.12. Definition. [41] Let Y be a non-empty subset of X. Then Y denotes the soft set
(Y, E) over X for which Y (o) =Y for all a € E.

In particular, (X, F) will be denoted by X.

2.13. Definition. [41] Let 7 be the collection of soft sets over X. Then T is said to be
a soft topology on X if

(1) ®, X belong to T,

(2) the union of any number of soft sets in 7 belongs to T,

(3) the intersection of any two soft sets in T belongs to 7.

The triple (X, 7, E) is called a soft topological space over X. The members of 7 are
said to be soft open sets in X.

2.14. Definition. [41] Let (X, 7, E) be a soft topological space over X. A soft set (F, E)
over X is said to be a soft closed set in X, if its relative complement (F, E)" belongs to
T.

2.15. Proposition. [/1] Let (X, 7, E) be a soft topological space over X. Then the
collection 7o = {F(a) | (F, E) € T} for each o € E, is a topology on X.

2.16. Definition. [41] Let (X, 7, E) be a soft topological space over X and (F, E) be a
soft set over X. Then the soft closure of (F, E), denoted by (F, E) is the intersection of
all soft closed super sets of (F, E).

(F, E) is the smallest soft closed set over X which contains (F, E) (see [41]).

2.17. Proposition. [/1] Let (X, T, E) be a soft topological space over X and (F, E), (G, E)
be two soft sets over X. Then

(1) D=0, X = X.

(2) (F,E)C(F,E).

(3) (F,E) is a soft closed set if and only if (F,E) = (F,E).

4) (FvE)f (F E _

(5) (F,E)C(G,E) implies (F,E)C(G, E).

~
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3. Soft continuous mappings between soft topological spaces

In this section, we will introduce the notion of soft continuous mapping between soft
topological spaces and discuss some related properties. Let X,Y be two initial universe
sets and FE be a non-empty set of parameters. In what follows, the set of all soft sets
over X (resp., Y) will be denoted by S(X) (resp., S(Y)).

In order to give the notion of soft continuous mapping, we first need to introduce the
following notion of soft set mapping and inverse soft set mapping which can be regarded
as special cases of Definitions 8 and 9 in the paper of Kharal and Ahmad [27], called
“Mappings on soft classes".

3.1. Definition. Let f be a mapping from X to Y,

(1) The soft set mapping induced by f, denoted by the notation 7, is a mapping from
S(X) to S(Y) that maps (F, E) to f7((F,E)) = (f7(F), E), where f7(F) is defined
by £ (F)(e) = {f(2) | = € F(c)}, Ve € E.

(2) The inverse soft set mapping induced by f, denoted by the notation f*, is a mapping
from S(Y) to S(X) that maps (G, E) to f~((G, E)), where f~((G,E)) = (f~(G), E)
is defined by f<(G)(e) = {z | f(z) € G(e)}, Ve € E.

3.2. Example. Let X = {hi,h2,h3}, Y = {p1,p2}, and E = {e1,e2}. The mapping f
is given by f(h1) = p1, f(h2) = p1, f(hs) = p2.
(1) If (F,E) € S(X) is defined by {F(e1) = {h1, ha}, F(e2) = {h1, hs}}, then
f7UFE)) = (f7(F),E)={f7(F)(er) = {p}, f 7 (F)(e2) = Y} € S(Y).
(2) If (G,B) € S(Y) is defined by {G(e1) = {p2}, G(e2) = {p1}}, then
fTUG E) = (f7(G), E) ={f"(G)(ex) = {hs}, f7(G)(e2) = {1, h2}} € S(X).

The following Propositions 3.3 and 3.4 give some basic properties of soft set mappings
and inverse soft set mappings which can be regarded as special cases of Theorems 14 and
16 in [27].

3.3. Proposition. [27] Let f be a mapping from X toY, (F1, E), (F2, E) € S(X). Then
(1) [7(@)=2

(2) (F1,E)C(F2,E) = 7 ((F1, E))Cf~ ((F2, E)).

(3) f7((F1, E)U (F2, B)) = f7((F1, E) U [ ((F2, E)).

(4) 7 ((Fy, E)N (F2, E)Cf7 ((F1L, E) N f7 ((F, E)).

3.4. Proposition. [27] Let f be a mapping from X toY and (G1, E), (G2, E) € S(Y).
Then

(1) f(®) =3, f7(Y)=X.

(2) (G1,E)C(G2,BE) = [ ((G1, E))Cf (G, E)).
(3) JT((G1, E)U(Go, E)) = [T (G, E)) U [T ((Ga, E)).
(4) F7((G1, E) N (Go, E)) =f“))((GhE))ﬁf“((G2,E))-

(5) f((G, E)) = (f"((G1, E)))
3.5. Proposition. Let f be a mapping from X to Y, (F,E) € S(X), (G,E) € S(Y).
Then

(1) f<(f7(F, E)))BN(F7 E). If f is one-one, then f<(f7((F,E))) = (F, E).

(2) f7(fT((G,E)))C(G,E). If f is surjective, then f~(f<((G,E))) = (G, E).

Proof. (1) Let f7((F,E)) = (G,E). Then Ve € E, f~(G)(e) = {z | f(a:N) € Gle)} =

{z | f(z) € {f(t) |t € F(e)}} D F(e), which implies that f( ((F E))) D(F,E).

(FI;j)” is one-one, notice that {z | f(z) € {f(¢) | t € F(e)}} = F(e), thus f~(f7((F, E))) =
(2) Let f((G.E)) = (F, E). Then Ve € E, f~(F)(e) = {f(x) | € F(e)} = {/()

z € {t| f(t) € G(e)}} C G(e), which implies that f~(f* ((G, E)))C(G, E).
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If f is surjective, notice that {f(x) | z € {t | f(¢t) € G(e)}} = G(e), thus
7 G E)) = (G, E). O

3.6. Definition. Let (X, 7, E) and (Y, 72, E) be two soft topological spaces over X
and Y, respectively, and f be a mapping from X to Y. If V(G,E) € 72, we have
fT((G,E)) € 11 then f is called a soft continuous mapping from (X, 71, F) to (Y, 72, E).

Next, we will give an example about soft continuous mapping.

3.7. Example. Let X = {h1,h2,hs}, Y = {p1,p2,p3} and E = {e1,e2}.
n:{@,f(, (F1, E), (F2, E)}, where (F1, E) and (F», E) are two soft sets over X, de-
fined as follows:
Fi(e1) = {ha}, Fi(e2) = {1},
Fs(e1) = {ha, hs}, Fa(e2) = {h1, ha}.
Then 71 is a soft topology on X and hence (X, 71, E) is a soft topological space over X.
r={®,Y, (G4, E), (G2, E)}, where (G1, E) and (G, E) are two soft sets over Y, de-
fined as follows:
Gi(er) ={p1}, Gi(e2) = {p2},
Ga(e1) = {p1,ps}, Ga(e2) = {p1,p2}.
Then 72 is a soft topology on Y and hence (Y, 72, E) is a soft topological space over Y.
If f is a mapping from X to Y, defined as follows:
f(h1) = p2, f(h2) = p1, f(hs) = ps,
then it is easy to verify that f~((G,E)) € 71 for all (G,E) € m2. Thus f is a soft
continuous mapping from (X, 71, E) to (Y, 72, E).

3.8. Proposition. Let (X, 71, E) and (Y, 72, E) be two soft topological spaces over X
and Y, respectively. If f is a soft continuous mapping from (X, 11, E) to (Y, 72, E), then
f is a continuous mapping from (X, (11)a) to (Y, (72)a) for all a € E.

Proof. By Proposition 2.15, (X, (72)a) and (Y, (72)«) are two topological spaces for all

a € E. If B € (72)a, then there exists a soft set (G, E) € 72 such that B = G(«). Since

f is a soft continuous mapping from (X, 71, E) to (Y, 72, E), then f~((G, E)) € 71. Thus
J7HB) = [ G(a) = {z | f(z) € G(a)} = [ (G)(a) € (T1)a,

and by Definition 2.10, f is a continuous mapping from (X, (71)a) to (Y, (72)a)- O

Proposition 3.8 shows that a soft continuous mapping gives a parameterized family of
continuous mappings.

3.9. Example. Let (X, 71, E) and (Y, 72, E) be two soft topological spaces and f be
the soft continuous mapping from (X, 71, FE) to (Y, 72, F) given in Example 3.7. By
Proposition 2.15,

(T1)ey = {0, X, {h2},{h2,hs}} and (11)e, = {0, X, {h1},{h1,h2}} are two topologies
on X,

(TQ)EI = {@7 Y7 {p1}7 {p17p3}} and (T2)52 = {®7 Y7 {p2}7 {p17p2}} are two topologies on
Y.
It is easy to verify that f is a continuous mapping from (X, (71)e,) to (Y, (72)e,) and f
is also a continuous mapping from (X, (71)e,) to (Y, (72)e,)-

Now we give an example to show that the inverse of Proposition 3.8 does not hold in
general.

3.10. Example. Let (X, 71, F) be the soft topological space given in Example 3.7 and
Y = {p1,p2,p3}, 72 = {®,Y, (Gs, E)}, where the soft set (G, E) over Y is defined by
{G3(e1) = {p1}, Gs(e2) = {p1,p2}}. If f is the mapping from X to Y, given in Example
3.7 then by Proposition 2.15,
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(T1)er = {0, X, {h2}, {h2, hs}} and and (11)e, = {0, X, {h1}, {h1, h2}},

(12)e; =1{0,Y,{p1}} and (72)e, = {0,Y, {p1,p2}} are two topologies on Y.
It can be easily seen that f is a continuous mapping from (X, (71)e,) to (Y, (72)e;)
continuous mapping from (X, (71)e,) to (Y, (72)e, ). However,

fo(Gs, B)) = {f7(Gs)(er) = {h2}, f(Gs)(e2) = {h1,h2}} ¢ 1, which implies
that f is not a soft continuous mapping from (X, 1, E) to (Y, 72, E).

Next, we will give some equivalence characterizations of soft continuous mappings.

3.11. Proposition. Let (X, 71, E) (resp., (Y, 2, E)) be a soft topological space over X
(resp., Y ) and f be a mapping from X toY. The following conditions are equivalent:
(1) f is a soft continuous mapping from (X, 11, E) to (Y, 72, E).

(2) For each soft closed set (G, E) inY, f((G,E)) is a soft closed set in X.

(3) For each soft set (F,E) over X, f7((F,E))Cf~((F, E)).

(4) For each soft set (G, E) over Y, f*((G,E))Df<((G, E)).

Proof. (1) = (2) Let (G, E) be a soft closed set in Y. Then (G, E)’ be a soft open set
in Y. By (1) and Proposition 3.4, f<((G1,E)") = (f~((G1, E)))’ is a soft open set in
X. Hence f((G, E)) is a soft closed set in X.

(2) = (3) Let (F,E) be a soft set over X. By Proposition 2.17 (2), f7((F, E))

@)= C ( B)
Cf~((F,E)). Then by Propositions 3.4 (2) and 3.5(1), (F, E)Cf* (f 7 ((F, E))) Cf~ (f~ ((F, E))).

Since f—((F, E)) is a soft closed set in Y, then by (2),
FE(f~((F, E))) is a soft closed set in X. Thus (F, E)Cf“ (f~((F,E))). Also by Propo-
sitions 3.3 (2) and 3.5 (2),

SR E)CI (7 (2 ((F E))C~ ((F,E)). So [~ ((F,E)Cf~((F, E)).

(3) = (4) Let (G, E) be a soft set over Y. By (3), Propositions 3.5 (2) and 2.17 (5),
(G, ENCf(f~((G,E)))C(G,E). Then by Propositions 3.4 (2) and 3.5 (1),
FoUGE)SF (7 (= (G E))DI (G, E)).

(4) = (1) If (G, E) is a soft open set in Y, then (G, F)’ is a soft closed set in Y. By (4)
and Proposition 2.17 (3), f+ ((G, E)")Cf< ((G,E)"). Obviously, f< ((G, E))D>f" (G, E)").
Thus f<((G,E)) = f*((G, E)'), which implies that < ((G, E)") = (f* (G, E)))" (by
Proposition 3.4 (5)) is a soft closed set in X. Therefore, f ((G, E)) is a soft open set in
X. So f is a soft continuous mapping from (X, 71, E) to (Y, 72, E). O

4. Soft connectedness of soft topological spaces

In this section, we will introduce the notion of soft connectedness of soft topological
spaces and discuss some related properties.

4.1. Definition. Let (X, 7, E) be a soft topological space over X. If there exists no
(F,E),(G,E) € 7 — {®} such that (F,E)N(G,E) = ® and (F,E)U (G,E) = X, then
(X, 7, E) is called soft connected.

4.2. Definition. [41] Let X be an initial universe set, E be a set of parameters and
7 ={®, X}. Then 7 is called the soft indiscrete topology on X and (X, 7, E) is said to
be the soft indiscrete space over X.

4.3. Example. Any soft indiscrete space is soft connected.

4.4. Example. Let X = {hi,h2,h3} and E = {e1,e2}. 7 = {<I>,)Z',(F1,E),(F2,E),
(Fs, E)}, where (F1, E), (F», E), and (Fs, E) are three soft sets over X, defined as follows:
Fi(e1) = {hza}, Fi(e2) =0,
Fy(e1) = {h1,ha}, Fa(e2) =0,
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F3(61) = )(7 Fg(ez) = (Z)
Then (X, 7, E) is a soft topological space over X. It is easy to verify that there exists
o (F,E),(G,E) € T — {®} such that (F,E)N (G,E) = ® and (F,E) U (G, E) = X, so
(X, 7, E) is soft connected. By the definition of 7o, we have 7., = {0, X, {h2}, {h1, hs}},
and Te, = {0, X}. Obviously, (X, 7¢,) is not connected, but (X, 7e,) is connected.
It is worth pointing out that this example shows that (X, 7, E) is soft connected but
(X, 7a) (@ € E) may not be connected.

4.5. Remark. (X, 7, F) may not be soft connected even if (X, 7,) is connected for every
parameter o € F.

4.6. Example. Let X be a non-empty initial universe set and E = {e1,e2} be the set
of parameters. T = {®, X, (F, E), (G, E)}, where (F, E) and (G, E) are two soft sets over
X, defined as follows:

F(61) = (D, F(eg) = X,

G(el) = X, G(eg) = (Z)
Then (X, 7, F) is a soft topological space over X. Obviously, (F, E), (G, E) € 7 — {®},
(F,E)N(G,E) = ® and (F, E)U(G, E) = X, so (X, 7, E) is not soft connected. However,
Tey = Tey = {0, X} (indiscrete topology), which implies that (X, 7e,) and (X, 7.,) are
connected.

The following proposition gives some equivalence characterizations of soft connected-
ness.

4.7. Proposition. Let (X, 7, E) be a soft topological space over X. Then the following
conditions are equivalent:

(1) (X,7,E) is soft connected.

(2) There exists no (F, E),(G,E) € 7' —{®} such that (F,E)N(G,E) =® and (F,E)U
(G,E) = X, where 7' = {(F,E)' | (F,E) € 7}.

(8) There exists no (F, E),(G,E) € S( ) —{®} such that ((F,E)N(G,E))U((F,E)N
(G, E)) = ® and (F, E) U (G, E) =

(4) There exists no (F,E) € S(X ) {<I> X} such that (F,E) e TN 7.

Proof. (1) => (2) Assume there exist (F, E),(G,E) € v — {®} such that (F, E) N
(G,E) = ® and (F, E)U(G, E) = X. Then Ve € E, F(e)NG(e) = () and F(e)UG(e) =
Thus Ve € E, F'(e) = X — F(e) = G(e) and G'(e) = X — G(e) = F(e), which implies
that (F,E) = (G,E) € 7 — {®} and (G,E) = (F,E) € 7 — {®}. Then there exist
(F,E), (G, E) € —{®} such that (F, E)n(G, E) = ® and (F, E)U(G, E) = X. However,
(X, 7, E) is soft connected. This is a contradiction.

(2) = (3) Assume there exist (F, E),(G,E) € S(X) — {®} such that ((F,E)nN
(G,E)U((F,E)N(G,E)) = ® and (F, E)U(G, E) = X. Obviously, (F, E)N (G, E) = ®.
By Propositions 2.8 and 2.17, (G,E) = (G,E) N X = (G,EYN ((F,E)U (G,E)) =
((G, E)N(F, E))U((G, E)N(G, E)) = (G, E), which implies that (G, E) is a soft closed set.
By using the same methods, we can show that (F, E) is also a soft closed set. Hence there
exist (F,E), (G, E) € 7" — {®} such that (F,E) N (G,E) = ® and (F,E)U (G, E) = X.
This is a contradiction. So (3) holds.

(3) = (4) Assume there exists (F,E) € N7 — {®,X}. If take (G, E) = (F,E)’
then (F,E), (G, E) e N7’ —{®} (C S(X)—{P}). Besides, we have ((F, E)N (G, E))U
((F, E)N(G,E)) = (F,E)N(G,E) = ® and (F, E)U(G, E) = X. This is a contradiction.

So (4) holds.

(4) = (1) Assume (X, 7, E) is not soft connected. Then there exist (F, E), (G, E)
€ 7 — {®} such that (F,E) N (G, E) = ® and (F, E) U (G, E) = X. It is easy to see that
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(F,E)' = (G,E) and (G, E)' = (F, E). Thus (F,E),(G,E) € TN 7' — {®,X}. This is a
contradiction. O

4.8. Definition. (1) The difference (H, E) of two soft sets (F, E) and (G, E) over X,
denoted by (F,E) — (G, E) (or (F,E)\ (G, E)) is defined as H(e) = F(e) — G(e) for all
ec k.

(2) Let (F,E) be a soft set over X and Y be a non-empty subset of X. Then the soft
subset of (F, E) over Y denoted by (¥ F, E) is defined as ¥ F(e) = YN F(e), for all e € E.
In other words (Y F, E) =Y N (F, E).

(3) Let (X, 7, E) be a soft topological space over X and Y be a non-empty subset of
X. Then 7v = {(¥* F,E) | (F,E) € 7} is said to be the soft relative topology on Y and
(Y, 7v, E) is called a soft subspace of (X, 7, E).

In fact, 7y is a soft topology on Y.

4.9. Proposition. Let (Y, 7y, E) be a soft subspace of a soft topological space (X, T, E).
If (Z,(1v)z, E) is a soft subspace of (Y, v, E) then (Z,(1v)z, E) is also a soft subspace
of (X,7,E).

Proof. (tv)z ={Y N(F,E)|(F,E) €T}z
={ZNYN(F,E) | (F,E) e 7}
={ZN(F,E) | (F,E) € 7}
So (Z,(1v)z, E)lesa soft subspace of (X, 7, E). O

4.10. Definition. Let (X, 7, E) be a soft topological space over X and Y be a non-empty
subset of X. If (Y, 7y, E) is soft connected then Y is called a soft connected subset of X.

Let (Y, 7y, E) be a soft subspace of a soft topological space (X, 7, E). For a soft set
(F,E) e S(Y), (F,E) and (F, E)y will denote the soft closures of (F, E) in (X, 7, F) and
(Y, v, E), respectively.

Now we discuss some basic properties about soft connectedness.

4.11. Proposition. Let (X,7,E) be a soft topological space over X. IfY is a soft
connected subset of X, then there exists no (F,E),(G,E) € 7 — {®} such that (F,E) N

(G,E)=® and (F,E)U(G,E) =Y.
Proof. If there exist (F, E), (G, E) € 7 — {®} such that (F, E)N (G, E) = ® and (F, E)U

(G,E) =Y, then (F,E) =Y N(F,E) € 7v—{®} and (G, E) =Y N (G, E) € 7v—{®}.
However, Y is a soft connected subset of X. This is a contradiction. O

The following example shows that the inverse of Proposition 4.11 may not hold in
general:

4.12. Example. Let X = {a,b,c}, Y = {b,c}, and E = {e1,e2}. 7 = {®, X, (F\, E),
(F2, E), (Fs, E)}, where (F1, E), (F2, E), and (F3, E) are three soft sets over X, defined
as follows:

Fi(e1) = {a,b}, Fi(e2) = {a,c},

Fy(e1) = {a,c}, Fa(e2) = {a, b},

Fylex) = {a}, Fu(ez) = {a}.

Then (X, T, F) is a soft topological space over X.

By Definition 4.8, we have

Y(Fi,E) ={ " Fi(e1) ={b}, " Fi(e2) ={c} },
Y(Fo, E) ={ Y Fa(er) = {c}, " Fa(e2) = {b} },
Y(F3,E)={ Y Fs(e1) =0, YFs(e2) =0 } = ®.
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Then v = {®,Y, Y (F1,E), ¥ (Fs, E)}.

It is easy to verify that there exists no (F, E), (G,E) € 7 — {®} such that (F,E)N
(G,E) = ® and (F, E)U(G, E) = Y. However, ¥ (F\, E), ¥ (Fs, E) € v —{®}, ¥ (F1, E)N
Y(Fo,E)=® and Y (Fi,E)U Y (Fy, E) =Y, ie. (Y,7v, E) is not soft connected.

By Proposition 4.11, we can easily show the following corollary:

4.13. Corollary. Let (X, 7,E) be a soft topological space over X andY be a soft con-

nected subset of X. If there exist (F,E), (G, E) € 7 such that (F,E)N(G,E) = ® and

YC(F,E)U (G, E) then YC(F,E) or YC(G, E).

4.14. Lemma. [}1] Let (Y, 7y, E) be a soft subspace of a soft topological space (X, 1, E)

and (F,E) be a soft set over X, then (F,E) is soft closed in'Y if and only if (F,E) =

Y N (G, E) for some soft closed set (G, E) in X.

4.15. Proposition. Let (X, 7, E) be a soft topological space over X and Y be a non-

empty subset of X. Then Y is a soft connected subset of X if and only if there exists
o (F,E),(G,E) € S(Y) — {®} such that (F,E)N(G,E))U ((F,E)N(G,E)) =® and

(F,EYU(G,E)=Y.

Proof. For all (F,E),(G,E) € S(Y) — {®}, by Definition 2.16, Proposition 2.8 and
Lemma 4.14, we have

(F,E)N (G, E)y = (F,E)N(({(H, E) | (H,E) € (7v)’, ( E)S(G, E)})
=(FE)N({YN(Q.E) | (QE) e (Q E)5(~G7 E)}*
=((FE)NY)N (@, E) | (@ E) €7, (Q E)3(G, E)})
= (F.B)N (@, B) | (Q.B) € .(Q.E)5(G, B)})

Similarly, we can show that (F, E), N (G, E) = (F,E)N (G, E).
By Proposition 4.7, (Y, 7y, E) is soft connected if and only if there exists no (F, E), (G, E) €
S(Y)—{®} such that ((F, E)N(G, E), )U((F, E),N(G, E)) = ® and (F, E)U(G,E) =Y.
Then (Y, 7y, E) is soft connected if and only if there exists no (F, E), (G, E) € S(Y)—{®}
)
G

such that ((F, E)N (G, E))U ((F,E)N(G,E)) =® and (F,E)U(G,E) =Y, ie. Y is
a soft connected subset of X if and only if there exists no (F, E), (G, E) € S(Y) — {®}
such that (F,E)N(G,E))U((F,E)N(G,E))=® and (F,E)U(G,E)=Y. O

4.16. Proposition. Let (X, 7, E) be a soft topological space over X and Y be a soft
connected subset of X. If there exist (F, E), (G, E) € S(Y) such that ((F,E)N (G, E))U
(F,EYN(G,E))=® and YC(F,E) U (G, E) then YC(F,E) or YC(G, E).

Proof. If there exist (F, E), (G, E) € S(Y) such that ((F, E)N(G, E))U((F, E)N(G, E)) =
® and YC(F, E) U (G, E)
(YN (FE)N (Y N(GE))U(Y N (FE)NY N (G, E)
(Y N(FE)N(G,E)U((FE)N (Y N(G E)))
=Y N((FE)N (G E)U((F,E)N(G,E))

then by Propositions 2.8 and 2.17, we have

= o.

Besides, we have Y N (F,E), Y N(G,E) € S(Y), and (Y N (F, E)) U (Y N (G, ))
Y N ((F,E)U(G,E)) =Y. Since Y is a soft connected subset of X, ¥ N (F\E)=®o0
Yﬂ(G E) = ® by Proposition 4.15. If Yﬂ(F, E) = ® then by (YN(F, E))U (YN(G, ))

, we have YC(G, E). Similarly, if Y N (G, E) = ® then Y C(F, E).

O

i(ry) ={Y — (W, B) | (W, E) € v}.
I ={X - (V,E)| (V,E) € 1}.
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4.17. Proposition. Let (X, 1, E) be a soft topological space over X, Y be a soft connected

subset of X and Z be a non-empty subset of X. If}?&ZG? then Z is also a soft connected
subset of X.

Proof. Assume that Z is not a soft connected subset of X. By Proposition 4.15, there
exist (F, E), (G, E) € S(Z)—{®} (C S(Y)) such that ((F, E)N(G, E))U((F, E)N(G, E)) =
® and (F,E) U (G,E) = Z. Then YC(F,E) U (G,E). Since Y is a soft connected

subset of X, we have YC(F, E) or YC(G, E) by Proposition 4.16. If Y C(F, E), then

ZN(G,E)C(F,E)N(G,E) = ® for ZCYC(F, E). Thus (G, E) = ZN(G, E) = ®. This is
a contradiction. Similarly, if Y C(G, E) then (F, E) = ®. This is also a contradiction. [

The following proposition shows that the soft connectedness is an invariant property
under a soft continuous mapping.

4.18. Proposition. Let f be a soft continuous mapping from soft topological space
(X, 71, E) to soft topological space (Y, 12, E). If (X, 71, E) is soft connected and f(X) # 0
then f(X) is a soft connected subset of Y.

Proof. Assume f(X) is not a soft connected subset of Y. By Proposition 4.15, there exist
(F,E),(G,E) € S(f(X)) - {2} (C E(\Y/)f {®}) such that ((F, E)N(G,E))U((F,E)N
(G,E)) =® and (F,E)U(G,E) = f(X). Then f((F,E)), fT(G,E)) € S(X) — {®}
and by Propositions 3.11 and 3.4,

(TEE) N (G E)) U (f((F E) N (G, E)))

CU((FE)N UG E)) U ((FE)N (G, E)))

=fT((F, E)n(G, E)) U ((F, E) N (G, E)))

=/7(®)

= .

Besides, by Propositions 3.4, and 3.5, we have o

FE(FEE) UG B) = f((FB) V(G E) = f~(f(X)) = [~ (/7 (X)) = X.

It follows that (X, 71, F) is not soft connected. This is a contradiction. So f(X) is a
soft connected subset of Y. O

To illustrate the idea of Proposition 4.18, we give the following example:

4.19. Example. Let X = {hi,ha,hs}, Y = {p1,p2,ps} and E = {e1,e2}. 7 =
{fIJ,)?, (F1, E), (F2, E)}, where (F1,E) and (F, E) are two soft sets over X, defined
as F1(€1) = {hz}, F1(62) = @, F2(61) = {]’Ll,hg}, FQ(EQ) = @ Then (X,Tl,E) is a soft
topological space over X and it is easy to verify that (X, 71, E) is soft connected.

Let 72 = {®,Y,(G,E)}, where (G,E) = {G(e1) = {p1},G(e2) = {p2,p3}}. Then
(Y, 72, E) is a soft topological space over Y.

If f: X — Y is a mapping defined as f(hi) = f(h2) = f(hs) = p1, obviously, f is
a soft continuous mapping from (X, 7, E) to (Y, 72, E). In this case, f(X) = {p1} # 0
and it is easy to verify that f(X) is a soft connected subset of Y.

5. Conclusion

In this paper, we construct the basic theories about soft continuous mappings and
soft connectedness of soft topological spaces. We also give some examples to explain
these new notions. Moreover the concepts and some results proposed in this paper can
be extended into fuzzy cases. In our future study on soft topological spaces, may be the
following topics should be considered:

(1) To discuss soft basis, soft sub-basis of soft topological spaces,
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(2) To study soft compactness of soft topological spaces,
(3) To describe the real world application of soft topological spaces.
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1. Introduction

The failure rate function is an important characteristic of a lifetime distribution and
the shapes of the failure rate functions are qualitatively different. In practice, units in a
population are followed from actual birth to death, a bathtub-shaped failure rate function
is often seen. In recent years, some lifetime distributions with bathtub-shaped failure rate
function have been investigated by several authors. For example, Bebbington et al. [5],
Gurvich et al. [10], Haynatzki et al. [11], Hjorth [12], Mudholkar and Srivastava [15],
Pham and Lai [17], Smith and Bain [18], Wang [19] and Xie et al. [22]. A recent account
on bathtub-shaped failure rate functions can be found in the review article by Nadarajah
[16].

In this paper, we discuss the two-parameter lifetime distribution with bathtub-shaped
or increasing failure rate function proposed by Chen [7]. The cumulative distribution
function (cdf) of this distribution is given by

A1—e?y
(1.1) Flx)=1—¢ , x>0, XpS>0,
and hence the probability density function (pdf) is given by

=B
Fz) = ABe? el A=l S 00 A B> 0.

The reliability function R(z) and hazard (failure rate) function H(z) of this distribution
are given, respectively, by
=B
R(z) = e ) x>0, \B>0,
and
B—1 P
H(z)=\3z" e x>0, X pB>0.

The parameter [ is the shape parameter which also affects the shape of the failure rate
function. When 8 < 1, the failure rate function of this distribution has a bathtub shape.
When g > 1, this distribution has an increasing failure rate (see, Chen [7] and Wu [21]).

Let X1, X2,... be a sequence of independent and identically distributed (iid) random
variables with cdf F'(x) and pdf f(z). An observation Xj; is called an upper record value
if its value exceeds that of all previous observations. That is, X, is an upper record
values if X; > X; for every i < j. If {U(n),n > 1} is defined by

Ul)=1 and U(n)=min{j:j>Un—1),X; > Xym-1},

for n > 2, then the sequence { Xy (,,),n > 1} provides a sequence of upper record statistics.
The sequence {U(n),n > 1} represents the record times.

The definition of record values was formulated by Chandler [6]. A record value or
record statistic is the largest or smallest value obtained from a sequence of random
variables. The theory of record values relies largely on the theory of order statistics. As
mentioned by Ahsanullah and Nevzorov [3] records are very popular because they arise
naturally in many fields of studies such as climatology, sports, medicine, traffic, industry
and so on. Such records are memorials of their time. The annals of records reflect the
progress in science and technology and enable us to study the evaluation of mankind
on the basic of record achievements in various areas of its activity. For example, in
industry and reliability studies, many products fail under stress. A wooden beam breaks
when sufficient perpendicular force is applied to it, an electronic component ceases to
function in an environment of too high temperature, and a battery dies under the stress
of time. However, the precise breaking stress or failure point varies even among identical
items. Hence, in such experiments, measurements may be made sequentially and only
the record values are observed. Lee et al. [14] indicated that there are some situations
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in lifetime testing experiments in which a failure time of a product is recorded if it
exceeds all preceding failure times. These recorded failure times are the upper record
value sequence. As mentioned by Ahmadi and Balakrishnan [1], there is a connection
between record values and minimal repair process, which is as follows. Let X be a lifetime
of a component with cdf F(z) and X (m) denote the lifetime if m minimal repairs are
allowed. Then, X (m) has the same distribution as the m-th upper record derived from
iid observations from F'(z). For more details and applications of record values, see, for
example, Ahsanullah [2] and Arnold et al. [4].

The purpose of this paper is to construct the interval estimation for the parameters
of the bathtub-shaped distribution based on record values. The rest of this paper is
organized as follows. Section 2 provides the maximum likelihood estimators (MLEs) of
the parameters 8 and A, and also establishes the approximate confidence intervals and
region for the parameters. Furthermore, the exact confidence intervals for the parameter
[ and exact joint confidence regions for the parameters 5 and A\ are obtained by using
some pivotal quantities. Section 3 conducts some simulations to study the performance of
the proposed confidence intervals and regions. Section 4 discusses two numerical examples
for illustration. Section 5 makes some conclusions.

2. Main Results

In this section, we will derive the approximate confidence intervals and region for
the parameters based on the asymptotic normality of the MLEs. The exact confidence
intervals for 8 and exact joint confidence regions for 5 and A\ will also be discussed.

2.1. Maximum Likelihood Estimation. Let Xy 1) < Xy) < -+ < Xy(m) be the
first m observed upper record values from two parameter bathtub-shaped lifetime dis-
tribution in (1.1). For notation simplicity, we will write X; for Xy ;). The likelihood
function is given by (see Arnold et al. [4])

L(B,N) = f(wm>ﬁ1f(7f%

m

28
= (AB)mere™ H:cfflexf.
i=1
The log-likelihood function is then
1(B,A) = IL(B,A)

mln X +mln g+ A(1 —e”éﬂ) + (B - 1)Zlnxi +fo
i=1 i=1

The MLEs of (8, A) can be obtained by solving the likelihood equations

BN m 5 of “ N
— Y~ =— — Az, Inz, + Inz; + x; Inx; =0,
TR >
and
ol(B,A) _m 2By _
“on A Tl-em=o

The approximate confidence intervals and region for the unknown parameters have
been discussed by some authors. See for example, Doostparast et al. [8] and Gupta
and Kundu [9]. Here we will use the asymptotic normality of the MLEs to construct



402

the confidence intervals and region for the parameters. To obtain the Fisher information
matrix, we need

2 m
oNB,A) . m )\xfn(lnxm)zezg‘[l + b +fo(1nxi)2,

op* B =
PPUB,N) _ 2PUBAN) s b
280N~ ovap _ omnzm)en,

and
PUBAN) . m
o

Under suitable regularity conditions, we know that \/ﬁ(ﬁ—a A— A)’ is approximately
bivariate normal with mean (0, 0) and covariance matrix I~'(8, \) evaluated at the MLEs
(8, ), where

o%1(B,\)  9%U(B,N)

_ 1 932 DBON
IBN==5 28,0 0880
7B N2

Thus, the approximate confidence intervals for S and A can be obtained in the usual
way. Furthermore, note that m[B —B,A— )\]I(B, X) [B —BA— A]’ is asymptotically chi-
square distributed with 2 degrees of freedom. Now, using this result, the 100(1 — a)%
approximate joint confidence region for (8, \) is given by

{(BX): mB-B3=NIBNB- B3N <22},

where x2(2) is the percentile of chi-square distribution with right-tail probability o and
2 degrees of freedom.

2.2. Exact Interval Estimations. Let X; < X2 < -+ < X,,, be the first m upper
record values from the two-parameter bathtub-shaped lifetime distribution in (1.1). Set
B
Y;=—In[l-F(X)] =A™ —1), i=1,2,...,m.

Then, Y1 < Y2 < --- < Y,, are the first m upper record values from a standard exponential
distribution. Moreover, Z1 = Y1 and Z; = Y; — Yi_1, for i = 2,...,m, are iid standard
exponential random variables (see Arnold et al. [4]). Hence,

J
Vi=2> Z=2Y;
=1

has a chi-square distribution with 2j degrees of freedom and

Ui=2 > Zi=2(Ym-Y))

i=j+1

has a chi-square distribution with 2(m — j) degrees of freedom, where j =1,...,m — 1.

We can also find that U; and V; are independent random variables for each j. Let
Vi/2j (m—=3§)V;  m—j Y;

It is easy to show that T; has an F' distribution with 2(m — j) and 2j degrees of freedom

for j = 1,...,m — 1. Therefore, using the pivotal quantities 73, j = 1,...,m — 1, we

can provide m — 1 confidence intervals for 8. To obtain the confidence interval for 5, we
further need the following lemmas.
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2.1. Lemma. For any 0 < ¢1 < c2, the function
ecg -1

ecf—l

9(B) =
is a strictly increasing function of B for any B > 0.
Proof. The proof of Lemma 2.1 can be found in Chen [7]. d

2.2. Lemma. Suppose that 0 < c1 <c2 < -+ < cm. Let

i ecéﬂ—l
Tjw):m—_j[c@ 1_1 ;o J=1...,m—-1
eJ —

Then for all j =1,...,m —1,

(a) T;j(B) s strictly increasing in B for any B8 > 0.
(b) Fort >0, the equation, T;(8) =t has a unique solution in B > 0.

Proof. (a) By Lemma 2.1, it is easy to show that 7;(3) is a strictly increasing
function of 3.
(b) Since the function Tj(3) is strictly increasing in 8 > 0 with limg_,075(8) = 0
and limg_,o Tj(8) = oo, then the lemma follows.
|

Let Fa),(v,,0,) denote the upper o percentile of I distribution with v1 and v2 degrees
of freedom. Lemma 2.2 can be used to construct m — 1 exact confidence intervals for
the shape parameter 8 based on the pivotal quantities T;(8), j = 1,2,...,m — 1. These
exact confidence intervals are given in the following theorem.

2.3. Theorem. Suppose that X1 < X2 < -+ < X be the first m observed upper record
values from the two-parameter bathtub-shaped distribution. Then, for any 0 < a < 1 and
foreach 5 =1,2,....,m—1,

(SO(X17 s 7Xm7Flf%(Z(mfj)ﬂj))ng(Xl: s 7X’m7F%(2(mfj),2j))) )

is a 100(1 — @)% confidence interval for B, where o(X1,...,Xm,t) is the solution of S
for the equation

Proof. From (2.1), we know that the pivot

. xB
J e m —1
TY](ﬂ) = . |: B - 1:| )
m=7 1% —1
has an F' distribution with 2(m — j) and 25 degrees of freedom. Hence, the event
X8
7 e"m —1
Fiogem-n 2 < Li -1

< Fg2(m—j),25)

is equivalent to the event
<p(X1, vy Xom, Fl,%(g(m,j)gj)) <pB< <,0(X1, vy X, F%(g(m,j)gj)).

This completes the proof. |
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Now, let us consider another pivotal quantity to construct the confidence interval for
parameter (3 as

% Zi:l Yi _ % Zi:l(e i —1)
m 1/m — 1/m*’
112, Yi] [H;’;l(e”? - 1)]
It is easy to show that the distribution of W (3, m) does not depend on (3, ) and hence

it provides a pivotal quantity for 5. To derive the confidence interval for 8 based on this
pivotal quantity, one need the following lemma.

W(B,m) =

2.4. Lemma. Suppose that 0 < c1 <c2 < -+ < cm. Let
iy (e — 1)
[T (e = 1)]

W(B,m) =

Then,
(a) W(B,m) is strictly increasing in B for any B > 0.
(b) Fort > 1, the equation, W (8, m) =t has a unique solution in B > 0.

Proof. (a) The proof can be found in Wu et al. [20].
(b) Since the function W (3, m) is strictly increasing in S > 0 with
limg_o W(8,m) =1 and limg_,oc W (8, m) = oo, then the lemma follows.
]

Let Wo(m) be the upper o percentile of the distribution of the pivotal quantity
W (B, m). We have the following theorem.

2.5. Theorem. Suppose that X1 < X2 < --- < Xy be the first m observed upper record
values from the two-parameter bathtub-shaped distribution. Then, for any 0 < o < 1,
¢(X17 cee 7Xm7W17%(m)) < ﬂ < 1/1(le cee 7Xm7 W%(m))

is a 100(1 — @)% confidence interval for 8, where ¥(Xu1,..., Xm,t) is the solution of S
for the equation

Proof. Note that
P (Wl,%(m) <W(B,m) < W%(m)) =1—-aq,

for any 0 < a < 1. Then, by Lemma 2.4, one can construct an exact confidence interval
for 3. O

It should be mentioned here that since the exact distribution of the pivotal quan-
tity W (8, m) is too hard to derive algebraically, we need to compute the percentiles of
W (B, m) by using Monte Carlo simulation. In Table 1, we present the upper percentiles
Wam) of W(B,m) for m =2,3,...,20 and various values of «, over 50000 replications.

Now, in order to derive the exact joint confidence region for (8, ), let

(2.2) S=U; 4 V; = 2V

It is easy to show that S has a chi-square distribution with 2m degrees of freedom.
Furthermore, by Johnson et al. [13], T} defined in (2.1) and S are independent for
each j. Using the joint pivots (S,T1),..., (S, Tm—1), we can construct m — 1 exact joint
confidence regions for (5, \).
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Table 1. Upper percentile W,y of W (8, m)

m | 0.995 0.005 0.99 0.01 0.975 0.025 0.95 0.05 0.90 0.10

2 | 1.0000 7.1897 | 1.0000 4.9480 | 1.0001 3.2949 | 1.0003 2.4000 | 1.0013 1.7691
3 | 1.0004 4.9643 | 1.0010 3.9014 | 1.0028 2.8395 | 1.0061 2.2901 | 1.0131 1.8074
4 | 1.0028 4.2341 | 1.0043 3.5076 | 1.0092 2.7647 | 1.0161 2.2669 | 1.0296 1.8387
5 | 1.0071 3.4388 | 1.0100 3.0886 | 1.0182 2.5200 | 1.0277 2.1453 | 1.0461 1.8156
6 | 1.0096 3.2875 | 1.0149 2.8818 | 1.0253 2.4163 | 1.0382 2.0899 | 1.0586 1.7836
7 | 1.0169 2.9389 | 1.0227 2.6522 | 1.0344 2.2674 | 1.0489 1.9794 | 1.0725 1.7498
8 | 1.0207 2.8689 | 1.0276 2.5550 | 1.0433 2.2014 | 1.0608 1.9594 | 1.0862 1.7358
9 | 1.0278 2.7457 | 1.0352 2.4686 | 1.0513 2.1332 | 1.0684 1.9258 | 1.0955 1.7185
10 | 1.0325 2.6099 | 1.0425 2.3344 | 1.0607 2.0542 | 1.0788 1.8808 | 1.1066 1.6924
11 | 1.0362 2.4933 | 1.0452 2.2812 | 1.0641 2.0258 | 1.0836 1.8503 | 1.1107 1.6784
12 | 1.0417 2.4335 | 1.0528 2.2743 | 1.0702 2.0070 | 1.0922 1.8420 | 1.1209 1.6655
13 | 1.0462 2.3429 | 1.0674 2.1808 | 1.0762 1.9588 | 1.0991 1.8082 | 1.1292 1.6606
14 | 1.0530 2.2814 | 1.0658 2.1009 | 1.0842 1.9174 | 1.1059 1.7818 | 1.1349 1.6489
15 | 1.0546 2.2565 | 1.0650 2.0953 | 1.0886 1.9038 | 1.1091 1.7598 | 1.1404 1.6315
16 | 1.0623 2.1736 | 1.0733 2.0553 | 1.0940 1.8935 | 1.1155 1.7673 | 1.1456 1.6357

—
-

1.0641 2.1703 | 1.0768 2.0406 | 1.0979 1.8751 | 1.1194 1.7487 | 1.1482 1.6220
1.0679 2.1394 | 1.0792 2.0114 | 1.1001 1.8594 | 1.1235 1.7355 | 1.1544 1.6173
1.0779 2.1080 | 1.0873 1.9745 | 1.1071 1.8248 | 1.1300 1.7167 | 1.1607 1.6043
1.0753 2.0807 | 1.0883 1.9579 | 1.1096 1.8176 | 1.1322 1.7005 | 1.1635 1.5874

= o=
< oo

[\
(=)

Let Xi(u) be the upper a percentile of the x? distribution with v degrees of freedom.
The following theorem provide m — 1 exact joint confidence regions for (3, ).

2.6. Theorem. Suppose that X1 < Xo < --- < X,, be the first m observed upper
record values from the two-parameter bathtub-shaped distribution. Then, for any j =

1,2,...,m—1, the following inequalities determine a 100(1 — )% joint confidence region
for (B,A):
QO(XM R Xm7 F1+\/2m(2(m7j)’2j)) < 6 < 90(X17 cee 7Xm7 Fli\/zm(2(mfj),2j))7
and
2 2
Xi14v/T=a Xi1i—y1T==
== (2m) < —5—=(2m)
2(eXm — 1) 2(eXm — 1)

where 0 < a < 1, and (X1, ..., Xm,t) is the solution of B for the equation

. B
B N S
— 4 B -
m=7J | X -1

Proof. From (2.2), we know that
S =2x(eXm — 1),

has a chi-square distribution with 2m degrees of freedom, and it is independent of T} for
each j. Next, for 0 < a < 1, we have

P (F1+\/2m(2(mfj),2j) <T; < Flf‘ém(Z(mfj),zj)) =vV1-aq,
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and

P <X21+\/2m(2m) <S< Xa*ﬁ(zm) =vl-a.

From these relationships, we conclude that

P (F”iv;*"‘(z(m—j),zj) <7< F%(z(m—j),zj) ’

2 2
X1+¢2m(2m) <S< Xl*ﬁ(zm) =1-aq,

or equivalently

P<<p(X1, .. "Xm’FlJrF(Z(mfj)ﬂj)) < ,8 <

Xiivi=a X ==

1+4vV/1—a 1—V1—«a

f&m) f&m)

P Koo P 2)) 2eXh—1) 2(eXm — 1) >
=1—-a.

This completes the proof. O

3. Simulation Results

In this section, we carry out a Monte Carlo simulation to study the performance of
our proposed confidence intervals and regions. In this simulation, we randomly generate
upper record sample X1, Xo,..., X,, from a two-parameter bathtub-shaped lifetime dis-
tribution with the values of parameters (8, A\) = (0.5,0.02), (1,0.1), and (1.2,0.05) and
sample sizes m = 5,7,10,15. We then compute the 95% confidence intervals and regions
using Theorems 2.3, 2.5, and 2.6. We also provide the approximate joint confidence re-
gion obtained by the asymptotic normality of the MLEs. We replicate the process 5000
times. We present, in Tables 2 and 3, the average confidence lengths and confidence
areas. The simulation results show that:

(1)

(2)

The coverage probabilities of the exact confidence intervals for 5 and joint con-
fidence regions for (8, ) are close to the desired level of 0.95 for different pa-
rameters and sample sizes. But, the coverage probabilities of the approximate
joint confidence region for (8, A) are very low.

The pivot W (8, m) works better than the pivots T3(8), 7 = 1,...,m — 1 to
establish confidence interval for the parameter 8. This is because the average
confidence lengths based on W (3, m) are smaller than those based on T}(5),
j=1,....m—1

If we consider m — 1 pivotal quantities T1(8), ..., Tm—1(53) to establish the con-
fidence intervals for the parameter 8, We find that the pivotal quantity 75(3)
provides the shortest confidence length when j is around [%], where [y] denotes
the largest integer which is less than or equal to y.

From Table 3, we observe that in the most of cases considered, the first joint
pivot (S,T1) provides the smallest confidence area for (8,A). Thus, the first
joint confidence region is the best exact joint confidence region.

In most of the cases considered, the approximate method does not work well to
establish the joint confidence region for (3, A). It provides the low coverage prob-
abilities. Also, the average confidence area based on the approximate method is
bigger than those obtained based on the exact methods.
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Table 2. The average confidence length (CL) and coverage probability
(CP) of the 95% confidence interval for g

(B,0)=(0.5,0.02) | (B,N)=(1,0.1) [ (B,)=(1.2, 0.05)

m  Method CL CP CL CP CL CP

=
=
£

1.6223 0.947 3.7091  0.949 | 3.9695 0.952
T1(83) 6.6763 0.954 16.2102 0.948 | 18.1848 0.954
T>(B) 1.9591 0.956 5.1808 0.949 | 5.4815 0.946
T5(8) 1.9323 0.957 4.9852 0.952 | 5.6397 0.948

Tx(5) 8.8491 0.951 15.1237  0.953 | 17.5400 0.951
7 W(B,m)| 0.8227 0.953 2.0708 0.948 | 2.1691 0.953
T1(8) 5.0157 0.950 12.5267 0.952 | 13.2268 0.950
T>(B) 1.3491 0.951 3.2347 0.952 | 3.6846 0.943
T5(8) 1.0302 0.951 2.2803 0.951 | 2.6532 0.945
Tu(8) 1.0676 0.950 2.6369 0.942 | 2.6851 0.945
T5(8) 1.4285 0.948 3.4875 0.953 | 4.0611 0.941
Ts(B) 14.2993 0.950 21.7503 0.937 | 39.4215 0.948
10 W(B,m) | 0.4918 0.951 1.1508 0.947 | 1.2793 0.957
T1(8) 3.9378 0.954 9.9073 0.950 | 10.1735 0.958
T2(5) 1.0393 0.943 24302 0953 | 2.7124 0.949
T5(8) 0.6972 0.948 1.6400 0.950 | 1.8349 0.946
Tu(8) 0.6120 0.954 1.3761 0.955 | 1.5010 0.947
T5(53) 0.6077 0.955 1.4188 0.948 | 1.5628 0.952
Ts(5) 0.6669 0.946 1.5013 0.946 | 1.7014 0.948
Tz () 0.7960 0.958 1.8017 0.950 | 2.0555 0.952
Ts(B) 1.1632 0.954 2.8045 0.952 | 3.1162 0.955
To(B) 6.7247 0.948 13.1327 0.947 | 15.3015 0.951
15 W(B,m) | 0.3065 0.952 0.7895 0.950 | 0.8206 0.953

B) 3.3448 0.950 7.8014 0.952 | 8.4577 0.947
B) 0.7912 0.950 1.9128 0.941 | 2.0974 0.946
B) 0.5138 0.950 1.1995 0.954 | 1.3766 0.948
B) 0.4226 0.949 0.9857 0.947 | 1.1265 0.944
B) 0.3960 0.946 0.9055 0.951 | 0.9934 0.955
B) 0.3879 0.944 0.8782 0.947 | 0.9948 0.951
B) 0.3795 0.946 0.8580 0.954 | 0.9915 0.951
B) 0.3916 0.953 0.9160 0.950 | 1.0350 0.945
B) 0.4071 0.952 0.9896 0.949 | 1.0614 0.946

SARAART I3

T (B) 0.4661 0.954 1.0737 0.937 | 1.1867 0.949
T11(B) 0.5410 0.947 1.1941 0.951 | 1.3402 0.948
T12(B) 0.6802 0.948 1.5637 0.944 | 1.7454 0.946
T13(B) 1.0401 0.949 2.5110 0.952 | 2.7780 0.949
T14(B) 5.5032 0.948 16.648 0.950 | 13.9555 0.957
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Table 3. The average confidence area (CA) and coverage probability
(CP) of the 95% confidence region for (8, \) obtained by the exact and
approximate methods.

(B, 0)=(0.5, 0.02) | (B, N)=(1, 0.1) | (3, )=( 1.2, 0.05)

m_ Method | CA CP CA CP CA CP
5 (S,T1) | 00103  0.951 |0.1252 0.952 | 0.0699  0.950
(S,T2) |0.0156  0.958 |0.1609 0.956 | 0.0904  0.953
(S,T3) |0.0226 0960 |0.2172 0.937 | 0.1256  0.954
(S,Tx) |0.0360  0.957 |0.2989 0.954 | 0.1861  0.948
approx | 0.0216  0.837 | 0.2041 0.896 | 0.1013  0.397

7 (S, T1) |0.0067 0.955 |0.0826 0.952 | 0.0454  0.952
(S,T2) 0.0090  0.948 |0.1001 0.952 | 0.0549  0.944
(S,T3) 00119  0.951 |0.1196 0.955 | 0.0692  0.950
(S,Tx) 00158  0.951 |0.1435 0.946 | 0.0880  0.952
(S,T5) |0.0223 0956 | 0.1848 0.955 | 0.1167  0.947
(S,Ts) |0.0336  0.949 | 0.2507 0.938 | 0.1658  0.951
approx | 0.0137  0.599 | 0.1376 0.596 | 0.0812  0.309
10 (S,T:) | 0.0046 00954 | 0.0549 0.944 | 0.0297  0.956
(S,T2) |0.0056  0.950 | 0.0640 0.956 | 0.0350  0.954
(S,T3) |0.0068  0.955 |0.0712 0.953 |0.0412  0.952
(S,T) |0.0082  0.954 |0.0808 0.956 |0.0472  0.943
(S,T5) | 0.0099  0.954 |0.0940 0.946 |0.0555  0.952
(S,Ts) |0.0123  0.950 |0.1100 0.947 | 0.0671  0.954
(S,T7) |0.0158  0.956 | 0.1325 0.953 | 0.0836  0.941
(S,Ts) |0.0218  0.949 |0.1652 0.956 | 0.1083  0.956
(S,To) |0.0312  0.951 |0.2193 0.946 | 0.1509  0.954
approx | 0.0094  0.652 | 0.0952 0.666 | 0.0534  0.345
15 (S,T1) | 0.0030 0953 | 0.0367 0.947 | 0.0198  0.948
(S,T2) |0.0035  0.951 |0.0399 0.945 |0.0222  0.950
(S,T3) |0.0040  0.952 |0.0441 0.954 |0.0247  0.954
(S,T1) |0.0045  0.952 |0.0473 0.950 | 0.0271  0.948
(S,T5) |0.0051  0.950 |0.0508 0.955 | 0.0303  0.949
(S,Ts) |0.0056  0.946 | 0.0555 0.944 | 0.0330  0.950
(S,T7) |0.0065  0.944 | 0.0613 0.947 | 0.0362  0.951
(S,Ts) |0.0075  0.956 | 0.0664 0.946 | 0.0406  0.952
(S,To) |0.0087  0.951 |0.0745 0.946 | 0.0472  0.950
(S,Tio) | 0.0101 0954 | 0.0845 0.946 | 0.0545  0.952
(S,Ti1) | 0.0122 0948 | 0.0991 0.954 | 0.0649  0.946
(S,Ti2) | 0.0157 0951 | 0.1180 0.944 | 0.0781  0.950
(S,Tiz) | 0.0209 0946 | 0.1501 0.949 | 0.1009  0.941
(S,T1s) | 0.0294  0.944 | 0.1941 0942 | 0.1377  0.956
approx | 0.0057  0.586 | 0.0591 0.591 | 0.0338  0.315
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Figure 1. PP-plot of the real data set in Example 4.1.

4. Illustrative Examples

To illustrate the use of our proposed estimation methods, the following two numerical
examples are discussed.

4.1. Example. (Real data set) Here we consider the real data of the amount of
annual rainfall (in inches) recorded at the Los Angeles Civic Center for the 50 years,
from 1959 to 2009. (see the website of Los Angeles Almanac: www.laalmanac.com/
weather/we08aa.htm) The data are as follows:

8.180 4.850 18790 8380 7.930 13.680 20.440 22.000 16.580
27470  7.740 12320 7.170 21.260 14.920 14.350 7.210 12.300
33.440 19.670 26.980 8.960 10.710 31.280 10.430 12.820 17.860

7.660 2.480 8.081 7.350 11.990 21.000 7.360 8.110 24.350
12.440 12.400 31.010 9.090 11.570 17.940 4.420 16.420 9.250
37.960 13.190 3.210 13.530  9.080

We check the validity of the two-parameter bathtub-shaped distribution based on the
parameters 3 = 0.4721 and A = 0.0212 using the Kolmogorov-Smirnov (K-S) test. It
is observed that the K-S distance is 0.1385 with a corresponding p-value 0.2715. This
indicates that the two-parameter bathtub-shaped distribution provides a good fit to the
data. Figure 1 also shows the probability plot (PP) of the data. This figure supports our
conclusion. During this period, we observe the following seven upper record values:

8.18 18.79 20.44 22.00 2747 33.44 37.96

The MLEs of 8 and A\ are B = 0.432798 and \ = 0.0566, respectively. Let us now
obtain the approximate joint confidence region. Based on the result in Section 2.1, a
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Figure 2. The 95% approximate joint confidence region in Example 4.1

95% approximate joint confidence region is the ellipse

_ (55 [ 303078 3124234 1( B-p\
4= {([M) - < PR 3124234 3110288 | | a_n | I =00

where m = 7. This ellipse is provided in Figure 2. The area of this approximate joint
confidence region is 0.0291. Now, we use the methods proposed in Section 2.2 to construct
the exact confidence intervals for 5 and exact joint confidence region for (8, A). To obtain
the 95% confidence intervals for 3, we consider the pivots W (8, m), T1(8), ..., Te(8). We
need the percentiles

Wo.025(7) = 2.2674, W grs(m) = 1.0344, Fy 05(12,2) = 39.41462,
Foors12,2) = 0.1962375, Fy.025(10.4) = 8.843881, Fy g75(10,4) = 0.2237967,
Fooos(s.6) = 5599623,  Fyorss.e) = 0.2149754, Fy o568 = 4.651696,
Foors(6.8) = 0.1785835,  Fy g25(4.10) = 4468342, Fy g75(4.10) = 0.1130725,
Fo025(2.12) = 5.095867, and Fy g75(2.10) = 0.0253713.

Here, the percentiles of Wy g25(7) and Wy g75(7) are obtained from Table 1. By Theorems
2.3 and 2.5 and using the S-PLUS package, the 95% confidence intervals and correspond-
ing confidence lengths for 3 are given in Table 4.

From the simulation result in Section 3, we know that, on the average, the pivot
W (B, m) works better than the pivots T3(8), j = 1,...,6. It is not the best one in this
example because the result here is based on only one sample. Among the pivots T;(8), j =
1,...,6, we observe that, in this example, the pivot T4(5) provides the shortest confidence
interval length and hence, (0.3723,0.5095) is an optimal 95% confidence interval for §.



Table 4. The 95% confidence interval (CI) for 8 and corresponding
confidence length (CL)

Pivot CI CL
W (B, m) (0.3859,0.6861) 0.3001
Ty(B) (0.4100,1.2874) 0.8774
T»(B) (0.3909,0.9163) 0.5254
T5(8) (0.3811,0.6094) 0.2283
Tu(B) (0.3723,0.5095) 0.1372
T5(B) ( 0.3511,0.5321) 0.1810
Ts(B) (0.3214, 0.6568) 0.3354

To obtain the 95% joint confidence regions for (8, A), we need the percentiles
Fo.0127(12,2) = 78.15579,  Fy.gs73(12,2) = 0.15572,  Fp.0127(10,4) = 12.79912,
Fy.9873(10,4) = 0.179534, Fy0127(8,6) = 7-37466, [y.os73(8,6) = 0.1699301,
Fy.0127(6,8) = 5.884774, Fj.9873,6,8) = 0.135599, Fp.0127(4,10) = 5.569966,
Fy.9873,(4,10) = 0.07813, Fy.o127(2,12) = 6.421784, F 9873,(2,10) = 0.01279496,

2
X0.0127(14)

= 2837037, and X8.9873(14) = 4.888863.

By Theorem 2.6 and using the S-PLUS package for solving non-linear equation, we obtain
the following 95% joint confidence regions for (8, ) based on the joint pivots (S, Tj),

1=1,.

{

b

=Y

I ||
F’Hf—/Hf—/Hf—/Hf—/H

(B, 2)

£ 0.4091 < B < 2.1540,

£ 0.3882 < B < 1.1574,

£ 0.3792 < B < 0.6847,

£ 0.3709 < B < 0.5474,

:0.3496 < B < 0.5779,

:0.3206 < 3 < 0.7445,

4.888863

2(6(37.96)5 -1)

4.888863

2(6(37.96)5 -1)

4.888863

2(6(37.96)5 —1)

4.888863

2(6(37.96)5 —1)

4.888863

2(6(37.96)5 _ 1)

4.888863

2(6(37.96)5 _ 1)

<AL

<AL

<AL

28.37037
2( (37.96)8 _ 1)

28.37037
2(6(37 9(o(37.96)8 _ 1)

28. 37037
2(eB7. 2(e(37.96)F _ 1)

28. 37037
2(eB7- 2(e(37.96)F _ 1)

28. 37037
2(6(37 9(o(37.96)8 _ 1)

28.37037
2(6(37.96)5 _ 1)

Figure 3 shows the above joint confidence regions for parameters 8 and X. The areas
of above joint confidence regions are 0.0073, 0.0109, 0.0128, 0.0145, 0.0210, and 0.0331,
respectively. Thus, in this example, A; is the optimal joint confidence region (3, \) since
the joint pivot (S,71) provides the smallest confidence area. Note that the confidence

areas based on all the joint pivots (S,7}),j =1,...,

5 are all smaller than the area based

on the approximate method. However, the area based on joint pivot (S, Ts) is larger than

that based on the approximate method.
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Figure 3. The 95% joint confidence region for (8, \) in Example 4.1
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Figure 4. The 95% approximate joint confidence region in Example 4.2

4.2. Example. (Simulated data set) Let us consider the first four upper record
values simulated from the two-parameter bathtub-shaped distribution with 8 = 1.2 and
A = 0.05. The simulated data are as follows:

1.351052 1.989847 3.030312 3.821197

The MLEs of S and A\ are B = 0.8039041 and \ = 0.2237688, respectively. For 95%
approximate joint confidence region, we have the ellipse

—~ / ~
p-fon(227) [ e ) (320 o <o},
where m = 4. The ellipse is provided in Figure 4. The area of above joint confidence
region is 0.5331. To obtain the 95% confidence intervals for 8, we need the percentiles
Wo.025(4) = 2.7647, Wp.975(4) = 1.0092, Fp 925(6,2) = 39.33146,
Foors(6.2) = 0.137744,  Fy o054.4) = 960453, Fy o75(4.4) = 0.1041175,
Fy.025(2,6) = 7-259856 and F{ g75(2,6) = 0.0254249.

By Theorems 2.3 and 2.5 and using the S-PLUS package, the 95% confidence intervals
for B are given in Table 5.

To obtain the 95% joint confidence regions for (8, A), we need the percentiles
Fy.0127(6,2) = 78.07254,  Fy.9873(6,2) = 0.101436, Fp.0127(4,4) = 14.02461,
Fy.9873(4,4) = 0.0713032, Fp.0127(2,6) = 9-858393, Fp.9873(2,6) = 0.012809,
X8.0127(8) = ].9.434:77 and X(2).9873(8) = 1.768713.

One can obtain the 95% joint confidence regions for (8, \) as follows:

1.768713 19.4347
Bl:{(ﬂ,)\)10427<6<18677, W<)\<m},



414

Table 5. The 95% confidence interval (CI) for 8 and corresponding
confidence length (CL)

Pivot CI CL
W (3, m) (0.9705,1.2487) 0.2782
Ty (B) (1.0431,1.4578) 0.4147
To(B) (1.0130,1.1272) 0.1142
T3 (B) (0.9124,1.1999) 0.2875

a1

Figure 5. The 95% joint confidence region for (5, ) in Example 4.2

1.768713 19.4347 }

1.768713 19.4347 }

Bs = {(5,» :0.9119 < B < 1.3032, 2(eBSHINE _ 1) 2(e(3:82119MF _ 1)

Figure 5 shows the above joint confidence regions. The areas of the above joint confidence

regions are 0.05005, 0.0200, and 0.0238, respectively. Thus, in this example, Bs is the
optimal joint confidence regions for parameters 5 and .

5. Conclusions

The subject of record values has received attention in the past few decades. The
two-parameter bathtub-shaped lifetime distribution can be widely used in reliability ap-
plications because of its failure rate function. We study the interval estimation of pa-
rameters of the two-parameter bathtub-shaped distribution based on record values. We



415

provide three theorems based on the method of pivotal quantity to establish the exact
confidence intervals and regions for the parameters. Two numerical examples are used to
illustrate the proposed methods, and we also assess the confidence intervals and regions
by performing a Monte Carlo simulation. The simulation results provide us some idea to
choose the optimal pivots for constructing confidence intervals and regions.
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Abstract

A new systematic sampling design called “Modified Systematic Sam-
pling (MSS)”, proposed by [2] is more general than Linear System-
atic Sampling (LSS) and Circular Systematic Sampling (CSS). In the
present paper, this scheme is further extended for populations having
a linear trend. Expressions for mean and variance of sample mean are
obtained for the population having perfect linear trend among popu-
lation values. Expression for the average variance is also obtained for
super population model. Further, efficiency of MSS with respect to
CSS is obtained for different sample size.
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1. Introduction

In survey sampling, Linear Systematic Sampling (LSS) is a commonly used design.
Generally, it is useful when population size N is a multiple of sample size n, i.e. N = nk
(where k is the sampling interval). Thus, we have k samples each of size n. However,
LSS is not beneficial when population size N is not a multiple of the sample size n,
i.e. N # nk. Because in this case, LSS cannot provide a constant sample size n, thus,
estimate of population mean (total) is biased. Therefore, Circular Systematic Sampling
(CSS) was introduced by Lahiri in 1952 (cited in [1, p.139]). Contrary to LSS, CSS is
not advantageous when population size N is a multiple of the sample size n, i.e. N = nk
as in this case, CSS produces n replicates of k& samples. Further, in CSS, the number of
samples also rapidly increase to N as compared to k samples of LSS.
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To improve the efficiency of systematic sampling, researchers proposed several modifica-
tions in the selection procedure. The considerable work is done by [4], [6] and [7]. In the
recent years, [8] proposed Diagonal Systematic Sampling (DSS) under the condition that
n < k as a competitor of LSS. Later, the condition n < k for DSS have relaxed by [9].
The generalization of DSS is suggested by [10]. Some modification in LSS are proposed
by [11], in which odd and even sample sizes are dealt separately. Further modification on
LSS is also proposed by [12]. Diagonal Circular Systematic Sampling (DCSS) proposed
by [5] is an extension of DSS to the circular version of systematic sampling. A note on
DCSS has been proposed by [3]. However, some of these schemes are applicable when
N = nk while other can be used only when N # nk.

A new systematic sampling design called “Modified Systematic Sampling (MSS)” pro-
posed by [2], which is applicable in both situations, whether N = nk or N # nk.
According to this design, first compute least common multiple of N and n, i.e. L, then
find k1, m, s and k, where k1 = £, m = £, s = % and k = [ki/m] or k = [N/n] is
rounded off to integer. Consequently, ms = n, which means that there are m sets and
each set contains s units in a sample. Thus, in MSS the ;" unit of the i** set of a sample
of n units can be written as:

(11)  y =r+(i—Dk+(G— Dk —hN if AN <7+ (i —1k+ (- k1 < (h+1)N
for h=0,1,2; i1 =1,2,3,....m and j=1,2,3,...,s.
This sampling scheme reduces to LSS if L = N or N = nk and CSS if L = N X n, the

detail is given below.
If N=nk then L =N, ki =k, m =1 and s = n. Thus, Equation (1.1) reduces to

12) ¢ =r+ G-k j=1,23,..n

which is LSS.
Similarly, if L = N x n, then k1 = N, m = n and s = 1. So, Equation (1.1) can be
written as

(13) ¢ =r+(—1k—hN if AN<r+(i—1Dk<(h+1)N

for h=0,1,2; i=1,2,3,...,n.

Which is CSS.

To study the characteristics of MSS, we use an alternative method by partitioning the
total number of samples into different sets of similar samples. To develop an alternative
method, let us assume that k1 can be written as k1 = ¢k + 7., where ¢ and r,, are
quotient and remainder respectively. Further, we assume that w = 1 if (m —q) < 1
and, w = (m — q) if (m —¢q) > 1. In both cases, there are two types of partitioning, i.e.
between samples and within samples(see detail in Subsections 1.1 and 1.2).

1.1. When w = 1. In this case partitioning between samples and within samples are
given in the Subsections 1.1.1 and 1.1.2.

1.1.1. Partitioning between samples. In this case, ki possible samples are mainly parti-
tioned into two groups. The first group consists of initial {k1 — (m — 1)k} samples and
second group contains last (m — 1)k samples. However, in the second group, there are
(m — 1) subgroups, each attains k samples. If a random number r is selected from the
first k1 units of a population, there is a possibility that it is selected from the first group,
i.e. {k1 — (m — 1)k} or it is selected from the (m — 1) subgroups of the second group, i.e.
{k1 — (m —w)k} <r < {k1 — (m —u— 1)k} such that u =1,2,..., (m — 1), where integer
u is selected corresponding to a random number 7.
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1.1.2. Partitioning within samples. Furthermore, in the first group, all s units of all
m sets in each sample are labeled as r + (¢ — 1)k + (§j — 1)k1, such that i = 1,2,....m
and j = 1,2,...,s; while in the second group, all s units of the first (m — u) sets are
labeled as 7+ (i — 1)k + (j — 1)k1 such that ¢ = 1,2, ..., (m —u) and j = 1,2,...,s and in
each of the last u sets, first (s — 1) units are labeled as r 4+ (i — 1)k 4 (j — 1)k1 such that
i = (m—u+1),....,m;j=1,2,...,(s—1) and last unit is labeled as r+(i—1)k+(j—1)k1 — N
such that i = (m —u+1),...,m and j = s.

1.2. When w = (n — q) > 1. In this case partitioning between samples and within
samples are given in the Subsections 1.2.1 and 1.2.2.

1.2.1. Partitioning between samples. In this case ki1 samples are mainly partitioned into
two groups, the first group consists of the number of samples in which r < {k1 — (w — 1)k + 7 }.
The econd group contains the number of samples in which r > {k1 — (w — 1)k + rn}.
The first group is further partitioned into {(m — w) — (w — 1) + 2} subgroups in which,
there are r,, number of samples in each of the first and the last subgroups, and k sam-
ples in each of the middle {(m —w) — (w — 1)} subgroups. In each subgroup of the
first group, corresponding to a random number r, an integer u is picked in such a way
that u = (w—1)if1 <r <{ki—(m—-u—-D1k}, u =w,w+1Lw+2,..,(m—w)if
{ki—(m—-wk}<r<{ki—(m—-u—1k}andu=(m—w+1)if {ki — (m—uw)k} <
r<{ki—(m-—uk+rm}.

The second group consists of last {(w — 1)k — 7} = {(k —7m) + (w — 2)k} samples,
which is the combination of the first (k — r,,,) samples and the last (w — 2) sets of k
samples. These (w — 2) sets of k samples further partitioned in such a way that the first
rm of every k samples forms the first subgroup and the last (k — 7 ) samples of every k
samples together with the first (k—r,,) samples of this group forms the second subgroup.
However, when w = 2, then we have only (k — r,) samples in the second group.

1.2.2. Partitioning within samples. In each sample of the first group, all s units of the
first (m — u) sets are labeled as r + (¢ — 1)k + (j — 1)kisuch that i = 1,2,...,(m — u)
and j = 1,2,...,s, and in each of the last u sets, the first (s — 1) units are labeled as
r+(—1)k+ (j — 1)ki such that i = (m —u+1),....m, 7 =1,2,...,(s — 1) and the last
unit is labeled as 7+ (i — 1)k + (j — 1)k1 — N such that i = (m —u+1),...,m and j = s.
In each sample of the first subgroup of the second group, all s units of the first (w—x)
sets are labeled as r+ (i —1)k+ (j — 1)k1 such that i = 1,2, ..., (w—2x) and j = 1,2,...; s;
the units of middle (m —w + 1) sets are labeled in such a way that, the first (s — 1) units
of each set are labeled as r + (i — 1)k + (j — 1)k1 such that i € (w—xz+1),...,(m—z+1),
j=1,2,...,(s—1) and the last unit of each set is labeled as r + (i — 1)k + (j — 1)k1 — N
such that ¢ € (w—x +1),...,(m —x+1) and j = s; the units of the last (z — 1) sets are
labeled in such a way that, the first (s —2) units are labeled as r+ (i — 1)k + (j —1)k1 such
that i € (m—x+2),...,m, j =1,2,...,(s—2) and the last two units in each set is labeled
asr+(i—1)k+(j—1)k1 — N such that i € (m—z+2),...,mand j = (s—1),s. However,
when s = 1, the units in these (z — 1) sets are labeled as r + (1 — 1)k + (j — 1)k1 — 2N.
The possible values of z are 2,3, ..., (w — 1).
Note: If w = 2, then this set of samples does not exist.
In the second subgroup of the second group, all s units of the the first (w — x) sets are
labeled as r + (i — 1)k + (5 — 1)k1 such that ¢ = 1,2,..., (w —z) and 5 = 1,2, ..., s; The
units of middle (m — w) sets are labeled in such a way that the first (s — 1) units of
each set are labeled as r + (¢ — 1)k + (j — 1)k1 such that i € (w —z +1),..., (m — z) and
j=1,2,...,(s—1), the last unit of each set is labeled as r + (i — 1)k + (5 — 1)k1 — N such
that ¢ € (w —x +1),...,(m —z) and j = s, the units of the last (z — 1) sets are labeled
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in such a way that, the first (s — 2) units are labeled as r + (i — 1)k + (j — 1)k1 such that
te€(m—z+2),...m,7=12,..,(s—2) and the last two units in each set is labeled as
r+ (i —1)k+ (j —1)ky — N such that ¢ € (m — 2z +2),...,m and j = (s — 1), s. However,
when s = 1, the units in these (x — 1) sets are labeled as r + (i — 1)k + (j — 1)k1 — 2N,
the possible values of z are 1,2..., (w — 1).

2. Mean and variance of MSS for population having linear trend
The following linear model of hypothetical population is to be considered as

(21)  Yi=a+ Bt t=1,2,3,.,N

where o and § are the intercept and slope of the model respectively.

2.1. Mean of MSS. The sample mean for both cases, i.e. w =1 and w > 1 are given
below (see detial in Appendix A.1).

Case (i) when w =1

[r+ %{(3 — Dk1 + (m — 1)k}],

if r<{k1—(m-1)k}
(22)  Juss=a+8 [r—&-%{(s—l)kl + (m — 1)k} _u%] 7
u=1,2..,(m—1)if

where {k1 — (m —wk} <r < {ky — (m —u—1)k}.

Case (ii) when w > 2

[r+ L{(s = Dk1 + (m — 1)k} ﬂg] ,

u=(w-1)if r<{k1—(m—-u—-1)k
u=w,w+1,...,(m—w)if

where | {N — (m —uw)k} <r <{ki — (m —u— 1)k},
u=(m—-w+1)if

B {k1 —(m—m)k} <r <{k1 — (m—u)k +rm}
(28)  Fnss = BN [r g L{(s — Dkt + (m— Dk} = (m—w — 1+ 22) X ],
z=2,..,(w—1)if

{k1 — (w—2)k} <r <{k1 — (w—2)k+rm}
[r+%{(s—1)k1+(m—1)k}—(m—w+2x)g],
r=1,23,..,(w—1) if

{k1 — (w—2)k} +rm <7 <{k1— (w—2)k + k}

If w = 2, the Equation (2.3) will reduce to

where

where

[r—&-%{(s—l)kl + (m— 1)k} —u%]
u=(w —1)if r<{k1—(m—u-—1)k,
u=w,w+1,..,(m—w)if
where | {N — (m —w)k} <r < {k1 — (m —u— 1)k},
(2.4) Jmss = o+ u=(m-w+1)if
{k1 —(m—m)k} <r<{k1—(m—wk+rm}
[r—&—%{(s—l)kl—&-(m—l)k} —(m—w+2x)%],
z=1,2,3,...,(w—1) if

where | (w— )k} + o < 1 < {1 — (w— @)+ k)
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2.1.1. Unbiasedness of guss. (see detial in Appendix A.1.1). B
The sample mean (Farss) is an unbiased estimator of population mean (Y)
N+1 }

(2.5) E(guss) =a+ B {T

=Y.

2.1.2. Variance of Ymss. (see detial in Appendix A.2)
(i) when w =1

_ 1
(2.6) V@Mw):f%ﬁﬁhﬁ“ﬁ—D44MmZ—DMmk—%Q]
Note: In this case, if N = nk then L = N, so m = 1, thus,

1
V(gmss) = Eb2(k2 -1).

This is a variance of linear systematic sampling.
(ii) when w > 1

9.7 (Imss) = 1=z b”® [mP (kT — 1) + m(m® — 1)k(mk — 2k1)
(2.7) dww — Dk {3kt — (3m — 2w + 1)k}].

3. Yates corrected estimator

Yates corrected estimator of population mean for MSS is derived below.

3.1. Yates corrected estimator for MSS. The corrected estimator §3,;g5 of popula-
tion mean using MSS is given by

(3.1) Uhrss = = PuYer + 205 Yoo+ AaYen]

where A1; and Ag; are selected so that sample mean coincides with the population mean
in the presence of linear trend for all choices of r € 1,2, ..., k1.
Alternatively Equation (3.1) can be written as

(3.2)  Yuss =Imss +ai(r) (Y1 — Yin),

where a;(r) = % — 1oy

Under the model given inn(2.1), the population mean is
= N+1
(3.3) Y:a+ﬂ—;ﬁ
As mentioned earlier, that there are two cases, i.e. (i) w =1 and (ii) w > 1.
First, we consider the Case (i).

3.1.1. Case (i): when w = 1. In this situation, a random start r is selected from k;
units such that r < {k1 — (m — 1)k} or r > {k1 — (m — 1)k}.

If r < {k1 — (m — 1)k}, then | = 1 and the last value of each sample is labeled {r+ (m —
1)k + (s — 1)k1}. Thus, (3.2) becomes

(34)  Tuss = Guss +a1(r) (Ve = Yog(m—)kt(s—1)k1 ) -

Under the linear model given in (2.1), we have jarss = a+8 [r + 2{(s — 1)k1 + (m — 1)k}],
Yo=a+frand Y. (nonykte—1e =+ B{r+(m—-1k+ (s — 1k}
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Putting these values in (3.4), we have

1
(3.5) Juss =a+ 8 {r + 5{(m —Dk+(s—=Dki} —ar(r){(m =1k + (s —1)ki}
Comparing the coefficients of o and 3 in (3.3) and (3.5) and solving for a;(r), we have
a (7“)—{ 2r — 14+ (m— 1k — ki }
BT 2 {m =Dk + (s— Dki} [
Putting a1(r) in (3.4), we have

. _ 0 — 1+ (m— 1)k -k
. = Y, — Y’r m— 5— .
(3 6) Ymss YMss + 2 {(m — 1)k3 ¥ (S _ 1)k1} ( +( 1)k+( 1)k1)

If r > {k1 — (m — 1)k}, then | = 2 and the last value of each sample is labeled {r + (m —
1)k + (s — 1)k1 — N}. Thus, (3.2) becomes
(3'7) 173455 =Yymss + GQ(T) (Yr - Yr‘+(m71)k+(5—l)k1—N) .

Under the linear model (2.1), we have garss = a+8 [r+ ${(s — k1 + (m — 1)k} — u®L],
where u = 1,2,...,(m — 1) if{k1 —(m —wk} <r <{ki—(m—u—-1k}, Y, =a+f8r
and Yo s— 1)k +(m—1)k—N = @+ S {r+ (s = 1)k1 + (m — 1)k — N'}. Putting these values
in (3.7), we have

(38)  Guss=oa+p [ (s =Dkt (m DR} 0t ) (m - Dk~ k)

Comparing the coefficients of a and £ in (3.3) and (3.8) and solving for az(r), we have

_ 2= (kA D) + (m— Dk — 2uky/m
(3.9 ax(r) = { 2{(m -1k —k1} } 7

where u = 1,2, ..., (m — 1), which are picked corresponding to a random number r such
that {k1 — (m —w)k} <r < {k1 — (m —u— 1)k}
Putting a2(r) in (3.7), we have
. 2r — (k1 + 1) + (m — 1)k — 2uki/m
(3.10) yMss—yMss-F{ 2 {(m — Dk — ki} X

(Y'r - Y’r+(mfl)k+(571)k17N) .

3.1.2. Case (ii): when w > 1. As mentioned earlier in Section 1 , when s = 1, MSS
becomes CSS (see [2]). Therefore, we focus the MSS for s > 1. It is also mentioned in
Subsection 1.2, all k1 samples are partitioned into two groups. The first group contains
the samples where r < k1 — (w — 1)k + 7, and the second group consist of the samples
in which r > k1 — (w — 1)k + 7.

The corrected sample mean for each sample in the first group is similar to the corrected
sample mean found in Subsection 3.1.1, where r > k1 — (m — 1)k, because the pattern of
samples in both situations is similar. Further, the weights assigned to the first and the
last units of each sample in this group will be similar to the weights given in (3.9), i.e.

Yirss = Jmss + a2(r) (Yo = Yod(m-1)bt(s—1ky =N ) »

as(r) = 2r — (k1 + 1)+ (m — D)k — 2uki/n
A 2{(m — )k — ki } ’
where u = (w — 1) corresponding to a random number r such that 1 <r < {k1 — (m —
u— 1Dk u=w,w+1,...(m—w) if {ki — (m —w)k} <r < {k1 — (m —u— 1)k} and
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u=m-—w+1)if {k1 — (m —wk} <r <{k1 — (m —u)k +rmn}. Thus,

c = 2r—(k1+1)+(m—1)k—2uk; /n
(11)  Virss = Tss + { B |

X (Yr - Y’r+(mfl)k+(571)k17N) .

The second group having samples in which r > k1 — (w— 1)k + 7, and the first subgroup
consists of the number of samples in which {k1 — (w —2)k} <r < {k1 — (w—2)k+ 7}
such that x = 2, ..., (w — 1). The Yates corrected estimator with [ = 3 in (3.2), for the
samples of the first subgroup can be written as

(3.12)  ¥irss = Ymss + as(r) (Yo — Yig(m-1)bt(s—1ky—N) -

Under a linear model (2.1) §arss = a+B[r+2{(s—1)ki1+(m—1)k} f(mfwflJer)%},
where =2, ..., (w—1) if {k1 —(w—2)k} <r <{k1 —(w—2)k+rm}, Yr = a+ Br and
Yii(s— 1)k +(m-1)k—n = @+ B{r + (s — 1)k1 + (m — 1)k — N}. Putting these values in
(3.12), we have

Girss = o+ B[+ H{(s = Dk + (m = Dk} = (m —w — 1+ 20)

3.13 m
( ) +asz(r){(m — 1)k—k1}}.

Comparing the coefficients of o and 8 given in (3.3) and (3.13) and solving for as(r), we
have

f2r—(ki+1)+(m—1k—2ki(m—w+2x—1)/m
(3.14) as(r)= { 2 {(m — Dk — k1] }

Putting as(r) in the corrected estimator given in (3.12), we have

—c = 2r—(k1+1)+(m—1)k—2k; (m—w+2z—1)/m
(3.15)  Ymss =Ymss : 2m—Dh—k1]

X (Yo = Yot (me 1)k (s—1)k1 =N ) 5
where x = 2, ..., (w — 1), which are picked corresponding to a random number r
such that {k; — (w — )k} < r < {k; — (w — )k + r,}. Similarly, the second
subgroup consists of the number of samples in which {k; — (w —2)k+ 1} <r <
{k1 — (w—2)k + k} such that z = 1,2, ..., (w—1). The Yates corrected estimator
with { =4 in (3.2), for samples of this subgroup, can be written as

(3.16) ¥irss = Imss + aa(r) (Ve = Yot (mo1)ht(s—1)kr—N) -

Under the linear model (2.1), Jarss = a+Br+1{(s—1)k1 +(m—1)k} — (m—w+
22) 5] where z = 1,2, ..., (w— 1) if {ky — (w—2)k} <7 < {k1 — (W — @)k + 75},
Y, =a+ prand Y, —1)k+m-nk-N = a+ B{r+ (s =1k +(m - 1)k - N}
Putting these values in (3.16), we have

k1

m

Psrss = a+B[r+ 3{(s = Dk1 + (m — Dk} — (m — w + 2x)

3.17
347 Fas(r){(m — Dk — k1}].

Comparing the coefficients of o and 8 given in (3.3) and (3.17) and solving for
ay (1), we have
) 2r—(k1+ 1)+ (m—1)k—2ki(m —w+2z)/m
ays(r) = .
* 2{(m — 1)k —ky}

(3.18)
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Putting a4(r) in the corrected estimator given in (3.16), we have

c = 2r—(k1+1)+(m—1)k—2k; (m—w+2z)/m
(319) Yirss = Tuss + R e}

X (Yr = Yo (m— Dkt (s— k1 =N ) »

where x = 1,2, ..., (w — 1), which are picked corresponding to a random number r
such that {k1 — (w — )k} <r < {k1 — (w—2)k + 70, }.

4. Average variance

In real life application, we hardly found such population exhibiting perfect linear
trend. Therefore, it is necessary to study the average variance of the corrected
estimator under MSS using following super population model.

(41) Yi=a+pt+e,

where E(e;) =0, V(e;) = E(e?) = 0t9, Cov(es,e,) =0, t #v=1,2,3,.... N and
g is the predetermined constant.

The average variance of gjj(&)s 5 under modified systematic sampling for population

modeled by Y; = a+ 8t + e; is given by

Case (i) when w =1 (see detial in Appendix B)

E {V(yg\:[)ss)} = kl {Efl 1(m DR X1 (u,r)
k m—u—1)k
(4.2) Y S e ()
+ky Zt_ltg/f\ﬂ}?

where
Xi (u,r) =67 (r)r? + 0307, 35 {r + (1 = Dk + (j — Dk}

6T () {r 4+ (m — Dk + (s — 1)k, 19,
xa (u,7) = 6F ()70 + 0% {z ST (o (= D+ (= D)
T i (521 O (= D+ (G = DR + (7 + = Dk
(s — 1)k — N)g)} 485 () (r 4 (m— Dk + (s — Dk — N)?
5l+(r) = a;(r){a;(r) + 2 (% — %)}, 0, (r) = ag(r){a(r) — 2 (% — %)} and

% %— %), such that [ =1, 2.

Case (ii) When w > 1 (see detial in Appendix B)

E{V (#75s)} = 5 [Sit L A
LD DD Dl km Tk Xe (u7)
(4.3) 2 ;ftt:l (wf?éigﬁ igzﬂ Xz (u, )
S (w—z)kt1 xs (2,7)
Y 1 Xa (@, 7)
+ YN, tg/NQ} :
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where

X (1) = 85 (e + 04 { Y0 Y05y (4 (6= Dk + (G = Do)
st (52 04 = DR+ (G = Dka)?
4 (= Dk + (s — k1 — N)g)} £ o5 (r) (5 + (m — Dk + (s — ks — N)Y,

X (,7) = 83 (r)r9 + 9{2:;7 S r (= Dk + (= Dk}
Y (ST + = Dk + (G = Dk
1+ (i = Dk + (s = Dl = N}9)
S aa (2 + (= Dk (= D}
+ e {r 4 (= DE+ (= Dk = N}9) }
+o5 (M {r+(m—-1)k+ (s—1)k — N}9,

va (1) = 8 (et + 0SS0 S {r+ (i = Dk + (= Dk}
T (52 + (= DR+ (G = D}
Hr (i = Dk + (s = ks — N}9)
o (SIZHr + (= Dk + (= Dk}
+ S {r 4 (= Dk + (= Dk = N}9) }
+0, (M) {r+(m—1k+ (s—1)k; — N}9,

67 (r) = a(r){a(r) + 2 (% = %)} 67 (1) = ar){ar) = 2 (2 = &)} and

2), forl1=2,34

5. Empirical study

Due to the complex nature of the derived expressions, the average variances of MSS
and CSS cannot be theoretically compared. Therefore, in this paper, a computer
based efficiency comparison of MSS and CSS is made numerically under super
population model (4.1). The numerical comparison has been made for N = 21,
N =30, N =50 and N = 78. As mentioned earliar, if L = N then MSS re-
duces to LSS and if L = (N x n) then MSS becomes CSS. Therefore, the choice
of a sample size considered in this paper is based on the fact that N < L < (N xn).

The relative efficiency of MSS over CSS is presented in Table 1 under g = 0,1, 2, 3.
This table includes 40 different combinations of N and n each at ¢ = 0,1, 2 and 3
which are to be considered for efficiency comparison, and it is observed that CSS
is not applicable for 4 combinations. Thus, we have 36 x 4 = 144 results of
efficiency comparison and found that MSS is more efficient than CSS in 135 cases.
Further, it is to be noted, whenever & = (2 + 1), the efficiency of MSS over CSS
is dramatically increased.

5.1. Natural Population. We use the following natural population for efficiency
comparison. The results are given in Table 2. Population 1: [Source: [1, page.228].
Table 2 reflacts that MSS is more efficient than CSS.
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Table 1. Rercent Relative Efficiency (PRE) of MSS over CSS under linear trend

N n g=0 g=1 g=2 g=3 N n g=20 g=1 g=2 g=3
21 6 1235.016  1933.767  2709.724  3246.609 78 4 117.427 136.092 146.405 147.684
9 117.385 151.130 174.582 186.989 8 129.769 182.162 229.578 259.786
12 240.000 591.045 1375.565  2521.240 9 192.866 316.722 411.684 454.488
30 4 135.923 162.510 180.204 185.741 10 139.707 208.739 281.749 337.633
8 246.131 376.018 544.687 700.611 12 6766.915 13989.818 19161.993 21879.417
9 103.060 138.491 160.844 170.657 14 - - - -
12 - - - - 15 90.595 152.753 201.481 223.241
14 103.355 144.513 188.675 222.580 16 191.878 323.211 512.333 718.994
50 4 122.565 143.552 155.795 158.042 18 105.243 205.796 258.754 278.058
6 101.443 123.039 137.125 142.782 20 257.844 455.482 780.262 1198.619
8 97.891 125.605 146.267 156.789 21 236.637 633.532 1610.276  3245.550
12 93.959 130.154 163.181 184.581 22 7.521 14.757 28.913 56.125
14 43.631 84.386 161.900 305.136 24 114.967 260.473 359.195 399.452
15 113.396 192.752 237.112 255.203 27 - - - -
16 93.665 136.682 182.496 217.408 28 129.784 203.929 293.560 381.668
18 176.253 339.329 667.273 1275.240 30 - - - -
20 83.942 360.224 621.068 698.071 32 127.980 210.134 322.967 448.077
22 128.892 193.530 275.040 353.302 33 153.748 309.110 503.525 655.560
24 101.712 159.836 238.027 313.959 34 129.642 215.246 339.183 482.954
36 151.165 418.855 673.244 790.552
38 100.656 170.712 280.950 410.473

Table 2. Percent Relative Efficiency (PRE) of MSS over CSS for Population 1

The symbol (-) indicates that CSS is not possible

N =80 Variance Eff= % x 100

n MSS CSS

6 148053.500  148326.200 100.184
12 37312.340  46858.630 125.585
14 33277.620  37824.400 113.663
15 28206.520  39716.150 140.805
18 29362.610  50787.490 172.967
24 9108.401 37832.020 415.353
25 7983.309 19399.580 243.002
26 7471.210 8915.224 119.328
28 6836.277 12549.070 183.566

Here, V(MSS) = Variance of modified systematic sampling and V (CSS) = Variance of circular

6. Conclusion

systematic sampling.

Modified Systematic Sampling (MSS) is a more general scheme than LSS and CSS.
Because, when least common multiple of N and n is equal to lower extreme, i.e.
L = N, MSS coincides with LSS. If it is equal to upper extreme, i.e. L = (N X n),
then MSS coincides with CSS. However, when L lies between these two extreme
values, i.e. N < L < (N x n), MSS is advantageous over CSS. In this case, the
number of samples is considerably reduced in MSS as compared to CSS, i.e. min-
imum reduction is half of the samples.
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Contrary to the CSS, the explicit expressions for mean and variance of mean are
derived for population having perfect linear trend among the population values.
Further, numerical comparison is carried out in this paper clearly favors the use
of MSS over CSS for population modeled by a super population model with linear
trend as well as for natural population.

Acknowledgement: We would like to thank the two anonymous Referees whose
comments helped to improve the presentation of this paper.
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Appendix A. Mean and variance of MSS for population having
linear trend

The following linear model of hypothetical population is to be considered
(A1) Yi=a+pt, t=1,2,3,...,N,
where « and (8 are the intercept and slope of the model respectively.

A.1. Mean of MSS. The sample mean for both cases, i.e. w =1 and w > 1
are separately discussed below:

Case (i) when w =1
If r < (ky — (m — 1)k, the mean, §yss can be written as

m—w+1 s

Ymss = OH-ﬁ% YD Ar+ -k + G- Dk}

i=1 j=1

After simplification, we have
1
Jmss = o+ {T—i— 5{(8— k1 + (m — l)k}} .

If{k1 —(m—-wk}<r<{ki—(m—-—u—1)k}foru=1,2,..,m—1, then

Grss = @+ B[S0 Y5 {r + (= Dk + (= Dk}
+ Zﬁm—u-{-l{Z;;} {T + (Z - 1)k + (j - 1)k1}
Sl (= Dk + (s — Dy —N}H.

After simplification, we have
_ 1 oy
Ymss = a+ B |r+ 5{(5—1)k1+(m—1)k} —u—|.

Thus 55 is a piecewise function of r, i.e.

[r + %{(s —1Dk1 + (m— l)k}}
it r<{ki—(m-21)k}
(A2) Gumss=a+BL [r+3{(s— Dk +(m— Dk} —u2]
u=1,2,...,(m—1)if
{k1 —(m—w)k} <r <{k1 — (m—u—1)k}.

where

Case (ii) when w > 1

If r < {ky — (w—1)k+r,}, then » must belongs to any one of the three
subgroups which have been discussed in Section 1. Therefore, corresponding
to a random number r, an integer u is picked in such a way that v = (w — 1)
fl1<r<{ki—(m—-u—-Dkhu=w,w+lLw+2,.,(m—w)if {k —(m—
wk} <r<{ky—(m-u—1k}and u=(m—w+1)if {kx — (m —uw)k} <
r<{ki —(m—uwk+ry,}
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For each subgroup, yarss can be written as
Garss = o+ Bk [ S5+ (= Dk + (G — D}
e {2 = DR+ (G = DRt}
F{r+ (= Dk + (s — Dk — N}].

After few steps, we have
_ 1 kq
yM55:a+ﬂ 7’+§{(571)k1+(m71)k}7ug .

If w > 2, then it is also possible that {k1 —(w—2)k} <r < {k1—(w—z)k+r1},
such that z =2,3,...,w — 1. So,
Gaass = @+ Bk [ ST Sio {r 4+ (6= Dk + (G = Dk}
m—z+1 s—1 . .
+ Zi:w—tﬂﬂ {Zj:l {r+@—-1k+(G— 1)k}

(A.3) +{r+(i—1k+(s—1)k — N}

T ape ST+ (= D+ (= D}
+3{r+ =Dk +(j— 1)k — N}
When s = 2, then Equation (A.3) can be expressed as

Gasss = 0+ B [TV S5 {r 4+ (= Dk + (= Din}
X { ST+ = Dk + (= D}
{7+ (= Dk + (s = 1k - N} }
T e { S I (= D+ (= DRy = N}

Also, when s = 1, then Equation (A.3) can be expressed as

Jumss = a+ B-L {ng S+ (= Dk + ( — D1}
F YL e (- Dk (s — Dk — N}

+ 3 pio {r+ (i = Dk 4 (s — 1)ky —2N}] .

After simplifying of Equation (A.3) for each case, i.e. s=1, s =2 and s > 2,
we have

yMss:a—&—B{r—l—;{(s—l)kl—&-(m—l)k} —(m—w—1+2x)%
If{k1 — (w—a)k+r} <r<{k — (w—2)k+k}, then
Gasss = o+ Bk [0 S0 {r 4+ (i = Dk + (= Vi)

o {4 = DR+ (= Dkt

(A.4) {4 (= Dk + (s — Dk fN}}

S e { T+ (= DE+ (G = D)
Y {r+ = Dk + (G = Dk = N} .
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When s = 2, then Equation (A.4) can be expressed as

Garss = o+ B [SULT Y0_ {r 4+ (= Dk + (G — Dk}
e { ST+ = Dk + (= D}
(= Dk + (s = Dk - N} }

S i1 Do {r+ (6= D+ (= DRy = N},

When s = 1, then Equation (A.4) can be expressed as,

Yuss = a+ B [0 {r+ (= Dk + (j — Dk}
LY e (= Dkt (s — 1)kt — N}

1=w—x+1

gt {7 (= D+ (5 = Dl — 2N}

After simplification of Equation (A.4) for each case, i.e. s = 1, s = 2 and
s > 2, we have

Jurss = a+ 8r + (s~ Dy + (m — Dk} — (m—w + 20)72]

Thus, mean of MSS for above model of hypothetical population with random
start r is given by:

[r+2{(s = Dki + (m — 1)k} —uZ]
u=(w —1)if r<{ki—(m—u-—1)k,
u=w,w+1, .., (m—w)if
where | {N — (m —uw)k} <r < {k1 — (m —u—1)k},
u=(m-w+1)if
{ki—(m—-wk}<r<{ki—(m—-—wk+rm}
r+ (s = Dki+ (m — 1)k} — (m —w—1+2z)¥],
z=2,.,(w—1)if
{k1 — (w—2)k} <r <{k1 — (w—2)k +Tm}
[r+2{(s = Dki + (m — 1)k} — (m —w+22) Y],
z=1,2,3,...,(w—1) if
{k1 — (w—2)k} +rm <7 <{k1 — (w—2)k + k}

where

where

If w = 2, then Equation (A.5) reduces to

[T+ %{(57 Dk + (m — 1)k} fu%]

u=(w —1)if r<{ki—(m—u-—1)k,
u=w,w+1,..,(m—w)if

where | {N — (m —uw)k} <r <{ky — (m—u— 1)k},
Imss = a+p u:(m—w—i-l)z'f

{k1 —(m—wk} <r<{ki—(m—-wk+ry}
[r+ 2{(s = Dki + (m — 1)k} — (m —w +22)%]
x=1,2,3,...,(w—=1) if

WEI |ty — (w0 — )} 4 1 <7 < {1 — (w0 — )+ k)

A.1.1. Unbiasedness of sample mean yprss. We have two cases:
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Case (i) when w = 1: Taking the expected value of (A.2), we have

E(ymss) = 5o [Z(kl IR [ L (s — 1)ky + (m — 1)k}]

k m u—1)k
Y S e [ (s = Dk + (m — 1)k} —

As sk1 = N, then
E(uss) = [Z"“ I [t B {r 4 § (N — k1 + (m = 1)k) }]
e e e B+ OV =kt (- D)
k1

—u—
m

After a little algebra, we have

E(ymss) = a-l—ﬁ{]\[;_l} =Y,

which shows that §agg is an unbiased estimator of Y.

Case (ii) when w > 1:
If w > 2, we take the expected value of (A.5), we have

E(yumss) = 7= {Zf;},_l Fa (o R [a + B{r (G A
+(m — 1)k —uk H
(m—u—1)k
L T ik [+ B{r (s = Dk
+(m -1k — um
m—w k1—(m—u)k+rm,
+ Zu:mj31+1 r:kf,(mluﬁkﬂ [Oz + B{r +1((s— 1k

+(m— 1)k —uks

(w—z)k+7p,
DD S o — (w);)kH {a-ﬁ-ﬁ{r-l—%((s—l)kl
+(m _ l)k _ (m—w—142x)k;

m

S DD P kiw s)k;;:wmﬂ a4+ B{r +1i((s =1k
+(m—1)k — W}H

But if w = 2, we take the expected value of (A.5), given by

B(guss) = &[S0z SR o g+ (s - D
s i
by gk (m u—1)k [a+5{r+l((s—1)k
r=ky— m uk+1 2 1
+(m — 1)k — %H
- k1i—(m—u)k+rm,
+ Z'T:nlfj—iﬂrl rlzki_(m)_;gk“ [a + ﬂ{r +1((s =1k
+(m— 1)k — %H
L o B{r 3 (5 = Dk
+(m—1)k — %}”

ult]).
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After few steps, we have
E(yuss) = % [2ozm + B{Zkl —2ry — 2km + 2wk + 2wr;
+2kwm — 2kiw — 2kw? + Nm + mH

E(juss) = [a + ﬁﬁ{m (N +1) — 2k (w — 1)
+2r1(w — 1) = 2wk(w — 1) + 2km(w — I)H

(A.6) E(ymss) = _a+ﬂ{N;1 + (wT; D (r1 — k1 —wk+km)H .

When w = (m —-q) in (A.6), we have

E(inss) = _a+5{N2“+ =02 11— by = = b+ o) .

{N+1+(m—q—1)

E(ngs) « ,8 (qk+r1 — ks —mk—|—/<;m)H s

E(ﬂwfss)_aJrﬁ{N;lJr(m_q_l) (qk+7“1k1)}7
E(yMss)Za—i—ﬁ{N;_l} =Y

the above equation shows that §sgg is unbiased estimator of Y as k1 = gk+r1.
Note: Putting w =1 in (A.6), we also have

E(9mss) a+6{N;1} =Y.

A.2. The variance of 3,;55.
V(guss) = E(uss —Y)? = = S Frussy — Y)2
(i) whenw =1
V(guss) = 1= [Zflz(m_l)k {Fr(uss) =Y }2
+ 2 Zfl kim(r: i)kJrl {Fr(mss) — Y}Z}

1

— {Q+BM}]2
g Zfl kim(wqj i)k+1 {a +B{r+ 3 ((s — Dk + (m — 1)k)

u—} {aJrﬁNH}] ]

V(guss) = & [Srn " la+ B{r+ 3 ((s = Dk1 + (m = 1)) }

V(gMSS) kll [Zkl (m—1)k |:B {T+ m )k B kl) } B §:|2
e [B{r 3 (= Dk — k)

o] |
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After simplification, we have
1
(A7) V(Guss) = Wb2 [m?(k — 1) + m(m® — 1)k(mk — 2k1)] ,

Note: If N = nk, then L = N, so m = 1, thus

1
V(ngs) = EbQ(k2 — 1).

This is a variance of linear systematic sampling.

(ii) when w > 1
If w > 2, then V(gass) will be expressed as:

_ w—1 ki—(m—u—1)k (- > 2
V(guss) = 7= |:Zu w1 oy " {Grmss) =Y}
(m—u—1)k 2
+ 3 Zr k1 —(m—u)k-+1 {Fr(vrss) =Y}

m— w+1 k1—(m—u)k+rm, o 2
+Zu m w1 rl k1—(m—u)k+1 {yT(MSS) Y}

k k+rm
+ Y St s = VY

k1—(w z)k+k) _ 2
+Zw:1 Zrlz(kl—(w—x)k)+rm+1 {yT(MSS) B Y} :|

If w = 2, then the term > _. Zkl (w fgk:;,:;“ {y,(MSS) Y}zwill be omit-

ted from V(gass)-

Viass) = g [SiZa o Sin T et s{r 45 (6 - Dk

+(m — 1>k) - uh} o+ py]”
+3 s Z, klm(,: BZH [a + ﬁ{r +1 ((8 — 1)k

Hm - Dk) —uls ot g1
R DN DU A B ﬂ{r +3(6s =k
+(m - 1>k) ubt} — fo+ a2
+ e Zfl (éiﬂ—(ggi;)rli))ﬂ {O‘ + 5{7” + *{(5 — 1k
+(m — 1)k} (m—w—1+2z)k } {04+5N+1}}2
+ 215;11 Zﬁl—(éiﬂ_&?fz%wﬁl [a + 5{7‘ + *{(3 — 1)k
+(m — 1)k} (m —w + 2z)k } {a—f—ﬂN"'l}} }
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V(gass) = & [Suta_y Sen "R [B{r + L (m = Dk — k)
k1

i} -4
Y } 2 [+ (= Dk = )
—utt} - 4

4 yomouel k1= (m—u)k+rm, [ﬁ{r + 1 ((m—1)k—k)

u=m—w+1 r=ki1—(m—u)k+1

A8 2
e ) -4

sy Sk [a o 8{r + 3 (m = Dk — k)
2
—(m—w—1+2x)@}—§}
+Z Zr klw(j)kx§:+rm+1 |:a+ﬁ{’l“+%((m—1)k—k'1)
2
—(m—w+2x)m}—§} .

If w = 2, then Equation (A.8) reduces to

V(iass) = & [Susa_y Sen "R [B{r + 3 (m = Dk — k)

—ult} - 4]

T b Va0 [8{r + % ((m = Dk — k)

—ult} - 4]

+3n ﬁi,ﬂ Shm ks [8{r 4+ & (m = 1)k — k)
ukl} — g

D DD DU NI RS (CIRSEO T
2
—(m—w+2m)m}—§} ]

After simplification, we have

V(ijrrss) = 15zb? [mz(kf — 1) +m(m? — 1)k(mk — 2k;)
+4(w = 1){8k(m — g = w) {m(k1 — ak) + (kr —mk)}
hyw {3k — (3m — 2w + 1)1@}}]

The term (w — 1) [3k(m — ¢ — w) {m(k1 — qk) + (k1 — mk)}] will be vanished
in both situations, when w =1 or w = (m — ¢q). So, we are left with

A9y V(mss) = S b? [m2 (k2 — 1) + m(m? — 1)k(mk — 2k;)
(4.9 +w(w — 1)ky {3k1 — (3m — 2w + 1)k}].
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Appendix B. Average variance

In real life application, we hardly found such population exhibiting perfect
linear trend, therefore, it is necessary to study the average variance of the
corrected estimator under MSS using following super population model.

(B.1) Y:i=a+ ft+ e,

where E(e;) = 0, V(e;) = E(e?) = ot9, Cov(et,e,) = 0, t # v =
1,2,3,...,Nand g is a predetermine constant.

Under the above super population model (B.1), the average variance expres-
sion of MSS is given below:

Case (i) when w =1
Consider that I** sum of squares (SSI) are given by

B2) 551=[ass ~ V] = [{Bss + aulr) (Y~ Vo))~ ¥]°,

(B.3

where l=1ifr <k —(m—Dkandl=2ifr >k — (m— 1)k.

When r < k1 — (m — 1)k, the expressions of §rrss, Y, Y1and Y., under the
model Y; = a+ [t + eh can be expressed as:

guss =oa+ B [r+3{(s = Dk + (m — Dk} + 25 3500, 30 eri i rs - D
Yy = a—i—ﬁNH—i—NZ* e, Yi = a+ pr + e and Y, =
a+B{r+(m-1k+(s— 1)k1} + e (m—1)k+(s— 1)k -

Substituting these expressions in (B.2), we have
\/ 2 m S
§51= [yM)SS Y} = [%{Zizl 2 =1 Er (= D+ (G- Dk

2
+na1(r) (67‘ - er+(m—1)k+(s—1)k1)} - % Zivzl et:| .
Similarly, if 7 > k; — (m — 1)k the expressions of §asss, Y, Yy1 and Y,.,, under
the super population model Y; = a4+ 8t + e;, can be written as
§M55:a+,8[r+l{(s—1)k1+( —l)k}—u%]
+os [Z Ot e - Dk (- )k

1
+ Zi:m—u+1 {ijl €rt(i—Dk+(j—1)k; T+ €r+(i—1)k+(s—1)k1—NH )

Yy = a—l—ﬁ%—l—%zyﬂet, Yo = a+ Br +e and Y, =
a+B{r+(m—-1k+(s— 1)k — N} + Cr(m—1)k+(s—1)ki—N
Thus,

552= [ng})ss 7} [ {Z " i1 G- DR G- Dk
1
+ w1 (D=1 Er (i) (—Dk1 T €r+(i71)k+(571)k17N)
+ nag(r)(er - er+(m—1)k+(s—l)k1—N>} - % 22{\;1 et:|
The average variance of the corrected sample mean can be written as:
T k1—(m—1 k
E{V(@iss)} = ﬁ{zs ("R E (s81)

) 1—(m—u
Y T e B (S52)}
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under the assumptions of super population model.

B(SS1) = [ { X0 S5t B, s o) + 126 (1) { B(e2)

Bty ootyiy) |+ 2na1(){ B(e?)

(7‘ (m—1)k+(s— l)kl)}
+W Zt:l E(ef) - W Z:Zl Zj‘:l E(63+(i—1)k+(j—1)k1)

+nay(r) {E(ef) - E(63+(m—1)k+(s—1)k1)}}]’

+n2ai(r) - }
(r) H
_W {Zi:l Zj:l (r+@—1k+ G —1k)’

E(881) =0 [#{z:’z = Dk + (G — k)’
{r9 + (r+(m—1Dk+ (s — 1)k1)’
+2na;(r){r9 — (r+ (m — 1Dk + (s — 1)ky)?
Fna (r) {19 — (r+ (m— 1k + (s — 1) kl)g}}

T+ D)

E($51) = o*{ar(r) (ar(r) +2 (% = ) r*
I

(B.4) +%( %) > 123 1{7‘—|—(z—1)k—|—(]—1)k1}9
' tar(r) (ar(r) =2 (2 = %)) {r+ (m =Dk + (s — 1)k1 }9
+5 S t

Similarly,

E(SS2) = [nz{z Z] 1E( r+(i—1)k+(5— 1)k1)
i m—ut1 | 2= VE(e] € (i 1)kt (1))

(ei-i-(i—l)k-‘r(s—l)kl—N)) + n?aj(r ){E(ef)
(€2 1yt (o 1y ) } + 2na2(r){ (B(e)
E(6E+(m Dk+(s—1)k1— ~) }

{Z Z] 1E( r+(z 1)k+(j— 1)k1>
+Zz 1 (Zj:lE( € (i 1)kt (- 1)k )
FE(C 4 (1)t (5 1)ks ~N)

+ naa(r) { (B(e2) = E(2, (n 1yp o1y n)
+3s il B(ed)]

4
+FE
+E
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E(552) = [5{ 205" Simy (r 4 (= Dk + (= Dk
X e (S5 O+ (= Dk +
+(r+ (i = Dk + (s = Dk = N)?) +n2a3(r) {79
+(r+(m—-1)k+(s— 1)k — N)?
+2naz(r){r9 —(r+(m—-1k+ (s — 1)k — N)g}}
— 2T T (o G- D+ (= DR
Y i (S (o (= Dk + (G = D)’
F(r+ (i — 1)k + (s — Dky — N)g)
+nax(r){rf —(r+ (m-—-1k+ (s —1)k; — N)g}}

N
3 )

E(552) = [as(r) (az(r) + 2 (% — %)) 77
+1 (- 2) H{Tr S 0 (= DR+ (= Dk
S e (521 O = D+ (= D)
F 4 (= Dk + (s — Dk —N)g)}
+as(r) (aa(r) =2 (2 = &) (r+ (m = Dk + (s = Dy
*N>g + # Zi\’:1tg]'
Equations (B.4) and (B.5) can be written as:
E(551) = {67 (r)rd + 057, X5y {r + (i = Dk + (G = Dka}o
+O7 () + (m = D+ (s = D} + 3 2L 10}
and
E(552) = o2[6F (r)ré + 0.5 {10 5 (r+ (i = Dk + (= Dka)?
it (D521 0 (= DR+ (= D).
(= D+ (s — Dk — N)*}
07 (1) (r o+ (m = D+ (5 = Dy = N)? 4+ 5 S0 9]

where 6?'(1") = ai(r){a;(r) + 2 (% - %)}, 6, (1) = ar(r){a(r) — 2 (% — ﬁ)}
and 0 = % % - %), such that [ = 1,2. Also

(B6)  B(SS1) =0 {xi (1) + 32 S, 19

and

(B7)  E(552) =0 {xa (wr) + 3 L, 10},
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where

xi (u,r) =8 (r)r9 +037" Siadr + =Dk + (G — Dkt }?
+o; (M{r+ (m—1Dk+ (s — 1)k }9

3

and

X2 (1) = 6F ()19 + 05 { T 25y (r (i = Dk (G = k)’

+zzmu+1(2j (r+ <H>k+< — k1)’
0+ (= D+ (s = Dk = N)°) |
+o5 (r) (r+(m—1)k+ (s —1)k; — N)?.

Substituting the values of E (SS51) and E (552) in (B.3), we have

E {V(yz(\rf)ss)} = {Efl 1(m U (u,r)
k m—u k
(B8) + Z Zrl ki* m— i;k+1 X2 ( )
+hy Zt_ltg/NQE.

Case (ii) when w > 1
We can write

(B9) S81=[57ss Yr = [{Garss + ai(r) (Yo — Yin)} = V]

where | = 2 ifr < ky —(w—1Dk+rp, Il =3 if ki —(w—2)k <71 <
k1 — (w—2)k + 7y, such that z =2, ..., (m — 1)

and | = 4if ky—(w—2z)k+ry, <r < ky—(w—z)k+ksuch that x = 1,2, ...,m—1.
Furthermore, when r < k; — (w — 1)k + ry,,, we realize whether 1 < r <
ki—(m—u—1ksuchthat u=w—1, ki —(m—uwk<r <k —(m—-u—1)k
such that w = w,w+1,....,(m—w) or ks —(m—uw)k <r < ky—(m—wk+ry,
such that u = (m — w + 1). However, for each of these subgroups FE (552)
will be used. Thus, the average variance of the corrected sample mean can be
expressed as

E [V (yz(\?ssﬂ = %[Zﬁ’ﬁ Sk mmum Dk g gy
Y S e B [552)

m—w-+1 k m—u)k+7r;,
(B.10) +zu m+w+1 ; Lk B 1552

r=ki—(w— x)kJrl
k w—x)k+k
+ Z Zrl ki w) r—i)_k—i-r [554}]

The E (552) is already obtained in case of w =1, i.e.
(B11)  E(S52) = x2 (u,7) + gz Yoy
Now consider

(B.12) E(SS3) = E [{Zasss + as(r) (Yo — Yen)} = V]
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Under the super population model, we have

Jarss = a—l—ﬁ{r—i— H(s = Dk + (m— 1k} — (m—w—1+22)% }
{Z Z] 1 Cr(i—1)k+(—1)k1
+ Z?iwm—tcl-i-l {ijl Erg(i—1)k+(j—1)ky T er+(i_1)k+(3_1)kl_N}
+ Z?imfz+2 {Zj;? Ert(i—1)k+(j—1)k;
+2 e er+(i71)k+(571)k17N}:| ;

Y = aJrﬂ%Jr%Zf{:let, Y1 = a+ pfr+e and Y, = o+
Bir+(m—1k+ (s — Dk} + erq (m—1)kt(s—1)ks -
Substituting these expressions in (B.11), we have

EB(553) = B[ H{ L5 Simy erioips G-
+ Z:iwz:;ﬂrl {Zj:i Erd(i—1)k+(j—1)ky T er+(i—1)k+(s—1)k1—N}
+ Ezmﬂ;ﬁ {Zj;? €rt(i—Dk+(j—1)k; T+ Z;:sq er+(i71)k+(j71)klfN}
+ nas(r)(e, — er+(m—1)k+(s—1)k1—N)} DN €tr~

Applying the assumption of super population model, we have

E(SS3) = {nz{z Z; 1E( r+(i—1)k+(j— 1)k1)
+Z?1wi+xl+1{zs lE( G (i— 1)kt (j— 1)k1)
FE(€24 (i 1)kt (s— 1)k —N)

+ 3 JCJFQ{Zg QE( Crt(i—1)k+(j— 1)k1)

+ 21 Bl okt G- 1yk )
+”203(T){E( 2+ B4 1)kt (s 1)k1— N)}
+2na2<r>{E<e%>—E<e,«+<m Ry
-2 {Z EDDIRD O IR
JFZTwEJ;lH {Zs 1 (€2 €t (i— 1)kt (= 1)k )
+HE(€] (1)t (s— 1)k —N)

S DTS b Dy I -
+Zj=s—1 (r+(i—1)k+(j—1)k1—N)

+naz(r) {E(e%) - E(ez+(m—1)k+(sfl)klfN)}}
s XL, Bled)-



B(SS3) = [&H{Tr" ¥ 1 (= Dt (= D)’

ST 0+ = Dk (= Dk
F 4 (= Dk + (G — 1k — N)-"}

Y e { S (4 (= D+ (= D)
+ Yt (4 (= DR+ (= Dl = N7}
+r2a3(r) {70 + (r + (i = Dk + ( = Dk = N)’}
+2na5(r) {9 = (r+ (i = Dk + }
A T T+ - D+ (= D)
X ST 4 G = Dk + (= Dk
—I—(r+(i—1)k+(j—1)k1—N)g}
a2 {0 O (= D+ (= DR)?
Y5y (o (= D+ (= Dk = N)*
+nas(r) {r? = (r+ (i = Dk + (j = Dk = N)'}}
T+ D)

E (553) = as(r) (as(r) +2 (f — L))o
DS Surnia IR EYCES SR pord oA G

(i = Dk + (j — Dk}
P (ST + (= DR+ (= Dk}
Hr+ (= Dk + (s — Dk — N}9)

a2 (S5 (= D+ (G = D}
—|—Z] s {r+—Dk+ (- 1)k — N}9>

j— 1)k — N }
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Fag(r) (as(r) =2 (5 = ) {r o+ (m = D+ (5 = Dy = N2

+xr L

B (553) = & (n)rd + 0{ S0 S5+ (= Dk + (= Dk}

where

o3 (r) = as(r){as(r) + 2 (3 — )} and &5 (r) = as(r){as(r) -

T (ST + = DR+ (G = Dk
H{r (= Dk + (s = Dk = N}9)
Y o (5H + (= D+ (G = Do
+ iy i (= D+ (= Dk = N}9) }

+05 (N {r + (m — Dk + (s — k1 — N} + 555 S0 19,



442

Also
(B13)  E(S83) = X3 (x,7) + 3z Lpey 19
where
X (,7) = &3 (r)r9 + 0{ SIS {4 (= Dk 4 (— Dk}
X (ST = D+ (G = Dk
{1+ (= Dk + (s = Dl = N}9)
S s (S5 + (0 = Dk + (= Dk}
+ Y5 7 (= DR+ (= Dk = N} }
+o5 (M {r+(m—-1)k+ (s— 1)k — N}9.

)

Similarly,
(B.14)  E(SS4) = xa (,7) + 1w S, 89
where
xa (@,7) = 01 (r >r9+e{z Y {r (= Dk + (= Dk}
+Z7, w—z+1 <Zj:1{r + (Z - 1)k + (] - 1)k1}g
H{r+ (= Dk + (s — 1)ky — N}9>
S et (S5 + (0 = D+ (= Do
+ e {r+ (= Dk + (= D = N}9) }
+o, (r){r+(m—-1k+ (s—1)k1 — N}9.
Putting F (SS1) for [ = 2, 3, 4 in (B.10), we have

BV (#7ss)} = & [2?:; SRk

k m—u—1)k
+Z Zrl kg (m— u)k—i-l X2( )

m w+1 ki—(m—u—1)k
+Zu:m w1 rl k1—(m—u)k+1 X2( )

w—1 kl k-’r m
T2 2 pPi kiw(zj) z)£+1 xs (2,7)
k w x k+k
+ Z Z'rl k:gf w—x)k+7rm,+1 X4 T ( )
N tg/sz.

)
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Generalized class of estimators for population
median using auxiliary information
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Abstract

This article suggests a generalized class of estimators for population
median of the study variable in simple random sampling using infor-
mation on an auxiliary variable. Asymptotic expressions of bias and
mean square error of the proposed class of estimators have been ob-
tained. Asymptotic optimum estimator has been investigated along
with its approximate mean square error. It has been shown that pro-
posed generalized class of estimators are more efficient than estimators
considered by [26] , [5],[6], [22], [1] , [19] and other estimators . In addi-
tion theoretical findings are supported by an empirical study based on
two populations to show the superiority of the constructed estimators
over others.
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1. Introduction

In the sampling literature, Statisticians are often interested in dealing with variables
that have highly skewed distributions such as consumptions and incomes. In such sit-
uations median is considered the more appropriate measure of location than mean. It
has been well recognised that use of auxiliary information results in efficient estimators
of population parameters. Initially, estimation of median without auxiliary variable ana-
lyzed, after that some authors including [6], [9], [24] and [7] used the auxiliary information
in median estimation. [6], proposed the problem of estimating the population median
M, of study variable Y using the auxiliary variable X for the unites in the sample and its
median M, for the whole population. Some other important references in this context
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Email:rsinghstat@gmail.com Corresponding Author.
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are 3], [11], [8], [15], [2], [4], [21, 20],[25] and [19].

Let Yi and Xi (i =1,2,....N) be the values of the population unites for the study variable
Y and auxiliary variable X respectively .Further suppose that y; and x; (i=1,2.....n) be
the values of the unites including in the sample say, s, of size n drawn by simple random
sampling without replacement scheme. [6] suggested a ratio estimator for population
median M, of the study variable Y, assuming population median of auxiliary variable X,
M, is known, given as

(1.1) M, = My%

where M, (due to [5]) and are the sample estimators of M,, and M, respectively. Suppose
that Y{(1),Y(2),.....Y(n) are the y values of sample unites in ascending order. Further,
suppose t be an integer satisfying and p=t/n be the proportion of y values in the sample
that are less than or equal to the median value M, an unknown population parameter. If
Qy(t) denote the t-quantile of Y then M, = Q,(0.5) . [6] defined a matrix of proportion
(piz) is

Y <M, Y <M, Total

X < M, P11 P21 P
X > M, P12 P21 p.2
Total D1 p2 1

Following [14] and [10], the product estimator for population median M, is defined as

M,
M,

The usual difference estimator for population median M, is given by

(1.2) M, =DM,

(1.3) My = M, + d(M, — M.,)

Where d is a constant to be determined such that the mean square error of Md is mini-
mum.

[21] proposed the following modified product and ratio estimator for population median
M, , respectively, as

~ ~ a— M,

1.4 My =M,———

( ) 1 ya—i—Mz
and

(15) Ny = v, 2T Me

a— M,

Where a is suitably chosen scalar.
[26] type estimator for median estimation is

. .M,
(1L6) My =1,

T

[12, 13] and [30]-type estimator is given by

(1.7) My = M,

M,
M, + B(M, — M)
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[16]-type esatimator is given by

(1.8)  Ms = M, [27 (?\j’)y}

T

[29]- type esatimator is given by

Me = wM, + (1 — w)M,
(1.9) A

My = wM, + (1 — w) M, —

SESE

Where w is suitably chosen scalar .
All the estimator considered from (1.1) to (1.9) and conventional estimator M, are mem-
bers of the [27] and [28]-type class of estimators

(1.10) G = {M;G“ MO =G (My 1\%) }

Where the function G assumes a value in a bounded closed convex subset Q C Rz, which
contains the point (M, ,1) and is such that G(M,,1) =1
Using first order Taylor’s series expansion about the point(M,, 1) , we have

(1.11) (MéG) = G(My,1) + (My — My)Gro(My, 1) + O(n_l))

M,
h ==
Where U M,
oG(.
and GOl(My7 1) = W()(Myal)

Using condition we have

MNP = My + (My — My) + (U = 1)Go1 (M, 1) + O(n™ ")
(1.12) (M — My) = (M, — My) + (U — 1)Gor(My, 1) + O(n™")

Squaring and taking expectations both sides of (1.12),we get the MSE of My(G) to the
first order of approximation as

(113) MBI = |v(in,) + Y Gg, a1, 1) 4 G M)

iTA T G3(M,, 1)

Here as N — oo ,n — 0o then n/N— f and we assumed that as N — oo the distribution
of (X, Y) approaches a continues distribution with marginal densities f(z) and f,(y) of
X and Y respectively. Super population model framework is necessary for treating the
values of X and Y in a realization of N independent observation from a continuous distri-
bution. It is also assumed that f,(M,) and f,(M,) are positive. Under these conditions,
sample median M, is consistent and asymptotically normal (due to [5]) with mean M,
and variance

(1.14)  V(M,) = yM;Cy
(1.15)  and V(M,) =~yMZ2C:
(1.16)  Cov(M,, M,) = ypeMyM,CyC,

Where v = (1 — f)/4n, f = n/N,Cy = [Myfy(My)]_l O = [wax(Mw)]_l and pe =
(4p11 — 1)) with p11 = P(Ms, My)goes from —1 to +1 as piiincrease from 0 to 0.5.
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Substituting these values we get the MSE of MéG) to the first degree of approximation
as

(1.17)  MSE(M?) = 5 [M2C2 4 C2{Go1(My,1)}* + 2p.C.Cy My Go1 (M, 1)]
The MSE is minimum when
(1.18) Go1 = (My,1) = —k.M,
C
Where ke = pe | =2
ere P (C’z>
Thus the minimum MSE of M§G> is given by

(1.19)  MSEmin(M{?) = yC2M2(1 — p2) = M SEmin(My)

Which equal to the minimum MSE of the estimator M, defined at (1.3).
It is to be mentioned that minimum MSEs of the estimators M, ,Mp and Ml(z =1,2,..,7)
are equal to MSE expression given in equation (1.19). It is obvious from (1.19) that the
estimators of the form Z\;[;G) are asymptotically no more efficient than the difference
estimator at its optimum value or the regression type estimator given as

(1.20) M, = M, + d(M, — M)

7 szz ~
where d = =—— (4 -1
7 (4p11 — 1)

[19] Suggesteyd fgllowing Classes of estimator
(1.21) MY =di M, + (1 — di) (M, — M,)
(1.22)  M® = di M, + do (M, — M)

(1.23) M = di N, + do M, + (1 — di — d2) M,

B
(1.24) M = [dlMy +do(M, — Mm)] <(¢M”+5)>
(M + 0)
where d; and ds are suitable constants to be determined such that MSEs of the estimators
considered in (1.21) to (1.24) are minimum, ¢ and § are either real numbers or the
functions of the known parameters of auxiliary variable X.
Biases and minimum MSEs of the estimators considered in (1.21) to (1.24) are given as

(1.25) B (Mé“) = (d — 1)M,

(1.26) B (Mfﬁ)) = (d — 1)M,

(1.27) B (Mf)) = (d1 — 1)(1 — R)M,

(1.28) B (Mé“) = M, [d2{1 +75C2(5 — ke)} + d2Ry5C2 — 1]

{1+ RyC3(R+ ko)}?
{14+~(C2 + RC2(R + 2k.))}

(1.29)  MSEmin (Mél) = M} {1 + R*yC2 —

(1.30)  MSEpnin
[1+~C2 (1 - p2)]

My~Cy (1—p2) (1= R)®

[(1—R)*+~C2 (1 - p2)]
(1 — 52703) Mngi (1 — pg)
[(1 = 627C2) +~7CE (1 — p?)]

)
(31?) M7yCy (1= p?)
(1.31)  MSEmin (Mf))

(17)

(1.32)  MSEmin
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2. The Suggested Generalised Class of Estimators

We propose a generalized family of estimators for population median of the study
variable Y, as

(21)  tm = wiM, (MZ> exp n(Ms — Me) +waMy + (1 — w1 — w2) M,
M, (M + Mz) + 22

where w1 and ws are suitable constants to be determined such that MSE of ¢,, is min-
imum, 7 and X\ are either real numbers or the functions of the known parameters of
auxiliary variables such as coefficient of variation C, skewness (), kurtosis f3(,) and
correlation coefficientp. (see [17]).

It is to be mentioned that

(i) For (w1, w2) =(1,0), the class of estimator ¢, reduces to the class of estimator as

(2.2)  tmp =< M, (MI) exp n(Ms — M)
(i) For (w1, w2) = (w1, 0), the class of estimator ¢,, reduces to the class of estimator as
~ Mx a Ma: - Mﬂc
(2.3)  tmg=qwiMy ( - ) exp ! = )
M, n(M, + M) + 2X

A set of new estimators generated from (2.1) using suitable values of w1, w2, a,n and A
are listed in Table 2.1.

Table 2.1:Set of estimators generated from the class of estimators t,,

Subset of proposed estimator w; w2 o« N A
tm1 = M, [5] 1 0 0 0
- (M, .
th:My(A>:MT [6] 1 0 1 0 1
M,
ML\ Y .
tmgzMy<A > =Ms [26] 1 0 a 0 1
M,
~ M,
tma = M, <M> =M, [10] 1 0 -1 0 1
~ M,
. M,
t'm6 = wlMy (]‘41) w1 0 —1 0 1
tm7 = 1U1My [1] w1 0 0 0 1

*tmg = wlMy =+ ngz + (1 — w1 — wz)Mg; = MS wi wy 0 0 1

*Estimator proposed by [19] given in equation (1.23). Another set of estimators generated
from class of estimator ¢,,4 given in (2.3) using suitable values of  and A are summarized
in table 2.2
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Table 2.2:Set of estimators generated from the estimator ¢4

Subset of proposed estimator a N A
~ Mgg Mx - Mac
t(Trlu)l = qwiMy <A—) exp ¥ 1 1 1
M, (My + My) +2
~ Mx Mm - Mﬂc
tﬁé = qwi My < ~ ) exp (A—) 1 1 Pe
~ x Mz - M:z:
t£32, = qwi My <Z\f‘[ ) Tp ( ~ ) 1 M,
M, (M + M) + 2M,
t£321 = wlMy (]\f‘[z) exp (M — MI) 1 1 0
M, (Me + M)
t£,5u>1 = wlMy % exrp (M. — Mz) -1 1 0
M, (M + M)
. M, (M, — M,
t%?l = w1 Myexp ( — ) 0 M, pe
9 Mx c Mx - Mx
t£221 = qwiMy ( ~ )ea:p pe( — ) 1 pe My

- (M, (M, — M,
t) = Lw M, [ 222 ) eap P - ) -1 pe M,
M, pe(My + M) + 2M,

Expressing (2.1) in terms of e’s, we have

(24) tm = wlMy(1+60)(1+61)70(61‘]7{—]@61(14—](361)71}+w2Mz(1+61)+(1—w1—wz)Mz

nMz

2(nMx + X)
Up to the first order of approximation we have,

where k =

(2.5) (tm — My) = [(wl —1)b+ waMy{eo — ae1 + de? — aeper} + ngl-el}

where a = (a+ k), b= (M — M) and d = gk2+ak+a(%+l)}

Squaring both sides of equation (2.5) and neglecting terms of e’s having power greater
than two, we have

(2.6)
(tm—Y)2 = [(1 — 2w1)b2 + w%{b2 + mi(eg +a%e? — 2aeper)} + wiMZ2e? + 2w wa My M, (eger — ae%)]

Taking expectations both sides, we get the MSE of the estimator ¢,, to the first order of
approximation as

(27)  MSE(tm) = [(1 — 2w1)b” + wiA + w3 B + 2wiw2C]

where,
A =0+ M2v(C} + a*C2 — 2ap.CyCy)
B = M2yC?

C = MyMy(pcCy — aCz)Cy
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The optimum values of wi and w2 are obtained by minimizing (2.7) and is given by

71)23 and ws = 7_1720

(AB - C?) >7 (AB-(C?)

Substituting the optimal values of w; and w2 in equation (2.7) we obtain the minimum
MSE of the estimator ¢,, as

(2.8)  wi=

(2.9)  MSEmin(tm) = b? [1_ v’ B }

(AB - C?)
Putting the values of A, B, C and b and simplifying, we get the minimum MSE of
estimator t,, as

(210)  MSEymon(tn) = [M5 (1= RyCy(1 ~ ;ﬁ)}

(1= R)>4C2(1 — p2)
My

where R = E

MSE expressién given in (2.10) is same as the minimum MSE of Estimator Mf;’ given in
(1.31)
Similarly, the minimum MSE of the class of estimators t,,q is given by
(YC? + a*yC2 — 2ayp.CyCy)
(1 +~C2 + a?~C2 — 2a7yp.CyC)

(2.11)  MSEmin(tmg) = M,

3. Efficiency Comparisons
From equations (1.19) and (2.10) we have
(3.1)
) .
{MSEmin (M®) = MSEmin (Na) }=MSEmin (i) = (1~ By MSEmin (Md) =0
MSEnin (M)
M

(1-R)? +

From equations (1.19) and (2.11) we have
{MSEmm (M§G>) — MSEmin (Md)} — MSEmin (tm) > 0
{ (vCj + a*~C} — 2avp.Cy Cy) } >0
(L+1+~CF + a*yCF — 2a7p.Cy Cx)
(32) ACyMy (1= p2)(1+147Cy+a*yCZ = 2a7peCy Cr) > 1Cy +a’yC2 = 2a7p.Cy Cir)
From equations (1.30) and (2.10)
MSEmin (bn) = MSEmin (Ma)

YCy My (1 — p2) — M,

Y

(3.3)
MZ2R(R — 2)MSEpin (Md)

) Mg + MSEmin (Md) {M3(1 ~ R)? + MSEmin (Md)} <0, When 0<R<2

Since, MSEmin (M$) = MSEmin (M) > 0

624 C2M3 { MS B (Ma) }2 o

G4 M + MSEpin (Ma) {MZ(1 = 629C2) + MSEpin (Ma) }
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and from (3.3) we have, MSEmin (tm) — MSEumin (Mfl”) <0

(3.5)  Therefore, MSEmin (tm) — MSEmin (M(g‘”) <0,When 0< R <2

It follows from (3.1), (3.2),(3.3), (3.4) and (3.5) that the proposed class of estimators .,
is better than the Conventional difference estimator My , the class of estimators M,
and estimator belonging to the class of estimators My<G) i.e. usual unbiased estimator
M, ,due to [5], usual ratio-type estimator M, due to [6], product estimator M, and M;
(i=3,4...7) at their optimum conditions. Further it is shown that the proposed class of
estimators ¢, is better than the estimators MC(lQ), Mé‘l) and Mél) considered by [19].

Remark 3.1: Estimator Based on optimum values
Putting the optimum values of wi and w3 in the equation (2.1) we get the optimum
estimator as:

(3.6)  th, =< wiM, (]V{I) exp Mz — M.) +wi M, + (1 —wi —wh)M,

If the experimenter is not able to specify the value precisely, then it may be desirable to
estimate the optiml}m values from the sarnAples7 therefore the values of wi and w3 are
b’B " b:C
———— and Wy = —x %
(AB — C?) (AB - C?)
where, A=b+ Mf’y(éj +a26,° — 2a5.CyyCy)
A2 a2 .
B =M, ~C:", pe = 4(4pi1 — 1)
. . A o -1 PN -1
O = MyMory(pCy — aC)Co, G = {0 (M)} 6, = {0 f, (3,) }
nM,
2(nMz + )
Here, we have assumed that the population median of auxiliary variable x is known,

therefore Mz can also be remain as M, .
Expressing (3.6) in terms of e’s, we have

th, = wiMy(14e0)(14e1) “exp{—kei (1 + ke )} +wis Mo (1+e1) + (1 — wi —w3)M,
Proceeding as above, we get the minimum MSE of the estimator ¢,, given as:

given as: wj =

a=(a+k),b=(M,—M,) and k=

M, (1- R)*C, (1 - m]

A oA 2 N
(1= R)?AC," (1 - pc%)

Remark 3.2.It may be noted here that the minimum MSEs of the estimators consid-
ered in (2.10) and (2.11) are usable only if we know the exact values of Cy,Cy, R, k.
and p. . If these values are unknown then we can estimate them from samples as

. aa s -1 NN -1 . e A
c, = {Myfy (My)} Co = {szz (Mz)} R = M,/M,, k. = pe (cy/cz) and
Pe = 4(4p11 — 1) with p11 being the sample values analogues of p11 ([18]; [24]).

(3.7)  MSEmin(th) = [

4. Empirical study

Data Statistics: To illustrate the efficiency of proposed generalized class of estimators
in the application, we consider the following two population data sets.
Population I. (Source [23])
y : The number of fish caught by marine recreational fisherman in 1995.
x : The number of fish caught by marine recreational fisherman in 1964.
The values of the required parameters are :
N=69, n=17, M, = 2068, M, = 2011, f,(M,) = 0.00014, f»(M5) = 0.00014, p. = 0.1505,



R=0.97244
Population II. (Source [23])
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y : The number of fish caught by marine recreational fisherman in 1995.

x : The number of fish caught by marine recreational fisherman in 1993.

The values of the required parameters are:

N=69, n=17, M, = 2068, M, = 2307, fy,(M,) = 0.00014, f (M) = 0.00013, p. = 0.3166,
R=1.11557

Table 3.1: Variances / MSEs/minimum MSEs of different Estimators

Estimators Population I  Population II
1% (My) 565443.57  565443.57
MSE (M 988372.76 536149.50
MSEmin Md) 552636.13 508766.02
MSEpmin M;G)) 552636.13 508766.02
MSEin M) 552636.13 508766.02
MSEmin ( M} 485969.06 495484.97
MSEpmn (M3 489395.24 454675.78
MSEp,n (M3 3229.34 51355.17
MSEmn (M3 480458.97 454616.15
MSEnmin (tm) 3229.34 51355.17
MSEmin (thq) 3267.42 58727.72
MSEpmin (t2,) 3267.43 58729.63
MSEmin (th,) 3254.89 55919.25
MSEmin (thq) 3267.43 58730.48
MSEnmin (thg) 3238.55 55037.68
MSEmin (t5,4) 3267.43 58730.48
MSEmin (ting) 3232.56 51514.08
MSEpmin (t5,) 3247.25 54709.03
MSEmin (thg) 3253.88 59211.32

(for i=1,2,....,7)

Analysing table 3.1 we conclude that the estimators based on auxiliary information are
more efficient than the one which does not use the auxiliary information as My .The
members of the class of estimators ¢,,4 ,obtained from generalized class of estimators ¢,
, are almost equally efficient but more than the usual unbiased estimator My (due to
[5]), usual ratio estimator M, (due to [6]), difference type estimator M , the class of
estimators MéG) , the estimators M; (i=1,2,...7) and the estimators Mc(ll), Mc(l?') and MG(ZS)
(due to [19]). Among the proposed estimators ¢, and t{nq (j=1,2,...9) the performance
of the estimator t,, ,which is equal efficient to the estimator M 53) (due to [19]) , is best
in the sense of having the least MSE followed by the estimator ]\}[7(,2 which utilize the
information on population median M, and p.

5. Conclusion

In this article we have suggested a generalized class of estimators for the population
median of study variable y when information is available on an auxiliary variable in simple
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random sampling without replacement (SRSWOR). In addition, some known estimators
of population median such as usual unbiased estimator for population median My due
to [5], estimators due to [6], [26], [10] , [1] and [19] are found to be members of the
proposed generalized class of estimators. Some new members are also generated from
the proposed generalized class of estimators. We have determined the biases and mean
square errors of the proposed class of estimators up to the first order of approximation.
The proposed generalized class of estimators are advantageous in the sense that the
properties of the estimators, which are members of the proposed class of estimators,
can be easily obtained from the properties of the proposed generalized class. Thus the
study unifies properties of several estimators for population median. In theoretical and
empirical efficiency comparisons, it has been shown that the proposed generalized class
of estimators are more efficient than the estimators considered here and equally efficient
to the estimator M(g3)
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The Weibull-Lomax distribution: properties and
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Abstract

We introduce a new model called the Weibull-Lomax distribution which
extends the Lomax distribution and has increasing and decreasing
shapes for the hazard rate function. Various structural properties of the
new distribution are derived including explicit expressions for the mo-
ments and incomplete moments, Bonferroni and Lorenz curves, mean
deviations, mean residual life, mean waiting time, probability weighted
moments, generating and quantile function. The Rényi and ¢ entropies
are also obtained. We provide the density function of the order sta-
tistics and their moments. The model parameters are estimated by
the method of maximum likelihood and the observed information ma-
trix is determined. The potentiality of the new model is illustrated by
means of two real life data sets. For these data, the new model outper-
forms the McDonald-Lomax, Kumaraswamy-Lomax, gamma-Lomax,
beta-Lomax, exponentiated Lomax and Lomax models.
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1. Introduction

The Lomax or Pareto II (the shifted Pareto) distribution was pioneered to model
business failure data by Lomax [45]. This distribution has found wide application in a
variety of fields such as income and wealth inequality, size of cities, actuarial science,
medical and biological sciences, engineering, lifetime and reliability modeling. It has
been applied to model data obtained from income and wealth [37, 16], firm size [23],
size distribution of computer files on servers [40], reliability and life testing [38], receiver
operating characteristic (ROC) curve analysis [21] and Hirsch-related statistics [34].

The characterization of the Lomax distribution is described in a number of ways. It is
known as a special form of Pearson type VI distribution and has also considered as a mix-
ture of exponential and gamma distributions. In the lifetime context, the Lomax model
belongs to the family of decreasing failure rate [24] and arises as a limiting distribution
of residual lifetimes at great age [18]. This distribution has been suggested as heavy
tailed alternative to the exponential, Weibull and gamma distributions [19]. Further, it
is related to the Burr family of distributions [55] and as a special case can be obtained
from compound gamma distributions [30]. Some details about the Lomax distribution
and Pareto family are given in Arnold [12] and Johnson et al. [41].

The distributional properties, estimation and inference of the Lomax distribution are
described in the literature as follows. In record value theory, some properties and mo-
ments for the Lomax distribution have been discussed in [7, 17, 43, 11]. The comparison
of Bayesian and non-Bayesian estimation from the Lomax distribution based on record
values have been made in [4, 49]. The moments and inference for the order statistics and
generalized order statistics (gos) are given in [52, 25| and [47], respectively. The estima-
tion of parameters in case of progressive and hybrid censoring have been investigated in
[13, 28, 10, 39] and [14]. The problem of Bayesian prediction bounds for future observa-
tion based on uncensored and type-I censored sample from the Lomax model are dealt in
[3] and [9]. Further, the Bayesain and non-Bayesian estimators of the sample size in case
of type-I censored samples for the Lomax distribution are obtained in [1], and the esti-
mation under step-stress accelerated life testing for the Lomax distribution is considered
in [38]. The parameter estimation through generalized probability weighted moments
(PWNMs) is addressed in [2]. More recently, the second-order bias and bias-correction for
the maximum likelihood estimators (MLEs) of the parameters of the Lomax distribution
are determined in [33].

The main aim of this paper is to provide another extension of the Lomax distribution
using the Weibull-G generator defined by Bourguignon et al. [20]. So, we propose the new
Weibull-Lomax (“WL” for short) distribution by adding two extra shape parameters to
the Lomax model. The objectives of the research are to study some structural properties
of the proposed distribution.

A random variable Z has the Lomax distribution with two parameters a and g, if it
has cumulative distribution function (cdf) (for = > 0) given by

(1.1)  Hoplz)=1- [1 + (%)]ﬂ

where a > 0 and 8 > 0 are the shape and scale parameters, respectively. The probability
density function (pdf) corresponding to (1.1) reduces to

(12 hos@) =G 1+ (%)}_(a“).
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The survival function S(¢) and the hazard rate function (hrf) h(¢) at time ¢ for the Lomax
distribution are given by

S(t) = [1 + (3)]7(1 and h(t) = & [1 + (5)]71,

B B B
respectively.
The rth moment of Z (for r < k) comes from (1.2) as ,u;<Z =apf" Blr+1l,a—r),
where B(p,q) = fol wP™! (1 — w)? 'dw is the complete beta function. The mean of

Z can be expressed as E(Z) = /(o — 1), for @ > 1, and the variance is Var(Z) =
B%/[(a—1)% (a—2)], for & > 2. As « tends to infinity, the mean tends to 3, the variance
tends to 2, the skewness tends to 36 and the excess kurtosis approaches 21.

The trend of parameter(s) induction to the baseline distribution has received increased
attention in recent years to explore properties and for efficient estimation of the pa-
rameters. In the literature, some extensions of the Lomax distribution are available
such as the exponentiated Lomax (EL) [6], Marshall-Olkin extended-Lomax (MOEL)
[32, 35], beta-Lomax (BL), Kumaraswamy-Lomax (KwL), McDonald-Lomax (McL) [44]
and gamma-Lomax (GL) [27].

The first parameter induction to the Lomax distribution was suggested by [6] using
Lehmann alternative type I proposed by Gupta et al. [36]. The three-parameter EL cdf
(for = > 0) is defined by

(1.3)  Gaaps(z) = {1* [” (%)]_a}a’

where a > 0 is a shape power parameter. The pdf corresponding to (1.3) (for x > 0) is
given by

(1.4)  ga,ap(x) = % [1 T (%)r(aﬂ){l _ [1 N (%)]—a}aﬂ’

with two shape parameters and one scale parameter.

Let Y be a random variable having the EL distribution (1.4) with parameters a, «
and (. Using the transformation t = 1 — [1 + (z/8)]”® and the binomial expansion, the
rth moment of Y (for r < «) is obtained from (1.4) as

(1.5) N;,Y(CC) =ap’ Z =nm <;) B(a, ™= +1).

The rth incomplete moment of Y is given by

(16)  hiry)(2) :/0 Y Gaes(y)dy=ap" > (-1)" <;) By(a, " 4+ 1),
m=0

where By(p,q) = [ wP™' (1 — w)? 'dw is the incomplete beta function. Some other
mathematical quantities of Y are obtained in [5, 6, 42].

The second parameter extension to the Lomax model, named the MOEL distribution,
was proposed by [32] using a flexible generator pioneered by Marshall and Olkin [46].
The three-parameter MOEL cdf is given by

A7) Fapsle) =0 {[1+ (%)]a —5}71.

The pdf corresponding to (1.7) becomes

(1L8)  fass@)=afs[1+ (%)]H [+ (%)]a 75}_2’

where § = 1 — § and § > 0 is a shape (or tilt) parameter.
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The properties and the estimation of the reliability for the MOEL distribution are
studied in [32] and [35]. The acceptance sampling plans (double and grouped) based on
non-truncated and truncated samples for the MOEL distribution has been considered by
[15, 53, 54, 50].

Lemonte and Cordeiro [44] discussed three parameter inductions to the Lomax dis-
tributions, namely the BL, KwL and McL by including two, two and three extra shape
parameters using the beta-G, Kumaraswamy-G and McDonald-G generators defined by
Eugene et al. [31], Cordeiro and de Castro [26] and Alexander et al. [8], respectively.
The cdfs of the BL, KwL and McL distributions are given by

(19) FBL(‘T;G’7 b, a, 6) = ]{17[1+(%)]*a}<z>(a7 b)7

(1.10)  Fruwr(z;a,b,a,B) =1~ [1 - {1 - [1 * (%)]*a}“]b

and

(1.11)  Fumern(z;a,be,a,B) = (a,b),

1 —aye
{i-+@] Y @
respectively, where I.,(p, q) = Bxz(p, q)/B(p, q) is the incomplete beta function ratio, and
a>0,b>0 and ¢ > 0 are extra shape parameters whose role is to govern the skewness
and tail weights.
The density functions corresponding to (1.9), (1.10) and (1.11) are given by

9
) sttt = gt e G L= G

(1.13)  frwr(z;a,b,,8) = aba[ ( )} (QH){ [1+(%)}*“}“*1

< - {i-p+ YT

and
(1.14)  farer(x;a,b,¢,0, ) = m [1 N (%)]—(a+1)

O e R T
respectively.

Recently, Cordeiro et al. [27] introduced a three-parameter gamma-Lomaz (GL) dis-
tribution based on a versatile and flexible gamma generator proposed by Zagrafos and
Balakrishnan [56] using Stacy’s generalized gamma distribution and record value theory.
The GL cdf is given by

I (a,alog [1+(5)])
(1.15)  F(a,a, B)(z) = () , x>0,
where a > 0 and a > 0 are shape parameters and 3 > 0 is a scale parameter. The pdf
corresponding to (1.15) is given by

(1.16)  f(a,a,B)(z) = ﬁl(fi;) [1 + (%)} 7(a+1){log [1 + (%)} }ail, x> 0.

More recently, Bourguignon et al. [20] proposed the Weibull-G class influenced by the
Zografos-Balakrishnan-G class. Let G(z;©) and g(x; ©) denote the cumulative and den-
sity functions of the baseline model with parameter vector © and consider the Weibull

cdf Fiw(x) =1 — e—ae’ (for x > 0 and a,b > 0). Bourguignon et al. [20] replaced the
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argument = by G(z;0)/G(x;0), where G(z;0) = 1 — G(z; ©), and defined their class of
distributions, say Weibull-G(a, b, ©), by the cdf

G(z;0)

(1.17) F(z;a,b,0) =ab /O[G(I;e)} 2Pt exp (—awb) dr =1—exp {—a {ggi: gﬂ b} .

The Weibull-G density function is given by

. b—1 o b
(1.18)  f(z;a,b,0) =ab g(z;0) {%} exp {—a {gg;gﬂ } , TzER

In this context, we propose and study the WL distribution based on equations (1.17)
and (1.18). The paper is outlined as follows. In Section 2, we define the WL distribution.
We provide a mixture representation for its density function in Section 3. Structural
properties such as the ordinary and incomplete moments, Bonferroni and Lorenz curves,
mean deviations, mean residual life, mean waiting time, probability weighted moments,
generating function and quantile function are derived in Section 4. In Section 5, we
obtain the Rényi and ¢ entropies. The density of the order statistics is determined in
Section 6. The maximum likelihood estimation of the model parameters is discussed in
Section 7. We explore its usefulness by means of two real data sets in Section 8. Finally,
Section 9 offers some concluding remarks.

2. The WL distribution
Inserting (1.1) in equation (1.17) yields the four-parameter WL cdf

(21)  F(z;a,b,a,8) =1 —exp{—a{{l—&- <%)r - 1}6}.

The pdf corresponding to (2.1) is given by

f(zya,b,0,8) = @7@[1+(%)}ba*1{1_[1+(%)]*a}b*1

22 < e[ (5)] 1)

where a > 0 and b > 0 are two additional shape parameters.

Plots of the WL pdf for some parameter values are displayed in Figure 1. Hence-
forth, we denote by X ~WL(a,b,,3) a random variable having the pdf (2.2). The
survival function (sf) (S(x)), hrf (h(z)), reversed-hazard rate function (rhrf) (r(z)) and
cumulative hazard rate function (chrf) (H(z)) of X are given by

(2.3)  S(z;a,b,a,8) = exp {—a{ {1 + (%)}a - 1}b} 7
w =" ()] - (B
e 14 ()7 - [k ()7 e {-af[14 (5)] - 1)}

and
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F1GURE 2. Plots of the WL hrf for some parameter values

3. Mixture representation

The WL density function can be expressed as

(3.1)

f(x;a,b,a,B8) = abg(x) % xp {a [ggzﬂ }

Inserting (1.1) and (1.2) in equation (3.1), we obtain

(3.2)

In order to obtain a simple form for the WL pdf, we can expand

aba

)} —(a+1) { % }

f(x;a7b7a,ﬂ) = ﬂ [1+(5

:|b+1

[1—{1—

()]
1—[1+(3

X  exp _a{l—{l—[l—o— }

(31

oo { o f L }

)

in power series.
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By expanding the exponential function in A, we have

A:i (_1):vak {1— [H(%)TQ}M _
= N L LR

Inserting this expansion in (3.2) and, after some algebra, we obtain

- (_1)k k b —(a
f@sa,b,08) = > T“ % [1+(%)] (at1)

fi-p+ Gy

x [1_ {1_ [1+ (%)]*a}]

By

X

—[b(k+1)—1]

After a power series expansion, the quantity By in the last equation becomes
> i —[(k+1)b+1 —a)’
Be=3" (v (TEF DI ()Y
— J B
J
Combining the last two results, we can write

. = (—D)Fakt? b L(k+1]b+5+1)
f(@;a,b,0,8) = Z k! 5! [(E+1b+j4] T(k+1b+1)

k,j=0

Vk,j
,a}[(k+1>b+j]—1

x [(k+ )b+ j] % [1+ (%)]*“*” {1 ~ 1+ (%)}

Ya,a,(k+1)b+j
The last equation can be rewritten as

(33)  f(®;0,0,0,8) = Y Vkj Gase (ki 1)pts (@)-

k,j=0

Equation (3.3) reveals that the WL density function has a double mixture represen-
tation of EL densities. So, several of its structural properties can be derived form those
of the EL distribution. The coeflicients vy,; depend only on the generator parameters.
This equation is the main result of this section.

4. Some Structural Properties

Established algebraic expansions to determine some structural properties of the WL
distribution can be more efficient than computing those directly by numerical integration
of its density function, which can be prone to rounding off errors among others.

4.1. Quantile Function. Quantile functions are in widespread use in general statistics
and often find representations in terms of lookup tables for key percentiles. The quantile
function (qf) of X is obtained by inverting (2.1) as

(41) Q=g {[{—a_l log(l—u)}l/b—&-l} Ve —1}.

Simulating the WL random variable is straightforward. If U is a uniform variate on the
unit interval (0, 1), then the random variable X = Q(U) follows (2.2), i.e. X ~WL(a,b, o, §).



462

4.2. Moments. Some of the most important features and characteristics of a distribu-
tion can be studied through moments (e.g. tendency, dispersion, skewness and kurtosis).
The rth moment of X can be obtained from (3.3) as

pr=EX") =" vk / " Ga,a,(k+1)b45 () do.
k,j=0 0

Using (3.3), we obtain (for r < «)

(42)  w=p 33 (~1)"[(k+ )b+ ] <;> vy B ([k+1]b+ j, ™= 4+ 1).

m=0 k,j=0

Setting » = 1 in (4.2), we have the mean of X. Further, the central moments (un)
and cumulants (k,) of X are obtained from (4.2) as

n n—1
_ n k k1 o n—1 ’
Hn = k§=0 (k) (_1) K1 Bn—k and Kn = HUn — 3:1 <k _ 1> Kk Bn—k;

respectively, where k1 = p). Thus, ke = uh — i, ks = us — 3pbut + 2u?, etc. The
skewness and kurtosis measures can be calculated from the ordinary moments using
well-known relationships.

The nth descending factorial moment of X (for n =1,2,...) is

My = BIX™) = BIX(X = 1) x - x (X —n+1)] = 3 s(n, ) i,

=0

where s(n, j) = (1)1 [d?§™ /da?],—o is the Stirling number of the first kind.

4.3. Incomplete moments. The answers to many important questions in economics
require more than just knowing the mean of the distribution, but its shape as well. This
is obvious not only in the study of econometrics but in other areas as well. The rth
incomplete moment of X (r < «) follows from (3.3) as

(43)  me(z)=5" Z i (=)™ [(k + 1)b+ j] vx.; (;) B. ([k+1]b+j, =2 4+ 1).

m=0k,j=0

The main application of the first incomplete moment refers to the Bonferroni and
Lorenz curves. These curves are very useful in economics, reliability, demography, insu-
rance and medicine. For a given probability 7, they are defined by B(w) = m1(q)/ (7 i)
and L(m) = m1(q)/u}, respectively, where m1(g) can be determined from (4.3) with r = 1
and ¢ = Q(w) is calculated from (4.1).

The amount of scatter in a population is measured to some extent by the totality of
deviations from the mean and median defined by 6 = [ [z — p|f(z)dz and da2(z) =
I3 |z — M| f(x)dx, respectively, where pj = E(X) is the mean and M = Q(0.5) is
the median. These measures can be determined from §1 = 2u} F(u}) — 2mq(p}) and
d2 = pi — 2mq (M), where F(u}) comes from (2.1).

A further application of the first incomplete moment is related to the mean resid-
ual life and the mean waiting time given by m(t;a,b,a,8) = [1 — m1(¢)]/S(t) — ¢
and p(t;a,b,, B8) =t — [ma1(t)/F(t; a,b,a, B)], respectively, where F(+;-) and S(;-) =
1— F(;-) are obtained from (2.1).
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4.4. Probability weighted moments. The probability weighted moments (PWMs)
are used to derive estimators of the parameters and quantiles of generalized distributions.
These moments have low variance and no severe bias, and they compare favorably with
estimators obtained by the maximum likelihood method. The (s,r)th PWM of X (for
r > 1,5 > 0) is formally defined by p, = E[X" F(X)*] = [~ 2" F(z)*® f(z)dz. We can
write from (2.1)

oo « b
F(z;a,b,,8)° = Z(—l)i (%) exp {—ia {(1 + %) - 1} } .
i=0
Then, we can express ps,» after some algebra from (2.1) and (2.2) as
o~ 1)) /°° .
r,s — 71 " 5 1 abv ) dz.
pr, ; ), @ /@Gt Dabap)de

By using (4.2), we obtain (for r < «)

T

r e DG ; (m=r
pris= ;Owl()) Sikg D B([k+1]b+],< ; >+1),

m=0

where
(—D)*a* i+ 1D)FT((k+1)b+j+1)
[0+ Dk+1T((k+1)b+1) jlk!

Sik,j =

4.5. Generating function. The moment generating function (mgf) Mx (¢) of a random
variable X provides the basis of an alternative route to analytical results compared with
working directly with the pdf and cdf of X. We obtain the mgf of the WL distribution
from equation (3.3) as

Mx(t) = i Vk.g /Ooo [(k + 1)b+ 5] % 1+ (%)]_(a“’

k,j=0

X {1 -1+ (%)] 70‘}[(“1»“]71 e dz.

By expanding the binomial terms, we can write

Mx(t) = oy S (=) ([(k“);”]_l> /oo [k +1)b+ ]
m=0 0

= Q
NgE

k,j=0

x —(m+1)a—1 ¢
X (1 + —) e’ dz.
B
By expanding the binomial terms again, we obtain (for ¢ < 0)
— (D™ [(k+ Db+ jloen! ([(k+1)b+5]—1
Mx(t) = a Z ﬁnJrl m
k,j,m,n=0
o <(1*7n)a1> (=)~ (D)
n

which is the main result of this section.
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5. Rényi and ¢-Entropies

The entropy of a random variable X is a measure of the uncertain variation. The
Rényi entropy is defined by

Ir(8) = ;—5log [1(9)],

where I(6 f% z)dz,d >0 and § # 1. We have

I(0) = (aga) /0°° (1+%)6(ba*1){1_(1+%)7o¢}6(b—1)
X exp{—aé{(l—i—;)a—l}b}d:c.

By expanding the exponential term of the above integrand, we can write

I(@:(aéa)é /000 (1+%)5(ba—1){17(14»%)—04}6@—1)
2 (=D)F (5a)” 2\ ¢ bk
sz_o(l)k!(é){OJrﬁ) _1} di.

Using the binomial expansion twice in the last equation and integrating, we obtain

1) 1(0) —(“bo‘) St

m=0

Hence, the Rényi entropy reduces to

oo

62 1m0 = s |(452) (3 )]

=0

where

Z (—1)* BT TD(3(b + 1) 4 bk + j) T(m — 6(b — 1) + bk + 7)
(o= kjtm! [ma+ 8(a+ 1) — 1 T(3(b + 1) + bk) T(bk — 3(b+ 1) + )
The g-entropy, say Hq(f), is defined by
H,y(f) = qi log [1— 1,(£)],

where I( fR x)dx, ¢ >0 and g # 1. From equation (5.2), we can easily obtain

e [1-(%5%)" (2 )]

6. Order Statistics

Hq(f):q_

Here, we provide the density of the ith order statistic Xj.n, fin(z) say, in a random
sample of size n from the WL distribution. By suppressing the parameters, we have (for
i=1,...,n)

(6.1) fin(zx) = =——"—— BG, n—z—l—l Z j n 1) F(x)ﬁ-]'—l.

Jj=0

Thus, we can write
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and then by inserting (2.2) in equation (6.1), we obtain
(6.2)  fin(z) = i tms1 f(z;(m+1)a,b,a, ),
m=0
where

—1

(71)j+m (n]—z) (Hr:r;l)

3

1
m+1)B(i,n—1i+1)

tm+1 = (

<
I
o

and f(z;(m+1)a,b, a, B) denotes the WL density function with parameters (m -+ 1)a, b,
a and (. So, the density function of the WL order statistics is a mixture of WL densities.
Based on equation (6.2), we can obtain some structural properties of X;.,, from those WL
properties.

The rth moment of X;.,, (for r < ) follows from (4.2) and (6.2) as

(6.3) E(Xin)=8" Z =™ (;) tm+1 i [(k+1)b+] uk,jB([k+1]b+j, M;TH),

where vy ; is given in Section 3.

The L-moments are analogous to the ordinary moments but can be estimated by linear
combinations of order statistics. They exist whenever the mean of the distribution exists,
even though some higher moments may not exist, and are relatively robust to the effects
of outliers. Based upon the moments (6.3), we can derive explicit expressions for the
L-moments of X as infinite weighted linear combinations of the means of suitable WL
distributions. They are linear functions of expected order statistics defined by (for s > 1)
A= s ST (1) E(X ).

The first four L-moments are: A1 = E(X1.1), A2 = %E(XZ;Q — Xi:2), A3 = %E(Xg;g —
2X2.3 + X1:3) and Ay = $E(X4:4 — 3X3.4 + 3X2:4 — X1.4). We can easily obtain the A’s
for X from (6.3) with r = 1.

7. Estimation

Here, we consider the estimation of the unknown parameters of the WL distribution
by the maximum likelihood method. Let zi,...,z, be a sample of size n from the WL
distribution given by (2.2). The log-likelihood function for the vector of parameters
© = (a,b,a, B)T can be expressed as

(7.1)  £=1¢(0) =nlog(aba) —nlogB — (o — 1) ilog[l—kag]

+(b—1)ilog{[1+%}“—1}—ai{[w%}a—l}b.

Let z; = (1 + %)a — 1. Then, we can write £ as

(7.2)  £=nlog(aba)—nlogB — (1—1) f:log(zi +1)+(-1) zn:log(zi) — aizf.
=1 =1 =1

The log-likelihood function can be maximized either directly by using the R-package (Ad-
equecyModel), SAS (PROC NLMIXED) or the Ox program (sub-routine MaxBFGS) (see
Doornik, [29]) or by solving the nonlinear likelihood equations obtained by differentiating
(7.1) or (7.2). In AdequecyModel package, there exists many maximization algorithms like
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NR (Newton-Raphson), BFGS (Broyden-Fletcher-Goldfarb-Shanno), BHHH (Berndt-
Hall-Hall-Hausman), NM (Nelder-Mead), SANN (Simulated-Annealing) and Limited-
Memory quasi-Newton code for Bound-constrained optimization (L-BFGS-B). However,
the MLEs here are computed using L-BFGS-B method.

The components of the score vector U(©) are given by

Ua = % - Z?:l Zﬁ)’
Uy = 3 —2i logz —ad ), 2 logz,

1
Uae = £+ é Sy log (zi+ 1)+ (1-3) X0, log (zi + 1)@

Hb=1) T, [(1+27") log (2 +1)7]
—ab Y, (zf + z?_l) log (z: + l)é ,
1
Us = - &(1-HT0, G+

e A L P N SR
Setting these above equations to zero and solving them simultaneously also yield the
MLEs of the four parameters.

For interval estimation of the model parameters, we require the 4 x 4 observed infor-
mation matrix J(©) = {Jrs} (for r,s = a,b, a, B) given in Appendix A. Under standard
regularity conditions, the multivariate normal N4(0, J(@))fl) distribution can be used
to construct approximate confidence intervals for the model parameters. Here, J (@) is
the total observed information matrix evaluated at ©. Then, the 100(1 — )% confi-

dence intervals for a, b, @ and § are given by a £ 2z, x \/var(a), b+ Zy 2 X \/var(G),

& £ 2,2 X \/var(&) and B+ Zys2 X AJ/var(B), respectively, where the var(-)’s denote

~

the diagonal elements of J(6)™' corresponding to the model parameters, and Zy/2 is
the quantile (1 — 7/2) of the standard normal distribution. Two problems that can be
addressed in a future research are: (i) how large are the correlations between the param-
eter estimates? and (ii) how about the sample size required in order for the asymptotic
standard errors to be reasonable approximations? The answer to problem (i) could be
investigated through simulation studies. The answer to (ii) is related to the adequacy of
the normal approximation to the MLE . Clearly, some asymptotic techniques could be
adopted to improve the normal approximation for o.

The likelihood ratio (LR) statistic can be used to check if the fitted new distribution is
strictly “superior” to the fitted Lomax distribution for a given data set. Then, the test of
Ho: a=0b=1versus Hy1 : Hp is not true is equivalent to compare the WL and Lomax
distributions and the LR statistic becomes w = 2{¢(a, Z, Q, B) —4(1,1, &, B)}, where @, B,
o and B are the MLEs under H; and & and B are the estimates under Hy.

8. Applications

In this section, we illustrate the usefulness of the WL model. We fit the WL distri-
bution to two data sets and compare the results with those of the fitted McL, KwL, GL,
BL, EL and Lomax models.
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8.1. Aircraft Windshield data sets. The windshield on a large aircraft is a complex
piece of equipment, comprised basically of several layers of material, including a very
strong outer skin with a heated layer just beneath it, all laminated under high temper-
ature and pressure. Failures of these items are not structural failures. Instead, they
typically involve damage or delamination of the nonstructural outer ply or failure of the
heating system. These failures do not result in damage to the aircraft but do result in
replacement of the windshield.

We consider the data on failure and service times for a particular model windshield
given in Table 16.11 of Murthy et al. [48]. These data were recently studied by Ramos
et al. [51]. The data consist of 153 observations, of which 88 are classified as failed
windshields, and the remaining 65 are service times of windshields that had not failed at
the time of observation. The unit for measurement is 1000 h.

First data set: Failure times of 84 Aircraft Windshield
0.040, 1.866, 2.385, 3.443, 0.301, 1.876, 2.481, 3.467, 0.309, 1.899, 2.610, 3.478, 0.557,

1.911, 2.625, 3.578, 0.943, 1.912, 2.632, 3.595, 1.070, 1.914, 2.646, 3.699, 1.124, 1.981,
2.661, 3.779,1.248, 2.010, 2.688, 3.924, 1.281, 2.038, 2.82,3, 4.035, 1.281, 2.085, 2.890,
4.121, 1.303, 2.089, 2.902, 4.167, 1.432, 2.097, 2.934, 4.240, 1.480, 2.135, 2.962, 4.255,
1.505, 2.154, 2.964, 4.278, 1.506, 2.190, 3.000, 4.305, 1.568, 2.194, 3.103, 4.376, 1.615,
2.223, 3.114, 4.449, 1.619, 2.224, 3.117, 4.485, 1.652, 2.229, 3.166, 4.570, 1.652, 2.300,
3.344, 4.602, 1.757, 2.324, 3.376, 4.663.

Second data set: Service times of 63 Aircraft Windshield
0.046, 1.436, 2.592, 0.140, 1.492, 2.600, 0.150, 1.580, 2.670, 0.248, 1.719, 2.717, 0.280,

1.794, 2.819, 0.313, 1.915, 2.820, 0.389, 1.920, 2.878, 0.487, 1.963, 2.950, 0.622, 1.978,
3.003, 0.900, 2.053, 3.102, 0.952, 2.065, 3.304, 0.996, 2.117, 3.483, 1.003, 2.137, 3.500,
1.010, 2.141, 3.622, 1.085, 2.163, 3.665, 1.092, 2.183, 3.695, 1.152, 2.240, 4.015, 1.183,
2.341, 4.628, 1.244, 2.435, 4.806, 1.249, 2.464, 4.881, 1.262, 2.543, 5.140.

We estimate the unknown parameters of each model by maximum likelihood using
L-BFGS-B method and the goodness-of-fit statistics Akaike information criterion (AIC),
Bayesian information criterion (BIC), consistent Akaike information criterion (CAIC),
Hannan-Quinn information criterion (HQIC), Anderson-Darling (A*) and Cramér—von
Mises (W) are used to compare the five models. The statistics A*and W™ are described
in details in [22]. In general, the smaller the values of these statistics, the better the fit to
the data. The required computations are carried out using the R-script AdequacyModel
developed by Pedro Rafael Diniz Marinho, Cicero Rafael Barros Dias and Marcelo Bour-
guignon. It is freely available from
http://cran.r-project.org/web/packages/AdequacyModel /AdequacyModel.pdf.

Tables 1 and 3 give the MLEs and their corresponding standard errors (in parentheses)
of the model parameters. The model selection is carried out using the AIC , BIC, CAIC
and HQIC statistics defined by:

AIC = =20(-) +2p, BIC = —2((-) 4 plog(n),

2pn

CAIC = —20(-) + and HQIC =2 log [log(n) (k —2¢()) ],

n—p—1’
where £(-) denotes the log-likelihood function evaluated at the MLEs, p is the number
of parameters, and n is the sample size. The figures in Tables 1 and 3 indicate that
the fitted Lomax models have huge parameter estimates, although they are accurate
compared with their standard errors. Sometimes, the log-likelihood can become quite
flat by fitting special models of the WL distribution leading to numerical maximization
problems. For these cases, we can obtain different MLEs for the model parameters using
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alternative algorithms of maximization since they correspond to local maximums of the
log-likelihood function. Thus, it is important to investigate the global maximum.
The values of the AIC, CAIC, BIC, HQIC, A* and W™ are listed in Tables 2 and 4.
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TABLE 1. MLEs and their standard errors (in parentheses) for
failure times of 84 Aircraft Windshield data

Distribution a b c a B
WL 0.0128 0.5969 - 6.7753 1.5324
(0.0114) (0.3590) - (3.9049) (1.3863)
McL 2.1875 119.1751 12,4171 19.9243 75.6606
(0.5211)  (140.2970) (20.8446)  (38.9601)  (147.2422)
KwL 2.6150 100.2756 - 5.2771 78.6774
(0.3822) (120.4856) - (9.8116) (186.0052)
GL 3.5876 - - 52001.4994  37029.6583
(0.5133) - - (7955.0003) (1 81.1644)
BL 3.6036 33.6387 - 4.8307 118.8374
(0.6187)  (63.7145) - (9.2382) (428.9269)
EL 3.6261 - - 20074.5097  26257.6808
(0.6236) - - (2041.8263) (99.7417)
Lomax - - - 51425.3500  131789.7800

(5933.4892)  (296.1198)

TABLE 2. The statistics /(-), AIC, BIC , CAIC , HQIC, A* and
W* for failure times of 84 Aircraft Windshield data

Distribution £(-) AIC CAIC BIC HQIC A* w*

WL -127.8652 263.7303 264.2303 273.5009 267.6603 0.6185 0.0932
McL -129.8023 269.6045 270.3640 281.8178 274.5170 0.6672  0.0858
KwL -132.4048 272.8096 273.3096 282.5802 276.7396 0.6645  0.0658
GL -138.4042 282.8083 283.1046 290.1363 285.7559 1.3666  0.1618
BL -138.7177 285.4354 285.9354 295.2060 289.3654 1.4084  0.1680
EL -141.3997 288.7994 289.0957 296.1273 291.7469 1.7435 0.2194
Lomax -164.9884 333.9767 334.1230 338.8620 335.9417 1.3976  0.1665

Tables 2 and 4 compare the WL model with the McL, KwL, GL, BL, EL and Lomax
models. We note that the WL model gives the lowest values for the AIC, BIC and CAIC,
HQIC and A" statistics (except W* for the first data set) among all fitted models. So,
the WL model could be chosen as the best model. The histogram of the data and
the estimated pdfs and cdfs for the fitted models are displayed in Figure 3. It is clear
from Tables 2 and 4 and Figure 3 that the WL distribution provides a better fit to the
histogram and therefore could be chosen as the best model for both data sets.
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TABLE 3. MLEs and their standard errors (in parentheses) for
service times of 63 Aircraft Windshield data

Distribution a b c « B
WL 0.1276 0.9204 - 3.9136 3.0067
(0.2964)  (0.4277) - (3.8489) (8.2769)
McL 1.3230 53.7712 5.7144 7.4371 42.8972
(0.2517)  (199.2803) (5.3853)  (34.7310) (150.8150)
KwL 1.6691 60.5673 - 2.5649 65.0640
(0.2570)  (86.0131) - (4.7589) (177.5919)
GL 1.9073 - - 35842.4330 39197.5715
(0.3213) - - (6945.0743)  (151.6530)
BL 1.9218 31.2594 - 4.9684 169.5719
(0.3184) (316.8413) . (50.5279) (339.2067)
EL 1.9145 - - 22971.1536 32881.9966
(0.3482) . . (3209.5329)  (162.2299)
Lomax - - - 99269.78 00 207019.3700
- - - (11863.5222)  (301.2366)
. '7 3 3 3 3
W* for service times of 63 Aircraft Windshield data
Distribution o) AIC CAIC BIC HQIC A* w*
WL -98.11712 204.2342 204.9239 212.8068 207.6059 0.2417 0.0356
McL -98.5883  207.1766  208.2292  217.8923  211.3911  0.3560  0.0573
KwL -100.8676  209.7353  210.4249  218.3078  213.1069  0.7391  0.1219
GL -102.8332  211.6663  212.0731  218.0958  214.1951  1.112  0.1836
BL -102.9611  213.9223  214.6119  222.4948  217.2939  1.1336  0.1872
EL -103.5498  213.0995  213.5063  219.5289  215.6282  1.2331  0.2037
Lomax -109.2988  222.5976  222.7976  226.8839  224.2834  1.1265  0.1861
9—€Concludingremarks ——mmmmmmmmmX¥

In this paper, we propose a four-parameter Weibull-Lomax (WL) distribution. We
study some structural properties of the WL distribution including an expansion for the
density function and explicit expressions for the ordinary and incomplete moments, mean
residual life, mean waiting time, probability weighted moments, generating function and
quantile function. Further, the explicit expressions for the Rényi entropy, ¢ entropy
and order statistics are also derived. The maximum likelihood method is employed for
estimating the model parameters. We also obtain the observed information matrix. We fit
the WL model to two real life data sets to show the usefulness of the proposed distribution.
The new model provides consistently a better fit than the other models, namely: the
McDonald-Lomax, Kumaraswamy-Lomax, gamma-Lomax, beta-Lomax, exponentiated-
Lomax and Lomax distributions. We hope that the proposed model will attract wider
application in areas such as engineering, survival and lifetime data, hydrology, economics
(income inequality) and others.
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FIGURE 3. Plots of the estimated pdfs and cdfs for the WL, McL,
KwL, GL, BL, EL and Lomax models to the first and second data

sets.
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et.

set

The elements of the 4 x 4 observed information matrix J(©) = {Jrs} (for r,s =
a, b, a, B) are given by

Jaa

Jvs

Jaa

Jog

_n
a2’

n b
- Zi:l 2; log z;,

1
by, zibfl (zi+1)log (zi + 1),

ab n b
B72

n

— —a X, 2 [log(=)]*,

o1+ z;l) log (z: +1)

—a(b+ 1Y

1
i=1 2251 (2 + 1)1_“ s

S
o

1
iﬂ%rw%+nbma+nﬂ,

1
DS O

T B?

ac n —
i=1 %i

L+ >, (i +1) [a—i—(b—l){a (1+27") =272

—ab{a (zf + szl) +bzb +(b— 1)2?72}],

_1
—B% E?:l (Zl + 1) a

}

1
P71 (2 + 1) " 1+ blog 2],
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surplus process with nonhomogeneous claim
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Abstract

In this paper; survival (non-ruin) probability after a definite time period
of an insurance company is studied in a discrete time model based on
non-homogenous claim occurrences. Furthermore, distributions of the
minimum and maximum levels of surplus in compound binomial risk
model with non-homogeneous claim occurrences are obtained and some
of its characteristics are given.
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1. Introduction

Surplus process (or risk process) is a model of accumulation of insurer’s capital and
the premium incomes during the periods. So, the surplus process is one of the most
important stochastic process for an insurance company which can be defined as discrete
or continuous time in actuarial risk theory. Ruin occurs when surplus is zero or negative
value which means that the total claim amounts equal or exceed the surplus at a certain
time for insurance companies. Furthermore, the estimation of the surplus at a certain
time is essential for the insurance companies due to their future investment strategies and
actions to be taken just before ruin. In this regard, it is vital importance for controlling
the maximum and minimum level of the surplus and its related quantities.

The compound binomial model has been first proposed by Gerber (1988 a). Distribu-
tional properties of some actuarial quantities associated with compound binomial model
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have been studied in De Vylder and Goovaerts (1984,1988), Shiu (1989), Willmot (1993),
Dickson (1994) and De Vylder and Marceau (1996). The compound binomial model,
as a discrete time version of the classical compound Poisson model of risk theory has
been widely studied in the recent literature (see, e.g. Yuen and Guo (2001), Cosette and
Marceau (2000), Cossette et al. (2003, 2004 and 2006), Liu and Zhao (2007), Tuncel and
Tank (2014) ).

In classical risk model, the number of the claims is assumed to have a Poisson pro-
cess {N¢ : t > 0} with parameter A\ and the claim amounts Y7, Ys,... are non-negative,
independent and identically distributed random variables with same distribution func-
tion. The total claim amounts process {St : t > 0} is a compound Poisson process with

Ny

parameter A\ where Sy = > Y; designates the total claim amounts up to time ¢. In this
i=1

regards, surplus of the insurers at time ¢ can be defined as follows

(11) Utzu—i—ct—St

where Uy = u is the amount of initial reserve, the premium income is ¢ per each period,
and Y; is the eventual claim amount in period . For simplicity, throughout the paper we
assume that ¢ = 1.

Let I; be a binary random variable representing the claim occurrence. That is I; = 1
if a claim occurs in period ¢ and I; = 0, otherwise. For i > 1, define Y; = [, X;,
where the random variable I; and the individual claim amount random variable X;
are independent in each time period. The random variable X; is strictly positive and
{Xi,i > 1} forms a sequence of iid random variables with probability mass function
(pm.f.) f(z) = P{X = z}. Under this assumptions, the process (1.1) can be rewritten
as

t
(12) Ui=u+t-Y LX,
i=1

where u is non negative integer, IV, is the number of claims up to time n and X; is
the amount of ith claim. It is assumed that X; random variables are independent and
identically distributed (i.i.d.) and independent of the claim number process. Ruin of
insurer’s occurs when U; < 0 for some ¢t > 1. The random time to ruin is defined as
(1.3) T=inf{t>0:U <0}.
by Gerber (1988). Thus, ultimate ruin probability and survival probability can be defined
as

Y(u) = P(T < oo|Us = u)

P(u) =1 —9(u)
respectively. Similarly, ruin probability and survival probability in finite time can be
defined as

(u,n) = P(T < n|U, = u)

¢(u7 n) =1- ¢(U’ n)
respectively.
Let the random indicators I, I2, ... be independent with p = P {I; = 1}, then the
model (1.2) is called the compound binomial model and

P{N,=k}=Clp"Q1—p)" "  k=0,1,....n.

In here, distribution of N, is classical binomial distribution.Tuncel and Tank (2014) sug-
gested a recursive formula when the claim occurrences probabilities are non-homogeneous

such as p; = P{[; = 1}.
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Let M,, and K,, denote respectively the maximum and minimum levels of the surplus
process up to period n,

M, = max U; , K, = min U;.

1<t<n 1<t<n

These quantities may be useful tools on possible future investment or borrowing strategies
for their consistent financial statement in an insurance company. Recursive equations
are given for both marginal and joint distributions of the M,, and K, values under the
condition that insurance company survives at time n for homogenous case by Eryilmaz
et.al. (2012).

The remainder of the present paper is organized as follows: Section 2 presents recursive
equations to compute marginal and joint distributions of M,, and K, under the condition
T > n. Section 3 gives means and variances of M,, and K, for zero truncated geometric
claim size distribution. Finally, discussions are given in Section 4.

2. Distributions of Extremes Surplus Process
For uw=1,2,... and n > 0, define
¢ (w) = Pu (T > n)
o™ (u;k) = Py (M, <k, T >n)
*y(l’m (u;k) = Py (Kn > k, T >n)
where
Pu(T > n) = 6" (u)
1 n=2~0
tzn:l b tﬁi e Mizl f (x)P“'H_I (T(Hl’n) >n— t)

" —1 n>0
+ (1 - Z Y43 H %)
t=1  i=1

and k is a positive threshold which can be also considered as an upper barrier for surviving
of the insurance company. In here, T¢+1™) and ¢(™) (u) represents ruin time after the
t-th period and non-ruin probability when the claim occurrences have nonhomogeneous
probabilities respectively (Tuncel and Tank(2014)).

2.1. Theorem. Foru=1,2,...

o) (u; k)

(21) P (M, <Ek|T>n)= S ()

where
a. If k>u+n andn >0 then
0™ (us k) = o™ (u)

b. Ifu<k<u+n andn >0 then

k—u+1 t—1 u+t—1
In) (0 kY — E | | ) Et (t+1,n—t) .
(22) 0 (u7 k) - Y2 qi f(:v)& (U +t—2x; k)
t=1 =1 z=max(l,u+t—k)

Proof. Tt is clear that P, (M, <k | T >n) = 1for k > u+n. So 0™ (u; k) = ™) (u)
is trivial.
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By conditioning on W7, the time of the first claim, for u < k < u+n and n > 0 then

Py(My <k,T>n)=Y Py(Ui <k,...Uy <k Wy =t) P (W1 =1)
t=1

where P(W1 =1t) = tlz[l qipt-
If t < n then =
P,(Ui=u+1,. U1 =u+t—1Wr=1t)=1
and
(2.3)  Pu(Uy <k, oUp <k |Wi=1)=P, (Ut <kyo Up < b, THFM 5y t)

for t <k —u+ 1. Noting that U; > 0 for t < n since the ruin occurs after period n and
than by conditioning on the value of the first claim one obtains

Py (Us <kyooyUn < kT >n—t|Wy =1t)

S P (u Ft— X >0,X =, MUY < pEHm S g t)
=1

u+t—1
@4) = > @ P (M BT > -0
rz=max(1l,u+t—k)
fort <k—wu+1. Fort>n, P(M,=u+n)=1 Thus P(IM, <k, T >n) =0, if
k<u+mnandt>n. Thus, foru <k <u+n,

k—u+1 t—1 u+t—1

00 (wk)= > p]la X f@OUTT (wtt -k
t=1

i=1  z=max(l,u+t—k)

can be obtained by using (2.3) and (2.4). Hence the proof is completed. O

Expansion of (2.2), which is recursive formula given in Theorem 2.1, as in follows:

e Forn=landu<k<u+1

X . f(z)
(1,1) ¢, . _ z=u+1—
P =
e Forn=2and u<k<u-+2
2.5 0D (o) =4 PPV ’
(2:5) i N
where
u u+l—x u
Av=pips Y. f(x) > fW+pme D, f@).
r=max(1l,u+1—k) y=max(l,u+2—k—x) z=max(1l,u+2—k)
u u+l—x
Az = pip2 Z f(z) Z f)
r=max(1l,u+1—k) y=max(l,u+2—k—zx)

u u+1

+ P12 > f(@) + qp2 > f(z).

r=max(l,u+2—k) z=max(l,u+2—k)
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e Forn=3andu<k<u+3

W [43] k=u
1,3 . _ =
(2-6) o) (u; k)= 45(11(;)(11) [A4] k=u+1
S A5l Lk =u2
where
u u+t+l—zx ut2—x—y
As =p1p2ps > f(z) > f) > f(2)
z=max(1l,u+1—k) y=max(l,u+2—k—=x) z=max(1l,u+3—k—xz—y)
u u+l—x
+ p1p2gs > f(z) > f)
r=max(1l,u+1—k) y=max(l,u+3—k—zx)
u u+2—x
+ P1g2ps3 Z f(z) Z f)
r=max(1l,u+2—k) y=max(l,u+2—k—zx)
+ p1g2gs > f(x)
z=max(1l,u+3—k)
u u+t+l—zx ut2—x—y
Ay =p1p2ps > f(@) > f) > f(2)
z=max(1l,u+1—k) y=max(l,u+2—k—=x) z=max(l,u4+3—k—z—y)
[ u+l—x
+ P1p2gs3 Z f(z) Z f)
r=max(1l,u+1—k) y=max(l,u+3—k—zx)
u u+1
+ P1g2qs > f(@) + q1p2gs > f(z)
r=max(1,u+3—k) r=max(1l,u+3—k)
u u+2—x
+ P1g2ps3 Z f(z) Z f()
r=max(1l,u+2—k) y=max(l,u+2—k—zx)
u+1 u+2—zx
+ q1p2ps3 Z f(x) Z f)
z=max(1l,u+2—k) y=max(l,u+3—k—=x)
U u+1l—ax ut2—z—y
As = p1p2ps3 > f(x) > f) > f(2)
r=max(1l,u+1—k) y=max(l,u+2—k—=x) z=max(1l,u+3—k—xz—y)
u u+2
+ 19293 > f(@) + q1p2qs > f(z)
r=max(1l,u+3—k) r=max(1l,u+2—k)
u u+2—zx
+ p1g2ps > f(x) > f)
r=max(1l,u+2—k) y=max(l,u+2—k—=x)
u+1 u+2—x
+ q1p2ps3 Z f(z) Z f)
r=max(1l,u+2—k) y=max(l,u+3—k—zx)
u ut+l—x
+ p1p2gs > f(x) > f(y).

r=max(1l,u+1—

k) y=max(l,u+3—k—=x)
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2.2. Theorem. Foru=1,2,...
(1,n) (4.
_ M (wsk)
(2.7) P,(K,>k|T>n)= 50 ()
where
a. If k<n and n =0 then
Y (usk) = 1

b. If k<u+1 and n > 0 then,

n t—1 ut+t—k %) t—1
k)= Y e [fa DO e T wrt—ak)t Y0 ][ a
t=max(1,k—u+1) i=1 =1 t=n+1 i=1

Proof. The proof is clear for k <n and n =0.
By conditioning on the time of first claim, for £ < u 41

(28)  Pu(Kn2k|T>n)=> Pu(Ur>k, ..Uy > kWi =1)P (W) =t)
t=1

t—1
where P(W1 =t) = [ gipe. f t <m and k < u+ 1 then
i=1

(29 Pu(Uh>k,...Up1>k W=t =1
and
Po(Ui >k, Uy >k, T >n|Wy = 1) = P, (Ut > ko Up > b, T S Wy = t)
Ift >nand £k <u+ 1 then
(210) Py (Uy >k, ..Uy >k |Wy =t) = 1.
By conditioning on the time of first claim, for t <n and k <u+1

(2.11)
u+t—k
Pu(Ui2 ko Up 2k, T>n—t [Wi=t)= Y Puprs (Kffjj”” >, T S g t)
=1
for t <n and k <wu + 1. Hence,
n t—1 u+t—k oo t—1
y (us k) = ooow e D F@Y T wrt—mk)+ Y ][ @
t=max(1l,k—u+1) i=1 =1 t=n+1 i=1
can be obtained by using (2.9),(2.10) and (2.11). Thus the proof is completed. O

Expansion of (2.7) for n = 1,2,3, which is also recursive formula given in Theorem
2.2, as in follows:

e Forn=1

1 k=u+1
2.12 WD (k) = ’
(212) ¥ (wsk) sl k<u+1

where
u+l—k

a1 =m Z f@)+a
=1
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e Forn =2

m[a&] ,k:U+1
1

(2.13) A" (usk) = {

m ag] ,k’ <u-+ 1
where
u+2—k
as=aqipz Y f(z)+qiee
=1
and
u+1l—=k u+2—xr—k u+1l—=k u+2—=k

as=pip2 »_ fl@) Y. fWHmae >, f@+ap Y, f@)+ae
r=1 y=1 r=1 rz=1

e Forn=3
[as] E=u+1

1
(1,3) (1) — J (13 (w)
(2'14) Y (uv k) { 1 [a5} ,k <u-+ 1

#(13) (w)
where
u+3—k—zx u+2—k u+3—k—zx u+2—k

as=qigeps Y f@)+apeps Y, f@) Y fW)taiges+apa Y ()
y=1 r=1 y=1 y=1
and
u+t+l—k ut+2—k—x u+3—k—xz—y
a5 = p1p2p3 Z f(x) Z fy) Z f(z)
x=1 y=1 z=1
u+1l—k u+l—k u+3—k—x
+pigegs Y f@) +pgps Y fl@) D> f)
x=1 r=1 y=1
u+1l—k u+2—k—zx u+3—k
+pipgs Yy, f@) Y f@)+qaeps Y fy)
y=1 y=1
u+2—k u+2—k u+3—k—x

+apegs Yy, f@) +aqpeps Y fl®) Y )

+ 419243

r=1

3. Case study

As mentioned before, insurance company may face nonhomogeneous claim occurrences
probabilities in different periods (e.g. month). For this reason, in this section four
different cases are considered for different values of a and w in finite time model and
given in Table 1 where P(I; = 1) =p; fori=1,...,12.

Table 1. Claim occurrence probabilities

Casel Case2
pi=001%i,i=1..,12|pi=002%i,i=1,..12
Case3 Cased
pi=003%i,i=1,..,12|pi=004%i,i=1,..12
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Let claim size distribution be geometric with the following cdf and pmf

(3.1)
(3.2)

Flz)=1-a", z=1,2,..
f@)=1-a)™ ", z=1,2,..

respectively. It is clear that

1
—— 0<a<l.

(3.3) —

E(X) =

According to the cases which are given in Table 1, we obtained expected values and
variances of M, and K, for the cases, which are given in Table 2 where the claim
amount distribution as in (3.2) and 1 = E(M,, | T > n),0f = Var(My, | T > n),u2 =
E(K,|T >n)and 05 = Var(K, | T > n).

Table 2. Expected values and variances of M,, and K, for a = 9/10 in cases

u Cases L1 a% L2 (r%
4  Casel | 14.7363 | 3.6557 | 4.9425 | 0.1632
Case2 | 13.7613 | 5.0934 | 4.8865 | 0.3170
Case3 | 12.9846 | 5.4676 | 4.8333 | 0.4561
Cased | 12.3376 | 5.3540 | 4.7801 | 0.5920
8 Casel | 18.3975 | 5.2155 | 8.8418 | 0.8073
Case2 | 17.2249 | 6.9138 | 8.6875 | 1.5438
Case3 | 16.3182 | 7.1493 | 8.5432 | 2.2048
Cased | 15.6258 | 6.7602 | 8.4036 | 2.8110

We sketch the graphics of cumulative distribution function of M,, and K, for cases in
Figure 1 and Figure 2 respectively. In the Figures 1 and 2 solid line represents for u = 4
and dashed line represents u = 8.

0 5 0 5
k

0 5

n 15 2
k
(d@

Figure 1. Cumulative Distribution function of M, given T' > n
a) Case 1 b) Case 2
c) Case 3 d) Case 4
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e e ww
(© It

Figure 2. Cumulative Distribution function of K, given T' > n

a) Case 1 b) Case 2

c) Case 3 d) Case 4

4. Conclusions

This study presents some characteristical results and distributions of maximum and
minimum levels of surplus in compound binomial risk model with nonhomogeneous claim
occurrences by different cases which have critical importance for an insurance company.
This study may also lead to future studies with stochastic premium income in continuous
time model.
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1. Introduction

In the actuarial literature, the surplus process of an insurance company is often mod-
eled by the following classic risk process

N(1)
Uty =utct—» Y, t>0, (1.1)
1=1

where v = U(0) > 0 is the initial surplus, ¢ > 0 is the constant premium income rate,
N(t) counting the number of claims that occurred before time ¢ is a Poisson process, and
{Y:}i>1 is a sequence of strictly positive random variables (r.v.) representing the claim
amounts.

Classic risk models rely on assumption that there is only one class of claims. Although
this hypothesis simplifies the study of many risk quantities, it has been proven to be
too restrictive in different contexts. In recent years, many authors have studied various
aspects of the so-called correlated aggregate claims risk model. Yuen et al. [18] considered
the non-ruin probability for a correlated risk process involving two dependent classes of
insurance risks, with exponential claims, which can be transformed into a surplus process
with two independent classes of insurance risks, for which one claim number process is
Poisson and the other is a renewal process with Erlang(2) claim inter-arrival times. Li
and Garrido [9] considered a risk process with two classes of independent risks, namely,
the compound Poisson process and the renewal process with generalized Erlang(2) inter-
arrival times. A system of integro-differential equations for the non-ruin probabilities
was derived and explicit results for claim amounts having distributions belonging to
the rational family were obtained. A further extension was given by Li and Lu [10].
They derived a system of integro-differential equations for the Gerber-Shiu discounted
penalty functions, when the ruin is caused by a claim belonging either to the first or
to the second class and obtained explicit results when the claim sizes are exponentially
distributed. Recently, Zhang et al. [19] extended the model of Li and Lu [10], by
considering the claim number process of the second class to be a renewal process with
generalized Erlang(n) inter-arrival times. The authors derived an integro-differential
equation system for the Gerber-Shiu functions, and obtained their Laplace transforms
when the corresponding Lundberg equation has distinct roots. Chadjiconstantinidis and
Papaioannou [4] studied a risk model with two independent classes of insurance risks in
the presence of a constant dividend barrier. A system of integro-differential equations
with certain boundary conditions for the Gerber-Shiu function was derived and solved.
Using systems of integro-differential equations for the moment-generating function as well
as for the arbitrary moments of the discounted sum of the dividend payments until ruin,
a matrix version of the dividends-penalty was derived. Under the risk models involving
two classes of insurance risks described above, the premiums are assumed to be received
at a constant rate over time.

Sometimes, the insurance company may have lump sums of income. In order to
describe the stochastic income, Boucherie et al. [3] added a compound Poisson process
with positive jumps to the Cramér-Lundberg model. The (non-)ruin probabilities for
the risk models with stochastic premiums were studied in Boikov [2] and Temnov [12].
Assuming that the premium process is a Poisson process, Bao [1]| studied the Gerber-
Shiu function in the compound Poisson risk model. Yang and Zhang [17] extended the
compound Poisson risk model in Bao [1] to a Sparre Andersen risk model with generalized
Erlang(n) interclaim time distribution. Labbe and Sendova [7] considered a risk model
with stochastic premiums income, where both the premium size distribution and the
claim size distribution are non-lattice. Zhang and Yang [20] extended the model in
Labbe and Sendova [7] by assuming that there exists a specific dependence structure
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among the claim sizes, interclaim times and premium sizes. Xie and Zou [16] construct
a risk model with a dependence setting where there exists a specific structure among the
time between two claim occurrences, premium sizes and claim sizes. When the claims are
subexponentially distributed, the asymptotic formulae for ruin probabilities are obtained.

All risk models with random incomes described in the paragraph above focus on risk
model with only one class of insurance risk. Motivated by these papers, we explore
analogue problems, but in a risk model with random incomes involving two independent
classes of insurance risks. Moreover, we assume that the two independent claim counting
processes are, respectively, the Poisson and the Erlang(2) process.

Studying the risk model with two classed of claims and random incomes is of interest
in ruin theory for two reasons. The first is to make predictions and give risk measures
for smaller business whose premium income is more fluctuant than what is received in
well establish and large insurance company. The second reason for study this risk model
is to provide insight about how the randomness in premiums’ process influences the risk
process with two classes of claims. Replacing the constant premium income in risk model
with two classes of claims by a stochastic income can also be interpreted as a stepping
stone for risk models with two classes of claims that are closer to real phenomena.

The paper is structured as follows: the risk model with two independent classes of
insurance risks and random incomes is introduced in Section 2. Assuming that the pre-
miums are exponentially distributed, the explicit expressions for the Laplace transforms
of the expected discounted penalty are derived in Section 3 and the defective renewal
equations for the expected discounted penalty are obtained in Section 4. By employing
an associated compound geometric distribution, the analytic expressions for the solu-
tions of the defective renewal equations are also given in Section 4. In Section 5, given
that distributions of the premium sizes have rational Laplace transforms, we derive the
explicit representations for the Laplace transforms of the expected discounted penalty
functions. Finally, in Section 6, two numerical examples are given.

2. The model

Let us consider the surplus process U (t) of an insurance company,
M(t)
t)=u+ Y X;-S(), t>0, (2.1)

where u = U(0) is the initial capital and X is the jth premium income with distribution
function G probability density function (p.d.f.) fo, mean ue and Laplace transform
(LT) fa(s = [ e " fo(x)dz. We assume that M (t) is a Poisson process with intensity
A>0, then the correspondmg premium income inter-arrival times, denoted by {W;}i>1,
are independent and identically distributed (i.i.d.) exponentially distributed r.v. with
parameter .

In this paper, we assume that S(¢) is generated by two classes of insurance risks,

namely
Ni(t) Na(t)

S(t) = Si(t) + Sa(t Z Y; + Z Zi, t>0, (2.2)

where S;(t), i = 1,2, represents the aggregate c1a1ms up to time ¢ from the i-th class.
Although such models are usually studied in the context of correlated aggregate claims,
here we assume that S1(¢) and S2(t) are stochastically independent.

The r.v. {Y;};>1 are the nonnegative claim severities from the first class, which are
ii.d. random variables with common distribution function Fi, p.d.f. fi, mean pr, and
LT f1 fo e %% fi(x)dz. Similarly, {Z;};>1 are the positive claim severities from the
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second class, also assumed i.i.d. r.v., with common distribution function Fs, p.d.f. fa,
mean jp, and LT fo(s) = 15T €7 fa(@)dz. The claim number process Ni(t) is assumed
to be Poisson with parameter A1 > 0. More specifically, the corresponding claim inter-
arrival times, denoted by {V;}i>1, are i.i.d. exponentially distributed r.v. with parameter
A1. In addition, Na(t) is a renewal process with i.i.d. claim inter-arrival times {L;};>1,
which are independent of {V;};>1 and Erlang(2) distributed r.v., i.e. L; = L;1 + Lio,
where {L;;}i>1,;>1 are i.i.d. exponentially distributed r.v. with parameter .

We finally assume that {X;};>1, {Yi}i>1 and {Z;};>1 are mutually independent, also
independent of M (t), N1(t) and Na(t), and Apg > Aipr + A2/2pr,, providing a net
profit condition.

Denote the ruin time by 7' = inf{t > 0 : U(t) < 0} and oo if U(t) > 0 for all ¢ > 0.
The ruin probability is defined as ¢(u) = P(T < oo|U(0) = w), u > 0. Further define
J to be the cause-of-ruin r.v., i.e., J = j, if the ruin is caused by a claim of class j,
j = 1,2, then ruin probability ¢(u) can be decomposed as ¢(u) = ¢1(u) + ¢2(u), where
¢j(u) = P(T < 00, J = j|lU0) =u), u>0, j=1,2,is the ruin probability due to a
claim of class j. For § > 0, and j = 1,2, the expected discounted penalty (Gerber-Shiu)
function at ruin, if the ruin is caused by a claim of class j is defined as

®;(u) = Ele™ " w; (U(T-), |UT))I(T < oo, J = j)|U0) =], u>0, (2.3)

where § > 0 is interpreted as the force of interest, U(T—) is the surplus immediately
before ruin, |U(T')] is the deficit at ruin, I(.) is the indicator function, and w;(z1,z2),0 <
Z1,%2 < 00, j = 1,2, be the non-negative measurable function defined on [0, 00) x (0, o).
The financial explanations on w(x1,z2) can be found in Gerber and Shiu [6]. It is easy
to see that choosing different forms of the function w;(x1, z2) in Eq.(2.3) yields different
information relating to the deficit at ruin and the surplus immediately before ruin.

In the classical risk model, due to the strong Markov property of the surplus process,
the expected discounted penalty function is time homogenous, i.e., it is independent of
the time at which the surplus process is observed. However, for our risk model, the
expected discounted penalty function functions are no longer time homogeneous, due to
the assumption that the claim inter-arrival times from the second class are Erlang(2)
distributed. Therefore, for the expected discounted penalty functions, defined in (2.3),
we assume that a claim from the second class occurs exactly at time 0. More generally, we
can define the expected discounted penalty functions, denoted by ®;(u,7), as bivariate
functions of current reserve u and the length of time 7, elapsed since the time of the
last claim from the second class (the surplus process renews itself at these points). The
quantities we are interested in are ®;(u,0) = ®;(u), j = 1,2, and u > 0,

U5 (w) = Bl T Dy (U(T =), [UT)NIT < 00,J = j)|Ls = t,U(t) = u],  (2.4)

the expected discounted penalty functions at the time of the realization of {L;i}i>1.
Then by the law of total probability, for j = 1,2, we have

®;(u,7) = P;(w)Pr(Liy > 7) + ¥, (w)Pr(Liy <7) =e 270, (u) + (1 — e 27); (u).

3. Laplace transforms

Throughout this paper, we will use a hat ™ to designate the Laplace transform of
a function. Given that the premium size is exponentially distributed, the explicit ex-
pressions for the Laplace transforms of the expected discounted penalty functions can be
derived. For this purpose, we first consider the integral equation satisfied by the expected
discounted penalty function.
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Let J = min{V4, L11, W1}, then for u > 0,

P (u) = /Ooo /0oo Pr(J =t,J = Wi)e *'®; (u + 2)dG(z)dt

+/OOO Pr(J=tJ=V)e "’ Uou 1 (u —y)dFi(y) +/:o wi(u,y —u)dFi(y)| dt

+/ Pr(J =t,J = Li1)e "Wy (u)dt. (3.1)
0

Note that Pr(J = Wi) = A/(A+ A1 + A2), Pr(J = Vi) = A /(A + A1 + X2), Pr(J =
L11) = )\2/()\"‘ A+ )\2), PI‘(J > t‘J = W1) = PI“(J > t|.] = V1) = PI"(J > t|J = L11) =
exp(—(A 4+ A1 + A2)t).

Plugging the expressions above into (3.1) and making some simplifications, we can get

A

> A
@) = +5/0 @10+ 2)AG (D) + 120 ()

+A*>i 5 [/Ou ®1(u —y)dFi(y) + wl(U)} , (3.2)

where X = XA+ A1 4+ Xo, wi(u) = [ wi(u,y — u)dFi(y). Similarly, we derive

A A2
1o Py A

) = 75 [ a6 + By y)dFa(y)

4 A*ﬁ - [ /0 W (u— y)dF () + wl(u)] , (3.3)

Assume A;(u) = [°®1(u + 2)dG(z) and Ai(u) = [ ¥i(u + z)dG(x). Taking
Laplace transforms in (3.2) and (3.3) and making some simplifications, we have

~ A - A2 = A1 = z -
1(5) = 5O + s N () + 305 (B OAE +@6)] . 64)
Bi(s) = 55 A1) s B ()2 + o [OA6) + @), (39)

Similar analysis gives

A > A A
Dy (u) = m/o @z(u—l—x)dG(x)—i-Miié\Ifz(u)—i— e

Jlr(;/ou Qo (u—y)dFi(y), (3.6)

W) = 525 [ alut 006(@) + 225 | [ @ ara) + (o)
s [ e an). (5.1

Assume As(u) = [ ®2(u+ 2)dG(z) and Az(u) = [;° Va(u + z)dG(z). Taking Laplace
transforms in (3.6) and (3.7) and making some simplifications, we obtain

Ba(s) = 15 Ax(s) + 1 Wals) + s B (), (38)
Ba(s) = 15 As() 1o [B2()als) + a(9)] + s Ba(fils). (39)

Now, we introduce the Dickson-Hipp operator T, provided by Dickson and Hipp [5].
Define the Dickson-Hipp operator T, as be

T f(x) = /oo e TV fy)dy, x>0,
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where f(z) is a real-valued function, r is a complex number. It is easy to see that
Tsf(0) = f(s), and that for distinct 1 and 72,
T Tr, f(x
T T f(x) = T T, fla) = IO ZT @) g

T2 —T1

If7”1=7"2:7"7

T\ Tof@) = [ -ae 0 fw)dy, 020,
The properties for the Dickson-Hipp operator can also be found in Dickson and Hipp [5],
Li and Garrido [8], Xie and Zou [15].

Suppose the premium sizes are exponentially distributed, i.e., G(z) = 1 — 67%,
for pg > 0. Taking Laplace transform of A;(u), ¢ = 1,2, and using the Dickson-Hipp

operator, we can get
 dedu = / / e ®;(u+ a:)du

T

d

n i (b
:/ T, (2) S g = Lo na,0) = M i=12.  (3.10)
o ne ue ke 1—sug
Similarly, ~ ~
j(s)_w i=1.2 (3.11)
e 1—suc LT T '

Combining the above results with (3.4), (3.5), (3.8) and (3.9), respectively, we derive

(- A _MA® AMiGg)  ame))  demis)
_ G (—sae) s ) \ e rat-sae) © Ao e

D1(s) = - . (3.12
) 1- X _MA®) L M) (8.12)
(A*+6)(1-sng) A¥ 46 (A*+8)2

M) (- Gorpaytgy ) Apwa(s)

z (A*+0)(A—spg) A*+o
Da(s) = - . 3.13
(%) 1— Y _MAG)? 236 (3.13)

O F0)(1=suq) ~ A*+o O 19)2
(11 ) Aijwi(s)
where w;(s) = (A*Jr&)(l’ oy~ e =12

To obtain ®;(s) and ®»(s), we still have to determine ®; (), ¥ (L), Po(-L), and
- e e e
\Ifz(ﬁ) For this purpose, we discuss analytically the zeros of the common denominators
of (3.12) and (3.14), i.e., the roots of following equation

<1 _ A _ A1f1<s>>2 _ NRG) _,

AN 4+0)1Q—spug) A*+46 (A +6)2 '
3.1. Lemma. 1. For ¢ > 0, Eq.(3.14) has exactly two roots, say, p1(9), and p2(9), in
the right half complez plane, i.e., Re p;(§) > 0 for 1 =1,2.

Proof. Eq.(3.14) can be simplified as

~ 2 ~
|~ spe — A M =spe)fi(s)) T (el = suc))?fa(s) 0
A* 44 A* 44 (A= +6)2 '

Let 7 > 0 be a sufficiently large number, and define C, as the contour containing the
imaginary axis running from —ir to ir and a half circle with radius r running clockwise
from ir to —ir. Firstly, we apply Rouché’s theorem to prove that equation

A M= spa)fi(s)
A*+ 6 A*+ 6

(3.14)

1—spug — =0,
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has exactly one root inside C,. When s on the imaginary axis, we have,

M (A=spg)fi(s) MA=spe) || f M(d—spg)
A* 46 PR ‘f1(8)| 10 <1
_ x| [ Artrets A+Aot+d ’
’1 Spa >\*+5‘ P S“G’ P 5“0‘

For s on the half circle, we have for V € > 0,

HrG

1 s‘
— < 1+e
A1t+A2+6
(M +d)pa
AftAo+d
Al

when r is sufficiently large. In particular, for ¢ = , there exists 7o > 0 such that

when r > 7o, we get

M (1—spg)fi(s) \ 1 s. A\

A* 46

i T e .
)1—5M0—m‘ ‘m—s‘

That is to say, we show that for s € C,, the module |1 — suc — /\f+§| > |)‘1(17/\5,f‘f§)f1(5) |
Using Rouché’s theorem, we conclude that the number of roots of the equation 1 —suq —
)\3;5 - Al(l*;ff;h(s) = 0 equals the number of roots of the equation 1—sug — /\%H; =0
inside C,. Moreover, the latter has exactly one root inside C,. It follows that 1 — sug —
A M(A-spg)

46

75 f1() — 0 has exactly one positive real root inside C,..
Secondly, we apply Rouché’s theorem and the result above to prove this Lemma.
When s on the imaginary axis

~ 2
A M = sua)fi(s)
(1 MG TN A+ 6

2

><‘)\1+>\2+5 ‘ ‘Al(lfsuc)fl(s)
> o s ke | T s

)

A 46 A +0
o (et =sucl\? | | Qa1 = spe))*fa(s)
A+ 46 = (A* +6)2 '
For s on the half circle, we get for ¢ = m, there exists r1 > 0 such that when
r>nr,
‘(A1+>\2+5)(1—5HG)‘ B 73‘
A* 46 M+ A+ e M+ A+
]S A* 448 A1 +Ag+8 A* 448 (I+e) <1,
’1—SMG—W‘ m—s‘

then

~ 2
oA M =spa)fi(s)
<1 HETNTTS X +o

S (()\1 A2 +9) |1 —spcl Al —SMG>2 o ‘(M(l — spa))’ fa(s) ‘

A 46 A+ 46 (A*+ )2
That is to say, for s € C,,

o 2
B A (1 =spe)fi(s)
(1 e TN X +o

‘ (A2(1 — sp16))° fo(s)
o2 |

Using Rouché’s theorem, we conclude that the number of roots of the equation

A M —spa)fis)\” | el = sue)*fols)
(1*S“G*A*+5* X+ ) - (A" +0)2 =0
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equals the number of roots of the equation (1 — spa — /\*A+6 - Al(lf)\sj‘fgﬁ(s))2 =0 in-
side C,. Moreover, by the discussion in the paragraph above, the latter has exactly two
roots with positive real parts inside C,. It follows from all above that Eq.(3.14) has
exactly two distinct positive real roots, say, p1(d), and p2(9), inside C,.. Finally, letting

r — oo completes the proof. a

Denote the root with the smaller module by p;(8). It is easily seen that p1(d) — 0T
as § — 0T. In the rest of the paper, we denote these two roots p;(8) by pi, i = 1,2, for
simplicity.

Since é(s) is finite for all s with Re s > 0, we know p; and p2 must be zeros of the
numerators of (3.12) and (3.13). From Eq.(3.12), we can give the following equations for
@1 (=) and Wi (),

A _Nfil)) ANGE) ()
A+ =pipa) A+ A+ = pipe) A +6

- )

_ w1 (ps)
A o0 ra) s )

A 46 ’
where ¢ = 1,2. From Eq.(3.13), we can give the following equations for @2(%) and

(3.15)

V2 (k)

By (L A MAGDY g [ ¥ G asiaie)
/\q)Q(E) (1 T O (I—pipg) | NS ) - (ZF$8)(1— muc) X*+5 (3.16)
(A +0)(1 = pipc) Py - S
By solving linear equations (3.15) and (3.16), we can get él(i) and ijl(i)’ i=1,2.

Then & (s) and ®2(s) can also be obtained.

4. Defective renewal equations

In this section, we study the defective renewal equations satisfied by the two expected
discounted penalty functions in the risk model with two classes of claims and random
income.

Based on the results of (3.12) and (3.13), the Laplace transforms of ®;(u) and ®2(u)
can be simplified as

2 ooy = J1a(s) + fia(s)
B (s) = AW (4.1)
5 _ f21(9) + fo(s)
By(s) = S (4.2)

where hi(s) = (1-spc — 3755)% ha(s) = (f*j:?)z (2 ( *+5)f1(8)+/\§f2(5)—Aff12~(5))+
G (M (N +8) =AM fi () +03 fa(8) = AT 7 (5)) + gy (A0 (A +8) =2XAa) fa(s) +
)=

9z 2 72 ~ N A‘il(i) AXg(1— SMG)‘I’I(“G
/\2f2( )_)‘ fl( )) fl 1( (1_SIJ’G )\*+5)~ P ~_ (A*+9)2 7f1 2( )
otz (W Xa = A +8)@n (s) = Aufi () (s)tA;bl(i)fl(s))—7(;‘:3;;2(( (A A2 +3) —
N)di(s) = 22 fi ()i () + AD1(55) fi () + :Affgawmw)wl(s)—A1f1<s>w1<s>>,

~ AP z(l ) Mo (l—spug)¥a (L .
foi(s) = —(1 = spe — 255) —ss — ESETIL ng) , faa(s) = orrayz (M3a(s) +

r = s s A5Wa (s
Mufi ()82 (7)) = 152557 (2A3i02(s) + Mafi ()82 (7)) + 4G5 Define fu1(u),
fi2(u), fa,1(u), fo,2(w), hi(u) and ha(u) as the inverse image functions of fi,1(s), f1,2(s),

W,



493

f21(s), fa2(s), ha(s), and ha(s), ie., Tsfi;(0) = fi;(s) and T,hi(0) = hi(s), i = 1,2,
Pi=1.2.

4.1. Proposition. 1. The Laplace transform él(s) of the expected discounted penalty
function satisfies

- T:T,,T, ~ TsTp,Th, fi
di(s) = %1"2(0)@(8) + M’ i=1,2. (4.3)
Ha Ha
Proof. Since ®;(s) (i = 1,2) is analytic for all s with Re s > 0, we know p; and p2
are zeros of the numerators of which means that f; 1(p;) = —fi2(p;) fori =1,2, 5 =1,2.
Because f;,1(s) is a polynomial of degree 1, applying the Lagrange interpolating theorem,
we have

Fa(s) = ~fia(p)(s = p2) = Jia(p2)(s — P1)7
P1 P2

which yields
(s = p2) (Fea(s) = Fialp)) = (s = p1) (Fio(s) = Fu(p2)

p1— p2

fia(s) + fin(s) =

= (s = p1)(s = p2)Ts T, T}, fi2(0). (4.4)
Obviously, an simple expression for the denominator of éi(s), i = 1,2, can be dealt
with in a similar way. Due to Lemma 1, we get that hi(p;) = ha(p;) for ¢ = 1,2. Similarly,

because l~z1(s) is a polynomial of degree 2, using the Lagrange interpolating theorem, we
have

ﬁl<s>:ﬁ1<o>(5‘p”(s"’2)+s(’“(f’1> s=p2 | e 8"’1)
p1p2 p1 - p1—p2 p2 p2—p

= fu(@% + (s = p1)(s — p2) (hi(:l) 1 ipz + thESQ) p2 i p1>

L L
Fha(pr) P2 4 iy (pa) P2
p1 — P2 P2 — p1

Using the result above and recalling the Property 6 of the Dickson-Hipp operator derived
in Li and Garrido [8], hi(s) — ha(s) can be rewritten as

o (5)—Fra(s) = B (0) B =P = p2) ’)ZEZ =P2) (o p)(5—p2) (pl(’ijl(’f)m) + pQ(’Z(’f)pl)>

= (o) = Fnlo) 2222 () 2=

pP1 — P2 P2 — pP1
— (5= p1)(5 = p2) (ToTpaTyps 1 (0) — Tu T Ty, ha(0)) (4.5)
It is easy to check that ToTp, Ty, h1(0) = pg which makes (4.5) become
Fa(s) — ha(s) = (5~ p1)(s — p2) (s — T T Ty ha(0)). (16)

. . &N TaTpyTp, fi,2(0)
Invoking (4.4) and (4.6) into (4.1) and (4.2), we can derive ®;(s) = VT LTy ha(0)

which gives (4.3). The result of Proposition 1 is proved. o

Now, we are ready to obtain the defective renewal equations for ®;(u), i = 1, 2.
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4.2. Proposition. 2. ®;(u) satisfies the following defective renewal equation

Bi(u) = s / " i(u— y)s(u)dy + (), =12, (4.7)

where
M A* +0) = 22A)T0T, Tpy f1(0) + N3ToTp, Ty, f2(0) = AMToT,, T, f1 % f1(0)
(A +0)2ug,

Ks =
L2
(A" +6)%na
AN (P To T, Ty 2(0) — ToTpy £2(0)) = AL (01 To Ty, Ty f1 % f1(0) = ToTp, f1 % f1(0)))
1
TR
+/ﬁT()TmTpl f1(0)) + )‘3(1 — (p2 + p1)To T}, f2(0) + p%T()TPsz f2(0))
“ANT(1 = (p2 + p1)ToTp, f1 * f1(0) + pITo T, Ty f1 * f1(0))),
i{ (AL (A" +0) — 22\)T,, T, f1(y) + )‘ng'sz f2(y) — )‘%Tme fix fi(y)
" O+ )22
L2
(A* +0)*ne
+)‘§(p1TP2TP1 f2(y) - TP2f2(y)) - A%(plTPZTPI fl * fl (y) - TP2f1 * fl(y)))

s MO +0)(0) ~ (2 p)T (o)

+p%TP2TP1 )+ Ag(fé(y) = (p2 + p1)Tpy f2(y) + p%TPZTPI f2(v))
=X (f1 % f1(y) = (p2 + p1)Too fr % f1(y) + p1T 0, Toy f1 % f1())) }.

(AL (A" +8) = A1) (p1To T, Tpy f1(0) — ToT ), f1(0))

(M (A" 4 0) (1 = (p2 + p1)ToTp, £1(0)

s(y) =

(M 46) = M) (01 Ty, Ty f1(y) — Tpo f1(y))

and
B AN+ A2 = A1+ 0)Tp, Tpywi(u) — MTpy Ty f1ox wa(u) + )‘él(i)TMTm fi(u))
= PYERET
A *
*m((@@\ + A2+ 6) — A)(p1Tp, Tpywi(u) — Tpywi(u))

—2X1 (1T 9o Ty f1 w1 (u) — Ty f1 % wi(u)) + )\i’l('u%)(ﬂleTm Ji(u) = Tpy f1(u)))

A1
(/\* + 6)2

=M (f1 xwi(u) = (p2 4 p1)Tpy fr * w1 (w) + piTp, Tpy f1 + wi(u))),

1
&2(u) = 10 )T, Tp, f1(u))

223 (1T, Tpy w2 (w) — Tpywa(w)) + Ma®a () (p1To, Ty f1(u) — Ty, f1(u))
- (A" +0)%ua

+ (N + X2+ 8) (w1 (u) — (p2 + p1)Tppwi (w) + piTp, Tpywi(w))

.1
(AT s Ty wa(u) + AN o (—
e

A3

O 102 (w2 () = (p2 + p1)Tppwa () + p1Tp, Tpy wo(ur)).

—+
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Proof. By employing the property of the Dickson-Hipp operator, we deduce

F&)=flp2) _ F(&)=Fp)

S—p2 S—pP1 — TsTﬂl f(O) — Tsszf(O) — TSTPQTplf(O)j (4.8)
P2 — P1 P2 — P1
sf(s)=paflpa) _ sf(s)—p1f(p1)
Spe . = p1TsTp, Ty, f(O) =TT, f(0)7 (4'9)
P2 — P1
s2f(s)—p3f(p2) _ s2f(s)—p3f(p1) 3

— S = f(s) = (p2 + p1)TeTp, £(0) + pi TsTp, Ty, f(0). (4.10)

P2 — p1
Recalling the definition of the Dickson-Hipp operator 7, and together with (4.8)-

(4.10), one finds

TSTPQ TPl 2 (0)
MO +6) = 20T, T, f1(0) + AT T, T, £2(0) — AT T, Ty f1 * f1(0)
(A" +6)?
2 .
o g (N 40 = M) T T Ty f1(0) =TT f1(0))

AN (1T Tp, Ty, £2(0) =TTy £2(0)) — AL (01 TsTp, Ty f1 % f1(0) — TTpy f1 % £1(0)))

2 ~
o A ()~ (o2 p) LT i 0
+p%TS~TP2Tpl fi (O)) + A%(];?(S) - (p2 + pl)TSszf2(O) + p%TSTMTPlf?(O))
=M (fT(5) = (p2 + p1)TsTpy f1 % f1(0) + PITTp, Ty f1 5 f1(0)))-
Similarly, we find

A x
TsTp,Tp, f1,2(0) = m((/\ +A2 = A1+ 0)T5Tp, Tp, w1 (0)

= 1
AT Ty fix w1 (0) 4 A1 ()T T, T, 1(0))

(4.11)

A .
O g (B0 + 22 +0) = V(T T T w1 (0) = 1T w3 0)
—2M (p1Ts Ty Tpy f1 % w1(0) — TsTp, f1 * wi(0))

+A<i>1(%a)(p1TsszTmf1(O) — T:Tp, f1(0))) + ﬁ(u* + X2 + 8) (w1 (s)

—(p2 + p)TsTpyw1(0) + piTTp, Tpy w1 (0)) — A (fi(s)i(s)
—(p2 + p1)TsTpy f1 % w1 (0) + PiTTp, Tp, f1 + w1 (0))) = pu&Ts1(0),

(4.12)

and
1 ~ 1
TsTp,Tp, f2,2(0) = m(kgTsszTmﬂ&(O) + AAl@Q(E)TQTPQTpl J1(0))
v 57 AT T Ty w2(0) = T w2(0))
~ 1
+)\>\1(I)2(M7G)(01T5Tp2Tp1 f1(0) = T T, £1(0)))
UENS 2 2
+m(w2(3) = (p2 + p1)Ts T, w2(0) + prTsTp, Tp, w2(0)) = pcTs2(0),  (4.13)

where the operator * is denoted as convolution.
Therefore, plugging (4.11), (4.12) and (4.13) into (4.3), we can get

= BT O ) 4 1g0), i=1,2. (4.14)

q:'i(s) /“"2G
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Inverting the Laplace transform in (4.14) gives

ToT,,T,, ha(0 “ T, Th ha(y
G 0 p2Lp1

which corresponds to (4.7).
To show that (4.7) to be a defective renewal equation, we need to verified ks < 1. We

first consider the case § > 0. Comparing (4.11) at s = 0 to the expression of ks gives
ToTpy Tpy ha(0)
2

dy + & (u),

Ks = o . Because of p1(d) > 0 and p2(d) > 0, putting (4.6) at s = 0 in (4.6),
G
one deduces
_ DT, Tpyha(0) _ h1(0) — ha(0) 62 + 2X926
ke = 2 == 2 T T 2 (v +4)2
He: K& P1P2 e )2p1p2

For 6 = 0, putting s = p1(d) in (3.14) yields
(A 48— O +Duep(8) = A= M1 = ppr (D Falpr (3)))

= X1 = pap1(9))* f2(pr(8))-
Note the fact that p1(0) = 0. Differentiating the equation above with respect to ¢ and
then putting 6 = 0, one finds

’ 1
pl(O) = A2 ppy >0,

Apa — ALpr — —5

where the inequality above follows from the net profit condition. Then takeing the limit
§ — 07 in ks and using L'Hopital’s rule, we can get

ToToT, h 2
Ko = 020 p22(0) 2(0) =1 5 1 X lim w
e} ne(A)2p2  s—ot p1(9)
2X2
1o <
1 (A)2p2p (0)
Thus, Eq.(4.7) is defective renewal equation. This completes the proof. O

In order to derive the analytic expression for ®;(u), an associated compound geometric
distribution function are defined as

SR — WA U s
H(u)_1+C;<1+C> K “(u), u>0,

where ¢ = (1—ks)/ks, K (u) is the tail of the n-fold convolution of K (u) = 1 —K (u) =
fou ¢(y)dy. By employing the Theorem 2.1 of Lin and Willmot [11], we can derive the
following Proposition.

4.3. Proposition. 3. The expected discounted penalty function ®;(u) satisfying the
defective renewal equation (4.7) can be rewritten as
B;(0)

O, (u) = %/Ouu — H(u—y)]dBi(y) + T[l —H(u)], i=1,2, (4.15)

b, (u) = %/Ou Bi(u — y)dH (y) + %Bi(u), i=1,2, (4.16)

where B;(u) = &(u)/ks.

Proof. Using the Eq.(4.7) and the result of Theorem 2.1 obtained in Lin and Willmot
[11], the proof is straightforward. a
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5. Premium sizes with rational Laplace transforms

In this section, we consider the situation in which the premium size have the following
rational Laplace transforms, i.e.,

; o(s)
fo(s) = =—x—F—"——, (5.1)
va:1(s + 0i)™
where N,n; € NT withni +na+---+ny =n, ¢; >0,i=1,2,--- ,N, and g; # g; for
i # j. o(s) is a polynomial function of degree n—1 or less and satisfying o(0) = vazl o:t.
Using partial fraction, Eq.(5.1) can be rewritten as

az]gz
; 321 1oy (5.2)

where

_ 1 qri—J os)
* = g |, AL e

Taking the inverse Laplace transform of Eq.(5.2), one deduces

QT

fol) = Zzaﬂ ._e' , (5.3)

=1 j=1
which is a density function of a combination of Erlangs. Define

i 1QJ —oiT n
(o) = T=E—, >0, jENT,
ﬁ](l') (]71) T > ]E

as the density function of Erlang(j) with parameter g;, x;; is a random variable with
density function 8;;(z). Thus, xi; can be defined as x;; = %i1 + iz + - - - + 945, where
%i1, iz, - -+ , ¥ are i.i.d. exponentials with mean 1/9;. For Re s > max(g;), we get, for

k=1,2,
s):/ 675“/ Dy (u+ ) fo(z)dzdu

_ZZ%/ Bij (2)Te®r (x dx—ZZa”E[T®k (Vi1 + Va2 + -+ + 0ij)]

i=1j=1 =1 j=1

= iv: iaung [TsTgi‘I’k(O)] :

i=1 j=1

i

where Tgi = T,, - -+ Tp,. Furthermore, by the Property 5 of the Dickson-Hipp operator
——

J
provided in Li and Garrido [8], we get, k = 1,2,

Z;Z;au@z ( . 2 S)J+1 l) = fa(=5)®k(s) = Qk(s), (5.4)

LTI ak(0
where Qi (s) = YN, DL i ol 37, (Qi‘s)% Similarly, after some careful calcula-

tions, we can find k = 1,2,

5 J

A Zzawgz< ) ZM):M@%@)@(S» (53)

i=1 j=1 (i =) =

- LTI w0
where Qi(s) = 500, 37 el S, o M-
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Substituting (5.4) and (5.5) into (3.4), (3.5), (3.8) and (3.9), one finds

By (s) = A L(s)i1(s) — AL(s)Q1(8) — M2Q1(s) + A1 Aati (s)
L2(5) - )\%fz(s)

; (5.6)

Ba(s) = —AL(5)Q2(s) — AM2Q2(s) + A3w2(s)
L?(s) = A3 fa(s)
where L(s) = A* 4+ — Afa(—s) — Afi(s).
Note that the common denominator of (5.6) and (5.7) is analytic for s in the right
half complex plane expect the points g;’s. To make it analytic for all s with Re s > 0,

we assume A(s) = [[,(s — ;)™ and multiply both the numerators and denominators
of (5.6) and (5.7) by A(s). Then, one finds

<i>1(s) _ A L(s)A(s)w1(s) — AL(s)A(s)Q1(s) — 3\)\2A(3)Q1(s) + A A2A(s)wi(s)
L2(s)A(s) = A3 f2(s)A(s)

; (5.7)

, (5.8)

Ci>2(s) _ —AL(s)A(s)Q2(s) — )\/\QA(s)Qg(s) + A%A(s)wg(s).
L2(5)A(s) — A3 fa(s)
From (5.8) and (5.9), in order to determine ®;(s) and ®2(s), we need to find A(s)Qy(s)

and A(s)Qx(s), k = 1,2. Note that A(s)Qx(s) and A(s)Qx(s), k = 1,2 are polynomials
of degree n — 1, i.e.,

(5.9)

A($)Qk(s) =D Lris'™, A(s)Qx(s) =D Lyus' .
=1 =1

Then, we need to find n unknown coefficients Ly ;’s and n unknown coefficients f/k,i’s.
For this purpose, we give without proof the following Lemma. The result of the following
Lemma can be proved by the same technique provided in Lemma 1.

5.1. Lemma. 2 For § > 0, the common denominator of (5.8) and (5.9) has exactly 2n
zeros, say p1(9),- -+, p2n(0), in the right half complex plane.

Assume that p1(8),--- , p2n(8) are distinct. Since ®1(s) and ®2(s) are analytic for all
s with Re s > 0, then the roots p1(6),- -, p2n(J) are zeros of the numerators of (5.8)
and (5.9). Thus we can get the following 2n linear equations satisfied by Li; and L1,
i=1,2,---,2n,

A L(pi(8))A(pi(8))@1(pi(6)) — AL(pi(8))A(pi(6))Q1(pi(8)) — AM2A(pi(6))Q1(pi(6))
+A1A2A(pi(6))w1(pi(5)) = 0. (5.10)
Similarly, we also get 2n linear equations satisfied by Lo ; and Lo, i = 1,2,--- , 2n,
—AL(pi(8)) A(pi(8))Q2(pi(6)) = M2 A(pi(8))Q2(pi(8)) + A3 A(pi(8) )2 (ps(8)) = 0. (5.11)

After solving linear equations (5.10) and (5.11), Li,; and Ly, k = 1,2,i = 1,2,--- ,n
can be determined. Then, we can derive the Laplace transforms (5.8) and (5.9).

6. Numerical examples

In this section, we give two numerical examples to show how to find the ruin proba-
bilities ¢1(u), ¢2(u) and ¢(u) and illustrate the behavior of these ruin probabilities.
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Figure 1. (a)Ruin probabilities in Example 1.  (b)Ruin probabilities
in Example 2.

6.1. Example 1. We illustrate the ruin probabilities when the claim sizes and the
premium sizes are exponentially distributed. For illustration purpose, we set ug = 1.8,
wr = 1.5, up, =1, A = 2.5, A1 = 1 and A2 = 3. The net profit condition is obviously
fulfilled. Let § = 0, w;(z1,22) = 1(¢ = 1, 2), then the expected penalty function ®;(u)(i =
1,2) simplifies to the ruin probability ¢;(u)(i = 1,2).

Eq. (3.14) can be simplified as

5 1 : 3\* 1
1 — i = —_— .
13(1—1.8s) 6.5(1+ 1.5s) 65) (1+s)
After solving the equation above, we obtain five roots, 0, 0.390477, -0.879945, -0.600289, -
0.141669. Then, we derive ®1 (1) = 0.640091, W1 () = 0.559909, $2(;-) = 0.510574,
and ijl(i) = 0.689426. Finally, the inversion of the Laplace transforms in (3.12) and
(3.13) yields

$1(u) = —0.071144e~ 28795 1 ,018003¢ 009289 1 0.469982¢ 0141669

¢2 (U) — 0.0792666—0.8799451/, _ 0.0167496—060028911 + 0-3275896—041416691/,.

Figure 1(a) shows the behavior of ruin probabilities ¢1(u), ¢2(u) and ¢(u) in Example
1, for different values of u € [0, 15].

6.2. Example 2. In this numerical example, we illustrate the ruin probabilities ruin
probabilities when claim sizes from one class are distributed as Erlang(2) and claim
sizes from the other class are distributed as a mixture of two exponentials, i.e., fi(z) =
6.76ze” 2% and fo(x) = 0.15¢™% + 1.5¢2%, for = > 0. For illustration purpose, we also
assume that § = 0, w;(z1,22) = 1( = 1,2) and the premium sizes are exponentially dis-
tributed with ug = 1.8. Let A = 2.5, A1 = 1, A2 = 3. Solving Eq.(3.14) yields eight roots,
0, 0.390985, -1.194764, -0.489621, -3.578668-0.2347141, -3.578668+0.2347141i, -1.946361-
0.1240087i, -1.946361+0.1240087i. Then, we derive ®1(;) = 0.307941, ¥, (;L) =

0.307444, éz(i) = 0.453832, and \ifl(i) = 0.296168. Furthermore, the inversion of
the Laplace transforms in (3.12) and (3.13) gives

é1(u) = 0.081003¢ 24361 ¢05(0.124009u) + 0.088605¢ 1246361 5in(0.124009u)
—0.125463¢ %5708 ¢05(0.234714u) + 0.117397e 278905 5in(0.234714w)
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+0.093966¢ 11947644 | 97350 0-489621u

p2(u) = —0.072828e 12491 ¢05(0.124009u) — 0.084349¢ 94931 5in(0.124009u)
40.084415¢ 5730984 ¢65(0.234714u) — 0.108023¢ 770 5in(0.234714w)
—0.046824¢ 119470 1 (.348229¢ 0489021

Figure 1(b) shows the behavior of the ruin probabilities ¢1(u), ¢2(u) and ¢(u) in Example
2, for different values of u € [0, 5].

7. Concluding remarks

In this paper, we analyze the ruin problems in a risk model with two independent
classes of insurance risks and random incomes, one is from the classical risk process, the
other is from a Erlang(2) risk process. The expected discounted penalty functions are
studied through some analytic methods. Assuming that the premium sizes are exponen-
tially distributed, we show the defective renewal equations for the expected discounted
penalty functions can be derived. While for the distributions of premium sizes have ra-
tional Laplace transforms, the Laplace transforms for the discounted penalty functions
are also be derived.

The model considered in this paper can be extended in the more general framework.
For example, the model can be a risk process with two independent classes, one being
compound Poisson, the other being generalized Erlang(2), and such extension will only
lead to a little computation involvement.
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Multi-sample test based on bootstrap methods for
second order stochastic dominance
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Abstract

Statistical inferences under second order stochastic dominance for two
sample case has a long and rich history. But the k(> 2) sample case has
not been well studied. In this article we consider k(> 2) sample test for
the equality of distribution functions against second order stochastic
dominance alternative. A test statistic is constructed with isotonic re-
gression estimates of stop-loss transform functions, and the asymptotic
distribution of the proposed test is given. A bootstrap procedure is
employed to obtain the p-value of the test, and some simulation results
are presented to illustrate the proposed test method.
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1. Introduction

Ordering of distribution functions play an important role in many scientific areas
including lifetime testing, reliability and economics, (see, for example, Alzaid et al. [1],
Boland and Samaniego [6], Li and Lu [14], Shaked and Shanthikumar [18]). Many types
of orderings of varying degrees of strength for comparing univariate distributions are
discussed in the literature, including likelihood ratio ordering (Dykstra et al. [8]), uniform
stochastic ordering or hazard rate ordering (Dykstra et al. [7]), and first- and second-
order stochastic ordering (Feng and Wang [11], Klonner [13], Schnid and Trede [17]).
Among them, first- and second-order stochastic ordering are the weakest, and used widely
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in practice (see, for example, Fong et al. [12], Klonner [13], Sriboonchita et al. [20], Wong
[23)).

Second-order stochastic ordering is often called as second-order stochastic dominance
or concave stochastic order, especially in economics. Since the beginning of the 1970’s,
stochastic dominance rules have been an essential tool in the comparison and analysis of
poverty and income inequality. More recently, stochastic dominance has also been em-
ployed in the development of the theory of decision under risk and in actuarial sciences.
The influential articles by Atkinson [2] and Shorrocks [19] are examples of theoretical
works that provided a far-reaching insight into the importance of the stochastic domi-
nance rules. And in economics and finance, second order stochastic dominance plays a
major role in developing a general framework to establish a criterion for selecting one
option over another. Therefore, it is of major interest to acquire a deep understanding
of the meaning and implications of the second order stochastic dominance assumptions.
This is why we focus on the statistical test of second order stochastic dominance in this
article.

Testing against second order stochastic dominance of two distributions has a rich
history and has been studied by many authors, for example, Liu and Wang [15]|, Bai
et al.[3] and Berrendero and Carcamo [5], among others. In practice, we may be faced
to compare multiple distributions in the mean of second order stochastic dominance.
However, as far as we know, the multi-sample comparisons have not been well studied.
In this article, we consider the test of stochastic equality of multiple distributions against
the stochastic monotonicity under second order stochastic dominance.

The rest of the article is organized as follows. In section 2, as preparation we define
some estimators for the unknown functionals of distribution functions, and discuss their
consistency. In section 3 we provide test for the stochastic equality against second order
stochastic dominance of k distributions and give the asymptotic distribution of the test
statistic. In section 4 we establish a bootstrap procedure to implement the proposed test.
In section 5 we present simulation to illustrate the performance of the proposed method.
Some conclusion remarks are given in section 6.

2. Preliminaries

In this section, we first recall the definition of second order stochastic dominance for
the convenience of statement, and then present estimators of the integrated distribution
functions which satisfy the ordering restrictions.

2.1. Second order stochastic dominance.

2.1. Definition. Let X and Y be independent random variables with corresponding
cumulative distribution functions F' and G respectively. We say that Y dominates X in
the sense of second order stochastic dominance, and denote by X <gsp Y or F <ssp G,
if for every nondecreasing and concave function u(-), we have

(21) E(u(X)) < E(u(Y))
or if
(22) E(X-t)-<E(Y —t)—, VteR.

The equivalence of (2.1) and (2.2) refers to Stoyan [21]. In addition, a straightforward
application of Fubini’s theorem leads to yet another equivalent expression. In fact, define
the transform W associated with a distribution function F' by

(2.3) Wr(t)=['_F(y)dy, Vt€ER,
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then (2.1) is equivalent to
(2.4) Wr(t) > We(t), VteR.

see Theorem 4.A.2 in Shaked and Shanthikumar [18].

2.2. Isotonic regression estimators of the integrated distribution functions.
Assume that there are k independent samples X1, Xs2, -+ , Xin,, where X;;5,j = 1,--- ,n;
have common distribution function F;,i = 1,2,--- k. We are interested in how to test
with the samples that

(2.5) F1 >ssp F2 255D -+ >ssp Fy
or, equivalently
(2.6) Wr (t) < Wg(t) <--- <Wpg,(t), VteR.

For this purpose, we first estimate the integrated distribution functions Wg, (¢).
As is well known, a suitable estimator of F; is the empirical distribution function

ng

- 1
Fi(z) = e ZI[XiijO)(I)
J

—y

where I4(-) denotes the indicator function associated with the set A. An immediate
estimator of Wr,, denoted by W, , can be obtained by substituting Fi(z) with Fi(z),

Wg (1) = [ Fi(y)dy, VteR. Let
Wia(t) = (Wg, (1), Wg, (), , W, (1)), tER.

It is obvious that the vector W (t) need not satisfy inequality (2.6), even if the inequality

holds. To get such estimators, we employ isotonic regression. Let N,, = > nj, and
Jj=r

Avp [We(t),r,s] = > nj W, (t)/Nys for r < s. Define the estimator of Wg, (t) by
j=r

(2.7) W; (t) = maxmin Av, [Wi(t),r,s], i=1,--- k.

r<i s>i

Avy [Wi(t),r, s] is the weighted average of Wy, (1),--- , Wy _(t), and for each ¢, W (t) is

the isotonic regression estimator of Wy, (¢) with weights {ﬁl, .-+ ,ni} (see Robertson et
al.[16]).
Let || - || denote the sup norm. The following lemma gives the consistency of the

estimators, and thus the reasonability to construct a test statistic with them.

2.2. Lemma. P[| W; —Wg, [0, n; —o0, i=1,--- k] =1
Furthermore, if inequality (2.6) holds, then

Pl[|Wg = Wr|[ =0, ni—o0, i=12,- k=1

The first conclusion of Lemma 2.2 is a straightforward consequence of Glivenko-
Cantelli Theorem in van der Vaart and Wellner [22], and the second one can be proved
easily by combining the first one and the properties of isotonic regression ( Robertson et
al. [16]). We omit the proof (see also, for example, El Barmi and Marchev [9]).



506

3. Hypothesis Tests

In this section, we discuss the tests of hypotheses under second order stochastic dom-
inance. The hypotheses are defined as

Ho: Fy =F,=..-=Fy,

and
H,: F\ >ssp F2 >ssp -+ >ssp Fk,

We first set the notation in Subsection 3.1, then study the tests of Hy versus H; — Hyp in
Subsection 3.2.

3.1. Notation and lemmas. Let n = Zle N,

n;
Qin = —
n
Zin;(t) = Vni[Wg () = Wr,(1)],
Zz*nl (t) - \/TTZ[W;% (t) - WF1 (t)]v 1= 17 27 ) k:
and
Arsn = Y ajm, 1<r<s<k

When limits

(3.1) lim ain=a; >0, i=1,2,---,k

n—oo
exist, denote
S
Ars = lim Apsn = E aj.

n— 00 .
J=r

For standard Brownian bridge B = (B(¢))o<t<1 and distribution function H on R,
denote By (z) = [ B(H(s))ds, z € R. If [2*H(dx) < oo, then By = (Bu(¥))zcr is a

centered Gaussian process with covariance function

pu(z,y) = / /(H(u/\v) — H(u)H (v))dudv, z,y € R.

—00 —00

See Berrendero and Carcamo [5].
. w . . . .
In this paper, we use ” — ” to denote weak convergence (or convergence in distribution

The following result is helpful to derive the asymptotic distributions of test statistics.
Its proof is similar to that of Lemma 1 in Baringhaus and Griibel [4].

3.1. Lemma. Let fn,gn(n € N),g,h be continuous real functions on K = [—o0, 0]
such that fn = gn + cnh, where (cn)nen s a sequence of non-negative real numbers with
lim ¢, = co. Assume further that h <0, A= {h =0} # 0, and gn converges uniformly

n—roo

to g. Then

lim sup fn(t) = sup g(¢).
nToOteK teA
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3.2. Test of Hy versus Hi — Hp. In this subsection, we consider the problem of testing
Hy versus Hi; — Hy. To this end, define test statistic T}, by

T = Vasup (W, (1) = Wi, (1)

It is easy to see from Lemma 2.2 that when the alternative hypotheses holds, W* . and
W* would have different limits, thus 7;, would take large values with large probablhty
To obtaln the properties of T;, more explicitly, we next study its asymptotic distribution.

3.2. Theorem. If for all F;s have finite second moments, then
(Zlnl (t)v Zan, (t), ] Zk"k (t))/ = (BFl (t)v Br, (t)7 -+, Br, (t))/v vt € R,
as minn; — co.

The theorem is an easy result of empirical process theory (van der Vaart and Wellner
[22], see also Theorem 1 in Baringhaus and Griibel [4]). From Theorem 3.2, it may be
shown the following theorem.

Let S; = {j : Wr,;(t) = WE,(t),Vt € R,j = 1,--- ,k}, c¢; and d; be the left and right
endpoints of the support of F;,i =1,2,--- k. The following condition will be employed
to give the asymptotic distribution of Zj,, s.

(32) | inf diin[ij (t) — W, ()] > 0,
for some > 0 and all j > S;, i = 1,2,--- ,k, where infy(.) = oo, and j > S; means

j>lforallles,;.

3.3. Theorem. Suppose all the k distributions have finite second moments, and (3.1)
and (8.2) hold. Then under Hy it holds that

(Ziny (), Zany (), 5 Ziin, (1) = (Z1(1), Z5 (1), -+, Zi(1))', tER

as n — oo, where

r<i<s a-BF,.t
Z:(t) = Va; max  min 2iryen VBB (1)

r<i,reS; i<s,s€S; ATS

We omit its proof, which is similar to that of Theorem 4 in El Barmi and Mukerjee
[10]. Based on the conclusion, we may obtain the asymptotic distribution of the test
statistic.

3.4. Theorem. Suppose the conditions of Theorem 3.3 are satisfied. Then under Hy it
holds that

S VB ) 3 JaB )

“ - = m=
B A S e
Proof. Define stochastic processes Vi, (t) = \/ﬁ(W;k () — W;;il (t)), then
Va(t) = nWg (t) = We (1) — V(Wi (£) = Wk, (1))

V(W (1) = Wry (1))
(3.3) = S VW (0) = Wi (0) = [ v (W, (1) = Wi (1)
+v/1n( WFk( ) Wr (1))
Vi Zin (0 =\ i () + VAW (8) = W (1)):
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Under Hy, the third term on the right-hand side is just zero. By Theorem 3.3 and Slutsky
theorem, we obtain

vﬁggzgnka)gf B ZEn () S T anZi(t) — \/T]a1 Z5 (t)

k s
X Va;Br;(t) _El V@i Br; (t)
J=r . 4=
= max ———— — min .
r<k Ark s>1 Ais
By Lemma 3.1 and continuous mapping theorem, we have
k s
> Va@;Br,(t) > Va;jBp,(t)
w j=r J . =1 J
T, =T = sup{max = — min = d
ter T<k rk s>1 s

3.5. Theorem. Suppose that Hy — Ho does hold. Then P(T,, — co) = 1.

Proof. The first two terms on the right-hand side of (3.3) are stochastically bounded.
If Hy — Ho does hold, then there is at least one 7 which satisfies Wg, (t) < Wr,,, (t) for
all ¢ in some non-empty interval (a,b) C R. As y/n — 0o, we obtain

sup Vi, (t) — oo
teR

with probability one. [

Theorem 3.4 gives the null asymptotic distribution of T,,, thus the feasibility of the
test theoretically. Theorem 3.5 reveals that the proposed test is consistent.

4. Bootstrap Procedure

To use the statistic T3, to make a decision in practice, we require the p-value of the test
statistic. Although the asymptotic distribution of 7}, under the null hypothesis is given,
however, it is very complicated, and depends on the underlying unknown distributions
F;, thus is difficult to be used directly to compute the critical value. In this section, we
give a bootstrap method to compute an approximated p-value for T5,.

4.1. Asymptotic behavior of Bootstrap statistic. Recall that F; are the empirical
distribution functions associated with the samples X1, -, Xin, from F;, i = 1,--- k.
These random variables are the initial segments of k infinite sequences (Xj;)jen of ran-
dom variables defined on some background probability space (£2,.A, P); the almost sure
statements below refer to P. Given the initial segments, let fn,l e @mn be a sample of
size n from the (random) distribution function
(41) Hyp="0F + 2[5 4. + "5 [y,
Let

R 1 ny+--Ang

Fon(z) = — > Iig, 100 (@),

n; .
j=ni+-+n;_1+1

Wi (@) = maxminAv Wy | (z)ns),
"y r<i s>t g
Inni = W, —Wm,),
Z:L,”’Li = an(W; n _WHn)7 1_17 7k7

and define the bootstrap version of T,, by
(42) T =sup\/n(W; () =Wg (1)
teR "k

Fn,nl
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The following theorem shows that, with probability 1, the limit distribution of T, is
the same as that of T5,.

4.1. Theorem. Suppose that the conditions of Theorem 3.4 hold, then with probability
one,

Z V@iBr; (t) Z V@iBr; (t)
(4.3) T, =% fu}};{rﬁlg}z{ S rsn>11{1 A
where a;, Ark, A1s,i,7,8 = 1,--+ , k are the same as in Theorem 3.4.

Proof. Let F = {¢¢(z) = (x —t)_ : t € R}, and UL, = (UF1(¢))ges,
051 (0) i= Vi [ 64y, ~ [ 6at)

be the empirical processes associated with the k parts of the resamples. See van der
Vaart and Wellner [22], with probability one, we have

(4.4) UL, % Bp, i=1---,k.
In analogy to (3.2), we now define the stochastic processes Vi, (t) by
Va(t) = V(Wi (6= Wg (1)

val(Wg, /¢th /qﬁth

\/nikmw;n,n =W s \f Yt O e )
\/%Z;nk () — \/nzlzm (t)

Note that Z; ., (t) may be obtained from the isotonic regression of Uflm (¢¢),i=1,--- k.
By continuous mapping theorem, the conditional independence of the subsamples and
(4.4), we obtain

z VEBe (1) X B ()

S S e

with probability one. This leads to that

pONCERICIE L0

Tn:su Vn X su maxi—mmi
teg ( ) teg{ r<k Ark s>1 A1S }

with probability one, by continuous mapping theorem and Lemma 3.1. [J

4.2. Determination of the p-value. To apply the test in practice, we propose a
bootstrap approximation to the p-value of the test as follows.

Step 1. Compute test statistic T3, from the original samples X1, -, Xin,, i =1, , k;

Step 2. Let CAn,l e ,fn,n be a bootstrap sample of size n from the pooled empiri-
cal distribution function H, = =t o+ 2 Byt 2k Fk, where F} is the empirical
distribution function associated w1th the sample X117 -+, Xin;,% =1,---, k. Divide this
bootstrap sample into k parts Cn N4t 141, ,{n,n1+...+ni7i =1,---,k. Use these
k parts to compute a bootstrap version of the test statistic T, by (4.2);

<b>Step 3. Repeat step 2 a large number B of times, yielding B bootstrap test statistics

T.",b=1,--- | B;
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Card{bT()>Tn,b LB}

Step 4. The p-value of the proposed test is given by p =

We reject Hy at a given level @ when p < a. Theorem 4.1, Theorem 3 4 and Theorem
3.5 ensure that the true level of the proposed test would be closed to the nominal sig-
nificant level under Hop, and the power (the rejection probability) should be high under
Hi — Ho when the sample sizes are enough large. The simulation in next section will
confirm the intuition statements.

5. Simulation Study

To investigate the properties of the tests, we carried out a simulation study for k = 3.
The empirical rejection rates of T3, in 1000 replications are recorded for various scenarios.
For each of the scenarios, the number of resampling is taken as 1000; the sample sizes of
the three distributions are taken as the same, and they are set at 100, 200 in different
simulations for evaluating the effect of sample size.

Table 1 reports the simulation results for scenarios for which Hy is true. Two different
significance levels are considered. In Table 2, the empirical rejection rates of the test
are given for the scenarios for which Hy — Hp is true. The significance level is taken as
a = 0.05.

TABLE 1: Empirical rejection rates of the test under Hy

Distributions n1 =n2 =n3 =100 ni; = ns = n3 = 200
Fir=F=F; aa=001 a=005 «o=0.01 «=0.05

U(0,1) 0.012 0.060 0.015 0.051
Exp(1) 0.013 0.057 0.010 0.056
N(0,1) 0.012 0.062 0.010 0.048
*(2) 0.016 0.037 0.012 0.047
Beta(2,2) 0.007 0.055 0.009 0.052

TABLE 2: Empirical rejection rates of the test under H; — Hp

Distributions ny =ns =n3 =100 ni1 =ns = n3 = 200

F F, Fs3 D p
Uni(0,1.1)  Uni(0,1) _ Uni(0,1) 0.732 0.946
Uni(0,1.1) Uni(0,1.1)  Uni(0,1) 0.721 0.985
Exp(1) Exp(1) Exp(1.1) 0.213 0.236
Exp(1) Exp(1.1) Exp(1.1) 0.134 0.291
Exp(1) Exp(1.1) Exp(1.2) 0.324 0.569
N(0.1,1)  N(0,1) N(0,1) 0.191 0.275
(0.1,1)  N(0.1,1)  N(0,1) 0.174 0.253
N(0.5,1)  N(0.25,1) N(0,1) 0.976 1.000
Uni(0,1) Uni(0,1)  Beta(2,2) 0.478 0.853
Uni(0,1)  Beta(2,2) Beta(2,2) 0.629 0.860

From Table 1, we see that the simulated size of the proposed test is reasonable and
gets closer to a with the sample size n increasing. For fixed sample sizes, the performance
of the test vary slightly with the population distributions.

Furthermore, from Table 2, we could have the following observations.

(1) With the increasing of sample sizes, the power (empirical rejection rate) of the
proposed test increases fast.

(2) The power is related to how the probability distributions going against the null
hypothesis. It is lower when the differences of the population distributions are slight,
and goes higher when the differences become significant. In addition, the test looks more
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sensitive to the differences of the distributions with bounded supports than that with
unbounded supports.

6. Concluding Remarks

In this article, we present an extension of Baringhaus and Griibel [4] through isotonic
regression, and give a test for the homogeneity of multiple populations against the second
stochastic dominance ordering. The method can be used also to test the null hypothesis
of second stochastic dominance ordering, even umbrella ordering in the sense of second
stochastic dominance ordering, with an appropriate estimators of the distributions under
umbrella ordering restriction.

Bootstrap method is employed to give the p-value of the proposed test. Generally,
the approximated p-value is good for limited sample sizes. However, when the null
hypothesis is not the homogeneity of the distributions, based on our simulations those
are not presented here, the obtained p-value may not enough accurate (conservative in
general), and how to improve the approximation should be studied further.
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