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Analysis of Inverse Euler-Bernoulli Equation with periodic boundary
conditions

Irem Baglan?, Timur Canel®

*Department of Mathematics, Kocaeli University, 41380, Kocaeli, Turkey
bDepartment of Physics, Kocaeli University, 41380, Kocaeli, Turkey

Abstract. In this study, which aims to solve the inverse problem of a linear Euler-Bernoulli equation,
the boundary condition has been periodically defined and integral overdetermination conditions. The
conditions of the data used in the generalized Fourier method used to solve the problem have regularity
and consistency.

1. Introduction

T(t, x) is the displacement at time t and at position x , o(x) is the bending stiffness, and k(x) > 0 is the
linear mass on the Euler-Bernoulli problem . The behavior of an unloaded thin beam moving transversely
can be described using the fourth-order partial differential equation:

k(x)(*T)/(9t?) + 0(x)(d*T)/(dx*) = 0,t > 0,0 < x < L. (1)

[1] studied isospectral properties and inhomogeneous variants of this equation. [2] used the Lie sym-
metry approach. [3] tried to solve it with Cartan’s equivalence method. [4] obtained exact equivalence
transformations by dealing with this problem initially [3] with some ambiguous functions. [5] investi-
gated the transverse vibrations of a beam moving with time using the symmetry method and obtained
approximate solutions for the problem.

If elastic modulus, area of inertia, mass per unit length, transverse displacement position x at time ¢ and
applied load are described as E, I, o, T(x, t) and f respectively, the PDE which is fourth-order can be given
as below [6];

(ElTy)g +aTy = f(x,1),t > 0,0 <x < L. (2)

Toxex + Ty = f(x/ t),t >0,0<x<L. (3)

where E, I, a as constants [7].
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Vibration, buckling and dynamic behavior, which are frequently encountered in many fields from
engineering to medicine, can be defined in a much broader way with the Euler-Bernoulli equations [8-16].
Many studies have been conducted on linear and quasi-linear equations and their applications in different
fields [8-13].

Since periodic boundary conditions are encountered in many events, especially heat transfer, it has
many application areas [14-16]. The existence and uniqueness of the solution of the problem are proved in
section 2 using the Fourier and iteration methods. The stability of the method used to solve the problem is
shown in section 3. Finally, a numerical procedure for solving the problem is presented in section 4.

Let T > 0 be fixed number and denote by Q:= {0 <x < m,0 <t < T}.

In case it is desired to obtain the function pairs {q(t), T(x,t)} that will provide the equation given by
Equation 4:

PT  I*T

ﬁ + &_x4 = q(t)f(xr t)r (x/ t) €Q (4)
TO,t) = T(m,1t)
T:0,t) = Tu(m,t)

Tw(0,t) = Twu(m,t) 5)

Txxx(()/ t) = Txxx(n/ t)/ te [O/ T]

T(X, 0) = (P(x)r Tt(xr O) = ll)(X), x € [O/ T(] (6)

H(t) = f xT(x,H)dx, t € [0, T] (7)

0

The known functions f(x, t),@(x), Y(x) and H(t) expressed in equations (4)-/7) are known functions and
are always continuous and have positive values. gets. The functions u(x, t) and r(t) are unknown. In the
heat dissipation in a thin rod, studies have been made to obtain the total amount of heat dissipated [? ].

Definition 1.1. {g(t), T(x, t)} is called the inverse problem .
Definition 1.2. v(x,t) € C(Q) is a test function and satisfies these conditions;
o(x, T) = v(x, T) = 0,0(0,t) = v(m, t), 0x(0, t) = Vx(7T, 1), Vxx(0, 1) = Ve (71, £), V2xx(0, , ) = Vxax (70, 1), € [0, T

Definition 1.3. u(x,t) € C(Q) can be called as generalized equation. Following equation can be obtained with the
generalized equation.:

Tt us

T n
ff({% + %} u— r(t)fv) dxdt — fv(x, 0)y(x)dx + fvt(x, 0)p(x)dx = 0.
0 0 0

0
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Nomenclature

@(x), P(x) Initial condition

gq(t) Unknown coefficient

H(t) Energy

T(x,t) Temperature distribution
f(x,t) Source function

To(t), Tek(t), Tsi(t) Fourier coefficients
M, M, M3 constants

F(t) Continous function

K(t, 7) Kernel function
Q:={0<x<m, 0<t<T}Domain of x,

2. Solution of this problem

Let us look for solution of (1)-(4) in the form:
t (o]

T(x,t) = uOT() + Z (T (f) cos 2kx + Ty () sin 2kx)
k=1

The Fourier coefficients in Equation 8 can be obtained by applying the standard procedure of the Fourier
method:

t n
1 2
T(x,t) = @o + Pot + — (t-1)q(0)f(E, T)dédT}
]

2
+i —<p k cos(2k)t + Yo sin(2k)?t | cos 2kx
el bl (2K
o [ t m
+Z —n(zzk)zfff(é,T,T)q(T)Sin(Zk)z(t—T)COSZkEdEd’L]Coszkx 8)
=] 0 0
+ ; »@sk COS(Zk)Zt + % sin(2k)2t] sin 2kx
o | t m
+) % f f £(&,7, T)q(7) sin(2k)*(t — 1) sin 2kEdEd | sin 2kx
p=) _n(Z) Sy

Definition 2.1. The pair {q(t), T(x,t)} € C (5) is called the classical solution of the problems (1)-(4) .

Theorem 2.2. Suppose that the following conditions hold:

(A1) H(t) € C2[0,T],
(A2) p(x)eC? [0, 7], Y(x)eCt [0, ],
P(0) = p(1), ¢'(0) = ¢'(m), @ (0) = ¢" (1), (0) = (), ¥ (0) = ¢’ (m),
(A3) f (x,)€C(Q), £(0,1) = f(r, 1), f(0,1) = fulr, 1),
(A4) [xf(x,tydx # 0, ¥xe [0, 7]
0

then the solution of system (1)-(4) has unique solutions.
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Proof. The assumptions ¢(0) = ¢(n), ¢ (0) = ¢ (), ¥(0) = ¢(n), f0,t) = f(m, 1), are verify for the repre-
sentation (7) of the solution T(x, ). Further, under p(x)eC? [0, 7], ¢(x)eC [0, 7], f (x,1) eC( ) the series (7)
converge uniformly in Q since their majorizing sums are absolutely convergent. Under the conditions,
since the majorizing sum of the t-partial derivative series are convergent, Ti(x,t), T(x,t) i is continuous
in Q. because the ma]orlzlng sum of t—partlal derivative series is absolutely convergent under the conditions

P(0) = p(10), '(0) = ¢ (n), @ (0) = ¢ (1), P(0) = Y(r), ¥’ (0) = ¢¥'(m), £(0,8) = f(m, 1), £(0,1) = fu(rm, 1) in Q.
From the (5) and under the condltlon (A1) to obtain:

s

H ()= f xTy(x, t)dx )
0
The formulas (5)-(6) yield the following equation:

H(t)-n Z (k) {(psk cos(2k)*t + G U gin(2k)2t + —L; (2k) ffsk(’c)q(’c) sin(2k)%(t — 1)d }

k=1
q(t) =
f Xf(x, tydx
0
From The second kind Volterra integral equation:
t
q(t) = E(t) + fK(t, 1)q(7)dr, te [0, T] (10)
0
H' (5= 7 Y. (2K gy cos(@hPt — 7 X, (2K) ee sin(2K)2t
F() = = - = : ()
[ xf(x, tydx
0

-7 2 (2k) ffsk(’c (1) sin(2k)*(t — T)dT
Kt 7) = ——"

(12)

e

f xf(x, t)dx

0
Let F(t) and the kernel K(¢, T) are continuous functions:

H () -n Z (2k) [f @(&) sin 2k£d£) cos(2k)’t — 7 ): (2k) (f Y(&) sin ZkEdé] sin(2k)?t
k=1

F(t) =

4

f xf(x, t)dx
0
we applymg partial integration method for convergence
Psk = 3 f (p(é) sin 2kédé = Zk(Pck (Zk)z qosk (2k)3 gock
0
Yo = 2 [P(&) sin2kEdE = — %y,
0

H' () +7 Y (K gk, cos(@b?t + 7 z (2K) Ly, sin(2)2t
F(h = = :

fnx f(x, t)dx
0
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H' (5 +7 Y, ¢, cos(KkPt+m Y. 4/, sin(2k)2t
k=1 k=1
Ft) = — ,
[ xf(x, tydx
0

H"(t)|+n§| W|+n§ ’
| P (pck P |¢ck|
T

f xf(x, t)dx

0
2| 0]+ £ fou ]+ 7 i
( O+ 7 L oo + 7 L |vd
M2

[F(t)] <

[F(H)] <

Taking maximum both of sides

2|1 @+ £ o+ £ il
M2

IE@)I <

¥ @0 [ o) sin(RR( - D)t
k=1 0

K(t, 7) =

TU

fxf(x, Hdx

0

foe = 2 [ (& 1)sin2kEdE = =% (fr),
0

0 t e
—n Y, (2k) [ 2 [ f(& 1)q(7) sin(2k)?( — 1) sin 2k& dEdT
k=1 0 0

K(t, 1) = -
fxf(x, Hdx
0
nff@(f) in(K2(t - 1)d
= @k \Jck XSIn( ) ( T) T
K(t,7) = SR
fxf(x, H)dx
0
o t
ny ()| | [ sin@k)2(t — T)d7
K, ) < —— ’

e

[ xf(x, tydx

0

Taking maximum both of sides

2% [l

K(t < =

IK(t, DI < e

Under the assumption (A1)-(A2) and according to Weierstrass M test the function F(t) and the kernel

K(t, t) are continuous functions The unique solution of the inverse problem (1)-(4) according to Volterra
Theorem. O
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3. Stability of Problem

The result in the theorem given below is valid for solving problems from equality (1) to (4).

Proof. Suppose that there exist positive constants M;, i =1,2,3 .

151

{o, ¢, H, f}satisfy the assumptions (A1)-(A4) of theorem 1 then the solution (u, r) of the problem
(1)-(4) depends continuously upon the data f, @, {, H.

Let us denote [|®|| = (||[H||c1o,r) + “(p”C1 01] + ”4}”6[0,71] + “f”c@). Let (u,7) and (i, 7) be solutions of inverse

problems (1)-(4) corresponding to the data ® = {¢, ¥, H, f} and @ = :@, Y, H,E, ?} respectively.

H@-H ¢ +n f (qo;k - (p_ck) cos(2k)*t + f (l])ck - llz_ck) sin(2k)%t
k=1 k=1

F(t) ~F(f) = -
[ xf(x, tydx

0

Equation (13) can be obtained with the maximum of both sides of this equation:

l)bck - l)l}ck

Pk =P + ‘

P~ Fl < {||H'<t> -H)|+ ni‘
k=1

}_

oo

Y [ (fu), sink)?(t — 1)dt
k=1¢

T

fxf(x, t)dx
0

K(t, 1) =

o oo t
Y [ (fa),sin@k2(t - vdr Y [ (fu), sin@k)(t - t)dt
k=19 k=19

K_K: e - ke
f xf(x, t)dx f xf(x, t)dx
0 0

k=

—

0

n oi ft(fck) sin(2k)?(t — ’C)dT] (fn xf(x, t)dx) - (n )oi ft(fck) sin(2k)?(t — ’C)dTJ (fn xf(x, t)dx]
0 0 0

[fn xf(x, t)dx] [fn xj%dx]

0 0

(13)
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(n f ft(fck) sin(2k)%(t — © d’[) (fxf(x t)dx]
K-K = ~ Lo 0

(fn xf(x, t)dx] [fx mdx]

(7‘( Y, f (fur),, sin(2k)2(t — T)d’[) [fxf(x, t)dx]

k=1¢ 0

[f xf(x, t)dx] [fn xf(T,t)dx)

0 0

[” ¥ ft (fer), sin(2k)*(t — T)dr] [f xf(x, t)dx]
k=19

=1 0

[fn xf(x, t)dx] [fn xmdx]

(7‘5 io: ft(fck) sin(2k)?(t — T)dT] [fxfﬁdx]
k=19

0

[fn xf(x, t)dx] {fn xmdx]
0

0

+

[n f f((fck)x - M) sin(2k)?(t — T)dT] (fn xmdx)
- 0 0

K-K = = T b4
[fxf(x, t)dx] (fxf(x, t)dx]
0

0

—

[fx (fCet) - fx, 1) dx] (n y [ (fa), sin(k)2(t - T)df]
0

k=10

(fn xf(x, t)dx) [fn xmdx]

0

FM Y |, - e o mlf -7

= M2 + M2
2 2

[K-K] <

Equation (14) can be obtained with the maximum of both sides of this equation:

k-] < = m| - f||+—||T||Z (ft)y —

Using same estimations, we obtain

la =l <} = B[+ ik [ = 7]+ [l [|< = <.

From (10)-(11) we also obtain that

152

(14)



I Baglan, T. Canel /TJOS 7 (3), 146-156 153

|

libck - libck

+

Pk = Pk

b=l = e (o -0l

2l g A5 -G
M(1 — |T||K]) nM(1 — |T|K]) L ck)x ck)x

We obtain the difference u and u from (5):

t
T - 3 ((PO—%H(%—%)Hf(t—ﬂq(r)(fo—%)dr‘
0
S P (v~ ¥at)
+ I;‘ (Pek — Per) Cos(Zk)zt + o2 sm(2k)2t cos 2kx
* for = fux) g(7) sin(2k)?(t — T)d | cos 2kx (15)
L [ (07 ‘
+ IZZ‘ _(%k - ¥sk) cos(2k)*t + % Sin(Zk)zt] sin 2kx
) [ 1 t o
+ ) = | (foe = fax) 9(7) sin(2k)*(t — 7)d | sin 2kx
;}Zk)zof( ¢~ fu) ‘

Taking maximum both of sides

Ir-71 < Slwo -l + 5 millgo - Tl + 5 m|lfo - 7]

+ Y (e = el + lpse - 7t

k=1

00

+ Y = (e~ Tl + e~ 9l

i (2k)?

+ Y AT fok = Fee lall + 1T e = Foe
k=1 k=1

+ YT Feel llg =3l + Y im [ Fee] g - 3l
k=1 k=1

Applying Holder inequality,
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1 1 — 1 _
=il < 5l =oll + 51710~ ol + 5 171 [ fo - 7

+ Y (e = @] + lps - el
k=1
N3

1f[y 1 o _ EAY:
3| Lw [kZ[Ilwck—ebckn+||wsk—¢sk||r]
=1

23

(v 1)) ¢ )
Xz | X (m -7 lal)
k=1 k=1
S NI o 3
Xz | X (mlfe -7 lal)
k=1 k=1
S NG o 1
Uzl | X (m 7]l -l)
k=1 k=1
S NI o 1
o ;ﬁ ;(m 7| la -l

Ir-7 < 3 lloo-aell+ 5 millvo - Foll + 5 17170 - 7

(s8]

* Y. o=l + o~ 731)
Z_;iﬂ%k V]| + ([ = |
la]

Jal

o T fo = T

g 2T fo = Foe
22 1T

TC |—|
22 3 IT1|[fo

lg -]

7 -4l

IT=7T|| < Mi || — ]| + Ma || - 9| + M3 ||f - 7” + My ||H - IT”
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where

) me
My = 2V 6= ITTIKD

2 |T| 7
M, =
2 4w—mm&

{31
{ 3 =
M - ET il o] }

2’ "6(1 - ITIIK])" 6(1 - |TIIK])

|T| }
6(1 — [T |K])
we also obtain that

7= <

where
Ms = max {My, My, M3, My} .

For® —» ®thenu — . [

4. Numerical Method

We use finite-difference approximation for discretizing problem (1)-(3):

% (7] —2r] + T/7") + = (T{+2 — 4T, + 6T/ 4T, +T. ) =q/f]
19 = gy = (T - 1) = (16)
T)=T) ., (17)
T, =T}, (18)
T, =T}, (19)
Té - Tj = T;\IX+3 T;\] - (20)

The domain [0, ] X [0, T] is divided into an N, X N; mesh with the spatial step size h = /N, in x direction
and the time step size T = T/N;, respectively.
xi, tj are defined by
=ih;i=0;1;2;..;,Ny;
]—]T,]—012 Nt,

T, - T(xl/t ) f] f(xl/ t]) q] Q(t])
Let us integrate the equation (1) respect to x from 0 to 7, we obtain

H// (t)

q(t) = f”f( (21)
0

The finite difference approximation of (18) is
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((Hi+1 —2HI + Hf—l) /’L’Z)

(" Fax)

where H' = H(t)), ¢/ = q(tj), j = 0,1,..., N;. We mention that the integral is numerically calculated using

q =

Simpson’s rule of integration.The system of equations (13)-(17) is solved and uf ,q

is determined.The condition for stopping the iteration depends on the value difference between the two

iterations. Iteration should be stopped when this difference is equal to the tolerance predicted previously.
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Bi-Periodic Generalized Fibonacci Polynomials

Yasemin Tasyurdu®

?Erzincan Binali Yildirim University, Faculty of Arts and Sciences, Department of Mathematics, Erzincan, Turkey

Abstract. In this paper, we define bi-periodic generalized Fibonacci polynomials, which generalize Fi-
bonacci, Pell, Jacobsthal, Fermat, Chebyshev polynomials and the other well-known polynomials. We
obtain generating functions, Binet formulas and some properties of these polynomials. Also, we prove
some fundamental identities conform to the known results of Fibonacci polynomials.

1. Introduction

Polynomials in many fields of mathematics and science are emerged as the generalizations of numbers.
Fibonacci polynomials, one of the special polynomials in the literature, are a generalization of well-known
Fibonacci numbers defined by the recurrence relation f, = f,—1 + fu—2 for n > 2 with initial terms f, = 0,
f1 = 1[1]. The nth Fibonacci polynomial f,(x), is defined by the recurrence relation

fu(¥) = xfy1(x) + fua(x), n=2

with initial terms fy(x) = 0, fi(x) = 1, and terms of the sequence {O, 1, x,x>+1,x°+2x,x* +3x2 + 1, }
are Fibonacci polynomials. Many polynomials related to numbers defined by the recurrence relations
have been presented in different ways as generalizations of the Fibonacci polynomials called generalized
Fibonacci and generalized Fibonaci type polynomials. One of the ways of generalization is to add integers
or variables to the recurrence relation of the Fibonacci polynomials. For instance, Pell polynomials are
defined by the recurrence relation p,,(x) = 2xp,_1(x) + pp—2(x) with initial terms po(x) =0, p1(x) = 1 forn > 2.
Then Jacobsthal polynomials are defined by the recurrence relation j,(x) = ju-1(x) + 2xj,—2(x) with initial
terms Jo(x) = 0, J1(x) = 1 for n > 2 [2, 3]. For the parameter variables x and y in the recurrence relation,
bivariate Fibonacci polynomials are introduced by the recurrence relation

fooy) =xfur () +yfaa (v y), fi(uy) =0, Alx,y)=1 n=2

where x, y # 0, x> +4y # 0 and generalized identities of these polynomials are obtained [4, 5]. Then, h(x)-
Fibonacci polynomials as another generalization of Fibonacci polynomials are defined by the recurrence
relation

Jun @) =h Q) funa ) + fun2(®),  fin(®) =0, fra()=1, n=2
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where h(x) be a polynomial with real coefficients [6]. Further generalizations of Fibonacci polynomials
have been presented by many authors as Fermat, Chebyshev, Morgan-Voyce, Vieta polynomials. The
generating functions, exponential generating functions, the Binet-like formulas, sums formulas, matrix
representations and periods according to the m modulo of Fibonacci polynomial sequences are presented
[7-10].

Motivated by of the above-cited studies, it is introduced a new generalization of the Fibonacci numbers
and polynomials called generalized Fibonacci polynomials. Forn > 2, the generalized Fibonacci polynomial
sequences, {7, (x)},5 are defined by the recurrence relation

Fn(x) =d (x) Fr1 (x) + g (x) Frz (x) 1)

with initial terms 7 (x) = 0 and %7 (x) = 1 where d (x) and g (x) are fixed nonzero polynomials in Q [x]
[11]. Obviously, for d (x) = x and g(x) = 1 we obtain classical Fibonacci polynomial and ¥, (1) = f, where f,
is the nth classical Fibonacci number. Binet formulas for the generalized Fibonacci polynomial sequences
are given by

" (x) = p" (x)

L

where o(x) and p(x) are the roots of the quadratic equation t* — d (x)t — g (x) = 0 of equation (1). The
readers can find more detailed information about the generalized Fibonacci polynomial in [12, 13].

In other generalizations of Fibonacci numbers and polynomials, nonzero real numbers are taken into
account, bi-periodic Fibonacci number sequences, {g,} are defined by

n>2

| agu-1 +qu—n, ifniseven
In = bgu-1+ qu—p, if nisodd
with initial terms gy = 0, g1 = 1 [14] and bi-periodic Fibonacci polynomial sequences, {7, (x)} are defined

by

gu (x) = { aqn-1(x) + g2 (x), if niseven -

bgn-1 (x) + gu— (x), if nisodd

with initial terms g (x) = 0, g1 (x) = 1 where 4 and b are any two nonzero real numbers. Also, some
identities related to these bi-periodic sequences are given, respectively [15].

The aim of this study is to define new generalizations of the Fibonaci and the Fibonacci type polynomials,
the bi-periodic Fibonacci and the bi-periodic Fibonacci type polynomials, which we shall call bi-periodic
generalized Fibonacci polynomials. It is to present generating functions, general formulas and well-known
identities for these polynomials. It is also to give special cases of the bi-periodic generalized Fibonacci
polynomials and generalize all the results.

2. Bi-Periodic Generalized Fibonacci Polynomials

In this section we define a new kind of generalized Fibonacci polynomials, called bi-periodic generalized
Fibonacci polynomials, which are Fibonacci polynomials, h(x)-Fibonacci polynomials, Fibonacci polynomi-
als with two variables, Pell polynomials, Jacobsthal polynomials, Fermat polynomials, Chebyshev second
kind polynomials, Morgan-Voyce first kind polynomials and Vieta polynomials. Generating functions, Bi-
net formulas, some basic properties as well as the Catalan’s identity, Cassini’s identity, d’Ocagne’s identity
for these polynomials are obtained.
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Definition 2.1. For any two nonzero real numbers a and b, the nth bi-periodic generalized Fibonacci polynomial is
defined by the recurrence relation

_Jad(x)Fyq () + g (0)Fya (x), if nis even
Fu () = { bd()Fos (1) + 900 Foa (), ifnisodd "2 @)

with initial terms Fo(x) = 0, F1(x) = 1 for n > 2, where d (x) and g (x) are fixed nonzero polynomials in Q [x].
The bi-periodic generalized Fibonacci polynomial sequences are denoted by {IF, (x)},en-

The bi-periodic generalized Fibonacci polynomial sequences are as follows

{IF, ()} en = {O, 1,ad (x) , abd® (x) + g(x), a?bd® (x) + 2ad (x) g(x), a?b?d* (x) + 3abd? (x) g(x) + g2 (x),
b d° (x) + 4a*bd® (x) g (x) + 3ad (x) g* (x) ,a°b>d® (x) + 5a*b*d* (x) g (x) + 6abd* (x) g* (x) + ¢° (x), ... }
Note that d (x) = x and g (x) = 1, we get the bi-periodic Fibonacci polynomial [F, (x) = F, (x). Similar

special cases of the bi-periodic generalized Fibonacci polynomials are given in the Table 1

Table 1: Special cases of the polynomials IF, (x)

Bi-Periodic Generalized Fibonacci Polynomials IF, dx) g()
Bi-periodic Fibonacci polynomials F(x) x 1
Bi-periodic h(x)-Fibonacci polynomials Fia(x)  h(x) 1
Bi-periodic Fibonacci polynomials with two variables F, (x,y)  «x y
Bi-periodic Pell polynomials Py(x) 2x 1
Bi-periodic Jacobsthal polynomials T (x) 1 2x
Bi-periodic Fermat polynomials D, (x) 3x -2

Bi-periodic Chebyshev second kind polynomials U, (x) 2x -1
Bi-periodic Morgan-Voyce first kind polynomials Bu(x) x+2 -1
Bi-periodic Vieta polynomials Viu(x) x -1

Since the all results given throughout the study are provided for all the bi-periodic generalized Fibonacci
polynomials, the values given in Table 1 can be used in the relevant theorem or corollary for any bi-periodic
polynomials.

From Definition 2.1, alternative recurrence relations can be given for the bi-periodic generalized Fi-
bonacci polynomials where £ (n) =n —2 ng is the parity function, i.e.,

0, if niseven
&) _{ 1, ifnisodd

Let a and b be any two nonzero real numbers, nth bi-periodic generalized Fibonacci polynomial is given

by

F, (x) = a5 d (x) F, g (x) + g () Frp (x), 122 3)

with initial terms Fo(x) = 0, IF1(x) = 1 where d (x) and g (x) are fixed nonzero polynomials in Q [x].
The quadratic equation of the bi-periodic generalized Fibonacci polynomials is

> — d (x) abt -g(x)ab=0
d(x)ab+ \/dz(;)a2b2+4g(x)ab and & (X) _ d(x)ab— \Jd? (x)a2b2+4g(x)ab

and their roots are y (x) = 5 . In this case, the following

relations are obtained between the roots y (x) and 6 (x)
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Y (x) +0(x) =d(x)ab

y(x)—0(x) = \/dz (x) ab? + 4g (x) ab

Y ()6 (x) = —g (x)ab

2
1@y @9 =172

2
dx)o(x)+gx) = 6{1—5;().

2.1. Generating Functions and Binet Formulas of Polynomials F,,(x)

In this section, we construct the generating functions of the bi-periodic generalized Fibonacci polynomial
the sequences, {IF, (x)},n- Let the generating functions of these sequences be Gy, (x, t) such that

G (r,H) = ) Fy ()" (4)
n=0

where [F, (x) is the nth bi-periodic generalized Fibonacci polynomial and d (x), g (x) are fixed nonzero
polynomials in Q [x]. First, the identities for the odd and even subscript terms of the bi-periodic generalized
Fibonacci polynomials are given in the following lemma used to derive these functions.

Lemma 2.2. The bi-periodic generalized Fibonacci polynomial sequences, {IF, (x)},«n satisfy the following identities
i, Ty (x) = (abd® (x) + 29 (x)) Fau 2 (x) = g7 (x) Fay 4 (v)

ii. P (x) = (abd? (x) +29 (X)) Fay-1 (x) = 97 () Fay3 (%)

Proof. Using the equation (2)
i.

Fau (x) = ad (x) Fap-1 (x) + g (x) Fap2 (x)

= ad (x) (bd (x) Fan—2 (x) + g (x) F2y-3 (x)) + g (x) F2y—2 (x)

= (abd® (x) + 9 (x)) Faz () + ad (x) g (x) Fau-3 (x)

= (abd? (x) + g (x)) Fauz (x) + g () Fayz () — g% () Foys (x)

= (abd? (x) +29 (x)) Fan-2 (x) = ¢ (x) Fays (x)

ii.
Fous1 (x) = bd (x) Fp, (x) + g (x) Foy—q (x)

= bd (x) (ad (x) Fa,-1 (x) + g (x) a2 (x)) + g (x) Foy1 (x)
= (abd? (x) + g (x)) Fau-1 (x) + bd (x) g (x) Fau2 ()
= (abd? (x) + g (%)) Fa1 () + 9 (2) a1 () = 7% (1) Py (1)
= (abd?® (x) + 29 (x)) Fau-1 (x) = % (x) Faus (1)

Thus, the proof is completed.
Using the Lemma 2.2, the generating functions of the sequences {IF, (x)},n are given in the following
Theorem.
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Theorem 2.3. The generating functions for the bi-periodic generalized Fibonacci polynomial sequences are

t+ad(x)t2 —g(x)
1= (abd? (x) + 29 (x)) 12 + g2 (x) 4

G (x,b) =

Proof. Using equation 4, we get

G,,(x,t)zZ]Fn(x)t” =Fo () +F ()t +Fa ()2 +...+Fy ()" + ...
n=0

Let generating functions G, (x,t) be the sum of the odd subscript and even subscript terms separately.
Then
Gu (x,1) = Gy (v, ) + Gy (x,) (5)

where GE (x, t) is the sum of the even subscript terms and G (x, ) is the sum of the odd subscript terms.
Therefore,

GS (x, 1) = Z Foi (x) 2 = Fo (x) + Fo (x) £ + Fy (X) t* + ... (6)
i=0

If both sides of equation (6) are multiplied by — (abd2 (x) +2g (x)) t2 and ¢? (x) *, then we get

[e9)

— (abd® (x) + 29 (1)) Gy, (x, 1) = —abd? (x) + 29 () ) Fai (x) £ @)
i=0
and

92 (%) t4GS (x,t) = 92 ) Z Fy; () 27+ ®
i=0
If we add the equations (6), (7) and (8) side by side, we obtain

(1 - (abd2 (x) +2g (x)) £+ g% (x) t4) GE (x, 1) = Fo (x) + F, (x) £ + i Fy; (x) %
i=2

— (abd? (1) +29 () Y i (1) 22 4 g2 () ) TPy () £2°
i=0

i=0

=ad (¥) 2 + ) o () 2 = (abd? () + 29 (1)) ) Fos-o ()

i=2 i=2

+ g% (%) Z TFai_q (x)
i

=ad (1) + ) (Fai (1) — (abd? (x) + 29 (1)) Fai2 (x) +9% () Py (x)) 2.

i=2

Using Lemma 2.2, i, generating functions for even subscript terms in the bi-periodic generalized
Fibonacci polynomial sequences are obtained as

ad (x) 12
1 — (abd? (x) + 2g (x)) 2 + g2 (x) t*

G (x,t) =
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Now let consider the sum of the odd subscript terms in the generating function. Therefore,
Gl (x,t) = i Foiv1 () 2 =By () t+ F5 (0) 2 + Fs (x) £ + ... 9)
i=0

If both sides of equation (9) are multiplied by — (abd2 (x) +2g (x)) #2 and g (x) #*, , then we get

— (abd? (x) +29 (%)) £}, (x, ) = - (abd? (x) + 29 (v)) i Fois (x) 1273 (10)
i=0
and

PG (1) = g (1) ) Foger () 447 (11)

i=0

If we add the equations (9), (10) and (11) side by side, we obtain

(1 - (abd? (x) + 29 () 2 + g* () *) G (x, ) = Ty (x) £+ TF5 () £ + Z Faipp (x) 24!

i=2

— (abd? (x) + 29 (x)) Fy (x) £ = (abd? (x) + 29 (x)) i Faisp (x) 243

i=1

+ @)Y Foin (1)
i=0
(abd2 (x)+g (x) t3 + Z Foisq (x) 241 — (abd2 (x) +2g (x)) £
i=2

— (abd? (x) + 29 (x)) i Foi1 () #7147 (x) i Fai—s (x) 2!
i=2 =2
=t + (abd? (x) + g (x)) £* — (abd® (x) + 29 (1)) £

* Z (Faie1 () = (”bdz (x) +2g (x)) Fai1 (x) +9° (x) Fai-s (X)) £,
Using Lemma 2.2, ii., generating functions for even subscript terms in the bi-periodic generalized

Fibonacci polynomial sequences are obtained as

—g()F
1 — (abd? (x) + 2g9 (x)) 2 + g2 (x) t#

GZ (x,t) =

From equation (5), generating functions for the bi-periodic generalized Fibonacci polynomial sequences
are

t+ad(x)t>—g(x)f

Gn (x/ t) = 1-— (abdZ (x) + zg (X)) tZ + gZ (x) t4 '

Thus, the proof is completed.
Now we give Binet formulas that allow us to calculate the nth terms of sequences {IF, (x)},n in the
following theorem.
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Theorem 2.4. The Binet formulas for the bi-periodic generalized Fibonacci polynomial sequences are given by

a' = ) " (x) = 0" (x)
@nlil) y@ -0

d(x)ab+ \/d?(x)a2b2+4g(x)ab d(x)ab— \[d?(x)a2b?+4g(x)ab
N s () = T and E(n) = n - 2[4]

F, (x) = [

where y (x) =

Proof. By induction method on 7. The result is obviously valid for n = 0, 1. Suppose that result is true
for n € IN, we shall show that it is true for n + 1. Using equation (3) and the hypothesis of induction, we
have

Fri1 () = @' =060 0d (1) I, (x) + g (6) By (x)
e AE0) ) 1 (x) = &7 (x) A€ ) 11 () — 51 ()
_ gl-Er ) Dd(X)([(ab)m] O =om ]+g(x)(((ab)tw] =50 ]
=€ Dy -1 () (a1—g(n)bg(n+1)d )y (x) . al—é(n—l)g (x) ]
y () —06(x) (ab)L2] al=<+1) (gp)L 7]
_al—é(n+1)6n—l () [a1—§(n)bg(n+1)d(x)5(x) .\ al—é(n—l)g(x) ]
y (x) = 6(x) (ab)L2] al-é+D) (gpyL 7'
_ ATy @ ( abd@y () abg () )
Y0 =060 | gempi-carn) (gplzl  (@p)l'z 17
_aEe ) abd o | abg() ]
Y@ =0 | gempi-goen) @pylil  (@plTIN
@ =Dyl () (ab(d (x) y (1) + g (1)) 2! =50+ D51 (x) ((ab(d (x) 6 (x) + g (%))
T y®-® (ab)L %] ]‘ Y@ -6() [ )% ]
A€y () (92 (x) A=) g1 () (82 (x)
T Y@-0() (ub)L"fJJ_ 7 @) -6 [(ab)m)
gl-Em+1) 7/n+1 (x) — ol (x)
:((ab)m] Y -5@)

where d (x) y (x) + g (x) = 7’2(;), dx)o(x)+g(x) = % and & (n) + [%J = {"zij, 1-&EMm+1)+ [%J = ["T”J
This completes the proof.

2.2. Identities for Polynomials I, (x)

In this section, we give various identities for consecutive terms and negative subscript terms of the bi-
periodic generalized Fibonacci polynomial sequences and present the Catalan’s identity, Cassini’s identity,
d’Ocagne’s identity for these polynomials.

Theorem 2.5. The limit of the ratio of consecutive terms of the bi-periodic generalized Fibonacci polynomial sequences

IFZn (x) a
. ]F2n(x) _ Y (x)
i, lim,_e B () -

where TF,, (x) is the nth bi-periodic generalized Fibonacci polynomial.



Y. Tasyurdu /TJOS 7 (3), 157-167 164

Proof. Using Binet formula for nth bi-periodic generalized Fibonacci polynomial given in Theorem 2.4,
we have
1.

L-E@nen) (V2n+1(x)_62n+l(x) )
Faus1 (%) @)l yemow

limy oo = liny e
" IFy, (x) " a1-&@n) (yz"(x)féz"(x))
(ub)I-%J y(x)—0(x)
1 y2n+1(x)_52n+1(x)
. @y Y-8
= llmn—>oo ()/271(Y —52n( x))
@) " y@)-56()
2 1 5 X) 2n+1
) " (x)( ()/(x)) )
= limy—oo— o
2 (o
() (1 (7%) )
_r®
a
ii.
al-E@n) ( P21 (x)—-6%"(x) )
Fou(x) _ . @31\ 700
1ity—yoo = lim,— o0
Fau-1(x) gl-€@nD (ny'fl(x)—éz"*l(x))
w1 )\ 0w
. ),Zrz(x)_ézn(x)
5 @)" \  y()-o(x)
= UMy —eo 1 (),2;1—1()(),627171(]())
(ab)™? y(x)—0(x)

. (- (8"

ab 221 (x )( (y(x )2n—1)

= limn—wo

_r®
b
where |6 (x)| <y (x) and lin,; o0 (%)n = (. This completes the proof.

Theorem 2.6. Negative subscript terms of the bi-periodic generalized Fibonacci polynomial sequences are obtained
as

F () = (=1)"" (9 ()" Fy (v).

Proof. Using Binet formula for nth bi-periodic generalized Fibonacci polynomial given in Theorem 2.4,
we have

_(a"t " (x) = 07" (x)
F_, (X) = ((ab)l_ . J ] y (X) (X)
- (—1)(“1_5(‘")] Y ()= 0" ()
(@)L 71 (=g () ab)" (y (x) - 6 (x))
a0 )y () = 8" ()
(Do) (a \E J] E ey

== n+1 (g ()" F, (%)
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where y (x) 6 (x) = —g (x) ab. Thus, the proof is completed.
Now we present some basic identities for the bi-periodic generalized Fibonacci polynomials, such as
Catalan’s identity, Cassini’s identity and d’Ocagne’s identity.

Theorem 2.7. (Catalan’s Identity) Let n and r be nonnegative integers. For n > r, we have
a* IR, () By (x) — a*MB R, 2 (x) = - (=g ()" a*Op=¢OE,2 (x)
where I, (x) is the nth bi-periodic generalized Fibonacci polynomial.

Proof. Using Binet formula for nth bi-periodic generalized Fibonacci polynomial given in Theorem 2.4,
we have

a“ P EOIIE,  (x6) By (x) — a“P0 0, (x)

_ JEnplsen) (al—é(n—r) ][al—é(wr) ](yn—r (x) = 5" (x)) (ynw (x) = 5™ (x))

@)L’z 1)\ @ap)l = y () —06(x) y ()= 06(x)
_ gEmpl-&m) ( al=<® ) a'~s® (V" (x) — 0" (x)) (7/" (x) - o" (x))
@)l L @pylzl )\ y (@) =6() J\ y(x) - 6(x)

_ o) ()21 () = T () 6 (o) = 67T () Y (1) + 6 ()
@l ( @ -5()’ )
@2~ p1=E0) (121 (x) — 29 (x) 8" (x) + 6 (x)
(L] [ (0(®) -5 @) ]
g2 En=n)p1-&n-r) {)/2" ()= (@) o)™ ()/27 (x) + 6% (x)) + 6% (x)]

(ab)""" (y (x) = 6 ()’
a2 Empl=£0) (21 (x) — 2 (v (x) 6 (x))" + 6" (x)
byt [ (y () = 5 (x))° )
a [— ()6 @)™ (7 () + 8 (1)) +2(y ()6 <x>)”]

" () ()~ @)
_—ay@o@)"” (yf W) - @ )2
(ab)™™ y () —06(x)
~a (=g (x)ab)"”" (ab)’L2}
"yt e
a(ab)lsl

= — (= T 2
== (-g() (ab)E0+2L3 11 a2-2f5<”E v

- _ (_g (x))n—r ag(r)bl—é(r)lFrZ (X)
where E(n) =n -2 \_%J and [%J + l”T”J =n — & (n —r). This completes the proof.
Theorem 2.8. (Cassini’s Identity) Let n be nonnegative integer. Then, we have

a

(%)an_l) Fy1 (%) P (x) — (E)g(n) F,? (x) = — (-9 (x))n_l %

Proof. The proof can be seen in an obvious way by taking = 1 in the Catalan’s identity.
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Theorem 2.9. (d’Ocagne’s Identity) Let n and r be nonnegative integers. For n > r, we have
a* TR, () Fra (x) = a* B, (1) F, (1) = (=g (1) @ F,, (0)
where IF,, (x) is the nth bi-periodic generalized Fibonacci polynomial.

Proof. Using Binet formula for nth bi-periodic generalized Fibonacci polynomial given in Theorem 2.4,
we have

g P IE, (1) Fyg (x) — 0T IBE R, (1), (3)

R ( gl=¢m) ](a1—5(7+1) ] (Vn (x) = &" (x)) (ywl (x) — &1 (x))
@)Lt )\ @l 7 1)\ y () -6() y(x) =06 (x)
JT— [ s ]( a1=é0 ](y"“ (@) o ) (- )
@)L= ) (ap)L2] y () =06 (x) y(x) =6 (x)
B abé(nrw)al—g(n) E(r+1)+&(nr+n) ( )/n+r+1 (x) — 7/n (x) 51 (x) — " (x) Vr+1 (x) + S+l (x)]
(ab)L3 1415 (r (@) -6 @)*
_ abé(nrwz)al—.{(n+1)—§(r)+g(nr+r) 7/n+r+1 (x) _ )/n+1 (x) 5" (x) — 5+l (x) ,)/7 (x) + o+l (x)
(ab)L % I L5 [ (7 (0 =6 (x))’ }
_ apfgsn-sor) [W“ (046741 () = (7 (96 @) (y ()" () + 6. ()" <x>)]

=T (o (@) -6 ()’

g (7@ 4 57 () = () (95 () (71 @) + 6" ()

(b))~ ) g )4y [ (y(¥) =0 (x))z ]
abE e (Y () + 5 (x) = (y (06 () (7 (06" (1) + 6 (x) )" ()

(ab) ) ey [ (7 () =5 (0))” ]
aqun)ae w7 () + 6 () = (7 () 6 () (" () + 6" ()

_aab)” [(y(x 6 () (=7 (08" (0 =8 (@)Y () + " (x) + 5" <x>)]
"

n—r— (n r)

(o () - o)
_a@b)” ((—g (@ ab) (y (1) =6 () (" () = 8" (x)
(ab)L =] (7 (0 = 6 (x))’
_a(-gW) (y*“ (x) = 5" (x))
(ab)L'7" y (x) - 6(x)

= (g () a* ", (x)

where

EM+Er+1)-28mr+n)=&Em+1)+E@) -28mr+r)=1-&E(mn—7)

Em—-ry=&Emr+n)+&Emr+7)
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PO = |+ 2]

n—r—&m—r) Vz—rJ
2 L2
This completes the proof.

3. Conclusion and Suggestion

The most interesting applications of the Fibonacci numbers have been on its generalizations, also called
families of Fibonacci numbers. Large classes of polynomials are emerged as the well-known generalization
of Fibonacci numbers. In this paper, the bi-periodic generalized Fibonacci polynomials, which generalize
well-known Fibonacci polynomials, the h(x)-Fibonacci polynomials, the Fibonacci polynomials with two
variable, the Pell polynomials, the Jacobsthal polynomials, the Fermat polynomials, the Chebyshev second
kind polynomials, the Morgan-Voyce first kind polynomials, the Vieta polynomials, are defined. Also the
bi-periodic Fibonacci polynomials, the bi-periodic h(x)-Fibonacci polynomials, the bi-periodic Fibonacci
polynomials with two variable, the bi-periodic Pell polynomials, the bi-periodic Jacobsthal polynomials,
the bi-periodic Fermat polynomials, the bi-periodic Chebyshev second kind polynomials, the bi-periodic
Morgan-Voyce first kind polynomials, the bi-periodic Vieta polynomials are presented. Binet formulas that
allow us to calculate the nth term of these polynomial sequences and some properties of their consecutive
terms are given. Also generating functions, Catalan’s identity, Cassini’s identity, and d’Ocagne’s identity
are obtained.

It would be interesting to study these polynomials in matrix theory. More general formulas that allow
us to calculate the nth terms of these polynomial sequences and sums formulas can be explored.
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Abstract. In this study, we characterize Frenet curves in 3-dimensional normal almost contact pseudo-
metric manifolds. We give Frenet equations and the Frenet elements of such curves. Also, we obtain
the curvatures of non-geodesic Frenet curves on 3-dimensional almost contact pseudo-metric manifolds.
Finally we present some corollaries about these curves.

1. Introduction

The differential geometry of curves on manifolds is an attractive topic in differential geometry. Especially
the curves in contact and para-contact manifolds drew attention and studied by many authors. Olszak [10],
gave the conditions for an a.c.m structure on a manifold to be normal and gave examples for this structure.

Welyczko [14], gave some of the results for Legendre curves to the case of 3-dimensional normal a.c.m.
manifolds, especially, quasi-Sasakian manifolds. Acet and Perktas [1] obtained curvature and torsion of
Legendre curves in 3-dimensional (¢, §) trans-Sasakian manifolds.

Yildirim [15] obtained the curvatures of non-geodesic Frenet curves on three dimensional normal al-
most contact manifolds and gave some results for these characterizations. De and Mondal [6] studied
E-projectively flat and ¢-projectively flat 3-dimensional normal almost contact metric manifolds and gave
an illustrative example.

Calvaruso and Perrone [3] introduced a systematic study of contact structures with pseudo-Riemannian
associated metrics, emphasizing analogies and differences with respect to the Riemannian case. In partic-
ular, they classified contact pseudo-metric manifolds of constant sectional curvature, three dimensional lo-
cally symmetric contact pseudo-metric manifolds and three-dimensional homogeneous contact Lorentzian
manifolds.

Takahashi [11] defined Sasakian manifold with pseudo-Riemannian metric and discussed the classifi-
cation of Sasakian manifolds. Venkatesha V. [13] examined 3-dimensional normal almost contact pseudo-
metric manifold and gave the conditions for these manifolds to be normal. studied the almost contact
pseudo-metric manifolds of dimension three which are normal and derived certain necessary and sufficient
conditions for an almost contact pseudo-metric manifold to be normal.

This paper is organized as: Section 2 with three subsections, we give basic definitions and propositions of
an almost contact pseudo-metric manifold. In the second subsection we give the properties of 3-dimensional
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almost contact pseudo-metric manifolds. We give Frenet equations of a curve in 3-dimensional almost
contact pseudo-metric manifolds in the last subsection of this section.

We finally give the Frenet elements of a Frenet curve in such manifolds and give corollaries for the
Frenet curves in the third section.

2. Preliminaries

2.1. Normal Almost Contact Pseudo-metric Manifolds
A (2n + 1)-dimensional smooth connected manifold M is said to be an almost contact manifold if there
exists on M a (1,1) tensor field ¢, a vector field £ and a 1-form 7 such that [2]
P*=-I+n®¢& nE) =1, (1)
(&) =0, nogp=0.

If an almost contact manifold is endowed with a pseudo-Riemannian metric g such that

J(@X, oY) = §(X, Y) = en(X)n(Y), ()

where ¢ = F1, for all X, Y € TM, then (N, ¢, &, 1, 7) is called an almost contact pseudo-metric manifold[13].
From (2) we have

NX) =eg(X,&) and  g(@eX,Y) = -g(X, pY). 3)

In particular, for an almost contact pseudo-metric manifold §(&, &) = €. Thus, the characteristic vector field
£ is a unit vector field, which is either spacelike or timelike, but cannot be ligtlike. The fundamental 2-form
of an almost contact pseudo-metric manifold (N, @, &,1,9) is defined by

DX, Y) = §(X, ¢(Y)), (4)

where 1 A @" # 0[13]. An almost contact pseudo-metric manifold is said to be contact pseudo-metric
manifold if dn = ®, where

an(X,¥) = 5 (n() = Y(X) = 11X, YD) . ©

[3]In an almost contact pseudo-metric manifold (N, ¢, &, 7, g) there always exists a special kind of local
pseudo-orthonormal basis {e;, ge;, 5};11, called a local g-basis.

Let N be a (2n+1)-dimensional almost contact pseudo-metric manifold with structure (¢, &, 1) and
consider the manifold N x R. We denote a vector field on N X Rby X, f %, where X € TN, t is the coordinate
on R and fis a C* function on N x R. Then the structure J on N X R defined by

00 £ ) = (9X - FE (05, ©

is an almost complex structure. If the almost complex structure J is integrable, then we say that the almost
contact pseudo-metric structure (@, £, 1) is normal. Necessary and sufficient condition for integrability of J
is

[, pl+2dn®E =0, )
where [¢, ¢] is the Nijenhius torsion of ¢.[3]

Proposition 2.1. [12] An almost contact pseudo-metric manifold is normal if and only if
(Vox®)Y = p(Vxp)Y + (Vxn)(Y)E =0, (8)

where V is the Levi-Civita connection.
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2.2. Three dimensional normal almost contact pseudo-metric(n.a.c.p-m) manifold
Lemma 2.2. [13] A three dimensional n.a.c.p-m manifold N is normal if and only if

Voxé& = pVxé. )
Theorem 2.3. [13] For a three dimensional n.a.c.p-m manifold N, the following three conditions are mutually
equivalent:
(1) N is normal

(2) there exist smooth functions a, 8 on N such that
Vx& = a{X -n(X)¢} - BoX, (10

(3) there exist smooth functions a,  on N such that

(Vxe)Y = a{eg(eX, V)& = n(Y)pX} + Bled(X, Y)E - n(Y)X]}. 11)
In particular, the functions appearing above are given by
20 =div(é), 2 =tr(pVx). (12)

Corollary 2.4. [13] For a three dimensional n.a.c.p-m manifold, the vector field & is geodesic, i.e., Ve& = 0 and
dn = epd.

From (11) we can give the following definition.

Definition 2.5. [13] A three dimensional n.a.c.p-m manifold is called

(i) cosymplecticif « = p =0,

(i1) quasi-Sasakian if « = 0 and B # 0, and B-Sasakian pseudo-metric manifold if « = 0 and B is non-zero constant.
If B = € it is the Sasakian pseudo-metric manifold,

(iii) an almost a-Kenmotsu pseudo-metric manifold if p = 0 and a # 0, and a-Kenmotsu pseudo-metric manifold if
B = 0and a is a non-zero constant. If a« = 1 it is the Kenmotsu pseudo-metric manifold.

Lemma 2.6. [13] For a three dimensional n.a.c.p-m manifold £(B) + 2af = 0 holds.

2.3. Frenet Curves

Let N be a three dimensional n.a.c.p-m manifold with Levi-Civita connection V and 9 : [ — N be a
unit speed curve parametrized by arc length s in N where I is an open interval. A unit speed curve 9 is
called timelike or spacelike if its casual character is -1 or 1, respectively. Also, § is called a Frenet curve if
7(¥,9) # 0. A Frenet curve 9 admits an orthonormal frame field {t = &', n, b} along 9. Then the following
Frenet equations holds:

VS’t =Kn,
Vgn =—xt+eth,
Vgb=—¢tn,

where x = |[Vy 9’| is the geodesic curvature of 9 and 7 is geodesic torsion. The vector fields t, n and b
are called the tangent vector field, the principal normal vector field and the binormal vector field of 9,
respectively.
A Frenet curve 9 is a geodesic if and only if ¥ = 0. A Frenet curve $ with constant geodesic curvature and
zero geodesic torsion is called a pseudo-circle. A pseudo-helix is a Frenet curve 3 whose geodesic curvature
and torsion are constant.

A curve in a 3-dimensional n.a.c.p-m manifold is said to be slant if its tangent vector field has constant
angle with the Reeb vector field,i.e.n(9") = €g(¥’, &) = cosO = constant. If the condition 7(9") = eg(¥’,&) =0
holds then 9 is a Legendre curve[14].
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Let us consider a 3-dimensional normal almost contact pseudo-metric manifold N. Let 9 : [ - N be a
non-geodesic (kx # 0) Frenet curve given with the arc-parameter s and V be the Levi-Civita connection on

N. From the basis (3, (pS', &) we obtain an orthonormal basis {z1, z3, z3} defined by

Z1 :\9,,
g
Zy = (p ’
V1-¢e@?
E—epd
Z3 =

V1 —ed? '
where
N ) =¢eg@d,&) = ep.
Moreover we have
Voz1 =vzp + pzs

such that
V= ?(VS'ZL ZZ)

is a function. Then we obtain u by

_ e’
p=9gVyz,z3) = T ¢ 7 — a1 - e

So, we have

and

V9r23 = —Uz1 — (ﬁ - EL]ZQ.

The fundamental forms of the tangent vector 3" on the basis of the equation (13) is

0 % U
[wi(9] =" 0 b Ve
-u B-¢ \/% 0

and the Darboux vector connected to the vector ¥’ is

ov

CL)(SI) = (—ﬁ + ETSQZ

)Zl — Uzp +vz3.

Then, we have
Vezi=w(®)Aez; (1<i<3).

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

Furthermore, for any vector field Z = Y3, 8'z; € x(N) is strictly dependent on the curve 9 on N, there exists

the following equation

3
VoZ =w(®YAZ +e Z 210z
i=1

(23)
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3.1. Frenet Elements of the curve 9

Let 9 : I — N be a non-geodesic (k # 0) Frenet curve given with the arc parameter s and the elements
{t,n,b,x,1}.
From (15) we have
xkn = Vyz1 = vzp + uzs. (24)

From the equations (17) and (23) we find

2
2 4 /
KZJV +(1—Qz—a 1—6@2). (25)

-
On the other hand
Vs/n = (l) Zy + lv\gr22 + (i) Z3 + ﬁvs,m
EK &K &K &K (26)
= —«xt + €1B.
By using the equations (18) and (19) we find
b= [(1) LB [[3 . EL]] .,
EK EK 1—¢?
(27)

+

R

By a direct computation we find following equation

(T - & T

If we take the norm of the this equation and use the equations (17) and (28) in (27) we get

(29)

e R

EK

Theorem 3.1. Let N be a three dimensional n.a.c.p-m manifold and 9 be a Frenet curve on N. Then t, n and b can
be given as

t=9 = Z1,
v

n=—=2zp+ —z3,
EK

p=L [(K) _ E(ﬁ_gL]}ZZ (30)
et [\x) x 1- e

Moreover we can write

(81)
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Theorem 3.2. Let N be a three dimensional n.a.c.p-m manifold and S be a Frenet curve on N. § is a slant curve on
N if and only if the Frenet elements {t,n,b, x, T} of this curve § are as follows

t =Z1 = S ,
p¥
n=z;= ——
V1 — ecos20
& — ecosOY
b=z3 = —u=—,
V1 — ecos20 (32)

Kk =va2(1 — ecos?0) + 12,

s ). J[( T [(am”

T=(|f - 6—= —
( 1-¢cos?0 ex €K

Proof. Let the curve 9 be a slant curve on N. By considering the condition ¢ = 1(¥’) = cos@ = constant in the
equations (13), (25) and (29) we arrive at (32). If (32) holds, it is obvious from the definition of slant curves,
Ydisslant. O

From Theorem 3.2, we easily give the above corollaries.

Corollary 3.3. Let N be a three dimensional n.a.c.p-m manifold and 9 be a slant curve on N. If k is a non-zero

constant, then T = '(5 - g%)

Nrmer and § is a pseudo-helix on N.

Corollary 3.4. Let N be a three dimensional n.a.c.p-m and 9 be a slant curve on this manifold N. If « is not constant
and T = 0 then 9 is a plane curve on N and the following equation satisfies

V2(4) V1 — e cos? 6

12 4+ a2(1 — ecos? 0)’

G(Vyzo,23) = (33)

Theorem 3.5. Let N be a three dimensional n.a.c.p-m manifold and 9 be a Frenet curve on N. 9 is a Legendre
curve(p = n(8") = 0) on this manifold if and only if the Frenet elements {t,n, b, x, T} of this curve 9 are as follows

t=z1 =9,
n =z, =@,
b=z3=¢,

K=V a2, (34)
I T +[()T]

Proof. Let the curve 9 be a Legendre curve on N. By considering ¢ = 17(¥’) = 0 in the equations (13), (25)
and (29) we arrive at(34). If the equations in (34) hold, from the definition of Legendre curves it is obvious
that the curve 9 is a Legendre curve on N. [

Corollary 3.6. Let the curve 9 is a Legendre curve in three dimensional n.a.c.p-m manifold N. If k is non-zero
constant and T = 0 then § is a plane curve on N and g = 0.

Moreover we can give the following corollaries.
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Corollary 3.7. Let N be a three dimensional n.a.c.p-m manifold and 9 be a Frenet curve on this manifold. If N is
cosymplectic, then from the equations (25) and (29) the curvatures of 9 are

2
= Jvz + (L) (35)
1-¢0?

=R CIREEH

and

i) If 9 is a slant, then we get

cos@
k=v and T=|t———|k (37)
‘ V1 —¢ecos? 0
i) If 9 is a Legendere curve, then we get
kx=v and t=0. (38)
Corollary 3.8. Let 9 be a curve on three dimensional quasi Sasakian pseudo-metric manifold N. Then, the curvatures
of 9 are
e :
K= |2+ (—0) (39)
1-¢0?
and

- W]

If the curve  is a slant curve on N, then we get

Kk=v and T=|‘B—E¢ (41)
1—ecos?0
If the curve § is a Legendre curve on N, then we obtain
Kk=v and 7f=)‘8|. 42)
Corollary 3.9. Let 8 be a curve on three dimensional B-Sasakian pseudo-metric manifold N. Then, the curvatures of
S are
e’ :
K= 4|V + —Q) (43)
1-¢0?
and

e i e

The curvatures of 9 are

Kx=v and T:ﬁ—(?& (45)
1-ecos?6
where 9 is a slant curve in three dimensional B-Sasakian pseudo-metric manifold N and
k=v and T= |ﬁ| (46)

where 9 is a Legendre curve in three dimensional B-Sasakian pseudo-metric manifold N.
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Corollary 3.10. From (25) and (29) the curvatures of 9 on tree dimensional Sasakian pseudo-metric manifold N are

2
= ) @)
1-¢e0?

R RGN ]

i) If 9 is a slant curve, then we have

and

kK=v and T= e(l—e%)'m (49)
1-ecos?0
i) If 9 is a Legendere curve, then we get
k=v and T=1. (50)
Corollary 3.11. Let 9 be a curve on three dimensional a-Kenmotsu pseudo-metric manifold N. Then the curvatures
of 3 are
e’ ’
K= v2+[—g—a,/1—eé}2) (51)
V1-—¢€g?
and

12 Vi-e?
—le—Z 4 [(K)] + - (52)
1- EQZ K &
If 8 is a slant curve on N, then we obtain
K = V2 +a2(1—ecos?6), (53)
’ 7|
vcosO vVT1* [[aV1-¢ecos?0
T o= fe—res0 [(_)] ||zt @ (54)
1-ecos?0 K K
If 9 is a Legendre curve on N, then we get
vy 2 aV 2
k= Vv2+a2 and T= [(E)] +[(;)] . (55)
Corollary 3.12. Let 9 be a curve on three dimensional Kenmotsu pseudo-metric manifold N. Then, the curvatures
of O are
e’ ’
k= Al | —L— - 1—¢e0? (56)
V1 - ¢eg?
and

(57)
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The curvatures of S are

kK = W2+ (1-¢ecos?6), (58)
’ 2I
o= e vcosO N [(Z)’]Z_,.[( Vl—scos29]] (59)
1—-e¢cos?0 K K

where O is a slant curve in three dimensional Kenmotsu pseudo-metric manifold N and

e= ¥ T =] )] (60)

K

where 9 is a Legendre curve in three dimensional Kenmotsu pseudo-metric manifold N.

4. Conclusion

In this paper we constructed the Frenet apparatus of a non-geodesic Frenet curve on three dimensional
normal almost contact pseudo-metric manifold. We gave some theorems about these curves and find their
Frenet elements {t, 7, b, x, T}. Moreover we gave corollaries for these curves to be slant curve and Legendre
curve. So, we characterized some curves on three dimensional normal almost contact pseudo-metric
manifolds by using their Frenet elements.
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Spherical Curves with Modified Orthogonal Frame with Torsion

Nural Yuksel?, Murat Kemal Karacan?, Tugba Demirkiran®

Erciyes University, Faculty of Sciences, Department of Mathematics, 38030- Melikgazi / KAYSERI
bUsak University, Faculty of Sciences and Arts, Department of Mathematics,1 Eylul Campus, 64200,Usak-TURKEY
“Yalova University, Ctnarcik Vocational High School Yalova-TURKEY

Abstract. In this paper, we studied the spherical curves according to modified orthogonal frame with
torsion in 3 dimensional Euclidean space. We obtained the center, the radius and spherical condition of
spherical curves according to the 3 dimensional Euclidean space.

1. Introduction

The theory of curves is one of the most important areas of study in differential geometry.The concept of the
curve that Euler defined in plane moved to three-dimensional Euclidean space by Fujiwara (1914)[3]. It is
well known from the literature that; in order to examine the geometry of a given curve, Frenet equations
belonging to this curve must be known. These equations are also known as the Serret-Frenet equations,
and it can be understood whether a curve is planar or a line. Studies on this subject were first made for
space curves [1, 2]. Considering that the given curve can also be found on a surface, the geometry of these
types of curves has been investigated by many mathematicians on the subject [7, 8]. These investigations
have been made especially for curves on a sphere, which are called spherical curves [4, 9, 10]. Wong (1963)
stated that a global formulation of the condition for a curve to lie in a sphere [4]. This formiilation has
taken its place as a necessary and sufficient condition for a curve to lie in a sphere in books written on
differential geometry. Wong (1972) reached an explicit characterization of spherical curves [5].Considering
the definition of the sphere, it is clear that the sphere is actually related to the given dot product. When the
subject is considered from this point of view, it can be thought that spherical curves can have very different
characterizations in Euclidean and semi-Euclidean spaces. In this study, the spherical curve studies, which
were done according to the Serret-Frenet frame previously defined in Euclidean space, which were done
according to modified orthogonal frame previously defined in Euclidean space, were made according to
the orthogonal frame modified with torsion, also defined in the Euclidean space [6].
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2. Preliminaries

We initially give the classical basic theorem of space curves in 3 dimensional Euclidean space. We assume
that the curve B(u) in C? is parametrized by arc-length. In addition we suppose that its curvature x(s) never
vanish. Then orthonormal frame {¢, #, b} which satisfies the Frenet-Serret equation is as follows:

£ (s) 0 k(s) 0 £(s)
[ 1'(s) ]:( -x(s) 0 1(s) ][ n(s) ] (1)
b'(s) 0 -1(5) 0 b(s)

in which t,7n,b are the unit tangent, principal normal and binormal vectors, respectively, and 7(s) is the
torsion. Then an orthonormal frame {t, 1, b} exists satisfying the equation (2.1). Now we assume that the
curvature «x(s) of § is not identically zero. We define an orthogonal frame {T, N, B} by

d ar
_dp

—,B=TAN

T= ds’""  ds’

in which A denotes the vector product. Then we can give the relation between {T,N, B} and {t,n,b} as
follows:

T=t
N=1n 2)
B=1b

From the definition of {T, N, B} or equation (2.2), we can write matrix form as:

0 x(s)

T (s) 7(s) T
NG |=| —xe)t) T8 ) || N ()
B'(s) 0 —r(s) & J\B

7(s)
In addition to, {T, N, B} satisfies:

(T, T) =1,(N,N) = (B,B) = *
(T,N) = (T,B) = (N,B) = 0

in which (, ) represents the Euclidean inner product [6].

3. Spherical Curves With Modified Orthogonal Frame With Torsion

Definition 3.1. Let B be in IE* given by coordinate neighborhood (I, B). If B CIE® then B is defined by a spherical
curve of B3 [6].

Definition 3.2. The sphere having sufficiently close common four points at m € B the curve p CE® is called the
osculating sphere or curvature sphere of the curve f at the point m € f [6].

Theorem 3.3. Assume that f is in IE® given with coordinate neighborhood (I, B). The geometric locus of the centers
of the spherical curves with 3-contact points with the curve f providing the modified orthogonal frame with torsion
vectors {T, N, B} at the point (s), s € I is

a(s) = P(s) + ma(s)N(s) + m3(s)B(s)

in which

my : I — R,my(s) = %, and m3(s) = i—i Vr2k? — 1.
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Proof. Let (I, B) be a coordinate neighborhood, s is arc length parameter. Let also a be the center and, r be
the radius of the sphere with 3-contact points with . From this, let us consider

f:I—>R
s — f(s) = {a — B(s),a — p(s)) - ° 4)

Since / }
f)=f@E)=f(6)=0 6)

at the point f(s), then the sphere
S? = {x eE’:(x—a,x—a)= 72} , (x generic point of the sphere),

with the curve § at this point passes sufficiently close three points. Therefore, considering equations (3.1)
and (3.2)

f(s)={a—p(s),a—p@E)-r=0
f6)=0 = (T.a-p(s) =0
is obtained. From this, since f"(s) = 0, we get

(T a =) +(T,~p(s)) =0

is obtained. Considering equation (2.3) with this, we have

(N.a—p) =~
On the other words, for the base {T, N, B},
a = f(s) = my(s)T(s) + ma(s)N(s) + 1m3(s)B(s) (6)
is obtained. But, from using using equation (3.2), we have
m(s) = {a = p(s), T(s)) = 0 (7)
and
ma(s)7? = a = O, N) = my = — ®
With the assistance of f(s) = 0, we have
(a—PB(s),a—-PB(s)) = ? - m%(s) + m%(s)’c2 + mg(s)’c2 =2 )
Considering equation (3.4) and equation (3.5),we have
mg(s):i—i\/ﬂkT:)LER (10)

Therefore, subtituting equations (3.4), (3.5) and (3.7) into equation (3.3)
1 1
= —_ — Vr2k2 —
a(s) = B(s) + —N(s) + — Vr2k2 — 1B(s)

Thus, the proof of the theorem is completed. [

Corollary 3.4. Assume that B is in B3 given by coordinate neighborhood (I, ). Then the centers of the spheres with
3-contact points with the p at the points (s) € B lie on a straight line.



N. Yuksel, M. K. Karacan, T. Demirkiran /TJOS 7 (3), 177-184 180

Proof. From Theorem 1, we have

a(s) = p(s) + %N(S) + AB(s)

The equation with A parameter denotes a line which pass through the point
C(s) = B(s) + %N(s) and is parallel to the B. [

Definition 3.5. Thelinea(s) = (s)+ %N (s)+AB(s) is the geometric locus of the centers of the spheres with 3-contact
points with the curve at B CIE® at the point m € B is called curvature the axis at the point m € B of curve BCIE>. The
point

1
C(sp) = + —N
(s0) = B(so) + —N(s0)
on curvature the axis is called curvature the center at the point m = p(so) of curve p CIE>.
Theorem 3.6. Assume that f is in E> given with coordinate neighborhood (I, B). If
a(s) = B(s) + ma(s)N(s) + m3(s)B(s)

is the center of the osculating sphere at the point B(s) € p then

’

1 —K
mz(s) = E and m3(S) = @

Proof. The proof of the theorem is similar to the proof of Theorem 1. The osculating sphere with the curve

B have sufficiently close common four points. So, from f”(s) = 0 in equation (3.2) thus f"'(s) = 0. Then we
get

K T % T

Pl ;(—KT (T,a—B(s)) + = (N,a—pB(s))y +t(B,a—p(s))) =0

Considering equations (3.4) and (3.5) in the last equality, we get

’

(Ba—p@e) = —

or
—K

ms(S) = ——=

3(s) a7

O

Corollary 3.7. Suppose that f is in B3 given with coordinate neighborhood (I, B). The radius of the osculating sphere
is:

;A\ 2
r= \Jns) + m3(s)? = l+( ~ )

K2 TK?

Proof. From Theorem 1,
a(s) = B(s) + ma(s)N(s) + m3(s)B(s)

Therefore, we have

; \2
r=la =B = 2NNy +m2(B, By = \J(i2(s) + m2(e))e? = 1 +( K )

12 TK2
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Theorem 3.8. Let S be a sphere centered at zero and also B CS? be a spherical curve. In this case,

_ (B(s),N) _{B(s),B)
= =

72

—-my(s) = (B(s), Ty, —mx(s) and  — ms3(s)

Proof. Since B CS? for all s € I, and r is radius, then we have

_0> =p(s) + mT + myN + m3B

and
(B(s), ps)y = 1*
Thus, by differentiation of the above equations with respect to s we have

—my = (B(s), T) = 0

by differentiation of the above equations with respect to s we have

(BEN) = —

and
(B(s),N)

_mz(s) = Tz

and

’

K
s),B) = —
) By =5
Thus, since —m;(s) = K’;—;Z, we can write the last equality as

<IB(S)/ B)

_mS(s) = Tz

O

Theorem 3.9. S3 C IE® be a sphere whose center is at the origin. If B is a curve on S5, then the osculating sphere of
the curve B at every point is S3.

Proof. suppose thet the curve  with (I, f) neighbouring coordinate such that s € I is arclength parameter.
By Theorem 2
a(s) = p(s) + ma(s)N(s) + 1m3(s)B(s)

By Theorem 3, this expression can be written as

SN
a(s) = B(s) — <ﬁ(ST)2 >N(s)

_GOB
T

Since (B(s), T) = 0, we get

EON) o EOB)
T

as) = B(s) = —5—N(s)

Thus we get
a = f(s) = pls) =0
This completes the proof of the theorem. [
Theorem 3.10. Let f : I — E® be a given curve whose T # 0 for all s € I and let ms(s) # 0. The radius of the

osculating sphere at the point (s) is constant for all s € I if and only if the centers of the osculating sphere are the
same point.
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Proof. = : By Corollary 2, we can write as follows
= (m%(s) + m%(s))’r2
Since r=constant, by differentiation of with this equation respect to s, we have

(Zmzm/2 + 2m3m;)’(2 + ZTT/(mg + m%) =0

or
My + —mM3 = — —my — —m,
T T ms ms
: _ 1 I r x4tk : : : :
Inverting values m, = +-,m3 = 55 and m, = =75+ in right side of the last equality, we obtain
. -
My + —m3 = — = —Thy
T K
. . 1
Finally, since m; = —-, we get

’

;T
m3+?m3+1m2:0
Otherwise for base {T, N, B} we get
a(s) = P(s) + mi(s)T(s) + ma(s)N(s) + ms3(s)B(s)

From derivative with respect to s of the last equality, we get

’ ’
’

a(s)=(1-xtm)T + (m'2 + mz% —1m3)N + (tmy + m3 + %m3)B

’
K

e = KE:ZT’K in right side of the last equality, we obtain

Inverting values mp = —,

_ =K o
mg—mandmz—

, ;T
a(s) = (tmy + my + —m3)B
T

So by Equation (3.8) m3 + %m3 +1my = 0 we find a'(s) = 0 and so a = constant for all s € I.
Conversely, suppose that a(s) = constant for all s € I. According to the equation

(a(s) = B(s), a(s) = p(s)) = 17,
taking differentiation of this equation with respect to s,we made
r(s)r' (s) = 0
Here, either r(s) = 0 or 7' (s) = 0. If 7(s) = 0, then by Corollary 2, we have
(m3(s) + m3(s))t> = 0,7 # 0

or
m%(s) = —m%(s) =0

But this contradicts the theorem. So 7' (s) = 0. Thus, r(s) is constant for alls € I. [J

182

(11)

(12)

Theorem 3.11. Let f: 1 — E® be a curve such that ms(s) # 0, forall s € Iand © # 0. Then, the curve 8 lies on a

sphere if and only if the centers of the osculating spheres of the curve § are all the same point.
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Proof. Let B be a curve on S? which have the radius r and centered at any point b. By Theorem 4, the proof is
clear. Conversely, let the centers of the osculating curve be the point b in (s) € f all s € I. Then by Theorem
5 all osculating spheres have the same radius r. Therefore

d(B(s),b) =r
for all s € I. This completes the proof of the theorem. [

Theorem 3.12. Let the curve f in IE® be given with coordinate neighborhood (I, B) and ms(s) # 0, T # 0 such that s
is a arclength parameter, then, B is a spherical curve if and only if

-« . 1% 1
) - et =0
K23 K

(

K272

Proof. Let  be a spherical curve. By Theorem 6, for all s € I, the center a(s) of the osculating spheres are
constant. Moreover, the equation (3.8) yields

;T
M, + —msz + 1My =0
3
T
or
-K - TK 1

Lyl
(K272) K273

Conversely, let m; + %m3 + 7my = 0 By Theorem 5 and a'(s) = 0. Therefore a(s) = constant. So by Theorem
6, B is a spherical curve. O

Example 3.13. Let the curve p such that ¢ = 2 Vab and r = a + b.
B(t) = (acost + bcos3t, asint — bsin3t, csin2t)
We find radius and center of the osculating sphere at the point t = 0. Since

B'(t) = (—asint — 3bsin3t, acost — 3bcos3t, 2ccos2t)

ﬁ'(t)” = +/(a + 3b)? + (ccos2t)?.

Fort=0,a=1,b=1,c=2,r =2, Since
Frenet vectors.

ﬁ’(O)” = 25 t is a arbitrary parameter. From this, we can find {t,n, b}

’

B -1 2
— = (0, —, —
o1~
yo BONO _ -2 -1
= @ 7 = ,—,—)
16'©) A B )| V5’ v5
n=bAt=(-1,0,0)

The curvature and torsion of the curve B are as follows:

_lForpof _1
poll 2

_ det(ﬁ,,ﬁ,,,‘g,/,) 3 _9

T= =
lFo g 28
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From this, we can find {T, N, B} Frenet vectors of the modified orthogonal frame with torsion.

-1 2
T:t:(or_/_)
V5 V5
9
N—’cn—(g,0,0)
B=th=(0,—0_ 2

255 2545

We can find coordinates of the center of the osculating sphere at the point B(0). From a(t) = B(t) + ma(t)N(t),
a(0) = (4,0,0). We can find the radius of the osculating sphere at the point B(0) as seen in Figure 1 .

r= \J(m3(t) + m3(t)7? =2

Figure.1. § spherical curve .

4. Conclusion

In this study , we obtained the center, the radius and spherical condition of spherical curves according to

modified orthogonal frame with torsion. An example of a spherical curve is given according to this frame.
The results obtained can also be found according to other frame, for future works.
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Abstract. The main motivation of this study is to present new Hermite-Hadamard (HH) type inequalities
via a certain fractional operators. We establish two new identities and give new estimations of HH- type
inequalities for differentiable and convex mapping via Katugampola-fractional operators. Here, we gave
new Lemmas having identities for differentiable functions and construct related inequalities. Main findings
of this study would provide elegant connections and general variants of well known results established
recently. These results can be extended to different kinds of convex functions as well as pre-invex functions.

1. Introduction

Convexity is a very functional concept in programming, statistics and numerical analysis as in many
different branches of mathematics. In theory of inequality, the concept of convexity exists in the proof of
many classical inequalities, but has been a source of inspiration for many new and useful inequalities.

Definition 1.1. [22]. The function f : [c1,c2] — R, is said to be convex, if we have
£t + (1= 1)0) < £ + (1 - 1) £(2)
forall x,t € [c1,co] and t € [0,1].

In addition to the use of convex functions in many fields, inequality has increased its reputation in
theory with the Hermite-Hadamard inequality (See [22]). This celebrated inequality can be stated as: If a
mapping Y : ] € R — R is a convex function on [ and 7,5 € ], r < s, then

Y(Vzﬁ)s ﬁ [SY()\)«JZ/\ < w

Fractional calculus is a good expansion of the concept of derivative operator from integer order # to arbi-
trary order a. Fractional derivative operators are accepted as the inverse of fractional integral operators.
Recently, the multiplicity of applications in many fields of engineering, physics, statistics and mathematics
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has led to the study of fractional integrals by many researchers. The fact that they are a more effective tool
than the results in classical analysis has resulted in more use of these operators on real world problems.
Since the definition of the convex functions has been given as an inequality, this concept has established
a powerful link between convexity and inequalities. It is now become a trending aspect of mathematical
research to generalize classical known results via fractional integral operator. Although fractional analysis
is basically a generalization of classical analysis, it has developed rapidly with the concepts of fractional
order operators. Fractional analysis has recently become a popular topic with its applications in many fields
such as modeling, physics, approximation theory, engineering, control theory and mathematical biology;,
based on applied mathematics problems (see [1], [3], [8], [9]-[11], [17], [18]-[21] and [23]-[26]).

Recently in [14], the author introduced a new concept to unify Riemann-Liouville and Hadamard frac-
tional integral operators which a certain general form for fractional integral operators. Also the conditions
are given so that the operator is bounded in an extended Lebesgue measurable space. The corresponding
fractional derivative approach to this new generalized operator can be seen in [15]. Moreover, Katugampola
worked for the Mellin transforms of the fractional integrals and derivatives (see [16]).

Definition 1.2. ([14]) Let [, t] C R be a finite interval. Then the left-sided and right-sided Katugampola fractional
integrals of order £ > 0 of Y € X} (x", ") are defined as follows:

Ve = E ' Y(A) v=1

("L YV)(x) = T(E) ]; - /\)1_5/\ dA, x>«
and

Vel R 40
re) J, (A—x)t-=

CIEY)(x) = AN, x <,

with k < x < tandv > 0, if the integrals exist.

Theorem 1.3. ([14]) If £ > 0 and v > 0, then for x > «

Dlimv - 10T N®) = (L))

2)limv — (0L, Y)(x) = (HS Y)(x).

The main motivation point of the study is to prove the HH type inequalities with specific and general
forms for the functions whose absolute values of derivatives are convex and concave functions with the
help of the fractional integral operator, which has a general kernel structure. The main results are reduced
to the results available in the literature in some special cases, as well as giving new approximations and
estimates for differentiable and convex functions. To obtain our results, we used some known proof methods
alongside classical inequalities such as the Holder inequality, Power mean inequality, and Weighted Holder
inequality.

2. Hermite-Hadamard Type inequalities for Katugampola-Fractional Integrals

We will start with the following identities that will be useful to prove our main findings via Katugampola
fractional integrals:
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Lemma2.1. Let & € (0,1) and v > 0 and f : [«",7"] — R be a twice differentiable mapping on (x",t") with

0 < x¥ < tV. Then the following equality holds for Katugampola fractional integral operators:

2‘5_11_' é 1 Vé_l v ) " v [ v
A :ﬁ(( 1()1 )A() +( Iz)l )(x ))‘f( er )

_(TV_KV) ! vEv-1 ¢ t" v 2-t v ! vEv-1 ¢ tv v 2t v
_T[ N f(EK+ . T )dt + N f(ET+ . K)dt]

- (TV—KV)Z[ eyt 2
= SEr ) Ot t f(21<+ > T)dt
v

1
. ot 2t
+ | e (g K dt].
[ e (5o )

Proof. By applying integration by parts to the right hand side of the equality, we have

kq

1
tv 2-t
— végv=1gr(> v v
- fot%t f(21<+ . )t

tV 2_tv tv(§+1)
’ _ V+ v
f<2" 2 T)v(£+1)|0

1 (E+D) ot ) 2 _p N vV _ v
_fo G ()
1 LK+ T
- v(g+1)f< 2 )

(55=) P2
D) f prEr) -l f’/(EKV+ ’L’V)dt.
0

Similarly, we can write

1
t 2-t
vEpw=1gr(> v v
ky fott f(21+ > K )t

1 KV+’L'V)

- v(£+1)f/< 2

(=5=) o I
(é - 1) f tv(§+1)tv—1f//(§,rv + 5 Kv>dt.
0

Now, by taking into account (k; — k), we obtain

(k1 — k2)

(TV_KV) ! v(E+1) =1 17 £ v 2-t v
| ) L f(2K+ 5 T )dt

1
: t’ 2-t
+ tv(<,+1)tv—1 m v 4 avns

On the other hand, we have

1
t 2-t
— Wev=1 gt v v
Il—fo(t)t f(2;<+ . v )dt

(1)
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Py 4 22t plg(Bgv 4 2=ty
_ (tv)gt"_lf(z 2 f () y tV1 f(zK + 2 T)dt
- 1 K TV Vtv—l(#)
_Zf( K"+T") 2§+151"(5) " ,
= V(K _ZTv) (17 — KV)E+Ip1=¢ (( Izkv”v)‘l )f(T ))
By a similar way, it is easy to see that
L, = f(tv)gtv 1f _tv v)dt
2f K +r )
25“5“5) V& v
—W(( ! (M)% )f(x ))-
Thus,
(h - I2) 2)
_ M) | e

V(TV —_ KV) vl—é(TV _ Kv)é+1
><[((”1é ) f(T)) o f(KV)].
(252). (=)
Multiplying (1) and (2) by M, we get the desired result. [

Lemma 2.2. Let £ € (0,1) and v > O and f :

: [x",7"] = R be a twice differentiable mapping on (x",t") with
0 < x < 1. Then, the following equality holds for Katugampola fractional integral operators

IB| = V(8T(£_ Klv))z[f (1 tV)(,+1tv 1f//( - ;tv Tv)dt

I
E+1 1
+f0( — el (TTV+ 5 Kv)di‘]
L 2SITE I [

A ) )e) A5
(=),
Proof. By integration by parts for the right hand side of the equality, we have
fol(l _ tv).§+1tv—1f//(%1<v + 1+t Tv)di'

2
_zf/(KV+’[V 2(5 + 1)
= +
v(TV = «")

2f(K+T) Elvl tvv
|Z= _vau gt )|

I
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By changing of the variables, we get

1
1-¢ 1+¢
_ gn\E+1v=1 g1 v v
fo(l F)E f(—2 K+ — T )dt

22/ (55) | 2Ae+1)
(T —-xY) TV -k’

I

x[_zf(%“ o J T <TV—uv>é-1uv-1f<uv>du]
(

v — KV (TV _ Kv)é+1

KV;»‘[V )%

Multiplying the resulting equality by %ﬁj, we obtain

! 1-t" , 1+¢
1—¢ £,+1tv—1 "V 4 v\dt

e e o

2 (55) | 2E+1)

+
(T -«") TV -«
K+ E+1 "
_[zf( 7 )+ 2¢HLET(E) (Ig ) )f(TV)].

v — kv (TV _ Kv)é+1vl—£ (#)

I

Similarly,
1
1-t 1+t
I — f (1 _ tV)§+1tv—l 77 —TV + KV dt
2 0 f ( 2 2 )
2f'(555) | 2(E+1)
= +
V(T —-xY) TV -k
2f(555)  2HET(E) vy v
_[ v — KV + (Tv _ Kv)§+lvl—£< I( K"+TV)% )f(K )]
2 -
Namely,
L+
CBEHDf(FE)  2HPr(E+2)
V(TV _ KV)Z (UV _ Kv)§+2vl—£

() ()]

<
K47V
2

Now, multiplying both sides by %, we provide

_f< 2 )
2EIT(E + T v
eyl IEM)*

Which completes the proof. O
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Theorem 2.3. Suppose that f : [x*,1"] — R be a twice differentiable function on (x",7") with 0 < x < . If |f"'| is
convex function, then we have the following inequality for Katugampola fractional integral operators:

25_11_'(5 + 1)1/‘5_1 ((1/1‘5 ) v voe . K&+ T
PN (el S
(TV - Kv)g <%)+ (A w) ) ( 2

v _ 4V)\2
: (;(5 +K1; (v(51+ 2))['f ")+ (@]

Proof. By using right hand side of the Lemma (2.1), we can write

v _ o v\2 1
|A| < (;(5 +K1; f t§v+vtv 1|: f//( V) f//( V)]
1
+£ tEw—v[ 17 V) fu( ] ]

By making use of the necessary calculations, we get

(1" = «")?

= 8<5+1>( 5+2))[|f"(’<v)|+|f”(T”)I]

Which completes the proof. [J

Theorem 2.4. Suppose that f : [x*,7"] — R be a twice differentiable function on (", ") with 0 < x < . If |f"'| is
convex function, then we have the following inequality for Katugampola fractional integral operators:

2T VT e DA+ () - F K+
BB V)

- (TV v)2 1 q
T O8(E+1) \vs(E+2)-s+1

1

forp>1landg>1.

Proof. From the right hand side of Lemma (2.1), we have
Al

(TV - KV)Z ! vE+v v—1
8(&+1) [ fo e

By using the Holder inequality, we get

1< g [ f e Wt)%(

o [oeya( [ “<%Tv+2;”w>

f”(%Kv+ 2 -t )+f,,( Z_Ztvkv)

N(%KV+ 2_2tV,L,v)
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(i V)z NEEENPAY
t t
<SEn f e

[ f ( e+ 22 )P )it + f 1( e+ 22 e Ip)dt];

Thus, we provide

191

1

|A| (T _ KV)Z 1 q
T O8(E+1) \vg(é+2)—g+1

This completes the proof. [J

Theorem 2.5. If f : [x",7"] — R be differentiable function on (x’, v") with k¥ < t" and f” € L1[x", "] If |f”|is a
concave function, then we have the following inequality for Katugampola fractional integral operators

UMD (e )5

&
) (=) ’
(" — k")? 1 S K 2 1 T
=8E+1) [(v(g n 2))[ f (2v(5 3 (V(g 1) wE+ 3))?)

. v 2 1 K
i (2v(g+3)+ v(5+2)_v(5+3))7) '

Proof. From Lemma 2.1, we have
M((Vﬁ % )A(E) + (Vlg : )f(Kv))_f(KV + T”)

(e=e) (). () :
< M[fl pr(E+1) =1
8E&+1) | Jo

1
+ f tv(§+1)tv—1
0

By applying Jensen Integral inequality, we get

(t —x")? V(E+2)-1
Al < 8(E+1) [(f t dt) f (E+2)-14¢
WE2)-1
+( fl tv(g+2)—1dt) f,,(fo t ( T+ EE )dt)]
0 fo E+2)-1 ¢
(" —«")? 1 LK 2 1\
T BE+) (v(5+2)) Maers e w92

e (3 N 21 O\
f 2vE+3) \v(E+2) viE+3))2)|l]
Which completes the proof. O

t 2-t

(e + )
dt]

,,(fo pE+2)- 1( vy 2=t t )dt)

dt

v

—t KV)

f”(%’fv + 2




J. Nasir, S. I. Butt, M.A. Dokuyucu, A.O. Akdemir /T]OS 7 (3), 185-201 192

Theorem 2.6. If f : [x",©"] — R be differentiable function on (x*, ") with ¥ < " and " € L1[x", t"]. If |f"'|7 is
a convex function, then we have the following inequality for Katugampola fractional integral operators:

21+ DV N CE ) (T
e ( (e W) ()= A5)

B TR R RS g
TO8E+D) [W(E+2) v(E+2) '

P
—
7
ol
L
~—
i

Proof. From Lemma 2.1, we have

28717 (E + 1t ((VI‘5

o)
< (" - KV)Z[fl pER) -1
8(E+1) [ Jo

1
+ f tv(§+1)tv—1
0

By applying Power-mean inequality, we get

(TV—KV)Z[ fl E+2)-1 - ! 2)-1
Al < ———= Pr(E+2) r(E+2)
8(&+1) ( 0 ) 0

1 1-1 1
+( tV(~5+2)—1) a pE+2)-1
0 0

By using convexity of |f|, we get

)+ (1 ) - A5

f”(%KV + 2 _2 e TV) dt

|

e+ 50

75+ )

t 2 -t

Fe s 35Ew)

(,.[V _ Kv)2
Al < m

1 1-1 1 v 1 2 %
(f tv(£+2)71) q f tv(£+2)71 _If//(KV)lth + f |f//(TV)|th
0 0 2 0 2

1

! [ -1t -t q
+(f0 e >—> (fo rE+D)- E|f"(TV)|fidt+f0 > If”(KV)Wdt)]

Z(TV—KVV[( 1 )1—;[If”(1<”)l"( 2y, L2 )ﬂ'

8(&+1) |\w(&E+2) 2 v+ 2v 2 vé +2v

By simplfying the above inequality, we obtain

A CoRPf 1y EOR + PR %
T O8(E+1) [W(E+2) V(& +2) ‘

Which completes the proof. O
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Theorem 2.7. Let f : I° ¢ R — R be a differentiable mapping on I° and «", 7" € I° with ¥” < " and q > 1. If
the mapping |f"' |1 is convex on the interval (x¥,t"), then the following inequality holds for Katugampola fractional
integral operators:

25_11—'(5 + 1)Vé_1 v ¢ v Vg v K +7T
—( . +( I . -
B )5
(TV _ .KV)Z 1 n
T 8(&E+1) ((—p+2pv+p5v+ 1)(2pv+p£v—p+2))
(e Vel o\
[(2@ Do+ e nern) @ )

|f"(t") v+3v+l . g 1 5
+(2(v+1)(v+2)+2(v+1)v+2)|f( W)] (2pv+pv£—p+2)

(|f"(7<v)|q N (v+ 1)|f"(TV)|q)% N (|f”(’fv)|q (v+ 1)|f”(KV)|q)%
2(v+2) 2(v+2) 2(v+2) 2(v +2) '

Proof. From Lemma 2.1, we can write

(TV V)z vé+v =1 g17 £ v 2t v
IA] < BT D) t t f(21<+ . T)dt

b vt et 2=t
N 1 v v
+f0 PR f (—2"[ 5K )dt].

Let us denote

1
t 2-t
— vé+vgv=1gem( > v v
kl—fot t f(2K+ > v )dt.

By using Holder-Iscan inequality, we have

|A| < (fl(l _t)|tv(<§+2)—1|l7dt il’ f (1 z—tv th)q
0
! v(E+2)— Fl’ 11 t’ v 2—f
+(f0t|t<52) 1|Palt)(f0tf(21<+ > dt)
s( fo 1(1—t)(tpv(‘5+2)‘p)dt% f (1—t f”(KV) Tar + f (1—t) (") ahf)l
! W(E+2)— 1% tV"VL] ! _tvuv %
+(f0 t(t““)r’)dt)(fOtEf(K)dt+f f'(t )dt)

1 3
= ((—p +2pv +pév + 1)(—=p + 2pv + p&v + 2))

1

12 4+3v+1

1 190 "oy
(m'f @+ e @ )W)
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v+1

1 H L o 1
+(2PV+pév+2) (2(v+2)|f e T )Iq) .

Similarly,

1
t 2-t
_ vé+vv=1 g1 v v
kz—j;t" t f(27:+ . i ).

By using Holder-Iscan inequality, we have

IA| < f (1 - Bl e27par) ( f 1- f”( L dtﬁ
1 1 1
V(E+2)—1 f A el AT PAY]
+(f0t|t |Pdt)(f0tf(21+ . dt)
1 1 1
s(fo (1= BE D) ( f e S f 1 - o2 | ar)’
1 1 1 1
(E+2)— » [ WY q 2t 190,V q q
+(f0t(tr7 P)dt)(fotzf(f)dt+fo‘t—f(1<)dt)

1

1 4
= ((—p +2pv +pév + 1)(=p + 2pv + p&v + 2))

1 "oy v+3v+1l g
(mlf ()7 + mv (x )|q)

1

1 v+1

1 P o o 1
+(2pv+pév+2) (2(v+2)|f @+ 5l )W)

Now, k1 + ky

|A| (T _ K1/)2 1 v
T 8(E+1) [\(=p+2pv+psv+1)2pv +pév —p+2)

()1 I AL
[(2(V+1)(v+2)+2(v+1)(v+2)|f( )

[f (T v +3v+1 ]
(2(v+1)(v+2)+2(v+1)(v+2)|f G H

+ 1 )
2pv+pvE—p+2
[f7GeT v+ DI @\ 7@ v+ DI\
[(2(v+2) T T w2 ) +<2(v+2) T T w2 ) H
Which is the desired result. [

Theorem 2.8. Let f : I° ¢ R — R be a differentiable mapping on I° and «", 7" € I° with ¥ < k" and q > 1. If
the mapping |f" |1 is convex on the interval (x¥,t"), then the following inequality holds for Katugampola fractional
integral operators:

é-1 V&E*l v v V4oV
e e (m_”;g ( LGN () - A(E2)
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SGETIRT 1 P (e
T O8EH+) [Nv+&v)2v+ v+ 1) 2v(E+3)(Ev+3v+1)

195

1 1 190V %
+((2v +ENQRv+Ev+1)  2u(E +3)(Ev +3v + 1))|f (z )'q)
+< Lf ()
2v(E+3)(&v +3v+1)
+ : - . F i)
Qu+&En)Qv+&v+1)  20(E+3)(Ev+3v +1)

L (e fv v Y
+(V(5+2)+1) [(2(3v+c§v+1) i 2(2v+5v+1)(3v+5v+1)|f (t )Iq)

lf"(z")l9 Ev+dv+1 )
+(2(3v Yo+ amra e ra ) ® )W) ”
Proof. Let us denote

b et (28
— ve+vgv— "f__v v
kl—fot t f(2K+ > T)dt

By using Improved Power mean inequality, we get

1
1A < ( f (1—t)t”<5+2)‘1dt f (1 — -1
0

+ f JERD- 1dt) %< f ppE+2)1
0 0
1 1 -1t £
< _ L 1—¢ tv(é+2)—1_ ") dt
_(2v+§v 2v+5v+1) (fo( ) A

q

N( « 2 _ztv ,l_v)

fr(Ge+ 250

dt)%

dt)%

! V(E+2) 12 " YId % 1 "
+f0(1—t)t If( ) f) +(m)

1
1 a
(f tv 5+2 |fN(K |th+f tv(é+2) |f//( V)lth) )
0
By taking into account the facts that
1 p 1 ) 1 v
f (1= HrE271(1 - —)dt = f (1—pE2-1gs — f (1 - 21 gt
0 2 0 0 2

1 1
T+ av+ D) 2E+3)Ev+Bv+ 1)

It is clear to see that

1 1-1
Al < ((21/ + &) v+ &v + 1))
£ ()l 1 1 o)
20(E+3)(Ev+3v+1) * ((21/ +&V) v +&v+1) B 20(E+3)(Ev+3v)+1 )|f (r W)
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1 =5 e fv+dv+1 PNTY,
+(V(5+2)+1) (2(31/+c§v+1)+2(2v+<§v+1)(3v+5v+1)|f( 7).

196

Let

1 £ 1ot 2—t
— vé+tvv=1 g (> v v
kz—fo‘t t f(21+ > K)dt

By using Improved Power mean inequality

1 11 1
Al < ( f (1 - ey f (1 - pyp -1
0 0

1 1 1
+( ttv(5+2)‘1dt)] (O e
0 0

< ( 1 _ 1 )1_% fl(l _ t)tv(£+2)—1ﬁ|fu(,_[1/)|th
T\2v+ &y 2v+év+1 0 2

(G e 25 ary

N(gTV + 2 _ztv KV)

dt)%

0 1-1
f(1 FFE2)- 12 If (x )quf) +(m)

1

— v 1
( f preal |f“(TV)|th+ f tV<5+2>th|f"(1<V)|th).
0

By computing the above integrals, we have

1 -1
Al < ((21/ Qv+ v+ 1))
TR 1 1 Y
(2v(g )& +svel) ((21/ T+ v+ l) 2ME+3) v B0+ T )lq)

1 1_% |f”(TV)|q 51/ +4v+1 Y %
+(V(cf +2) + 1) <2(31/ +&v+1) " 2v+&v+ 1B+ E&v+1) If7 (e W)

NOW, k1 + k2

Al < (T =« ( 1 )1—* lf" (&)1
T8+ [Nv+&v)(2v+ v+ 1) 20(E+3)(Ev+3v+1)

1

1 1 ’’ v !
+((2v +&v)2v+&v+1) B 2v(E +3)(Ev +3v + 1))|f (t )|‘7)

+< Lf" (=1
2v(E+3)(Ev+3v+1)

! 1 )
+((2v FEVQv+Ev+1)  2v(E +3)(Ev+3v + 1))If (x )Iq) ]

1 =l Sv+dv+l _
+(v(£ +2)+ 1> [(2(31/ +&v+1) - 2Qv+&v+1D)Br+E&v+1) |f"(z )|q)

1
q

1
[f(TV) Sv+4v+1 v )
+ f + [f” (k") )
2@v+&v+1) 2v+év+D@Bv+Ev+1)
Which is the desired result. O
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Theorem 2.9. Suppose that f : [x*, "] — R be a twice differentiable function on (", ") with 0 < x < . If |f"'| is
convex function, then we have the following inequality for Katugampola fractional integral operators

2IT(E + e [ v

e G RUIRE e

V(T _K) (Y 1"V
= T8E+) [V(&z)}[lf o)+ 1]

Proof. By using the property of modulus on R.H.S of lemma (2.2), we can write

V(T _KV)Z éE+1 v-1
Pl s+ 1)[jﬁa_t)lt

1+t

//( - x

frg )

1
dt+ [ (1-)Ee
0

|

S 1/(8T(5_+K1 |:f (1 tV)§+ltV 1 |f//( V)l |f//( V)|]dt
fkl ey [ D R e |p4
_ 7)2
= %[f (1 tV)E+1tv l[lf//(KV)| + |f//(TV)|]dt]

a V(Tv _ Kv)z

BE+1) [ @+ 2)][|fﬁ(’<v)| @]

V(TV B KV)Z 19”0,V 17
Bl < 8@+1)[ £+th<xn+v gl

This completes the proof. [J

Theorem 2.10. Suppose that f : [, '] — R be a twice differentiable function on (x",7") with 0 < x < . If |f”
is convex function, then we have the following inequality for Katugampola fractional integral operators

257IT(E + 1o [ v N ) Vv
_Gt%¥1k7%ﬂﬂﬂTp47%ﬂiy@ﬂ_ﬂx+T)

V(T - x")? 1 HAf7 G+ 37 (TN B+ 17 ()5
= T8E+ 1) [(s(é+1)+l)[ o )+ )H

4v
forr>1lands> 1.

Proof. Using Holder Inequality in lemma (2.2), we get

v(T¥ — KkY)?
|B|_( )

5 1) [le tV)g+1|ptV 1dt)r'(f tv—l

(e ) )
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+( j: (1 - tv)5+1|ptvldt);l;<j;1 -1 dt);}.

By using the convexity of |f”’|, we have
v(1¥ — ") ! IP(EFT) gr— 5 v-1 ar
|Ms—ggrﬁ+Qﬂa—tv by wﬁ(ﬁt AL @yt
f - 1(1 + tv)lf/;(,rv)|th % f (1 tV)p(g+1)tV 1di’)
0
1 1
(\fo‘ P 1 )lf//( V)lth + f - 1( )|f//( V)lth) 7]

(v_ v)2 1 % 1 1 . 3 L %
VST(«S +K1) [(p(<§+1)+1) GLGIF G+ I @)

f”(%ﬂ L1 +thv)q

|B| <

957%77y(k—4fKUW+()V%Kqu
Namely,

v(T¥ — V)2 1 SO+ 317 (TN BT+ 7 () \;
Bl< @71 |(p(g+1)+1) [( o ) +( e )”

This completes the proof. [

Theorem 2.11. If f : [x",7"] — R be differentiable function on (x",t") with k' < ©°and f” € Ly[x"*, t"]. If |f"| is
a concave function, then we have the following inequality for Katugampola fractional integral operators:

W)+ )| - 555)

2&- 1r(g+1)vs v
- Kv)é [( I

) 3
(KVW )+
T - KV)2[ 1 [ f,,((v(51+3>)% + (v@fz;éw))%)

8(E+1) [v(E+2)

v(E+2)

v(E+2)

Proof. By applying Jensen inequality on R.H.S of lemma (2.2), we can write

IB| < V(8T(£_ Klv))z[f (1 tv)é+1tv 1

1
+ f (1 _ tl/)é+1t1/—1
0

v — v)Z NEAL e
e

dt

//( -t K+ 1‘;th1/)
e o

(f()l(l _ t")5+1t"‘1(%1< 1+t )dt)
f fol(l — )1y
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1 fl(l - tV)‘5+1tV‘1(1+T”w1<V + %Tv)dt
+(f (1 _ tv)§+1tvfldt) f//( 0 ) .
0

1 _
fo (1 —v)e+1p-1gt
By a simple computation, one has

1\ g4 \r
(it — KV)Z[ 1 [ f,,((V(£+3))% + (V(£+2)(é+3))%)

IB| < -
8(5 + 1) V(é + 2) e

g 4 v v

. (v<£+2§<5+3>)% + (v<51+3>)%
+f T .

v(E+2)

This is the desired result. [

Theorem 2.12. If f : [«", 7] — R be differentiable function on (x’, ") with ¥ < " and " € Li[«x",©"]. If |f"|"
is a convex function, then we have the following inequality for Katugampola fractional integral operators:

)j )f(TV) + (Vlzw)i )f(KV)] B f(KV ;_ TV)

2EIT(E + T [ v
e U

(5
v(t¥ -« 1 =2 f" (@)1 2 lf(t)1 2 !
=T8E+D [(v(5+2)) [ 2 v(5+2))+ 2 (v(5+2)>] }

V)Z

Proof. By applying Power mean inequality on R.H.S of lemma (2.2), we have

V(T _Kv)Z V\E+1 1| 17 - K 1+t ,
Bl < —— L BT T f(1 )+ f( +— T)|dt
1
1+t 1-
E+1 -1 17 v v
ﬁﬁ(u_t)+t)f(_7_K+ )

V(T KY)? f v)E+T -1 =3
< SETD [ (1- t dt)
1
. 1-t 1+ N9
WE+1 v—1| g7 v v
(L(l—t)+t (—2 Kt — T)

1 11 1
+<f (1 _ tV)é'FltV—ldt) q (f (1 _ tv>§+1tv—l
0 0

g
th) ]
By using convexity of |f”’|7, we get

_ \2
|B| < 1/(8’1(E Kl) [ f(l tV)g-i—ltV 1di’ (f (1 tV)§+1tV l( )|f//( V)lth

dt)%

fr(pw s 15 5)

1 v ‘ll
_+_f (1 _ tv)§+ltv—1(1 ;t )lf”("[v)lth)
0

1 _1 1 v
+(£ (1 _ tv)§+1tv—1dt)l W(L (1 _ tV)£+1tV—1(1 ';t )lf//(Kv)Wdt
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1 o i
+ fo (1—tV)‘5+1tV‘l(th)If”(T”)qut) ]

By computing the above integrals, we obtain

W =2 1 I, 1 e, E+d
) [(v(cs+2)) [ > )t 2 Geroee)

N, 1 e, cvd ]
A (V(g+3))+ 2 (v(é+2)(é+3))] ]
This is the desired result. O

3. Conclusion

In the literature, there are many studies of different researchers that include Katugampola integral oper-
ators for functions whose absolute values of first derivatives are convex. The main motivation point of the
study is to obtain the inequalities with the help of Katugampola integral operators for the functions whose
absolute value of the second derivatives are convex and concave functions. In this sense, the findings
contribute to the improvement in convex analysis and take the discussion one step further. In addition,
Holder’s inequality is used to prove the main results and new approaches are obtained.

Recently, researchers working in the field of inequalities frequently use fractional integral operators and
thus obtain new generalizations associated with the certain types of inequalities. Katugampola integral
operators structurally combine Riemann-Liouville and Hadamard fractional integral operators and con-
tribute to the effectiveness of the results with its generalized kernel structure.

The results can be performed for different kinds of convexity and operators.These results can be applied
in convex analysis, optimization and different areas of pure and applied sciences. The authors hope that
these results will serve as a motivation for future work in this fascinating area.
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Abstract. In this paper, we define the complex-type cyclic-Pell sequence and then, we give miscellaneous
properties of this sequence by using matrix method. Also, we study the complex-type cyclic-Pell sequence
modulo m. In addition, we describe the complex-type cyclic-Pell sequence in a 2-generator group and we
investigate that in finite groups in detail. Finally, we obtain the lengths of the periods of the complex-type
cyclic-Pell sequences in dihedral groups D,, D3, D4, Ds, Dg, D1 and D3, with respect to the generating pair

(x,y).

1. Introduction

The well-known the Pell sequence {P,} is defined by the following recurrence relation:
P, =2Py 1+ Py

for n > 2 and with initial conditions Po = 0 and P; = 1.
The complex Fibonacci sequence {F}} is defined [21] by the following equation: for n > 0

F,=F, +iFpn

where i = V-1 is the imaginary unit and F, is the n" Fibonacci number (cf. [5, 22]).
k-1
Suppose that {Cf}j o (k > 2) is a sequence of real numbers such that ¢;_; # 0. The k-generalized Fibonacci

sequence {a,}, % is defined as
An+k = Ck-1An+k-1 F Ck-20n+k-2 + + - + Colly

for n > 0 and where ag, a1, . .., ax_1 are specified by the initial conditions.
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In [23], Kalman gave a number of closed-form formulas for the generalized sequence using the com-
panion matrix as follows:

[0 1 0 --- 0 0
o o 1 -~ 0 0
o o0 o --- 0 0
A = )
0 0 O 0 1
| C0 €1 €2+ Ck—2  Ck-1 |
Also, he proved that
ap ay
. a1 An+1
(Ax) =
(] Antk-1

In the literature, many interesting properties and applications of the recurrence sequences relevant to
this paper have been studied by many authors; see for example, [3, 7-9, 14, 15, 28, 29]. Especially, in [18]
and [17], the authors defined the new sequences using the quaternions and complex numbers and then
they gave miscellaneous properties and many applications of the sequences defined. In the first part of this
paper, we define the complex-type cyclic-Pell sequence and then, we give miscellaneous properties of this
sequence by the aid of the matrix method.

We recall that when a sequence is composed only of repetitions of a fixed subsequence A sequence
is periodic if after a certain points it consists only of repetitions of a fixed subsequence. We refer to the
number of members in the shortest repeating subsequence as the period of the sequence. For instance, when
a sequence with the terms x, y,z,t,y,2,t,y,2,t,... is considered, one would say it is periodic after the initial
term k and it has period 3. Also, the first 7 terms in a sequence form a repeating subsequence, then it is said to
be simply periodic with period r. For instance, when a sequence with the terms x, y,z,t,x,y,z,t,x, y,2,t,...
is considered, one would say it is simply periodic with period 4.

The study of the linear recurrence sequences modulo m began with the earlier work of Wall [30] where
the periods of the ordinary Fibonacci sequences modulo m were investigated. Recently, the theory extended
to some special linear recurrence sequences by several authors; see for example, [20, 26].

For a finitely generated group G = (A), where A = {ay, a5, ...,4, }, the sequence x, = 4,41, 0 <u <n-1,

n

Xpsu = | Xusv—1, 4 = 0 is called the Fibonacci orbit of G with respect to the generating set A, denoted as

v=1
FA(G)in [11].
A k-nacci (k-step Fibonacci) sequence in a finite group is a sequence of group elements xg, x1, X2, . .., Xz,
... for which, given an initial (seed) set xo, x1, x2, ..., xj-1, each element is defined by

X0X1 *** Xp_1 for j<n <k,
Xy = P
Xp—kXn—k+1 *** Xn_1 form > k.

We also require that the initial elements of the sequence xo, x1, x2, . . ., Xj_1 generate the group, thus forcing
the k-nacci sequence to reflect the structure of the group. The k-nacci sequence of a group G generated by

Xo, X1, X2, . .., Xj-1 is denoted by Fy (G; Xo,X1,%X2, ... ,xj_l) in [25].
Note also that the orbit of a k-generated group is a k-nacci sequence.
From [17], we use the following definition as our preliminary information.

Definition 1.1. Let G be a k-generated group. For a generating k-tuple (x1,xa, . .., xx) , the complex-type k-Finonacci
orbit is defined by a; = xj41, (0 <i<k-1),

M 1 .
Ak = @) (@ns1)" .. (@pix—1)', 120
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where the following conditions are achieved for any x, y € G and any integer u:

(i). Let e be the identity of G and consider z = a + ib, where a, b are integers, then

+x% = xu(mod [x])+ib(mod |x]) — xu(mod \xl)xib(mod [xl) — xib(mod |x|)xu(m0d [xl) — xib(mod |x])+a(mod |x|),

£ xil = (xi)ﬂ — (xa)i,

xe = ¢,

% x0+0 — o

(ii). Given z1 = ay + iby and zy = ay + iby, where a1, by, a, and by are integers, y~2x™% = (x* yZZ)_l.

(iii). If yx # xy, then y'x' # x'y'.

P : .o\1

(). y'x' = (xy) and x 'y~ = (xlyl) ,

(). y'x = xy' and so x'y~! = (xyi)l and x'y' = (xiy)l.

The study of the recurrence sequences in groups began with the earlier work of Wall [30]. In the
mid-eighties, Wilcox studied the Fibonacci sequences in abelian groups in [31]. In [12], the theory was
expanded to some finite simple groups by Campbell et al.. There, they defined the Fibonacci length of
the Fibonacci orbit and the basic Fibonacci length of the basic Fibonacci orbit in a 2-generator group. The
concept of Fibonacci length for more than two generators has also been considered; see, for example,
[10, 11]. In [25], Knox signified that a k-nacci (k-step Fibonacci) sequence in a finite group is periodic.
Recently, the theory has been extended to some special linear recurrence sequences by several authors; see
for example, [1, 2, 4, 13, 16, 19, 24, 27]. Deveci and Shannon [17] defined the complex-type k-Fibonacci
orbit of a k-generator group. They proved that the complex-type k-Fibonacci orbit of a k-generator group
is periodic if the group is finite. In the second part of this paper, we redefine the complex-type cyclic-Pell
sequence by means of the elements of 2-generator groups which is called the complex-type cyclic-Pell orbit.
Then we examine the sequence in finite groups in detail. Finally, we obtain the lengths of the periods of
the complex-type cyclic-Pell orbits of the dihedral group D, for some n > 2 as applications of the results
obtained.

2. The Complex-type Cyclic-Pell Sequence

Now we define the complex-type cyclic-Pell sequence by the following homogeneous linear recurrence
relation forn > 1 4 ,
20 +p? = 0(mod 4)

(i) i(ZPffﬁ + Pff’i?) n =1(mod 4)
n+2 _Zpilcﬁ _ pglc,l) n=2 (mod 4)

—i (ZPSQ + pgf ’i)) n = 3(mod 4)

where p'“) = 0,p” = 1and i = V-1.
Letting

1)

and by using an induction method on n, we find the relationship between the elements of the sequence

13  —6-2i ]

{p,(f'i)} and the matrix M as follows:

p(C,i) p(f,i)
(M)” = 4(111,4)—2 ) 4n+1 )
Pins1 Re (pfnz ) —Im <p4cnz+1) )

In [6], Bicknell defined the generating matrix of the Pell numbers, P-matrix as follows:
2 1
Ve 1o

Using the matrices M and N, we have the following useful result.
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Proposition 2.1. Forn >0
det(M)" = (=1)" - det (N)*"

Proof. It is well-known that the nth powers of the matrix N is as follows:

Pn+1 Pn ] (2)

(N)n:[ Pn Pn—l

for n > 0. Since det M = det (N)* and from the (1) and (2), we have conclusion. [

We use the above definitions and define the matrices:
!
B, = [ —12 —01 ] ,
me| 77

2 1
e[

Let M = B4B3B,B;. Using the above identities, we define the folloving matrix:

and

E" = B,By_1...BiM*

where n = 4k + u such that u, k € N. So we get

1 (C i)
E[o] [?cz%] 6)
for n = 4k + u such that u, k € IN.
Now we investigate the Simpson formulas of the complex-type cyclic-Pell sequence.
If n =4k + 1 (k € IN), then

(c,i) (c,i)

= BMF = [
n+1 p"

i el [ ]

So we get
(Pfff)z) (p;co) (pffg)(—ZRe (p(cl)) +i [Re( (cz)) + Imp') ) = (=1 i

If n = 4k + 2 (k € IN), then

n+1

(c,i) (c,i)
n _ k — pn
E" = BoBiM" = [ +2 R (p(C 1)) ‘i [Rez G 1)) +Im (P(c,i))] }

So we get

(Pe5) (~2Re () + i+ [Re () +1m (pi8)]) = () () = -0 4



O. Erdag, O. Deveci, E. Karaduman / TJOS 7 (3), 202-210 206

If n = 4k + 3 (k € N), then

(c,i) i)
E" = ByBByM* = [ Pz Relp) -1
(c,i) (c,i)
pn+l P

m (p;”) l

So we get L
(P2) () ~ () [Re () = 1m )] = (-1

If n = 4k + 4 (k € N), then

: . [ p(c ) p(c,n l
E'=M = n+2 I+l .
P Re(pl?”)=Im(p))

So we get

(2 [Re 7)1 12)] - () 55 = .

3. The Complex-type Cyclic-Pell Sequence in Groups

If we reduce the sequence {p,(f Z)} modulo m, taking least nonnegative residues, then we get the following

recurrence sequence:

e e} = {p om), p50 m), L P (),

where pi.c’i) (m) is used to mean the nth element of the complex-type cyclic-Pell sequence when read modulo

m. We note here that the recurrence relations in the sequences {pg,c’i) (m)} and {pﬁf Z)} are the same.

Theorem 3.1. The sequence \p { e (m)} is periodic and the length of its period is divisible by 4.
Proof. Consider the set

R = {(z1,22) | z’s are complex numbers a; + ib, where
a and by are integers such that 0 < ai, by <m —1and k € {1,2}}.

Let |R| be the cardinality of the set R. Since the set R is finite, there are |R| distinct 2-tuples of the complex-
type cyclic-Pell sequence modulo m. Thus, it is clear that at least one of these 2-tuples appears twice in
(c,i

the sequence {p { (ci) (m)} Let p(c D (m) = (C' (m) and p(c D (m) = Pv+) (m). If v —u = 0(mod 4), then we get

u+1l

pg‘é (m) = piﬂr’; (m), p(c D (m) = vﬂf’; (m), .... So, it is easy to see that the subsequence following this 2-tuple

u+3

repeats; that is, {p(c g (m)} is a periodic sequence and the length of its period must be divided by 4. O

We denote the lengths of periods of the sequence {p,(f’i) (m)} by hp@,,') (m). Itis easy to see from the equation
(3), hp(c,i) (m) is the smallest positive integer a such that E* = I (mod m).

Given an integer matrix A = [a,-j], A (mod m) means that all entries of A are modulo m, that is,
A (mod m) = (aij (mod m)). Let us consider the set (A),, = {(A)" (mod m) | n > 0}. If (det A, m) = 1, then the

set (A),, is a cyclic group; if (det A, m) # 1, then the set (A),, is a semigroup. Since det M = -1, the set (M),,
is a cyclic group for every positive integer m > 2. From (3), it is easy to see that hp«,n (m) = 2 (M)l

Theorem 3.2. Let ¢ be a prime. If s is the smallest positive integer such that (M) | # (M), then (M) | =
£ [(M) .
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Proof. Suppose that a is a positive integer and [(M),,| is denoted by lp(m (m). Let I be 2 X2 identity matrix and

A a+1 ) a+1
(M)ll’ff”) () =] (mode““). Then we can derive (M)lpﬁf'l) () = [ (mode&®), which means that lp(c,i) (&%) divides

i€ . . .
lp(c,i) (e““). Moreover, we may write (M) PL')(E - I+ (ml(.‘;) . es), by the binomial theorem. Hence, we obtain:
&
Lien(e)e _ (@ € _ Z V[, (@) "_ +1
(V) = (I + (mi,j ’ ga)) - (i)<mz’,j ' 5“) = I(mOdfa )
n=0

Then we have (1\/1)1"("”)(#).S =1 (m0d€a+l)r which implies that [ ¢, (Saﬂ) divides [ ¢ (¢°) - €. According to

these results, it is seen that I (e“”) =L (&%) or Leo (e““) =L (¢%) - ¢, and the latter holds if and only if
there is a mfa]) which is not divisible by ¢. Due to fact that we assume s is the smallest positive integer such
that lp«,n (85+1) # me (&%), there is an ml(t]) which is not divisible by ¢. This shows that lp(c,a (85”) = lp<c,[) (%) - e.

’

So we have the conclusion. [

Theorem 3.3. Let my and my be positive integers with my, my > 2, then )<M>lcm[m1,mz]' =lcm D(M}m1 , (M)mZ”.

Proof. Let [{(M),,| is denoted by lp@,,-) (m) and let lem [my,my] = m. Clearly, (M)lf’(n['i)(ml) = [ (modm;) and
(M)lf’(nc’i) ) = [ (modm,). Using the least common multiple operation this implies that(M)lﬂ(nf’” o) = I (modmy)

and (M)lpg’l)(M) = I (modmy). Sowe gEt|<M>m1| | KM),,| and |<M>mZ| | KM),,|, which means thatlem [|<M>m1 ’ <M>m2”

and M? = I (modm,), which yields that M = I (modm). Thus, it is seen thatlcm [|(M>m1
by |<M>lcm[m1,m2]|' So we have the conclusion. [

<M>m2” = p. Then we can write M = I (modm;)
(M),,|]is divisible

divides |<M>lcm[m1,mz]|' Now we consider as Ilem [|(M>m1

7

Let G be a finite j-generator group and let X be the subset of G X G X - - - X G such that (xl,xz, ... ,xj) eX
| ———

j times

if and only if G is generated by x1, x2, ..., x;. (xl, X2, ..., xj) is said to be a generating j-tuple for G.

Definition 3.4. Let G be a 2-generator group and let (x1,x2) be a generating 2-tuple of G. Then, we define the
complex-type cyclic-Pell orbit by

(Cn2) (Cn1)? for n = 0 (mod4)
(cn_z)i (cn_1)2i forn =1 (mod4)
(en-2)"" (ea-) 2 for n =2 (mod4)
(c,,_z)_i (cn_l)_2i for n = 3 (mod4)

C1=2X1, C2 =X,Cp = , (n>2).

Let the notation PEif?Xz) (G) denote the complex-type cyclic-Pell orbit of G for generating 2-tuple (x1, x7).

Theorem 3.5. If G is finite, then the complex-type cyclic-Pell orbit of G is a periodic sequence and the length of its
period is divisible by 4.

Proof. Consider the set
W = {((wl)ul(mod|w1|)+ib1(mod|wl\) (wz)az(mod|w2|)+1'b2(mod|wz\) .
i=N-1,w,uw, €G and ﬂl,az,bl,bz S Z} .

Since the group G is finite, W is a finite set. Then for any u > 0, there exists v > u such that ¢, = ¢, and
Cu+1 = Cp41. If v —u = 0(mod4), then we get c,42 = Cp42, Cut3 = Cp43, - ... Because of the repeating, for all

generating pairs, the sequence P(i’f,)xz) (G) is periodic and the length of its period must be divided by 4. [
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We denote the length of the period of the orbit P(i’c) (G) by LP® (G). From the definition of the

(x1,%2)
orbit P(l C) ) itis clear that the length of the period of thls sequence in a finite group depends on the chosen
generatmg set and the order in which the assignments of x;, x, are made.

We will now address the lengths of the periods of the orbits P((l:)y) (Dy), P((':)y) (D3), P((ZC)y) (Dy), P((zc)y) (Dg),

P((i’:)y) (Dg), P((i’:;) (D16) and P((i’:)y) (D3,). The dihedral group D, of order 2n is defined as follows:

w =y 2=y = () =

for every n > 2. Note that |x| = n, [y| = 2, xy = yx~! and yx = x~'y. By direct calculation, we obtain the orbit
P9 (D,) as follows:
(xy)
_ _ i
C1 - x/CZ—]//CS—x/
_ 20 _ .3
€4 = XY cs5=x c6—x y,
o = x4_31, Cg = 14+81y Co = = 13- 41
_ -12 _ JA+130 4 261
Cio = X Y, C11=X ,C12 = Y,
_ —39-4i § 7434 57239
iz = X ,C14 = Y, C15 ’
218+112i 5 185-72i —152-32i
Cle = X Yy, C17 ,C18 = Yy,
_ ,136+185i 5120-338i §491-136i
Cl9y = X , €20 = Y, 21 ’
_ . 1102-610i 5 1356-491i _ ..3814+1592i
Cpn = X Y, Cs ,C =X Y,
_ ..2693-1356i _ —1572-1120i _ .3596+2693i
G = X €6 =X Y, 07 =X ’
_ 5620-4266i _ .,—5839-3596i _ ,17298-11458i
Cg = X Y,C9 =X ;€30 =X Y,
_ .26512-5839i _ ,70322+23136i A0433-26512i
i1 = X ,C3 =X Y,C33 ’
_ —10544-29888i _ .86288+40433i — 1(162032-50978i
Cyg = X Y,C =X ,C36 = Y,
—61523-86288i 285078-223554i 333396~ 615231
Cyy = X ,C38 = X y C39
_ .1351870+346600i _ .631677-533396i _ 88516—7201921
Cyp = X Y,y =X ,Cpp =X Y,
_  .1973780+631677i _ .4036076-543162i _ —454647-1973780i
C43 = X ,Cag =X Y, 045 =X ’
_ .4945370-4490722i _ 10955224—454647i _ ,.26855818+5400016i
C46 = X Y, C7 =X ,Ca8 =X Y,
10345385—-10955224i 6165048—16510432i 43976088+10345385i
C9 = X ,C50 = X Y, 051 =X ’
_ ,94117224-4180338i _ .1984709-43976088i _ ,90147806-92132514i
Csp = X Y,C53 =X ,C54 =X Y,
_ .228241116+1984709i _ .546630038+88163096i 5178310901~ 2282411]61
s = X ,C56 = X Y, C57
_ ,.190008236—368319136i 1 964879388+178310901 _ 2119767012+11697334i
Csg = X ]/ Cs9 ,C60 = X ]/,
_ ,.201705569-964879388i _ ..1716355874—1918061442i 4801002272+2017055691
Ce1 = X 7C62 =X Y, Ce3
_ . 11318360418+1514650304i _ ..3231006177-4801002272i _ 4856348064—80873542401’
Cea = X Y,C65 =X 7 Ce6 = X Y,
_ ,.20975710752+3231006177i — 146807769568+1625341886i 6481689949~ 20975710752;
Ce7 = X , C68 = Y, Ce9
_ ..33844389670-40326079618i 5 101627869988-+6481689949i _ 237100129646+27362699720i
o = X v, cn ,C72 =X Y,
_  .61207089389-101627869988i _ .114685950868—175893040256i 453413950500+612070893891
c7z3 = X 1 C74 =X Y, C7s
_  ,1021513851868+53478861478i 5 168164812345-453413950500i _ 685184227178—8533490395221
C7e = X Y, C77 ,C78 =X Y,
_ .2160112029544+168164812345i — 1(5005408286266-+517019414832i _.1202203642009-2160112029544i
9 = X ,C80 = Y, C81 =X ’
_ ..2601001002248—3803204644256i 5 9766521318056+1202203642009i _ ..22134043638360+1398797360238i
Cgr = X Y, C83 ,C084 = X Y,
_  ..3999798362485-9766521318056i _ .14134446913390-18134245275874i 46035011869804+3999798362485
Cgs = X ,C86 = X Y, Cg7
_ . 106204470652998+10134648550904i §24269095464293-46035011869804i _ 57666279724412—819353751887041'
Cgg = X Y, Cs9 ;€90 =X Y,
_ ..209905762247212+24269095464293i _ . A77477804218836+33397184260118i _ .91063463984529-209905762247212i
Cgp = X ;€ =X Y,C3 =X ’
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— 295350876249778—-386414340234306i _ 1982734442715824+91063463984529i _ +2260819761681426+204287412265248i
Cyy = X Y,Co5 =X ;€96 =X Y,
— 499638288515025—982734442715824i _ ~-1261543184651376—1761181473166400i _ ~4505097389048624+499638288515025i
Cy7 = X ,Cog = X Y,C9 =X ’
— 10271737962748624+761904896136350¢ _ .2023448080787725-4505097389048624i _ A6224841801173174—8248289881960898i
Cipo = X Y, Cio1 = X ;€102 =X Y,
_ 21001677152970420+2023448080787725i _ .A48228196107114014+4201393720385448i _ .10426235521558621-21001677152970420i
Cl3 = X ;€04 = X Y, Ci5 =X ,
— 27375725063996772-37801960585555392i _ 296605598324081204+10426235521558621i _ 2220586921 712159 180+16 949 489 542 438 150i
Clo06 = X Y, Co7 =X ;€108 = X y.
Using the above information, the orbits P9 (D,), P9 (Ds), P (Dy), P% (Dg), P (Dg), P (Dyg)
‘ (x) (xy) (xy) (x) (vy) (x)
and PE”C)) (D3,) become, respectively:
X,y
-3 6-2i
s = X =X=C(C,0=X Yy=y==acy,
_ A3 i _ o A448i
cy = X =X =(3,8 =X Y=y==ey4...,
10426235521558621-21001677152970420i 27375725063996772-37801960585555392i
Clps = X =X=10C1,Cl06 =X Y=y =0y,
_ ,96605598324081204+10426235521558621i _ i _ _ .220586921712159 180+16 949489542438 150i , _ . _
Cloz = X =X =03,C108 =X Y=y==e,...,
_ 34 _ . _ 12
g = X =X=C,C0=X "Y=Yy==~=y,
_ A8 _ i _ o A-26i
i1 = X =X =C3,C1p =X Yy=y==«c4,...,
_ 10426235521558621-21001677152970420i _ .. _ _ 27375725063996772—37801960585555392i ,, __ . _
Clos = X =X=101,C06 =X y=y=cqcy
_96605598324081204+10426235521558621i _ i _ _ ..220586921712159 180+16 949489542438 150i ,, _ . _
Cloz7 = X =X =10(3,C108 =X Y=y==a,...,
_ L 185-72i _ . _ _-152-32i
7 = X =X=0C,C18=X Yy=y=cy
1364185 _ i _ _ A 120-338i,, _ ., _
C19 X =X =(C3,Cpp =X Y=y==c4...,
_ A0433-26512i _ .. _ _ —10544-29888i , _ . _
€3z = X =X=0(1,04=X y=y==q,
_ .86288+40433i _ i _ _ . 162032-50978i ., _ ., _
G35 = X "=x'=c3,036=x "Y=y=cy,...,
and
_ .3231006177-4801002272i _ .. _ _ ,A856348064—-8087354240i , _ . _
C5 = X =X=0C1,C6 =X y=y=qcy,
20975710752+3231006177i _ i 46807769568+1625341886i
Ce7 = X =X =C3,C8 =X Y=Y==C4....
So we get LPY (D,) = 4, LPU9 (D3) = 104, LPU° (Dy) = 8, LP'" (D) = 104, LP' (Dg) = 16,
‘ (xy) A (xy) (xy) (xy) (xy)
LPY9 (Dyg) = 32 and LP% _(Ds,) = 64.
(xy) (xy)
Corollary 3.6. For n = 2X such that k > 2, the length of the period of the complex-type cyclic-Pell orbit LP((”C)) (D)
Xy
is 2n.
Proof. From the orbit PE”C)) (Dy), we can deduce the following:
X,y
T = X,0=Y,...,
_ 13-4 _ 12
Cg = X /C10=X Y.,
_ 185-72i _ —152-32i
cily = X ,C18 =X Yooy
Au+1—4ulyi —4ulz—4ulyi
C8u+1 = X ! z s C8u+2 = X ? ¢ y/' s

where ged (B1,2) = 1. So we need an 1 € N such that 4u = tn fort € IN. If n = 2% such that k > 2, then

u =%, and we obtain LPY? (D,) = 84 =2n. O
(xy)
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4. Conclusion

In Section 2, we defined the complex-type cyclic-Pell sequence and then, we obtained the relationships among the
elements of the sequence and the generating matrix of the sequence. Also, we gave the Simpson formula of the complex-
type cyclic-Pell sequence. In Section 3, we studied the complex-type cyclic-Pell sequence modulo m. Furthermore,
we got the cyclic groups generated by reducing the multiplicative orders of the generating matrices and the auxiliary
equations of these sequences modulo m and then, we investigated the orders of these cyclic groups. Moreover, using
the terms of 2-generator groups which is called the complex-type cyclic-Pell orbit, we redefined the complex-type
cyclic-Pell sequence. Also, the sequence in finite groups was examined in detail. Finally, for some n > 2 as applications
of the results obtained, we got the lengths of the periods of the complex-type cyclic-Pell orbits of the dihedral group

D,, and we reached the length of the period of the complex-type cyclic-Pell orbit LP((i;c)y) (D,) for n = 2 when k > 2.
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Abstract. In this study, we introduce and examine a certain subclass of analytic and bi-univalent functions
in the open unit disk in the complex plane. Here, we give coefficient bound estimates and examine the
Fekete-Szego problem for this class. Some interesting special cases of the results obtained here are also
discussed.

1. Introduction and preliminaries

Let A denote the class of all complex valued functions f : C — C given by

(o]
fz)=z+ B+ F o Ha =2+ Zanz”, zeC, (1)
n=2

which are analytic in the open unit disk U = {z € C : |z| < 1} in the complex plane C. By S, we will denote
the class of all univalent functions in the set A. For a € [0,1), some of the important and well-investigated
subclasses of S include the classes S* (@) and C («), respectively, starlike and convex function classes of order
ain U.

It is well-known that (see [3]) every function f € S has an inverse f~! defined by

1
@) =zzel 7 (fw) =w,we Uy ={weC:|w <r(f)},ro(f) = 1
and
FH@) = 0+ byw? + b3 + .+ by + =+ Y by, w e U,
n=2
where

b, = —a», bg = 2a§ —as, by = —5(7[3 + 5araz — ay.
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A function f € A is called bi-univalent in U if both f and f~! are univalent in U and f (U) respectively.
Let X denote the class of bi-univalent functions in the set S.

For the functions f and g which are analytic in U, f is said to be subordinate to g and denoted as
f (z) < g (2) if there exists an analytic function w such that

w(0)=0,lw () <1and f (z) = g(w(2)).

As is known that the coefficient problem is one of the important subjects of the theory of geometric
functions. Firstly, by Lewin was introduced [7] a subclass of bi-univalent functions and obtained the
estimate |a;| < 1.51 for the function belonging to this class. Subsequently, Brannan and Clunie [1] developed
the result of Lewin to |a,| < V2 for f € X. Later, Netanyahu [11] showed that |a,| < % for this class functions.
By Brannan and Taha [2] were introduced certain subclasses of bi-univalent function class X, namely bi-
starlike function of order @ denoted SI. (@) and bi-convex function of order & denoted Cr. (), respectively.
For each of the function classes Si. (@) and Csx. (@), non-sharp estimates on the first two coefficients for the
functions belonging to these classes were found by Brannan and Taha (see [2]). Many researchers have
introduced and investigated several interesting subclasses of bi-univalent function class X and they have
found non-sharp estimates on the first two coefficients for the functions belonging to these classes (see
[13, 15]).

It is also well known that the important tools in the theory of analytic functions is the functional
H, (1) = a3 — a3, which is known as the Fekete-Szeg functional and one usually considers the further
generalized functlonal Hy(1) = a3 — ya where 1 is a complex or real number (see [5]). Estimating the
upper bound of |a3 - ya§| is known as the Fekete-Szeg6 problem in the theory of analytic functions. The
Fekete-Szegt problem has been investigated by many mathematicians for several subclasses of analytic
functions (see [8, 9, 14]). Very soon, Mustafa and Mrugusundaramoorthy [10] examine the Fekete-Szeg6
problem for the subclass of bi-univalent functions related to shell shaped region.

Now, let’s give some concepts that we will use throughout our study.

For g € (0,1), in his fundamental paper by Jackson [6] introduced g—derivative operator D, of an analytic
function f as follows:

f&-fg)
JE77\Gz) 0,
Df)=1 (o 1 % )
f if z=0
It follows from that Dyz" = [n], 2", n € N, where [n], = 1+ g+ q* + ... + q"‘1 = Y ¢! is g—analogue of
k=1

the natural numbers n. Also, it can be easily shown that hm [n]q =n, [n]q = q [O]q =0,[1], =1
Using definition (2) for the first and second g— derlvatlve of the function f € A, we write
Dyf (2) =1+ ) [n];2"™" and Df (z) = Dy (D, f (2)) = Z [n], [n — 11,2
n=2
Also, it is clear that lir? D,f (z) = f’ (z) for an analytic function f.
-1

For the function f € A, Salagean (see [12]) introduced the following differential operator, which is called
the Salagean operator

S'f (@) =f(2),S'f(2) =25f (2) = 2f (2),
$*f (2) =25 (Sf (@) = 2" (@), ., S"f (&) =28 (S" ' f (2)) ,n =

It follows from that

S"f(2) :z+Zk”akzk,ze UneNy=NUuU{0}.
k=2
Now, let we define the following subclass of analytic and bi-univalent functions.
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Definition 1.1. For q € (0,1), a function f € L is said to be in the class C,x (n, @) if the following conditions are
satisfied
zD2(S"f (2)) 2D (S" 1 (w))

YD,y “P@EeUmdly p ey @ weth

In this definition ¢ (z) = z+ V1 + z? and the branch of the square root is chosen to be principal one, that

@ (0) = 1. It can be easily seen that the function ¢ (z) = z+ V1 + z2 maps the unit disc U onto a shell shaped
region on the right half plane and it is analytic and univalent in U. The range ¢ (U) is symmetric respect
to real axis and ¢ is a function with positive real part in U, with ¢ (0) = ¢’ (0) = 1 Moreover, it is a starlike
domain with respect to point ¢ (0) = 1.

In the case n = 0, from the Definition 1.1 we have the subclass C,x (¢) = C,x (0, ¢). Also, we have the
subclass Cy (1, ¢), wheng — 1.

Let, P be the set of the functions p (z) analytic in U and satisfying R (p(z)) > 0,z € U and p (0) = 1 with
power series

PR =1 +p1z+ P + 3 + o+ ppz + =1+ anz”, zel,

n=1

In order to prove our main results in this paper, we shall need the following lemmas (see [3, 4]).

Lemma 1.2. Let p € P, then |pn| <2,n=1,2,3,... These inequalities are sharp. In particular, equality holds for
the function p(z) = (1 +z) /(1 —z) foralln=1,2,3, ...

Lemma 1.3. Letp € P, then |p,| <2,n=1,2,3,...and
2p; = ph + (4= pi)x,
dps=pi+2(4-p)pix—2(4-p}) pu® +2(4 - p3) (1 - 1) 2
for some x and z with [x| < 1 and |z| < 1.

Remark 1.4. As can be seen from the serial expansion of the function ¢ given in Definition 1.1, this function belong
to the class P.

In this paper, we give coefficient bound estimates and examine the Fekete-Szegt problem for the class
Cyx (n, ).

2. Main Results

In this section, firstly we give the following theorem on the coefficient bound estimates for the class
Cyx (n, ).

Theorem 2.1. Let the function f given by (1) be in the class Cyx (1, ). Then

1 (3] 4\"
1 me m<(3)
< < q q q
laa| < [2]—2",“13' < 1 Bl (é)n
q (224 21, 3)
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Moreover,
max{A(q,n),v(q,n)}, 01(q,n) 20,
las| < max {A (q,n),v(q,n), 5/ ;Z?((ZZ))}, 01(q,n) <0,
where ( ) s
(121, +1) 31,3 - 2 4" 1
YO e e T B
61 (1) (121, +1) 3], 3" - [2]; 4" 5 !
n)= - - ’
14 82123, [4], 16" 16122 [3],6"  [3],[4],4"
5 1
0, (q,n) = .
2(0:1) 41212 [3], 6" " 31, ], 4

Proof. Let f € Cyx (n,¢). Then, according to Definition 1.1 there are analytic functions w : U — U and
@:Uy— Uywithw(0)=0=w0(0),|w(z) <1and |®(z)| < 1 satisfying the following conditions

.\ zD3 (8" f (2))
D, (5"f (2))

2 (gn £—
. 2D (S" £~ (w))
Dy (8" (w))

Now, we define the functions p, ¢ € P as follows:

@) =w@+ V1+aw?(z), zel, 3)

¢ (@ W) = w)+ V1 +o*(w), w e Up.

p(z) = 1thZ; :1+plz+pzzz+p3z3+...+pnz”+...:1+anz”, zel
w(z o
¢ (w) = ?_FZZ; = 1 Grw+ o + sw® + ot "+ =14 Y ", we U,

n=1

From here, we find the following equalities for the functions w and @

_ 2 2

w(z) = ;%:% p12+[P2—%]22+[p3—p1p2+%JZ3+... ,zel, 4)
_ 2 2

CD(w) = %:%[¢1w+(¢2—%)wz+(¢3—¢1¢2+%)w3+... , we Uy,

Changing the expression of the functions w (z) and @ (z) in (3) with expressions in (4), we can write the
following equalities

N zDﬁ (S"f (2)
Dq (S"f (2))

2
N N L L
= 1+2z+(2 8]z+ 2 1 z2+..,z€el,

2D (S £~ (w))
+ _—
Dy (S"f (w))

2
= 1+ %w+(% - %]w2+(% - d)lfz)w3+...,w€ U,.

(5)
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If the operations and simplifications on the left side of (5) are made and then the coefficients of the terms
of the same degree are equalized, are obtained the following equalities for the coefficients a,, a3 and a4

2
21, 2% = 2, 12),18), 3% - pRed = 2 -2
[3], [41, 4"as — [2], 3], ([2], + 1) 6"a2a5 + [21 8"a3 = % _ %
and
2
(2], 2%, = % ~[2],[31,3"as + {2[2], [3],3" — [224"} = % - %

- [3]q [4]q 4na4 + [5 [3]q [4]7 4" — [2]!1 [3]q ([Z]q + 1) 6”] axas
~[5131, 141, 4" - 2121, 131, (12], + 1) 6" + [21; 8" ] 23

3 P1gn
2 4

From these equalities, we write

P1 o $1 _
21,2+ =27 T T 1 ©)
_ 2 p2— 2
a3 =0 + o PROER )

_S(mge)  BL(R2,+)3 R4 p-gs (2t ®
FT6REBLEe REBLEL,2E Bl EL T 2]

By applying the Lemma 1.2 to equality (6), obtained immediately first result of theorem.
Now, firstly using the Lemma 1.3 and then applying triangle inequality and Lemma 1.2 to the equality
(7), we get

2 N 4 -2
[2], 41 8[2],[3],3"

las| =

(E+1n).

with (p1| =1t |x] = £ and |y| = 1 for some x and y with |x| < 1 and )y) < 1. Then, maximizing the
right-hand side of the last inequality according to the parameters & € (0,1) and 1 € (0,1), we obtain the
following inequality

[3]q 3" - [z]q 4"

las| < c(q,n)t* + .
sl<elam) 41212 [3], 12"

1
W,t € [0,2],6(‘1,71) =

From the last inequality obtained the second result of theorem.
Finally, let’s find an upper bound estimate for |a4]. By applying Lemma 1.3 and then triangle inequality
and Lemma 1.2 to expression of 44 in the equality (8), we obtain

Blasl < o1 (t) + ¢ (B) (& +1) + 3 (1) (&2 + 1), )
with |x] = & € (0,1) and |y| =1n¢€(0,1), where
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B3, (121, +1)3" - [21 4" \ 1 )
a= [212 [3], [4], 24+ * a1, [, 4 (4-5).
~ 5 1 . (4-A)e-2)
o) = = [215 Bl.6 + ENERGE (4 t )t, c3(t) = —[3]q [4], 4772

If we maximize the right-hand side of the inequality (9) firstly according to the parametres & and 1 and
then to the parameter, we get the desired estmate for |a4|.
Thus, the proof of Theorem 2.1 is completed. [J

From the Teorem 2.1, we obtain the following results.

Corollary 2.2. Let f € Cx (n,¢). Then,

1 1 if n=0,1
L _ 4+ a4
laz| < 2n+1/” 0,1,2,...las| < { 2_31,1+1 otherwise
and
Ia | S (i)nﬂ ~ 1 1 —49; (7’1)
4= 16 3.4+ 3.4m+17 \ 270, (n)
where
3n+1 5 3
0.1 = giem ~ e g
5 1
O200m) = oo * 34

Corollary 2.3. Let Cyx (¢). Then

1
lap| £ ——, las| <

g+1 (q+1)°
Moreover,
las] < max {)\ @), v (@), ;:31; ((Z))} '
where 3 4242 1
Alg) = (g+1)° (qj++q j1)+(23++ 2 +q+ 1),1/((1) B (@* +q+ 1)(;3 NSRS

-3¢ — 179> - 359 — 19
16@+ 1D (@ +q+ D@ +P+q+1)

01(q) =

5¢° +21g% + 37 + 16
4@+ (P +q+ D@+ P +q+1)

Now, we give the following theorem on the Fekete-Szegt problem for the class C,x (1, ¢) .

02(q,n) =



N. Mustafa, S. Korkmaz /TJOS 7 (3), 211-218 217
Theorem 2.4. Let the function f given by (1) be in the class Cyx (1, ). Then
1 . [2l; (4)"
o O -ul<w(3)
qt=iq q
jos = paz| < T 21,

(2124 if |1_/”l| Bl ( ) :

Proof. Let f € Cyx (n,¢) and u € C. Then, from the expressions for a, and a3 in the equalities (6) and (7), we
can write the following equality for a3 — a3

2 = (1 — P2 — 2
a3 — pa; = (1 P)a2+4[2]q[3]q3n’

According to Lemma 1.3, from the last equality we can write
2

o5 = (1= 1)+ gt ()

for some x and y with |x| < 1 and |y| <1
Then, using triangle inequality and considering that |p1| =t < 2 from the last equality, we get

A-p) ,, _4-F

os = e < PR RO (10)

with |x| = £ € (0,1) and (y| =1 € (0,1). If we maximize the right-hand side of the inequality (10)
according to the parametres ¢ and 1 we get the following inequality

) 1 (21; (4\") , 1
|ﬂ3—yﬂ2)s[z]§m{|l— —m( ) f+W,tG[O,2].

From here, by maximizing the right hand side of the last inequality according to the parameter t,
obtained the result of theorem. Thus, the proof of Theorem 2.4 is completed. O

From the Theorem 2.4 obtained the following results.

Corollary 2.5. Let f € Cx (n, ). Then

n+1
).
)n+1

1 . )
as — ua?l <1 237 if |1 — ‘u| < E(
| 3~ H 2| |i;+!:| if |1_[J| . %(

4
3
4
3

Corollary 2.6. Let f € Cyx (¢). Then

(2],

s — el < oo i P-ul=g

az — uay| < |1 u if )1 | 2],

2r H = ol

Corollary 2.7. Let f € Cyx (1, ). Then

1 o Bl 4\"
o .| EET if @< (3)

|a3 - l’laz’ = |1—‘u| lf % S (é)n
[2]74 2], 3/

Corollary 2.8. Let f € Cx (n, ). Then

1 ; _

7= if n=01,
as — [Llﬂz < 1 .
53T Otherwise.
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Corollary 2.9. Let f € Cyx (¢). Then

1
las| < —.

21

Remark 2.10. The Corollary 2.7 confirm the second result obtained in the Theorem 2.1.
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Generalized Inequalities for Quasi-Convex Functions via Generalized
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Abstract. We establish some new Generalized Hermite-Hadamard-type inequalities involving generalized
fractional integrals for quasi-convex functions. Our results are consistent with previous findings in the
literature. The analysis used in the proofs is fairly elementary and based on the use of Holder inequality
and the power inequality.

1. Introduction

The H-H inequality shows that the mean value of a continuous convex function is greater than the value
of the function at the midpoint of this range and less than the arithmetic mean of its endpoints and it has
many applications for real analysis. So, it has been studied by many researchers.

Let us give this unique inequality which is named as H-H inequality in the literature: Let g : I — R be
a convex mapping defined on the interval I C R and ¢, 0 € I with € < §,then

e+0 1 g(e)+g(0)
o(57) < 5 | o< TESEE &

In the case where g is concave, the above inequality is reversed.

Later, many researchers used different classes of convex functions to generalize, improve, and extend
this inequality. (See [3], [7], [8]-[11], [14]-[19], [21], [23]-[44]).

Some researchers have been proven that studies for the inequality of H-H can be generalized with the
help of fractional integrals. So new studies have been carried out in the field of convex functions and
inequalities using the concepts of fractional derivatives and fractional integrals. (For interested researchers
(1], [3]-[6], [11]-[22], [26], [28] and [32]-[44]).

Let’s remind some definitions and inequalities as following:
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9 : [0, 00) — [0, o) satisfying the following conditions:
1 5()
fO le < oo,

1 ) 1
A—lﬁwﬁAlfOrES%Sz

2)

%SAg%foruét

W) <Azt -ul P for S <t <2
where A1, Az Az > 0 are independent of t,u > 0. If 9 (¢) t* is increasing for some a > 0 and %
for some f > 0, then 9 satisfies (2).

In [32], Sarikaya and Ertugral defined new left-sided and right-sided generalized fractional integral

operators which are useful in the proofs of our main results, respectively, as following;:

is decreasing

Definition 1.1. Let g € L[¢, 6] . The generalized fractional integrals .+I3g and s-13g with € > 0 are defined by

* -1
é-+18g x) = f Sy(cx—l )g(l) dl,x > ¢ (3)
oleg(x) = f Six__ll) g)dl,x <o (4)

where 9 : [0, 00) — [0, 00) a function which satisfies fol %l)dl < 00,

The above generalized fractional integrals produce different kinds of fractional integrals as R-L, k—R-L,
Katugampola, conformable, Hadamard, etc... You can find the different cases of the above integral opera-
tors (3) and (4) in the study [32]. (For interested researchers [5], [11], [18]-[21], [26], [34]-[40].)

In [32], Ertugral and Sarikaya achieved the basic H-H inequality with the help of generalized fractional
integrals in (3) and (4) as follows:

Theorem 1.2. Let g : [¢,0] — R be a convex function on (g,06) with ¢ < O,then the following inequalities for
generalized fractional integral hold:

G- 9(e)+9©)

5 )S m [e+15g (0) +5- Isg (¢)] < 5 ’ )

where A (1) = fol Mdl and A (1) # 0.

The following lemma is used to obtain some inequalities that is trapezoid inequalities for generalized
fractional integrals as in [32]:

Lemma 1.3. Let g : [¢,6] — R be a differentiable mapping on (&, 0) with ¢ < 6. If g’ € L], 0], then the following
equality for generalized fractional integrals holds:

g(e) +9(5) 1

2 oA el @ e Ly (O] ©)
O—e¢ 1 )
T 2A0) fo [AQ-D-AD]g (e + 1 -D)o)d,

where A(1) = [ 2D g1 and A (1) # 0.
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The following theorem is an inequality for generalized fractional integrals via the right side of the H-H
inequality obtained by using Lemma 1.3:

Theorem 1.4. Let g : [¢,0] — R be a differentiable mapping on (¢, 0) with € < 0. If
following inequality for generalized fractional integrals hold:

g'| is convex on [e, 8], then the

0 1
‘9(8) ;‘9( - 2A(1) [e+L5g (0) +5- Lsg (e)] 7
6o [ [7(e) + g (5)]
o) NIAQ =D = ADNldI=——"—

You can find some results for this and other generalized fractional integrals in [3], [12] and [42]-[44].
Now, let’s remind some inequalities that we encountered in the results obtained in our study. Firstly,
we give the basic H-H inequality via fractional integrals which is proved by Sarikaya et al. in [34]:

Theorem 1.5. Let g : [¢,0] — R be a positive function with 0 < ¢ < 6 and g € L1 [¢,0]. If g is a convex function
on [g, 0], then the following inequalities fractional integrals hold:

3 0
) [0+ g(0] < L2110 .

(e+6)< T(a+1
2 )7 20-¢)
with a > 0.

Since the results which are obtained in this study by using quasi-convex functions, let us remind the
definition of quasi-convex functions [30]:

Definition 1.6. The function g : I C R — R is said to be quasi-convex if for every x, y € I and w € [0, 1] we have

g(wx+(1-w)y) <max{g(x),q(y)}. 9)

Quasi-convexity is a weaker condition than classical convexity. Cause of this situation, you can say
every convex function is quasi-convex but there are quasi-convex functions that are not convex (See [16]).

The classical H-H inequality for quasi-convex functions was obtained by Dragomir and Pearce in [8] as
follows:

Theorem 1.7. Let g : I — R be a quasi-convex map on I and nonnegative, and suppose €,6 € I € R with ¢ < 6 and
g € L1 [g,0]. Then we have the inequality

O
(sng f g (x)dx < max{g(¢),g(0)}. (10)

The following theorems which are H-H type inequalities for via quasi-convex function was obatained
by Ion in [16] as follows:
Theorem 1.8. Assume ¢,6 € R with ¢ < 6 and g : [¢,0] — R is a differentiable function on (¢,0). If |g'| is
quasi-convex on [g,0], then the following inequality holds true

gl

7

) 1 [ (6~ ¢)supilg (e),|g (©)
9(6);9( )_6_€f€ g(x)dx‘s {)4 (}'

(11)

Theorem 1.9. Assume ¢,06 € Rwith ¢ <6 and g : [¢,0] — R is a differentiable function on (g, 0) . Assume p € R
withp > 1. If |¢’ P-1)

is quasi-convex on [, 8] then the following inequality holds true

0
‘9(6)29( )‘g,igfg(x)dx

_ , _ , _1yy (-0
< orimlefld @ er )

(12)
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The following theorems that are H-H type inequalities for via quasi-convex function was obatained
Alomari et al. in [2] as follows:

q. .
1S quasz-convex

Theorem 1.10. Lef g : I° € R — R be a differentiable mapping on I°, €,6 € I° with € < 6. If |9’

on [g,06], q > 1, then the following inequality holds:
@O+f© 1 °
&

Theorem 1.11. Let g:I° € R — R be a differentiable mapping on I°, €,6 € I° with € < d. If
[&,6], then the following inequality holds:

‘(Slj‘fsg(x)dx—g(gzé)‘ (14)

oo (<52 ol o (52 ol

Theorem 1.12. Let g: I° € R — R be a differentiable function on I°, € <9, . If P\-1)
p > 1, then the following inequality holds:

O
‘5igfg<x>dx—g(#)‘ (15)
_ (r-1)w
) (e e
e o am 2 o)

_ (-1
\
. (max { (2 (e)l’”\(’“‘l)}J ‘ |

Theorem 1.13. Let g : I° € R — R be a differentiable function on I°, €,0 € I° with € < . If}g’
[,6], g = 1, then the following inequality holds:

‘;Tgfjg(x)dx—g(#n (16)
2 st o
+(max{ g (E ;L 6) g (€)|q})1 :

In [26], Ozdemir and Cetin established some fractional inequalities for differentiable quasi-convex
mappings which are connected with H-H inequality as following:

9

o 7ol 13)

<

(sup{lg’ &)

7

g'| is quasi-convex on

7 7

is quasi-convex on [, 0],

gl

q . .
1S quasi-convex on

q

IN

4

q

7

Theorem 1.14. Let g : [¢,0] — R, be a positive function with 0 < € < 0 and g € L1 [g,0]. If g is a quasi-convex
function on [e, 0], then the following inequality for fractional integrals holds:
F'a+1)

26— o V@ + i (0] <maxlg @), 5 ©) a7)

with a > 0.
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Theorem 1.15. Lef g : [¢,0] — R, be a differentiable mapping on (g, 0)
and o > 0, then the following inequality for fractional integrals holds:

g(e) +9() F(Oc+1) ‘
| e [J 9®)+ 15 9] (19
o—¢ 1
wrill- za)max{ }
Theorem 1.16. Let g : [¢,0] — R, be a differentiable mapping on (e, 8) with & < dsuch that g’ € Ly [, 0] .
quasi-convex on [g,0], and p > 1, then the following inequality for fractional integrals holds:
(+90) T(a+1
[ - [w(é +T3g ()] (19)
- 1
< oze (max {|y D
2(ap + 1)r

where;—]+%:1anda€[0,l].

Here we remind a previous basic inequality for generalized fractional integral inequality and a lemma
that produces left sided H-H type inequalities related this basic inequality [3].

Theorem 1.17. Let g : [e,0] — R be a function with ¢ < 6 and g € Ly [¢,0]. If g is a convex function on [, 0],
then we have the following inequalities for generalized fractional integral operators:

3 0
(52) € 5w ey 19 @ gy oo 0] « L5200 0

where the mapping W : [0, 1] — R is defined by

(=
W(x) = fo Mdl. 1)

Lemma 1.18. Let g : [¢,0] — R be differentiable function on (g,0) with ¢ < 0. If g’ € L[¢,d], then we have the
following identity for generalized fractional integral operators:

£+6) 22)

%(1) [(@)*189 (6) +(¢a)- Isg (é)] - 9( 5

I EY: L@ 1)5 ! (@2-De 1o
= 4\1/(1)” w()g ( )dl fo\y(l)g(—z +E)dl]

where the mapping WV (1) is defined as in Theorem 1.16.

The following results for quasi-convex functions with the help of k—Riemann-Liouville fractioal integral
operators obtained by Hussain et al. in [15].

Theorem 1.19. Let g : [¢,6] — R be positive function and g € Ly [, 6] . If g is quasi-convex on [, 8] , the subsequent
inequality for k—fractional integrals is valid:

T (a + k)

260 = [112.9 )+ 3 g (6)] < max{g (¢), 9 () (23)

with & > 0.
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Theorem 1.20. Let g : [¢,6] — R bea differentiable function on (¢,6) such that g’ € Ly [¢,0] . If Tis quasi-convex

on [g,0] and q > 1, the subsequent inequality for k—fractional integrals is valid:

g/

g +g0) Ti(a+k)y , o
v d LALCRY O] 4)
< Lﬂ(ma)(:gl (E))q, g/ (6)|q})%
2<%p+1)"

where%+%:1and%e[0,l].

Theorem 1.21. Let g : [¢,6] — R bea differentiable function on (¢, 0) such that g’ € Ly [, 6] . If Tis quasi-convex

on [g,0] and q > 1, the subsequent inequality for k—fractional integrals is valid:

gl

gEe)+g®) Te(a+k) g «
‘ 2 0o [41296) +i 59 (e)] (25)
b-¢ 1 ’ q ’ q 1?
< (% " 1) (1 - 2—%)(max{g @\, g (6)| })
with ¢ € [0,1].
Corollary 1.22. In Theorem 1.5 of [1], if we take g (x) = 1, we get the inequality:
g@)+g©) Tila+k) , "
‘ v CRUCRYIC) (26)

< (g;i) (1 - %)(max“g' (¢)

7

7 ©))).

with ¢ € [0,1].
By using the above results we build new inequalities related to left-sided and right-sided H-H-type

generalized fractional integral inequalities via quasi-convex functions by using elementary analysis such
as Holder inequality, properties of modulus, power mean inequality.

2. Main Results

The point of this study is to generalize the inequalities for quasi-convex functions found in the literature
with the help of a new fractional integral operator. Throughout this study, for brevity, we use

Ay) = f ’ Mdl and A (1) 0. 27)
0

Firstly, let us obtain H-H inequality for the quasi-convex functions by using this new fractional integral
operator given in (3) and (4).

Theorem 2.1. Let g : [¢,0] — R be a positive function with 0 < ¢ < 6 and g € Ly [¢,0]. If g is a quasi-convex
function on [g, 0], then we have the following inequality for generalized fractional integral operators:

2A1(1) [+I59 (8) +5- Isg (¢)] < max{g(e),g(6)}. 29
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Proof. Since g is quasi-convex on [¢, 6], we have

g (el +(1-1)06) <max{g (), g ()} (29)

and
g((1 =D e +15) < max g (e), g )} (30)
By adding the inequalities (29) and (30), we obtain

% [gUe+ (1 -=1)06)+g((1—-1)e+10)] <max{g(e),q()}. (31)

Multiplying both sides of (31) by S((é N then integrating the resulting inequality with respect to [ over

(0,1], we get
S((6-¢)]) S(6-9))
ZUO — 5 gle+(1- l)é)dl+f0— (A =De+10)dl

< max{g(e), g () fo M9y

Then by using the definition of generalized fractional integral operators, we get the inequality in (28). So
the proof is completed. [

Corollary 2.2. If we choose S (I) = I in Theorem 2.1, the inequality (28) reduces to the inequality (10).
in Theorem 2.1, the inequality (28) reduces to the inequality (17).

a

Corollary 2.3. If we choose 9 (I) = r(

Corollary 2.4. If we choose 9 (I) = %( in Theorem 2.1, the inequality (28) reduces to the inequality (23).

Remark 2.5. Other results for different fractional integral operators as Katugampola, conformable, Hadamard, etc...
can also be found by changing the operator 9 (I) in Theorem 2.1.

Now, by using a lemma in the literature we present new generalized inequalities for quasi-convex
functions via generalized fractional integral operators.

Theorem 2.6. Let g : [e,0] — R, be a differentiable mapping on (e, 0) with € < 0. If |g'| is quasi-convex on [e, 0]
and g € Ly [¢,06], a > 0, then the following inequality for generalized fractional integral operators holds:

‘g<e>+g<é> !
2A (1)

[e+I59 (0) +5- Isg (¢)] (32)

6)| f IAQ=1) = Al)|dl

A (p) is as in (27).

Y+
‘g(é)+9( ) 1 [c+159 (8) +5- Isg (€)]

2 T 2A(1)

2A(1)f A= -

< 2A(l)fu\u D= A()Imax{lg’(

The proof of inequality (32) is completed. [

IA

~No)|dl

far
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Corollary 2.7. If we choose S (I) = I in Theorem 2.6, the inequality (32) reduces to the inequality (11).
Corollary 2.8. If we choose 9 (I) = ¢ in Theorem 2.6, the inequality (32) reduces to the inequality (18).

Corollary 2.9. If we choose 8 (I) = kr 5 in Theorem 2.6, the inequality (32) reduces to the inequality (26).

Corollary 2.10. Other results for dzﬁferent fractional integral operators as Katugampola, conformable, Hadamard,
etc... can also be found by changing the operator 9 (I) in Theorem 2.6.

Theorem 2.11. Let g : [¢,6] — R, be a differentiable mapping on (¢, 0) with € < 0. If ( g’(q is quasi-convex on [, 0]
and g’ € L[, 6], p > 1, then the following inequality for generalized fractional integral operators holds:

'g<e>+g<é>_ 1
A1)

1 1 }
Ly @[] ( fo AQ =D - AP dl)

(33)

[e+I59 (0) +5- Isg (¢)]

6—¢ ,
< m[max{g

A () is as in (27).
Proof. Using Lemma 1.3, properties of modulus and Holder inequality, we have

’9(6)+9(5) 1
2A (1)

—_c 1
6—;)f|A(1—l)—
AQ=-0)—A@DPdl
ZAl)(fl( )~ A )(0

"on [e,0], we get

‘g(e)w(é) 1
2A (1)

O—¢ 1 ;
< 2A(1)(f0 |A(1—l)—A(l)|”dl) [max{

So the proof is completed. [J

[e+Isg (0) +5- Isg ()]

IN

—1)o)|dl

1

IN

g e+ (1= 6)|qdl)q :

[e+Isg (0) +5- Isg ()]

7 lg (6)|q}]% .

A

Corollary 2.12. If we choose 8 (I) = I in Theorem 2.11, the inequality (32) reduces to the inequality (12).
Corollary 2.13. If we choose 9 (I) = 55 in Theorem 2.11, the inequality (32) reduces to the inequality (19).

Corollary 2.14. Ifwe choose 9 () = - (a) in Theorem 2.11, the inequality (32) reduces to the inequality (24).

Corollary 2.15. Other results for different fractional integral operators as Katugampola, conformable, Hadamard,
etc... can also be found by changing the operator S () in Theorem 2.11.

Theorem 2.16. Let g : [, 0]
and g’ € L[g, 6], q = 1, then the following inequality for generalized fractional integral operators holds:
’we) ro@) 1

2A(1)

e Log (0) +5- Isg (e)] (34)

i

< 2A(1) (f IA(1-1) —A(l)ldl)[max{
A (p) is as in (27).
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Proof. Using Lemma 1.3 and power-mean integral inequality, we have

1
’9(5)"'9( ) _ 1 [g+189(5) +5- 139(5)]

2A (1)

6—c¢ 1
mf A=)
1)(f IA1=-1) - A(lldl) (f IAQ-=1)—A(

,0], we have desired result. So, the proof is completed. [

IA

~1)o)|dl

IA

~1)9)| a|’

Since
Corollary 2.17. If we choose S (I) = I in Theorem 2.16, the inequality (34) reduces to the inequality 13.

Corollary 2.18. If we choose S (I) = in Theorem 2.16, the inequality (34) reduces to the inequality (18).

F(a)

Corollary 2.19. If we choose 9 (I) = in Theorem 2.16, the inequality (34) reduces to the inequality (25).

kF (a)

Corollary 2.20. Other results for different fractional integral operators as Katugampola, conformable, Hadamard,
etc... can also be found by changing the operator 9 () in Theorem 2.16.

Now we give some new inequalities for generalized fractional integral operators with Lemma 1.18
obtained by Budak et al. in [3].

Theorem 2.21. Let g: [g,0] ,0] and
g’ € L[g, 0], then the following inequality for generalized fractional integral operators holds:
1 e+
‘2\1/ D) [(@)*IS-’] (0) () Isg(g)] - g( 2 )' (35)
e+o ,
= 4\1/(1 (f 'W(m‘ﬂ) [max{g ( 2 ) g (5)’}
,(E+O
emexly (57l ol

where W (1)is as in (21).

[, 0], we get

2w [ 0@ 4y o] -a(52)

« ol P st
0
< 4(5\11_(;]; |\If(l)|max{g( ) (6)‘}
+f01 W (l)|max{g’(%) N7 (e)|}dl

By making the necessary arrangements the desired result is achieved. [

Corollary 2.22. If we choose 8 (I) = I in Theorem 2.16, we get the inequality (14).
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Theorem 2.23. Let g : [¢,6] — R be differentiable function on (g, 0) with € < . If |9’ Tis quasi-convex on [g, 6] and
g’ € L[e, 0], p > 1, then the following inequality for generalized fractional integral operators holds:

7 (5)|,£1}]

T (217199 @y 19 ©)] (57

< f%%%(ljpyawddi[nmx{f(igénﬁi
+ [max{g' (#) g (€)|pljl}] 7

Proof. Using Lemma 1.18 and Holder inequality, we get

‘ﬁ [(%)*IW (0) + () Tog ‘f)] -9 (S : 6)‘

S—¢ 1 , ; 1
< 4WU)(£|WUNd0 Lﬁ

g/
Corollary 2.24. If we choose 9 (I) = I in Theorem 2.23, we get the inequality in (15).

p-1
a

=
~

-
p-1

7

where W (1)is as in (21).

p=1
v

2-1

P
(1,

on [g, 0] last inequality, the desired result is achieved. [J

If we use the quasi-convexity of

Theorem 2.25. Let g : [¢,0] — R be differentiable function on (g, 6) with € < 6. If |g’|q is quasi-convex on [&, 0] and
g € L[e, 0], q 2 1, then the following inequality for generalized fractional integral operators holds:

w9 @ ey @] -9(57)

< B0 ( | 1 wa)mz) [(max{gr(#) , W});

9

7

. q i
)|
where W (1)is as in (21).
Proof. Using Lemma 1.18 and power-mean inequality, we get
1 e+o
2w [0 @ sy 0] =o(57) %)
o—e [ 1 21
< g, ol (e o)
! (2-1 1
s—c [ (1 G NI A
< M(.[o |‘I’(l)|dl) (\fo V(D) |g (§£+ Té) dl)

1 N
([ wor |

(2-1 1
g (TE ¥ 55)
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If we use the quasi-convexity of |g’| in (36), the desired result is achieved. [J

g/
Corollary 2.26. If we choose 9 (I) = I in Theorem 2.25, we get the inequality in (16).
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Abstract. In the present paper, new classes of convexity, namely, exponentially m— and(a, m)—convex
functions on the co-ordinates are defined. Then, some new integral inequalities are proved by using some
classical inequalities and properties of exponentially m— ad (a, m)—convex functions on the co-ordinates.

1. Introduction
In [8], Toader defined m—convex functions as following;:
Definition 1.1. The function f : [0,b] = R, b > 0 is said to be m—convex, where m € [0, 1], if we have

fltx+m(1 - ty) < tf(x) +m(-1)f(y)
forallx,y € [0,b] and t € [0, 1].

Denote by K,,(b) the class of all m—convex functions on [0, b] for which f(0) < 0. Obviously, if we choose
m =1, we have ordinary convex functions on [0, b].

In [7], Mihesan introduced («, m)—convexity as following:
Definition 1.2. The function f : [0,b] = R, b > 0 is said to be (o, m)—convex, where (o, m) € [0,11?, if we have

fltx +m(1 = ty) <t f(x) + m(1 =) f(y)
forallx,y € [0,b] and t € [0, 1].

Denote by K, (b) the class of all (a, m)—convex functions on [0, ] for which f(0) < 0. If we choose
(a,m) = (1, m), it can be easily seen that («, m)—convexity reduces to m—convexity and for (a, m) = (1,1), we
have ordinary convex functions on [0, b].

For several results related to above definitions we refer interest of readers to [4], [5], [6], [7], [8], [9] and
[11].
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We will start by expressing an important inequality proved for convex functions. This inequality is presented
on the basis of averages and give bounds for the mean value of a convex function.
Assume that f : I € R — R is a convex mapping defined on the interval I of R where a < b. The following

statement;
a+b fla) + f(b
(555 f Fyx <

holds and known as Hermite-Hadamard 1nequa11ty. Both inequalities hold in the reversed direction if f is
concave.

In [1], Dragomir mentions an expansion of the concept of convex function, which is used in many inequalities
in the field of inequality theory and has applications in different fields of mathematics, especially convex
programming.

Definition 1.3. Let us consider the bidimensional interval A = [a,b] X [¢,d] in R*> witha < b,c < d. A function
f+ A — Rwill be called convex on the co-ordinates if the partial mappings f, : [a,b] — R, f,(u) = f(u,y) and
fr i e, d] = R, fi(v) = f(x,v) are convex where defined for all y € [c,d] and x € [a,b]. Recall that the mapping
f A = Ris convex on A if the following inequality holds,
FOx + (1= Dz, Ay + (1= Aw) < Af(x,y) + (1= Df(z,w)

forall (x,y),(z,w) € Aand A € [0,1].

Expressing convex functions in coordinates brought up the question that it is possible for Hermite-
Hadamard inequality to expand into coordinates. The answer to this motivating question has been found

in Dragomir’s paper (see [1]) and has taken its place in the literature as the expansion of Hermite-Hadamard
inequality to a rectangle from the plane R? stated below.

Theorem 1.4. Suppose that f : A = [a,b] X [c,d] = R is convex on the co-ordinates on A. Then one has the

inequalities;
a+b c+d
ffezt exa) »

A [ o]

< o= | b | " o iy

< }L[(blj jjf(x,c)dx+(bljj;f(x,d)dx
e fd fo iy + e | df(b,wdy]

_ @O+ fad) + f0.0+ S0,

4
The above inequalities are sharp.

The concept of exponentially convex function on the coordinates and the associated results are presented
as the followings:

Definition 1.5. (See [12]) Let us consider the interval such as A = [e1, €3] X [€3, €4] in R? with €1 < €, €3 < €4.
The function W : A — R is exponentially convex on A if

W(uy, u) N C‘I’(u3, Ug)

e (u1+1iz) ea(uz+iiy)

W((1-CQup+Cuz, (1 =CQux+ Cug) <(1-0)

forall (u1,u2), (uz, us) € A, « € Rand C € [0,1].
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An equivalent definition of the exponentially convex function definition in coordinates can be done as
follows:

Definition 1.6. (See [12]) The mapping ¥ : A — R is exponentially convex function on the co-ordinates on A, if

W(Cer+(1-0erées+(1—&)es)
eene) | g gFene) o pYene)

e(e1+es) paler+es)

W(ey, €3)

p(ex+e3)

W(er, €4)

a(€z+€4)

IA

+(1-00-8)——=
fOT all (61,63), (61,64), (€2,€3), (62,64) eAaelR and C, e [0, 1] .

The main motivation of this paper is to define exponentially m— and (a, m)—convex functions on the co-
ordinates. We have proved several integral inequalities for these classes of functions.

2. Exponentially m—convex functions on the co-ordinates

Definition 2.1. Let us consider the bidimensional interval A = [0,b] X [0,d] in R? with0 <a <b < coand c < d.
The mapping f : A — R is exponentially m—convex function on the co-ordinates on A, if the following inequality

holds,
fxy)
ea(x+y)

fz,w)

a(z+w)

fx+A -tz ty+m(Q-Hw) <t +m(l —t)——

forall (x,y),(z,w) € A,a e R,me (0,1] and t € [0,1].

An equivalent definition of the exponentially m—convex function definition in coordinates can be done
as follows:

Definition 2.2. The mapping f : A — R is exponential convex on the co-ordinates on A, if the following inequality
holds,

fa+(1-t)b,sc+m(l—s)d)

fla,c) f( d)

iy 10— 0 L

ts pa(b+c) + (1 =51 —s)m palb+d)

+(1=1bs

forall (a,c),(a,d),(,c),(bd) e A,aeRandm,t,se]0,1]
Lemma 2.3. A function f : A — R will be called exponential m convex function on the co-ordinates on A, if the
partial mappings f, : [a,b] — R, f,(u) = e* f(u,y) and f, : [c,d] — R, fr(v) = e* f(x,v) are exponentially

m—convex function on the co-ordinates on A, where defined for all y € [c,d] and x € [a, b].

Proof. From the definition of partial mapping f,, we can write

f(tvr +m (1 — 1) vy) e f(x, tvr + m (1 — 1) vy)

= e f(tx+ (1= t)x, toy + m (1~ t)vy)

< | D ema oL
_ tf(:a,fl)m(l f(;;:z)
fx(vl) fv(vz

= 1ot m(l -7
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Similarly,

fy(tur +m (1 —t)up) eVf(tur +m(1 —t)uy, y)
= Yty +mQ —Hug, ty+ (1 -1)y)

S y) flua, y)

< v a(u1 +y) + m(l - t) ea(uz-#y)
f(u2r ]/)

flus,y
fy 2)

= t—+m(1—t

= fy 1) m(1 - =

The proof is completed. O

Theorem 2.4. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] x [0,d] in R* with
O<a<b<ooand0<c<md<oo,feL(A),acR. If fisexponentially m—convex function on the co-ordinates
on A, then the following inequality holds;

1 b md
Wﬁ ‘fc fx, y)dxdy
l[f(a,c) N f(b,c) +m(f(b’d) . f(a,d))]
4 .

eala+c) ea(b+c) pa(b+d) e(a+d)

Proof. By the definition of the exponentially m—convex functions on the co-ordinates on A, we can write

f(ta + (1 —t)b,sc + m(1 —s)d)

fla,c fla,d) f(b,0) fb,d)

ts u(a+c) +mt(1 = s) pa(a+d) +(1-1t)s pa(b+0) +m(l = 1)1 -8~ pa(b+d)

By integrating both sides of the above inequality with respect to t,s on [0, 1]>, we have

1 1
f f f(ta+ (1 = t)b,sc + m(1 — s)d) dtds

d
= f s +f f 11 - L 2D gy
ea(a+c a(a+d)
Jbe £b,4)
+f(; f(; (1=1)s e(b+c) dtds + o Jo (1 - (1 —s)m oa(bd) dtds.

By computing the above integrals, we obtain the desired result. [

Theorem 2.5. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] x [0,d] in R* with
O<a<b<ooand0<c<md<oo,fel(A),aeR. If)f| is exponentially m—convex function on the co-ordinates
on A, p>1and m € (0,1], then the following inequality holds;

1 b md
’m f ) f(X,y)dxdy|
( : ];(V(alc)l mfa. D] |f©,0) |mf(b,d)|]

(p + 1)2 ealatc) ealatd) ea(b+c) ea(b+d)
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Proof. By the definition of the exponentially m—convex functions on the co-ordinates on A, we can write

f(ta+ (1 —1t)b,sc+m(l—s)d)
fiﬁi? + t(l - s)m%

f(b,c f(b,d)
(1-1t)s palbrc ) +(1 =51 =s)m oa(b+d)

ts

The absolute value property is used in integral and by integrating both sides of the above inequality with
respect to t,s on [0, 1]*, we can write

1 1
'f f f(ta+ (1 —1b,sc+m(1l—s)d)dtds
0o Jo

1 1
ts] (’Z Y dtas + K
0
f(,0) " f(,d)
f f — B g |Ats + fo j; — (1 = s)m Gy | dtds

If we apply the Holder’s inequality to the right-hand side of the inequality, we get

md
’(b —a)(md - c) f f f(x, y)dxdy

([ oo

2

1

dtd )

==

ea(a+c)

+(f01 foltm_s)vdtds);(folf ”Z{éﬁdf) dtd)
([ [a-meas | [ [ "o
( f f (1—t)P(1—s)Pdtds) ( f f "Z: (:id‘f dtd)

By computing the above integrals, we obtain the desired result. [

Theorem 2.6. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] X [0,d] in R* with
0<a<b<ooand O <c<md<oo, feL(A),acR.If ) f | is exponentially m—convex function on the co-ordinates
onA,p,qg>1,1 » o 1 =1, then the following inequality holds;

1 b ~md
‘m f flx, ]/)dxdy‘

o)
p(p+1)

+1(|f(a,c)lq mf@,d)| |fo,o) Imf(b,d))q]
; .

eaq(a+c) eaq(a+d) eaq(b+c) eaq(b+d)
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Proof. By the definition of the exponentially m—convex functions on the co-ordinates on A, we can write

f(ta+ (1 —t)b,sc + m(1 — s)d)

fla,c f(a,d)

< s eala+c) + t(1 —s)m eala+d)
b,c b,d)
+(1-1)s ng(b+c)) +(1 =61 -s)m fi(zﬂ.d)

By the absolute value property and by integrating both sides of the above inequality with respect to t,s on
[0,1]%, we can write

1
‘f f f(ta+ (1 —1b,sc+m(l—s)d)dtds
0o Jo

1
tsf(a’c) dtds +
0o Jo | ex@o 0 Jo
1 1 1 1
f(b,c) f(,d)
+ fo fo — 05 gy | dids + fo fo = (1 = sy dids

If we apply the Young’s inequality to the right-hand side of the inequality, we get
1 b md
e, | T

([ Lo [ L1

ea(a+c)

dtds)

+%(£1£1tp(1—S)Pdtds)+1(f1f1 %thds)
+%( fol fol (1—t)7"spdtds) ( f f eiij))" dtds)
+% ( fo 1 fo 1(1 _tya —s)Pdtds) ( f f ”Z: (b’id’j) dtds).

By computing the above integrals, we obtain the desired result. [

Proposition 2.7. If f,g: A — R are two exponentially m—convex functions on the co-ordinates on A, then f + g is
exponentially m—convex function on the co-ordinates on A.

Proof. By the definition of the exponentially m—convex functions on the co-ordinates on A, we can write
fta+ 1 —1tb,sc+m(l—s)d)+g(ta+ (1 —1t)b,sc+m(l—s)d)
/ / ,d ,d
s (f(a Q9@ c)) 41— sym (f(a G ))

ealatc) eala+c) eala+d) eala+d)

fb,c)  g(b,0) fb,d) g(b,d)
+(1-1t)s ( pa(b+0) + ea(h+c)) +(1 =51 =s)m ( oa(b+d) + pa(b+d) ) :

Namely,
(f+9)(ta+ 1 —t)b,sc+m(l—s)d)
0O g g 00D

(f+9)(b,c)

ea(b+c)

+(1-1t)s )

+(1-H1-s)m

Therefore, (f + g) is exponentially m—convex functions on the co-ordinates on A. [J
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Proposition 2.8. If f : A — R is exponential m—convex functions on the co-ordinates on A and k > 0 then kf is
exponential m—convex functions on the co-ordinates on A.

Proof. By the definition of the exponentially m—convex functions on the co-ordinates on A, we can write

f(ta+ (1 —1)b,sc+m(l—s)d)

f(a,c) f(a,d)

ts ealatc) t(l _S)m eala+d)

+(1—Bs f,0) + (=D —sm f(bd)

(b+ ) a(b+d)
If both sides are multiplied by k, we have
(kf)(ta+ (1 —t)b,sc + m(1 —s)d)
KH@o = (kf) (a, d)
= a(a+c) a(a+d)
(kf) (b, ) (kf) (b, d)
+(]. - t) W + (1 - t)(]. - S)mw.

Therefore (kf) is exponentially m—convex functions on the co-ordinates on A. [J

3. Exponentially (@, m)—convex functions on the co-ordinates

Definition 3.1. Let us consider the bidimensional interval A = [0,b] X [0,d] in R>? with0 <a<b < ocoand ¢ < d.

The mapping f : A — R is exponentially (a1, m)-convex on the co-ordinates on A, if the following inequality holds,

f(tx+(1_t)z,t]/+m(1—t)w)Sth+m(1 tm)f( z,w)

ea(x+y) pa(z+w)

forall (x,y),(z,w) € A,a € R, (a1, m) € [0, 1]2 and t € [0,1].

An equivalent definition of the exponentially (@, m)-convex function definition in coordinates can be
done as follows:

Definition 3.2. The mapping f : A — R is exponentially (a1, m)-convex on the co-ordinates on A, if the following
inequality holds,

fta+ 1A —-t)b,sc+m(1l—s)d)
< poig alf( ’ ) tal(]. al) f(ﬂ d)

- eala+c) a(a+d)

b, b,d
o1 = oy SO f®,d)

a 14
g T (LA —sTmmT

forall (a,c),(a,d),(,c),(b,d) e A aeR, (a;,m) e [0, 1P and t,s € [0,1]

Lemma 3.3. A function f : A — R will be called exponentially (a1, m)-convex on the co-ordinates on A, if the

partial mappings f, : [a,b] — R, f,(u) = e* f(u,y) and f, : [c,d] — R, fr(v) = e* f(x,v) are exponentially
(a1, m)-convex on the co-ordinates on A, where defined for all y € [c,d] and x € [a, ].
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Proof. From the definition of partial mapping f,, we can write
ftvi+mA—-Hvy) = e f(x, tv; +m(l—1)vy)
= ftx+(Q-tx, tvy+m(1l -1 ovy)
mf( , 1) (1 tal)f(x ,02)

p(x+01) ea(x+v2)

(1 tal)f(x ,02)

fx(UZ)

tal f( ’ 1
a1

v
L)

Similarly,

eVf(tur +m(1 -t uy, y)
= eYf(tuy +m(1 —t)ug, ty + (1 - t)y)

fy(tuy +m (1 —t)uz)

o | g f( 1s y) a f(u2/ ]/)
< vt a(mﬂ) +m(l — ") ——— Y
= M i a1u,_y) +m(l - t‘”)f(uzr Y
eat paiz
fy 2)

— tO(1

B - 22

The proof is completed. [

Theorem 3.4. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] X [0,d] in R? with
0<a<b<o,0<c<md<oofelL),(a,m)e [0,11? and a € R. If f is exponentially (a1, m) —convex
function on the co-ordinates on A, then the following inequality holds;

1 b md
mfg fC fx, y)dxdy
1 f@9, (mf(a, q) f(b,c))

(al + 1)2 eala+c) (051 + 1)2 eala+d) ea(b+c)
G mfld

(a1+1)2 pa(b+d) :

<

Proof. By the definition of the exponentially (a, m)-convex on the co-ordinates on A, we can write
f(ta+ (1 —1)b,sc+m(l —s)d)
) f(a,d)

a a
a(u+c) +i 1(1 =S 1)711 eala+d)

b,c d
109 e - sl D).

<

( t(‘q) a1

By integrating both sides of the above inequality with respect to t,s on [0, 1], we have

1 1
f f f(ta+ (1 =t)b,sc +m(1 - s)d) dtds

ot a1(q _ gyt @)
fft e(+ fft tosm “d)dtd
ff — o) a(b+czdtd +f f(l (1 - s"™)ym fo(((bli»d)) dtds.
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By computing the above integrals, we obtain the desired result. [

Theorem 3.5. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] x [0,d] in R* with
0<a<b<oo,0<c<md<oo,felL(A)),(a1,m)el0, 1% and a € R. If|f| is exponentially (aq, m)-convex on the
co-ordinates on A, p > 1, then the following inequality holds;

1 b ~md
‘m f f f(X,y)dxdy‘
[ 1 )3” [f(@,0)

(pay +1)*) ex@0

+( pan ]5 (mlf(a,d)l . If(b,c)l)

(pal + 1)2 eala+d) ea(b+c)
pPad ) m|fo,d)
+ .
(pa1 + 1)2 ea(b+d)

Proof. By the definition of the exponentially (a;, m)-convex on the co-ordinates on A, we can write

fta+(1- t)b, sc +m(1 —s)d)

aq 0{1 f( aq a1 f(a’ d)
<t a(a+c) +HE (1 = s")m pa(a+d)
b,c b,d
w - L0 g g - gy L0

ea(b+c) a(b+d)

The absolute value property is used in integral and by integrating both sides of the above inequality with
respect to t,s on [0, 1]*, we can write

1 1
f fta+ (1 —t)b,sc+m(l—s)d)dtds
0 0

1l 1l
f f g L@ ey f f (1 — sl @D s
0 0 a+c) 0 0 +d)
1
avear J(0,€) f(b,4d)
(1 — )™ ) dtds + — 1 = s")m ) dtds

If we apply the Holder’s inequality to the right-hand side of the inequality, we get

1 b ~md
’m f f f(x,y)dxdy’

( f 1 f 1 tl’alspmdtds); ( f 1 f i;fff? dtd)

( f f (1 — Sal)PdtdS) ( f f ng (idd) dtd)
+(f(; j;(l—tal)pspaldtds)p(f(;f(; J;E(l;+i) dtd)

+( fo 1 fo 1(1—t“1)P(1—s”‘)Pdtds); ( fo 1 fo ’Z{;(blid‘f) dtd)
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By using the fact that |1 -(1- t)e‘ﬁ <1-1-1)%foro> 0,8 > 0, we can write

1 b ~md
'mﬁ[ f(X,y)dxdy‘

([ [ o] ([ [ o)

o[ - ([ [ 2t
o[ Lo ([ o)
o[ fmr-eomf ([ 222

By computing the above integrals, we obtain the desired result. [

Theorem 3.6. Let f : A = [0,b] X [0,d] — R be partial differentiable mapping on A = [0,b] X [0,d] in R? with
0<a<b<oo,0<c<md<o f € L(A), (a1, m) € [0,1]* and a € R. If|f| is exponentially (o, m)-convex on the
co-ordinateson A, p,q > 1,1 + - =1, then the following inequality holds;

1 b ~md
'm f; j; flx, ]/)dxdy‘

( 1 ] [f@, o
+

p (Pal + 1)2 qeaq(u+c)

[ o ] [1mf(a,d)|q If(b,c)lq]
+ ( + +

pay + 1)2 qeaq(uﬂi) qeaq(b+c)

[ pa’ ] Imfo,d)|"
+ +

(Pal + 1)2 qeaq(b+d) '
Proof. By the definition of the exponentially (a1, m)-convex on the co-ordinates on A, we can write

fta+(1- t)b, sc + m(1 —s)d)
or g [0,0) fa,d)

a(u+c) eala+d)

<

+ (1 = s")ym

f,0)

ea(b+c)

f(b,d)

a a
+(1 —t*)s™ cab+d) "

+ (1 =t"Y1 -s")m

The absolute value property is used in integral and by integrating both sides of the above inequality with
respect to f,5 on [0, 1]%, we can write

1l
‘fff(ta+(1—t)b,sc+m(1—s)d)dtds
0

1 1 1

fft“l“lf(’ dtds +ff
0 0 e a(a+c)

1 1

— t"M)s af a(bm dtd + f f

(1 - s“l)m

f,4d)

— ) (1= s dids
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If we apply the Young’s inequality to the right-hand side of the inequality, we get

‘(b—a)(lT—c) f b Cmdf(x,y)dxdy‘
[ emanf [
+%(folfoltml(1‘S“l)pdtds)JrEUOfo
ML fo-rre)- ([
AL fo-ero-ra
AL T

o(b+d)
e‘ﬁ <

<1-1-0%foro > 0,8 > 0, we can write

fa@,of

ea(a+c)

IA

dtds)
mf(a,d)|’
ea(a+d)

f, 0

ea(b+c)

dtds)

dtds)

dtds)

By using the fact that |1 -(1-1)

1 b md
’m f fx, y)dxdy’

3T [ o)} s

AL L) 3 8t
A Lo 3] 2
+%( fo 1 fo 1(1—t”“1)(1—5”“1)dtds) ( f f ”Zf (bli;f dtds).

By computing the above integrals, we obtain the desired result. O

Proposition 3.7. If f,g : A — R are two exponentially (a1, m)-convex on the co-ordinates on A, then f + g is
exponentially convex functions on the co-ordinates on A.

Proof. By the definition of the exponentially (a, m)-convex on the co-ordinates on A, we can write

f(ta+ (1 —1t)b,sc+m(l—s)d)
+g(ta+ (1 —t)b,sc + m(1 — s)d)
jar g (f @) , 9@, c))

IA

ea(a+c) ea(a+c)

fla,d) g, d)
a '
+ 1(1 S 1)m(ea(a+d) + ea(a+d)

fb,c)  g(b, c))

a 44
(1=t 1( o) | palor)

aq a1 f(b’ d) g(b/ d)
+(1 —t )(1 -5 )m(ea(b+d) + e(b+d) |°
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Namely,
(f +g) (ta + (1 = t)b, sc + m(1 — s)d)
P——y :jiﬁ?'c g — sy a(g)j)Z ,d)
(1 =y S +az,)$' )
w1 - sy LD 0D,

Therefore (f + g) is exponentially (a1, m)-convex on the co-ordinates on A. [

Proposition 3.8. If f : A — R is exponentially (a1, m)-convex on the co-ordinates on A and k > 0 then kf is
exponentially (a;, m)-convex on the co-ordinates on A.

Proof. By the definition of the exponentially (a1, m)-convex functions on the co-ordinates on A, we can write
f(ta+ (1 —1b,sc+m(l —s)d)
or g 100 f(a,d)

a g
a(a+c) + (1 ' )m ea(a+d)

b, d
e L e -smZE

<

If both sides are multiplied by k, we have,
(kf) (tu + (1 - t)b, sc + m(1 — s)d)

ay Dtl( f)( ’C) a; ai (kf) (b/d)
(1—1t")s ) 1-t")1-s )mw,

Therefore (kf) is exponentially (a1, m)-convex functions on the co-ordinates on A. [
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