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Non-null Translation-Homothetical surfaces in four-dimensional
Minkowski space

Sezgin Biiyiikkiitiik?, Giinay Oztiirk®

?Kocaeli University, Golciik Vocational School of Higher Education, Kocaeli, TURKEY
b[zmir Democrasy University, Art and Science Faculty, Department of Mathematics, Izmir, TURKEY

Abstract. In the present work, we deal with non-null translation-homothetical surfaces in Minkowski
4—space. Initially, we describe non-null TH—type surface (Translation-Homothetical surface). Then, we
yield the normal curvature, mean curvature vector and Gaussian curvature functions. Using these concepts,
we characterize the non-null semiumbilical, minimal and flat translation-homothetical surfaces in IE‘l*.

1. Introduction

In physics literature, special relativity is a scientific theory that explains the relationship between space
and time. According to the theory, all objects and physical phenomena are relative. Time, space and motion
are not independent of each other. Minkowski space-time is the geometry that mathematically describes the
four-dimensional structure of special relativity. Minkowski 4—space ( or Minkowski space-time) is defined
with the help of a Lorentzian metric as

g(x,y) = =XoYo + X1Y1 + X22 + X3V3. (1)

Any arbitrary vector is known as spacelike, lightlike or timelike, if the Lorentzian metric g (x,x) is
positive definite, zero or negative definite, respectively. In Minkowski space-time, all surfaces are also
divided into three categories in a similar way. Any surface in [E] is known as a spacelike surface ( or
timelike surface), given that its all tangent vectors are spacelike (timelike).

Let M : i = (s, t) be a non-lightlike (spacelike or timelike) surface in [E}. Four-dimensional Minkowski
space can be decomposed into tangent space and normal space of M, at each point p as:

E{ = TyM®T,M. (2)

Levi-Civita connections are indicated by V and V on [E] and M. Assume: X and Y are tangent vector

fields and N is a normal vector field of M. The vector fields %XN and %XY are decomposed into normal and
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tangent components by Weingarten and Gauss formulas:

VN = —AnX+DgN,
VyY VyY + h(X,Y), 3)

where D, h and Ay are the normal connection, the second fundamental form and the shape operator,
respectively. [7, 12].

Let ¢ =1(s, t) be a parametrization for a non-null surface M in IE;*. Then, T,M = span {1)s, {+} corresponds
to the tangent space at a point p of M. The standard indications E = g ({5, ¥s), F = g(¥s, Y1), G = g (Y1, Y1)
are known as first fundamental form coefficients

I = Eds? + 2Fdsdt + Gdf?, (4)

We can choose the tangent vector fields, for the timelike surface, as g (s, ¥s) < 0, g (Y1, 1) > 0. In
addition, we settle a normal frame field {N;, Ny} for the spacelike surface as g (N1, N1) = =1, (N2, Np) =1,
i.e. {{s, P, N1, Na} is oriented positively in lE‘ll. For the later use, we set

&= (5)

1, if M is spacelike
-1, if M is timelike
Thus, we present W = /& (EG — F2). It means; EG — F? is positive or negative definite with respect to being

the surface spacelike or timelike.

H:the mean curvature vector field can be computed by H = itrh. In other words, using the tangent
bundle’s orthonormal frame {X, Y}, it can be written as H = % (Eh(X, X) + h(Y,Y)). The second fundamental
form coefficients can be calculated as

C%l = g(lpSS'Nl)' C%z = g(lubSter)/ Céz = g(ll’tter)r
;= g, N2), c=g9Ws,N2), ¢ =g, Na). (6)
One can write the second fundamental tensor as
h(s, ) = =& N1+ ¢ Ny,
h(ll)S/ lybt) = _éc%zN‘l + C%ZNZ/ (7)
h(, ) = —EcyNy + 5N,
Another way of representing it;
h(X,Y)=—-&g9(An, (X),Y)N1 + g (AN, (X),Y)N,. (8)
Hy is used for k—th mean curvature function and calculated by Hy = g (H, Ni) = tr(gNk), hence we obtain
o kG -2¢5,F+ & E ©)
k 2(EG - P?)
According to the basis {N1, N}, the mean curvature vector field H turns into
H = -&(H N7 + H>N>, (10)

(see, [7,12])

The mean curvature of M is congruent to the norm of the mean curvature vector (

ﬁ H) The surface is

called as minimal, if the mean curvature vector of it is identically zero [5].
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Gaussian curvature of M : y(s,t) can be stated by using the first and second fundamental forms’
coefficients:
K= —& det(An,) + det(An,)
= o
In case of zero Gaussian curvature, M is called as a flat surface.
Furthermore, with the help of orthonormal tangent vectors {11, >} and unit normal vectors {N;, N},
the normal curvature of a surface is

: (11)

Ky = g(R* (¥1,12) N2, N1). (12)
This relation can be given by the entries of shape operator matrices:
Ky = hy, (héz - h%l) +hi, (h%l - héz) .

Regarding the previous equation, a surface M is known as semiumbilical surface if the normal curvature

is zero, for all points on M [8].
In [1], Yu A. Aminov focused on the notion of Monge Patch in [E* with the representation

f=f60,9=961). (13)
Also, in [3], the authors studied some surfaces given by the parametrization
Y =(1tf61,961). (14)

Two special surfaces, called translation surfaces and homothetical (factorable) surfaces are interesting
classes in differential geometry. These surfaces have been studied from many viewpoints, theoretically
[2,4,9,10,13].

A new surface named TH- type surface (or translation-homothetical surface) is first handled by Difi et.
al. in 3—dimensional Euclidean spaces [6]. The parameterization of this surface is given with the help of
the sum and multiplication of differentiable functions. Some studies on TH—type surfaces can be found
in [6, 11]. Recently, the authors have defined TF- type (TH- type) surface in 4—dimensional Euclidean
space[11]. They investigated the structure of this type of surface in E*.

In this study, we deal with the non-null translation-homothetical surfaces in 4-dimensional Minkowski
space. First, we describe the non-lightlike (non-null) Translation-Homothetical surface in [E]. Then, we yield
the normal curvature, mean curvature vector and Gaussian curvature for spacelike and timelike surfaces.
Further, we characterize some non-null semiumbilical, minimal and flat TH—type surfaces in Minkowski
space-time.

2. Classification of Non-null Translation-Homothetical Surfaces in ]E‘;

Definition 2.1. [2] The surface which is defined by the sum of two curves a(s) = (s,0,z1(s),z2(s)) and B(t) =
(0,t, w1 (t),wa (t)) is called as translation surface. Thus, the translation surface in 4—dimensional space has the
parametrization

Y (s, 1) = (s,t,21(5) + wi(t), 22(5) + wa(h) - (15)
Definition 2.2. [4] The surface which is given by an explicit form f (s, t) = z1 (s)w1 (t), g(s,t) = za (s)w (t) is

called as homothetical (or factorable) surface where s, t, f, g are Cartesian coordinates. Thus, the homothetical surface
in 4—dimensional space has the parametrization

P (s, 1) = (s, £, z1(s)wa (£), z2(s)wa()) - (16)

With respect to these definitions, the translation-homothetical surface is defined as the following:
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Definition 2.3. The surface is called TH—type surface (or translation-homothetical surface) if it is given by the
Monge patch

P (s,t) = (5,1, Aza()+wi (1) +p (za()wi(t) , 0 (z2(s)+wa(t)) + p (z2(s)wi (1)) (17)
where A, 11, 0 and p are non-zero real constants.
TH-type surface in Minkowski space-time can be considered by the representation
Y (s,t) = (s,t,z1(8) + wi(t) + z1(s)wi(t), 22(5) + wa(t) + z2(s)wa(t)) . (18)
Thus, in this study, we investigate some properties of non-null (spacelike and timelike) TH—type surfaces

given by the parameterization (18). Let M be a non-null TH—type surface in [E%, then we have the followings:
The following vector fields span the tangent space of M:

(1,0,24(5) + 2{ (S)wi (1), 25(5) + Zy(s)wa(t)),
(O, 1wy (t) + z1(s)w) (1), wy(t) + zz(s)wé(t)) . (19)

Ps
Vi

Therefore, the first fundamental form coefficients can be yielded by the Lorentzian inner product

2 2
_ ’ ’ ’ ’
E = -1+ (21 + zlwl) + (z2 + zzwz) ,
’ ’ ’ ’ ’ ’ ’ ’
= (zl + zlwl) (wl + zlwl) + (22 + zzwz) (wz + zzwz) , (20)
’ ’ 2 / 4 2
G = 1+ (w1 + zlwl) + (wz + zzwz) .

Choosing the surface as timelike or spacelike with respect to being E < 0 ( or E > 0), one can determine

W= JE(EG - ).

Two times derivatives of ¢ (s, t) are

P = (0,0,2/(5) + 2/ (I (), 25 (5) + 25 (hwa(h))
Yo = (0,07 (5)w] (1), 25 (5)w) (1)), 1)
Ui (0,0, (1) + zu(S)wy (1), wy (1) + za(s)wy (1))

The orthonormal vector fields {Nj, N} spans the normal space of non-null surface:

1

N = (z; +z{w1,—(w1 +zlw1),1, 0), (22)
|A1]
N, = —\/ﬁ (A1 (Z§+z§wQ) -A; (zi +z;w1) LAz (w; +zlw'1) —A; (w§+zzw’2) , —A3,A1) ,
where
A = 1- (zi + ziwl)z + (wi + zlwi)z ,
Ay = 1- (zé + z’zwz)2 + (w’z + zzw’z)2
A; = (wi + zlw;) (wé + zzw;) - (zi + z;wl) (zé + z’zwz) ,
W' = A1A, — (A3)°.
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and by using (29) and (30), c;‘j, (i, j,k =1,2) are given as

zfl’ + Zi’wl (z’z' + zé’wz) A — (zi’ + zi’wl)A3

1 2
C = —_— C =
11 ’ 11 ’

|Aq] A W*

’ 4 ’ i 7 ’
T 21y 2 = 2wy Ay — 1w As (23)
2 = ’ 2= ’
VIA1l ATW*
7’ 7’ /’ ’’ _ 7’ 7’

a W) + 21w} - (w2 +zzw2)A1 (wl +21w1)A3
2 5 T == 2=

|A1] Al W*

we can write the orthonormal tangent vector by using Gram-Schmidt orthonormalization method for s
and v,

x = ,
|E|
_ VIE F
By the use of (6), (7), (24) and (8), the shape operator matrices can be presented as
ht K . K
pop }, [ 1 2 ], (25)
[ iy h%z héz
where the functions hf.‘]. are given by
(zi’ + zi’wl) . Eziw| — F (zi’ + zi’wl)

My = =", hpp= ,
EVIA1] EW VA
. (wi’ + zlwi’) E? — 22w/ EF + (zi’ + zi’wl) P
S EVAT :
h%l _ EAl (zé’ + zé’zzﬁ(z’l’ + z’l’wl), 6
1
o (B = A E - [ (a + 2n) - As (2 + 2w )| F
e EW VAW ’
[(w§’+22w;’) A— (wi’ +zlwi’) A3] E2-2 (Zéw'zArZ’lw; A3) EF
+ (25 +25 w2) Ar—As (2} +2]/w01 )| F2

EW? AW

h%zzé

2.1. Non-null Flat Translation-Homothetical Surfaces
Theorem 2.4. Let M be a non-null translation-homothetical surface with the parameterization (18) in E{. Then, its
Gaussian curvature is given as

A ((z&' + zé’wz) (wé’ + Z2w’2’) - (z&wé)z)
+A, ((z’l’ + zi’wl) (w’l’ + zlwi’> - (ziw’l)z)
-Az ((zé’ + zé’wz) (wi’ + 21w1’> + (zi’ + zi’wl) (w’z’ + zzwé’) - Zz’lw;z’Zw’z)
W2
where W and W* are defined as W? = & (EG - Fz) , W* = A1A; — A3, respectively.




S. Biiyiikkiitiik, G. Oztiirk /TJOS 8 (1), 1-10 6
Proof. By using (11) and (26), we obtain the desired result. [

Theorem 2.5. Let M be a non-null translation-homothetical surface with the parameterization (18) in E{. Then M
has zero Gaussian curvature if and only if

0 = A ((z’z' + z’z’wz) (w’z’ + zzwé’) - (zéwé)z) (27)

2
" " 17 7 ’ ’
+A> ((zl +z; wl) (wl + z1wy ) — (lel) )
—As ((z;’ + zé’wz) (wi’ + zlw'l’) + (z'{ + z'l'wl) (wé’ + zzw’z') - Zziwiz’zwé) .

Theorem 2.6. Let M be a non-null translation-homothetical surface with the parameterization (18) in E]. If M is
given by one of the following parametrizations, then it is flat surface:

(1) f(s,t) =amwi (t) +ay +wy (t), g(s,t) = aws (t) +ax + w2 (t);
(2) f(s,t) =mzi1(s) + a1 +21(5), g(s,t) = aza () + a2+ 22(s);
B) f(st)=amwi(t) +ar +wi(t), g(s,t) = axza(s) +ax +22(5);
(4) f(s,t) =mz1(s) +ar +21(5), g(s,t) = awy (t) +ax + w2 (t);
B) f(s,H)=a1, g(s,t)=aw(t)+ax+wy(t);

6) f(s,t)=a1, g(s,t)=a2z2(s) +az+2z2(s);

(7) f(s,t)=a, g(st)=Dbemse™ —1;

®) f(s,t)=a, g(st)=2z2(5) +wy (f) + zow, (t) satistying

72(8) = ((1 —0) (ass +a) T — 1), s
" (t) ) (w)ﬂ - 1/

9) f(s,t) = apase™e™t — 1, g (s,t) = azaze™se™t — 1; asae = ayas,
(10)f (s, t) = arase™Se™st — 1, g (s,t) = azaze™se™ — 1; aray = aeas,
where a, b, c,a; are real constants, i =1,..,8,c# 0, 1.

Proof. Let M be a non-null TH-type surface given by the parametrization (18) in IE}. If 2/ (s) = 0, 2, (s) = 0

orwj (t) =0, w, (t) =0o0rz(s) =0, w;(t) =0(z;(s) =0, w; (t) = 0) in (27), then we obtain the cases (1), (2),
(3) and (4). If z; (s) = 0 and w (t) = 0,then we have

(zé’ + Zng) (wé’ + Zzw'z') - (Z'z%)z =0. (29)

In this equation, if z; = 0 (or w}, = 0), then we obtain the surfaces (5) and (6). If z] (s) w; (¢) # 0, then we get

H@On@+xE (o) )
(o) — GOwO O T

(30)

2
where c € IR. If ¢ = 1, from (30) we get the differential equations zJ(s)za(s) + z7 (s) = (z’z(s)) and wy (Hwo(t) +
2
wy(t) = (wé(t)) which have the solutions z;(s) = a3e™® — 1 and w»(t) = ase’’ — 1. Then, we obtain the surface
parameterization (7).
If ¢ # 1, we yield the solution of the differential equation (30) as z»(s) = (1 —c) (a3s + {14)ﬁ —1 and
wo(t) = M —1. Hence, we get the surface (8). Also, in equation (27) we suppose

(z’l’ + zi’wl) (wi’ + zlwi') - (ziw'l)z =0. (31)
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2
(zé’ + zé’wz) (wé’ + zzw’2’> - (z’zwé) =0. (32)

and
(zé’ + zé’wz) (wi’ + zlwi’) + (zi’ + zi’wl) (w’z’ + zzw;’) = 2zjw\zywy, = 0 or Az = 0. (33)

In a similar way, we obtain the solutions of the differential equations (31) and (32) as

z18) = me® -1, w(t) =ase™ -1,
() = ™ -1,  wo(t) = aze™ — 1. (34)

Substituting these functions into (33), we yield the surface parametrizations (9) and (10). O

2.2. Non-null Minimal Translation-Homothetical Surfaces
Theorem 2.7. Let M be a non-null translation-homothetical surface with the parameterization (18) in E{. Then, its
mean curvature vector is given as

[(zé’ + zé’wz) G —2z,w,F + (w’z’ + zzwé’) E|A;

(2} + 2/w1) G - 22jw} F + (w) +zw]) E —|(& +zyw1) G - 2zw,F + wy’ + 2w} E| As
H=-¢&¢ Ni + N>.
2W2 VA 2W2 VAW

(35)
Proof. By the use of (9), (10) and (23), we obtain the desired result. [J

Theorem 2.8. Let M be a non-null translation-homothetical surface with the parameterization (18) in IE}. Then, M
has zero mean curvature if and only if

1

(2 +2/'wi) G = 22/w/F + (w]’ + zaw] ) E = 0. (36)

Theorem 2.9. Let M be a non-null TH-type surface with the parameterization (18) in E7. Then, M is minimal if it
is given by one of the following parametrizations :

(1) fGs)=mt+ay, g(st)=ast+ay,
(2) fGs)=ms+ay, g(s,t)=aszs+ay,
3 ft)=as+a,  g(s,t)=ast+a,
4) fs,)=mt+ay, g(s,t)=azs+as,
b5 fs,t)=a, g(s,t) =(s+b)tan(ct +d) -1,
6) fs,t)=a, g(s,t)=(t+b)tan(cs +d) -1,
(7) fGs,)=(@+btan(ct+d) -1, g(s,t)=(s+Db)tan(ct +d) -1,
8 fGs,t)y=@t+btan(cs+d)—1, g(s,t) =(t+b)tan(cs +d) -1,
) ft)=zi(6)+wi () +z1(8)wi (), g(s,t)=22(s) +wr(t) +2z2(s) w2 (t)
where the functions satisfy
. dzi (5 -

~J VeI () + 1) - 2ca1

;o= if dw; (t) ’
Voo (i () + 1)* - 4

or

s = & f 4z ) ) (38)
o i (s) + 1)~ §

- L0 ,

\/Zdln(wi(s)+l)—2da2
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or

s = 4z (5) ) (39)

Vi G (©) + 1720 g,
dw; (t)

\/a3 (w; (t) + 1)*P + gy

Proof. Let M is TH—-type surface given by the parameterization (18) in IE}. If M is minimal, then the equation
(36) is hold. Hence, we write

0 = (+ 2eon) (1 () + zwd) o (g + 20t ) (40)
=2z (24 + zyw1 ) (w] + zvw)) + (25 + Zyws ) (wh + 2w} )
+ (wi’ + zlw;') (—1 + (Zi + 2’1“’1)2 + (z’2 + z’2w2>),
and
0 = (+zw) (1 + (@] + 20 + () + zzwg)z) (1)

—2z;w; ((z{ + z{wl) (wi + zlwi) + (z’2 + z’zwz) (wg + zzw’z))
2
7 77 ’ ’ ’ ’
+ (w2 + 2w} ) (—1 + (zl + zlwl) + (zz + zzwz)),

The surface parametrizations (1), (2), (3) and (4) are obtained by taking z] (s) = 0, 2} (s) = 0 or w/ (t) = 0,
w) () = 0 orz] (s) = 0,w; (t) = 0 or z, (s) = 0,w] () = 0, respectively. By taking z} (s) = 0 and w] (t) = 0, then
we get

7 ’”
w2 V4

meZzil +(z) (w;’ (wy+1) — (wé)z) + ()’ (z;’ (zp+1) — (z;)z) - 0. (42)

In this equation, if we suppose z} (s) = 0 or w7 (t) = 0, then we yield w, (t) = M landz; (s) = M 1.
Hence, the surfaces (5) and (6) are obtalned Also, in (42), if z (s) wy (t) # O the derivatives of (42) with
regards to s and t, one after another are obtained as

(z’z’ (z2+1) - (z’z)z), ) _(w’2’ (wp+1) - (wé)z),

7 7 =cC (43)
’ 2 / 2
(@) (€=))
where ¢ € IR. Therefore, integrating this equation regarding s or t, we get
2
B+ -(1+0(z) = k (44)
2
wy (wy+1) = (1-0)(wy) = 1,
where k, I € IR. By taking ¢ = 1 and ¢ = —1 in (44) respectively, we get
zy(z+1) = k, (45)
2
wy (wy+1)=2(wp)” = 1,
and
2
2y (zp+1) =2 (zg) = k
wy (wr+1) = L (46)
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Thus, if we solve these differential equations, the results (37) and (38) are obtained. If ¢ # 1 in (44), the
solution of the differential equation is congruent to the last result of (9). Finally, by taking zi(s) = z, (s) and
w1 (t) = ws (t), then we have the surfaces (7) and (8). This completes the proof. [

2.3. Non-null Semiumbilical Translation-Homothetical Surfaces

Theorem 2.10. Let M be a non-null translation-homothetical surface in ES. Then, M has the normal curvature as

E (ziw’1 (wé’ + zzw’z’) - Z,W) (wi’ + zlwi'))
1’ 1’ ’’ 17 17 17 ’7 1’
-F ((Z1 + 2] wl) (w2 + 2owW) ) - (22 + 25 wz) (wl + z1w) ))
+G(zyw) (zi’ +z{w ) - Zjw; (z’z’ + zJw;
Ky = =& . (47)
W3 VW*

Proof. Let M be a non-null TH—type surface with (15) in [E]. Substituting the second fundamental form
coefficients h;‘j into (12), we get the result. [

Corollary 2.11. Let M be a non-null translation-homothetical surface with the parameterization (15). If the functions
zi, wj, (i = 1,2) are linear polynomial functions, then M corresponds to semiumbilical surface in IE].

Proof. Let M be a non-null TH-type surface and suppose z;, w;, (i = 1,2) are the linear polynomial functions
as

zi = as+b, (48)
cit + d;.

w;j
Thus, by the use of (47) and (48), we get z!’ (s) = 0, w!’ (t) = 0, i.e , Ky = 0. This completes the proof. [
Example. The surface given by the parameterization
Y (s, t) = (s, t,2st =25 + 3t — 3, —st + 25 + 4t — 8)

is a semiumbilical TH—type surface and can be plotted by projection in 3—dimension with command
plot3d ([s +t, f(s,1),9(s,1)] : s =-2.2,t=0.1):

Figure 1: Semiumbilical TH—type surface
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3. Conclusion

TH-type surfaces (or Translation-Homothetical surfaces) have been previously discussed by Difi et
al.(2018) and Pamuk et al.(2021). They considered 3—dimensional spaces and 4—dimensional Euclidean
space. In this article, we define non-null translation-homothetical surfaces in Minkowski space-time and
classify these surfaces with respect to being flat, minimal and especially semiumbilical. The results provide
valuable insights into the nature of surfaces in Minkowski space and will be of interest to researchers and
scholars in the fields of mathematics, physics, and astronomy.
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Abstract. In this paper, we introduce the concept of an exponential type convex function. We establish
new integral inequalities of the Hermite-Hadamard type by using the Power-Mean and Holder inequalities.
Additionally, we give definitions of the Riemann-Liouville fractional integrals. We use these Riemann-
Liouville fractional integrals to establish a new integral inequalities for exponential type convex function.

1. Introduction

The mathematical branches heavily rely on mathematical inequalities. Numerous scientists investigated
the characteristics of convexity and came up with several integral inequalities (see references [3]-[8]).
Hermite-Hadamard inequality is among the most well-known integral inequalities for convex functions.
This double integral inequality is stated as follows:

Let f : I — R be a convex function. Then the following inequalities hold:

b
b 1 b
f(a-; )Sb_aff(x)dng(ﬂ);‘f()

foralla,b e Iwitha <b.

Convex functions take a significant place in the Mathematical Inequalities. Many researchers have
carried out studies on different definitions of convex functions. Previous studies have focused on convexity
types such as s—convex, m—convex, (a, m)—convex and quasi-convex (see references [9]-[12]). However,
recent studies have found that many new types of convexity have been obtained. One of these new types
of convexity is exponential type convex functions. A new definition is given as follows:

Definition 1.1. [2] A nonnegative function f : I — R is called exponential type convex function if, for every a,b € I
and k € [0,1],

flka+@-Kb) < (& =1)f@)+ (e =1)f ()

The class of all exponential type convex functions on interval 1 is indicated by EXPC (I).
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In [2], Kadakal and Iscan have defined exponential type convex functions and obtained new inequalities
related to this definition as follows:

Theorem 1.2. Let f : [a,b] — R be an exponential type convex function. Ifa < band f € L|a, b], then the following
Hermite-Hadamard type inequalities hold:

2(ve-1)

Theorem 1.3. Let f : I — R be a differentiable function on I°, a,b € I°with a < b, and assume that f’ € L[a, b]. If

b
! f(aJZFb)Sbiaff(x)dxﬁ(e_z)[f(“)+f(b)]

S(b—a)(4\/5—e—§)A( /

)

2

b
f@+f0) 1
—b_aff(x)dx

holds for k € [0, 1], where A (u, v) is the arithmetic mean of u and v.

Theorem 1.4. Let f : I — Rbeadifferentiable functionon1°,a,b € I°witha < b, q > 1and assume that f' € L]a, b].

)

b 1 P
f(a)+f() ff( \ix [ (_2)10(#) at(|f

holds for k € [0, 1], where ;—7 + % = 1and A (u,v) is the arithmetic mean of u and v.

Theorem 1.5. Let f : I — R beadifferentiable functiononI®,a,b € I°witha < b, q > 1 and assume that f’ € L[a, b].

fﬂ)+f(b) ff( \ix

holds for k € [0, 1], where A (u, v) is the arithmetic mean of u and v.

<o 3] oo

In [1], Alomari et al. proved the following result connected with the right part of Hermite-Hadamard
Inequality:

Lemma 1.6. Let f : I € R — R be an absolutely continuous function on I°, where a,b € I with a < b. Then the
following equality holds:

b
b _
f(a)+rf()_biaff(x)dx:b

X

r+1 r+1

1
f[(r+ Dt=1]f' (tb+ (1 —t)a)dt.
0
for every fixed r € [0,1].

As a result of the research exists, we investigate new inequalities that are connected to right hand side of
Hermite-Hadamard integral inequalities for some exponential type convex functions utilizing the Holder
inequality, properties of modulus, power mean inequality, and elementary calculations.

The aim of this paper is to establish some Hermite-Hadamard type inequalities for exponential type
convex functions. In order to obtain our results, we utilized Lemma 1.6 and Lemma 3.2.
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2. Hermite-Hadamard Inequality For Exponential Type Convex Functions

Theorem 2.1. Let f : I — R be a differentiable function on I°, a,b € I° with a < b and assume that ' € L[a, b]. If
f'| is an exponential type convex function on [a, b], then the inequality

b
f(a)+rf(®) 1
‘ -5 [ s

£ ®)]

312 +6r+2re+2e+5
2r+2

b—a 1
< — A —
r+1 - r+1[((27+2)e 1

572 + 67 + 2er® + 2er + 3
2r+2

+ ((Zr +2)er — f (a))]

holds for every fixed r € [0, 1].

Proof. Using Lemma 1.6 and the exponential type convexity of ) f'|, it follows that

b
b
f(a)+rf()_biaff(x)dx

r+1

1
< f;ffl(rﬂ)t—u £/t + (1 —t)a)|dt
0
1
b—
< 22 [lerne-ul(e -1)lr o]+ (¢ 1)l @]
0
Hence
b
f@+rf) 1
‘ r+1 _b—gff(x)dx
. AT
< | [a-ernnlE - n)lr o) -1l fa
0
1
[ vi-nle -l ol -l ol
b—a 1 32 +6r+2re+2e+5\,,,
= T+ 1 [((27"'2)(3“1 — 5773 )f (b)|
2 2
+((2r+2)er+'1_2r e+2rez;rfr2+6r+3) f’(a)|]

which completes the proof. [

Remark 2.2. Under the assumptions of Theorem 2.1 with r = 1, we get the conclusion of Theorem 1.3.

Corollary 2.3. Under the assumptions of Theorem 2.1 with r = 0, we obtain

f )]

Sb%a[f’(a)|+(26—5)

b
f@- 5 [ fox
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Theorem 2.4. Let f : I — R be a differentiable function on I°, a,b € I° witha < b, q > 1 assume that f’ € L]a, b].

If|f Tis an exponential type convex function on [a, b], then the inequality
f@+rf ®) b b a1 )
a)+r 1 —a [ | 3 Lo , q , q
‘ r+lb-a ff(x)dx Bz [<r+1)(p+1)] e-2) a0 (f @' | ©f)
a

holds for every fixed r € [0,1] and % + % =1

Proof. From Lemma 1.6 and using Holder inequality with properties of modulus, we have

b
b 1
f(a)+rf()_b_aff(x)dx

r+1

1
b-a ,
< r+1f|(r+1)t—1|f(tb+(1—t)a)|dt
0
) 1 (o1 ;
—a / \
< — fl(r+l)t—llpdt] [f(f (tb+(1—t)a)| dt]
0 0
b =51 1 % 1 %
< r;f f(l—(r+1)t)”dt+f((r+1)t—1)”dt [f'f’(tb+(1—t)a)|th] :
0 1 0

r+1

f,'i

Since is exponential type convex function on [a, b], we get

==

b-a
r+1

IA

r+1

a1 1
f(l—(r+1)t)pdt+f((r+1)t—1)pdt
0 1

1

b
fa)+rf(®) 1
-5 [ s

1

x[ ol f (¢ = 1)at +|f (@' f (e“—l)dt]

0 0

q

7

B b—a[ AR |

r+1 (r+1)(p+1)] (2(6_2))61%(

f' (@)

F o))
which completes the proof. [
Remark 2.5. Under the assumptions of Theorem 2.4 with r = 1, we get the conclusion of Theorem 1.4.

Corollary 2.6. Under the assumptions of Theorem 2.4 with r = 0, we obtain

b—a
(p+1)F

q

< (2(e—2))%A%(

f (@)

f o).

4

b
|f<a> -5 [ e
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Theorem 2.7. Let f : I — R be a differentiable function on I°, a,b € I° with a < b, q > 1 and assume that

r+1

b—a(r+1\ e%(2r+2)—372+6r+2r€+26+5
r+1\2r+2 2r+2

b
b
f(a)+rf()_b1aff(x)dx

2 >
+(ey+'1 (21’+2)—5r + 67 + 2er +2er+3)

2r+2

Proof. From Lemma 1.6 and using the well known power mean inequality, we have

b
F@+r ) 1
—b_aj}aMx

r+1

< r+1f|(r+1)t—
1 =51 H
< l:;i[fl(r+l)t—1|dt] [f|r+1 )t - —t)b)|thJ :
0 0

On the other hand, we obtain

1
r+l

1 1
241
P+ Di-1di= | =G+ dt+ | [+ 1) E=1]dt = 2=
fivmicna Fo-venas |

2r+2
0

T+

Since |f” Tis exponential type convex function on [g, b], we obtain

b
f@+rf® 1
-y [ s

r+1

b—a(r*+1 _ '
< (2r+2) [fl(r+1)t—1|[ ) +(e“—1) ]
B b—a(r? +1
Tor+1\2r+2

x[(erll (2r+2)_3r2+61’2-‘;2—:€2+28+5) f’(b))q

1
512 + 6r + 2er® + 2er + 3\ | ,, i
ﬁf@ﬂ,

+(ev+y1(2r+2)— P

which is required. O

Remark 2.8. Under the assumptions of Theorem 2.7 with r = 1, we get the conclusion of Theorem 1.5.
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Corollary 2.9. Under the assumptions of Theorem 2.7 with q = 1, we obtain the Theorem 2.1.
Corollary 2.10. Under the assumptions of Theorem 2.7 with v = 0, we have

< [r

( + (2e —

f()——ffx)dx

3. Hermite-Hadamard Inequalities for Fractional Integrals

Now we give some necessary definitions and mathematical preliminaries of fractional calculus theory
which are used throughout this paper.

Definition 3.1. [13] Let f € Li[a, b]. The Riemann-Liouville integrals |7, f and ] f of order a > 0 with a > 0 are
defined by

o f(x) = % f (x— )" f(tydt, x>a

and

IO fx) = f (t— " f(Bdt, x<b

I(a)
respectively where I'(a) = f e "u*du. Here is pet 0 f(x) = ]2, flx) = f(x)

In the case of @ = 1, the fractional integral reduces to the classical integral.
In [14], Ozdemir et al. proved the following result for fractional integrals. Also, different results have
been obtained for different values of r.

Lemma 3.2. Let f : I € R — R be a differentiable mapping on I witha < r,a,r € L. If f* € L[a, r], then the following
equality for fractional integrals holds:

fl@+f(r) Ta+1)y,
T " 3= @+ f0)

1
= 22 [a-pr =10+ @ty
2 0

exponential type convex function on [a, b], then the following inequality for fractional integrals holds:

T 1
! (”);f L 2((;“ L1 @)+ 2. £0)]

‘@[ f ).

Proof. From Lemma 3.2 and using Holder inequality with properties of modulus, we obtain

f@+f(r) T(a+1)
2 C2(r—a)

< 7 @e-2)i Al (

2(ap + 1)7

72 f@) + 3. f ()]

1
r—a
< - 1_t0t_ta
e a AL
1

—a[f((lt)“t“rdtr [j / ) dt];-

0 0

IN
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We know that for a € [0,1] and V#,t € [0, 1],

|t — 3] <1t — tal*,

therefore
1 1
bfkl—tf——ﬂrdt < 1111—2ﬂwdt
0 0
3 1
= f[l —2t]"dt + f[Zt - 1] dt
0 >
1
- ap+1
Also, |f” Tis exponential type convex function on [a, b] ,we have

f'(ta+ @1 -t
@ -D]f @ +E"-1

for+@-ny| =

1 te(0,1).

IA

f()

and consequently

f@+f(r) T@+1), .
’ 2 T 2(r—a)e [ < f(a) + ,ﬁf(r)]

f/ (El) q , f/ (b)|‘7)

< - @e-2)7 Af
2(ap + 1)

which completes the proof. [

Remark 3.4. If in Theorem 3.3, we choose a« = 1 and r = b, then we obtain Theorem 1.4.

4. Conclusion

In this paper, we obtained new general integral inequalities for exponential type convex functions.
We proved the Hermite-Hadamard type integral inequalities and obtained new theorems with the Holder
inequality. With this definition, many new integral inequalities can be obtained. Also, by using Holder-
Iscan (see reference [15]) inequality and different Lemmas, new results can be obtained for exponential type
convex functions.
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Abstract. In this study, the sub-equation method is used as a tool for finding the analytical solutions of
Coupled Boiti-Leon-Pempinelli (CBLP) equation where the derivatives are in conformable form with the
fractional term. In the introduction section, the advantages of the conformable derivative are expressed.
By using the fractional wave transform and chain rule for conformable derivative, the nonlinear fractional
partial differential equation turns into a nonlinear integer order differential equation. This translation
gives us a great advantage in obtaining analytical solutions and interpreting the physical behavior of
the acquired solutions. In the rest of article, the sub-equation method is applied to Coupled Boiti-Leon-
Pempinelli equation, and the analytical results are derived successfully. This means that our method is
effective and powerful for constructing exact and explicit analytic solutions to nonlinear PDEs with the
fractional term. While this process, symbolic computation such as Mathematica is used. It is shown that,
with the help of symbolic computation, sub-equation method ensures a powerful and straightforward
mathematical tool for solving nonlinear partial differential equations.

1. Introduction

Nonlinear phenomena draws great attraction in the last decades. Understanding the physical nature of
the nonlinear mathematical models allures scientists because the only way for interpreting natural events
arises as a result of this curiosity [3-6, 16-18]. For this aim, many methods are developed such as homotopy
analysis method [7], differential transform method [8], exp-function method [9], Jacobi elliptic function
expansion method [10] and etc. As we see, both numerical methods and analytical methods are applied
to get the results. But analytical solutions of very few of the differential equations that arise as a result of
mathematical models of events encountered in nature can be obtained. This makes the analytical method
valuable. Because numerical methods give the approximate value for the expected solution and give us a
restricted chance to understand the physical nature of the solution. In spite of that the solutions which are
obtained as a result of analytical methods give us extensive perspective for explaining the behavior of the
solution.

In the beginning, integer order derivative and integral are used for modeling the natural event. Butby the
time it is understood that Newtonian type derivative and integral fall short of modeling the event that arises
in the nonlinear nature. So the survey for fractional differentiation and integration is started. By the time

Corresponding author: OT otasbozan@mku.edu.tr ORCID:0000-0001-5003-6341, AK ORCID:0000-0002-0617-6037

Received: 21 October 2022; Accepted: 12 April 2023; Published: 30 April 2023

Keywords. Coupled Boiti-Leon-Pempinelli Equation; Conformable Derivative; Fractional Derivative; Sub-Equation Method

2010 Mathematics Subject Classification. 35A20; 35A08

Cited this article as: Tasbozan O. Kurt A. Analytical Solutions of Coupled Boiti-Leon-Pempinelli Equation with Fractional Derivative,
Turkish Journal of Science, 2023, 8(1), 19-23.



O. Tasbozan, A. Kurt /TJOS 8 (1), 19-23 20

it is understood that fractional calculus has a clearer physical meaning and a simpler statement compared
with the integer order models while describing complicated physical mechanics problems. This motivation
helped fractional calculus to be improved faster. First of all, scientists need to give an efficient and applicable
definition of fractional differentiation and integration. Riemann-Liouville, Caputo and Griinwald-Letnikov
definitions were the popular definition. But there were some deficiencies while describing the mathematical
model. For instance, the Riemann-Liouville fractional derivative of a constant is not zero. In addition to this
fractional initial/boundary conditions of problems which are described as mathematical models of different
physical, chemical, or engineering problems must be expressed in fractional form. More than these, basic
properties such as a derivative of the quotient of two functions, derivative of the product of two functions,
chain rule and etc. are not satisfied by Riemann-Liouville, Caputo, and Griinwald-Letnikov definitions. As
a result, Khalil et al. expressed a new definition that obeys the basic properties.

Definition 1.1. a' order conformable derivative(CFD) of a function f can be expressed as

f(E+ et =) = ()(b)
8 7

Ta(F)(®) = lim
for f:[0,00) = Rand forallt >0, € (0, 1).

Definition 1.2. Let f function is defined with n variables x1, ..., x,. The fractional partial derivatives of f of order
a € (0,1] in conformable sense with respect to x; is given by [19]

de oS, X, X+ exT, LX) = f (X e, Xn)
L fwr, ) = lim |
;

&

Definition 1.3. Let a > 0. Then conformable fractional integral of a function is defined as [13]
s
t
iU
tl-a

a

L(f)(s) =

In this article, the analytical solutions of Coupled Boiti-Leon-Pempinelli equation where the
derivatives are in the conformable sense with the fractional term are obtained. To the best of our knowledge,
these solutions are seen firstly in the literature. Also, some graphical representations of the solutions are
given to understand the physical behavior of the solutions.

2. Brief Description of Considered Method

2.1. Sub-Equation Method
In this section sub-equation method [11] which established on the Riccati equation

Q&) =0+ (pE)). (1)

is going to be described. Regarding the general form of nonlinear time fractional partial differential equation
as
P (u, Dfu, Dy, D2u, ...) = 0 )

where D{u indicates fractional order differentiation in conformable sense. The fractional wave transforma-
tion [12] could be expressed

u(x,y,t) = U(E), & =kx+wy + c% 3)

where ¢ is a constant to be calculated later and by the help of the chain rule [14], Eq. (2) can turn into an
nonlinear differential equation with integer order

GU(&), U'(&), u”(é),...) = 0. @)
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Suppose that the solution of the reduced Eq. (4) can be expressed as

UE) =) a¢p'&), ay #0, )

N
i=0

where g; (0 < i < N) are constant coefficients to be calculated and positive integer N is going to be obtained
by using balancing principle [15] in equation (4) and ¢(&) is the solution of Riccati equation (1). Some
solutions of equation (1) is given as follows.

—\/—_otanh<\/—_a£), g<0
—\/—_ocoth(\/—_oé), 0<0

P(&) =1 +otan(yos), >0 (6)
- acot(\/Eé), >0

__1 ; -
Tios @isacons., o= 0

After the all solutions procedure we get a polynomial due to ¢(&). Equating zero to all the coefficients of
¢'(&) (i =0,1,...,N) ends with a nonlinear algebraic equation system depending on c,a; (i = 0,1,...,N). By
solving this algebraic equation system we have the values of ¢,4; (i = 0,1, ..., N). Substituting all the results
in the formulas (6) we get the exact solutions for equation (2).

3. Solutions of the Equation
Consider (CBLP) equation in conformable sense as

DyD%u — DDy (u* — D,u) — 2D3v = 0, 7)
D%v — D2v + 2uD,v = 0.
Using the following wave transformation
a

u(x,y, 6 = U(E), 002, y,6) = VIE), & = ke + wy + o ®)

and chain rule [14] (7) turns into nonlinear differential equation system

N "

cwl” — kw(U? - kU') =23V =0, ©)
cV —KV' =2kUV =0

where the derivatives described in integer order. Now integrating twice the first equation in (7), we have

V'=ﬂu w

TE i @(uz —ku). (10)

Using this result in the second equation of Eq. (7) we have the following equation.

AU - 3kcU? + 2K2U° - kK*U” = 0. (11)

Let the solution of Eq. (11) is given in terms of ¢(&) as

N
UE) = ) aip'(€), ay #0. (12)

i=0
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Figure 1: Surface plot of the exact solution u;(x, y,t) for w = 0.1,a0 = —=0.1,0 = =2, = 0.75,t = 0.1

Using the balancing principle [15], we calculate N = 1. Collecting all the obtained results in Eq. (11), an
algebraic equation system come to exist with respect to w,k, c,a9,41. Solving this obtained system led to
following solution set
g =2 o 2ag = %0
V=TTV T V=
where ¢ < 0 and 4y and w are free constants. Using (6) and (3) the traveling wave solutions of Eq. (7) can
be deducted

(13)

u1(x,y,t) = ap — aptanh (5 \/—_0),
wotanh (5 \/—_a)
Nas ,
uy(x, y,t) = ap — apcoth (5 \/—_a) ,
wocoth (5 \/—_a)
V=0
w2

Nyt Some graphical representations of the obtained results are given in Figure 1

vi(x, y,t) = -

UZ(x/ ]/, t) = -

where & = wy -

and Figure 2.

4. Conclusion

In this article, it is obtained that sub-equation method shows great performance while obtaining the
exact solutions of the nonlinear partial differential equations where the derivatives are in conformable sense
with fractional term. While obtaining the solution symbolic computer software called Mathematica is used.
Also some graphical simulations of the obtained solutions are given. This article may give an insight to
the researchers who study on obtaining the analytical solutions of nonlinear fractional partial differential
equations.
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Figure 2: Surface plot of the exact solution v1(x, y,t) forw = 0.1,a9 = =0.1,0 = =2, = 0.75,t = 0.1

References

[1] Deniz E, Akdemir AO, Yiiksel E. New extensions of Chebyshev-Pélya-Szegt type inequalities via conformable integrals. AIMS
Mathematics. 5(2), 2020, 956 — 965.

[2] Dokuyucu MA. A fractional order alcoholism model via Caputo-Fabrizio derivative. AIMS Mathematics. 5(2), 2020, 781 — 797.

[3] Az-Zo'bi EA, Alleddawi AO, Alsaraireh IW, Mamat M, Wrikat FD, Akinyemi L, Rezazadeh H. Novel solitons through optical
fibers for perturbed cubic-quintic-septic nonlinear Schrdinger-type equation. International Journal of Nonlinear Analysis and
Applications. 13(1), 2022, 2253-2266.

[4] Siddique]I, Jaradat MM, Zafar A, Mehdi KB, Osman MS. Exact traveling wave solutions for two prolific conformable M-Fractional
differential equations via three diverse approaches. Results in Physics. 28, 2021, 104557.

[5] N-Gbo NG, Xia Y. Traveling Wave Solution of Bad and Good Modified Boussinesq Equations with Conformable Fractional-Order
Derivative. Qualitative Theory of Dynamical Systems. 21(1), 2022, 1-21.

[6] Yokus A, Durur H, Abro KA. Symbolic computation of Caudrey-Dodd-Gibbon equation subject to periodic trigonometric and
hyperbolic symmetries. The European Physical Journal Plus. 136(4), 2021, 1-16.

[7] Saratha SR, Krishnan GSS, Bagyalakshmi M. Analysis of a fractional epidemic model by fractional generalised homotopy analysis
method using modified Riemann-Liouville derivative. Applied Mathematical Modelling. 92, 2021, 525-545.

[8] Jornet M. Uncertainty quantification for the random viscous Burgers’ partial differential equation by using the differential transform
method. Nonlinear Analysis. 209, 2021, 112340.

[9] ZhangS, Zhang Y, Xu B. Exp-function Method and Reduction Transformations for Rogue Wave Solutions of the Davey-Stewartson
Equations. Journal of Applied and Computational Mechanics. 7(1), 2021, 102-108.

[10] Rahman Z, AliMZ, Ullah MS. Analytical Solutions of Two Space-Time Fractional Nonlinear Models Using Jacobi Elliptic Function
Expansion Method. Contemporary Mathematics. 2(3), 2021, 173-188.

[11] S. Zhang, H.Q. Zhang, Fractional sub-equation method and its applications to nonlinear fractional PDEs, Physics Letters A, 375
(7) (2011) 1069-1073.

[12] Cenesiz Y, Kurt A, New fractional complex transform for conformable fractional partial differential equations. Journal of Applied
Mathematics, Statistics and Informatics. 12(2) (2016) 41-47.

[13] Khalil R, Al Horani M, Yousef A, Sababheh M. A new definition of fractional derivative. Journal of Computational and Applied
Mathematics. 264 2014, 65-70.

[14] Abdeljawad T. On conformable fractional calculus. Journal of Computational and Applied Mathematics. 279 (1), 2015, 57-66.

[15] Malfliet W. Solitary wave solutions of nonlinear wave equations, American Journal of Physics. 60(7), 1992, 650-654.

[16] Koca I. Modeling the heat flow equation with fractional-fractal differentiation, Chaos, Solitons & Fractals. 128, 2019, 83-91.

[17] Ugar S, Ozdemir N, Koca I, Altun E. Novel analysis of the fractional glucose-insulin regulatory system with non-singular kernel
derivative. The European Physical Journal Plus. 135 (5), 2020, 1-18.

[18] Koca I, Ozalp N. Analysis of a fractional-order couple model with acceleration in feelings. The Scientific World Journal, 2013,
2013.

[19] Atangana, A, Baleanu D, Alsaedi A. New properties of conformable derivative. Open Mathematics, 13(1) 2015.



TURKISH JOURNAL OF SCIENCE http:/dergipark.gov.tr/tjos
VOLUME 8, ISSUE 1, 24-36
ISSN: 2587-0971
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Abstract. In this paper, by using the fixed point results of a-¢p-Geraghty type mappings, the existence
and uniqueness results for solutions to differential equations involving the generalized Caputo-Fabrizio
derivative are investigated in A-metric spaces. As application, an illustrative example is given to show the
applicability of our theoretical results.

1. Introduction

In recent years, fractional calculus has attracted the attention of many researchers from various dis-
ciplines (physics, biology, chemistry, applied sciences,...). Indeed, The use of fractional derivatives has
been observed to be beneficial for modeling many problems in engineering sciences (see, for example,
[1,2,17,21, 33, 35, 36].

Various there are several notions about fractional derivatives in the literature. Caputo and Riemann-
Liouville introduced the basic notions (see for example [10, 27]), which imply the singular kernel

k(t,s) = if(_ls_);;, 0 < g < 1. These derivatives play an important role in modeling phenomena in physics.
However, as introduced by Fabrizio and Caputo [8], some phenomena related to material heterogeneities
cannot be well modeled using fractional Caputo derivatives or Riemann-Liouville. Therefore, Fabrizio
and Caputo [8] proposed a new fractional derivative with non-singular kernel k(t,s) = eql(%ﬂb), 0<g<1
Later fractional derivative of Caputo-Fabrizio was used by many researchers to model several problems in
engineering sciences (see [3, 4,7, 11, 18, 26, 29, 30, 37]). Additionally, other fractional order derivatives with
non-singular kernels have been introduced by some researchers ( more details see [9, 10, 19, 20, 25, 32]).

In 1993, Czerwik proposed the notion of A-metric (see [14, 15]). Following these initial works, the
existence of a fixed point for the different operators in the definition of A-metric spaces has been widely

studied (see [12, 16, 22-24, 28, 31]).
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In this paper, we study the existence-uniqueness of solutions for problems of generalized fractional
order differential equations of the Caputo-Fabrizio in A-metric space.

(Pha2)©) = f(6.2), 0, 2@),  EeT=10,A1 d>0,c20
z(0) = zg

1)

Where A > 0, f : JXx RXR — R is derivative function, Dg’ 4 1s generalized Caputo-Fabrizio fractional
derivative with g € (0, 1).

This work is arranged as follows. In the second section, we recall the notions of fractional calculus and
the A-metric space. The third Section is concerned to prove the main result. Finally, We provide an example
illustrating the main result.

2. Preliminaries

We start with definition of A-metric spaces, which was introduced by Afshari, Aydi and Karapinar [5, 6].
Definition 2.1. Let Y be a nonempty set, A € R and M : ¥ X Y — [0, 00) such that forall ¢,y,e € Y

(@) M(,y)=0ec=y;
(ii) M(c,y) = M(y,c);
(iii) M(c,y) < AIM(c, €) + M(e, y)].

Then, the triple (Y, M, A) is called a A-metric space.
Example 2.2. [5, 6] let M : [0,1] X [0, 1] — [0, o0) by defined by
M(y,e) =| )/2 -2, forally,e €]0,1].

It is clear that the triple (Y, M, A) is a A-metric space with A > 2, but it is easy to see that the pair ([0,1], M) is not a
metric space.

Example 2.3. [5,6]let Y = C(R)and M : Y XY — R* defined by

2
M(S, 1) =l (8 =) ll=m), for all 9,7 € C(R).
Then, the triple (C(R), M, 2) is a A-metric space.
In 2012, B. Samet and Erdal Karapinar [22] originated the concept of a-admissibility presented in [30].

Definition 2.4. [30] Let P : Y — Y be a self-mapping and o : Y X Y — [0, 00) be a function. We say that P is a
a-admissible if

ad,n)>1= a(PS,Pn)>1forall §,ne Y.

Example 2.5. [29] Let Y = R}. Define: Y — Yand a : ¥ XY — R as follows P9 = In(9) forall § € Y,
and
0 ifS<ny,

Then, P is a-admissible.

Example 2.6. [30] We define the mappings P : R* —s R* and a : R*xR* —> R*, as follows P9 = V3 forall 9 €
R*, and
0 ifd<ny,

a(d,1) = { > if 9>1.

Then, P is a-admissible.
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Definition 2.7. [6] Let (Y, M, A) be a A-metric space and o : Y XY — R* be a function. We say that Y is a-reqular
if
(0)neN C Y suth that, a(0,,,0,11) =1, VYneNand lim 0, =0,
n—oo

there exists a subsequence (O, )keN Of (On)nen, such that
a(0y,,0) 21, VkelN.

We denote by W the set of all increasing functions y : R* — [0, %), ¢ > 1 and ® the set of all continuous
and nondecreasing functions ¢ : R* — R* satisfying

o(ct) <cp(t) <ct forc>1.

Definition 2.8. [5] Let (Y, M, A) be a A-metrice space. An operator P : Y — Y is a generalized a-q@-Geraghty
contraction, if there exists a : Y X Y — [0, 00) such that

a8, (1> MPS, Pn)) < (M, M)p(M(S, 1), ¥9,n€T,
where u € W and ¢ € .

Theorem 2.9. [5] Let (Y, M, A) be a A-metrice space, and P : Y — Y be a generalized a-@-Geraghty contraction.
Assume that

1) P is a-admissible;
2) there exists 6y € Y such that a(6y, POy) = 1;
3) either P is continous or Y is a-regular.

Then P has a fixed point. Moreover, if

4) for all fixed point 9,1 of P, either
a@®,m=1ora(n,d) =1,

then P has a uniques fixed point.

Now, we introduce definitions of generalized Caputo-Fabrizio fractional derivatives which are used
throughout this paper.

Definition 2.10. [8] Letd > 0,c > 0,0 < g <1, m € N {0} and f € C"*Y(R*). The fractional derivative of order
q + m of f with respect to Kernel function K., where

Kic(&) = ( )e % eos(c&), &> 0

is defined by

ogr)e - ; 1q)(‘12262)f6m””cos(‘”‘5 2o

Definition 2.11. [8] Let h € C[0, T]. The fractional integral of h is given by

¢ C2 ¢ —dg(é-1)
(18 4.71)(©) = ngh(&) +q f g0 =8y fo e 1 h(t)dt

d(1—-q c2q
where 1n; = 2 +C2 ) and 0 = 772
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3. Main Result

Let (C}(A), |l - Il) be the Banach space of all continuous functions on |, where || z ||= sup | z(&) | and
EeA
M : CY(A) x CH(A) — R, be defined by
2
M(y,2) = sup (y(&) - 2(8)) -
geA
Then (C'(A), M, 2) is a complete A—metrice space with A = 2.

In this paper, we make use of the following assumptions:

(A1) There exists a function v : C'(A) x C1(A) —]0, o0) and &y € C!(A) such that

t t _ _
v(go(t), 61+ ngh(t) + q f h(r)d + 6, f exp{M}h(T)dT) >0,
0 0 1-¢q

h € CY(A), with k() = f(t, &(t), h(t)) and 6, = xo + 1,1(0).

(Ay) There exists p € ® and ¢ : C(A) x C}(A) » R and x : A —]0, 1] such that for each z, y,z1, y1 € C'(A)
andTt e A

| f(t,z,y) = f(t,zi, ) IS oz y) lz=z | +x(D) |y —v1 |,

with

o(z, t oz, 1
Il 21, 1(_ )]:S) +(q+ 5q)f0 1(_ )}?S)dT %< Z(P( Iz = )* lleo ),

where x; = sup | x(7) |.
€]

(A3) Foreacht e Aand z,y € C}(A), we have

v(z(t) , y(t)) >0 = v(Ag, Ah) >0,
where v is defined in assumption (4;) and

! ! —aq(t—t
Ap =0, +149(t) + qf g(t)dt + 0, f exp{z(fq)}g(’c)d’f,
0 0

t t —aq(t — 1)
Ay =0 + n4h(t) + qf h(t)dt + éqf exp{ﬁ}h(f)d’c,
0 0 -
and h, g € CY(A), with h(7) = f(t, y(7), h(T), 9(T) = f(7,2(7), 9(7))) and 6, = uy +14h(0), 0, = ug+1,9(0).
(Ag) If (pn)nen C CY(A) such that V}im pn = p and v(p,, pus1) = 0, then v(p,, p) > 0.

(As) If u, v two fiexd solutions of problem (1), either

v(u,v) 20 or v(v,u)=0.
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Lemma 3.1. Let g € C'[0, T]. A function x € C'[0, T] is solution of problem
( .2 )(t) g, VteA=[0,T] 0<g<1, d>0,c>0
z(0) = zg
if and only if z satisfies the following equation

d( 2)9(0) + ( Odcg(-))(t) te[0,T] 3)

Proof. Let z € C'[0, T] be a solution of (2). One has

z(t) = zg —

(Oab)(t) = g'(t) , Vtel[0,T]

By Definition 2.10, we obtain

(Ds,.2)

I
—_—
—_

| [+

=

~—
—_
W

N
|+
(9}

N
S~

—dg(t=s) | (cq(t —-5)

e 1 sin
1-9q

)z’(t)ds

ot 200 - (75 (= (S o, @

y(t) = Lte_d3“;5)sin(cq(t —qs)) "(t)ds
V'(t)=j:%(e i (qu(_q))) /(Bds.

—dq i) (cq(t - s))
e 1 sin 2’ (t)ds
T-q —q

¢

cq f ~dt=s) ( cq(t —s) )

+ e 177 cos t)ds,
I-q9Jo 1-gq 7 (Es

where

On the other hand

Then,

—_~
~~
N
<

|

—d d
= o0+ gm0 (5)

Using that y(0) = 0 and integrating the equality (5), we get

0= [ g
= —_— -q
y Zra ) ¢ 90
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Hence by (4), we deduce that
(Phacf o = (=)
{5@y{1?qyaywlquljeTﬁﬂgﬁ}

By using
(om)@—gm te[0,TI.
We obtain that
70 = (7))
o~ )g<f)‘(1q—_cq)2 foted‘q(? o))
Then,
Z(t) ig;q)%n
94 o
d2+2() (d2+62)(1 q)f =1 g(s) (6)

Using that z(0) = zo and integrating the (6), we have

dl -
A=z = d2+czng)dT+ (2+qu)g(t)— d(2+cz)g(0)

dc?q? —dye=s)
@+ - q)f f T o
From Fubini’s theorem, we have

t T _do(r=s t dgs t —dqt
ffe Tﬂi)g(s)dsdr feﬂlg(s)(felqﬂd’[)ds

0 Jo 0 s

1—q)ft (1—q)ft ~dgti=s)
—_— s)ds — | —— e =1 g(s)ds
() [ o0as=(=7) [ g0

Then,

d(l - 9q) d(1 - q)
d2+c2f g0 e g - d2+c2g(0)

e

+ S dS - — e 11 s dS

(d24-c2x1 q)(( L 9Ss= (=) | e al)

_ qu t d(1-gq) ~ d(1-gq) Czq ft

= Pic fo g(t)dt + 21 g(t) ia 9(0) + Eid ). g(s)ds
Czq t —dq(t-s)

) fo e 17 g(s)ds

il - i - t 2 S
= %9@ ( qz)g<0>+q( fo gls)ds — —— fo et 9(S)ds)

z(t) — 2o
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So, we get (3).
Conversely, if z satisfies (3), then (Dg dcz)(t) =g(t), Yte A =1[0,T]and z(0) = zo. O

We can deduce the following result

Lemma 3.2. A function x is a solution of problem 1, if and only if x satisfies the following integral equation

2(t) = 0, + (I ,90)(t) teA=10,T]

with g(t) = f(t,2(t), g(t) and 6, = 2o + n,9(0) = z0 — =L 4(0).
Theorem 3.3. Under assumptions (A1)-(As), the problem(1) has a unique solution.
Proof. consider the maping Q : C'(A) — CY(A) with

Q:C'(n) - C'W)

x = Qz(t) = Oy + ngh(t) +q£ h(s)ds +6qj(; exp{#tgs)}h(s)ds,

where h € C1(A), such that h(t) = f(t,z(t), h(t)) and 6, = zg + 114h(0).
Using Lemma 3.2, the problem reduces to finding a fixed point of the map Q.
Let & : CY(A) X CY(A) — [0, o) be the function defined by
1 if v(x(t),y(t) =0 te]
alx, y) = {

0 otherwise.

We have to prove that Q is a generalized a-p-Geraghty operator:

Letsx, y € C'(A) and t € A, we have
t
Q=(t) — Qu(t) = 6, — O, + n,lg(®) — (O] + g fo 9(5) — h(s)ds

t f— —

+0, f exp{M}g(s) — h(s)ds,
0 1-4q

where &1, g € C'(A), such that h(t) = f(t, y(t), h(t)), g(t) = f(t,z(t), g(t)) and

65] = Up + nqg(o)/
On = ug + 14h(0).

Then
| Qa(t) — Qu(t) <1 0, — 04 1+ my | 9(8) ~ (1) | +4 fo | g(s) ~ h(s) | ds
< 41y 1 9(0) = h(0) | +14 | g(t) = h(t) |
' —dg(t - s)
+ fo (q +o, exp{ﬁ}) | g(5) = h(s) | ds.

t _d _
+0, [ expl=T = 19~k 1 s
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By (A;), we get
lg(®) —h®)| =
< oy y)lz(t) -
<
Thus,
lg—hlls &

Next, we have

| f(t,2(0), g(£)) = f(t, y(), h(t) |

y(®) [ +x(&) | g(t) = h(t) |

oz, ) | (2() = y(®) "2 +x(t) | g) = h) .

(]/)(

| Qz(t) = Qu(t) | < 2n;——— |l (z

t
+f (q+6qex
0

TED | o) 12

—y) I

pi

<2n ﬂﬁ@n@—

o(z,y)
+f0(q+6)—y||( y) 12 ds

<l (z-y) 12

So,
Q) - Qv P <l (=) ol 21,522 + g+ ) f D] i,
2 a(z,y) a(z,y)
<N z-) Il 2, T2 + g+, )f D] i
This implies
Q)= Qu(t) P <l (2= 9)’ lls 3001 (2= )" 1)
< TME PPME, ).
Then,
M(Qz, Qy) ;M y)p(M(z ).
And thus,
PM(Qx(0, Qyt) < 55MCz (M, ).
Since ¢ € ®, we have
(e, P(2MQe(), Q1) < ale, Yp(35ME P(MEz, 1)
< p(35Me0)pMe y)
< 35 e(MGD)eME ).

[ZTM
2 102 o(z,y) o(z,y)
<l (z—y) lI& n[znqif;;z-+(q-+5q)J; 1__X‘ds]nm.

—dq(t — S)})fi(zx Y (2 - y)2 Y2 ds

1-9q — Xs
2
y)

1_—')(}/S)+(q+6q)f 1(2)]2 ]

s

31
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Hence,
a(z, y)p(M(Qz(t), Qu) < p(p(M(z, y)))p(M(z, ) + Lp(N(z, y)),
where u(f) = %, p € ®,L=0and c=2.
So, Q is generalized a-p-Geraghty operator.

Lets z, y € CY(A) such that a(z, y) > 1.
Thus, for each t € A, we have

v(z(t), y(t)) = 0.

By (A3), then
v(Qz(t), Quy(t)) = 0,

this implies that
*(Qz,Qy) 2 1.

Hence, Q is a a-admissible.
From (A;), there exist & € C'(A) such that such that

—dq(t —s)

— }h(s)ds) >0,

v(éo(t),6h+r]qh(t)+q j; h(s)ds + o, j; expl

this implies that
v(&o, Qo) 2 0.

Thus,
a(&o, Qo) = 1.

So, there exist & € C'(A) such that
a(&o, Qo) = 1.

Finally, if (p;)nen € C 1(A) such that lim pn = p and a(py, pr+1) = 1, which gives

V(pm Pn+1) > 0.

Then, from (A4) we have v(p,, p) = 0.
And thus,

v(pn,p) = 0.

This implies that
a(pn,p) = 1.

Therefore, by applying Theorem 2.9, we conclude that if Q has a fixed point in C(A), then it is a solution
of the fractional problem (1).
Moreover, (As), if u and v are two fixed points of Q, then either

v(u,v) = 0 or v(v,u) > 0.
This implies that either
a(u,v) = 1ora(v,u) > 1.

From an application of Theorem 2.9, then the problem (1) has the uniqueness solution. [
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4. Example

We consider the following Caputo-Fabrizio fractional problem.

{@w%m@m = g(t,2(,(TD,, D) teA=[01] )

z(0) =0,
Where ¢F Z)g 1o is Generalized of Caputo-Fabrizio fractional derivative of order g € (0,1) and g : AXRXR —

R is a continuous function definied by the following expression

1+ z + sin(z) et ]

7= P =5 24z 1+y

Let (C'(A), M, 2) is a complete A—metrice space with ¢ = 2, such that
d:CHA)xCY(A) = R,
2
(z,y) = M(z,y) = sup (z(t) - y(t))
teA

2
=l (z=y) Nl -
Lets z,y,v,u € C'(A) and t € A, we have

a0 o) = YL et
_ 171+ y(®) +sin(y(®) et ]
51 2+ y(t) 1+ o(t)
_o 1z -y®
C 5L+ () + y(t)
N (2 + y(t)) sin(z(f)) — (2 + z(#)) Sin(y(t))]
(1 +z(E))( + y(£)
L e -
5 (1 +u®)+o(t)

And thus,

| g(t, 20, u(®) — gt y(), 0) | < % | 2(H) - y(b) |
+  [(2+ y(®) sin(z(t)) = (2 + z(t)) sin(y(1)) |

+ S luB -]l

Case-1: if y(t) < z(t), we get

| gt 20, u®) - g(t, y®O,o®) | < 120 - y(®) |
+ | @+ z()(sinz®) - sin(y() |
—t
+ =) - |
< L2 - y() | +2(2+ | x(8) )
| cos(z(t) J; y(t)) I sin(z(t) ; y(t)) |
S lut -0

5
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Since sinz < x for all z > 0, then

| g(t, 20, u®) = g(t, v, 0®) | < 12() = () | +@+ [ 2(8) ) | 2() = y(8) |
+ %_tm(t)—v(m
< (3+||z||w)||z—y||oo+%t||u—v||w.

Case-2: if y(t) > z(t), we obtain

—t

| 9(t20,10) - 9t y®,2®) | < B+llyle ) lz=yllo +5 11 -0l

So,

L 9(t, 20, 1) g(t, y(®),00) | < minB+ 1|y lleo, 3+ 112 lloo} 112 =y [l
—t

e
+ ?HM—UHm-

Then hypothesis (A,) is satisfied
| 9(t, 20, ut) = g(t, y(®,v®O) | < 0(z,y) | 2(5) = y(t) | +x(t) | u(t) = o(t) |,
where
0(z,y) = min{3+ || ¥ lleo, 3+ Il 2 [l },
X =z,

We define the function a : C(A) X C(A) — R} by

1 if o(z(t),y() =0 teA,

alz,y) =
0 otherwise,

and

0:C(A)XC(A) = R
(Z/y) = Q(Zry) =l z- y lloo -

Thus, hypothesis (A3) is satisfied with
So(t) = z(0).
Moreover (A4) holds from the definitions of the g.

Finally, by Theorem 3.3, we get the existence of solutions and the uniqueness of problem (7).

Conclusion

This paper presents contributions to the study of differential equations involving the generalized Caputo-
Fabrizio fractional derivative in the A-Metric Space, using fixed point theory of a-p-Geraghty type. Fur-
thermore, we have concluded this study with an illustrative example of our theoretical results
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Abstract. We can describe the norm for an operator given as T : X — Y as follows: It is the most
appropriate value of U that satisfies the following inequality

ITx[ly < Ullxllx
and also for the lower bound of T we can say that the value of L agrees with the following inequality
ITxlly = Lilxllx,

where ||.|lx and |.|ly stand for the norms corresponding to the spaces X and Y. The main feature of this
article is that it converts the norms and lower bounds of those matrix operators used as weighted sequence
space {,(w) into a new space. This new sequence space is the generalized weighted sequence space. For
this purpose, the double sequential band matrix B(,3) and also the space consisting of those sequences
whose B(7, 3) transforms lie inside £,(®), where 7 = (r,), § = (s,) are convergent sequences of positive real
numbers. When comparing with the corresponding results in the literature, it can be seen that the results
of the present study are more general and comprehensive.

1. Introduction

Let us outline some fundamental definitions and results, which we will largely be used in the following
sections. Primarily, we will offer the concept of the sequence, the details of which are well known in
elementary analysis. Although there are many different ways to describe the sequence, all of which mean
the same thing, we have chosen to give the following definition here. The sentence "x is a sequence”
means x = {x,} := {xo,X1,..., %, ...}, where each x, is a complex number. In other words, a sequence is
easily introduced as an ordered list of complex numbers. Thus if x is a sequence, then it can be viewed
as a mapping of x : IN := {1,2,...} — C. More generally terms, every sequence x in X is a transformation
x : IN — X, where X is a non-empty set. The collection of all real or complex number sequences forms
a vector space which we denote by w, under the operations of coordinate-wise addition and the familiar
scalar multiplication. The subspaces of w are significant in such applications because each of them is called
a sequence space.
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Given an infinite matrix A = (a,x) having complex numbers 4, as entries in which 1,k € IN, it can be
written for a sequence x, as follows

(Ax)y = Y awxi; (1€ N, x € Dy(A)),

in which Dgy(A) describes the defined subspace of w consisting of x € w for which the summation exists as
a finite sum. For a simple notation, the summation ranges without limits from 0 to oo.
The X, is known to be the matrix domain of an infinite matrix A for any subspace X of the all real-valued
sequence space w is described as
Xa={x=(x) €ew:Ax € X}

which is a sequence space. There are several techniques to create new sequence spaces from old ones like
X. One of them is to use an arbitrary matrix domain generated by an infinite matrix A such as X,4. To briefly
explain the topic, these sequence spaces, namely X and X4, may overlap but in any case either of them may
contain the other one. The reader can find detailed information in the book “Summability Theory and Its
Applications” by Basar [1] and therein.

Recently, we have seen a significant increase in the construction of new sequence spaces using matrix
domain in summability areas such as sequence spaces.

Many of the works [2-12] we have studied so far have something in common, they use the matrix
domain.

Attempts have been made to find the best upper bound for some well-known matrix operators denoted
by T from £,(w) to Fyp. In the context of this statement, note that an upper bound for a matrix operator
denoted by T defined from one sequence space X into another denoted by Y can be given by the following
value of U

ITxlly < Ullxllx,

in which ||.|[x and .|y denote the commonly known norms prescribed for spaces X and Y, respectively.
Here, U does not dependent on x. Among them, the best value of U can be called the operator norm for T.

In addition, several researchers have tried to figure out the lower bounds for these matrix operators.
This concept was first discussed in Ref [13] on the Cesaro matrix. But after that, others such as in Refs
[14, 15] and [16, 17] have studied the lower bounds for some matrix operators defined on the sequence
space denoted by ¢, and simultaneously on the weighted sequence space denoted by £,(w) with the Lorentz
sequence space. Similarly, a lower bound of a matrix operator defined as T : X — Y is defined as the value
of L satisfying the following inequality

ITx|ly = Lilx[x.

This inequality can also be used for some applications of functional analysis. For example, for finding the
necessary and sufficient conditions under which an operator has its inverse, and for simultaneously finding
the operator kernel containing only the zero vector for this case. For these reasons, knowing the lower
bound for an operator is significant. In recent years, Dehghan and Talebi [18] have worked on the largest
possible lower bound for some matrices on the Fibonacci sequence spaces. Furthermore, Foroutannia and
Roopaei [19] have considered the problem of computing both the norm and lower and upper bounds for
some operators defined on weighted difference sequence spaces. One can refer to these works [20-26] and
those contained therein for related problems over some classical sequence spaces.

In this article, it is assumed that w = (w,) and also @ = (@,) are sequences consisting of positive real
terms. In this paper, a new space the generalized weighted difference sequence space, is introduced via
the generalized difference matrix. Moreover, some properties of this sequence space are investigated.
Among other things, it was found that although this space is semi-normed, it is not necessarily a normed
space. Recall that a semi-normed satisfies every axiom of a norm, but the semi-norm of a vector must be
zero without including the zero vector. Again, this is a semi-inner product space for the value of p = 2.
Moreover, one obtains an isomorphism when using this space. Next, the norm for some matrix operators
on the generalized weighted difference sequence space is defined. In the next step, we address the lower
bound problem for the described operators of £,(w) in the generalized weighted difference sequence space.
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2. The Sequence Space ¢,(@, B(#, 5))

We examined in the former chapter that many topic lead to building new sequence spaces. Moreover,
the concepts we offered were inherently large. Let us start by presenting the following matrix B = (b(7, 9));

y S, k=n+1
bu(7,8) =4 14, k=mn
0, 0<k<nork>n+1

where 7 = (r,), § = (s,) are convergent sequences of positive real numbers. It should be noted at this point
that many authors have described various sequence spaces and studied many different aspects of these
spaces, using a different matrix similar to this matrix but actually different. Some of them are available in
references [2-5].

We will see later that this matrix allows us to construct an efficient structure for solving algebraic and
topological properties. Applying the definition of matrix domain to this matrix, we define the new sequence
space whose result lies in the £,(@) space, as follows:

&y(@, B(7,8)) = {x =) Ew: Z Wy [rnXn + Suxnall < 00},

n=1

in which 1 < p < co. For detailed information, the reader is advised to look at the references and therein
[27, 28]. We note here that, the space is a semi-normed space with the semi-norm defined by

o0 1p
”x”p,u”i,l? = [Z W |10y + Snxn+1|p] .

n=1
To calculate the truth of this assertion, we now give an example. If we consider the sequence x, =

rl 1—[7:—11 (ﬁ), so due to 7,x, + 5,X,41 = 0 we obtain |||
n

- 5 = 0, then it follows, from the definition of the

P,
norm, that ||.||p,ﬂ,,g defined on £,,(, B(#,3)) is not a norm.

Before we begin with the general theory, we will first state the following basic theorem, which indicate
that the set just described plays a significant role in its algebraic structure.

Theorem 2.1. The set ,(, B(7,3)) is linear space, that is, sequence space.

Proof. We omit the proof which can be found in standard procedure. [

Let us proceed with the following theorem about an algebraic property of this newly defined sequence
space.

Theorem 2.2. It is true that the inclusion relation £,(¥) C £,(®, B(7,3)) is strictly valid.

Proof. If we take any x € £,(@), then the following calculation shows that the inclusion is valid

wn |rnxn + Snxn+1|p < wnzp—l (lrnxnlp + |Sn-xn+1|p)
< 2P 'max [|supuental’, Isupnensal’ ] @n (xalP + [xXn11l7)

by summing of n from 1 to oo, in which 1 < p < 0.
To show that the inclusion relation is strictly valid. If the sequence @ with (1,1, 1, ...), we consider again

the sequence (x,) = ( LTt (ﬂ)) € €,(@, B(,3)). From this it is easy to deduce that (x,) ¢ {,(@). O

Tn Si

Theorem 2.3. IfH = {x = (xn) € (@ B(7,3)) : TuXy + SpXys1 = 0 foralln € IN}, the quotient space €,(®, B(#,3))/H
is linearly isomorphic to the space {,(D).
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Proof. The basic approach to proving this theorem is to define a new T transformation from the space
Bp(w,B(f, §)) to (@) that exploits the definition of the fundamental matrix transformation, for all x €
Ly(, B(7,8)) uniquely Tx = ((Tx),) = (ryXy + SyXu41). Since it is fairly obvious that T is linear, the first issue
here is to show that T is surjective. One of the ways to accomplish this for any y = (yx) € {,(@) is to say
Xy = rl” Yo, Tt (%) vk for all n € N in the norm of ¢,(@, B(7,3)). In this case, by simple calculations, we
obtain the following equations

00 0o k-1 o k-1 4
p _ Z ~ n Z (_Si) Sn —Si
lxll” o= ) Wn|— — Y+ — )k
p,0,B . .
n=1 "n k=n i=n Tis1 Tn+1 k=n+1i=n+1 Tis1
o o k-1 oo k-1 4
~ —S; —5i
=2 @ | 2 T )= 2 T )
n=1 k=n+1 i=n i+l k=n+1 i=n i+1

which implies that x = (x,,) € {,(@, B(7,9)). Returning back to the T transformation described above, itis very
simple to say that Tx = y. Due to the fact that the image of the space £,(@, B(7, 5)) under the transformation
T is {,(@) and also ker T = H, we have that £,(@, B(¥,5))/H is linearly isomorphic to the space £,(@) under
the first isomorphism theorem. [J

We will use an example to show that the transformation T defined above is not injective. Namely, for
x=(x,) = ( Lt (%’I“)) we get Tx = 0; in other words, ker T # {0}.

T
Theorem 2.4. Ifp is not equal to 2 and at the same time the space €,(@, B(F, 9)) is not given as a semi-inner product
space, then it is concluded that the space {,(@, B(7, ) is defined as a semi-inner product space.
Proof. First, we will answer the question whether the semi-norm |[.|l, ;3 can be induced with a semi-
inner product. It is convenient at this point to use the notation z; = zb,lc/ 2 (rexx + Skxps1) for all k € IN and
(z,2)2 = Yo, lzk[>. Indeed taken arbitrary, x € £(@, B(7,3)), we get

Xl 05 = V{(z, 2)2.

Moreover, it is easy to verify from the following equations that the semi-norm ||.||p,w/§ cannot be obtained
when considering a semi-inner product just defined as

2
2 2 _as2p, 22p (T2
b+ 2+l = Y2 5 = 40" + @, ( )

r
~ 2/p
- w7 4
4 (w1 + ? )

_ 2 2
= 2P, 5+ IE ),

)

"n

in which x = (2% -7,0,0, ) y= (Zg;{‘l, 5,0,0, ) andp#2. O
We examined in the former chapter that many topic lead to building new sequence spaces. Moreover, the
concepts we offered were inherently large. Let us start by presenting the following matrix B = (b (7, 9));

} S, k=n+1
buk(7,3) = § Tn, k=n
0, 0<k<nork>n+1
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where 7 = (r,), § = (s,) are convergent sequences of positive real numbers. It should be noted at this point
that many authors have described various sequence spaces and studied many different aspects of these
spaces, using a different matrix similar to this matrix but actually different. Some of them are available in
references [2-5].

We will see later that this matrix allows us to construct an efficient structure for solving algebraic and
topological properties. Applying the definition of matrix domain to this matrix, we define the new sequence
space whose result lies in the £,() space, as follows:

fp(zf), B(flg)) = {x =) Ew: an Xy + suxpe1ll < Oo}/

n=1

in which 1 < p < co. For detailed information, the reader is advised to look at the references and therein
[27, 28]. We note here that, the space is a semi-normed space with the semi-norm defined by

o0 1p
”x”p,ﬁ;,B = [Z W |rnxy + Snxn+1|p] .

n=1
To calculate the truth of this assertion, we now give an example. If we consider the sequence x, =

T si
norm, that ||.||p,ﬂ,,g defined on £,(@, B(7, 3)) is not a norm.

Before we begin with the general theory, we will first state the following basic theorem, which indicate
that the set just described plays a significant role in its algebraic structure.

1 ]_[1'-’:_11 (ﬂ), so due to X, + S,X,+1 = 0 we obtain ||x||p,ﬁ,,g = 0, then it follows, from the definition of the

Theorem 2.5. The set {,(w, B(#,3)) is linear space, that is, sequence space.

Proof. We omit the proof which can be found in standard procedure. [J

Let us proceed with the following theorem about an algebraic property of this newly defined sequence
space.

Theorem 2.6. It is true that the inclusion relation £,(0) C €,(®, B(#,3)) is strictly valid.

Proof. If we take any x € £,(@), then the following calculation shows that the inclusion is valid

Wy, 1y + Snxn+1|p < wnzp—l (I7nxul + I8uxnsalF)

-1 ~
< 2P max [lsupuentul’, [suppensal’ 1 @n (X4l + [X4411F)

by summing of n from 1 to oo, in which 1 < p < co.
To show that the inclusion relation is strictly valid. If the sequence @ with (1,1, 1, ...), we consider again
the sequence (x,) = (,l H?:_f (m)) € {y(@, B(7,3)). From this it is easy to deduce that (x,) ¢ t(@). O

Si

Theorem 2.7. IfH = {x = (xy) € €,(@, B(F,9)) : 1uXy + SuXys1 = 0 forall n € IN}, the quotient space {,(®, B(,5))/H
is linearly isomorphic to the space €,().

Proof. The basic approach to proving this theorem is to define a new T transformation from the space
fp(zb,lg(f, §)) to (@) that exploits the definition of the fundamental matrix transformation, for all x €
L,(, B(7,8)) uniquely Tx = ((Tx),) = (rnX, + SyXy41). Since it is fairly obvious that T is linear, the first issue
here is to show that T is surjective. One of the ways to accomplish this for any y = (yx) € {,(@) is to say
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X, = rl Yion Hf;,} (%) y for all n € N in the norm of £,(@, B(7,3)). In this case, by simple calculations, we
obtain the following equations

o 0o k-1 o k-1 14
T —S; S —S;
14 _ ~ n i n i
Il = D0 22 ) (r.—)yk+ =2 1l (T)yk
n=1 " k=n i=n i+1 n+l k=n+1i=n+1 i+l
00 0o k-1 o k-1 4
~ —S; —5;
=2 o 3 TG e 2 TG Jw
n=1 k=n+1 i=n i+l k=n+1 i=n i+l
(o)
~ p
=) ulwl
n=1
— P
=yl

which implies that x = (x,,) € £,(@, B(7,3)). Returning back to the T transforrr}ation described above, itis very
simple to say that Tx = y. Due to the fact that the image of the space £,(@, B(7, 5)) under the transformation
T is ¢,(w) and also ker T = H, we have that ¢,(@, B(7,5))/H is linearly isomorphic to the space £,(@) under
the first isomorphism theorem. [

We will use an example to show that the transformation T defined above is not injective. Namely, for
x=(x,) = (l [§iy (%)) we get Tx = 0; in other words, ker T # {0}.

Tn i

3. The Norm of Matrix Operators from £1(w) to £1(, B %)

Having defined a function from the space ¢;(w) to the space ¢1(@, B(7, 3)), we will compute in this chapter
that it is a norm. Before proceeding with the development of the general theory, let us start by presenting a
very simple definition.

The matrix A = (a,) is said to be quasi-summable if A is an upper triangular matrix, namely, 4,4 = 0 for
n > k. As it can be clearly seen, the matrix satisfies Zﬁzl a, = 1forall k € IN.

Theorem 3.1. The matrix T = (t,) is a bounded matrix operator from the space €;(w) to the space t1(®, B(F, 9))
k

if M = sup, ;‘)—k < o0, in which Ay = Y4 Wy |rntnk + sntnﬂ,k(. In that case, the norm of operator is obtained as

||T“l,w,zb,B =M.

For all n € N, taking both w, = 1 and @, = 1 specially, the transformation T is a bounded operator from the
space {1 to the space £, (B(#,8)) and also 1Tl 5 = supgen Ak
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Proof. We take into consideration a sequence x = (x,) in {1 (w), thus

(o)
1Tl 5 = ), B

n=1

(o)

(rntnk + Sntn+1,k) Xk
k=1

(9] (o)
<Y Y @[tk + St b
=

”TX”l,m,B

T < M. We introduce the sequence el =

From these equations it follows that ||T1|,,, ;5 < M since

1. .
(0, Q, ..0,1,0,...) for each i € IN to compute the inverse inequality, and then obtain ||¢|l;,, = w; and also
ITe'lly 4,5 = Ai- Therefore, it is easy to see that ||T||; ;, 7,5 = M, and then [[Tl|; , 5 5 = M.
Since special choices are made in the proof of the remaining part, no proof will be given here. [J

Theorem 3.2. Let us assume that T = (t,x) is the upper triangular matrix having the non-negative entries and
also assume that (w,) is an increasing given sequence. When the inequality tu > t,.14 is valid for each values of
n € N, constant k € N and M’ = sup, . Yi_; tax < oo, then T is defined as a bounded operator described from
t1(w) to £1(w, B(7,3)). At the same time, the norm of this given operator satisfies the inequality given in the form
Tl 5 < (SUPgen Ikl + SUPyen ISK)M’. When the specific condition of T is being quasi summable matrix, also
'k 2 —s¢ > 0and sg_1 + ry = 1 s taken into consideration, thus the condition ||T\|, ,, 5 = 1 is satisfied.

Proof. Given the hypothesis, we must say that the matrix T = (f,;) satisfying the condition f,x > ;41 (for
alln,k =1,2,...) is an upper triangular and also the sequence (w,,) is increasing. With simple calculations,
we can derive the following

8

Ak = Wy ‘rntnk + sntn+1,k|

=
_ =

=~

Wy [Futuk + Subusr | + Wilreltee

=
Il
—_

k=1

< Wy (|rn|tnk + |Sn|tn+1,k) + |rk|tkk
n=1

= wi [(Irltux + Isaltax) + oo + (-1t x + Isk-alte) + [riltie]
= wy [Ir1ltax + (Is1] + [72]) tor + .. + (ISl + [7e]) tha]

k
< (sup |rx| + sup |sk|)wi Z tuk.
keN keN n=1

. A k
Obviously, [ITlliz = Supen ﬁ < (Supyen Ikl + supyep Iskl) Supyen Lot tik = (SUPjepy Il + supyen Is)M’
from Theorem 3.1.
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Let us suppose that T is a quasi summable matrix, so M’ = 1. If rx > —s; > 0 holds, then of course
Tutnk + Sntnr1e > 0 holds for every k,n € IN and also if the equality s,_; + 1, = 1 is satisfied, then we can
easily write Ay < wy Z}:::1 tux thus [[T]}; ,, 5 < 1. To obtain the inverse inequality, let us consider the sequence

=(1,0,0,...). It follows that |le!|l1» = wy and ||Tel|l; ,,3 = w1, namely ||T|l; , 5 > 1. As a result, we obtain
ITlhwe =1 O

In the light of the above theorems, we are concerned here with the computation of the norm of some
specific quasi summable matrices. First, we consider the transpose of the well-known Riesz matrix R = (7,;x)
which is described as follows: ]

. o n<k
Tk = { o4 1

0, n>k

where (g,) is a non-negative sequence with g1 > 0 and Qx = g1 + ... + g for allk € IN.
Taking g, = 1 for all n € IN, we derive the transpose of the Cesdro matrix of order one, also known as
the Copson matrix (see [17]). We denote this particular matrix by C = (¢,x), where

- i, n<k
"=10 n>k
Corollary 3.3. When (q,) is a decreasing sequence and (w,,) is an increasing sequence, in that case R is a bounded

operator from the space {1(w) into the space €1(w, B(#,3)) and, also ||R||Lw,g =1forr, >2—s,>0and s, +1r, =1
for every n € N.

Proof. First of all, since (g,) is a decreasing sequence from the hypothesis the following inequality 7, =
% > qé—f = Fus1 holds for all n € IN, each fixed k € IN. For R is a non-negative upper triangular matrix
and (w,) is an increasing sequence, it follows from Theorem 3.2 that R is a bounded operator from ¢;(w)
into ¢;(w, B(7,3)). Also due to the fact that Zflzl fuk = 1 for every k € IN, Risa quasi summable matrix. If

Tw 2 =8, > 0and s,-1 + 1, = 1 for every n € N, then it is clear that ||I~{||1,wf3 =1 from Theorem 3.2. O

k -~
2,1:1 Wy
kwy

< oo, then the matrix C defined just above is a bounded operator from the space

~ ~ k ~
t1(w) into £1(, B(7, 3)) and ||Cll; 45,5 < (SUPgen 7kl + SUP ISk]) SUPLn Z’,’;;:’”.

Corollary 3.4. If sup,

Proof. We get the following inequality

(o)
A= Z W |FuCk + SnCusr 4]
o
k=

Z (Irul + Isal) + Dl

IN
==

k k-1
_ SUPgen "l Z o 4 STPien Is| Z @
k " k "

n=1 n=1

< SUPjeN il + SUPeN Isi]

= X wy.
n=1

I

LoD from Theorem 3.1. [0

Therefore, we obtain that ||C|ly 4,8 < (Supyep 7%l + sup,o Iskl) sup,o S

Theorem 3.5. Let us suppose that T = (t,x) is a matrix having the non-negative entries and the inequalities t,; >
tya1 hold for all n € N and each fixed k € IN. If Y';”; tyx < oo for each k € N and also M" = sup, g Lnei buk < ©0,
then the matrix T is a bounded operator from the space €y to €1(B(7,3)) and the norm of operator is ||T||; 5 <
(supyep 7kl + sup,n Isk)M”. When the fact that the specific condition of T is being quasi summable matrix is taken
into consideration for r, > —sx > 0 and sy_1 + 1y = 1 (for all k € IN), then the condition ||T||, 5 = 1 is derived.
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Proof. For any k € N, we get
Ak = Z ‘rntnk + Sntn+1,k| = (SUP |rk| + sup |Sk|) Z tnk‘
n=1 keN keN n=1

Using Theorem 3.1 here, we find that the norm [|T1|; 3 < (supcy [7x| + sup,ey Isk)M”. The rest of the proof
can be done similarly to the proof of Theorem 3.2. O

The matrix H = (h,;) defined as h,; = ﬁ for all n,k € N is known to be the Hilbert matrix operator.
Here, we will discover the norm of the operator just mentioned.
Now, let us give the following integral to be used in the proofs:

| e
= ——,
0 t(t+0) c*sinam
1

Theorem 3.6. Letw, = . foralln € N,inwhich0 < a < 1. In this case, the Hilbert matrix operator H just described
is bounded from the space {1(w) to the space {1(w, B(7, 5)) and also the norm ||H hwp < goam(SUpjen I7il +sup;g Isil)-

inwhichO0 < a < 1.

Proof. For all n € N, we have

(o]
Ap = Z Wi [Fiftin + Siltisi |
i=1
(o]
Sz.l(.lril . Isil )
=it \itn i+n+1

< foo l SUP;eNn I7il + SUP;en Isil dt
0 1 t+n t+n+1
U (Supie]N Iril + SUP;eN |Si|)

~ sinan ne (n+ 1)

It follows that

nA, < —
sinamn

—_—
N

a i
< — sup |r;| +sup |s;| ).
n+1)] 31nan(ie]1\}1)|l| ie]I\PT)lll)

Considering Theorem 3.1, this means that ||Hl|; , 3 < 57+- (supie]N |7i] + sup; Isil). O

[sup 7i] + sup |sil

ieN €N

4. The Norm of Matrix Operators from £,(w) to £,(w, B %)

In this section, we are going to discuss calculating the norm of some matrix operators from the space
{,(w) to the space £,(@, B(7,5)). We now present an essential lemma which is obtained by Jameson and
Lashkaripour, since this important result is used in the proofs.

Lemma 4.1. [17] Let us suppose that A = (a,x) is a matrix operator having the nonnegative entries ay > 0, also
suppose that (u,) and (vy) are positive sequences given such that

(o)

a
“i/pzli/kp <Ki (forneN, K; € R)
k=1 Uk
and
1y
<
SA=Plp Zl uy " ag <Ko (fork €N, Ky € R)
k n=

1/p
in that case, that inequality ||Al|, < % is valid, in which p > 1.
1



M. Candan, /TJOS 8 (1), 37-50 46

Now, let us state and prove another necessary lemma.

Lemma 4.2. Let us assume that the equality a,; = (w—k) (Putuk + Sntus1,k) is valid for the matrix operators T = ()

and A = (a,x). At the same time, we have ”THp,w,zZ),B = ||Allp, for p > 1. Under the conditions of this hypothesis, T is
bounded operator from the space €,(w) to the space {,(, B(7,9)) iff A is bounded operator onto the space .

Proof. If the x lying in the space {,(w) is taken as arbitrarily, and the sequence y = (yi) is defined as

Yk = wk Pxi forallk e N by making use of it, then we derive that equality ||x||,» = |lyll,. Therefore, the proof
should be clear with the following basic calculations

P
p (LR
Iy = sup

P xe€ly(w),x#0 ||X| |£,w

. P
Z:ozl Wy |Z}i1 (T’ntnk + Sntn+1,k) xk’
= sup

(o]
xel, (1), x#0 Zk-l wilxi P

P
n 1‘Zk 1 wk (rn nk + Sutna1 k) ]/k‘

= sup

vel, Yot lyelP
P
T [E21 auky Ay,
=su = ; =su 5 = [A]I7.
vel, L [yl vet, Ylly

O

Theorem 4.3. Let us assume that the matrix operator R is as defined in (1), and also assume that (q,) is a decreasing
sequence having g1 = g = 2andlim,_,., Q, = 0. Foralln € N, if the sequence (w,) is taken as (ZQ" 1) withQp =1,

SUp e [l +sup ey I5u fOl’
2

in that case, R is bounded operator from the space £,(w) to the space €,(B(F,3)) and ||R||p,w,B <
p>1

Proof. In Lemma 4.2, utilize the matrix Rin place of T. So, the matrix A = (a,) is described by

sz 1Qk (TnL]n + an;'l+1) n<k

A = 1 _
nk ka le n=k
0, n>k

and besides that, ||R||
We derive

B = IA]l, is obtained.

i = Q Q +z (rnQn +SnQn+1) Z

k=1 k=n+1

Q- 1Qk

Ty 1 1
2 = qn Q o Qn + = (rnQn + 5n‘7n+1)
_ V_n In Sn In+1
2 Qn 1 2 Qn
< supne]N |r"| + supne]N |S”|
- 2
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for all n € IN. Also, we derive

) k-1
1 gk e Gk
Ak = = Tun + SuGu+1) | + =
Z; " 2 Q0 Z;( 1 ”’”)l 2 Q™

n=

k-1
1 gk
= ——7 |1ng1 + Tusl + Sn) Gn
20010k [ 191 nZ:f( +1 )17 +1l
Supke]N |rk| + supke]N |Sk| qk Zk‘
2 Qe-1Qk & 1

< SUPken Iril + supy Isk|
- 2

for all k € N. Now, In Lemma 4.1, if we take u, = v, = 1 foralln € IN, we get K; < w and

su 7| +su S su rul+sup, o Sn
K; < M which require that ||R||pr M forp>1. 0O

Theorem 4.4. Let w, = n% foralln € IN, inwhich1l—p < a < 1and p > 1. In that case, the Hilbert matrix operator
H is a bounded operator from the space £,(w) to the space €,(w, B(F, 9)) also following inequality

neN neN sin " sinymt

Tt Tt
HIl,,,5 < (suplrnl+suplsn|)maX{. ' = }

p—1l+a

is valid, in which = 1‘7“ and y = =

Proof. Let us define the matrix A = (a,x) as follows

Apre = Ea/p( In +—Sn )
=\ n+k n+k+1

for all n,k € IN. In this case, ||H ”p,w,B = ||All, which obtained by using Lemma 4.2. Specifically, when we
choose u, = v,, = nin Lemma 4.1 for all n € IN, we find that

;f_k_ wii k“/”( .

,%_n ke \n n+k n+k+1
WP |7 IS )
Zkﬁ(n+k n+k+1

ﬂﬁ foo_ SuanNlr”| +supne]N|S”| dt
t=o P t+n t+(n+1)

_ sup,on [1alm sup, o Isulm
1P sin Bt (n + 1) sinBn

I/\

IA

sup [ry| + sup s,

Tt
sm ﬁTZ nelN nelN
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for all n € IN also

0o

1 i = Z (-p)/p ka/p( In_ _ Sn )
AT i = k(ln)/p n) \n+k n+k+1

7 n=1

- 1 Irl e )
y il
k;n)’(n+k n+k+1

, SUPieny 7l SUP e I8
<k — dt
- ft_oty( t+k +t+(k+1)

—_

_ sup,, . I7alm sup,,. Isalm
ky sinyn (k+1)rsinyn
I
< = (sup || + sup |s,,|)
SIN YT\ peN nelN
p 1+a

for all k € N, where g = 1_7"‘ andy = . We therefore obtain that

TC TC
1H, 0,5 < (suplrnl +sup |Sn|) maX{ —, —}

nelN nelN sinfmn’ sinym

from Lemma 4.1. O

5. Lower Bounds of Matrix Operators from £,(w) to £, (0, B 3)

An important problem posed in this paper is to calculate the lower bound of an operator T from the
space {,(w) to space £,(®, B(#,3)). Thus, the goal is to obtain the lower bound of the operator T for the largest
value L satisfying the following inequality

ITxlly,2,5 = Llixllp,q

for every decreasing sequence x = (x;) with x; > 0.
We need the following lemma to perform the calculations in the proofs in this section.

Lemma 5.1. [17] Let us assume that both (q,) and (x,) are non-negative sequences, and that (x,) is also a decreasing
sequence satisfying condition lim,_e x, = 0. For Q, = Y.\"y q; with Qo = 1 also R, = Y.\, gix;, the following
statements holds, in whichp > 1 and n € IN.

LR -R > Q- Q)
2. When the series ) iy gix; converges, the following inequality is satisfied.

co P )
[Z qixi] > Qe -2,
i=1 n=1

Theorem 5.2. When T = (t,x) is a matrix operator with t,, > 0 from the space £,(w) into the space €p(w,B(f, 3)),
in which p > 1, the following inequality tu > t,.1 is valid for all n € IN, each fixed k € IN also the series )., Wy
diverges to infinity, in that case, for every decreasing sequence x = (xi) having x; > 0, we have

ITxl,,5,5 = Llxllpw

in which IF = inf,en va—”n, Wy, =Yiwpand S, = Y00 @i (Yo (ritix + sitiv1x)) wherer, > —s, > 0 foralln € N.
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Proof. Under the conditions of the hypothesis formulated in the theorem, we can give the proof as fol-
lows. Since Y, ;w, = oo, we obtain limy_.x; = 0, and also, we can be establish that the series

Yooy (Futuk + Sutus1 k) Xk is convergent for all n € IN. On the other hands, using Lemma 5.1 and Abel
summation, we have

(o) o0 p
”Tx”p @,B Z Wy [Z (Futux + Sntn+1,k) xk]
n=1 k=1
(o8] (o) Z p
> Z nZ[ (rn nk+5n n+1 k)] (x _x1+1)
n=1 i=1 \ k=1
[ 00 i p
= Z [Z Wy | Y (b + sntm,k)] } (o =)
i=1 Ln=1 k=1

=Y Sid -« 1)>U’ZW(x —x ) = Pl

i=1 i=1

which completes the proof. [
The following lemma can be verified using a technique similar to the proof of Proposition 1 in [17].

Lemma 5.3. Let us assume that T = (t,) be a non-negative matrix operator defined from the space {,(w) to the space
¢, (w, B(7,9)), in which p > 1. If the following inequality

rntnk + Sntn+1,k > rntn,k+1 + Sntn+1,k+1

is valid also tye > tysx for all k € N, each fixed n € N and r, > —s, > 0, if the series ), wy is divergent the
infinity, then we have

t
LP > inf[nf — (n — 1)P1 2~
_g}N[n ( )]wn

in which t, = Zzl w; (I’it,‘n + Sii‘i+1,n)p.

Theorem 5.4. Let H = (hyy) is the Hilbert matrix operator, wy, = nw and @, = -5 for everyn € IN, in whichp > 1,
O0<p+a<landr,>-s, > 0. For every decreasing sequences x = (x) that are not negative terms, we have

) 0,5 > Lilxll o

in which [P > Zl 1 —1" ESE

Proof. 1t is clear that both the Hilbert matrix H = (h,) and the sequence (w,) satisfy the conditions listed in
Lemma 5.3, therefore, we obtain

t
P> P _(n -1V
L—iﬁ}{f[n (n 1)]wn

=1 7 S P
> 1r1f l’lpili’lpﬂkz,—(,—l-f',—l)
neN ,110‘ i+n i+n+1

=17 s r
> 1r1f anﬂtle‘_(‘_l +—1) .
neN it \itn it+n+l

The rest of the proof can be obtained in the same way as in the proof of Theorem 4.3 in [19]. [
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Conclusion

In this manuscript, we have presented the norms for matrix operators which are defined between the
weighted sequence space denoted by ¢,(w) and the weighted difference sequence space £,(@, B(7, §)) which
isvalid for 1 < p < co. To make the presentation more understandable, we have used some specific matrices
like quasi summable ones (that is the transposes of Riesz and Cesaro matrices of the first order) and Hilbert
matrix. Firstly, £,(@, B(7,5)) space has been presented and its properties have been scrutinized. Next, we
have tried to compute the lower bound for the matrix given from ¢,(w) into £,(@, B(7, 3)).
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