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Department of Mathematics
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Research Article

Asymptotic Eigenvalue Analysis for a Conformable
Fractional Sturm–Liouville Problem

Olgun Cabri1 , Suayip Toprakseven2 *

Abstract
This paper is devoted to the study of a Sturm–Liouville problem governed by the conformable fractional derivative
of order α ∈ (0,1]. We establish the asymptotic behavior of the corresponding eigenvalues subject to appropriate
boundary conditions. Through the construction of suitable fundamental solutions and a detailed analysis of the
associated characteristic equation, explicit asymptotic eigenvalue formulas are obtained. These results elucidate
the influence of the conformable fractional operator on the classical spectral properties and lay a solid analytical
foundation for further studies of conformable fractional Sturm–Liouville theory.
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1. Introduction

Fractional differential equations have attracted significant attention over the past decades due to their ability to model memory
and hereditary effects arising in various areas of science and engineering, including viscoelasticity, anomalous diffusion, control
theory, and signal processing. In particular, fractional operators provide a powerful extension of classical differential models by
incorporating nonlocal behavior, which cannot be adequately captured by integer-order derivatives.

Among the various definitions of fractional derivatives, the conformable fractional derivative, introduced in [1], has emerged
as a promising alternative that preserves many fundamental properties of classical calculus, such as the product rule, chain
rule, and mean value theorem. Subsequent studies, including [2–4], have further developed the theoretical foundations of
conformable fractional calculus and demonstrated its effectiveness in analytical and numerical investigations.

Sturm–Liouville theory constitutes a cornerstone of mathematical physics and spectral theory, playing a crucial role in the
analysis of boundary value problems, eigenfunction expansions, and partial differential equations. Classical Sturm–Liouville
problems have been extensively studied and are known to possess well-established spectral properties, including the discreteness,
reality, and asymptotic distribution of eigenvalues [5–7], Levitan and Sargsjan [8], and Naimark [9]. Moreover, conformable
fractional calculus has been successfully applied to the modeling of complex phenomena arising in science and engineering,
particularly in differential equations and applied mathematical models.

In recent years, there has been growing interest in extending Sturm–Liouville theory to fractional-order settings in order to
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better describe complex physical phenomena. Several authors have investigated fractional Sturm–Liouville problems involving
Caputo, Riemann–Liouville, and other nonlocal fractional derivatives; however, these formulations often lead to substantial
analytical difficulties due to their inherent nonlocality [10–12].

The conformable fractional derivative provides a more tractable framework for extending Sturm–Liouville theory while
preserving a close connection with the classical case. Owing to these advantages, conformable fractional Sturm–Liouville
problems have attracted increasing attention in recent years. In particular, fundamental aspects such as the existence and
uniqueness of solutions, spectral properties of eigenvalues, self-adjointness of the associated operator, Green’s function, and
eigenfunction expansions have been investigated in the literature. However, the asymptotic behavior of eigenvalues in the
conformable fractional setting remains relatively unexplored, despite its significance in both theoretical analysis and practical
applications [13]. Motivated by these foundational results, the present paper focuses on a different but complementary aspect,
namely the asymptotic behavior of eigenvalues. More precisely, our main contribution is the derivation of explicit asymptotic
formulas for the eigenvalues under appropriate boundary conditions. To the best of our knowledge, such asymptotic eigenvalue
characterizations have not been established in explicit form for the considered conformable fractional Sturm–Liouville problem.

The principal aim of this study is to analyze the asymptotic behavior of the eigenvalue spectrum corresponding to a Sturm–
Liouville problem defined in terms of the conformable fractional derivative of order α ∈ (0,1]. By constructing appropriate
fundamental solutions and performing a careful analysis of the resulting characteristic equation, we derive explicit asymptotic
formulas for the eigenvalues. Our results reveal how the conformable fractional structure modifies the classical spectral behavior
and reduce to the well-known integer-order case when α = 1.

The findings presented in this work contribute to a deeper understanding of conformable fractional Sturm–Liouville problems
and provide a rigorous analytical foundation for future studies, including inverse spectral problems, numerical approximations,
and applications to fractional partial differential equations.

2. Preliminaries

In this section, we briefly recall the basic concepts and definitions of conformable fractional calculus that will be used throughout
the paper. We restrict our attention to conformable derivatives of order α ∈ (0,1] and summarize only those properties that are
essential for the spectral analysis of the associated Sturm–Liouville problem.

Definition 2.1. Let f : [0,∞)→ R be a function and let α ∈ (0,1). The conformable fractional derivative of f of order α at a
point t > 0 is defined by

Tα f (t) = lim
ε→0

f (t + εt1−α)− f (t)
ε

,

provided that the limit exists. If the limit limt→0+ Tα f (t) exists, we define

Tα f (0) := lim
t→0+

Tα f (t).

If f is differentiable, then the conformable derivative admits the representation

Tα f (t) = t1−α f ′(t),

which shows that the conformable derivative can be viewed as a weighted version of the classical derivative.

Lemma 2.2. [1, 4] Assume that u and v admit the conformable derivative Tα of order α ∈ (0,1) at a point x > 0. Then:

(a) For any constants µ,ν ∈ R,

Tα(µu+νv) = µ Tα u+ν Tα v.

(b) If u is classically differentiable at x, then

Tα u(x) = x1−α u′(x).

(c)

Tα(uv)(x) = u(x)Tα v(x)+ v(x)Tα u(x).
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(d) If v(x) ̸= 0, then

Tα

(u
v

)
(x) =

v(x)Tα u(x)−u(x)Tα v(x)
v(x)2 .

(e) If τ is differentiable, then

Tα

(
eτ(x)

)
= x1−α

τ
′(x)eτ(x).

In particular, for τ(x) = xα/α one has

Tα

(
eτ(x)

)
= eτ(x).

All these identities follow directly from the definition of the conformable derivative; see, for instance, [1, 4].

Definition 2.3. The second conformable derivative of a function f is defined sequentially by

T 2
α f (t) := Tα

(
Tα f

)
(t),

whenever the expression is well defined.

Definition 2.4. Integrals associated with the conformable derivative are understood with respect to the conformable measure

dα x := xα−1 dx.

Accordingly, for a suitable function f , the conformable integral is defined by∫ x

0
f (ξ )dα ξ =

∫ x

0
f (ξ )ξ

α−1 dξ .

Let u and v be functions defined on [a,b] which admit conformable derivatives of order α ∈ (0,1]. Then the following integration
by parts formula holds:∫ b

a
u(t)Tα v(t)dα t +

∫ b

a
v(t)Tα u(t)dα t = u(b)v(b)−u(a)v(a).

We denote by L2
α(a,b) the space of all complex-valued measurable functions u defined on [a,b] such that∫ b

a
|u(t)|2 dα t < ∞.

Endowed with the norm

∥u∥L2
α
=

(∫ b

a
|u(t)|2 dα t

)1/2

,

the space L2
α(a,b) forms a Hilbert space.

3. Problem Statement

We investigate a spectral boundary value problem associated with a second–order conformable fractional differential operator.
Specifically, consider the eigenvalue problem

T 2
α y(x)+q(x)y(x) = λ y(x), x ∈ (0,1], (3.1)

where Tα denotes the conformable fractional derivative of order α ∈ (0,1], λ ∈ C is the spectral parameter, and the potential
function q ∈C[0,1] may be complex–valued. The solution is required to satisfy the separated boundary conditions

ay(0)+bTα y(0+) = 0,
cy(1)+d Tα y(1) = 0,
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where a,b,c,d ∈ R are prescribed constants not all vanishing simultaneously at each endpoint.

For α < 1, the conformable derivative at x = 0 is defined whenever the limit exists. We define the solution space as

H1
α(0,1) = {y ∈ L2(0,1) : Tα y ∈ L2(0,1), lim

x→0+
Tα y(x) exists}.

Throughout the paper, the potential q(x) in (3.1) is assumed to belong to L1(0,1).

Lemma 3.1. Let q ∈C[0,1] and s ∈ C\{0}. Consider the nonhomogeneous conformable fractional differential equation

T 2
α y(x)+ s2y(x) = q(x)y(x), x ∈ [0,1], (3.2)

where Tα denotes the conformable derivative of order α ∈ (0,1]. Then every solution of (3.2) admits the integral representation

y(x) = c1 eisτ(x)+ c2 e−isτ(x)

+
∫ x

0

i
2s

(
eis(τ(x)−τ(ξ ))− e−is(τ(x)−τ(ξ ))

)
q(ξ )y(ξ )dα ξ ,

where c1,c2 ∈ C are arbitrary constants,

τ(x) :=
xα

α
, dα ξ := ξ

α−1 dξ .

Proof. We begin with the associated homogeneous equation

T 2
α y(x)+ s2y(x) = 0. (3.3)

With the substitution τ(x) = xα/α , the conformable operator Tα = x1−α d/dx is transformed into the ordinary derivative with
respect to τ , so that equation (3.3) reduces to a second order equation with constant coefficients, whose fundamental solutions
are e±isτ(x). Therefore, the fundamental solutions of (3.3) are given by

y1(x) = eisτ(x), y2(x) = e−isτ(x), τ(x) =
xα

α
.

The conformable Wronskian of y1 and y2 is defined by

Wα(x) = y1(x)Tα y2(x)−Tα y1(x)y2(x),

and a direct computation yields

Wα(x) =−2is.

Applying the method of variation of parameters, a particular solution of the nonhomogeneous equation can be written as

yp(x) =
1

Wα(x)

[
y1(x)

∫ x

0
y2(ξ )q(ξ )y(ξ )dα ξ − y2(x)

∫ x

0
y1(ξ )q(ξ )y(ξ )dα ξ

]
.

Substituting the explicit forms of y1(x), y2(x), and Wα(x), we obtain

yp(x) =
1

2is

[
eisτ(x)

∫ x

0
e−isτ(ξ )q(ξ )y(ξ )dα ξ − e−isτ(x)

∫ x

0
eisτ(ξ )q(ξ )y(ξ )dα ξ

]
.

Ultimately, the solution of the nonhomogeneous conformable fractional differential equation can be expressed as the superposi-
tion of its complementary (homogeneous) and particular components, yielding the general solution

y(x) = c1eisτ(x)+ c2e−isτ(x)+
1

2is

∫ x

0

(
eis(τ(x)−τ(ξ ))− e−is(τ(x)−τ(ξ ))

)
q(ξ )y(ξ )dα ξ ,

where c1,c2 ∈ C are constants determined by the boundary conditions.
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4. Conformable Integral Representation of the Solution

In this section, we derive an integral representation for solutions of the nonhomogeneous conformable fractional Sturm–
Liouville equation. By employing the method of variation of parameters, the differential problem is transformed into an
equivalent Volterra–type integral equation. This formulation plays a central role in the subsequent asymptotic analysis of the
eigenvalues and eigenfunctions.

Let s ∈ C be the spectral parameter and recall that τ(x) = xα/α and dα ξ = ξ α−1dξ . A solution of the equation

T 2
α y(x)+ s2y(x) = q(x)y(x), x ∈ (0,1],

admits the integral representation;

y(x) = c1eisτ(x)+ c2e−isτ(x)+
∫ x

0

ieis(τ(x)−τ(ξ ))− ie−is(τ(x)−τ(ξ ))

2s
q(ξ )y(ξ )dα ξ ,

where c1,c2 ∈ C are constants determined by the boundary conditions.

For later convenience, we introduce modified constants

c′j =


c1, j = 1,

c2 +
∫ 1

0

−ie−isτ(ξ )

2s
q(ξ )y(ξ )dα ξ , j = 2,

which allow the solution to be written in the symmetric form

y(x) = c′1eisτ(x)+ c′2e−isτ(x)

+
1
2s

∫ x

0
K1(x,ξ ,s)q(ξ )y(ξ )dα ξ − 1

2s

∫ 1

x
K2(x,ξ ,s)q(ξ )y(ξ )dα ξ .

The kernel functions are defined by

K1(x,ξ ,s) = ieis(τ(x)−τ(ξ )), K2(x,ξ ,s) = ie−is(τ(x)−τ(ξ )). (4.1)

Lemma 4.1. There exists a constant C > 0 such that for all s belonging to a fixed region T of the complex plane, the following
estimates hold:∣∣T ν

α K1(x,ξ ,s)
∣∣≤C|s|ν

∣∣eis(τ(x)−τ(ξ ))
∣∣, 0 < ξ < x < 1,∣∣T ν

α K2(x,ξ ,s)
∣∣≤C|s|ν

∣∣e−is(τ(x)−τ(ξ ))
∣∣, 0 < x < ξ < 1,

for ν = 0,1,2.

Proof. Let s ∈ T ⊂ C, where T is a fixed region. Since τ is monotone on (0,1], there exists a constant C > 0 such that∣∣eis(τ(x)−τ(ξ ))
∣∣≤C, x,ξ ∈ [δ ,1], 0 < δ < 1.

Assume further that s satisfies the sectorial condition

ℜ(is(τ(x)− τ(ξ )))≤−c(τ(x)− τ(ξ )), x > ξ , c > 0,

which implies∣∣eis(τ(x)−τ(ξ ))
∣∣≤ e−c(τ(x)−τ(ξ )).

Using the definition of the conformable derivative, we compute

T ν
α K1(x,ξ ,s) = xν(1−α)(is)ν

(
τ
′(x)

)ν eis(τ(x)−τ(ξ )), ν = 0,1,2.

Since τ ′(x) = xα−1, it follows that∣∣T ν
α K1(x,ξ ,s)

∣∣≤C|s|ν
∣∣eis(τ(x)−τ(ξ ))

∣∣,
uniformly for x,ξ ∈ [δ ,1]. The estimate for K2 is obtained analogously.
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The integral representation established in Lemma 3.1 allows the conformable fractional equation to be recast as a Volterra-type
integral equation whose kernel depends parametrically on the complex spectral parameter s. This formulation is particularly
well suited for the analysis of the large–|s| regime, since the oscillatory exponential terms associated with the homogeneous
problem dominate the contribution of the potential q(x). As in the classical Sturm–Liouville theory, one therefore expects the
high-frequency behavior of solutions to be governed primarily by the principal part of the operator, with q(x) producing only
lower-order perturbations.

By combining successive approximations of the Volterra equation with standard estimates for oscillatory integrals in the
conformable setting, one can construct a fundamental system of solutions that is analytic in the spectral parameter and admits
explicit asymptotic expansions. The following theorem makes this statement precise and provides uniform high-energy
asymptotics for the conformable fractional equation.

Theorem 4.2 (High–frequency asymptotics). Let q ∈C[0,1]. For any fixed region T of the complex s–plane, the conformable
fractional differential equation

T 2
α y(x)+ s2y(x) = q(x)y(x), x ∈ (0,1],

admits a fundamental system of two linearly independent solutions {y1,y2} that are analytic with respect to s ∈ T for sufficiently
large |s|. Moreover, as |s| → ∞, these solutions satisfy the uniform asymptotic expansions

yk(x) = esωkτ(x) (1+O
(
|s|−1)) , (4.2)

Tα yk(x) = sωk esωkτ(x) (1+O
(
|s|−1)) , (4.3)

T 2
α yk(x) = s2

ω
2
k esωkτ(x) (1+O

(
|s|−1)) , (4.4)

where ω1 = i, ω2 =−i, and τ(x) = xα/α . The above estimates hold uniformly for x ∈ [δ ,1] and s ∈ T , for any fixed δ ∈ (0,1).

Proof. Let δ ∈ (0,1) be fixed and consider x ∈ [δ ,1] and s ∈ T , where T is a fixed region in the complex plane.

By Lemma 3.1, for each k ∈ {1,2} there exists a solution yk of

T 2
α y+ s2y = q(x)y,

which admits the integral representation

yk(x) = esωkτ(x)+
1
2s

∫ x

0
K1(x,ξ ,s)q(ξ )yk(ξ )dα ξ − 1

2s

∫ 1

x
K2(x,ξ ,s)q(ξ )yk(ξ )dα ξ , (4.5)

where K1 and K2 are the conformable kernels defined in (4.1).

By Lemma 4.1, for each ν = 0,1,2, the quantities T ν
α K j(x,ξ ,s) are continuous and uniformly bounded. Applying T ν

α to (4.5)
yields, for ν = 0,1,2,

T ν
α yk(x) = sν

ω
ν
k esωkτ(x)+

1
2s

∫ x

0
T ν

α K1(x,ξ ,s)q(ξ )yk(ξ )dα ξ (4.6)

− 1
2s

∫ 1

x
T ν

α K2(x,ξ ,s)q(ξ )yk(ξ )dα ξ .

For ν = 0,1, define the normalized functions

zν(x,s) := T ν
α

(
e−sωkτ(x)yk(x)

)
.

Multiplying (4.6) by e−sωkτ(x) and using yk(ξ ) = esωkτ(ξ )z0(ξ ,s), we obtain

zν(x,s) = ω
ν
k +

1
s

∫ 1

0
Kkν(x,ξ ,s)q(ξ )z0(ξ ,s)dα ξ , ν = 0,1, (4.7)

where the kernel Kkν is defined piecewise by

Kkν(x,ξ ,s) :=


1
2 e−sωk(τ(x)−τ(ξ ))T ν

α K1(x,ξ ,s), 0 ≤ ξ < x,

− 1
2 e−sωk(τ(x)−τ(ξ ))T ν

α K2(x,ξ ,s), x < ξ ≤ 1.
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In particular, by Lemma 4.1 and the uniform boundedness of the exponential terms on [δ ,1]× [δ ,1] for s ∈ T , there exist
constants Cν =Cν(δ ,T )> 0 such that

sup
x∈[δ ,1]

|Kkν(x,ξ ,s)| ≤Cν , ∀ξ ∈ [0,1], s ∈ T, ν = 0,1. (4.8)

Let

m0(s) := max
x∈[δ ,1]

|z0(x,s)|.

Then, from (4.7) and (4.8), we have

|z0(x,s)| ≤ 1+
C0

|s|

∫ 1

0
|q(ξ )| |z0(ξ ,s)|dα ξ

≤ 1+
C0

|s|

(∫ 1

0
|q(ξ )|dα ξ

)
m0(s)

= 1+
A
|s|

m0(s), A :=C0

∫ 1

0
|q(ξ )|dα ξ .

For |s|> 2A, the preceding inequality implies

m0(s)≤ 2.

Substituting this bound into (4.7) with ν = 0, we obtain

|z0(x,s)−1| ≤ C0

|s|

∫ 1

0
|q(ξ )| |z0(ξ ,s)|dα ξ

≤ 2A
|s|

= O

(
1
|s|

)
,

uniformly for x ∈ [δ ,1] and s ∈ T as |s| → ∞. Hence,

z0(x,s) = 1+O

(
1
|s|

)
, x ∈ [δ ,1], s ∈ T, |s| → ∞. (4.9)

Similarly, from (4.7) with ν = 1, the boundedness of z0, and (4.8), we have

|z1(x,s)−ωk| ≤
C1

|s|

∫ 1

0
|q(ξ )| |z0(ξ ,s)|dα ξ

≤ 2C1

|s|

∫ 1

0
|q(ξ )|dα ξ = O

(
1
|s|

)
,

uniformly for x ∈ [δ ,1], s ∈ T , as |s| → ∞. Therefore,

z1(x,s) = ωk +O

(
1
|s|

)
, x ∈ [δ ,1], s ∈ T.

Now, recalling that yk(x) = esωkτ(x)z0(x,s), (4.9) gives

yk(x) = esωkτ(x)
[

1+O

(
1
|s|

)]
, x ∈ [δ ,1].

Moreover, using Tα yk(x) = Tα

(
esωkτ(x)z0(x,s)

)
and the definition of z1, we obtain

Tα yk(x) = esωkτ(x)z1(x,s) = sωkesωkτ(x)
[

1+O

(
1
|s|

)]
, x ∈ [δ ,1].
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Finally, from the differential equation itself, we have

T 2
α yk(x) = (q(x)− s2)yk(x) = s2

ω
2
k esωkτ(x)

[
1+O

(
1
|s|

)]
, x ∈ [δ ,1],

since ω2
k =−1 for ωk ∈ {i,−i} and q(x) is bounded.

For sufficiently large |s|, the functions esω1τ(x) and esω2τ(x) are linearly independent. Equivalently, the associated conformable
Wronskian satisfies

Wα(y1,y2) =−2is
(
1+o(1)

)
̸= 0,

which confirms that y1 and y2 form a fundamental system of solutions.

Therefore, for each fixed δ ∈ (0,1), the asymptotic estimates derived above hold uniformly for x ∈ [δ ,1] and s ∈ T as |s| → ∞,
which completes the proof.

Remark 4.3. The asymptotic expressions (4.2)–(4.4) show that, for sufficiently large |s|, the solutions exhibit oscillatory
exponential behavior, with the phase modulated by the conformable time scale τ(x) = xα/α .

Theorem 4.4 (Asymptotic Eigenvalues). Let the conformable fractional Sturm–Liouville problem be subject to the boundary
conditions

U1(y) = ay(0)+bTα y(0+), U2(y) = cy(1)+d Tα y(1),

where Tα is the conformable derivative operator and τ(x) = xα/α . Then, for sufficiently large indices, the eigenvalues admit
the asymptotic representation

sk =
α

ωµ

(
lnξ +2πik

)
, k ∈ Z,

and

λk = s2
k ,

where ωµ is a characteristic constant depending on the boundary parameters and ξ is determined by the boundary conditions.

Proof. For brevity, denote

[1] := 1+O

(
1
|s|

)
, |s| → ∞.

By Theorem 4.2, the asymptotic forms of the fundamental solutions yield

yk(0) = [1], Tα yk(0+) = sωk[1].

Substituting these into the boundary conditions gives

U1(yk) = a[1]+bsωk[1] = (a+bsωk)[1],

U2(yk) = (c+dsωk)esωkτ(1)[1].

Hence, the characteristic determinant becomes

∆(s) = det
(

U1(y1) U1(y2)
U2(y1) U2(y2)

)
= (a+bsω1)(c+dsω2)esω2τ(1)− (a+bsω2)(c+dsω1)esω1τ(1)+O

(
1
|s|

)
.



Asymptotic Eigenvalue Analysis for a Conformable Fractional Sturm–Liouville Problem — 58/59

Choosing symmetric roots ω1 = ωµ and ω2 =−ωµ , we obtain the characteristic determinant in the form

∆(s) = θ1e−sωµ τ(1)+θ−1esωµ τ(1)+O

(
1
|s|

)
,

for suitable constants θ1,θ−1 ̸= 0. Multiplying both sides by esωµ τ(1) gives

esωµ τ(1)
∆(s) = θ1e−2sωµ τ(1)+θ−1 +O

(
1
|s|

)
.

Setting ξ := esωµ τ(1), the leading-order characteristic equation reduces to

θ1ξ
2 +θ−1 = 0 =⇒ ξ =±

√
−θ−1

θ1
.

Taking logarithms in the relation ξ = esωµ τ(1) yields

sωµ τ(1) = lnξ .

Finally, solving for s yields the asymptotic eigenvalues

sk =
α

ωµ

(
lnξ +2πik

)
, k ∈ Z,

and the corresponding eigenvalues of the Sturm–Liouville problem are

λk = s2
k .

This completes the proof.

5. Conclusion

This study concerns a class of conformable fractional Sturm–Liouville problems formulated on a compact interval and subject
to general linear endpoint conditions. By exploiting the structural properties of the conformable derivative, the original
fractional differential equation was transformed into an equivalent ordinary differential equation through an appropriate change
of variables. This transformation enabled the systematic application of classical analytical techniques within a fractional
framework.

An explicit integral formulation of the solution is obtained by employing the framework of the Green-function approach, which
encodes both the homogeneous dynamics and the effect of the nonhomogeneous forcing term. The resulting Volterra–type
integral equation provided a robust analytical tool for studying the qualitative behavior of solutions and served as the foundation
for establishing precise asymptotic estimates. Uniform bounds for the associated kernel functions and their conformable
derivatives were obtained in suitable regions of the complex spectral plane, ensuring the well-posedness of the integral
formulation.

Furthermore, the existence of two linearly independent solutions with well-defined asymptotic behavior was demonstrated.
These solutions were shown to admit exponential representations governed by the conformable phase function τ(x) = xα/α ,
with error terms that decay uniformly as the spectral parameter tends to infinity. Such asymptotic expansions play a crucial role
in the spectral analysis of conformable fractional Sturm–Liouville operators, particularly in the study of eigenvalue distributions
and eigenfunction expansions.

The results presented herein extend classical Sturm–Liouville theory to the conformable fractional setting and provide a
rigorous analytical framework for future investigations. Potential directions for further research include inverse spectral
problems, completeness and basis properties of eigenfunctions, and the development of numerical schemes guided by the
derived asymptotic behavior. The methodology developed in this paper may also be adapted to more general classes of fractional
operators and boundary conditions.
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Abstract
The present paper examines the heat and mass transfer characteristics of convective magnetohydrodynamic
(MHD) flow of a couple-stress fluid past a vertical porous plate within a porous medium. The analysis
incorporates time-dependent oscillatory suction and permeability, together with the effects of an internal heat
source and a first-order chemical reaction. The governing nonlinear partial differential equations are formulated
in dimensionless form and separated into steady and oscillatory components. The differential equations are
solved numerically, and the variations in velocity, temperature, and concentration distributions are depicted
graphically. Additionally, skin friction, the Nusselt number, and the Sherwood number are presented in tables.
The study presents the influence of key parameters, including the chemical reaction rate, magnetic field strength,
couple-stress parameter, oscillation amplitude of permeability, Prandtl number, Schmidt number, and heat source
intensity, to analyse the fluid behaviour.
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1. Introduction

In recent decades, the study of magnetohydrodynamic (MHD) flow of couple-stress fluid through porous media has attracted
many researchers due to its wide applications in geophysical and engineering processes. Couple-stress fluids take into
account the occurrence of microscopic rotations and particle-size effects. Therefore, they provide a more realistic description
of biological fluids, lubricants, and polymeric suspensions compared to classical Newtonian models. When such fluids
flow through a porous medium under the influence of an applied transverse magnetic field, the interplay between viscous,
couple stress, magnetic, and drag forces alters the momentum transport characteristics. The chemical reaction influences the
concentration field, which affects buoyancy-driven flows and mass transfer rates. Understanding the combined effects of couple
stress behaviour, applied magnetic fields, and chemical reactions on flow through a porous medium is essential in designing
chemical reactors, filtration systems and biomedical devices where electrically conducting fluids are involved.

Chamkha [1] analysed an unsteady magnetohydrodynamic ( MHD ) convective heat and mass transfer past a semi-infinite
vertical permeable moving plate. Prasad and Reddy [2] studied radiation and mass transfer effects on an unsteady, laminar,
hydromagnetic free convection flow past a heated vertical plate in a porous medium with viscous dissipation. Their study
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highlights the significance of radiation and mass transfer on fluid and heat transfer. Das et al. [3] investigated mass transfer
effects on MHD convective flow and heat transfer past a vertical porous plate through a porous medium under oscillatory
suction and heat source. They presented an in-depth analysis of the effects of mass transfer on fluid flow and heat transfer. Ram
et al. [4] analysed how chemical reactions and heat transfer influence magnetohydrodynamic (MHD) flow of viscous fluid past
a moving isothermal vertical porous plate with suction that varies with time. The paper emphasises the impact of chemical
reaction on both mass and heat transfer of the fluid flow. Mass transfer effects on MHD unsteady convective Walters’s flow
with constant suction and a heat sink have been presented by Kumar and Satyanarayana [5]. Rao et al. [6] presented chemical
reaction effects on an unsteady MHD free convection fluid flow past a semi-infinite vertical plate embedded in a porous medium
with heat absorption, and found that the velocity and concentration decrease with an increase in the Schmidt number. The
effects of various flow parameters on velocity, temperature and concentration are presented through graphs, whereas variations
in skin friction and the Nusselt number are presented in tables. Shivaiah and Rao [7] analysed the behaviour of an unsteady
MHD free convection flow past a vertical porous plate, considering the effects of suction or injection. They discussed how
chemical reactions affect the fluid flow and heat transfer. The impact of chemical reaction on an unsteady MHD free convection
flow past an infinite vertical porous plate with variable suction has been studied by Sarada and Shanker [8]. Mishra et al. [9]
examined the effects of mass and heat transfer on magnetohydrodynamic flow of a visco-elastic fluid through a porous medium
with oscillatory suction and heat source. They found that the fluid’s elasticity is responsible for the thinning of the boundary
layer. The influence of chemical reaction and magnetic fields on a couple-stress fluid over a non-linearly stretching sheet has
been studied by Khan et al. [10]. They observed that the concentration of the couple stress decreases as the Schmidt number
increases. Nayak et al. [11] explored how chemical reaction influences the magnetohydrodynamic flow of a visco-elastic fluid
through a porous medium. Balamurugan et al. [12] studied unsteady MHD free convective flow past a moving vertical plate
with time-dependent suction and chemical reaction in a slip flow regime. They noticed that fluid velocity decreases as the
radiation parameter, the Prandtl number and the inclined angle parameter increase. Rout et al. [13] examined the impact of
chemical reaction on MHD free convection flow of a micro-polar fluid. Unsteady MHD free convective flow of a visco-elastic
fluid past an infinite vertical porous moving plate with varying temperature and concentration is discussed by Ramesh Babu
et al. [14]. They discovered that the temperature increases as the absorption of radiation parameter increases. Kumaresan et
al. [15] obtained an exact solution for the unsteady MHD free convective chemically reacting visco-elastic fluid past a moving
vertical plate through a porous medium. Raghunath et al. [16] discussed heat and mass transfer on MHD flow of non-Newtonian
fluid over an infinite vertical porous plate. They observed that an increase in the heat absorption coefficient leads to a decrease
in temperature, while the opposite effect is noticed when a constant scalar is present. Choudhury and Dey [17] studied thermal
radiation effects on MHD convective slip flow of visco-elastic fluid past a porous plate within a porous medium. Kumari and
Raju [18] explored unsteady magnetohydrodynamic free convective flow past a vertical porous plate with span-wise fluctuating,
heat and mass transfer effects. Arif et al. [19] discussed newly developed fractal-fractional derivatives with a power law kernel
for magnetohydrodynamic couple-stress fluid in a channel within a porous medium. Waseem et al. [20] studied gravity-driven
hydromagnetic flow of couple stress hybrid nanofluid with both homogeneous and heterogeneous reactions. Mopuri et al. [21]
explored MHD flow and heat transfer past a vertical porous plate in the presence of various flow parameters. Ravikumar et
al. [22] studied the effects of Joule heating and reaction mechanisms on couple-stress and Jeffrey fluid flows with peristalsis,
considering the presence of a porous material within an inclined and tapered channels. Sharma and Jain [23] presented chemical
reactions occurring in an MHD couple stress fluid towards a stretchable inclined cylinder. They stated that as the Schmidt
number increases, mass diffusivity decreases, leading to a declining concentration profile. Kavitha and Angel [24] investigated
the impact of rotation and chemical reaction on mixed convection flow over an inclined heated porous plate. They observed
that an increase in the heat source and the radiation parameter leads to a decrease in the temperature distribution. Also, the
concentration boundary layer reduces as the Schmidt number and the chemical reaction parameter increase.

The aim of the present study is to explore the effect of variable permeability and oscillatory suction velocity on the convective
flow of a couple-stress fluid past an infinite vertical porous plate in a porous medium under the influence of a uniform
transverse magnetic field and chemical reactions. Despite extensive research on Newtonian and viscoelastic fluids, the effect of
couple-stress fluids in the present situation has not been explored enough. The novelty of this research is the incorporation
of couple-stress effects that account for microstructural interactions and lead to significant changes in the flow and transport
properties. This study has practical applications in groundwater flows, geothermal problems, the use of chemical fertilizers on
soil, and oil extraction processes.

2. Mathematical Formulation

The unsteady free convective flow of a couple-stress fluid past an infinite vertical porous plate within a porous medium, along
with the influence of a transverse magnetic field, is considered. The permeability and the suction velocity are time-dependent
and oscillatory in nature. Let the x′-axis be aligned with the plate in the direction of the flow, and the y′-axis be normal to it.
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The magnetic Reynolds number is considered to be less than unity, so that the induced magnetic field is negligible compared to
the applied transverse magnetic field. Therefore, the flow in the medium is entirely due to the buoyancy force caused by the
temperature difference between the porous medium and the wall. Initially, for t ′ ≤ 0, both the plate and the fluid are at the
same temperature, and the concentration of the species is very low. Under these conditions, the Soret and Dufour effects can
be neglected. When t ′ > 0, the temperature of the plate is instantaneously raised to T ′

w and the concentration of the species is
changed to C′

w. Let the time-dependent oscillatory permeability of the porous medium and the suction velocity be of the form

Figure 2.1. Flow diagram.

Kp = K′
p

(
1+ εeiω ′t ′

)
, (2.1)

v(t ′) =−v0

(
1+ εeiω ′t ′

)
, (2.2)

where v0 > 0 and ε ≪ 1 are positive constants. Under the above assumptions and the usual Boussinesq approximation, the
governing equations and boundary conditions for the flow are given by

ρ

(
∂u′

∂ t ′
+ v

∂u′

∂y′

)
= µ

∂ 2u′

∂y′2
+ρgβ (T ′−T∞)+ρgβ

∗(C′−C∞)−σB2
0u′− µu′

K′
p(1+ εeiω ′t ′)

−η
∂ 4u′

∂y′4
(2.3)

∂T ′

∂ t ′
+ v

∂T ′

∂y′
= α

∂ 2T ′

∂y′2
+S′(T ′−T∞) (2.4)

∂C′

∂ t ′
+ v

∂C′

∂y′
= D

∂ 2C′

∂y′2
−K′

c(C
′−C∞) (2.5)

u = 0, T ′ = Tw + ε(Tw −T∞)eiω ′t ′ , C′ =Cw + ε(Cw −C∞)eiω ′t ′ ,
∂ 2u
∂y′2

= 0 at y = 0

u → 0, T ′ → T∞, C′ →C∞,
∂ 2u
∂y′2

→ 0 as y → ∞

 (2.6)

In the boundary layer analysis, we assume µ and η to be of same order of magnitude. This will ensure that both the viscous
and couple-stress effects are equally significant in influencing the flow characteristics.

3. Non-Dimensionalization of Flow Quantities

To non-dimensionalize the governing equations and boundary conditions of the flow, the following non-dimensional variables
and parameters are introduced.

y =
u0y′ρ

µ
, t =

u2
0t ′ρ
4µ

, ω =
4µω ′

u2
0ρ

, u =
u′

u0
, T =

T ′−T∞

Tw −T∞

, φ =
ηu2

0ρ2

µ3

C =
C′−C∞

Cw −C∞

, S =
µS′

ρu2
0
, Kp =

u2
0K′

pρ2

µ2 , M2 =
σB2

0µ

ρ2u2
0
, Kc =

µK
′
c

ρu2
0

Pr =
µ

ρα
, Gc =

µgβ ′(Cw −C∞)

ρu3
0

, Gr =
µgβ (Tw −T∞)

ρu3
0

, Sc =
µ

ρD


(3.1)
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Using non-dimensional parameters (3.1), and the equations (2.1) and (2.2), the governing flow equations and boundary
conditions (2.3) to (2.6) reduce to the following non-dimensional form

1
4

∂u
∂ t

− (1+ εeiωt)
∂u
∂y

=
∂ 2u
∂y2 +GrT +GcC−M2u− u

Kp(1+ εeiωt)
−φ

∂ 4u
∂y4 (3.2)

1
4

∂T
∂ t

− (1+ εeiωt)
∂T
∂y

=
1
Pr

∂ 2T
∂y2 +ST (3.3)

1
4

∂C
∂ t

− (1+ εeiωt)
∂C
∂y

=
1
Sc

∂ 2C
∂y2 −KcC (3.4)

u = 0, T = 1+ εeiωt , C = 1+ εeiωt ,
∂ 2u
∂y2 = 0, at y = 0,

u → 0, T → 0, C → 0,
∂ 2u
∂y2 → 0, as y → ∞.

(3.5)

4. Method of Solution

Considering the effects of periodic suction, as well as the temperature and concentration near the plate, we can assume the
velocity, temperature, and concentration in the vicinity of the plate are represented as follows:

u(y, t) = u0(y)+ εu1(y)eiωt (4.1)

T (y, t) = T0(y)+ εT1(y)eiωt (4.2)

C(y, t) =C0(y)+ εC1(y)eiωt (4.3)

Mishra et al. [9], Das et al. [3], and Gireesh Kumar and Satyanarayana [5] adopted the above form of solution to solve the
periodically fluctuating flow problems.

Substituting Equations (4.1) to (4.3) into equations (3.2) to (3.4) and equating the non-harmonic (coefficient of ε0) and harmonic
(coefficient of ε) terms yields

−φ
d4u0

dy4 +
d2u0

dy2 +
du0

dy
− (M2 +

1
Kp

)u0 =−GrT0 −GcC0 (4.4)

−φ
d4u1

dy4 +
d2u1

dy2 − (M2 +
1

Kp
+

iω
4
)u1 =−du0

dy
−GrT1 −GcC1 −

u0

Kp
(4.5)

d2T0

dy2 +Pr
dT0

dy
+PrST0 = 0. (4.6)

d2T1

dy2 +Pr
dT1

dy
+Pr(S−

iω
4
)T1 =−Pr

dT0

dy
(4.7)

d2C0

dy2 +Sc
dC0

dy
−KcScC0 = 0 (4.8)

d2C1

dy2 +Sc
dC1

dy
− iω

4
ScC1 −KcScC1 =−Sc

dC0

dy
(4.9)
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The boundary conditions (3.5) reduce to

u0 = u1 = 0, T0 = T1 = 1, C0 =C1 = 1 at y = 0
u0 = u1 → 0, T0 = T1 → 0, C0 =C1 → 0 as y → ∞

d2u0

dy2 = 0 &
d2u1

dy2 = 0 at y = 0

d2u0

dy2 → 0 &
d2u1

dy2 → 0 as y → ∞


(4.10)

The solutions of the differential equations (4.4) to (4.9) with the boundary conditions (4.10) for u(y, t), T (y, t), and C(y, t) are
obtained numerically by using the Runge-Kutta Method of order 4.

4.1 Skin-friction coefficient( τ )

The shear stress (skin friction ) at the plate in terms of amplitude is given by

τ =
∂u0

∂y

∣∣∣∣
y=0

+ εeiωt ∂u1

∂y

∣∣∣∣
y=0

−φ

[
∂ 3u0

∂y3

∣∣∣∣
y=0

+ εeiωt ∂ 3u1

∂y3

∣∣∣∣
y=0

]

4.2 Nusselt number (Nu)

The rate of heat transfer ( heat flux ) at the plate in terms of amplitude is given by

Nu =−

[
∂T0

∂y

∣∣∣∣
y=0

+ εeiωt ∂T1

∂y

∣∣∣∣
y=0

]

4.3 Sherwood number (Sh)

The mass transfer coefficient ( The Sherwood number ) at the plate in terms of amplitude is given by

Sh =−

[
∂C0

∂y

∣∣∣∣
y=0

+ εeiωt ∂C1

∂y

∣∣∣∣
y=0

]

5. Results and Discussion

The flow scenario is illustrated in Figure 2.1. It depicts convective flow of an incompressible, electrically conducting couple-
stress fluid past a vertical porous plate within a porous medium with chemical reaction, and time-dependent oscillatory
permeability and suction. The flow is influenced by the non-dimensional parameters Hartmann number M, Permeability
Parameter Kp, Thermal Grashof number Gr, Mass Grashof number Gc, Frequency of oscillation ω , Schmidt number Sc, Prandtl
number Pr, Heat source parameter S, Couple Stress parameter φ , Chemical reaction parameter Kc. The results of the numerical
evaluation for various values of the governing parameters are shown graphically in Figure 5.1 to Figure 5.8 and Table 5.1 to
Table 5.13. In the numerical work, we take M = 1, ω = 1, φ = 2, Pr = 0.5, Kp = 1, Gc = 2, Gr = 2, Sc = 2, S = 3, ε = 1, t = 2,
Kc = 1, except where they are variables.
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Figure 5.1. Variation of velocity with different flow parameters
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Figure 5.1 illustrates the variations in velocity for frequency of oscillation ω , couple-stress parameter φ , Hartmann number M,
and chemical reaction parameter Kc . Figure 5.1a shows that an increase in the frequency of oscillation (ω) in the range 0 to 1
reduces fluid velocity. This indicates that higher oscillation frequency ( in the range 0 to 1 ) dampens the flow. Figure 5.1b
displays that an increase in the couple-stress parameter (φ ) reduces the fluid velocity due to the internal resistance posed by
couple stresses. This behavior indicates a reduction in the momentum boundary-layer thickness. An increase in the Hartmann
number M ( Figure 5.1c ) also reduces the fluid velocity, since resulting Lorentz force opposes the fluid motion, leading to
a thinner momentum boundary layer. Figures 5.1d, 5.2a, and 5.2b depict the variations of the fluid velocity with respect
to chemical reaction rate (Kc). The positive value of Kc (associated with destructive reaction) reduces velocity by reducing
the thickness of the boundary layer, whereas a negative value of Kc (linked to generative reaction) enhances velocity. The
destructive reaction weakens species transport and consequently reduces the boundary-layer thickness. Time dependence, as
depicted in Fig. 5.2c, indicates that velocity decreases over time (t), suggesting a transient slowing of the flow. This reflects the
gradual stabilization of the momentum boundary layer with time. Additionally, Figure 5.2d shows that the Schmidt number (Sc)
does not make a significant impact on the velocity.
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Figure 5.3. Variation of velocity with different flow parameters

Figure 5.3a demonstrates the effect of the Grashof number (Gc) (for mass transfer) on the mass transfer. The Grashof number
(Gc) does not significantly impact the fluid velocity. Figure 5.3b shows that higher Prandtl numbers (Pr) reduce the fluid velocity
due to lower thermal diffusivity. The effects of the heat source parameter (S) on the velocity are depicted in Figures 5.3c, 5.3d,
and 5.4a. Figure 5.3c illustrates that the negative heat source parameter decreases the fluid velocity, behaving as a heat sink.
Figure 5.3d shows that the positive heat source parameter behaves as a heat source, increasing the velocity, whereas the negative
heat source parameter behaves as a heat sink, decreasing the velocity. When S is high, then the fluid velocity decreases with S
due to the stabilising effect. The added thermal energy thickens the thermal boundary layer and enhances buoyancy effects. The
removal of thermal energy causes the thermal boundary layer to become thinner. Figure 5.4b indicates that as ε increases, the
velocity increases. Figure 5.4c shows that the Grashof number (Gr) (for heat transfer) increases the velocity due to a greater
buoyancy force, which leads to increase in the momentum boundary-layer thickness. The permeability parameter (Kp) also
increases velocity (Figure 5.4d) because the porous medium offers less resistance to the flow. The reduction in porous-medium
resistance promotes the growth of the momentum boundary layer.
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Figure 5.4. Variation of velocity with different flow parameters
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Figure 5.5. Variation of temperature with different flow parameters
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Figures 5.5 and 5.6 highlight the influence of different flow parameters on the temperature profiles. Figure 5.5a shows that an
increase in the positive constant (ε) leads to an increase in the temperature, whereas Figure 5.5b illustrates that an increase in
the frequency of oscillation (ω) decreases the temperature. The influence of the Prandtl number (Pr), as depicted in Figure 5.5c,
demonstrates that higher values of (Pr) lead to a decrease in temperature. This is due to reduced heat diffusion compared to
momentum, which results in a thinner thermal boundary layer. Figures 5.5d, 5.6a, 5.6b present the effects of heat source
parameter (S) on the temperature profiles. An increase in the positive heat source parameter leads to a rise in the temperature
due to internal heat generation, whereas an increase in the negative heat source parameter causes a decrease in the temperature.
Figure 5.6c depicts that temperature shows oscillatory behavior with time (t) due to time-dependent permeability and suction
velocity.
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Figure 5.6. Variation of temperature with different flow parameters

Figures 5.7 and 5.8 present the effects of various flow parameters on the concentration distribution. Figures 5.7a, 5.7b, and 5.7c
show that for positive values of (Kc), which indicates a destructive chemical reaction, increasing Kc leads to a decrease in
concentration as the chemical reaction consumes the diffusing species. For negative values of Kc, which indicate a generative
reaction, a higher magnitude of Kc enhances concentration. Figure 5.7d depicts that an increase in the positive constant ε

decreases concentration, while Figure 5.8a shows that a higher frequency of oscillation ω increases the concentration. The
Schmidt number (Sc), as depicted in Figure 5.8b, demonstrates that an increase in Sc decreases the concentration due to reduced
mass diffusivity, which leads to a thinner concentration boundary layer. Figure 5.8c reveals that concentration increases with
time t. Figures 5.9a and 5.9b are depicted for the limiting case of φ = 0 (absence of couple-stress effects). The velocity
profiles are similar to that reported by Das et al. [3], thereby confirming the reliability of the present formulation and numerical
implementation.

The variations in shear stress (τ), Nusselt number (Nu), and Sherwood number (Sh) with respect to various flow parameters are
presented numerically in Tables 5.1-5.13.
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Figure 5.7. Variation of concentration with different flow parameters
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Figure 5.9. Variation of velocity with different flow parameters for φ = 0

Table 5.1 shows the variation in shear stress with respect to the Hartmann number M. As the M increases from 0 to 4, the shear
stress at the plate consistently decreases. The Table 5.2 presents the effect of the couple-stress parameter φ on shear stress at
the plate. As φ decreases from 10 to 6, the shear stress at the plate increases. The data in the Table 5.3 indicates that as the
permeability parameter Kp increases from 0.2 to 0.6, the shear stress at the plate also increases. The Table 5.4 presents the
variations in shear stress with the Prandtl number Pr. The values show a mixed trend with Pr. The Table 5.5 shows that as the
Grashof number for mass transfer Gc increases from 2 to 15, the shear stress at the plate decreases for ωt = 0, π

4 ,
π

2 , whereas the
shear stress at the plate increases for ωt = 3π

4 . The Table 5.6 shows that as the Grashof number for heat transfer Gr increases
from 2 to 6, the shear stress at the plate also increases. The Table 5.7 presents the variations with respect to the Schmidt number
Sc. As the Schmidt number Sc increases from 1 to 3, the shear stress at the plate also increases. The Table 5.8 represents that as
the heat source parameter S increases from 1.2 to 5.2, the shear stress decreases for ωt = 0. For ωt = π

4 , shear stress increases
with increase in S from 1.2 to 2.2, and further increase in S leads to decrease in the shear stress. The shear stress increases
with an increase in S for ωt = π

2 ,
3π

4 . The Table 5.9 illustrates the effects of the chemical reaction parameter Kc on the shear
stress. As Kc increases from -0.9 to 0.9, the shear stress at the plate decreases. Variations in the Nusselt number with respect to
the Prandtl number Pr are presented in Table 5.10. It is observed that there is no change in the shear stress for ωt = 0, while
for ωt = π

4 ,
π

2 ,
3π

4 , the shear stress increases then decreases with an increase in the Prandtl number. The Table 5.11 shows the
variations in the Nusselt number with the heat source parameter S . At ωt = 0, the Nusselt number remains constant for all
values of S. However, for ωt = π

4 ,
π

2 , the Nusselt number increases with S. For ωt = 3π

4 , the Nusselt number shows mixed
trends with S. The Table 5.12 presents the variations in the Sherwood number with the Schmidt number Sc. As Sc increases
from 1 to 5, the Sherwood number consistently increases. The Table 5.13 shows the effects of the chemical reaction parameter
Kc on the Sherwood number. As Kc increases from −0.2 to 0.2, the Sherwood number increases at ωt = 0, π

4 ,
π

2 , whereas the
Sherwood number decreases at ωt = 3π

4 .

ωt M = 0 M = 1 M = 2 M = 3 M = 4

0 7.84927 6.23203 4.10145 2.71176 1.86848

π

4
6.58473 5.2168 3.42372 2.25924 1.55433

π

2
3.95976 3.11081 2.02415 1.33014 0.913112

3π

4
2.35311 1.83255 1.18986 0.787435 0.545948

Table 5.1. Variation in Shear Stress at the Plate with Magnetic Parameter M at φ = 2, Kp = 1, Pr = 0.5, Gc = 2, Gr = 2, Sc = 2, S
= 3, ε = 1 , Kc = 1.
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ωt φ = 10 φ = 9 φ = 8 φ = 7 φ = 6

0 2.47823 2.65871 2.87246 3.12975 3.44678

π

4
2.07828 2.22952 2.37934 2.62345 2.89082

π

2
1.24458 1.33246 1.43872 1.56813 1.7241

3π

4
0.721694 0.774502 0.836586 0.909311 1.00431

Table 5.2. Variation in Shear Stress at the Plate with Couple Stress Parameter φ at M = 1, ω = 1, Kp = 1, Pr = 0.5, Gc = 2, Gr =
2, Sc = 2, S = 3, ε = 1, t = 2 , Kc = 1.

ωt Kp = 0.2 Kp = 0.3 Kp = 0.4 Kp = 0.5 Kp = 0.6

0 3.8112 4.51099 4.98469 5.32967 5.59343

π

4
3.19369 3.77954 4.17568 4.46394 4.68417

π

2
1.924 2.27094 2.50409 2.67298 2.80156

3π

4
1.17142 1.36919 1.50003 1.59377 1.66453

Table 5.3. Variation in Shear Stress at the Plate with Permeability Parameter Kp at M = 1, φ = 2, Pr = 0.5, Gc = 2, Gr = 2, Sc =
2, S = 3, ε = 1, Kc = 1.

ωt Pr = 0.5 Pr = 0.6 Pr = 0.7 Pr = 0.8 Pr = 0.9

0 3.38698 1.42762 2.0916 1.37594 1.55603

π

4
3.34359 1.33834 1.92532 1.29835 1.56905

π

2
3.11081 1.28499 1.76729 1.25182 1.53364

3π

4
2.8008 1.30394 1.72221 1.26757 1.46832

Table 5.4. Variation in Shear Stress at the Plate with Prandtl Number Pr at M = 1, φ = 2, Kp = 1, Gc = 2, Gr = 2, Sc = 2, S = 3, ε

= 1 , Kc = 1.

ωt Gc = 2 Gc = 6 Gc = 9 Gc = 12 Gc = 15

0 6.23203 6.10512 6.00994 5.91476 5.81958

π

4
5.2168 5.10449 5.02051 4.93673 4.85322

π

2
3.11081 3.05098 3.00765 2.96568 2.92516

3π

4
1.83255 1.84596 1.85832 1.87263 1.88882

Table 5.5. Variation in Shear Stress at the Plate with Grashof Number for Mass Transfer Gc at M = 1, φ = 2, Kp = 1, Pr = 0.5,
Gr = 2, Sc = 2, S = 3, ε = 1, Kc = 1.
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ωt Gr = 2 Gr = 3 Gr = 4 Gr = 5 Gr = 6

0 6.23203 9.37978 12.5275 15.6753 18.823

π

4
5.2168 7.85331 10.4899 13.1264 15.763

π

2
3.11081 4.68152 6.25226 7.823 9.39374

3π

4
1.83255 2.74599 3.65951 4.57306 5.48661

Table 5.6. Variation in Shear Stress at the Plate with Grashof Number for Heat Transfer Gr at M = 1, φ = 2, Kp = 1, Pr = 0.5,
Gc = 2, Sc = 2, S = 3, ε = 1, Kc = 1.

ωt Sc = 1 Sc = 1.5 Sc = 2 Sc = 2.5 Sc = 3

0 6.12746 6.19717 6.23203 6.25179 6.26395

π

4
5.1209 5.18497 5.2168 5.23469 5.24566

π

2
3.04385 3.08922 3.11081 3.12242 3.12919

3π

4
1.80557 1.82516 1.83255 1.83536 1.83625

Table 5.7. Variation in Shear Stress at the Plate with Schmidt Number Sc at M = 1, φ = 2, Kp = 1, Pr = 0.5, Gc = 2, Gr = 2, S =
3, ε = 1, Kc = 1 .

ωt S = 1.2 S = 2.2 S = 3.2 S = 4.2 S = 5.2

0 3.33238 1.83479 1.23526 1.01992 0.838607

π

4
2.21014 2.34165 2.11894 1.92829 1.99953

π

2
1.02698 1.27028 1.29547 1.30924 1.36139

3π

4
0.612266 0.785562 0.829047 0.860343 0.896516

Table 5.8. Variation in Shear Stress at the Plate with Heat Source Parameter S at M = 1, φ = 2, Kp = 1, Pr = 0.5, Gc = 2, Gr = 2,
Sc = 2, ε = 1, Kc = 1 .

ωt Kc =−0.9 Kc =−0.3 Kc = 0 Kc = 0.5 Kc = 0.9

0 18.6898 6.27508 6.23249 6.22809 6.23113

π

4
7.22339 5.26278 5.22083 5.21416 5.21611

π

2
3.63583 3.17271 3.12878 3.11332 3.11098

3π

4
2.16287 1.9192 1.8698 1.84234 1.83392

Table 5.9. Variation in Shear Stress at the Plate with chemical reaction parameter Kc at M = 1, φ = 2, Kp = 1, Pr = 0.5, Gc = 2,
Gr = 2, Sc = 2, ε = 1, S = 3.
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ωt Pr = 0.2 Pr = 0.3 Pr = 0.4 Pr = 0.5 Pr = 0.6

0 7.04145 7.04145 7.04145 7.04145 7.04145

π

4
2.74885 10.0394 11.781 25.7478 14.08

π

2
2.18377 6.10766 7.66949 15.5582 7.83177

3π

4
1.40711 3.35268 4.66545 9.18175 4.83748

Table 5.10. Variation in Nusselt Number at the Plate with Prandtl Number Pr at M = 1, φ = 2, Kp = 1, Gc = 2, Gr = 2, Sc = 2, S
= 3, ε = 1, Kc = 1 .

ωt S = 0.2 S = 0.3 S = 0.4 S = 0.5 S = 0.6

0 7.04145 7.04145 7.04145 7.04145 7.04145

π

4
1.24586 1.82303 2.17996 2.71561 2.76007

π

2
1.39188 1.12359 0.553382 0.798491 1.4302

3π

4
0.811645 0.707379 0.279505 0.319558 0.863866

Table 5.11. Variation in Nusselt Number at the Plate with Heat Source Parameter S at M = 1, φ = 2, Kp = 1, Pr = 0.5, Gc = 2,
Gr = 2, Sc = 2, ε = 1, Kc = 1 .

ωt Sc = 1 Sc = 2 Sc = 3 Sc = 4 Sc = 5

0 3.95967 7.04145 10.0646 13.0711 16.0716

π

4
3.65987 6.52441 9.33834 12.1387 14.9345

π

2
2.81398 5.06993 7.29933 9.52439 11.7495

3π

4
1.59814 3.00646 4.42951 5.86487 7.30889

Table 5.12. Variation in Sherwood Number at the Plate with Schmidt Number Sc at M = 1, φ = 2, Kp = 1, Pr = 0.5, Gc = 2, Gr =
2, S = 3, ε = 1, Kc = 1.

ωt Kc =−0.2 Kc =−0.1 Kc = 0 Kc = 0.1 Kc = 0.2

0 5.84019 5.90689 6.00000 6.10376 6.21159

π

4
5.46089 5.51301 5.59113 5.68081 5.77558

π

2
4.41239 4.42013 4.45393 4.50215 4.55848

3π

4
3.00717 2.94423 2.90765 2.8891 2.88291

Table 5.13. Variation in Sherwood Number at the Plate with chemical reaction parameter Kc at M = 1, φ = 2, Kp = 1, Pr = 0.5,
Gc = 2, Gr = 2, S = 3, ε = 1, Sc = 2 .
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6. Conclusions

The analysis presented provides the following results of physical interest regarding the velocity, temperature and concentration
distribution of the flow field, as well as skin friction, the Nusselt number, and the Sherwood number. In the study, the plate is
considered infinite, radiation is negligible, and Soret-Dufour effects are neglected. The future scope of this study is to explore
the combined effect of different flow parameters, the effect of radiation, non-linear reactions, or fractional order modeling.

• The velocity of the couple-stress fluid decreases as the Hartmann number (M), the frequency of oscillation (ω), the
couple-stress parameter (φ ), and the positive chemical reaction parameter (Kc) increase. The resistive effects, such as the
Lorentz force, internal couple stresses, and destructive reactions, cause this.

• The velocity increases with an increase in Grashof number for heat transfer (Gr), permeability parameter (Kp), and
oscillatory suction parameter (ε), due to stronger buoyancy and permeability effects.

• The Prandtl number (Pr) affects both velocity and temperature. An increase in Pr results in lower thermal diffusivity,
leading to a thinner thermal boundary layer and reduced heat transfer.

• The Schmidt number (Sc) decreases concentration and velocity due to reduced mass diffusivity, which results in a thinner
concentration boundary layer.

• The heat source parameter (S) has a dual effect: a positive S enhances temperature and velocity through internal heat
generation. A negative S (acting as a heat sink) decreases the temperature and the velocity.

• Positive values of chemical reaction parameter (Kc) (destructive reactions) reduce velocity and concentration by consum-
ing diffusing species, whereas negative values (generative reactions) enhance both velocity and concentration

• The shear stress at the plate decreases with an increase in M and Kc, but increases with an increase in Kp, Gr, and Sc.

• The Nusselt number (Nu) shows mixed trends to Pr and S, generally increasing with greater S under oscillatory conditions,
and remains constant at ωt = 0.

• The Sherwood number (Sh) increases with both Sc and Kc, indicating enhanced mass transfer under conditions of higher
diffusivity and generative reactions.
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Appendix

Nomenclature

C
′

Species concentration D Molecular diffusivity
Gr Grashof number for heat transfer Kp Permeability Parameter
α Thermal diffusivity K′

p Permeability of the medium
S Heat source parameter T Non-dimensional temperature
t Non-dimensional time u Non-dimensional velocity
v0 Constant suction velocity y Non-dimensional distance along y-axis
ε A small positive constant β

′
Volumetric coefficient of expansion with species concentration

β Volumetric coefficient of expansion for heat transfer ν = µ

ρ
Kinematic coefficient of viscosity

σ Electrical conductivity ω Non-dimensional frequency of oscillation
C Non-dimensional species concentration Gc Grashof number for mass transfer
g Acceleration due to gravity Kc Chemical reaction parameter
M Magnetic parameter B0 Magnetic field of uniform strength
Pr Prandtl number Sc Schmidt number
T ′ Temperature of the fluid t ′ Time
u′ Velocity component along x-axis v(t ′) Suction velocity
y′ Distance along y-axis ρ Density of the fluid
ω ′ Frequency of oscillation w Condition on porous plate
τ Skin friction φ Non-dimensional couple stress parameter
η Couple stress coefficient Nu Nusselt Number
Sh Sherwood Number µ viscosity
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We introduce a structural framework for the study of generalized κx±1 transformations on the set of natural
numbers. The approach is based on generalized Jacobsthal sequences, which generate a family of branching
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1. Introduction

1.1 Brief introduction and motivation

The classical Collatz problem is based on two arithmetic operations on numbers from the set N of natural numbers:

• Division by 2 of an even integer qE until an odd value is reached.

• Transformation of an odd integer qO into an even one by the Collatz function

C+
3q = 3qO +1.

Thus, the corresponding Collatz sequences CS+3,q are conjectured to eventually reach 1 for all initial values, a property verified
for numbers up to 271 [1]. This naturally suggests that the classical Collatz problem admits natural generalizations. Accordingly,
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the aim of this work is not to prove the classical Collatz conjecture, but to develop a generalized structural framework for
κx±1 transformations based on Jacobsthal-type trees. Related studies on recurrence structures and transformations associated
with generalized integer sequences include investigations on k-Narayana sequences and their binomial transforms [2], as well
as works on binomial transforms of k-Jacobsthal sequences [3]. Related structural studies on generalized recursive sequence
spaces were investigated in [4]. Structural approaches based on directed graph representations and acyclic graph topology were
also investigated in [5]. Alternative structural and certificate-based approaches to the 3x+1 problem have also been proposed
in recent studies on finite-certificate and 2-adic formulations [6].

In 2024, Nathanson [7] studied permutation patterns of the iterated Syracuse function (a normalised form of the classical
3x+ 1 map) and discussed its structure. Our paper extends this line of research to the general family of transformations
(1,3,5,7, . . .)·q±1.

The aim of this work is to establish common regularities of number transformations in the general case of the transformation
function (1,3,5,7, . . .) ·q±1 for odd q ∈ N, on the basis of which we investigate the proposed model of partitioning the set N
into non-intersecting, isolated subsets belonging to trees of graphs with individual root sequences. As a first step, this model
was originally developed by the authors [8] for the classical problem C±

3,q = 3q±1.

Here, from the perspective of transforming an odd number, mirror transformations are equivalent in structure. Indeed, since
q ∈ N is odd, let Q =−q ∈ Z. Then

3Q+1 =−3q+1 =−(3q−1).

Hence, although the transformation C+
3,q is defined on the set of natural numbers N, its extension to negative integers Z preserves

the same sign-symmetric structure. From this perspective, both the generalized problem in the form C±
κ,q and its inverse

counterpart have received only limited attention in the literature, except for the partial studies reported in [9, 10].

1.2 Preliminaries and notation

1.2.1 Generalized Jacobsthal transformations

Definition 1.1 (Generalized Jacobsthal Numbers). The generalized Jacobsthal numbers are defined as follows:

J±
κ,θ ,n =

θ ·2n ± (−1)n

κ
, (2 ∤ θ , n ∈ N0 = N∪{0}).

Definition 1.2 (Generalized Jacobsthal Transformation). The generalized Jacobsthal transformation is defined as follows

JS±κ,q =





2q, q ≡ 0 (mod 2),

J±
κ,θ=q,n=0, q ≡ 1 (mod 2),

q ∈ N0 = N∪{0}. (1.1)

Definition 1.3 (Residual form of the generalized Jacobsthal transformation). The residual form of the generalized Jacobsthal
transformation, equivalent to Definition 1.2, is expressed as follows:

JS±κ,q =





2q, q ≡ 0 (mod 2),

q−1
κ

, q ≡ 1 (mod 2), q ≡ 1 (mod κ),

q+1
κ

, q ≡ 1 (mod 2), q ≡−1 (mod κ),

∅, q ≡ 1 (mod 2), q ≡ 0 (mod κ).

q ∈ N0.

Here, q ≡ 0 (mod 2) denotes an even number and q ≡ 1 (mod 2) an odd number.

In this context, the residual form represents the closed-form of the generalized Jacobsthal transformation.

Definition 1.4 (Generalized Collatz Function). The generalized Collatz function is defined as follows

C+
κ,q = κ ·q+1, C−

κ,q = κ ·q−1. (1.2)
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Definition 1.5 (Generalized Collatz Conjecture). The generalized Collatz conjecture is defined as follows

C±
κ,q =





q
2
, q ≡ 0 (mod 2),

κq±1, q ≡ 1 (mod 2),
q ∈ N. (1.3)

When iterated on any initial value q0 ∈ N, the sequence eventually reaches a periodic cycle or a fixed point (Point attractor),
Pas depending on κ .

1.2.2 Jacobsthal trees and nodes

The basis of the generalized problems (1.1) and (1.3) is provided by the generalized Jacobsthal numbers introduced in
Definition 1.1, whose closed form was established in earlier works [9, 10].

They can be structured into two subclasses of integers:

mκ,θ ,n =
θ ·2n−1 −1

κ
, pκ,θ ,k =

θ ·2k−1 +1
κ

, n ∈ Neven, k ∈ Nodd. (1.4)

Whenever these quantities are integers, they generate a new odd parameter thus defining the branching nodes of the corresponding
Jacobsthal tree.

δ ∈ Nodd, δ =

{
mκ,θ ,n, if θ ≡ 1 (mod κ) (JS+),

pκ,θ ,k, if θ ≡−1 (mod κ) (JS−).

For odd θ and indices n ∈ Neven, k ∈ Nodd,

mκ,θ ,n ∈ N0 ⇐⇒ θ 2n ≡ 1 (mod κ),

pκ,θ ,k ∈ N0 ⇐⇒ θ 2k ≡−1 (mod κ),

The Jacobsthal numbers themselves were studied in [11, 12], and the authors pointed out their possible role in the Collatz
problem. However, as shown in [9,10], the numbers (1.4) form, at certain points of sequences, the so-called branching nodes of
other sequences

{θ ·2n}+∞

n=0

based on powers of two. Such a process develops as n →+∞, resulting in the formation of a so-called graph tree, as in [13]. In
the inverse iteration direction, along the branches of the tree, Collatz sequences (CS±κ,q) are formed.

Definition 1.6 (Point attractor). A point attractor (PA) is an attractor of a dynamical system that consists of a single stationary
point.

In the periodic cycle that terminates a Collatz sequence CS±κ,q, this role PA is played by the smallest odd value qO. In a
non-periodic cycle with increasing sequences, the smallest odd value qO = 1 is a pseudo-attractor (PAps).

Therefore, the corresponding generalized Collatz conjecture asserts that, for any initial value q0 ∈ NPA(PAps), the iterated
sequence defined by

qn+1 =C±
κ,q0

eventually reaches the set PA(PAps).

Remark 1.7. In the classical Collatz model with κ = 3 and C(x) = 3x+1, the periodic attractor is PA = {1} for all q ∈ N.
In the case of C(x) = 3x− 1, one obtains PA = {1,5,17}; for C(x) = 5x+ 1, PA = {1,13,17}; and for C(x) = 181x+ 1,
PA = {1,27,35}.
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Definition 1.8 (Node). A node is a point of the sequence

{θ2n}+∞

n=0

that corresponds to the numbers mκ,θ ,n or pκ,θ ,n defined in (1.4).

The points of sequences {θ · 2n}+∞

n=0 with numbers mκ,θ ,n or pκ,θ ,n correspond to the so-called nodes, from which other
sequences branch, if the parameter θ is not a multiple of κ . If θ is a multiple of κ (θ = θκ ), then the numbers mκ,θ ,n (or pκ,θ ,n)
are not integers, so no branching nodes are generated.

An illustration of nodes with mκ,θ ,n numbers is shown in Figure 1.1.

θ · 20 . . . θ · 2Tκ/2 . . . θ · 2nTκ . . . θ · 2sTκ θ · 2(s+1/2)Tκ θ · 2(s+1)Tκ . . .

pκ,θ, Tκ/2 pκ,θ, (s+1/2)Tκ

mκ,θ,0 mκ,θ, nTκ

Figure 1.1. Arrangement of the numbers mκ,θ ,n (even indices, below) and pκ,θ ,k (odd indices, above) along the sequence θ ·2n.
If the values mκ,θ ,n and pκ,θ ,k are not integers (see Eq. (1.4) and Table 2.2), no nodes are defined.

Definition 1.9 (Period of the Nodes). The period of the nodes Tκ in the sequence

{θ2n}+∞

n=0

is the distance, in powers of 2n, between two successive nodes of the same type.

Definition 1.10 (Jacobsthal tree). A Jacobsthal tree is the branching structure generated by the graph nodes of Jacobsthal
sequences along increasing powers of two.

Definition 1.11 (Sets of numbers associated with the Jacobsthal tree). The sets associated with the Jacobsthal tree are defined
as follows.

The graph tree rooted at the point attractor PA corresponds to the combined set consisting of odd numbers Nκ,PA,O as nodes
and even numbers Nκ,PA,E as edges:

Nκ,PA =
k⋃

i=1

Nκ,PA,i ∪
k⋃

i=1

Nκ,E,i.

Definition 1.12 (Total stopping time (tst)). We define the total stopping time tst as follows [14].

In the Jacobsthal tree, the discrete time variable tst corresponds to the number of iterations (n = tst). Therefore, in the forward
direction n →+∞, the time tst increases, while in the reverse construction of the Collatz sequence, tst decreases.

1.2.3 Structural interpretation

Informally, the proposed framework may be viewed as follows: Starting from root sequences of the form θ2n, certain values
generate integer branching nodes through the generalized Jacobsthal relations. These nodes form tree-like structures, called
Jacobsthal trees, whose reverse trajectories correspond to generalized Collatz-type sequences. In this representation, periodicity
properties of the nodes induce structural regularities in the associated κx±1 dynamics.

2. Main Results

2.1 Generalized Collatz and Jacobsthal transformations

In the forward direction (n →+∞), at nodes of the form {δ 2n}n≥0 with δ ∈ {mκ,θ ,n, pκ,θ ,n} whenever they are integers, other
sequences branch.

In the reverse direction (n → 0), using the relations

κ mκ,θ ,n +1 = θ 2n, κ pκ,θ ,k −1 = θ 2k, n ∈ Neven, k ∈ Nodd (2.1)
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the segments {δ 2n}ℓn=1 merge at the nodes, forming Collatz-type sequences CS±κ,q.

Therefore, for every κ , the Collatz functions can be expressed as

C+
κ,q = κ mκ,θ ,n +1, C−

κ,q = κ pκ,θ ,k −1. (2.2)

A similar reasoning applies to the system of nodes with numbers pκ,θ ,k, leading to the mirror counterpart Collatz function C−
κ,q.

In this case,

pκ,θ ,k =
θ 2k +1

κ
⇐⇒ θ 2k = κ pκ,θ ,k −1, C−

κ,q = κ pκ,θ ,k −1. (2.3)

In justifying formulas (2.1)–(2.3), no additional constraints were imposed; therefore, both models C±
κ,q are structurally equivalent

for all κ .

Thus, the Collatz-type problem can be generalized as

C±
κ,q =





q
2
, if q ≡ 0 (mod 2),

κ ·q±1, if q ≡ 1 (mod 2),
n → 0, (2.4)

and the reverse (Jacobsthal-type) problem as

JS∓κ,q =





2q, q ≡ 0 (mod 2),

q±1
κ

, q ≡ 1 (mod 2),
n →+∞. (2.5)

Since the graph tree serves as the basis for forming Collatz sequences, problem (2.4) should be considered as the direct problem,
and (2.5) as the inverse problem of number transformation.

2.2 Examples of Jacobsthal trees

At the end of the article, an alternative formulation of a Collatz-type hypothesis is proposed.

To identify the transformed nodes, we distinguish two families:

• Nodes of type m3,q,n (for JS+), defined as

m3,q,n =
q ·2n −1

3
, defined whenever the numerator is divisible by 3.

• Nodes of type p3,q,n (for JS−), defined as

p3,q,n =
q ·2n +1

3
, defined whenever the numerator is divisible by 3.

Thus, we evaluate J±3,q,n for q in the range 1 to 9. For q = 1, the corresponding values are shown in Table 2.1.

Therefore, in model (1.4), the numbers J−3,1,n, unlike J+3,1,n, are divisible by 3,9,15,21, . . .. However, both numbers J±3,1,n are
divisible by 5. Thus, J+3,1,n generate numbers p3,1,n, while J−3,1,n generate numbers m3,1,n, thereby ensuring non-overlap of the
subsets of numbers m3,1,n and p3,1,n.

The numbers J+3,1,n are not integers, whereas J−3,1,n = J−1,1,n/3 are integers. Therefore, numbers m3,1,n and p3,1,n are obtained by
bisection of J−3,1,n, thereby guaranteeing that the sequences CS±3,q terminate in unity.

For κ > 1, the numbers J±
κ,1,n are generated differently. For example, if

m5,1,n =
J−1,1,n

5
, and p5,1,n =

J+1,1,n
5

,
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then

m7,1,n =
J−1,1,n

7
are generated by uniting the sequences J+7,1,n ∪ J−7,1,n, whereas the numbers p7,1,n are not integers. The case κ = 9 is analogous
to κ = 3.

n 0 1 2 3 4 5 6 7 8 9 10 11 12

J+
1,1,n 2 1 5 7 17 31 65 127 257 511 1025 2047 4097 p1,1,n = 2n− 1

J−
1,1,n 0 3 3 9 15 33 63 129 255 513 1023 2049 4095 m1,1,n = 2n+ 1

J−
3,1,n = J−

1,1,n/3 0 1 1 3 5 11 21 43 85 171 341 683 1365 m(p)3,1,n

J+
5,1,n = J+

1,1,n/5 1 13 205 p5,1,n

J−
5,1,n = J−

1,1,n/5 0 3 51 819 m5,1,n

J+
7,1,n = J+

1,1,n/7 1 73

J−
7,1,n = J−

1,1,n/7 0 9 585 m7,1,n

J−
7,1,n ∪ J+

7,1,n 0 1 9 73 585

J−
9,1,n = J−

1,1,n/9 0 1 7 57 455 m(p)9,1,n

Table 2.1. Computed values of J±3,q,n for the transformation model C±
3,q within the range q = 1, . . . ,9. Highlighted rows in

yellow indicate subsequences corresponding to q = 1,3,5,7,9. The rightmost column provides the associated generating
expressions p3,1,n and m3,1,n, defining the mappings q 7→ 3q±1.

If q > 1, divisibility by three among the numbers J±1,q,n is selective: certain numbers J±1,3,n are not divisible by three, so the
non-integer numbers are p3,3,n and m3,3,n, as are the numbers pκ,q=κ ,n and mκ,q=κ ,n.

The correlation of numbers mκ,q,n and pκ,q,n with J±
κ,1,n is displayed in the right column of Table 2.1.

Figure 2.1. Representation of the Jacobsthal tree J+5,q, branching as n →+∞. In the reverse direction, the arrows indicate the
trajectories of the Collatz sequences C+

5,q formed from the initial numbers in the columns.

2.3 Structural interpretation of the trees

Transformations (2.4) and (2.5) are inverse to each other in such a way that, as n →+∞ of graph (2.5), branching occurs in the
form of a tree (the Jacobsthal tree), as shown in Figure 2.1 for the J+5,q tree.

In the reverse direction n → 0, sequences CS+5,q are formed that converge along the branches of the tree toward the root

{2n}+∞

n=0
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sequence. The sequences CS+5,q with initial numbers belonging to one column have the same total stopping time and the
same tst time. These regularities hold true for other models of κ-conjectures. Therefore, as tst → +∞, the tree formation
process described below is unambiguous, since each value of tst corresponds to a definite number and a list of numbers in the
columns, for which the sequences CS±κ,q have the same length. The inverse mapping is non-unique, since for the same number
of iterations (or time tst), the unit value is reached by the sequences CS±κ,q of numbers in the entire column.

Since the set of initial numbers is fixed/defined, their sequences CS±κ,q reach the attractor (or pseudo-attractor) in the same
number of iterations.

2.4 Periodicity theorem

We now formulate the main structural results of problems (2.4) and (2.5).

Theorem 2.1. For all κ , the nodes located at points of the sequences {θ ·2n}+∞

n=0 are periodic with period Tκ with respect to
powers of two, while the numbers mκ,θ ,n and pκ,θ ,n, as well as those of the neighbouring nodes, satisfy the linear relations

2Tκ = 1+κ mκ,1,Tκ
, (2.6a)

mκ,θ ,n+Tκ
= 2Tκ mκ,θ ,n +mκ,1,Tκ

, (2.6b)

pκ,θ ,n+Tκ
= 2Tκ pκ,θ ,n −mκ,1,Tκ

, (2.6c)

where mκ,1,Tκ
denotes the first odd number of the root sequence {1 ·2n}+∞

n=0.

2.5 Periodic node formation

We verify formula (2.6a) as follows:

κ 1 3 5 7 9 11 13 15 17 19 21 23 25 27 29

mκ,1,n 1 1 3 1 7 93 315 1 15 13 797 3 89 41 943 9 709 9 256 395

pκ,1,k f f f f f

Tκ 1 2 4 3 6 10 12 4 8 18 6 11 20 18 28

κ 31 33 181

mκ,1,n 1 31 8 466 826 192 629 220 211 924 569 210 775 188 859 772 039 349 080 675

pκ,1,k f f

Tκ 5 10 180

Table 2.2. Values of mκ,1,Tκ
and periods Tκ for selected values of κ .

The gray-shaded blocks indicate triplets of parameters κ , κ +2, and mκ+2,1,Tκ
satisfying

κ = mκ+2,1,Tκ
and Tκ =

Tκ+2

2
.

From (2.6), if the period Tκ is odd, as in the cases κ = 7,23,31,47,49, . . . , then the quantities pκ,θ ,n are not integers.

However, numbers pκ,θ ,n can take non-integer values for even period values as in the cases κ = 35,39,45,51, . . . .

Remark 2.2. From formula (2.6a) we have 2Tκ −1 = κ ·mκ,1,Tκ
. Therefore, the factorization of 2Tκ −1 can be expressed in the

form of binary products of the type κ ·mκ,1,Tκ
.

We now justify formula (2.6b). From Figure 2.2(a), the node numbers pκ,θ ,n and mκ,θ ,n are used to denote the two corresponding
families of sequence elements.

The transformations for both can be written as:

θ ·2n = κ · pκ,θ ,n −1, θ ·2n+Tκ = κ · pκ,θ ,n+Tκ
−1.
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Therefore, for the odd numbers:

κ · pκ,θ ,n −1 =
κ · pκ,θ ,n+Tκ

−1
2Tκ

,

or equivalently:

pκ,θ ,n+Tκ
= 2Tκ pκ,θ ,n −mκ,1,Tκ

.

For the even numbers, the analogous relation is:

θ ·2n = κ ·mκ,θ ,n +1, θ ·2n+Tκ = κ ·mκ,θ ,n+Tκ
+1,

leading to

mκ,θ ,n+Tκ
= 2Tκ mκ,θ ,n +mκ,1,Tκ

.

Here, pκ,1,Tκ
and mκ,1,Tκ

denote the first odd and even nodes of the corresponding root sequences {1 ·2n}n=+∞

n=0 .

We present the analytical forms of formulas (2.6b) within the range of values κ = 1 to 9.

κ 1 3 5 7 9 181

mκ,θ,n+Tκ 21m1,θ,n + 1 22m3,θ,n + 1 24m5,θ,n + 3 23m7,θ,n + 1 26m9,θ,n + 7

2180m181,θ,n

+ 84 668 261 926 292 202

11 924 569 210 775 188

859 772 039 349 080 675

Table 2.3. Examples of recurrence relations of type (2.6b) for selected values of κ .

2n m1,1,n m3,1,n m5,1,n m7,1,n m9,1,n m11,1,n m13,1,n m15,1,n m17,1,n m19,1,n m21,1,n m23,1,n

220 1 048 575 349 525 29 715 95 325 69 905

219 524 287

218 262 143 87 381 37 449 29 127 13 797 12 483

217 13 107

216 65 535 21 845 13 107 4 369 3 855

215 32 767 4 681

214 16 383 5 461

213 8 191

212 4 095 1 365 819 585 455 315 273 195

211 2 045 89

210 1 023 341 93

29 511 73

28 255 85 51 17 15

27 127

26 63 21 9 7 3

25 31

24 15 5 3 1

23 7 1

22 3 1

21 1

20 0 0 0 0 0 0 0 0 0 0 0 0

Table 2.4. Illustration of the node formation property with the numbers mκ,1,n for κ = 1 to κ = 9.

The periodicity of node formation with numbers mκ,θ ,n is shown in Table 2.4, where the values of the first odd numbers mκ,1,Tκ

in formula (2.6a) are highlighted in yellow.

The period Tκ also correlates with the total stopping time tst, as shown in Table 2.5 for the transformation function C+
5,q (T5 = 4).
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m5,1,n 0 3 51 819 13 107 209 715

tst +T5 1 1+4 5+4 = 9 9+4 = 13 13+4 = 17 17+4 = 21

5 9 13 17 21

Table 2.5. Example of computed values for m5,1,n and increments by T5.

Taking into account the structure of the nodes in Figure 1.1, for the numbers pκ,θ ,n+Tκ
as shown in Table 2.3, the results are

analogous, except with a minus sign.

In (2.6b), the first formula

m3,θ ,n+2 = 4m3,θ ,n +1

is known [15].

The corresponding relations for other values of κ were previously investigated in [9].

Formulas of type (2.6b) are justified as n →+∞, i.e., they reflect regularities in the transformation of parameterized θ odd
Jacobsthal numbers mκ,θ ,n and pκ,θ ,n.

κ·mκ,θ,n + 1

θ·2n •

mκ,θ,n +
(
θ·2n

)
·mκ,1,Tκ

. . .

κ·mκ,θ, n+Tκ
+ 1

θ·2n+Tκ •

mκ,θ, n+Tκ

a
C+

5,q = 5q + 1

1·24 3·21 . . . 3·25 . . . 3·29

...

...
1 + 3·6 = 19 19 + 3·96 = 307 307 + . . .

b

Figure 2.2. (a) Generalized graph associated with (2.4) and (2.5); (b) Graph associated with (2.5).

2.6 Structural properties of node transformations

Property 2.3. For all κ , the difference between two numbers that are adjacent in period Tκ is proportional to the transformation
function of odd numbers C±

κ,q:





mκ,θ ,n+Tκ
−mκ,θ ,n = mκ,1,Tκ

(
κ mκ,θ ,n +1

)
= mκ,1,Tκ

C+
κ,q,

pκ,θ ,n+Tκ
− pκ,θ ,n = mκ,1,Tκ

(
κ pκ,θ ,n −1

)
= mκ,1,Tκ

C−
κ,q.

Proof. From (2.6b), we have

mκ,θ ,n+Tκ
−mκ,θ ,n = (2Tκ −1)mκ,θ ,n +mκ,1,Tκ

.

Using (2.6a), namely

2Tκ −1 = κmκ,1,Tκ
,

we obtain

mκ,θ ,n+Tκ
−mκ,θ ,n = mκ,1,Tκ

(
κmκ,θ ,n +1

)
= mκ,1,Tκ

C+
κ,q.
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Similarly, from (2.6c),

pκ,θ ,n+Tκ
− pκ,θ ,n = (2Tκ −1)pκ,θ ,n −mκ,1,Tκ

.

Using again (2.6a), we obtain

pκ,θ ,n+Tκ
− pκ,θ ,n = mκ,1,Tκ

(
κ pκ,θ ,n −1

)
= mκ,1,Tκ

C−
κ,q.

Property 2.4. For any κ , the following identities hold:





mκ,θ ,n + pκ,θ ,n+Tκ/2 =
θ 2n

κ

(
1+2Tκ/2

)
, if the numbers pκ,θ ,n are integers,

−mκ,θ ,n +mκ,θ ,n+Tκ
= θ 2nmκ,1,Tκ

, if the numbers pκ,θ ,n+Tκ
are not integers.

Proof. From (2.1), we have:

mκ,θ ,n + pκ,θ ,n+Tκ/2 =
θ ·2n −1

κ
+

θ ·2n ·2Tκ/2 +1
κ

=
θ ·2n

κ

(
1+2Tκ/2

)
,

and

−mκ,θ ,n +mκ,θ ,n+Tκ
=

−θ ·2n +1
κ

+
θ ·2n ·2Tκ −1

κ
=

θ ·2n

κ

(
−1+2Tκ

)
= θ2nmκ,1,Tκ

.

Property 2.5. For all κ , the asymptotic ratios satisfy

lim
n→+∞

mκ,θ ,n+Tκ

mκ,θ ,n
= 2Tκ ,

lim
n→+∞

pκ,θ ,n+Tκ

pκ,θ ,n
= 2Tκ .

Proof. From the periodicity relations (2.6b) and (2.6c), we have

mκ,θ ,n+Tκ
= 2Tκ mκ,θ ,n +mκ,1,Tκ

,

and

pκ,θ ,n+Tκ
= 2Tκ pκ,θ ,n −mκ,1,Tκ

.

Dividing the first identity by mκ,θ ,n gives
mκ,θ ,n+Tκ

mκ,θ ,n
= 2Tκ +

mκ,1,Tκ

mκ,θ ,n
.

Since mκ,θ ,n →+∞ as n →+∞, the second term tends to zero. Hence,

lim
n→+∞

mκ,θ ,n+Tκ

mκ,θ ,n
= 2Tκ .

Similarly, dividing the second identity by pκ,θ ,n gives
pκ,θ ,n+Tκ

pκ,θ ,n
= 2Tκ − mκ,1,Tκ

pκ,θ ,n
.

Since pκ,θ ,n →+∞ as n →+∞, the second term also tends to zero. Therefore,

lim
n→+∞

pκ,θ ,n+Tκ

pκ,θ ,n
= 2Tκ .
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2.7 Partition properties

Property 2.6. For a given κ we have:

If θ ̸= δ , then

{
mκ,θ ,n ̸= mκ,δ ,ν ,

pκ,θ ,n ̸= pκ,δ ,ν .

Proof. Assume that

mκ,θ ,n = mκ,δ ,ν .

Then, from (2.1),

θ ·2n = δ ·2ν ,

which implies

θ

δ
= 2ν−n.

Since both θ and δ are odd, the ratio θ/δ cannot be a nontrivial power of two. Therefore,

θ = δ and n = ν ,

which contradicts the assumption θ ̸= δ . Hence,

mκ,θ ,n ̸= mκ,δ ,ν .

The proof for the family pκ,θ ,n is analogous.

Therefore, the sets S(mκ,θ ,n) and similarly S(pκ,θ ,n), contain no identical elements.

2.8 Closed cycles and pseudo-attractors

In the classical Collatz sequence, the sequence CS+3,q converges to a periodic cycle with a unit smallest odd value (qo = 1).
Conjectures C−

3,qo
= 3qo −1, C+

5,qo
= 5qo +1, C+

181,qo
= 181qo +1, are known [16–21], in which the sequence CS±κ,q converges

to a periodic cycle with minimal qo > 1, or grows without bound if qo ≥ 5, as shown in Table 2.6.

7 14 28 56 112 224 448 896

11 22 44 88

2

9 18 36 72

23 46 92

29 58 116

PA Attractor point (here 7)

JS Branches starting from PA

CS Branches converging to PA

Figure 2.3. The graphs of the sequences JS−5,q (in the arrow direction) and CS+5,q (in the reverse direction).

Cases with divergent trajectories correspond to increasing sequences CS±κ,q.



Jacobsthal Trees and Generalized κx±1 Transformations — 88/91

κ C±
κ,q0

PA Type of cycle PAκ =

k−1∑

i=0

κk−v−1 2v

2ℓ − κk
N(±,κ,PA)

N(±,κ,PA)

/N

1
C+

1,q0
1 → 1 → 0 PA1 = 1/(31 ·21) = 1 N(+,1,1) –

C−
1,q0

1 → 1 → 2 →
1 → · · ·

PA1 = 1/(31 − 21) = 1 N(−,1,1) –

3

C+
3,q0

1 → 1 → 4 →
2 → 1 → · · ·

PA3 = 1/(22 − 31) = 1 N(+,3,1) 1

C−
3,q

1 → 1 → 2 →
1 → · · ·

PA3 = 1/(31 − 22) = 1 N(−,3,1) 32.77%

5 · · · → 5 →
7 → 5 → · · ·

PA3 =
(31 + 21)/(32 − 23) = 5

N(−,3,5) 32.34%

17 → 17 →
25 → 37 →
55 → 41 →
61 → 91 →
17 → · · ·

PA3 =
36 + · · · + 211

37 − 211
=

2363
139 = 17

N(−,3,17) 34.90%

5

C−
5,q0

1 · · · → 1 →
1 → · · ·

PA5 = 1/(51 − 22) = 1 N(−,5,1) –

∞ → 1 → ∞ →
· · ·

– N(−,5,∞) –

C+
5,q0

1 · · · → 1 →
3 → 1 → · · ·

PA5 =
51 + 21

25 − 32
=

7/7 = 1

N(+,5,1) 0.58%

13 · · · → 13 →
33 → 83 →
13 → · · ·

PA5 =
52 + 21 ·51 + 22

27 − 53
=

39/3 = 13

N(+,5,13) 0.86%

17 · · · → 17 →
43 → 27 →
17 → · · ·

PA5 =
52 + 21 ·51 + 24

27 − 53
=

51/3 = 17

N(+,5,17) 5.79%

PAps =
7

· · · → ∞ →
· · ·

– N(+,5,∞) 92.77%

181
C+

181,q0

1 · · · → 1 →
∞

– N(+,181,∞) –

27 · · · → 27 →
611 → 27 →
· · ·

PA181 =
181 + 25

215 − 1812
=

27

N(+,181,27) –

35 · · · → 35 →
99 → 35 →
· · ·

PA181 =
181 + 26

215 − 1812
=

35

N(+,181,35) –

C−
181,q0

1 · · · → 1 →
∞

– N(−,181,∞) –

Table 2.6. Characteristics of the generalized transformations C±
κ,q with closed and open loops.

For these sequences, the trajectories are associated with the pseudo-attractor PAps = 7, corresponding to the node of the tree in
Figure 2.3 generated by transformation (2.5) from the root sequence.

We see that as n →+∞ toward this point PAps = 7, the trajectories CS+5,q of the transformations of the initial doubled numbers
q = 7,11,15, . . . converge.

However, the cycle is not closed, and therefore the point PAps = 7 serves as a pseudo-attractor.
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Figure 2.4. Examples of closed cycles with attractor PA = 27 corresponding to Collatz-type sequences.

2.9 Closed cycles and branching nodes

Property 2.7. The number of branching nodes of the tree equals the number of odd numbers contained in a closed cycle with
attractor PA.

Proof. Consider a closed cycle of the transformation C±
κ,q containing the odd values

q0,q1, . . . ,qr−1, qr = q0.

Between two consecutive odd values qi and qi+1, the iteration consists of one transformation

q 7→ κq±1,

followed by a finite number si ≥ 1 of divisions by 2. Hence,

qi+1 =
κqi ±1

2si
.

Equivalently, in the inverse Jacobsthal construction,

qi =
qi+12si ∓1

κ
.

Thus, each transition from one odd value of the cycle to the next corresponds to one branching node in the associated Jacobsthal
tree.

Since the cycle contains exactly r odd values, and since each of these values generates exactly one inverse transition before the
cycle closes, the corresponding Jacobsthal tree contains exactly r branching nodes along the closed cycle.

3. Conclusion

We have developed a structural framework for generalized κx±1 transformations based on Jacobsthal sequences and their
associated branching structures, which we call Jacobsthal trees. Within this representation, classical Collatz-type iterations
appear as reverse trajectories along the branches of these trees. The periodicity of nodes, the recurrence relations governing
their formation, and the structural identities derived in this work provide a unified description of the dynamics of κx± 1
transformations. In particular, for a fixed κ , the natural numbers can be organized into disjoint subsets associated with distinct
attractors or pseudo-attractors. Each Jacobsthal tree generates a set Nκ,PA of odd nodes together with the corresponding even
numbers Nκ,E , and these subsets appear to be mutually disjoint from the observed computational structures.

This motivates the following structural decomposition:

N=
ν⋃

i=1

Nκ,PAi ∪
ν⋃

i=1

Nκ,Ei .

Computational experiments performed on the first million initial values support this structural decomposition and confirm the
observed non-intersection of subsets associated with different attractors.

The Jacobsthal-tree representation therefore provides an alternative structural viewpoint on generalized κx ± 1 discrete
dynamical systems, highlighting intrinsic periodic symmetries and partition properties of the set N.
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