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‘ Research Article

Proximal Lusternik-Schnirelmann, Csaszar and Bornology Categories

James Francis Peters ®!, Tane Vergili ®*7 Ebubekir inan ®3
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Abstract: This paper introduces new forms of proximity space categories, namely, proxLLS and dproxLsS,
spatial and descriptive proximity refinements of the Lusternik-Schnirelmann category LS and desProx,
which is a descriptive proximity extension of the Csdszar Prox category. A main result given here is that
a proximity space (X,d) is proximally contractible if and only if the proximal Lusternik-Schnirelmann
category LSs(X) =1. Several other results are also given, namely, Prox has all nonempty products and

coproducts and ProxBor has all nonempty coproducts.

Keywords: Cech proximity, descriptive proximity, Lusternik-Schnirelmann category, bornology.

1. Introduction

This paper introduces new forms of spatial and descriptive proximities, originally introduced
in [18, 19] and elaborated in [7, 22]. These proximities include spatially proximal as well as
descriptively proximal Lusternik-Schnirelmann categories LS5(X) and LSs,(X) as well as the
proximal Csdszér categories Prox and desProx and ProxBor (proximal bornological spaces),
which is an extension of the category Born of bornological spaces.

The oldest of these categories is LS-cat, a numerical invariant of a manifold M introduced
by L.A. Lusternik and L.G. Schnirelmann in their study of critical points, homotopy classes,
principal of stationary points and the category of a closed set with respect to a compact manifold
and category of a projective space [10, 15, 16], leading to recent results for spaces of persistence
modules [29], a digital LS-cat [1] and LS-cat of a simplicial map [25]. Under suitable restrictions,
the LS-cat of M gives a lower bound for the number of critical points for any smooth function

on M [5]. O. Cornea, G. Lupton, J. Oprea and D. Tanré observe that a Lusternik-Schnirelmann

*Correspondence: tane.vergili@ktu.edu.tr
2020 AMS Mathematics Subject Classification: 54E05, 55M30
This Research Article is licensed under a Creative Commons Attribution 4.0 International License.

Also, it has been published considering the Research and Publication Ethics.
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category is like a Picasso painting [5], i.e., completely different perspectives of the LS-cat lead to

completely different impressions of the beauty and applicability of the LS-cat.

The Lusternik-Schnirelmann category admits two common normalization conventions. In
the normalized convention, cat(X) is the least integer n >0 such that X admits a cover by n+1
subsets that are categorical in X . In the unnormalized convention, it is the least positive integer k
such that X admits a cover by k subsets that are categorical in X . A subset U ¢ X is categorical
in X provided that the inclusion map U < X is homotopic to a constant map. Throughout this
paper, we use the unnormalized convention; consequently, a contractible space has LS-category
equal to 1. If no finite categorical cover exists, the LS-category is defined to be oo [5, 15]. The
LS-category is an invariant of homotopy type [2].

The category Prox whose objects are proximity spaces is a subcategory of the semi-
proximities category Sprox introduced by A. Csdszar [6, Corollary 3.6, p. 12]. An object in
Prox is a proximity relation § provided ¢ is a Cech proximity (see Appendix A).

This paper also introduces the category ProxBor of proximal bornological spaces and proxi-

mally continuous proper maps [24, pp. 20-21]. ProxBor has objects that are proximal bornological

spaces and morphisms that are proximally continuous maps between proximal bornological spaces.

r ™\
K h(1) = &2 k(1) = v'2
ad h grad k
h k
h(0) = 71 k(0) = vy
" v

Figure 1: Descriptively proximal paths

2. Preliminaries

2.1. Importance of Descriptive Proximal Homotopy

Descriptive proximal homotopy is important, since this paves the way for homotopies between

disjoint paths that are descriptively close. For an introduction to descriptive Cech proximity, see

Appendix C.
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2.2. Basic Definitions
Definition 2.1 Let I =[0,1]. A path in a topological space X from xzy to z1 is a continuous
map h:I— X such that
h(0) = zo, h(1) = x1.
Its geometric realization is the image

1] = h(1).

Example 2.2 Let the description of a planar path h be defined in terms of the gradient grad (h),
which corresponds to the volume derivative (representing the local rate of space occupancy) describ-

ing a small movement along path h, i.e.,

Oh . Oh
d(h) = —i+—j.
grad(h) axz-rayj

In Figure 1, paths h,k are descriptively proximal, since grad(h) = grad (k) at corresponding

points along paths h and k.

Definition 2.3 [27, p. 5] A map f:(X,61) — (Y,02) between two proximity spaces is prozimally
continuous (pc) provided f preserves prozimity, i.e., A 6y B implies f(A) 6o f(B) for A, B e2%.

Further, a bijective pc map [ with a pc converse is called a proximal isomorphism.

Descriptive proximally continuous maps on descriptive proximity spaces are useful in this
work. Recall that in a descriptive Cech proximity space (X,dq), every A € 2% has a description
®(A) e R" and there is a relation A § B for every pair A, B € 2% [18, §4.3.1]. In other words,
Cech proximity space equipped with descriptive proximity relation dg is a descriptive proximity
space. For a pure Cech proximity space, see Appendix A. Throughout this paper when we say

descriptive proximity space, descriptive Cech proximity space will be understood.

Definition 2.4 [20, §1.2.1, p. 48] Let (X,ds,) and (Y,ds,) be a pair of descriptive proximity
spaces. A map f:(X,d0,) = (Y,de,) is descriptive prozimally continuous (dpc) provided A 6o, B
implies f(A) do, f(B) for A,Bc X. Further, a bijective dpc map [ with a dpc inverse is called

a descriptive proximal isomorphism.

Definition 2.5 [23] Let (X,de,) and (Y, d,) be descriptive proximity spaces and f,g: (X, dp,) —
(Y,d0,) dpc maps. Then we say f and g are descriptive proximally homotopic provided there
exists a dpc map H : X x[0,1] > Y such that H(z,0) = f(z) and H(xz,1) = g(z). Such a map H

is called a descriptive proximal homotopy between f and g. We denote f;g provided there exists

a dph between them.
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Definition 2.6 [23] A map d: (X,ds,) = (Y,0s,) between descriptive proximity spaces is said to

be a descriptive constant provided d(x) =yo for all x € X and for some yg €Y .

Definition 2.7 [23] A descriptive proxzimity space is descriptively contractible provided the identity

map on it is descriptive proximally homotopic to a descriptive constant map.

Definition 2.8 [23] A map d: (X,ds,) » (Y,0s,) between descriptive proximity spaces is said to

be a degenerate descriptive constant provided ®o(d(xo)) = Po(d(x1)) for all xg,x1 € X.

Note that a degenerate descriptive constant map is a dpc map [23, Theorem 3].

Definition 2.9 [23] A descriptive prozimity space is a degenerate descriptively contractible pro-
vided the identity map on it is descriptive prozimally homotopic to a degenerate descriptive constant

map.

A degenerate descriptively contractible space is also a descriptively contractible [23, Corollary 2].

3. Fibrations on Proximity Spaces

This section introduces fibration on a proximity space. Before going into that, we should discuss
the classical concept of fibration. Recall that a map p: EF — B has the homotopy lifting property
(HLP) with respect to X provided for every map f: X — E and homotopy G : X x I — B such
that po f(x) = G(x,0), there exists a homotopy H : X xI - E with poH =G and H(x,0) = f(x).

The diagram is as follows.

|

A
W™

H .-
.
-
.
-
-

i

&

X xI —

The map p is said to be a fibration provided it has the HLP for all spaces X [28, p. 52].

For a fibration p: E — B, a fiber is an inverse image of elements b of B and for two distinct
elements in B, their corresponding fibers are homotopy equivalent and the fiber of the fibration is
denoted by F'. We also denote a fibration by F' - E — B, where the first map is an inclusion and

the second map is the fibration.

Definition 3.1 [28, p. 56] A continuous surjective map p: E — B is said to be a fibre bundle with
fibre F provided p~*(b) = F for every be B and for every be B there exist an open neighborhood

beU, c B and a homeomorphism ¢ : p~*(Upy) —» Uy x F' in such a way that p agrees with the

projection onto the first factor. The diagram is as follows.
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For spaces X and Y, let Y be a space of all continuous maps X — Y. Then let ]5(X7 z9) c X1

be the subspace of paths ending at zo and Q(X,z0) ¢ P(X,z) be the subspace of paths that

begin and end at zg. Then, from [9, p. 29], we obtain the fibration
(X, z0) — P(X,70) = X

p:vy=~(0), and PX is contractible.

In the context of proximity spaces, the concepts of fibre bundle and fibration are introduced in the

following manner.

Definition 3.2 A prozimally continuous surjective map p: (E,01) - (B,d2) is said to be a fibre
bundle with fibre F provided p~(b) = F for every be B and for every be B, there exist an open
neighborhood b€ U, ¢ B and a prozimal isomorphism ¢ : p~1(Uy) - Uy x Fin such a way that p

agrees with the projection onto the first factor. The diagram is as follows.

p ) ——— S Uy x F

Definition 3.3 A map p: (E,61) — (B,d2) has the prozimal homotopy lifting property (pHLP)
with respect to a proximity space (X,d3) provided for every map f: X - E and proximal homotopy
(see Definition B.3) G : X xI - B such that po f(x) = G(x,0), there exists a proximal homotopy
H:X xI—>FE with poH =G and H(z,0) = f(x). The diagram is as follows.

x 1 .p

[ 271
e P

XxI -“%.p

The map p is said to be a proximal fibration provided it has the pHLP for all proximity spaces X .

3.1. NDR and DR Pairs for (Descriptive) Proximity Spaces

Recall that for a topological space X and a pair A c¢ X, the pair (X,A) is an NDR pair

(neighborhood deformation retract pair) provided there exist continuous maps h : X — I and

H: X xI - X such that
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e h71(0)=4,
o H(x,0)=x for every z € X,
o H(a,t)=a for every ac A and tel,

o H(xz,1)e A whenever h(z) <1

and (X,A) is a DR pair (deformation retract pair) provided it is an NDR pair and h(z) <1 for
all zeX.

Proposition 3.4 [9, p. 15] If (X, A) and (Y,B) are NDR pairs, then (X xY, X x BUAxY') is

also an NDR pair.

Definition 3.5 Let (X,0) be a proxzimity space and A c X. The pair (X, A) is an NpDR pair
(neighborhood proximal deformation retract pair) provided there exist proxzimally continuous maps
h:X -1 and H: X xI - X such that

e hY0)=4,

o H(z,0)=xa for every zeX,

e H(a,t)=a for every ac A and tel,

o H(z,1)e A whenever h(z) <1

and (X, A) is a pDR pair (proximal deformation retract pair) if h(z) <1 for all x € X.

Proposition 3.6 Suppose that (X,0,) and (Y,82) are Cech prozimity spaces, A€ X, and BCY .
If (X,A) and (Y,B) are NpDR pairs, then

(XxY,(AxY)U(XxB))
is an NpDR pair.
Proof Let (h,H) and (k,K) be NpDR data for (X, A) and (Y, B), respectively. Define

m:XxY —1, m(z,y) = min{h(z), k(y)}.

Then
m(z,y)=0< h(z)=0o0r k(y) =0
<zxreAoryeB
< (1,y) e (AxY)u (X x B).
Consequently,

m 1 (0)=(AxY)u (X xB).
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Set
R={(2,5,t) € (X x¥) x T+ k(y) > h(x)}

and

S={(z,y,t) e (X xY) x I:h(z) 2 k(y)}.

Since proximally continuous maps are continuous with respect to the induced topologies, the map

(z,y,) — (h(z), k(y))
is continuous. Moreover,
R={(z,y,1) : k(y) > h(x)}
and
S={(z,y,t) : h(z) 2 k(y)}

are the inverse images of closed subsets of I x I. Consequently, R and S are closed subsets of

(X xY) xI. Furthermore,

RUS=(X><Y)><I,

Define Mr: R— X xY by

(H(a:t)K(ytZEzi)) k(y) > 0,

(a:,y), k(y):O,

MR(xa Y, t) =

and define Mg:S > X xY by

) )
Ms(x,y,t) = (H( ’th(x))’K(y’t))v h(z) >0,
(z,y), h(z) = 0.

If k(y)=0 on R, then
0="Fk(y)>h(z)>0,

and hence h(x) =0. Therefore v € A and y € B. Similarly, if h(x) =0 on S, then k(y)=0. Thus
the definitions above remove the possible 0/0 expressions.

The restrictions Mr and Mg are proximally continuous on their respective domains. On

RN S, one has
h(z) = k(y).

If this common value is positive, both formulas give

(H(z,t),K(y,t)).
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If the common value is zero, both formulas give (x,y). Hence Mg =Mg on Rn S.

Since R and S are closed, satisfy
RuS=(XxY)xI,

and Mr = Mg on Rn S, the proximal gluing lemma [23, Lemma 2.4, p. 28] shows that Mg and

Mg determine a proximally continuous map
M:(XxY)xI— X xY.
We now verify the NpDR conditions. First,
M(z,y,0) = (z,y)

for every (x,y)e X xY.

Next, suppose that (z,y) € (AxY)u (X xB). If x € A, then h(z) = 0. Hence the first
coordinate remains z, while the second coordinate is evaluated at time 0 and remains y. Similarly,

if y e B, then k(y) =0, and both coordinates remain fixed. Therefore

M(($7y)7t) = (x’y)

for every (x,y) e (AxY)u(X xB) and tel.
Finally, suppose that

m(z,y) < 1.

If k(y) > h(x), then h(xz) <1, and at t =1 the first coordinate is
H(z,1) e A.

If h(xz) > k(y), then k(y) <1, and at ¢t =1 the second coordinate is
K(y,1) e B.

Thus
M(z,y,1) e (AxY)u (X x B).

Therefore (m, M) gives NpDR data for

(X xY,(AxY)u (X x B)).

117



James Francis Peters, Tane Vergili and Ebubekir Inan / FCMS

Remark 3.7 The expressions

R " Th)

occur as time reparametrizations inside the full restrictions Mg and Mg . The relevant proximal
continuity statement concerns these complete maps, rather than the scalar reparametrizations
considered separately.
At the common zero set
h(z) = k(y) =0,
we define
M(z,y,t) = (z,y).
This is consistent because x € A, y € B, and the homotopies H and K fizt A and B, respectively,

throughout the homotopies.

Definition 3.8 Let (X,de) be a descriptive proximity space and A ¢ X. The pair (X,A) is
an NdpDR pair (neighborhood descriptive proximal deformation retract pair) provided there exist
descriptive proximally continuous maps h: X - I and H: X xI - X such that

o W71 (0)=A4,

e H(x,0)=x for every xeX,

o H(a,t)=a for every ac A and tel,

e H(xz,1)e A whenever h(x) <1
and (X,A) is a dpDR pair (descriptive proximal deformation retract pair) if h(x) < 1 for all
reX.

Proposition 3.9 Suppose that (X,0s,) and (Y,0s,) are descriptive proximity spaces, A c¢ X
and BcY. If (X,A) and (Y,B) are NdpDR pairs, then (X xY, X x BUAxY) is an NdpDR

pair.

Proof The result follows from the same piecewise construction used in the proof of Proposition 3.6.
Once the two restrictions are verified to be descriptive proximally continuous on the corresponding
descriptively closed subsets and to agree on their intersection, the descriptive gluing theorem [23,
Theorem 2.9, p. 29] shows that the resulting map M is descriptive proximally continuous. The

pair (m, M) therefore satisfies the NdpDR conditions. O

4. Lusternik-Schnirelmann Category of Proximity Spaces

Throughout this section, the unnormalized convention is used. Accordingly, the LS-category is

the minimum number of categorical sets in a suitable open cover, and a contractible space has
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LS-category equal to 1.

4.1. Spatial Proximity Case: Prox Refinement

An open cover of a proximity space (X,d) is a family of open subsets {U;};c; such that

x=Uu.

iel

Let U be a nonempty subset of a proximity space (X,d), equipped with the proximity
induced from X. The subset U is said to be proximally categorical in X provided that the
inclusion map

U= X

is proximally homotopic to a constant map
Cay U — X, Cap (0) = 2y
for some zy € X.

Definition 4.1 Let (X,d) be a proximity space. The prozimal Lusternik—-Schnirelmann category
of X, denoted by LSs(X) and briefly called the proximal LS-category or proxLS, is the least

positive integer k for which there exists an open cover
X=Uyu---ulUy
such that every U; is proximally categorical in X . If no such finite open cover exists, we set
LSs(X) = oo.
Theorem 4.2 A proximity space (X,0) is prozimally contractible if and only if
LSs(X) =1.
Proof Suppose first that X is proximally contractible. Then the identity map
Ix: X — X

is proximally homotopic to a constant map. Hence X is proximally categorical in itself. The

one-member open cover {X} therefore shows that
LSs(X) < 1.
Since LSs(X) is defined as a positive integer whenever it is finite, it follows that

LSs5(X) = 1.
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Conversely, suppose that

LSs(X) =1.

Then X admits a one-member open cover {U;} such that U; is proximally categorical in X .

Since U; covers X, we have U; = X. Consequently, the inclusion
Ly, ¢ U - X

is the identity map 1x, and it is proximally homotopic to a constant map. Therefore, X is

proximally contractible. O

4.2. Descriptive Proximity Case: desProx

A descriptive open cover of a descriptive proximity space (X,dg) is a family of descriptively open
subsets {U; }ier such that

xX=u.

iel

Let U be a nonempty subset of a descriptive proximity space (X,ds), equipped with the
descriptive proximity induced from X . The subset U is said to be descriptively categorical in X
provided that the inclusion map

U= X

is descriptive proximally homotopic to a descriptive constant map
Capy U — X, Capy (W) = 2y
for some xy € X.

Definition 4.3 Let (X,04) be a descriptive prozimity space. The descriptively proximal Lusternik—
Schnirelmann category of X, denoted by LSs, (X) and briefly called the descriptive LS-category

or dproxLS, is the least positive integer k for which there exists a descriptive open cover
X=Uyu-—-ul,

such that every U; is descriptively categorical in X . If no such finite descriptive open cover exists,
we set

LS(;(I) (X) = 00.

Theorem 4.4 A descriptive proximity space (X,0s) is descriptively contractible if and only if

LS5, (X) =1
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Proof Suppose first that X is descriptively contractible. Then the identity map
1x: X — X

is descriptive proximally homotopic to a descriptive constant map. Hence X is descriptively

categorical in itself, and the one-member descriptive open cover {X} shows that
LSs. (X) < 1.

Since LS;, (X) is defined as a positive integer whenever it is finite, we obtain
LSs, (X) = 1.

Conversely, suppose that

LSs,(X) =1.

Then X admits a one-member descriptive open cover {U;} such that U; is descriptively categorical
in X. Since U; = X, its inclusion into X is the identity map 1x. Therefore, 1x is descriptive

proximally homotopic to a descriptive constant map, and hence X is descriptively contractible. O

Let U be a nonempty subset of a descriptive proximity space (X,ds), equipped with the
descriptive proximity induced from X. The subset U is said to be degenerately descriptively

categorical in X provided that the inclusion map
Ly - U-X

is descriptive proximally homotopic to a degenerate descriptive constant map.

Definition 4.5 Let (X,d¢) be a descriptive proximity space. The degenerate descriptively proxi-

mal Lusternik—Schnirelmann category of X, denoted by
dLSs, (X)),
is the least positive integer k for which there exists a descriptive open cover
X=Uyu--uUy

such that every U; is degenerately descriptively categorical in X . If no such finite descriptive open

cover exists, we set

dLSs, (X) = oo.

Theorem 4.6 A descriptive prozimity space (X,d¢) is degenerate descriptively contractible if and
only if
dLSs, (X) = 1.
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Proof If X is degenerate descriptively contractible, then X is degenerately descriptively

categorical in itself. Hence the one-member descriptive open cover {X} gives
dLSs, (X) = 1.
Conversely, if
dLSs, (X) =1,

then X admits a one-member descriptive open cover {U;} in which U; is degenerately descriptively
categorical in X . Since U; = X, the identity map on X is descriptive proximally homotopic to a

degenerate descriptive constant map. Therefore, X is degenerate descriptively contractible. O

5. desProx & Csaszar Prox Categories

This section introduces a refinement of the Csészar Prox category and its extension, namely, the
descriptive proximity desProx category, which includes descriptively proximally continuous maps

between descriptive proximity spaces (see Appendix C) as morphisms.

5.1. Csaszar Prox Category

Let 6; and d2 be two nearness relations defined on the same set X. We say that d, is finer than

91 provided for all subsets A, B of X, A 6; B implies A d2 B [11].
Let (X,d) be a proximity space and Y be a nonempty set. For a surjective function

f: X - Y, the finest proximity, 6/, on Y that makes f proximally continuous is defined as

follows: Two subsets C and D in Y are near, C §/ D provided f~1(C) ¢ f~1(D).

Definition 5.1 A nearness relation 61 on Y is called an identification prozimity on Y and such

a function f is called a proximal identification .

Proposition 5.2 6/ is a prozimity on Y .

Proof We show that (Y,6/) satisfies the proximity axioms. Let C,D, and E be subsets of Y.
(P;.0) C§f @ since X is a proximity space so that f~1(C) of @.

(Py.1) Tt is clear that if C 6/ D implies D 6§/ C.

(P;.2) If C n D#@,then f1(C) n f'D#@ sothat f~1(C) & f'D. It follows that C' §/ D.

(Ps.3) Let C 6/ (DUE). It follows that f~1(C) § fY(DUE)=f1(D)uf(E). Since X is
a proximity space, we have f1(C) ¢ f~1(D) or f71(C) ¢ f~1(FE). This shows that C 6/ D

or C 6 E.
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O
Here, the Csaszar Prox category is refined to include proximal continuous maps between proximity

spaces as morphisms. In this category, a singleton set with a proximity relation is a terminal object.

Definition 5.3 Let {(X;,8;)}icr be a nonempty family of Cech proxzimity spaces and let Z =
[Tie; Xi. Define a relation B on subsets of Z by

AfpnB <= pr;(A)d; pr;(B) foreveryiel.

The product proximity o1 is the Cech proximity generated by Pr through the standard finite-cover

construction [26]: for nonempty A,B < Z,
Adn B

if and only if, for every pair of finite covers

A:UA’H B:Ust

r=1 s=1

there exist v and s such that A, fn Bs. If either set is empty, they are declared far.

Proposition 5.4 The pair ([T;c; Xi,0n) is a Cech proximity space, and every projection

pr; ([T X:,0m) - (X4, 0:)

i€l
is proximally continuous.

Proof The Cech proximity axioms follow from the finite-cover construction in Definition 5.3.
In particular, the union axiom is obtained by refining finite covers, as described above. If AépB,
the one-member covers {A} and {B} imply AfSpB. Hence pr;(A)J; pr;(B) for every i, and each

projection is proximally continuous. O

Definition 5.5 [11, Definition 3.1] Let {(X;,0;)}jes be a family of proximity spaces for an indexed
set J and uX; the disjoint union of X;’s. Then define a relation §" on the subsets A and B of

uX; by declaring that A 6° B if and only if A; 0; B; for some i€ J, where A; =uX;nX;.
Proposition 5.6 [11, Proposition 3.2] Space (LX;,d8") is a prozimity space.

Remark 5.7 Proposition 5.6 is still valid for Cech proximity spaces, since Efremovic prozimity

implies Cech prozimity.

Theorem 5.8 The category Prox has nonempty products and coproducts.
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Proof Let {(X;,8;)}ier be a nonempty family of Cech proximity spaces, and let

(7

iel
be the product proximity space introduced in Definition 5.3, with coordinate projections

pr;: 1_[)(Z —> Xz
iel

Let (Y,8y) be a Cech proximity space and let
fi : (Y> 6Y) - (Xu(;z)

be proximally continuous for every i € I. Define

f:Y—)HXi, f(y):(fz(y))lej

iel

Then
priof = fi

for every iel.

We show that f is proximally continuous. Let C, D cY satisfy
Coy D.

Consider arbitrary finite covers

m

1) =UA,  f(D)-= U B..

r=1

Define
C.=Cnf(4,), D,=Dn fY(By).

Then {C,}7, and {D,}7_; are finite covers of C' and D, respectively. By repeated application

of the finite-union axiom, there exist indices r» and s such that
C, dy D;.

Since every f; is proximally continuous,

for every i € I. Moreover,

fi(OT)gpri(AT)a fi(Ds)gpri(BS)'
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By monotonicity of &;,
pr;(A;) d; pr;(Bs)

for every i€ I. Hence

Ar /BH Bs .
Since the two finite covers were arbitrary, Definition 5.3 gives
f(C) éu f(D).

Therefore, f is proximally continuous.

The map f is unique, since any map

95Y—>HX¢

i€l
satisfying pr;og = f; for every 4 € I must satisfy
9() = (fi()),, = f(w)

for every y €Y. Thus

(7s)

iel

together with the coordinate projections, satisfies the universal property of the categorical product

in Prox. Similarly, given a family of proximity spaces {(X;,d;)};e; and the coproduct (disjoint

union) of its members

LX; = U(Xj x {]})

with the family of inclusion maps ¢y : X} = 1X;. Then for any proximity space Y with a family of

(pc) functions fi : Xy — Y, there is a universal (pc) map f:uX; - Y defined by f(a,k) = fr(a)

so that the following diagram commutes.

5.2. Descriptive Proximity Case

O

Let 0p, and ép, be two descriptive nearness relations defined on a set X. We say that dg, is

finer than 03, provided for all subsets A, B of X, A dg, B implies A dg, B.
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Let (X,d9) be a descriptive proximity space and Y be a nonempty set. For a surjective

function f: X — Y, the finest descriptive proximity, 6312, on Y that makes f descriptive proximally

continuous is defined as follows: Two subsets C' and D in Y are said to be descriptively near,

C 6} D, provided f1(C) dp f1(D).

Definition 5.9 Such a descriptive nearness relation 5(’12 on'Y is called a descriptively identification

prozimity on Y and f is called a descriptive identification.

Proposition 5.10 5£ is a descriptive proximity on Y .

Proof We show that (Y, 6£) satisfies the descriptive proximity axioms. Let C,D, and E be

subsets of Y.

(dP;.0) C 5/312 @ since X is a descriptive proximity space so that f=1(C) 54 z.
(dP;.1) It is clear that if C 6311 D implies D 5£ C.

(dP;.2) If C 0 D # @, then f1(C) n f'D # @ so that f1(C) d¢ f'D. It follows that
CslD.
(dPs.3) Let C 5£ (DUE). It follows that f~1(C) §s fH(DUE)=f1(D)uf(F). Since X

is a descriptive proximity space, we have f~1(C) dg f1(D) or f~1(C) d f1(E). This

shows that C (5£ D or C (5£ E.

O

Recall that a continuous map f: X - X and A,Bc X, if A ¢ B implies f(A) do f(B),

then f is descriptive proximally continuous map [22, p. 386].

Definition 5.11 The desProx category is an extension of the Csdszdar Prox category that includes
descriptive proximally continuous maps between descriptive prozimity spaces as morphisms. For a

brief introduction to descriptive proximity, see Appendiz C.

6. Proximity Spaces with Boundedness (Bornology)

A bornology B on a nonempty subset X is a collection of subsets of X such that
e X = UBEBB7
e if BeB and Ac B, then A€ B,

o if Bl,BQ EB, then B1 UB2 eB.
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The elements of B are called bounded subsets of X and the pair (X, B) is called a bounded

structure [3].

Definition 6.1 [3, p. 15] Let f: X - Y be a map between sets equipped with bornologies B and

B’ respectively. Then we say that
o f is proper provided for every B’ € B', we have f~Y(B') e B, and

e [ bornological provided for every B € B, we have f(B)eB'.

Definition 6.2 Let (X,0) be a Cech prozimity space and B a bornology on X . Then & and
B are said to be compatible provided every bounded subset has a bounded closure and a bounded

proximal open neighborhood.
That is,
e If BeB, then ¢/B € B, and

e For B e B, there is an open set C € B such that B < C'.

Definition 6.3 A prozimal bornological space is a triple (X,0,B) consisting of a set with a

nearness relation § and a bornology B which are compatible.

Definition 6.4 A morphism f between two proximal bornological spaces (X,8,B) and (X',6',B")

is a map f:X - X' which is proximally continuous and proper.

Let ProxBor denote the category whose objects are proximal bornological spaces and whose

morphisms are proximally continuous and proper maps.

Theorem 6.5 The category ProxBor has all nonempty coproducts.

Proof Let {(X},d;,B;)} be a family of proximal bornological spaces. The coproduct of this family
is the proximal bornological space (X, d, B), where the pair (X,¢) is the coproduct proximity space

introduced in Definition 5.5 and the bornology B is given by
B:={BcX :;'(B)=BnX;eB;,Vjel}.

Here each ¢; : X; & X is an inclusion: It is proximally continuous and for a bounded set B € B,
17" (B) = Bn X € B, so that ¢; is proper.
Notice that 0 and B are compatible: For a bounded set B € B in X, we have X; n B ¢ B;.

Therefore c/Bn X; =cls,(BnX;) e B;.
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Further, for each j € J, there is an open set C; € B; such that
Bn X]‘ < Cj.

Hence

B« C, C=]¢;.
jeJ

Therefore, 6 and B are compatible.
It remains to verify the universal property. Let (Y, dy, By ) be a proximal bornological space
and let
fj : Xj —Y

be proximally continuous and proper for every j € J. Define

[ X=X, —Y, flx; = fj-
jed

By the universal property of the coproduct proximity, f is proximally continuous. If D € By, then
FHDYnX; = f;1(D) e B

for every j e J. Hence

f (D) eB,

so f is proper. Its uniqueness follows from its restrictions to the components X;. Therefore,
(X, 6, B), together with the inclusion maps ¢; : X; - X, satisfies the categorical coproduct property

in ProxBor. m|

7. Conclusion

In this paper, we have introduced and investigated spatial and descriptive proximity extensions of
fundamental topological structures, specifically the Lusternik-Schnirelmann (LS) category, Csdszar
proximity categories, and bornological spaces. The main contributions and results of this study

are summarized as follows:

1. Proximal LS-Categories (proxLS and dproxLS): We formulated spatial and descrip-
tive forms of the Lusternik-Schnirelmann category, denoted by LSs(X) and LSs,(X), re-
spectively. We established a fundamental characterization proving that a proximity space
(X,0) is proximally contractible if and only if LSs(X) =1 (and similarly, LSs,(X) =1 for

descriptive contractibility).

2. Fibration and Deformation Retracts in Proximity Spaces: We extended the classical

notions of fibrations, fibre bundles, and neighborhood deformation retracts (NDR pairs) to
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proximity spaces, introducing pHLP, NpDR, and NdpDR pairs, and proved that products of

such pairs preserve these structural properties.

3. Category Prox and desProx: We defined desProx, an extension of Csaszar’s Prox
category that incorporates descriptive proximally continuous maps. We proved that Prox
admits all nonempty products and coproducts, and we introduced desProx as a category of

descriptive proximity spaces and descriptive proximally continuous maps.

4. Category ProxBor: By integrating Cech proximity with bornological structures, we in-
troduced the category ProxBor of proximal bornological spaces and showed that ProxBor

possesses all nonempty coproducts.

Overall, these results bridge classical homotopy-theoretic invariants with spatial and de-
scriptive proximity structures, offering potential applications in digital topology, topological data

analysis, and space physics.

A. Cech Proximity

A nonempty set X equipped with the relation ¢ is a Cech proximity space (denoted by (X)) [4,

§2.5, p. 439] provided the following axioms are satisfied.

CP.0 All nonempty subsets in X are far from the empty set, i.e., A § & for all Ac X.

CP.1 A6 B=BJj A.
CP.2 An B+g=A¢B.
CP.3 A§(BuC() if and only if ASB or AéC.

Example A.1 (Cech proximities derived from the inverse Hilbert transform)

The inverse Hilbert transform [13] H(t) is defined by
H(t) = %(cos(mﬁ) ~1).
Consider each pair of geometric A, B shapes in Figure 2 be defined by
A=2H(t) and B=-H(t).
Each of the Cech axioms are satisfied by {A, B}. For example,

A B, sinceAn B#g.
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A.1. Closure of a Subset in Cech Proximity Space

For a Cech proximity space (X,d), the closure of a subset A of X is defined as
AdA={xeX : {x} § A}.

A set is said to be closed provided it is equal to its closure and it is said to be open provided its
complement is closed.

Let (X,6) be a Cech proximity space and B,C are nonvoid subsets of X . We say that C
is a proximal neighbour of B provided B and the complement of C' are remote, i.e., B§ C°. We

write B <« C provided C' is a proximal neighbor of B [18, p. 75].

B. Spatial Proximal Homotopy

Basic results for the spatial form of proximal homotopy maps are introduced, here.

We consider the nearness relation on R defined as follows [18, §1.7, p. 48]. Two subsets A
and B of R are near, denoted Ad;B, if and only if the infimum distance between the sets [12]
D(A, B) =0, where

inf{la-b| : aeAand be B}, if A, B+,
00, if A= or B=g@.

D(A,B) = {

The nearness relation 64 on R satisfies Cech proximity axioms so that (R,d4) is a Cech proximity
space.

Remark B.1 Let I =[0,1] denote the closed interval in R. Then two nonvoid subsets A and B
of I are near provided D(A,B) =0 [17].

Example B.2 In Figure 2, the sets A =C and B = D are near, since D(A,B) =0. However,

the pair of sets A=C and B =E are not near, since D(A,B) #0.

Let I be the unit interval [0,1]. Recall that a homotopy from X to Y is a continuous map
H:XxI->Y with H : X - Y defined by H(z) = H(x,t) for all t € I. The functions F; are

called stages of the homotopy [28, p. 2].

Definition B.3 [21, 23] Let (X,0;) and (Y,82) be Cech proximity spaces and f,g: (X,01) —
(Y,82) proximally continuous maps. Then we say f and g are proximally homotopic, provided
there exists a proximally continuous map H : X x [0,1] = Y such that H(x,0) = f(z) and
H(z,1) = g(x). Such a map H is called a prozimal homotopy between f and g. In keeping with

Hilton’s notation [14], we write fgg provided there is a proximal homotopy between them.
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Definition B.4 [23] A Cech prozimity space is proximally contractible provided the identity map

on it is proximally homotopic to a constant map.

Proposition B.5 The Cech prozimity space (R,d4) is proximally contractible.

Proof Consider the homotopy H : R x I — R defined by H(x,t) =tx. Observe that H(x,0) =0
and H(z,1) =x. Further, for two near subsets AxJ and Bx K of Rx [ satisty D(A, B) =0 and
D(J,K) =0 sothat D(H(AxJ),H(BxK)) =inf{|ja—kb| : ac A, be B, jeJ, ke K} =0. This
shows that H is proximally continuous. Hence H is a proximal homotopy between the identity

map on R and the constant map at the point 0. O

Proposition B.6 A proximal retract of a prozimally contractible space is proximally contractible.

Proof Let H be the proximal homotopy between the identity map 1x on X and a constant
map ¢, for z € X, r: X > A be a retraction, and i : A - X be the inclusion map. Then the
composition

AxT 2 xur L x 5 x

is the desired proximal homotopy between the identity map 14 on A and a constant map at a

point in A. O

. Cech Prox Hi-Euler Prox clusters
T T T

I 2 H(t)
C )

-sinc(t)

0 1000 2000 3000 4000

Figure 2: Cech proximal geometric shapes
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C. Descriptive Cech Proximity

This section gives the axioms for a descriptive proximity space (X, dg) in which d¢ is a descriptive
proximity relation on a nonempty set X . Nonempty sets A, B ¢ X with overlapping descriptions
are descriptively proximal (denoted by A d¢ B). The descriptive intersection [7] of nonempty
subsets in Au B (denoted by A 0 B) is defined by

i.e., Descriptions ®(A) & ®(B) overlap

AnB= {zcAUB : ®()e®(4) n (B)}.

Let 2% denote the collection of all subsets in a nonempty set X. A nonempty set X
equipped with the relation dg with nonempty subsets A, B,C € 2% is a descriptive proximity

space provided the following descriptive forms of the Cech axioms are satisfied.

Descriptive Proximity Axioms [7, pp. 97-98].

(dP.0) All nonempty subsets in 2% are descriptively far from the empty set, i.e., A dp @ for all
Ae2X,

(dP.2) An B#o=Ads B.

(dP.3) Adg (BuC(C) ifand only if A dg B or A dg C.

For a descriptive Cech proximity space (X,ds), the descriptive closure of a subset A of X
is defined as
C@EA = {:E eX : {1’} (5.:1) A}
A set is said to be descriptively closed provided it is equal to its closure and it is said to be

descriptively open provided its complement is descriptively closed.

Example C.1 (Sample descriptively near geometric shapes)
Let C,D,E be the shapes shown in Figure 2. Observe that CégeD, CésE, and DégE are
descriptively near, since each pair of shapes has a matching description, if we limit the description

such that each of the shapes C,D,E has a jagged edge. Then, for example, observe

i.e., Descriptions ®(C) & ®(D) overlap

C n D-= ®(C) n ®(D) +@.

A similar observation can be made for CopE and DigE .
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Abstract: This study introduces a new family of matrices, the g-analogues, by generalizing the classical
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1. Introduction

The g-calculus, often called quantum calculus, is a generalization of classical calculus that elimi-
nates the notation of limits and provides new ways to define derivatives and integrals. It includes
a g-parameter to extend fundamental mathematical concepts. For example, the g-analogue of an
integer k is defined as

(kly=1+q+q*+-+q"!

[15]. By convention, [0], = 0. In g-calculus, g-integers serve the role of ordinary integers
in classical calculus. Many fundamental concepts, such as the g-factorial and the g¢-binomial
coeflicients, are based on ¢-integers. They are defined by

n [n],!

(Kot = D2 [kl and () = ey

[15]. Kizilates et al. [20] introduced a new family of hybrid numbers defined via g-integers

and higher-order generalized Fibonacci numbers and established their comprehensive algebraic
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structure, deriving a Binet-like formula, novel identities, generating functions, and summation
properties. Yener and Emiroglu [36] introduced the g¢-analogues of fundamental concepts in
multiplicative calculus, establishing basic theorems for derivatives, integrals, and infinite products
within this framework. This framework extends to ¢-derivatives and ¢-integrals, creating a rich
language with deep applications in combinatorics, special functions, and quantum groups. In
recent decades, this language has been productively imported into linear algebra, giving rise to a
wide array of structured g-matrices. For instance, the g-analogue of the classical Pascal matrix
was introduced by Zheng [37]. Tuglu and Kusg [34] later defined ¢-Bernoulli and g¢-Bernoulli
polynomial matrices, investigating their properties. Other notable examples include the ¢-Catalan
matrix studied by Yaying et al. [35], and the ¢-distance and g-Laplacian matrices for trees, whose
algebraic properties were analyzed by Bapat et al. [2] and later extended to weighted trees by
Barik et al. [3]. Cheon et al. [5] generalized the concept of exponential Riordan matrices to
a g¢-setting. A more systematic approach to ¢-deformed matrix computation was presented by
Ernst [7], who subsequently developed related techniques for g-Appell, g-Bernoulli, and g-Euler
polynomials [8] and established connections among ¢-Cauchy, g-Bernoulli, and ¢-Euler matrices
[9]. Recently, Mersin [23] defined the g-derivative operator for matrix functions, introducing new
structures such as the g-matrix exponential function, g-binomial of two matrices, g-trigonometric
and g-hyperbolic matrix functions, and examined their fundamental properties in detail. Moreover,
the g-analogue of the Frank matrix, which is a special type of Max matrix, was defined, and some
of its properties are investigated, such as determinant, inverse, characteristic polynomials and
eigenvalues in [24]. For another generalization of the Frank matrix, called the r-Frank matrix, see
[30]. Further examples of g-analogues can be found in [18] on (p,q)-Chebyshev polynomials and

in [19] on g¢-Fibonacci and ¢-Lucas octonions.

The success of g-calculus in generating structured matrices naturally leads to a question:
can this powerful framework be applied to other fundamental matrix families, such as Min and
Max matrices?

Min and Max matrices, whose entries are given by the minimum and maximum of their row

and column indices, respectively, were introduced by Pélya and Szegé [29] as follows

1 1 1 1 1
1 2 2 - 2
. . oan 1 2 3 - 3 3
Amin = [mln(z’j)]i,j=1 = : : . : :
1 2 3 n-1 n-1
1 2 3 n—-1 n
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and
1 2 3 n-1 n
2 2 3 n-1 n
- 3 3 3 n-1 n
Amax = [max(zvj)]i,jel = : : : :
n-1 n-1 n-1 - n-1 n

Based on a real sequence {ax} with a; < as < ... < a,, the well-known generalizations A, =
n n . . .
[alllin(i7j)]ij:1 and Apax = [amaX(ivj)]ijﬂ have been introduced, and their properties such as

determinants, inverses, LU decompositions, eigenvalues, and norms have been studied [6, 16, 21,
25, 26]. Petroudi and Pirouz [12, 13] studied Min and Max matrices whose entries are taken
from the Fibonacci and Lucas sequences, and derived their properties in terms of these numbers.
Similarly, the characteristic polynomials, determinants, and inverses of Min and Max matrices with
entries from the hyper-Fibonacci and hyper-Lucas sequences were investigated in [27] and [32]. In
addition, certain norms of Min matrices with harmonic number entries can be found in [14]. Some
factorizations of generalized Min and Max matrices have been obtained by Kilig¢ and Arikan [16],
while the works of [33] and [21] also contain significant results related to Min and Max matrices.
Another generalization, the r-Min and r-Max matrices, was introduced by Kizilates and Terzioglu
[17], who examined their algebraic properties in detail. Further studies on the generalizations of
r-Min and r-Max matrices, and hence Min and Max matrices, can be found in [1, 4, 10, 22, 28, 31].

Motivated by the diverse generalizations of Min and Max matrices and the established
framework of g-calculus in matrix theory, we introduce their g-analogues. We derive explicit
formulas for their determinants, inverses, characteristic polynomials, and LU decompositions.
Furthermore, we investigate their Frobenius and spectral norms, establishing upper bounds via
Hadamard factorization. To ground our theoretical results, we include a numerical example for
low dimensions. Our work systematically extends the classical theory of Min and Max matrices into
the g-domain, offering a new family of structured matrices with explicitly computable properties.
Although the general framework of g-analogues has been applied to other matrices such as the
g-Frank matrix, the dense and symmetric structure of Min and Max matrices leads to significantly
simpler algebraic properties, including tridiagonal inverses and elementary LU decompositions.
These features distinguish the ¢-Min and g-Max matrices from previously studied g-matrices

such as the ¢-Frank matrix.

2. Preliminaries

The following definitions and results related to matrix norms and the Hadamard product can be

found in [11].
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Let AeC™™ and let A” denote its conjugate transpose.

The spectral norm of A is defined as

[Af2 = [ max Ai(AHA),

where \;(A A) are the eigenvalues of A7 A.

The Frobenius (Euclidean) norm of A is defined as

m n
JAlR = | X 2 lais 2.
i=1 ;-1

For any matrix A, the following inequality holds
|All2 < | Al p.

The maximum row length norm and maximum column length norm are given by

n m
_ 2 _ )2
r1(A) = max | j; lai;|?,  c1(A) g]agl\‘ ;Iaul :

The following inequality is known
[X oYz <ri(X)er(Y),

where X oY denotes the Hadamard product of X and Y, where X,Y ¢ C™*™.

3. Main Results

min

Definition 3.1 The matriz A9 = [[min(i,j)]q]jj:1 is called q-Min matriz whose explicit form

18

(1], [ [ [1]4 (114
[1]q [2]11 [2]q [2]q [Q]q

Al _ (1] (2] [3l¢ - [3]q [3]q
(g [2]¢ [38l¢ = [n-1]g [n-1],
(1], (2] [3]q [n-1]q [n]q
[1 1 1 1 1
1 1+¢ 1+gq 1+gq 1+gq

|1 1+g¢g l+q+q® - 1+q+q? L+q+q¢?

1 1+q 1+q+¢®> — 1+q+@®++q"% 1l+q+®+-+q"?2
(1 1+q 1+qg+¢® - 1+q+@P++q"2 1+qg+@®+-+q¢"!

For ¢ - 1 the ¢-Min matrix Afgi)n corresponds to the well-known Min matrix A., whose entries

n

are given by [min(i,7)]; ;_; -
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Theorem 3.2 The determinant of the matrix Aggi)n is calculated by the rule

det (Ax(;]i)n) = ;ﬁ q~.
-1

Proof We perform the column operations Cj1 « C;yq1 —C; fori=1,2,...,n—1, where C;

denotes the i-th column of the matrix. Then, we have

1], 0 0 0 0
[1]11 [Q]tz - [1]q 0 0 0
det (Afgi)n) _ (g [2]o-[1]g [3lq-12]4 0 0
1]q [z]q_[l]q [3]q_ [2]q [n_l]q_[n_Q]q 0
1y [2]¢-11]g [3]4-1[2]¢ [n-1]g-[n-2]; [n]g-[n-1],

min 7

Theorem 3.3 The inverse of the matriz AD denoted by R = [rij]?’jzl , has entries given by

1
1+>, i=j=1
q
1 .
_E7 j=t+1
1 .
—77 Z:j+1
q
K 1+ -
q ..
— i=7+1,n
qz—l
g1’ i=j=n
[0]4,  otherwise.

Proof The proof is done by induction on n. For n =2, we have

ik )

whose inverse is

11
w_|'""q T4
R2q - 1q 1q

qa q

The hypothesis holds for n = 2. Assuming the hypothesis holds for n — 1, we show that it also

holds for n. For this purpose, we partition the matrices Al(;fi)n and R? into block matrices as
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follows
q Qi Q12 o _ | R11 Rz
Afni)n:[Qm QQQ] and R )_[Rm Rzz]7
where
(1]g [1]g [l [1]q [1]4
(1]g [2]¢ [2]q (2] [2]q
on |00 B Bl - Bl Bl |
[, [2ly By = [n-2) -2,
[1]q [2]q [3]11 [”_2]q [”‘Hq
Qu=[(1l, [2l, [3, = [n-2], [n-11]",
Q21:[[1]q [2]q [3]11 [”_2]11 [”_1]4]7
and

Q22 = [[n]q] .

Note that, according to the assumption, Q34 equals the matrix R of order n—1. The equation

Qu Quf|Ru Riz|_|I 0
Q21 Q|| Ra1 Ra 0 Il

where I and 0 represent the appropriately sized identity and zero matrices, yields the following

results
- 1
Ras = (Q22 - Q21Q71 Q12) ' e [qn_l ]7
1 1

Ry = _R22Q21Q11 = [[0]11 [O]q [O]q _F],

117

R ==QilQufn=|0) [, 0l ~ | .

and
— 1 .
1+— - 0 0
+ p ql (0], (0],
1+-—
N 1
q q q 1
1 1+ -
Rii = Q1 - Q11 Q12R22Q21Q71 = | [0], 2 qTq = [0]g
: : 31

[0]11 [O]q [O]q _qn_g
1+ !
[0l, [0), [0], =
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Hence, we obtain

1+ = ! [0], [0]q [0] -
q ql
I
= =L ], [0
q q q
1+1
RO (o), - L e ol [0, |,
] q q :
1
1+a 1
[0]11 [O]Q [0]‘1 q71—2 _qn—l
[O]q [O]q [O]q - 1'7,1—1 n1—1
L q q ]

which completes the proof.

Theorem 3.4 The characteristic polynomial of the matriz Aﬁfi)n satisfies the recurrence relation

for n>2,
Po(N) = (" =20) Pt (V) = N2 Pa(N)

with initials Po(A\) =1 and Py(A\)=1- A

Proof To obtain the characteristic polynomial, we use the equality P, ()\) = |A§gi)n — M|, which
gives
[1]11 -A [”q [1]q [1]q [1]q
[1]11 [2]q -A [2]q [2]q [2]11
Pn()\) — [1]q [2.]q [3]q -A [3]q [3]q
[1]q [2]4 [3]q o [n-1]g-A [n-1],
(1] (2] (3] [n-1], [n]g = A
To compute this determinant, for ¢ =1,2,...,n—1, we subtract the ith column from the (i+1)th

column, and then subtract the ith row from the (¢ + 1)th row. This produces the following

determinant
[1]4-A A 0 0 0
A [2]0-[1]4-2) A 0 0
poy=| ¢ A (3]s - [2], - 2X (:) 0
0 0 0 [n-1]y-[n-2]y - 2A A
0 0 0 A [n]q—[n-1]q-2A

By expanding along the last row, we obtain

Pa(N) = ([n]y - [n- 1], = 20) Py (A) = 2P a(M),

which completes the proof.
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n

Theorem 3.5 The components of the LU decomposition of the matriz Ar(gi)n are L = [l;;], =1 and
U= [uij]?jzl , whose entries are given as follows
Lo [0]g, i<J
1] . .
71 @ 127
and
0l,, 2>7
Uij = [Z}f . j
¢t i<y
Proof The proof is obtained directly from the matrix multiplication Afgl)n LU. O

Theorem 3.6 For the matriz A(Q)

min ’

we have the following results.

(i) The Frobenius norm satisfies the formula

n
JAD =] S (20~ 1) [n+1-i]2,
=1

(i) The spectral norm has the upper bound

J AL | < \j (il [z’]ﬁ) (il [i]2 + 1).

Proof

(i) For the Frobenius norm of AW

min ?

we have

|A (Q)

Hlll'l

ﬁMz

Il
—

i [min(z, j)
n[ ] 3[n - ]q+5[n—2]3+~~+(2n—1)[1]3
:; (2i-1)[n+1-i]2

(ii) For the spectral norm of AI(I?i)n, we use the Hadamard product as
Air?l)n Al ° A27

where
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and

Then, we have

e (Ay) = é[i]g and e (Ap) = 2[i]§+[1]§.

Hence, the inequality

JAL 2 <71 (A1) ex (Az)

min

completes the proof.

Definition 3.7 The matriz

n

A, = [[max(i,)],]

i,7=1

is called the q-Max matrix. Its explicit form can be expressed as

[ [1]q (2]q [3]q w [n-1]g [n]q
[2]q [2]q [3]q o [n-1]g [n]q
Al (314 (34 (314 = [n-1]g  [n]g
[n-1]g [n-1]g [n-1]g - [n-1]; [n]
L [n]q [n]q [n]q [n]q [n]q
[ 1 1+gq 1+q+¢° o L4+ gV l4ge+ g™
1+gq 1+gq 1+q+¢> o T4+ gV LHg e+ g
B 1+q+¢> 1+q+¢> 1+q+¢> o THqgHF+g"? 1 gH g™
T+q++¢"2 14q++¢"2 14+qg++q"2 o 1aqg++q"2 1+qg+-+¢""
[1+g+ 4" Tag+e+g™ Tagtotg™ o 1agrotq™ 1agto+q™!

As g - 1, the ¢g-Max matrix A,(ffg)tx reduces to the well-known Max matrix A;.x, whose entries

n

are given by [max(i,j)]; ;-

Theorem 3.8 The determinant of Aﬁ?gx is given by
n-1
det (A0, = [n], T ~¢".
k=1
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Proof We perform the row operations R; « R; — R;x1 fori=1,2,...,n -1, where R; denotes

the i-th row of the matrix. Then, we obtain

(1], - [2], 0 0 0 0
(2] - [3]q (2] - [3]q 0 0 0
det (AI(I(lIg,X) _ [3]q _ [4]4 [3]q _ [4]4 [3]q _ (4], 0 0
[n-1]g-[n]y [n-1]g-[n]ly [n-1]g-[nlq [n-1], - [n], 0
[1n]q [1n]q [1n]g [n]q [n]q
= [l TT ()= [+ 1)
ki%
=[n], i _qk~

Theorem 3.9 The inverse of the matriz Ag‘f;x, denoted by Sl = [sij] , has entries characterized

as follows
1
-, i=j=1
q
1 .
— j=1+1
! i=j+1
g, Z—j+
54 = 1+1
q .
1 1=7+1,n
-1
_[Z _]q7 Z':j:n
q''[d]
[0]4 otherwise.

Proof The proof proceeds by induction on n. In the base case n = 2, the theorem is satisfied, as

1 1

o [ 2, N

Afnix‘[mq [2]q] and 5= {4
q q(g+1)

Assume the statement holds for n—1. To prove it for n, we apply the induction hypothesis to the

leading principal submatrix of order n — 1. For this purpose, we partition the matrices as follows

U U S S
A(Q) — 11 12 d S(q) _ 11 12
max [Um Uaa a So1 Saa|’
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where
[1]q [2]q [3]q [n-2]g [n-1]
[2]4 (2], [3]4 [n-2]; [n-1],
poo| Bl Bl Bl -2 -1l
(n-2), [n=2), [0-2], = [0-2], [n-1],
[n-1], [n-1]; [n-1]4 [n-1], [n-1],
Ul?z[[n]q [nlq [n]q [n]q [n]q]T’
U21:[[n]q [nlg [nlq [n]q [n]q]v
and

U22 = [[n]q] .

According to assumption, U;jl corresponds to the matrix S (@) of order n—1. For appropriately

sized identity matrix I and zero matrix 0, the equation
U U f[Su S| _|I O
U21 U22 SQl SQQ 0o I
yields the block matrices of S(9 as follows

— -1 n_]_
522: (U22_U21U111U12) = |:_|:]‘1:|’
q

qn—l[n]
1 1
521 :—522U21U11 :[[O]q [O]q [O]q qn_1:|a
1 T
Siy = -UilUssSa :[[o]q 0l, [0, - qn_l] ,
and
-1 1 S
- - [O]q [O]q
q ql
1 1+5 1
. (0],
q q q 1
1 1+-—
S11 :Ul_ll_Ul_llU]_QSQQUQlUl_ll = [O]q q—2 _qTq [OJq
[0l  [0] [0]q =
1+1
[0, [0, [0l -
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Hence, we obtain

'—é 3 [0], 0, [0, |
1+ 1
é - q% 0, [0,
1 1+ -
sO=|0 5 - qzq 0] [0],
| | 1+ 1 1
[0, [0l, [0l - qn,g pr=
o, [0, o], Lo -t
| qn 1 qn 1 [n]q ]

Theorem 3.10 For the characteristic polynomial of the matrix AS;QX, the following recurrence

relation holds
Gn(p) = ([n]g = 1) Pn-1 (1) = P2 (1),
where
Gn-1(11) = (=¢" 7" = 20) b2 () — 1 dp-3(p)

with initials ¢o(u) = Land ¢1(pn) = —q—2pu.

Proof Using the equality v, (u) = |A§{3§X - pI|, we have

[1](1 K [2]q [3]q [n 1]q [n]q
[2]q [2]q K [3]q [n l]q [n]q
Un(p) = [3.]q [3]q [3]11: TH [n— 1]q [n:]q
[n-1]g [n-1]; [n-1]g - [n-1];-p (1]
[n]q [n]q [n]q [n-1], [n]q - n

For i=1,2,...,n -1, performing R; « R; — R;;1 and C; « C; — C;,1 yields

[1]q = [2]q - 21 H 0 0 0
M [2]q - [3]4 - 20 M 0 0
() = 0 :u [3]q_[?]q_2ﬂ 0 0
0 0 0 [n—1]q = [n]q - 24 I
0 0 0 1t [n]q—n

We now expand the determinant along the last row, and then we obtain
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[11q - [2]q -2

u 0 0 0
Iz [2]q - [3]q — 21 " 0 0
Un(n) = (nlg - ) ? " (Bla = Tha =20 ? ?
0 0 0 [n-2]g-[n-1]g-2n ;L
0 0 0 u [n-1]q - [nlq-2n
[11q -[2]q - 2n w 0 0 o
P [2]q - [3]q - 21 P 0 0
» 0 u (8l - [41g ~24 - 0 o
0 0 0 “ In-2lg-[n-1lg-2u O
0 0 0 "

In the resulting expression, let the first determinant on the right-hand side be denoted by ¢,,-1 (1)

and the second one by X (p). When ¢,,_1(p) is expanded along the last row, we obtain

bn-1(n) =
[11q - [2]q - 2u “ 0 0 0
Iz [2]q - [38]g - 2n Iz 0 0
([n-11q - [n]q - 2) 0 i Blg =g —21 - 0 0
0 0 0 [n-38lg-[n-2]g-2u ,L
0 0 0 u [n-2]g-[n-1lqg -2u
[11q - [2]q - 21 u 0 0
Iz [2]q - [3]q — 21 W 0 0
o 0 i (8lg - (4l -2 - 0 o
0 0 0 v [n-8lg-[n-2]g-2u O
0 0 0

“w

In this case, the first determinant on the right-hand side is evidently ¢,-2(x). Expanding the
second determinant along the last column yields

¢n71(/ﬁ)

= ([n - 1]q - [n]q - 2#) qbnf?(ﬂ) - /‘2¢n73(/‘)
("' = 2u)pp—2(p) = (P Pn-3(11)

with initial conditions ¢¢(p) = land ¢1(u) = —¢ — 2u. Moreover, expanding X (u) along the last
column shows that it equals ¢,,_2(r). Hence,

V(1) = ([n]q = 1) 1 (1) — (1 Pra ().

m|
Theorem 3.11 For the matrixz Afﬁgx, let its LU decomposition be given by L = [lfj]gszl and
U= [u;j]?,]&l'

The entries of these matrices are characterized as follows

1], i=j=1
lZ*j = [[O.%lllﬁ ’L<J
ilg ..
T ? >]
[J]q
and
[j]qa - =1
liaa™ i
ur = [Z,_l.]ql
*J []]qqz_ .
. 9 Z<.]
[Z_l]q
(0], i>7
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Proof This result is obtained by verifying the equality AE;QX = LU through matrix multiplication.
[m]

Theorem 3.12 For the matriz Af;f.gx, the following hold

(i) The Frobenius norm satisfies the formula

1A 1 = | ‘ >.(2i-1)[]2,
i=1

(i) The spectral norm admits the upper bound

JAD, |2 < \/n[n]? ((n-1)[n]2 +1).

Proof

(i) For the Frobenius norm of the matrix AEI‘QX, we obtain

M&hziimmH>
gﬁ[][mw+mﬂm3

(ii) To obtain the upper bound for the spectral norm of the matrix Al(]ffg)m7 we consider the

Hadamard product

A@) —A* oA*

max

where
m, [0, [l [, [,
2, [2, [, (1, [,
aoo| Bl Bl Bl e [,
-1, [n-1], [n-1] [n-1], [1,
[”]q [”]q [”]q [”]q [”]q
and

Then, we obtain

r1 (A7) =/n[n]2, c1(A3) =/(n-1)[n]Z +1.
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It follows that
|ALD)

which completes the proof.

Next, we present an illustrative example.

max ”2 < rl(AI) Cl(Ag)v

Example 3.13 For n=5 and q =2, the matrices A!(I'fi)n and A,(ffgx are as follows
[1]2 [1]2 [1]e [1]e [1] 111 1 1
(12 [2]2 [2]2 [2]2 [2] 1 33 3 3
A? 1]y 21 [3l2 Bl: Bll=|1 37 7 7
(12 [2]2 [3]2 [4]2 [4] 1 37 15 15
(12 [2]2 [3]2 [4]2 [5] 1 3 7 15 31
and
[1]2 [2]2 [3]2 [4]2 [5)2 1 3 7 15 31
[2]2 [2]2 [3]2 [4]2 [5)2 3 3 7 15 31
A2 =([3]2 [3]2 [3]2 [4)2 [5l2|=|7 7 7 15 31.
[4]: [4]2 [4)2 [4]2 [5l2| |15 15 15 15 31
[5]2 [5]2 [5]2 [l [5)2] 131 31 31 31 31
Their determinants are
4
det (A$),) = T] 2 = 1024
k=1
and
4
det (AQ) ) = [5], [] -2" = 31744.
k=1
Their inverse matrices are
_ 1 -
g —35 0 0 0
111,
-1
(Al(‘fl)n) = 0 _1 § _1 0
4 81 38 1
LR
0 0 0 -- =
L 16 16
and
-1 1 i
-3 % 0 0 0
1 1
2 aog
-1 1 1
(Asr?;x) = 0 — —— — 0
4 18 83 1
0 0 3 —}—6 T
1
0 0 0 — -
L 16 496
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The characteristic polynomials of the matrices Affi)n for 2<n <5 are

Py(\) =A%2-4)1+2,
Ps(A) =-A3+11A%2 - 20\ +8,
Py(N) =Xt =263 + 12672 - 176\ + 64,

Ps(\) = -X% + 5701 - 648)3 + 23602 — 2944\ + 1024.

The characteristic polynomials of the matrices Aﬁ,iix for 2<n <5 are

Po(p) = p? —4p -6,
P3(p) = —p® +11p% + 764 + 56,
Ya(p) = pt —26p3 - 586u% — 1616 — 960,

Ys(p) = —p® +57u* + 36243 + 27656, u? + 58496 + 31744,

where

(bl(lj’) =-2- 2;“7

pa(p) =3p*+12u+8,

¢3(p) = —4p® —46p° — 112 - 64,

ba(p) = 5pt+ 14403 + 95242 + 1920 + 1024.

The LU decompositions of the matrices Ar(i)n and AEIQX are

1 000 OJf[L 1 1 1 1
1100 offo 2 2 2 2
AP —11 1 1 0 offo 0 4 4 4
1111 0|lo oo s 8
1111 1]lo o oo 16
and
1 0 o0 o0 o]t 3 7 15
3 1 0 0 ollo -6 -14 -30
7T 1 0 olloo o B 9
AR = 315 3 120
155710000_T
1 31 31

g 3L 3L 3Ly g g 0

"7 3 7 15 1L

The Frobenius norms of these matrices are

JA@) o =] D (20 - 1) [6-4]2 = 44.19
i=1

min

5
FASHTEN | (20— 1) []2 = 102.45.
i=1

The spectral norms of the matrices Affi)n and AS,?QX are

and

A

min

|2 = 43.24
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and

| AG, |12 = 97.25,

max

computed numerically using Maple. Now, we present the upper bounds for these spectral norms.

The matrices Ay and As according to Theorem 5.6 (ii) are

1 1 1 1 1 1 1 1 1 1
1 3 1 1 1 11 3 3 3
A=l1 3 7 1 1|, A=|1 117 7|
1 3 7 15 1 1 1 1 1 15
1 3 7 15 31 1111 1
Then
r(An) = | Y13 = VI25
i=1
and
4
c1(A2) =] DI[i]5 + 1 = V/285.
i=1
Hence,
1A |y <7y (Ar) e1(Az) ~ 595.67.
Also,
[ Al < 1A P = 44.19.
The matrices A} and Aj in Theorem 3.12 (ii) are
1 1 1 1 1 1 3 7 15 31
3 3 1 1 1 1 1 7 15 31
Ar=|7 7 7 1 1|, A;=|1 1 1 15 31|.
15 15 15 15 1 11 1 1 31
31 31 31 31 31 111 1 1
Then
r1(A7) =/5[5]3 = V4805
and
c1(A3) =\/4[5]3 +1 = /3845.
Hence,

HA(2) 2 <r1 (A7) c1(A5) ~ 4298.28.

max

In addition,

|AG ]2 < [ AG)

max

| & = 102.45.
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The numerical results for the spectral norms of Al(ji)n

and Af]ilx for n=2,3,4,5 are summarised
in Tables 1 and 2, respectively. The actual spectral norms and the Frobenius norms were computed

numerically using Maple.

Table 1: Actual spectral norms and upper bounds for HA(Q)

min H2

HA(Q) |2 (actual) | Upper bound (Theorem 3.6) ||A(2) |7

n min min

2 3.41 4.47 3.46
3 8.84 25.48 9.00
4 20.18 130.54 20.59
) 43.24 595.67 44.19

Table 2: Actual spectral norms and upper bounds for ||Ag§x 2

n | A%, (actual) | Upper bound (Theorem 3.12) | A, s
2 5.16 13.42 5.29

3 15.98 120.64 16.52
4 41.19 780.00 42.99
5 97.25 4298.28 102.45

The upper bounds in Tables 1 and 2, obtained from Theorems 3.6 and 3.12 respectively, are
very loose for the spectral norm, especially for larger n. In contrast, the Frobenius norm provides
a much sharper estimate, almost equal to the actual spectral norm. Thus, the Frobenius norm is
a much better practical upper bound. The numerical values also show that the upper bounds grow

rapidly with n, becoming increasingly loose.

Now, we compare the ¢g-Max matrix introduced in this paper with the ¢-Frank matrix, which is a

special type of Max matrix studied in [24].

3.1. Comparison with the g-Frank Matrix

The g-Frank matrix defined in [24] has a lower Hessenberg structure, while the ¢-Max matrix in-
n n-1
troduced in this paper is dense and symmetric. Their determinants are [] ¢"~* and [n], [](-¢"),
k=1 k=1
respectively. The inverse of the g-Frank matrix is upper Hessenberg, whereas the inverse of the
g-Max matrix is tridiagonal. Both matrices satisfy second-order recurrence relations for their
characteristic polynomials, but their explicit forms are different. These differences show that the

present work is not a mere repetition but a natural extension to a different family of g-matrices.

4. Conclusion

In this paper, we have introduced the g-analogues of Min and Max matrices by defining their
entries as [min(s,j)], and [max(i,j)],, the g-integers. Thereby, we have embedded these well-

studied matrix families into the richer framework of g-calculus. We have obtained explicit formulas
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for the determinants, inverses, characteristic polynomials, LU decompositions, Frobenius norms,
and spectral norm bounds of both matrices. A numerical example confirms the validity of the

formulas.
The results show that the g-analogues preserve the structural simplicity of the classical Min

and Max matrices, such as tridiagonal inverses and elementary LU factors, while introducing a
g-dependence that allows further flexibility. This demonstrates that Min and Max structure leads
to simpler algebraic properties compared to other g-matrices such as the ¢-Frank matrix, making
the ¢g-Min and ¢-Max matrices potentially useful in numerical linear algebra.

Future work includes a detailed spectral analysis and the investigation of sharper norm

bounds for these matrices.
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Abstract: We develop a unified optimization-based framework for Kantorovich-type inequalities using
Karush-Kuhn—Tucker (KKT) conditions. For two commuting positive definite matrices A and B, we
derive a sharp eigenvalue-based upper bound for the product (Az,z)(Bx,z), which recovers the classical
Kantorovich inequality as a special case when B = A™*.

A central feature of our approach is a structural characterization of extremal configurations: We
show that every global maximizer is supported on at most two indices. This reveals that the reduction to
pairs of eigenvalues arises naturally from first-order optimality conditions.

In addition, we establish a weighted inequality involving explicit optimal constants, extending known
results related to the generalized Kantorovich constant K (h,p).

Our results provide a systematic variational framework for deriving and understanding Kantorovich-

type inequalities, offering both alternative proofs and a basis for further generalizations in matrix analysis.

Keywords: Kantorovich inequality, KKT conditions, quadratic forms, positive definite matrices.

1. Introduction

With several applications in statistics, numerical analysis, and matrix theory, the Kantorovich
inequality is a fundamental result in mathematical analysis and optimization. The inequality
was first established by Leonid Vital’evich Kantorovich [8] in 1948 and has subsequently been
generalized and expanded in many ways. This inequality provides an upper bound for the product
of two quadratic forms involving A and its inverse A~!. The classical Kantorovich inequality states
that for a real symmetric positive definite matrix A with eigenvalues A1 > Ao > ... > A\, >0 and
any unit vector x, the following holds

A1+ An)°

(Az,z) (A e, z) < D
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[N

By replacing unit vector = by HAf‘ in inequality (1), Kantorovich inequality can also be
A2z
expressed in terms of A? as:
(A2, 7) < M(Am z)? (2)
T AN, o

Another way to express the Kantorovich inequalities (1) and (2) is in the “normalized reduced”

form:

n LA (M +M)?

(;Aixf).(;Aile)gMW) , (3)
and

22 (At An)” >\ )? ’

(3) = S5 (5] ®
respectively. For a detailed analysis of the Kantorovich inequality, its equivalent formulations, and
related inequalities, we refer the reader to the comprehensive studies [1, 12] and also [3, 5, 9, 10, 14].

An extension of the Kantorovich inequality in a different direction was given in [4] as: Let

A be an n xn positive definite matrix satisfying M1, > A > mlI, >0, where I,, is n x n identity

matrix. Then the following inequalities hold for every unit vector x:
(Az,z)? < (APz,x) < K(m,M,p)(Azx, )P (5)
for p ¢ [0,1], where

-0 G-y
pP (M - m)(mMP - Mmp)r-1"

By using spectral decomposition theorem, normalized reduced form corresponding to the right-

hand side of inequality (5) can be written as

SIAP? < K(m,M,p)(
i=1 i=1

S
N
il V)
N—
i)
—
(=2}
=

with ¥I"; 22 = 1. Also, note that when p is in the interval [0,1], the reverse inequality holds.

While Kantorovich-type inequalities are traditionally established via convexity arguments,
spectral techniques, or direct algebraic manipulations, the Karush-Kuhn—Tucker (KKT) framework
provides a natural optimization-based perspective. By reformulating the problem as a constrained
optimization problem, the KKT conditions make the underlying variational structure explicit

and characterize extremal configurations through first-order optimality conditions. Moreover, this
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approach connects matrix inequalities with optimization theory, particularly Lagrangian duality
and multiplier methods, and has been effectively used in deriving eigenvalue bounds and related
inequalities (see, e.g., [6, 7, 13]). This viewpoint not only recovers known inequalities but also
offers a systematic way to derive extensions.

Our KKT-based framework provides a precise structural characterization of extremal con-
figurations in Kantorovich-type inequalities. In particular, we show that all global maximizers are
supported on at most two indices, revealing that the commonly observed reduction to eigenvalue
pairs is not merely technical, but an intrinsic consequence of first-order optimality conditions.
Moreover, our results recover known inequalities, such as inequality (6), as special cases while
providing a unified variational derivation and explicit expressions for the optimal constants. This
perspective not only clarifies the role of eigenvalue interactions in determining sharp bounds, but
also offers a systematic methodology that can be extended to broader classes of matrix inequalities.

We now state our main results. We use the notation (-,-) to denote the standard inner

product in R", i.e., (Az,z) = 27 Az for any symmetric matrix A.

2. Main Results

To start our analysis, we need the following lemmas.

Lemma 2.1 [11, Theorem 12.1] Suppose that x* is a local minimizer of
min f(z) (7)
st ¢;(x)=0, ieE
¢ (x)<0, el
and linear inequality constraint qualification (LICQ) holds at x*. Then there is a Lagrange
multiplier vector \* with components A\ € Eul such that the following conditions are satisfied at
(z*,A")
VoL (z*,\*) =0,
ci(z*)=0, ieFE
ci (%) <0, iel
>0, el
A (z¥)=0, ieFEuUl.
These conditions are often known as the Karush-Kuhn-Tucker (KKT) conditions. Since
¢i(z*) <0 and A >0 for all i € I, Af¢; (x*) = 0 imply that either A\ =0 or ¢; (z*) = 0. These

conditions are specifically called complementary conditions.
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Lemma 2.2 [6, Corollary 9.10] Let x* be a local solution of optimization problem in (7). The

KKT conditions hold at every local solution if all constraint functions are affine functions in R™.

In the following theorem, we derive an extension of inequality (1) using the KKT conditions.

Theorem 2.3 Let A and B be two nxn positive definite matrices such that AB = BA. Assume

that their eigenvalues are ordered as
AL 2 Az 22 Ay, p1 € g <o S

Then for any unit vector x e R™,

(Nipj _Mi)\j)2
Azx,x) (Bz,z) < max .
(Ar.o) (Bro) < max 0 ) G - o)

Ni#FNj, HiF)
i i

AT

Proof We start by examining the constrained optimization problem:

) = 1}-

Since A and B are positive definite and commute (AB = BA), they are simultaneously orthogo-

max{(Ax, x) (Bx,x)

nally diagonalizable (see [2]). Thus, there exists an orthogonal matrix U such that A = U DU,
B =UTD,U, where D; =diag(\1,...,\n), Do =diag(u1,. .., fin).

Let y=Uxz. Then |y| =1 and the problem reduces to

max {(é )\iyf) (é uiyf)

Setting z; = y?, we obtain

o) )

The feasible set is the standard simplex in R™, which is compact. Since the objective

n
Zy?:l .
i=1

n
}: Z; = 17 z22>20¢.
=1

function is continuous, a global maximizer exists. Any global maximizer is also a local maximizer.
Because the constraints are affine, Lemma 2.2 ensures that the Karush-Kuhn—Tucker conditions

are satisfied at such a point. The Lagrangian is

L(zh0) = - (il )\z) (i ,uz) vh (iz - 1) {0,2).

i=1 i=1
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From the KKT conditions we obtain

—>\1' Z HEZE — i Z )\kzk +h - 92 =0. (9)
k=1 k=1
If we multiply both sides of (9) by z; and sum over i, then the terms involving 6; vanish
due to the complementarity condition 6;z; = 0. Using also the feasibility condition ¥, z; =1, we

obtain

h=2( 3 )\kzk)(zn: ,LLka). (10)
k=1 k=1

Now define

N = Z /\kzk, M := Z HE 2k
k=1 k=1

Let I ={i: z > 0}. For every ¢ € I, the complementarity condition implies 6; = 0.

Substituting this into (9) and dividing by the product NM in view of (10), we obtain

?

i
+—=2. 11

=1ke

Now let’s take two indices 4,j € I. If we subtract the corresponding equations in (11), we
obtain

Ai=Aj By~ M
N M

. (12)

This relation allows us to express the ratio % as

Ai - A

/~Lj_//fi.

<l=

If we substitute this expression into (11) and solve the resulting system, we obtain

_ itk — i N = ik~ R
20 = N5) 2(p5 = 1)

We now justify that it is sufficient to consider solutions supported on at most two indices. Let z*
be a global maximizer and let I = {i: 2z} >0} be its active set. If |I| <2, there is nothing to prove.
Suppose that |I] > 3.

For each i € I, the complementarity condition implies 6; = 0, and hence the KKT condition

(11) holds:
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Thus, all active indices satisfy the same first-order optimality relation.
Hence, on the face

conv{e;: i€},

the partial derivatives of the objective function with respect to the active variables are equal.
Consequently, the restriction of the objective function to this face is affine. Since an affine function
on a compact convex set attains its maximum at an extreme point, there exists a maximizer
supported on at most two indices.

Since the boundary of a face of the simplex consists of lower-dimensional faces, this argument
can be iterated to conclude that there exists a global maximizer supported on at most two indices.

Therefore, it suffices to consider pairs of indices (4,J).

Since N >0 and M >0, the above expressions must be positive. This requires

Aify = Hidj 0, Aify — Hidj 0.
Ai = Aj P = Hi
which is equivalent to
ﬁ > ﬁ.
Hi Mg

Thus, the objective function value is

($) () s
k=1 k=1

AN = Ng) (pg = i)

Taking the maximum over all admissible pairs (,5) completes the proof. ]

Remark 2.4 When we take B = A" in the given theorem (so that p; = )\;1 ), the inequality
simplifies to:

(AT =A)

Az, z) (A 2, 2) < )
(Az,z) (A" 2, 2) max4(/\i_)\j)()\;1_>\;1)

By making the substitution t = X\;/\;, the right-hand side expression simplifies to the single-variable

(t+1)2
4t

function , where t ranges over the interval [A,/A1, A\1/An]. Remarkably, the mazimum value

of this function yields the well-known Kantorovich constant:

()\1 + An)2
4 ,

which corresponds precisely to the classical Kantorovich inequality. In this context, the inequality

we obtained in Theorem 2.3 can be considered as a generalization of the Kantorovich inequality.
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The following example illustrates both the applicability and sharpness of Theorem 2.3 and shows
how the bound can be computed explicitly for a concrete pair of commuting positive definite

matrices.

Example 2.5 Consider the matrices

¥

Both A and B are symmetric positive definite matrices and satisfy AB = BA. Their eigenvalues
are

S—
1l
—
-
ot
PN
N[
SNS—

A1=4, Ao =1, p1 =%, p2=3.

Moreover,

A1 Ay 1
— =8> —==—
p1 p2 3

so the ordering condition in Theorem 2.3 is satisfied.

For this pair, the upper bound in inequality (8) is given by

2
(Nipj = piX;)? (43-5:1) 52
max = 0y 7120
i#] 4()\1_)\3)(ﬂ] _:ul) 4(4_1) (3_5) 120

Choosing

13 17

21:%7 22:%

(which correspond to a unit vector x through the relations y=Uzx and z; =y? ), one obtains

23 23
(Az,z) = o’ (Bz,z) = 12’

and therefore
23 23 529

A B =— . — = —.
(Az,2)(Be.x) =15 15 = 120
Thus, the bound in Theorem 2.3 is attained for this example.

Now consider the special case B = A™'. In this case, the eigenvalues of B are j; = \;*, so

that
1
=7 p2 = 1.
Substituting into Theorem 2.3, we obtain
2
pz—par)® (41-7-1)° 25

71 2
(Ar,2)(4"x,7) < AN - X)(po— ) 4(4-1) (1-1) 16
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This coincides with the classical Kantorovich inequality

()\1 + )\2)2

A A7l <

with \1 =4 and Ay = 1. Hence, the classical Kantorovich inequality is recovered as a special case

of Theorem 2.3.

The following Definition 2.6 and Theorem 2.7 can be found in [12, p. 74].

Definition 2.6 Let h>0. A generalized Kantorovich constant K (h,p) is defined by

K(h,p) = o _hlp)zhh_ 1) (p; 1)”(2; . llz)p

for any real number p e R and K(h,p) is sometimes denoted by K(p) briefly.

We remark that K(m,M,p) just coincides with K(h,p) by putting h = % > 1 and

K(m, M,p) is an extension of the Kantorovich constant (YJ\J}”;LP ,in fact, K(m,M,2) = K(m,M,-1) =

(M-*—m)2
A4Mm

We now recall some important properties of K (h,p).

Theorem 2.7 (Properties of K(h,p)) Let h > 0 be given. Then a generalized Kantorovich

constant K (h,p) has the following properties:

(i) K(h,p):K(%,p) forall peR.
(it) K(h,p)=K(h,1-p) forall peR.
(iii) K(h,0)=K(h,1)=1 and K(1,p) =1 for all peR.

(iv) K(h,p) is increasing for p> % and decreasing for p < 1.

1

(v) K(hr, %)% = K(hp,g)_? for pr+0.

(vi) K(h,p) <h?™! forall p>1 and h>1.

We now use the KKT conditions to derive a broader form of inequality (6) in the theorem

below.
Theorem 2.8 Let {p;}, and {\;}1-, be positive real numbers, and let p>1. Assume that

AL Ao > 2\, 1 2 b2 2 2 [y,

163



Ibrahim Halil Giimiis and Asiye Gezen / FCMS

Then for every z e R™ with YI-, 22 = 1, the following inequality holds:

(p= 1P~ (pf) = )P ( n )”

P, 2 v J 2

My 2 £ max Aizi | - (13)
O A T\

n
i=1

Ai#A
gk
el I
i T

Proof We consider the constrained optimization problem

n P2
Yjo1 575

max
{ (Z?ﬂ )\jzjz)P

If we set y; = 2]2, then the problem becomes

max{ —————
P

{ (5 Aiws)
The feasible set is the standard simplex in R™, which is compact. Since the objective

function is continuous, a global maximizer exists. Any global maximizer is also a local maximizer.

Because the constraints are affine, Lemma 2.2 ensures that the Karush—-Kuhn—Tucker conditions

are satisfied at such a point.
We now write the Lagrangian function:

ZT'L=1NP'UJ' n 2
L(y,6,0) = -———L= +5| Yy -1] - 0;u;,
(Z0, Ay; )’ JZ=:1 ! JZ=:1 "

where § € R and 60; > 0.
We now compute the partial derivatives. If we differentiate with respect to y;, we obtain

P (7 M) oA (S0 Ayyg) S iy
8£: s (Z]_l Jy]) D (Z]_l ]yj) ZJ—lﬂijJr(;_gi:O. (14)

(=0 \yy) ™

yi

For convenience, introducing the notation

Jj=1

S=3 Nyj  T=)
=t '

(14) can be rewritten equivalently as

D
: T
b PN s g

Sp Sp+1
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The KKT conditions are therefore:

ijj:O, j=1,...,n.

If we multiply (14) by y; and sum over all 4, then the terms involving 6; vanish due to

complementarity. Carrying out this computation, we obtain

5o (1-p) Z?ﬂué’yj.
(Z?:1 Ajyj)p

Let us define the active index set
I={i|ly;>0}.
For every i € I, the complementarity condition implies 6; = 0.
We note that 6 # 0. Indeed, if 6 =0, then (14) would lead to a contradiction, since p > 1
and y # 0. Therefore, we may safely divide both sides of (14) by §. This yields

15 B PAi _
(1-p) Xk uiyk (1-p) k-1 MUk

forall iel.
Now, taking two indices 7,7 € I and subtracting the corresponding equations eliminates the

constant term on the right-hand side. As a result, we obtain

Yre1 MYk PN = Aj)

Shot Hpyk M5 = pE

Using this relation, we can solve for S and T in terms of p;, pj,A;, and A;. This gives

A A _ P(uA) — i)
1-p)(Ni=N)’ (1 =p)(uf =)

We now justify that it is sufficient to consider solutions supported on at most two indices.

Let y* be a global maximizer and define the active set

I={ily" >0}
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If |I| < 2, there is nothing to prove. Suppose that |I| > 3. Then, for any ¢ € I, the
complementarity condition implies 6; = 0. Hence, all active indices satisfy the same relations
arising from the KKT conditions, which in turn imply that the partial derivatives of the objective
function with respect to y;, i € I, are equal.

Thus, all active indices satisfy the same first-order optimality relations arising from the
KKT conditions. In particular, the partial derivatives of the objective function with respect to the
active variables are equal.

Hence, on the face

conv{e;: i€},

where e; denotes the i-th standard unit vector in R™, the restriction of the objective function is
affine. Since an affine function on a compact convex set attains its maximum at an extreme point,
there exists a maximizer supported on at most two indices. Therefore, it suffices to consider pairs

of indices (,7).

Since both S and T are positive, the numerators and denominators in the above expressions

must have consistent signs. In particular, this leads to the condition
,U,f)\J - /jé))\z > 0,

which is equivalent to

P
#7? > &.
JYREDY

Thus, for any admissible pair (4,7), the objective value is given by

(p= 1P (uf = )P
PP(Ai = Aj) (g Aj = g APt

Taking the maximum over all admissible pairs (,5) completes the proof. ]

Remark 2.9 If we replace p with A in inequality (13), we obtain:

n - -1 - n
Z)\’,’z.zgmax - D7 )\?)p ( '-2)p.

=" /\ji{\] PP(Xi = A (AA; = AZA)Pt (o

By substituting A\; = hAj (with h>0), the coefficient reduces to:

(p- 17 (b7 - 1y
P (= D) = Ry
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This expression matches the generalized Kantorovich constant K (h,p) defined in Definition 2.6 :

K(h,p) = (h* - h) (p—lh”—l)f’.

(p-D(h-1)\ p h?-h

Given the ordered sequence of eigenvalues M =X 1 > Ay > ... 2 A\, =m >0, the ratio /)\‘— 1s bounded
J

below by 17, and above by % for any pair (i,7). Then, based on the symmetry property (i) in
Theorem 2.7 and the monotonicity result (iv) in Theorem 2.7, it follows that the generalized
Kantorovich constant K(h,p) attains its mazimum over this interval at either endpoint. That is,

for p>1 or p<0, we have

_1)p-1 P _ )PP
he[m,M] pP (M —m)(mMP — Mmp)p-1

which gives us the constant in inequality (6 ). In this context, inequality (13 ) can be regarded as a

generalization of inequality (6 ).

3. Conclusion

In this work, we presented a unified optimization-based framework for deriving Kantorovich-type
inequalities. By reformulating the problem in a spectral setting and analyzing the associated
optimization problem, we showed that the extremal structure can be reduced to configurations
supported on at most two indices. This reduction provides a transparent and systematic way to
recover and extend several known inequalities.

A central feature of our approach is that the reduction to two-point supports follows directly
from the Karush-Kuhn—-Tucker conditions. In this sense, the appearance of eigenvalue pairs is not
merely a technical device, but an intrinsic consequence of first-order optimality conditions.

Several directions remain open for further investigation. One is the case p € (0,1), where the
geometry of the optimization problem changes substantially. Another is the extension of the present
method to non-commuting matrices, where simultaneous diagonalization is no longer available. It
would also be interesting to study whether similar optimization-based techniques can be developed

for broader classes of functions beyond power functions.
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Abstract: The paper presents an approximate solution to the time-fractional Kawahara equation (TFKE),
marking a significant advancement in the field. We decisively utilize the Liouville-Caputo fractional deriva-
tive (FD) as the foundation of our analytical framework. To discretize the equations in time, we expertly
implement the Crank-Nicolson difference scheme, which guarantees precision and effectiveness. Addition-
ally, we conduct a comprehensive stability analysis of the present scheme, applying the von-Neumann
approach designed explicitly for fractional equations. The findings from the numerical experiments are

clearly illustrated in the figures, effectively showcasing the robustness and reliability of our approach.

Keywords: Fractional Kawahara equation, Crank-Nicolson method, RBF collocation technique, Liouville-

Caputo fractional derivative operator, von-Neumann stability.

1. Introduction

Fractional calculus is a compelling and advanced extension of traditional calculus. In this do-
main, we generalize familiar integer-order derivatives and integral operators into their fractional
counterparts, enabling us to compute derivatives and integrals of arbitrary order. This powerful
concept not only expands our understanding but also delivers profound insights across numerous
fields of science and engineering. This intriguing field has been evolving since the 17th century,
capturing the imagination of researchers and gaining remarkable traction in academic discourse
[27, 30, 32]. Its applications are vast and varied, illuminating its potential across a spectrum of
disciplines, from physics and biology to chemistry, viscoelasticity, fluid mechanics, acoustic waves,
fractal dynamics, and control theory. Each application reveals a facet of its powerful versatility,

making it a topic of fervent interest in scholarly literature. A wealth of studies has delved into
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the existence and validity of problems modeled within this compelling framework. In recent years,
the integration of fractional-order derivatives into mathematical models has emerged as a pow-
erful approach, thanks to their capability to accurately represent memory and hereditary effects
found in complex systems. Consequently, fractional partial differential equations (PDEs) such as
the Kawahara equation, the Fokker-Planck equation, the Rosenau equation, the KdV equation,
and diffusion equations have made significant inroads into the literature, enriching the landscape
of mathematical research [4, 7, 12, 20, 28]. While finding exact solutions to these equations can
present formidable challenges, the quest has spurred the development of several innovative nu-
merical methods for their resolution. Among the most widely employed approaches are finite
element methods, the Crank-Nicolson technique, spectral methods, meshless Galerkin methods,
moving least squares techniques, and radial basis function (RBF), and RBF collocation meth-
ods. There are many papers about the solution of fractional partial differential equations, such as
[15, 16, 18, 31].

Notably, the time-fractional Kawahara equation provides an advanced framework for ef-
fectively modeling anomalous diffusion and nonlocal temporal dynamics evident in viscoelastic
materials, fluid flows, and biological systems. However, the combination of significant nonlinear-
ity and high-order spatial derivatives, along with the unique nonlocal characteristics of fractional
derivatives, presents substantial challenges, often rendering analytical solutions either extremely
difficult or impossible to achieve [23-25]. Embracing these complexities is essential for advancing

our understanding and application of these sophisticated models [14].

As a result, developing efficient and accurate numerical methods for solving these equations
has become a significant research topic. Traditional grid-based methods, such as finite difference
and finite element approaches, often have limitations including mesh dependency, reduced accuracy
for higher-order derivatives, and increased computational cost, particularly in higher dimensions
[36]. To address these issues, we will employ a powerful alternative: a mesh-free method based
on RBFs [5, 8, 17]. The RBF collocation method features high accuracy, geometric flexibility, and
easy implementation without needing mesh generation [9]. Motivated by these benefits, this study
aims to solve the time-fractional Kawahara equation using the RBF collocation method combined

with an appropriate time discretization scheme to approximate its solutions.

The organization of this paper is structured as follows: In Section 1, we briefly present the
governing equation and some recent references related to it. Section 2 discusses the application of
the RBF method for obtaining numerical solutions to the aforementioned equations. In Section
4, we examine the stability of the proposed method by employing techniques similar to classical
von-Neumann analysis. Section 5 includes a numerical example to demonstrate the validity of the

suggested scheme, alongside several numerical experiments presented in tabular format. Finally,
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we conclude with our findings and provide a list of references.

2. Statement of the Governing Equation

This part gives us the information of the mentioned time-fractional Kawahara equation (TFKE).
The Kawahara equation (KE) was depicted and introduced by Kawahara. The KE is one of
the effective equations in physics and ocean technology [19]. Signal dispersion across lines of
transmission is indicated by this equation. Furthermore, it enhances the process by incorporating
memory effects, leading to more precise formulations of waves propagating in complex temporal
environments [29]. There are many numerical studies about the mentioned equation. For example,
a spectral collocation algorithm is used to obtain approximate solutions of the time-fractional
generalized Kawahara equation by [2]. Another study, which mentions that the numerical solution
of the TFKE by using the collocation method based on a certain Lucas polynomial sequence is
given by [1]. Ahmed et al. gives a novel numerical technique to solve the TFKE numerically in [3].

General form of the KE is given as follows:
ze(x,t) + az(z, )z (2, t) + Bzowe (T,6) = V2pzaze (x,1) =0, (1)
with the initilal condition
2(x,0) = h(x), (2)

in here z(x,t) descripts the dependent variable, ¢ is the time variable, and « is the spatial variable.
«, 8 and ~ are real constants. The constants § and ~ are dispersion parameters related to third
and fifth-order spatial derivatives. The zz, term depicts nonlinear convection, while z,,, and
Zrzzze account for dispersive effects. The interaction between nonlinearity and dispersion plays a
crucial role in shaping the behavior of solitary and periodic waves. The dispersive term represents
wave dispersion; the higher-order dispersion term captures additional dispersion effects that arise
in specific media, while the convective term describes the advection of the wave packet due to its
own velocity [2].

Let’s now consider the TFKE
sz(xvt)"‘az(xvt)zm(mat)'*'ﬁza::vw(-rat)_'}/zwzwa:a:(xvt) =f(.’13,t), T € [a,b], t>0, 0<d<1, (3)
with the initial and homogeneous boundary conditions respectively,

2(2,0) = h(z), we€la,b],
z(a,t) = z(b,t) =0, t>0,
zz(a,t) = 2;(b,1) =0, >0,

Zea(a,t) = 222(D, 1) =0, >0,
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where f(x,t) is a source term, h(z) is a sufficiently smooth function, the operator Df represents
the Liouville-Caputo FD and z(x,t) is the unknown function. The fifth-order derivative 2ziyzze
represents higher-order dispersion effects and the nonlinear term zz, denotes wave steepening.
The fractional derivative can be said to introduce memory effects into the system. The selection
of the Liouville-Caputo fractional derivative in this study is driven by its physical relevance
and computational convenience, especially regarding time-dependent nonlinear partial differential
equations, such as the time-fractional Kawahara equation. The Liouville-Caputo FD presents
compelling advantages for various applications.

First, it facilitates the formulation of initial conditions through integer-order derivatives, which offer
clear and intuitive physical interpretations. This clarity is crucial for ensuring accurate modeling
in practical scenarios. Second, it excels at capturing memory and hereditary effects within complex
systems, making it an indispensable tool for researchers and practitioners alike. Finally, from a
numerical perspective, the Liouville-Caputo FD supports stable and widely adopted discretization
schemes, such as the L1 approximation and its variants, ensuring reliable results in computational
analyses. These schemes are relatively straightforward to implement and integrate efficiently with
spatial discretization methods like the RBF collocation method [11, 21, 30]. Ultimately, the
Liouville-Caputo FD is one of the most commonly used definitions in the literature on fractional
calculus. This definition facilitates comparisons with existing studies and ensures consistency with
previously developed numerical methods [23, 32].

The definition of Liouville-Caputo FD is provided below:

Definition 2.1. The Liouville-Caputo FD D?z(x,t) of order § >0 is denoted as [32]

t 0™ z(x, med—
p(,,i,(;) 0 35(,,L€)(t_£) =lag, m-1<8<m,

DYz(x,t) = (4)
O™ z(z,t)
Toatm

6=m, meN.

This FD has the following property for m—-1<d<m, meN,

0, meNy and m<[d],
DYz(x,t) = (5)

I'(m+1 m—
ﬁt 67 meNy and m>[d],

where Ng = {0,1,2,3,---}, the function I'(.) is called a Gamma function and the notation [d]

denotes the ceiling function.

A useful approximation was presented by Sun and Wu [33] for computing the fractional

derivative concerning t. Now, let’s state the following lemma about this approximation.
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Lemma 2.2. [33] Let z(z,t) € C*[0,t;]. Then

ds

R(=(2,10)) ’1 pEACE)

1(1-0)Jo (ti-5)°

At™? -1
- Sy o) = i b (@) ~biea(asto)]
B i=1
1 1-§ 229 s . b s
7(2_5)[ D +2—6_(1+2 )]or?tag%(l'z (z,t)|At"°,

where § € (0,1) ve by = (i+1)179 =179,

Let’s use the L1 approximation for this derivative.

D2 tnen) = ,u[boZ;Hl = > (bn-i - bn—i+1)Z§‘ - bnz?] +O((At)*), (6)
i=1
with
b= e @
At)™0
P (8)

T(2-4)

3. Implementation of the RBF Collocation Technique to the TFKE

This part introduces the RBF collocation technique. First, let’s delve into the captivating concept

of RBFs and uncover their significance.

Definition 3.1. Let s be a positive integer. A RBF ® :R® - R is introduced as
D(x) = ¢([Jz - z4)), (9)
where ¢ :[0,00) > R is a function with one variable and ||-|| is a norm in R®.

It depends on the distance from a specific center point.

This collocation technique relies on point collocation of a straightforward series expression,
which simplifies the mathematical algorithm and makes it easy to implement. In comparison to
classical finite difference methods, the RBF collocation approach offers several advantages: it is
mesh-free, it efficiently handles high-order derivatives, it provides spectral-like spatial accuracy
for smooth solutions, and it is flexible for nonlinear fractional models. Kansa’s RBF collocation
technique was developed to solve PDEs using RBF [17]. Among the available approximation
schemes, the multiquadric approach has been favored due to its remarkable accuracy. Hardy was

initially introduced to this scheme [13]. Researchers established the existence, uniqueness, and
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convergence of this approximation [10, 22, 26]. Recently, there has been increasing interest in
applying this function to approximate solutions for fractional PDEs. The mentioned method has
been applied to solve fractional PDEs by authors [6, 35]. We shall now proceed to discuss the
implementation of the RBF collocation technique in detail.

Utilizing the method, our objective is to approximate the value of z(x;,t"):

M
Z($j>tn):I€Z:1)\Z¢k(xj)7 (10)

where A} are the unkown coefficients and ¢ (x;) is a RBF. The most widely utilized RBFs are

Gaussian (G), Multiquadric (MQ) which are presented below:

.« Blr)=er
o O(r)=Vr2+c2,

This paper presents an approach that utilizes both Gaussian basis function to derive numer-
ical solutions.
First, we apply Liouville-Caputo FD which is given Equation (6), and then Crank-Nicolson

technique to the Equation (3), we get

% bOZ;LJrl - Z(bn—1 - bn—i+l)2; - anJO
i=1

a(z)?ﬂ(%)? +(2)] (z)]"! . B(Z:sx)?“ + (232) 7
2 2
(ZSZE);‘H—I + (Z5I)?

_ =0 11
¥ 5 ; (11)

where t"*1 = (n+1)At, n=0,1,2,--, M and the step size of the time variable ¢ is depicted by At.

The approximate solution of z(z,t) at the point (z,,t") are denoted by z;". The approximation

of z(z;,t") and its spatial derivative at each time step can be stated as:

M
Z(:L'jatn) = ZAZQSIC(:UJ); (12)
k=1
aSZ(J’"vtn) = n 1
87;3 = kgl)‘k(bk xj), (13)
P z(xj,t") Mo (v)
T = ), (14)
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where the coefficients, denoted as A}, need to be computed at every time step. By substituting
Equations (12)-(14) into the Equation (11) and rearranging, we obtain the following algebraic

equation:

M, +1
AR dr(xy)
k=1

+
(SR}

M n+1l M n I M n+l ;7 M n
[zxk or () 33N G (e) + 30T mxnzwk(mn]
k=1 k=1 k=1 k=1

S Rey

U n+l v Y n+l (v)
2 AR o (%‘)‘5 2 ATy (w5)
k=1 k=1

n M ) M
= Y (bnoi = bnois1) D Apon(x5) + by > Apdi(z;)
i=1 k=1 k=1

B8 Y .o v M, (v) .
) Ak Pr (xj)‘*'g ZAkdak (%), Jj=1,2,, M. (15)
k=1 k=1

By systematically solving the system at each time step, we can elegantly construct the solution
through Equation (12). This process is efficiently executed using MATLAB, allowing us to uncover
insightful results with precision and ease. Let’s now give the algorithm for the system (15).

Algorithm
e Choose the fractional order §, final time T, spatial nodes N, , and time levels N;.

e Generate the spatial collocation points

and define the time step size

¢ Construct the Gaussian RBFs

o1 (z) = exp (—c(z - x1)?).

e Assemble the interpolation matrix

Akj = i)
e Compute the RBF derivative matrices such as
Dy=A, A7, D3 = Agga A7V, Ds = Apogaa A"
e Initialize the numerical solution using the initial condition

2% = 2(x,0).
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e Calculate fractional terms and then solve nonlinear system for each time step by using

Newton-Raphson method.
e Compute the exact solution, absolute errors.

e Plot the numerical solutions, exact solutions, and error surfaces.

4. Stability Analysis

At first, Equation (3) can be linearized by assuming the quantity z in the nonlinear term zz, as

locally constant q. Then, we get

sz(zvt) +0qze (2,t) + B2uge (7,1) = V2Zeazza (T,1) = 0, (16)
& _ n+1 n
Diz(x,t) = plzf" -2]]
n-1 )
+ b1z +p > biz] ™" = ,ubnz?, (17)
i=1

where b; = b;41 —b;, i=1,2,---,n—1. It can be expressed into the difference equation same with

Equation (15), as

M n+1 q M n+l 7
NkZM Fr(x;)  + 7 Ak k()
~ =
B M n+l ,mr Y M n+l v
+ EZAk Py (wj)_EZAk o (z;)
=1 =1

n M ) M M M
= S B AR i (m5) + pbn ) ARk (m) — bt 2 ARdk(@i) +p Y AL bk (w)
i=1 k=1 k=1 k=1 k=1

M o B X o - .
Ak(bk(mj)fgz)‘k(bk (xj)+52/\k¢k(xj)7 .7=1’27"'7M' (18)
=1 = k=1

qo
2 k=1

k

As in the von-Neumann stability analysis method, we assume that
M .
> Aok (ay) = e, (19)
k=1

in here 72 = -1, the amplification factor is shown by ¢ and 6 is the wave number. If this equation
is plugged into the linear difference equation, then equating the coefficients of €% gives this
equality

Y b€+ b€ — by + i+ 5(—qad) + BO° +~6°)

: 20
1= 5(=qal + 63 +~65) 20)

§

Let’s consider the time independent limit value £ = -1 as in [34], then

P DTET 4 b€ = (270 - 1),
j=1
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and

pby = (2170 — 1),

Equation (20) can be rewritten as

N L(—qab + B3 + 46°) (21)
- L(~qaf + 563 + 405)

In conclusion, we find that the method is unconditionally stable since |¢| = 1.

5. Numerical Outcomes and Discussion
This part gives numerical results of the TFKE on the two test problem.
Test Problem 1:

For 0 =1 and f(x,t) =0, the exact solution of Equation (3) is

1 1 t
2(x,t) = —sech? | —=(z - ﬁ) ,
169 2135 169

with the initial condition is given as

105 +f =z
z(x,0) = —sech™ | ——|]. 22
(.0) 169 ( 2v/13 ) (22)
Numerical calculation is done over the solution domain —20 < x < 20 in the time period 0 <t < 10
with parameters Az =0.05 and At =0.1. Numerical and exact solutions are presented in Figures

1, 3, 4, and 5 for the choice of § =1. Additionaly, absolute errors are illustrated in Figures 2, and

6. All numerical results show that the method is effective and reliable.

T=0
0.7 T T T T

%102 Starting error
T T 5 T T T T T
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Figure 1:

Numerical and exact solutions for Figure 2: Starting error at 7" = 0 for Test Prob-
lem 1

0=1
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Figure 3: Numerical and exact solutions at 7'=  Figure 4: Numerical solution for § = 1, Az =
5 for Test Problem 1 0.05, and At=0.1

x1074

N w I

IZexact Znuml

Figure 5: Exact solution for § =1, Az =0.05, Figure 6: Absolute error for § =1
and At =0.1
Test Problem 2: To effectively validate the proposed numerical method, we employ a

manufactured solution approach. In this process, we strategically select the exact solution as
2(x,t) = t** sin(wz),

and carefully construct the corresponding source term to guarantee that the equation is satisfied
precisely. This recognized scheme serves as a strong means of verifying numerical techniques for
fractional differential equations, ensuring reliability and accuracy. The forcing term f(z,t) is also
computed by substituting the exact solution into the equation.

The numerical simulations conducted using the RBF collocation method provide valuable
insights into the effectiveness of this approach for approximating solutions to the TFKE across a
range of fractional-order parameters §. The strong agreement between the numerical and exact
solutions throughout the computational domain reflects the method’s high accuracy and stability.

The three-dimensional surface plots 7, 8, 9, 10 offer a clear illustration of how the solution
evolves smoothly in both space and time. As the fractional order transitions from § = 0.4 to § = 1.0,

we observe an increase in the amplitude of the solution and more pronounced wave propagation.
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This behavior aligns with expectations, as a higher § reduces the memory effect associated with
the fractional derivative, guiding the model toward the classical Kawahara equation when § =1.

The comparison plots at the final time level 11 reinforce the RBF collocation technique’s
ability to effectively capture the complex nonlinear and dispersive dynamics of the equation. The
near overlap of the numerical curves with the exact solutions across all tested fractional orders
highlights the algorithm’s reliability and effectiveness.

As shown in Figure 12, the numerical error consistently decreases steadily as the numbers
of collocation points and time levels increases. In summary, the results suggest that the RBF
collocation method serves as a promising and accurate numerical framework for solving the time-
fractional Kawahara equation across various fractional orders. The established error bounds further
support its reliability, making it an appealing choice for practical applications in the field.

Table 1 shows the maximum absolute errors achieved by the RBF collocation method for
different spatial and temporal discretizations. The results also show that the fully implicit scheme
remains stable and efficient, even when dealing with nonlinear and fifth-order dispersive terms.

Ultimately, the Table 1 confirms that the proposed method demonstrates reliable numerical

performance with minimal errors.

05
‘ y

Figure 9: Numerical solution for ¢ = 0.8 Figure 10: Numerical solution for § =1

In here, N, represents the number of spatial collocation points employed in the RBF

approximation over the spatial domain, while IV; denotes the number of temporal discretization
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12 1
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‘— Exact Solution — Exact Solution 10°F
1 = = Numerical Solution 0.8 = = Numerical Solution
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Figure 11: Comparison of numerical and exact  Figure 12: Maximum error for different values
solutions for § =0.4, 0.6, 0.8, and 1 of §

Table 1: Maximum absolute errors for the RBF collocation method applied to Test Problem 2

N, | N; L.
21 | 300 | 1.144899¢ - 08
A1 | 600 | 3.991269¢ - 08
61 | 900 | 3.810005¢ — 08
81 | 1200 | 2.840317¢ - 08

points utilized in the L1 finite difference approximation of the Liouville-Caputo FD.

Recent research utilizing spectral collocation methods for the nonlinear time-fractional gen-
eralized Kawahara equation has revealed impressive accuracy and robust convergence properties.
Notably, eighth-kind Chebyshev collocation schemes [2] and operational matrix techniques have

demonstrated the ability to provide highly precise approximations with minimal computational
errors.

Our current findings are consistent with these advanced spectral methods, yet they also
offer the advantage of simpler implementation through RBF interpolation. Moreover, unlike many
conventional polynomial-based spectral methods, the RBF collocation approach eliminates the
need for structured basis functions or complex orthogonal polynomial constructions, making it a
more accessible and efficient choice for practitioners. The numerical error behavior observed in our
simulations aligns closely with established theoretical analyses for fractional differential equations.
Studies on spectral and finite difference methods for time-fractional models have shown that the
L1 approximation typically achieves a temporal accuracy of O(AtQ“s). This finding supports the
convergence trend we’ve identified in our computations.

Additionally, prior research on local RBF-FD methods for KE has demonstrated that RBF-
based discretizations maintain stability and accuracy, even when faced with equations containing
fifth-order dispersive terms. Our current results reinforce the idea that RBF collocation is highly
effective at approximating nonlinear fractional KE across various fractional orders.

In summary, the evidence clearly indicates that our proposed method stands out as com-

petitive compared to existing spectral, finite difference, and operational matrix techniques, while
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delivering:

o Exceptional spatial accuracy,

o Effortless implementation,

o Flexibility for nonlinear fractional PDEs,

» Consistent convergence behavior across diverse fractional orders.

Choosing our approach ensures you harness the full potential of modern numerical methods

for complex problems.

6. Conclusion

This paper begins by demonstrating a mesh-free approximation using the RBF collocation method
to numerically solve the TFKE. The time-fractional derivative is expressed by the Liouville-Caputo
FD. We use two test problems to obtain the numerical solutions for the present equation.

In the first test problem, we compute numerical solution for the fractional derivative with a
value of § = 1. Graphical results are given in figures.

In the second test problem, a well-designed manufactured test problem with an exact
analytical solution is used to validate the effectiveness of the method. Numerical simulations
are conducted for various fractional-order values, and the resulting numerical solutions display an
excellent match with the corresponding exact solutions. The graphical outcomes indicate that the
proposed method effectively captures the nonlinear and dispersive behavior of the equation while
maintaining numerical stability throughout the computational domain.

The error analysis approves the method’s convergence and reliability. Maximum absolute
errors significantly decrease as the number of spatial collocation points and temporal discretization
levels increases. Furthermore, the stability analysis of the approach is performed using a method
akin to the traditional von-Neumann analysis. The consequence indicates that it is unconditionally

stable.
Our main results display the idea that RBF collocation is highly effective at approximating

nonlinear fractional Kawahara equations across various fractional orders. Thus, it can be said that
the mentioned method provides an efficient alternative for solving these fractional PDEs due to its

straightforward implementation.

Acknowledgement

This paper is supported by Eskigehir Technical University Research Fund under Contract No.
23ADP045.

181



Bahar Karaman, Emrah Karaman and Yilmaz Dereli / FCMS

Declaration of Ethical Standards

The authors declare that the materials and methods used in their study do not require ethical

committee and legal special permission.

Authors Contributions

Author [Bahar Karaman]: Collected the data, contributed to completing the research and solving

the problem, wrote the manuscript (%45 ).

Author [Emrah Karaman]: Contributed to completing the research and solving the problem (%25 ).

Author [Yilmaz Dereli]: Contributed to research method or evaluation of data, contributed to

completing the research and solving the problem (%30).

Conflicts of Interest

The authors declare no conflict of interest.

(1]

8l

(4]

(5]

(6]

[10]

(11]

182

References

Abd-Elhameed W.M., Al-Harbi A.K., Alqubori O.M., Alharbi M.H., Atta A.G., Collocation method
for the time-fractional generalized Kawahara equation using a certain Lucas polynomial sequence,
Axioms, 14(2), 114, 2025.

Abd-Elhameed W.M., Youssri Y.H., Amin A.K., Atta A.G., Eighth-kind Chebyshev polynomials
collocation algorithm for the monlinear time-fractional generalized Kawahara equation, Fractal and
Fractional, 7(9), 652, 2023.

Ahmed H.M., Izadi M., An accurate approximation technique based on Schroder operational matrices
for numerical treatments of time-fractional nonlinear generalized Kawahara equation, Boundary Value
Problems, 2025, 90, 2025.

Barkai E., Metzler R., Klafter J., From continuous time random walks to the fractional Fokker-Planck

equation, Physical Review E, 61, 132, 2000.

Buhmann M.D., Radial Basis Functions: Theory and Implementations, Cambridge University Press,
2003.

Chen W., Ye L., Sun H., Fractional diffusion equations by the Kansa method, Computers & Mathe-
matics with Applications, 59, 1614-1620, 2010.

Diego M. A., Implicit finite difference approxzimation for time fractional diffusion equations, Computers

& Mathematics with Applications, 56, 1138-1145, 2008.
Fasshauer G.E., Meshfree Approximation Methods with MATLAB, World Scientific, 2007.

Flyer N., Fornberg B., Radial basis functions: Developments and applications, Acta Numerica, 24,
215-258, 2015.

Franke C., Schaback R., Convergence order estimates of meshless collocation methods using radial

basis functions, Advances in Computational Mathematics, 8, 381-399, 1998.

Gao G.-H., Sun Z.-Z., Zhang H.-W., A new fractional numerical differentiation formula to approximate
the Caputo fractional derivative and its applications, Journal of Computational Physics, 259, 33-50,
2014.



[12]

(13]

14]

(15]

[16]

(17]

(18]

(19]

[20]

(21]

22]

23]
24]
(25]

[26]

27]

(28]

29]

(30]

31]

32]
(33]

Bahar Karaman, Emrah Karaman and Yilmaz Dereli / FCMS

Gorenflo R., Mainardi F., Essentials of Fractional Calculus, Preprint Submitted to MaPhySto Center,
January 28, 2000.

Hardy R.L., Multiquadric equations of topography and other irregular surfaces, Journal of Geophysical
Research, 76, 1905-1915, 1971.

He J.H., Approximate analytical solution for nonlinear fractional differential equations, Communica-

tions in Nonlinear Science and Numerical Simulation, 4, 230-245, 1999.

Izadi M., Patel Y.F., Analytical study of models in quantum field theory: Fractional Kundu-Eckhaus
and massive Thirring equations, Nonlinear Dynamics, 113, 26583-26602, 2025.

Izadi M., Samei M.E., Time accurate solution to Benjamin-Bona-Mahony-Burgers equation via Taylor-
Boubaker series scheme, Boundary Value Problems, 2022, 17, 2022.

Kansa E.J., Multiquadrics - a scattered data approrimation scheme with applications to computa-
tional fluid dynamics, II: Solutions to parabolic, hyperbolic and elliptic partial differential equations,
Computers & Mathematics with Applications, 19(8-9), 147-161, 1990.

Karaman B., Dereli Y., Numerical simulation for a time-fractional coupled nonlinear Schrédinger

equations, International Journal of Computer Mathematics, 98(6), 1233-1253, 2021.

Kawahara T., Oscillatory solitary waves in dispersive media, Journal of the Physical Society of Japan,
33, 260-264, 1972.

Laskin N., Time fractional quantum mechanics, Chaos, 102, 16-28, 2017.

Lin Y., Xu C., Finite difference/spectral approzimations for the time-fractional diffusion equation,

Journal of Computational Physics, 225(2), 1533-1552, 2007.

Madcy W.R., Nelson S.A., Multivariate interpolation and conditionally positive definite functions II,
Mathematics of Computation, 54, 211-230, 1990.

Magin R.L., Fractional Calculus in Bioengineering, Begell House, 2006.
Mainardi F., Fractional Calculus and Waves in Linear Viscoelasticity, Imperial College Press, 2010.

Metzler R., Klafter J., The random walk’s guide to anomalous diffusion, Physics Reports, 339, 1-77,
2000.

Michelli C.A., Interpolation of scattered data: Distance matrices and conditionally positive definite

functions, Constructive Approximation, 2, 11-22, 1986.

Miller K.S., Ross B., An Introduction to the Fractional Calculus and Fractional Differential Equations,
Wiley, 1993.

Momani S., An explicit and numerical solutions of the fractional KdV equation, Mathematics and
Computers in Simulation, 70, 110-118, 2005.

Nadeem M., Khan A., Javeed M.A., Yubin Z., Analytical scheme for time fractional Kawahara and

modified Kawahara problems in shallow water waves, Fractal and Fractional, 8(7), 395, 2024.
Oldham K.B., Spanier J., The Fractional Calculus, Academic Press, 1974.

Patel Y.F., Izadi M., FExact solutions of the generalized time-fractional order Burgers-Huzley equation

with a robust semi-analytical technique, Journal of Umm Al-Qura University for Applied Sciences,
2025.

Podlubny I., Fractional Differential Equations, Academic Press, 1999.

Sun Z., Wu X., A fully discrete difference scheme for a diffusion-wave system, Applied Numerical
Mathematics, 56, 193-209, 2006.

183



Bahar Karaman, Emrah Karaman and Yilmaz Dereli / FCMS

[34] Sweilam N.H., Khader M.M., Ade M., On the stability analysis of weighted average finite difference
methods for fractional wave equation, Fractional Differential Calculus, 2(1), 17-29, 2012.

[35] Uddin M., Haq S., RBFs approzimation method for time fractional partial differential equations,

Communications in Nonlinear Science and Numerical Simulation, 16, 4208-4214, 2011.

[36] Zayernouri M., Karniadakis G.E., Fractional spectral collocation methods, SIAM Journal on Scientific
Computing, 36, A40-A62, 2014.

184



Fundamentals of Contemporary Mathematical Sciences
FCMS mll doi:10.54974 /fcmathsci. 1914514
(2026) 7(2) 185 — 201

‘ Research Article

Soft N -Clogroups over Near-Rings and their Extended Operations

incinur Yilmaz ®'; Emin Aygiin ®?

! Erciyes University, Graduate School of Natural and Applied Sciences, Department of Mathematics
Kayseri, Tiirkiye
2 Erciyes University, Faculty of Science, Department of Mathematics
Kayseri, Tirkiye, eaygun@Qerciyes.edu.tr

Received: 23 March 2026 Accepted: 02 June 2026

Abstract: In this paper, we introduce the notion of a soft A -clogroup over a near-ring by combining the
classical concept of A -clogroups with soft set theory. This framework provides a parameter-dependent
extension of the subgroup-generation mechanism induced by multiplicative action in near-rings. We define
soft A -clogroups and soft sub-A -clogroups and present illustrative examples clarifying their structural
behavior. We further investigate the behavior of these structures under extended union and extended
intersection operations. The associativity of these extended operations is established within the soft A -
clogroup framework. The obtained results provide a systematic structural analysis of soft A -clogroups
and clarify the behavior of extended operations in this setting. Moreover, we examine the behavior of
soft N -clogroups under near-ring homomorphisms and show that preimages preserve the soft A -clogroup

structure, whereas homomorphic images do not necessarily preserve it.

Keywords: Near-rings, N -clogroups, soft sets.

1. Introduction

Near-ring theory provides a flexible algebraic framework in which additive and multiplicative
structures interact without the full symmetry of rings. A structural phenomenon in near-rings
arises from the interaction between multiplication and the additive group. In this context, the
concept of an N -clogroup was introduced to describe subsets whose multiplicative action generates
additive subgroups [5]. This notion captures a subgroup-generation mechanism determined by
multiplication.

On the other hand, soft set theory, introduced and further developed by Molodtsov [13-15],
offers a parameter-based formalism for describing mathematical objects that vary with respect to
external attributes. Soft set theory has also been applied to decision-making problems, information

systems, and soft information recognition [11, 18, 22]. Instead of studying a single subset of a
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universe, a soft set assigns to each parameter a corresponding subset, thereby allowing a structured
parameterization of algebraic data.

Since its introduction, soft set theory has been adapted to various algebraic systems, in-
cluding groups, rings, semirings, near-rings, BCK/BCl-algebras, WS-algebras, and soft modules
1,2, 4, 8-10, 16, 19, 21].

In recent years, there has been increasing interest in extending classical algebraic structures
into parameterized settings using soft set theory and related uncertainty-based frameworks, such as
rough set theory [17]. Recent studies have focused on the development of soft algebraic structures
and their generalizations, including soft near-ring frameworks and their applications [6, 7]. These
developments indicate that soft algebraic systems remain an active area of research and continue
to provide new perspectives for algebraic generalizations.

Although N -clogroups have been studied within classical near-ring theory and soft algebraic
structures have been extensively developed, the integration of these two frameworks has not been
addressed. There is currently no systematic treatment of N -clogroups in a parameterized (soft)
setting.

The aim of this paper is to establish such a framework. We introduce the concept of a
soft A -clogroup over a near-ring and investigate its basic structural properties. We define soft
sub- N -clogroups and provide explicit examples illustrating how parameterization interacts with
the classical subgroup-generation condition.

Furthermore, we examine the behavior of these structures under extended union and ex-
tended intersection operations in the sense of soft set theory [3, 12]. We analyze how these opera-
tions interact with the defining subgroup-generation condition of soft N -clogroups and investigate
their structural properties within this framework.

The paper is organized as follows. Section 2 recalls the necessary preliminaries on near-
rings, N -clogroups, and soft sets. In Section 3 we introduce soft A -clogroups and study their
fundamental properties. Section 4 is devoted to the analysis of extended union and extended

intersection operations.

2. Preliminaries

2.1. Near-rings and N -clogroups

We first recall the notion of a near-ring and the related concept of an A -clogroup (see [5]).

Definition 2.1 ([5]) Let N be a nonempty set endowed with two binary operations, denoted by

@

+ 7 and “ 7. The structure (N,+,-) is called a near-ring provided that:

o The algebraic system (N,+) forms a group (commutativity is not assumed,).
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o The pair (N,-) constitutes a semigroup.
e The multiplication is right distributive with respect to addition; that is,
(a+b)-c=a-c+b-c (1)
holds for every a,b,ce N .

A nonempty subset M € N is said to be a subnear-ring of N if (M,+) is a subgroup of
(N, +) and M is stable under the multiplication of N .

Moreover, for arbitrary subsets M,S € N, we introduce the product set
MS={ms|meM, seS}. (2)

Definition 2.2 [5] Assume that N is a near-ring and that M is a subnear-ring of N'. A
nonempty subset S € N is said to be an M -clogroup whenever the additive structure (MS,+)
forms a subgroup of (N, +).

As a special case, if M =N, then S is referred to as an N -clogroup.

Remark 2.3 Unless otherwise specified, all near-rings considered in this paper are assumed to

satisfy the right distributive law.

2.2. Soft Sets
We provide a concise overview of the main notions from soft set theory, as initiated by Molodtsov [13]

that form the conceptual framework for the subsequent results.

Definition 2.4 [13] Consider a universe U together with a parameter set £. Given S €&, a soft

set on U determined by S is a pair (J,S) such that
J:S—-PU) (3)
is a function assigning to every element of S a subset of U .

Definition 2.5 Let (J,S) and (K, T) be soft sets defined on the same universe U. We say that
(J,S) is a soft subset of (K,T), and write

(T, 8)E(K,T), (4)

whenever the parameter inclusion S € T holds and, for each s € S, the corresponding images

satisfy
J(s) c K(s). (5)
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In addition, we briefly summarize the standard extended operations on soft sets introduced

in the literature [3, 12, 20].

Definition 2.6 /3, 12] Let (J,S) and (K,T) be soft sets over U. The extended union of (J,S)
and (K, T) is defined as

(J,8)ue (K, T)=(L,SuT), (6)
where
J(s), seSNT,
L(s) =1K(s), seT NS, (7)

J(s)uK(s), seSnT.

The extended intersection of (J,S) and (K,T) is defined as

(jvs) Ne (’C,T)Z(,C,SUT), (8)
where
J(s), seESNT,
‘C(S): ’C(S)a seTNS, (9)

J(s)nK(s), seSnT.

3. Soft N -Clogroups
3.1. Definition and Basic Properties

We now introduce the central notion of this paper.

Definition 3.1 Let N be a near-ring and let £ be a set of parameters. Let S € €. A soft set

(J,8) over N is called a soft N -clogroup if, for every s€ S,
(NT(s),+) < (N, +), (10)

where

NI(s)={na|neN, aecT(s)}. (11)

Definition 3.2 Let (7,S) and (K,T) be soft N -clogroups over N'. We say that (J,S) is a
soft sub- N -clogroup of (K, T), denoted by

(J,8)2(K,T) (12)
if

(T,8)S(K,T). (13)
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Remark 3.3 If (7,S) is a soft N -clogroup, then for each s € S, the subset J(s) satisfies the
subgroup generation condition under the multiplicative action of N'. Thus, for each fized parameter,

the corresponding value behaves as a classical N -clogroup under the multiplicative action of N .

3.2. Examples

We present illustrative examples to clarify the distinction between M -clogroups and N -clogroups

and to demonstrate the structure of soft N -clogroups.

Example 3.4 Let N =715 be the near-ring under usual addition and multiplication modulo 12.
Let M ={0,6}, which is a subnear-ring of N', and let S ={0,4,8}.

We compute

MS ={ms|meM, seS}. (14)
Since
6-0=0, 6-4=0, 6-8=0 (mod 12), (15)
we obtain
MS ={0}. (16)

Hence (MS,+) is a subgroup of (Z12,+), and therefore S is an M -clogroup.
On the other hand,
NS:{HS|HEZ127868}2{0,4,8}. (17)

Since {0,4,8} is a subgroup of (Z12,+), S is also an N -clogroup.

Example 3.5 Let N =Z¢g under usual addition and multiplication modulo 6, and let S = {1,3}.

Then
NS ={ns|neZs seS} =127 (18)

Since (Zg,+) is a group, S is an N -clogroup.
We now provide a soft version.
Example 3.6 Let N =Z¢s and let S = {ej,ea}. Define a soft set (J,S) over N by
J(er) ={1,3},  J(e2) ={2,4}. (19)

Since

NIT(e1)=Z¢ and NJ(ez)=1{0,2,4}, (20)

and both sets form subgroups of (Zg,+), it follows that (J,S) is a soft N -clogroup.
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3.3. Extended Union

We analyze the extended union of two soft A/ -clogroups and examine its structural behavior within

the soft framework.

Definition 3.7 Let (J,S) and (K,T) be soft N -clogroups over a near-ring N'. The extended
union of (J,S) and (K, T) is defined as

(j,S) Ue (’CvT) = (‘678 UT)a (21)
where L:SUT — P(N) is given by
J(s), seSNT,

L(s) ={K(s), seT NS, (22)
J(s)uK(s), seSnT.

Example 3.8 Let N = (Zg,+,-) be the near-ring under usual addition and multiplication modulo

6. Let S={1,2,3} and T ={0,3,4}. Define the soft sets (J,S) and (K, T) over N by

J() =Zs, T(2)={0,2,4}, J(3)={0,3},

and
K©0) ={0}, K(3)={0,3}, K(4)=1{0,2,4}.
We first verify that (J,S) and (K,T) are soft N -clogroups. Indeed,
NI =Zs, NT(2)={0,2,4}, NIT(3)={0,3},
and

NK() = {0}, NK(3)={0,3}, NK(4)=1{0,2,4}.

Each of these sets is a subgroup of (Zg,+). Hence both (J,8) and (K,T) are soft N -clogroups.

Now consider their extended union. The parameter set of the extended union is
V=SuT={0,1,2,3,4}.

Let
(ﬁ,V) = (\778) Ue (IC’T)

Then the mapping L:V — P(N) is defined by

J(s), seSNT,
L(s) =1K(s), seT\S,
J(s)uK(s), seSnT.
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Accordingly,
E(O) = {0}7 ‘C(l) =Ze, £(2) = {07274}»
and
L£(3)={0,3}u{0,3} ={0,3}, L(4)={0,2,4}.
Moreover,
NL0)={0}, NL(1)=Zs, NL(2)={0,2,4},
and

NL(3)={0,3}, NLA)=1{0,2,4}.

Since all these sets are subgroups of (Zg,+), it follows that (L,V) is a soft N -clogroup.

3.4. Extended Intersection
Definition 3.9 Let (J,S) and (K,T) be soft N -clogroups over a near-ring N'. The extended
intersection of (J,S) and (K, T) is defined by

(J,8)ne (K, T) =(L,V), (23)
where ¥V =SuUT and the mapping L:V — P(N) is given by
J(s), seSNT,

L(s) ={K(s), seT\S, (24)
J(s)nK(s), seSnT.

Example 3.10 Let N = (Zg,+,") be the near-ring under usual addition and multiplication modulo

6. Let S={1,2,3} and T ={0,3,4}. Define the soft sets (J,S) and (K,T) over N' by

J(l) = Zs, J(2) = {07274}7 J(?’) = {0,3},

and
K(0)={0}, K(3)={0,3}, K(4)={0,2,4}.
As in the previous example, we have
NIQ)=2Zs, NI(2)={0,2,4}, NIT(3)={0,3},
and

NK(0) = {0}, NK(3)={0,3}, NK(4)=1{0,2,4}.

Thus, both (J,S) and (KC,T) are soft N -clogroups.

Now consider their extended intersection. Let

(E,V) = (\778) Ne (KaT);
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where

V=8uT={0,1,2,3,4}.

For each s €V, the mapping L:V — P(N) is defined by

J(s), seSNT,
L(s) =1 K(s), SETNS,
J(s)nK(s), seSnT.

Accordingly, we obtain

£(0) = {0}7 ‘C(l) = ZG? ‘C(Q) = {07234}7

and
L£(3)={0,3} n{0,3} ={0,3}, L(4)={0,2,4}.
Moreover,
NLO)={0}, NL(Q1)=Zs, NL(2)={0,2,4},
and

NL(3)=1{0,3}, NLA)=1{0,2,4).

Since all these sets are subgroups of (Zg,+), it follows that (L,V) is a soft N -clogroup.

Theorem 3.11 (Associativity of the soft N -clogroup extended union) Let (J,S), (K,T) and

(L,V) be soft N -clogroups over the same near-ring N'. Then
(7,8) ue (K, T) ve (£,)) = ((7:8) ve (K, T)) ve (£,V). (25)
Proof First, consider the left-hand side of (25). Assume that
(K, T)ue (L£,V) =(0, TuV), (26)
where O(s) is defined, for all se€ T uV, by

K(s), seT\V,
O(S) = E(S), seVNT, (27)
K(s)uL(s), seTnV.

Next, assume that

(T,8)uc (O, TuY)=(M,Su(TuV)), (28)
where, for every se Su(T uV),
J(s), seSN(TuV),

M(s) =< 0(s), se(TUV)NS, (29)
J(s)uO(s), seSn(TuV).
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By using (27) and (29) and taking into account the piecewise nature of O and M, we may rewrite

M(s) (for all se Su(T uV)) in the compact form

T (s), se(SNT)n(S V),
K(s), se (T \V)n(T~S),
L(s), se(WNT)n(V\S),
M(s) = { T (s) uK(s), seSn(T\V), (30)
J(s)u L(s), seSN(V\T),
K(s)uL(s), se(TnVY)\S,
J()U(K(s)uL(s)), seSNnTnV.

Now consider the right-hand side of (25). Assume that

(J,8)uc (K, T)=(R,SuT), (31)
where, for all se SuUT,
J(s), seSN\T,
R(s) =4K(s), seT\S, (32)

J(s)uK(s), seSnT.

Further, assume that

(R,SuT)uc (L, V) =(Q,(SuT)uV), (33)

where, for every se (SUT)uV,

R(s), se(SuT)\V,
Q(s) = 1 L(s), seVN(SuT), (34)
R(s)UL(s), se(SuT)n).

Using (32) and (34), and again considering the piecewise definition of R, we obtain that Q(s)

coincides with M(s) for every s € (SuUT)uV. Indeed, in the common part SNT NV we have
(T () Le K(s)) Ue £(5) = T (s) Ue (K(5) Ue L(s))

by associativity of the ordinary set union, and in all remaining disjoint regions the two constructions
select the same images.

Hence Q = M as set-valued mappings on the same parameter set, which proves (25). m|

Theorem 3.12 (Associativity of the soft N -clogroup extended intersection) Let (J,S), (K,T)

and (L,V) be soft N -clogroups over the same near-ring N'. Then

(7,8)ne (K, T)ne (£,V)) = ((7,8) ne (K, T)) ne (£, V). (35)
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Proof First, consider the left-hand side of (35). Assume that
(K, T)ne (£,V) =(O0, TuV), (36)
where, O(s) is defined, for all se TuV, by

K(s), seT\V,
O(s) ={L(s), seVNT, (37)
K(s)nL(s), seTnV.

Next, assume that
(J,8)n: (0, TuV) =(M,Su(TuV)), (38)

where, for every se SU(T UV),

J(s), seSN(TuV),
M(s)={0(s), se(TUVNS, (39)
J()n0O(s), seSn(TuV).

Using (37) and (39) and taking into account the piecewise nature of @ and M, we may rewrite

M(s) (for all se Su (T uV)) in the compact form

J(s), se(SNT)N(S V),
K(s), se(T~\V)n(T\S),
L(s), se(VNT)n (VN S),
M(s) =1T(s) nK(s), seSn(T\V), (40)
J(s)nL(s), seSn(Y\T),
K(s)n L(s), se(TNV)INS,
J()n(K(s)nL(s)), seSNnTnV.

Now consider the right-hand side of (35). Assume that

(7,8)ne (K, T)=(R,SUT), (41)
where, for all se SUT,
J(s), seSNT,
R(s) =1{K(s), seT NS, (42)

J(s)nK(s), seSnT.

Further, assume that

(R,SuT)n. (L,V)=(Q,(SuT)uV), (43)
where, for every se (SUT)uV,
R(s), se(SUT)\V,

Q(s) =4 L(s), seVN(SuT), (44)
R(s)NnL(s), se(SuT)n).

194



Incinur Yilmaz and Emin Aygiin / FCMS

Using (42) and (44), and again considering the piecewise definition of R, we obtain that Q(s)

coincides with M(s) for every se (SuT)uV. Indeed, on the common part SNT NV we have
(T (s) N K(5)) ne £(s) = T (s) ne (K(s) Ne L()) (45)

by associativity of the ordinary set intersection, and in all remaining disjoint regions the two

constructions select the same images.

Hence Q = M as set-valued mappings on the same parameter set, which proves (35). O

3.5. Closure Properties of Extended Operations

In this subsection, we investigate whether the class of soft N -clogroups is closed under extended
union operations. We first show that this structure is not preserved in general, and then provide

a complete characterization of the conditions under which it is preserved.

Theorem 3.13 The extended union of two soft N -clogroups is not necessarily a soft N -clogroup.

Proof We provide a counterexample.
Let N =Zg under addition and multiplication modulo 6.

Let S = {e} and define two soft sets (J,S) and (K,S) over N by
J(e)={0,2,4}, K(e)={0,3}. (46)

First, we check that both (J,S) and (K,S) are soft N -clogroups.

We have
NJT(e) ={0,2,4}, (47)
which is a subgroup of (Zg,+).
Similarly,
NK(e) ={0,3}, (48)

which is also a subgroup of (Zg,+).
Thus, both (J,8) and (K,S) are soft N -clogroups.

Now consider their extended union:

(j;S) Ue (IC7S) = (E,S), (49)
where
L(e)=T(e)uK(e)=A{0,2,3,4}. (50)
Now compute
NL(e)={na|neZsac{0,2,3,4}}. (51)
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This set is not closed under addition and does not form a subgroup of (Zg,+).
Therefore, (£,8) is not a soft A -clogroup.

Hence, the extended union does not preserve the soft N -clogroup structure in general. O

Theorem 3.14 Let (J,8) and (K,T) be soft N -clogroups over a near-ring N, and let
(L£,8uT)=(TJ,S)uc(K,T) (52)

be their extended union.

Then (L,SUT) is a soft N -clogroup if and only if for every se Sn'T,
NI (s) cNK(s) or NK(s)cNIT(s). (53)

Proof Assume first that (£,SuT) is a soft A -clogroup.

Let s SnT. Since
L(s) =T (s)vK(s), (54)

we have

NL()=N(T(5)uK(s)) =NT(s) uNK(s). (55)

Because (£,SuT) is a soft N -clogroup, the set A'L(s) is a subgroup of (N, +).
Since (J,8) and (K,T) are soft N -clogroups, both N 7(s) and NK(s) are subgroups of

(N, +). By the union of two subgroups is a subgroup if and only if one is contained in the other,
NIT(s) cNK(s) or NK(s) cNT(s). (56)

Conversely, assume that for every se Sn7T,
NT(s)eNK(s) or NK(s)cNJT(s). (57)

Let seSuUT.
If seSNT,then L(s)=J(s) and

NL(s) = NT(s), (58)

which is a subgroup of (N, +).
If seT NS, then L(s)=K(s) and

NL(s) = NK(s), (59)

which is a subgroup of (N, +).
If seSnT, then
NL(s) =NT(s) uNK(s). (60)
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By assumption, one of these is contained in the other, hence
NL(s)=NT(s) or NL(s)=NK(s), (61)

which is a subgroup of (N,+).

Thus (£,SuT) is a soft A -clogroup. o

Remark 3.15 The previous theorem gives a complete characterization of when the extended union
preserves the soft N -clogroup structure. The obstruction occurs precisely at parameters in ST,

where the generated subgroups must be comparable under inclusion.

Corollary 3.16 Let (7,S) and (K,T) be soft N -clogroups over a near-ring N'. If for every

seSNnT one has

NT(s) =NK(s), (62)
then (J,S) U, (K,T) is a soft N -clogroup.

Proof The result follows immediately from the previous theorem. O

3.6. Homomorphic Images and Preimages of Soft A -Clogroups

In this subsection, we analyze the behavior of soft A -clogroups under near-ring homomorphisms,

focusing on images and preimages.

Definition 3.17 Let N and N be near-rings, and let (J,S) be a soft set over N'. Let f: N - N’

be a near-ring homomorphism.

The image of (J,S) under f is defined as the soft set (f(J),S) over N given by
F(T)(s) = f(T(s)) ={f(a) |ac T(s)}, VseS. (63)

Similarly, let (IC,T) be a soft set over N'. The preimage of (K,T) under f is defined as
the soft set (f~(K),T) over N given by

() ={aeN | f(a) e K(t)}, VteT. (64)

Theorem 3.18 The homomorphic image of a soft N -clogroup is not necessarily a soft N -

clogroup.

Proof Let N/ =(Zj2,+,-) be the near-ring under usual addition and multiplication modulo 12,
and let
N ={0,2,4,6,8,10}.
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Then N is a subnear-ring of N/'. Consider the inclusion homomorphism
FINSN, f@) -
Let S ={e} and define a soft set (J,S) over N by

j(e) = {476}
We compute
NT()={na|neN, acJ(e)}={0,4,8}.
Since {0,4,8} is a subgroup of (N, +), it follows that (J,S) is a soft N -clogroup.

Now consider its image under f. Since f is the inclusion map, we have

f(T)(e) = f(T(e)) = {4,6}.
However,
N'f(T)(e) ={ma|meN’, ae f(T)(e)} = Zi2{4,6}.

More explicitly,
Z12{4} = {0,4,8} and Z12{6} = {0,6}

Hence

N'f(T)(e) ={0,4,6,8}.
This set is not a subgroup of (Z2,+), since
4+6=10¢{0,4,6,8}.

Therefore, (f(J),S) is not a soft N’-clogroup.

Consequently, the homomorphic image of a soft A/ -clogroup need not be a soft A/'-clogroup.
O

Theorem 3.19 Let (J,S) be a soft N -clogroup and let f: N - N’ be a surjective near-ring

homomorphism. If
FNT(5)) =N"f(T(s)) (65)

for all s€S, then the image (f(J),S) is a soft N'-clogroup.

Proof Since N J(s) is a subgroup, its image is a subgroup, and by assumption this equals

N'f(J(s)). Hence the result follows. o

Theorem 3.20 Let (K,T) be a soft N'-clogroup and let f: N — N’ be a near-ring homomor-

phism. Then the preimage (f~1(K),T) is a soft N -clogroup.

198



Incinur Yilmaz and Emin Aygiin / FCMS

Proof Since N'K(t) is a subgroup, its preimage is also a subgroup, hence the result follows. O

Remark 3.21 There is an asymmetry between images and preimages: preimages always preserve

the soft N -clogroup structure, whereas images require additional conditions.

Remark 3.22 Unlike the extended union, the analysis of extended intersection is more subtle.

The main difficulty arises from the fact that, in general,

N(T(s)nK(5)) #NT(s) nNK(s). (66)

One always has

N(T(5)nK(5)) eNT(s) nNK(s). (67)

Indeed, if v € N(J(s)nK(s)), then there exist n € N and a € J(s)nK(s) such that x = na.
Since a € J(s) and a € K(s), we have x e NJ(s) and x e NK(s). Hence v € NJ(s) nNK(s).
The reverse inclusion does not hold in general.

This lack of equality prevents a direct characterization similar to the extended union case.
Therefore, additional structural conditions would be required to fully describe when extended
intersection preserves the soft N -clogroup structure, and such an analysis is beyond the scope

of the present work.

4. Conclusion

In this study, we introduced the concept of soft N -clogroups as a parameter-dependent extension
of classical N -clogroups within the framework of soft set theory. By combining the multiplicative
subgroup-generation mechanism of near-rings with soft parameterization, we obtained a flexible
algebraic structure and analyzed its fundamental properties in detail.

We showed that, for each parameter, the associated image satisfies the classical subgroup-
generation condition, ensuring consistency with the traditional N -clogroup structure. This con-
firms that the proposed framework naturally extends the classical theory into a parameterized
setting.

The behavior of soft A -clogroups under extended union was investigated in detail. It was
demonstrated that extended union does not preserve the soft A -clogroup structure in general. A
complete characterization was established by providing necessary and sufficient conditions under
which the structure is preserved. This result shows that the obstruction arises precisely from the
interaction of parameters in the overlap region.

Furthermore, we analyzed the behavior of soft N -clogroups under near-ring homomor-

phisms. It was shown that homomorphic images do not preserve the structure in general, whereas
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preimages always preserve it. Additional conditions ensuring the preservation of the structure
under homomorphisms were also identified.

These results provide a deeper and more systematic structural understanding of soft N -
clogroups and clarify how parameterization interacts with multiplicative and additive mechanisms
in near-rings. The developed framework opens new directions for further research, including the
study of lattice-type structures, normality conditions, and extensions to other algebraic systems.

In particular, future work may focus on defining normal soft N -clogroups by imposing

suitable normality conditions on the generated subgroups N J(s) for each parameter s.
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