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CYCLIC-PARALLEL RICCI TENSOR OF ALMOST
S-MANIFOLDS

YAVUZ SELIM BALKAN, NESIP AKTAN* AND ERDAL OZUSAGLAM

ABSTRACT. In this paper, we consider cyclic-parallel almost S-manifolds and
we obtain some results.

1. INTRODUCTION

An extensive research about contact geometry is done in recent years. We recall
the precise definitions. Let M be a (2n + s)-dimensional manifold. We say that
M is equipped with an f-structure with a parallelizable kernel, more briefly f.pk-
structure, if there are given on M an f-structure ¢, s global vector fields &1, ..., &
and 1-forms 7, ...,ms on M satisfying the following conditions

(1.1) P(&) =0, miop=0 ¢ =-ld+ 3 n;@& (&) =7
J:

foralli,j € {1, ..., s}; we denote by D the bundle Im (¢), and we set & := & +...+&,

7 :=1m + ... + 5. The structure (¢, &;,n;) on M is said to be normal if and only if

N, =0, where N, is the (2, 1)-tensor on M given by N, := [p, ] +2 > dn; ®&;.
i=1

On a manifold equipped with an f.pk-structure there always exists a compatible

Riemannian metric g in the sense that for each X, Y € T' (T M)

(1.2 §eX, oY) = g (X,¥) = Yy (X) s (V).

However such that a metric on M is not unique: we fix one of them; then the
structure obtained is called a metric f.pk-structure. Let ® be the Sasaki form of ¢
defined by @ (X,Y) := ¢g(X,¢Y) for X,Y € I'(TM). It may be observed that D
is the orthogonal complement of the bundle ker (¢) = (&1, ..., &s) -
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The metric f.pk-manifold (M, p,&;,n;,g) is said to be an almost S-manifold if
and only if dn; = ... = dn, = ®. Almost S-manifold which are normal are called
S-manifolds.

The study of f-manifolds was started by Blair, Goldberg, Yano, Vanzura, cf.
[3], [6] [11]. Almost S-structures were studied; without being precisely named, by
Cabrerizo, Fernandez, Fernandez, cf., [7]. Then Duggal, Pastore and Ianus, cf. [§],
also studied such manifolds and gave them the name ”almost S-manifolds”. S-
manifolds were introduced by Blair cf. [3], who proved that the space of a principal
toroidal bundle over a Kaehler manifolds is an S-manifold. S-structures are a
natural generalization of Sasakian structures, but unlike Sasakian manifolds, no
S-structure can be realized on a simply connected, compact manifold cf. [5]. In
[9] there is an example of an even dimensional principal toroidal bundle over a
Kaehler manifold which does not carry any Sasakian structure. On the other hand,
there is constructed an S-structure on the even dimensional manifold U(2). It is
well known that U(2) does not admit a Kaehler structure. We conclude that there
exist manifolds such that the best structure we can hope to obtain on them is an
S-structure.

On an almost S-manifold (M, ¢, &;,n;, g) there are defined the (1, 1)-tensor fields

1
h; == ngiap fori=1,...,scf. ([7] (2.5)). We use extensively the properties of these
tensor fields in the present paper. In particular these operators are self adjoint,

traceless, anti-commute with ¢ and for each i,j € {1, ..., s}

(1.3) hi&; =0, mioh; =0,

cf. [7]. Moreover the following identities hold, cf. [8],
(1.4) Vx&i=—pX —phX, Vep=0, V& =0,

where V is the Levi Civita connection of g, X € T'(T'M) and 4,5 € {1,...,s}. We
shall sometimes use the following curvature identity related to V

(1.5) Re,x& — ¢ (Re,ox&5) = 2 ((hio hj) X + ¢°X)

which can be immediately obtained combining the first equation on ([7] pag. 158)
and (1.4).

In 1995 Blair, Koufogiorgos and Papantonio, cf. [4], studied contact metric man-
ifolds such that the characteristic vector field belongs to the (k, p)-nullity distribu-
tion. This concept is generalized for almost S-manifolds by Cappelletti Montano
and Di Terlizzi in [1].

In the present paper we are concerned cyclic-parallel Ricci tensor of almost S-
manifolds.

2. PRELIMINARIES

Definition 2.1. [1] Let M be an almost S-manifold, , 1 real constant. We say
that M verifies the (k, p)-nullity condition if and only if for each i € {1,...,s},
X,Y € I'(TM) the following identity holds

(2.1) Rxy&=r(M(X)@®Y =7 (Y)*X) + (@ (V) hiX —7(X) hY).
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Lemma 2.1. [1] Let M be an almost S-manifold verifying the (k, p)-nullity condi-
tion. Then we have

i) hjohj =hjoh; foreachi,je{1,..,s},

i) k<1,
i7i) if k < 1 then, for each i € {1, ..., s}, h; has eigenvalues 0, ++/1 — &,
iv) h? = (k — 1) %

Proposition 2.1. [1] Let M be an almost S-manifold verifying the (s, p)-nullity
condition. Then

(2.2) hy=..=h,.

Remark 2.1. [1] Throughout all this paper whenever (2.1) holds we put h := hy =
... = hg. Then (2.1) becomes

(2.3) Rxy& = (1(X) @Y =7 (Y)¢*X) + (@ (V) hX =7 (X)hY).

Furthermore, using (2.3), the symmetries properties of the curvature tensor and
the symmetry of ©? and h, we get

(24)  RexY =r(@(Y)9’X —g(X,¢°Y) &) +u(9(X,hY)E-7(Y)hX).

Proposition 2.2. [1] Let M be an almost S-manifold verifying the (k, p)-nullity
condition. Then M is an S-manifold if and only if k = 1.

3. PROPERTIES OF THE CURVATURE

Let (M2"+5, cp,fi,nj,g) ,i,7 € {1,...,s}, be an almost S-manifold. We consider
the (1,1)-tensor fields defined by

lij (X) = Rxg, &5,

for each i,j € {1,...,s}, X e I'(TM) and put I; = l;;.

Lemma 3.1. [1] Let M be an almost S-manifold. For each i,j € {1,...,s} the
following identities hold

(3.1) polijop—1ly=2(hjohj+¢%),

(3.2) m o lij =0,

(3.3) lij (&) = 0,

(3.4) Vehj =9 —polij—pohjohj+ypo(h;—hs),

(3.5) Vehi=¢—poly —¢poh?.
i J )
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Lemma 3.2. [1] Let M be an almost S-manifold verifying the (k, p)-nullity condi-
tion. Then fori,j € {1,...,s} we have

(3.6) Ve,h = pho o,
(3.7) lop—pol=2uhog,
(3.8) lop+pol=2kp,
(3.9) Q& = 2nkE.

Lemma 3.3. [1] Let M be an almost S-manifold verifying the (k, u)-nullity condi-
tion. Then the following identities hold

(3.10) (Vxp)Y =g (Y, hX = ¢*X) € -7 (Y) (hX — ¢°X),

(Vxh)Y = (Vyh) X = (1-k) (20 (X,9Y)E+7(X) oY =7(YV) X

(3.11) (1—p) (7 (X) phY =7 (Y) phX),

(Vxh)Y = ((1-r)g(X,0Y)+g(X, heY))E

(3.12) 7(Y) h (X + ohX) — pij (X) @hY.

Lemma 3.4. [1] Let M be an almost S-manifold verifying the (k, u)-nullity condi-
tion with k < 1 and K, i are smooth function. Then the Ricci operator verifies the
following identities

(3.13) Q=s[(2(1—n)+pun)>+ (2(n—1)+p)h] + 20N &,

(3.14) Qop—po@Q=2s(2(n—1)+p)hoo.

Lemma 3.5. Let M be a (2n+ s) dimensional almost S-manifold verifying the
(K, p)-nullity condition, k < 1. Then
(3.15)

(Vx9) (Y, 2) = s (2(L—=n)+ un){n(Z) (g (¥Y,hX) — g (Y, 0 X))

“N(Y)(g9(phX,Z) +g(¢X, Z))}
+5(2(n—1)+p){0N(2) (1 - k) g(¥Y, X) + g (heY, X))
A (Y) (9 (hpX, Z) + (5 — 1) g (X, Z))
—un(X)g (phY, Z)} — 2nkn(Z) (g (Y, ohX) + g (Y, ¢ X))
—27(Y) (9 (phX, Z) + g(¢X, Z)).
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Proof. We know that the Ricci operator satisfies

(3.16) (VxS)(Y,Z2)=VxS(Y,Z)-S(VxY,Z) - S(Y,VxZ).
Using (3.13) in (3.16) we have
(3.17)

(VxS)(Y,Z) = s(2(1—n)+pun)(9(Vxe) (¢Y),Z) +g(¢(Vx)Y, Z)
s(2(n—1)+p)g(Vxh)Y,Z)
+2n67(2)g (Y, Vx &) + 2071 (Y) g (2, Vx&i) -

By the use of (1.4), (3.10) and (3.12) in (3.17) we get (3.15). O

4. ALMOST S-MANIFOLDS WITH CYCLIC-PARALLEL Ricct TENSOR
The Ricci tensor S of Riemannian manifold M is said to be cyclic-parallel if
CVS =0,
namely
(4.1) (VzS) (X, Y)+ (VxS)(Y,Z2)+ (VyS)(Z,X) =0,

for all vector fields X,Y, Z.
Let M be an n-Einstein manifold whose Ricci tensor S of the form

(4.2) S(X,Y) = Ag (X,Y) + Bn(X)n(Y),

where A, B are non-zero real numbers and X,Y are vector fields on M. So we have;

Theorem 4.1. Let M be a (2n + s) dimensional an n-FEinstein almost S-manifold
of the form (4.2). If the Ricci tensor S of M is cyclic parallel then M is an S-
manifold.

Proof. Let us consider M is an n-Einstein almost S-manifold of the form (4.2). If
the Ricci tensor S of M is cyclic parallel then replacing Z with ; in (4.1) we can
write

(4.3) (Ve.S) (X, Y) + (Vx5) (Y, &) + (Vv S) (&, X) = 0.

Using (4.2) after some computations we get
(Vx8) (Y, Z) = BMm(Z2)g(Y,Vx&) +1(Y)g(Z, Vx&)],

which implies

(4.4) (Ve,9) (X, Y) =0,
(4.5) (VxS) (Y,&) = Blg(Y,Vx&) +1(Y)g(&, Vx&i)l,
(4.6) (VyS) (&, X) = Bg(X,Vy&) +1(X)g(&, V&) -

So substituting (4.4)-(4.6) in (4.3) and using (1.2) and (1.4), the equation (4.3)
(4.7) 9(eX + phX,Y) + g (Y + phY, X) =0,
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which implies

(4.8) g9 (©Y,hX) =0.

Replacing Y by @Y in (4.8), we get
g ((pQY, hX) =0.

So by the use (1.1) and (1.3), we have
(4.9) g (V,hX) =0,

for all vector fields X and Y and hence we have h = 0 which implies M is an
S-manifold. (Il

Theorem 4.2. Let M be a (2n + s) dimensional a non-Sasakian almost S-manifold.
If the Ricci tensor S of M is cyclic parallel then M is either S-manifold or k =
—1 sp? + sdnp

4 n '
Proof. Let M be an almost S-manifold. Then by [7], £ < 1. But if kK = 1 then M
is Sasakian. Since we suppose M is non-Sasakian we have k < 1. So by the use of
(3.15) we have

(4.10) (Ve S) (X, Y) =5 (2(n = 1) 4+ ) ng (hX, 9Y) .

Similarly, using (3.15) we have
(4.11)
(VxS) (V&)= (A —-n)+pun)+s2n—1)+p)(1—k)+2nk)g(X,pY)

+(s(2(1=n)+pun)+s(2(n—1)+p) +2nk) g (X, pY),

and
(4.12)
(VyS) (&, X) = (s@2(1=n)+pn)+s(2(n—1)+np)+2nk) g (X, hY)

+(C2A=n)+pn)+s2n—-1)+pu) (1 —r)+2nk)g(pX,Y).

So substituting (4.10)- (4.12) into (4.3) we obtain
(4.13) [Ansp + dnk + p?] g (WX, 9Y) = 0.

Suppose g (hX,9Y) = 0. Then replacing Y with Y, the last equation becomes
g (hX,?Y) = 0. So using (1.1) we get g (hX,Y) = 0 for all vector fields X and Y
snd hence; we have h = 0 which gives us M is an S-manifold (note that M is non-
—1 su?

—1sp”+ 54nu. 0
4 n
Corollary 4.1. Let M be a (2n+ s) dimensional a non-Sasakian manifold with
&, i€ {1,..,s}, belonging to k-nullity distribution. If M is S-manifold and the
Ricci tensor S of M is cyclic parallel then M 1is locally isometric to the product
Ents x S™ (4).

Sasakian since n # 1). If 4nsp+4nk + p? = 0 then we get k =
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Proof. Since &;, i € {1,...,s}, belongs to x-nullity distribution then p = 0. Hence
from Theorem 2., we get x = 0. So by [2], M is locally isometric to the product
E"Ts x S (4). O
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COMPLEX TORSIONS AND HOLOMORPHIC HELICES

F.NEJAT EKMEKCI, PELIN POSPOS, AND D. PINAR DENizZ

ABSTRACT. Recently, properties of holomorphic helix of Kahler Frenet curves
on n- dimensional M Kahler manifold studied by S. Maeda, H. Tanabe and
T. Adachi. In this paper we give some characterizasions for complex torsions
by 7;,; in the Kahler manifold to be general helix, and by considering k1, k2
curvatures of order 3. Curvatures of Frenet curve on M Kahler manifold
are not constant but their ratios are constant. We investigate relationship
between 71,2 and 72,3 complex torsions which are not seperately constant but
their ratios are constant.

1. INTRODUCTION

Let M be a n-dimentional Kahler manifold, with complex structure J and
Riemannian metric g. For a helix v on M of order d(< 2n) with the asso-
ciated Frenet frame {Vi,...,V;} and we define 7, ; called complex torsions by
7i; = g(Vi(s), JVj(s)) for 1 < i < j < d, v is a holomorphic helix if all the complex
torsions are constant [4]. They are used curvatures x; and complex torsions 7; ;
which are constant. A classical result stated by M. A. Lancert in 1802 and first
proved by B. De Saint Venant in 1845 is a necessary and sufficient condition that
a curve be a general helix is the ratio of curvature of torsion to be constant [7, 8].

. . ... T .
In a Kahler manifold, a Frenet curve is called a general helix if 12 i5 constant and
72,3
its first and second curvatures are not constant.
If its first and second curvatures are constant and its third curvature is zero then
the Frenet curve is called a heliz. We obtained the relations between the complex

torsions and their own derivations.

2. PRELIMINARIES

2.1. Complex Torsions. A smooth curve v = 7(s) parametrized by its arclenght
s is called a heliz of proper order d if there exist an orthonormal system {V; =
4, Va, ..., Va} of vector fields along -y and positive constants x1(s), £2($), . .., Ka—1(5)

1991 Mathematics Subject Classification. 53A04, 30D05, 32A20.
Key words and phrases. complex torsions, holomorphic helices, kahler manifolds.
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Which satisfy the system of ordinary differential equations
D5 Vi(s) = —rj-1(s)Vj-1(s) + #;(s)Vj11(s), j=12....d
where Vo = Vg1 =0 and kg = kg = 0 [1].
Let M be a complex n-dimensional Kahler manifold (K- manifold) with complex
structure J. {V1,..., Vg, JVi,..., JVy} system is a basis of tangent space of M. A

smooth curve v = ~(s) on M parametrized by its arclength s is called a Kahler
Frenet curve, if it satisfies the following diferential equation

Dy = k(s)Jy or Diy=—k(s)J%
for some positive C* function k = x(s), where D, denotes the covariant differen-
tiation along v with respect to the Riemannian connection D of M [5].
For a Frenet curve v in a K-manifold M of order d with associated Frenet frame

Vi, Vg, JVA, ..., JVy}, we define functions 7; jcalled complex torsions by

0 i=4,i=0,j>d

Ti’j(s) = { <%(s),J‘/J(s)> A<i<j<d aHTiJ(S)H <1

[5].

Definition 2.1. For a curve v on a K-manifold M of order d we call a holomophic
heliz (H - helis) if all its complex torsions are constant functions.

Let a curve v on a K-manifold M of order d. In this stuation for

D:V;i(s) = —kj—1(s)V—1(s)+k;(5)Vj1(s), j=12,...,d and T7;;(s) = (Vi(s),JV;(s))
(21)  Dy7ii(s) = —Rim1Tim1,5(8) + KiTig1,5(8) = Kj—17ij—1(5) + £;Ti j41(s)
[2].

For complex torsions of helix on K-manifold of order 3 fromd =3,1 <1i < j < 3,
i=75=0, i=1,2 j=1,23and from (2.1) we obtain

D"yTl,z = R2T1,3 , D"y7_1,3 = —RaT12 + K172 3 » D172,3 = —R1T1,3
or
D:ﬂ'l)g 0 Ko 0 T1,2
Dymi3| = |—k2 0 k1| 71,3
D;YT273 0 —K1 0 72,3

When v a Frenet curve on K-manifold M of order 2 and 7y 2 is constant. Really

for 7,0 = (V1,JJVa)
D4 Vi, JVa) = (D5 V1, JVa) + (Vi, J D4 Va) = k(Va, JVa) — k(V1,JV1) = 0

Then a Frenet curve of order 2 is a H-helix.
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3. HoLOMORPHIC HELICES

If we give theorems and results which they known related to holomorphic helices

of order 3 and 4.

Theorem 3.1. The complex torsions of a H-helix of proper order on a K-manifold

satisfy
i—1 d
2 2
Yot D T <1
=1 j=i+1

For every i [4].

We take H-helices of order3 we need to choose orthonormal vectors {Vi, Vo, V3}

which satisfy

Wi,y = (12, 1)

(Vs,V3)
Vi,Vo) = (N, V) = (1, V)

<JV1;JV1> = <J‘/23J‘/2> = <JV37J‘/3>

(JVi,JVo) = (JV1,JV3)
And then we set Vi, Voand V3 as

Vi =(1,0,...,0)
Vo =(—ir,v/1—-72,0,...0)

i V1-12—p2
Vs =0, 7%, Y =0,

(JVa, JV3)

.,0)

O = O =

For positive constants 7 = 712 and p = 723 with |7] < 1, 72 + p? < 1 then we

obtain orthonormal vectors and satisfy (V1, JVa) = 7, (Va, JV3) = p, (V1,JV3) =0

Corollary 3.1. The complex torsions 1; ; of a H-helix vy, 7;,; = 0 when i + j is

even [6].

Theorem 3.2. The complex torsions of a holomorphic heliz of odd and even proper
order d on a Kahler manifold satisfy the following relations.

Ti,j+2k:0 i=1,2,...

R172,d = Rd—1T1,d—1

K1T2,j + KjT1,j+1 = Kj—1T1,j-1 7 =3,5,...
Ki—1Ti—1,d + Kd—1Ti,d—1 = KiTi+1,d 1=3,5,.
Ri-1Ti—1,j + Kj-1Tij—1 = KjTij+1 T KiTiy1,; 0= 2,3

[4].

>~

L S,

I
—

J
2,
?

N DN

4,.
)

ooy (d=1)/2 (d odd)
.oy (d—=2)/2 (d even)
3,5,. .,d—l (d even)
,d— (deven)
z+4 Ld—1
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3.1. Holomorphic helices of order 3.

Theorem 3.3. For {V1, V5, V3} orthonormal frame and k1, ke pozitive constant on
a K-manifold M . There is a H-heliz v with curvatures k1, ke if and only if

K1T32 + KaT12 =0 K1 f1
{rmatmma=0 o gz g o= o
T3 = K{ + K3 ki + K3

[4].

Theorem 3.4. K-manifold M of order 2 and all complex torsions of H-heliz of
order 3 with curvatures k1 and ko satisfy

K1 K9
M2=—F—=, Ti3=0, T3=-—Fm—s
kY + K3 VKT K5
or
K1 R2
T1,2 = — =0,

> T13 T2,3 = ——F—s

K3 + K3 ! VK2 + K3
[4].

A classical result stated by M. A. Lancert in 1802 and first proved by B. De Saint
Venant in 1845 is a necessary and sufficient condition that a curve be a general helix

is the ratio of curvature of torsion to be constant [7, 8]. Adhering to this definition
we will give the following definition.

Definition 3.1. For Frenet curve v on a K-manifold of order 3, if the ratio of n2
72,3
is constant, then + is called a holomorphic helix.

Theorem 3.5. If v is a general helices of order 8 on K-manifold. Bl s constant.

K2
. . 71,2 R1
Proof. 7, ; = —Tj, Ti,j =0 (i+j even), —kaTi 2 + k1723 = 0. then —= = — from
T2,3 K2
. T2 K1
hypethesis —= =constant then — =constant. ([l

72,3 K2

Theorem 3.6. v be a general helix on K-manifold of order 3. Then ~y is a general
heliz if and only if

Dgs)ﬁ,z + >\D(f)7'1,2 +uDy712 =0
’

3 (k)2
R2 ) K3

Proof. if v is a general helix

Diym12 = KoT13
D(Q)T — / 2 +

? 1,2 = KyT1,3 — K3T12 +K1K2T23

3) " / /
Dyt = kKyTi3+ Ky(—KeT12 + K1T2,3) — 2K5K2T1 2

4

Kt 1 K
_ / 27, (2) 2 (.2 2
= 3k} <K§ D72+ . Dy 7'172) + {@ (k7 + /{2)}
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And we obtain

/ " 1\2
(3) 3Ky 1 (2) 2 2 Ky 3(K5)
D,'y T1,2 — 7D’Y 71,2 + (KJl + 112) - = 3 D;ﬂ'l,g =0
K2 %) Ry
conversely
1
DyTi0 = KoTi3 = T13= ;Dﬁyﬁz
s @
2
Dynz = ——=5Dsmie+ —Di" i
Ry Ko
and
2) Y Kb @) Kb ) L@
2 2 2
(31) Dy'ms = (-7 ) Dsme— 5Dy "me— 5D o+ —D 110
K3 K3 K3 Ko

we know that

Dﬁﬁ,z = KaT1,3

(2) / 2
D;( Ti2 = KkoT1,3— K3T12 + K1KkaT23
3
D"Y )TLQ = 3I£IQD:Y7'173 + AD;),TLQ

1

Where A = °2 — (k3 + k%), from (3.1)
R2

p / A (! 9 o
(3.2) D(ﬁQ)ﬂ’B: {(_§> +}DW71,2—"6/271,2_ (,:) L3+ 2Ty

K3 K2 2 ’ K ?
Dymi3 = —kKoT12 + k1723 if we find the derivative of the given equation
2 .
D’(Y )7'173 = —/43/2’7'1,2 — HQD;YTLQ + Hlng’g + lﬁllD,'},T273 and usimg D;ﬂ'z,?, = —K1T1,3
we have
D(2) _ / D- ’ 2
5 T1,3 = —hKaT12 — K2lDyT12 + K1T2,3 — K1T13

By using the equality of (3.2) and (3.3)

12 /
K A
! I 2 _ 2 !
—FKoT1,2 — HQDA‘/TLQ + K1T23 — KIT1,3 = - + — D:YTLQ — KoT1,2
K3 Ko
1\2 /
2(k5) Kohk1
- 71,3+ 72,3
%) K2
. . . ,  K3K1
If we product the both sides of the equation with 75 3 we have the ] = and
K2
. R1 . . k1 71,2
then k) Ko — kK1 = 0 and since — is constant then we obtain — = =constant.
K2 K2 T23
O

Theorem 3.7. If v is a helix of order 8 on K-manifold then

D(ﬁB)Tm + (k5 + K1) D512 =0
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Proof. Since k1, ko are constants and for d = 3

D5T1,0 = KoT1,3, Dy113 = —KaT12 +K1T23, DiyTo3z = —kKiT13

then we obtain

D,')/TLQ = K2T1,3
(2) _
D"Y T1,2 = KQD#TLg

_ 2
= —K3T1,2 + K1KaT2 3

3
DEY )7'1,2 = —r3(KoT13) + K1k2(—K1713)
= —(k3+ K} Dy712
where

D75 + (53 + K7) Dymi2 = 0

O

Corollary 3.2. If v is a holomorphic helix k1, ko separately constants then K} =
0, k% = 0. From there we find

D,(-YB)TLQ + (Iﬂlg + I{%)D"YTLQ =0

3.2. Holomorphic helices of order 4. From D V;(s) = —k;_1Vj_1(s)+k;Vji1(s),
j=1,2,...,dand 7; ; = (V;, JV;) also for curve of order 4 (i =1,2,3 j=1,2,3,4)
then we have

DyT10 = KaT13

Dymi3 = —KoTi2+ K3Ti4+ KiT23
Dymi4 = —K3T13+K1T24

Dyma3 = —K1T1,3+ K3T24

Dymo4 = —K1T14— K3T23+ K2T34
Dy134 = —KaTou

S0, the matrix form is

D»‘yTLQ 0 K2 0 0 0 0 T1,2
D,'YT173 —K2 0 K3 K1 0 0 T1,3
D;y7'174 _ 0 —R3 0 0 K1 0 T1,4
D,'y’7'273 - 0 —K1 0 0 K3 0 72,3
D:YTQA 0 0 —K1 —K3 0 K9 T2,4
D;ﬂ'374 0 0 0 0 —K2 0 73,4
and
T31 = T42 = 0
KoTo1 = K3T41 + Ki1T73.2
RoT43 = Ki1T41 + K373.2

Theorem 3.8. Let M is a 2-dimentional K- manifold. For all H- helix of order 4
of complex torsions with curvatures k1, ks and K3, satisfy the following equations

RoT
TI2=T34=T, To3=Ti4=——, T13=To4=0
K1+ K3
K1+ K3

where T = + 5 =
k3 + (K1 + K3)

RoT

T2 =—T34=T, To3=-—-Ti4=——, T13=To4=0

R1 — K3
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when k1 # K3
R1 — K3
T==

K3+ (k1 — K3)?

or 7'172:7'374:7'173:7'274:07 7'2732—7'174::|:1 where

K1 = K3[4].
Theorem 3.9. Let v be a general helix on K- manifold M of order 4, so
D'(‘y3)7-172 + )\D,(f)TLz + ,uD:ﬂ'l,g =0

3:“&’ 3 KZ/ 2 KZN
here A\ = ——2 and p = (7?2,)——2—1—&%4—/1%—5%.
K9 Koy K2
Proof.
Dymi2 = koTi3
(2) / 2
D& T2 = KoT1,3 — K3T1,2 + RKoK3T1,4 + K2K1T23
and
(3) _ / " 3 2 2
DyVmo = 3r5DsTi3 + (Ky — K3 — Kok3 — KTKo)T13 + 2K1K2K3T2, 4

K1T2,d = Kd—1T1,d—1 using this relation, K172 4 = k371 3 is obtained and in the above
expression

2/‘61&2/’637‘274 = 2/‘62/{%7'1,3
is written,
3
D'('y )7'1,2 = 3khDsm1 3+ (KY — K3 — Kok3 — KIKo)T1 3 + 2KoK3T1 3

_ / " 3 2 2
= 3k5D511 (K — K5 + Kok§ — KiK2)T13
is obtained and for

1
DyT12 = KoT13 == T13= ;nyﬁ,z
2

1\’ 1 (2)
— Diria=|— D:- —D;
4TL,3 (@) 5T1,2 + P 71,2

we find
31‘{/ 3 Iil 2 Ii”
D,(-YB)TLQ = ?gD,(-YQ)TLQ + {_(Kg) + é - Ii% + Ii?g — Ii%} D;YTLQ
or
D,(»YJ)TLQ + )\D,(VQ)TLQ + ,uD;ﬂ'LQ =0

3 / 3 1\2 "
Where \ = — -2 andu:@—@%—n%—kng—m%

Ko K3 Ko

Theorem 3.10. If v is a helix on K- manifold of order 4
D,(-YS)TLQ =+ {Ii% + K% — K‘%} D:YTLQ =0
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Proof.
Diym12 = KoT13
(2) _ 2
D? Ti2 = —K5Ti2+ KoKaTi 4+ KaRk1To 3
3) 2 2 2
D,-y T1,2 = —HQD,yTl)Q — R2R3T1,3 — R1R2T1,3 + 2%1/’62%37’2}4

using the equation K17p.q = K4—1T1,d—1 , K1T2,4 = K3T1,3 is obtained and from the
above equation

— 2
2;‘631/’%2%37’274 = 2/%2/*637’173

and

1
Dymi2 = KoTi 3= Ti3= FTDW'LQ
2

using the equations,

2 2
Kok3 KoK] 9 i

3/€2

(3 2
D’Y Ti,2 = —KZQD;YTLQ - D»‘yTLQ — D;ﬂ'l,g + 2;‘%‘2/’6 Dﬁ/Tl,Q

2
= (=K3+ K5 —KT)DyT1 2

is obtained

D’('YS)TLZ + {H% + H% - I’ig} D»'}/T172 =0.
]

Corollary 3.3. If v is a heliz, because of k1, k2 will be constants sperately, k) =
0, k% = 0. Then we obtain

D,(-yg)Tl)Q + {K% + Kg — K%} D:ﬂ'l)g =0.
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NEW ERROR ESTIMATIONS FOR THE MILNE’S
QUADRATURE FORMULA IN TERMS OF AT MOST FIRST
DERIVATIVES

MOHAMMAD W. ALOMARIY* AND ZHENG LIU?

ABSTRACT. Error estimations for the Milne’s rule for mappings of bounded
variation and for absolutely continuous mappings whose first derivatives are
belong to Lp[a,b] (1 < p < 00), are established. Some numerical applications
are provided.

1. INTRODUCTION
Suppose f : [a,b] — R, is a four times continuously differentiable mapping on
(a,b) and

Hf(‘l)H = sup ‘f(4)(x)‘<oo.
oo z€(a,b)

Then the Simpson’s inequality is known as:

o [[LEHLO o (YL f

3

4
o o]
— 2880 o0

In the recent years, modern theory of inequalities is used at large and many
efforts devoted to establish several generalizations of the Simpson’s inequality and
other inequalities for mappings of bounded variation and for monotonic, absolutely
continuous and Lipschitzian mappings, as well as n-times differentiable via kernels
to refine the error bounds of these inequalities. For recent results and generaliza-
tions concerning Simpson’s inequality see [1]-[2], [4]-[18] and the references therein.

In terms of Newton—Cotes formulas, the Milne’s formula which is of open type is
parallel to the Simpson’s formula which is of closed type, since they are hold under

2000 Mathematics Subject Classification. 26D15, 26D20.
Key words and phrases. Milne’s rule, Simpson’s rule, Newton—Cotes formulae.
*Corresponding author.
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18 M.W. ALOMARI AND Z. LIU

the same conditions. Let f as above. Then we consider the Milne’s inequality as

follows:
b—a a+b
. [2f(a)—f( y >+2f ] /f 1) dt

Indeed, Milne recommends to use the three point Newton—Cotes open formula (1.2)
as a predictor and three point Newton—-Cotes closed formula (1.1) as a corrector
(see [3]).

a2 g

23040

The aim of this paper is to discuss the Milne’s inequality for mappings of bounded
variation and for absolutely continuous mappings whose first derivatives are belong
to Lyla,b] (1 <p < o00).

2. INEQUALITIES FOR MAPPINGS OF BOUNDED VARIATION

We begin with the following result:

Theorem 2.1. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then
for all x € [a,b], we have the inequality

e o (252) 0] - o

where \/Z (f), denotes to total variation of f over [a,b]. The constant % is the best
possible in the sense that it cannot be replaced by a smaller one.

b

2V )

a

(2.1)

Proof. Define the mapping
2b b
L= o5, L€ [a, 5]
k(t) = .
t— 2a3+b’ te (a+b b]
Using the integration by parts formula for Riemann—Stieltjes integral, we have

a+b a+b

/azk(t)df(ﬁ:‘(bga)f(a;b)+2<b;a)”‘”_/@2f(t)dt’

and
/(;k(t)df(t)ZQ(b;a)f(b)—<b;a)f(a;b>— 70

If we add the above equalities, we get

/abw)df(t):b;“[2f<a>—f(“§b)+2f |- [ roa

() (n) - (n) (n)

Now, assume that d,, : a = z; = < - <z, <xp =b,is a sequence
of divisions, with v (6,) — 0 as n — oo, where v (J,) :=  max ( 5_7_)1 f"))
i€{0,1...,n—1}

and ¢ ¢ [ ), fiﬂ
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If s: [a,b] — R, is a piecewise continuous on [a,b], and v : [a,b] — R, is of
bounded variation on [a, b], then

b
/ s(t)dv(t)
< i S (6 [ () (7))
n—1
< i 5[ () o (o2) - (7))
. V(;zg:f e (1) [ S o e2) - (7))
< o ol S (+2) -+ (7))
(2.2) = sup |s(z)|- \b/ (v).
z€[a,b]

a

Applying the inequality (2.2) for s(t) = k(t) as above and v(t) = f(t), t € [a, ], we
2(b—a)
< sup |k(t)]- \/ \/

get
b
/ k(E)df (8)
a tela,b] a

To show that 2/3 is the best possible (2.1). Assume (2.1) holds with constant
C>0,ie.,

b3“[2f<a>—f(“;b>+2f ] /f t) dt

Consider the function

b

<C(b —a\/

a

(2.3)

0, t € (a,b)

1, t=a,b
then ff f(t)dt =0 and \/Z(f) = 2. Using (2.3), we get
4
g(b—a) <2C(b-a),
which gives % < C, and thus % is the best possible, which completes the proof. [

Therefore, we may write the following result regarding monotonic mappings:

Corollary 2.1. Let f : [a,b] — R be a monotonous mapping on [a,b]. Then for all
x € [a,b], we have the inequality

(2.4)

bga{Qf(a)—f(a;b>+2f } /f t) dt

The following result holds for L-lipschitz mappings:

2(b—a)

|f(0) = £ (a)].
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Corollary 2.2. Let f : [a,b] — R be a L-lipschitz mapping on [a,b]. Then for all
x € [a,b], we have the inequality

b;a[2f(a)—f(a;rb)+2f } /f 1) dt

Remark 2.1. If we assume that f is continuous differentiable on (a,b) and f’ is
integrable on (a, b), then we have

b;“{zf(a)—f(a;b)mf } /f ) dt

3. INEQUALITIES INVOLVING DERIVATIVES BELONG TO L,[a,b] (1 < p < o0)

(2.5) < — (b —a)?.

(2.6) ( %)

11

The following Milne’s type inequality holds for absolutely continuous mappings
whose first derivatives belong to L [a, b].

Theorem 3.1. Let f : I C R — R be an absolutely continuous mapping on I°,
the interior of the interval I, where a,b € I with a < b, such that f' € Li[a,b]. If

f' is bounded on [a,b], i. ||f'|| = sup |f' (t)| < oo, then we have the following
t€la,b]
inequality:

b;“{2f<a>—f(“;b)+2f } /f 1)t

The constant 15—2 s the best possible in the sense that it cannot be replaced by a
smaller one.

(3.1)

5
< 50— |f ]

Proof. Integrating by parts

(3.2) b;a[Qf(a)—f(a;—b>+2f } /f £ dt = /k:

where,

(ot e fom)

k(1) = ’ .
-2 te (242, 0]

b—a a+b
. [2f<a>—f( : )+2f } /f 1) dt
/\k I @l
5 b
:/ 3 ‘t—“”b f |dt+/+b

a+b
, 2 (a+2b b 2a +b
<17l | [ ( 5ot fo (075

_ 5 2 ¢
= 2 (b—a’|If |

We get

2a+b

||f ) di
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To show that -3 is the best possible. Assume that (3.1) holds with constant C' > 0,

b;a [Qf(a)_f(a;b>+2f(b)} _/abf(t)dt

Consider the function f(t) = |t — 2|, t € [a,b], then fabf(t) dt = % and
Ilf'll = 1. Using (3.3), we get
5
12
which gives % < C, and thus 15—2 is the best possible, which completes the proof. O

(3.3) <Cb—a)[f -

(b—a)? <C(b-a)?,

Next result investigate Milne’s formula for absolutely continuous mappings whose
first derivatives are belong to L,[a,b], p > 1.

Theorem 3.2. Let f : I C R — R be an absolutely continuous mapping on 1°,
the interior of the interval I, where a,b € I with a <b. If f' is belong to Lyla, b,
p > 1, then we have the following inequality:

b;“ [Zf(a) —f (a;b) +2f(b)} /abf(t)df
B (b;“)H}’ 171, -

- (g+ 1)1
Proof. By (3.2) and using the well known Hoélder inequality, we have

b;“ {zf(a)—f<a;b)+2f(b>] —/abf(ﬂdt

b
s/ e (81 (1)) dt

b 1/q b 1/
<</ |k<t>|th> (/ If(t)I”dt>

(3.4)

P

3 fa+2 a b 20 +b\? e
g a a
f||f||p /a < 3 t> dt+/a+b<t 3 > dt
2
(2041 —2-a-)M9 1y 1+ ,
— () W
which is required. O

Remark 3.1. One may generalizes Theorem 3.1 and gives different approaches for
Theorem 3.2, by applying the Holder inequality in a different way and we shall left
the details to the interested reader.

Remark 3.2. One may write new inequalities for mappings whose |f’] is convex on
[a, b], using the inequality

() < L2 bt

27 o)+

17 (@),
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for any t € [a,b]. Also, the corresponding version for powers |f’|? (¢ > 1) may be
considered by applying the well-known Holder inequality in two different ways. We
left the details to the interested reader.

4. ESTIMATIONS FOR THE ERROR BOUND IN THE MILNE’S FORMULA

Consider I, :a =29 < 21 < -+ < Tp_1 < T, = b be a division of [a,b] and
let h; = x;41 — x;. In what follows, we point out some upper bounds for the error
approximation of the Milne’s formula.

n—1
h; Ti + T
@n S =3 |2 ) - 1 () o (o)
i=0
Theorem 4.1. Assume that the assumptions of Theorem 2.1 hold. Then, we have

/f S(f.1n) + R(f,I)

where, S (f,I,) is given in (4.1) and the remainder R (f, I,) satisfies the bound

(12) R, L) §Z< N )
=0

T4

Proof. Applying Theorem 2.1 on the subintervals [z;, z;11], we have

h; T+ Fit1 2
?:{Qf(xi)—f<121+1)+2f(33i+1)]—/ f(t )dt‘ﬁgh \/(f)-
Summing the obtained inequalities over i =0,--- ,n — 1, we get,
b 2 - Tit+1
‘S(f,fn)—/f(t)dt<gz< V(s )
which is required. ([

Theorem 4.2. Assume that the assumptions of Theorem 3.1 hold. Then, we have

/f S(f 1)+ R (f.1)

where, S (f,I,) is given in (4.1) and the remainder R (f,I,) satisfies the bound

5
(43) RU )] < o5 (b= ) |F']e
Proof. Applying Theorem 3.1 on the subintervals [z;, z;41] and then summing the
obtained inequalities over ¢ = 0,--- ,n — 1, we get the required result. We shall
omit the details. O

Theorem 4.3. Assume that the assumptions of Theorem 8.2 hold. Then, we have

/ f(t)dt =5 (f.1,) + R(f.1,)
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where, S (f,I,) is given in (4.1) and the remainder R (f, I,) satisfies the bound

e e
(4.4) |R(f,1n)] < — - NS R 1
3qT (¢+ 1)1/q =
Proof. Applying Theorem 3.2 on the subintervals [z;, z;41] and then summing the
obtained inequalities over ¢ = 0,--- ,n — 1, we get the required result. We shall
omit the details. (]
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ON TIMELIKE PARALLEL RULED SURFACES WITH
SPACELIKE RULING

YASIN UNLUTURK* AND CUMALI EKICI

ABSTRACT. In this paper, first, timelike parallel surfaces and their some basic
properties are presented in Minkowski 3-space. Then the main theorem for
timelike parallel ruled surface is given to understand how parallel surfaces of
a timelike ruled surface with spacelike ruling become again a timelike ruled
surface with spacelike ruling. Additionally, some basic properties of that kind
ruled surface are given in Minkowski 3-space.

1. INTRODUCTION

Parallel surfaces as a subject of differential geometry have been intriguing for
mathematicians throughout history and so it has been a research field. In theory
of surfaces, there are some special surfaces such as ruled surfaces, minimal surfaces
and surfaces of constant curvature in which differential geometers are interested.
Among these surfaces, parallel surfaces have been also studied in many papers
[2, 3, 6, 8, 12, 14]. Craig had studied to find parallel of ellipsoid in [3]. Eisenhart
gave a chapter for parallel surfaces in his famous A treatise of differential geometry
[5]. Nizamoglu stated parallel ruled surface as a curve depending on one-parameter
and gave some geometric properties of such a surface [12].

A surface M" whose points are at a constant distance along the normal from
another surface M is said to be parallel to M. So, there are infinite number of
surfaces because we choose the constant distance along the normal arbitrarily. From
the definition it follows that a parallel surface can be regarded as the locus of point
which are on the normals to M at a non-zero constant distance r from M [18].

In this paper, it has been shown that parallel surfaces of a non-developable
ruled surface are not ruled surfaces by using fundamental forms, however that
parallel surfaces of a timelike developable ruled surface are timelike developable
ruled surface. After construction of timelike parallel ruled surface, some properties
of that kind surface such as drall, striction curve and orthogonal trajectory have

2000 Mathematics Subject Classification. 53A05, 53B25, 53B30.

Key words and phrases. Timelike ruled surface with spacelike ruling, timelike parallel surface,
timelike parallel ruled surface, developable surface.

*corresponding author.
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been given for timelike parallel ruled surfaces of timelike ruled surface with spacelike
ruling.

2. PRELIMINARIES

Let E? be the three-dimensional Minkowski space, that is, the three-dimensional
real vector space R? with the metric

< dx,dx >=dx? + dri — da?

where (21,2, 73) denotes the canonical coordinates in R®. An arbitrary vector x
of E$ is said to be spacelike if < x,x >>0 or x = 0, timelike if < x,x ><0 and
lightlike or null if < x,x >=0 and x # 0. A timelike or lightlike vector in E3 is
said to be causal. For x €E?, the norm is defined by ||x| = /|< x,x >, then the
vector x is called a spacelike unit vector if < x,x >=1 and a timelike unit vector if
< x,x >= —1. Similarly, a regular curve in E$ can locally be spacelike, timelike or
null (lightlike), if all of its velocity vectors are spacelike, timelike or null (lightlike),
respectively [13]. For any two vectors x = (x1,22,23) and y = (y1,y2,y3) of E},
the inner product is the real number < x,y >= x1y; + 22y2 — x3y3 and the vector
product is defined by x X y = ((w2y3 — x3y2), (x3y1 — T1y3), —(T1y2 — 22y1)) [11].

A (differentiable) one-parameter family of (straight) lines {a (u),X (u)} is a
correspondence that assigns each u € I to a point « (u) € R} and a vector X (u) €
R$, X (u) # 0, so that both a (u) and X (u) can be differentiated in terms of the
variable u. For each u € I, the line L, which passes through « (u) and is parallel
to X (u) is called the line of the family at u.

Given a one-parameter family of lines {« (u), X (u)}, the parametrized surface

(2.1) ¢ (u,v) = a(u) +vX (u), uel, veR

is called the ruled surface generated by the family {a (u),X (u)}. The lines L,
are called the rulings and the curve « (u) is called a directriz of the surface ¢. The

normal vector of surface is denoted by N. Let us take timelike ruled surface %)
with timelike directrix and spacelike ruling. So the system {7, X, N} establishes
an orthonormal frame such that T'= o' (u) . Therefore

(2.2) <T,T>=-1, <X, X>=1, <N,N >=1.
Derivative equations of the frame {T, X, N} are
(2.3) DrT =aX +bN, DrX =aT +cN, DpN =bT—cX.
Also the reciprocal cross products of the vectors T, X, N are
(2.4) TANX=N,TAN=-X, XANN=-T.
The parameter of distribution is expressed as follows
5= det(o/, X, X")
bdh
where, as usual, (¢, X, X') is a short for (o' A X, X') [16].

(2.5)

Theorem 2.1. A surface in Minkowski 3-space is called a timelike surface if the
induced metric on the surface is a Lorentzian metric, i.e., the normal on the surface
is a spacelike vector [1].
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Theorem 2.2. Using standard parameters, a ruled surface is up to Lorentzian
motions, uniquely determined by the following quantities:

(2.6) Q= XNX"), T=(XX"ANX"), F=(X)
each of which is a function of u. Conversely, every choice of these three quantities

uniquely determines a ruled surface [10].

Theorem 2.3. The Gaussian K and mean H curvatures of the timelike ruled
surface o in terms of the parameters Q, J, F, D in E3 are obtained as follows:

2
1
(2.7) K= —% and H = ﬁ(—QF—FQZJ—I—UQ’—HJZJ),

where D = \/—Q? — v2, respectively [4].

Theorem 2.4. Parameter curves are lines of curvature if and only if F = f=0
in E3 [11].

Theorem 2.5. Let o(u,v) be a surface in E3 with the normal vector field of N.
Then the shape operator S of ¢ is given in terms of the base {@y, vy} by

mkE —IG [F—mE

_S(Qou) =N, = EG*FQSOU/—"_ EG*FZQOU
(2.8)
nF —mG mF —nE
Sl =No = Fa—m et gt
[15].

The parallel surface of the timelike surface ¢(u,v), is denoted by ¢"(u,v), is
defined in E$ as follows:

(2.9) ©"(u,v) = p(u,v) + rN(u,v),

where N is the unit normal vector of ¢(u,v) such that (N,N) = 1 and r € R.
The coefficients of the first and second fundamental forms I™ and II" of timelike
parallel surfaces can be given in terms of the coefficients of the timelike surface’s
fundamental forms:
E'=FE—2rl+7?(Ny,N,), 1"=1—1(Ny, Ny)
(2.10) Fr=F —=2rm+1?(Ny,N,), m"=m —r(N,, N,)
G"=G—-2rn+1r%(N,,N,), n"=n—r1r(N,,N,),
where F, F, G are the coefficients of the first fundamental form for the surface ¢
and [, m, n are the coefficients of the second fundamental form for the surface ¢
and E", F", G" are the coefficients of the first fundamental form for the parallel
surface " and [", m”, n" are the coefficients of the second fundamental form for
the parallel surface ¢" [17].

Definition 2.1. Let M and M" be two surfaces in Minkowski 3-space. The function
f: M— M"
p—  flp)=p+TN,

is called the parallellization function between M and M" and furthermore M" is
called parallel surface to M in E} where r is a given positive real number and N is
the unit normal vector field on M [6].
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Theorem 2.6. Let M be a surface and M" be a parallel surface of M in Minkowski
3-space. Let f: M — M" be the parallelization function. Then for X € x(M),

1. fu(X) =X +rS(X),
2. 57(f«(X)) = 5(X),
3. f preserves principal directions of curvature, that is
k
" * X)) = * X
ST(1.(X)) = T fu(X)

where S” is the shape operator on M", and k is a principal curvature of M at p in
direction X [6].

Definition 2.2. Let M be a hypersurface of M- manifold and M" be parallel
hypersurface of M in E}. If o is a curve passing through p on M and T is the
tangent vector field of o on M, then ¢” = f oo is a curve passing through a point
f(p) on M" and f.(T) € Ty,yM" is a tangent of ¢” at f(p). The connection D"
belongs to the parallel surface M" of M and the vector N” is the unit normal vector
of M", where (N", N") = ¢ = +1, therefore the Gauss equation is as follows:

(2.11) Dy, (1) f(T) = Dy 0y fo(T) — (ST (fo(T)), fo(T)) N"
8, 13).

Definition 2.3. Let M be a timelike surface and M" be a parallel surface of M
in E3. Let N™ and S" be, respectively, the unit normal vector field and the shape
operator of M". The Gaussian and mean curvature functions are defined as follows:
K™ : M" — R
f(P) — K'(f(P))=det S} p,
(2.12)
H" : M" — R

[(P) = H'(f(P) =} iz,

where P € M, f(P) € M" and (N, N) = 1, respectively [17].

Theorem 2.7. Let M be a timelike surface and M" be a parallel surface of M in
E3. Let N and S” be the unit normal vector field and the shape operator of M",
respectively. The Gaussian and mean curvatures are given in terms of coefficients
of fundamental forms I™ and 11" as follows:

ergr _ fr2 e"GT — 2frFr + grEr
2.13 K=——— d H" =
( ) ErGr — Fr2 an 2(E’I‘G’l‘ _ Fr2) ’

respectively [17].

Lemma 2.1. Let M be a timelike surface and M" be a parallel surface of M in
E3. The surface M is timelike one if and only if the surface M" is timelike parallel
surface [17].

Theorem 2.8. Let M be a timelike surface and M" be a parallel surface of M in
E3. Then we have
K H+rK

2.14 K K 0 b=
( ) 1+2rH + 72K an

14 2rH + 2K
where Gaussian and mean curvatures of M and M" be denoted by K, H and K",
H", respectively [17].
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Corollary 2.1. Let M be a timelike surface and M" be a parallel surface of M in
E3. Then we have
K" H" —rK"
1—2rH" + r2Kr a 1—2rH" +r2K"
where Gaussian and mean curvatures of M and M" be denoted by K, H and K",
H", respectively [17].

(2.15) K

Theorem 2.9. Let M be a timelike surface and M" be a parallel surface of M
in E3. Curves on the timelike parallel surface M" which correspond to lines of
curvature on the timelike surface M are also the lines of curvature [17].
3. TIMELIKE PARALLEL RULED SURFACES WITH SPACELIKE RULING

The timelike ruled surface M with spacelike ruling, is parameterized as
(3.1) o(u,v) = alu) +vX(u), (/,a/)y=-1, (X, X)=1, (X' X')=—-1.
The normal vector of the surface M is as follows:
(3.2) N=dANX+vX' AKX

For the normal vector of a developable ruled surface which is constant along its
ruling and is independent from the parameter v, the expressions o/ A X and X’ A X
in (3.2) are linearly dependent, that is, the following equation is obtained

dNANX =X AKX,

where A € R. Also, from the equation (3.2), the normal vector of the surface M
can be obtained as

(3.3) N=M\+v)X'AX.
The unit normal vector of the surface becomes as follows
(3.4) N=XAX.

We get parallel surface of the ruled surface parameterized as ¢(u,v) = a(u) + vX (u)
as

(3.5) o (u,v) = a(u) + X" (u) A X(u) + vX (u).

We call the surface obtained in (3.5) as the parallel ruled surface. The ruling of
parallel ruled surface is

(3.6) Fo(X) = fA(T) AN" = (T + rbT) AN = —(1 + 1) X.
And we also get
(3.7) foa(u) =alu)+rN(u) =alu) +rX'(u) A X(u).

The coefficient ¢" of the second fundamental form II" of the parallel surface M" is
g =—{pl,N,) =—(X,0) =0.

The drall of parallel ruled surface is obtained from the following formula

To0 R0 A R0 >

From (3.8), the value of drall is found as follows:

(3.9) Pr={a/+rX"NX,(14+71b)’X'AX)=0

(3.8) P =<



ON TIMELIKE PARALLEL RULED SURFACES WITH SPACELIKE RULING 29

Finally, the parallel ruled surface given in (3.5) is a developable ruled surface.
Therefore, we can give the following theorem:

Theorem 3.1. Let M be a timelike ruled surface with spacelike ruling and M™ be a
parallel surface of M in E3. Parallel surface of a timelike developable ruled surface
is again o timelike ruled surface.

The coefficients of the first and second fundamental forms I” and II" for the
parallel surfaces of timelike ruled surface parameterized in (3.5) are as such:

E" = {(d,a/) +2r (o/, X" AN X) +2v{c/, X") + 2 (X" A X, X" A X)
+2ro (X, X" A X) + 02 (X', X).

Since (X', X’) = —1 and (X", X’) = 0, X" lies in the plane spanned by the vectors
X and X’ A X. Therefore

(3.11) X"=mX +nX'NX,

(3.10)

where m,n € R. By using (3.11), we have
(3.12) X'"ANX=mX+nX' NX)AX =nX'ANX)ANX =nX'.

Substituting (3.12) into (3.10), the coefficients E”, F" and G" of the first funda-
mental form I” for the parallel surface M" are found as

E"=—1—(rn—v)?
Fr = (ol 0p) = (@ +rX" A X +0X', X) = (o, X)

G" = (g, 00) = (X, X) =1.
Also, the normal vector of the surface is
N =N=p, ANp, = A X +vX' A X.

Let us find the coefficients of the second fundamental form II”. The coefficients
I", m” and n" of the second fundamental form II" for the parallel surface M"are
computed as follows:

I"=—(¢h,N;) = — (o, 0" ANX) = (X', AN X) (rn +v) + v*n + ron?
m" = (¢, NJ) = —(o/, X' A X)

n' = — (ol N7y = — (X, X' A X) = 0.

Corollary 3.1. Let M" be a timelike parallel ruled surface of a timelike ruled
surface with spacelike ruling in E}. Then the directriz and the ruling of the time-
like parallel ruled surface are a timelike curve and its ruling is a timelike vector,
respectively.

Proof. The ruling of timelike parallel ruled surface M" given in (3.5) is a spacelike
vector since (X, X) = 1. The causal character of the directrix is seen by the
following computations:

df o a(u) df o a(u)
< du  du

= +rX"ANX, o +rX"ANX)
= 1-2rn{a/, X') +r?n? (X', X'} (X, X).

(3.13)
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By using (X’, X') = —1 and (X', X”") = 0 in (3.13), it becomes

dfOO{('LL) dfOOé('U/) 2 92
14 =-1- .
(3.14) < i du r“n® <0
That the causal character of the directrix is timelike is seen from O

Theorem 3.2. Let M be a developable timelike ruled surface and M” be a parallel
surface of M in E3. Let f.(T), f«(X) and N" be, the directriz, the ruling and the
normal vector of the parallel surface M", respectively. Hence the reciprocal cross
products of these three vectors are as follows:

f*(T) AN" = f*(X)
fe(T) A fu(X) = —(1 +1rb)2NT

Se(X)ANT = = f(T).

Proof. Frenet equations for the timelike developable ruled surface M are obtained
in (2.3) by taking ¢ = 0. And also the unit vectors T, X, N for the timelike
developable ruled surface M are as in (2.4). By means of these information, we
have the following results:

F.(T) A NT=(T+rS(T)) A N=(T+rbT) A N=-(147b) X = f.(X),
F(T) A fo(X)=(T+rS(T)) A fo(X)=(T+1bT) A (-1-b) X =(1+7b)2N = -(1+rb)2N",

Fo(X)ANT = —(1410) X AN = —(1 4 rb)T = — £.(T).
m

Theorem 3.3. The vectors f.(T), f«(X),N" for the timelike parallel ruled surface
M?™ are timelike, spacelike and spacelike vectors, respectively, while the unit vectors
T, X, N for the timelike developable ruled surface with spacelike ruling M are
timelike, spacelike and spacelike vectors, respectively.

Proof. The normal vector of the timelike parallel ruled surface M" is a spacelike
vector because

(N",N") =(N,N) = 1.
The tangent vector field of the directrix is a timelike vector because
(fu(T), £u(T)) = (1 = 7b)* < 0.
From (3.6), the vector f.(X) is a spacelike vector because
(fo(X), fo(X)) = (=1 +7b) X, —(1 + rb)X) = (1 4+ rb)* > 0.
O

Position vector of striction curve on the timelike parallel ruled surface M" is
written as

(3.15) Ov=0foa+0f(X).
By using f.(X) = X" in (3.15), we get
(3.16) v(u) = foalu)+60X"(u) and 6 = 6(u).
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After making the required computations in (3.16), we get the function 8 = 6(u) as

follows:
df oa dXT
0— du ’ du
(3.17) aX" X"
du = du

@ X))+ (XTAX, X
(14 7rb) (X', X')
Hence using (3.16) and (3.17), the striction curve is given as follows:
(o, X"y +7r (X" NX, X")

(3.18) y(u) = a(u) + rX' (u) A X (u) + X7 X.
After some calculations, the equation (3.18) becomes

1
(3.19) () = au) + X" (u) A X () + —0

Corollary 3.2. Striction curve of the timelike parallel ruled surface is also a di-
rectriz provided that (¢/,X’) =0 and (X" AN X, X') =0.

Proof. Straightforward calculation by using (3.18). O

Corollary 3.3. Striction curve of the timelike parallel ruled surface is also a di-
rectriz provided that 1+ rna = 0.

Proof. Straightforward calculation by using (3.19). O

Theorem 3.4. The striction curve v of the timelike parallel ruled surface M" is a
timelike curve.

Proof. The normal vector field of the timelike parallel ruled surface M" is
N' =N=p,Ap,=a' AN X +vX A X.

For v =0, we get

(3.20) N"(u,0) = a'(u) A X (u).

From (3.20), we have

(N"(u,0),N"(u,0)) = (o' (u) A X (u),a’(u) A X (u))

(3.21) =F?4+1>0.
The result obtained in (3.21) means that the striction curve is timelike because the
vector which is normal to it is spacelike vector. ([l

Theorem 3.5. Striction curve of the timelike parallel ruled surface M" does not
depend on the choice of the base curve f o a.

Proof. Let f o« and p be two different directrices of the timelike parallel ruled
surface. Then the timelike parallel ruled surface is

(3.22) ©"(u,v) = foa(u)+vX"(u) = p(u) + sX"(u)

for some function s = s(v). Assume that the curves y(u) and F(u) are the striction
curves of the surfaces given in (3.22). Then as analogous to (3.18) by (3.22) we get

(3.23) () = () = (v — 5)x7 — W= DX XD

XX X(u)=0.
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The proof is completed by the result obtained in (3.23). O

Theorem 3.6. Given a timelike parallel ruled surface M" which is parallel to
developable timelike ruled surface M with spacelike ruling. There exists a unique
orthogonal trajectory of M™ through each point of M. This orthogonal trajectory in
terms of magnitudes of the timelike ruled surface M is as follows:

B(s) = als) +rX'(s) A X(s) + g(s)X (s).
Here, the function g(s) has been taken instead of —v(1 + rb).
Proof. Let
o' IxJ— E}
(3.24) (u,v) — " (u,v)=f o a(u)+vX"(u)
=a(u)+rX'(u) A X(u)-v(l+rb)X.

An orthogonal trajectory of M" is given by
G I — M’
s — PB(s)=foals)+g(s)X"(s).
We may assume [ C I. Since
(3.26) (B'(s), X"(s)) = (&/(s),X (s)) +4' (s)=0,

we obtain

(3.25)

o(s) = — / (o/ (), X (5)) ds + h,

where h is a real constant. Hence h = g(sg) — F(sp), where

_ / (o (s), X (5)) ds = F(s).

Therefore the orthogonal trajectory of M" through the point Fy is unique. Thus,
we have [ =] since the orthogonal trajectory of the surface M" meets each one
of the rulings of M. O

Corollary 3.4. Let M be a timelike ruled surface with spacelike ruling and M" be
a timelike parallel surface of M in E$. The Gaussian and mean curvatures K" and
H" in terms of the parameters Q,J, F, D are as follows:

_Q2

K" =
D* —rQFD +rQ2?JD + rvQ'D + rv2JD — r2Q?
(3.27)
o —QFD + Q*JD +vQ'D 4+ v*JD — 2rQ?
© 2D4 —2rQFD + 2rQ2JD + 2rvQ'D + 2rv2J D — 2r2Q?’
respectively.

Proof. Using (2.7) in (2.14), the values of Gaussian K" and mean curvatures H"
are obtained in (3.27). O

4. CONCLUSION

In this study, timelike parallel ruled surfaces have been introduced in Minkowski
3-space. Additionally timelike parallel ruled surface have been constructed by using
basic features of timelike ruled surfaces with spacelike ruling. Also some properties
of timelike parallel ruled surface have been given in Minkowski 3-space.
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SOME PROPERTIES OF FINITE {0,1}-GRAPHS

I. GUNALTILI*, A. ULUKAN AND S. OLGUN

ABSTRACT. Let G=(V,E) be a connected graph , X be a subset of V, A
be a finite subset of non-negative integers and n (z,y) be the total number
of neighbours of any two vertices x,y of X. The set X is called A-semiset
if n(z,y) € A for any two vertices z ande y of X. If X is a A-semiset,
but not B-semiset for any subset B of A ,the set X is called A-set. The
graph G=(V,E) is a A-semigraph and A-graph if V is the A-semiset and A-
set, respectively. Mulder [2] observed that {0, A}-semigraphs(these graphs are
called (0, \)-graphs by Mulder [2]), (A > 2), are regular. Furthermore a lower
bound for the degree of {0, A\}-semigraphs with diameter at least four was
derived by Mulder [2].

In this paper, we determined basic properties of finite bigraphs with at
least one {0,1}-part.

1. INTRODUCTION

Let us first recall some definitions and results. For more details, (see [1]). To
facilitate the general definition of a graph, we first introduce the concept of the
unordered product of a set V' with itself. Recall that the ordered product or carte-
sian product of a set V with itself,denoted by V x V| is defined to be the set of
all ordered pairs (s,t), where s € V and ¢ € V. The symbol {s,¢} will denote an
unordered pair.

A graph G=(V,E) consists of a finite nonempty set V' of v vertices together with
a prescribed set E of e unordered pairs of distinct vertices of V. If a pair u={x, y}
is an edge of G, u is said to joins z and y. We write u = xy and say that vertices
x and y are adjacent vertices; the vertex x and the edge u are incident with each
other, If two distinct edges u and v are incident with a common vertex, then they
are adjacent edges. A vertex z which adjacents to two distinct vertices z and y
is called neighbour of z and y. The neighborhood of a vertex x is the set N(x)
consists of all vertices which are adjacent to x. The set N;(z) is the set of vertices
at distance ¢ from x.G [W] is the subgraph of G induced by the vertex or edge set
W. The degree of a vertex p is the number d (p) of edges which are incident with

2000 Mathematics Subject Classification. 53D10, 53C15, 53C25, 53C35.
Key words and phrases. graph, bipartite graph, A-semiset, convex graph.
*corresponding author.
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it. Let X be a subset of V. The integer n , where n+ 1 = max{d(p) : p € X}, is
called the order of the set X. The minimum degree among the vertices of G=(V,E)
is denoted by §(G). If G=(V,E) contains a cycle, the girth of G=(V,E) denoted
9(@G) is the lenght of its shortest cycle.

Definition 1.1. Let G=(V,E) be a connected graph , X be a subset of V', A be a
finite subset of non-negative integers and n (z,y) be the total number of neighbours
of any two different z,y of X. The set X is called A-semiset if n (z,y) € A for any
two vertices z ande y of X. If X is a A-semiset, but not B-semiset for any subset B
of A the set X is called A-set. The graph G=(V,FE) is a A-semigraph and A-graph
if V is the A-semiset and A-set, respectively. If the set X does not contain edge
will be called edge-free.

Mulder [2] observed that {0, A}-semigraphs(these graphs are called (0, A)-graphs
by Mulder [2]), (A > 2), are regular. Furthermore a lower bound for the degree of
{0, A}-semigraphs with diameter at least four was derived by Mulder [2].

Definition 1.2. A bigraph (or bipartite graph) G=(P U L,E) is a graph whose
vertex set P U L can be partitioned into subsets P and L in which a way that each
edge of E joins a vertex in P to a vertex in L. Its clear that the parts P and L are
edge-free.

In this paper, we determined basic properties of finite (0,1)-graphs.

2. MAIN RESULTS

Corollary 2.1. Every subgraph of a {0,1} — semigraph is a {0,1} — semigraph.
Proof.Let G = (V,E) be a {0,1} — semigraph and let G' = (V',E') be subgraph
of G. Since G is a (0,1)— graph and V' C V for all z,y € V',|N(z) N N(y)| <
1. Therefore G' is a (0,1)— graph.

Corollary 2.2. G is a {0,1} — semigraph if and only if G is Cy — free.
Proof.Let G be a (0,1)— graph. Suppose that, G isn’t Cy— free. Then, G contains
at least one Cy in which up — us — ug — ug — uy for ui,us,us,ug € V. Therefore,
N(u1)NN(ug) = {uz} and N(u1)NN(us) = {ug} .In this case, |N(u1) N N(ug| = 2.
This case contradicts with being a (0,1)— graph of G. So, G is Cy — free.
Conversely, let G be Cy— free. If G isn’t a (0,1)— graph, then there are at least two
different wuy,us € V such that |N(u1) N N(uz| > 2. Let v1 and vy be two different
vertices in the set N(u1) NN (uz). Then ug — vy —uy — vy —uy is cycle of four lenght
in G. This contradicts with being Cy — free of G. So, G is a (0,1)— graph.

Theorem 2.1. Let G = (V,E) be a {0,1} — semigraph, gird(G) > 8 and v € V.
If P = No(v) U Na(v) and L = Ny1(v) U N3(v) , then G' = [(P U L)] is bipartite
subgraph of G.

Proof. Let G be a {0,1} — semigraph. Since G’ is subgraph of G, G' is a is a
(0,1)— graph by proposition 2.1. By the definition of P and L, P N L = nothing.
In this case, we show that G' = [(PUL)] is a bipartite {0,1} — semigraph with
parts P and L.

(1) Suppose, there are at least two vertices x and y in P such that {z,y} € E.
If x = v, then y € Na(v). Thus, there is a u vertex in L which N(xz) N N(y) =
N(w)NN(y) ={u}. Then , x —u—y—x is cycle of three-lenght which contradicts
g(G) > 8. The same contradict occurs for y = v, thusx #v #y and x,y € Na(v).
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Let Py :x—u—v and Py : v —t —y be two paths. In this case, if u #t, PiU P
is a cycle of lenght 5. This contradicts g(G) > 8. Therefore uw = t. In this case, P
contains a cycle of lenght 3, contradict g(G) > 8. So, P is edge-free.

(i1) Suppose, there are at least two different x and y in L for which {z,y} € E.
There are three cases for x and y.

Case 1: If x,y € N1(v) then, x —y — v —x is a cycle of lenght 3. This contradicts
with g(G) > 8.

Case 2: If x,y € N3(v) , let us consider minumum paths

P:v—x1—x—zand Po:v—y; —ys—y

ForVi,7:1,2, if x; # y;, then seven lenght v —x1 — 22 —x —y —y2 —y1 — v cycle
is obtained. This contradicts g(G) > 8. Then, there is at least one pair (i,7) for
which x; = y;. Thus G contains cycle of lenght 5 or 3.

If x; =y, , then G consist at least one & — o — x1 — Yo — y — « five-lenght cycle,
contradicts g(G) > 8. Similar contradiction is obtained an all other cases.

Case 3: Let x € N1(v) and y € N3(v). Suppose P : v —y1 — ya — y is three lenght
path. If x € P, then x — yo — y — x is a cycle of three-lenght in G, contradiction.
Therefore, x ¢ Py, x #y1 and x # ya. Thus v —x —y —ys — y1 — v is a cycle of
lenght 5 in G. This contradicts with g(G) > 8. So, L is edge-free.

Theorem 2.2. Let G=(P U L,E) be a connected bigraph with parts P and L. If
the part P is a {0,1}-semiset, the part L is {0,1}-semiset and G=(P U L,E) is
{0,1}-semibigraph.

Proof. Let G=(P U L,E) be a bigraph with parts P and L and let the part P be
a {0,1}-semiset. Assume that the part L does not {0,1}-semiset. Then the part
L has at least two distinct vertices u and w having at least two distinct common
neighbours © and y in the part P. This contradict to choosen of the part P. Thus
the part L is {0,1}-semiset and G=(P U L,E) is {0,1}-semibigraph.

Let G=(P U L,FE) be a {0,1}-semibigraph with parts P and L. and |P| = v ,
|L| = b, the vertices of P will be labelled pi,pa, ..., p, Similary, the vertices of L
will be labelled I4,1s, ..., 1. To make our notation even more concise we define,

S 0, If pilj %E
E 1, If pilj ek

we see that the (¢,j)th entry of the matrix A = [ry] ., is just the number r;;.
The matrix A is called incidence matrix of G. Where, n = |V (G)|, m = |E|. The

matrix. A" = [ry], . is called blok matrix of G

Theorem 2.3. Let A = [ryj], ., be the blok matriz of a {0,1}-semibigraph G, then

VT
the following equations valid.

(’L) %’:17"”‘ = Uy, ;?zlrij = bz and
(i) ?:1%’ :?’:1 (i’:lrij) =i=1 (2‘:1”]‘) =i bi.

Proof. If we add the 1’s in each column, column by column, we get °_,v; . If
we add the 1’s in each row, row by row, we get ;_,b; . But obviously we are just
counting the same number of 1’s in two different ways so we have the equations

(i)f=17’ij = Uj7;‘}=1 ’I“ij = bi and

(ii)?‘:lvj :?‘:1 (;jzlrij) =i=1 (?:ﬁij) =i b;
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Theorem 2.4. If r;; = 0 then the number adjacent vertices to p; and dont have
common neshbour to l; is d(p;) — pij-

Proof. Since d(p;) is the total number of vertices which are adjacent with p;
and by definition p;;the result is immediate.

Theorem 2.5. If G=(P U L,E) be a {0,1}-semibigraph with parts P and L and
the part P be a {0,1}-semiset and p;; = d(l;) for every vertex p; of P and vertex l;
of L such that r;j = 0 then P is a{1}-set.

Proof. Since |L| =b > 1, there is a vertex ly, of L, say. We must show that the
set P is {1}-set, that is, for any distinct two vertices p; and p; of P, n(p;,pj) = 1.
Let p;,p; be two distinct vertices of P. If riyy = rjx = L,n(ps,p;) = 1. If riy, =0
and r;i, = 1 then by assumption p;r, = d(ly) so that p; has a common neighbour with
vertexr which is adjacent to l. In particular, p; and p; have common neighbour.
Thus n(p;,p;) = 1. Finally, if rie = rj = 0, using the hypothesis once again,
for a vertex q which is adjacent with ly n(p;,q) = 1. If the vertex p; is adjacent
with common neighbour of vertices p; and q, n(p;,p;) = 1 and otherwise, by the
hypothesis one last time to get a common neighbour of vertices p; and p;. Therefore
n(p;,p;) =1, that is, P is {1}-set.

Theorem 2.6. Let G=(PUL,E) be a {0,1}-semibigraph and let |P| = v, |L| = b,
0 (L) > 2. P is a{l} —set if and only if

b_1d(l;)(d(l;) — 1) > v(v — 1)
Proof. Suppose that P is {1} — set.Counting the number of pairs of vertices of P

in two different ways. First of all, there are pairs of vertices of P (counting

v
2
{pi,p;} to be same pair as {p;,p;}). Second way, since P is {1} — set, there is a
unige | vertex of L which | € N(p;) N N(p;). Thus, the total number of pairs of
vertices of P is the total number of pairs of vertices of N (1), for eachl € L. Summed
over all vertices of L, that is sumj = 1°d(l;)(d(l;) — 1)/2 .

So,

g‘:ld(lj)(d(lj) -1 =vw-1)

Suppose, convercely, that
b_1d(l)(d(l;) = 1) > v(v —1)....x

We prove that P is {1} — set by induction on v.Since §(L) > 2, v is at least two and
b=1. In the case, P is {1} — set. If v = 3 there are exactly three possibilities , for
b=1,2 or 3. Of these, only the caseb=1,p1 =v=3 andb =3, p1 =ps = p3 =2
satisfy inequality. In both of these case, P is {1} — set.

Suppose then that if the inequality holds for a partial adjacent bigraph G’ with part
P’ and L' which P’ is a part with fewer than v vertices then P'is {1} — set. We
may assume 5_,d(l;)(d(l;) — 1) > v(v — 1) in G, where v > 4. Let p € P be and
consider the partial adjacent bigraph G’ with part P’ and L' which is the restiriction
of G to P\ {p}. So PP =P —{p} and L' = {l € L|{p,l} ¢ E and d(l) > 3}. As
|P'| = v — 1, we attempt to prove that P is {1} — set by showing that approprite
inequality above holds. Its right hand side becomes (v — 1)(v — 2).
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In G,
oAy —1) = > ddl;)(d(l;) — 1) + > dy)ay) —1)
1 1;¢N (p) 1L,EN(p),d(l;)>3
= > dy)dd) -1+ > (dlly) - 1)) - 2)
LEN () LEN (p),d(l;)>3
= ) d)dl) 1)+ > d(l;)(d(1;) — 1)
LEN () LEN (p),d(l;)>3

-2 ( S ) - 1))
leN(p),d(lj)23

Yo odL)A) -+ Y dly)dly) —1)

L Li¢N(p) l;EN(p),d(l;) =3

+ > dly)(d(ly) - 1)

L EN(p),d(l;)=2

DAl —) - D> d)dy) — 1)
lj

l;€N(p),d(l;)>3

- > d(l;)(d(l;) — 1)

L EN(p),d(l;)=2

U
—~
o~
<.
~—
—~
o9
—~
o~
<
~—
|
—_
~
Il

QU
—~
~
BN
~—
—
QU
—~
~
<
~—
I
—
~—
I

Substituting in the above, we get

d oAy —1) = > d;)dl;) —1) -2 > (di) -1
7 1

LEN(p).d(1;)>3

D DR (HIC(HESY

1;EN(p),d(l;)=2

= Zd(lj)(d(lj)—l)—Q( >, (d(lj)—l))
lj

l;EN(p)

By hypohesis, le d(l;)(d(l;)—1) > v(v—1) . By counting total degree of the vertices
of L which adjacent to p, it becomes evident that leeN(p)(d(lj) —1)<v—1and

s0 —2 (leEN(p)(d(lj) - 1)) > —2(v — 1). Therefore,

D d)dl;) = 1) = v —1) = 2(v —1) = (v—1)(v - 2)
1.

as desired. By our induction hypothesis, P' = P — {p} is {1} — set in G'. In the
case, show that , for each p' of P’ there is a exactly one common vertex of p and
p'. Let p” be arbitrarily vertex of P which p"” # p and p” #p'. P" =P —{p"} is
a restriction of P with v — 1 vertices and the and the argument used above shows
that P" = P — {p"} is {1} — set. Hence there is exactly one common vertex of p
and p'.
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THE HADAMARD TYPE INEQUALITIES FOR m—CONVEX
FUNCTIONS

CETIN YILDIZ*, MUSTAFA GURBUZ AND AHMET OCAK AKDEMIR

ABSTRACT. In this paper, we obtained some new Hadamard-Type inequalities
for functions whose derivatives absolute values are m—convex. Some applica-
tions to special means of real numbers are given.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real
numbers and a,b € I with a < b. The following inequality is well known as the
Hermite-Hadamard inequality for convex functions.

f<a;b> = bia/abf(x)dxgw_

In recent years many authors have established several inequalities connected
to Hermite-Hadamard inequality. For recent results, refinements, counterparts,
generalizations and new Hadamard-type inequalities see [3], [4] and [5].

A function f: I — R is said to be convex function on [ if the inequality

fltz+ (1 =t)y) <tf(z)+ (1 -1)f(y)
holds for all z,y € I and ¢ € [0, 1].
In [2], G. Toader defined m—convexity as the following:

Definition 1.1. The function f:[0,b] — R, b > 0, is said to be m—convex where
m € [0,1], if we have

fltz +m(l —t)y) < tf(z)+m(l—1t)f(y)

for all z,y € [0,b] and ¢ € [0,1]. We say that f is m-concave if -f is m-convex.

2000 Mathematics Subject Classification. 26D07, 26D15, 26A51.
Key words and phrases. Hermite-Hadamard’s inequality, m—Convex, Holder inequality, Power
mean inequality.
*corresponding author.
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For recent results related to above definitions we refer interest of readers to
[6,[7],[8]-

The following theorems which were obtained by Kavurmac: et al. contains the
Hadamard-type integral inequalities in [1].

Theorem 1.1. Let f : I C R — R be a differentiable mapping on I° such that
f' € Lla,b], where a,b € I with a < b. If |f’| is convex function on [a,b], then the
following inequality holds:

(1.1) b
f(a) + f(b) 1 b—a
2 _b—a/f(“)d“§ 12 [

Theorem 1.2. Let f: I C R — R be a differentiable mapping on I° such that
I’ € Lla,b], where a,b € I with a <b. If | f'|? is convex function on [a,b], for some
fixed g > 1, then the following inequality holds:

b
1y (i1 / e

F () @i o]

2

¢ b <|f’(“2“’)|q;2|f’(a)lq>q+<|f’(“§b)|q3+2f’(b)q>"

The main purpose of this paper is to establish refinements inequalities of right-
hand side of Hadamard’s type for m—convex functions.
2. MAIN RESULTS

In [1], in order to prove some inequalities related to Hermite-Hadamard inequal-
ity Kavurmac: et al. used the following lemma.

Lemma 2.1. Let f: I CR — R be a differentiable mapping on 1° where a,b € I
with a < b. If f" € Lla,b], then the following equality holds:

b
(b—x)f(b) + (z —a)f(a) 1
b—a 7b—a/f(u)du

b b
- %/(1 — ) f (tx + (1 — t)a)dt + (bb_jl) /(t = 1) f(tr + (1 - t)b)dt.

a a

Theorem 2.1. Let f : I C R — R be a differentiable mapping on I° where a,b € I
with a < b. If | f'| is m—convex function on [a,b] for some fized m € (0, 1], then the
following inequality holds:

(b—=)f(b) + (z —a)f(a) 1
b—a 7b—a/f(u)du

. @—a? [If' @)+ 2m]f (s)'] L b—w)? [If’<x>|+2m\f’ ()
- b—a 6 b—a 6
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Proof. From Lemma 1 and using the property of modulus we get;

b
(b—=z)f(b) + (z —a)f(a) 1
b—a 7b—a/f(u)du

(x —a)?

b—a

1
(L= 1) |f (t2 + (1 = t)a)| dt + bb—_z)Q/l—t VIF (b + (1 — )b)] dt.
0

O\H

Since |f’| is m—convex, we can write;

b
(b—=)f(b) + (z —a)f(a) 1
b—a 7b—a/f(u)du

2

< /11t t|f z)|+m(l—t) ’(%)Hdt
0
/ fironem ol (2)]
1 1

= (92__6;)2 [|f’(x)|/(t—t2)dt+m l(’i)‘/(l_t)thl

A o fe- vl ()] fa- v
IR, llf(w)+2m\f’(%)| L (a2 llf(w)+2m\f’($)|]_

b—a 6 b—a 6

This completes the proof. 0

Corollary 2.1. In Theorem 3, if we choose © = %% we have

b
f(a) + f(b) 1 b—a
2 _b—a/f(”)d“S 12 {

P el Gl el ()1}

Remark 2.1. In Corollary 1, if we choose m = 1, the inequality in (1.1) is obtained.

Theorem 2.2. Let f: I CR — R be a differentiable mapping on I° where a,b € I
with a < b. If |f'|? is m—convex function on [a,b] and p > 1, then the following
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inequality holds:

b—a

() [(“‘P ('f/“”)'”mlf’<;;>\q>é
p+1 b—a 2

= (UI(x)'q*m!f <:;>|q>1

b
(b—x)f(b)+(x—a)f(a) 1
- b_a/f(u)du

+ b—a 2

where m € (0,1] and % + % =1

Proof. From Lemma 1 and using the property of modulus we can write;

1
a

43
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Since | f’|? is m—convex function:

b
(b—2)f(b) + (z —a)f(a) 1
b—a 7b—a/f(u)du

(L) (j st ool (2)]a)
/1tf N +m(1—1t) (:1) q]dt);

0

()’ | (g el

(b—a) (1F@ +m|f (2)"\*
+b—a< 2 ’

This completes the proof. O

Corollary 2.2. In Theorem 4, if we choose x = “T"‘b, we have

b
fla) + f(b) 1
5 —b_a/f(u)du

(b—z)?

+ b—a p+1

~—

() (e (et |

1
In Corollary 2, if we choose m =1 and ( +1) ’ < 1, we obtain

f(a) —a/f

Theorem 2.3. Let f : I C R — R be a differentiable mapping on I° where a,b € 1
with a < b. If | f'|? is m—convex function on [a,b] for some fized m € (0,1], then
the following inequality holds:

(b—=z)f(b) + (z—a)f(a) 1
b—a b—a/f(u)du

< w_@zofmw+2mvwzwvé
- 2(b-a) 3

@—m2<U%)F+%nU%mH>é
2(b—a) 3

+

where ¢ > 1.

b—a[(|f’( ) |74 | £ (a) ) <|f’(§b)|q+|f’(b)
2 2

W)j'
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Proof. From Lemma 1 and using the property of modulus we get;

b
(b—=)f(b) + (z—a)f(a) 1
b—a _b—a/f(u)du

—

<

1 1

x—a)? (b—x)?

(1- 1-— (1- 1-— .

2 / 1 (k2 + (1 — t)a)| de + & - / B 1f (b + (1 — b)) dt
0 0

By using the Power-mean inequality, we have

b
(b—=2)f(b) + (x—a)f(a) 1
b—a 7b—a/f(u)du

a

1 -5 /1
< (i__‘;) (/(1—t)dt) (/ 01tz + (1= t)a )|th)

0 0

1 -3 /1 3
+7(bb_fa) (/ ) (/1—t |f/(tx+ (1 —t)b |th) .

0 0

q

Since | f/(z)|? is m—convex, we have

b—a b—a

= <> (/1

flw)du

b
(b—z)f() +(x—a)f(a) 1 /

IN

—t) t|f ()" +m(1 —1)

@)
()]
- “jj)(;) <|f o) /(tﬁ)mmﬁ(;)‘q/l(lt)th)é

0 0

(i) q/l(l —t)2dt>

Q=

Ja-o]
(/ll—t t1f (@) +m(1 —t)

) (o oo

0
_ (@—a)p? <f’( )q+2m|f’(;)|q>q
2 3

st (e el Y

2(b—a) 3

This completes the proof. (I
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Corollary 2.3. In Theorem &, if we choose x = %*b, we get
1 (a+b\ |4 7 (a9 é
fl@)+f() 1 [ ] < b= (!f (=) +2m |1 ()] )

2 b—a = 8 3

; (|f’<a2+b>V+2m\f' <;>|Q>q
3

Remark 2.2. In Corollary 3, if we choose m = 1, the inequality in (1.2) is obtained.

3. APPLICATIONS TO SPECIAL MEANS

We now consider the means for arbitrary real numbers a, 8 (« # 3). We take
(1) Arithmetic mean :

Ala, B) = a;ﬁ, a, 8 € R,
(2) Logarithmic mean:
__a-8
L(aaﬂ)—m7 lal # (8], a,B#0, a,f € RT.

(3) Generalized log — mean:
B ﬁnJrl _ an+1
Ln(o‘7ﬂ)_ [(n—i—l)(ﬁ—a)

Now using the results of Section 2, we give some applications for special means
of real numbers.

r, n € Z\{-1,0}, o, € RT.

Proposition 3.1. Let a,b € RY, a < b, m € (0,1] and n € Z,n > 1. Then, we

have
b—a |la+b|"" a |n—1 b |t
n opny _ rn < n. _ — .
|A(a™, ") — L (a,b)| <n B 5 —|—m’m +m‘m ]
If we choose m = 1, we obtain
b— "t _ -
a0 = La(@,b)] < n 20 2] el 1].

Proof. The assertion follows from Corollary 1 applied to the m-convex mapping
flz)=a", zeR, nelZ. O

Proposition 3.2. Let a,b € R, a < b, m € (0,1] and n € Z\{-1,0} . Then, for
all ¢ > 1, we have

b—a ([l + om &)

8 3

|A(a™, ") — L7 (a,b)| < n.

+

2o +2m|mq(”‘”r
3

If we choose m = 1, we obtain
1
q

b—a —‘a+b|q(”_1) +2|a|q(n71)
_l’_

2
8 3

|A(a™,b") — L (a,b)| < n.

1

a (n—1) n— q

’ —2&-b|‘1 —|—2|b|Q( 1)]
3
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Proof. The assertion follows from Corollary 3 applied to the m-convex mapping
fl)y=a™ zeR, nezZ. |
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ON WEIGHTED MONTOGOMERY IDENTITIES FOR
RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

MEHMET ZEKI SARIKAYA* AND HATICE YALDIZ

ABSTRACT. In this paper, we extend the weighted Montogomery identities
for the Riemann-Liouville fractional integrals. We also use this Montogomery
identities to establish some new Ostrowski type integral inequalities.

1. INTRODUCTION

The inequality of Ostrowski [18] gives us an estimate for the deviation of the
values of a smooth function from its mean value. More precisely, if f : [a,b] — R is
a differentiable function with bounded derivative, then

b
f@) — 5 [ Fioar] <

1 (x4

1 + (b_;)g] (b=a)lf

for every = € [a, b]. Moreover the constant 1/4 is the best possible.

For some generalizations of this classic fact see the book [8, p.468-484] by Mitri-
novic, Pecaric and Fink. A simple proof of this fact can be done by using the
following identity [8]:

If f:[a,b] — R is differentiable on [a,b] with the first derivative f’ integrable
on [a,b], then Montgomery identity holds:

b b
(1) f@) = 5= [ e+ [ Pora

where Pj(z,t) is the Peano kernel defined by

t—a
—, a<lt<zx
b—a

Pl(l',t)I:
t-b <t<b
b—a’ - =7

2000 Mathematics Subject Classification. 26D15, 41A55, 26D10 .
Key words and phrases. Riemann-Liouville fractional integral, Ostrowski inequality.
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48



ON NEW WEIGHTED INEQUALITIES 49

Recently, several generalizations of the Ostrowski integral inequality are consid-
ered by many authors; for instance covering the following concepts: functions of
bounded variation, Lipschitzian, monotonic, absolutely continuous and n-times dif-
ferentiable mappings with error estimates with some special means together with
some numerical quadrature rules. For recent results and generalizations concerning
Ostrowski’s inequality, we refer the reader to the recent papers [3], [6], [9]-[11],
[13]-[15].

In [1] and [16], the authors established some inequalities for differentiable map-
pings which are connected with Ostrowski type inequality by used the Riemann-
Liouville fractional integrals, and they used the following lemma to prove their
results:

Lemma 1.1. Let f : I C R — R be differentiable function on 1° with a,b € I
(a <b) and f' € Li[a,b], then

(1.2)
F@) = 1 (5= )12 £ (5) — T (o B B) + I (Paw ) (), > 1

where Pa(x,t) is the fractional Peano kernel defined by

Z:—Z(b —o)7T(a), a<t<uz
Pg(x,t) =
t—b

b—x)'"°T(a), z2<t<b.
(b 2)" (), wSts

In this article, we use the Riemann-Liouville fractional integrals to establish
some new weighted integral inequalities of Ostrowski’s type. From our results, the
weighted and the classical Ostrowski’s inequalities can be deduced as some special
cases.

2. FRACTIONAL CALCULUS

Firstly, we give some necessary definitions and mathematical preliminaries of
fractional calculus theory which are used further in this paper. More details, one
can consult [7], [12].

Definition 2.1. The Riemann-Liouville fractional integral operator of order a > 0
with a > 0 is defined as

x

Jof(x) /(x — )2 f(t)dt,

Jaf(x) = f(a).

Recently, many authors have studied a number of inequalities by used the Riemann-
Liouville fractional integrals, see ([1], [2], [4], [5], [16], [17]) and the references cited
therein.
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3. MAIN RESULTS

Throughout this work, we assume that the weight function w : [a, b] — [0, 00), is
integrable, nonnegative and

b

m(a,b) = /w(t)dt < 00.

a
In order to prove our main results, we need the following identities:

Lemma 3.1. Let f: I C R — R be a differentiable function on I° with a,b € I
(a<b),a>1andf" € Li[a,b], then the generalization of the weighted Montgomery
identity for fractional integrals holds:

m(ab) (@) = (b-2)""T(@)J:we)f®)
(3.1)
27 (@ (@,6) £ (8) + I (R (@.0) £ ()

where Q,, (x,t) is the weighted fractional Peano kernel defined by

(b— )T (a)
(3.2) Qy (z,1) := @
00T

Proof. By definition of Q,, (z,t), we have

J2 (% @.0) £ )

b
1 —1 /
_ Iwa)!(bﬂ Q (2,0) f (1) dt

T t

= (b—a)" /(b—t)cH /w(u)du £ (t)dt
b t
= +I/(bt)a_ b/w(u)du f@)dt

= (b—2)"""(Ji+ o).
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Integrating by parts, we can state:

T

o= (b—a2)! /w(u)du (@)
(3.4) ’

T t x

+(a—1)/(b—t)a*2 /w(u)du f(t)dt—/(b—t)o‘*lw(t)f(t)dt

a a a

and similary,

b
T = (b—a)! /w(u)du f@)

(3.5)

b t b
+(a71)/(b7t)a72 (/w(u)du) f(t)dt—/(bft)aflw(t)f(t)dt.

x b x

Adding (3.4) and (3.5), we obtain (3.1) which this completes the proof. O

Remark 3.1. If we choose o = 1 and w (u) = 1, the formula (3.1) reduces to the
classical Montgomery Identity given by (1.1).

Remark 3.2. If we choose w (u) = 1, the formula (3.1) reduces to the fractional
Montgomery Identity given by (1.2).

Theorem 3.1. Let f : [a,b] — R be differentiable on (a,b) such that f € Lila,b),
where a < b. If ’f/ (m)‘ < M for every x € [a,b] and o > 1, then the following

Ostrowski fractional inequality holds:

[ (a,6) £ () = (b= 2)' T (@) J3 (w () £ (B)) = T (R (,8) £ (8))

(3.6)
< M“‘j) [A(@) - (b— 2)° B()]
where
T b
Az) = / (b—uw)* " w(u) du — / (b —u)™ w (u) du
and
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Proof. From Lemma 3.1, we get

‘m (a,0) f (x) =T () (b =)'~ J& (w (b) £ (8)) = I~ (Qu (2,0) f (b))

=

b
< / "7 Qw0 f (1)
3.7)
M b
a—1
S W/(b—t) |Qw (l‘ﬂf)ldt

a

T t b b

= M@OB-=z)'" /(b—t)°H /w(u)du dt—i—/(b—t)a*l /w(u)du dt

a a T t
= M@Ob—2)"{J3+ J4}.

Now, using the change of order of integration we get

Js = /Z(b—t)al ]w(u)du dt
= jw(u)](b_t)“—ldtdu
_ é V(b_u)“—lw(u)du—(b—x)“]w(u)du]

and similarly,

b b
Jy = / — )" (/w du) dt
- /bw(u)/(bt)aldtdu

x

_ é |:(bx)o‘/bw(u)du/b(bu)aw(u)du] .

Using J3 and Jy in (3.7), we obtain (3.6). O

Remark 3.3. We note that in the special cases, if we take w (u) = 1 in Theorem
3.1, then it reduces Theorem 4.1 proved by Anastassiou et. al. [1]. So, our results
are generalizations of the corresponding results of Anastassiou et. al. [1].
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¢p—CONFORMALLY FLAT C-MANIFOLDS

ERDAL OZUSAGLAM

ABSTRACT. In this paper, we have studied ¢—conformally flat, —conharmonically
flat and ¢—projectively flat C'—manifolds.

1. PRELIMINARIES

Let (M™,g), n = dimM, n > 3, be a connected Riemannian manifold of class C*>
and V be its Riemannian connection. The Riemannian-Christoffel curvature tensor
R, the Weyl conformal curvature tensor C' (see [8]), the conharmonic curvature
tensor K (see [13]) and the projective curvature tensor P (see [8]) of (M™,g) are
defined by

(1.1) R(X,Y)Z =VxVyZ - VyVxZ — VixyiZ,
C(X,Y)Z = R(X,Y)Z— ﬁ [S(Y, 2)X — S(X, Z)Y
(1.2) (Y, 2)SX — g(X, 2)SY] +
m 9(Y,2)X — g(X, Z2)Y]
K(X,Y)Z = R(X,Y)Z- ﬁ IS(Y,2)X — S(X, 2)Y
(1.3) (Y, Z)SX — ¢(X, Z)SY]

(1.4) P(X,Y)Z = R(X,Y)Z — — - oY, 2)8X — g(X, 2)SY]

n—
respectively, where S is the Ricci operator, defined by S(X,Y) = ¢(SX,Y), S is
the Ricci tensor, 7 = tr(S) is the scalar curvature and X,Y, Z € x(M), x(M) being
the vector fields of M.

2000 Mathematics Subject Classification. 53C21, 53C25.
Key words and phrases. C—manifold, ¢—conformally flat, ¢—conharmonically flat,
¢—projectively flat.
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In this paper, we have studied ¢p—conformally flat C'— manifolds. We show that
there are no exist ¢—conformally flat and ¢—projectively flat C'—manifolds unless
the dimension of structure vector field s is 1. Similarly, we obtain that there is no
exist ¢p—conharmonically flat C—manifolds unless s = 4.

2. C—MANIFOLDS

We need the following definition which is given in [4].

Let (M, g) be a Riemannian manifold with dim(M) = 2m + s. Then M is said
to be an C'—manifold if there exist on M an ¢—structure ¢ [16] of rank 2m and s
global vector fields &1, ..., & (structure vector fields) such that [4]

(i) If n,, ..., ms are dual 1—forms of &y, ..., &, then:

(2.1) 66 =0, mop=0, m(&)=1, ¢ =—I+ :zlfi &
(2.2) (X, Y) = g(6X, oY) + ; n: (X) 5 (V)
(2.3) 9(&, X) = mi(X)

forany X, Y € x(M) andi=1,...,s.
(ii) The ¢—structure ¢ is normal, that is

S

[, 9] +2 ;&@dm =0
where [¢, ¢] is the Nijenhuis torsion of ¢.
(iil) n, Ao Ams A (dn;)™ # 0 and dn; = 0, for any ¢. Examples of C'—manifolds
are given in [4].
In a C—manifold M, besides the relations (1.1) and (1.2) the following also hold

[9] :
(Vx¢)Y =0
Vx& =0
R(&, X)Y =0
2.4
24 R(E X)é5 =0
(2.5) S(&, X) =2m Y ng(X)
B=1
(2.6) S(¢X,9Y) = S(X,Y)
An C'—manifold M is said to be n—Einstein if its Ricci tensor S is of the form
(2.7) S(X,Y) = ag(X,Y) + b mi(X)mi(Y)
i=1

for any vector fields X and Y, where, a, b are functions on M"



56 ERDAL OZUSAGLAM

3. MAIN RESULTS

In this section we consider ¢—conformally flat, ¢—conharmonically flat and
¢—projectively flat C'— manifolds.

Let C be the Weyl conformal curvature tensor of M™. Since at each point p €
M™ the tangent space Tp(M™) can be decomposed into the direct sum T,,(M") =
d(Tp,(M™)) @ L(&), where L(¢,) is a 1—dimensional linear subspace of T,(M™)
generated by ,, we have a map:

C:T,(M™) x T,(M™) x T,(M™) — ¢(Tp,(M™)) & L(&p).

It may be natural to consider the following particular cases:

(1) C: T,(M™) X T,(M™) xT,(M™) — L(&p), that is, the projection of the image
of C in ¢(T,(M™)) is zero.

(2) C:T(M™) x T,(M™) x Tp(M™) — ¢(Tp(M™)) , that is, the projection of
the image of C in L(§p) is zero.

(3) C : ¢(T,(M™)) x ¢(Tp(M™)) x ¢(Tp(M™)) — L(&p), that is, when C is
restricted to (T,(M™)) x ¢(Tp(M™)) x ¢(T,(M™)), the projection of the image of
in ¢(T,(M™)) is zero. This condition is equivalent to

(3.1) $*C(¢X,9Y)9Z =0
(see [8]).

Definition 3.1. A differentiable manifold (M™,g), n > 3, satisfying the condition
(3.1) is called ¢p—conformally flat.

The cases (1) and (2) were considered in ([18]) and ([19]) respectively. The case
(3) was considered in ([8]) for the case M™ is a K—contact manifold.

Furthermore in [1], the authors studied (k, ) —contact metric manifolds satisfy-
ing (3.1). Now our aim is to find the characterization of C'—manifolds satisfying
the condition (3.1).

Theorem 3.1. Let M be an 2m + s—dimensional, (s > 1), C—manifold. Then
There is no exist ¢— conformally flat C—manifolds.

Proof. Suppose that (M,g), (s > 1), is a ¢—conformally flat C—manifold. It is
easy to see that ¢?C(¢X, ¢Y)¢Z = 0 holds if and only if

9(C(9X,9Y)9Z, oW) = 0,
for any X,Y, Z,W € x(M). So by the use of (1.2) ¢—conformally flat means

JROX,GV)62,6W) = 5 [g(6Y,62)S(0X, o)
(3.2 ~g(6Y, 9W)S(6X, 67)]

_(Qm +s—1 (2m 4+ s— 2) [g(¢Y7 ¢Z)g(¢X7 ¢W)
—9(¢ X, 0Z)g(dY, pW)]

Let {w1, ..., wam, &1, ..., &s | be a local orthonormal basis of vector fields in M. Using
that {dw1, ..., wam, &1, ..., Es } is also a local orthonormal basis, if we put X =W =
wj; in (3.2) and sum up with respect to 4, then
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1 2m
Zg (pwi, 9Y)0Z, pwi) = 5 ;[ 9(8Y, 62)S(dwi, pw)
—g(¢ws, 0 2)S(PY, dw;) + g(dwi, $w;)S(6Y, $Z)
(3'3) _g(¢Y ¢wz)s(¢wza d’Z)]
2m
BTN T2 & 6V 6Dabu ou)
It can be easily verify that
2m
(3.4) Zg (pwi, §Y)$Z, pw;) = S(¢Y, $Z),
2m
(3.5) > S(pwi, gw;) =7
2m
(3.6) > g(pwi, $Z)S(4Y, dwi) = S(Y, ¢2)
1=1
2m
(3.7) > g(dwi, pw;) = 2m
=1
and
2m
(3.8) > " g(dwi, 02)g(8Y, pw;) = g(¢Y, ¢ Z)

i=1
So by virtue of (3.4)-(3.8) the equation (3.3) can be written as
1
S(eY,0Z) = ————I[19(¢Y,¢Z) = 25(¢Y, ¢Z) + 2mS(¢Y, ¢ Z)]

2m+s—2
2myg(oY, ¢Z) — g(¢Y, ¢Z)]

_(2m+s—1)(2m—|—5—2)[

(3.9) S(6Y,62) = 5T 9(0Y.62).

Then by making use of (2.2) and (2.6), the equation (3.9) takes the form

T

1 Y. Z) = — " _4(v.Z
(3:.10) SV 2) = 5 =9 2) - 2m+5712m 1hi

Therefore from (3.10), by contraction, we obtain s = 1 which is a contradiction.
This completes the proof of the theorem. O

From Theorem 3.1, we have following corollary.

Corollary 3.1. Let M be an (2m + 1) —dimensional ¢— conformally flat C—manifold.
Then M is an n— Einstein manifold.
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Definition 3.2. A differentiable manifold (M™, g), n > 3, satisfying the condition
(3.11) P*K($X,0Y)pZ =0
is called ¢p—conharmonically flat.

In [2], the authors considered (k, 1)—contact manifolds satisfying (3.11). Now
we will study the condition (3.11) on C'— manifolds.

Theorem 3.2. Let M be an (2m + s) —dimensional, (s > 4), C—manifold There
is no exist ¢p—conharmonically flat C'—manifold.

Proof. Assume that (M, g), (s > 4), is a ¢—conharmonically flat C'—manifold. It
can be easily seen that ¢? K (¢ X, ¢Y)¢Z = 0 holds if and only if

9(K(oX,¢Y)oZ, W) = 0,
for any X,Y, Z, W € x(M). Using ( 1.3) ¢—conformally flat means

(3.12) +9(¢ X, oW)S(9Y, 0Z) — g(¢Y, oW)S (96X, Z)].

Similar to the proof of Theorem 3.1, we can suppose that {w, ..., wam, &1, ..., s} is a

local orthonormal basis of vector fields in M. By using the fact that {¢wy, ..., dwam, &1, ..y Es}
is also a local orthonormal basis, if we put X = W = w; in (3.12) and sum up with

respect to i, then

2m

2m 1
;Q(R(wau PY)QZ, pw;) = I ;[Q(QSY, ¢Z)S(pwi, pw;) — g(pwi, pZ)S(PY, pw;)

(3.13) +9(pw;, pw;)S(dY, ¢9Z) — (Y, pw;)S(dw;, Z)].
So by the use of (3.4)-(3.7) the equation (3.13) turns into

_ T B (2m —2)
(1) S(OY.62) = g gl6Y,62) - 5 S0V, 62)
Thus applying (2.2) and (2.6) into (3.14) we get
T T >

(3.15) S(Y,z) = mg(Y, Z) - S ;m (Y)ni (Z)
from (3.10), by contraction, we obtain n = 4 which is a contradiction. (Il

From Theorem 3.2, we have following corollary.

Corollary 3.2. Let M be an (2m + 4) —dimensional ¢— conharmonically flat C—manifold.
Then M is an n— Einstein manifold.

Similar to Definition 3.1 and Definition 3.2 we can state the following:
Definition 3.3. A differentiable manifold (M™,g), n > 3, satisfying the condition
(3.16) P*P(pX, Y )pZ =0
is called ¢p—projectively flat.

Theorem 3.3. Let M be an 2m + s dimensional, (s > 2), C—manifold. There not
exist ¢—projectively flat C—manifold.
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Proof. We assume that M be an 2m + s —dimensional, (s > 2), ¢—projectively flat
C—manifold. It can be easily seen that ¢?>P(¢X, ¢Y)¢Z = 0 holds if and only if

9(R(¢X, 0Y)9Z, W) = 0,
for any X, Y, Z, W € x(M). Using ((1.1) and (1.4) ¢—projectively flat means
(3.17)
1

9(R(oX, ¢Y ) Z, W) = W[Q(W¢Z)S(¢>X7¢W)—9(¢X,¢>Z)S(¢Y7¢W)~

In a manner similar to the method in the proof of Theorem 2, choosing {wy, ..., Wam, &1, -, Es }

as a local orthonormal basis of vector fields in M and using the fact that {¢wy, ..., pwapm, &1, ..., €5 }
is also a local orthonormal basis, putting X = W = w; in (3.17) and summing up

with respect to ¢, then we have

(3 18)

2m
Zg (i, 0¥ )67, ) = 5 S (967, 62)S (6w, bwi)—g w3, 67)S(6Y, ).

i=1
So applying (3.4)—(3.6) into (3.18) we get

S(eY,92) = ? 9(9Y,02)
Hence by virtue of (2.2) and (2.6) we obtain
T

(3.19) S(Y,Z) = mg(Y, Z) =51 e Zm )i (

Therefore from (3.19), by contraction, we obtain s = 1 which is a contraction.
Hence, the proof is completed. O

From Theorem 3.3, we have following corollary.

Corollary 3.3. Let M be an (2m + 1) —dimensional ¢—projectively flat C—manifold.
Then M is an n— Einstein manifold.
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