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WEIGHTED OSTROWSKI AND CEBYSEV TYPE
INEQUALITIES WITH APPLICATIONS

S. HUSSAIN! AND M.W. ALOMARI?

ABSTRACT. Weighted Ostrowski and Cebysev type inequalities on time scales
for single and double integrals have been derived which unify the corresponding
continuous and discrete versions and some applications for quantum calculus
are also given.

1. INTRODUCTION

In 1937, Ostrowski gave a useful formula to estimate the absolute value of deriva-
tion of a differentiable function by its integral mean, the so called Ostrowski’s in-
equality [11]

< sup |f'(t)|(b—a)

a<t<b

b
(1) Pm—bia/f@ds

1=
4 (b—a)? |’
by means of the Montgomery’s identity [9, p.565].

In 1980, Pecari¢ [13] gave the weighted generalization of the Montgomery identity
as:

b b
(12) f@) = [ wle) £0) dt+ [ Quist) £'0) at
where the weighted Peano kernel @, is defined by:

W (t), t € [a,z]
Qu(z,t) =
W) -1, te(x,b],

with W (t) = f; w(zx) dz for t € [a,b].
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K. Boukerrioua et. al [2], further generalized (1.2), while on the other hand
in 1882, P. L. Cebysev [5] proved the following inequality, the so called Cebysev
inequality, for two absolutely continuous functions f, g : [a,b] — R

b—
(1.3) 7 < C= P lcgony 1 oo

where

0= [ s an- (1 [ an) (51 [ oo )

During the past few years, many researchers have given considerable attention
to the inequalities (1.1) and (1.3) and various generalizations, extensions, variants
of these have appeared in literature [3, 4, 6, 7, 12, 14, 15, 16, 17, 18], and the
references therein. The main aim of this paper is to prove some new results in
general time scales, generalizing some results in literature, which unify discrete,
continuous and many other cases. As a consequence some new Ostrowski and
Cebysev type inequalities have been proved with some new applications. In the
whole paper T;, 1 <14 < 2, is considered as a time scale.

2. OSTROWSKI TYPE INEQUALITIES FOR SINGLE INTEGRAL
We may begin with the following lemma:
Lemma 2.1. Let a,b € Ty; ¢,d € RL U{0} and let f : [a,b] — R be a differentiable
function. If f2 is an integrable on [a,b] and w : [a,b] — R is a weight function

such that f; w(t) At =d. Let ¢ : [c,d] — R be a continuously differentiable function
such that $(0) = 0 and ¢(d) # 0, then

e @)= [ wem O rwars [ Ko
‘ () Ja o) Jo
where, K, ¢ is the generalized weighted Peano kernel defined by:
p(W (1)), t € [a, 2]
Kw@(l',t) =

( (1) —¢(d), te(xb],
with W : [a,b] — [c,d] defined by W (t ftw(gc Az fort € [a,b].

a

Proof. By integration
b T b
/ Kol )f2 ()M = / Koo, £) A (1) AL + / Koo, ) f2 () AL

b
= [Cowerrwacs [o0vo) - s war

/ SV (D) F2 (DAL — S(d)[F () — f()].

b
P(W(0))f(b) = ¢(W(a))f(a) - / (60 W)(®)™ f7 (1) A

+/(x)¢(d) — o(d) f (D),
which is equivalent to (2.1) O
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Remark 2.1. For Ty =R and d = 1, Lemma 2.1 coincides [2, Theorem 2.1]

Corollary 2.1. (Discrete case) Let Ty = Z, a = 0,b =n,c=0,d = m,z = i,t =
k,s =1 and f(x) = x;, then (2.1) reduces to

¢ (i w), 1<k <i
¢ (TiZbw®) —o(m), i+1<k<n,

Corollat_‘y 2.2. (Quantum calculus case) Let T = q?o with ¢ > 1. Suppose a =
qi,b=gq],d=qb for somei < j,i<r;l,r €Ny and g2 > 1, then (2.1) reduces to

I=L F(gh) Mg (X0 w(al)
iy = L § 1 20w

o (@) &= @ = 1)
1 & m o Af(g)
¢ (b) ;Kw’¢ @’ 4) =g

where A is the forward difference operator defined by:

r—1 T r—1
Ad (Zw (Qi‘)> =¢ (Zw ((ﬁ)) — ¢ (Zw (Qi‘)> :
Remark 2.2. By setting ¢(x) = x; d = 1 and W(t) = £=2, Lemma 2.1 reduces to

b—a’
[8, Lemma A].

A generalization of Ostrowski’s inequality on time scale may be considered as
follows:

Theorem 2.1. Let f : [a,b] — R be a differentiable function on (a,b) such that
f2 is bounded on (a,b), that is, fAH:)O'[a p = Sup |fA (t)‘ < oo and ||po W| =
Y te(a,b)

f; |p (W (t))| At. If f2 is integrable on [a,b], then for x € [a,b]

1

b A
e / (6o W) (1] 7 (1) At

< ||fA||oo;[a,b]
~ ()

(2:3) ’f (z) -

¢ o Wi +l¢ (d)] (b — )],
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Proof. By properties of modulus and Lemma 2.1

1 b A o
f(:c)—M/a (6o W) (1) £ () At

b
- |¢(1d) / Ko (1) /2 (1) At

1
<

b
< iy /| e 0l 0] At

(

1 A ’
< @ {tesipb)ﬁ }Va o (W IAt+/ ¢ (W d)| At
fA
H || [ab] V o (W |At+/ \¢(W(t))|At+/ |6 (d)| At

fA
B G P ” [‘”’] [/ 6 (W |At+|¢<>|<b—x>]

HfAHoo;[a b]

= W [lgo W+ l¢(d)] (b—2)],

which is as required. O

Corollary 2.3. (Continuous case) Let Ty = R, then (2.3) becomes

t

w (z) dw) f(t)dt

qS(/abw(t)dt)

(2.4 |f<x>—¢ (fbul)(t)dt> /abw(tm’ (/
<M V” ¢([ltw(x)dm>

For instance, let w (t) = ;= and ¢ (t) =t, we have

dt +

(b—x)] .

b
(2.5) |f<x> S el RACL

b—a
< oot |5+ 0]

Corollary 2.4. (Discrete case) Let Ty =Z, a =0,b=n,c=0,d =m,x = i,t =
k,s =1 and f(x) = x;, then (2.3) reduces to

(2.6)

[qu(z >+|¢< )|(n—i)]1<r{1<ag<llﬁxz-

Theorem 2.2. Let f : [a,b] — R be a differentiable function on (a,b) such that f*
1/q
is integrable on la,b]. If ¢ = % forp>1 and HfAHq‘[a N = (f(f ‘fA (t)‘th) ,
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then for x € [a,b]

(2.7) f(x)—l/b [(po W) ()™ £7 (1) At| < M
¢(d) Ja = e (@)

x [”¢ © W”P;[a,z] + ||¢O WHp;[%b} + M)(d)l (b - x)l/p} :

Proof. By Holder’s inequality and Lemma 2.1

1 b A o
‘f(x)—M/a (6o W) (1] 7 (1) A

b
¢<1d>/ i 00 00
1

K A ()] At

b
§|¢<1d>\ (/ 'KW“'W> (/ 2@ 'At>

/q

( [ 1o o At) "
(/ v ars [low )V’At)l/p
<([wovora)” (/ oW >|pAt>1/p
<([wwors)” (/ o (W |”At+/:|¢<d>|”m>w
<([wovora)” (/ o (W |”At> /p+<[¢><d>w>l/p

=llgo Wllp;[a,x] +loo W”p;[z,b} + ¢ (d)| (b — x)l/p

Combining the above obtained inequalities we get the required result.

Theorem 2.3. Let f,g: [a,b] — R be differentiable functions such that f*,g> are
integrable functions on [a,b]. If ¢, w are as in Lemma 2.1, then
H?(2)
¢*(d)

IS(f,9:0,W)| <

1 F2 Nocitatill 9% Nocstanll @' aeigans
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where

b
(2.8) S(f,9:0, W) = fa)g(x) — —— {f(x)/ (60 W)()% ¢ (1) At

' WD o (1) At 1 ' WD o (1) At
+guql[wo )62 7 (1) +$%5‘A[wo Je)A 7 (1)

b
x L/‘K¢ovv>unﬁg”@»34,

and H(@) = 0 o) (b~ )(1 - @) +1d](b o).
Proof. By Lemma 2.1 for functions f and g

b b
1)/’K¢oﬂduﬂAf”@vu::$%5/“K@¢0uwfﬁuﬂv

(2.9) f(z) - M

et g at— - [ R
1) gle) = 5o [ oW at= S [ Kuglang* 0,

Multiplying equations (2.9) and (2.10) simultaneously and using properties of mod-

ulus:
{/ Kooz, t) f2(t) At}{/ Koy oz, t)g ()At}

2

1S(f,9:0,W)| =

< ¢2( ) te[gb] |fA(t)| trél[aa?é] |gA(t)| [/ |Kw,¢(£€,t)| At

A A
f|@wumwww[/|¢ \m+/ﬁ¢ d)| At

By Mean Value Theorem, there exist n;, & € [c,d] such that
P(W(t)) = ¢'(§)W(t) and (W (1)) — ¢(d) = ¢'(n))(W(t) — d).

1S(f, 950, W)

¢/2a onoa ngca
| H[MH¢L[ﬂ oo /|W|N+/HV\N+M/At

¢l 2 la, fA oojla oosla
_|| I0:a, ¢l( )[ )l 9% llseifay {/ (/ w(z |Ax>At+d|( —w)}

1 o) £ el 9 oo
¢*(d)
This completes the proof of the theorem. O

[l @ llsosfagy (b —a)(1 —a) +|d|(b— )]

Applications of theorem 2.3 to discrete and continuous cases give the following
results.
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Corollary 2.5. (continuous case) Let Ty = R. In this case delta integral is the
usual Riemann integral from calculus, then

1 b
‘f(w)g(w)—(b(d){f(fﬂ)/a g(t) w(t) ¢’ (Wi(t)) dt+g(z / f@t) w(t)e' (Wit ))dt}

b
[ / £(0) o) dt] [ / olt) w(t) & (Wi (1) dt]

1 f" Noosanill 9" Nocsianll " 115
= >
¢*(d)

;la,b] H2 (x)’

where
(2.11) W () = /u w(l) dl.

Corollary 2.6. (Discrete case) Let Ty =7Z, a = 0,b =n,d = m,x =1, f(z) =
and g(x) = y;, then

L

n k—1 k—1
Ty — 2y yr Ag [ Y w(p) +yzzxk A¢ w(p)
o(m) | = =

=1
1 n k-1 z 1
g [ s B[S (50
1 2
< pET  Jnax | A  Jnax | |Ay;| Lgrlnsagc_l |¢’(i)|}

2
X [n o lw(@)] + |m|(n — Z):| .

Corollary 2.7. (Quantum calculus case) Let Ty = q?" with g1 > 1. Suppose a =
¢,b=ql,c=q5,d=qb for somei < j;i<r;k<l;l,r €Ny and qo > 1, then

7j—1

! 2 9 6 40 ) 1 (657)

‘f(fh )9 (di )—m

xA(b(;th q1>_ - 1 lzg ) A¢<§w(6ﬁ)>1
s M(DU )]

Af(q7) Ag (q7)
qr q1

1
<——— sup
¢% (d4) (1 — 1)2 i<r<j

j—1
X max 1 — ! p
[i<7-<] (Z ql) ql + 43 p;n Q1‘|

G <q5>|r

k<s<l—1

i<r<j—1
2



8 S. HUSSAIN AND M.W. ALOMARI

3. OSTROWSKI TYPE INEQUALITY FOR DOUBLE INTEGRALS

Lemma 3.1. Let a,b € Ty; ¢,d € Ty and let [ : [a,b] X [¢,d] — R be such

that the partial derivatives afA(f’ts), afA(;’:) nd 2 f(tAs)t exist and are continuous on
[a,b] x [c,d], then
(3.1)

f(x,y)

[ st SIS s [ [t

<[00 W)(s)® af(tA‘f sasaitt [ [ 100 W01 Kool L5 0)

X AgsArt+ / / [(¢°W)(t)]A[(¢°W)(S)]Af(Ul(t)aaz(S))AzsAlt]

Proof. By Lemma 2.1 for partial delta map f(.,y) we have

(3.2) f(z,v) / Ky o(z )Aﬁ

I A

— W)(t t Aqt
5 | MO fe0.am,
for all (z,y) € [a,b] X [c,d]. Also application of the same lemma for the partial delta

map f(o1(t),.) yields:

(33) f(Ul / Kw b y, (A(t) )AZS
o | "6 0 WY F(o1 (1), 7a() Aas
o) Je R
Similarly for the partial delta map ag(t;'), Lemma 2.1 provides:
5f f(t,s)
(3.9 / Kooy, s A T s

1 d A af(ta 02(8))
+ o | o myen DA

From equations (3.2)-(3.4) we obtain (3.1). O

Application of Lemma 3.1 to different time scales gives some new results.

Corollary 3.1. (Continuous case) Let Ty = Ty = R. In this case delta integral is
the Riemann integral from calculus, then

1 b pd 32
@ |/, / Koottty ) Sl vt [ [ st

X 'LU(S)(ZS/ (Wl(s)) 8f d dt +/ / K, 5 y’ )¢/ (Wl(t)) 8féi, S)

[z, y)

ds dt

/ / & (WA()) ¢ (Wi(5)) f(t,5) ds dt}



OSTROWSKI AND CEBYSEV TYPE INEQUALITIES 9

Corollary 3.2. (Discrete case) Let Ty = To =Z, a =0,b=n,d =m,x = i,y =
J,t=k,s=1and f(p,q) = xpy,, then

f(Z ‘7 m ZZKUMﬁ i, k w¢(jvl) Axy Ayl +ZZK“’7¢ 1 k?) (l)
k=1 1=1 k=1 1=1
-1 n o m k—1
x Ag w(q)) Arg+ Y Ku (i, )Ad ( w(p)> Ay,

q=1 k=11=1 p=1

n m -1 k—1

F3 )t a0 (3 wto)) a0 (3 w0 |
=1 q=1 p=1

k=1
where, K, ¢ is given by (2.2).

Corollary 3.3. (Quantum calculus case) Let T = q?o and Ty = qQNO with q1 > 1
and ga > 1. Suppose a = i, b= q],c = q5,d = ¢} for some i < j; k <1, then

r=1i s=k

J—11-1
f(q a3) ql [ZZKW 0" 7)) Kus (@5.63) [Arf (a5, a571) — Adf (a7, 3)]
2

—-11-1 —17-1
fd e
PSS K (a0 A0 (zw & ) ’ q2(1q1(_11 ;_1 S5 Ko (68269

r=1t s=k r=1t s=k

r—1 -117-1 r—1
xAg (Zwm@) = ("1 "b +ZZA¢ (Zw @ ) Ad (Zw«ff))

q1q2(q1 r=1t s=k
Fla et
q7q5(q1 — 1)(q2 — 1)

where, Ay is the forward difference operator with respect to first component and Ao
is with respect to second component.

Theorem 3.1. Let the conditions of Lemma 3.1 be satisfied, then

(35) |f / / B¢ o W) F(o1(8), 02(s)) AgsAst
b d
< (My + My + Ms)| / U(t)Aqt / U(s)Ags
b
+ (My + M) ()] (d — )|l ooy / WA | + (M + M) 6(d)|(b — )
d
% 1l ooifet / W(s)Ass| + My (d)(b — 2)(d — y),
for all (z,y) € [a,b] X [c,d], where
o qars)| L |of(ts) - Pr(t,5)
M= szl[t,d] Ags M2 = te(a,b] Aqt and Ms = (t,s)G[szS [e,d] AgsAqt
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and

U(w) = [ ¢ (W(w)+ hu(w) w(w) db.

Proof. By properties of modulus and Lemma 3.1

1 b d A A
|f(x,y)¢2(d) | [ 100 W@ (00 W) fer(e).ma(s) Aasityt
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2 s b d
Kol T Bystitet [ [ Kaolant) (60 W)()2

MAQ st [ [ 1o MO Kualy 9 LG 0

Ass
¢2 {//|Kw¢$(}t|Kw¢ AQ 1t+//|Kw¢$Ut

AAl

X)K¢ow0@nA]éﬁfgﬁ AgAt4i/ / ‘¢ow1
><m@¢@ﬁn‘af)A At}

82
AQSAlt

1
< sup / / Ky o(x,t)| | Kp.o(y,s)| AssAqt
¢2(d){ syelab]x[e.d] | ¢ )| | ¢( )l 2 1

of(t

sup fAtS //|Kw¢xt|’ (poW)(s ‘AgsAlt
te[ b] 1
of(t,

+ sup f(t:5) // ‘ (poW)(t ’|Kw¢ys)|AgsA1t
s€le,d] Ags

—qf(d)[M{/ o) Alt}{/ Kw¢(y»8)|A28}+Mz{/b|Kw¢(x,t)Alt}
AL oo \Ags}%{/ww o] [ i)

< 5@ [M3{/ hot?)
{/
+M2{/ it
+M1{/ it
{/

Aol

sup |w(s |
s€le,d]

)+ h pu(t) w(t))dh

Agt + |p(d)| (b —x)}

s)+h p(s ))dh

Ags +[¢( )I(d—y)}

t)+ h p(t) ))dh

At + o (d)](b —x)}

AQS}
M}

Azs +|¢(d)|(d —y)H

/(b s)+h u(s ))dh

t) + h p(t) ))dh

s)+h p(s ))dh

t)+ h p(t) ))dh

Ast + |p(d)| (b x)}

¢ s) + h u(s) w(s))dh

0

Ags +[p(d)|(d — y)}
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+ M3 < sup |w(¢)
t€la,b]

{/ lw(s I'/¢ s)+h u(s ())dh’AQS}

0+ h ) <>>dh\A1t+¢<d>|(b—m>}

+ M, { sup |w(t) )+ hop(t) wt ))dh‘ Alf}
t€la,b]
{ :1[1pd lw(s) s)+h p(s) w(s ))dh’A25+ |¢(d)|(d—y)}]

1
= 2 [M3{||w||w;[a,b]/a I‘I’(t)lﬁlt+|¢>(d)(b—x)}
d
X {”w”oo;[c,d]/ I‘II(S)IA2S+I¢(d)I(dy)}
b d
MZ{”w”oo;[a,b]/ I\P(t)IA1t+|¢(d)(b—I)} {Ilwloo;[c,d]/ I\P(S)IAzs}
b d
Ml{llwlloo;[a,m/ I‘I’(t)lﬁlt} {”wloo:,[t:,d]/ I‘I’(S)|A28+|¢(d)(d—y)H,

which is equivalent to (3.5). O

The followings are the discrete and continuous cases of the Theorem 3.1.

Corollary 3.4. (continuous case) Let T1 = Ty = R. In this case delta integral is
the Riemann integral from calculus, then

’ / / L(1)¢' (W(s)) f(t,s) ds dt

b d
< (Ml + My + MB)HwHoo;[a,b]”wHoo;[c,d] [/ ¢/(W1(t)) dt‘| [/ ¢,(W1(S)) ds]

b
+ (M1 + Ms)|p(d)|(d = y)l|wllsoifa. [/ ¢ (Wi(t)) dt| + (M2 + Ms)|¢(d)|(b — x)

d
X [Jwl]oosfe.a V ¢'(Wi(s)) ds| + Mz ¢°(d)(b — z)(d - y),

where, W1 (u) is given by (2.11).
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Corollary 3.5. (Discrete case) Let Ty = To = Z, a =0 = ¢,b =n,d = m,z =
Ly=j,t=ks=1and f(p,q) = xp yq, then

-1 k—1
iy — ZZM( w( ) A¢ (Z w(p)) X T Yy

) ioS a=1 =1
S(M1+M2+M3)

n m k—1 -1
s ()] x| max w()] Y Y oA (Z w<p>) Ao (Z w(q)

k—1
+ (M + My)[o{m)|(m — ) | max_ [ Aqs( w<p>) + (Ms + My)|é

m -1
X (n—1) e lw(4)] Z ﬁA(ﬁ (Z w(q)) + M3¢*(m)(n —i)(m — j),

where

M; = max |Ayl|, My = max |Azg| and M35 = max |Azr Ay
1<i<m-1 1<k<n—1 1<i<m=1;1<k<n—1

4. CEBYSEV TYPE INEQUALITIES

Theorem 4.1. Let the conditions of Theorem 2.8 be satisfied, then

A A

where

T(f.9:6,W / S(f,g:6.W) [(60W)(@)]® Az,

b
and G(z) = ||w||oo;[a,b]/ (W ()[Art + [¢(d)[(b — ).

Proof. By Lemma 2.1, the following identities hold for all = € [a, ]

B YR Y R
42 1@ -5 [ (e moP roac= o [ Ko

1 b
@3 gl) - o / (6oW)0)® 5" (DA = oo / Koo, )9 (1) At



14 S. HUSSAIN AND M.W. ALOMARI

Multiplying both sides of equations (4.2) and (4.3) we get (2.8), then multiplying

by [(¢ o W)(av)]A and integrating over x € [a, ]

b
[ @@ (6o W)@)* 2

that is,

b
T(f, 96, W) = / S(f,g: 6. W) [(6 0 W) (2)]* Az

st l0-me|[retcnos [

~92(d)

By using properties of modulus

IT(f,9:0, W)

2 M Dooant | 9° lloeian /b
- 62(d) a

|| fA ||oo;[a,b]|| gA ||oo;[a,b]

<
- #(d)
b b
< [ 18] ) [nww[a,b] | o) st oo -

N F2 lloostasill 92 Hlossfanll @ llocifa,by

¢*(d) i
[ e

2
Ax

b
(60 W)@ [ JRLET]Y

2

Az

) | wllciuor [ 1O A+ @0 2)| Az

Az.
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Corollary 4.1. (continuous case) Let Ty = R. In this case delta integral is the
Riemann integral from calculus, then

[ 1@ sta) wie) ¢ W) do - S ( [ #e) w@) ¢ (@) da
b , 1 b ,
[ ww s o at) - oo ([ o) wie) V@) o

b
#d) / gt) w(t) ¢ (W(t)) dt

b
x / w(t) ¢'(W(t)) f(t) dt | + 02

x / w(t) ¢'(W () F(t) dt / w(z) ¢ (W(z)) de

7 ool ' lostat | @ oot [*
< Ll L eI Relel) [ (W (a)] G2(a) A

where

b
G(x) = ”w”oo;[a,b]/ 6" (W (2))] dt + |d(d)|(b — ).

Remark 4.1. For Theorems 3.1 and 4.1 the applications for quantum calculus can
also be given.

(1
2]
(3]

(4]
(5]
[6]
7]

(8]

(10]
(11]
(12]

(13]
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SOME INEQUALITIES FOR DIFFERENTIABLE
PREQUASIINVEX FUNCTIONS WITH APPLICATIONS

MUHAMMAD AMER LATIF

ABSTRACT. In this paper, we present several inequalities of Hermite-Hadamard
type for differentiable prequasiinvex functions.Our results generalize those re-
sults proved in [2] and hence generalize those given in [7], [11] and [23]. Ap-
plications of the obtained results are given as well.

1. INTRODUCTION

Many inequalities have been established for convex functions but the most fa-
mous is the Hermite-Hadamard inequality, due to its rich geometrical significance
and applications, which is stated as (see [25]):

Let f : I C R — R be a convex mapping defined on the interval I on real
numbers and a,b € I with a < b. Then

(1.1) f<“;rb> < bia/abf(x)dxg M

Both the inequalities hold in reversed direction if f is concave.

For several results which generalize, improve and extend the inequalities (1.1),
we refer the interested reader to [7, 8, 9], [11]-[14], [23, 24], [27]-[32].

In [7], Dragomir and Agarwal obtained the following inequalities for differentiable
functions which estimate the difference between the middle and the rightmost terms
in (1.1):

Theorem 1.1. [7] Let f : I CR — R be a differentiable mapping on I°, where a,
bel witha <b, and f € L(a,b). If ’f’

is convex function on [a,b], then the

Date: January 1, 2013 and, in revised form, February 2, 2013.
2000 Mathematics Subject Classification. 26D15, 26D20, 26D07.
Key words and phrases. Hermite-Hadamard’s inequality, invex set, preinvex function, pre-
quasiinvex, Holder’s integral inequality.
The author is supported by ...
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following inequality holds:

fla) + £(b)
2 b—a

(1.2)

2 @)+ |7 o]

Theorem 1.2. [7] Let f : I CR — R be a differentiable mapping on I°, where a,

be I witha < b,and f € L(a,b). I,
following inequality holds:

f(a)2 —a/f

wherep>1and;—|—az

N7 s conve function on [a,b], then the

e G

n [23], Pearce and J. Pecari¢ gave an improvement and simplification of the
constant in Theorem 1.2 and consolidated this results with Theorem 1.1. The
following is the main result from [23]:

(1.3)

|||

A
'@\H

Theorem 1.3. [23] Let f : I CR — R be a differentiable mapping on I°, where a,
’ /14

bel witha<b, and f € L(a,b). If ’f is convex function on [a,b], for some

q > 1, then the following inequality holds:

. b L@+ 7w
14 ‘f( );f(b)—bia/ Fa)de S64 | .

If ‘f/‘q is concave on [a,b], for some ¢ > 1. Then
f(a) + f(b) 1 b al|, (a+b
‘ 2 _b—a/af(x) f( 2 )‘

Now, we recall that the notion of quasi-convex functions generalizes the notion

of convex functions. More exactly, a function f : [a,b] — R is said quasi-convex on
[a, b] if

(1.5)

[tz + (1 —1t)y) <max{f(z),f(y)}

for all z;y € [a;b] and t € [0,1]. Clearly, any convex function is a quasi-convex
function. Furthermore, there exist quasi-convex

functions which are not convex, (see [11]).

Recently, Ton [11] introduced two inequalities of the right hand side of Hadamard’s
type for quasi-convex functions, as follows:

Theorem 1.4. [11] Let f : I C R — R be a differentiable mapping on I°, where
a, b eI witha <b. If )f/‘ is quasi-convez function on [a,b], then the following

<bias {
= up

inequality holds:

fl@+fo) 1"
) 7b—a/a f(x)dx

’

(1.6) f (a)

)

7o)}
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Theorem 1.5. [11] Let f : I CR — R be a differentiable mapping on I°, where a,
/P

bel witha <b. If ‘f ‘ is quasi-convez function on [a,b], for some p > 1, then

the following inequality holds:

b b
(1.7 ‘f”‘;f(b) [ swie = [ i@y @)

SM(“””{ Faf e T

1 1 _
where;—&—a—l.

In [2], Alomari, Darus and Kirmaci established Hermite-Hadamard-type inequal-
ities for quasi-convex functions which give refiments of those given above in Theorem
1.4 and Theorem 1.5.

Theorem 1.6. [2] Let f : I C [0,00) — R be a differentiable mapping on I°, where
a, b e I with a <b. If the mapping ’f/’ is quasi-convex function on [a,b], then the
following inequality holds:

a b
L8) ’f( Hf(b)*bia/ Fa)ds

2
b—a r(a+b ’ r(a+b
< .
<55t fo{lr @l |7 (7)o {7 o (557)]]
Theorem 1.7. [2] Let f : I C [0,00) — R be a differentiable mapping on I°,
,|P
where a, b € I with a < b. If ‘f ‘ is conver function on [a,b], for p > 1, then the

following inequality holds:

f(a)

) )

Theorem 1.8. [2] Let f : I C [0,00) — R be a differentiable mapping on I°,
/14
where a, b € I with a < b. If ’f ‘ is convex function on [a,b], for p > 1, then the
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following inequality holds:
a)+ f(b 1 b
MO0 1 [ o,

L l(sup{]f’ @ }> 1
+ (s ] 0|7 (45°) }” |

In recent years, lot of efforts have been made by many mathematicians to gen-
eralize the classical convexity. These studies include among others the work of
Hanson in [10], Ben-Israel and Mond [5], Pini [22], M.A.Noor [19, 20], Yang and Li
[34] and Weir [33]. Mond [5], Weir [32] and Noor [18, 19], have studied the basic
properties of the preinvex functions and their role in optimization, variational in-
equalities and equilibrium problems. Hanson in [10], introduced invex functions as
a significant generalization of convex functions. Ben-Israel and Mond [4], gave the
concept of preinvex function which is special case of invexity. Pini [22], introduced
the concept of prequasiinvex functions as a generalization of invex functions.

Let us recall some known results concerning preinvexity and prequasiinvexity.

Let K be a closed set in R™ and let f : K — R and n : K x K — R be continuous
functions. Let € K, then the set K is said to be invex at = with respect to n (-, -),
if

(1.10)

q

3

:a+b
(%)

q
)

z+tn(y,z) € K,Vx,y € K,t € [0,1].
K is said to be an invex set with respect to 7 if K is invex at each x € K. The
invex set K is also called a n-connected set.

Definition 1.1. [33] The function f on the invex set K is said to be preinvex with
respect to n, if

flu+tn(v,u)) < (1 —1) f(u) +tf(v),Vu,v € K,t € [0,1].
The function f is said to be preconcave if and only if — f is preinvex.

It is to be noted that every convex function is preinvex with respect to the map
n(x,y) = x —y but the converse is not true see for instance [32].

Definition 1.2. [21] The function f on the invex set K is said to be prequasiinvex
with respect to 7, if

fu+tn(v,u)) <max{f(u), f(v)},Vu,v € K,t € [0,1].

Also Every quasi-convex function is a prequasiinvex with respect to the map
n(v,u) but the converse does not hold, see for example [35].

In the recent paper, Noor [17] has obtained the following Hermite-Hadamard
inequalities for the preinvex functions:

Theorem 1.9. [17]Let f : [a,a+ n(b,a)] — (0,00) be a preinvezr function on the
interval of the real numbers K° (the interior of K) and a, b € K° with a <
a+n(b,a). Then the following inequality holds:

2a 4+ (b, a) 1 atn(ba) f(a)+ f(b)
() s [ pwa s HOIE




SOME INEQUALITIES FOR DIFFERENTIABLE PREQUASIINVEX FUNCTIONS WITH APPLICATIOIZS

Barani, Ghazanfari and Dragomir in [4], presented the following estimates of the
right-side of a Hermite- Hadamard type inequality in which some preinvex functions
are involved.

Theorem 1.10. [4] Let K C R be an open invex subset with respect ton : K x K —
R. Suppose that f : K — R is a differentiable function. If ‘f/‘ is preinvex on K
then, for every a,b € K with n(b,a) # 0, then the following inequality holds:

a a a atn(b,a)
111) |f()+f( +n(ha) 1 / Fa)ds

2 7 (b, a)

/

I @+ |7 ®))-

Theorem 1.11. [4] Let K C R be an open invex subset with respect ton : K x K —
R. Suppose that f: K — R is a differentiable function. Assume p € R with p > 1.

i |f |

< \n(lga)\(

s preinvex on K then, for every a,b € K with n(b,a) # 0, then the
following inequality holds:

a a a a+n(b,a)
112) |f()+f( +n(ba) 1 / Fa)ds

2 7 (b, a)
. Inta)l F@ 7 +lrol "
2(1+p)?» 2

In [3], Barani, Ghazanfari and Dragomir gave similar results for quasi-preinvex
functions as follows:

Theorem 1.12. [3] Let K C R be an open invex subset with respect ton: K x K —
R. Suppose that f : K — R is a differentiable function. If ‘f,‘ 1S Prequasiinver on
K then, for every a,b € K with n(b,a) # 0, then the following inequality holds:

a a a atn(b,a)
(113 |f()+f( tn(ba) 1 / Fa)ds

2 7 (b,a)

<O {1 @) @[}

Theorem 1.13. [3] Let K C R be an open invex subset with respect ton: K x K —
R. Suppose that f : K — R is a differentiable function. Assume p € R with p > 1.

i o

s preinvex on K then, for every a,b € K with n(b,a) # 0, then the
following inequality holds:

a a a a+n(b,a)
(114 |f()+f( +n(ba) 1 / Fa)ds

2 7 (b,a)

: 2|z71(i Z))|i (Sup{

’

f (a)

p—1
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For several new results on inequalities for preinvex functions we refer the inter-
ested reader to [4, 21, 26] and the references therein.

In the present paper we give new inequalities of Hermite-Hadamard for functions
whose derivatives in absolute value are preinvex and prequasiinvex. Our results
generalize those results presented in a very recent paper of Alomari, Darus and
Kirmaci [2].

2. MAIN RESULTS

The following Lemma is essential in establishing our main results in this section:

Lemma 2.1. Let K C R be an open invex subset with respect ton: K x K — R
and a, b € K with a < a+n(b,a). Suppose f: K — R is a differentiable mapping
on K such that f* € L ([a,a + 1 (b,a)]). Then the following equality holds:

fla)+ fla+n(ba) 1 atniba) _n(b,a)
2 1 (b, a) /a f(z)de = 4

x Uol(—t)f’ (a+ (12_’5> n(b,a)) dt+/01tf’ (a+ (1?5) n(b,a)> dt] ,

Proof. Tt suffices to note that

L= /01(—75){ (a 4 (12_’5) 0 (b, a)) dt

2(—t)f(a:]r((b?5;)n(b,a)) :_ n(lia) /olf <a+ (12_’5> n(b,a)) dt

- e /o s (F7)n0) e

Setting x = a + (15%) n (b, a) and dz = —@dt, which gives

_2f(@ 4 et
ETTORn R a))Z/a f (@) da.

Similarly, we also have

S

2f (a+n(b,a 4 atn(b,a)
=Yt T
1 (b, a) (n(b,0))” Jatin(.a)
Thus
n(b.a) f@+fatnba) 1 /”*”“”“)
I+ L] = — dx.
p ik 2 wGay e IO
which is the required result. O

Remark 2.1. If we take 7 (b,a) = b — a, then Lemma 2.1 reduces to Lemma 2.1
from [2].

Now using Lemma 2.1, we shall propose some new upper bound for the right-
hand side of Hadamard’s inequality for prequasiinvex mappings, which is better
than the inequality had done in [3]. our results generalize those results proved in
[2] as well.
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Theorem 2.1. Let K C [0,00) be an open invex subset with respect ton : K x K —
R and a, b € K witha < a+n(b,a). Suppose f : K — R is a differentiable mapping

on K such that f € L ([a,a+n(bya)]). If ‘f,‘ 1s prequasiinver on K, then we have
the following inequality:

(2.1)

a a a atn(b,a)
fflarnba) LT,

2 7 (b,
< n(l;’a) [sup{)f/ (a)’7 f (a+;n(b,a)>’}
F tasntan| ]

+ sup {‘f <a + %n (b, a)>

Proof. From Lemma 2.1 and by using the prequasiinvex of ’ f/’ on K, for any
t € ]0,1] we have

)

2 7 (b, )
8 o (s 1 oo (5o
< 20 s {| @] |1 (a+;n<b,a>>]}/oltdt

+sup{’f/ (a—i—;n(b,a)) f (a-l—n(b,a))‘}/oltdt}

2 o | (s 0

+sup{‘f/ (a+;77(b,a)> f/(a+77(b,a))‘}].

This completes the proof of the theorem. O

a a a atn(b,a)
|f()+f( +n(b,a)) 1/ f(2)de

)

)

i

Corollary 2.1. Let f be as in Theorem 2.1, if in addition

(1) ‘f/‘ is increasing, then we have

a a a atn(b.a)
22) ’f( )1 o+l ))n(l)la)/ f (@) da

(2) ‘f/‘ is decreasing, then we have

a a a atn(b.a)
23) 'f( ESICRL [ ))‘na)la)/ f (@) de
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Proof. The proof follows directly from Theorem 2.1. O

Remark 2.2. We note that the inequalities (2.2) and (2.3) are two new refinements
of the trapezoid inequality for prequasiinvex functions, and thus for preinvex func-
tions.

Remark 2.3. If we take 1 (b,a) = b—a in Theorem 2.1, then the inequality reduces
to the inequality (1.8). If we take 1 (b,a) = b —a in corollary 2.1, then (2.2) and
(2.3) reduce to the related corollary of Theorem 1.6 from [2].

Another similar result may be extended in the following theorem.

Theorem 2.2. Let K C [0,00) be an open invex subset with respect ton : K x K —

R and a, b € K witha < a+n(b,a). Suppose f : K — R is a differentiable mapping
’ /| P

on K such that f € L([a,a+n(b,a)]). If ’f ‘ is prequasiinver on K from some

p > 1, then we have the following inequality:

a a a atn(b,a)
P EGET ISR TR
_nlba) su "(a =y a 1 a S\
< o1 ( pﬂf<> ,f( +2ma>) })

P
p—1

)

f'(a+n(b,a))ppl} :

+sup{‘f/ (a + %77 (b, a)>

Proof. From Lemma 2.1 and using the well known Hélder’s inequality, we have

f(a)+ f(a+n(ba)) 1 a+n(b,a)
(2.5) 5 o /a f () de

A [l (o (5o [ o o (157 o) o
0 ([ v ([ o () ) )
() ([ (o (S5 s a) ]

/P
By the prequasiinvexity of ‘ f ‘ on K from some p > 1, we have for every a,b € K

with 7 (b,a) > 0 and ¢ € [0, 1] that
q ’ 1 4
17 (e b))

(e () )]
and
7 (o (52)n00)| < {|r @rntan| |7 (o4 g00.0)| .
where % + % = 1. Using the above inequalities in (2.5), we get the required result.
This completes the proof of the theorem as well. |

< sup{‘f/ (a)
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Corollary 2.2. Let f be as in Theorem 2.2, if in addition

p
p—1

is increasing, then we have

’

(1)

f

a a a atn(b,a)
26) 'f( ESICRL [ ))‘na)la)/ f (@) de

< 2D (0t go0.0)) 4] @ a0
A(p+1)» 2
(2) f 7T is decreasing, then we have
fla)+ fla+n(ba)) 1 wrnha)
(2.7) ‘ 5 ~ /a f(z)dx
b,a ’ ’
< 1|7 @)+ |f (at gr0o)|
4(p+1)r
Proof. Tt is a direct consequence of Theorem 2.2. O

Remark 2.4. If we take 1 (b,a) = b—a in Theorem 2.2, then the inequality reduces
to the inequality (1.9). If we take 1 (b,a) = b —a in corollary 2.2, then (2.6) and
(2.7) reduce to the related corollary of Theorem 1.7 from [2].

An improvement of the constants in Theorem 2.2 and a consolidation of this
result with Theorem 2.1 are given in the following theorem.

Theorem 2.3. Let K C R be an open invexr subset with respect ton: K x K — R
and a, b € K with a < a+n(b,a) Suppose f : K — R is a differentiable mapping

’ /|9
on K such that f € L([a,a+n(b,a)]). If ‘f ‘ for ¢ > 1, is prequasiinvex on K,
then for every a,b € K with n(b,a) > 0 we have the following inequality:

2 n(b,a

< n(l;a) [(sup{

+ sup {'f' <a+ %n(b, a))

a a a a+n(b,a)
28) ‘f( )+ flatn(ba) 1 )/ f (@) de

’

f (@)

b

f <a + %n (b, a))

q

v

f <a+n<b,a>>\q}] .

)
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Proof. From Lemma 2.1, using the power-mean integral inequality and using the

/14
prequasiinvexity of ‘ f ‘ on K for ¢ > 1, we have

fla)+ fla+n(ba) 1 atn(b,a)
29) ’ 2 ) /a f(z)da

[ o (5l [ - (20
s () ([ o ()] o)

() ([ o (o))
f'(a+nba)

IA

< 209 ({1 @) })
8
—&-—l—sup{‘f (a-i— —n (b, a)) Af (a—l—n(b,a))‘q}q}.
which completes the proof ([

Corollary 2.3. Let f be as in Theorem 2.3, if in addition
1
1) ‘fl ‘ * is increasing, then we have the inequality (2.2).
1
2) ‘f/ ‘ " is decreasing, then we have the inequality (2.3).

Remark 2.5. If we take 7 (b,a) = b— a in Theorem 2.3, then the inequality reduces
to the inequality (1.10). If we take 7 (b,a) = b—a in corollary 2.3, then we get the
results of the related corollary of Theorem 1.8 from [2].

Remark 2.6. For ¢ = 1, (2.8) reduces to Theorem 2.1. For ¢ = ;27 (p > 1) we
have an improvement of the constants in Theorem 2.2, since 47 > p+1if p > 1

and accordingly
1

<7L'
(p+1)r

| =

3. APPLICATIONS TO SPECIAL MEANS

In what follows we give certain generalizations of some notions for a positive
valued function of a positive variable.

Definition 3.1. [6]A function M : R3 — R, is called a Mean function if it has
the following properties:

(1) Homogeneity: M (ax,ay) = aM (z,y), for all a > 0,

(2) Symmetry : M(z,y) = M(y,z),

(3) Reflexivity : M(x,z) = x,

(4) Monotonicity: If x < 2 and y <y, then M(z,y) < M(x/,y/),

(5) Internality: min{z,y} < M(x,y) < max{x,y}.
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We consider some means for arbitrary positive real numbers a, 3 (see for instance
[6]).

(1) The arithmetic mean:

(2) The geometric mean:

GSZG(Q, ):\/@

(3) The harmonic mean:

H:=H(a,0) =

(4) The power mean:

8\ Boa
Ietap={ t(%)7", a#s
@, a=p
(6) The logarithmic mean:
— __ - ﬂ

(7) The generalized log-mean:

Brtl — gptl

Lp::Lp(a,ﬁ):[( F,a#ﬁ,peﬂ%\{—l,o}-

p+1)(6—-a)
It is well known that L, is monotonic nondecreasing over p € R, with L_; := L
and Lo := I. In particular, we have the following inequality H < G < L < < A.
Now, let a and b be positive real numbers such that a < b. Consider the function
M = M(a,b) : [a,a + n(b,a)] X [a,a + n(b,a)] — RT, which is one of the above
mentioned means, therefore one can obtain variant inequalities for these means as

follows:
Setting n(b,a) = M(b,a) in (2.1), (2.4) and (2.8), one can obtain the following
interesting inequalities involving means:

a a a a+M (b,a)
CESIER AN S Sl T

o [rosst
(a+ L, >)‘}

SM(b’a)[sup{)f ‘
—I—sup{‘ <a+ Mba) ’(a+M(b,a))‘H.

8
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IOE: f(a2 + M(ba) M(lb, : /aa+M<b,a> o
< m sup 1 | (@) =y (a—|— ;M(b,a)> S
T Ry | R T T |
for p > 1, and
oy [fOESMbl) L

< @ (sup{\f’ (@[,

q})é

f (a+ M(b,a))

f (a + %M(b, a))

q

Q

1
q
) )

+sup{‘f’ (a + %M(b, a))

for ¢ > 1. Letting M = A, G, H, P., I, L, L, in (3.1), (3.2) and (3.3), we can get
the required inequalities, and the details are left to the interested reader.
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ON AN OPEN PROBLEM BY B. SROYSANG

JULIUS FERGY T. RABAGO

ABSTRACT. In this short note, we answer an open problem posed by B. Sroysang
[1]. More precisely, we find all solutions of the Diophantine equation 8 417¥ =
22 where z,y and z are non-negative integers.

1. INTRODUCTION

In a recent paper [1], B. Sroysang showed that (1, 0, 3) is a unique solution
(7,9, z) to the Diophantine equation 8°+19Y = 22 where z, y and z are non-negative
integers. His findings contradicts the result suggested by Peker and Cenberci in [2]:
the Diophantine equation 8% +19¥ = 22 has no non-negative integer solution. Also,
in the end of his paper, Sroysang [1] posed the question "What is the set of all
solutions (x,y, z) for the Diophantine equation 8 + 17Y = 2? where x,y and z are
non-negative integers?”. In this short note, we answer this question of Sroysang.

2. MAIN RESULTS

We begin this section by stating Catalan’s conjecture and proving a helpul
Lemma.

Proposition 2.1. [2] The solution to the Diophantine equation a® —b¥ = 1 where
a, b,z and y are integers with min{a, b, z,y} > 1 is unique and is given by (a, b, x,y) =
(3,2,2,3).

Lemma 2.1. Let © and z be non-negative integers. Then, the solutions (x,z) to
the Diophantine equation 8% + 17 = 22 are (1,5),(2,9) and (3,23).

Proof. The case x = 0 and z = 0 are obvious. So we only consider the case when
x,z > 0. We note that 1 = 8% + 17 = 22 (mod 4). So, z is either of the form 4k + 1
or 4k + 3, k = 0 or a natural number. Hence, we have the following cases.

Case 1. z = 4k + 1. If 2 = 4k + 1 then we have 8 + 17 = (4k + 1)% =
16k? + 8k + 1. So, 8% + 16 = 16k? + 8k and this implies that 8*~! + 2 = 2k? + k.

Date: February 24, 2013 and, in revised form, April 18, 2013.
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Thus, (2271)3 + 1 = 2k2 + k — 1. Expressing both sides as product of their prime
factors, we have (2*~! +1)((2*71)2 — 2*=1 + 1) = (2k — 1)(k + 1). Therefore, we
have two possibilities.

22141 = k+1,
(e h2—277l 41 = 2k-—1
or
277141 = 2k—1,
(2012 —2v71 41 = k+1.

For the first set of equalities, we have 227! + 1 = k + 1 implies that k = 277!, So,
(22712 —22-1 41 = 2k —1 = 2(2*1) — 1. Hence, (2°71)? —3(22~1) +2 = 0, which
is a quadratic equation and is factorable. In particular, (2271 —1)(22~! — 2) = 0.
Here we’ll obtain, 227! = 1 and 2*~! = 2. This gives us the values x = 1 and = = 2,
respectively. This follows that K = 1 and k = 2. For k = 1, we have (z, z) = (1,5)
and, for k = 2, we have (x, z) = (2,9). On the otherhand, it could be verified easily
that the second set of equalities will give us the solution (z,z) = (2,9).

Case 2. z = 4k + 3. If z = 4k + 3 then 8% + 17 = (4k + 3)? = 16k? + 24k + 9.
Hence, 8 + 8 = 16k? + 24k and this implies that 8*~! + 1 = 2k? + 3k. Therefore,
(22713 41 = (2271 +1)((2*71)2 — 221 +1) = k(2k +3). So, we have the following
equalities

2$—1 + 1
(2m71)2 _ 21771 + 1

k,
2k + 3.

Eliminating k& we have, (22712 — 27~ + 1 =2(27! + 1) + 3 = 2(2°71) + 5. Here
we obtain the quadratic equation (2271)2 — 3(22~1) — 4 = 0 which is equivalent to
(221 +1)(22~1 —4) = 0. Solving for zeros, we have 2?1 = —1, which is impossible
and 27! = 4, which is true for = 3. This gives us the value k = 5. Thus, we have
the solution (z,y) = (3,23). This completes the proof of the theorem. O

Theorem 2.1. The only solutions to the Diophantine equation 8% + 17Y = 22 in
non-negative integers are giwen by (x,y,z) € {(1,0,3),(1,1,5),(2,1,9),(3,1,23)}.

Proof. The case when z = 0 is obvious so we only consider the following cases.

Case 1. = = 0. Suppose 8% + 17 = 22 is possible in non-negative integers for
r=0then 22 —1=(24+1)(z—1)=17Y. 50,2 = (2 + 1) — (z = 1) = 17° — 172,
where a+ 3 =y and a < 3. It follows that 7%(7°~* — 1) = 2. Hence, 7* = 1 which
is true for & = 0. Thus, 7% = 3, a contradiction. Therefore, 17¥ + 1 = 22 is not
possible in non-negative integers.

Case 2. y = 0. If y = 0 we have 22 — 1 = (2 + 1)(2 — 1) = 23%. Then,
2= (z+1)—(2—1) = 26-2% where o+ = 3z and a < 3. So, 20~ }(2°~* 1) = 1.
Here we obtain o = 1 and 2°~! = 2, which is true for 3 = 2. Thus, z = 1 and
z = 3. Therefore, we have the solution (z,y, z) = (1,0, 3) to the Diophantine equa-
tion 8% + 17Y = 22.
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Case 3. z,y,z > 0. First note that for y = 1, Lemma 2.2 implies the following
solutions (z,y,2) = (1,1,5),(2,1,9), (3,1,23). Now suppose that 8 + 17¥ = 22 is
possible in non-negative integers x,y, z for y > 1. We consider two sub-cases.

Subcase 3.1 y is even. If we let y be even, i.e. y = 2n for some natural number
n, then 22 — (17)2 = 237, So, (2 + 17") — (2 — 17") = 2° — 2%, again, a + 3 = 3z
and o < 3. Hence, 2071(2%=® — 1) = 17", This gives us a value o = 1. It follows
that, 26—1 — 17" = 1, a contradiction to Catalan’s conjecture. Thus, 8 +17Y = 22,
for y even is impossible in positive integers.

Subcase 3.2 y is odd. If y = 2n + 1 then we have 8 + 172+1 = 22, Since
1 =82 4+ 17%+1 = 22 (mod 4) then, either z = 4k + 1 or 2z = 4k + 3, where k = 0
or a natural number. Hence, we have the following

1727 — 9

ge-lp1 = 2k;2—|-k—(8), forz=4k+1 (1),
1727+ 17

gl 41 = 2k2—|—3/€—(8>, forz=4k+3 (2).

Take note that & is an integer. Hence, the RHS of (1) must be factorable. That is,

) e

for some non-negative integer m. Then, 172"+ — 8 = m?2. Adding both sides by
-9 we obtain 17(17%" — 1) = (2 + 3)(z — 3) = 22 — 9. This gives us a value z = 20.
Thus, 17?" = 24 which is a contradiction. On the otherhand, the RHS of (2) must
also be an integer, more precisely

O e

where m is a non-negative integer. Hence, 17?"*! — 8 = m?, which is again a
contradiction. Thus, 8% 4+ 17Y = 22, for y odd is not solvable in positive integers.
This proves the theorem. (Il
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ON THE HADAMARD’S TYPE INEQUALITIES FOR
L-LIPSCHITZIAN MAPPING

MEHMET ZEKI SARIKAYA AND HATICE YALDIZ

ABSTRACT. In this paper, we establish some new inequalities of Hadamard’s
type for L-Lipschitzian mapping in two variables.

1. INTRODUCTION

Let f : I € R— R be a convex mapping defined on the interval I of real
numbers and a,b € I, with a < b. the following double inequality is well known in
the literature as the Hermite-Hadamard inequality:

((557) < f enaes 20320

Let us now consider a bidemensional interval A =: [a,b] x [c, d] in R? with a < b
and ¢ < d. A mapping f : A — R is said to be convex on A if the following
inequality:

fllz+ (A —t)z,ty+ (1 —t)w) <tf (z,y) + (1 —1) f (2, w)
holds, for all (z,y),(z,w) € A and t € [0,1].A function f : A — R is said to be
on the co-ordinates on A if the partial mappings f, : [a,0] = R, f, (u) = f (w,y)
and f, : [e,d] = R, f, (v) = f(x,v) are convex where defined for all € [a, b] and
y € [e,d] (see [3]).
A formal definition for co-ordinated convex function may be stated as follows:

Definition 1.1. A function f : A — R will be called co-ordinated canvex on A,
for all ¢, s € [0,1] and (z,y), (u,w) € A,if the following inequality holds:

flz+ (1 —t)y,su+ (1 —s)w)

(1.1) < tsf(zyu)+s(l—2t)f(y,u) +t(1 —s)f(z,w)+ (1 —t)(1 —s)f(y,w).

Clearly, every convex function is co-ordinated convex. Furthermore, there exist
co-ordinated convex function which is not convex, (see, [3]). For several recent
results concerning Hermite-Hadamard’s inequality for some convex function on the

2000 Mathematics Subject Classification. 26D15.
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co-ordinates on a rectangle from the plane R?, we refer the reader to ([1]-[3], [5],
[6], [8], [9] and [11]).

In [3], Dragomir establish the following similar inequality of Hadamard’s type
for co-ordinated convex mapping on a rectangle from the plane R2.

Theorem 1.1. Suppose that f : A — R is co-ordinated convex on A. Then one
has the inequalities:

a+b c+d
f( bt )

1| 1 [ c+d 1 (% [a+b
= 2lb—a/f<x’ 2 >d e f( 2 ,y)dy]
S e _c//f,ydyd:v
1
§4lb_a/fxcdz+/fxd
! d ! b,y)d
+ch(a7y) Z/‘*‘ﬁcf(ay)y
o S0 )+ f(be) S (bd)
— 4 *

The above inequalities are sharp.

Definition 1.2. Consider a function f : V' — R defined on a subset V of R”, n € N.
Let L = (L, Lo, ..., L,) where L; > 0, i = 1,2, ...,n. We say that f is L-Lipschitzian

function if
[f(@) = f)I <D Llzi — uil
i=1
for all x,y € V.

For several recent results concerning Hadamard’s type inequality for some L-
Lipschitzian function, we refer the reader to ([4], [7], [10]).

The main purpose of this paper is to establish some Hadamard’s type ineqaulities
for L-Lipschitzian mapping in two variables.

2. HADAMARD’S TYPE INEQUALITIES

Firstly, we will start the proof of the Theorem 1.1 by using the definition of the
co-ordinated convex functions as follows:

Theorem 2.1. Suppose that f : A — R is co-ordinated convex on A. Then one
has the inequalities:

(555 < =g | [ 1w

fla, )+ f(a,d)+ f(b,c) + f (b, d)
— 4 *

(2.1)
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Proof. According to (1.1) with z = tja + (1 —¢1)b, y = (1 — t1)a + t1b, u =
sic+ (1—s1)d, w=(1—s1)c+sidand t = s = , we find that

at+b c+d
f( bt )

[f(tla + (1 - tl)b, s1c+ (1 — Sl)d) + f((l — tl)a + t1b,81¢ + (1 — Sl)d)

IA
B~ =

+f(t1(1 + (]. — tl)b, (]. — 51)6 + Sld) —+ f((]. — tl)(l + tlb, (]. — 51)6 —+ Sld)] .
Thus, by integrating with respect to t1,s1 on [0,1] x [0, 1], we obtain

a+b c+d
(550

1 1 1
S Z |:/0 A [f(tla—l— (]. —fil)b,816+ (1 —Sl)d) +f((1 —tl)a+t1b,810+ (1 —Sl)d)] dsldtl

1,1
+/ / [f(t1a+ (]. —tl)b7(1 —81)C+81d) +f((1 —tl)a+t1b7(l —81)C+81d)] dSldtl .
o Jo
Using the change of the variable, we get

ey (A g [ [ e

which the first inequality is proved. The proof of the second inequality follows by
using (1.1) with z = a, y = b, u = ¢ and w = d, and integrating with respect to
t,s over [0,1] x [0,1],

/1/1f(ta+<1—t)b780+(1—8)d)d8dt
0 0

IN

/0/0[tsf(a,c)+s(1—t)f(b,c)—l—t(l—s)f(a,d)+(1—t)(1—s)f(b,d)]dsdt

fla,c) + f(a,d)+ f(b,c) + f (b, d)
1 .
Here, using the change of the variable x = ta + (1 — t)b and y = sc + (1 — s)d for
s,t € [0,1], we have

1 "l fla,0) + f(a,d) + [ (bo) + [ (b,d)
(2.3) m/a /C [ (@,y) dyde < 1 .
We get the inequality (2.1) from (2.2) and (2.3). The proof is complete. O

Theorem 2.2. Let f : A C R? — R satisfy L-Lipschitzian conditions. That is, for
(t1,51) and (ta, s2) belong to A :=[a,b] X [¢,d], then we have

|f(t1,81) — f(t2,s2)| < L1 |t1 —to| + Lo |s1 — s2|

where L1 and Lo are positive constants. Then, we have the following inequalities:
(2.4)

|f<a;b’cgd> G | [ i

1
STG(MI‘b_a‘+M2‘d_C|)
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fla,0)+ fa,d) + f (be) + [ (bd) 1 b
1 G ), s
(25— (M [b—a| + My |d — c)

12

where M1 = [L1+L3+L5+L7] andMg = [L2+L4+L6+L8]

Proof. Let t,s € [0,1]. Since ts + s(1 —t) + (1 —s) + (1 — t)(1 — s) = 1, then we
have

ltsf(a,c)+ s(1 —t)f(b,c) +t(1—s)f(a,d)+ (1 —¢)(1—5)f(b,d)
—f(ta+ (1 —1t)b,sc+ (1 — s)d)|
= |ts[f(a,c) — f(ta+ (1 —t)b,sc+ (1 — s)d)]
(2.6)
+s(1 —=t)[f(b,e) — f (ta+ (1 —t)b,sc+ (1 — s)d)]

+t(1 —s) [f(a,d) — f (ta+ (1 — t)b, sc + (1 — s)d)]

+(1 =) (1 —=8)[f(b,d) — f (ta+ (1 —t)b,sc+ (1 — s)d)]|

IN

ts[(1—t)Ly [b—al + (1 — s)La |d — c]] + s(1 — ) [tLs |b— a| + (1 — 5) Ly |d — c]]
+t(1 =) [(1 —t)Ls|b—a|+ sLg|ld —c|] + (1 —t)(1 — s) [tL7|b — a| + sLg|d — ¢|]
= (ts(1 —t)[L1 + L3] +t(1 —8)(1 —t) [Ls + L7]) |b — a|

+ (ts(1 — ) [Lo + Lg] + s(1 — 8)(1 — t) [Ly + Ls]) |d — ¢|.

If we choose t = s = % in (2.6), we get

fla,e)+ f(a,d)+ f(b,c) + f(b,d) a+b c+d
4 _f( 2 7 2

([L1+ L3+ Ls + L] |b— a| + [Lo 4 Le + Ly + Lg] |d — c|) .

ool —
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Thus, if we put ta + (1 — t)b instead of a, (1 —t)a + tb instead of b, sc+ (1 — s)d
instead of ¢ and (1 — s)c+ sd instead of d in (2.7), respectively, then it follows that

’f(ta—i—(l—t)b,sc—I—(1—s)d)+f(ta+(1—t)b,(1—s)c+sd)

4
+f((l—t)a—Hfb,sc—i—(1—s)cl)?:f((l—t)a-i—tb,(l—s)c—&-sd)
(2.8)
i (a;b’c;dﬂ
< 1([L1+L3+L5+L7}|1_2t||b_a|+[L2+L6+L4+L8]|1_23| |d —c)

8

for all t,s € [0,1]. If we integrate the inequality (2.8) with respect to s,t on
[0,1] > {0,1]
1 /ot
‘4/ / [f ta+ (1 —t)b,sc+ (1 —s)d) + f(ta+ (1 —t)b, (1 — s)c+ sd)] dsdt
0o Jo
1 !
+Z/ / [f (A =t)a+thsc+(1—s)d)+ f((1—t)a+1b,(1—s)c+ sd)|dsdt
o Jo
a+b c+d
()

1 1 1
8{[L1+L3+L5+L7]|b—a|/ / |1—2t|d8dt
0 Jo

IN

1 1
+[L2+L6+L4+L8]|d—0‘/ / |1—28|d8dt}.
0 0

Thus, using the change of the variable x = ta + (1 —¢)b, y = (1 — t)a + tb, u =
sc+ (1 —s)d and w = (1—s)c+ sd for t,s € [0, 1], and

1 1 11 1
/ / |1—2t|dsdt:/ / |1 — 2s|dsdt = =
0o Jo o Jo 2

we obtain the inequality (2.4).
Note that, by the inequality (2.6), we write

[tsf(a,c) + s(1—¢t)f(b,c)+t(1—s)f(a,d)+ (1 —1t)(1—s)f(b,d)
—f(ta+ (1 —¢)b,sc+ (1 —s)d)|
(2.9)
< (ts(1=t)[Ly + L3) +t(1 — s)(1 — ) [Ls + L7]) |b — al

+(ts(1—8)[La+ Lg) +s(1 —s)(1 —t) [Ls+ Ls]) |[d — ¢]..
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for all t,s € [0,1]. If we integrate the inequality (2.9) with respect to s,¢ on
[0,1] x [0,1], we have

J(0,0) + £ (0,d) £ 1 (b0) + £ (0.0 L
| 1 “Twaa ), | e

1
S E([L1+L3+L5+L7]|b7a|+[L2+L6+L4+L8]|d*CD

and so we have the inequality (2.5), where we use the fact that

0/10/13t(1_t)dsdt=0/10/13(1—3)(1—t)dsdt:112_

This completes the proof. (I

3. THE MAPPING H

For a L-Lipschitzian function f : A C R? — R, we can define a mapping
H:[0,1] x [0,1] — R by

Ht, s) ::(ba)l(dc)/ab/cdf(tw—k(l—t)a;b,sy—f—(l—s)c—;d) dydz.

Now, we give some properties of this mapping as follows:

Theorem 3.1. Suppose that f : A C R? — R be L-Lipschitzian on A := [a,b] x
[c,d]. Then:

(i) The mapping H is L-Lipschitzian on [0, 1] x [0, 1].
(i) We have the following inequalities

(3.1) 'H(us)—f(“;b,cgd)‘gT(b—a)+€125(d—c)
(3.2)

bopd - .
’H(t’s)_(b—a;(d_c)/ / o) dyds| < ZE= =0 2= (0.
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Proof. (i) Let t1,t2, 81, s2 € [0,1]. Then, we have

|H (t2, s2) — H(t1,51)]

b pd
a+b c+d
L[ (e e oy -0 5 ) dyaa
b pd
b d
_/ / f(tlx—i—(l—tl)a;751y+(1—81)c—’2— )dydx

(b—a)(d—c)

a+b c+d
< tox + (1 —t 1—
- (b—a d—c) <2x—|— 2) 2 52y + (1 = 52) 2 )
+b +d
_f<t1x+(1—t1)a2,sly—i—(l—sl)c )dydm
1 bord a+b c+d
- Lylts — 1] |z — Lo |ss — =y
smaama | L [l 5 ke iy = 5 v
Li(b—a Ly (d—c
= %)Hg—tﬂﬂ-%)bg—sﬂ,
i.e., for all t1,to, 81,89 € [O, 1],
Li(b—a Loy (d—c
(33)  [H(taso) ~ Hltrs) < 20Dy gy L2020 )

which yields that the mapping H is L-Lipschitzian on [0, 1] x [0, 1].
(#) The inequalities (3.1) and (3.2) follow from (3.3) by choosing t; = 0, t3 =
t, s1=0, ss=sandt; =1, to =t, s; =1, sy =s, respectively. O

Another result which is connected in a sense with the inequality (2.5) is also
given in the following;:

Theorem 3.2. Under the assumptions Theorem 3.1, then we get the following
inequality

[ (a4 (0= 0252 e+ (1= 9)S58) + f (at + (1= 0 ds + (1~ 5)59)

4

+f(bt+(1ft)“7+b,cs+(lfs) )+ f(bt+ (1 —t)%E ds + (1 — s5)54)

4

1 n2 mo
(g =) (mz — my) / / - fw w)dudu

1
S E(M1|n2—n1\t+M2\m2—m1|s)

(3.4)

where M1 = [L1+L3+L5+L7] andM2 = [L2+L4—|—L6+L8]
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Proof. If we denote ny = at+(1—1)%E, ny = bt+(1—)%E2, my = cs+(1—s)

and mo = ds + (1 — s)<54, then, we have

1 no mo

H(t,s) = / / u, w)dwdu.
(t:2) (n2 —n1)(ma —mi) Jn, Jom, flw)

Now, using the inequality (2.5) applied for ny,ny,m; and ms, we have

f(n1,ma) + f (n1,ma) + f (ng,m1) + f (n2, ma)

4
1 no mao
— w, w)dwdu
(n2 —n1)(ma —m) /nl /m1 fu,w)
1
< 2 (M |ng — na| + My |ma —mq|)

from which we have the inequality (3.4). This completes the proof.
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THE RELATION BETWEEN ADDING MACHINE AND p—ADIC
INTEGERS

MUSTAFA SALTAN

ABSTRACT. In this paper, we equip Aut(X™*) with a natural metric and give
an elementary proof that the closure of the adding machine group, a subgroup
of the automorphism group, is both isometric and isomorphic to the group of
p—adic integers. This also shows that the group of p—adic integers can be
isometrically embedded into the metric space Aut(X*).

1. INTRODUCTION

The adding machine group is one of the most important examples of self-similar
automorphism groups of the rooted tree X* ([2], [5], [7]). In this paper, we denote
this group by A. A is a cyclic group generated by

a=(1,1,...,1,a)0

——

p—1 times
where a is an automorphism of the p—ary rooted tree and o = (012...(p—1)) is a
permutation in S, on X ={0,1,2,...,(p—1)}. Since A is a infinite cyclic group,
it is isomorphic to Z. On the other hand, one can consider the automorphism a
as adding one to a p—adic integer. This is a reason of the term adding machine
introduced in [3]. In [6], a p—adic integer is pictured on a tree. This picture shows
that any ultrametric space can be drawn on a tree. Moreover, in [3], the properties
of p—adic adding machine are given in detail.

It is well-known that the closure of the group generated by the adding machine
automorphism of a regular rooted tree is topologically isomorphic to the group of
p—adic integers. In this paper, more clearly, by using a different way, we present a
proof. So, we firstly equip Aut(X*) with a natural metric and prove that the group
of p—adic integers is both isometric and isomorphic to the closure of the adding
machine group which is denoted by A, a subgroup of the automorphism group of the
p—ary rooted tree. Consequently, we identify any p—adic integers with an element
of A.

1991 Mathematics Subject Classification. 20E08, 11E95.

Key words and phrases. p—adic integers, Adding machine, Automorphism group, p—ary rooted
tree.
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2. PRELIMINARIES

The following definitions and notions are given in [4], [8] and [9].
p — adic integers: A p—adic integer is a formal series

E Mpi
i>0

for each x; € {0,1,2,...,(p — 1)} and the set of all p—adic integers is denoted by

Zy ([8])-
Suppose that = = 3, gzip" and y = 3,5, vip' be elements of Z,. Then, the

addition z = ZiZO zip' of x and y is defined by

(2.1) Zzipi = Z(ml +y)p"  (mod p™T1h)
i=0 i=0

for each m € {0,1,2,...} where z; € {0,1,...,(p — 1)}. If x = Y, gzip’ is an
element of Z,, then —x = o(x) + 1 is the inverse of = where

o(x) = Z(p —1—z)p.
i>0
Z, is a group with this operation and is called the group of p—adic integers.

Let 2 = .o, 2;p’ be an element of Z, and let = # 0. Thus, there is a first index
v(x) > 0 such that x, # 0. This index is called the order of = and is denoted by
ordy(z). If ord,(x) = oo, then x; = 0 for 4 = 0,1,2,.... On the other hand, the
p—adic value of x is denoted by

], = 0 ifx; =0fort=0,1,2,...,
Tl = pordp(2) otherwise

and induces the metric d,(z,y) = |z — y|, for z,y € Z, ([8]).
A p—adic number is a formal series

o0
Z a;p'
i=—00
where a; € {0,1,2,...,(p— 1)} for each i € Z and a_; = 0 for large i. The set of
all p—adic numbers is denoted by Q,. Addition in Z, which is defined by equation
(2.1) can be naturally extended to Q,. Hence, Q, is a group. Moreover, Q, is the
metric completion of Q with respect to the p—adic metric. It is easily seen that the
group of p—adic numbers is a topological group. Moreover, the group of p—adic
integers is expressed as
Ly ={z € Q| |z[, <1}
and is an important subgroup of Q,,.
The following definitions and notions are given in [2], [3], [5] and [7].
The automorphism group of the rooted tree: Let X be a finite set (alphabet) and
let
X*={zas...2p |z; € X,n 20}
be the set of all finite words over the alphabet X, including the empty word ().
In other terms, X* is the free monoid generated by X ([7]). The length of a word
vV =X1T2...T, € X" is the number of its letters and is denoted by |v|. The product
of v1,v9 € X* is naturally defined by concatenation viv5. One can think of X™* as
vertex set of a rooted tree.
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00 01 10 11

000 001 010 011 100 101 110 111

Figure 1. The first three levels of the binary rooted tree X* for X = {0,1}.

The set X™ = {v € X* | |v| = n} is called the nth level of X*. The empty word
() is the root of the tree X*. Two words are connected by an edge if and only if
they are of the form v, vz where v € X* and x € X.

A map f: X* — X* is an endomorphism of the tree X* if it preserves the root
and adjacency of the vertices. An automorphism is a bijective endomorphism. The
group of all automorphisms of the tree X* is denoted by Aut(X™).

If G is a subgroup of the automorphism group Aut(X*) of the rooted tree X*,
then for v € X*, the subgroup

GU:{QGG|9(’U):U}

is called the vertex stabilizer where g(v) is the image of v under the action of g.
The nth level stabilizer is the subgroup

Sta(n) = (] Go.

veX™n

We need a useful way to express the automorphisms the rooted tree X™* and to per-
form computations with them. For this aim, we give a definition and a proposition
from [7].

Definition 2.1 ([7]). Let H be a group acting (from the right) by permutations on
a set X and let G be an arbitrary group. Then the (permutational) wreath product
G H is the semi-direct product GX x H, where H acts on the direct power GX by
the respective permutations of the direct factors.

If |X| = d, then the elements of the wreath product are given by the forms
(91,92, --,94)h for g; € G and h € H. The multiplication in the wreath product
is given by

(91,92, -, ga)e(hi, ha, ... ha)B = (91ha(1), 92ha(2)s - - - s Gaha(a)) B

where g;, h; € G,a, 8 € H and «(i) is the image of ¢ under the action of a.

Let g : X* — X™* be an endomorphism of the rooted tree X*. Then, g : v X* —
g(v)X™* is a morphism of the rooted trees where v € X*. The subtrees vX* and
g(v)X™* are naturally isomorphic to the whole tree X*. Identifying vX* and g(v)X*
with X* we get an endomorphism g|, : X* — X*. It is uniquely determined by
the condition

g(ow) = g(v)glo(w).

We call the endomorphism g|, the restriction of g in v (for details see [7]).
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Proposition 2.1 ([7]). Denote by S(X) the symmetric group of all permutations
of X. Fiz some indexing {x1,x2,...,xq} of X. Then we have an isomorphism

P Aut(X™) — Aut(X*)15(X),
given by
¢(9) = <g|w1’9|$27 s 7g|ﬂid)a7
where « is the permutation equal to the action of g on X C X*.
Thus, g € Aut(X™*) is identified with the image ¥(g) € Aut(X*)1S(X) and it is
written as

g = (g‘I17g|CU27"'7g|xd)a’

The adding machine group: Let a be the transformation on X* defined by the
wreath recursion

p—1 times

where 0 = (012...(p — 1)) is a permutation in S, on X = {0,1,2,...,(p — 1)}.

Figure 2. Portrait of the transformation a for X = {0,1} and X = {0,1,...,p—
1}

The transformation a generates an infinite cyclic group on X*. This group is
called the adding machine group and we denote this group by A. For example,
using permutational wreath product we obtain that

a = (1,...,1,a)0(1,...,1,a)o...(1,...,1,a)0
= (a,a,...,a)0?
= (a,a,...,a)

(for details see [2], [7]).

The Metric Space (Aut(X*),d): In the following definition, we equip the auto-
morphism group of the p—ary rooted tree X* with a natural metric where X =
{0,1,2,...,p — 1}. This metric is also used in [1].
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Definition 2.2. The metric function d : Aut(X*) x Aut(X*) — R can be defined
by

d( ) _ pik for 91_192 € StAut(X*)(k) and 91_192 ¢ StAut(X*)(k + 1)7
91,92 0 for g1 = g

where g1,g2 € Aut(X*). In other words, if g; and go agree on all vertices of the
level k& but do not agree at least one vertex of the level (k+ 1) of the tree X*, then
the distance between g; and gs is #.

(Aut(X™), d) is a compact metric space and is a topological group. It is obvious
that A, the closure of A, is a subgroup of Aut(X™*).

3. AN ISOMETRY BETWEEN THE GROUP OF p—ADIC INTEGERS AND THE
CLOSURE OF ADDING MACHINE GROUP

Now we give a formula for the distance between two elements of the adding
machine group. Notice that this expression is similar to the distance between two
p—adic integers.

Proposition 3.1. For a™,a™ € A, the distance d(a™,a™) can be defined by
d : AxA — A

n m n m 0 forn=m,
(a",a™) — d(a",a ){ # for n —m = tp*

where t, k € Z, p is prime number and (p,t) = 1.

Proof. First we compute Sta(1). Using permutational wreath product we obtain
that

a? = (L,1,...,0)0(1,1,...;a)0...(1,1,...,a)0
= (a,a,...,0q).
This shows that St4(1) = (a?). Moreover, we get
a?’ = aPaP...aP
= (a,a,...,a)(a,a,...,a)...(a,a,...,a)
= (aP,a?,...,aP)

We have a?” € St 4(2) because a? € St4(1). Therefore, it is obtained that St 4(2) =
(ap2>. By proceeding in a similar manner, we compute Sta(k) = <a”k>.
So, elements of A which are in St4(1) but are not in St4(2) can be expressed as

Sta(l) — Sta(2) = {a'? : (p,t) = 1}
and by using the induction method, it is easily seen that
Sta(k) — Sta(k+1) = {a®" : (p,t) = 1}.

Let us take arbitrary a™,a™ € A. If n = m, then it is a™ = a™ and d(a”, a™)
If n # m, then there exists a unique expression n —m = tp* such that (p,t)
Then we obtain

0.
1

a ™" = a"™ = o € Sta(k) — Sta(k+1)

and thus it is d(a”,a™) = . 0
P
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Proposition 3.2. Let Zizo a;p' € Zy,. Then, the sequence

2
a“‘), aao-&-mp, aao+a1p+azp Vel

18 convergent.

Proof. For any € > 0, there is a positive integer ng such that p,{o <e Ifk>1and
k,l > ng, then it is obtained that

k 1 1
d(aa0+a1p+...+akp 7aag+a1p+...+a1p ) — — <e

from Proposition 3.1. Thus, it is a Cauchy sequence. Since Aut(X*) is a complete
metric space, this sequence is convergent. ([l

Now we give our main proposition:
Proposition 3.3. We define
o Z, — A

such that o(3,~, aip') is the limit of the sequence a®°, qeotaip gaotaiptazp’
Then, @ is both an isometry and a group isomorphism.

Proof. From Proposition 3.2, ¢ is well-defined. Now we show that ¢ is an isometry.
In other words, we show that d,(«, 8) = d(p(a), ¢(8)) for every a, € Z,. Let

a = Zizo a;p* and = Zizo Bip".
If dy(«, B) = 0, then we obtain d(¢(a), ¢(8)) = 0 since oy; = §; for i = 0,1,2,.. ..
If dy(a, B) = pik, then a; = f3; for i < k and ay # [r. We must show that

d(p(a),p(B)) = pik. Because p(«) and ¢(0) are the limits of the sequences

2 2
a®o , aa()"l‘alp’ gtotaiptasp ,... and aﬁo’ aﬁo-‘rﬁlp, a50+51p+52p .

respectively, it is written the equality

lim (q0terrtetanr’ ghothrt B’y = (o(a), p(3)).

k—oo

Since any metric function is continuous, we obtain that
d(a®,a™), d(a®0 TP ¢ty d(p(a), o(B)).

From Proposition 3.1, we get

1 1 1 1
0707...7077,7,...,?,...4 =
pr p p p
This shows that d(p(a), p(8)) = pik. Namely, ¢ is an isometry map.

Moreover, ¢ is injective since ¢ is an isometry map.
Now we show that ¢ is surjective. Let b be an arbitrary element of A. Thus,
there exists a sequence
a™,a™,. . .a", ... —b
whose elements are in A. Furthermore, every integer n; can be expressed in Z, as

ng = ag—&—a?p—&—agpz—i—...
n = af+alp+aip?+...

(3.1)

ng ak +akp+akp?+ ...
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At least one of the numbers 0, 1,2, ..., (p — 1) occurs infinitely many times in the
sequence (af)z. We choose one of them and denote it by By. Let (a4'); be a
subsequence of (a¥); such that af' = Gy for I = 0,1,2,.... Similarly, we denote
by (1, any one of the numbers that appears infinitely many times in the sequence
(a’fl)l. Proceeding in this manner, we obtain a sequence

+...4Brp”®
aﬁo7 aﬁo-‘rﬁlp’ o 7aﬂo-‘r[ﬂp Brp N
From Proposition 3.2, this sequence is convergent. Now we show this sequence

converges to b. Due to the construction of (3.1), there exists a subsequence (ny,)
of the sequence (ny) whose p—adic expression of term sth such that

Bo+ Bip+ Bop® + -+ Bp® + Yap10° T+ vepap® T+
Owing to the fact that
lim d(aﬁo+ﬁ1p+m+ﬂsps7anks) -0

§— 00

and from the triangle inequality, the sequence (a%o+B1p+-+8:r") converges to b.
This shows that ¢(> ;5 fip') = b and hence ¢ is surjective.
Finally, we prove that ¢ is a homomorphism. In other words, we prove that

pla+ B) = p(a)e(B)
for every o, 3 € Z,. Let

a:a0+a1p—|—a2p2+...,

B=00+Bp+Bep’ + ...
and
a+fB=q+np+rp +....
From the definition of ¢, we have

+ +71p+72p°
a’Yo’a’YO ’Y1p’a"/0 YipT72pP 7.”_)90(a_~_5).

Moreover, it follows that

01(060-1—50)7 a(a0+ﬁo)+(a1+51)17’ a(ao+50)+(ﬂé1+51)P+(a2+52)172’ o= ola)p((B)

due to the fact that Aut(X*) is a topological group,

[e 73} aaoJralp aa0+a1p+a2p2
9, PAN

a-,

.= p(a)

and
aﬁ07 aﬁo+ﬁ1p’ aﬁo+51p+52pz7 .. = @(B).

In Z,, we have

ag+Bo = Yo+Top+0p?+0p®+0pt4...
(o +Bo) + (a1 +B)p = o+ mp+73ip>+ 0p> + 0p* + 0p° + ...
(a0 +Bo) + ...+ (ap+Bu)p" = vo+mp+...+wp" + 7"+ 0pFt?

+0pFt3 4 4ophtt 4L

Let
x = (g + fo) + ...+ (ar + Br)p"



48 MUSTAFA SALTAN

and
y="0+mp+ .. +wp’ + T T+ 0pFE 0t
Then, we have
L iR £0
d T a¥) = pF ’
(a”,a’) {0 it 75 = 0.
It follows that ¢(a + 3) = p(a)p(B) since
d(aao+507a70)7 d(aao-i‘ﬁo-‘r(al-i'ﬁl)p’ a"/0+7110)7 R d((,D(OZ)QO(ﬂ), (p(Oé + 5))

and
lim d(a®,a¥) =0.

k—oo

Hence, the proof is completed. ([l

Consequently, the group of p—adic integers Z, can be isometrically embedded
into the metric space Aut(X*) since A C Aut(X*).

Example 3.1. We show ¢(—1) for p = 2 in Figure ??. It is well-known that

—l=1+12" 41224+ ... +1.2"+ ... € Z,.
Due to the definition of ¢, p(—1) is the limit of the sequence

al, a1+1'21,a1+1'21+1'22, .
in A for X = {0,1}. This limit equals to a=! = (a™!,1)o because of Proposition
3.1.

a ﬂ: a? al:

Figure 3. The image of —1 € Z5 under the map ¢.
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GENERALIZED RELATIVE ORDER OF FUNCTIONS ANALYTIC IN THE
UNIT DISC

RATAN KUMAR DUTTA

ABSTRACT. In this paper we consider generalized relative order of a function analytic in the unit
disc with respect to an entire function and prove several theorems.

1. INTRODUCTION, DEFINITIONS AND NOTATION

Let f(z) be analytic in the unit disc U : {z : |z| < 1} and

1 27 .
1) = T(rf) = 5= [ oyl (re”) a0
T Jo
is Nevanlinna characteristic function of f(z). If
T, f)=Q—r)Hforall rin 0 <ro(p) <r<1,

then the greatest lower bound of all such numbers p is called Nevanlinna order [5] ( Juneja and
Kapoor 1985) of f. Thus the Nevanlinna order p(f) of f is given by

log T(r, f)

—log(1—7r)

In [I] Banerjee and Dutta introduce the idea of relative order of a function analytic in the unit disc
with respect to an entire function.

p(f) = limsup, .

Definition 1.1. [I] If f be analytic in U and g be entire, then the relative order of f with respect
to g, denoted by p,(f) is defined by

1

o
. > ] for all 0 <ro(p) <r < 1}.
—r

po(f)=inf{u>0:Ts(r) <T, K
Note 1.1. When g(z) = exp z, then Definition coincides with the definition of Nevanlinna
order of f.

Date: April 14, 2013 and, in revised form, July 23, 2013.
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Notation 1.2. [3] logz = z, explflz = x and for positive integer m, logl™z = log(log[m_l]ac)7
expl™z = exp(expl™ ).

In [2] Datta and Jerin introduce the idea of generalized relative order.

Definition 1.2. [2] Let Ty (r) = T'(r, f) denote the Nevanlinna’s characteristic function of f. The
relative generalized Nevanlinna order ph (f) of an analytic function f in U with respect to another
entire function g are defined in the following way:

log!P! T, ' Ty(r)

) = timsup, =t L

Definition 1.3. [I] An entire function g is said to have the property (A), if for any o > 1, A > 0

and for all 7,0 < r < 1 sufficiently close to 1
2 A\ O
1
G

A
1
Gl [—=—
The function g(z) = exp z has the property (A) where as g(z) = z has not.

where G(r) = mazx|,=,|9(2)|.

In this paper we consider the definition of generalized relative order of a function analytic in
the unit disc U with respect to an entire function and obtain the sum and product theorems. Also
we show that the relative order of a function analytic in U with respect to an entire and to the
derivative of the entire are same. We do not explain the standard notations and definitions of the
theory of entire and meromorphic functions as those are available in [4], [5], [6] and [7]. Throughout
we shall assume that f, f1, f2 etc, to be function analytic in U and g, g1, g2 etc, are non constant
entire.

2. KNOWN LEMMAS

Lemma 2.1. [I] Let g be an entire function which has the property (A). Then for any positive

integer n and for all o > 1, A > 0,
1 WM\ 1" 1 \MN°
() <))

holds for all r,0 < r < 1, sufficiently close to 1.

Lemma [2.1] follows from Definition 1.3l

Lemma 2.2. [1] If g is entire then

1 1 2
Ty (1—r> SloQG(l—r) < 3Ty (1—r>

for allr, 0 <r <1, sufficiently close to 1.




52 RATAN KUMAR DUTTA

3. PRELIMINARY THEOREM

Theorem 3.1. Let f be analytic in U of generalized relative order pb(f) where g is entire. Let
€ > 0 be arbitrary. Then

L\
T¢(r) = O | logG expP~ 1 <1—r)

holds for all v, 0 < r < 1, sufficiently close to 1.
Conversely, if for an analytic f in U and entire g having the property (A),

Ti(r) =0 (logG (expp 1] <1 ir>k+e>>

holds for all r, 0 < r < 1, sufficiently close to 1, and

Ti(r) =0 (logG <exp[p1] <1 i T>H)>

does mot hold for all r, 0 < r < 1, sufficiently close to 1, then k = pb(f).

Proof. From the definition of generalized relative order, we have

1 Pg(f)‘f‘f
Ti(r) < T, |expP~l (1) for 0 < rp <r <1, say
' —r

1

or, Tf(r) < logG (exp[p_l] (17’

L\
So, Ty(r) = O [logG | expP~1 (1 ) .
-r
Conversely, if
1 k+e
T¢(r) =0 (logG (exp[p_l] (1—7‘) ))

holds for all r, 0 < r < 1, sufficiently close to 1, then

k+e
Ty(r) < HlogG<expp ”(1;) >,a>1

(f)+e
> >for0<ro<r<1, by Lemma [2.2]

k-‘re
= 71 G | explP~
k+e
< flog ((exp[p 1] ) > by Lemma [2.1] for any o > 1
k+e
<T, <2 <exp[p1] I > ) by Lemma [2.2]
-7
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k+e\ ¢
1
logT;le(r) <log2 + log (exp[pl] <1 — r> >

1 k+e
< (p=2] Oo(1).
< oexp (1 r) +0(1)
1 k-+e
longg_le(r) < explP~3 (1 — r) +O(1).

So
logP'T 1T
log"Ty Ty (r) _ v e

Ui s ]—
mSUPr—1 —log(l—r) —

Since € > 0 is arbitrary, we have

log!?) T, 1Tf (r)

(3.1) limsup,—_1— log(1—7)

Again there exists a sequence {r,} of values of r tending to 1_ for which

k—e
T (r) > logG (exp[pl] <1 i T> )

k—e
1
> T, (exp[Pl] (1 ) ) , by Lemma [2.2]
-7

and so
log!?) T, 1Tf (r)

(3.2) —log(1 —7)

>k—e¢

forr=7r,—1_.

Since € > 0 is arbitrary, combining (3.1)) and (3.2), we obtain k = pp(f).
This proves the theorem. O

4. SuM AND PrRoDUCT THEOREMS

Theorem 4.1. Let f1 and fy be analytic in the unit disc U having generalized relative orders p’g’(fl)
and ph(f2) respectively, where g is entire having the property (A). Then

(@) po(frEfe) < maz{pg(fr), pg(f2)} and
()  p(frf) < max{ph(f1). ph(f2)}.
The same inequality holds for the quotient. The equality holds in (b) if pb(f1) # pb(f2).

Proof. We may suppose that pb(f1) and pb(f2) both are finite, because if one of them or both are
infinite, the inequalities are evident. Let p; = pb(f1) and p2 = p(f2) and p1 < pp. For arbitrary
€ >0 and for all r, 0 < r < 1, sufficiently close to 1, we have

o (LT e (L)
p— < p—
Ty, (r) < Ty | exp (1—7“) <logG | exp (1_T>
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and

1 pa+te 1 p2+te
Ty, (r) < T, explP~ ! (“) < logG [ expP~!] (1 — 7’) , using Lemma

Now for all r, 0 < r < 1, sufficiently close to 1,
Tflifz (T) < Tfl (T) + sz (’I“) + O(l)

1 p1te 1 p2te
<logG (exp[”_l] () > + logG <exp[p_1] () ) +O(1)
1—r 1—r
1 p2+te
< 3logG | explP~1! ()
1—r

p2+6
G(exp[p 1] 1—7’ )1

1 P2+€
3 logG | [ expP~Y 1 — 7“

p2+€
<T, (2 (exp[Pll (1 ) > by Lemma [2:2]
-7

1 p2te
long_lelif2 (r) <log2+log (exp[p_l] (1 — 7") >

1
3 log

IN

) by Lemma [2.1] for any o > 1

1 p2+e
< gexplr™ (1) + O(1).
-

1 p2te
100, Ty 1) < o () 0

log[p]Tg_lT(flifz)(r)
—log(1—r)

Pg(fl + f2) = limsupr—)l—
S p2te

Since € > 0 is arbitrary,
Py (f1 £ fa) < p2 < maz{ph(f1),p}(f2)}
which proves (a).
For (b), since,
Ty, 1 (r) < Ty, (r) + Ty, (r),
we obtain similarly as above

P (fi-fa) < max {ph(f1), ph(f2)}-

Let f = fi.foand pi(f1) < p2(f2). Then applying (b), we have pi(f) < pt(f2).
Again since fo = f/f1, applying the first part of (b), we have

Py (f2) < max {py(f), plh(f1)}-
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Since ph(f1) < ph(f2), we have
pg(f) = P?(fz) = maw{pﬁ(fl),p’g’(fz)}

when pb(f1) # ph(f2)-
This prves the theorem. O

5. RELATIVE ORDER WITH RESPECT TO THE DERIVATIVE OF AN ENTIRE FUNCTION

Theorem 5.1. If f is analytic in the unit disc U and g be transcendental entire having the property
(A), then pb(f) = pZ, (f) where g denotes the first derivative of g.

To prove the theorem we require the following lemmas.

Lemma 5.1. [I] If g be a transcendental entire, then for all v, 0 < r < 1, sufficiently close to 1
and for any A >0

() ) o (o) ) o (n (2 (5))

Lemma 5.2. [I] Let g be a transcendental entire function, then for all v, 0 < r < 1, sufficiently

close tol and X\ >0
1\ 1\ 1\
T —_— T, |2 — l —_

where C is a constant which is only dependent on g(0).

Proof of the Theorem [5.1):

Proof. From Lemma and Lemma [5.2] we obtain for r, 0 < r < 1, sufficiently close to 1

o) T, ((11T)A> <IK]T, (2 (11T>A>

and

() ) < ()

where K, K > 0 and A > 0 be any number.
From the definition of pZ . (f), we get for arbitrary € > 0,

1 Pyl (f)+e
Ty(r) <T, explP~1 (1 — 7")
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for all , 0 < r < 1, sufficiently close to 1.
From (5.1) and by Lemma and Lemma for all r, 0 < r < 1, sufficiently close to 1

1 pg/ (f)+e
Ty(r) < [K]T, | 2explr~ ! (H>

p/(f
< [K]logG | 2expP~1] = )

1 1 e\ 17
=§log G | 2explr~! (1 )
1 P (f)+e
< glog G [ 2explr—! (1 for any o > 1

g

1 P (f)+e
S Tg 20+1 eXp[pfl] ( )

log[p]Tg_le(r)

P — 1 <
P = timsupe 1 =T 4 <

Since € > 0 is arbitrary, so pb(f) < p];, (f)-

. . . . p . p
Using 1| we obtain similarly Py (f) < ph(f)- So, ph(f) = Py (f)-
This proves the theorem. O
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SOME RESULTS ON PSEUDO RICCI SYMMETRIC ALMOST
a-COSYMPLECTIC f-MANIFOLDS

YAVUZ SELIM BALKAN AND NESIP AKTAN

ABSTRACT. In this study, we consider pseudo Ricci symmetric almost a-cosymplectic
f-manifolds. We get some results on pseudo Ricci symmetric a-cosymplectic
f-manifolds and almost a-cosymplectic f-manifolds verifying (k, u, v)-nullity
conditions.

1. INTRODUCTION

The notion of f-structure, which is a generalization of almost complex struc-
tures and almost contact structures, was firstly introduced by Yano in 1963 [1]. In
1971, Goldberg and Yano defined that globally framed f-structures are f-structures
and globally framed manifolds are f pk.-manifolds [2]. Later many authors stud-
ied f pk.-manifolds. In 2006, Falcitelli and Pastore defined (2n + s)-dimensional
almost Kenmotsu f-manifolds [3]. Oztiirk et. all defined almost a-cosymplectic
f-manifolds [4].

The notion of an almost cosymplectic manifold was introduced by Goldberg and
Yano in 1969 [9]. The simplest examples of such manifolds are those being the
products (possibly local) of almost K&hlerian manifolds and the real line R or the
circle S'. In particular, cosymplectic manifolds in the sense of Blair [10] are of
this type. However the class of almost cosymplectic manifolds is much more wider.
There are already many known examples (among others, compact, homogeneous)
of such manifolds which are not products (even locally). See Cordero et al. [11]
Chinea and Gonzalez [12] and Olszak ([13],[14]).

The topology of cosymplectic manifolds was studied by Blair and Goldberg [15],
Chinea et al. ([16], [17]) and others. Most of the results of Libermann [18], Lich-
nerowicz [19], Fujimoto and Muto [20] also have applications in characterizing of
topological and analytical properties of almost cosymplectic manifolds (these au-
thors have used a different terminology).

2000 Mathematics Subject Classification. 53D10, 53C15, 53C25, 53C35.
Key words and phrases. Cosymplectic manifolds, almost «a-cosymplectic manifolds, f-
manifolds, weakly symmetric manifolds.
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Curvature properties of almost cosymplectic manifolds were studied mainly by
Golberg and Yano [9] ,Olszak ([13], [14]), Kirichenko [21] and Endo [22]. We relate
some of them in a historical order.

As a generalization of Chaki’s pseudosymmetric and pseudo Ricci sym-metric
manifolds ([28] and [29]), the notion of weakly symmetric and weakly Ricci-symmetric
manifolds were introduced by Tamassy and Binh ([30] and [31]). These type mani-
folds were studied with different structures by several authors ([30], [32] and [33]).
Recently in [34], Ozgﬁr studied weakly symmetric Kenmotsu manifolds. The notion
of special weakly Ricci symmetric manifolds was introduced and studied by Singh,
and Khan in [35]. Aktan studied special weakly symmetric Kenmotsu manifolds
[36].

In this paper, we have studied some geometric properties of pseudo Ricci-symmetric
almost a-cosymplectic f-manifold.

2. PRELIMINARIES

Let M be a real (2n + s)-dimensional smooth manifolds. M admits an f-
structure [1] if there exists a non-null smooth (1,1) tensor field ¢, of the tangent
bundle TM, satisfying %4+ ¢ = 0, rankyp = 2n. An f-structure is a generalization
of almost complex (s = 0) and almost contact (s = 1) structure. In the latter case,
M is orientable [25]. Corresponding to two complementary projection operators
P and Q applied to TM, defined by P = —¢? and Q = ¢? + I, where I is the
identity operator, there exist two complementary distributions D and D+ such that
dim (D) = 2n and dim (D) = s. The following relations hold

(2.1) eP=Pp=¢p, oQ=Qp=0, ¢*P=—-P, Q=0

Thus, we have an almost complex distribution (D, J=p, J 2=-1 ) and ¢ acts
on Dt as a null operator. It follows that

(2.2) TM =D& D+, DnD* ={0}.

Assume that ’DZJ; is spanned by s globally defined orthonormal vectors {¢;} at each
point p € M, (1 <4,j,... < s), with its dual set {n;}. Then one obtains

(2.3) PP=-I+> 0.
i=1

In above case, M is called a globally framed manifold (or simply an f-manifold) ([1],
[26] and [27]) and we denote its framed structure by M (¢, &;). From the conditions
one has

(2.4) 06 =0, ntop=0, (&) =27

Now, we consider compatible Riemannian metric ¢ on M with an f-structure
such that

9(pX.Y) + g(X,9Y) =0,
(2.5) 9(0X,9Y) = g(X,Y) - ; ' (X)n'(Y),
9(X, &) = n'(X).

In the above case, we say that M is a metric f-manifold and its associated structure
will be denoted by M (¢,&;,1%,g).
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A framed structure M (¢, &;) is said to be normal [27] if the torsion tensor N, of
¢ is zero i.e., if

S

(2.6) Ny=N+2) dy @& =0,
i=1

where N denotes the Nijenhuis tensor field of ¢.

Define a 2-form ® on M by ®(X,Y) = g(X, ¢Y), for any X,Y € I'(TM). The
Levi-Civita connection V of a metric f-manifold satisfies the following formula [26]:
(27)  29((Vx$)Y.Z) = 3d0(X,4Y.67) - 3dB(X.Y,2)

+9 (N(Y, 2),6X) + N (Y, Z)’ (X)

+2d (¢Y, X )0 (Z) = 2dn’ (62, X ) (),
where the tensor field N7 is defined by N7 (X,Y) = (Lgxn’) Y — (Lgyn’) X =
2dn’ (pX,Y) — 2dn’ (¢Y, X), for each j € {1,...,s}. ~

Throughout this paper we denote by 77 = nt+n? 4+ .. +n% &= el 24 . 4¢8
and &, = 0} + 02 + ... + 3%

Definition 2.1. [4] Let M (¢, &;,7°, g) be (2n + s)-dimensional a metric f-manifold.
For each 7%, (1 <i < s) 1-forms and each ® 2-forms, if dp’ = 0 and d® = 2o A ®
satisfy,then M is called almost a-cosymplectic f-manifold.

The manifold is called generalized almost Kenmotsu f-manifold for o =1 [4].
Let M be an almost a-cosymplectic f-manifold. Since the distribution D is
integrable, we have L¢,n/ = 0, [§;,&;] € D and [X,§;] € D for any X € I' (D). Then
the Levi-Civita connection is given by:
(2.8)

S

20(Vxp) Y, Z) =20 | > (90X, Y)& =0’ (V) 9X),Z | +g(N(Y,Z),¢X),
j=1

for any X,Y,Z € I'(T'M). Putting X = & we obtain V¢, ¢ = 0 which implies
Ve & € DF and then V&, = Ve, &, since [€;,65] = 0.

1
We put A4; X = —Vx¢& and h; = B (L¢, ) , where L denotes the Lie derivative
operator.

Proposition 2.1. [4] For any i € {1,...,s} the tensor field A; is a symmetric
operator such that
1) A; (&) =0, for any j € {1,...;s}.

2) Ajop+pod; = 2ap.
3) tr(A;) = —2an.

Proposition 2.2. [5] For any i € {1,...,s} the tensor field h; is a symmetric
operator and satisfies

i) hi&; =0, for any j € {1,...,s}.
Z’L) hio<p+<pohi:O.
iii) trh; = 0.

i) troh; = 0.
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Proposition 2.3. [4] V,, satisfies the following relation:
(2.9)

S

(Vxo) Y + (Vox@) oY =Y [—a (0" (V) oX +29 (X, 0Y) &) —n' (V) hiX] .

=1

Definition 2.2. [4] Let M be an almost a-cosymplectic f-manifold, k, u and v are
real constants. We say that M verifies the (k, u, v)-nullity condition if and only if
for each i € {1,...,s}, X, Y € I'(TM) the following identity holds

R(X,Y)& = w(M(X) @Y —7(Y)p*X)
(2.10) +u @ (Y) hi X =7 (X) h;Y)
+v (Y )ph X —(X)ph;Y).

Lemma 2.1. [4] Let M be an almost a-cosymplectic f-manifold verifying (K, p,v)-
nullity condition. Then we have
(i) hiohj = hjoh; for eachi,j € {1,2,...,s}

(i) Kk < —a?

(iii) If k < —a? then, for eachi € {1,2,...,s}, h; has eingen values 0, +=+/—(k + a2).

Proposition 2.4. [4] Let M be an almost a-cosymplectic f-manifold verifying
(k, p, v)-nullity condition. Then

(2.11) hy =...= h,.

Remark 2.1. [4] Throughout all this paper whenever (2.10) holds we put b := hy =
... = hs. Then (2.10) becomes

R(X,Y)& = #(7(X)@2Y —7(Y)¢2X)
(2.12) +u (V)X —7(X) hY)
v (7Y )phX —T(X)ghY)

Furthermore, using (2.12), the symmetry properties of the curvature tensor and the
symmetry of »? and h, we get

R, X)Y = w(MY)P*X — g (X,¢%Y)¢)
(2.13) +u (9 (X, RY)E —(Y)hX)
+v (g (phX,Y) € —7(Y)phX)

Remark 2.2. Let M be an almost a-cosymplectic f-manifold verifying (k, p, v)-
nullity condition, with x # —a?. We denote by Dy and D_ the n-dimensional
distributions of the eigenspaces of A = /—(x + @?) and —\, respectively. We have
that Dy and D_ are mutually orthogonal. Moreover, since ¢ anticommutes with
h, we have ¢ (Dy) = D_ and ¢ (D_) = D4. In other words, D; is a Legendrian
distribution and D_ is the conjugate Legendrian distribution of D.
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3. CURVATURE PROPERTIES

Let M (cp, &, ni,g) be a (2n + s)-dimensional almost Kenmotsu f-manifold. We
consider the (1, 1)-tensor fields defined by

lij (X) = Rxg,§;
for each X e T'(TM), i, € {1,...,s} and put l; = I;;.
Proposition 3.1. [4] Let M be an almost a-cosymplectic f-manifold. Then we

have
(31) RXY)& = o) [0 (Y)¢’X —nf (X) Y]
k=1
—a Y [F (X) (pohk)Y =" (V) (¢ o hy) X]
k=1

+(Vy (pohi)) X = (Vx (pohi))Y,
for each X e T'(TM).

Lemma 3.1. [4] For an almost a-cosymplectic f-manifold with the f-structure
((p,§i7ni,g), the following relations hold

(3.2)

i (X) =) 0 [0?0®X +a(pohy) X]+a(poh) X —(hioh;) X +¢ (Ve hi) X,
k=1

(3.3) R(&,X)& — oR(&,0X) & =2 [—a?0? X + (ho hy) X],

(3.4) (Ve,hi) X = —plj; (X) — o?0X — ahy X — ahjX — (poh; o hj) X,

(3.5) S(X,&) = —2na Y 0¥ (X) = (div (o b)) X,
k=1

(3.6) S(&,&) = —2na? —tr (hjohi),

(3.7) (Vehi) X = —¢li; (X) — o®0X — 2ah; X — (pohi) X

for each X € T'(TM).

Remark 3.1. Let M be an almost a-cosymplectic f-manifold verifying (k, u, v)-
nullity condition. Then for each 4, j € {1,..., s} we have

(3.8) lj; = —k@® + ph + voh.
It follows that all the l;;’s coincide. We put | = [;;.

Lemma 3.2. Let M be an almost a-cosymplectic f-manifold verifying (K, p,v)-
nullity condition. Then for each i € {1,...,s} and X € T (T M) we have

(3.9) (Ve,h) X = —pphX +vhX — 2ahX,
(3.10) lo — @l = 2uhy + 2vh,

(3.11) lo + @l = 2k,

(3.12) Q¢&; = 2nké.
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Proof. From (3.7), using (3.8) and (??) we get (3.9). (3.10) and (3.11) follow
directly from (3.8) using h o ¢ = —p o h. For the proof of (3.12) we fix x € M and
{FE1,...; Fanis} a local p-basis around z with Eo,11 = &,..., Fopts = &. Then
using (2.13) and trace (h) = 0 and trace (ph) = 0 we get Q&; = 2321 Rep, By =

2n - 2n -
21 kg (V°Ej, B;) €= KD i 0558 O
4. ON PSEUDO RICCI-SYMMETRIC ALMOST a-COSYMPLECTIC f-MANIFOLDS

Definition 4.1. A (2n + s)-dimensional almost a-cosymplectic f-manifold (M, g)
is called a pseudo Ricci-symmetric manifold (SW RS )(2n 4oy i

(4.1) (VxS) (Y, 2)=28(X)S(Y,2) +B(Y)S(X.Z)+ B(Z) S (Y, X),
for any X,Y,Z € T' (T M), where (8 is a 1-form and is defined by
(4.2) B(X)=g(X,p),

where p is associated vector field. This notion was introduced by Chaki [29].

Theorem 4.1. If a pseudo Ricci-symmetric almost a-cosymplectic f-manifold ad-
mits a cyclic parallel Ricci tensor then the 1-form (8 must be vanish.

Proof. Let (4.1) and (4.2) be satisfied in an almost a-cosymplectic f-manifold.
Taking the cyclic sum in (4.1) we get,

(Vx9) (Y, 2) + (VyS5) (Z,X) + (Vz5) (X,Y)
=4(FX)SY,2)+B(Y)S(X,2)+((2) S (X,Y))

Let M admit a cyclic Ricci tensor. Then (4.3) reduces to
(4.4) (BX)S(Y,2) +B(Y)S(X,2)+5(2)5(X,Y)) =0.
Taking Z = ¢; in (4.4) and using (3.5) and (4.2), we obtain

B(X) [=2na? 375 n* (V) — (div (oo hy) Y

]
(4.5) +8(Y) [-2na® 375y 0" (X) = (div (¢ 0 hi)) X]
+1i (p) S (X,Y) = 0.

Now putting Y = &; in (4.5) and using (2.4), (3.5) (4.2) and (div (¢ o h;)) &, we get
B(X) [-2na?]

(4.6) +1i (p) [—2na® Y5y n* (X) = (div (pohy)) X
+m; (p) [—2na® > _ 0" (X) — (div (p o hy)) X| = 0.
)

Taking X =¢; (4.6) and using (2.4), (3.5) (4.2) and (div (¢ o h;)) &;, we have

(4.3)

(4.7) wi (p) = 0.
So by use of (4.7) in (4.6), since a # 0, we get 3 (X) = 0, for any vector field X on
M. This completes the proof of the theorem. O

Theorem 4.2. If a pseudo Ricci-symmetric almost a-cosymplectic f-manifold veri-
fying (k, p, v)-nullity condition, admits a cyclic parallel Ricci tensor then the 1-form
B must be vanish.

Proof. Let (4.1) and (4.2) be satisfied in an almost a-cosymplectic f-manifold ver-
ifying (k, pt, v)-nullity condition, . Taking the cyclic sum in (4.1) we get,

(VxS5) (Y, 2) + (VyS5) (2, X) + (V25) (X,Y)

(4.8) —4(B(X)S(Y,Z)+B(Y)S(X,Z)+B(Z)S (X,Y))
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Let M admit a cyclic Ricci tensor. Then (4.8) reduces to

(4.9) (BX)S(Y,2)+B(Y)S(X,2)+5(2)5(X,Y)) =0.

Taking Z = ¢&; in (4.9) and using (3.12) and (4.2), we obtain

(4.10) B(X) [2nkn (V)] + B(Y) 2067 (X)] + 1 (p) S (X, Y) = 0.

Now putting ¥ = ¢; in (4.10) and using (2.4), (3.12) and (4.2), we get

(4.11) B(X) [2nk] +mi (p) [2ns7 (X)] + i (p) 277 (X)] = 0.

Taking X = ¢ (4.11) and using (2.4), (3.12) and (4.2), we have

(4.12) i (p) = 0.

So by use of (4.12) in (4.11), we get 8 (X) = 0, for any vector field X on M. This
completes the proof of the theorem. O

Theorem 4.3. A pseudo Ricci-symmetric almost a-cosymplectic f-manifold can
not be an Einstein manifold if the 1-form [ = 0.

Proof. For an Einstein manifold (VxS)(Y,Z) and S(Y,Z) = kg(Y,Z) (k € R)
then (4.1) gives
(4.13) 26(X)S(Y,2)+B(Y)S(X,Z2)+p5(Z)S(Y,X)=0.
Taking Z = &; in (4.13) and using (3.5) and (4.2), we obtain
2000 |2 B 4) = (o )]
(4.14) +B8(Y) [-2na? Y5 0" (X) — (div (p o hy)) X]|
+1i (p) S (Y, X) = 0.

Now putting ¥ = &; in (4.14) and using (2.4), (3.5) (4.2) and (div (p o h;))&;, we
get

26 (X) [—2na?
(4.15) i (p) [~2n02 5y 0 (X) — (div (9o i) X
+ni (p) [=2n0? 325y n* (X) — (div (¢ o hy)) X]| =0
Taking X =¢; in (4.15) and using (2.4), (3.5) (4.2) and (div (¢ o h;)) &, we have
(4.16) ni (p) = 0.
So by use of (4.16) in (4.15), since a # 0, we get 5 (X) = 0, for any vector field X
on M. This completes the proof of the theorem. (Il

Theorem 4.4. A pseudo Ricci-symmetric almost a-cosymplectic f-manifold veri-
fying (K, p, v)-nullity condition,can not be an Finstein manifold if the 1-form 3 # 0.

Proof. From the previous theorem, taking Z = &; in (4.13) and using (3.5) and
(4.2), we obtain

(4.17) 26(X) [2ns77 (V)] + B (Y) [2nk7 (X)] + 1 (p) S (Y, X) = 0.
Now putting ¥ = ¢; in (4.17) and using (2.4), (3.12) and (4.2), we get
(4.18) 26 (X) [2nk] +1i (p) 277 (X)] + n; (p) 2067 (X)] = O
Taking X = ¢; in (4.18) and using (2.4), (3.12) and (4.2), we have

(4.19) i (p) = 0.

So by use of (4.19) in (4.18), we get 5 (X) = 0, for any vector field X on M. This
completes the proof of the theorem. O
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Theorem 4.5. The Ricci tensor of a pseudo Ricci-symmetric almost a-cosymplectic
f-manifold is parallel.
Proof. Taking Z = &; in (4.1), we get
(420)  (Vx9)(Y,&) =28(X)S (Y, &)+ B (Y)S(X, &)+ 6(&) S (Y, X).
The left-hand side can be written in the form
(4.21) (Vx8) (V,&) = VxS (Y,&) = S(VxY, &) — S (Y, Vx&).
Then, in view of (3.5), (4.2) and (4.21), equation (4.20) becomes
VXS (Y,&) = S (VxY, fz) - S(Y,Vx¢) =

22) 2900 [ Lo i)~ (e by
' +8.(Y) [-2na® 324y 0" (X) — (div (¢ 0 hi)) X]
+1i (p) S (Y, X) .
Now putting Y = ¢; in (4.22) and using (2.3), (2.4) (??) (3.5), (4.2) and (div (¢ o h;)) &;,
we get
0=203(X) [-2na?]
(4.23) i () [~2na? X5, (X) = (div (0 b)) X
+ni (p) [=2n0® 353y n* (X) — (div (p o hy)) X
Taking X = ¢; in (4.23)
(4.24) ni (p) = 0.
Using (4.24) in (4.23)
(4.25) B(X)=0
for any vector field X on M. Hence in view of (4.25) in (4.1), we obtain VxS = 0,
which is proves the result. ([l

Theorem 4.6. The Ricci tensor of a pseudo Ricci-symmetric almost a-cosymplectic
f-manifold is parallel.

Proof. Taking Z = ¢; in (4.1), we get

(426)  (Vx9)(Y,&)=28(X)S(V,&)+B(Y)S (X, &)+ B(&)S (Y, X).
The left-hand side can be written in the form

(4.27) (Vx9) (Y, &) = VxS (Y. &) — S(VxY. &) — S (Y, Vx&).

Then, in view of (3.12), (4.2) and (4.27), equation (4.26) becomes

VxS (Y,&) - S(VxY,&) = S(Y,Vx&) =
(4.28) 26(X) [2nk7 (V)] + B (Y) [2ns7 (X)]
+ni (p) S (Y, X).

Now putting ¥ = ¢; in (4.28) and using (2.3), (2.4) (?7) (3.12) and (4.2) we get

(4.29) 0 =28 (X) [2ns] + n: (p) 20677 (X)] + 1i (p) 20477 (X)] -
Taking X = ¢; in (4.29)
(4.30) ni (p) = 0.

Using (4.30) in (4.29)
(4.31) B(X)=0
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for any vector field X on M. Hence in view of (4.31) in (4.1), we obtain VxS =0,
which is proves the result. ([
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GENERALIZATION OF DIFFERENT TYPE INTEGRAL
INEQUALITIES VIA FRACTIONAL INTEGRALS FOR
FUNCTIONS WHOSE SECOND DERIVATIVES ABSOLUTE
VALUES ARE QUASI-CONVEX

IMDAT iSCAN

ABSTRACT. In this paper, the author establish some new estimates on Hermite-
Hadamard type and Simpson type inequalities via Riemann Liouville fractional
integral for functions whose second derivatives in absolute values at certain
power are quasi-convex.

1. INTRODUCTION

The following definition for convex functions is well known in the mathematical
literature:

Definition 1.1. A function f : [a,b] C R — R is said to be convex on [a, ] if
[tz + (1 =t)y) <tf(z)+ (1 -)f(y)
for all z,y € [a,b] and ¢ € [0,1].

Many inequalities have been established for convex functions but the most fa-
mous is the Hermite-Hadamard inequality, due to its rich geometrical significance
and applications, which is stated as follow:

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. Then

(1.1) f(a“’)s ! /bf@)dng(“”f(b).

2 b—a 2

The following inequality is one of the best-known results in the literature as Simp-
son’s inequality:
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Theorem 1.1. Let f : [a,b] — R be a four times continuously differentiable map-
ping on (a,b) and Hf(4)HOO = sup ‘f(‘l) (33)} < oo. Then the following inequality

z€(a,b)

holds:

b
1 [f(a)+ f(b) a+b 1 1 4
— | F2 -— d <—H (4)H b— .
3 A ) RACR v A Gl
a
In recent years many authors were established an error estimations for both
the Hermite-Hadamard inequality and the Simpson’s inequality, for refinements,
counterparts, generalizations and new inequalities for them see [2, 3, 4, 6, 7, 8, 10,
11].
We recall that the notion of quasi-convex function generalizes the notion of
convex function. More exactly, a function f : [a,b] C R — R is said to be quasi-
convex on [a, b] if

[tz + (1= t)y) < maz{f(z), f(y)}

for all z,y € [a,b] and t € [0,1]. Clearly, any convex function is a quasi-convex
function. Furthermore, there exist quasi-convex functions which are not convex
([5)).

We give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used throughout this paper.

Definition 1.2. Let f € L[a,b]. The Riemann-Liouville integrals J&, f and J;* f
of oder o > 0 with a > 0 are defined by

T @) = g [@= 0" 0t > a

a

and

b
J f(z) = ﬁ / (t—2)* " f(t)dt, 2 <b

xT

e}
respectively, where I'(a) is the Gamma function defined by I'(a) = [ e t* tdt
0
and J9, () = JOf(2) = f(2).

In the case of a = 1, the fractional integral reduces to the classical integral. For
some recent results connected with fractional integral ineqalities, see [9, 10, 11, 12,
13).

In [4], Barani et al. obtained the following theorems related to the right-hand
side of (1.1) for functions whose second derivatives in absolute values at certain
power are quasiconvex.

Theorem 1.2. Let f : I — R be a twice differentiable function on I° such that
" € Lla,b], where a,b € I° with a < b. If | f"|? is quasi-conver on [a,b] for ¢ > 1,
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then the following inequality holds

o) f(a) + £(b) - /f

2
< O {<max{ () (a)q})‘l’
(el G2 o)

Theorem 1.3. Let f : I — R be a twice differentiable function on I° such that
f" € Lla,b], where a,b € I° with a < b. If |f"|P/P=1 is quasi-convex on [a,b], for
p > 1, then the following inequality holds

)  |f@I0) b_a/f "

2
< SRR (R { (e
+ (o { L (W})é}

where 1/p+1/q=1.
In [2], Alomari et al. established the following result connected with Simpson’s
type inequalities for twice differentiable functions:

Y <a>|‘f});

S

" a+b
/ (2)

Theorem 1.4. Let f': I C [0,00) — R be an absolutely continuous function on I°
and a,b € I° with a < b, such that f" € Lla,b]. If |f"|? is quasi-convez on |[a,b],
q > 1, then the following inequality holds

(1.4) 1[f(a)+4f (a;b>+f ]

6
< (b1—6;)2{<max{f (a—2|—b>
q,|f”<b>|q})q}.

b

5 o
})

b
Ll (57)
2
In [10], Sarikaya et al. established some results connected with the left-hand side

of (1.1) as follows:

Theorem 1.5. Let f: I CR — R be twice differentiable function on I° such that
" € Lla,b], where a,b € I° with a < b. If | f"|? is quasi-convez on [a,b] for ¢ > 1,
then the following inequality holds:

s (5 -5 /f ~ ) amax |7 (@I 17" @I}
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Theorem 1.6. Let f: I C R — R be twice differentiable function on I° such that
" € Lla,b], where a,b € I° with a <b. If |f"|? is quasi-convex on [a,b] for ¢ > 1,
then the following inequality holds:

(1.6) f (a‘;b> - (bia) /bf(q:)dx
< ot (e {J (5] @)

where 1/p+1/q=1.
We will establish some new results using the following Lemma:

Lemma 1.1. Let f : I — R be a twice differentiable function on I° such that
f" € Lla,b], where a,b € I with a <b. Then for all x € [a,b] , A € [0,1] and & > 0
we have:

(1_A){(x—a) + (b~ 2) }f(x)ﬁ{(x—a) fa) + (b— )" f(b)

b—a b—a
— ) — (=)™ a
+(¢LQ[“ Lol ]f@%ﬁj%@ﬂ@ﬂﬁﬂw
_ a+2 1
- (a+1 b_a O/t (o + 1)\ —19) " (2 + (1 — £) a) dt
(1.7) + t((a+1D)X=t%) f" (tz + (1 —t)b) dt.
( b—ao/

A simple proof of equality can be given by performing an twice integration by
parts in the integrals from the right side and changing the variable (see [6]).

The main aim of this article is to establish a generalization of Hermite Hadamard-
type and Simpson-type inequalities via fractional integrals for functions whose ab-
solute values of second derivatives are quasi-convex. By using the integral equal-
ity (1.7), the author establish some new inequalities of the Simpson-like and the
Hermite-Hadamard-like type for these functions.

2. MAIN RESULTS

Let f: I CR — R be a differentiable function on 7°, the interior of I, throughout
this section we will take

Sy (z, A\, o;a,b)
_ (1A)[<x_a)bjib_w) ]f@;HA{(SE—a) f(ab)jéb—x) f(b)
_mOé+1_ x_aa+1 a
+Qi{d)w . ]ﬂm—ﬁgfkwﬂ@%@ﬂm

where a,b € T with a < b, z € [a,b] , A € [0,1], @ > 0 and T is Euler Gamma
function.



GENERALIZATION OF DIFFERENT TYPE INTEGRAL INEQUALITIES 71

Theorem 2.1. Let f : I C R — R be a twice differentiable function on I° such
that f" € Lla,b], where a,b € I° with a < b. If | f"|? is quasi-convezr on [a,b] for
some fized ¢ > 1, then for x € [a,b], A € [0,1] and o > 0, the following inequality
for fractional integrals holds

IS¢ (x, A, o a,b)|
a+2 1
ey < a(a,»{M(maXﬂf’ I @)

+W(max{|f” |q |fH ‘ })q}

where

a[(a+1))\] 6 +1 _ (a4D)A 0< A<

Cy (a ,\) = 2 = a+1
’ (a+1)(a+2))\72
2(at2) ) a+1 <A<

Proof. From Lemma 1.1, property of the modulus and using the power-mean in-
equality we have

1

. ) s et (L 14
|Sf(x’/\’a’a’b)|§(a+1)(b_a)0/|t||( + D)X=t |f (tx + (1 —t)a)| dt
SCEL) . e e 1
+(a+1)(b_a)0/|t||(0‘+1)/\ 7 (b + (1 — t) b)| dt
Cw-a? [ A
(a+1)(b—a) /t|(a+1),\ | dt

0

Q=

1

« /t|(a—|—1))\—t“||f”(tx+(1—t)a)\th

0
1 -3
b—$a+2 N
0

Q=

1
(2.2) x /t|(a—|— DA =t | (b + (1 — ) b)|* dt
0
Since |f”|? is quasi-convex on [a, b] we get

1 1
/t|(a+1))\—t“\|f”(tx+(1—t)a)|th < /t|(a+1) ) max {|f" @)|7, 1" (a)°) dt
0 0

(2.3) = max {|f" ()", /" ()"}
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1 1
/t|<a+1>x—ta\|f”<tx+<1—t>b>\qczt < /t|<a+> —t max {|f" @), | (b)) dt
0 0

(2.4) max {| /" ()", [/ (@)|"},

where we use the fact that

1
(2.5) o) (a,/\):/t|(a+1))\—t“|dt
0
[(a+1)A] & [(a+1)A] &
(a+1)X [ tdt— [ totldt
0 1 0 1 ’ O S A S ﬁ
= —(a+D)X [ tdt+ [ Tt
[(a+1)A] & [(a+1)A] &
1 1
(a+1))\0ftdt70fto‘“dt, <A<l

(a+1)(a+2))\72 1y < 1

afl(a+1)A a +1 a+1)\
_ (@A 1 (@) g )< L
2(a+2) ’ a+1

Hence, If we use (2.3), (2.4) and (2.5) in (2.2), we obtain the desired result. This
completes the proof. O

Corollary 2.1. In Theorem 2.1, if we take ¢ = 1, then we have

1St (z, X, a3 a,b)|
@m0 @ @)
(a+1)(b—a) 7

(b—x)a+2 " "
+m(max{\f @)L L)1) ¢ -

Corollary 2.2. In Theorem 2.1, if we take © = ‘IT“’, then we have

2a—1
0 )a_ISf (a;—b,k,a;a,b>
—a

_ ‘(1—)\)f<a;b)+>\(f( )+f()> Fla+1)2e {J(Oéa+b)f(a)+Jgazﬂ,)+f(b)H

=07 :
S(ZZJr)l)Cl (a, )\){(max{ (a—I—b) Af7 (a }>q
(ol () )
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Corollary 2.3. In Theorem 2.1, if we take x = %2 and X\ = %, then we have

)
b) } - Wlifaal {J(aa;b)_f(a) + J(“a;,,yf(b)} ‘

B ‘ { )+4 ( G 1
@)

a+b
b—aa 1Sf< 2’
+

wl

e (%5{( =W ()
(sl (55 o))}

Remark 2.1. In Corollary 2.3, if we choose o = 1, we have the following Simpson
type inequality

§ @ (S50 0] - 2 /bf(fv)d:v

= o (GG
o (ome{lr () o))

which is the same of the inequality (1.4).

Corollary 2.4. In Theorem 2.1, if we take x = %rb and A = 0, then we have

7 faa_)lalsf (a;—b,&a;mb)
= [ (557) - H T Py 10+ 10
([ )

s (|

ol (5 o))}
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Remark 2.2. In Corollary 2.4, if we choose o = 1, we have the following midpoint
inequality

O
el (e5)

which is better than the inequality (1.5).

Corollary 2.5. In Theorem 2.1, if we take x = “T'H’ and A =1, then we have

201 b
oo (5 been)
—a

LORSTEN STy

a(a+3)(b—a)’
S et @t {(ma"{

2 (a;rb>
 (mac{jr (3°)

L <a>|q});
TS <b>|q});}.

Remark 2.3. In Corollary 2.5, if we choose @ = 1, we have the following midpoint
inequality

b
J@+f0) 1
““‘)a/f( )d

2
< “’gﬁ{(mx{ (45 TS <a>q}>3’
+ (wa | ()1 <b>|Q})é}7

which is the same of the inequality (1.2).

Theorem 2.2. Let f: I CR — R be twice differentiable function on I° such that
f" € Lla,b], where a,b € I° with a < b. If |f"|? is quasi-convex on [a,b] for some
fized ¢ > 1, then for x € [a,b], A € [0,1] and a > 0, the following inequality for
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fractional integrals holds

(26) ‘Sf (.T,/\,OL,CL,I))‘
1
1 (z —a)*" Lla+0\T )\
< Cr &—a) a+b
< C; (a’)\’p){(a—i—l) 6=a) (max{ f 5 1f” (a)
1
(b—x)a+2 Llasb\ "\
T arno_a )10 ,
where p = % ,
Ca (o, A, p)
1 pr—
pla+D)+1° A=0
(ot 2 1 .
- [1—(oz+1)/\]ﬁ1+ﬂ (51+9) , 0<a< L
o amrn e (1= S Lp 21— (a+ 1)) :
[(a+1)/\]1+(i+1)p . 14 X
a B((a+1)>\;Tp71+p)a a7-1-1<>‘§1

oFy is Hypergeometric function defined by
1

oF1 (a,b;¢;2) = M/tb*1 (L—t) " (L= 2t)%dt, c>b>0, |2| <1 (see [1]),
0 is FEuler Beta function de;ined by
1
B(z,y) = m = /tIil (11—t "dt, z,y>0,
and 0

B(a,z,y) = /t"”’l (1 ft)yfldt, 0<a<l, z,y>0,
0
is incomplete Beta function.

Proof. From Lemma 1.1, property of the modulus and using the Holder inequality
we have

ISt (z, A\, a;a,b)| < m/lw(wrl))\t”‘||f”(m+(1t)a)|dt
0
+mo/|t||(a+l)>\—ta|f”(tm+(1—t)b)|dt
(a(”i_l)% O/tp|(a+1)>\—ta|pdt p 0/1|f”(t:r+(1—t)a)|th E
(2.7) +% O/tp|(a+1))\t°‘|pdt B 0/1|f”(tac+(1t)b)|th E
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Since |f”|? is quasi-convex on [a, b] we get

1 b q
e [1rwsa-gorasm{|r (50)] 1 @r]
0
1 b q
29 [ a-oyra<m]r (S0 o)
0
and
1
(2.10) /tp|(a+1))\—ta|pdt
0
1
ft(aJrl)Pdt A=0
0
[(a+1)A] & !
— [ tlla+)A—tePat+ [ Pt —(a+ )N dt, 0<A< 5
0 [(a+1)A] ™
1
St [(a+1)N—te]Pdt, <A<l
0
1 —
FICERIESE A=0
[(a+1))\]l+(f¥a+1)p 14p .
= [—(a+DAPH 1+€ (%5 1 t) ; 0<AS o
+W.2F1 (1 T ,1,p+2,1 — (Oé‘i’l))\)
(a+1)p+1
(e (s 22,14 9). A <ac

Hence, If we use (2.8), (2.9) and (2.10) in (2.7), we obtain the desired result. This
completes the proof. ([

Corollary 2.6. In Theorem 2.2, if we take x = %‘H’, then we have

Sy (z, A, s a,b)|
< CF (o \p) m { (max{ r (a;b)
i (s i <b>|q});}~

sf{a+b
/ (2)

Corollary 2.7. In Theorem 2.2, if we take © = “T“’ and \ = %, then we have

[ (50) + s - HE R {J(aa;b)—f(al) Tty 0|
) Sl )
(ol (o))

1

L)
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Corollary 2.8. In Theorem 2.2, if we take x = %rb, A= % and o = 1 then we

have
Hf()+4f<a+b)+f } /b
L)
(ol (2w}
where

3
Corollary 2.9. In Theorem 2.2, if we take x = %rb and A =0, then we have

(50) - HO T [ 1@ + Ty )

GO E |
()] @)

< © I;) <p<a +11) T 1); {(max{
(el o))

Remark 2.4. In Corollary 2.9, if we choose o = 1, we have the following midpoint
inequality which is better than the inequality (1.6)

(55 -t o
0 () {2
(ol (=50 o))}

Corollary 2.10. In Theorem 2.2, if we take x = "’T'H’ and A =1, then we have

LCESREE Ll PO 0|

b—a)® 1 b
< ( 16@) Ccs (a,l,p){(max{f” a;_ )

({2

1 2\ 1P 1\ P 1
Cs (1,719) = (3> B(l+p,1+p)+ (3) 2 F (—p,l;p+2; 3> .

L)

17 (0)
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where

(+o)(+p)—a
[e3

(1+a)

CQ (aa ]-vp) =

o 14+a’

1 1+
ﬂ( ; p,1+p>~
(07

Remark 2.5. In Corollary 2.10, if we choose a = 1, we have the following trapezoid
inequality which is the same of the inequality (1.3)

b
fla) + f(b) 1
2 (b—a)a/f(‘””)d“‘”
(b—a)? i

(B +p,1+p))

() (b)"})é ,

=
/N
=
]
"
—N

<
- 4

- (max {

where

1
B(l+p1+p) =28 (1;1+p71+p> =2_2p_1w, r (1> = V.

(1
2]
(3]

(4]

(5]

6

8

(9]

(10]

(11]

(12]

(13]

2 2

L@ +r)
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SIMILAR CURVES WITH VARIABLE TRANSFORMATIONS

MOSTAFA F EL-SABBAGH! AND AHMAD T ALIZ?3

ABSTRACT. In this paper, we define a new family of curves and call it a family
of similar curves with variable transformation or briefly SA-curves. Also we
introduce some characterizations of this family and we give some theorems.
This definition introduces a new classification of a space curve. Also, we use
this definition to deduce the position vectors of plane curves, general helices
and slant helices, as examples of a similar curves with variable transformation.

1. INTRODUCTION

In the local differential geometry, we think of a curve as a geometric set of points,
or locus. Intuitively, we are thinking of a curve as the path traced out by a particle
moving in E3. So, investigating position vector of the curve is a classical aim to
determine behavior of the particle (curve).

From the view of differential geometry, a straight line is a geometric curve with
the curvature x(s) = 0. A plane curve is a family of geometric curves with torsion
7(s) = 0. Helix is a geometric curve with non-vanishing constant curvature x and
non-vanishing constant torsion 7 [8]. The helix may be called a circular heliz or W -
curve [22]. Tt is known that straight line (x(s) = 0) and circle (k(s) = a, 7(s) = 0)
are degenerate-helices examples [15]. In fact, circular helix is the simplest three-
dimensional spirals [4, 10].

A curve of constant slope or general heliz in Euclidean 3-space E® is defined
by the property that the tangent makes a constant angle with a fixed straight line
called the axis of the general helix. A classical result stated by Lancret in 1802 and
first proved by de Saint Venant in 1845 (see [25] for details) says that: A necessary
and sufficient condition that a curve be a general helix is that the ratio

T
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is constant along the curve, where k and T denote the curvature and the torsion,
respectively. General helices or inclined curves are well known curves in classical
differential geometry of space curves [19] and we refer to the reader for recent works
on this type of curves [5, 12, 20, 26].

Izumiya and Takeuchi [14] have introduced the concept of slant heliz by saying
that the normal lines make a constant angle with a fixed straight line. They char-
acterize a slant helix if and only if the geodesic curvature of the principal image of
the principal normal indicatrix

2

is a constant function. Kula and Yayli [16] have studied spherical images of tan-
gent indicatrix and binormal indicatrix of a slant helix and they showed that the
spherical images are spherical helices. Recently, Kula et al. [17] investigated the
relation between a general helix and a slant helix. Moreover, they obtained some
differential equations which are characterizations for a space curve to be a slant
helix.

A family of curves with constant curvature but non-constant torsion is called
Salkowski curves and a family of curves with constant torsion but non-constant
curvature is called anti-Salkowski curves [23]. Monterde [21] studied some charac-
terizations of these curves and he proved that the principal normal vector makes
a constant angle with fixed straight line. A unit speed curve of constant preces-
sion in Euclidean 3-space e? is defined by the property that its (Frenet) Darboux
vector W = 7T 4 kB revolves about a fixed line in space with constant angle
and constant speed. Kula and Yayli [16] proved that the geodesic curvature of the
spherical image of the principal normal indicatrix of a curve of constant precession
is a constant function. So that: Salkowski curves, anti-Salkowski curves and curves
of constant presession are the important examples of slant helices.

Many important results in the theory of curves in E® were initiated by G. Monge
and G. Darboux pioneered the moving frame idea. Thereafter, F. Frenet defined
his moving frame and his special equations which play important role in mechanics
and kinematics as well as in differential geometry [9].

In this work, we define a new family of curves and we call it a family of similar
curves with variable transformation or in brief SA-curves. Also, we introduce some
characterizations of this family and give some theorems. This definition introduces a
new classification of a space curve. In the last of this paper, we use this definition to
deduce the position vectors of some important special curves. We hope these results
will be helpful to mathematicians who are specialized on mathematical modeling
as well as other applications of interest.

2. PRELIMINARIES

In Euclidean space E?, it is well known that to each unit speed curve with at
least four continuous derivatives, one can associate three mutually orthogonal unit
vector fields T, N and B are respectively, the tangent, the principal normal and
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the binormal vector fields [13]. We consider the usual metric in Euclidean 3-space
E3, that is,
(,) = da? + da3 + dz3,

where (z1,z2,3) is a rectangular coordinate system of E® Let¢:IcR — E?,
¥ = 1(s), be an arbitrary curve in E®. The curve ¢ is said to be of unit speed (or
parameterized by the arc-length) if (¢’(s),1'(s)) = 1 for any s € I. In particular,
if 1(s) # 0 for any s, then it is possible to re-parameterize v, that is, o = 1 (4(s))
so that « is parameterized by the arc-length. Thus, we will assume throughout this
work that 1 is a unit speed curve.

Let {T(s),N(s),B(s)} be the moving frame along 1, where the vectors T, N
and B are mutually orthogonal vectors satisfying (T, T) = (N,N) = (B,B) = 1.
The Frenet equations for ¢ are given by ([25])

0 K(s) 0

T'(s) T(s)

, —k(s) 0 7(s)
(2.1) N'(s) | = . N(s)
B/(s) 0 =& 0| B

If 7(s) = 0 for all s € I, then B(s) is a constant vector V' and the curve v
lies in a 2-dimensional affine subspace orthogonal to V', which is isometric to the
Euclidean 2-space E2.

3. POSITION VECTOR OF A SPACE CURVE

The problem of the determination of parametric representation of the position
vector of an arbitrary space curve according to its intrinsic equations is still open
in the Euclidean space E? [11, 18]. This problem is not easy to solve in general
case. However, this problem is solved in three special cases only, Firstly, in the
case of a plane curve (7 = 0). Secondly, in the case of a helix (x and 7 are
both non-vanishing constant). Recently, Ali [6, 7] adapted fundamental existence
and uniqueness theorem for space curves in Euclidean space E® and constructed a
vector differential equation to solve this problem in the case of a general helix (~
is constant) and in the case of a slant helix

(3.1) T(s) _ N m [ k(s)ds

w(s) \/1 —m?2 ( i n(s)ds)z,

where m = T = cos[¢] and ¢ is the constant angle between the axis of a

slant helix and the principal normal vector. However, this problem is not solved in
other cases of space curves.

Now we describe this problem within the following theorem:

Theorem 3.1. Let ¢ = 1(s) be an unit speed curve parameterized by the arclength
s. Suppose ¢ = (0) is another parametric representation of this curve by the
parameter 0 = [ k(s)ds. Then, the tangent vector T satisfies a vector differential
equation of third order as follows:

(3.2) (%T”(&))I + (W)T'(a) O g 2o,
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where f(6) = %.

The Proof: Let ¥ = #(s) be a unit speed curve. If we write this curve in
another parametric representation ¢ = (), where § = [ k(s)ds, we have new
Frenet equations as follows:

/ 0 1 0
o1 [0 e
(3.3) N'©®) | = N(@) |,

where f(6) = %. If we substitute the first equation of the new Frenet equations
(3.3) to second equation of (3.3), we have

(3.4) mm:—fW@+ﬂM.

Substituting the above equation in the last equation from (3.3), we obtain a vector
differential equation of third order (3.2) as desired.

The equation (3.2) is not easy to solve in general case. If one solves this equation,
the natural representation of the position vector of an arbitrary space curve can be
determined as follows:

(3.5) w@:/T@@+a
or in parametric representation

1
(3.6) mm:/agﬂmw+a

where § = [ k(s)ds and C is a constant vector.

4. SIMILAR CURVES WITH VARIABLE TRANSFORMATIONS

Definition 4.1. Let ¢4 (s4) and 13(s3) be two regular curves in E* parameterized
by arclengths s, and sg with curvatures k. and kg, torsion 7, and 73 and Frenet
frames {To, Ny, By} and {Ts,Ng,Bg}. ¥.(se) and 9s(sg) are called similar
curves with variable transformation AG if there exist a variable transformation

(4.1) Sq = / A3(sp)dsg
of the arclengths such that the tangent vectors are the same for the two curves i.e.,
(4.2) Ts(sp) = Talsa),

for all corresponding values of parameters under the transformation Aj.

Here A is arbitrary function of the arclength sg. It is worth noting that A N o=
1. All curves satisfy equation (4.2) are called a family of similar curves with variable
transformations. If we integrate the equation (4.2) we have the following important
theorem:
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Theorem 4.1. The position vectors of the family of similar curves with variable
transformations can be written in the following form:

(4.3) Ya(sg) = / T[-}(Sﬁ(sa)) dsg = / Ta(sa> AG dsq.

Theorem 4.2. Let 1, (s0) and 1s(sz) be two reqular curves in B>, Then q(s4)
and Yg(sg) are similar curves with variable transformation if and only if the prin-
cipal normal vectors are the same for all curves

(4.4) Nps(sp) = Na(sa),
under the particular variable transformation

ds K
4.5 A= 228 Pa
( ) « dSa Klﬁ

of the arc-lengths.

The Proof: (=) Let ¢,(sq) and 93(sg) be two regular similar curves with
variable transformation in E*. Differentiating the equation (4.2) with respect to sg
we have

dsg

(4.6) rp(sp)Ng(sp) = ’ia(sa)Na(Sa)T-

Sg
The above equation leads to the two equations (4.4) and (4.5).

(<) Let ¥a(sa) and 15(sg) be two regular curves in E® satisfying the two
equations (4.4) and (4.5). If we multiplying equation (4.4) by kg(sg) and integrate
the result with respect to s we have

(4.7) /“5(55)Nﬁ(55)d56:/”B(Sﬁ)Nﬁ(Sﬁ)ZsizdSa-

From the equations (4.4) and (4.5), equation (4.7) takes the form

(48)  Talsa) = [ (0 Nasa)dss = [ Ka(s0) Nasa) dsa = Ta(s0)
The proof is completed.

Theorem 4.3. Let 1, (s4) and ¥5(sg) be two regular curves in E*. Then ¥,(s4)
and Yg(sg) are similar curves with variable transformation if and only if the binor-
mal vectors are the same, i.e.,

(4.9) Bgs(ss) = Ba(sa),

under arbitrary variable transformation sg = sg(s,) of the arclengths.

The Proof: (=) Let ¥,(s) and 93(sg) be two regular similar curves with
variable transformations in E®. Then there exists a variable transformation of the
arclengths such that the tangent vectors and the principal normal vectors are the
same (definition 4.1 and theorem 4.2). From equations (4.2) and (4.4) we have

(4.10) Bs(sp) = Ts(sp) x Ng(sp) = Ta(sa) x Na(sa) = Ba(sa).
(<) Let ¥a(s4) and ¥5(s3) be two regular curves in E* which the same binormal

vector under the arbitrary variable transformation sz = sg(sy) of the arclengths.
If we differentiate the equation (4.9) with respect to sz we have

(4.11) —75(55)Na(s5) = —m(sa)Na(sa)jj;.
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The above equation leads to the following two equations

d &
(4.12) Ni(s9) = Na(sa) and 22 ==
From equations (4.9) and (4.12) we have
(4.13) Tp(sp) = Ng(sp) x Bg(sp) = Na(sa) X Ba(sa) = Ta(sa)-

The proof is complete.

Theorem 4.4. Let 1, (s0) and 1¥s(sz) be two regular curves in B>, Then 1a(s4)
and Yg(sg) are two similar curves with variable transformation if and only if the
ratios of torsion and curvature are the same for all curves

(414) TB(SB) _ Ta(Sa)

“B(‘%) ”ia(sa)7

under the particular variable transformations (A2 = 955 — fa

dsa ~ kg
curvatures, 1.e.,

) keeping equal total

(4.15) 05(sp) = / kgdsg = / FadSe = 04(84).
of the arclengths.

The Proof: Let ¢,(so) and ¢, (sg) are two similar curves with variable trans-
formation. Then from (4.5) and second equation of (4.12), we obtain the equation
(4.14) under the variable transformations (4.15), which leads from (4.5) by integra-
tion.

(<) Let 1a(sq) and vg(sg) be two curves such that the equation (4.14) is
satisfied under the variable transformation (4.15) of the arclengths. From theorem
(3.1), the tangent vectors T,(s,) and Tg(sg) of the two curves satisfy vector
differential equations of third order as follows:

R (1 fa(0a) fo(0a) _
(4.16) (WTQ(%)) + (W>Ta(9a) ) Talt) =0,
1 " ! 1+ fé(eﬁ) , fé(eﬁ) .
(*.17) (fﬂ(eﬂ)Tﬁ(aﬁ)) +< f3(05) )Tﬁwﬁ) - fﬁ(%)Tﬂ(aﬂ) -0
where f,(0,) = ;Z((ZZ)), fs(05) = ZZ((ZZ)), 0o = [ Ka(Sa)dse and 03 = [ ka(sg)dsgs.
The equation (4.14) leads to
(418) fﬁ(aﬁ) = fa(eoz)7

under the variable transformation 63 = 6,. So that the two equations (4.16) and
(4.17) under the equation (4.14) and the transformation (4.15) are the same. Hence
the solution is the same, i.e., the tangent vectors are the same which completes the
proof of the theorem.
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5. NEW CLASSIFICATIONS OF CURVES

In this section, we will apply our definition of similar curves with variable trans-
formations to deduce the position vectors of some special curves. First we can call
the two curves 1, (so) and 9g(sg) similar curves with variable transformation if

and only if there exists an arbitrary function Aj = dsa gych that the curvature and

T dsg
torsion of the curve 13 are the curvature and torsion of the curve 1, multiplied by
this arbitrary function i,e.,

(5.1) KB = Ka NG, T =Ta A3

Class 1. If the curve is straight line then the curvature is x = 0. Under the
variable transformation A the curvature does not change. So we have the following
lemma:

Lemma 5.1. The straight line alone forms a family of similar curves with variable
transformation.

Class 2. If the curve is a plane curve then the torsion is 7, = 0. Under the
variable transformation A the torsion does not change. So we have the following
lemma:

Lemma 5.2. The family of plane curves forms a family of similar curves with
variable transformations.

We can deduce the position vector of a plane curve using the definition of similar
curves with variable transformation as follows:

The simplest example of a plane curve is a circle of radius 1. The natural
representation of this circle can be written in the form:

(5.2) ba(u) = (sin[u], — cosfu), 0),

where s, = u is the arclength of the circle and the curvature is ko(u) = 1. The
tangent vector of this circle takes the form:

(5.3) T,(u) = (cos[u},sin[u], O).
From theorem (4.1) we can write any plane curve as the following:
(5.4) Ya(s) = / (cos [u[s]},sin {u[s}],O) ds.

where sg = s. From the equation (5.1), we have

(5.5) dse = N3 dsg = ’,;L" dsgs.

or

(5.6) sa(sg) :/ H—ads,g.
Kp

If we put the curvature kg = k(s) (sg = s), we have

(5.7) u(s):/ﬁ(s) ds.
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Then the position vector of the plane curve with arbitrary curvature k(s) takes the
following form:

(5.8) P(s) = / (cos {/ K($) ds} ,sin [/ K(s) ds} , 0) ds.
which is the position vector of a plane curve introduced in [18].

Ta

Class 3. If the curve v, is a general helix (-

= m), where m is a constant, in
the form m = cot[¢] and ¢ is the angle between the tangent vector and the axis of

the helix. Then any similar curve g with this helix has the the property ;—Z =m.

o

So that we have the following lemma:

Lemma 5.3. The family of general helices with fived angle ¢ between the azis of a
general heliz and the tangent vector forms a family of similar curves with variable
transformations.

We can deduce the position vector of a general helix using the definition of similar
curves with variable transformations as follows:

The simplest example of a general helix is a circular helix or W-curve. The
natural representation of a circular helix is:

(5.9) Yo (u) = (\/1 —n? sinfu], —v1 — n? cos[u],nu),

where u is the arclength of the circular helix and n = cos[¢], where ¢ is the constant
angle between the tangent vector and the axis of a circular helix. The curvature of
this circular helix is ko (u) = v/1 — n2. The tangent vector of this curve takes the
form:

(5.10) T,(u) = (\/ 1 —n?cosfu], /1 — n?sinfu], n)

From theorem (4.1) we can write any general helix as the following:

(5.11) Pa(s) = / (\/ 1 —n2cos [u(s)} ,V1—n?sin [u(s)},n)ds.

From equation (5.6) we have

K(s)
5.12 u(s) = | ———==ds.
(512 %) / V-2
where k3 = k(s), (sg = s). Then the position vector of the general helix with
arbitrary curvature k(s) takes the following form:

(5.13) w:/(\/l—nzcos[/\/%ds],\/l—nzsin[/%ds],n)ds.

which is the position vector of a general helix introduced in [6].

Class 4. If the curve is a slant helix then the relation (3.1) between the torsion
and curvature is satisfied. Let 1, and 13 be two slant helices such that the trans-
formation (4.15) is satisfied. Using the relation (3.1) and (4.15), it is easy to prove

that:
T3 . mOg m9a Ta

@_\/1—7712(9?3_\/1_m2‘934_a

)
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where m is a constant value, m = cot[¢] and ¢ is the angle between the principal
normal vector and the axis of a slant helix. So that we have the following lemma:

Lemma 5.4. The family of a slant helices with fixed angle ¢ between the axis of
a slant helixz and the principal normal vector forms a family of similar curves with
variable transformation.

Now, we can deduce the position vector of a slant helix using the definition of
similar curves with variable transformations as follows:

The simplest example of a slant helix is Salkowski curve [7, 21, 23]. The explicit
parametric representation of a Salkowski curve 1, (u) = (11 (u), V2 (u), ¥3(u)) takes
the form:

(1) = — 2 [ 221 cos[(2n + 1)1] + 2L cos[(2n — 1)1] — 2cos[t]],
(5:14) § why(u) = — 2 [ 2L sin[(2n + 1)¢] — 2L sin[(2n — 1)) — 2sin[t]},
V3(u) = g5 cos[2nt],

where t = %arcsin(mu), m = ﬁ, n = cos|¢| and ¢ is the constant angle between

the axis of a slant helix and the principal normal vector. The curvature of the above
curve is 1 and the torsion is

mu
V1 —m2uy?

It is worth noting that: the variable ¢ is a parameter while the variable u is the
natural parameter.

The tangent and the principal normal vectors of the Salkowski curve (5.14) take
the forms:
(5.15)

T,(u) =— (n cos|t] sin[nt] — sin[t] cos[nt], n sin[t] sin[nt] + cos[t] cos[nt], % Sin[nt]>.

7(u) = tan[nt] =

(5.16) N, (u) = (m coslt], v/1 —n2 sin[t],n),

It is easy to write the tangent vector (5.15) in the simple form:

(5.17) T, (u) = /N(u)du = / <MCOS[t], mml[t],n)du.
From theorem (4.1) we can write any slant helix as the following:

(5.18) s(s) = / [ / (VI 2 coslt]. /1~ nZsinft], n ) du] ds.

From equation (5.6) we have

(5.19) u(s) = / k(s)ds, du=k(s)ds,

where kg = k(s), (s = s). Substituting equation (5.19) in (5.18) we obtain the
position vector of a similar curve ¢g(s) = (¥1(s), 12(s), ¥3(s))of a slant helix with
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arbitrary curvature k(s) as follows:

(5.20)

Yi(s) =2 [ | [k(s)cos [%arcsin(mfn(s)ds)}ds ds,

3

3k

Po(s) =2 [ | [K(s)sin Harcsin(mfn(s)ds)}ds ds,
Ys(s)=n [ {fﬁ(s)ds] ds,

which is the position vector of a slant helix introduced in [7].

Finally, we hope that we can introduce new classes of similar curves and deduce
the position vectors of these classes in future work.
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A NOTE ON CROSSED MODULES OF LEIBNIZ ALGEBRAS

AHMET FARUK ASLAN

ABSTRACT. In this paper we give the relation between precrossed modules and
crossed modules of Leibniz algebras. Also construct the coproduct object in
the category of crossed L-modules on Leibniz algebras.

1. INTRODUCTION

Leibniz algebras were first introduced by Loday in [5]. They can be thought as
a generalisation of Lie algebras. The main difference is that the bracket of Leibniz
algebra is non-skew-symmetric. They have many applications in some branches of
Mathematics and Physics.We refer the references given in [3] for a survey about
Leibniz algebras.

Crossed modules were introduced by Whitehead in [9] as a model for connected
homotopy 2-types. After then, crossed modules used in many branches of math-
ematics such as category theory, cohomology of algebraic structures, differential
geometry and in physics. This makes the crossed modules one of the fundamen-
tal algebraic gadget. For some different usage, crossed modules were defined in
different categoriess such as Lie algebras, commutative algebras etc.([7],[4]). The
(pre)crossed modules are generalisations of Leibniz algebras. This is why the sub-
ject is important. At this vein, in the paper, we construct the relation between
pre-crossed and crossed modules of Leibniz algebras and construct the coproducts
in the category of crossed L-modules on Leibniz algebras.

2. PRELIMINARIES

Definition 2.1. A Leibniz algebra L is a k-vector space equipped with a bilinear
map [—,—]:L x L — L | satisfying the Leibniz identity

[:E, [yv Z]] = [[{E, y]v Z} - [[:E, Z], y]
for all z,y,z € L.
If [z,2] =0, for all x € L, then the Leibniz identity becomes to the Jacobi
identity, so L will be a Lie algebra.

2000 Mathematics Subject Classification. 18G55, 17TA32 (17A42).
Key words and phrases. Crossed module, precrossed module, Leibniz algebra.

91



92 AHMET FARUK ASLAN

Definition 2.2. A morphism of Leibniz algebras is a k-linear map f:L — L'
such that
flw,y] = (@), £())
for all z,y € L.
By this definition we have the category of Leibniz algebras which will be denoted
by Lbnz in this work.

Definition 2.3. Let L be a Leibniz algebra and I be a subalgebra (a vector sub-
space of L closed under the bracket operation). If [z, y], [y, z] € I, for all € L and
y € I, then [ is called a two-sided ideal of L and this is denoted by I<L.

If <L then, the quotient I/L inherits a Leibniz structure with the operations
induced from L.

Definition 2.4. An abelian Leibniz algebra is a Leibniz algebra with the trivial
bracket.

Example 2.1. Every k-vector space has an abelian Leibniz algebra structure.

Definition 2.5. Let L and L’ be Leibniz algebras. A Leibniz action from L over
L' consist of k-bilinear maps

A LxL'—1L/, (x,m) — *m
p: L' x L—L', (m,x) — m~
satisfying
1. *[m,n] =[*m,n]— [*n,m)]
2. [m®n] =[m* n]—[m,n]*
3. [m7 nz] = [m7 n}m - [mm’ ’/l]
4. *(¥m) = [l — (*m)Y
5 (*m¥) =(*m)Y — (vl
6. ml*vl = (m®)Y — (m¥)®

for all z,y € L,m,n € L'.
Now we will recall the definition of crossed modules on Leibniz algebras from [7].

Definition 2.6. A precrossed module on Leibniz algebras is a Leibniz algebra
homomorphism 0 :L; — Ly with an action of Ly on L; such that

a('oly) = [lo,0(1)], A1) = [0(1h), o),
for all [y € Lg,l; € Ly. This is a crossed module if in addition it satisfy the Peiffer
identities
B = () 200 = 1,0,
for all I1,1] € L.

Definition 2.7. Let 0:Ly — Lo, 0: My — My be (pre)crossed modules.
A morphism of (pre)crossed modules is a pair (f1, fo) of Leibniz homomorphisms
f1 : L1 — Ml 5 f2 . LO e Mo such that

fod = 8f1, fu( k) = PO f0), A = (1)),

for all [y € Lo,ll € L.
Consequently, we have the category of precrossed modules and category of crossed
modules which will denoted by PXLbnz, XLbnz, respectively.
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Example 2.2. Let I be a two-sided ideal of a Leibniz algebra L. Then
mne.: I — L
is a crossed module with the conjugate action of L on I defined by ‘i =[l,i] ,

it =[i,]] ,foralliecI,leL.

Example 2.3. For any Leibniz algebra L, L — 0 is a precrossed module, which
is called a trivial precrossed module.

Remark 2.1. We have the full inclusion
Lbnz C PXLbnz

where a Leibniz algebra L is identified with the trivial precrossed module L — 0 .
So precrossed modules can be thought as a generalisation of Leibniz algebras. We
have the functor

inc. : Lbnz — PXLbnz

Also we have the forgetful functor

U : XLbnz — PXLbnz
which forgets the Peiffer identities.

3. FROM PRECROSSED MODULES TO CROSSED MODULES

In this section we will define the Peiffer ideals of Leibniz algebras and give a
functor from precrossed modules to crossed modules. The group case of this work
was given in [1].

Definition 3.1. A commutator in a Leibniz algebra is defined by [z, y], for z,y € L.
The commutator ideal of L is the two-sided ideal generated by all commutators of
L.

Definition 3.2. Let 0: Ly — Ly be a precrossed module. A left Peiffer commu-
tator is defined by

<a7 b>l = 8(a)b - [CL, b]
and the right Peiffer commutator is defined by

(a,b), = 7@ —[b,d]

for all a,b € Ly. The two-sided ideal generated by the set {(a,b),, (a,b), | a,b € L}
is called the Peiffer ideal of L; and is denoted by P»(0).

Theorem 3.1. Let 0: Ly — Lo be a precrossed module. Then
8”' : ir = L1/P2(8) — Lo

is a crossed module where " (Iy) = iy, 0 (Iy) = d(ly) for all ly € Lo, 11 € L.

Proof. We will only look the Peiffer conditions. Since ®“my = [Iy,my], (m1)?") =
[m1, 1] modulo Py(9), we have

O () =+m) (1) = (P20 = o T,

and by a similar way

@)>" =T, ml,

for all Iy, my € L, as required. O
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Remark 3.1. As a consequence of Theorem 14, we have the functor
()" : PXLbnz — Lbnz

defined by
)" (0: L1 — Lo) = (0°" : L§" — Lg)
for any precrossed module 0 : L1 — Ly.

4. SOME PROPERTIES OF THE CATEGORIES OF CROSSED L-MODULES

In this section we will define the full subcategory XLbnz/L of XLbnz and
construct coproduct object in this subcategory.
Let L be a fixed Leibniz algebra. We define a subcategory of XLbnz whose
objects are crossed modules with same base L. We will denote this category by
XLbnz/L. The objects of this category will be called as crossed L-modules.

Proposition 4.1. a) Two morphisms with same source and target have equaliser
in XLbnz/L

b) XLbnz/L has pullbacks

¢) inc: 0 — L is the terminal object in XLbnz/L

Proof. Follows from a direct calculation similar to commutative algebra case given
in [6]. O

Corollary 4.1. XLbnz/L is finitely complete.
Proof. Tt is an obvious result of proposition 16. (]

Remark 4.1. Let (N, ), (M, ) be crossed L-modules. M has a Leibniz action on
N, via the homomorphism §,thanks to the action of L on IN. This action gives rise
to the semi-direct product N x M where the bracket is defined as follows;

[(nv m)(no, mO)] = ([77‘7 nU] + 6(m)n0 + né(mo)7 [mv mOD

for all m, my € M,n,ng € N. It is obvious that L has an action on N x M defined
by
tm,m) = ('n, 'm) , (n,m)' = (n!,m!)
forallle Line Nyme M.
Define a: NxM — L by an,m)=90n)+d6(m). a:NxM—1L is
a precrossed L-module with the action of L on N x M defined above. Indeed
a(lnm) =a('n, 'm)
=9('n) +8('m)
= [Zv a(n)] + [Zv 6(m)]
= [1,0(n) 4+ 6(m)]
= [l, a(n,m)]
for all [ € L,(n,m) € N x M, as required. By a similar calculation we have
a((n,m)) = [a(n,m),1] , for alll € L,(n,m) € N x M.
But a: Nx M — L do not satisfy the Peiffer identities in general. By the-
orem 14
a” (N xM)/Py(a) — L
is a crossed module.

Corollary 4.2. a° : (N x M)/P2(a) — L is the coproduct of the crossed L-
modules 0: N — L , §:M — L .
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Proof. Direct checking. Details can be found in [6], for commutative algebra case.
O
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