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ON A NEW CLASS OF s-TYPE OPERATORS

EMRAH EVREN KARA AND MERVE ILKHAN

ABSTRACT. In this paper, we introduce a new class of operators by using s-
numbers and the sequence space Z(u,v;£p) for 1 < p < co. We prove that
this class is a quasi-Banach operator ideal. Also, we give some properties of
the quasi-Banach operator ideal. Lastly, we establish some inclusion relations
among the operator ideals formed by different s-number sequences.

1. INTRODUCTION

By w, we denote the space of all real-valued sequences. Any vector subspace of
w is called a sequence space. We write ¢, for the sequence space of p-absolutely
convergent series.

Maddox [6] defined the linear space £(p) as follows:

o0

L(p) = xEoJ:Z\xn|p"<oo )

n=1

where (py,) is a bounded sequence of strictly positive real numbers.
Altay and Baar [1] introduced the sequence space £(u, v; p) which is the set of all
sequences whose generalized weighted mean transforms are in the space ¢(p), that

is,

0o n Pn
L(u,v;p) = :cew:z unkaxk <00y,
n=1 k=1
where u,,, v # 0 for all n, k € N.
If (pn) = (p), ¢(u,v;p) = Z(u,v;£,) which is defined by Malkowsky and Sava [§]

as follows:
p

o0 n
Z(u,v; L) = xew:z unkaxk <00y,
n=1 k=1

where 1 < p < o0.
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Cesaro sequence space was defined by Shiue [13] as

) 1 p
cesp:{xewzz<n2|xk.|> <oo}
n=1 k=1

for 1 < p < o0.
In [7], the weighted Cesaro sequence space ces(p, q) is defined as

o] n p
ces(p,q):{xewzz <$Z|quk|> <oo}7
n=1 " k=1

where ¢ = (gx) is a bounded sequence of positive real numbers, @, = >_;'_; qx and
1 <p<oo.

In the literature, various operator ideals were defined by using sequences of
different s-numbers of bounded linear operators. For example, Pietsch [9] defined
the class of £, type operators for 0 < p < co. A bounded linear operator T is in this
class if 37 (an(T))P < oo. By using the Cesaro sequence space, Constantin (3]
introduced the class of ces — p type operators which satisfy the following condition:

Zl (i kz_lak(T)> < 00

for 1 < p < oo. s-type ces(p,q) operators studied by Maji and Srivastava [7] as a
general case of ces — p type operators. A bounded linear operator T is of s-type

ces(p, q) operator if
5 (1
=\ @n f
for 1 <p < .

The main purpose of this paper is to introduce a more general class of s-type
operators by using the sequence space Z(u,v;¥,). We show that the class of s-type
Z(u,v;£,) operators is an operator ideal and a quasi-norm is defined on this class.
Moreover, we give some properties and inclusion relations related to the operator
ideals formed by different s-number sequences.

n

p
qksk(T)> < 00
1

2. PRELIMINARIES AND BACKGROUND

Firstly, we give basic notations used throughout this paper. By B, we denote
the class of all bounded linear operators between any two Banach spaces. B(X,Y)
is the space of all bounded linear operators from X to Y, where X and Y Banach
spaces. X’ is composed of continuous linear functionals on X, that is, X’ is the
dual of X. The map 2’ ® y : X — Y is defined by (2’ ® y)(z) = a'(z)y, where
' € X" and y € Y. By N and R*, we denote the set of all natural numbers and
all nonnegative real nubers, respectively.

Now, we give some definitions and results about s-number sequences and oper-
ator ideals.

Definition 2.1. [7] A finite rank operator is a bounded linear operator whose
dimension of the range space is finite.

Definition 2.2. [2] A map
s: T — (sp(T)),
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which assigns a non-negative scalar sequence to each operator, is called an s-number
sequence if for all Banach spaces X, Y, Z and W the following conditions are
satisfied:

(i) IT)| = s1(T) > s2(T) > ... >0 for all T € B(X,Y).

(ii) $Sptm—-1(T+5) < $p(T) + sm(S) for T, S € B(X,Y).

(iii) s, (RST) < || R||sn(S)||T|| for all R € B(Z, W), S € B(Y,Z), T € B(X,Y).

(iv) If rank(T) < n, then s,(T) =0 for all T € B(X,Y).

(v) sn(In) = 1, where I,, is the identity map of n-dimensional Hilbert space (%
to itself.

$n(T) is called the nth s-number of T

Let T € B(X,Y) and n € N. (a,(T)), (cn(T)), (dn(T)), (xn(T)), (yn(T)) and
(hn(T)) are the sequences of nth approximation number, nth Gel’fand number,
nth Kolmogorov number, Weyl number, Chang number and Hilbert number, re-
spectively. These sequences are some examples of s-number sequences of a bounded
linear operator. For the definition of these sequences, see [7, 2].

Definition 2.3. [4, p. 440] A subcollection M of B is said to be an operator ideal
if the following conditions are satisfied:

OF) 2@y X Y e M(X,Y) forz’ e X' andy €Y.

(OI-2) T+ S e M(X,Y) for T, S € M(X,Y).

(OI-3) RST € M(Xo,Yy) for S € M(X,Y), T € M(Xo,X) and R € M(Y,Y)).

Definition 2.4. [10] A function « : M — R* is said to be a quasi-norm on the
operator ideal M if the following conditions hold:

(QN-1) If 2’ € X’ and y € Y, then a(z’' @ y) = ||2'||||y]|-

(QN-2) If S, T € M(X,Y), then there exists a constant C' > 1 such that a(S+7T) <
Cla(S) + o(T)].

(QN-3) If S € M(X,Y), T € M(Xo,X) and R € M(Y,Yp), then a(RST) <
[1R]la(S)T]-

In particular if C' = 1 then a becomes a norm on the operator ideal M.

Let M be an ideal and a be a quasi-norm on the ideal M. [M,a] is said to be
a quasi-Banach operator ideal if each M(X,Y) is complete under the quasi-norm
a.

Lemma 2.1. [5] If Y is a Banach space, then B(X,Y') is a Banach space.
Lemma 2.2. [11] Let T,S € B(X,Y). Then |s,(T) — s,(S)| < ||T = S| for
n=12...

Definition 2.5. [12, p. 90] An s-number sequence s = (s,) is called injective if,
given any metric injection I € B(Y,Yy), s,(T) = s,(IT) for all T € B(X,Y).

A quasi-normed operator ideal [M, ] is called injective if T € M(X,Y) and
a(IT) =a(T) as IT € M(X,Yy), where T € B(X,Y) and I € B(Y,Yp) is a metric
injection.

Definition 2.6. [12, p. 95] An s-number sequence s = (s,,) is called surjective if,
given any metric surjection S € B(Xg, X), $,(T) = s,(TS) for all T € B(X,Y).

A quasi-normed operator ideal [M, a] is called surjective if T € M(X,Y) and
a(TS) = a(T) as TS € M(Xy,Y), where T € B(X,Y) and S € B(Xy,X) is a
metric surjection.
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Definition 2.7. [10, p. 152] Let T’ be the dual of T. An s-number sequence is
called symmetric if $(T') > s, (T") for all T € B. If s(T') = s, (T") then the s-number
sequence is said to be completely symmetric.

Definition 2.8. [10] For every operator ideal M, the dual operator ideal denoted
by M’ is defined as

M(X,Y)=TeBX,)Y): T e MY, X'),
where T” is the dual of T, X’ and Y’ are duals of X and Y, respectively.

Definition 2.9. [10, p. 68] An operator ideal M is called symmetric if M C M’.
If M = M’, the operator ideal M is called completely symmetric.

3. s-TYPE Z(u,v;{,) OPERATORS

Let w = (uy,) and v = (v,) be sequences of positive real numbers. An operator
T € B(X,Y) is in the class of s-type Z(u,v;£,) if

p
Z(unkask > <oo, 1<p<oo.

n=1

The class of all s-type Z(u, v;¢,) operators is denoted by g,f").
If u, = & and v, = g are taken for all n,k € N, then the class of s-type
Z(u,v;£,) operators reduces to the class of s-type ces(p, q) operators.

Theorem 3.1. Let v = (vg) be a sequence of positive numbers such that
(31) Vop_1 + vop < Muy forallk=1,2,...,

where M > 0. If Y77 (u,)P < oo, then the class gz(;") is an operator ideal for
1 <p<oo.

Proof. Let X and Y be any two Banach spaces and 1 < p < oo. For 2’ € X’ and
y € Y, the rank of the operator 2’ ® y is one which means s, (2’ ® y) = 0 for all
n > 2. We obtain

Z <un2vk5k (z ®y> Z (unvis1(2’ @ y))’
n=1 n=1

k=1
= (s @y)" > (u

n=1

Hence 2’ @ y € st) (X,Y).
Let T,5 € G5 (X,Y). Then

i (unzn:vksk(T)> < 0, i (univksk(5)> < 0.
k=1 n=1 k=1
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By using the inequality (3.1) with monotonicity and additivity of s-number se-
quence,

Z vpsk (T + 5) = Z vop—1526—1(T + S) + Z vorsok (T + S)
k=1 k=1 =1

< Z(U%A + vag)sok—1 (T + .5)
=1

< MZUkSQk—l(T +5)
k=1

<M (zn: vpsk(T) + znjvksk(S)> .
k=1 k=1

From Minkowsky inequality, we have
oo n p\ 1/p foe) n n p\ 1/p
<Z (un Z vesk (T + S)) ) <M <Z (un Z vESkE(T) + up, Z vksk(5)> )
n=1 k=1 =
0o n p\ 1/p fore) n p\ 1/p
<M (Z (unkask(T)> > + (Z (unkask(S)> )
k=1

n=1

Thus T + S € G5V (X, Y).
Let S € g,f)(X, Y), T e g,f)(XO,X) and R € g},S)(Y, Yy). Since s-number
sequence has ideal property, we obtain that

0o n p\ /P 0o n p\ 1/p
(Z (unkask(RST)> ) < [|R].|T]- (Z (unkask(S)> > < oo.
n=1 k=1 n=1 k=1

Hence RST € gps)(XO, Yo).
We have proved that the class gps) satisfied the conditions (OI-1) to (OI-3) and
S0 g,(,s) is an operator ideal. O

Proposition 3.1. The inclusion G C G&*) holds for 1 < p < q < .

Proof. Since £, C ¢, for 1 < p < g < oo, we have gz(f) C Qés). O

Now, let G5 be an operator ideal. Define the maps I'SY : G — R* and
668 5 R for 1 < p < oo by

00 n p\ /P (s)
(T = U, vpsg (T and TG)(T) = Iy (T) .
0 <Z< 2o )> ) P

Theorem 3.2. Let v = (vy) be a sequence of positive numbers satisfying inequality
(3.1). If 307 (un)? < oo, then the function F,(,S) is a quasi-norm on Q,()S).
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Proof. Let X and Y be two Banach spaces. Then 2’ ® y : X — Y is a rank one
operator, that is, s, (2’ ® y) = 0 for all n > 2. Hence, we have

o n p\ 1/p
I @y) = (Z <un kask(as' ®y)> )

n=1 k=1

oo 1/p
(Z(“n"’lsl(x/ ® y))p>
" - 1/p
= [=' @yl <j€:(vlun)p> :

n=1

Since SUP|z||=1 2" ®@yl = SUP|z||=1 =" (@)yll = llyll SUP|z||=1 2" ()| = [[2"[[lyll, we
have

I @) = 2’y
Since the following inequality holds

n=1 k=1 n=1

that is, T\(T + 5) < M [F(S )+ T5(S) } for T, 5 € G5 (X,Y), we have

P14 ) = LT +5)
(252 (orua)?)
(1) +15(9)|
M o0 1/p
(021 (v1ua)?)

:zw[fng)+fgksﬂ.

Let S € st) (X,Y), Te Q;,S)(XO,X) and R € gés)(Y, Yy). Then, we have

oo n p\ 1/p
I'(*)(RST) = (Z <unzvk8k(RST)> )

n=1 k=1

o] n p\ 1/p
< [IRI[IT] (Z ( s ( > )
n=1 k=1

= | RIITT(S).
Hence, we obtain
I (RST)
(S0 (vru)?)t”
IR TS (S)
T ()t

I'()(RST) =

= |RIITITL(S).

Consequently, IA}(,S)

. . S
is a quasi-norm on QI(, ). O

(i (univkwﬂ S>>p>l/p <M (Z <unzv,fs,€ )p)l/p N ( 3 <uzkk
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Theorem 3.3. Let 1 < p < 0. [g;) r S)} is a quasi-Banach operator ideal.

Proof. Let X and Y be any two Banach spaces and 1 < p < oo. The following
inequality holds

- (5 (o Sooner) )

n=1

o0 1/p 0
> (Z (unv181(T))p> = I (Z vtn) )

for T € QZ(,S)(X7 Y'). Hence, we have
(3.2) IT)) < TN(T).

1/p

Let (T,,,) be a Cauchy sequence in g;s)(X, Y). Then for every € > 0 there exists
ng € N such that

(3.3) LT, —Ti) < e
for Ym,l > ng. It follows that
| T =Tl < TP (T = Th) <

from the inequality (3.2). Then (7},) is a Cauchy sequence in B(X,Y"). According
to Lemma 2.1, B(X,Y) is a Banach space since Y is a Banach space. Therefore
| To = T ||— 0 as m — oo for T € B(X,Y). Now, we show that T\ (T}, — T) — 0
asm — oo for T € g,(f)(X, Y).

The operators T; — T,,, T — T,, are in the class B(X,Y) for T,,,,T;, T € B(X,Y).
From Lemma 2.2, we have

s (Ti = Tin) = $n(T = Tin)| < |Ti = T = (T' = T) |
=T - TH-
Since T; — T as | — oo, that is | T} — T'|| < e, we obtain
(3.4) sn(T1 — Thn) = s (T — Thyy) as | — o0.
It follows from (3.3) that the statement
L) (T — T1)
(X5 (vrun))) "
(St (o Sy v (T — 1))

= <é

(20 (vru)”)?

LT — 1) =

holds for Vm,l > ng. Then,

p\ 1/p o 1/p
(Z <un kask — Tl)> ) <e (Z (vlun)p>

for Vm, 1 > ng. We obtain from (3.4) that
1/p
(Ulun)p>

(& (- Fmnem ) ) |

L
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as | — oo for Ym > ny. Hence, we have fz(,s)(Tm —T) < e for Vm > ny.

Finally, we show that T € g,‘;") (X,Y). From the inequality (3.4) and conditions
(i), (ii) of Definition 2.2, we obtain

> vsi(T) = Z vak-1526-1(T) + Y varso(T)
k=1 k=1

<> (var—1 + vaw)s2k—1(T)
k=1

<M Z vgSap—1(T)

=M Z ’Uk-Sk_;,_k_l(T — T, + Tm)
k=1

<M [Z Uksk(T — Tm> + kask(T
k=1 k=1

By using Minkowsky inequality, since T}, € gps)(X ,Y') for all m and fés)(Tm -
T) — o0 as m — oo, we have

p\ 1/p 0o n P
(Z (unzvksk > ) <M lz ( nzvksk (T —Tn +unzvksk )
n=1 =1 k=1
[e%s) n 1/17 )
<M (Z (un vEsg(T — T, > ) + (Z <un
n=1 k=1 n=1
< 0
which means 7" € gff)(X, Y). O

Let [gz()a),féa)}7 [gI(JC)I(C} [g(d) 1—\ }7 [ I()r)’fx(f)}’ [ 1()@/)71?;]?4)} and [Q,()h),fz(,h)}
be the quasi-Banach operator ideals corresponding to the approximation numbers
a = (a,), Gel'fand numbers ¢ = (¢, ), Kolmogorov numbers d = (d,,), Weyl numbers
x = (), Chang numbers y = (y,,) and Hilbert numbers h = (h,,), respectively.
Theorem 3.4. If s-number sequence is injective, then the quasi-Banach operator
ideal [ ,()S), fz(f)} is injective for 1 < p < oo.

Proof. Let T € B(X,Y) and I € B(Y,Yp) be any metric injections. If IT €
G$¥ (X, Yy), then

i (un zn:vksk(IT)> < 0.

n=1 k=1
Since s = (s,,) is injective, we have s, (T) = s,(IT) for all T € B(X,Y). Thus, we

obtain
Z (unkask(T)> = Z (unkask(IT)> < 00,

n=1 k=1 n=1 k=1

that is, T' € st) (X,Y). Clearly, we have F( (IT) = F(S (7). d

1/p

>

k=

1

p\ 1/p
Uksk(Tm)> )
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Conclusion 3.1. The gquasi-Banach operator ideals [ }f),fg“)} and [g,(,””),f;‘”)}
are injective since the Gel’fand numbers and the Weyl numbers are injective (See
[12, p. 90-94] ).

Theorem 3.5. If s-number sequence is surjective, then the quasi-Banach operator

ideal [ 1(,5), f;s)] is surjective for 1 < p < oco.

Proof. Let T € B(X,Y) and S € B(Xy,X) be any metric surjections. If T'S €
G5 (Xo,Y), then

i (un ivksk(TS)> < 0.

k=1
Since s = (s,,) is surjective, we have s,(T) = s,(T'S) for all T € B(X,Y). Thus,
we obtain

k=1

Z <un vksk(T)> = Z (unkask(TS)> < 00,
n=1 k=1 n=1

that is, T € G}”(X,Y). Clearly, we have T (T'S) = T\ (T). O

Conclusion 3.2. The quasi-Banach operator ideals [g},d),f}f‘)} and [g,(,y)f,(}’)}

are surjective since the Kolmogorov numbers and the Chang numbers are surjective
(See [12, p. 95]).

Now, we give some inclusion relations among the operator ideals nga), gl(,“), g}fl),
(@) W)  nq g
» ., Gy and Gp .

Theorem 3.6. The following inclusion relations

i) 6" cg” cg” cgi,
(i) 6 c gy c gy c gl
hold for 1 < p < co.

Proof. Let T € g,ﬁ‘”. Then
%) n p
Z (un kaak(T)> < 0,
n=1 k=1

where 1 < p < oo. It follows from [12, p. 115] that b, (T) < 2,(T) < ¢ (T) < an(T)

12
and h,(T) < y,(T) < dp(T) < a,(T). Hence, we have

i (univkhk(T)> < i (univk;pk(T)>
n=1 k e

=1 nO:ol nl .
<> (unzkak(T)>
n=1 k=1
o] n p
< Z (unkaak(T)> < 00
n=1 k=1
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and
(e’ n p [e'e) n p
3 ( vkhkm) 25 ( zvkymw)
n=1 k=1 n=1 k=1
[e%s} n P
<3 (13w
n=1 k=1
o] n p
< Z <un kaak(T)> < 0.
n=1 k=1
Thus, the inclusions are clear. ([

Theorem 3.7. Let 1 < p < oo. The operator ideal Q,(,a) is symmetric and the
operator ideal g,ﬁh) 18 completely symmetric.

Proof. Let 1 < p < o0.
Firstly, we prove that the inclusion Q ( éa)) holds. Let T' € Q](,a) Then

3 (Z )

n=1

It follows from [10, p. 152] that a,(T") < a,(T) for T € B. Hence, we have

Z (un kaak(T’)> < Z (un Z vkak(T)> < 00,
n=1 k k=1

=1

!
that is, T € ( (a)) . Thus, G\ is symmetric.

!/
Now, we prove that the equation G, (h) — ( IE’”) holds. It follows from [12, p. 97]
that h,(T') = h,(T) for T € B. Hence, we have

Z (unZUkhk ) = i (unihkak(T)> .
n=1 n=1 k=1

Thus, g§h> is completely symmetric. O

/
Theorem 3.8. Let 1 < p < oo. The equation Q;(;C) = ( ,()d)) and the inclusion

!/ !/
g,(,d) - (gff)) hold. Also, the equation g,(,d) = (g;c)) holds for any compact
operators.
Proof. Let 1 < p < co. We have from [12, p. 95] that ¢,,(T) = d,,(T") and ¢, (T") <

dn(T) for T € B. Also, the equality ¢, (T") = d,(T) holds, where T is a compact
operator. Thus the proof is clear. ([

! i
Theorem 3.9. Let 1 < p < oco. The equations g},’”) = (g}f’)) and Ql(yy) = (g,(,“’))
hold.

Proof. Let 1 < p < co. We have from [12, p. 96] that x,,(T) = y,(T") and y,(T) =
2, (T") for T € B. Thus the proof is clear. O



ON A NEW CLASS OF s-TYPE OPERATORS 11

REFERENCES

[1] B. Altay and F. Basar, Generalization of the sequence space ¢(p) derived by weighted mean,
J. Math. Anal. Appl. Vol:330 (2007), 174-185.
[2] J. Burgoyne, Denseness of the generalized eigenvectors of a discrete operator in a Banach
space, J. Operator Theory Vol:33 (1995), 279-297.
[3] Gh. Constantin, Operators of ces — p type, Rend. Acc. Naz. Lincei. Vol:52 No.8 (1972),
875-878.
[4] W. B. Johnson and J. Lindenstrauss, Handbook of the geometry of banach spaces, Elsevier
Science B. V., North-Holand, 2001.
[5] E. Kreyszig, Introductory functional analysis with applications, John Wiley Sons. Inc., The
United States of America, 1978.
[6] I. J. Maddox, Spaces of strongly summable sequences, Quart. J. Math. Oxforf Vol:18 No.2
(1967), 345-355.
[7] A. Maji and P. D. Srivastava, On operator ideals using weighted Cesaro sequence space,
Egyp. Math. Soc., Vol:22 (2014), 446-452.
[8] E. Malkowsky and E. Sava, Matrix transformations between sequence spaces of generalized
weighted means, Appl. Math. Comp. Vol:147 (2004), 333-345.
[9] A. Pietsch, Einige neue klassen von kompakten linearen Abbildungen, Rev. Math. Pures
Appl. Vol:8 (1963), 427-447.
[10] A. Pietsch, Operator Ideals, VEB Deutscher Verlag der Wissenschaften, Berlin, 1978.
[11] A. Pietsch, s-numbers of operators in Banach spaces, Studia Math. Vol:51 (1974), 201-223.
[12] A. Pietsch, Figenvalues and s-numbers, Cambridge University Press, New York, 1986.
[13] J. S. Shiue, On the Cesaro sequence spaces, Tamkang J. Math. Vol:1 No.1 (1970), 19-25.

DuzcE UNIVERSITY, SCIENCE AND ART FACULTY, DEPARTMENT OF MATHEMATICS, DUZCE-
TURKEY
E-mail address: eevrenkara@hotmail.com

DuzceE UNIVERSITY, SCIENCE AND ART FACULTY, DEPARTMENT OF MATHEMATICS, DUZCE-
TURKEY
E-mail address: merveilkhan@gmail.com



O O]

— KONURALP JOURNAL OF MATHEMATICS
VoOLUME 3 No. 1 pp. 12-15 (2015) ©KJM

ON SOME CLASSICAL THEOREMS IN INTUITIONISTIC
FUZZY PROJECTIVE PLANE

A. BAYAR & S. EKMEKCI

ABSTRACT. In this work, we introduce that intuitionistic fuzzy versions of
some classical configurations in projective plane are valid in intuitionistic fuzzy
projective plane with base Desarguesian or Pappian plane.

1. INTRODUCTION

After the introduction of Fuzzy set theory by Zadeh [12] several researches were
conducted on generalizations of this theory.

A model of fuzzy projective geometries was introduced by Kuijken, Van Maldeghem
and Kerre [10]. This provided a link between the fuzzy versions of classical theo-
ries that are very closely related. Also, Kuijken and Van Maldeghem contributed
to fuzzy theory by introducing fibered geometries, which is a particular kind of
fuzzy geometries [9]. They gave the fibered versions of some classical results in pro-
jective planes by using minimum operator. Then the role of the triangular norm
in the theory of fibered projective planes and fibered harmonic conjugates and a
fibered version of Reidemeister’s condition were given in [3] and the fibered version
of Menelaus and Ceva’s 6-figures was studied in [4]. In these papers, the points and
lines of the base geometry mostly have multiple degrees of membership.

Intuitionistic fuzzy set (IFS) was first published by Atanassov [2] and some
authors appeared in literature [5], [11]. A model of intuitionistic fuzzy projective
geometry and the link between fibered and intuitionistic fuzzy projective geometry
were given by Ghassan E. Arif [7].

In the present paper, the intuitionistic fuzzy versions of some classical theorems
in projective planes were given.

2. PRELIMINARIES

We first recall the basic notions from the theory of intuitionistic fuzzy geometries
and fibered projective geometry. We assume that the reader is familiar with the

2000 Mathematics Subject Classification. 20N25.
Key words and phrases. Projective plane, intuitionistic fuzzy projective plane, Desargues
theorem, Pappus theorem.
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basic notions of fuzzy mathematics, although this is not strictly necessary as the
paper is self-contained in this respect.

We denote by A and V, minimum and maximum operators respectively.

Let P = (P, B, ~) be any projective plane with point set P and line set B, i.e.,
P and B are two disjoint sets endowed with a symmetric relation ~ (called the
incidence relation) such that the graph (P U B, ~) is a bipartite graph with classes
P and B, and such that two distinct points p, ¢ in P are incident with exactly one
line (denoted by (pq)), every two distinct lines L, M are incident with exactly one
point (denoted by L N M), and every line is incident with at least three points. A
set S of collinear points is a subset of P each member of which is incident with a
common line L. Dually, one defines a set of concurrent lines [8].

Definition 2.1. (see [2]) Let X be a nonempty fixed set. An intuitionistic fuzzy
set A on X is an object having the form

A= {{z,\2), (@) : o € X}

where the function A : X — I and p : X — I denote the degree of membership
(namely, A(x)) and the degree of nonmembership (namely, p(x)) of each element
x € X to the set A, respectively, and 0 < A(z) 4+ p(z) < 1 for each x € X.
An intuitionistic fuzzy set A = {{x, A\(z), u(z)) : x € X} can be written in the
A= {{z,\, ) :x € X}, or simply A = (A, u).

Let A = {{x,A(z),u(z)) :x € X} and B = {(x,6(z),v(z)) : © € X} be an intu-
itionistic fuzzy sets on X . Then,

(a) A= {{z,pu(z),\(z)) 1z € X} (the complement of A ).

(b) ANB = {{z,\(z) Ad(z), u(x)Vy(x)):x€ X} (the meet of A and B).

(¢) AUB = {{z,A(x) Vi(z), u(x) Ay(x)):x € X} (the join of A and B).

(d) AC B < Az) < d(x) and p(z) > y(x) for each z € X.

(e)A:B(:)AQBandBQA.

() 1={(x,1,0):x € X},0={(x,0,1) :z € X}.

Definition 2.2. (see [9]) A fibered projective plane F'P on the projective plane P
consist of a set F'P of f- points and a set F'B of f-lines , such that every point and
line of P is base point and base line of at least one f-point and f-line respectively
, (with at least one membership degree different from 1), and such that FP =
(FP,FB) is closed under taking intersections of f-lines and spans of f-points.
Finally, a set of f-points are called collinear if each pair of them span the same
f-line. Dually, a set of f-lines are called concurrent if each pair of them intersect
in the same f-point.

Definition 2.3. (see [9]) Let P be a projective plane, a € P and « €]0,1]. Then
an f-point (a,«) is the following fuzzy set on the point set P of P:

a—
(ava):P%[Ov”:{ z—0 ifxeP\{a}.

Dually, one defines in the same way the f-line (L, ) for L € B and g €]0, 1].

The real number « above is called the membership degree of the f-point (a, a),
while the point a is called the base point of it. Similarly for f-lines.

Two f-lines (L,«) and (M, ), with a A 8 > 0, intersect in the unique f-point
(LN M,a A B). Dually, the f-points (a,\) and (b, u), with A A p > 0, span the
unique f-line ({(a,b), A A ).



14 A. BAYAR & S. EKMEKCI

In the above definitions, the A was originally meant to be the minimum operator,
but in [3] was considered any triangular norm.

Definition 2.4. (see [7]) An intuitionistic fuzzy set A = {{z, A(z), p(x)) : x € X'}
on n -dimensional projective space S is an intuitionistic fuzzy n - dimensional
projective space on S if A(p) > A(¢) A A(r) and p(p) < u(q) V u(r), for any three
collinear points p, g, r of A we denoted [A4, S].

The projective space S is called the base projective space of [A, S] if [A, S] is an
intuitionistic fuzzy point , line , plane , ... ,we use base point , base line , base
plane,. .. , respectively.

Definition 2.5. (see [7]) Consider the projective plane P = (P, B,I). Suppose
a € P and a, 8 € [0,1]. The IF-point (a, «, 3) is the following intuitionistic fuzzy
set on the point set P of P :

‘ Ja—=o,a=p
(aaa76)'P—>[071]'{x_)0 1f1’€P\{a}

The point «a is called the base point of the IF-point (a, v, 8). An IF-line (L, o, )
with base line L is defined in a similar way .

The IF-lines (L, o, 8) and (M, o,w) intersect in the unique IF- point (LN M, A
0,8V w). The IF-points (a,«, ) and (b, o,w) span the unique IF-line ({(a,b), @ A
o,B8Vw).

Definition 2.6. (see [7]) Suppose P is a projective plane P = (P, B,I). The
intuitionistic fuzzy set Z = (\,u) on P UB is an intuitionistic fuzzy projective
plane on P if :

1) ML) = A(p) A M(g) and (L) < p(p) Vu(q), ¥p.q: (p,q) = L

2) A(p) > ML) AXNM) and p(p) < u(L) Vu(M), YL, M: L NM = p.

The intuitionistic fuzzy projective plane can be considered as an ordinary pro-
jective plane, where to every point (and only to points) one (and only one ) degrees
of membership and nonmembership are assigned.

3. SOME PROPERTIES OF THE ZJF P WITH BASE PLANE P

We now consider some classical configurations in P and extend them to intu-
itionistic fuzzy projective planes. Firstly, we look at the Desargues configuration
in an intuitionistic projective plane ZFP with base plane P that is Desarguesian.

Theorem 3.1. Suppose we have an intuitionistic fuzzy projective plane ZFP with
base plane P that is Desarguesian. Choose three IF-points (a;, o, o), € {1, 2, 3}with
noncollinear base points, and three other f- points (b, Bi, BL), i € {1, 2, 3}with non-
collinear base points, such that the f-lines ((a;, b;), a; A Bi, o,V B1), fori € {1,2,3},
meet in an IF-point (p,v,n) of ZFP, with a; # b; # p # a;. Then the three IF-
points (C{z’,j}ﬁ{i,j}ﬁf{i’j}) obtained by intersecting ((ai,a;), a; A aj,a; V o) and
((bs, bj), B N Bj, BiV B;»), fori#j andi,j € {1,2,3}), are collinear.

Proof. One calculates that v = a; A aj A Bi A Bj and o' = o} V oy vV BV 3] for
{i,7} € {1,2,3}, with ¢ # j. Now, the membership degree of the line spanned by
(c{i,j},*y{i,j},'yii’j}) and (c{i,k},*y{i,k},*yiiyk}), with {7, j, k} = {1, 2,3}, is equal to

aiNaiNajNag ABiABiNBABr = yAy and a; Vg Ve Vag VBV BV BV By, = nVn
which is independent of 7. O
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The Pappus’ theorem was fuzzified using minimum operator in [9]. Now, we give
intuitionistic fuzzy version of Pappus theorem as the following:

Theorem 3.2. Suppose we have an intuitionistic fuzzy projective plane ZFP with
Pappian base plane P. Choose two different lines L1 and Ly in P. Choose two
triples of IF—points (a;,c,af) and (b, By, B)) with a; on Ly and b; on Lo, i =
1,2,3 and such that no three of the base points a1, as, by, ba are collinear. Then
the three intersection I F—points (c1,71,71) = (a2bs Nazba, as A az A fa A B3, ab V
ab VvV BLV BL), (ca,v2,75) = (a1bs Nagby,cn Aas A B A Bs,af Vas VeV Bs) and
(c3,7v3,7%) = (a1ba Nagby, a1 Aaa AB1 A Ba, o) VahV BV B are collinear.

Proof. Since IF—points (a;, oy, o) and (b;, 8;,8.) are IF—collinear, a3 A ag =
ap ANag =as Aag, oy Vay,=a)Vay=ahVas and 81 A By = 1 A Bs = B2 A Bs,
BV By =BV Py =PyVPEs,1=1,2,3. y1Av2 = s NazABa ABsNag Aaz APBrAPs,
’}/1/\’)/3:OéQ/\Oég/\ﬂg/\ﬂg/\Oél/\Oég/\ﬁl/\ﬁQ and’}/Q/\’}/gzOq/\Oég/\,B1/\,83/\
o1 Aag APLAPa. Also, i Vs = a5 Vag VB VB3 VayVas VeV es, v Vs =
ayVas VBV BV ayVay VBV By and y5 Vs = ay Vag VBV By Vel Va,y vV BV B,
So, it is clear that 71 A2 =7 A3 =7 Ay, VY =7V =7V. O

Conclusion: In the present paper, we have considered Desargues and Pappus
configurations in projective plane P. We have seen that intuitionistic fuzzy versions
of them automatically holds. In further investigation, when using other triangular
norms, it will be given contribution to the intuitionistic fuzzy projective geome-
try and other classical theorems of projective geometry will be extended to the
intuitionistic fuzzy projective geometry.
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SOME PARANORMED SEQUENCE SPACES DEFINED BY A
MUSIELAK-ORLICZ FUNCTION OVER N-NORMED SPACES

AYHAN ESI AND S. K. SHARMA

ABSTRACT. In this paper we present new classes of sequence spaces using la-
cunary sequences and a Musielak-Orlicz function over n-normed spaces. We
examine some topological properties and prove some interesting inclusion re-
lations between them.

1. INTRODUCTION AND PRELIMINARIES

The concept of 2-normed spaces was initially developed by Géhler [5] in the mid
of 1960’s, while that of n-normed spaces one can see in Misiak [14]. Since then,
many others have studied this concept and obtained various results, see Gunawan
([6], [7]) and Gunawan and Mashadi [8]. Let n € N and X be a linear space over
the field K, where K is field of real or complex numbers of dimension d, where

d > n > 2. A real valued function ||-,--- || on X™ satisfying the following four
conditions:

(1) ||z1, 22, ,xn|| = 0if and only if 1, z9,- -+ ,z, are linearly dependent in

X;

(2) ||x1,x2,- x| is invariant under permutation;

(3) |lax1,x2, - ,zpl| = || ||z1, 22, ,2,]| for any o € K, and

(4) HCL‘ +xl7‘r2’ U ’an < H.%‘,CL‘Q,' o 7‘T7LH + ||$l7$2’ e ’an
is called an n-norm on X, and the pair (X,||-,---,-||) is called a n-normed space
over the field K.

For example, we may take X = R" being equipped with the n-norm ||z1, 9, - ,z,||E

= the volume of the n-dimensional parallelopiped spanned by the vectors x1, o, - , Ty

which may be given explicitly by the formula

w1, @2, s anllp = | det(zy;)],
where z; = (241,20, , %) € R™ for each ¢ = 1,2,--- n. Let (X,||-,---,-]])
be an n-normed space of dimension d > n > 2 and {a1,as,- - ,a,} be linearly

2000 Mathematics Subject Classification. 40A05, 46A45, 40C05A..
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SOME PARANORMED SEQUENCE SPACES ... 17

independent set in X. Then the following function ||-,- - -, -|[sc on X™ ! defined by
||x1a$27 T axn—1||oo - maX{Hxhx% T 7xn—laai|| 1=1,2,--- an}
defines an (n — 1)-norm on X with respect to {a1,ag, -+ ,an}.
A sequence (z1) in a n-normed space (X, ||-,--- ,-||) is said to converge to some
LeXif
lim ||zp — L, 21, ,2n-1]| =0 for every zy,---,z,-1 € X.
k— o0
A sequence (x1) in a n-normed space (X, ||-,--- ,-||) is said to be Cauchy if
lim ||zx — ®p, 21, -+, 2n—1]| =0 for every z1,---,2z,—1 € X.
3%

If every cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to be
n-Banach space.

Let X be a linear metric space. A function p : X — R is called paranorm, if

(1) p(x) >0 for all z € X,

(2) p(—z) =p(z) for all z € X,

(3) p(x+y) < p(x) +p(y) for all z,y € X,

(4) if () is a sequence of scalars with A,, — X as n — oo and (x,,) is a sequence
of vectors with p(z, —z) — 0 as n — oo, then p(Apz,—Ax) — 0 asn — oc.

A paranorm p for which p(x) = 0 implies = 0 is called total paranorm and the
pair (X, p) is called a total paranormed space. It is well known that the metric of
any linear metric space is given by some total paranorm (see [19, Theorem 10.4.2,
pp. 183)).

For more details about sequence spaces (see [1], [2], [3], [17], [18]) and references
therein.

An Orlicz function M is a function, which is continuous, non-decreasing and
convex with M(0) =0, M(z) > 0 for x > 0 and M(z) — o0 as x — o0.

Lindenstrauss and Tzafriri [10] used the idea of Orlicz function to define the
following sequence space. Let w be the space of all real or complex sequences
x = (z), then

= frew: () <)

which is called as an Orlicz sequence space. The space £, is a Banach space with

the norm
|| = inf{p >0: ZM(@) < 1}.
k=1 p

It is shown in [10] that every Orlicz sequence space £); contains a subspace isomor-
phic to £,(p > 1). The Ay—condition is equivalent to M (Lx) < kLM (z) for all
values of > 0, and for L > 1. A sequence M = (M},) of Orlicz function is called
a Musielak-Orlicz function (see [13], [16]). A sequence N = (Ny) is defined by

Ni(v) =sup{|v|ju — (My) :u >0}, k=1,2,...
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is called the complementary function of a Musielak-Orlicz function M. For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space taq and its sub-
space hj; are defined as follows

tM:{:cEw:IM(cx)<oo for some C>0},

hM:{IEw:IM(cx)<oo for all c>0},

where I is a convex modular defined by
Im(z) =Y (My) (), x = (z1) € tar.
k=1
We consider tyq equipped with the Luxemburg norm

||| =inf{kz >0: IM(%) < 1}

or equipped with the Orlicz norm

][0 = inf{%(l I (ke)) k> 0}

Let ¢, ¢ and ¢y denotes the sequence spaces of bounded, convergent and null
sequences x = (xy) respectively. A sequence z = (zp) € { is said to be almost
convergent if all Banach limits of z = (z,) coincide. In [9], it was shown that

) N R : : .
¢ = {x = (ag) : nh_)ngo - Zx]ﬁs exists, uniformly in s}
In ([11], [12]) Maddox defined strongly almost convergent sequences. Recall that a
sequence x = (z) is strongly almost convergent if there is a number L such that
n
nh_)rréo - Z |zk4+s — L] = 0, uniformly in s.
k=1
By a lacunary sequence 8 = (i,.), r = 0,1,2,---, where ig = 0, we shall mean an
increasing sequence of non-negative integers g, = (i, — i,—1) — 0o (r — o0). The
intervals determined by 6 are denoted by I, = (i,_1,,] and the ratio 4, /i,_1 will
be denoted by g,.. The space of lacunary strongly convergent sequences Ny was
defined by Freedman [4] as follows:

1
Ny = {x = (x): lim — Z |z — L] =0 for some L}.
00 gT
kel,.
Mursaleen and Noman [15] introduced the notion of A-convergent and A-bounded
sequences as follows :
Let A = (M) be a strictly increasing sequence of positive real numbers tending
to infinity i.e.
O< XA <A <- and \f >0 as k—

and said that a sequence x = (zj) € w is A-convergent to the number L, called the
A-limit of x if A, () — L as m — oo, where
m

/\m(l‘) = )\ Z()\k — )\k—l)ka

M =1

|~
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The sequence z = (x) € w is A-bounded if sup,, [An, ()] < co. It is well known
[15] that if lim,, 2, = a in the ordinary sense of convergence, then

1 m
lim (AM<Z(A,C — Ne—1) |z — a|) =0.
k=1
This implies that
. 1
lim [Ap,(z) —a] = hm|— Z(Ak —A—1)(xp —a)| =0
" ™ k=1
which yields that lim,, A, (z) = a and hence x = (x}) € w is A\-convergent to a.
Let (X,]],---,-||) be a n-normed space and w(n — X) denotes the space of X-
valued sequences. Let M = (Mj},) be a Musielak-Orlicz function and p = (pi) be a
bounded sequence of positive real numbers. Then we define the following sequence
spaces in the present paper:

[CaMap7Aa||'a"' 7'H]9:
. 1 Ak(m)—L Pk
{x: (k) Ew(n—X):Tll)rgoh—r Z [Mk(||T7Zh 7zn,1|\)} =0,
kel,
for some p > 0,L € X and for every z1, -, 2,1 EX},
[C7M7p7A7H'7"' a||]8:

{x:(xk)Ew(n— Tlirgoh—z [ ’Zn71‘|>r’“:0,

for some p > 0 and for every zi,-+-, 2,1 EX}
and
[CaM7p7A7 ||7 H ]go =
) Pk
{w:(xk)Ew(n— :sup — Z [ ,-~-,zn_1||)} < 00,
r—00 hrk
el,
for some p >0 and for every z1,---,zp—1 EX}.
When, M(x) = z, we get
[cvpaA7H'7"' ’.||]07
— L Pk
{xZ(xk)Ew(n— )i)nolohiz ( 7217"',25”_1”) 207
kel,
for some p > 0,L € X and for every zi, -+, 2,1 EX},
[Cap7A7||'7"' 7” }8 =
1 Pk
{a:—(xk)Ew(n— rg&h—Z( ,-~',Zn—1||) =0,
kel,
for some p > 0 and for every z1, -, 2,1 EX}

and
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[CapaA7H'7"' a||]go:
1 A P
{x: (zg) €ewn —X): sup — Z (H k(x),zl,~-~ ,zn,1||) " < 00,
r—oo hy P
kel,
for some p > 0 and for every z1,---,2z5_1 EX}.
If we take p = (pr) = 1 for all k, then we get
[cvMyAvu'v"' a'||]0:
. 1 Ap(z) — L
{o= (@) € wln—X): lim 5= 37 {Mk(|k(p),zh~-~ zn-all)] =0,
kel
for some p > 0,L € X and for every z1, -, 2,1 EX},
[67M7A7||'7"' 7” ]8 =
.1 Ay (x)
{x— (zg) € win — X) : Tlggo—r Z [Mk<|\ P 21, 7Zn—1||)] =0,
kel
for some p > 0 and for every zi,-+-, 2,1 EX}
and
[C,M,A,H'7"' 5||]ZO:
1 Ap(x
{x: (xg) € w(n —X): sup — Z [Mk<\| at ),21,~-- ,zn_1||>} < 00,
r—00 h'r 14
kel
for some p >0 and for every z1,---,2z,_1 EX}.

The following inequality will be used throughout the paper. If 0 < infy pr = Hg <
pr < sup, = H < 0o, K = max(1,2771) and H = suppy < oo, then
k

(1.1) ok + g™ < K(lzg[P + |yel™),

for all k € N and y,y;, € C. Also |z4|P* < max(1, |z3|H) for all z, € C.

2. SOME PROPERTIES OF DIFFERENCE SEQUENCE SPACES

Theorem 2.1. Let M = (M},) be a Musielak-Orlicz function and p = (pi) be a

bounded sequence of positive real numbers. Then [ ¢, M,p, A, ||, ,+|| 1%, [ e, M,p, A ||+ -] 1§
and [ ¢, M,p, A, ||-,--- ,-|| 1% are linear spaces over the field of complex numbers C.
Proof. Let = = (x1,),y = (yx)€[ ¢, M,p, A, ||-,--- ,-|| ]§ and o, 3 € C. Then there

exist positive numbers p; and ps such that
. 1 Ap(x) Pk
B S (T )

and

lim hi Z [Mk(HA];(f),zl,-” ,Zn_lﬂﬂpk =0,.
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Let p3 = max(2|a|p1,2|8|p2). Since M = (M) is non-decreasing convex function,
by using inequality (1.1), we have

hi Z {Mk<||w’zh... ,Zn—lH)rk

" kel P3
1 alg(x A Pk
- L [Mk<|| GO ||+ M7Z1v'“ 7Zn—1||>:|
" kel Pa p
1 1 Ap(x Pk
SK}T E{Mk(Hﬁlev”'7zn—1||):|
" kel P
1 1 A Pk
+Kh7 Dhe |:Mk:<|| k(y);zlv 7Zn—1||):|
" kel p2
1 A (z Pk
SK}T {Mk(H d )7217 ;Zn—1||>}
T kel P
1 A Pk
F K (1Y )]
" kel,
— 0 as r — 0
ThUS, we have le"‘ﬁy S [CvapuAv ||7 e 7” ]8 Hence [67M7P7A7 Hv e 7|| ]8 is
a linear space. Similarly, we can prove that [ ¢, M,p, A, ||-,--- ,-|| ]9 and [ ¢, M, p, A, ||-,- -+ ,-]| ]
are linear spaces. O
Theorem 2.2. For any Musielak-Orlicz function M = (M) and a bounded se-
quence p = (pi) of positive real numbers, [ ¢, M,p, A, ||-,--- || 18 is a topological
linear space paranormed by
Pr 1 A p *
g(l’) = inf {pﬁ : (E Z |:Mk(” kp(x)azh"' ,Zn_1||):| k) " < 17T S N}7
kEL,
where H = max(1, supy, px < 00).
Proof. Clearly g(x) >0 for x = (w3) € [¢, M, p, A, ||-,--+ || ]§. Since M;(0) = 0,
we get g(0) = 0. Again, if g(z) = 0, then
pr 1 A p *
inf {pﬁ : (— Z [Mk<|\ﬂ,zl,~~ ,zn,1||)] k) "<lre N} =0.
by p
keI,
This implies that for a given € > 0, there exists some p.(0 < p < €) such that
1 Ap(x P\ B
(e 3= [ (152 e al)] ) <1
he Pe
kel
Thus
1 Ax(x) Pr\ 7 1 Ag(z) PEN T
G 2 (1750 mnal) )7 < G 0 [Me(175 55200 2all) )
kel keI,

0

oo
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for each r. Suppose that x # 0 for each k € N. This implies that Ag(z) # 0, for
each k € N. Let ¢ — 0, then ||A’“e($),z1, <+, Zp—1|| — oo. Tt follows that

(o5 42 )]

" kel,

which is a contradiction. Therefore, Ay (z) = 0 for each k and thus = = 0 for each
k € N. Let p; > 0 and p2 > 0 be such that

(i 2 (12 o)) <

" kel,
A p
k(y)azlv"' ,Zn—1||>:| k) S 1
P2

for each r. Let p = p; 4+ p2. Then, by Minkowski’s inequality, we have

(3 (2 )]

" kel
(3 (AR )]

T~

and

=

(7 3 o

kel

" kel,
= (k; [p1lj:p2Mk<||A,,€0(1x)’Zl"" ’Z"‘lu)
)6k
<(p1[j:/)2)(h1k [ (17 )] )

() G X (2 e )] )

<1

Since p’s are non-negative, so we have

(hiz{ (HAk(w-l—y) 21, 7Zn_1|\) pk)% Sl,TGN},
" ker

[d

|
<int {pfF (230 [t (P28 ))) T <1 o)

[y

g(z +y) = inf {p

"d

' kel
1
it (o < (1 5 (122 )] 1)

Therefore,
9(x +y) < g(x) + g(y).

Finally, we prove that the scalar multiplication is continuous. Let p be any complex
number. By definition,
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g(ux) = inf{p% : (hi Z {Mk(|Ak§:x),zh~-~ 7zn,1||>rk)% <l,re N}.

" kel
Then
o) = it { (i)« (-2 37 [ (12 2y )]7) T < 1ren),
" keI,

where t = ﬁ. Since |p/Pr < max(1, |p|*"PPr), we have

) pr 1 A PrN\ T
g(pz) < max(1, |p[™*PP")inf {t? : (h— Z [Mk(H@,zh ,Zn71‘|>i| k) "<1re N}.
" kel,

So, the fact that scalar multiplication is continuous follows from the above inequal-
ity.

This completes the proof of the theorem. O
Theorem 2.3. Let M = (M) be a Musielak-Orlicz function. If sup[M(z)]"* < oo

k

for all fized x > 0, then [ ¢, M,p, A, ||-,--- ,-[| 18 C [ e, M,p, A ||, -+, -] 1%

Proof. Let x = (zx) € [ ¢, M,p, A, ||-,-- - ,|| ]9 There exists some positive p; such

that ) (o)
. T Pk
lim — g [Mk(” b ,zl,~~~,zn_1|\)} =0.
r—co f1
kel
Define p = 2p;. Since M = (M},) is non-decreasing and convex, by using inequality

(1.1), we have

1 Ay (z P
sup - 37 [an (122 )]
B kel p

1 Ap(z) — L+ L Pk
kS (AL

r e el p
1 1 Ak(x) L Pk
<KSl7lph77, Z [?Mk(H o1 3 R, ;Zn71||):|
kel,.
1 1 L Pk
+K51:ph—T Z [WMIC(H 1,217 »Zn71||>}
kel,
1 Ap(z) — L Pk
SKSUP}TZ {Mk(H () ) 215 ,anlu)}
r r kel, P1
1 Pk
+Ksuph— [Mk(H ) 21, 7zn—1||>}
r r kel,
< 00.
HeHCe.’ﬂ:(xk)e[CvMap7A7H'7"'7'|Hgo' O

Theorem 2.4. Let 0 < infp, = g < pp < suppry = H < o0 and M = (My),
M' = (M) are Musielak-Orlicz functions satisfying Aq-condition, then we have
(Z) [C,M’,p,A,H-,”' 7|| ]6 c [C,MOM’,p,A,H~,~~' a|| ]07
(“) [CaMlvvavn'»"' 7” ]8 - [c,MOM’,p7A7||-7--- 7|| ]87
(m) [C,M’,p,/\,||~,~-- ’|| ]go C [C’MOM/7P7A>||'7"' 7” ]go
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Proof. Let x = (z1) € [, M',p, A, ||-,--+ ,|]]°. Then we have
1 Ap(x)— L Pk
Tll}rgohi'r’kgl: |:M/i:<||k(p)azla aZ7L—1||>:| 207 for some L.

Let € > 0 and choose § with 0 < § < 1 such that Mg(t) < e for 0 <t <. Let
A —L
Yk = M,g(||%,zl,-.. ,zn_lﬂ) for all k€ N.
p

We can Write

M = S DRl e Y M)

kel kelr,yr<s " k€L yk>s
Since M = (M},) satisfies Ag-condition, we have
1 1
7 > [Mi(y)l?* < [Mp(1)]? " > M)
" kel yr<é kel y,<s
1
(2.1) < [Mp(2))" " > My
kel yr<é
For y, > 6
Yk
< =<1+ =
<G <1t

Since M = (M},) is non-decreasing and convex, it follows that

M) < M (14+2) < 5002 + 5 M ().

Since (M},) satisfies Ag-condition, we can write

1 1
Mi(yx) < 2T 5 £ M (2) + 2T 5 " My, (2)
= T%’ch@).
Hence,
1 T My (2) 1 Pk
J— Pk J—
@2 o X Dhor < me (L(FED) DT )
k€L Yk>s kel yr>4

from equations (2.1) and (2.2), we have

T = (‘Tk:) € [C,M oM,apaA7||'7"' a'||]0'
This completes the proof of (i). Similarly, we can prove that

[e, M C e, Mo MY

and

[CaM/oao C [cvM OM/7P7A= ||7 7” ]go

O
Corollary 2.1. Let 0 < infpy = h < pr, <suppr = H < oo and M = (My) be a
Musielak-Orlicz function satisfying Ag-condition, then we have
[CaM/avav ||7 7” ]8 C [CvMavav ||7 ’H }8

and
[C7M/7P»A7H'7"' ’|| }zo C [C7M7P7A’H'7"' 7|| ]go



SOME PARANORMED SEQUENCE SPACES ... 25

Proof. Taking M’(z) = x in Theorem 2.4, we get the required result. O

Theorem 2.5. Let M = (My) be a Musielak-Orlicz function. Then the following
statements are equivalent:

(Z) [C’vavH'a"' 7|| ]%c - [C,M,p,A,H°,°" a|| ]gxw
(“) [Cvvaﬂn""' 7” ]0 - [C,M,p,A7||-7--~ 7” ]007
fiii) sup — 3 [Me(D)P* < o0 (t,p > 0).
r By P ’
kel,
Proof. (i) = (ii) The proof is obvious in view of the fact that [ ¢,p, A, [|-,--+ -] 1§ C [ e,p, Ay |-+ -] %
(ii) = (iii) Let [ ¢, p, A, ||+, 1§ € [ e, M, p, A, ||+ -+, -] 1%, - Suppose that (iii)

does not hold. Then for some ¢, p > 0
1 t
sup 5~ Z [M(=)]P* = o0
r T kel 1%
and therefore we can find a subinterval I,.(;) of the set of interval I,. such that

-1

(2.3) hrl(j 3 [Mk<j7)rk>j,j:1,27

) kel

Define the sequence x = (z) by

1
_ J ) ke I’I‘(j)
Anle) = { 0, k¢l forall seN.
Thenz = (xk) € [C7pa Aa ||a T mg but by equation (23)1 T = (Jﬂk) g [CvMap7A7 H7 e 7|| }207
which contradicts (ii). Hence (iii) must hold.
(iii) = (i) Let (iii) hold and = = () € [, p, A, ||, , || ]%. Suppose that x = (x1,) & [¢, M, p, A, |-, -
Then
1 A P
(2.4 sup i 3 [0 (IPE ol = o
kel,
Let t = ||Ax(x), 21, -, zn—1]| for each k, then by equations (2.4)
1 t
swp - > M ()] = oo
kel,
which contradicts (#i¢). Hence (¢) must hold. O

Theorem 2.6. Let 1 < pp < suppr < oo and M = (M) be a Musielak Orlicz
function. Then the following statements are equivalent:

(Z) [C’MavaaH'v"' 7|| ]80C [C,p,A,H-,'” "|”(9)70
(”) [Caj\llapw/\v”'v"' %H LO C [CvpaA7||'7"' vH ]oo;
.. . k
(iii) ngfh—r Z [M;%;)} >0 (t,p>0).
kel,
Proof. (i) = (ii) It is trivial.
(ii) = (iii) Let (ii) hold. Suppose that (iii) does not hold. Then

n;fhi 3 [Mk(%)}pk =0 (t,p>0),

" kel
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so we can find a subinterval I,.(;) of the set of interval I,. such that

1 1\ 1Pk . .
(2.5) o Z |:Mk<l)} <7 17 71=12.
(9) kel P

Define the sequence x = (z) by

_ ] J kel
Anlz) = { 0, k¢l foral seN.

Thus by equation (2.5), x = (x1) € [ ¢, M, p, A, ||-,--- ,|[]§, but by equation (2.3),
= (x1) & [c,p, A, ||-,-- -, || ]%, which contradicts (ii). Hence (iii) must hold.

(iii) = (i) Let (iii) hold and suppose that = = (z3) € [ ¢, M,p, A, |-+ || 15,
i.e,

. 1 Ap(x Pk
(2.6) rlggoth Z [Mk(H klg )7217... ,%—1”)} =0, for some p > 0.
kel,

Again, suppose that x = (x3) € [ ¢, p, A, ||-,- -+ , || ]§. Then, for some number ¢ > 0
and a subinterval I,.(;) of the set of interval I,., we have ||Ax(z), 21, ,2n-1]| > €

for all £ € N and some s > sg. Then, from the properties of the Orlicz function, we

can write
Ak x p €\ Pk
Mk(” ( )77«'1;"' ’Zn—1||> ZMk(*>
p k P

and consequently by (2.6)
. 1 €\ 1Px
tim g > [ (5)] =0,
which contradicts (iii). Hence (i) must hold. O
Theorem 2.7. Let 0 < pi < qr for all k € N and (q—’“) be bounded. Then,

Pk
[c,M,q,A,||-,~-- 7” ]9 C [C,M,p,A,H',"' ’_H]O.

Proof. Let x € [ ¢, M, q, A, ||-,--- || ]?. Write
Ap(x)— L qk
tk = |:Mk(||k(p)7217 7Zn71||)i|

and pi = %foraﬂk €N. Then0 < pup, <1 for ke N.Take0 < pu < py for k € N.
Define the sequences (uy) and (vg) as follows: For tg > 1, let ux =t and vy =0
and for t; < 1, let up = 0 and vy = tx. Then clearly for all k¥ € N, we have

te = ug + vg, thr = u* + ol
Now it follows that u}* < uj <t and vi* < v}. Therefore,

LA ML D EL ) DR D 9E3

" kel, kel, " kel, " kel,
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Now for each k,

1 u 1 w1l \1-k
k=3 () (5)
kel, kel
1 BT\ B 1\ 1=my i\ 1-H
(G 1) (216G 1)
kel, " ker, "
(r )"
= | — Vg
hy kel,
and so
1 1 "
n
. tkkghjztk'i_(hjzvk
kel, kel, kel
HeHC@?ﬂG[C,M,HAaH'a'“7‘||]9- -

Theorem 2.8. (a) If 0 <infpy <pp <1 forall k € N, then
[caM;vavn'a"' 7|| ]9 C [CvMaA’H'v"' a|| ]0'

(b) If 1 < pp <suppp < oo forall k€ N. Then

[CvMaA’H'v"' ’|| ]9 - [C’MvpaAvH'»"' a|| ]0‘
Proof. (a) Let € [ ¢, M,p,A,||,--+ || 1%, then
. 1 Ak(l’)fL Pk .
S B )]

Since 0 < inf pp < pr < 1. This implies that

lim hir Z |:Mk(”M,Zl,... 7,zn_l”H

r—oo P
kel,
1 A —L P
< lim — Z |:Mk(”&azla”' 7Zn—1||):| k7
r—oo h, P
kel,
1 A —L
therefore, lim — > [Mk(HL,zl,--- nall)] =o0.
rovee iy kel p
This shows that x € [ ¢, M, A, ||, ,+|| |- Therefore,
[C,M,I%Avﬂ'a"' 7|| ]6 C [67M5A7||'7"' v|| ]0'

This completes the proof.
(b) Let pr > 1 for each k and suppy < oo. Let z € [¢,p, A, ||-,--+,-||]°. Then
for each € > 0 there exists a positive integer N such that

. 1 Ak(x)—L Pk
O ()
1mhrl; atl p 21 Zn—1|]

Since 1 < p < sup pi < 00, we have
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— Pr
lim — 3" [Mk(nA’“( =L ,zn,lm
r—oo h,.
kel,.
< lim £ Z [Mk(HM;Zh ,Zn—1||)]
r—00 hr p
kel,
=0
< 1.
Therefore z € [ ¢, M,p, A, ||-,--- || . O
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AN INEQUALITY OF GRUSS LIKE VIA VARIANT OF
POMPEIU’S MEAN VALUE THEOREM

MEHMET ZEKI SARIKAYA AND HUSEYIN BUDAK

ABSTRACT. The main of this paper is to establish an integral inequality of
Griiss type by using a mean value theorem.

1. INTRODUCTION

In 1935, G. Griiss [4] proved the following inequality:

7a/f dx—i/f dx

provided that f and g are two integrable function on [a, b] satisfying the condition

/<>dx 1@ o)),

< f(r) <P and v < g(x) <T for all z € [a,]].

The constant i is best possible.
In 1882, P. L. Cebysev [2] gave the following inequality:

1
T(£, 9l < 750 =) [ £l ll9'llec »

where f, g : [a,b] — R are absolutely continuous function, whose first derivatives f’
and ¢’ are bounded,

b

T(f, :—/f D /f i [ ota)ds

a

and ||.||, denotes the norm in Lo[a,b] defined as ||p||,, = esssup |p(t)|.
te(a,b]

2000 Mathematics Subject Classification. 26D07, 26D10, 26D15, 26 A33.
Key words and phrases. Pompeius mean value theorem, Grss inequality, Hlders inequality.
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For a differentiable function f : [a,b] — R, a-b > 0, Pachpatte has in [6] proved,
using Pompeiu’s mean value theorem [9], the following Griiss type inequality:

/b F(t)g(t)dt — ﬁ /b F(t)dt. /b t(t)dt + /b g(t)dt. /b LE()dt

1 1 t

b b
t
< 1=t [ 10015 = gl - e 15015 - e

where £(t) = t, t € [a,b].

In [7], Pecaric and Ungar proved a general estimate with the p-norm, 1 < p < oo,
which will for p = co give the Pachpatte [6] result.

The interested reader is also referred to ([1], [3], [5]-[11]) for integral inequalities
by using Pompeiu’s mean value theorem. In this paper, we establish a new integral
inequality of Griiss like via Pompeiu’s mean value theorem.

2. MAIN RESULTS

Before starting the main results, we will give the following lemma proved by
Pecaric and Ungar in [7]:

Lemma 2.1. For%Jr%:l, 1<p,g<o0,and0<a<x<b, denote
1
T q b t

[ tdu ’ tdu
(2.1) A(z,q) == / /qu | + / /u2q dt

a t T x

where for p =1, i.e. ¢ = 00, the integrals are to be interpreted as the oo-norms, i.e.
as mazima of the function (u,t) — u—lz on the corresponding domains of integration.
Then,

021 _ 24 12—4 _ glta,1-2q %
Aleg) = ((1_2q><2—q>+ <1—2q><1+q>>

b2—9 — p2—q 12—9 — pltapl—2q i
! ‘ )
(1-29)2-q¢)  (1-29)(1+4q)

for1 <p,q<oo, pq#2;

3

1 \3 a 2 z\3 b 5 .
= [0+ 1) (0 1) | e

a? +v? .
A(x,oo)* 2% +x*a7b*thgoA(x7Q)a
Al 1)—l LA Az, 1)

x, —a—&-xz—qﬂ x,1).

To prove our theorems, we need the following lemma proved by Sarikaya in [12]:
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Lemma 2.2. f: [a,b]— R be continuous function on [a,b] and twice order differ-
entiable function on (a,b) with 0 < a < b. Then for any t,x € [a,b], we have

(2.2) tf(:r)—xf(t)ertM — %t/ [Qf (u) — 2uf’ (u) + u?f" (u)] %du.

x

Theorem 2.1. f,g : [a,b]— R be continuous function on [a,b] and twice order
differentiable function on (a,b) with 0 < a < b. Then for % Jré =1, withl <p,q <
oo any t,z € [a,b], we have

(2.3)

b
2b—a)r 2 / .
< (E)(l):lr)a) {HQf—Zlf +12f Hp/xg(x)A(x,q)dx

a

b
+ HQQ219’+129”||p/xf(x)z4(x,q)dw}

where [(t) =t fort € [a,b].

Proof. Applying (2.2) to the function g, we have

(2.4) tg(z) — zg(t) + gctgti = 7/ [29 (u) — 2ug’ (u) + u?g" (u)] %du.
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Multiplying (2.2) by g(x), (2.4) by f(z),summing the resultant equalities, then
integrating with respect to ¢t on [a,b], we have

b

b
(7~ o) slgte) - 29 [ - 220 [ gionae+ 02 @) - s

a a

2 _ 42 zf(x P a?
b f(x) [bg(b) — ag(a)] — b 1 zf(z)g ()

b t
+xf(x) /t [ (2 (u) — 2ug’ (u) +ulg” (u)] ulzdu] dt.

Integrating with respect to x on [a,b] and adding notations F(u) = 2f (u) —
2uf’ (u) +u?f" (u) and G(u) = 2g (u) — 2ug’ (u) +u?g” (u) , we obtain

b

(2.6{b* — a?) /f(x)g(a:)dx

= ( / mg(w)dw) ( / f(t)dt) -3 ( / xf(x)dx) ( / g(t)dt)

a a a

b b
0201 o) S0 o)




Adding (2.7) in
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(2.6), we have

4

b
./
P
29

— a?)

(z) (/bt VF@)ZZ] dt) daz+;/bxf(x)

[bf(b)g(b) — af(a)g(a)]

Taking modulus, we have

IN

IN

IN

(2.9)

(2.8)

/

%/xg(x) /tiF(u)ZZ] dt) de| + +
! o 1|f
: /b |xg<x>(

. 8

In the last line (2

(12
) [bf(b)g(b) — af(a)g(a)]

dx + = /|xf )|

o]
/ / |F(u)|%du

b
.8), we have

t
t
[ 1F@l Zau

b
#(x) (/t

/Z

t
G(u)| ﬁdu

33

(u)i—z dt)
[’

. Ib t
dt) dm+§/|xf(x)| ( \

T x b t
t t
dt://|F(u)|Edudt+//|F(u)|ﬁdudt.
a t T T

dt| dx

dx

dt) dx.
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Using Holder’s inequality in (2.9), we obtain

b

(2.10) /

t

t
/|F(u)| L dr

T T P T x p q
< / / IF(u)|pdudt) ( / / uzqdudt)
a t a t
b t % b t %
P 4
+ ( / / F(u)| dudt) ( / / u2qdudt)
<

b b » 2z : oot 2
t t
p
(//|F(u)| dudt) (//qududt) + (//u%dudt>
a a a t x x

— (b—a)? |[2f —20f + 2f||, Al q).

Similarly, we get

b

(2.11) /

a

dt < (b— a)% |29 — 219" + l2g”||pA(m7q).

t
t
[ 16w G

Adding (2.10) and (2.11) in (2.8), we obtain

5(0 - a?) |
[ H@gteis

B b b
g/f(t)dt— b/(b) — af(a) ;af(a)] (/xg(x)dx)
- ab b
- %/g(t)dt— bg(b) ;ag(a)] (/xf(x)dx)

a

(2.12)

- )

——— [f(B)g(b) ~ af(a)g(a)

b
< %(bfa)% {H?f —2f’ +lzf“||p/|xg(x)|A(a:,q)dx

b
+[2g — 29’ + 19", / o f (2)] A(a:,q)dm} :

5(b%—a?)(b—a)

Dividing (2.12) by 1 , we obtain the required inequality (2.3).
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NEW STRUCTURE TO CONSTRUCT NEW SOLITARY WAVE
SOLUTIONS FOR PERTURBED NLSE WITH POWER LAW
NONLINEARITY

AHMAD NEIRAMEH

ABSTRACT. In this paper we applied new structure to constructing new soli-
tary wave solutions for perturbed nonlinear Schrodinger equation with power
law nonlinearity, which describes the effects of quantic nonlinearity on the ul-
trashort optical solitons pulse propagation in non-Kerr media. These solitary
wave solutions demonstrate the fact that solutions to the perturbed nonlinear
Schrodinger equation with power law nonlinearity model can exhibit a variety
of behaviors.

1. INTRODUCTION

Exact solutions can serve as a basis for perfecting and testing computer alge-
bra software packages for solving NLEEs. It is significant that many equations of
physics, chemistry, and biology contain empirical parameters or empirical functions.
Exact solutions allow researchers to design and run experiments, by creating appro-
priate natural conditions, to determine these parameters or functions. Therefore,
investigation of exact traveling wave solutions is becoming successively attractive in
nonlinear sciences day by day. However, not all equations posed of these models are
solvable. Exact solutions can serve as a basis for perfecting and testing computer al-
gebra software packages for solving NLEEs. It is significant that many equations of
physics, chemistry, and biology contain empirical parameters or empirical functions.
Exact solutions allow researchers to design and run experiments, by creating appro-
priate natural conditions, to determine these parameters or functions. Therefore,
investigation of exact traveling wave solutions is becoming successively attractive
in nonlinear sciences day by day. Hence it becomes increasingly important to be
familiar with all traditional and recently developed methods for solving these mod-
els and the implementation of new methods. As a result, many new techniques
have been successfully developed by diverse groups of mathematicians and physi-
cists, such as, the trigonometric function series method [5], the modified mapping

2000 Mathematics Subject Classification. 35G20,35D99.
Key words and phrases. solitary wave solutions, direct algebraic method, perturbed nonlinear
Schrodinger equation with power law nonlinearity.

36



NEW STRUCTURE TO CONSTRUCT NEW SOLITARY WAVE SOLUTIONS 37

method and the extended mapping method [6], homogeneous balance method [7],
tanh function method [8], extended tanh function method [9], hyperbolic function
method [10], rational expansion method [11], sine-cosine method [12].

In this present paper we applied the direct algebraic method for finding new ex-
act solitary wave solutions of perturbed NLSE with power law nonlinearity in the
following form [13],

2" q)x + ir(|q|2m ),
Where a,b,c,v,s and r are all real valued constants. Also, the exponent m rep-
resents the power law nonlinearity parameter. For the perturbation terms on the
right hand side represents the inter-modal dispersion, =y is the coeflicient of third
order dispersion, s is the coefficient of self-steepening term while r is the coeffi-
cient of nonlinear dispersion. The self-steepening and nonlinear dispersion terms
are considered with full nonlinearity, namely their intensities are considered with
an exponent m, in order to maintain the problem on a generalized setting [14].

(1.1) iqr + agar + blq1*™q = icqy — iYquaa +is(|g

2. OUR METHODOLOGY

For a given partial differential equation
(2.1) G (Uy Uz, Uty Uy, Uty onn) = 0,

Our method mainly consists of four steps:
Step 1: We seek complex solutions of Eq. (2.1) as the following form:

(2.2) u = u(§), & =ik(x — ct),

Where k and c are real constants. Under the transformation (2.2), Eq. (2.1)
becomes an ordinary differential equation

(2.3) N (u,iku’, —ikeu', —k*u”, .....) = 0,

Where v/ = 42,

dg
Step 2: We assume that the solution of Eq. (2.3) is of the form

(2.4) mo=2h£%x

Where a;(i = 1,2,..,n) are real constants to be determined later.F(§)expresses the
solutions of the auxiliary ordinary differential equation

(2.5) F'(€§) = b+ F2(€),
Eq. (2.5) admits the following solutions:

Pe) = { —v/=btanh(y/—b¢), b=<0 (a)
—+/=bcoth(v/—bE), b=<0 (b)

Ple) = { Vbtan(v/bg), b>0 (¢)
—Vbeot(VbE),  b>=0 (d

FE)=-L  b=0 (e)

Integer n in (2.4) can be determined by considering direct algebraic [3] between the
nonlinear terms and the highest derivatives of u(£)in Eq. (2.3).

Step 3: Substituting (2.4) into (2.3) with (2.5), then the left hand side of Eq. (2.3)
is converted into a polynomial inF'(£), equating each coefficient of the polynomial
to zero yields a set of algebraic equations for a;, k, c.

(2.6)
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Step 4: Solving the algebraic equations obtained in step 3, and substituting the
results into (2.4), then we obtain the exact traveling wave solutions for Eq. (2.1).

3. APPLICATION TO THE PERTURBED NLSE WITH POWER LAW NONLINEARITY

We assume Eq. (2.5) has the traveling wave solution of the form
(3.1) q(z, t) = U)o B ¢ — i(ka — wt),

where «a, 3, k and ware constants, all of them are to be determined. Thus, from the
wave transformation (3.1), we have

g =i (BU —wU’) ¢! th),
qe =i (aU + kU") e?les+8t)
Qoo = — (OéQU 4 2akU’ + kQU/I) ei(aw+6t)7
(3.2) Qraw = =i (PU + 302kU’ + 3ak?U" + k3U") el i),
(‘q|2m q) .y (aUQm—‘,-l +k(U2m+1)’) giloatpt)
(47} 43
Inserting the expressions (3.2) into Eq. (1.1), we obtain nonlinear ODE in the form
(3.3)
(ca+va3 — B — aa®)U + (w — 2aak + ck + 3a2ky)U’ + (3ak?y — ak?)U"”
+(b+ s) U™ + EB3yU" + sk(U?™ L) + rk(U?™)'U = 0.

Balancing U”’ with U'U?™in Eq. (3.3) give
1
N+3=N+14+2mN&e3=2mN+1 & N = —.
m

We then assume that Eq. (3.3) has the following formal solutions:
(3.4) U(€) = AFw, A40

Substituting Eq (3.4) into Eq. (3.3) and collecting all terms with the same order
of FJ together, we convert the left-hand side of Eq. (3.3) into a polynomial in
FJ. Setting each coefficient of each polynomial to zero, we derive a set of algebraic
equations fora, 8, k,w and A. By solving these algebraic equations we have

A= |_ sn(s+5sn+8rn+8sn2+12rn?4+4n3s+8n°r)(4sn+4sn?+2rn+s+4rn?)y «
(s+5sn+8rn+8sn?2+12rn?2+4n3s+8n3r)?
1

1 3 s 1 2n

(+a+2) -5 (G +2))7,

o= B _ 9cavy—2a
— 3y 2742

=+ \/2'yrs(s+55n+8rn+85n2+12rn2+4n3s+8n37‘)(4sn+4sn2+2rn+s+4rn2)n
- v(s+5sn+8rn+8sn2+12rn2+4n3s+8nsr) .

(3.5)

a? \/2’yrs(s+5sn+8rn+85n2+12rn2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2)n
372 (s+5sn+8rn+8sn?2+12rn2+4n3s+8n3r) -
c\/2'yrs(s+55n+8rn+85n2+12rn2+4n3s+8n37‘)(4sn+4sn2+2rn+s+4rn2)n

v(s+5sn+8rn+8sn2+12rn2+4n3s+8nsr) 5 -
(36) b(2'yrs(s+5sn+8rn+85n2+12rn2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2))§n3
v2(s+5sn+8rn+8sn?+12rn?2+4n3s+8n3r)3 X
G-DG-2)-
n n
2bn(27rs(s+55n+87‘n+85n2+127‘n2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2))
v2(s+5sn+8rn+8sn?+12rn2+4n3s+8n3r)3 ’

w =

3
2
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From Eq. (2.6)(a) and relations (3.5) , (3.6) along with (3.4) we have

( ) 9n(€+59n+8rn+8€n +12rn2+4n3s4+8n3r) (4sn+4sn’+2rn+s+4rn’ )'y
(s+5sn+8rn+88n2+12rn2+4n33+8n‘5 )E

(Z+242) £ (2 +2)]% (~Vranb(vTH0)

So from (3.1) we have solitary wave solutions of Eq. (1.1) as follows

sn s+5sn+8rn+85n2+12rn2+4n35+8n3r 4sn+4sn2+2rn+s+4rn2 0
(z, t) = |— X
1\, (s+5sn+8rn+8sn2+12rn2+4n3s+8n3r)?

1
(L+3+2)— 2 (L +2)]7 x [—v/~btanh(v/=bi(
\/Z'yrs s+5sn+8rn+85n2+12rn2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2)n
v(s+5sn+8rn+8sn?+12rn2+4n3s+8n3r)
a2 \/2’yrs(s+53n+8rn+88n2+12rn2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2)n
(W (s+5sn+8rn+8sn2+12rn2+4n3s+8nr)
c\/27r3(3+5sn+8rn+8$n2+12rn2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2)n
v(s+5sn+8rn+8sn?2+12rn2+4n3s+8n3r) . -
b(2’yrs(s+58n+8rn+85n2+12rn2+4n35+8n3r)(4sn+4sn2+2rn+s+4rn2))§n3
~v2(s+5sn+8rn+8sn?2+12rn2+4n3s+8n3r)3 X

1 1
-1G-2)- )
% ( 2 2 3 3 2 2\\3 n
n(2yrs(s+5sn+8rn+8sn“+12rn“+4n°s+8n°r)(4dsn+4sn“+2rn+s+4rn )) "
Y2 (s+5sn+8rn+8sn2+12rn2+4n3s+8ns3r)3 ) X

exp (z(%x + %t))

~

From (2.6)(b) and relations (3.5) and (3.6) along with (3.1) and (3.4) we obtaion
solitary wave solutions of Eq. (1.1) in following form

( B sn(s+5sn+8rn+85n2+127‘n2+4n3s+8n3r) (4sn+4sn2+2rn+s+4rn2)v «
q2 (s+5sn+8rn+8sn2+12rn?2+4n3s+8n3r)2

1
(L + g + 2) £ (14 2)] x [~y b eoth(v/=Bi(
\/2’yrs( +5sn+8rn+83n2+12rn2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2)n
v(s+5sn+8rn+8sn2+12rn24+4n3s+8nsr)
a2 \/277"8(s+5sn+8rn+8$n2+12rn2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2)n
(W (s+5sn+8rn+8sn?2+12rn2+4n3s+8n3r) -
c\/2'yrs(s+5sn+8rn+85n2+12rn2+4n3s+8n3r)(4sn+4sn2+27‘n+s+47‘n2)n
v(s+5sn+8rn+8sn?+12rn2+4n3s+8n3r) 5
b<2'yrs(s+5sn+8rn+83n2+12rn2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2))§n3
2(s+5sn+8rn+8sn2+12rn?+4n3s+8n3r)3 x
(1)
n n .
2bn(27Ts(s+55n+8rn+85n2+12rn2 +4n3s+8n37") (4sn+4sn2+2rn+s+4rn2)) % "
v2(s+5sn+8rn+8sn2+12rn2+4n3s+8n3r)3 )t X

eap (i( 5o + 2522 ))

\_/
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From (2.6)(c) and relations (3.1),(3.4),(3.5) and (3.6) we obtain solitary wave solu-
tions for nonlinear Schrodinger equation with power law nonlinearity

( t) | sn(s+5sn+8rn+8sn’+12rn?+4n3s+8n°r)(4sn+4sn®+2rn+s+4rn?)y «
a3\, - (s+5sn+8rn+8sn2+12rn2+4n3s+8n3r)2
1
1 1 b .
(F+2+2) - 3 (2 +2)]7 x [Vbtan(vhi(
\/2'yrs(s+55n+8rn+8sn2+12rn2+4n33+8n3'r)(4sn+4sn2+27‘n+5+47‘n2)n
v(s+5sn+8rn+8sn?+12rn?2+4n3s+8n3r)
a2 \/277'8(s+5sn+87’n+83n2+127‘n2+4n3s+8n3'r')(4sn+4sn2+2rn+s+4rn2)n
(372 (s+5sn+8rn+8sn2+12rn2+4n3s+8n3r) -
c\/27r5(5+5sn+8rn+85n2+12rn2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2)n
v(s+5sn+8rn+8sn2+12rn2+4n3s+8n3r)
3
b(27'rs(s+5sn+87’n+85n2+127'n2+4n3s+8n37')(4sn+4sn2+2rn+s+4rn2)) 293
¥2(s+5sn+8rn+8sn?2+12rn2+4n3s+8n3r)3 X
(1)
n n
1
. 3 -
2bn(27Ts(s+5sn+8rn+8sn2+12rn2+4n35+8n3r)(4sn+4sn2+2rn+s+4rn2))2 ¢
v2(s+5sn+8rn+8sn2+12rn2+4n3s+8nsr)3 ) X

5.3
exp (z(%x + %t)) ,

In this case we obtain solitary wave solution for (1.1) from (2.6)(d) and relations
(3.1)-(3.6) as follow

( t) _ | sn(s+5sn+8rn+8sn’+12rn?+4n3s+8n°r)(4sn+4sn®+2rn+s+4rn?)y «
qa\T, - (s+5sn+8rn+8sn2+12rn?2+4n3s+8n3r)2
1
1 3 _ s (1 2n _ ;
(B +2+2) - 2 (£ +2)]7 x [~Vboot (Vi
\/2’yrs(s+55n+8rn+8sn2+12rn2+4n33+8n3'r)(4sn+4sn2+27‘n+5+47‘n2)n
v(s+5sn+8rn+8sn2+12rn2+4n3s+8nsr)
a2 \/277'5(s+5sn+8rn+8$n2+127"n2+4n3s+8n3'r')(4sn+4sn2+2rn+s+4rn2)n
(S'yz (s+5sn+8rn+8sn2+12rn2+4n3s+8n3r) -
c\/27r5(5+5sn+8rn+85n2+12rn2+4n3s+8n3r)(4sn+4sn2+27‘n+s+4rn2)n
v(s+5sn+8rn+8sn2+12rn2+4n3s+8n3r)
3
b(27'rs(s+5sn+87’n+85n2+127'n2+4n35+8n37')(4sn+4sn2+2rn+s+4rn2)) 293
Y2 (s+5sn+8rn+8sn?2+12rn2+4n3s+8n3r)3 X
(1)
n n .
) 3 a1
2bn(27Ts(s+53n+8rn+8sn2+12rn2+4n35+8n3r)(4sn+4sn2+2rn+s+4rn2))2 "
v2(s+5sn+8rn+8sn2+12rn2+4n3s+8n3r)3 ) X

5.3
exp (z(%x + %t)) ,

Finally from (2.6)(e) we obtain solitary wave solutions for perturbed NLSE with
power law nonlinearity in following form
( t) _ | sn(s+55n+8rn+85n2+127‘n2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2)'y %
g5\; - (s+5sn+8rn+8sn2+12rn2+4n3s+8n3r)?
1
1 3 _ s (1 2n
(W+E+2) 2r(n+2)] X
{L/~ |:\/27rs(s+5sn+8rn+85n2+12rn2+4n35+8n37’)(4sn+4sn2+2rn+s+4rn2)n r

Y(s+5sn+8rn+8sn2+12rn?2+4n3s+8n3r)

a2 \/2717'5(s+55n+8rn+85n2+12rn2+4n3s+8n3r)(4sn+4sn2+2rn+s+4rn2)n
(372 (s+5sn+8rn+8sn2+12rn2+4n3s+8nsr) -

ES
n

c\/2’yrs(s+5sn+8rn+83n2+12rn2 +4n3s+8n37)(4sn+4sn2+2rn+s+4rn?)n "
v(s+5sn+8rn+8sn2+12rn2+4n3s+8nsr) ) X

3
erp (z(%x + %t)) )
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4. CONCLUSION

summary we derive many types of optical solitary wave solutions of perturbed

nonlinear Schrodinger equation with power law nonlinearity which include the

bri

ght and dark optical solitary wave solutions. The results show that the method

is reliable and effective and gives more solutions. We hope that the obtained results
will be useful for further studies in mathematical physics and engineering.
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ON SOME NEW INEQUALITIES OF HERMITE-HADAMARD
TYPE INVOLVING HARMONICALLY CONVEX FUNCTIONS
VIA FRACTIONAL INTEGRALS

ERHAN SET, IMDAT ISCAN, AND FATMA ZEHIR

ABSTRACT. In this paper, some new results related to the left-hand side of the
Hermite-Hadamard type inequality for harmonically convex functions using
Riemann Liouville fractional integrals are obtained.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. The following inequality holds

(L.1) f(”b)s L jf(x)dxsf(“”f(b).

2 b—a 2

In [4], the author introduced the class of harmonically convex functions, defined as
follows.

Definition 1.1. Let I C R\ {0} be a real interval. A function f: I — R is said to
be harmonically convex, if
LY
— | <t 1-1
iy ) <t +a-0f@
for all z,y € I and t € [0, 1]. If the inequality in (1.1) is reversed, then f is said to
be harmonically concave.

We recall the following special functions and inequality
(1) The Beta function:

B(x,y) = m = /t“l (1—t)Y"dt, xy>0,
0

2000 Mathematics Subject Classification. 26A33, 26A51, 26D15.
Key words and phrases. Harmonically convex function, Hermite-Hadamard type inequality,
Riemann Liouville fractional integrals.
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(2) The hypergeometric function:
1

m /f“ (L=t " (1 —2)""dt, c>b>0, [z < 1.
’ 0

In the following we will give some necessary definitions and mathematical pre-

liminaries of fractional calculus theory which are used further in this paper. More
details, one can consult ([1],[2],[7]).

Definition 1.2. Let f € L[a,b]. The Riemann-Liouville integrals J&_f and J;* f
of oder a > 0 with a > 0 are defined by

T

2F1 (a,b;¢;2) =

1 a—1
o = — — t
‘]a—i-f(x) F(OZ) /(I t) f(t)d y X >a
and
) b
(6% _ _ a—1
1@ = s [ =2 s, o <
respectively, where I'(«) is the Gamma function defined by T'(« f et ldt

and J0, f(x) = JO. f(x) = f(x).

Because of the wide application of Hermite-Hadamard type inequalities and frac-
tional integrals, many researchers extend their studies to Hermite-Hadamard type
inequalities involving fractional integrals not limited to integer integrals. Recently,
more and more Hermite-Hadamard inequalities involving fractional integrals have
been obtained for different classes of functions; see ([5],[6],[9],[10],[11]).

In [3], Iscan proved a variant of Hermite-Hadamard inequality which holds for
the harmonically convex functions in fractional integral forms as follows:

Theorem 1.1. Let f: I C (0,00) — R be a function such that f € Lla,b], where
a,b € T with a < b. If f is a harmonically convex function on [a,b], then the
following inequalities for fractional integrals hold:

f <a2ibb) < w <biba)a{‘]f‘/a (f09) (1/8) + Jijns (f 09) (1/a) }

fla) + f(b)
= 2

with a > 0.
Lemma 1.1. ([8],[12]) For 0 < a <1 and 0 < a < b, we have
la® — 4] < (b— a)°
Lemma 1.2. ([3]) Let f : I C (0,00) — R be a differentiable function on I°

such that f' € Lla,b], where a,b € I with a < b. Then the following equality for
fractional integrals holds:

Iy (g:c,a,b)

1
ab b—a (1—1¢)%] ab
0/ ta + (1 —t)b)* =S (ta+(1—t)b)dt'
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where
It (g; v, a,b)
_ f(a)—;f(b)_F(a; 1) (b‘iba> { e (fog) (1/b) + I3, (fog) (l/a)}~

with « > 0,9 (x) = 1/x and T is Euler Gamma function.

In [3], Iscan proved the following theorems using the above Lemma 1.1 and
Lemma 1.2.

Theorem 1.2. Let f: 1 C (0,00) — R be a differentiable function on I° such that
f’ € Lla,b], where a,b € I° with a <b. If |f'|* is harmonically convex on [a,b] for
some fized ¢ > 1, then the following inequality for fractional integrals holds:

11 (g; @, a,b)|
ab(b—a _ 1
< POZD G 010,b) (Colora,b) [ ) + Cafasab) | (@)])
where
Ci(a;a,b) = b 'F(21~ r2:1 g)+ F(z +la+21 9)}
1\asa, - Oé+1 _2 1 , Ly« ) b 241 , ey ) b )
b2 [2F (2,20 +3;1— %) a
Cy(asab) = 4o (2a+ 2031
2(0&7a,) a+2 O[-|—]_ +2 1 ,Oé-'— 7a+ ) b) )
b2 [ a 2F1(2,a—|—1;a—|—3;1—9)
: = Fi(2,1; 11— = LA
Ca(a; a,0) at1 |’ 1(’ o+ 3, b)+ a+t1

Theorem 1.3. Let f: I C (0,00) = R be a differentiable function on I° such that
f’ € Lla,b], where a,b € I° with a < b. If |f'|? is harmonically convex on [a,b] for
some fized ¢ > 1, then the following inequality for fractional integrals holds:

s (95 v, a, b))
ab(b—a _
< PO 10 0,0) (ol a,0) f ) + Cafasa by | @])
where
C(1 (a,a,b)
b2 a a
= [QFl (2,a+1,a+2,1—g) R (2,1,&—}-2,1—5)
1 a
o F (2,1,a+2,2(1—b))],
02 (a;aab)
_ g (2 a+2-a+3-1—3)— L r (2 2~a+3-1—3)
— Oé+2 241 ) ) ) b Oé+1 2471 ) &y ) b
1 1 a
g 2l <2,2,a+3,2 (1- b))] ,
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Cs (a;a,b)
b—2
a+2 Lu—&— 1°?

o Py (2,1,a+3 % (1 - Z))]

and 0 < o < 1.

(2 a+1;a+3;1—%) W F (2,1;a+3;1—%)

Theorem 1.4. Let f: 1 C (0,00) — R be a differentiable function on I° such that
f’ € Lla,b], where a,b € I° with a <b. If |f'|* is harmonically convex on [a,b] for
some fized q > 1, then the following inequality for fractional integrals holds:

|If (g,a a,b)|
Y 0) 1 @]\
ap+1 2
{ <2p71;01p+2;1—%)+2F11/p(2p7o[p—|—1;ap+2;1_%)}’

where 1/p+1/q =

Theorem 1.5. Let f: 1 C (0,00) — R be a differentiable function on I° such that
f’ € Lla,b], where a,b € I° with a <b. If |f'|* is harmonically convex on [a,b] for
some fized q > 1, then the following inequality for fractional integrals holds:

11 (g; v, a,b)]
A ol ,b)( ! >l/q(|f’(b)|q+f’(a)|‘J)1/f17

2 (ab)! =P ag+1 2

o p—1\ 1/(2p—2)
R 1) 18 2p — 2-Logarithmic

where 1/p+1/q =1 and Lap_o(a,b) = (m

mean.

Theorem 1.6. Let f: I C (0,00) = R be a differentiable function on I° such that
f' € Lla,b], where a,b € I° with a < b. If |f'|* is harmonically convex on [a,b] for
some fized q > 1, then the following inequality for fractional integrals holds:

15 (g9; v, a,b)]

a(b—a) 1 1/
<
- 2b ap+1

1/
§ <2F1 (20.2:3:1 = ) |/'O)|" +2 F1 (20.1:3:1 — %) If’(a)|q> '

2

where 1/p+1/¢g = 1.

In this paper, new identity for fractional integrals have been defined. By using
of this identity we obtained some new results related to the left-hand side of the
Hermite-Hadamard type inequality for harmonically convex functions via Riemann
Liouville fractional integral.
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2. MAIN RESULTS

Let f: I C (0,00) — R be a differentiable function on I°, the interior of I.
Throughout this section we will take

Ky(g; o, a,b)
= f (fibb) B F(a; 1) <btiba> {JEL (fog)(1/b)+ I, (fog) (1/a)}

where a,b € I, with a < b, a >0, g(x) = % and T is Euler Gamma function.
In order to prove our main results, we need the following Lemma:

Lemma 2.1. Let f: I C (0,00) — R be a differentiable function on I° such that
f' € Lla,b], where a,b € I with a < b. Then the following equality for fractional
integral holds :

3
1
(2.1) Ky (giona,b) =5 3 I

where

and Ay =ta+ (1 —t)b.

Proof. Calculating I, Iy and I3 we have
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1
—ab(b—a)/f’ (jﬁ)i;

1/2

I

and

1
o ab\ dt
o=t [l (2)
0

1
(1— )" df (jf) —i—/tadf (f)
0

I+ I3

By integrating by part in I3, we get

" ab
I /1—t (A)

Here, by the changes of variables u = z—l:, we get

b a—1
ab \“' /101 ab 1
5= gw-af () (3-7)  fpt Lo

a

_ f(a)—a<biba>a/b<i—z>”_l ()

47
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and again by the changes of variables u = %, we get

N
_ f(a)—&—a(bciba)a/l;:b (t—i) ﬂfog(t)dt

f@)—o (ba_ba)ar(a)Fja) / // (1 2) fo gyt

@)= Tla+ 1) (22) T Foat)

1 oY
Similarly, we get I3* = [ t*df (Z—i) = f(b) = T(a+1) (ﬁ) Yy og(1/a). By
0
adding Iy, Iy and I3, the desired result is obtained. ([l
Using this Lemma, we can obtain the following inequalities.

Theorem 2.1. Let f : I C (0,00) — R a differentiable increasing function on I°
such that f’ € Lla,b], where a,b € I° with a < b. If (f")? is harmonically convex
on [a,b] for some fized ¢ > 1, then the following inequality for fractional integrals
holds:

Ky (95,0, )
< f(b) ; f(a) + ab (52— a) C%fl/q(a;a,b)
x [Calas a,b) (/(6))* + Ca(az a,0) (f'(a))]
where
b—2
Oiaab) = =[P (2ha+21-7) 2R (2athat2l- 7)),
b2 F(2,2;a+3;1— 4%
Ca(asa,b) = 012 2 1( ari b)+2F1(2,a+2;a+3;1—Z>],
b2 a Fi(2,a+La+3;1—-%
C3(aza,b) = a1 2F1<2,1;04+3;1—g>+2 1 P b)]

Proof. Let Ay =ta+ (1 —t)b. From Lemma 2.1, using the property of the modulus
, the power mean inequality and harmonically convexity of (f/)? , we find

1
Ks(giasa,b)l < oA+ L2 + 3]}

1/2 1
_ ab(b—a) , (ab\ dt , (ab\ dt 1
R O/f<At>Af+1//2f(At>Af 3 1hl
b) — 1
_ f()2f(a)+§u3|.
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As in the proof of the Theorem 1.2, we have

1
1 ab(b—a) o , [ab dt
.y = - =/ 1— —t* — | —
2155 S - e (1)
0
ab(b—a _
< %ci Y(aza,b) (Calas a,b) (F(6)" + Cslaza,b) (f/(a)) ",
where
b—2 r a a 1
Ci(azab) = a+1_2F1(2,1,a+2,1—g)—|—2F1(2,044—1,&—1-2,1—5)_,
b2 [oF (2,250 +3;1— %) ay |
CQ(O{,Chb) a+ 2 a+1 +2 1( , o+ ,OZ+3, b) 3
b2 a 2F1(2704+1501+391*%)-
Cilaah) = —— oFy (2L +3:1-5) + 1

The proof is competed.

Theorem 2.2. Let f : I C (0,00) = R be a differentiable increasing function on
I° such that f' € Lla,b], where a,b € I° with a < b. If (f')? is harmonically convex

on [a,b] for some fized ¢ > 1, then the following inequality for fractional integrals
holds:

Ky (g;,a,b)|
< f(b> g f(a) + ab (b2_ a) Cll_l/q(a;a,b)
% [Cala; a,b) (£(0)* + Ca(asa,b) (£(a)1]7,
where
C1(a;a,b)
b2 a a
= [gFl (2,a+1,a+2,1—6) R (2,1,a+2,1—5)
1
+o <2,1;a+2; 3 (1 — Z))] ,
OQ(OZ;CLab)
b2 a 1 a
- {QFl <2,a+2,a+3,176) ~ ek (2,2,a+3,173>
1 1 a
- _F (2.2 (1= 2
e’ 1( 23y ( b))]
03(0[;0‘71))

b2 1 a a
- F(2, 1; 3;1ff)f F<2,1; 3;1ff)
a—&—Q{a—&—lQ et ot b) 2! at b

1 a
o F (2,1;a+3; 5 (1 _ b))]

and 0 < a < 1.
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Proof. Let Ay =ta+ (1 —t)b. From Lemma 2.1, using the property of the modulus
, the power mean inequality and the harmonically convexity of (f')?, we find

Ky (gaa )] < 5 (0] +1%+ k)

- 2 2
and
(2.2)
1
§\I3|
bb—a) [ (L=t =t , (ab
a —a —H)* —t« a
<
B 2 / A} f<At>dt
0
-3 /1 3

IN
)
>
i
&
O\H
—
|
~
&=
|
~
_R
QL
~~
—
|
=
I
~
_Q
N
~
7N
Q
=8
~_
"
=}
QL
~

) 0 1/q
< o) /(1_2_” [t/ (0)7 + (1 = £)(f'(a))7] dt
0
< POZD eV s 1)+ Kl ),
where

ye
0
[0t 1]
— ) — @
Ky = ——  tdt
2 / A? )

Kgf/| 1_t _t |(1—t)dt.

If Ky, Ky and K3 are calculated as in the proof of the Theorem 1.3, and used in
the inequality (2.2), the desired result is obtained.

Theorem 2.3. Let f : I C (0,00) = R be a differentiable increasing function on
I° such that f' € L[a,b], where a,b € I° with a < b. If (f")9 is harmonically convex
on [a,b] for some fized q > 1, then the following inequality for fractional integrals
holds:

(2.3) 1Ky (9:,a,b)|

< MOS0 aboa) (1 1)”p (Lo (f’(a))q)”q

< [F7 (2 tiap+ 21 = T) 2 B (2p.0p + Liap + 21 - 7]
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where 1/p+1/q = 1.

O

Proof. Let Ay = ta + (1 —t)b. From Lemma 2.1, using the Holder inequality and
the harmonically convexity of (f')?, we get

1Kt (9; cx, a,0)
1 1
f(b) = f(a)  ab(b—a) (I=t)> , (ab t* , (ab
= T S () e [ ()
0 0
0 - 1@ ao-a [(Fo-o N (o)
— f(a ab(b—a 1—-t)P , [ a
< el [ ([(r(5)) @
0 0
(2.4)
1 1/p 1 ) p 1/q
tep , [ a
A\ ) ([0()
0 0
1 i

< 02T DO (g wd) [y + - o @ya

0

f() — fla)  ab(b—a) (Ki/p—l—K;/p) (f/(b)q—f—f’(a)q>1/q.

<
- 2 + 2 2

As in the proof of Theorem 1.4, calculating K, and K5, we have

1
(2.5) K, = u/

0

b=2r

a
- .F(2,1; 2;1—f>,
ap+121 D, Ly ap + b

_ ap
a-ov,
A

1 sap

b2

a
- .F(Q, 1; 2;1ff).
p+121 p,ap + 1;ap + b

e
Thus , if we use (2.5) and (2.6 ) in (2.4), we obtain the inequality of (2.3).This
completes the proof. ([l

Theorem 2.4. Let f : I C (0,00) = R be a differentiable increasing function on
I° such that f' € L[a,b], where a,b € I° with a < b. If (f")%is harmonically convex
on [a,b] for some fized ¢ > 1, then the following inequality for fractional integrals
holds:



52 ERHAN SET, IMDAT ISCAN, AND FATMA ZEHIR

(2.7)
Ky (g5, a,b)]

SO = fl@) | b=a o (1) e ((f’(b))q + <f'<a>>q>”{

<
- 2 2 (ab) /P ag+1 2

p2p—1_,2p—1 ) 1/(2p—2)

where 1/p+ l/q =1and Lgp_g(a,b) = (m

mearn.

is 2p — 2-Logarithmic

Proof. Let Ay = ta+ (1 —t)b. From Lemma 2.1 and Lemma 1.1, using the Holder
inequality and the Harmonically convexity of (f/)?, we get

IKs (g5 ,a,b)]
B g
< f(b);f(a)Jrab(b;a) (0/1 Altzp dt>1/p

| o aal (@YY 1/

(for-ere )

<

1 1/p
fb) = f(a)  ab(b—a) 1
S, b (/Afpdt)
0
1/aq

x ( [l o)+ -0 (7 @)”] dt)

0

ey < LI RO o+ @)

where as in the proof of Theorem 1.5

1 1
_ Ao a\\
(2.9) Ks = /Afpdt—b /(1—t(1— b)) dt
0 0
L3y ~5(a,b)

— —2p .9 79 —
= VULR (2,121 F) = T

b



NEW INEQUALITIES FOR HARMONICALLY CONVEX FUNCTIONS 53

1

(2.10) K; = /\1—2t|‘”tdt
0
1/2 1
= /(1 —2t)* tdt + / (2t — 1) tdt
0 1/2
7 1
2(ag+1)’
and
1
(2.11) Ky = /|1 —2t|* (1 — t)dt
0
_ 1
- 2(ag+ 1)’

If we use (2.9),(2.10) and (2.11) in (2.8), we obtain the inequality of (2.7). This
completes the proof.

Theorem 2.5. Let f : I C (0,00) — R be a differentiable increasing function on
I° such that f' € Lla,b], where a,b € I° with a < b. If (f')? is harmonically convex
on [a,b] for some fized ¢ > 1, then the following inequality for fractional integrals
holds:

(212)  |Kf(gi0,a,b)]
f) = fla)  ab—a) [ 1 \'7
= 2 + 2b (ap+1>

) <2F1 (2,2:3: 1 — @) (f/(5)" +2 F) (2q,1:3;1 — 2) (f’(a))q> o
2 b

where 1/p+1/q = 1.
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Proof. Let A; = ta+ (1 —t)b. From Lemma 2.1 and Lemma 1.1, using the Holder
inequality and Harmonically convexity of (f/)?, we find

K (g:0r,a.b)]
J0) ~ f(a) | abb—a) [|(1—0)* 12| (., (ab
= 5 T 2 / A7 (f (fh))dt
0
1 1/p
S f(b);f(a’) +ab(b2_ CL) /‘(1—t)a—ta|pdt
0
1 1/‘1
1 , (ab\\*?
" / (0 (5)
1 1/p
¢ 010 b /‘1 e
0
1 1/q
1 q ! q
x / S [GO) + (=0 (@)

(2:13) = f(w<;j(a)4_ab(i;_a)Kj/p(Kﬁo(f%b»q4—Kﬁ1(f%a»q)uq,

where as in the proof of Theorem 1.6,

1
2.14 Kog= [|1—2t|"dt =
(214) o= [
0

(2.15) Ky = /ltAt2th - bzq/lt (1 ft(l - %))_QQ dt
0 0

1
= o1 (2(172%39 1- g)

2024 b

and

1
2.16 K= [(1—pA 4 = 2 o5 (29,1531 - &
() 11—(—),5 —ﬁ21<(ba7_g)

0
Thus, if we use (2.14),(2.15) and (2.16) in (2.13), we obtain the inequality of (2.12).
This completes the proof. O
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REFINEMENT OF SOME INEQUALITIES FOR OPERATORS

ALEMEH SHEIKH HOSSEINI

ABSTRACT. In this paper, we will use a refinement of the classical Young
inequality to improve some inequalities of operators.

1. INTRODUCTION

Let H be a complex Hilbert space with inner product (.,.) and norm ||.||. Let
B(H) denote the algebra of all bounded linear operators on H, ||.|| will also denote
the operator norm on B(H).

For A € B(H) the numerical radius is defined as follows,

w(A) = sup{|[(Az,z)| : x € H,||z| = 1}.
We recall the following results that were proved in [2, 5].

Lemma 1.1. Let A € B(H) and let w(.) be the numerical radius. Then
(i) w(.) is a norm on B(H),
(11) w(UAU*) = w(A), for all unitary operators U,
(iii) w(A*) < w(A)F k=1,2,3,... (power inequality)
(iv) 5]l All < w(4) < [IA].

Moreover, w(.) is not a unitarily invariant norm and is not submultiplicative.
For positive real numbers a, b, the classical Young inequality says that if p,q > 1
such that 1/p+ 1/g = 1, then

a?  bd
(1.1) ab < — 4+ —.
p q

Replacing a, b by their squares, we could write (1.1) in the form

2p 2q
a b
(1.2) (ab)? < — + —.
p q

2010 Mathematics Subject Classification. 15A60, 15A18.

Key words and phrases. Inequalities, Numerical radius, Unitarily invariant norms, Young
inequality.
56
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A refinement of the scalar Young inequality is as follows [9],
(1.3) ab + ro(aP/? — b3/%)? < &p+g’

p q

where o = min{1/p, 1/q}.

Some authors considered replacing the numbers a, b by positive operators A, B.
But there are some difficulties, for example if A and B are positive operators, the
operator AB is not positive in general. Hence the authors studied the singular
values and the norms of the operators instead of operators in some inequalities.
Let us denote by M, the algebra of all n xn complex matrices. Bhatia and Kittaneh
in 1990 [3] established a matrix mean inequality as follows:

* 1 * *
(1.4) 4Bl < 5 lA*A + BBl

for matrices A, B € M,.
In [2] a generalization of (1.4) was proved, for all X € M,,,

* 1 * *
(15) 14" XBI| <  [|AA"X + XBB"|.
Ando in 1995 [1] established a matrix Young inequality:
AP B4
(16) sl <)|27+ 2
p q

for p,q > 1 with 1/p+1/q = 1 and positive matrices A, B. Also, in [11], we showed
that [|AX B| < ’H%APX +1xBe

the inequalities (1.4) and (1.6) with the numerical radius norm as follows:

’ does not hold in general. In [10] we considered

Proposition 1.1. [10, Proposition 1] If A, B are n X n matrices, then
1
(1.7) w(A*B) < EW(A*A + B*B).
Also if A and B are positive matrices and p,q > 1 with 1/p+ 1/q =1, then
AP B1
w(AB) < w(— + —).
(AB) (p . )

In this paper we obtain some generalized matrix versions of the inequalities (1.2)
and (1.7).

2. MAIN RESULTS

Let A € B(H). We know that 3[|A| < w(A) < ||A]/(see Lemma 1.1(iv)). These
inequalities were improved in [6, 8] as follows:

1 |
(2.1) w(A) < SlIA[+ A7 < AL+ 114%)172),

1 1
(2.2) 1\|A*A+AA*|| <w?(4) < §||A*A+AA*H,

where |A] := (A*A)z is the absolute value of A.
Generalizations of the first inequality in (2.1) and the second inequality in (2.2)
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have been established in [4]. It has been shown that if A, B € B(H), for0 < a < 1
and r > 1, then

(23) WT(A+ B) < 27‘72 H|A|2Ta + |A*‘2r(17a) + |B|2ra + ‘B*|2r(lfa)

)

1
(2.4) wr(A) < 5 H|A‘2m + |A*|2r(1—(x)

In 2005, Kittaneh extended the above inequalities as follows:

Theorem 2.1. [8, Theorem 2| If A, B,C,D,S,T € B(H), then for all « € (0,1),
(2.5)

1
WATB+CSD) < 5 <HA|T*|2(1‘O‘)A* + BT B 4 C|§* -0 4 D*\S|Q(Q)DH) .

In 2009, Shebrawi and Albadawi extended the inequality (2.5), in the following
form:

Theorem 2.2. [12, Theorem 2.5] Let A;, B;, X; € B(H)(i =1,2,...,n), and let f
and g be nonnegative continuous functions on [0,00) such that f(t)g(t) =t for all
t €[0,00). Then for all r > 1,

In [10] we established a numerical radius inequality that generalizes (2.6) and
consequently, generalize (2.3), (2.4), (2.5).

n

Y (AT (X DAL + B (X B

=1

i=1

Theorem 2.3. [10, Theorem 5] Let A;, B;, X; € B(H)(i = 1,2,...,n), and let f
and g be nonnegative continuous functions on [0,00) such that f(t)g(t) =t for all
t€0,00). If p>q>1with1/p+1/q=1, then for all r > %,

(2.7)

wr(z A:XzBl) S nr_l
i=1

n

1 * (s 1 * * (g
D SBAXDB)™ + (AP (X7 )i

i=1

In this section, we refine this inequality by using the inequality (1.3) to improve
our results, we need the following basic lemmas.

Lemma 2.1. [7, Theorem 1] Let A be an operator in B(H), and let f and g be
nonnegative continuous functions on [0,00) such that f(t)g(t) =t for allt € [0, 00).
Then for all x and y in H,

(2.8) [(Az, y)| < [IF(1AD=[lllg (A" Dy]l-

The following lemma is a consequence of the spectral theorem for positive oper-
ators and Jensen’s inequality (see, e.g., [7]).

Lemma 2.2. Let A be a positive operator in B(H) and let x € H be any unit
vector. Then for all r > 1,

(2.9) (Az,z)" < (A"z, ).

Now, we state the following theorem which is a refinement of (2.7).
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Theorem 2.4. Let A;,B;, X; € B(H)(i =1,2,...,n), and let f and g be
nonnegative continuous functions on [0, 00) such that f(t)g(t) =t for allt € [0,00).
Ifp>q>1withl/p+1/q=1, then for all r > %,

(2.10)

i=1

2
where n(x) := Z:-L:l ((Bff2(|Xi|)Bix,x>Tp/4 — <A;‘g2(|X;‘|)Aix,x>TQ/4>

n

Z (B: PIXDBY™ + < (A (X7 DA™

Proof. For every unit vector x € H, we have

(o))

< (Z |<XiBi$,Ai1‘>|>

=1
<" (21X Bix, Biz) P (P (1K |) A, Agr)"

=" (B (X)) B, o) P (A (X7 ) A,z

1
—) inf
(p) llzl|=1

< (Z (FPOX) Bi, By (421 X7 ) A, Aix>“2>

n(x)> ,

< Y (B XD B ) + - (AT (X ) A . )

= (B PUXD B )™ = (Ar (XD Ae) "))

(BF F2(1Xal) B

(1.3):(2.9) XZ:

(A* 21X DA, x) — (%)n(r))

’UM—‘

Now, the result follows by taking the supremum over all unit vectors in H. O

Remark 2.1. Let p = ¢ =r = 2. Then n(z) = 0 if and only if

w(Br f2(|1X:|)B:i — Arg*(|X[])A;) = 0, for all i = 1,...,n. In general, n(x) = 0 if
and only if (B; f?(|X;|)Biz, >rp/4 = (Azg 2(|Xf\)Aia:,a:>rq/4, foralli=1,...,n
Moreover, in the refinement of the Kittaneh’s inequalitity, inf n(x) = 0.

Because 0 € ogpp(|4| — |A*|) (approximate point spectrum) and the approxi-

mate point spectrum is a subset of the closure of the numerical range. Then
inf (|A| — |A*|z,z) = 0, where (z,z) = 1 and hence inf n(z) = 0.

In the following example we show that (2.10) is a refinement of the inequality

(2.7) and inf ;= n(z) > 0.

Example 2.1. Let X =I,n =1, f(t) = g(t) =t/?>,r =p=¢q=2 and
|A|? = diag(5,1),|B* = diag(2,0) in the inequality (2.10). Then inf =1 n(z) > 0
and (2.10) is a refinement of the inequality (2.7).
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The inequality (2.10) includes several numerical radius inequalities as special cases.
Examples of inequalities are shown in the following.

Corollary 2.1. Let A;,B;, € B(H)(: =1,2,...,n). If p > q¢ > 1 with
1/p+1/¢g=1andr > %, then

"1 1
*BiTp‘i‘*AiTq
§(p| | ql ")

i=1

w' () _A;B) <n! (
i=1

where n(x) == S0, (| BilPe, 2)™/* — (| Ay, 2)70/4)?
In particular, if n =1, then

— (&) n(w)> ,

D l=zl=1

)

1 1
W(A'B) < H|B7"p + Lapey
p q P lzl|=1

where n(x) := (<|B|$,£L‘>Tp/4 _ <‘A|x7x>7‘q/4)2.

Remark 2.2. By replacing n = 1 in Theorem 2.4, we obtain the following

— (&) it @),

1 1
(2.11)  Ww"(A*XB) < H(B*|X|B)7"p/2 + (A*|X*|A)r/? b
p q b lzl=1

where n(z) = (((B*|X|B). ) /4 — (A*|X*)A)a,2)9/4)?
Furthermore, by Lemma 117 fOI‘ au Aa Ba X S B(H), we Obtain the fOHOWing
inequalities:

(212 W(AXB)P) S (A°XIAY + L (BIXIB)) = () inf n(a),

where n(z) := (((B*|X|B)z, z)P/? — <A*|X*|Ax,x>Q/2)2, and

1
w(A"[X"[A+ B*|X[B) - (5) inf (),

2.13 W(A*XB) <
(219 ( )= 27 jlall=1

N | —

where n(x) := (((B*\X|B):c, z>1/2 - <(A*\X*|)A)a:,x>1/2)2.
The inequalities (2.12) and (2.13) are generalized matrix versions of the inequalities
(1.2) and (1.7), respectively.

Remark 2.3. By the Example 2.1 we can show that inf), =, 7(x) > 0, in Corollary
2.1 and the inequalities (2.11), (2.12), (2.13).

3. ADDITIONAL RESULTS

Some of usual operator norm inequalities for summation of operators have been
proved. It has been shown in [4] that if A and B are normal and » > 1, then

(3.1) 1A+ BII" < 2" H[|A]" + |BI"|l.

In this section, we get a norm inequality for Hilbert space operators, so that new
inequalities for operators and generalizations of earlier results will be obtained. By
the same method as in the proof of Theorem 2.4 we obtain the following:
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Proposition 3.1. Let A;,B;, X; € B(H)(i = 1,2,...,n), and let f and g be as in
(2.1) and p > q > 1 with 1/p+ 1/q = 1. Then for all r > %,

zn: A X;B;
i=1

(3.2) + =

n

> (BI (X B

i=1

1

S nr—l(
p

n

D (ArP (X7 A

=1

where n(x,y) = S0y (((B7 F2(1Xi]) Ba)w, 1)/ = (A3 g (1X7 ) Aiy, )" o/*)

! &) b ),

P llzll=llyll=1

Inequality (3.2) yields several norm inequalities as special cases. Samples of these
inequalities are demonstrated below.
Corollary 3.1. Let A;,B;, X; € B(H)(i = 1,2,...,n),r >
1/p+1/g=1 and a € (0,1). Then

<o

and p > q > 1 with

n T 1 n
ZA:Xsz < nrfl(i Z(BmXiFQBi)rp/Q
=1 =1
1 || 1
3.3 o (D_ATXT U AR = () it (),
(3:3) ;< X7 = ) a2y ()

where n(z,y) == S, (((BFIX0 % By)a, 2) /% — (A7 X207 4,)y, y)79/4)
In particular,

|A*XB|" < WBWBW%M |carixay 2| - unfu n(z,y)
p z||=|lyl|=1
where n(x,y) = (((B*|X|B)x,x>’"p/4 - <(A*|X*|A)y,y>rq/4) )

For X; = I(i =1,2,...,n) in inequality (3.3), we get norm inequalities for prod-
ucts of operators.

Corollary 3.2. Let A;,B; € B(H)(i=1,2,....,m),r > 2. Then

n T 1
S AB;| <nH| = inf — n(z,y) |,
i=1 b p == IIyH 1

where n(z,y) == >, ((|B¢\21’,:c>”’/4 - (\Ai|2y,y>r’5’/4) . In particular,

QN

n

Do IBil™|| +

i=1

Al =

.|2p
3

n

2
E A2 — (= inf B; 2x,xp/2— A2y, )92) ).
14 & ot 55 12(“ "z, z) (|4iy, v) ) )

Example 3.1. Let X = I,n=1,f(t) =t g(t) =t % a=1/2,r=p=q=2
and |A]?> = diag(5,7),|B|?> = diag(2,3) in the inequalities (3.2) and (3.3) and
Corollary 3.2 if needed. Then n(z,y) := ((|B|*z,z) — <\A|2y,y>)2 and hence

n(z,y) >4>0.

inf
lzl|=[lyll=1
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For n = 2 in inequality (3.3), we get the interesting norm inequalities that give
an
estimate for the operator norm of commutators. Also for 4, = B; =I(i =1,2,...,n)
in the inequality (3.3), we get the following operator inequalities for summation of
operators.

Corollary 3.3. Let X; € B(H)(i=1,2,...,n),r > % and a € (0,1). Then

S| <t (e + 2SS -,
i=1 p =1 q =1

In particular, if X;(i =1,2,...,n) are normal, then

n T 1 n 1 n
(3.4) E Xl <n" (= E X[ 4 = } : X, (A-e)ra

i P q 4

=1 =1 =1

The inequality (3.4) is a generalized form of (3.1) and this inequality is not true for
arbitrary operators.
The following example shows that in the inequality (3.4) normality of X; is neces-

sary,
0 1 10
0 0 |, (nonnormal) and Xo=| 0 0

Example 3.2. Let X; = and let

p=gq=2a=1/2and r = 1. Then |X; + Xo|| = V2 as |X1| + | Xo| = I,
consequently ||| X1| 4 |Xz||| = 1, that is a contradiction with v/2 < 1.
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OSTROWSKI TYPE INEQUALITIES FOR HARMONICALLY
s-CONVEX FUNCTIONS

IMDAT ISCAN

ABSTRACT. The author introduces the concept of harmonically s-convex func-
tions and establishes some Ostrowski type inequalities and a variant of Hermite-
Hadamard inequality for these classes of functions.

1. INTRODUCTION

Let f: I— R, where I C R is an interval, be a mapping differentiable in I° (the
interior of I) and let a,b € I° with a < b. If | f'(x)| < M, for all z € [a, b], then the
following inequality holds
(1.1)

<Mb-a)|-+

4 (b-a)

for all z € [a,b]. This inequality is known in the literature as the Ostrowski in-
equality (see [13]), which gives an upper bound for the approximation of the inte-

b — atb)?
O AL 1 ()]

gral average ;- f: f(t)dt by the value f(x) at point x € [a,b]. For some results
which generalize, improve and extend the inequalities(1.1) we refer the reader to
the recent papers (see [2, 12] ).

In [7], Hudzik and Maligranda considered the following class of functions:

Definition 1.1. A function f : I C Ry — R where Ry = [0,00), is said to be
s-convex in the second sense if

flax + By) <o f(x) + B°f(y)

for all z,y € I and «, 8 > 0 with «+ 3 = 1 and s fixed in (0, 1]. They denoted this
by K?2.

It can be easily seen that for s = 1, s-convexity reduces to ordinary convexity of
functions defined on [0, 00).

2000 Mathematics Subject Classification. 26D15, 26A51.
Key words and phrases. Harmonically s-convex function, Ostrowski type inequality, Hermite-
Hadamard’s inequality, hypergeometric function.
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In [5], Dragomir and Fitzpatrick proved a variant of Hermite-Hadamard inequal-
ity which holds for the s-convex functions.

Theorem 1.1. Suppose that f : Ry —R. is an s-convex function in the second
sense, where s € [0,1) and let a,b € [0,00), a <b. If f € L][a,b], then the following
inequalities hold

b
_ a+b 1 fla) + f(b)
1.2 251 < L
(12) f( 2 )—b—a/f(x)dx— s+ 1
the constant k = SJ%I is the best possible in the second inequality in (1.2).

The above inequalities are sharp. For some recent results and generalizations
concerning s-convex functions see [3, 4, 5, 6, 8, 10, 11].

In [9], the author gave harmonically convex and established Hermite-Hadamard’s
inequality for harmonically convex functions as follows:

Definition 1.2. Let I C R\ {0} be a real interval. A function f : I — R is said to
be harmonically convex, if

(1) Moy, ) <t +a-of@

for all z,y € I and ¢ € [0,1]. If the inequality in (1.3) is reversed, then f is said to
be harmonically concave.

Theorem 1.2. Let f : I C R\ {0} — R be a harmonically convex function and
a,b € T with a <b. If f € Lla,b] then the following inequalities hold

b
2ab ab T a b
» P2 < [y o S0 S0

a
The above inequalities are sharp.
The goal of this paper is to introduce the concept of the harmonically s-convex
functions, obtain the similar the inequalities (1.4) for harmonically s-convex func-

tions and establish some new inequalities of Ostrowski type for harmonically s-
convex functions.

2. MAIN RESULTS

Definition 2.1. Let I C (0,00) be an real interval. A function f: I — R is said
to be harmonically s-convex (concave), if

xy S S
2.1 — | < (> 1-t¢
2.) Haris) <@+ -0
for all z,y € I | ¢t € [0,1] and for some fixed s € (0, 1].

Proposition 2.1. Let I C (0,00) be an real interval and f : I — R is a function,
then ;

(1) if fis s-convex and nondecreasing function then f is harmonically s-convez.
(2) if f is harmonically s-conver and nonincreasing function then f is s-convet.
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Proof. Since f: (0,00) = R, f(z) =z, harmonically convex function, we have

Y <ty+ (-t
y

(2:2) te+ (1 —1)

for all z,y € (0,00) , t € [0,1]. The proposition (1) and (2) is easily obtained from
the inequality (2.2). O

Example 2.1. Let s € (0,1] and f: (0,1] — (0,1], f(z) = 2*. Since f is s-convex
(see [7]) and nondecreasing function, f is harmonically s—convex.

Proposition 2.2. Let s € (0,1], f : [a,b] C (0,00) = R be a function and g :
[a,b] = [a,b], g(z) = aﬁim. Then f is harmonically s-convex on [a,b] if and only
if fog is s-convex on [a,b].

Proof. Since

ab
2' 1 —_ = —
(2.3 (og)ta+ @ -00 =1 (=)
for all ¢ € [0,1]. The proof is obvious from equality (2.3). O

The following result of the Hermite-Hadamard type holds.

Theorem 2.1. Let f : I C (0,00) — R be an harmonically s-convex function,
s €(0,1] and a,b € I with a <b. If f € L]a,b] then the following inequalities hold:

a+b

b

Proof. Since f : I — R is an harmonically s-convex function, we have, for all
x,y € I (with ¢ = % in the inequality (2.1) )

F <x2iyy> < f(y);f(w)

Choosing x = we get

ab _ ab
tar(1—00° ¥ = r(—va’

f( 2ab ) - f (tb+ﬁl:t)a) +f (ta+zllbft)b)

a+b 25

Further, integrating for ¢ € [0, 1], we have

1

e () =z / (i) = [ (i)

0

b
Since each of the integrals is equal to bafb f 1) dx, we obtain the left-hand side of

a z2

the inequality (2.4) from (2.5).
The proof of the second inequality follows by using (2.1) with z = a and y = b
and integrating with respect to ¢ over [0, 1]. O

In order to prove our main theorems, we need the following lemmas:
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Lemma 2.1. Let f : I C R\ {0} — R be a differentiable function on I° and a,b € I
with a < b. If f' € Lla,b] then

W [,

b—a u?
a

1
o 2 , axr
- b { / (ta+ (1 —t)x 2f (ta+(1—t)w)dt

0

1
2 , bx
/ (th+ (1 —t)x 2f (tb+(1—t)$>dt}

0

fx) =

Proof. Integrating by part and changing variables of integration yields

1
0)? , az
b { / (ta+ (1 —t)z 2f (ta—i—(l—t)x)dt

0

1
bx
— 2 !
(b-2) /tb+ 1—t)z f<fb+(1—t)$>dt}
0

_ x(bl_a) -b(x_a)o/ltdf (M) O/ltdf (tb+ (1—t)x )]
- _b(x_a){tf (M) :—Oflf<m+<a1z—t>x> dtH

1 bx
Jrx(b—oz) [a(bx) {tf <tb—|— (1 —t)x>

;Oflf(mﬁx—wdt}}

O

Theorem 2.2. Let f: 1 C (0,00) — R be a differentiable function on I°, a,b € I°
with a < b, and f' € Lla,b]. If |f'|* is harmonically s- convezx on [a,b] for ¢ > 1,
then for all x € [a,b], we have

(2.6) flz) - bciba fz(ﬂ) du
< 2P @) (ulan 5,00 1 @F 4 dol(,5,0.0) 7 @)

+ (0= 2)” (0,25, 0.0) 1f @)+ Ma(b,2,5,0,0) | (0)]) 7}
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where

+s+1,1 a
Ai(a,z, 5,9, p) = %-25 (2197P+5+1§P+5+2§1—;)7

B(p +11)

Xo(a,z, 8,9, p) = 2F1<219 p+1p+s+21—7)
T

B,p+s+1)
20

s+1,p+1
)\4(b71'78719,p) = %

B is Fuler Beta function defined by

>\3(b7xa37197p): -2F1 (219,1,,0"‘84‘2,1—%)’

2Fy (20,5 +Lip+s+21- 7).,

B(x,y) = L =Y dt, @,y >0,

O\H

and o F is hypergeometric function defined by
1

oFy (a,b;¢;2) = bc—b /t — )T A —2t) " dt, ¢ > b >0, |2 < 1 (see [1]).
0

Proof. From Lemma 2.1, Power mean inequality and the harmonically s-convexity
of | f'|* on [a, b],we have

b
ab [ f(u)
7b—a/ u? du
1
0)? , ax
= b { o/ta+ 1—1t) ) f<ta+(1—t)a:>’dt
, bx
z |/ (tb—l—(l—t)x)‘dt}

1

=
(th+ (1 —t)x

0

q

A

1
abx—a
2. 1
en < 2= /dt
0
1 q

N oo @ 0 @

0
2 [ 1 -
Lablb— ) (/ 1dt>
b—a
0

1 t4 . . o ; 7
X(!Wl[t |f @)+ Q=) |f (b)l]dt) 7

Q|-
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where an easy calculation gives
(2.8)
1

/ tats dt_ﬁ(q+s+1,l)
(ta+ (1 — t)x)* r24

a
2F (2q,q+s+1;q+8+2;1—5),
0

1

/ s Bl,g+s+1)

X
-dt = .F(2,1; n +2;1—7),
Otb+1—t) b2a 21\ 2q, L, g T s b

~ Blg+1,5+1)
— )’ a2

a
WP (2q,q+1;s+q+2;1—;),

O\H
—~
~
S
+ |5
QU
~

(2.9) / : t1(1 —t)* g — B(s+1,q+1)
0

xr
oF (2,s+1;s+ +2;1—7).
th+ (1 —t)z)* b2 SN I b

Hence, If we use (2.8)-(2.9) in (2.7), we obtain the desired result. This completes
the proof. (Il

Corollary 2.1. In Theorem 2.2, additionally, if |f'(z)] < M, x € [a,b], then
inequality

b—a u?

b
< LM {0 (e r5.0.0) + Mol(a,2,5,0.0))

+ (b - l’)2 ()\3(ba z,s,q, Q) + )\4([),33, S, Q7q))%}

Q=

holds.

Theorem 2.3. Let f: 1 C (0,00) — R be a differentiable function on I°, a,b € I°
with a < b, and f' € Lla,b]. If |f'|* is harmonically s- convezx on [a,b] for ¢ > 1,

then for all x € [a,b], we have
) b
a / f(?;) du
—a u

- (1) -’ {($ - a)2 ()‘1(@71‘7 5,4, 1) If/ (x)‘q + )\2(&,.’1), $4q 1) |f/ (a)|q)

(2.10)

Q=

b—a \ 2
+ (0= 2)” (.25, 0. D) [ @)+ Malb 5,0, D)1 B}

where A1, Aa, A3 and My are defined as in Theorem 2.2.
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Proof. From Lemma 2.1, Power mean inequality and the harmonically s-convexity
of |f'|? on [a, b],we have

b
(2.11) fz)— bciba/%du

9 1
< W(/tdt)
0

1 t — q s |4 q
’ </ G @ e @+ a0l W)

y /1 -3
L) ( / tdt)
b—a

0

1—1
q

q

q

1 t s , q _ s /! q
’ </ @i g @000 W)

Q=

ba_ba <;> ’ {(33 — a)2 (M(a,x,s,q, DIf (x)\q +Xo(a,2,5,¢,1) | f (a)|q)

+ (0= 2)” (alb,2,5,0, ) [f @) + Malb 5,0, 1 (07}

This completes the proof. O

Corollary 2.2. In Theorem 2.3, additionally, if |f'(z)] < M, x € [a,b], then
inequality

ab 1 -3 ) B
= ) - q
< b—aM<2) {(x a)” (M(a,x,s,q,1) + Aa((a,2,5,q,1))

j

Theorem 2.4. Let f: 1 C (0,00) — R be a differentiable function on I°, a,b € I°
with a < b, and f" € Lla,b]. If |f'|* is harmonically s- convex on [a,b] for ¢ > 1,
then for all x € [a,b], we have

Q=

+ (b—2) Ns(b, 2, 5,4, 1) + Ma(b, 7, 5,4, 1))
holds.

b
(2.12) F(z) - b“_ba / fi? du
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Q=

< @ {A;‘3<a,x><x—a>2 (a5, 1) |f (@)|" + Aala 25,1, 1) [f ()])

L }

S

Q=

+ )\éié(b, z) (b—2)” (Ns(b,z, 5, L, 1) | (2)|" + Na(b,2,5,1,1) [ (b)]")

where

1 1 Inz—1né
)\5(9’1:)::10—9{6_ x—0 }7

and A1, A2, A3 and Ay are defined as in Theorem 2.2.

Proof. From Lemma 2.1, Power mean inequality and the harmonically s-convexity
of |f'|? on [a, b],we have

b
(2.13) f(@) =+ ab /jﬁﬁmb

—a u2

1—1
q

1
< ab(x — a) / _dt
b—a J (ta+ (1 —t)x)

1

/ (ta+ (1 —1) ) [ |f( )|q+(1—t)8|f/(a)|q]dt

0

Q=

1 1—-1
b_“ (!‘w+1t ﬁ)

It is easily check that

(2.14)

o —

t 1 {1 lnm—lna}
sdt = - ,
(ta+ (1 —t)x) r—a la x—a

/ dt* 1 lnbflnxil
(tb+ (1 —t)x Cb—x b—=z b’

0

=

Hence, If we use (2.8)-(2.9) for ¢ = 1 and (2.14) in (2.13), we obtain the desired
result. This completes the proof. (I
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Corollary 2.3. In Theorem 2.4, additionally, if |f'(x)] < M, = € [a,b], then
inequality

(),

u2

~
—~
S~—"
|
IS
Q\H p\c’“

Q=

IN

(z —a)® (M(a,z,5,1,1) + Ao(a, 2, 5,1,1))

n A; 3(1) z) (b—z)* (As(b,z,5,1,1) + As(b, 57171))3}

holds.

Theorem 2.5. Let f: I C (0,00) = R be a differentiable function on I°, a,b € I°
with a < b, and f' € Lla,b]. If |f'|? is harmonically s-convex on [a,b] for q¢ >
1, %—Fé:l, then

b
(2.15) f(z) - bab /Mdu

“a /] w2

Q=

IN

= (1) - 0 @z s.0.0) 1 @) + dola,2.5.0.0) 7 @)

p+1
+ (0= )’ (a(b,2,5,0,0) 1f @) + Aa(b,2,5,0,0) | (1)) 7}

where A1, A2, A3 and Ay are defined as in Theorem 2.2.

Proof. From Lemma 2.1, Holder’s inequality and the harmonically convexity of | /|

on [a, b],we have

/ 1 PN O ()] ’
X(!W_t)x)gq[t Lf ()" + (1 —1) |f()|}dt)

o2 [ %
+M (/tpdt)
b—a
0

: 1 s / q _ +\$ / q q
’ </ @i g @000 W)
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Q=

ba_ba <Pi1> ; {(I —a)* (M(a,2,5,4,0) [f' ()" + Na(a, 2, 5,4,0) | (a)|")
+ (b — ’15)2 (/\S(b,l'a S, 4, O) |f/ (‘r)|q + )\4([),33, S, 4, O) |f/ (b)|q)%} '

This completes the proof. (I

Corollary 2.4. In Theorem 2.5, additionally, if |f'(z)] < M, x € [a,b], then

inequality
b
/ fu)

B (p ) (@ —a)® (M(a, 2, 5,¢,0) + Aa(a, 2, 5,¢,0)7

+
+ (b-— (x\g(bxsq, 0) + As(b, x,s,4,0) %}

|
S8

holds.

Theorem 2.6. Let f: I C (0,00) — R be a differentiable function on I°, a,b € I°
with a < b, and f' € Lla,b]. If |f'|? is harmonically s-convex on [a,b] for q >

1,1 _
1,5+a—1,then
b
a U
— d
b—a/ w2

< b‘iba{ma,x,o,p,p»é(xa)z<|f'<w>| T ACA)

s+1
Ot ma) (b ) <f/ @)+ | (b>|q>q}.

s+1
where A1, A2, A3 and Ay are defined as in Theorem 2.2.

Proof. From Lemma 2.1, Holder’s inequality and the harmonically convexity of | f/|?
on [a, b],we have

) b
fa)— -2 [T,

bfa u?

1 ¥
(z —a) / dt
(ta+ (1 —t)z)*P

0

x (/ [ 1 @) + (1 - 0)° | (a)] ]dt)

IA

1
q
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1
ab (b — z)* P
a J (tb+ (1 —t)x)

1
x / (81 (@) + (1— £)° | (5)]] dt
0

=

< 2 (Al(a,x7o7p,p))5(w—a)2(|fl(x)|si|1f/(a)| )

=

+ (Ag(bvgj,o’p’p)) (b— x)2 <f’ (x)|‘1 + |f/ (b)|q>q

s+1
This completes the proof. ([
Corollary 2.5. In Theorem 2.6, additionally, if |f'(z)] < M, x € [a,b], then

inequality
b
ab | fw
f) = b—a/ u? du

ab 2 q 1 2
< 7 (2 -
< o (20) (a0

+ ()\3([7,.’15, 07p7p))5 (b - w)z}
holds.
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ON THE DETERMINATION OF A DEVELOPABLE SPHERICAL
ORTHOTOMIC TIMELIKE RULED SURFACE

0. GOKMEN YILDIZ, SIDDIKA O. KARAKUS, AND H. HILMI HACISALIHOGLU

ABSTRACT. In this paper, a method for determination of developable spherical
orthotomic ruled surfaces generated by a spacelike curve on dual hyperbolic
unit sphere is given by using dual vector calculus in R‘I’. We show that dual
vectorial expression of a developable spherical orthotomic timelike ruled sur-
face can be obtained from coordinates and the first derivatives of the base
curve. The paper concludes with an example related to this method.

1. INTRODUCTION

In geometry, a surface is a called ruled surface if it is swept out by a moving
line. The theory of ruled surfaces is a classical subject in differential geometry.
Ruled surface, espicially developable ruled surface have been widely investigated in
mathematics, engineering and architecture [13]. In today’s manufacturing indus-
tries, the developable ruled surface desing and its application are extensively used
in CAD, CAM and CNC. Also it has been popular in architecture such as saddle
roofs, cooling towers, gridshell etc.

Dual numbers were first introduced by W.K. Clifford (1849-79) as a tool for his
geometrical investigations. After him E. Study has done fundamental research with
dual numbers and dual vectors on the geometry of lines and kinematics [2] which is
so-called E. Study mapping. This mapping constitutes a one to one correpondence
between the dual points of dual unit sphere S? and the directed lines of space of
lines R? [15]. If we consider the Minkowski 3-space R} instead of R3 the E. Study
mapping can be stated as follows. The dual timelike and spacelike unit vectors
of dual hyperbolic and Lorentzian unit spheres HZ and S? at the dual Lorentzian
space D are in a one to one correspondence with the directed timelike and spacelike
lines of the space of Lorentzian lines R$, respectively. Then a differentiable curve
on H2 corresponds to a timelike ruled surface in R$. Similarly the timelike (resp.
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spacelike) curve on S? corresponds to any spacelike (resp. timelike) ruled surface
at R3[19].

Let a be a regular curve and 7 be its tangent, and let u be a source. An
orthotomic of « with respect to the source (u) is defined as a locus of reflection of u

about tangents ? [7]. Bruce and Giblin applied the unfolding theory to the study
of the evolutes and orthotomics of plane and space curves [3], [4] and [5]. Georgiou,
Hasanis and Koutroufiotis investigated the orthotomics in the Euclidean (n + 1)-
space [6]. Alamo and Criado studied the antiorthotomics in the Euclidean (n+1)-
space [1]. Xiong defined the spherical orthotomic and the spherical antiorthotomic
[18]. Yildiz and Hacisalihoglu examined the Study of spherical orthotomic of a
circle [9]. Also, orthotomic concept can be apply to surface. For a given surface S
and a fixed point (source) P, orthotomic surface of S relative to P is defined as a
locus of reflection of P about all tangent planes of S [8].

Kose introduced a new method for determination of developable ruled surfaces
[11]. Ekici and Oziisaglam [12] study this method in R3. And also, Yildiz et al.
applied this method in R? by using orthotomic concept [10]. For all these the follow-
ing question is interesting: Can we obtain a remarkable method for determination
of developable spherical orthotomic timelike ruled surface in R}. The answer is
positive. In this article, we construct a method for determination of developable
orthotomic timelike ruled surfaces by using dual vector calculus.

2. BASIC CONCEPT

A dual number has the form @ = a + ea* where a and a* are real numbers and
e = (0,1) stands for the dual unit which 2 = 0.
The set of all dual numbers is denoted by D which is a commutative ring over

R.
D3 is the set of all triples of dual numbers. D? can be written as

D3 = {g: (61,62,63”61‘ ebh,1 S’L§3}

= .
A dual vector has the form @ = @ + 67*, where @ and @* are real vectors in
R3. The set D? becomes a modul under addition and scalar multiplication on the
set D [17].

. = E e
For any dual Lorentzian vector a = d4ecd*and b = b +¢eb *_ inner product

is defined by
(T0)=(@.7)+e((2.7)+ (@7))

%
where <7, b> is the Lorentzian inner product with signature (4,+,—) of the

ﬁ
vectors @ and b in the Minkowski 3-Space R3.

A dual vector @ is said to be time-like if (d,d) <0, space-like if (@', d) > 0
and light-like (or null) if (@, @) = 0 and @ # 0. The set of all dual Lorentzian
vector is called dual Lorentzian space and is denoted by

D%:{?:?—i—aa* 7,7*61&?}
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= = = o .
For any vector a = d +ed*and b = b + e b *, vector product is defined by
= — - —
3Ab:7Ab+e(ﬁ/\b*+7*/\b),

%
where @ A b is the Lorentzian vector product.

The norm HgH of 3 = d +ed* is defined as
— —>x
ﬁH — (a,d")
all=|dl+e a #0.
H i
The dual vector @ with norm 1 is called a dual unit vector.
The dual Lorentzian unit sphere and the dual hyperbolic unit sphere are

= ~ ~
82:{35 =r+text €D} |<7,T >= l;x,x*eR‘;’}

and

= ~ ~
Hg:{x =z+ex* €D} |<T,7 >= —l;x,a:*E]R:l”}

respectively. The dual spacelike unit vectors of dual Lorentzian sphere S? represent
oriented spacelike lines is R}. The dual timelike unit vectors of dual hyperbolic
unit sphere HZ represent oriented timelike lines in R3.

For R}, the Study Mapping is defined as follows: “There are one-to-one corre-
spondence between the directed timelike (resp. spacelike) lines in three dimensional
Minkowski space and the dual point on the surface of a dual hyperbolic (resp. dual
Lorentzian) unit sphere (resp.) in three dimensional dual Lorentzian space ” [16].

= = =
Let S? (resp. H3),0 and {O; €1, €aq, 53} denote the dual hyperbolic (resp.

Lorentzian) unit sphere , the center of S? (resp. H2) and dual orthonormal system
at O, respectively, where

= .
ei:?iJrE?’{; 1<4<3.

Let S3 be the group of all the permutations of the set {1,2,3}, then it can be

written as
- - -
€ (1) = 5gn(0) € (2) N € 5(3), 89n(0) = £1,

U:(cf(ln a<22> a?3>)

In the case that the orthonormal system
{0;€1,7¢2,7¢3}

is the system of R}.

By using the Study Mapping, we can conclude that there exists a one to one
correspondence between the dual orthonormal system and the real orthonormal
system.

Now, define of spherical normal, spherical tangent and spherical orthotomic of a

spherical curve a. Let {?, ﬁ, B} be the Frenet frame of .. The spherical normal
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of «a is the great circle, passing through «(s), that is normal to « at «(s) and given

by
<7, 7> =1,
e

where x is an arbitrary point of the spherical normal. The spherical tangent of «
is the great circle which tangent to a at a(s) and given by

(V. ¥) =1,
(2.1) { <7,(5>A?)> —0,

where y is an arbitrary point of the spherical tangent.

Let u be a source on a sphere. Then, Xiong defined the spherical orthotomic of
« relative to u as to be the set of reflections of u about the planes, lying on the
above great circles (2.1) for all s € I and given by

(2.2) T=2(@-), )T+

B-(3B,
where 7 = .
" [F=(Faya] '

ol
ol

)

3. THE DUAL VECTOR FORMULATION

Let L be a line and x denotes the direction and p be the position vector of any
point on L. Dual vector representation allows us the Plucker vectors = and p A x.
Thus, dual Lorentzian vector Z(t) can be written as

Tt)=c+elphz)=a+ex",

where ¢ is the dual unit and &2 = 0.
By using the dual Lorentzian vector function Z(t) = x(t) + e(p(t) A x(t)) =
x(t) + ex*(t), a ruled surface can be given as

m(u,t) = p(t) + ux(t).

It is known that the dual unit Lorentzian vector Z(t) is a differentiable curve on
the dual hyperbolic unit sphere and also having unit magnitude [14].

(z,2) = (r+epAhz,z+epAx)
= (z,2) + (2ex,pAx) +2 (pAx,pA)
= (z,2)
= -1

The dual arc-length of the dual Lorentzian curve Z(t) is defined as

(3.1) §(t) = /t’
0

The integrant of (3.1) is the dual speed, & of Z(t) and is

dz dp
‘ <dt’dt/\x>

dz
—||dt.
dt

&z
dt

dx
dt

dx

dt

e (1+¢eA).
dt

-
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The curvature function

dz dp dz  dz”
<dt’dt/\x> <dt’dt>

[El¥ 1

is the well-known distribution parameter (drall) of the ruled surface.

4. THE DETERMINATION OF TIMELIKE DEVELOPABLE SPHERICAL ORTHOTOMIC
RULED SURFACE

Let Z(t) be a point on hyperbolic unit sphere, centered at the origin. The dual
coordinates of Z(t) = z; + ez} can be expressed as

1 = m tex]= sinh @ cos 1),
(4.1) T3 = x4 ey =sinh@sing,
T3 = x3+exy = cosh.

where ¢ = ¢ + ep*and J = 1) 4+ ey* are dual hyperbolic angle and dual angle

respectively. Since ¢? = &3 = ... = 0 according to the Taylor series expansion from

(4.1), we obtain the real parts of Z(t) as

1 = sinhpcos,
ro = sinhpsiny,
x3 = cosh,
and the dual parts of Z(t) as
z7 = ¢*coshpcosy —¢*sinhpsiny,
ry = " coshysiniy + 1" sinhpcosp,
5 = ¢*sinhep.

Hence, the dual Lorentzian curve Z(t) = x(t) + ex*(t) may be represented by

Z(t) = (sinhp(t)cosp(t),sinho(t) sin(t), cosh p(t))
©*(t) cosh (t) cos 1 (t) — ¥*(t) sinh () sin ) (t),
+e | @*(t) coshp(t)sinp(t) + ¢*(t) sinh (t) cos ¥ (t),
" (t) sinh o(2)

Let 5(15)_:> o(t) + eo*(t) be spherical orthotomic of the great circle, which lies
on the €4 €3 plane, relative to the dual curve Z(t). By (2.2), we get o(t) =
(—%1,%9,23) where Z;’s are the coordinates of Z(t) for i = 1,2,3. By considering

the spherical orthotomic dual curve, we have;

a(t) (— sinh ¢(t) cos ¥(t), sinh p(t) siny(t), cosh p(t))
—p*(t) cosh p(t) cos P (t) + 1*(t) sinh ¢(¢) sin ¢ (¢),
(4.2) +e | ©*(t) cosho(t)siny(t) + ¢*(t) sinh p(t) cos (),
©*(t) sinh p(t)
on the hyperbolic unit sphere corresponding to a timelike developable spherical

orthotomic ruled surface m(t,u) = p(t) + uo(t). Because of two timelike vectors
are never ortogonal, then a base curve, p(t), must be a spacelike.
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Since 0* = p A 0, we have the following system of linear equations in variables
P1, P2, P3;

—p* coshpcosy + *sinhpsiny = pocoshe — p3sinh psin
@™ coshsiny + p* sinh pcosypy = —p; cosh — p3sinh ¢ cos
@ sinhgp = —p;sinhpsiny — pgsinh ¢ cos .

where p;’s are the coordinates of p(t) for i = 1,2, 3.
The matrix of coefficients of unknowns pq, ps and pj is

0 cosh ¢ —sinh ¢ sinvy
—cosh ¢ 0 — sinh ¢ cos
—sinh ¢siny —sinh @ cosvy 0

and therefore its rank is 2 .

p1 = —(ps+¢")cosytanhp — " siny,
(4.3) p2 = (p3s+¢*)singytanhp — p* cosp,
b3 = Dps3.

Since p3(t) can be chosen arbitrarily, then we may take p3(t) = —¢*(¢). In this
case, (4.3) reduces to

p1 = —@"siny,
(4.4) p2 = —p"cos,
ps = —yY~

The distribution parameter of the timelike spherical orthotomic ruled surface
given by (4.2) is obtained as follows

dr dx*
A < & & >

| % 112
2
dy dy* «(d . de* d
dflff;pt sinh? p(t) + ¢ (%) cosh p(t) sinh o(t) + - 52
2 2
d . d
((%f) sinh? o(t) + (dff)

If this timelike spherical orthotomic ruled surface is a developable, then A = 0
and by (4.5) becomes

(4.5) =

dg” d (A dyp dy* _
TR (cothp(t)) — ¢ (dt) coth p(t) — e 0
Setting
2
e (i) iy
y(t) = cothp(t), At) = ———3— B(t) = =
di di

we are lead to a linear differential equation of first degree

(4.6) % + A(t)y + B(t) = 0.
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Let p(t) be a curve. Then we can find a developable spherical orthotomic ruled
surface such that its base curve is the curve p(t) and by (4.4), we have

tany = &,
b2
o = /Pt +p3,
Y* o= —ps.

Now only ¢(t) remains to be determined. The solution of the linear differential
(4.6) gives coth (t). This solution includes an integral constant therefore we have
infinitely many timelike developable spherical orthotomic ruled surface such that
its base curve is p(t).

Moreover, it is to be noted that ¢*(t) has two values; by using the minus sign we
obtain the reciprocal of the timelike developable spherical orthotomic ruled surface
Z(t) obtained by using the plus sign for a given integral constant.

Example 4.1. Consider p(t) = (t7t, 2t3 + 1) CIf —% <t< \4/1—1@7 then the ruled

surface is timelike. Then we have,

tanty = 1, 0" = V/2t, %:—6252, @:Oand de

=V2.
dt dt dt V2

Substituting these values into (4.6) we obtain the linear differential equation of
first degree

W
The solution of this differential equation gives

cothp(t) = ¢
Hence, the family of the developable timelike ruled surface is given by

m(t,u) = p(t) + uo(t)

p1
o
The graph of the developable timelike ruled surface given by this equation for
¢ = 2 in domain L
p:l TTE<I<7m
-l<u<l1

where o () = (% sinh ¢, —£% sinh ¢, cosh go) .
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Figure 1. Spherical Orthotomic Timelike Ruled Surface

is given in Fig. 1.
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COSINE ENTROPY AND SIMILARITY MEASURES FOR FUZZY
SETS

RAJKUMAR VERMA

ABSTRACT. In the present paper, based on the cosine function, a new fuzzy
entropy measure is defined. Some interesting properties of this measure are
analyzed. Furthermore, a new fuzzy similarity measure has been proposed
with its elegant properties. A relation between the proposed fuzzy entropy
and fuzzy similarity measure has also been proved.

1. INTRODUCTION

The notion of fuzzy sets was introduced by Zadeh [19] in order to provide a scheme
for handling non-statistical vague concepts. Since then, the theory of fuzzy sets has
become a vigorous area of research in different disciplines that include engineering,
medical science, social science, artificial intelligence, signal processing, multi-agent
systems, robotics, computer networks, and expert systems. Fuzzy entropy and
similarity measures are as two important topics in fuzzy set theory, which have
been investigated widely by many researchers from different points of view.

The first attempt to quantify fuzziness of a fuzzy set was made by Zadeh [20] in
1968, he proposed a probabilistic frame work and defined the entropy of a fuzzy set
as weighted Shannon [10] entropy. In 1972, De Luca and Termini [3] first provided
an axiomatic framework for the entropy of fuzzy sets based on the concept of Shan-
non’s entropy. Kaufmann [5] introduced a fuzzy entropy measure based on a metric
distance between a fuzzy set and its nearest crisp set. Yager [15] defined entropy of
a fuzzy set in terms of a lack of distinction between the fuzzy set and its negation, a
kind of ‘norm’. Pal and Pal [7] proposed fuzzy entropy based on exponential func-
tion to measure the fuzziness called exponential fuzzy entropy. Bhandari and Pal
[1] proposed generalized order-« fuzzy entropy to measure the fuzziness. In 2008,
Parkash et al. [9] defined two new fuzzy entropy measures based on trigonometric
functions and proved entropy maximization principle corresponding to these fuzzy
entropies. Besides these, there exists quite a body of research work on applications
of these theoretical studies [12, 16, 17 and 18].

2000 Mathematics Subject Classification. 94 A17 .
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Similarity measures between two fuzzy sets, in particular, have found widespread
applications in diverse fields like decision making, pattern recognition, machine
learning, market prediction etc.

Talking of ‘similarity measures’, first, Wang [13] proposed a measure of similarity
between two fuzzy sets. Salton and McGill [11] introduced a cosine similarity
measure between fuzzy sets, which in essence is a kind of ‘coefficient or a quotient’
and applied it to information retrieval of words. Zwick et al. [21] used geometric
distance and Huasdorff metrics for presenting similarity measures among fuzzy sets.
Pappis and Karacapilidis [8] proposed three similarity measures for fuzzy sets based
on union and intersection operations, the maximum difference, and the difference
and sum of membership grades. Chen et al. [2] extended the work of Pappis and
Karacapilidis [8], and defined some similarity measures on fuzzy sets based on the
geometric model, the set theoretic approach, and matching function. Wang [14]
proposed two similarity measures between fuzzy sets and between the elements of
sets. Liu [6] as well as Fan and Xie [4] provided an axiomatic definition of similarity
measure for fuzzy sets.

In the present paper two new measures called ‘cosine fuzzy entropy’ and ‘cosine
fuzzy similarity’ are proposed. This paper is organized as follows:

In Section 2, some basic definitions related to probability theory and fuzzy sets
are briefly discussed. In Section 3 cosine fuzzy entropy measure is proposed and
there we verify its axiomatic requirement [3]. Some mathematical properties of the
proposed entropy are also proved there. In Section 4 the cosine fuzzy similarity
measure is introduced along with some of its properties. A relation between cosine
fuzzy entropy and cosine fuzzy similarity is also established here.

2. PRELIMINARIES

We start with probabilistic background. Let us denote the set of n-complete prob-
ability distributions by

(2.1) Ip = {P=(p1,p2,m,pn):pi>0,2pi=1} , n>2.
i=1

For a probability distribution P = (p1,p2, ..., pn) € 'y, Shannon’s entropy [14], is
defined as

(2.2) H(P) ==Y p(wi)logyp(@i).
i=1

Definition 2.1. Fuzzy Set [19]: A fuzzy set A in a finite universe of discourse
X ={x1, za,...,x,} is given by

(2.3) A={({z, pa(z)) |z e X},

where p4 (z) : X — [0, 1] is the membership function of A. The number p4 (z)
describes the degree of membership of x € X in A.

Definition 2.2. A fuzzy set A* is called a sharpened version of fuzzy set A if the
following conditions are satisfied:

pas (zi) < pa(zi) if pia (x) <05V,
pax (23) > pa(x;) if pa(x)>05Vi4.
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Note: Throughout this paper, we shall denote the set of all fuzzy sets defined in
X byFS (X).
Definition 2.3. Set Operations on FSs [19]: Let A, B € FS(X) be given by
A={(z, pa(z)) |z e X},

B = {<.’£, /U'B(x» ‘.’E 6X}7
then usually set operations are defined as follows:

[(1)]

(1) ACBiffua(z) < pp(z) VaoeX;
(2) A=Bif AC B and B C A;

(3) A% ={ (&, 1— pa(a)) |z € X}

(;lg )AuB( ) |z e X}

Ha
ANB= {(z,pa(z
(5) AUB = {{w.jia(2)V g (2)) |o € X}
where V, A stand for max. and min. operators, respectively.

In fuzzy set theory, a measure of fuzziness is the ‘fuzzy entropy’ which expresses
the amount of aggregated ambiguity of a fuzzy set A. The first attempt to quantify
the fuzziness was made in 1968 by Zadeh [20], who defined the entropy of a fuzzy
set A with respect to (X, P) as

(2.4) Z,UA 17, xz 10g2p($z)'

De Luca and Termini [3] defined fuzzy entropy for a fuzzy set A corresponding (2.2)
as
(2.5)

1 n
Hpr (4) =~ D la (@) logy (pa (22) + (1= pa (7)) logy (1 — pa (2:))].
i=1
Based on exponential function, Pal and Pal [7] introduced exponential fuzzy entropy
for fuzzy set A as
[ 1= pia :) -
i T 1— i pa(e:) _ 1] .
n(ﬁ_l)g[mme + (1= pua () ©
Later, Bhandari and Pal [1]made a survey on entropy measures on fuzzy sets and
introduced the following parametric fuzzy entropy for fuzzy set A as

i oloBlu (@) + (1 pa @),

(26) H(A)=

(2.7) Ho (A) =

Parkash et al. [9] defined two fuzzy entropy measures for fuzzy set A based on
trigonometric functions (sine and cosine) given by

(2.8)
(2.9)

Hopr2 (A %Z [{ W”A Tha (i) +COSW _ 1} % (\@1_1)1 .
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Definition 2.4. Similarity Measure of FSs [6]: A real function S : F.S (X) x
FS(X) — [0,1] is called the similarity measure of the fuzzy sets, if S satisfies the
following properties:

0<S(A,B)<1V A BeFS(X).

(2) S(A,B)=S(B,A)VY A,Be FS(X).

S 1if and only if A = B, ie. pa(z;) = pp(z;) for all i =
1,2, .., n.

(4) For allA,B,C € FS(X),if A C B C C, then S(A4,C) < S(A4,B),
S(A,C) <S8 (B,0).

In the next section, we introduce a new entropy measure on fuzzy sets called ‘cosine
fuzzy entropy’ and verify its axiomatic validity.

3. CosINE Fuzzy ENTROPY

We submit following formal definition of a new measure of ‘fuzzy entropy’:

Definition 3.1. Cosine Fuzzy Entropy: Let A be a fuzzy set defined on X =
{1,229, ..., 2} having the membership values p (z;), ¢ = 1, 2,...,n. We define
the cosine fuzzy entropy for fuzzy set A, Heos (A) as:

o) )= L3 o (222020

i=1

As a first step, in the next theorem, we establish properties that according to
De Luca and Termini [3] justify the above proposed measure to be a valid ‘fuzzy
entropy’.

Theorem 3.1. The Heos (A) measure in (3.1) of the cosine fuzzy entropy satisfies
the following propositions:

[P1.](Sharpness): H (A) is minimum if and only if A is a crisp set, i.e.
pna(z;)) =0o0r1Va € X. (Mazimality): H (A) is mazimum if and
only if A is a most fuzzy set, i.e. pua(x;) =05V z; € X. (Resolution):

H (A*) < H (A), where A* is a sharpened version of the set A.  (Symmetry):
H(A)=H (AC), where AC is the complement set of the fuzzy set A.

Proof. Let Ay = (%ﬂ') and then from 0 < py (z;) < 1, we note that

(2pa (zi) — 1)

_3<AA§g:ogcos T<1=0< Heoy(A) < 1.

5 S
P1. (Sharpness): First, let A be a crisp set with membership values either 0 or
1 for all z; € X. Then from (3.1) we simply obtain

(3.2) Heos (A) = 0.

This proves ‘if’ part of the statement. Next let us suppose that H..s (A) = 0, i.e.

(3.3) i: |:COS M;)_l)ﬂ' =0.

i=1
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Then, this being the sum of n terms and each term in the summation is non negative,
then for all 7,

2in (z;) — 1
(3.4) cos %ﬂ' =0.
From (3.4), it is easy to deduce that pa (z;) = 0 or 1 for all z; € X, that is A is
crisp.
P2. (Maximality): Let pa (z;) = 0.5 for all z; € X. From (3.1) we obtain
Heos (A) = 1.
Now, let Heos (A) = 1, and then also from (3.1), we have
cosAg=1=>A4=0= pu(x;) =05Vz; € X.
P3. (Resolution): Let

2ia (z;) — 1
(3.5) f(pa () = cos %ﬂ' Vo, € X.
Since f (pa (z;)) is an increasing function of p4 (x;) in the range [0,0.5) and is a

decreasing function of p4 (z;) in the range (0.5, 1], therefore
2pa- (x) 1) (2pa (@) = 1)

pax (i) < pa(x;) = 9 T < 5
(3.6) = f(par (2:)) < f(pa(z))Va; €0, 0.5)
and
(3.7) = f(pa- (x:)) = f(pa(z:))Va; € (0.5, 1].
From (3.6) and (3.7), we have
(3.8) fpas (i) < f (pa (i)

Since Heos (A) = %21;1 (f (ma (x:))) and Heos (A¥) = %Z?:l (f (pa- (z4))),

then we obtain
(3.9) Heos (A™) < Heos (A)

P4. (Symmetry): It is clear from definition of Heos (A) and with pge (z;) =
1— pa (z;), we conclude that

(3.10) H(A)=H (A°).
Hence Hos (A) is an axiomatically valid measure of fuzzy entropy.
This proves the theorem. ([

We now turn to study of properties of Hos (A). The proposed cosine fuzzy entropy
Hos (A), satisfies the following interesting properties.

Theorem 3.2. Let A,B € FS(X) be given by
A= {(z, pa(2)) |z € X},

B = {<x’ pe () ‘x EX}v
such that they satisfy for any x; either A C B orA D B, then we have

Heos (AUB) + Heos (AN B) = Heos (A) + Heos (B) .
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Proof. Let us separate X into two parts X; and X5, where
X, ={x; € X: AC B},
and
Xo={z; € X:ADB}.
That is, for all z; € X,

(3.11) pa (i) < pp (i),
and for all x; € X5
(3.12) pa (i) > pp ().

From definition in (3.1), we have

Heos (AU B) %E”: [cos 2MAUB§QCZ-)_1)7T}
i=1
(3.13) = l{ Z cos——+———~= S xz)— } { Z cos (224 (& ) 1)71'}].
z;€X1 z;€X2

Again from definition in (3.1), we have

Heos (AN B) Z { (2pans (zi) — 1)7@

z:l

Hz (ale) - 1) } {Z (Cup z:) %H.

Now adding (3.13) and (3.14), we get
Heos (AUB) + Heos (AN B) = Heos (A) + Heos (B) .

(3.14) =

Sl

This proves the theorem. O
Corollary 3.1. For any A € FS(X), and A®the complement of fuzzy setA, then
(3.15) Heos (A) = Heos (AY) = Heos (AU AY) = Heos (AN A°).

Proof. This follows from the result H (A) = H (A) and the above theorem. [

In the next section, we propose a new similarity measure between fuzzy sets called
‘cosine fuzzy similarity’ and study their properties. We have also given a relation
between cosine fuzzy entropy and cosine fuzzy similarity here.

4. COSINE Fuzzy SIMILARITY MEASURE

In this section, we propose a new similarity measure for FSs. The formal definition
is as follows:

Definition 4.1. Cosine Fuzzy Similarity Measure: Given two fuzzy sets A
and B defined in X = {x1, 29, ..., 2, } having the membership values 4 (z;) , i =
1, 2,....,n and pp (z;) , i = 1, 2,...,n respectively, we define the measure of cosine
fuzzy similarity, Spg (A, B), between FSs A and B, as

(4.1) Srs (A, B) = % zn: [Cos (pa () . pe (i)
i=1
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In the next theorem, we establish properties that according to Liu [6], justify our
proposed measure to be a valid ‘fuzzy similarity’:

Theorem 4.1. The Srg (A, B) measure in (4.1) of the fuzzy similarity satisfies
the following properties:

/SZ/O S SFS (A,B) S 1,’ S( B) SFS (B A) SFS (A,B) =
1ifand only if A= B, i.e. pa(x;)=pp(x;) foralli=1,2,...,n.  For
all A,B,C € FS(X), if A C B C C, then Sps(A,C) < Sps(A,B),
Srs(A,C) < Sps(B,C).

Proof. S1. Let A(a gy = Mw, then from 0 < pyu (z;),pup (x;) < 1, we
have
(4.2)

™ ™ (pa (i) — pp (i)
—— <A <= < cos
5 < (A,B)_2:>O_c05 5

S2. This simply follows from symmetric expression of Spg (A, B).

T<1=0<Sps(A,B)<1

S3. Let A = B, ie pa(x;) = pup(x;) forall i =1, 2, ..., n. Then from (4.1) we
obtain that

(4.3) Srs (A,B) = 1.
This proves ‘if” part of the statement. Next suppose that Spg (4, B) =1, i.e.
n
(pa (zi) — ps (1))
4.4 =n.
(4.4) ; [co 5 T =n

Then, this being the sum of n terms, each term in the summation being less than
or equal to 1, then for all i,

=1
cOoS 5 s

or

(4.6) pa (i) — pp (2:) = 0.

From (4.6), it immediately follows that ua (x;) = pp(x;) for any z; € X, i.e
A=B.

S4. Since
(4.7) ACBCC= pa(w) < pp(v) < pe (i),
then
(pa(r)—pp()) o~ (Lal@d—pc(z) -
(4.8) (nG) petea) ;> (e pel) ¢ }

From (4.8) and the nature of cosine function, we get

(4.9)
(pa (z:) — pp (i) (pa (z:) — pe (xi))
2 - 2

cos T > cos 7= Srs(A,C) < Sps (A, B),

(4.10)
cos (1 (2:) ; He (xl))w > cos (24 (:) ; Ho (xi))ﬂ = Srs(A,C) < Sps (B,C).
This proves the theorem. [
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The importance and strength of this measure lies in its properties that we study in
the following theorems.

For proofs of the properties, we will consider separation of X into two parts X,
and X5, such that

X, ={x; € X: AC B},
and

Xy ={r; € X:ADB}.
That is, for all z; € X,
(4.11) pa (zi) < pp (),
and for all z; € X5
(4.12) a (@) > i ().

Theorem 4.2. For A, B € FS (X), and if they satisfy that for any x; € X, either
A C Bor AD B, then

Srs(AUB,ANB)=Sps(A,B).
Proof. Using Definition 4.1, we have
Srs (AUB, AN B)

n

_ 1 3 [COS (pauB (xi) — panB (ﬂ%))ﬂ]

— 2
1 cos 18 (@) = pa (@) o (1 (@) = i (21)
S| E g g ottt
_1¢ (pa (x;) — pp (x;))
= ; [cos 5 B ﬂ}
= Srs (A, B)
This proves the theorem. O

Theorem 4.3. For A,B,C € FS (X),
[(i).]SFs (A UB,C) < Sps (A,C) + Sps (B,C), Srs(ANB,C) <
Srs (A, C) + Srs (B,C).

Proof. We prove (i) only, (ii) can be proved analogously.
(i) Let us consider the expressions for

(4.13) Srs (A,C)+ Sps (B,C) — Srps (A UB,C)

n

zn: [COS (kB (xi) — pe (xi))ﬂ]

2

& [cos (pa (xi) — HC (xi))
1 2

1=




SRS

SEES
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1=

>

Lz, € X1

2.

Lz, € X1

2

- {cos (pa (z:) — pe (xi))

— pe (@)

{cos (1B (xi)

2

— pc (24))

{COS (pa (2;)

2

|+

1 n
2

i=1

— pc (l’z'))ﬂ]

[COS (1B (1) .

>

o

This proves the theorem.

Theorem 4.4. For A,B,C € FS (X),

SFS (A UB7C)+SFS (A ﬁB,C) = SFS (A7O) +SFS (B,C)

Proof. From Definition 4.1, we first have:

SFS (AUBaC)

_ %Xn: [cos (raus (l‘z')2— ] (in))ﬂ}

Next, again from Definition 4.1, we have

Srs (AN B, C)
_! Z [COS (rans (i)
i=1

— pic (ffi))ﬁ}

n 4 2

(MA (%‘) e (fﬂi))

5 {en o) s o)

z;€X2

(uB (w5) — pe (x4))

3

=i[

>

x;€X1

{COS

2

np+

>

r;€X2

{ (¢0)]

2

After adding (4.14) and (4.14), we get the result.
This proves the theorem.

Theorem 4.5. For A,B € FS(X),
[(i).]SFs (A, B) = Sps (AC,BC);
S (A, B) = Ses (A, BO) 1 Sps (4, BY),

3

SFS (AaBC) = SFS (AC7B)7.

SFS (A7 B)+

where A® and B represent complements of the fuzzy sets A and B, respectively.

Proof. (i). Tt simply follows from the relation that membership of an element in a

set has with its complement.
(ii). Let us consider the expressions for

(4.16) Srs (A,BY) — Srs (A°, B)
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=0.
(i11). It is obvious from (i) and (7).
This proves the theorem. O

Interestingly, the cosine fuzzy similarity measure given in (4.1) leads to interesting
situations when it is consider between a set and its complement. The measure (4.1)
reduces to cosine fuzzy entropy (3.1), as shown in the next theorem.

Theorem 4.6. For each A € FS(X),
(4.17) Srs (A, A%) = Heos (A).
Proof. The proof follows directly from the Definitions 2.3, 3.1 and 4.1. O

5. CONCLUSIONS

We have introduced two measures using cosine function. These measures having
elegant properties, present a new vista for applications and further considerations.
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PARALLEL AND SEMIPARALLEL LIGHTLIKE
HYPERSURFACES OF SEMI-RIEMANNIAN SPACE FORMS

SULEYMAN CENGIZ

ABSTRACT. In this paper, some properties of lightlike hypersurfaces with par-
allel and semiparallel second fundamental forms are investigated in semi-Riemannian
space forms. Then some generalizations of these conditions are performed.

1. INTRODUCTION

The interest on submanifolds with parallel second fundamental forms increased
in 1970s. The study on submanifolds with parallel second fundamental form of
Euclidean spaces was started by J. Vilms [21] and similar case for hypersurfaces
was studied by U. Simon and A. Weinstein [19]. A classification to the submanifolds
with parallel second fundamental form of space forms was carried by Takeuchi [20]
who makes the term parallel submanifolds more popular, especially from the local
point of view. After then parallel submanifolds of Riemannian space forms and
non-degenerate ones of semi-Riemannian space forms have been studied in many
papers [1], [12, 13, 14], [16]. Later the condition for parallelity was generalized to
higher orders and k-parallel submanifolds were introduced [4], [5], [15].

Parallel submanifolds were also extended to a more general class of submanifolds
called semiparallel submanifolds. These wider class of submanifolds in Euclidean
space was introduced and classified by J. Deprez [2], [3]. F. Dillen has given a
classification of semiparallel hypersurfaces of a real space form [6]. U. Lumiste has
written a book on this subject and its generalization including many of the old and
recent studies [11].

Here some conditions related to parallel and semiparallel hypersurfaces are in-
vestigated for the degenerate case which is mostly ignored in the mentioned studies.
We will use the screen distribution approach of a lightlike hypersurface explained
as in the books [7],[9].
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2. PRELIMINARIES

Let (M, g) be a hypersurface of an (m + 2)—dimensional semi-Riemannian man-
ifold (M, g) of index g € 1,....,m + 1. As for any p € M, T, M is a hyperplane of
the semi-Euclidean space (T, M, g,), we consider

T,M* = {V, € T,M; g,(Vp, Wy,) = 0,YW,, € T, M},

and
RadT,M = T,M NT,M~.

Then M is called a lightlike hypersurface of M if RadT,M # {0} at any p € M.
The semi-Riemannian metric § on M induces on M a symmetric tensor field g of
type (0,2), i.e., gp(Xp,Y,), for any p € M. Also we know that g has a constant
rank m on M and RadT,M = TM~* [7].

The tangent bundle space T'M of a lightlike hypersurface has the decomposition

(2.1) TM = RadTM L S(TM)

where the complementary vector bundle S(T'M) is called the screen distribution
on M. So, a lightlike hypersurface (M, g) of a semi-Riemannian manifold (]\_4 , g)
is generally shown by (M, g, S(TM)). By [7, Theorem 1.1] there exists a unique
vector bundle tr(TM) of rank 1 over M, such that for any non-zero null section
¢ € RadT'M on a coordinate neighborhood U C M, there exists a unique null
section N of tr(T'M) on U satisfying

§(6N) =1,G(N,N) =5 (N, X) = 0,vX €T (S (TM),)

where tr (T'M) and N are called the lightlike transversal vector bundle and the null
transversal vector field of M with respect to S (T'M) respectively. Then we have
the following decomposition of T'M|;:

TM|y = S(TM) L (RadTM @ tr (TM)) = TM & tr (TM).

Let V be the induced connection on the lightlike hypersurface (M, g, S(TM)) and
P be the projection morphism of TM on S (T'M) with respect to the decomposition
(2.1). Then the local Gauss and Weingarten formulas are given by

VxY = VxY+h(X,Y),

VxN = —AxyX +VLN,

VxPY = V%PY +h*(X,PY),
(2.2) Vxé = —A{X — V¥,

for any X,Y € T'(TM), where V* V¢ and V*' are the linear connections on
S(TM),tr(T'M) and RadTM, h and h* are the second fundamental forms of M
and S(T'M), An and A are the shape operators of M and S(T'M) respectively.
Locally, suppose &, N is a pair of sections on U C M satisfying (2). Then define
a symmetric sIF(U)— bilinear form which is called the local second fundamental
form of M and a 1-form 7 on U C M defined by

B(X,Y) = g(h(X,Y),8),
T(X) = g(VkN.¢)
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for any X,Y € I'(T'M)y). It follows that

hX,Y) = B(X,Y)N,
VKN = 7(X)N,
V¥ = §(Vx&N)=—-g(§, VxN) = —7(X)¢.

Also we define the local screen fundamental form of S(TM) as
C(X,PY) = g(h*(X,PY),N).

Hence, on U the Gauss and Weingarten equations become

VxY = VxY +B(X,Y)N,
VxN = —AxNX +7(X)N,
VxPY = VxPY +C(X,PY)E,
(2.3) Vi€ = —ALX 4 r(X)E,
h is independent of the choice of S (T'M) and it satisfies the equation
(2.4) h(X,§) =0, VX eI (TM).

The linear connection V of M is not metric and satisfies the equation

for any X,Y,Z € T'(T'M). But the connection V* of S (T'M) is metric.
The second fundamental forms h and h* are related to their shape operators
with the equations

(2.6) gh(X,Y),§) = BX,Y)=g (AEX, Y) , g (AZX7 N) =0,

(2.7) g(h*(X,PY),N) = C(X,PY)=g(AxX,PY), §(AxX,N)=0.

From (2.6), Ag is S (T'M) —valued and self-adjoint on T'M such that

(2.8) Afe=0.

Covariant derivatives of h and A with respect to the connection V are defined as
(29)  (Vxh)(Y.2) = Vih(Y.Z)-h(VxY.Z) - h(Y,VxZ),

(2.10) Vx (ANY) = (VxAN)Y + AN (VxY).

The Riemann curvature tensor of a lightlike hypersurface (M, g, S (T'M)) of a semi-
Riemannian manifold (M , g) is given at [10] by

R(X,)Y)Z = R(X,Y)Z+ Anx.z)Y — AnyX
(2.11) +(Vxh) (Y, 2) = (Vyh) (X, Z).
Then for a lightlike hypersurface (M, g, S (T'M)) of a semi-Riemannian space form
(M(e), g) we get the Gauss curvature equation as
(2.12) RXY)Z=c{g(Y,2)X —g(X,2)Y} — Apx,2)Y + Any,2)X
and the Codazzi equation as

(Vxh) (Y, Z) = (Vyh) (X, Z).

For a lightlike hypersurface M of a semi-Euclidean space M, using the equality
h(X,Y)=B(X,Y) N the equation (2.12) becomes

(2.13) R(X,Y)Z =B (X,Z)AxY + B(Y, Z) A X.
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The Ricci tensor of a lightlike hypersurface (M, g, S (T'M)) of a semi-Riemannian

space form (M (c), ) is given at [8] by
(2.14) RO2(XY) =meg(X,Y)+ B(X,Y)trAy — B(Y, Ay X).

Let (M, g,S(TM)) be lightlike hypersurface of a semi-Riemannian manifold
(M , g). M is totally umbilical, if and only if, locally, on each U C M there exists
a smooth function p such that
(2.15) B(X,Y) = pg(X,Y), YX,Y €T (TM]y)
is satisfied [7].

For a (r,s)— tensor field T we define the second covariant derivative (V2T as
the (r, s + 2) —tensor field [17]

(V2T)(Wh, ... WU V) = (ViyT)(Wh, .., W)
= Vu((VyT)(Wy,...,Wy))
— (VyuvT)(Wy, ..., Wy)
- (W) (VyWh, ..., W)
(2.16) — = (VD) (W, ..., VyWy).

3. PARALLEL AND 2-PARALLEL LIGHTLIKE HYPERSURFACES

A tensor field is said to be parallel if its covariant derivative vanishes. A hyper-
surface whose second fundamental form A is parallel, that is VA = 0, is called a
parallel hypersurface. In general if the second fundamental form h of a hypersurface
satisfies the condition

VFh =0, Vh#£0 (s<k),
then the hypersurface is said to be k—parallel [11]. Thus, a 0—parallel hypersurface
is simply a totally geodesic one and a 1—paralel hypersurface is parallel that is not
totally geodesic.

We already have the following theorem for parallel lightlike hypersurfaces:

Theorem 3.1. [18] Let M be a lightlike hypersurface of a Lorentzian manifold
M. Then the second fundamental form of M is parallel if and only if M is totally
geodesic.

For the general case the following theorem can be proved.

Theorem 3.2. There exists no proper totally umbilical 2—parallel lightlike hyper-
surface of a semi-Riemannian space form.

Proof. Let (M,g,S(T'M)) be a lightlike hypersurface of a semi-Riemannian space
form (M(c),g). Using the identity (3.1) the second order covariant derivative of
the second fundamental form h of M can be found as

(Viwh) (X,Y) = Vi ((Vwh)(X,Y))~ (Vwh) (VvX,Y)
—(Vwh) (X, VvY) = (Vy,wh) (X,Y)

for any X, Y, VW € T'(TM). If we assume that M is 2— parallel, setting W =
X =¢, we get

0 = Vi ((Veh)(€.Y)) = (Veh) (VvE,Y)
(3.1) —(Veh) (&, VvY) = (Voyeh) (§,Y).
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Substituting (2.4) into (2.9) and using the last equation of (2.2) with (2.8) we obtain
(Veh) (£,Y) =0 and (Veh) (€, VvY) = 0. Since h is symmetric, from the equation
(2.9) we see that Vh is also symmetric. Then by the Codazzi equation we can write

(Veh) (VvE,Y) = (Vyyeh) (§,Y) = (Vyh) (€, VvE).
So the equation (3.1) becomes
0==2(Vyh) (& VvE).

Again by the equations (2.4),(2.6),(2.8),(2.9),(2.15), the last equation of (2.2) and
since the lightlike hypersurface is totally umbilical we obtain the result

= h(AfY,A{V) = B(A{Y,A{V)N = p*h(Y,V).

Since the second fundamental form of a 2—parallel lightlike hypersurface can not
vanish and p # 0, we get a contradiction and the theorem is proved. [

4. SEMIPARALLEL AND 2-SEMIPARALLEL LIGHTLIKE HYPERSURFACES
The integrability condition of the differential system VA = 0 is given by the
equation
R(X,Y) h=0
where R(X,Y’) is the curvature operator and h is the second fundamental form.

This equation characterizes the semiparallel hypersurfaces. Equivalently, for X, Y, Z, W €
I'(T'M) any hypersurface satisfying the equation

(4.1) h(R(X,Y)Z,W)+h(Z,R(X,Y)W)=0

is called a semiparallel hypersurface [18]. As a generalization of this, we consider
the following integrability condition of the system V*h = 0:

(4.2) R(X,Y)-V*'h=0

Hypersurfaces with this condition are said to be k—semiparallel. 1—semiparallel
is simply a semiparallel one. We know that non-degenerate parallel hypersurfaces
of semi-Riemannian spaces are semiparallel [11]. It is clear that the converse of
this is not true. We know the following theorem for the lightlike hypersurfaces of
semi-Euclidean spaces:

Theorem 4.1. Let (M, g,S(TM)) be a semiparallel lightlike hypersurface of semi-
Euclidean (n+ 2)—space. Then either M is totally geodesic or C ({, AEU) =0 for

any U € (S(TM)) and § € T (TM*), where C and Af are the second fundamental
form and the shape operator of the screen distribution S(T M), respectively [18].

This theorem can be extended as to be valid also for Lorentzian space forms:

Lorentzian space form (M(c),g). Then, for any Z € T'(TM), either M is totally
D 2) = 0 is satisfied.

Theorem 4.2. Let (M,g,S(TM)) be a semiparallel lightlike hypersurface of a
geodesic or the equation R(?)
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Proof. Substituting (2.12) in (4.1) we get
h(R(X,Y)Z,W)+h(Z,R(X,Y)W)
— g (V. 2) B(X,W) - g(X,2) B(Y, W)
g (Y, W) B(X,Z) - (X, W) B(Y, Z)}
—B(X,Z)h(ANY, W)+ B(Y,Z)h (AnX, W)
(4.3) —B(X,W)h(ANY,Z)+ B(Y,W)h(ANX,Z).

Since the lightlike hypersurface is semiparallel, setting X = ¢ and Z = W in the
equation above, with (2.4) and (2.6) we find

0=B(Y,2) g (AnE, ALZ).

Then by the definition of Ricci tensor (2.14) we obtain g (ANf, Af Z) = R(02) (¢, 7).
Hence, either B = 0, that is M is totally geodesic, or R(%?) (¢, Z) = 0. O

Corollary 4.1. Let (M, g,S(TM)) be a totally umbilical lightlike hypersurface of

a semi-Riemannian space form (M(c),g). M is semiparallel if and only if M is
semiparallel as a lightlike hypersurface of the ambient semi-Fuclidean space.

Proof. Since M is totally umbilical, substituting (2.15) in (4.3) we get
h(R(X,Y)Z, W)+ h(Z,R(X,Y)W) =
= op{g(Y,2)g (X, W) =g (X, 2) g (Y, W)
+9 (Y, W) g (X, 2) —g(X,W)g(Y,2)}
—B(X,Z)h(ANY, W)+ B (Y, Z)h (AnX, W)
—B(X,W)h(ANY,Z)+ B(Y,W)h(ANX, 2Z)
= —h(B(X,Z)ANY —B(Y,Z)ANX, W)
(4.4) —h(Z,B(X,W)ANY — B(Y,W)AnX)

The result is obvious by the equation above. (I

Example 4.1. In Minkowski space R7""? the lightlike cone /\6’”‘1 is given by the
equations
m+1 m—+1

_(,0)2 a2 _ . g a0
(2°) +GZ:1(:E) —O,x—AEZ:Ox 81“4#0'

The radical space and the lightlike transversal vector bundle of M are spanned by
the lightlike vector fields

and

respectively, for any X € § (T/\S”H), X = Z;n:ll X aga' The lightcone and its

screen ditribution S (T Ag”'l) are totally umbilical as the equations

B(X,Y)=—-g(X,Y)
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ve

C(X,Y)= —2(9610)2g(X,Y)

are satisfied for any X,Y € S (TAJ'*"). Also the Riemann curvature tensor of
AJT! s calculated as

1
R(X,Y)Z:—W{g(Y,Z)ng(X,Z)Y}

similar to the given in [7]. Since AS”H is not totally geodesic, it is not parallel. But
using the definition of semiparallelity for any X,Y, Z, W € T' (T M) we get
(R(X,)Y)-h)(ZW) = —h(R(X,)Y)ZW)—-h(Z R(X,Y)W)
1

= W{Q(Y7Z)h(X7W) —g(X,Z)h(Y7W)}

+2<;0)2 {9 (Y, W)h(Z,X) - g(X,W)h(ZY)}

and with B (X,Y) = —¢g(X,Y) we have
(R(X,Y)-h)(Z,W)=0.
So AJ"*! is semiparallel.

Theorem 4.3. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Riemannian

space form (M(c),g). If M is 2—semiparallel, then either M 1is totally geodesic or
it satisfies the equation R(%2) (AEVV7 g) =0.

Proof. From (4.2), if M is 2—semiparallel, then we get

0 = (RX,Y) -Vh)(U,V,W)=(R(X,Y) -Vwh) (U, V)
= —(Vwh)(R(X,Y)U,V)— (Vwh)(U,R(X,Y)V)
— (Vrxyywh) (U, V)
= —BY,U)(Vwh)(AnX,V)+ B(X,U)(Vwh) (ANY,V)
-B(Y,V)(Vwh) (U, AnX) + B(X,V) (Vwh) (U, ANY)
—B (Y, W) (Vayxh) (U, V) + B(X,W)(Vayvh) (U, V).

Setting U = X = £ we have

0 = BY,V)h(Vw& AnNE) + B (Y, W)h(Vaye&, V)
— —B(Y,V)h (AW, Ax€) — B(Y,W)h (A (AxE), V)

and taking V = W it becomes
0=-2B({Y,W)h (AEW, ANE) .

Hence, either B = 0, that is M is totally geodesic, or using (2.14) we see that it
satisfies ¢ (AZAEW, ANg) — R(02) (AZW’ 5) —0. 0
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ON THE ISOMETRIES OF 3-DIMENSIONAL MAXIMUM SPACE

T. ERMIS AND R. KAYA

ABSTRACT. In this article, the hexahedron associated to metric geometry full-
filed by the metric of which unit sphere is hexahedron. We have analytically
proved that the isometry group of the space with respect to this metric is
the semi direct product of the Euclidean symmetry group of the cube and
T'(3) which is all translations of analytical 3—space.

1. INTRODUCTION

Many geometric studies and investigations are concerned with transformations
of geometric objects on various spaces. Some of the transformations form group.
Many of these groups consist simply of the symmetries of those spaces. The Pla-
tonic solids provide an excellent model for the investigation of symmetries. Also,
Platonic solids are very important in the sense that they can be used not only in
studies on properties of geometric structures, but also investigations on physical
and chemical properties of the system under consideration. The isometry group
have extensive applications in the theory of molecular and crystalline structure [1],
[6]. The importance of isometries is that they preserve some of geometric proper-
ties; distance, angle measure, congruence, betweenness, and incidence [4], [5], [7],
[8]. The isometry group is a fundamental concept in art as well as science. To
develop this concept, it must be given a precise mathematical formulation.

Through the article we will use the definitions, explanations, propositions and
the methods of proofs in the main reference [3].

2. THE MAXIMUM METRIC

It is important to work on concepts related to the distance in geometric studies,
because change of metric can reveals interesting results. What appears to be es-
sential here is the way in which the lengths are to be measured. The present study
aims to present isometry group of R3 by achieving the measuring process via the
maximum metric dpg in preference to the usual Euclidean metric dg.

2000 Mathematics Subject Classification. 51K05, 51K99.
Key words and phrases. maximum distance, maximum space, isometry group.
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For the sake of simple, R? fullfiled by maximum metric is denoted R3; in the
rest of the article. Linear structure except distance function in the R3; is the same
as Euclidean analytical space [9]. This distance function dpg is defined as following.

Definition 2.1. Let P, = (21,1, 21) and P> = (29, ys, 22) be two points in R3. The
distance function dyg : R? x R® — [0, 00) defined by
dm (Pr, Pp) = max {|za — 1], |y2 — y1], [22 — 21|}
is called maximum distance function.
According to this distance function, the unit sphere is a hexahedron in the R3,.

Proposition 2.1. The distance function dy is a metric of which unit sphere is
cube in R? (see Figure 2.1).

Figure 2.1

Proposition 2.2. Given any two points A and B in R3;. Let direction vector of
the line | through A and B be (p,q,r). Then,

de (A, B) = 11 (AB) dn (A, B)

where
max {|p|,[ql, [r[}

/D2 ¥ +r2

Proof. Let A=(z1,v1,21) and B=(z2,ya, 22) be two points in R3,. If line [ with di-

1(AB) =

>
rection vector (p, g, r) passes through the points A and B, then AB || (p, g, r) . There-
—
fore AB = X\ (p,q,r) such that A € R\ {0}. So

dm (A, B) = [Amax{[p|, |q|, ||}

and similarly,

5 (A,B) = M) + @) + ().
Consequently dn (A4, B) = max {[pl,lal, Irl} is obtained. O

dE (A,B) /pQ +q2_|_7,2
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3. ISOMETRIES OF THE R},

We want to show that isometry group of the maximum space R3; in this section.
At the end of this section we are going to show isometry group of R3; is the semi
direct product of 7 Euclidean symmetry group of cube ” and ” all translations of
R3 7. Also, Oy, consist of identity, reflections, rotations, inversion, rotary reflection
and rotary inversions. Before we give isometries of R3;, we introduce elements of
the set Oy,.

A transformation is any function mapping a set to itself in R3. A figure in R?
is any subset of R?. An isometry of R3; is a transformation from R? onto R? that
preserves distance. This means dv(X,Y) = dm(a(X),a(Y)) for each points X
and Y in R3;. A symmetry of a figure F in R? is an isometry mapping F onto
itself —that is, an isometry f : R3 — R3 such that f(F) = F. The identity function
I is a transformation is given I(X) = X for each point X in R3. If A represents a
plane, then the reflection o across the plane A fixes every point on A, and takes
every point X not on A to Y, where A is the perpendicular bisector of X and Y.
A rotation is an isometric transformation which can be written as the composition
of two distinc reflections. That is, a rotation about axis [ is defined by caor where
two planes I and A intersect at line [. A rotary reflection is an transformation which
is the combination of a rotation about an axis and a reflection in a plane. That is,
a rotary reflection is defined by opoaor such that I' and A are two intersecting
planes each perpendicular to plane II. A inversion according to a point P can be
written as the op(X) =Y such that P is the midpoint of X and Y for X , Y € R3.
Rotary inversion is the combination of a rotation and an inversion in a point.

Proposition 3.1. All Euclidean translation in R3 is an isometry of R3,.

Proof. Given a points A = (a1, as, a3) in R};. The translation T4 : R3; — R3,; is a
mapping such that Ty (X) = A+ X.
Let X = (z1,y1,21) and Y = (79,2, 22) be any two points in R}, then

dna (T4 (X), Ta (V) = max{ Kalﬂ?)_(alHl)",'|%i§iii§:8§f§3} }

= dum (X,Y).
This means that translation T4 is an isometry. O

Therefore, we now consider planes passing through the origin for all calculations
in the rest of the article.

. L4 . . . . . . e 3
The following proposition gives reflections which preserve distance Ry;.

Proposition 3.2. Given the plane A having equation ax+by+cz = 0 in R3 ;. Reflect-
ion oa s a isometry iff unit normal vector of the plane A is written as )\.1_} where
A is a scalar and ‘_} € D such that
D = {(1,0,0),(0,1,0),(0,0,1), (£1,1,0), (£1,0,1), (0,£1, 1)} .
Proof. Euclidean reflection oa : R? — R3 can be defined by
7alny2) = < e 2acz,’—_22a;;+_ (21bc_y2ﬁ2()1y_—2?c2§2 )

such that (a, b, ¢) is the unit normal vector of the plane A.
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We know that the reflection preserving a base of R? is a isometry. If we take
vector set T = {A; = (1,1,1), 4y = (1,—-1,1), A3 = (1,—1,—1)} as base of R?, we
shall find that reflections which preserve vectors of this base. To find reflections,
we shall calculate a, b, c. If we calculate image of set T' under Euclidean reflection,
we get

oa (A1) = (1 —2a® — 2ab — 2ac, —2ab + 1 — 2b? — 2bc, —2ac — 2bc + 1 — 2¢%)

oa (Ag) = (1 —2a® + 2ab — 2ac, —2ab — 1 + 2b? — 2bc, —2ac + 2bc + 1 — 2¢%)

oa (As) = (1 - 2a® + 2ab + 2ac, —2ab — 1 4 2b? + 2bc, —2ac + 2bc — 1 + 2¢%) .

If reflection preserves dy;—distance, we have three equations;
dm (O, A1) = dn (04 (0) ,0a (A1) =1
dM (07 AQ) = dM (O’A (O) s OA (AQ)) =1
dm (0, Az) = dm (04 (0) 04 (43)) = 1.
Thus,
max { |1-2a%-2ab-2ac| , |-2ab + 1-2b*-2bc
max { |1-2a + 2aby-2ac| ,
max { ’1-2(12 + 2ab + 2ac|,

, |-2ac-2bc + 1-2¢7|} =1
-2ab-1 + 2b%y-2bc| , |-2ac + 2bc + 1-2¢?| } =1
-2ab-1 + 2b% + 2bc| , |-2ac + 2bc-1 + 2¢?| } =1

is obtained. Consequently, we have the system of equations with three unknows
a, b and c. Solving these system of equations for a, b and ¢, we get

(¥1,0,0), (0,¥1,0), (0,0,F1),
0,F— F—— |, |F=.0,F = |, | F=,F=.0].

2 2 2 2 2 2

Conversely, we shall show that reflections oa preserve distance dyg. Given reflection
oa such that oa (X) =Y for X, Y € R3,. Let (p1,q1,71) and (pa2, ga,72) be the
direction vectors of the lines OX and OY, respectively. If ©(OX) = 1 (OY), then
dm (0,X) = dnm (0,Y) is obtained by Proposition 2. 2.

To show dn (O, X) = dm (0,Y), we must check for all possible;

A (P2, q2,72) A (p2,q2,72)
x=0 (=p1,q1,71) r+2=0]|(-r,q,—p1)
y=0 (p1,—q1,71) r—2=0] (r,q,p1)
z2=0 (p1,q1,—71) y+2z=01 (p1,—11,—q1)

r+y=0](-q,—pi,m) y—2z=0]| (p1,m,q)
r—y=0| (q,p1,71)

(]

Corollary 3.1. In R, nine Euclidean reflections according to the planes having
equations x =0, y =0, 2 =0, 24+y =0, z—-—y=0, 2+2=0, v —z =0,
y+2=0, y—2z=0 are isometric reflections.

. 4t L e . . Ll 3
Following proposition tell us isometric rotations in Ry.

Proposition 3.3. Given a rotation rg : Ry; — R3; according to | having equation
x z

T_¥_ —. Rotation rg is an isometry iff rg € Ryy = Ry U Ro U R3 such that

p q T

s 3
Ry = {7’9 10 e {2,71', 2} , rotation axis has a direction vector in Dl} ,
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27 4
Ry = {7‘0 :0 € {;, ;T} , rotation axis has a direction vector in Dg} ,

Rs ={rg: 60 € {xn}, rotation axis has a direction vector in D3},
where

Dy = {(1,0,0),(0,1,0),(0,0,1)},

Dy ={(1,1,1),(~1,1,1),(1,~1,1), (1,1, -1)},

and

Ds ={(1,1,0),(1,-1,0),(1,0,1),(1,0,-1),(0,1,1),(0,1,—1)}.

Proof. Recall that if rp : RY; — R3S, according to | having equation r_v_z

q
where (p, g, ) is a unit vector is a Euclidean rotation, then 7y has following matrix

representation:

cosf + p? (1 — cos0) pq (1 —cosf) —rsind pr (1l —cosf) + gsind

pq (1 — cosf) + rsind cosf + ¢* (1 — cosf) qr (1 —cosf) — psind

pr (1 —cosf) — gsiné qr (1 —cosf) + psinf cosf + 1% (1 — cos®)
A rotation can be written as the combination of two distinc reflections. So, a
rotation with axis [ can be defined by oaor where [ is line of intersection be-
tween planes I' and A. Consequently, vectors (1,0,0), (0,1,0), (0,0,1), (1,1,1)
(-1,1,1), (1,-1,1), (1,1,-1), (1,£1,0), (1,0,+£1), (0,1,£1), (0,1,—1) can be
take as direction vector of the line [ by Corollary 3.1. To show isometric rotations
in R%m our next step is to give that rotations which preserve the lenghts of the
edges of the unit sphere. To do this it will be enough to find isometric rotations.
Let A; = (1,1,1) and A3 = (1,—1, 1) be points on the unit sphere. If we find image
of Ay and Ay under ry, we get

cos 0+p? (1- cos 0) +pq (1- cos @) -r sin O+pr (1- cos 0) +q cos 0
reg (A1) = , pq (1-cos 6) +r sin 0+ cos O+q2 (1- cos 0) +qr (1- cos 0) -psin §
, pr (1-cos @) -g sin 0+qr (1- cos 0) +p sin 0+ cos O+1r2 (1- cos )

cos 0+p? (1- cos ) -pq (1- cos §) +r sin O+pr (1- cos 0) +q cos f
ro (A2) = , pq (1-cos 6) +rsin 6- cos 0-¢> (1- cos §) +qr (1- cos §) -psin 0
, pr (1-cos 0) -q sin 6-qr (1- cos 0) -p sin 6+ cos O+12 (1- cos )

If rg preserves dyp—distance, we have equation;
dn (A1, Az) = di (rg (A1) 7 (A2)) = 2.

Let (1,0,0) can be taken the direction vector of [ in D;. Then (p,q,r) = (1,0,0).
Setting p = 1, ¢ = 0 and r = 0 in the equation dng (rg (A1) ,79 (A2)) = 2, we get
max {|cosf|,|sinf|} = 1. Solving this equation for § # 0, we obtain 0 = 7/2, 7
or 37w /2. Consequently, all Euclidean rotation about the x—axis with 0 = 7/2, 7
or 3m/2 is an isometry of R3;. Similarly, if the direction vector of [ is one of
(0,1,0), (0,0,1), then 8 = 7/2, m or 37/2.

1

Let (1,1,1) can be taken the direction vector of [ in Ds. Then (p, g, r):—3 (1,1,1).
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Setting p, ¢ and 7=1/1/3 in the equation dyg (rg (A1), 76 (A2)) = 2, we get:

1 1

= (1 —cosf) — —sind|,
3

dm (1o (A1), 719 (A2)) = Vs

1
cos 0 + 5(1 —cos&)‘

)

1 1
— (1 —cosf) + —=sinf
3 G

=1.

Solving above equation for 6 # 0, we get 0 = 27 /3 or 47 /3. Consequently, rotations
rg according to the line [ having direction (1,1, 1) with 6 = 27/3 or 47/3 is an isome-
try of R3. Similarly, if the direction vector of [ is one of (-1,1,1), (1,-1,1), (1,1,-1),
then § = 27/3 or 4m/3.
Let (1,1,0) can be taken the direction vector of [ in D3. Then (p, g, r):\% (1,1,0).
Setting p = 1/v/2, ¢ = 1/v/2 and r = 0 in the equation dng (19 (A1), 76 (A2))=2,
we get

dm (19 (A1), 79 (A2)) = max {|1 —cosb)|,|cosb|, |sinb|}

=1.

Solving above equation for 6 # 0, we get 6 = 7. That is, every Euclidean rota-
tion about the line ! that has the direction (1,1,0) with § = 7 is an isometry of
R3,. Similarly, if the direction vector of [ is one of (1,—1,0), (1,0,1), (1,0,-1),
(0,1,1), (0,1,—1), then 8 = 7.

Conversely, we must show that rotations ry € Ry, = Ry U Ry U R3 preserve
distance dpg. To show dy (O, X) = dm (0,Y), we shall consider the following
cases to check p(OX) = p(OY). One can easily calculate u (OX) = pu(0OY) for
all possible cases as in Proposition 3. 2. For example:

(1,0,00 | z@LLY | HF@LLO) |
6=n/2 | 0=2r/3 0=n
(p2,q2’7,.2) ‘ (pla_rlaQI) | (Tlaplaql) ‘ (qlaplaTl) ‘

rotation

O

Corollary 3.2. Twenty three Euclidean rotations about the lines passing through
origin are isometric rotations in ]R%,[.

Note that the inversion oo about O = (0,0,0) is the transformation such that
oo (z,y,2) = (—x,—y, —z) for each point (z,y,2) in R3;. Also, inversion oo is a
isometry in R3,;. We use o0 to prove following propositions.

Proposition 3.4. There are only six rotary reflections about O that preserve the
dn—distances.

Proof. We know that the composition of a reflection in a plane and a rotation about
an axis orthogonal to the plane is called a rotary reflection. A rotary reflection is
determined by the reflection and an angle of rotation [2]. So, rotary reflection can be
written briefly as p := ogoaor = onre such that rg € Rpy, I' and A perdendicular
to IT [7]. This means that 9 rotation axes can be selected from 13 rotation axes are
given in Proposition 3. 3, because vectors of the set Dy are not normal vectors of



ON THE ISOMETRIES OF 3-DIMENSIONAL MAXIMUM SPACE 109

the planes is given Corrollary 3.1. Let A; = (1,1,1) and Ay = (1,—1,1) be two
points in R3;. Then dyg (A1, Ag) = 2.

If 1T is the plane having equation « = 0, then (1,0,0) is unit direction vector of
ro and p (z,y,2) = onre (x,y,2) = (—z,ycosf — zsin b, ysinf + zcosb) .

p (A1) = (—1,cos60 —sinf,sinf + z cos 9)
p(Az) = (—1,—cosf —sin6, —sinh + zcos ).

Therefore,

dm (p(A1),p(A2)) =2 < |2cosb| + [2sinf| =2 < 0 € {721-,77,3271-},

but one can easily obtain that opr, is equals to the inversiyon oo about O =
(0,0,0). Therefore, there are only two rotary reflections according to the plane
x = 0. Similarly, two rotary reflections are obtained using the planes y = 0 and
z=0.

If IT is the plane having equation x+y = 0, then (1/\@, 1/v2, 0) is unit direction

vector of rg and
-1+ cos@ . 1+ cosf n sin 0 ;
2 - 2 y \/§ )

(z,y,2) = onre (2,9, 2) = -1-cos @ n -1+ cos @ sin @
p\T,Y,z) =0nrg\T,Y,%z) = , 5 T 5 Y- NG z,

-sinf  siné

»Wm—i— ﬁy—l—(cose)z
Clearly
p(Ar) = (—1 + Si;l;, -1- Sir/l;,cos@)
p(Az) = (COS€+ Sl\;l;,—cose— Sl\;l;,COSH - \/isine)
and

dm (p (A1), p(A2)) =2 @max{\l—l—cosﬂ , |-14 cos 4], ‘ﬂsin@‘}zZ < 0e{0,n},

but one can easily obtain that opr, is equals to the inversiyon oo about O =
(0,0,0) . This means that if § = m, then there is no new rotary reflection. Similarly,
if IT are the planes having equations x —y=0, z+ z=0, = —2=0, y+ 2=0, y— 2=0,
there is no new rotary reflection. (I

Proposition 3.5. There are only eight rotary inversions about O that preserve the
dnv— distances.

Proof. We know that a rotary inversions is defined by p := cpoaor = gorg such
that rg € Rj;. To show isometric rotary inversions, we have to consider 13 axes of
rotations is given in Proposition 3. 3.

If 7y represents the rotations about the x—axis, then (1,0, 0) is the unit direction
vector of rg and

p(x,y,z) =ocore (z,y,2) = (—x,—ycos + zsinf, —ysin§ — z cos ).
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Consequently,
p (A1) =(—1,—cosf +sinf, —sinf — cos )
p(A2) = (—1,cos0 +sinf,sinf — cos )

and

dm (p (A1), p(Az)) =2 < max {|2cosf|, |2sinf|} =20 € {O,g,w,?);—}.

One can easily obtain that o7, is equals to a rotary reflection or a reflection. This
. T 3 . . . .
means that if # = —, 7 and —, then there is no new rotary inversion. Similarly,

if ry represents the rotations about the y, z—axis, then there is no new rotary
inversion.
If 7y represents the rotations about the parallel to (1,1,0), then (1/\/§, 1/v2, 0)

is unit direction vector ry and
-1-cos @ n -1+ cosf sin 6
T - z
2 2 y \/i 9

-1+ cos 0 -1-cos sin 0
p(x,y,z)zaorg(%y,z): N — |2+ | ——F— |y+ | —F= ) %

2 2 V2
sin@x sin 0 cos 0
b \/§ \/Q y
Clearly
sin 6 sin 6
p(Ar) = (—1 ———,—-14 —,—cosf
V2 V2
sin 6 sin 6
p(Ag) = ((3059 — ——,cosf + ——, —cosf + /2sinf
V2 V2
and

dv (p(41),p(A2))=2 < max{|—1 + cosd|, |1+ cosd|,

ﬁsin@’}:Q@H e {0,7}.

but one can easily obtain that oo, is equals to a reflection. This means that if
6 = 7, then there is no new rotary inversion. Similarly, it is easily seen that there
is no new rotary inversion if rg is any of the remaining rotation axes parallel to
(1,-1,0), (1,0,1), (1,0,-1), (0,1,1), (0,1,-1).

If ry represents the rotations about the parallel to (1,1,1), then (1,1,1) is

€
V3
the unit direction vector of rg and p (z,y, z) = core (z,y, ) is equals to
-1-2cos @ -1+ cos #++/3sin 6 -1+ cos 6-+/3 sin 6

3 )" 3 a 3 -

<—1—|—cos€—\/§sin9> <—1—2 cosH) (—1—1— c089+\/§sin6‘>
T+ | ———— | y+ z,

3 3 3
(—H— cos@—!—ﬁsin@) (—1—1— coS 9—\/§sin9> (—1-20089)
T+ y+ | ——— | 2

3 3 3

Clearly
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p(Al) = (_17 -1, _1)
»(A3) (—1—2c059—2x/§sin9 —1+4cosf —1—20059+2\/§Sin9>
2 pr—

3 ’ 3 ’ 3
and
-242cos 0+2+/3sinf| |4-4cosb
dM (p (Al)ap(AQ)) =2 <j>HlaX{ 3 ) ‘ 3 )
442 cos 6-24/3 sin 0 } _o
3 =

S0 e {O, %ﬂ, 4;}

Therefore, we obtain that only two rotary inversion according to rotation about
the axis parallel to (1, 1,1) . Similarly, it is easily obtained that there are two new ro-
tary inversions each of the remaining rotation axes parallel to (—1,1,1),(1,—1,1),
(1,1,—1). That is, there are eight rotary inversions that preserve dpj—distances.

O

It can be easily check that cpoa = 7, rr € R1 U R3. Thus we have the octahe-
dral group, Oy, consisting of nine reflections about planes, twenty-three rotations,
six rotary reflections, eight rotary inversions, one inversion and the identity. That
is, the Euclidean symmetry group of the cube.

Now, let us show that all isometries of R3; are in T'(3).0y,.

Definition 3.1. Given A = (aj,az,a3) and B = (b1, ba,bs) points in R3,;. The
minimum distance set of A, B is defined by

{X:dm (A, X)+dm (X,B)=dwu (A, B)}
and is denoted by [AB].

Proposition 3.6. If ¢ : R3; — R}, is an isometry, then
¢ ([AB]) =[¢(A) ¢ (B)] .
Proof. Let Y € ¢ ([AB]). Then,

Y e¢([AB) ©3IX3Y =¢(X)
& dm (4, X) + dm (X,
& dm (¢ (4),¢ (X)) (
@Y =0(X)elp(4)¢(B)] .

Corollary 3.3. Let ¢ : R}, — R3; be an isometry. Then ¢ maps vertices to
vertices and preserves the lengths of edges of [AB].

Proposition 3.7. Let f : R3; — R3; be an isometry such that f(O) = O. Then f
is in Oy,.

Proof. Let Ay = (1,1,1), Ay = (1,—1,1), A5 = (—=1,1,1), Ag = (=1,—1,1) and
D = (0,0,2). Consider the minimum distance set [OD] with corner point D (see
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Figure 3.1).

Figure 3.1
So, f(A1) € AjAj, i # j, i,j € {1,2,3,4,5,6,7,8}. Here the points A; and

A;
Aj

Ag. Also any three of f (A1), f(42), f(As)or f(A4g)

Ai or f (A5) =

Aj7 f (A5)

Since f is an isometry by Corollary

3.3, f (A1), f(A2), f(As) and f (Ag) must be the vertices of the minimum distance

set with corner point D and origin. Therefore, if f (A;) € A;A;, then f(A;)
s. Now the following eight cases are possible;
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f(A2) = A1, f(As5) = A6 , f(As) = A2

f(A2) = A1 , f(A5)=As , f(As) = A4

B f(A2) =46 , f(A5)=A1 , f(Ae) = A2
FA)=45=3 fa) = Ay, f(45) = A5, f(dg) = A7
f(A2) =As , f(As5) =46 , f(As) = A7

f(A2) =As , f(A5)=A1 , f(Ae) = A4

f(A2) = Az , f(A5)=As5 , f(As) = A1

f(A2) =As , f(A5)=Ar , f(As) = 43

_ f(A2) =As , f(A5)=Ax |, f(4¢) = A1
FA) =462 fa) = A5 |, f(As) = Ar , f(Ao) = As
f(A2) = A7, f(A5)=Ax , f(As) =43

f(A2) = A7, f(A5)=As , f(Ae) = As

f(A2) = A3 , f(A5) =46 , f(As) = A2

f(A2) = A3, f(As5) =As , f(Ae) = A4

B f(A2) = A6 , f(A5)=A3 , f(As) = A2
FA) =723 fa) = A5, f(As) = A5, f(As) = As
f(A2) =As , f(A5) =46 , f(As) =45

f(A2) = As , f(As5) = A3 , f(Ag) = A4

f(A2) = Ay, f(A5)=As , f(Ae) = A1

f(A2) = Ay, f(As5) = A7, f(As) = A3

_ f(A2) = A5, f(A5)=As , f(As) = A1
FAV =423 fa) = A5 | f(As) = A7, f(As) = Ay
f(A2) = A7, f(A5)=As , f(As) = 46

f(A2) = A7, f(A5)=As , f(As) =43

In each case it is easy to show that f is unique and is Op. For instance in the first
case:

If f(Al) = Al, f(Ag) = A27 f(A5) = A5, f(A(;) = Aﬁ, then f is the 1dent1ty

If f(Al) = Al, f(Ag) = A4, f(A5) = A5, f(AG) = Aﬁ, then f = O0OA such that
A:y—z=0.

If f(A1) = A1, f(A2) = Ay, f(A5) = Az, f(As) = Az, then [ = ry; 3 with
rotation axis || (1,1,1).

If f(A1) = A1, f(A2) = A5, f(As5) = Az, f(As) = Ag, then f = oa such that
A:z—y=0.

If f(A1) = A1, f(A2) = As, f(As) = Ay, f(As) = Asg, then f = ryr/3 with
rotation axis || (1,1,1).

The proofs of the remaining cases are quite similar to that of the first case. O

Theorem 3.1. Let f : RY; — R3; be an isometry. Then there exists a unique
T4 €T(3) and g € Op, such that f =Taoyg .

Proof. Let f(O) = A where A = (a1,a2,a3). Define g =T_4 o f . We know that
g is an isometry and g(O) = O. Thus, g € Oy, and f = T4 o g by Proposition 3.7.
The proof of uniqueness is trivial. O
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ON THE BINOMIAL SUMS OF HORADAM SEQUENCE

NAZMIYE YILMAZ AND NECATI TASKARA

ABSTRACT. The main purpose of this paper is to establish some new properties
of Horadam numbers in terms of binomial sums. By that, we can obtain these
special numbers in a new and direct way. Moreover, some connections between
Horadam and generalized Lucas numbers are revealed to get a more strong
result.

1. INTRODUCTION

For a,b, p,q € Z, Horadam [1] considered the sequence W, (a,b ; p,q), shortly
W, which was defined by the recursive equation

(1.1) Wi (a,bs p.q) =pWpo1+qWyo  (n>2),

where initial conditions are Wy = a, W7 =b and n € N.
In equation (1.1), for special choices of a, b, p and g, the following recurrence
relations can be obtained.

e For a =0, b =1, it is obtained generalized Fibonacci numbers:

(1'2) Un =pUpn_1+ qUyp 2.
e For a =2, b= p, it is obtained generalized Lucas numbers:
(1.3) Vo =pVho1+ qViu_o.

e Finally, we should note that choosing suitable values on p, ¢, ¢ and b in
equation (1.1), it is actually obtained others second order sequences such
as Fibonacci, Pell, Jacobsthal, Horadam and etc. (for example, see [16] and
references therein).

Considering [1] (or [4]), one can clearly obtain the characteristic equation of (1.1)
as the form t? — pt — ¢ = 0 with the roots

(1.4) a=PEVP A g g P VP T
. - ! - -

2000 Mathematics Subject Classification. 11B39, 11B65.
Key words and phrases. Binomial sums, Horadam numbers, generalized Lucas numbers.
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Hence the Binet formula
(1'5) W, =W, (a»b y by Q) = Aa" + Bﬁnv

boj_“g , B= ‘ff_’ﬁb, can be thought as a solution of the recursive equation

where A =
in (1.1).

The number sequences have been interested by the researchers for a long time.
Recently, there have been so many studies in the literature that concern about
subsequences of Horadam numbers such as Fibonacci, Lucas, Pell and Jacobsthal
numbers. They were widely used in many research areas as Physics, Engineer-
ing, Architecture, Nature and Art (see [1-16]). For example, in [7], Taskara et al.
examined the properties of Lucas numbers with binomial coefficients.

In [3], they also computed the sums of products of the terms of the Lucas se-
quence {Vi,}. In addition in [2], the authors established identities involving sums
of products of binomial coefficients.

And, in [8], we obtained Horadam numbers with positive and negative indices
by using determinants of some special tridiagonal matrices.

In this study, we are mainly interested in some new properties of the binomial
sums of Horadam numbers.

2. MAIN RESULTS

Let us first consider the following lemma which will be needed later in this
section. In fact, this lemma enables us to construct a relation between Horadam
numbers and generalized Lucas numbers by using their subscripts.

Lemma 2.1. [38/For n > 1, we have
(2.1) Wiiti = ViWni — (=)' Whii.

Theorem 2.1. Forn > 2, the following equalities are hold:

n—1
Whivi = V" Wy — (—q)' Z Vin_l_jWij-

j=1
Proof. Let us show this by induction, for n = 2, we can write
Ws; = ViWai — (—q)' Wi

which coincides with equation (2.1). Now, assume that, it is true for all positive
integers m, i.e.

m—1
(2.2) Winigs = V" Wai = (=)' Y V" W
j=1

Then, we need to show that above equality holds for n = m + 1, that is,

(2.3) Wmtnyirt = V" Wai — (=)' >_ V"I W5
j=1
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By considering the right hand side of equation (2.3), we can expand the summation
as

m m—1
V" Wai — (—q)" Z VTIWy o = VMW — (—q)' Z V"I Wi = (=q) Wi
Jj=1 j=1
m—1 ]
— ‘/1 ‘/inz—lW% 1 Z m Jj— 1 o (7q)1 sz
Jj=1

Then, using equation (2.2), we have

V"W — (—q)" Z VI Wiy = ViWisi — (=)' Wi
j=1
Finally, by considering (2.1), we obtain

VI Wa; — (—q)" Z V"I Wi = Winyira
j=1

which ends up the induction. O

Choosing some suitable values on a, b, p and ¢, one can also obtain the sums of
the well known Fibonacci, Lucas and etc. in terms of the sum in Theorem 2.1.

Corollary 2.1. In Theorem 2.1, for special choices of a, b, p and q, the following
results can be obtained for well-known number sequences in literature.

e For a =0, b =1, it is obtained generalized Fibonacci numbers:
n—1
Uniti = V" Uz — (—q)' D At o
e For a =2, b= p, it is obtained generalized Lucas numbers:
n—1
Viivi = Vi Wy — (—q)’ Z Vinflijvij-

e By choosing other suitable values on a, b, p and ¢, almost all other special
numbers can also be obtained in terms of the sum in Theorem 2.1.

Now, we will show the relation between Horadam numbers and generalized
Lucas numbers using binomial sums as follows.

Theorem 2.2. Forn > 2, the following equalities are satisfied:

2] y Bl IR
(NI, a3 (I g, s odd
i=0 j=0
2] =] A o
(n]J)( 1) V2w, — gla S ("I (-1 VITHET G G s even,
i=o i=0

<.

Whivs =
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Proof. There are two cases of subscript .
Case 1: Let be 7 is odd. Then, by Theorem 2.1, we can write

n—1
Waivi = V"7 "Woi+4' Z VinilijWij
j=1
= VT Wa + VI TPW VT W -+ ¢ Wy
We must note that the proof should be investigated for both cases of n.
If n is odd, then we have

(2.4) Waivi = V"2 (ViWai + ¢'W5) + @'V (ViWa; + W)
++q'V; (VviW(nf?))i + W(n72)i) + qu(nq)i-

Hence, it is given the binomial summation, when the recursive substitutions equa-
tion (2.4) by using (2.1),

n—1 n—1
3 o o 2 —_i—-1 Con 4 s
(25)  Woiri= Y (n ‘J)Vin qIWitqlay (n j )Vin g
° J ° J
j=0 7=0

If n is even, then similar approach can be applied to obtain
Whivi = V72 (ViWsa; + qui) + ¢V (VWi + Way)
+o gV (ViWino2)i + Win—1)i) -

and
n n—2
~ (= 3\ n2j ij o (P =0 = D\ ne2i—1
(2.6) Wni+i:Z( i )VZ ]q”Wi+qlaZ< ; )Vl T g
iz =0

For the final step, we combine (2.5) and (2.6) to see the equality
N
Whiti = Z ( ; j)Vin_QJC]“Wi +¢'a Z ( .7 )V;n—%—lqz]’

=0 =0 J

as required. Now, for the next case, consider
Case 2: Let be 7 is even. Then, by Theorem 2.1, we know

n—1
Waivi = V" "Wa—¢' Z V;nilﬂwij
j=1
— Vvinflwzi _ qivvin72Wi _ qiv;nfi’)W% L qlW(nfl)i
and therefore, we write
2.7
3 o . o i 2 _ _1 . oa ..
Wi = Z (n . ]) (_l)j Vln 2qu]Wi _qzaz (n J ) (_1)J Vln 27 lqw
— \ J — J
J J
if n is odd. And we get
(2.8) B
2 . P R —j—1 P n—2i—1 i
Whiti =) (nj ]> (—1 V"W = gla )y (n j ) (=1 V"2 g

Jj=0 Jj=0
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if n is even. Thus, by combining (2.7) and (2.8), we obtain
L) n—Jj j 2j n-— J—l i n—2i—1 4j
Wi =3 (") (v g qaz( )i,

i=o N/

Hence the result follows. O

Choosing some suitable values on i, a, b, p and ¢, one can also obtain the
binomial sums of the well known Fibonacci, Lucas, Pell, Jacobsthal numbers, etc.
in terms of binomial sums in Theorem 2.2.

Corollary 2.2. In Theorem 2.2, for special choices of i, a, b, p, q, the following
result can be obtained.

e Fori=1,
* For a =0 and b, p, g = 1, Fibonacci number

15] ‘
n—7
Fn+1z< .>a
PN
* For a = 2 and b, p, g = 1, Lucas number
) R
b =3 () 2 ()

§=0 3=0 J
*Fora=0,b=1, p=2and g =1, Pell number
EIPNN
P, = ( , )2"—23.
n=> ("

§=0
*Fora=0,b=1, p=1 and ¢ = 2, Jacobsthal number
P
Jpt1 = 27
A= ("))

§=0
e Fori=2,
* For a =0 and b,p,q = 1, Fibonacci number
TR
Fonto = Z ( , ) (—1)7 3%

i=o » J
* For a = 2 and b, p, g = 1, Lucas number
|2] - ‘ ot i '
L2n+2 _ Z ( ; ]) (_1)3 gntl=2j _ o Z ( .7 ) (_1)] gn—1-2j

J=0

*Fora:07b:1,pz?andqzl,Pellnumber
EI
P2n+2—22( . >(—1)J6n2j.

=0\ J
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* Fora=0,b=1, p=1 and g = 2, Jacobsthal number
I
Jont2 = Z < _ ) (—1)7 27.

i=o N/
e By choosing other suitable values on i, a, b, p and ¢, almost all other special
numbers can also be obtained in terms of the binomial sum in Theorem 2.2.
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EMBEDDING THE COMPLEMENT OF A COMPLETE GRAPH
IN A FINITE PROJECTIVE PLANE

IBRAHIM GUNALTILI

ABSTRACT. Let & = (P, L) be a non-trivial regular finite linear space with v
points, v + k lines, k > 3. We show that if S contains at least (g) lines of size
b(p) — 2 and one line size b(p) for some point p, then S is embeddable in a
unique projective plane m of order b(p) — 1 and m — s is a complete graph of
order k , where b(p) > 4 for some point p.

Key Words: linear space, projective plane, complete graph.
AMS Subject Classification: 51E20 , 51A45.

1. INTRODUCTION

Linear spaces lie at the foundation of incidence geometry, and more in particular,
of finite geometry. A lot of characterizations of projective and affine spaces use
linear spaces. Also, many important diagram geometries related to classes of simple
groups are build with linear spaces. Linear spaces with constant block size are called
Steiner systems and also play a prominent role in finite geometry. But there are
also linear spaces that are not Steiner systems, and yet they appear often naturally.
One such class of linear spaces is the class of A-affine linear spaces Let us first recall
some definitions and results. For more details, (see [1],[2]).

A finite linear space is a pair S = (P, L), where P is a finite set of points and £
is a family of proper subsets of P, which are called lines, such that

(L1) Any two distinct points lie on exactly one line,
(L2) Any line contains at least two points,
(L3) There exist at least two lines.

It is clear that (L3) could be replaced by an axiom (L3)': There are three lines of
S not incident with a common point. In any case, (L3) and (L3)" are ‘non-triviality’
conditions. Systems satisfying (L1) and (L2) but not (L3) are called trivial linear
spaces.
In a finite linear space S = (P, L), v and b denote the total number of points
and lines, respectively. The degree b(p) of a point p is the total number of lines
130
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through p, and the size v(l) of a line [ is the total number of points on I. Thus; if
v(l) = k then [ is called a k—line. The total number of k—lines is denoted by by.

The integer n defined by n + 1 = max{b(p) : p € P } is the order of a linear
space. It is clear that any line of size n+ 1 meets every other line in a linear space of
order n.The linear spaces with constant point degree is called regular linear spaces.

The numbers v, b, v(l) and b(p) will be called the parameters of S.

A projective plane m is a linear space in which all lines meet and in which all
points are on n + 1 lines, n > 2. The number n is called the order of .

An affine plane A is a linear space in which, for any point p not on a line [, there
is a unique line on p missing [/, and in which all points are on n + 1 lines, n > 2.

A k-arc in a projective plane of order n is a set of k points no three of which are
colinear. A k-arc can be thought of as a complete graph embedded in the projective
plane.

An hyperoval is an (n + 2) —arc in a projective plane of even order n.

For any line [ of a linear space S of order n, the difference n + 1 — v(l) is called
a deficiency of I, denoted d(l). Since the size of any line cannot exceed n + 1, the
deficiency of any line is non-negative.

Let p and A be the respective minimum and maximum deficiencies among those
lines of & which have size less than n.

Let S = (P, L) be a linear space and let X’ be a subset of P. Then we can define
the linear space &’ = (X, {INX:leL,|INnX|>2}). If C = P — X, then &' is
called the complement of C in S and we say that S’ is obtained by removing C from
S. We denote the complement of C in § by § — C.

Let X be a set of points in a projective plane 7 of order n. Suppose that we
remove X from 7. We obtain a linear space m — X having certain parameters
(i.e., the number of points, the number of lines, the point-degrees and line-degrees)
(see [1]).

We call any linear space, which has the same parameters as m — X', a pseudo-
complement of X in 7.

We have already encountered the notation of a pseudo-complement, namely the
pseudo-complement of one line. This is a linear space with n? points, n? + n lines
in which any point has degree n + 1 and any line has degree n. We know that this
is an affine plane, which is a structure embeddable in a projective plane of order n.

A linear space with n? + n — m? — m points, b = n? + n + 1 lines, constant
point-degree n + 1 and containing at least m? + m + 1 lines of size n — m will be
called the pseudo-complement of a projective subplane of order m in a projective
plane of order n. It is clear that m < n.

A linear space with n2 + n + 1 — m? points, b = n? + n + 1 lines, constant
point-degree n + 1 and containing at least m? 4+ m lines of size n + 1 — m will be
called the pseudo-complement of an affine subplane order m in a projective plane
of order n. It is clear that m < n.

A linear space with n? +n + 1 — k points, b = n? + n + 1 lines, constant point-
degree n+1 and lines of size n+1, n and n—1 will be called the pseudo-complement
of a k-arc in a projective plane of order n.

Two lines | and I’ are parallel if | =1’ or INI’ = ¢. Two lines [ and I’ are disjoint
ifinl = ¢.

A parallel class in the linear space (P, L) is a subset of £ with the property that
each point of P is on a unique element of this subset.
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Let S = (P,£) and &' = (P’, L) be two finite linear spaces. We say that S
can be embedded in 8" if P C P and L ={I'NP:I' € L and |I'NP| > 2}. Hall
proved in [10] that every finite linear space can be embedded in an infinite projective
plane.

The complementation problem with respect to a projective plane is the following;:
Remove a certain subset of points and lines from the projective plane. Determine
the parameters of the resulting space. Now assume that you are starting with a
space having these parameters. Does this somehow force this subset to reappear,
thus giving an embedding in the original projective plane? A number of people have
considered complementation problems ([1],[2],[3], ..., [13]). In 1970, Dickey solved
the problem for the case where the configuration removed was a unital [7]. Batten
[2] gave characterizations of linear spaces which are the complement of affine or
projective subplanes of finite projective planes.

In this paper, We show that if S contains at least (g) lines of size b(p) — 2 and
one line size b(p) for some point p, then S is embeddable in a projective plane 7 of
order b(p) — 1 and 7 — s is a complete graph of order k , where b(p) > 4 for some
point p.

2. MAIN RESULTS

Theorem 2.1. If S is a (n+ 1) —regular linear space with v = n? +n+ 1 —k
points, b =n% +n + 1 lines and contains exvactly k (n +2 — k) > 0 lines of size n,
S is uniquely embeddable in a projective plane w of order n

Proof. Fix an n—line [. Then the number induces a parallel class of n + 1 lines.
Let a be the number of n—lines in a fixed parallel class. Then

an+(n+1—a)(n—1)=n*+n+1-k

It requires that the number of n—lines in a parallel class is n + 2 — k. Since b,, =
k(n + 2 — k), the number of distinct parallel classes is k. Consider the structure
S* = (P*, L*) where P* is P along with the parallel classes and L* consist the lines
of L extended by those parallel classes to which they belong. We shall prove that
S* is a linear space: It is clear that two old points (points of P*) or an old and a
new point are one unique line of L*, since S is a linear space. Let p and g be two
new distinct points. We must show that thet determine a unique line of L*. Let
l, and l; be n—lines which determine the parallel classes corresponding to p and
q, respectively. If I, N1, = 0, p = ¢ which is a contradiction. So [, and [, meet.
Each point of I, is on a unique line of the parallel classes determined by I,,. Thus [,
does not meet precisely one line to the parallel class determined by [,,. This leaves
precisely one line d to parallel to both [, and [, such that p, ¢ € d. Thus §* is a
projective plane of order n. Therefore, S can be embedded in a projective plane 7
of order n

|

Theorem 2.2. Let S = (P,L) be a non-trivial regular finite linear space with v
points and b lines, 3 < b—wv = k. If S contains at least (g) lines of size b(p) —2,then
S can be embedded in a projective plane 7 of order b(p) — 1 and m — S is a complete
graph of order k embedded a finite projective plane 7 of order b(p) — 1 for some
point p € P.
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Proof. Let b(p) =n+1,b—v =k > 3 for some point p of S. By all hypothesis of
theorem, n > 2 and S is a non trivial (n+1)—regular linear space with n?+n+1—k
points and n? +n + 1 lines. Let b; be the number of all i—lines of S. Then also, by
simple counting methots,

i) Shi=n2+n+1

ii) iz‘bi:(n+1)(n2+n+1—k)
i) S0 — b = (02 +n—k)(n? +n+1— k)
iv) Y(n—i)(n+i-1)b = ("

Hence However, S has at least (’;) lines of size n— 1, and each of them contributes 2
to the left hand side of the equality iv). Thus b; =0, ¢ # n+1, n, n—1. Therefore,
by i)-iv), the lines of S consist of (g) lines of size n — 1, k(n+ 2 — k) lines of size n
and n? +n+1+k% - (g) — (n 4+ 2)k lines of size n + 1.

Case 1. Let k < n+ 2. In this case, S is the pseudo-complement of a k — arc in a
finite peojective plane of order n and k < n + 2 since b, > 0, k < n + 2. Therefore
by theorem 1, S can be embeded in a projective plane of order n. Then k < n + 2
Case 2. Let k = n + 2. In this case, every point is contained in ”%“2 lines of size
n+1 and in % lines of size n — 1. The number of lines size n — 1 is 1 (n+2)(n+1)
and the number of lines of size n + 1 is in(n — 1). Further more a short line of
size n — 1 is parallel to 2n other (n — 1)—lines and a(n + 1)—lines meets ever other
line Fix a(n — 1)—line [ and denote by m(l) the set of the 2n lines parallel to . It
follows from proposition 1.1 that if 7 (I) were to contain a triangle then n < 6 this
case contradiction to n > 6. Let 1 and Iy be intersecting lines of 7(l); denote by
M the set of lines of 7(l) which meet I3 and by M the set of lines of 7(l) which
meet [; since mw(l) contains no triangle, M; and My consists of mutually parallel
lines. We have |M;| =n — 1 and I; € M;. Furthermore M; N My = (because 7 (l)
contains no triangle). Let dy and d2 be two lines of 7(l) — (M; U Mz). We claim
that each line of M; is parallel to at n — 1 other lines of 7(l). Then every line of
M, meets at least n — 3 lines of My. Therefore, (1) = (M7 U M3) U {d; Uds} and
My consist of mutually parallel lines.

aln—2)+(n+1—-an=n>-2 and a = 22
Since a € Z, n is even integer.

The line d; meets n — 1 other lines of 7(l). One of these lines may be ds but at
least n—2 of them are in M7 UM,5. Therefore without ........ of generality, d; meets at
least %(n —2) > 2, lines of M. Hence, If h is an arbitrary line of My, then h meets
a line of My, which also meets d;. Since 7(l) has no trianles, two implies that d; is
parallel to h. So d; is parallel to every line of M. Consequently, m; My U{l,d;} is a
set of mutually parallel lines with |7;| = n+1. In wiew of v = n?—1 = |m|. (n — 1),

m; is a parallel class. Therefore, 71 Ny = {i}. If v is the totall number of parallel
2by 1

classes, a = = n + 2. Thus extension of S is a projective planes of order n
and S can be embedded into a projective plane of order n as the complement of a
hyperoval.

O

In fact, this case was originally proved by R. C Bose and S. S. Shrikhandle (1973)
and then generalized greatly, allowing n > 2 by P.de Witte (1977)
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Corollary 2.1. If S is a non-trivial reqular linear space with b lines, v points,
b—wv >3 and at least (b;”) lines of size 7“”’53_3 and at least one point of degree

7““’;3“, S can be embedded in a projective plane w of order 7““’53_1 and is the
. L V4b—3—1
pseudo-complement of a (b —v) — arc in a projective plane of order ¥=5"—

Corollary 2.2. If S is a non -trivial regular linear space with v points, b lines,

b—wv >3, at least (b;’) lines of size b(p) — 2 , S can be embedded in a projective

plane © of order b(p) — 1 and is the pseudo-complement of a (b —v) — arc in a
projective plane of order b(p) — 1

Theorem 2.3. Let S = (P,L) be a non-trivial n + 1—regular linear space having
properties follows:

) |Pl=n?4+n+1—k |Ll=n®+n+1, k>3 n>2

ii) v(l) € {n + 1,n,n — 1} for each line I.

Then S can be embeded in a finite projective plane 7 of order n and # — S is
the k — arc

Proof. The proof of this theorem is completely similar to theorem 2.2. O

The author is grateful to the referees for useful advice.
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